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Chapter 3

Formal semantics of modality

The analysis developed by Kratzer in (Kratzer 1978, Kratzer 1981, Kratzer 1991)
is probably the most influential analysis of modality within the field of formal
semantics. Its impact is still present in a lot of recent work on modality. The
backbone of the theory uses some intuitions and tools from modal logic and adapts
them to the analysis of the semantics of modal elements. In this chapter, I will
first explain the main ideas of this theory of modality and then present some
interesting extensions.

3.1 Kratzer’s semantics of modality

The goal of (Kratzer 1981) is to present a unified analysis of the notional category
of modality as used in German.1 It is quite important to understand the different
meanings of unified in the previous sentence. Kratzer aims at providing an anal-
ysis of modality that, at the same time, clarifies the relation between modality
and conditional sentences and analyzes the means of grading and comparing pos-
sibilities (Kratzer 1981, 290) in natural language. This is one way of interpreting
unified. However, the most important way in which the analysis can be said to be
unifying is in its ability to analyze the different types of modality (say epistemic,
deontic, dynamic) in a uniform way.

One could ask why we would like to analyze those different classes of meanings,
i.e. epistemic, deontic and dynamic, in a uniform way. This is actually asking why
we should treat all the members of the category of modality in a uniform fashion.
Part of the answer lies in the fact that they apparently do share some shades of
meaning. For instance, the category of modality has something to do with the

1The formal framework, however, is not language specific and has been therefore used by
Kratzer and others for the analysis of modality in many other languages. The fact that there
is no syntactic category corresponding to modality does not however make this framework
syntax-neutral in its vision of modality: modal elements are analyzed as modal verbs.
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132 Chapter 3. Formal semantics of modality

concepts of possibility and necessity.2 A probably more important incentive for a
unified analysis is the fact that modal verbs in German, as in English, can receive
different interpretations in different utterances as exemplified in the following
sentences from (von Fintel 2006, p2) with the semi-modal have to:

(1) a. It has to be raining.
[after observing people coming inside with wet umbrellas; epistemic]

b. Visitors have to leave by six pm. [hospital regulations; deontic]
c. You have to go to bed in ten minutes. [stern father; bouletic]
d. I have to sneeze.[given the current state of ones nose; circumstantial]
e. To get home in time, you have to take a taxi. [telelological]

All this would suggest that a unified analysis is called for.

3.1.1 Relative modality

The core insight of Kratzer’s theory is that modals are not ambiguous but
context-dependent. For instance, the modal have to in sentence (1) is inter-
preted epistemically in context 1, whereas in context 2 it is interpreted deontically.
The main thread from (Kratzer 1978), (Kratzer 1981) and (Kratzer 1991) is that
the apparent ambiguity or polysemy of have to in the sentences of (1) is a con-
sequence of the context dependent nature of modal verbs. The formalization of
this idea in Kratzer’s analysis leads to the following logical form:

(2) Operator [intensional context b] [proposition]

Namely, all the examples in (1) have in common the following three ingredients:

1. A (neutral) operator, i.e. the modal verb: have to.

2. An intensional context: in example (1-a) this context would probably
have two parts, a factual part, “people come inside with wet umbrellas,” and
a normative world knowledge part “when umbrellas are wet, it is raining.”

3. A proposition in the nuclear scope of the modal verb: “It is raining” in
sentence (1-a).

The logical form of (2) will serve as the basis for the interpretation of the different
types of modality. Modals are thus conceived as generalized quantifiers, that is,
they are operators relativized by an intensional contextual parameter and with a
sentence/proposition in their nuclear scope. The operator determines the modal
force (which is encoded in the modal item) of the proposition. For instance, the

2Or even more specifically with both at the same time, see (van der Auwera and Plungian
1998, 80): “We propose to use the term “modality” for those semantic domains that involve
possibility and necessity as paradigmatic variants, that is, as constituting a paradigm with two
possible choices, possibility and necessity.”
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modal verb must has universal force, i.e. it expresses necessity, whereas may is
existential, i.e. it expresses possibility. However the operator itself does not en-
code the type of modality expressed. This parameter is fixed by the contextually
determined conversational background b.3 But the role of the conversational back-
ground is also to fix the premises against which the modal operates. Therefore
the context-dependence analysis rests on two major assumptions:

1. There are such things as neutral modals.

2. There are such things as conversational backgrounds.

Both points are linked and I’ll explain the argument of (Kratzer 1991) with the
help of the following sentences.

(3) Kratzer (1991, (5) p639)

a. Jockl must have been the murderer.
b. In view of the available evidence, Jockl must have been the murderer.

(4) Kratzer (1991, (6) p640)

a. Jockl must go to jail.
b. In view of what the law provides, Jockl must go to jail.

According to Kratzer, the paraphrases (3-b) and (4-b) of sentences (3-a) and (4-a)
show that neutral modals exist. The paraphrases consist of an “in view of. . . ”
adverbial phrase and a ‘must’ sentence. These ‘must’ are of course modal items,
but of what kind? Kratzer argues that they are neutral modals. Basically, if they
were the same as the common types of modals (epistemic, deontic. . . ), we would
be able to paraphrase them too; but the first adverbial phrase would then be
redundant. Hence the ‘must’ in both paraphrases are actually one and the same
object: a neutral modal. Furthermore, this neutral modal is not ambiguous but
genuinely neutral in that its type is specified by the “in view of. . . ” adverbial
phrase: an epistemic one in (3-b), a deontic one in (4-b).

The difference between a neutral and a non-neutral modal is that the non-
neutral one does not require a specific adverbial phrase and is therefore open to
different interpretations. This piece of information can be provided by the context
of use. If we look again at the logical form in (2), the operator is thus a neutral
modal determining the modal force of the proposition but which needs a con-
versational background to fix its interpretation. The conversational background
determines the type of modality expressed.

