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Abstract

We show, using the quench action approach (Caux and Essler 2013 Phys. Rev.
Lett. 110 257203), that the whole post-quench time evolution of an integrable
system in the thermodynamic limit can be computed with a minimal set of data
which are encoded in what we denote the generalized single-particle overlap
coefﬁcient s0Y0 (l ). This function can be extracted from the thermodynamically
leading part of the overlaps between the eigenstates of the model and the initial
state. For a generic global quench the shape of s0Y0 (l ) in the low momentum
limit directly gives the exponent for the power law decay to the effective
steady state. As an example we compute the time evolution of the static
density–density correlation in the interacting Lieb–Liniger gas after a quench
from a Bose–Einstein condensate. This shows an approach to equilibrium with
power law t−3 which turns out to be independent of the post-quench interaction and of the considered observable.
Keywords: out-of-equilibrium, integrable models, relaxation processes,
thermodynamics
(Some ﬁgures may appear in colour only in the online journal)
Introduction
Understanding the non-equilibrium time evolution of a many-body interacting system is one
of the main challenges in contemporary physics [2, 3]. The study of systems with nontrivial
interactions among their constituents is hard enough when the system is in its ground state;
things however get even more complicated out of equilibrium, since most of the usual
theoretical tools then become inapplicable. This is mainly due to the high energy regions of
1751-8113/15/43FT01+09$33.00 © 2015 IOP Publishing Ltd Printed in the UK
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the spectrum which are probed by the time evolution, where the mean ﬁeld approach and low
energy approximations are not valid. Numerical simulations on the other hand are severely
limited in the range of time or of system sizes [4]. Developing new methods able to predict
the short-, intermediate- and long-time dynamics of an out-of-equilibrium system is thus an
urgent priority, especially in view of the rapid progress achieved in experiments on ultracold
atoms [5–12].
Since the beginnings of quantum mechanics [13], much interest has been devoted to the
fundamental problem of calculating the time dependence of physical observables in states
which are not eigenstates of the Hamiltonian driving the time evolution. This situation has
now come to be known as a quantum quench [2, 14] and has been of major interest both from
experimental and theoretical points of view. Most of the theoretical research focused so far on
the expectation values of local observables at late times after the quench, when the system is
in an effective steady state. In particular the generalized Gibbs ensemble (GGE) hypothesis
[15, 16] focuses on the possibility of reducing the huge complexity of the initial wave
function to a reduced set of information, incorporated in the local conserved quantities of the
system, which gives the expectation values of all physical observables in the steady state.
However the question of how to perform an analogous simpliﬁcation for the whole postquench time evolution, much more relevant from the experimental point of view, has been
poorly addressed, except in a few cases [1, 14, 17–37].
The quench action method introduced in [1] has recently proved to offer a procedure
whereby one can derive, from ﬁrst principles, not only the steady state itself but also the
actual time evolution of physical observables [1, 29, 36, 38–43]. The purpose of this letter is
to show that this approach, combined with the recent observations on the structure of the
overlaps between eigenstates of different Hamiltonians [38, 44–47], is able to provide the full
post-quench time evolution in terms of a reduced set of data which can be extracted from the
thermodynamically leading part of the overlaps. It turns out that the same function, the
generalized single-particle overlap coefﬁcient s0Y0 (l ), ﬁxes the steady-state expectation values
and the whole time evolution from t = 0+ after the quench. This is treated analogously to a
system at thermal equilibrium with a sub-entropic gas of independent particle–hole excitations around the steady state constituting the whole effective spectrum necessary to compute
the time dependence of all physical observables. A restricted class of excitations is then
clearly seen to be the most relevant for the long-time behavior, giving a picture reminiscent of
a ﬁeld theory description of the asymptotics of correlations in equilibrium situations [48–50].
This letter is organized as follows. First we show how, for a generic integrable model, the
quench action method [1] allows to extract the whole post-quench time evolution from the
complex function s0Y0 (l ) denoted here as the generalized single-particle overlap coefﬁcient.
Then we specialize to the time evolution of the static density moment g2(x = 0, t) of the
interacting Lieb–Liniger gas after a quench from the ground state of the bosonic free theory.
The same quench has been studied in a number of recent works [18, 25, 51–56]. We use here
the exact results for the post-quench saddle point reported in [38] and we obtain a rare full
post-quench time evolution of a physical observable in a truly interacting model that is closely
related to recent experiments [57, 58].

