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Contributions to the analysis of the block

Toeplitz matrix of multivariate stationary

time series
1

2.1 Introduction

The analysis of time series measurements obtained from a single individual has

received increasing attention in the behavioral sciences (e.g., Hamaker, Dolan,

& Molenaar, 2005; Moskowitz & Hershberger, 2002). Although the majority

of research still concerns modelling differences between individuals or groups, it

might be argued that the development of models and methods for the study of

processes within individuals ought to be pursued with equal effort as to fully

grasp the subject matter of the behavioral sciences. However, investigations of

models and methods for the analysis of individual time series have concerned

univariate rather than multivariate time series, and almost not categorical time

series. The purpose of this chapter therefore is to investigate the estimation of

models for these types of time series measurements within a framework that is

well known to behavioral researchers. Specifically, the fitting of autoregressive

moving average (ARMA) models to multivariate time series is examined by means

of simulations within the framework of structural equation modelling (SEM). We

investigate both procedures for normally distributed time series, and because

many observed variables are discrete, a procedure for categorical time series.

ARMA modelling of univariate normally distributed stationary time series

may be carried out by a number of methods (Box & Jenkins, 1976; Hamilton,

1994). A distinction can be made between methods which employ the raw data,

and methods which make use of summary statistics. At present, the most pop-

ular method to estimate the parameters of an ARMA model is maximum likeli-

hood (ML) estimation with the raw data likelihood (Mélard, 1984). This can be

performed within the state space framework in a straightforward manner with

1This chapter has been conditionally accepted for publication in Structural Equation Mod-

eling, and is currently under revision.
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Kalman filtering and smoothing techniques, since ARMA models can be for-

mulated as state space models (Durbin & Koopman, 2001; de Jong & Penzer,

2004). Methods using summary statistics generally start out with computing

sample auto- and cross-covariances, and then fit the covariance structure of an

ARMA model to a matrix of Toeplitz form containing these sample covariances.

Instead of using as input for the analyis the matrix containing all auto- and

cross-covariances of the observed time series which dimension increases with the

length of the time series, one can limit the analysis to no more than the first

few lags if one is willing to assume stationarity (Molenaar, 1985). The number

of lags analysed is referred to as the window size, and is selected on the basis of

the type and the order of the model being fitted. The matrix thus obtained is of

Toeplitz or block Toeplitz form, and is therefore often referred to as the Toeplitz

matrix. Since the covariance structure of ARMA models can be written as struc-

tural equation models (see van Buuren, 1997), such analyses can be performed

using software packages designed for SEM, such as LISREL (Jöreskog & Sörbom,

1999). The use of SEM programs enables one to generalize the procedure in a

straightforward manner to multivariate data and to multiple-case analyses (Mole-

naar, 1985; Molenaar, de Gooijer, & Schmitz, 1992). In the present chapter, the

performance of model estimation with the Toeplitz matrix is investigated within

the SEM framework for several situations pertaining to multivariate stationary

time series.

Since most SEM programs are not specifically equipped for the analysis of time

series, two issues concerning the special structure of time series and their auto-

covariances need to be addressed. The first issue concerns the time-dependent

structure of time series observations. In standard SEM, where the aims of model

fitting include statistical inference, an observed covariance matrix serves as input

for the analysis. All estimators in SEM, which allow for statistical inference, re-

quire that this matrix is computed with independent and identically distributed

observations. This is not the case when using as input a block Toeplitz matrix

estimated from an observed multivariate time series. In fact, the very thing of

interest in time series analysis is the dependence between sequential observa-

tions. In addition, by using only the first few auto- and cross-covariances for the

estimation of models, one assumes beforehand that stationarity holds.

Secondly, given the sequential dependence, we need to ascertain the asymp-

totic properties of sample auto- and cross-covariances in order to fully understand

the SEM approach to ARMA modelling. For independent identically distributed

multivariate normal data, the maximum likelihood estimator of the covariance
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matrix is asymptotically unbiased and efficient, and its distribution is known. For

time series observations, unbiased estimation of the theoretical Toeplitz matrix

does not pose a problem. However, asymptotic efficiency of the estimator depends

on the type and the order of the model. In other words, the Cramér-Rao lower

bound is not reached as the length of the time series increases without bound for

certain models (Porat, 1987; Kakizawa, 1999). If asymptotic efficiency does not

hold, the asymptotic properties of normal theory maximum likelihood estimation

cannot be obtained, and this way lead to incorrect statistical inferences from the

data.

For univariate ARMA processes, Porat (1987) showed that sample autoco-

variances are asymptotically efficient only for p-th order autoregressive and q-th

order moving average (ARMA(p, q)) processes up to lag p, if p ≥ q. For vector

ARMA processes, Kakizawa (1999) obtained related results in that the sample

auto- and cross-covariances of vector AR(p) processes are asymptotically efficient

up to lag p. However, regardless of lag, sample auto- and cross-covariances of

vector MA processes are asymptotically inefficient. The problem remains unan-

swered for vector ARMA(p, q) processes, except that it can be shown that if

q > p, asymptotic efficiency does not hold (Kakizawa, 1999). In the case of mul-

tiple indicator ARMA or process factor models (Browne & Nesselroade, 2005),

asymptotic results are not available. The absence of full asymptotic results hin-

ders an investigation of the Toeplitz-SEM approach to ARMA modelling, since

it cannot be said that the outcomes of such an investigation are due either to

the quality of the sample block Toeplitz matrix or to the Toeplitz-SEM approach.

For that reason, we restrict ourselves initially to situations in which unbiased and

efficient estimation of auto- and cross-covariances is feasible. That is, we focus

on autoregressive models. In potential, vector ARMA models can be analysed as

well. However, since the necessary window size for this type of models is larger

than the lag at which asymptotic efficient estimates are considered possible, it is

not pursued here.

The Toeplitz-SEM approach to ARMAmodelling is not new, and the available

results obtained with this approach are the following. Despite the fact that the

Toeplitz-SEM approach uses less information, Hamaker, Dolan, and Molenaar

(2002; see also van Buuren, 1997) found that moment estimates asymptotically

resemble raw data ML estimates in the case of univariate autoregressive (AR)

models, which is consistent with the results of Porat (1987). In the case of moving

average (MA) and ARMA models, they found that the moment estimates are not

raw data ML estimates. Hamaker et al. (2002) showed that the SEM estimates
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are moment estimates, and demonstrated that for AR models the standard errors

and χ2 goodness of fit indices were quite accurate. In ARMA and MA models,

the accurary of the results varied somewhat from model to model. Molenaar

and Nesselroade (1998) performed a small scale simulation study of the Toeplitz-

SEM approach to compare the performance of ML and a weighted least squares

(WLS) estimation procedure in the case of multivariate time series (see also

Molenaar, 1985). After selecting the maximum lag of the Toeplitz matrix by

the Bayesian information criterion computed from fitting vector AR models of

increasing order, they fitted a dynamic 1-factor model with autocorrelated errors

in LISREL. Although only one instance of the dynamic factor model was used,

their results are comparable to Hamaker et al. (2002) in that the parameter

estimates are quite accurate for both the ML and WLS method. However, the

standard errors and χ2 goodness of fit indices provide an unclear picture when

compared to standard deviations of estimates and expected values, respectively.