Thus modal sentences need a (contextually given) conversational background
to express a proposition. The conversational background corresponds to a set of

3Here I go against the notational tradition of using f to denote the conversational back-
ground. The b will also stand for modal base when I will introduce the other kind of conversa-
tional background, the ordering source o.
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propositions from which a conclusion is drawn, i.e. in example (3-a), the propo-
sitions of the conversational background are about the ‘available evidence’ in the
murder case at hand: “Jockl’s fingerprints are on the murder weapon”, “Jockl was
at the crime’s place at the time of the murder”, etc. . . This evidence depends on
the context, or world, we’re in. In other circumstances the “available evidence”
might have been different. To formalize those ideas I need to introduce some
notions from possible-worlds semantics. This framework in its traditional form
is a truth-conditional framework, that is, it embraces the slogan “you know the
meaning of a sentence if you know the conditions under which it is true.” Possible
worlds semantics offers a way to formalize this intuitive idea. Basically, we will
identify propositions with the set of possible worlds in which they are true.

Definition 3.1.1. Let W be the set of possible worlds. A proposition is a subset
of W , that is, a proposition is a set of worlds. The set of all propositions is P(W ).

Let �ϕ� be the proposition expressed by sentence ϕ (where ϕ is a formula
without modal operators) and w a possible world (w ∈ W ) then,4

sentence ϕ is true in w iff w is an element of �ϕ�, i.e. w ∈ �ϕ�.

This means that once we postulate the possible worlds, we can define proposi-
tions in terms of them.5 Suppose, for example, that there are only three different
possible worlds w1, w2 and w3, i.e. W = {w1, w2, w3}. Then p = {w2, w3} is a
proposition, as it is a subset of W . It is furthermore the proposition that is true
in w2 and w3 but false in w1.

sentence ϕ is false in w iff w is not an element of �ϕ�, i.e. w �∈ �ϕ�

iff sentence ¬ϕ is true in w, i.e. w ∈ �¬ϕ�.

Conversational backgrounds stand for the “in view of” adverbial phrases. For
instance, “in view of what we know” is an epistemic conversational background.
It is dependent on which world we are in. We may after all not know the same
things in different worlds. However, what we know in some particular world will be
some propositions, i.e “Jockl’s fingerprints are on the murder weapon” and “Jockl
was at the crime’s place at the time of the murder.” Therefore conversational
backgrounds are best formalized as functions from possible worlds into sets of
propositions.

Definition 3.1.2. A conversational background is a function from possible worlds
to sets of propositions:6

b : W → P(P(W ))

4Here and throughout, “iff” stands for if and only if.
5It is also possible to go the other way around and postulate first propositions and then

define worlds.
6P(P(W )) corresponds to the set of sets of propositions.
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In the murder investigation world w, the conversational background “what
we know” is b(w) = {Jockl’s fingerprints are on the murder weapon, Jockl was
at the crime’s place at the time of the murder}. Sometimes the conversational
background is explicit in the form of a “in view of” adverbial phrase. However
it is most of the time not expressed explicitly and is therefore provided by the
context. How this precisely works is, in the standard framework, left unresolved.7

Notice that a sentence which does not involve any modal operator does not need
a contextually provided conversational background.

Definition 3.1.3. �ϕ�b denotes the proposition expressed by sentence ϕ in the
context of the conversational background b. Furthermore, if ϕ does not contain
a modal operator, then for all conversational backgrounds b and b′, �ϕ�b = �ϕ�b′ .
Therefore, when a sentence does not contain any modal operator, we can drop
the superscript and use �ϕ�.

Definition 3.1.4. Logical consequence and logical compatibility:

• A proposition p follows from a set of propositions Σ iff p is true in all the
worlds where all the propositions of Σ are true.

• A proposition p is compatible with a set of propositions Σ iff there is a
world where p and all the propositions of Σ are true.

We can now define the neutral necessity and possibility modals.

Definition 3.1.5. Let b be a conversational background, ϕ a non-modal sentence.
Nec and Poss are the neutral modal operators of, respectively, necessity and
possibility. They are defined as follows: for all worlds w ∈ W ,

w ∈ �Nec ϕ�b iff �ϕ� follows from b(w),

that is, the sentence Nec ϕ is true in world w given the conversational background
b if and only if ϕ is true in all worlds where all the propositions of b(w) are true.

w ∈ �Poss ϕ�b iff �ϕ� is compatible with b(w),

that is, the sentence Poss ϕ is true in world w given the conversational background
b if and only if there is a world where ϕ and all the propositions of b(w) are true.

7Kratzer (1981, p311) proposes that some rule of accommodation takes care of this problem.
She refers to this process as “black magic”. Frank (1997) provides a way out of the black
magic by formalizing the context-dependence of conversational backgrounds within a Discourse
Representation Theory framework.
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Accessibility relation based on a conversational background

Another way to grasp the previous definitions is to look at the conversational
background b in a slightly different way, namely, as determining a set of accessible
possible worlds. A conversational background b is a function from worlds to sets
of propositions, hence in a world w, b(w) is a set of propositions (representing
for instance “what is known”, “what the law provides”, etc. . . ). The set of
propositions b(w) uniquely determines a set of accessible worlds in the following
manner:

Definition 3.1.6. Let b be a conversational background and w a world. The set
of worlds accessible from a world w ∈ W according to b is ∩b(w), i.e. the set
of worlds such that if world v ∈ W belongs to ∩b(w) then all the propositions of
b(w) are true in v.8

It is then possible to define an accessibility relation Rb given a conversational
background b and to reformulate definition 3.1.5 accordingly.

