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A

A note on classical test theory in

heterogeneous populations

A.1 Introduction

A standard definition of the true score in classical test theory is as the mean

of the propensity distribution of scores of a fixed person obtained in an infinite

series of independent trials with that person (Lord & Novick, 1968). Because it is

considered not to be realistic to obtain an infinite series of independent trials with

the same person, classical test theory is instead based on the scenario in which an

infinite number of persons is measured at a fixed number of independent trials.

As is explicitly acknowledged by Lord and Novick (1968, p. 32), this implies that

classical test theory is compatible with a situation in which the variance of the

propensity distribution of scores for each person in the population differs between

persons. We will denote the latter situation by heterogeneity of the population.

The only relationship between individual and population variances which exists

is that the mean of the variances of individual propensity distributions equals the

error variance in the heterogeneous population of persons (Lord & Novick, 1968,

p. 35).

The increase in reliability as a consequence of group heterogeneity was men-

tioned by Gulliksen (1950), Lord and Novick (1968), and studied by, e.g., Zim-

merman, Williams, and Burkheimer (1968). The type of heterogeneity studied in

this paper differs from group heterogeneity in that it concerns different variances

of individual propensity distributions. In a factor analytical context, unobserved

heterogeneity produced by varying parameters in a number of subpopulations

was studied by means of finite mixture analysis in, e.g., Muthén (1989). More

recently, Kelderman and Molenaar (2007) investigate the effects of individual dif-

ferences in factor loadings. Various types of heterogeneity were investigated using

Bayesian factor analysis in Ansari, Jedidi, and Dube (2002). Their definition of

heterogeneity in covariance structures partially coincides with our notion of pop-

ulation heterogeneity. In this appendix, however, the situation is studied in the

context of classical test theory and different subtypes of heterogeneity, defined by
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different measurement forms, i.e., parallel, tau-equivalent, and congeneric, can be

explicitly studied.

Since population heterogeneity is explicitly accounted for in classical test the-

ory, an examination in its effects on estimation and its possible detection, is a

useful undertaking. The purpose of this study is to investigate whether the ap-

plication of classical test theory is still justified in the situation of population

heterogeneity in the sense that good results in terms of estimation performance

are to be expected. It is investigated in a simulation study whether the pres-

ence of population heterogeneity in the classical test model has an effect on true

score prediction in the situation of parallel, tau-equivalent, and congeneric mea-

surements. Prediction of true scores in classical test theory can be accomplished

in various ways, e.g., by means of variants of factor score prediction (Lord &

Novick, 1968). The specific aim of this note is to compare the performance of

a traditional factor score predictor of true scores with an unconventional predic-

tor of true scores defined by simple pooling of measurements in a heterogeneous

population of subjects. Finally, the fit of the factor models defined by different

types of measurements is inspected for revealing population heterogeneity.

A.2 Population heterogeneity

There are many ways to construct population heterogeneity in the classical test

theory model. In what follows, a description of a possible construction of hetero-

geneity is given which is in line with the simulation study described in Section

A.3. It should be stressed that this construction is a methodological issue in the

investigation of population heterogeneity in classical test theory.

Consider a possibly heterogeneous population of subjects in which the propen-

sity density of each individual subject i is Gaussian with mean μi and variance

σ2
i : Yi ∼ N(μi, σ2

i ). Let μi and σ2
i be random variables over subjects. That is, the

mean and variance of μi are hyperparameters denoted by, respectively: τμ and

ω2
μ. The mean and variance of σ2

i are hyperparameters denoted by, respectively,

τσ2 and ω2
σ2 . Note that if the variance hyperparameter of σ2

i is nonzero, ω2
σ2 > 0,

then the population is heterogeneous. It is emphasized that the distributions of

the hyperparameters do not affect the distribution of measurements, because a

drawing from the hyperparameter distributions only determines the values of the

parameters of the individual propensity distributions.

Consider now a random sample of N subjects drawn from this population,

i = 1, . . . , N , which is measured at T occasions j = 1, . . . , T . If the propensity
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density of each subject in the random sample is invariant across measurement

occasions, then the T sets of N scores thus obtained constitute parallel measure-

ments according to classical test theory. If the mean of this propensity density is

invariant, but not the variance, then the measurements are tau-equivalent. The

measurements are congeneric if the mean on one measurement occasion is a lin-

ear combination of the mean on another occasion. For all this to hold, it is not

required that the propensity density is of the same type for each subject. Hence,

our assumption that this propensity density is Gaussian for each subject is not

necessary to obtain the different types of measurements, but is only used to ease

the presentation.

A.3 Simulation study

Suppose that T parallel measurements Yij, j = 1, . . . , T , are available for subjects

i = 1, . . . , N , and that the correlation between these measurements in the popu-

lation of subjects is ρ. Suppose also that the variance of scores in the population

is σ2
Y . Then the true score variance ω2

μ and the error variance σ2
E (= τσ2) in the

population of subjects are, respectively, ω2
μ = ρσ2

Y and σ2
E = (1− ρ)σ2

Y .