Taking account of the above arguments, the Toeplitz method remains a fast

and easy method to fit models to multivariate time series. This is mainly because

it can be performed in most standard SEM software packages. The software pack-

age DyFA deserves attention here, because it is specifically designed for dynamic

factor analysis with the Toeplitz method (Browne & Zhang, 2005). DyFA is not

used here though, because the present investigation is within the general frame-

work of SEM. An important question to be answered in this paper is how the

Toeplitz method performs in a variety of situations in which it can possibly per-

form well. The first interest then lies in assessing the quality of the parameter

estimates of the models used. In the present paper, this assessment is performed

by means of simulations in which estimated parameters are compared to their true

values in terms of accuracy and precision. In connection to Molenaar and Nes-

selroade (1998), we use ML and WLS estimation procedures. Since the Toeplitz

method uses summary statistics, thereby relying on limited information, it is of

general interest to establish the difference between limited and full information

methods. A more specific question concerns the possibility of obtaining results

with summary statistics that are of comparable quality as results obtained with

raw data methods. To adress this question and assess the size of the difference,

we compare the outcomes obtained with summary statistics, that is, the results

of the Toeplitz method, with the outcomes of a standard normal theory ML based

Kalman filter (Harvey, 1989).

Observed variables in the behavioral sciences often have a discrete nature,

therefore we also address the Toeplitz method for multivariate categorical time
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series. For our situation, this can be achieved by fitting AR models to the matrix

of polychoric auto- and cross-correlations. An advantage is that the implemen-

tation of this method is relatively easy for those familiar with categorical data

analysis within SEM. However, the performance of this method is unknown and

therefore studied here. Furthermore, in combination with the results of the nor-

mally distributed time series, more insight might be obtained in the Toeplitz-SEM

approach.

The outline of this chapter paper is as follows. First, we discuss AR models

for multivariate normal time series. Then, the estimation of auto- and cross-

covariances, and the construction of the Toeplitz matrix are addressed. This is

followed by the representation of the models in the SEM and state space frame-

work. Next, the maximum likelihood, weighted least squares, and Kalman filter-

ing estimation procedures are presented. Subsequently, we discuss a simulation

study to the methods presented. Further, the Toeplitz method for categorical

time series is discussed, followed by a second simulation study. The chapter ends

with a discussion.

2.2 Aspects of autoregressive modelling

We discuss two different types of multivariate autoregressive models. The first

type consists of pure vector autoregressive (VAR) models. VAR models can be

useful when the dimension of the observed time series is not too large (since the

number of parameters increases rapidly with the series dimension). For a more

detailed discussion of this type of models, the reader is referred to Hamilton

(1994) or Lütkepohl (1991, 2005). The second type of models is multiple indi-

cator vector autoregressive (MI-VAR) models. MI-VAR models consist of latent

autoregressions to which the observed time series are related by means of a linear

factor model (Hamaker et al., 2005). This type of models is useful when the

observed time series can be described by a latent process of smaller dimension

(Nesselroade, McArdle, Aggen, & Meyers, 2002).

2.2.1 Multivariate autoregressive models

To ease the presentation, let yt denote both a multivariate stochastic process and

an observed time series thereof. An n-variate zero mean Gaussian autoregressive

process of order p can then be imposed on yt by

yt = Φ1yt−1 + . . .+ Φpyt−p + ξt, ξt ∼ N(0,Σξ) (2.1)
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where n × n matrices Φ1, . . . ,Φp contain autoregressive parameters, and ξt is

a multivariate Gaussian white noise sequence with covariance matrix Σξ. The

above equation can be rewritten by making use of the backshift operator B as

follows

(I − Φ1B − . . .− ΦpB
p)yt = Φ(B)yt = ξt.

Stationarity of the process yt is obtained if all roots of the polynomial equation

|Φ(B)| = 0 lie outside the unit circle (Lütkepohl, 1991, p. 12).

In MI-VAR models, the autoregressive process is not directly observed, yet

indicated by an observed time series. An n-variate zero mean stochastic process

yt can be modelled by a latent Gaussian autoregressive process through a linear

factor model given by

yt = Λαt + εt, εt ∼ N(0,Σε), (2.2)

where Λ is a n ×m matrix of factor loadings and αt denotes an m-dimensional

latent vector autoregressive process of order p given by

αt = Φ1αt−1 + . . .+ Φpαt−p + ξt, ξt ∼ N(0,Σξ). (2.3)

Both εt and ξt are multivariate white noise sequences with covariance matrices Σε

and Σξ, respectively. It is noted that the MI-VAR models are not identified with-

out restrictions. What restrictions are necessary for identification and rotational

determination is discussed later on together with the SEM representation of the

above models. Stationarity holds for the latent process αt if again the roots of

the polynomial equation |Φ(B)| = 0 lie outside the unit circle. It is stressed that

stationarity of the observed process yt is necessary in order to justify the use of

only the first few auto- and cross-covariances for parameter estimation purposes.

Therefore, we only consider models in which Λ and Σε lack time dependence, in

which case stationarity of the observed time series follows from stationarity of

the latent process.

2.2.2 Auto- and cross-covariances

The n× n auto- and cross-covariance matrix of a zero mean stationary Gaussian

process yt at lag u is denoted by Γu and given by

Γu = E(yty
′
t−u), u = 0, 1, 2, . . . .

It can be shown that Γu = Γ′−u. We present only the first p auto- and cross-

covariances of both types of autoregressive models, since that is sufficient for our
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purposes. For a VAR(p), the auto- and cross-covariance matrix at lag u can be

written as

Γu =

⎧⎨
⎩Φ1Γ

′
1 + . . .+ ΦpΓ

′
p + Σξ, if u = 0,

Φ1Γu−1 + . . .+ ΦpΓu−p, if u = 1, 2, . . . , p.
(2.4)

The above equations are referred to as the Yule-Walker equations (Lütkepohl,

1991, p. 21). For a MI-VAR(p), this can be written as follows

Γu =

⎧⎨
⎩Λ(Φ1Γ

∗′

1 + . . .+ ΦpΓ
∗′

p + Σξ)Λ
′ + Σε, if u = 0,

Λ(Φ1Γ
∗
u−1 + . . .+ ΦpΓ

∗
u−p)Λ

′, if u = 1, 2, . . . , p,

where Γ∗u is the m ×m auto- and cross-covariance matrix at lag u of the latent

VAR(p) process αt.