Definition 3.1.7. Let b be a conversational background and ϕ a non-modal
sentence. For all w, w′ ∈ W :

• wRbw
′ iff w′ ∈ ∩b(w), which means that a world w′ is accessible from a

world w if and only if all the propositions of b(w) are true in w′.

• w ∈ �Nec ϕ�b iff for all w′ such that wRbw
′, ϕ is true in w′, which means

that a proposition is a necessity if it is true in all accessible possible worlds.

• w ∈ �Poss ϕ�b iff there is a w′ such that wRbw
′ and ϕ is true in w′, which

means that a proposition is a possibility if it is true in some accessible
possible world.

Problem

A serious problem with the analysis so far is that propositions with a necessity
modal like ‘must’ turn out stronger than simple propositions (under the assump-
tion that the accessibility relation is based on knowledge).9 Knowledge is veridi-
cal, therefore if in world w I know that p, proposition p is true in w. Hence, if an
epistemic conversational background b models what the agent knows about the
world he is in (partial information), all the propositions in b(w) are true in w; in
the “accessibility version”, w is always accessible from itself, i.e. the relation Rb

is reflexive.

8b(w) = {p1, p2, p3, · · ·} with p1, p2,. . . propositions, i.e sets of worlds.
Therefore ∩b(w) = p1 ∩ p2 ∩ p3 · · · = {v ∈ W : v ∈ p1 & v ∈ p2 & · · ·}, i.e. if v belongs to
∩b(w) then p1, p2, etc. . . are true in v.

9This was already noticed in (Karttunen 1972, p12-13).
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(5) a. Jockl must be the murderer.
b. Jockl is the murderer.

However, it seems that (5-b) is a somewhat stronger sentence than (5-a). Under
the previous analysis the proposition expressed by sentence (5-a) entails the one
expressed by sentence (5-b). That is, if sentence (5-a) is true in, say w, then in all
accessible worlds from w sentence (5-b) is true, but w is accessible from w, hence
sentence (5-b) is true in w. This is clearly not a desirable feature of a theory of
epistemic modality.

3.1.2 Double relativity

The analysis in terms of a conversational background is not powerful enough to
account for the meaning of modality. In order to remedy this problem, Kratzer
(1981) proposes to represent the meaning of modality with not one, but two con-
versational backgrounds. The first one will be called the modal base: it has the
same function as the conversational backgrounds in the previous section, that
is, it determines a set of accessible possible worlds. The second conversational
background will be used to provide an ordering of the accessible worlds and is
therefore called an ordering source o. We must now define how a set of propo-
sitions, call it O, can order worlds. This is done by defining a partial order �O

based on O in the following way:

Definition 3.1.8. For all w, w′ ∈ W ,

w �O w′ iff {p : p ∈ O & w′ ∈ p} ⊆ {p : p ∈ O & w ∈ p}, and

w <O w′ iff w �O w′ and w′ ��O w

The partial order �O orders the worlds with respect to their compliance with
the propositions in O, i.e. {p : p ∈ O & w ∈ p} is the set of propositions of O
that are true in world w. Hence a world w is at least as close to O as a world w′

if and only if all the propositions from O that are true in w′ are also true in w.
Finally a world w is (strictly) closer to O than a world w′ if and only if w is at
least as close to O as w′ but w′ is not at least as close to O as w.

Example 3.1.9. Let O be the set containing the following propositions: p1 =
“you have a driving license”, p2 = “your car is insured” and p3 = “you have less
than half a gram alcohol per liter blood”, O = {p1, p2, p3}.

We can distinguish 8 different types/sets of worlds in terms of these 3 propo-
sitions.10 For instance, world w4 is the world where you don’t have a driving
license but your car is insured and you are sober. The 0 in figure 3.1 means that

10To simplify the discussion I will talk directly of worlds (see figure 3.1). However, it should
remain clear that a world like w2 is just a representative of the set of worlds that make propo-
sitions p1 and p3 true and p2 false.
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p1 p2 p3

w0 1 1 1
w1 1 1 0
w2 1 0 1
w3 1 0 0
w4 0 1 1
w5 0 1 0
w6 0 0 1
w7 0 0 0

Figure 3.1: Possible worlds that can be distinguished in terms of 3 propositions

w4, for instance, does not belong to p1 (therefore p1 is false in w4), and the 1s
mean that w4 belongs to p2 and p3 (and thus both propositions are true in w4).

We have for instance that w2 �O w6, i.e. a world such as w2, where the only
deviance from the norm O is that your car is not insured, is closer to O than a
world where your car is not insured and you don’t have a driving license. Formally,

{p : p ∈ O & w6 ∈ p} = {p3} ⊆ {p : p ∈ O & w2 ∈ p} = {p1, p3}.

Notice finally that the ordering is partial, that is, the worlds w1 and w2 cannot
be ordered by �O: driving drunk does not comply more with O than driving
without insurance, nor vice versa.

The choice of propositions in example 3.1.9 is of course not random. The
propositions express rules to be followed by anyone who respects the regulations
for driving a car: the deontic conversational background “what the driving laws
provide”. This conversational background functions as an ordering source and
thus orders the accessible worlds according to their compliance with its proposi-
tions.

From now on, modals will be relative to two conversational backgrounds: the
modal base b (determining the set of accessible worlds for each world) and the
ordering source o (ordering the set of accessible worlds),

• modal base b : W → P(P(W )) determines a set of propositions and thus
the accessible worlds ∩b(w) from any w ∈ W ,

• ordering source o : W → P(P(W )) determines the partial order �o(w) based
on the propositions in o(w).

