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Analysis of random cued self-

repair in feedforward 

connectionist systems  
 

Abstract  

The main topic of this chapter is to investigate random cued self-repair, also called 

autonomous self-repair, with an analytical model. The model allows us to express memory 

retrieval in terms of probability providing information about system stability. System stability 

is expressed in the retrieval probabilities of the weakest and strongest memory representation. 

The first retrieval probability indicates the risk of a system of losing a memory representation. 

The second retrieval probability gives information about a possible runaway memory 

representation. We will derive results that can be applied to the more complex simulation 

models of the other chapters and the brain. The results concern research questions involving 

the effects on system stability (1) of weight differences due to learning alone (2) of weight 

differences because of learning and lesions together, (3) the activation probability, and (4) 

pattern size. We will show under which conditions the most difficult type of self-repair, 

autonomous self-repair, is possible. Since the brain fulfils the important condition of 

comprising many patterns, we argue that autonomous self-repair is feasible in the brain.     
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4.1 Introduction 

Self-repair is the hypothesis that neural networks of the brain have a capacity of self-repair by 

maintaining redundancy. That is, we assume that networks of the brain have redundancy that 

is kept at some minimal level by learning processes, which we will describe shortly. It is 

inspired by the redundancy of artificial neural networks, where we postulate a repair 

mechanism based on cues activating the network and plasticity. Damage as well as self-repair 

modifies the network structure. Self-repair is effective if its modifications counteract changes 

caused by damage. With some types of self-repair this is not a trivial task but still feasible as 

we will see below.   

 Self-repair is a process that carries out the following algorithm over a certain time 

period: 1) a stimulus activates a neural network, 2) activity is allowed to spread over its 

nodes, 3) a learning rule updates the connections between the nodes. The first two steps 

determine which memories are selected. The self-repair method is mainly determined by the 

type of stimulus. In guided or supervised self-repair a stimulus strongly associated with a 

stored pattern is used, for instance, a stimulus used during the training phase or a prototype of 

the training stimuli. With guided self-repair we have control over which stored memory 

representation is repaired and the amount of time during which it is repaired. In autonomous 

self-repair, a randomly generated cue is used to select a stored memory representation. Since 

these stimuli are not associated with any stored memory representation, selection is a 

probability process. With this type of self-repair we neither have control over which memory 

representation is selected for repair nor over the amount of times they are repaired.  

 In this chapter, we will investigate the effect autonomous of self-repair and lesions on 

system stability that is expressed in terms of retrieval probability. In particular, we will 

investigate the effect on system stability of (1) weight differences due to learning alone, (2) 

weight differences due to learning and lesions, (3) of stimulus intensity, and (4) size of 

memory representations. Learning and the stimulus intensity are parameters of self-repair. In 

this research, it is assumed that learning can only increase weights as is the case in the 

original Hebb rule (Hebb, 1949; Koch, 1999). The way how stimulus intensity is 

operationalized in this model will be explained below. We will try to derive results that can 

be applied to the more complex simulation models of this thesis and the brain.  

 Autonomous self-repair, if uncontrolled, suffers from ‘runaway repair’. A similar, 

more familiar example of a runaway effect in the literature is runaway consolidation. Memory 

consolidation is the post-processing of memory traces, during which the traces may be 
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reactivated, analyzed and gradually incorporated into the brain’s long-term memory (Maquet, 

2001). Several authors have modeled consolidation as a process in which the ‘to be 

strengthened’ memories are selected randomly (Alvarez & Squire, 1994; Meeter & Murre, 

2005; Murre, 1996). It is known that with this type of selection, memory consolidation is 

subject to runaway effects (Hemmen, 1997; Horn et al., 1998b; Meeter, 2003). In case of 

runaway, one memory representation becomes much stronger than the other memory 

representations, gradually overtaking all resources. 

 Runaway processes in self-organizing systems are due to competition over resources 

(Malsburg, 1995). In neural networks undergoing learning, the competition over resources is 

between the different memory representations. The weights of a memory representation are 

an important factor for the competitive strength of memory representations in neural 

networks. Weak memory representations have low valued weights compared to strong 

memory representations. During consolidation and autonomous self-repair, memory 

representations will engage in competition over activation and weight updating. The memory 

representation winning the activation will receive a weight update, which increases its 

weights and thus enhances its competitive strength. The runaway effect can be caused by an 

increasing weight difference between the ‘runaway’ memory representation and the other 

memory representations. Since this is a self-reinforcing process with disastrous results 

(wiping all memories but one), we speak of ‘runaway’. 

 The above exposition suggests that in case of autonomous self-repair, where stored 

memory representation are randomly selected, the most stable memory system is a system 

with memory representations that are of equal strength. It, furthermore, suggests that 

instability in these memory systems arises because of large weight differences between 

memory representations that may arise with learning and damage, which may both alter the 

competitive strength of a memory representation. Thus, for stability in neural network 

systems, weight differences seem very important and have to be kept as small as possible, 

unless some other stabilizing mechanism is operating. To investigate the effect of weight 

differences on system stability, we will study an associative memory model analytically by 

expressing retrieval in terms of probabilities. For instance, by definition a weak pattern has a 

small retrieval probability. In particular we will investigate the retrieval probability of the 

weakest and strongest pattern. The weakest pattern is interesting as a measure, because as 

long as retrieval probability is positive, it can in principle be retrieved and the system has not 

yet lost any memory representations. The retrieval probability of the strongest pattern is 
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interesting, because the higher its retrieval probability, the more likely it will turn into a 

runaway memory representation. 

