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MONIQUE PIJLS, RIJKJE DEKKER AND BERNADETTE VAN HOUT-WOLTERS

RECONSTRUCTION OF A COLLABORATIVE MATHEMATICAL
LEARNING PROCESS

ABSTRACT. The study focused on the interaction between two secondary school students

while they were working on computerized mathematical investigation tasks related to proba-

bility theory. The aim was to establish how such interaction helped the students to learn from

one another, and how it may have hindered their learning process. The assumption was that

interaction is beneficial for students if they can perform certain key activities, namely show-

ing, explaining, justifying, and reconstructing their work. Both students attained mathe-

matical level raising. However, the student who explained frequently and criticized himself

attained more mathematical level raising than the student who did not explain her work

frequently or criticize herself.

KEY WORDS: collaborative learning, process model, mathematical level raising, computer

simulation

1. INTRODUCTION

One of the difficulties for teachers is to observe the learning process of
students who are working collaboratively. The first sight of a classroom
with pairs of students talking vividly to one another may be satisfying, but
does not tell us if they are learning mathematics. What do they really discuss
with one another? How does the interaction develop? Do they support or
hinder one another’s learning?

The importance of interactions with peers for students’ mathematical
learning has become evident in recent decades (Teasley, 1995; Webb, 1991;
Yackel et al., 2000; Wood, 1999). Some studies (Roschelle, 1992; Trognon,
1993) analyzed in detail the interaction between two students in relation
to the content they learned; Roschelle did so in the field of physics, and
Trognon with respect to the “four cards” problem.

The study reported here aimed at analyzing the collaborative learning
process of two students in a situation that was in a way very close to
the usual situation in their classroom, i.e. students were working in pairs
with a computer and learning materials, and the teacher was playing a
minimal role. The learning materials, however, were very experimental and
developed especially for these students. Earlier research made it clear that,
in this type of education, the students are not always motivated to perform
investigations with the help of a computer (PRINT, 1998; Prent, 1999).
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We ascribed this to the fact that many computer simulations on probability
theory were rather abstract. That is why we tried to develop simulations
in a way that would be very accessible for students, offering them many
opportunities to explore the subject on a concrete level. We developed
investigation tasks in order to make them reflect on their experiences with
the computer games. The tasks were intended for the students to experience
the grid structure by playing several games. The tasks were presented to the
students before they started to work on a chapter in their regular textbook.
We expected that the investigative tasks would allow students to experience
the properties of a grid and profit from this experience while working on
their textbook chapter. The underlying structure of all the different games
in the computer simulation was a grid, in several shapes, probabilities and
appearance. The idea was to allow students to develop a feel for the grid
structure, by providing several examples.

We took the learning results of both students as a starting point for the
analysis of their utterances during the lessons. Our focus was on events
indicating whether or not certain concepts in probability theory were being
learned. Our goal was to provide a detailed illustration of the learning
process of two students, and to formulate hypotheses about interaction and
mathematical learning.

2. THEORETICAL BACKGROUND

2.1. Learning mathematics

In lessons dealing with the transition from a concrete or practical approach
to a problem toward a more abstract approach, it makes sense to provide
students with meaningful problems (Freudenthal, 1973) to be collabora-
tively solved. Inspired by Van Hiele’s level theory (Van Hiele, 1986), we
defined the transition from the perceptual to the conceptual level as “mathe-
matical level raising”. In the different stages of their learning process, stu-
dents approach problems in different ways. Before they learn a concept,
they approach it at a perceptual level; that is, they see it “as it is” and do
not recognize properties of a mathematical concept in it. After they have
acquired a certain mathematical concept, students will recognize aspects
of that concept in a realistic problem and can use these aspects to solve
the problem. They thus treat the problem at another level. Level raising
has taken place, namely from the perceptual to the conceptual level. An
example from our experimental learning materials is given below.

Figure 1 shows the game board of the gambling game TIC-TAC. The
task related to this game is:
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Figure 1. The game TIC-TAC.

One can play a little ball by clicking with the mouse on its starting point
at the bottom left. There is a 50% probability that a ball will go up, and a
50% probability that it will go to the right. The question is: “What is the
probability of ending up in the box with 100 points?” Students’ answers
were:

1. “There are nine boxes, so the probability is 1/9.”
2. “The probability of ending up in the middle is greater than the probability

of ending up in an end point.”
3. “I enumerated all possible routes toward the box with 100 points; the

probability is 28.”
4. “I enumerated routes in the grid and the probability is 28 divided by the

total number of routes; 28/256.”