Time evolution in an integrable model
We consider an initial state Y0 which is not an eigenstate of the one-dimensional integrable
Hamiltonian Ĥ for N particles moving on a system size L with periodic boundary conditions.
In a generic integrable model each eigenstate of the Hamiltonian Ĥ and the momentum P̂ is
2
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speciﬁed by a set of N quantum numbers I = {I j }Nj = 1 . The set of nonlinear coupled Bethe
equations maps the mutually excluding quantum numbers in N quasi-momenta, called rapidites, I  l = {lj }Nj = 1 which take value in the complex plane. These are related to the
single-particle momentum k0(λ) and the scattering phase of the model θ(λ) [59]

k 0 ( li ) =

2pIi
1
L
L

N

å q ( li - lk )

i = 1, ¼ , N .

( 1)

k=1

All the possible different choices of quantum numbers I give a complete basis of eigenstates
N
N
l with energy E [l ] = å j = 1 w0 (lj ) and momentum P [l ] = å j = 1 k 0 (lj ) where ω0(λ) is
ˆ to
the single-particle energy. This basis of eigenstates allows, given a local operator O,
resolve the time evolution of its expectation value on the initial state
ˆ ˆ -iHt
Y0 eiHt
Oe ˆ Y0 º Oˆ (t )

Oˆ (t ) =

Y0
l

ååe-S

Y0 *
e-( Sm ) l ∣ Oˆ ∣ m e-it (E [m] - E [l ]),

(2)

l m

where we introduced the overlap coefﬁcients SlY0 between the initial state and the eigenstates
Y0
Y0 l = e-Sl . The double sum in (2) can be performed in general when the number N of
constituents of the system is small. However one is in general interested in the
thermodynamic limit limth º limN , L ¥ with ﬁxed density n = N/L. The quench action
approach introduced in [1] allows to move from a sum over the discrete representation
for the eigenstates, in terms of the quantum numbers I to a functional integral over smooth
distributions of rapidites and simple excitations over them. Given a smooth function ρ(λ)
of rapidities on the real axis with its normalization given by the density of particles
¥
dl r (l ) = n (under the string hypothesis it can be generalized to complex rapidities

ò-¥

[60]), there is an entropic number ~e SYY [r] of ﬁnite size states that share the same
expectation values of local operators [59]. The entropy is given as [61] SYY [r ] =
¥
L
dl ( (r + r h ) ln (r + r h ) - r ln r - r h ln r h ), where the density of holes is given

ò-¥

by the total density r h = r t - r, related to the density of particles by the Bethe equation (1)
in the thermodynamic limit

rt =

1 ˙
k 0 + q˙ * r ,
2p

(

)

(3)

where we introduce the convolution between two functions f * g =
and the derivative respect to λ,

df
dl

ò

¥

ò-¥ dm f (l - m) g (m)

º f˙ . For later convenience we also introduce the scalar
¥

product on the real axis f · g =
dm f (m ) g (m ). After restricting to the appropriate sub-¥
Hilbert space with nonzero overlap (if discrete symmetries are present), the overlaps become a
smooth functional over the eigenstates. In particular they can be written as an extensive
universal part (dependent only on the distribution ρ) with subleading corrections which depend
on the ﬁnite number of particle–hole excitations {hi , pi }im= 1 , corresponding to a shift of m
quantum numbers in (1) Ii  Ii¢ for some i Î [1, ¼ , N ], over the distribution ρ (which
corresponds to displacing a number m of quantum numbers of one of the ﬁnite size state
l  r which discretizes the distribution ρ)
m
SlY0   [r ] + ds ⎡⎣ r , { hi , pi } ⎤⎦ +  (1 N ) ,
i=1

3

( 4)
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where both quantities are given in terms of the generalized single-particle overlap coefﬁcient
s0Y0 (l )

 [r ] = L s0Y0 · r ,
m
ds ⎡⎣ r , { hi , pi } ⎤⎦ =
i=1

m

å ( s0Y ( pk ) - s0Y ( hk ) - Fk · s˙0Y ).
0

0

(5)

0

k=1

The back-ﬂow Fk(λ) for a single particle–hole is computed in terms of the distribution ρ