An estimate of the auto- and cross-covariance matrix at lag u of a zero mean

stationary Gaussian process yt can be obtained by (Lütkepohl, 1991, p. 79)

Cu =
1

T − u

T∑
t=u+1

yty
′
t−u. (2.5)

One can also choose to divide by T instead of T − u. In that case, the estimator

is biased, but has smaller mean square error (Jenkins & Watts, 1968, p. 179).

In the above estimator, the mean square error increases as u approaches T . For

fixed values of u, however, both estimators have equal asymptotic properties

(Hannan, 1970, p. 208). It should also be noted that division by T leads to

a non-negative definite block Toeplitz matrix, which in general is a desirable

property (Shumway & Stoffer, 2006, p. 30). However, we make use of the above

estimator here, because we only discuss situations in which u is small compared

to T .

In order to fit a multivariate autoregressive model of order p, the symmetric

sample block Toeplitz matrix Sy is constructed as follows

Sy =

⎡
⎢⎢⎢⎢⎣
C0

C1 C0

...
...

. . .

Cp Cp−1 · · · C0

⎤
⎥⎥⎥⎥⎦ .

For zero mean stationary Gaussian processes, the auto- and cross-covariance es-

timator has a known normal sampling distribution (Hannan, 1970, p. 208 ff.).
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However, as mentioned, this estimator is not asymptotically efficient in all situ-

ations. More specifically, the estimator is unbiased, but does not have minimum

variance. For instance, a VAR(p) process has an asymptotically efficient sam-

ple autocovariance matrix Cu only up to lag p (Kakizawa, 1999). For MI-VAR

models, no results concerning the asymptotic efficiency of sample autocovariances

are available, and an investigation thereof would require a seperate study. Yet,

we discuss MI-VAR models, since they are of practical interest, especially when

the observed dimension is large and yt is amenable to factor analytic modelling.

We stress that these asymptotic results twarth the interpretation of outcomes of

fitting time series models with auto- and cross-covariances, and are to be kept in

mind in the remainder of this chapter.

2.2.3 SEM and state space representation

To represent the discussed models in SEM form, we chose the LISREL Submodel

3B (Jöreskog & Sörbom, 1996). This model is

y = Λη + ε, ε ∼ N(0,Θε), (2.6)

η = Bη + ζ, ζ ∼ N(0,Ψ). (2.7)

The model in the top equation is referred to as the measurement model in which

Λ is an n ×m matrix of factor loadings, η is an m-dimensional vector of latent

factors, and ε is a multivariate normally distributed random vector with n ×
n diagonal covariance matrix Θε. The bottom equation is referred to as the

structural relation, where B is an m×m matrix with zeroes on the diagonal. It

is assumed that ε, η, and ζ are uncorrelated. Then, the n× n covariance matrix

of y denoted by Σy is modelled by

Σy = Λ(I −B)−1Ψ(I −B)−1′Λ′ +Θε.

A bivariate VAR of order 1 can now be represented in the SEM framework as

follows. Let Λ = I, Θε = 0, and

y =

⎡
⎢⎢⎢⎣

y1t

y2t

y1,t−1

y2,t−1

⎤
⎥⎥⎥⎦ , t = 2, . . . , T.

The covariance matrix Σy containing the auto- and cross-covariances up to lag 1
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is of block Toeplitz form and equals the simplified model structure

Σy =

[
Γ0

Γ1 Γ0

]
= (I − B)−1Ψ(I − B)−1′ , (2.8)

where

B =

[
0 0

Φ1 0

]
and Ψ =

[
Γ0

0 Σξ

]
.

Other VAR models can be easily put into SEM form by appropriately adjusting

the model vectors and matrices. Writing out the above equation results in[
Γ0 Γ0Φ

′
1

Φ1Γ0 Φ1Γ0Φ
′
1 + Σξ

]
.

The above relations constitute the Yule-Walker equations. It can be shown that

all VAR models which are put in SEM form in this manner result in Yule-Walker

relations. Regardless of the specific fit function, the resulting estimates are solu-

tions to the Yule-Walker equations, and can be considered Yule-Walker estimates

(Hamaker et al., 2002). However, fit functions can differ in their use of auto- and

cross-covariances and possibly asymptotic covariances, and these different uses

can lead to different solutions. In addition, it should be noted that Yule-Walker

estimates are similar, but not identical to least squares estimates (see Lütkepohl,

1991, p. 65). It can be verified that for the above VAR(1) model this approach

results in Φ̂1 = C1C
−1
0 and Σ̂ε = C0 − C1C

−1
0 C ′

1. Yule-Walker estimates are

known to be biased, especially in the case of strongly autocorrelated processes

(Tjøstheim & Paulsen, 1983). It is noted that full VAR models are saturated, an

overall likelihood ratio test statistic is zero, and fit statistics can therefore not

be obtained. Restricted VAR models, such as models in which Σξ is diagonal,

can be represented in an analogous manner, and do provide fit statistics, e.g.,

likelihood ratio test statistics, i.e., a χ2 or noncentral χ2.

As a second example, a latent bivariate VAR(1) with four indicators is put

into SEM form in the following manner. For t = 2, . . . , T , let

y =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y1t

y2t

y3t

y4t

y1,t−1

y2,t−1

y3,t−1

y4,t−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,Λ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ11 λ12 0 0

λ21 λ22 0 0

λ31 λ31 0 0

λ41 λ42 0 0

0 0 λ11 λ12

0 0 λ21 λ22

0 0 λ31 λ32

0 0 λ41 λ42

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, η =

⎡
⎢⎢⎢⎣

α1t

α2t

α1,t−1

α2,t−1

⎤
⎥⎥⎥⎦ , and Θε = diag

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ2
ε1

σ2
ε2

σ2
ε3

σ2
ε4

σ2
ε1

σ2
ε2

σ2
ε3

σ2
ε4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.



16 Chapter 2

The block-Toeplitz auto- and cross-covariance matrix Σy is modelled by

Σy =

[
Γ0

Γ1 Γ0

]
= Λ(I − B)−1Ψ(I − B)−1′Λ′ +Θε,

where

B =

[
0

Φ1 0

]
and Ψ =

[
Γ∗0
0 Σξ

]
.

The above model is not identified. Scaling of the latent process αt is necessary,

and can be performed by placing restrictions on elements of Λ or Ψ. An additional

constraint is required on Λ to fix rotational indeterminacy. In principle, this can

be carried out by fixing one of the elements of Λ to be estimated at zero (see

Millsap, 2001). Again, other multiple indicator VAR models are easily obtained

after appropriate adjustments.

The specification of the above models in state space form can be performed

along similar lines. For completeness, a simple linear state space model consisting

of an observation model and a transition model is given

yt = Zαt + εt, εt ∼ N(0,Σε), (2.9)

αt = Tαt−1 + ζt, ζt ∼ N(0,Ψ), (2.10)

with Z an n×m design matrix, T an m×m transition matrix, α0 ∼ N(a0, P0),

and disturbances εt and ζt uncorrelated with each other and α0. Hamilton (1994),

de Jong and Penzer (2004), and Durbin and Koopman (2001) describe state space

representations of VAR and other models in greater detail. In closing this section,

it should be noted that all autoregressive models considered can be represented

in SEM or state space form in various ways. We have chosen the representation

in which the latent process is of minimal dimension.