The T parallel, tau-equivalent, or congeneric measurements define different 1-

factor models (see Lord & Novick, 1968, Chapter 24; Jöreskog, 1971; and Jöreskog

& Sörbom, 1979). The regression predictor of factor scores as well as the asso-

ciated prediction variance are given in, e.g., Lawley and Maxwell (1971, p. 109,

Eqs. 8.7 and 8.9). For the restricted 1-factor model in the population associated

with T parallel measurements the regression predictor of true scores, RP [μi] and

its prediction variance var[RP ] for the i-th subject are given by

RP [μi] = τμ +

T∑
j=1

(
ω2

μ

σ2
E + Tω2

μ

)
(yij − τμ) and var[RP ] =

ω2
μσ

2
E

σ2
E + Tω2

μ

. (A.1)

The alternative unconventional pooling predictor of true score, PP [μi], and its

prediction variance var[PP ] are defined by pooling across T measurements. For

the i-th subject these are given by

PP [μi] =

T∑
j=1

yij

T
and var[PP ] =

T∑
j=1

(yij − μi)
2

T 2
. (A.2)

Note that var[RP ] is invariant across subjects, whereas var[PP ] can differ between

subjects.
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A.3.1 Set up

To compare both predictors a simulation study was carried out using the following

hyperparameter settings. The mean τμ and variance ω2
μ of the true scores were

fixed at τμ = 100 and ω2
μ = 10. The mean τσ2 of the individual variances was fixed

at τσ2 = 2.5. If the variance ω2
σ2 of the individual variances equals zero, then this

yields correlations ρ between measurements of ρ = 0.8. In the simulation runs

for the parallel measurements, the variance hyperparameter ω2
σ2 was increased

from ω2
σ2 = 0 to 5 with unit steps. The variance hyperparameter was drawn

from a folded normal distribution (see Johnson, Kotz, & Balakrishnan, 1994, p.

170). For the tau-equivalent measurements, within each increase of the variance

hyperparameter, the individual error variances on each measurement occassion

were drawn from a folded normal distribution with mean equal to the individual

error variance and variance 1, 2 or 3. Congeneric measurements were obtained

by forming the true scores on one measurement occasion on the basis of a linear

combination of the individual true scores on another measurement occassion. The

multiplicative parameter in the linear combination was drawn from U(0.95,1.05)

or U(0.90,1.10) and the additive parameter was drawn from N(0,1) or N(0,2).

For each simulation, T = 8 parallel scores were generated for N = 10000

subjects. The restricted 1-factor model associated with parallel, tau-equivalent

or congeneric measurements was fitted to the 8 × 8-dimensional covariance ma-

trix and the 8-dimensional vector of means thus obtained by means of normal

theory maximum likelihood estimation (Lawley & Maxwell, 1971). Notice that

applicability of normal theory maximum likelihood estimation does not depend

upon the distribution of the hyperparameters.

To assess the performance of the both predictors, the mean relative bias and

mean absolute bias of true score predictors and associated variance are investi-

gated, defined by, respectively, the mean difference between estimated and true

true score and associated variance and mean absolute difference between esti-

mated and true true score and associated variance.

A.3.2 Results

Since there were no effects of heterogeneity on relative bias of both true score

predictors and associated variances, these results are not displayed in tables. In

short, predictions of true score obtained with parallel measurements showed rela-

tively little bias and prediction with congeneric measurements showed more bias

than with tau-equivalent measurements. In general, the relative bias of both true
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Table A.1: Absolute biases of regression and pooling predictor for parallel

measurements

RP PP

ω2
σ2 Abs-T Abs-V Abs-T Abs-V P-value

0 0.44 0.12 0.45 0.04 0.31

1 0.43 0.16 0.44 0.04 0.18

2 0.43 0.18 0.43 0.04 0.15

3 0.43 0.20 0.43 0.04 0.57

4 0.43 0.22 0.44 0.04 0.32

5 0.45 0.23 0.45 0.05 0.13

score predictors were comparable. The prediction variance of the pooling predic-

tor, however, showed somewhat more bias than that of the regression predictor.

Table A.1 shows the absolute bias of the regression and pooling predictor

(Abs-T) and its associated prediction variances (Abs-V) for parallel measure-

ments. The following observations can be made from Table A.1. Firstly, the

fit of the restricted 1-factor model associated with parallel measurements is not

affected by population heterogeneity. The p-values of the likelihood-ratio test

are excellent in view of the large power (N = 10000). Hence, population hetero-

geneity cannot be detected by inspecting the fit of the restricted 1-factor model.

Secondly, the performance of the regression predictor is substantially affected by

population heterogeneity in that its estimated prediction variance shows more

absolute bias with increasing ω2
σ2 . In contrast, the variance of the pooling pre-

dictor is much less affected by population heterogeneity. It should be noted that

the effective ρ decreases with increasing ω2
σ2 , although the decrease was small

(ρ ≈ 0.78 for extreme heterogeneity).