The associative memory model in which we will carry out investigations has two 

layers. One layer is the input layer for the other layer. They are connected in a feedforward 

fashion, where each group of nodes of the input layer has excitatory connections with one 

group of nodes of the output layer and inhibitory connections with all other nodes of the 

output layer. A layer may represent a neural area such as for instance the primary somato-

sensory cortex, where a group of nodes or a neural assembly corresponds to a memory 

representation of a finger. The first layer of the model represents an input layer in which 

random activations occur to model autonomous self-repair, that is, self-repair with random 

stimuli. Given the Bernoulli process of the first layer, we derive equations that allow us to 

derive the probabilities of different activation configurations for the second layer. The two-

layered model will be described in more detail in Section Two.  

In Section Three, we will investigate the effect of weight differences on the retrieval 

probabilities of the weakest and strongest pattern due to learning alone and due to learning 

and lesioning together. It will be shown that learning together with lesioning is more 

detrimental to system stability than learning alone. We will, furthermore, investigate the 

stimulus intensity of the first layer by varying the activation probability p of the input layer. 

This activation probability determines for each input node its probability to be activated or 

fired. This probability is assumed equal for each node. It can be regarded as a random 

stimulus, since no neurons of a particular neural representation have a specific (higher) 

probability to be activated. We will show for this activation parameter that it has to remain 

low to maintain a stable system. Finally, we will investigate the effect of different pattern 

sizes on system stability. We will show that pattern size can compensate for small weights. 

In addition to the above results, another result will be that changes in weight or 

activation probability have a non-linear effect on retrieval probability. In Section 4, we will 

discuss implications of the results for autonomous self-repair in connectionist systems and in 

the brain. Amongst others, we will argue that though we investigate a system comprising two 

memory representations, the results can be applied to systems having more than two memory 

representations. 
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4.2 The associative memory model  

Runaway processes can occur in several associative memory models. In this paper, we will 

analyze an associative memory model with spike coding. The model neuron is active for one 

time step, after which it is deactivated. The model consists of an input-layer and an output 

layer of equal size. We start with a Bernoulli lattice process in the input layer, from which we 

will derive the expressions of one-step retrieval for the output layer (Palm & Sommer, 1996). 

In one-step retrieval, the output pattern is evaluated from the input pattern after one 

synchronous parallel calculation of all neurons as opposed to fixed-point retrieval in which 

the system is iterated until a stationary state. The retrieval criterion is that there is some 

activation in the to -be- retrieved memory representation and no activation in other patterns. 

We assume that both input and memory representations are non-overlapping. Consequently, 

in case of Hebbian learning only weight strengthening of a stored memory representation may 

take place and not weight strengthening between different memory representations. 

From a neural point of view, a Bernoulli process can be thought of as the result of 

independent activations and potentials from some external (sensory) source, which activate 

neurons in a layer when a potential exceeds some threshold. The input-layer consists of a 

finite number of neurons, and we denote by A1,i a Bernoulli random variable that describes the 

activation or de-activation of neuron i in the input layer, which we mark by the index ‘1’. The 

probability distribution of layer activation is completely described by the probabilities of 

activation p = P{A1,i = 1}, which we assume to be identical for all neurons i. From the 

independence assumptions of the external process formulated above it follows that activations 

at different neurons are independent.  

 We now construct a second process in the output layer that is induced by the Bernoulli 

process of the input layer. In principle, the activation level A2,j of neuron j in the output layer 

(denoted by the index ‘2’) is determined by the activation of all the neurons in the input layer 

and the “weights” wji that connect the neurons i of the input layer with neuron j of the output 

layer. We assume an associative memory model with orthogonal memory representations in 

which there are only positive connections from a memory representation of the input layer to 

its corresponding memory representation of the output layer. The connections of that memory 

representation to the other memory representations are negative. For matter of convenience 

and notation, memory representations will henceforth be addressed as patterns. 

 The random variable that describes the membrane potential U2,j of neuron j in the 

output layer, belonging to some pattern P+ can be written as 
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where the first sum term represents the contribution of activated neurons of the corresponding 

pattern P
+ in the input layer and the second term denotes the inhibition from activated 

neurons of the set of all other patterns P� of the input layer. We use the same expression for 

the potential of neurons from P� in output layer or layer 2. Neuron j of the output layer will be 

activated only when its membrane potential U2,j exceeds a threshold �. We therefore 

introduce the activation A2,j of neuron j, which is a Bernoulli random variable that is defined 

in terms of U2,j as the indicator function 
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Figure 4.1. Schematic view of the associative memory model (see text). 
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In the sequel, we will analyze a simplified model version. We assume the excitatory 

weights between the neurons to be the same within each pattern. We also assume all the 

inhibitory weights to be equal to v. A possible neural interpretation of v is that weights wji are 

connected to interneurons, which in turn are connected to the output layer (Figure 4.1). 

Connections between layers are such that an auto-associative network is created, that is, there 

is global inhibition in which all neurons have an inhibitory effect on all neurons of the output 

layer, except to output-layer neurons of their own memory representation. Under the 

assumption that the feedforward inhibition (Wierenga & Wadman, 2003) is (much) faster 

than excitation, both excitation and inhibition of the input-layer will simultaneously affect 

neurons of the output-layer. 

 In the next section, we will derive expressions for the retrieval probability of the 

strongest and weakest patterns under the assumption of global inhibition present in 

associative memory (Amari, 1990). We will investigate the effect of an increasing weight 

difference on the retrieval probability of a pattern. We will mainly treat orthogonal patterns to 

avoid the problem of interference as was discussed by Hasselmo (Hasselmo, 1994). 

4.3 Retrieval under learning and lesioning  

In order to study system stability we will investigate the behavior of retrieval probabilities of 

stored patterns when some are reinforced or learned, while others undergo lesions. In Section 

4.3.1 the concept of retrieval probability will be introduced and explained in detail. In Section 

4.3.2 we will study the effect of weight differences on system stability. In this section, we will 

show that learning together with lesioning has a much larger (negative) effect on system 

stability than learning alone. In section 4.3.3 the influence of the activation probability p of a 

node in the input layer is investigated. It will be shown that low values for this activation 

probability are best for system stability. In section 4.3.4 we will consider effects of different 

pattern sizes on system stability.  