2.2.4 Estimation

Three procedures for the estimation of the parameters of multivariate autore-

gressive models are compared, namely maximum likelihood (ML) estimation,

weighted least squares (WLS) estimation, and Kalman filtering (KF). ML and

WLS estimation employ the information contained in the auto- and cross-

covariances, whereas KF uses the information of the raw data. All three methods

condition on the first p observations, which are sometimes referred to as pre-

sample values (Lütkepohl, 1991). With ML and WLS estimation, the difference
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between the sample and model block Toeplitz matrix is minimized. This differ-

ence is specified in a fit function F which is then minimized by appropriately

adjusting the model parameter estimates until convergence. For ML estimation,

the fit function that is minimized is given by

FML = log |Σy|+ tr(SyΣ
−1
y )− log |Sy| − n, (2.11)

where |.| denotes the determinant and tr(.) denotes the trace. This is a likelihood
ratio. For MI-VAR models, the χ2 fit statistic can be obtained by computing

(T − p− 1)FML at the solution.

The WLS fit function is specified by

FWLS = vech(Sy − Σy)
′W−1vech(Sy − Σy), (2.12)

where the vech(.) operator vectorizes the distinct elements for symmetric matri-

ces. The χ2 statistic in this case can be obtained by computing (T−p−1)FWLS at

the solution. The 1
2
n(n+1)× 1

2
n(n+1) estimated asymptotic covariance matrix

of Sy denoted by W is for independent normally distributed variables given by

W = 2D+(Sy ⊗ Sy)D
+′, (2.13)

where D+ is the Moore-Penrose inverse of the n2× 1
2
n(n+1) D duplication matrix

given by

Dvech(Sy) = vec(Sy),

where the vec(.) operator vectorizes the elements for any matrix (see Magnus

& Neudecker, 1999). Although this estimator of the asymptotic covariance is

generally not suitable for time series, it is used here. The correct asymptotic

covariance for any two elements cuij and cvkl of the sample auto- and cross-

covariance matrices Cu and Cv is given in Hannan (1970, p. 209) by

Cov(cuij, cvkl) =
1

T

T−1∑
r=−T+1

(
1− |r|

T

)
(γrikγr+v−u,jl + γr+v,ilγr−u,jk),

where i, j, k, l = 1, . . . , n, neglecting fourth cumulants due to the time series being

normally distributed. Reiterating that estimates of Γu when u > p for VAR(p)

models are not asymptotically efficient (Kakizawa, 1999), these estimates are

needed to produce an estimate of the asymptotic covariance for WLS estimation.

An alternative method to obtain an estimate of the asymptotic covariances is

discussed in Molenaar and Nesselroade (1998). They first fit a VAR model se-

lecting the order on the basis of the Bayesian information criterion (BIC), after
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which they determine the asymptotic covariances according to the VAR model

parameters. In both cases, we know that asymptotic efficiency of the estimates

is not guaranteed. For now, therefore, we prefer the much simpler estimator W

given in Equation 2.13. The ML and WLS estimation procedure as decribed here

are implemented in the LISREL computer program (Jöreskog & Sörbom, 1999).

The fit function minimized with the Kalman filter for the model in Equations

2.9 and 2.10 is given by (Harvey, 1989)

FKF =
1
2

T∑
t=1

log |Gt|+ 1
2

T∑
t=1

e′tG
−1
t et, (2.14)

where

et = yt − Zat|t−1,

Gt = ZPt|t−1Z
′ + Σε.

Now, parameter estimation proceeds iteratively as follows. After starting values

for all parameters are specified, the Kalman filter is applied to obtain estimates

of the state vector denoted by at|t−1 and associated covariance matrix Pt|t−1. For

t = 1, . . . , T , the Kalman filtering recursions consist of a prediction and correction

step respectively given by (Harvey, 1989)

at|t−1 = Tat−1, Pt|t−1 = TPt−1T
′ +Ψ,

at = at|t−1 + Pt|t−1Z
′G−1

t (yt − Zat|t−1), Pt = Pt|t−1 − Pt|t−1Z
′G−1

t ZPt|t−1.

(2.15)

The above recursions need to be initialised with values for a0 and P0. We chose a

practical diffuse prior with initial states fixed at zero and initial variances fixed at

a value of 10 (for exact diffuse initialisation, see de Jong, 1991). In the next step,

the fit function is minimized to obtain new parameter estimates. The procedure

is repeated upon convergence. The KF estimation procedure is implemented in

the MKF computer program (Dolan, 2005).

2.3 Simulation study I

In this simulation study, we investigate the Toeplitz method applied to normally

distributed time series with the maximum likelihood and weighted least squares

estimation procedures described in the previous section. For comparison, the

simulated raw data were analysed with the Kalman filter as well.
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2.3.1 Set up

Six different autoregressive models are used to simulate time series. These are

a MI(2)-AR(1), MI(2)-AR(2), VAR(1), MI(4)-AR(1), MI(4)-AR(2), and MI(4)-

VAR(1). Table 2.1 shows the dimension of the observed time series, the dimension

of the autoregressive process, the order of the autoregression, and the designations

of the six models used. Time series are simulated with two different lengths,

T = 100 and T = 1000. The number of replications in each condition equals

1000. Parameter values are set so that stationarity is obtained and the time series

have zero mean and unit variance (at least approximately). Actual parameter

values can be found in the tables with results.

Table 2.1: Dimensions and orders of autoregressive models in simulation study

Dim. observed (n) Dim. process (m) Order (p) Model name

2 1 1 MI(2)-AR(1)

2 1 2 MI(2)-AR(2)

2 2 1 VAR(1)

4 1 1 MI(4)-AR(1)

4 1 2 MI(4)-AR(2)

4 2 1 MI(4)-VAR(1)

The main interest of the simulation study lies in the comparison of parameter

recovery for the three discussed methods. Parameter estimates are evaluated

with respect to accuracy and precision. To this end, mean parameter estimates

are compared to true values and mean standard errors of parameter estimates

are compared to the standard deviation of parameter estimates over replications.

2.3.2 Results

Since much of the results obtained in different conditions of the simulation study

is similar, not all results are displayed. Most noticably, the results obtained

with the MI(2)-AR(1) and MI(2)-AR(2) models are so similar to those obtained

with MI(4)-AR(1) and MI(4)-AR(2) models, that they are not shown. For the

MI(4)-VAR(1) models, the outcomes of T = 100 are not shown.

Table 2.2 displays the results obtained for the VAR(1) model for T = 100

and T = 1000. Results for the ML, WLS, and KF method are almost equal.