Table A.2 displays the absolute bias of both predictors and associated predic-

tion variances for tau-equivalent measurements. The absolute bias of the variance

of the regression predictor increases with increasing heterogeneity whereas that of

the pooling predictor remains relatively consant. The 1-factor model associated

with tau-equivalent measurements fits in more than 50% of the studied cases,

although no clear indication can be given about the situation in which the model

does not fit. The results obtained with congeneric measurements are comparable

to those obtained with parallel measurements.

In Table A.3, the absolute bias of both predictors and associated prediction

variances are given for congeneric measurements with a multiplicative parame-
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Table A.2: Absolute biases of regression and pooling predictor for tau-

equivalent measurements

RP PP

ω2
σ2 τ Abs-T Abs-V Abs-T Abs-V P-value

0 1 0.44 0.13 0.45 0.04 0.94

0 2 0.44 0.14 0.45 0.04 0.46

0 3 0.45 0.15 0.45 0.04 0.071

1 1 0.43 0.16 0.43 0.04 0.041

1 2 0.44 0.17 0.45 0.04 0.73

1 3 0.45 0.17 0.46 0.04 0.011

2 1 0.44 0.19 0.45 0.04 0.17

2 2 0.45 0.19 0.45 0.04 0.011

2 3 0.45 0.19 0.46 0.04 0.68

3 1 0.44 0.20 0.45 0.04 0.001

3 2 0.45 0.20 0.45 0.04 0.061

3 3 0.46 0.20 0.46 0.05 0.24

4 1 0.44 0.22 0.45 0.04 0.44

4 2 0.46 0.22 0.47 0.05 0.82

4 3 0.46 0.22 0.47 0.05 0.80

5 1 0.45 0.23 0.46 0.05 0.011

5 2 0.46 0.23 0.47 0.05 0.061

5 3 0.47 0.22 0.48 0.05 0.48
1 Model does not fit (α = 0.10)

ter drawn from U(0.90,1.10) and an additive parameter drawn from N(0,2). It

is clearly seen that the absolute biases of the predictors are much larger than

in the situation of parallel and tau-equivalent measurements. Also, the 1-factor

model for congeneric measurements does not fit for all the situations studied.

The absolute bias for the pooling predictor of true score is smaller than that of

the regression predictor, although the difference is sometimes small. For the pre-

diction variance, however, the pooling predictor shows substantially less absolute

bias than the regression predictor. A clear effect of heterogeneity on the two pre-

dictors could not be found in contrast to the situation of parallel and congeneric

measurements.
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Table A.3: Absolute biases of regression and pooling predictor for congeneric

measurements

RP PP

ω2
σ2 τ Abs-T Abs-V Abs-T Abs-V P-value

0 1 0.75 0.68 0.46 0.04 0.001

0 2 1.46 1.04 1.40 0.28 0.061

0 3 1.31 1.70 1.02 0.17 0.061

1 1 0.79 0.79 0.47 0.05 0.031

1 2 2.98 2.05 2.99 1.15 0.001

1 3 1.00 1.46 0.54 0.06 0.011

2 1 2.26 1.20 2.25 0.67 0.001

2 2 0.58 0.42 0.50 0.05 0.001

2 3 0.84 0.82 0.54 0.06 0.001

3 1 1.66 1.38 1.59 0.36 0.001

3 2 2.16 1.85 2.13 0.61 0.001

3 3 1.15 1.80 0.73 0.10 0.001

4 1 1.36 1.64 1.19 0.21 0.001

4 2 1.31 1.15 1.18 0.21 0.001

4 3 1.66 1.60 1.59 0.36 0.081

5 1 1.77 1.98 1.67 0.40 0.001

5 2 1.04 1.26 0.71 0.09 0.001

5 3 1.78 1.06 1.76 0.44 0.001

1 Model does not fit (α = 0.10)

A.4 Discussion

First, it is noteworthy that even under extreme heterogeneity, the 1-factor model

shows an excellent fit for the parallel measurements. This can be seen as an

indication that classical test theory is in this case compatible with the situation

that the variance of the propensity distribution of scores for each person in the

population differs between persons (Lord & Novick, 1968). Whereas the fit of

the 1-factor model is poor for congeneric measurements, the fit for tau-equivalent

measurements is moderate, but not affected by population heterogeneity which

supports the above indication of applicability of classical test theory.

Second, the results of the simulation study show that population heterogene-

ity has a clear effect on the variance of the regression predictor in the situation
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of parallel and tau-equivalent measurements, but not congeneric measurements.

It can be argued that having available N individual estimates of var[RP ] and

var[PP ] obtained with parallel or tau-equivalent measurements, makes it pos-

sible to detect population heterogeneity. Under the hypothesis of population

homogeneity and normality of the data, these estimates should be considered as

N random samples of the chi-squared distribution.

Carefulness has to be taken with respect to the conclusion of population

heterogeneity. The reliability of the test, the sample size, the number of repeated

measurements, and the type of measure (parallel, tau-equivalent, congeneric)

have to be taken into account.

Ansari et al., (2002) show that a Bayesian approach to confirmatory factor

analysis can be very useful in dealing with heterogeneity. In closing, applying

such a Bayesian factor model to the three types of measurements is a recom-

mendable option in the further investigation and possible detection of population

heterogeneity in the context of classical test theory.