4.3.1 Introduction: Retrieval probability  

The retrieval probability of a pattern is defined here as the probability of activation of at least 

one neuron in that pattern, while all neurons in all other patterns are deactivated. Such a 

configuration of activated and deactivated neurons over the output-layer is called an event. 

This is a subset of all possible events, which are all possible combinations of activated and 

deactivated neurons over the layer. For instance, the event that three neurons are 

simultaneously activated in two patterns does not belong to the set of events of correct 
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retrieval probability. We will start our investigations with a model comprising two orthogonal 

patterns P1 and P2 with excitatory weights w1 and w2, respectively. We denote P1 as the 

‘weak’ pattern, that is, the pattern that undergoes lesions, and P2 as the ‘strong’ pattern, which 

is the pattern that will be subjected to learning. Since we have two patterns, the weak pattern 

is the weakest pattern and the strong pattern the strongest of the system. 

 To further explain retrieval probability, we will illustrate it with the retrieval 

probability of the weak pattern, which we write as P(Wa � Sd). The event Wa denotes 

activation or retrieval of the weak pattern, while Sd is the event that the strong pattern is 

deactivated or not retrieved in the output layer. Activation and deactivation will be used in the 

sense as described above, that is, activation of at least one neuron in the weak pattern and 

deactivation of all neurons in the strong pattern. The retrieval probability of the weak pattern 

is equal to the following expression, which is derived in Appendix A: 

 

1 2

2 2 1 1 1 2

1 2 1 2

| | | |

( , ] 1, 1 1, 2
0 0

( ) 1 ( ) ( ) ( ).
P P

a d w k vk w k vk i j

k k i P j P

W S A k A k�� �
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� = = =� � � �P P P  (7) 

 

The notation |.| denotes the total number of neurons in a pattern. The indicator function in (7) 

is equal to one if w2k2 – vk1 < � � w1k1 – vk2, and is equal to zero otherwise. Expression (7) 

says that the retrieval probability of the weak pattern results from all the contributions of 

activated neurons k1 and k2 in layer 1, such that the potential w1k1 – vk2 of the weak pattern P1 

is at least equal to the threshold � and the potential w2k2 – vk1 of the strong pattern P2 is 

smaller than �.  

The retrieval probability of the strong pattern, P(Wd � Sa), has the same form as (7). 

The only difference is that the indices of the patterns are interchanged. In the next sections, 

we will derive expressions of retrieval probability for the weak and strong pattern under 

learning and lesioning.  

4.3.2 Weight differences: the effect of learning and lesioning on system 

stability 

In this section, we will investigate the difference between the effect on retrieval probability of 

learning alone and learning and lesioning together. In order to do this, first in Section 4.3.2.1 

the effect of learning alone on retrieval of the weaker and stronger pattern is investigated. 

This will show that retrieval probability of the weaker pattern can remain non-zero in an 
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evolving system. It, furthermore, shows that the retrieval of the stronger pattern can only 

grow to some maximum that can be far from one. Then in Section 4.3.2.2, the effect of 

learning and lesioning on the retrieval probability is investigated. We will depart from the 

point where we left in Section 4.3.2.2, that is, a state in which the weak pattern still has intact 

weights and the strong pattern has much bigger weights due to learning. Departing from this 

state, we will lesion the weights of the weaker pattern and calculate the retrieval probabilities 

of the weaker and stronger pattern. We will show that in this case the retrieval probability of 

the weaker pattern can become zero and the retrieval probability of the stronger pattern can 

grow very close to one. In Section 4.3.2.3, we will combine the retrieval probabilities of the 

weakest and strongest pattern in a measure of system stability. This measure elucidates the 

difference between learning alone and learning and lesioning together. 

 

4.3.2.1 Weight differences: the effect of learning on retrieval 

In this section we will study the effect of learning of the strong pattern on retrieval. We 

simulate learning by increasing the weights of the stronger pattern and keeping the weights of 

the weak pattern constant, in other words, w2 increases while w1 is fixed. We will start by 

analyzing the retrieval probability of the weak pattern. The point of departure is the situation 

where the excitatory weights w1 and w2 of the two patterns are equal, say, to w. 

If the inhibitory weight v and the threshold � are equal to w1, then expression (7) 

simplifies to 
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The behavior of (8) is illustrated in Figure 4.2a as the upper curve, which is plotted as a 

function of the activation probability p. Notice that, in order for retrieval probability (8) to be 

positive, the number of activated neurons k1 of weak pattern P1 in the input layer must, of 

course, be greater than zero, while the number of activated neurons k2 of the strong pattern 

must remain within an upper bound (as its potential must be smaller than the threshold).   

As w2 increases, we eventually obtain the behavior shown by the lowest curve in 

Figure 4.2a. This retrieval probability can be derived from (7) as follows. Remember that the 

indicator function in (7) implies the inequality w2k2 – vk1 < � � w1k1 – vk2. If w2 increases, 
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such that w2 � � + v|P1|, then the inequality w2k2 – vk1 < � only holds for k2 = 0, under which 

it is satisfied for all k1 (assuming that � > 0).  

The inequality w2k2 – vk1 < � � w1k1 – vk2 now simplifies to � � w1k1, so that the 

retrieval probability of the weak pattern P1 decreases to 
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which follows from the binomial distributions of the summed activations in layer 1. 