Parameter estimates are close to true values and mean standard errors resemble
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Table 2.2: Results for VAR(1) model

ML WLS KF

T Parameter Value Mean1 SE2 SD3 Mean SE SD Mean SE SD

100 φ1
11 0.80 0.774 0.067 0.069 0.774 0.067 0.069 0.776 0.066 0.070

φ1
12 0.10 0.098 0.066 0.070 0.098 0.066 0.070 0.105 0.066 0.071

φ1
21 0.30 0.303 0.076 0.079 0.303 0.076 0.079 0.312 0.075 0.080

φ1
22 0.60 0.573 0.075 0.074 0.573 0.075 0.074 0.570 0.075 0.076

σ2
ξ1

0.25 0.255 0.036 0.038 0.249 0.036 0.039 0.248 0.035 0.036

σ2
ξ2

0.33 0.330 0.047 0.047 0.322 0.046 0.047 0.323 0.046 0.045

1000 φ1
11 0.80 0.797 0.020 0.020 0.797 0.020 0.020 0.797 0.020 0.020

φ1
12 0.10 0.100 0.020 0.021 0.100 0.020 0.021 0.100 0.020 0.021

φ1
21 0.30 0.299 0.023 0.023 0.299 0.023 0.023 0.300 0.023 0.023

φ1
22 0.60 0.598 0.023 0.023 0.598 0.023 0.023 0.598 0.023 0.023

σ2
ξ1

0.25 0.252 0.011 0.012 0.251 0.011 0.012 0.251 0.011 0.012

σ2
ξ2

0.33 0.329 0.015 0.014 0.329 0.015 0.014 0.329 0.015 0.014
1 Mean estimate

2 Mean standard error

3 Standard deviation of estimates

the standard deviations very well for all three methods. The results for T = 1000

shown in the bottom half of Table 2.2 indicate the expected overall improvement

of the parameter estimates in terms of precision.

The results of the analyses of time series following a MI(4)-AR(1) model are

presented in Table 2.3 for series of length T = 100 and T = 1000. Several

observations can now be made for T = 100. First, the WLS method performs

worst in terms of accuracy, that is, the variances of ε and ξ are not very well

recovered compared to the ML and KF method. Second, the standard error

estimates of factor loadings λ and variance terms σ2
ε for the ML andWLS methods

seem incorrect when compared to the standard deviations over replications. In

contrast, the KF method does seem to produce correct standard errors for these

parameters. Finally, the standard deviations of the parameter estimates are

comparable for all three methods. The results for a MI(4)-AR(1) model with

T = 1000 are shown in the bottom half of Table 2.3. The accuracy of the

WLS method improves with the increase in T , whereas a difference between

mean standard errors and standard deviations remains for factor loadings λ and

variance terms σ2
ε for both the ML and WLS method. Note, however, that this

difference is small. Again, the KF method produces standard errors which are

comparable to the standard deviation of the estimates.

Table 2.4 shows the results for the MI(4)-AR(2) for T = 100 and T = 1000.
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Table 2.3: Results for MI(4)-AR(1) model

ML WLS KF

T Parameter Value Mean SE SD Mean SE SD Mean SE SD

100 λ2 0.90 0.902 0.048 0.069 0.902 0.048 0.069 0.900 0.067 0.068

λ3 0.90 0.906 0.048 0.068 0.906 0.048 0.069 0.904 0.067 0.068

λ4 0.90 0.904 0.048 0.069 0.905 0.048 0.069 0.903 0.067 0.068

σ2
ε1

0.19 0.188 0.025 0.035 0.168 0.024 0.032 0.188 0.035 0.035

σ2
ε2

0.19 0.187 0.025 0.036 0.168 0.024 0.034 0.187 0.035 0.036

σ2
ε3

0.19 0.188 0.025 0.037 0.168 0.024 0.034 0.188 0.035 0.037

σ2
ε4

0.19 0.189 0.025 0.036 0.169 0.024 0.034 0.190 0.035 0.036

φ1 0.70 0.677 0.082 0.076 0.698 0.082 0.077 0.677 0.078 0.077

σ2
ξ 0.51 0.512 0.091 0.098 0.470 0.087 0.094 0.508 0.096 0.097

1000 λ2 0.90 0.900 0.014 0.021 0.900 0.014 0.021 0.900 0.020 0.020

λ3 0.90 0.900 0.014 0.019 0.900 0.015 0.020 0.900 0.020 0.019

λ4 0.90 0.900 0.015 0.020 0.900 0.015 0.020 0.900 0.020 0.020

σ2
ε1

0.19 0.190 0.008 0.011 0.188 0.008 0.011 0.190 0.011 0.011

σ2
ε2

0.19 0.189 0.008 0.011 0.188 0.008 0.011 0.190 0.011 0.011

σ2
ε3

0.19 0.190 0.008 0.011 0.188 0.008 0.011 0.190 0.011 0.011

σ2
ε4

0.19 0.190 0.008 0.011 0.188 0.008 0.011 0.190 0.011 0.011

φ1 0.70 0.699 0.025 0.023 0.702 0.025 0.023 0.699 0.024 0.023

σ2
ξ 0.51 0.511 0.029 0.031 0.507 0.029 0.031 0.511 0.030 0.031

The results of the WLS method are not displayed, because the asymptotic co-

variance matrix W was not positive definite in any replication with T = 100 and

in a substantial part of the replications with T = 1000 (note that W contains

3081 distinct elements). The available results of the ML and KF method are

comparable to those obtained for the MI(4)-AR(1) model except that aforemen-

tioned differences in standard error and standard deviation are clearer. That is,

the standard errors of the ML method appear underestimated.

In Table 2.5, the results are shown for the MI(4)-VAR(1) model obtained with

T = 1000 and the ML, WLS, and KF method. Results are comparable to those

of the MI(4)-AR(1) model in Table 2.3. It seems that the standard error of the

estimates of the factor loadings and error variances are incorrect whereas those of

the autoregressive parameters and innovation variance are only slightly off. The

KF method outperforms both the ML and WLS method in terms of precision.
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Table 2.4: Results for MI(4)-AR(2) model