The first two answers occurred as student answers in the study described
in this article. With respect to the concept of calculating probabilities in a
grid, we regard the first answer as an answer at the perceptual level, which
is actually not correct but shows the prior knowledge of the students. The
fourth answer is an answer at the conceptual level. In an earlier study (Pijls,
et al., 2003), we categorized two stages in the learning process between the
perceptual and conceptual level, namely “beginning level raising”1 and
“semi level raising”. We defined the former as the beginning of concept
building with the help of one’s own constructions (as shown in the second
answer), while the latter occurs when students seem to master certain con-
cepts, but do not really understand them, and apply them incorrectly (as in
the third answer). We assume that in this case their knowledge is not rooted
in own constructions. These two stages, though not necessarily both, may
occur in a student’s learning process. In both stages, students have not yet
mastered a concept; however, we value beginning level raising higher than
semi level raising, since in the former case students understand what they
know at that moment, while this is not the case with semi level raising.
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Figure 2. Process model of Dekker and Elshout-Mohr (1998).

2.2. Collaborative learning

When students are trying to learn something difficult, they benefit from
sharing their ideas with their peers, especially when their peers have a
different point of view. Several studies mentioned differences between stu-
dents (Kieran and Dreyfus, 1998; Sfard, 2003; Webb, 1991), in particular
differences in thinking, as a prerequisite for a discussion in which students
can learn. Webb (1991) showed a correlation between learning and giving
explanations. Dekker and Elshout-Mohr (1998) developed a process model
for the analysis of interaction between two students working on a mathe-
matical task. The point of departure is that the students’ mathematical work
is different (see Figure 2).

The assumption is that the performance of four key activities leads
to mathematical level raising. These are: showing one’s work, explaining
one’s work, justifying one’s work, and reconstructing one’s work. These
activities are evoked by peers who perform such regulating activities as
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asking one to show one’s work, to explain one’s work and to criticize one’s
work. The key activities are assumed to be related to reflection, either be-
cause they give rise to reflection (showing one’s work) or because they are
the result of it (justifying and reconstructing). As the middle column of the
model shows, the key activities can be observed when students are at work.
Confusion may arise between explaining and justifying; one should keep
in mind that justification is a reaction to criticism (“My answer is right,
because. . .”). The other two key activities (i.e., to show or to reconstruct
one’s work) can also cause confusion. If there are indications that a stu-
dent’s answer has evolved from another answer, we call it a reconstruction.
Mental activities – such as thinking about and criticizing one’s own work –
accompany the key activities, but are less observable. Although the process
model describes learning, it is also an instrument to analyze those parts of
students’ dialogues that give rise to mathematical level raising. The idea
behind the model is that it describes the activities students can learn from.
In principle, one person could perform both regulating and key activities.

Apart from differences between students, what other prerequisites are
there for collaborative learning? What about the learning materials, and the
role of the computer? To make it possible for the students to profit from one
another, the instructional materials must provoke an interesting discussion.
Dekker (1994) formulated four criteria for learning materials for mathe-
matical level raising in collaborative learning. Problems must be: real or
meaningful, in order to motivate and stimulate the students; complex, so that
the students need to work together; to construct something, in order to re-
veal the students’ thoughts and to promote discussion; and of course aimed
at level raising. The use of the computer may support these four criteria.

However, fulfilling these prerequisites does not guarantee that an in-
teraction will be fruitful. Sfard and Kieran (2001) analyzed the discursive
interactions of pairs of 13-year-old students on two levels: the level of im-
mediate mathematical content and the level of meta-messages and engage-
ment in the communication. They found the students’ communication to be
unhelpful because of the ineffectiveness of their communication. Kieran
(2001) found different patterns of interaction between pairs of students,
and showed that adolescents can experience some difficulty in following
their own thinking in novel problem situations.

2.3. Aim of the study

The aim of the study was to investigate whether we could explain the
students’ mathematical level raising attained in the post-test by the expected
occurrence of key activities according to the process model. For example,
if we knew from pretest and post-test that a student had mastered a certain



314 MONIQUE PIJLS ET AL.

concept, we expected to find in the transcript an event in which the student
showed – and, possibly, explained, justified and reconstructed – his or her
work related to this concept.

3. METHOD

The students took part in a field experiment on students’ collaborative
investigations using a computer (see Pijls et al., 2003). The experiment
took place in a Montessori school in Amsterdam; the subjects were 16-year-
old students who were mainly studying applied mathematics. The students
were used to working on their own, while the teacher played the role of a
coach. The experiment extended over 10 lessons of 45 minutes each.