Expression (9) is positive if, and only if, the activation probability p in the first layer is 

positive and smaller than 1, and 
�/w1� � |P1|. Under these conditions, the retrieval probability 

of the weak pattern will not become equal to zero, even when the excitatory weights of the 

strong pattern become infinitely large. This is the case, since there is a positive probability for 

the strong pattern P2 of not receiving any activation in the first layer and for potentials of the 

weak pattern to exceed the threshold in layer 2. The retrieval probability of the weak pattern 

can thus be significantly greater than zero independent of size of the weights of the stronger 

pattern P2. We have calculated some values numerically, the results of which are shown as 

the two curves between the upper and lower ones in Figure 4.2a. The behavior of retrieval 

probability shows interesting properties as learning of the strong pattern continues. Figure 

4.2a indicates the existence of an optimal activation probability p under which the retrieval 

probability of the weak pattern is maximized.  

We will continue the investigation by analyzing the effect of learning on retrieval 

probability P(Wd � Sa) of the strong pattern. As mentioned before, this probability has the 

same form as (7), in which only the indices of the patterns are interchanged. In order to 

illustrate the effect of learning on the retrieval probability we use the same parameter values 

as in Figure 4.2a. 

Retrieval probabilities of the strong pattern are shown in Figure 4.2b for the same set 

of weights as in Figure 4.2a. The lowest curve in the figure is the same as the upper curve in 
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Figure 4.2. Effect of an increasing weight w2 of the stronger pattern P2 and a varying activation probability p (x-

axis) on the retrieval probability of: (a) the weaker pattern P1, for |P1| = |P2| = 100, �  = v  = 0.1. The four lines 

correspond with weights w2 = w1 = 0.1, w2 = 0.15, w2 = 0.3, w2 � 0.5, from top to bottom line, respectively; (b) 

the stronger pattern P2. All the parameter values are the same as in (a), except that the lines correspond with 

increasing weights w2 from lowest to upper line. 
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Figure 4.2a, which represents the case w1 = w2. The retrieval probability increases as w2 

increases, reaching its maximum at 
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This expression simplifies for Figure 4.2b, since we set v = � = w1: 
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It can be shown that this expression stays the same for all w2 � 2�.  

 

4.3.2.2 Weight differences: lesioning after learning 

In this section we will study the extent to which the retrieval of the weak pattern will be 

affected further under lesions of varying sizes, by decreasing its weight w1. We will later do 

the same with the retrieval of the strong pattern. 

In order to study the effect of a decreasing weight w1 on the retrieval probability of the 

weak pattern, we study the behavior of (9). This probability is shown in Figure 4.3a (upper 

curve) and in Figure 4.2a (lowest curve) for equal pattern sizes and �=w1. There exists an 

optimum activation probability p (x-axis), where the retrieval probability is maximal (y-axis). 

The optimum activation probability can be calculated exactly, along with its maximal 

retrieval probability as we will show in Section 4.3.3, where we will investigate the influence 

of the activation probability p on retrieval probability. For now, the maximal retrieval 

probability can be made out from Figure 4.3a, where it can be seen that each curve has its 

own maximum.  

We can furthermore see in Figure 4.3a that the retrieval probability of the weak pattern 

decreases rapidly as w1 decreases. The middle curve in Figure 4.3a shows the retrieval 

probability for 
�/w1� = 2. It easily follows from the binomial distribution for the number of 

activated neurons in the input layer that this probability decreases with respect to the highest 

curve by the amount 12| | 1
1| | (1 ) P

P p p
�

� . In the optimum of the upper curve (where p is about 

0.0069), the retrieval probability decreases from � to about 0.174. 
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The smallest value of w1 under which retrieval probability (9) is still greater than zero is 

equal to w1 = �/|P1|. In this case we have that 

 

1 2| | | |( ) (1 ) .P P

a dW S p p� = �P                                (12) 

 

Probability (12) is not plotted in Figure 4.3a since it is very close to zero. The figure shows 

the retrieval probability for 
�/w1� = 3 instead. For w1 < �/|P1| the retrieval probability of the 

weak pattern becomes zero: even with all neurons activated, w1 is not strong enough for the 

potential of P1 to exceed the threshold �. This implies that the retrieval probability of the 

weak pattern can become zero in case of lesions after learning.  

We will now analyze retrieval probability (10) of the strong pattern, which arose under 

increasing w2 (Section 4.3.2.1). We will do this along the same line as for the weak pattern, 

that is, starting with the case w1 = � and letting w1 decrease to �/|P1|. The case w1 = � was 

already treated in the preceeding section, which resulted in expression (11). This retrieval 

probability was already shown in Figure 4.2b and is also shown in Figure 4.3b (lowest curve). 

The retrieval probability P(Wd � Sa) increases as w1 decreases. As w1 decreases to �/|P1|, it 

follows that (10) increases to 

 

2| |( ) 1 (1 ) ,P

d aW S p� = � �P                                            (13) 

 

when v and � > 0, which stays the same as w1 decreases further to zero. Notice that this 

represents the most favorable situation for the strong pattern: as the weights w1 and w2 grow 

further apart, the strong pattern will eventually always be retrieved, except for the situation 

where this pattern is not activated at all in the input layer. 