ML KF

T Parameter Value Mean SE SD Mean SE SD

100 λ2 0.90 0.908 0.040 0.071 0.906 0.068 0.071

λ3 0.90 0.905 0.039 0.070 0.903 0.068 0.070

λ4 0.90 0.910 0.039 0.075 0.908 0.068 0.075

σ2
ε1

0.19 0.188 0.020 0.036 0.187 0.035 0.036

σ2
ε2

0.19 0.189 0.020 0.037 0.189 0.035 0.037

σ2
ε3

0.19 0.188 0.020 0.036 0.188 0.035 0.036

σ2
ε4

0.19 0.186 0.020 0.035 0.186 0.035 0.035

φ1 0.50 0.492 0.112 0.108 0.489 0.108 0.107

φ2 0.25 0.221 0.112 0.112 0.225 0.108 0.111

σ2
ξ 0.52 0.516 0.088 0.098 0.512 0.096 0.097

1000 λ2 0.90 0.901 0.012 0.021 0.901 0.020 0.021

λ3 0.90 0.901 0.012 0.020 0.900 0.020 0.020

λ4 0.90 0.900 0.012 0.020 0.900 0.020 0.020

σ2
ε1

0.19 0.190 0.006 0.011 0.190 0.011 0.011

σ2
ε2

0.19 0.190 0.007 0.011 0.190 0.011 0.011

σ2
ε3

0.19 0.190 0.007 0.012 0.190 0.011 0.012

σ2
ε4

0.19 0.190 0.007 0.011 0.190 0.011 0.011

φ1 0.50 0.498 0.035 0.035 0.498 0.034 0.035

φ2 0.25 0.249 0.035 0.035 0.250 0.035 0.035

σ2
ξ 0.52 0.523 0.028 0.030 0.523 0.031 0.030

2.4 Categorical time series

We now extend the discussion of methods to estimate autoregressive models to

a method for time series that can take on a small number of discrete values, i.e,

categorical time series. This method utilizes the WLS procedure to fit models

to categorical variables in LISREL that makes use of polychoric correlations for

categorical time series. That is, autoregressive models are fitted to a matrix

containing polychoric auto- and cross-correlations. The method can be easily

implemented analogous to the procedure for continuous time series described

in the previous sections. Filtering methods for categorical time series, such as

described in Fahrmeir (1992) and Durbin and Koopman (2001), are not employed

here, since they are beyond the scope of this chapter.
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Table 2.5: Results for MI(4)-VAR(1) model, T = 1000

ML WLS KF

Parameter Value Mean SE SD Mean SE SD Mean SE SD

λ21 0.90 0.900 0.017 0.023 0.900 0.017 0.023 0.900 0.022 0.023

λ42 0.90 0.900 0.018 0.024 0.900 0.018 0.024 0.900 0.023 0.024

σ2
ε1

0.19 0.189 0.011 0.013 0.187 0.011 0.013 0.189 0.013 0.013

σ2
ε2

0.19 0.190 0.011 0.014 0.188 0.011 0.014 0.190 0.013 0.013

σ2
ε3

0.19 0.190 0.012 0.016 0.188 0.012 0.016 0.190 0.015 0.015

σ2
ε4

0.19 0.190 0.012 0.015 0.188 0.012 0.015 0.190 0.015 0.015

φ1
11 0.80 0.794 0.031 0.027 0.794 0.031 0.027 0.794 0.026 0.025

φ1
12 0.10 0.100 0.030 0.027 0.101 0.030 0.027 0.101 0.026 0.025

φ1
21 0.30 0.302 0.032 0.031 0.302 0.032 0.031 0.303 0.029 0.030

φ1
22 0.60 0.595 0.032 0.032 0.595 0.032 0.032 0.594 0.029 0.030

σ2
ξ1

0.25 0.252 0.021 0.020 0.251 0.021 0.020 0.252 0.020 0.017

σ2
ξ2

0.33 0.329 0.024 0.021 0.328 0.024 0.021 0.329 0.024 0.019

2.4.1 Multivariate autoregressive models for categorical time

series

Now, let yt denote an n-dimensional vector of categorical time series of which

each element yit, i = 1, . . . , n, can assume q + 1 discrete values ranging from

0, 1, . . . , q. To ease the presentation, but without loss of generality, it is assumed

that all elements of yt have an equal number of categories. A continuous latent

variable y∗it is assumed to underly each yit, such that

yit = k, if βik < y∗it ≤ βi,k+1, (2.16)

where βi0 ≡ −∞ and βi,q+1 ≡ ∞ for i = 1, . . . , n and k = 0, 1, . . . , q. As

indicated, the βik’s are required to be time-invariant thresholds. This requirement

is necessary in order for the time series to be stationary.

The specification of VAR and MIVAR models proceeds along the same lines

as before, with the notable difference that for VAR models, y∗t is not observed,

and for MIVAR models, both y∗t and αt are not observed. This means that

additional restrictions are needed in order to provide a metric for both latent

processes. Besides time invariant thresholds, the conditions stated in Section

2.2.1 are needed to obtain stationarity.
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2.4.2 Polychoric auto- and cross-correlations

Polychoric auto- and cross-correlations are used to estimate multivariate autore-

gressive models for categorical time series. The estimation of polychoric correla-

tions as implemented in the PRELIS computer program is briefly outlined here

for categorical time series. More detailed information on the estimation of the

polychoric correlation matrix and its asymptotic covariance matrix can be found

in Jöreskog (1994).

Estimation of the thresholds and the polychoric correlation matrix of cate-

gorical variables would amount to maximizing the likelihood of the underlying

continuous variables with respect to these quantities. Since such an approach

rapidly becomes computationally cumbersome with increasing dimension, simpler

procedures based on univariate and bivariate marginal distributions are preferred

(Song & Lee, 2003). For stationary categorical time series, such a procedure is

essentially the same and estimates can be obtained as follows. Consider a station-

ary standard normal latent process y∗t which underlies a categorical time series

yt. The univariate marginal distributions can then be given by

p(yit = k) =

∫ βi,k+1

βik

1√
2π

exp
(−1

2
y∗2it

)
dy∗it, (2.17)

for i = 1, . . . , n and k = 0, 1, . . . , q. The bivariate marginal distribution of yit and

its lagged version yj,t−p, given the first p observations, can be written as

p(yit = k, yj,t−p = l) =
∫ βj,l+1

βjl

∫ βi,k+1

βik

1√
2π(1−ρ2)

exp
(
−y∗2it −2ρy∗ity

∗

j,t−p+y∗2j,t−p

2(1−ρ2)

)
dy∗itdy∗j,t−p,

(2.18)

for k, l = 0, 1, . . . , q and i, j = 1, . . . , n. In this case, ρ is referred to as the

polychoric auto- or cross-correlation of yit and yj,t−p at lag p. With the assumption

of stationarity, the parameters of the both marginal distributions do not change

under shifts of the time axis, and the latent variables can be integrated out.

The estimation of thresholds and polychoric correlations can now be per-

formed in several ways (Olsson, 1979; Song & Lee, 2003). One manner is to

estimate both thresholds and correlations from the joint marginal distributions.

A second manner is to estimate the thresholds first from the univariate marginals

and then estimate the polychoric correlations from the joint marginals (Jöreskog,

1994). This method has the advantage that it cannot result in different estimates

of the same thresholds from one variable computed from different combinations

with a second variable (Jöreskog, 1994). This second manner is implemented in

PRELIS and is used here.