We must now reformulate definition 3.1.5 to account for this double dependency.
I will first give Kratzer’s original definition of necessity and possibility (definitions
3.1.10 and 3.1.11) and then introduce a simplified version.
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Definition 3.1.10. (Kratzer 1991, p644):
A proposition p is a necessity in a world w with respect to a modal base b and
an ordering source o iff the following condition is satisfied: for all u ∈ ∩b(w) there
is a v ∈ ∩b(w) such that

1. v �o(w) u and

2. for all z ∈ ∩b(w): if z �o(w) v, then z ∈ p.

Definition 3.1.11. (Kratzer 1991, p644):
A proposition p is a possibility in a world w with respect to a modal base b and
an ordering source o iff the negation of p is not a necessity in w with respect to b
and o, i.e. iff the following condition is satisfied: there is a u ∈ ∩b(w) such that
for all v ∈ ∩b(w), if v �o(w) u then there is a z ∈ ∩b(w) such that z �o(w) v and
z ∈ p.

To summarize, all modal items are analyzed as quantifiers over possible worlds.
Which worlds are to be quantified over is contextually determined: only the “clos-
est” accessible worlds according to the ordering source are considered. However
the definitions don’t capture the notion of “closest” possible world directly, as
such worlds may not exist, and they therefore remain quite complicated. I will
now present a simplification of those definitions.

Definition 3.1.12. Take a modal base b, an ordering source o and a world w ∈ W ,
then the closest accessible worlds from w are the elements of the set Cb,o(w) with,

Cb,o(w) = {u ∈ ∩b(w) : for all v ∈ ∩b(w), if v �o(w) u then u �o(w) v}
Notice that, if the ordering source is empty, the closest worlds are just the acces-
sible worlds, i.e. Cb,∅(w) = ∩b(w).

The problem is that the set Cb,o(w) can be empty for some conversational
backgrounds b and o and world w.

Cb,o(w) = ∅ iff for all u ∈ ∩b(w), there is a v ∈ ∩b(w) such that v <o(w) u

This means that, for instance, the set of closest worlds is empty in case all the
accessible worlds are members of an infinite descending chain ordered by o(w)
(with • being a placeholder for some possible world),

· · · <o(w) • <o(w) • <o(w) •
We can however assume without much loss of generality that such a situation
will not occur (the Limit Assumption (Lewis 1973, p19)) and that therefore the
set of closest accessible worlds from a world will be non-empty and uniquely
determined by a modal base and an ordering source. The examples I will cover
in this dissertation do not involve an infinity of worlds, or at least not an infinity
of propositions in the ordering source. The assumption is thus harmless. Finally,
the definition for necessity and possibility will be the following:
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Definition 3.1.13. Let b and o be two conversational backgrounds and ϕ a
sentence. For all w ∈ W :

• w ∈ �Nec ϕ�b,o iff for all u ∈ Cb,o(w), u ∈ �ϕ�b,o.
A proposition is a necessity if and only if it is true in all the closest worlds.

• w ∈ �Poss ϕ�b,o iff there is a u ∈ Cb,o(w), u ∈ �ϕ�b,o.
A proposition is a possibility if and only if it is true in (at least) one of the
closest worlds.

Restrictions on conversational backgrounds

The definitions in 3.1.13 do not explain how modals end up being interpreted
as belonging to a particular interpretive class, say deontic or epistemic. In the
simple version of the formalism (with only one conversational background), it
was quite straightforward: the conversational background determined the type of
modality. We now have a modal base and ordering source. According to Kratzer,
modal bases come in essentially two flavours: epistemic and circumstantial, and
both types of modal bases are realistic, i.e. “they assign to every possible world
a set of facts of that world” (Kratzer 1991, p646).11

Modal base b Ordering source o Interpretive class

Epistemic empty epistemic
“what is known” stereotypical: epistemic

“what is normal” (1-a)
“the normal course of events”

Circumstantial “what the law provides” deontic
“the relevant “the hospital regulations” deontic: (1-b)
circumstances” “My mother’s orders” deontic

“what I/you/they want” bouletic: (1-c)
(possibly empty) stereotypical circumstantial: (1-d)
“what your/our/their goals are” teleological: (1-e)

Figure 3.2: Modal base, ordering source and modality type.

• Circumstantial modal bases assign to any world w certain relevant facts of
w.

11As the terminology should make clear, the epistemic modal bases will induce an epistemic
interpretation given the adequate ordering source. The circumstantial modal bases will induce
the other types of modality.
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• Epistemic modal bases are about knowledge and the available evidence but
come in a number of different flavours: “what I know”, “what Bill knows”,
“what the weatherman said”.12

The ordering sources restrict the accessible worlds determined by the modal bases
and determine the closest of the accessible worlds. Note that the previous table
is not meant as an exhaustive list of the possibilities of combination but just as
an example of the most common types of modality.

3.1.3 Example

As we have seen, one of the problems of the analysis with only one conversational
background is that ‘must’ turns out to express something stronger than expected,
i.e. (5-a) implies that Jockl is the murderer.

(5-a) Jockl must be the murderer.

Imagine the following context preceding the utterance of (5-a):

Example 3.1.14. You are investigating a murder case with your assistant. So
far, the only suspect is a man named Jockl. He has no alibi at the time of
the murder and was arrested in proximity to the crime scene. Your assistant
comes rushing in your office with the results of the analysis of the murder weapon
(which was also found in the neighborhood): the fingerprints match Jockl’s. You
say (5-a) to your assistant with the satisfaction of a job well done.

The modal in (5-a) is naturally interpreted epistemically. This is because the
context provided by example 3.1.14 is an epistemic modal base of the kind “what
we know about the murder” containing the following propositions (in the world
of evaluation):13

(6) “Jockl has no alibi”: ¬alibi,
“Jockl was arrested near the crime scene”: scene,
“Jockl’s fingerprints are on the murder’s weapon”: fingerprint .14

12I think that the commitment to realistic modal bases for epistemic modality is too strong.
Epistemic modals are unfortunately not always about knowledge (realistic) but can also be
about beliefs (which need not be veridical).