To summarize, this section shows that when the weights of the weaker pattern are 

decreased, after learning of the stronger pattern, the retrieval probability of the weak pattern 

can become zero. This does not only hold in the trivial case when the weights of the weaker 

pattern are zero. Expression (9) shows that the retrieval probability of the stronger pattern can 

grow to values close to one. In the following section, we will give a mathematically precise 

formalization and quantification of the notion of system stability under learning and 

lesioning. 
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Figure 4.3. Effect of a decreasing weight w1 of the weaker pattern P1 and a varying activation probability p (x-axis) on 

the retrieval probability of: (a) the weaker pattern P1, for |P1| = |P2| = 100, �  = v  = 0.1, given that w2 � 0.5 for pattern 

P2. The three lines correspond with weights w1 = 0.1, 0.05, and 0.035, from top to bottom line, respectively; (b) the 

stronger pattern P2. All the parameter values are the same as in (a), except that the lines correspond with decreasing 

weights w1 from lowest to upper line. 
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4.3.2.3 A synthesis of learning and lesioning: system stability 

We will combine the results of the two previous sections in order to derive implications for 

system stability. We will do this for learning alone and for lesioning after learning. For both 

cases, we derive and analyze retrieval probabilities of two events, in which either the weakest 

pattern or the strongest pattern is activated, and not both simultaneously. The two 

probabilities can be used to define system stability as the conditional probability that the 

weakest pattern will be activated, given that exactly one of the two patterns is activated. We 

thus have the following measure of system stability: 
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( ) ( )
a d

a d a d d a
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 (14) 

 

Since we consider a system with two patterns, we could also choose the activation of the 

strongest pattern as event in the numerator of (14). However, this results in the 

complementary probability of (14), which yields the same conclusions. This measure takes 

into account the distance between the retrieval probabilities of the weakest pattern and 

strongest pattern. It filters out all probabilities of all other events. In this case with two 

patterns, it filters out the events that none of the two patterns are activated or that both are 

activated. With multiple patterns it will filter out all events involving all other patterns. 

The right-hand side of (14) shows that we can derive system stability for both learning 

and lesioning directly by substituting the two probabilities P(Wa � Sd) and P(Wd � Sa) in (14)

. In the case of learning, this means that the two retrieval probabilities shown in Figure 4.2a-b 

can be used to derive conditional probability (14). Of course we have to combine the two 

probabilities such that the weight w2 has the same values. The results are shown in Figure 

4.4a. In the case where the weights w1 and w2 are equal, it follows that probability (14) is 

equal to � for every p > 0. As w2 increases, it will be clear that (14) decreases for every 1 > p 

> 0. The results show that system stability deteriorates rapidly as w2 increases, unless the 

activation probability p is close to zero. For instance, conditional probability (14) is greater 

than 0.3 when 0 < p < 0.01 in Figure 4.4a. 

We can also apply expression (14) in the case of lesioning of the weakest pattern. The 

results shown in Figure 4.3a-b can be combined in the same way as above, which leads to the 

behavior shown in Figure 4.4b. This figure also shows that system stability deteriorates 

rapidly when w1 decreases. For example, conditional probability (14) reaches a maximum of 

about 0.02 when �/w1 > 2. 
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To conclude, this measure shows clearly similar results as the other measures of the 

previous sections: with lesioning the weakest pattern, after learning of the stronger pattern, 

the measure of system stability decreases rapidly. Another remarkable result is that in case of 

lesioning after learning, stability expression (10) goes to zero as activation probabilities p 

tends to zero. We will discuss this in the next section. 

4.3.3 The influence of the activation probability p on system stability 

Figure 4.2 and Figure 4.3 show that retrieval probability of the strong pattern is less sensitive 

to change in weights than the weak pattern. To investigate the effect of p on system stability 

we study its effect on the retrieval probability of the weaker pattern. We discuss the influence 

of activation probability p on retrieval probability in the same order as we discussed the effect 

of weight differences on retrieval probability. We start with a system in which only the 

stronger pattern is reinforced by learning. After this we analyze a system in which the weak 

pattern undergoes lesions and the strong pattern already has large weights.  

To investigate the influence of the activation probability p on the retrieval probability 

of the weak pattern in case only the weights of the stronger pattern are reinforced due to 

learning we analyze the behavior of equation (9). The behavior of this equation is different 

from the initial condition with equal excitatory weights, both in the values of the retrieval 

probability and in the sensitivity of this probability with respect to the activation probability 

p. The latter refers to the rapid decline of the retrieval probability after reaching its maximum 

value. Small deviations around the optimal value for p will lead to a rapid decrease of the 

retrieval probability. This implies that the weak pattern should be activated or cued in a very 

precise way, with small p, in order to have a significant probability of being retrieved, thus 

limiting the risk of being lost rapidly. As can be noted in Figure 4.2a, the retrieval probability 

in the case w1 = w2 is less sensitive to variations in p. This suggests that sensitivity to p plays 

an important role in system stability.   

The retrieval probability (5) of the weakest pattern reaches its largest values when it is 

equal to 
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since � > 0, so that 
�/w1� � 1 in (5) for all nonnegative w1. One can furthermore derive an 

equation to calculate the optimal activation probability p, such that (15) is maximized. 

Retrieval probability (15) has a maximum at 
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The corresponding retrieval probability can also be expressed in terms of pattern sizes and is 

equal to 

 

2

1

| |

| |
1 2

1 2 1 2

| | | |
.

| | | | | | | |

P

PP P

P P P P

� �
� �

+ +� �
                               (17) 

 

When the pattern sizes are equal, the maximal retrieval probability is �. 

To investigate the influence of the activation probability p on the retrieval probability 

of the strong pattern after reinforcement due to learning, we analyze the behavior of equation 

(10) and (11). A thorough mathematical analysis of (10) and (11) with regard to their 

behavior in p is hard to accomplish, but it is possible to gain insight into certain properties. 

First, it is easily verified that both expressions go to zero as p goes to zero. Second, from 

Figure 4.2b it can be seen that retrieval probability (11) increases rapidly as p increases. It can 

be proven that the retrieval probability settles at values around � when p approaches �, 

which can be explained from the distribution of the bivariate probability mass for the number 

of activated neurons k1 and k2 for the two patterns on the subset 1 � k2 � |P2|, 0 � k1 � k2 in the 

input layer.1  

 Expression (14) for system stability gives a value greater than 0.3 in the lowest curve 

in Figure 4.4a. This means that the weak pattern will be retrieved about three times and the 

strong pattern seven times, on average, in ten retrievals. The weak pattern, therefore, still has 

a significant probability of being retrieved. Figure 4.4b shows that system stability 

deteriorates rapidly when the weakest pattern is lesioned. The results also show that system 

stability is very sensitive to variations in p under learning and lesioning. 