2pFk

rt
= q ( l - pk ) - q ( l - hk ) + q˙ * Fk .
r

(6)

which, being a distinguishing element of a truly interacting model, it encodes how all the
rapidities are affected by a change of one them. In particular, the Bethe equation (1) are such
that the creation of a simple particle–hole excitation Ii¯  Ii¯¢ leads to a shift of all the other
F (l )
quasi-momenta lj  lj - Lr (lj )
" j. Therefore in the thermodynamic limit, for any
j
t
weak operator3, we can write its time-dependent expectation value (2) as
¥
1
lim Oˆ (t ) =
Dr e-2R [r] + SYY [r] å
d [h , p]m
th
2
m= 0
⎤
⎡ -ds ⎡⎣ r, { h i, pi }m ⎤⎦ - itdw ⎡⎣ r, { h i, pi }m ⎤⎦
m
i=1
i=1
r Oˆ r , { hi , pi }
+ mirr,
⎢⎣ e
i=1 ⎥
⎦

ò

ò

ò

¥

ò

(7)

¥

with ò d [h , p]m = (m1!)2  j = 1
dhj r (hj )
dpj r h (pj ) denoting the sum over the
-¥
-¥
macroscopic particle–hole excitations and mirr indicating the same sum as in (7) but with
excitations on the left state4. The energy of a state E [l ]   [r ] + dw [r, {hi , pi }im= 1 ] is
given in terms of the single-particle energy ω0(λ) analogously to the overlaps (5)
m

 [r ] = L w 0 · r ,
dw ⎡⎣ r , { hi , pi }

⎤=
i=1 ⎦
m

m

å ( w 0 ( pk ) - w 0 ( hk ) - Fk · w˙ 0).

( 8)

k=1

The matrix elements r Ô r can be computed by choosing one of the possible (large)
ﬁnite size realizations
l Oˆ l
l l

l  r

of the distribution ρ(λ) and using

r Ô r
r r

=

(1 +  (1 N )). The same can be done for the off diagonal ones. Given these

ingredients the sum in (2) can be evaluated in the saddle point

d S Q [r ]
r = rsp
dr

= 0 of the quench
action S Q [r ] = 2R [r ] - SYY [r ] leading to an expression for the whole post-quench time
evolution in the thermodynamic limit [1, 38]

1
lim Oˆ (t ) =
th
2

¥

åò
m= 0
⎡

⎡ -it
d [h , p]m ⎢ e
⎣
m

( dw ⎡⎣ r ,{ h ,p } ⎤⎦ )
sp

i

m
i i=1

⎤

m
´ e-ds ⎣ rsp, { h i, pi }i = 1 ⎦ rsp Oˆ rsp, { hi , pi }

i=1

⎤
⎥⎦ + mirr.

(9)

A notable consequence of formula (9) is that all the information to reconstruct the entire postquench time evolution is contained in the function s0Y0 (l ) which is a smooth can be extracted
3

We use weak here to denote observables which do not reorganize the steady state, in other words which are not
entropy-producing. This class includes all the local observables.
4
It corresponds to the complex conjugate of (7) when Ô is a Hermitian operator.
4
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by taking the scaling limit of the overlap coefﬁcients SlY0  å j = 1 s0Y0 (lj ) +  (N-1 , which
depends only on the macroscopic features of the initial state. Note that the overlap coefﬁcients
SlY0 are expected to have the same form in the thermodynamic limit for any initial state with
an extensive amount of energy Y0 Hˆ Y0 ~ Le0 and of all the other local (or quasi-local
[62]) conserved charges {Qn }n = 1 such that Q1 = Pˆ , Q2 = Hˆ and [Qn , Qm ] = 0 " m, n.
¥
- å n = 1 bn Qn) for
When these form a complete set {Qn }¥
n = 1 [15] a GGE ensemble Z GGE = Tr (e
the post-quench steady state can be built and this gives directly the real part of the single¥
= 2Rs0Y0 , where the single-particle
particle overlap coefﬁcient å n = 1 bn  (0n) =  GGE
0
eigenvalues of the local conserved charges are given as Qm r = Lr ·  (0m) r . Note that
this implies that for initial states such that Is0Y0 = 0 the GGE driving term  GGE
is enough to
0
reconstruct the whole time evolution after restricting to the appropriate sub-Hilbert space with
nonzero overlap with the initial state.
The behavior of the exponent of s0Y0 (l ) around λ ∼ 0 determines the power law for the
large time relaxation of any physical observable. In the limit of large t we can indeed
approximate the sum in (9) with the contribution of the saddle point itself and of the single
particle–hole excitations
N

(

1 ¥
h
(p) rsp (h)
lim Oˆ (t ) ~ rsp Oˆ rsp +
dp dh rsp
th
2 -¥
⎡
⎤
⎡
⎤
´ r Oˆ r , h , p e-itdw ⎣ rsp, { h, p} ⎦ - ds ⎣ rsp, { h, p} ⎦ + mirr.