(i) In view of what the Bible teaches, the sun must revolve around the earth.

Well, according to modern day astronomy, it goes the other way around. However, I’d like
to call the interpretation of the above example epistemic, even though the modal base is not
realistic. The sentence expresses an inference based on some piece of information.

13Basically the modal base contains the investigators’ knowledge of the particular circum-
stances of the crime. In this respect, the difference made between epistemic and circumstantial
modal bases seem quite tenuous.

14¬alibi, scene and fingerprint are meant to stand for the propositions expressed by the
sentences.
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Furthermore we entertain along with this epistemic modal base, a stereotypical
ordering source of the kind “what is normal/typical in a murder case.” A good
candidate proposition, that is, a proposition qualifying as typical of this kind of
situations, could be:

(7) “if [you are arrested near to the crime scene, your fingerprints are on the
murder weapon and you don’t have an alibi], then you’re the murderer.”
scene ∧ fingerprint ∧ ¬alibi → murderer

First notice that the ordering source is crucial to avoid the undesirable inference,
that is, if the ordering source is empty, must p does imply p. The two relevant
questions then are: what kind of worlds are the closest accessible worlds? Is it the
case that in all those worlds Jockl is the murderer? First, the accessible worlds
are worlds that comply with the propositions of (6).

∩b(w) = {v ∈ W | v �∈ alibi, v ∈ scene, v ∈ fingerprint}
The ordering source (7) contains only one proposition;15 the closest worlds are
thus the worlds of ∩b(w) that make this proposition true. But the worlds in
∩b(w) make the antecedent of (7) true, therefore the closest worlds are the ones
that make the consequent true too. The closest worlds are thus worlds where
Jockl is the murderer!

Cb,o(w) = {u ∈ ∩b(w) | u ∈ murderer}
However that does not imply that Jockl is the murderer. Suppose, for instance,
that the fingerprint evidence was actually forged and that Jockl is not the mur-
derer. Still, the modal base (6) represents what the researcher knows in this
world. From this evidence and the normalcy conditions of the ordering source,
the officer can truthfully conclude that Jockl must indeed be the murderer, even
though we know better.

The situation is unfortunately not so simple as it seems. A much more com-
plex machinery is needed to account for the normalcy conditions of the ordering
source.16 In particular, the notion of normality usually goes hand in hand with
non-monotonicity: although the officer’s conclusion based on the modal base (6)
and the ordering source (7) seems intuitively correct, it would not be so any-
more if he were to learn that the evidence had been forged. The new modal base
corresponding to “what the officer knows” would be:

b′(w) = {¬alibi, scene, fingerprint , forged}
15The correct formulation should be: the ordering source (same thing for the modal base)

relative to the world of the investigation contains only one proposition. I tend not to mention
the world parameter when it is not absolutely needed.

16To appreciate the amount of work needed in formalizing these issues, the reader is referred
to the implementation in (Frank 1997, definition of the normalcy selection function * p109-113
& section 5.2).
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The problem is that the modal base b′(w) combined with the original ordering
source (7) still entails that Jockl must be the murderer. The proposition of the
ordering source is actually too strong.

Intuitively what we would like to say is that, if we have the evidence at hand
and there is nothing strange or abnormal about it, then Jockl is the murderer.17

Formally, we have an extra proposition abnormal expressing that there is some-
thing abnormal. The ordering source contains then two propositions:

o′(w) = { ¬alibi ∧ scene ∧ fingerprint ∧ ¬abnormal → murderer

forged → abnormal }
The closest worlds are the worlds of ∩b′(w) that make all the sentences of o′(w)
true. In particular, as forged is true in all worlds of ∩b′(w), abnormal will be true
in the worlds of Cb′,o′(w) (otherwise the conditional forged → abnormal would
be false). The other conditional of o′(w) is thus vacuously true as its antecedent
is false. Therefore, the closest worlds do not decide whether the proposition
murderer is true and thus (5-a) is false.

Notice however that the new ordering source is what is needed to account
for the intuition that sentence (5-a) is less strong than (5-b). This means that,
in the original example, the modal base actually had to contain the proposition
¬abnormal.

3.2 Extensions of the standard framework

3.2.1 Goal-oriented modality

As we have seen in the previous chapter, goal-oriented modality is the subset of
participant-external modality that is concerned with plans. In (van der Auw-
era and Plungian 1998), goal-oriented modals are used as typical examples of
participant-external modality. They consist of a main clause containing a modal
and a purpose to-clause.

(8) (van der Auwera and Plungian 1998, (2a-b))

a. To get to the station, you can take bus 66.
b. To get to the station, you have to take bus 66.

In the recent semantic literature, this has been most often linked to conditional
constructions involving the verb want called anankastic conditionals.18

(9) If you want to go to Harlem, you have to take the A train.

17The formalization of this idea is just a propositional implementation of circumscription in
the vein of (McCarthy 1980).

18The term is due to (von Wright 1963) and has since then been used by (Sæbø 2001),
(von Fintel and Iatridou 2004), (Huitink 2004) and (von Stechow, Krasikova and Penka 2006).
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As the literature has shown ((Sæbø 2001), (von Fintel and Iatridou 2004), (Huitink
2004) and (von Stechow et al. 2006)), a compositional analysis of anankastic con-
ditionals is quite difficult to obtain. As the precise compositional mechanism
behind the use of a bouletic verb such as want is not the point of this disserta-
tion, I will concentrate on the construction involving a purpose clause.