                                                
1 The behavior of the retrieval probability when p goes to 1 depends on the pattern sizes |P1| and |P2|. It can be 
proven that P(Wd � Sa) either goes to 0 or to 1. Since we only focus on small values of the activation probability 
p, we will not analyze this case in this paper. 
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Figure 4.4. Behavior of system stability expression (14) for: (a) learning of the strongest pattern. The four curves 

correspond with weights w2 = w1 = 0.1, w2 = 0.15, w2 = 0.3, w2 � 0.5, from top to bottom, respectively; (b) 

lesioning of the weakest pattern. The three curves correspond with weights w1 = 0.1, 0.05, and 0.035, from top to 

bottom, respectively. The parameter values are the same as in Figures 2 and 3. 
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Another characteristic of system stability, which was also mentioned in Section 

3.4.2.3, is the behavior of (14) as p goes to zero, when �/w1 increases, in case of lesioning 

after learning. In the example of Figure 4.4b, this conditional probability goes to � when �/w1 

� 1, but goes to zero when �/w1 > 1. A decrease of p will improve system stability in the case 

of learning of the strong pattern, but this does not necessarily hold when the weak pattern is 

lesioned afterwards. Figure 4.4b shows that system stability expression (14) reaches a 

maximum for some value of p > 0 when �/w1 > 1. 

The reason for this behavior lies in the conditions for the number of activated neurons 

in the input layer under which the weak and strong pattern will be activated in the output 

layer. Activation of one neuron of the strong pattern in the input layer may be sufficient for its 

activation in the output layer. If �/w1 � 1, then this also holds for the weak pattern, so that the 

retrieval probabilities of both patterns are of the same order in p. This, however, does not hold 

when �/w1 > 1, in which case the weak pattern will need more than one activated neuron in 

the input-layer in order to have a chance of becoming activated in the output layer. When p 

goes to zero, this implies that conditional probability (14) tends to zero. This behavior holds 

for all pattern sizes, threshold values, and inhibition weights. 

Another conclusion that can be drawn from the measure of system stability of Section 

4.3.2.3, the main conclusion of this section is that in case of lesioning after learning the 

system is more sensitive to p compared to a system with only learning. This can be observed 

from Figure 4.4, where for instance a p-value of 0.04 in the only learning case (Figure 4.4a) 

still has a relatively high retrieval probabilities compared to the same p value in the lesioning 

after learning case (Figure 4.4b). This means that in such a system (lesioning after learning) 

there are fewer p-values for which the retrieval probabilities are fairly high and the weak 

pattern can still be retrieved. 

4.3.4 The effect of pattern size |P| on system stability 

In this section, we will investigate the effect of pattern size |P| on system stability. The 

importance of the pattern size was already demonstrated in the previous section, where it was 

shown that the optimal activation probability p and the corresponding optimal retrieval 

probabilities can be calculated with pattern sizes only.  

It is also interesting to investigate the effect of different pattern sizes on system 

stability when p goes to zero. In Section 4.3.2.3 we noted that system stability expression (14) 

goes to zero when the weak pattern is lesioned, such that �/w1 > 1, irrespective of pattern size. 

We thus consider the situation where w1 � � and where w2 increases, and let p go to zero. The 
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two retrieval probabilities in (14) are given by expressions (10) and (15). The limit of the 

resulting conditional probability can be found by L’Hopital’s rule, which yields: 
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The results shown in Figure 4.4 illustrate the importance of values of the activation 

probability p close to zero for system stability, and hence the possibility of retrieving the 

weak pattern under processes of learning and lesioning. Expression (18) shows that the weak 

pattern can be boosted significantly by its size alone when it has undergone lesions. An 

interpretation of (18) is that activation tends to a binary process when p decreases to zero, so 

that conditional probability (14) approaches the fraction of the number of neurons in the weak 

pattern relative to the total number of neurons in both patterns. It can be verified that 

expression (18) holds for all positive model parameters, such that w1 � �.   

To illustrate the effect of differences in pattern size, we calculated for the weak 

pattern P1 its retrieval probability for different pattern sizes of |P1| = 50, 100, 150, and 200 

with a constant pattern size |P1| = 100 of the strong pattern P1 (see Figure 4.5). 
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Figure 4.5. Effect of pattern size or increasing number of patterns of the weaker pattern P1 and a varying 

activation probability p (x-axis) on the retrieval probability. The four lines correspond with pattern size |P1| = 50, 

100, 150, 200 from lowest to top line, respectively. The other parameter values were w1 = �  = v  = 0.1 and  w2 = 

10 (a very strong pattern P2). 

 



Analysis of random cued self-repair in feedforward connectionist systems      85 

 

The results depicted in Figure 4.5 demonstrate clearly that an increase in pattern size 

increases the retrieval probability of the weaker pattern. This result is even valid in case the 

weights of the strong pattern are very large. We have thus shown that the effect of pattern size 

|P| can be considerable. A pattern can compensate for its weakness in weight strength by its 

pattern size. 

  

4.4 Discussion 

We investigated the effect of different neural network parameters on system stability in an 

associative network. The research questions we addressed concerned the effect on system 

stability (i) of weight differences due to learning alone, (ii) of weight differences due to 

learning and lesioning together, (iii) the activation probability p and, (4) the pattern size |P| of 

the memory representations. We will list the main results. Then, we will discuss the extent of 

these results concerning more complex systems. We will, furthermore, discuss each result in 

more detail with respect to more complex systems in particular the brain.  