2.4 Categorical time series 25

One can ultimately describe the full marginal likelihood associated with the

n× (p+ 1)-dimensional contingency table and estimate the thresholds and poly-

choric auto- and cross-correlations under the assumption of stationarity leading

to a correlation matrix of Toeplitz form. Again, this likelihood consists of mul-

tiple integrals and the estimation procedure rapidly becomes computationally

intractable. A method tried by the authors was to first compute the thresholds

from the univariate marginals, followed by computing the polychoric auto- and

cross-correlation matrix from its full marginal likelihood with given thresholds

under the assumption of stationarity. However, since this approach lead to un-

stable solutions and the PRELIS method can be easily performed, it is preferred

for now. It could form an approach in future investigations, because estimates

of the polychoric correlations as well as the weight matrix W are then obtained

under the assumption of stationarity.

To obtain estimates of the polychoric auto- and cross-correlations with

PRELIS, the input data matrix is arranged as follows. In the general case, we

have an n-variate categorical time series observed from t = 1, . . . , T , to which we

want to fit an autoregressive model. Then, we arrange the data in a data matrix

as follows:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

lag 0 lag 1 . . . lag p

y1,p+1 . . . yn,p+1 y1,p . . . yn,p . . . y1,1 . . . yn,1

y1,p+2 . . . yn,p+2 y1,p+1 . . . yn,p+1 . . . y1,2 . . . yn,2

...
...

...
...

...
...

y1,t . . . yn,t y1,t−1 . . . yn,t−1 . . . y1,t−p . . . yn,t−p

...
...

...
...

...
...

y1,T . . . yn,T y1,T−1 . . . yn,T−1 . . . y1,T−p . . . yn,T−p

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(2.19)

The observed series of length T is clipped to length T − p so that the time

series and lagged versions are of equal length. In order to satisfy the stationarity

condition, we need to ensure that the estimated thresholds of different lags of the

time series are equal. This is easily resolved in PRELIS, and the polychoric auto-

and cross-correlations can then be computed.

A drawback of this procedure is that for shorter time series the estimated
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polychoric correlation matrix Ry does not necessarily has the block Toeplitz form:

Ry =

⎡
⎢⎢⎢⎢⎣
R0

R1 R0

...
...

. . .

Rp Rp−1 . . . R0

⎤
⎥⎥⎥⎥⎦ ,

where the blocks Rj, j = 0, . . . , p contain the polychoric correlations of corre-

sponding columns of Equation 2.19. The blocks that appear repeatedly are com-

puted with different lagged versions of the original time series, and using different

lags can lead to different estimates. A simple solution to this problem would be

to average the blocks in question. However, some type of pooling procedure has

to be applied to the asymptotic covariance matrix W as well, which becomes

intractable as the dimension of the series and the order of the autoregressive

process increase. In addition, W can lose full rank and the WLS procedure can

no longer be applied. Since this problem rapidly disappears as the length of the

time series increases, no action is taken in the present study.

2.4.3 SEM representation

Again, the LISREL Submodel 3B is used to represent autoregressive models. The

analysis is now performed on the polychoric correlation matrix. This does not

influence the representation, which is equal to that in Section 2.2.3. Specifically,

the theoretical polychoric correlation matrix R̃y is modelled by

R̃y = Λ(I −B)−1Ψ(I −B)−1′Λ′ +Θε. (2.20)

An additional constraint is needed since modelling is performed on the latent

process y∗t instead of the observed process. In order to fix the variance of the

latent process y∗t to unity, the constraint can be given by diag(Σε) = diag(I−ΛΛ′).
As an example, we restate the latent bivariate VAR(1) model though now

with four categorical indicators. For t = 2, . . . , T , Let

y =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y1t

y2t

y3t

y4t

y1,t−1

y2,t−1

y3,t−1

y4,t−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Λ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ11 λ12 0 0

λ21 λ22 0 0

λ31 λ31 0 0

λ41 λ42 0 0

0 0 λ11 λ12

0 0 λ21 λ22

0 0 λ31 λ32

0 0 λ41 λ42

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, η =

⎡
⎢⎢⎢⎣

α1t

α2t

α1,t−1

α2,t−1

⎤
⎥⎥⎥⎦ , and Θε = diag(I−ΛΛ′).
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The block-Toeplitz polychoric auto- and cross-correlation matrix R̃y is modelled

by

R̃y =

[
R̃0

R̃1 R̃0

]
= Λ(I −B)−1Ψ(I − B)−1′Λ′ +Θε,

where R̃0 and R̃1 are the polychoric correlation matrices at lag zero and one,

respectively, and where

B =

[
0

Φ1 0

]
and Ψ =

[
Γ∗0
0 Σξ

]
,

where Γ∗0 is the variance matrix of the VAR(1) process αt. Again, identification

and rotational constraints are obtained by fixing parameters of Λ or Ψ.

2.4.4 Estimation

Having available an estimate of the polychoric auto- and cross-correlation matrix

and its asymptotic covariance matrix W , estimates of the parameters of the

autoregressive model can be obtained with the weighted least squares procedure

as implemented in LISREL. To this end, the following fit function is minimized

FWLS = vech(Ry − R̃y)
′W−1vech(Ry − R̃y). (2.21)

For stationary continuous VAR models, the results of the ML and WLS methods

are almost exactly the same, as displayed in Tables 2.2 and 2.3. This can be seen

as an indication that the WLS procedure in LISREL can work when VAR models

are fitted to stationary categorical time series. For that reason, and given the ease

of use, the weight matrix W used here is that obtained by PRELIS (for details

see Jöreskog, 1994). The derivation of the full information maximum likelihood

estimate of the polychoric Toeplitz matrix and its asymptotic covariance matrix

would require a separate study.

In summary, the Toeplitz method for categorical time series consists of three

steps. First, the thresholds β are estimated from the univariate marginals, which

are then used to estimate the polychoric auto- and cross-correlations and their

covariances. Finally, the WLS procedure employs the bivariate information of the

estimated Toeplitz matrix to obtain parameter estimates of the autoregressive

model.



28 Chapter 2

2.5 Simlation study II

A second simulation study is performed to investigate the Toeplitz method in the

case of categorical time series.

2.5.1 Set up

The same six autoregressive models are used as in the simulations with continuous

time series (see Table 2.1). For all six models, categorical time series are simulated

with two and five categories, and lengths T = 100 and T = 1000. The number of

replications equals 1000. The threshold for all time series with two categories is

zero leading to P (yit = 0) = P (yit = 1) = 0.5. For time series with five categories,

the rounded thresholds are -1.65, -0.84, 0.84, and 1.65, leading to the following

exact probabilities of the associated ordered categories: 0.05, 0.15, 0.40, 0.15,

and 0.05. Parameter values are set so that stationarity holds, and are reported

in the tables with results.

The main objective of these simulations is to investigate the performance of

the Toeplitz WLS parameter estimation procedure in LISREL for autoregressive

models with categorical time series. Parameter estimates are again evaluated on

accuracy and precision. Mean parameter estimates are compared to true values

and mean estimated standard errors are compared to the standard deviation of

parameter estimates over replications.