I will now present the theory developed in (von Fintel and Iatridou 2004)19

as it remains quite close to the standard framework.20 The main idea is to treat
the purpose-clause as introducing a designated goal that takes precedence over
the other propositions of the ordering source. Therefore, the designated goal is
meant to play the role of an ordering source of its own.

Definition 3.2.1 (Adapted from (von Fintel and Iatridou 2004)). Let p and q
be two propositions, w a world, b and o a modal base and an ordering source
respectively.

1. to p, ought to q is true in w relative to a modal base b(w) and an ordering
source o(w) iff all the o(w)-best worlds in b(w) where p is achieved are
q-worlds.

2. to p, must q is true in w relative to a modal base b(w) and an ordering
source o(w) iff all the worlds in b(w) where p is achieved are q-worlds.21

Example 3.2.2. Assume the world of evaluation is w. The truth conditions for
sentence (8-b) are the following (using part 2 of definition 3.2.1 with p =“you
go to the station” and q =“you take bus 66”): sentence (8-b) is true in w with
respect to b and o
iff all the worlds in b(w) where p is achieved are q-worlds
iff all the accessible worlds where you go to the station are worlds where you take
bus 66.

We can reformulate part 2 of definition 3.2.1 to fit within our notation.

Proposition 3.2.3. Let w be the world of evaluation, b and o the modal base and
ordering source respectively and assume that b(w) �	 ¬p (i.e. we cannot conclude
from the propositions in b(w) that p is false and thus some worlds in ∩b(w) are
p-worlds):

19It should be noted by the reader that (von Fintel and Iatridou 2004) is a ‘preliminary draft
of work in progress.’ For evident practical reasons, I will not repeat this every time I mention
this work but I hope the reader will keep it in mind when I will come to explain some of its
problems.

20The must clause of definition 3.2.1 is actually equivalent to the proposal in (Huitink 2004,
(21) with <g(w) instead of �g(w)).

21It is however important to realize that, as it stands, part 1 of the definition makes wrong
predictions. I will come back to this in the section dedicated to the problems of the standard
framework.
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to p, must q is true in w relative to b and o iff
all the worlds in b(w) where p is achieved are q-worlds iff
for all v ∈ Cb,∅(w) such that v ∈ �p�b,o: v ∈ �q�b,o iff
for all v ∈ C{p}∪b,∅(w): v ∈ �q�b,o iff
for all v ∈ Cb,{p}(w): v ∈ �q�b,o

The last part of the equivalences is also the definition of (Huitink 2004). The
proposition shows that it does not matter whether you treat the designated goal as
being the only member of the ordering source or as a member of the circumstantial
modal base. Notice finally that the assumption, b(w) �	 ¬p, is only needed for the
last step of the equivalence, that is, if ¬p does follow from b(w), C{p}∪b,∅(w) will
be empty whereas Cb,{p}(w) = ∩b(w).

The treatment of goal-oriented modality in definition 3.2.1 is inspired by the
treatment of the interaction of conditionals with modals proposed by (Kratzer
1991). I will therefore proceed with a short overview of this part of the theory.
Furthermore we will see that the interaction of modality with (deontic) condi-
tionals is one of the big problems of the standard framework.

3.2.2 Modals and conditionals

The main intuition in (Kratzer 1981) and (Kratzer 1991) regarding conditional
modality is that the if-clause restricts the domain of quantification of the overt
modal. The following definition formalizes this intuition:

Definition 3.2.4 (Modals and conditionals). For any propositions p and q, world
w, modal base b, and ordering source o:

1. ‘If p, must q ’ is true in w relative to b and o iff
for all v ∈ Cb′,o(w) with b′(w) = b(w) ∪ {p}, v ∈ �q�b,o, that is,
q is true in all the closest (by o(w)) of the worlds determined by b(w), that
make p true.

2. ‘If p, may q ’ is true in w relative to b and o iff
there is a v ∈ Cb′,o(w) with b′(w) = b(w)∪ {p} such that v ∈ �q�b,o, that is,
q is true in at least one of the closest (by o(w)) of the worlds determined
by b(w), that make p true.

Basically, the antecedent restricts the modal base of the modal element. This
is best seen in an example.

Example 3.2.5 (From (von Fintel and Iatridou 2004)). We are in world w and
you are living in Cambridge, Massachusetts. As a law-abiding citizen you know
that “the Cambridge traffic regulations require that driveways not be obstructed
and that first time offenders pay a $25 fine.” Then the following sentence is true:
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(10) If John obstructed his neighbor’s driveway, he has to pay a $25 fine.
(von Fintel and Iatridou 2004, (6) p4)

The standard framework nicely captures this result. The salient deontic ordering
source o contains two propositions,22

o(w) = {¬obstruct, obstruct → pay .fine}

Obviously the best deontic worlds are the one that make both propositions true
which is the case when driveways are not obstructed. Therefore the best worlds
are worlds where driveways are not obstructed. What the definition says is that
the antecedent of the conditional restricts the accessible worlds to worlds where
John obstructed the driveway. We can assume that the modal base determining
the accessible worlds is empty (we don’t know anything special in this situation
and therefore any world is accessible). Formally, ‘If obstruct, must pay .fine’ is
true in w relative to b and o
iff for all v ∈ Cb′,o(w) with b′(w) = b(w) ∪ {obstruct}, v ∈ �pay .fine�b,o

iff for all v ∈ Cb′,o(w) with b′(w) = ∅ ∪ {obstruct}, v ∈ �pay .fine�b,o

iff for all v such that v ∈ �obstruct� and v ∈ �pay .fine�, v ∈ �pay .fine�b,o.