The main results of this investigation for autonomous self-repair are that:  

1. Learning after lesioning increases destabilization compared to randomly cued learning 

alone. 

2. There is a significant influence of the input activation probability p on retrieval 

probability. In particular, very small activation probabilities p have a limited effect on 

system stability for learning, but a huge impact under lesioning after learning. 

3. There is an effect of pattern size on retrieval probability and system stability, which may 

be substantial. 

4. The effects of weights and activation probability on retrieval probability are non-linear. 

These results also apply to memory systems having more than two memory 

representations. Both the weak pattern as well as the strong pattern can be interpreted as a set 

of patterns. If a system has more than two patterns, they can be either categorized in the weak 

or strong pattern, because stability in this chapter is about losing one weak pattern or one very 

strong runaway pattern. If a pattern consists of multiple patterns the retrieval probability of 

each pattern changes a little, because it misses connections compared with a single pattern. 

An approximate calculation of the missing number of connections is number of patterns * 

pattern size. This approximation has the following assumptions: the pattern size is such that it 

can be divided by a natural number and the result is a natural number, the patterns are 

orthogonal, patterns are equally strong, and patterns are fully connected. In case of the one 
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pattern case when the original retrieval probabilities were large, the overall behaviour of the 

many memory representations interpretation will be the similar. There are other differences 

between the system of this chapter and the brain that can affect the results. It is expected that 

these differences are more favorable for memory stabilization. For instance, the brain 

possesses other mechanisms for memory stabilization. In other words, the results of this 

chapter are a lower bound for real performance in the brain.  

1. The first result is derived from the outcome that with learning alone the retrieval 

probability of the strongest pattern may reach a maximum that can be far from one, depending 

on the weights of the weakest pattern. This means for the weakest pattern that it always has a 

positive probability. The explanation for this behavior is that there is always a probability that 

there is no activation in the input map of the strongest pattern. As long as the weakest pattern 

is strong enough to exceed its threshold there is a probability that it can be activated. Thus 

when the weaker pattern is lesioned, after the strongest pattern has been learned, the 

maximum of the strongest pattern can grow. If some lesion size is reached, the retrieval 

probability of the weakest pattern can become zero and the retrieval probability of the 

strongest pattern can become close to one. The statement that (randomly cued) learning with 

lesioning is worse than randomly cued learning alone depends on the type of learning. If 

learning can weaken connections, as is the case with some types of Hebbian learning (T.J. 

Sejnowski, 1977), this suffers the same consequences as random cued learning with lesions. 

Our analysis elucidate why this is the case.  

As was mentioned in the Introduction, self-repair is a process taking place over time, 

where in each time step self-repair and damage can take place. Intuitively, one would think 

that a larger lesion or higher learning rate at each time step will decrease system stability over 

time. This is indeed the case. It is illustrated with the numerical calculation of Appendix B. 

Figure 4.6 of the appendix shows three times an increase and decrease of a strong and weak 

pattern, respectively, for two different parameter values (0.1 and 0.3). The figure shows the 

effect of lesion size and learning rate. A larger size or higher learning rate increases faster the 

retrieval probability of the stronger pattern and decreases faster the retrieval probability of a 

weaker pattern compared with a smaller size or lower learning rate. Lesion size and learning 

rate thus influence the rate of instability.  

These results can be applied directly to the brain: randomly cued learning with lesions 

is more difficult than randomly cued learning alone, and large lesion sizes and high repair 

learning rates increase a brain’s instability. 
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2. The second result is that there is an effect of the activation probability of the first 

map on system stability. Small values (< 0.03) are best according to the graphs of Section 

4.3.2. In this case the retrieval probability of the weak pattern is high relative to its other 

probabilities. A reason for this is that with a low activation probability there is a higher 

chance that the strongest pattern is not activated at all and the retrieval probability of the 

weakest is therefore relatively high. However, as can be seen in Figure 4.4b, in case the 

activation probability approaches zero the retrieval probability can collapse to zero. This is 

the point where the weights of the weak pattern change from the starting weight to a lower 

value than the threshold. Thus, although most often low activation probabilities are favorable 

for system stability, this is not a general rule. Another observation is that the activation 

probability together with retrieval probability can be a measure of system stability. If a 

system is stable, and the patterns have equal weights, the range of values of the activation 

probability is larger with an unstable system with patterns having different strengths. The 

result may have consequences for rehabilitation therapies. For example, in case the 

rehabilitation stimuli are diffuse, the results imply that the intensity of stimulation during 

therapy should be low. Otherwise, only the strong patterns will be activated and strengthened, 

while the weak, damaged memory representations will have no chance of being retrieved and 

consequently strengthened. For example, in case of aphasia, were nearly all representations 

are weakened, rehabilitation should not concentrate on intensive learning of a small subset, 

but from the beginning target on a large vocabulary.  

3. The third result concerns the effect of the pattern size. It shows that retrieval 

probability of the weaker pattern can be positive and significantly greater than zero, if the 

weaker pattern is larger than the stronger pattern. It can even be larger than the retrieval 

probability of the stronger pattern. These results imply for self-repair that a weaker pattern 

can be retrieved and thus be repaired with a Hebbian learning rule. Thus under the condition 

of differences in pattern size, a system can be stable even if there are (large) weight 

differences.  

The weak pattern P1 can be interpreted as a set of patterns. In this case, it represents 

all other patterns of the memory system except for the strong pattern P2. The retrieval 

probability of P1 as a set of patterns is less than the retrieval probability of P1 as a single 

pattern, because in the multiple patterns case it misses connections compared with the single 

pattern case as was mentioned above. Even taking into account that the probability is smaller, 

it is clear that an increase in number of patterns decreases the probability of a runaway 

memory representation. For the brain this result implies that one very strong memory 
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representation cannot easily destabilize the brain, since the brain contains a very large number 

of memory representations. 