2.5.2 Results

Only results for models that are illustrative of the methods used are shown and

discussed. These models are the VAR(1), MI(4)-AR(1), MI(4)-AR(2), and MI(4)-

VAR(1) models. Since a substantial part of the analyses of categorical time series

of length T = 100 failed due to either the Toeplitz matrix or the W matrix not

being positive definite, these analyses are not discussed here. It is not to say that

the method cannot be applied for shorter time series, but in order to provide fair

comparisons, we have chosen to discuss only situations for which full results are

available.

Table 2.6 shows the results for the VAR(1) and MI(4)-VAR(1) models with

time series of length T = 1000 with two and five categories. For the VAR(1)

model, mean parameter estimates closely resemble true values. The results im-

prove as the number of categories increases from two to five in terms of precision,

that is, standard errors and standard deviations decrease. Remarkably, estimated
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Table 2.6: Results for VAR(1) and MI(4)-VAR(1) models, T = 1000

Model Categories Parameter Value Mean SE SD

VAR(1) 2 φ11 0.80 0.797 0.057 0.040

φ12 0.10 0.100 0.056 0.044

φ21 0.30 0.299 0.057 0.047

φ22 0.60 0.596 0.056 0.047

5 φ11 0.80 0.794 0.048 0.031

φ12 0.10 0.100 0.042 0.031

φ21 0.30 0.301 0.042 0.032

φ22 0.60 0.595 0.045 0.033

MI(4)-VAR(1) 2 λ21 0.90 0.900 0.022 0.028

λ42 0.90 0.899 0.026 0.030

φ1
11 0.80 0.797 0.050 0.053

φ1
12 0.10 0.102 0.056 0.049

φ1
21 0.30 0.305 0.055 0.049

φ1
22 0.60 0.594 0.053 0.053

5 λ21 0.90 0.900 0.016 0.020

λ42 0.90 0.900 0.018 0.022

φ1
11 0.80 0.797 0.036 0.039

φ1
12 0.10 0.101 0.040 0.037

φ1
21 0.30 0.302 0.039 0.037

φ1
22 0.60 0.598 0.038 0.040

standard errors are larger than standard deviations of the parameter estimates

over replications. For the MI(4)-VAR(1) results displayed in the lower part of

Table 2.6, the comparability to the continuous time series case increases with the

number of categories.

The outcomes of the analyses of categorical time series following MI(4)-AR(1)

and MI(4)-AR(2) models are displayed in Table 2.7. Parameters of both models

are well recovered by the WLS method in terms of mean values. Again, the larger

the number of categories, the more precise the estimates. Yet, for all parame-

ters including the autoregressive parameters, the estimated standard errors are

smaller than the standard deviations over replications.
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Table 2.7: Results for MI(4)-AR(1) and MI(4)-AR(2) models, T = 1000

Model Categories Parameter Value Mean SE SD

MI(4)-AR(1) 2 λ2 0.90 0.901 0.015 0.020

λ3 0.90 0.900 0.015 0.020

λ4 0.90 0.901 0.015 0.020

φ1 0.70 0.712 0.027 0.032

5 λ2 0.90 0.900 0.010 0.015

λ3 0.90 0.900 0.010 0.015

λ4 0.90 0.900 0.010 0.015

φ1 0.70 0.705 0.021 0.027

MI(4)-AR(2) 2 λ2 0.90 0.901 0.012 0.021

λ3 0.90 0.901 0.012 0.021

λ4 0.90 0.901 0.012 0.020

φ1 0.50 0.517 0.053 0.057

φ2 0.25 0.250 0.055 0.059

5 λ2 0.90 0.901 0.008 0.015

λ3 0.90 0.900 0.008 0.015

λ4 0.90 0.901 0.008 0.015

φ1 0.50 0.510 0.038 0.044

φ2 0.25 0.251 0.039 0.045

2.6 Discussion

In this paper, we studied the performance of the Toeplitz method for the fitting of

autoregressive models to multivariate stationary time series. Since this method is

fast and easy to use for those familiar with SEM, it has the potential to become a

popular tool to analyse time series if it performs according to expectations. The

results of this study indicate, however, that only in certain situations the Toeplitz

method works well. If the purpose of the analysis is to estimate parameters, then

the Toeplitz method is useful, purely as a method of moments. In contrast, if the

analyses are intended for inferential statements making use of statistics such as

standard errors, one should be wary of making these statements based on results

obtained with the Toeplitz method.

For normally distributed time series, the results of the present study indicate

that the Toeplitz method only provides correct estimates and standard errors for

pure VAR models, and not for MI-VAR models. For VAR models, this is to be
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expected, because the Toeplitz method is then equal to the multivariate extension

of the Yule-Walker method. This method is known to perform badly when the

process tends to non-stationarity or is strongly periodical (Tjøstheim & Paulsen,

1983; de Hoon, van der Hagen, Schoonewelle, & van Dam, 1996). For these situ-

ations, the ordinary least squares or Burg estimator outperform the Yule-Walker

estimator (Lütkepohl, 1991). However, procedures for these estimators cannot

be easily constructed within the realm of SEM and implemented in existing SEM

software.

To establish the difference with raw data methods, we applied a Kalman filter

to all studied models for normally distributed time series as well. It was found

that the main difference between the Toeplitz method and the Kalman filter-

ing method existed in the estimation of standard errors. That is, the Kalman

filtering method produced correct standard errors for all models studied, while

the Toeplitz method did not. The mean and standard deviation of the parame-

ter estimates were, however, very much alike for both methods. For parameter

estimation purposes, the Toeplitz method therefore seems usable, for statistical

inference, on the other hand, it is not. Since we took into account the fact that the

necessary auto-covariances are only efficient for certain models, we conclude that

it is likely that for other multivariate models, the Toeplitz method will not work

well for inference. However, it might still have practical utility. For the models

studied here, one can for instance multiply the standard errors by a factor two

in order to be on the safe side for the signifance of parameter estimates.

For categorical time series, the results are comparable or worse. That is, the

parameters are recovered well in terms of accuracy, but estimated standard er-

rors are incorrect for all models used in this study. Part of these results might

be traced to problems associated with the estimation of the matrix of polychoric

auto- and cross-correlations and its asymptotic covariance matrix under the con-

dition of stationarity. The task of improving the estimation procedure has more

cons than pros, however. The complexity of this task is high and based on the

results obtained with continuous time series, the merit is questionable. The ef-

fort might be better spend on developing or improving filtering techniques for

categorical time series. In future investigations, the results of the present study

can be linked to those obtained with a filter based method for categorical time

series. Up till now, such methods have seen little application within the domain

of behavioral research.

An important shortcoming of the Toeplitz method is that it can only be used

for stationary time series. Since it is more likely that nonstationarity is the rule
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rather than the exception in behavioral research practice, the Toeplitz method is

no match for filtering techniques. Despite the results of our simulation studies, the

Toeplitz method is a useful point of departure in the analysis, e.g., by providing

sensible starting values for computer intensive filtering techniques.