3.2.3 Brennan: the epistemic/root distinction

Brennan (1993) developed a revision of Kratzer’s framework where participant-
internal modals (and some deontic ones) have a special type of modal base that
distinguish them from epistemic modals. The core idea behind this revision can
be found in the following quote from Kratzer (1991, p.650):

“. . . the distinction between modals with circumstantial and modals
with epistemic modal bases which is at the heart of our proposal may
correlate with a difference in argument structure.”23

The difference in argument structure referred to by Kratzer (1991) corresponds
roughly to the difference between raising and control verbs. This type of analysis

22There is a slight complication that is not accounted for by the framework. The Cambridge
traffic regulations (and for that matter, a large part of the body of laws in any country) formulate
a prohibition, i.e driveways must not be obstructed, and (accessorily) what happens if this
prohibition is not respected, namely the penalty you must pay a $25 fine. Notice that my
formalization of the penalty rule does not involve a deontic modal and features a material
implication. The reasons are simple: i) it is, I think, the implicit common practice in those
examples as in (von Fintel and Iatridou 2004), ii) it fits the intuitions about truth-conditions
— but more problematic, iii) a modal and a conditional (new style) would both need a context
to be evaluated, that is, a modal base and a deontic source. We would need conversational
backgrounds inside a conversational background which does not seem very intuitive (nor easily
formalizable).

23See Brennan (1993, p.5): “. . . [Kratzer] leaves open the possibility that there are also struc-
tural differences (in argument structure, for example) between them.”
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was already advocated by Jackendoff (1972). He develops an analysis of modal
auxiliaries where epistemic and root modals (participant-internal and external)
correspond to raising verbs and control verbs respectively. However both types of
modals are considered to belong to the same syntactic class of (modal) auxiliaries,
the difference being in their respective interpretation rules. I will now present
some of the arguments that led Brennan (1993) to analyze epistemic, deontic and
participant-internal modals as different semantic entities.

Epistemic/root distinction

Brennan argues for a clear contrast between epistemic and root modals. Whereas
epistemic modals are sentence operators (S-operators), root modals are verb
phrase operators (VP-operators). The first clue for this analysis comes from
the behaviour of quantified NPs with epistemic and root modals respectively.

(11) (Brennan 1993, 1. & 2. p34)

a. Every radio may get Chicago stations and no radio may get Chicago
stations.

b. #Every radio can get Chicago stations and no radio can get Chicago
stations.

Consider (11-a) in its epistemic reading. It can be uttered to express one’s un-
certainty about which Chicago radio stations can be listened to from one’s house
(with probably different tuners of different quality). Maybe they all receive sig-
nals from Chicago stations but maybe they don’t (all of them). This can be
represented as follows:

(12) Two “logical” forms for example (11-a) under an S-operator analysis:

a. might(∀x[radio(x) → get .Chicago.stations(x)]) &
might(∀x[radio(x) → ¬get .Chicago.stations(x)])

b. ∀x[radio(x) → (might(get .Chicago.stations(x)) &
¬might(get .Chicago.stations(x)))] 24

Notice that whereas the logical form in (12-a) represents a contingent proposition,
(12-b) is a contradiction as soon as there are some radios in the domain. Sentence
(11-a) is thus correct inasmuch as it is interpreted as (12-a). Sentence (11-b) seems
however to resist this interpretation and sounds contradictory. Under the analysis
as S-operator, it should turn out contingent under the logical form (12-a). This
suggests that sentence (11-b) can only be analyzed as (12-b). It seems therefore
unwarranted to analyze the participant-internal modal as an S-operator because
we would then have to explain why the logical form in (12-a) is not available.

24This logical form is obtained by quantifying into the scope of the modal (with a special
mechanism). It is compatible with an S-operator analysis of modal items.
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Another piece of evidence is the possibility of using expletive subjects (like
there and it) with epistemic (and some deontic) modals but not with participant-
internal ones.

(13) Epistemic (Brennan 1993, 21 a. & b. p.41):

a. It may be raining.
b. There may be some eggs in the refrigerator.

(14) Deontic (Brennan 1993, 25 a. & b. p.42):

a. It must be quiet in the reading room at all times.
b. There must be three lifeguards on duty.

(15) Dynamic:

a. John can be on time for the kickoff.
b. #There can be John on time for the kickoff.

Brennan claims that one of the reasons for the failure of example (15-b) is that
“the expletive subject. . . is not the sort of thing to which properties can be at-
tributed” (Brennan 1993, p.43) and the ability reading is doing just that.

The most decisive evidence for a VP-analysis of participant-internal (and some
deontic) modal operators comes from their interaction with predicates denoting
a symmetric relation.

Definition 3.2.6. A relation R is symmetric iff ∀x, y, if Rxy, then Ryx.

Brennan identifies two main classes of predicates that correspond to this defi-
nition: predicates with the comitative with, as in (16), and equivalence relations,
as in (17).

(16) a. The president shook hands with John.
b. John shook hands with the president.

(17) a. Silvio is as tall as Romano.
b. Romano is as tall as Silvio.

The symmetry of those predicates makes the inferences from (16-a) to (16-b) and
(17-a) to (17-b) valid.25 When an epistemic modal is added to those sentences,
the inference pattern remains valid:

(18) a. Silvio may be as tall as Romano.
b. Romano may be as tall as Silvio.

Obviously, if one is possible, the other is possible too. However this inference
pattern does not hold when the modal is deontic or participant-internal. This is
clearer in the participant-internal case.

25And vice versa from b. to a. sentences.
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(19) Dynamic:

a. Silvio can be as tall as Romano.
b. Romano can be as tall as Silvio.

Think of the following situation: Silvio is actually shorter than Romano, but we
know he often uses high heels to compensate for his height, hence sentence (19-a)
is true. By using high heels, Silvio is able to be as tall Romano. This however
does not imply the truth of sentence (19-b) (at least not in this scenario).