)

ò

sp

sp

{ }

(10)

Since the dispersion relation and differential overlap coefﬁcient split in terms of particles and
holes, the integrals can be approximated by evaluating each of them in the saddle point of the
single-particle dispersion relation δω [ρ, λ] which for any smooth distribution ρ(λ) is in
Y0
λ = 0. Therefore if k is the order of the ﬁrst non-zero derivative in λ = 0 of e s0 (l), the
approach to the steady state value of all the local operators with a ﬁnite expectation value on
the saddle point state rsp Oˆ rsp ¹ 0 is given by a power law as follows

DOˆ (t ) ~ t -(k + 2) " k odd,

DOˆ (t ) ~ t -(k + 1) " k even,

(11)

where DOˆ (t ) º Oˆ (t ) - limt ¥ Oˆ (t ) . Note that the contribution of higher particle–hole
excitations in (9) corresponds to higher powers in t−1 in the expansion of DOˆ (t ). The power
law decay of correlations is a consequence of the creation, by the quench, of a ﬁnite density of
holes around λ = 0, giving a ﬁnite density of states for small-energy (zero velocity) particle–
hole excitations in this region [50] (see ﬁgure 2, panel (b)). Therefore the contribution of the
power law is proportional to the density of holes around λ ∼ 0 in the post-quench saddle point
state which is large for distributions with a large (extensive) entropy. Any initial state with an
extensive amount of energy Y0 Hˆ Y0 ~ Le0 shows therefore a relaxation as power law
although its contribution to the whole time evolution becomes less and less visible as e0
decreases. Note that up to now we assumed that the operator Ô conserves the total number of
particles. For operators adding (or removing) one extra particle to the system the power law is
simply replaced by t -(k + 2) 2 and t−( k+1)/2 for k even (as it is the case for the time evolution of
the one-point functions of the transverse ﬁelds in the transverse ﬁeld Ising model [63]).
Finally it is important to note that the same large time decay is expected also for systems
with bound states (under the string hypothesis) [39–41]. However in this case the full time
evolution from t = 0+ can only be recovered by including other classes of high energy
excitations, namely recombinations between bound states of different masses (strings of
different lengths [60]).
5
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Figure 1. (a) Time evolution of g2(x = 0, t) as a function of time for different values of

the post-quench interaction γ = 4, 8, 16, (from top to bottom) in the thermodynamic
limit with ﬁxed density n = 1. The lines on the right respectively indicate the steady
state values in the thermodynamic limit as given in [38]. (b) Time evolution of
g2(x = 0) as a function of time for γ = 4 and different system sizes: N = 6, 8 (red, blue
line) and in the thermodynamic limit (black line). The ﬁnite size asymptotic values (red
and blue lines on the right) are shown. The data for N = 6 and N = 8 are obtained by
performing the full double sum over the Hilbert space (2) and dividing by their initial
value g2 (x = 0, t = 0) = 1 - N1 .

(

)

Time evolution in the interacting Bose gas
As a speciﬁc example of the general method, we now focus on the Lieb–Liniger model for a
δ-interacting Bose gas, deﬁned by the Hamiltonian [64] (setting  = 2 m = 1)
N
¶2
Hˆ LL = - å 2 + 2c å d ( xj - xk ) .
j = 1 ¶x j
j>k

(12)

The initial state is chosen to be the ground state in the absence of interactions γ0 = 0, where
γ = c/n effectively parametrizes the coupling in the thermodynamic limit. This state is known
as the Bose–Einstein condensate (BEC) state BEC and it is spatially structureless in all
1
coordinates, x BEC = LN 2 . We consider the post-quench time evolution of the static
density moment g2(x = 0), measuring the rate of two-body inelastic processes in the gas [65]
which can be experimentally accessed through the measurement of the photoassociation rate
[57]
ˆ

ˆ

g2 (x = 0, t ) = BEC e iHLL t : ( rˆ (0) n )2 : e-iHLL t BEC .