4. The fourth result concerns the non-linear effect of the weights and activation 

probability on retrieval probability. This is due to the fact that the probability distribution of 

the number of activated neurons is discrete. Nodes fire in all or none fashion because of the 

non-linear threshold function. Weight changes, therefore, can cause sudden changes, or no 

change at all, in the number of neurons participating in the competitive strength or, in 

probabilistic terms, contributing to the probability mass of retrieval of a pattern. Figure 4.3a, 

for instance, shows that a change from the starting value w1 = 0.1 to 0.095 decreases the 

maximum retrieval probability of the weakest pattern from � to about 0.1. Then, when weight 

strength decreases further from 0.095 to 0.05, the retrieval probability does not change at all. 

The non-linear effect of weights implies that there are regions in the weight space of 

connections possessing very little redundancy and where small changes have a large impact. 

Furthermore, there are regions that possess much redundancy in which weight changes have 

(almost) no effect. This result can be directly applied to the brain, because the non-linear 

threshold function of our artificial neurons is a property from real neurons (Koch, 1999). This 

non-linear effect of changes in weights on the retrieval of memory representations therefore 

may also be found in the brain. For instance, there might be a brain disease that shows similar 

behavior as in Figure 4.3a, where first a relatively small lesion can have a large effect on the 

performance (of memory retrieval), while subsequent lesions have no effect until a certain 

lesion exceeds a threshold that will cause a huge drop in performance again. Our analysis, 

thus, predicts stable ‘plateaus’ in the progression of degenerative diseases, such as dementias.  

 This chapter shows critical conditions for long-term stability in a neural system with 

autonomous self-repair and lesions: small weight differences between patterns, small 

activation probabilities, and neural systems with many patterns. This last condition improves 

the stability much, allowing the other conditions to be weakened. Since the brain is such a 

huge memory system possessing many patterns it seems that autonomous self-repair in the 

brain is feasible. It is important to note that these conditions are valid under the most difficult 

case of autonomous self-repair with random stimuli. If autonomous self-repair is carried out 

with more informed stimuli, the conditions can be weakened.  
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Appendices 

Appendix A 

We give the derivation of expression (7). The probability P(Wa � Sd) can be written as 
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We write the first probability in terms of the potential U2,j according to (5). The assumptions 

of global inhibition and equal weights for both patterns imply that 
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In order to evaluate this probability, we apply the theorem of total probabilities by 

conditioning on the number of activated neurons k1 in P1 and k2 in P2, which gives the 

following expression: 
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where |P1| and |P2| denote the total number of neurons in P1 and P2, respectively. The first 

probability in this expression can be written as an indicator function of �, so that 
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We proceed with the derivation of the second probability in (A1). Switching from activations 

to potentials according to expression (5), we obtain the probability  

 

1 2 2 1

1 1, 1, 2 1, 1,{ , }i j j i

i P j P j P i P

w A v A w A v A� �
� � � �

� < � <� � � �P . 

 

By applying the theorem of total probabilities as above we get the expression  
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which can be written as  
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Expressions (A2) and (A3) can be combined by calculating the difference between the 

indicator functions in (A2) and (A3). By doing so we obtain expression (7) in the text. 

Appendix B. The effect of different step sizes of learning rate and lesion 

size 

To investigate the effect of different step sizes of the learning rate and the lesion size we did 

the following numerical simulation. We model two cases of a simultaneously lesioning of the 

weak pattern P1 and strengthening of the strong pattern P2 over three time steps. The lesion 

size and the learning rate were similar. They were in the first case 0.1 and in the second case 

0.3. Starting from a situation where w1=w2 we increase the weights of pattern P2 with 0.1, 

simulating a learning rate of 0.1, and decrease the weights of pattern P1 with 0.1, which 

simulates a lesion of 0.1. We repeat this weight increase and weight decrease with the same 

step size two times. We compare the step size of 0.1 with a step size of 0.3. For a weight 

increase and weight decrease of 0.1 we repeat the procedure of the previous step size. We 

depict the two cases in Figure 4.6.  

The middle line represents the situation where w1=w2. The two closest upper lines 

(indicated with 2x0.1 and 3*0.1) and two closest lines below (2*-0.1 and 3*-0.1) represent the 

situation where the increase and decrease with a step size of 0.1 is repeated 2 and 3 times, 

respectively. The most two outer upper lines and two lower lines represent the situations 

where the increase and decrease with a step size of 0.3 is repeated 2 and 3 times, respectively.  
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Figure 4.6. Effect of a decreasing weight w1 of the weaker pattern P1, a simultaneous increasing weight w2 of the 

stronger pattern P2, and varying activation probability p (x-axis) on the retrieval probability of the weaker 

pattern P1 and stronger pattern, for P2 = 100, �  = v  = 0.1.  The line in the middle corresponds to the situation 

where w1 = w2 (the dashed line labeled with w1=w2). All the lines below this middle line represent the retrieval 

probability of the weaker pattern P1 of a simultaneously increase and decrease of 0.1, 0.2, 0.3, 0.6, and 0.9. They 

are labeled in the figure by -0.1, 2*-0.1, 3*-0.1, 2*-0.3, and 3*-0.3, respectively. All the lines above this middle 

line represent the retrieval probability of the stronger pattern P2 of a simultaneously increase and decrease of 0.1, 

0.2, 0.3, 0.6, and 0.9. They are labeled in the figure by 0.1, 2*0.1, 3*0.1, 2*0.3, and 3*0.3, respectively.   

 

From the result that a simultaneous lesioning and learning of 0.1 after three time steps 

is equivalent to a simultaneous lesioning and learning of 0.3 after one time step, it can be 

easily inferred that a larger lesion size and learning rate is destabilizing the system faster. 



Chapter 4       92 

 

 

 