(20) Deontic:

a. The president must shake hands with John.
b. John must shake hands with the president.

The deontic case is ambiguous precisely at the separation line between ought-to-
do/ought-to-be readings of the modality.26 Basically, the ought-to-do inference is
not valid whereas the ought-to-be is. Consider the following context for the ought-
to-do interpretation: the president’s campaign director for the coming elections
ordered him to shake hands with John who is very popular (and we all know that
the president obeys blindly anything his campaign director tells him). Therefore
sentence (20-a) is true but (20-b) is not (or at least, without further information,
need not be), i.e. that the president has a particular obligation (involving John
somehow) does not make John have this obligation too. The ought-to-be reading
is natural in the following context: the president’s advisor, who wants the pop-
ularity of his boss to increase, thinks that shaking hands with John would be a
very clever move in the campaign. He tells (20-a) to his secretary meaning that
she has to take care of it. Obviously, it is the secretary that has an obligation, not
the president. Furthermore, the secretary has the obligation to make a certain
state of affairs come true, i.e. that “the president shakes hands with John”, but
this amounts to the same as “John shakes hands with the president”. Hence, in
this context, we can infer (20-b) from (20-a).27

The conclusion from the interaction of modals with symmetric relations is
that, while epistemic modals are consistent with an analysis as S-operators, de-
ontic modals28 are sometimes S, sometimes VP-operators (depending for instance
on whether the addressee of the obligation/permission is or is not the subject of
the sentence) and participant-internal modals are always VP-operators.

26See (Feldman 1986).
27Notice that in Kratzer’s theory, this analysis of ought-to-do/ought-to-be deontic modals

in terms of VP/S-operators can be accounted for by different conversational backgrounds: one
expressing the president’s duties, the other expressing the secretary’s duties, respectively.

28The same arguments hold for goal-oriented modality. We can therefore replace deontic by
participant-external modality.
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Epistemic Participant-external Participant-internal

Kratzer S-operator S-operator S-operator
Brennan S-operator S & VP-operator VP-operator

Formalization

Brennan (1993) implements this analysis within Kratzer’s framework. She has
to change the notion of modal base for participant-internal and (some) deontic
modals (namely for those that function as control verbs). Furthermore she has
to split the definitions of the neutral modal operators depending on the type
of modal base they accept. Intuitively we have the two following operators for
necessity: mustS and mustV P .

(21) a. John must be home. (epistemic)
mustS(John is home)

b. John must pay taxes. (VP-deontic)
(mustVP(λx.x pays taxes))(John)

The analysis of epistemic modals remains the same and thus the definitions of
the previous sections remain unchanged for epistemic modality. The VP modal
operates on verb phrases and takes a subject as argument. It also gets new modal
bases for deontic and participant-internal modality. They are functions of an in-
dividual and a world and yield a set of properties.29 A conversational background
was, up to now, a function from a possible world to a set of propositions, that
is, a function b : W → P(P(W )). I will illustrate Brennan’s definitions with the
help of the example she provides:

(22) Joan lives in Racine and is registered to vote. She may [i.e. has the right
to] vote in Racine’s mayoral election. (Brennan 1993, 87.p65)

Definition 3.2.7. Conversational backgrounds for VP-modals are functions from
world-individual pairs to set of properties. Let D be the domain of individuals,

b : W × D → P(set of properties)

The conversational background assigns to any world-individual pair 〈w, d〉, the
set of relevant properties that the individual d has in world w (Brennan 1993, 84.
p65).

In example (22), the conversational background b is a function that assigns to
the pair 〈w, joan〉 the property of living in Racine and the property of being
registered to vote, i.e.

b(w, joan) = {λvλx[Live.in.Racine(x) in v], λvλx[Registered .to.vote(x) in v]}.
29See Brennan (1993, p.65-68).



3.2. Extensions of the standard framework 151

As usual, conversational backgrounds determine an accessibility relation. How-
ever, it is now dependent on a world and an individual (Brennan 1993, (82) p64).

Definition 3.2.8 (Accessibility keyed to an individual). The accessibility relation
is based on the content of a contextually determined conversational background
b, i.e. a world w′ is accessible from a world w for an individual d with respect to
the conversational background b,

〈w, d〉Rw′ iff for all P ∈ b(w, d), w′ ∈ P(d).

Therefore, a world w′ is accessible for an individual d in world w in case all the
properties assigned to this individual in the base world hold for the individual in
w′.

In example (22), a world w′ is thus accessible from w for Joan, 〈w, joan〉Rw′,
if it satisfies the following condition:

w′ ∈ λv[Live.in.Racine(joan) in v] and w′ ∈ λv[Registered .to.vote(joan) in v].

Finally, the VP-modals are analyzed as functions that take as argument (the in-
tension of) an intransitive verb phrase and return an intransitive verb phrase. The
modal is interpreted relative to a contextually determined contextual background
of the type described in definition 3.2.7. In example (22), the deontic modal may
takes as argument the intransitive verb phrase vote in Racine’s mayoral election,
and is interpreted relative to the conversational background b such that

�λy[may(vote.in.Racine ′s .mayoral .election(y) in w)]�b(w,x)

denotes the set of individuals x that are allowed to vote for the mayor’s election
in Racine, i.e. (Brennan 1993, see 90. p67),

the set of individuals x such that, there is a world w′ accessible from
w for x (with respect to b) such that, x votes in the mayoral election
in w′.

The extension thus makes it possible to account for the data about quanti-
fied NPs and symmetric predicates. Crucially the fact that the conversational
backgrounds are tied to the subject makes the modal predicate asymmetric, i.e.
accessible worlds are not shared: an accessible world for an individual d need not
be accessible for individual d′.