(13)

The density operator is deﬁned as rˆ (x ) = Y† (x ) Y (x ), where the bosonic operators Y (x), Y
†
(x) satisfy the canonical commutation relations [Y (x ), Y† (x ¢)] = d (x - x ¢). The overlaps
and in particular the generalized single-particle overlap coefﬁcient have been computed in
[38]

⎛l
s0BEC (l) = log ⎜⎜
⎝c

l2
1⎞
⎟⎟ ,
+
c2
4⎠

(14)

where the branch-cut of the logarithm is chosen such that s0BEC (-l ) = -s0BEC (l ). The
single-particle energy and momentum are given by k 0 (l ) = l and ω0(λ) = λ2 . The
6
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Figure 2. (a) Log–log plot of the time evolution of D g2 (t ) for different values of the
post quench interaction γ = 4, 8, 16 (from top to bottom). The red lines
f (t ) = const (g ) - 3 log t are guide for the eyes showing the approach to the
equilibrium value as ∼t−3 for all the considered values of the post-quench interactions.
(b) Schematic representations of the most relevant parity invariant particle (ﬁlled dots)
with its respective hole (empty dot) excitations on the saddle point ﬁlling function (here
for γ = 4) for large times (high energy blue particle–holes) and small times (low
energies red particle–hole).

function s0BEC (l ) determines the saddle point state which can be analytically written in terms
of Bessel functions of the ﬁrst kind In(z) [38]. The matrix elements between the eigenstates
of the model are given in [66, 67]. The sum is performed by averaging over different
ﬁnite size realizations l sp  rsp of the saddle point state and evaluating the relevant
excitations via an adaptation of the ABACUS algorithm [68–70] to generic highly excited
states. In ﬁgure 1 the time evolution computed via the quench action approach (8) shows
that even for values of the coupling constant that are far from the two perturbative regimes
(weak and strong coupling) we recover the initial BEC value of the correlation
limth g2 (x = 0, t = 0+) º g2 (x = 0)BEC = 1 [65]. The thermodynamic results allow to
extract their large time decay to their steady state values as in ﬁgure 2. This follows the
expected t−3 law which is a consequence of (11) and of the behavior of s0BEC (l ) around

(

)

dexp s BEC (l )

(0
)
λ = 0, namely exp s0BEC (l = 0) = 0 and
l= 0 ¹ 0 for all γ > 0. This shows
dl
that the relaxation following a power law is present for any post-quench coupling constant γ,
even in the limit of small interactions. This is in contrast to the predictions of the Bogoliubov
approximation where the decay is predicted to be exponential for small γ [71]. Note that this
behavior of the overlap is independent of the initial value of the coupling constant. It is related
to the fact that for quenches from the ground state of the theory with a coupling γ0 > 0 to the
Y0
gas with a ﬁnite coupling γ > 0 the eigenstate with the maximal overlap e-Sl is clearly the
ground state of the ﬁnal theory. This leads to the divergent behavior of the generalized singleY0
particle overlap for small values of the rapidity, liml  0 e-s0 (l)  ¥ . Therefore the same
−3
power law t is expected for any interaction quench g0  g > 0 inside the repulsive regime
of the one-dimensional Bose gas.

Conclusions
We showed how the quench action approach allows to reconstruct the whole post-quench
time evolution of an integrable system from data contained in the thermodynamically leading
7
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part of the overlaps which is a smooth functional of the initial state. In particular we presented
an argument to predict the power law behavior for the late times approach to equilibrium of
local observables. This is a direct consequence of the creation in the gas of macroscopic
excitations with vanishing velocity which is a generic feature of the model itself, independently of the quench protocol. The question if an adaptation of the nonlinear Luttinger liquid
approach for equilibrium correlations [48–50] can be implemented to compute the late time
dynamics after a quench will be addressed in forthcoming works.
As a proof of principle we computed the time evolution in the Lieb–Liniger model of the
static density moment g2(x = 0, t) after a quench from the BEC. This represents a rare
example of a full post-quench time evolution of a truly interacting model and therefore it can
be directly connected to experimental results [9, 12, 72, 73] and numerical simulations for
small system sizes as done in [56]. The method can be extended to two-point functions as the
dynamical density–density correlations of the gas and to other models as the XXZ spin
chain [39, 41].
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