3.1. The theme of routes and probabilities

The mathematical concept to be learned is a model to calculate binomi-
ally distributed probabilities, namely a grid structure. By calculating the
number of routes in a grid ending in a node, one creates Pascal’s trian-
gle. The aim of the lessons was, firstly, to learn an enumeration of routes
procedure (adding the number of routes towards two ‘preceding’ points,
the so-called ‘angular point method’), and then to calculate probabilities
in a grid and to use the grid as a model for solving word problems. The
difficulty for students was that the enumeration procedure might become
a meaningless ‘trick’. This is what we regard as semi level raising, which
may result in counting mistakes and not recognizing occasions of applying
the grid structure.

3.2. Learning materials

In order to make the enumeration of routes in a grid meaningful for students,
we developed investigation tasks in a computer simulation. The simulation
(Pijls, 2001) comprised several computer games with the grid as an under-
lying model. The idea was that students could explore the probabilities in
a grid in an informal way by playing the games. The investigation tasks
were intended to encourage students to reflect on their experiences with
the computer games and to develop the mathematical concept of enumera-
ting routes in a grid. The investigation tasks were followed by the tasks in
their regular textbook (Boer et al., 1998). This textbook is a modern book,
in the tradition of realistic mathematics education, teaching new mathe-
matical concepts according to the principles of guided reinvention. In the
book, students worked on small, relatively closed tasks in order to reinvent
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mathematical concepts, which are then summarized in “theory blocks”. We
assumed that, by providing the students with investigation tasks before they
worked with the textbook, they could explore the domain, which, in turn,
would help them to attain level raising. During the investigation tasks, the
students worked together using one set of activity sheets as well as their own
exercise book. The investigation tasks consisted of five tasks that concern
the analysis and playing of a game. The aim of the first task was to raise
the question of counting routes. The aim of the second task was to make
clear that this game had the same underlying structure; it was made smaller
so that students have the opportunity to develop an enumeration strategy.
The third task let students explore so-called ‘grids with a hole’. The fourth
task let them experiment with probabilities. The idea was that in order to
answer the question students should calculate all probabilities. The aim of
the fifth task was to let students experience an asymmetric distribution.

The chapter on Routes and Probabilities in their mathematics textbook
started with exercises that made students enumerate routes in a grid by
systematically focusing on the number of paths towards a certain angular
point. Secondly, students were shown how to use the grid as a model and
the relation between Pascal’s triangle and enumerating routes in a grid.
Finally, they were taught to calculate probabilities in a grid and how to
use this to solve word problems. Although the didactical rationale behind
the textbook exercises was to make students reinvent the concepts they
learned, many of the tasks were closed and fragmented, leaving little room
for own students’ creativity. Our intention was to create opportunities for
students’ own inventions with the investigative tasks and the computer
simulation.

3.3. Role of the teacher

In our experiment, the learning materials were developed for indepen-
dent learning. The usual role of the teacher at the Montessori school in
Amsterdam is to coach the students and to give them help when they ask
for it. Since the materials were still in a developmental stage and the re-
searcher was the most familiar with them, we decided to work together as
a team, that is, the teacher – who knew the students well – to coach the
students, and the researcher to provide help with the mathematics when
the students asked for it. The students were used to working self-reliantly
in pairs. At the beginning of the lessons, the students were told to execute
all tasks together and in what time sequence they had to finish their work.
At the end of the lessons, they were to check their work against correction
sheets. Since we wanted to stay very close to their normal school routine,
the students were not given any special training on interaction.
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3.4. Data collection

We audio-taped the students during all their lessons. We collected written
student products and log files to clarify any inaudible remarks on the au-
diotapes. For the present study, we selected one pair of students by taking
samples of the audiotapes of all pairs. The occurrence of an interesting dis-
cussion concerning the relevant theme during their first lesson was our ratio-
nale for selecting Susan and Peter. They formed a high-average pair: Susan
scored high and Peter scored average on prior knowledge. Furthermore, in
her pretest on the theme of Routes and Probabilities, Susan made extensive
elaborations by drawing diagrams, and Peter answered a difficult question
correctly. So we chose the students in such a way that we expected them to
show their work, criticize one another and attain mathematical level raising.

3.5. Analysis

We read the transcript several times and this led to suppositions about the
learning processes of Susan and of Peter (cf. Dekker et al., 2001). Then
we asked ourselves this question: Which passages in the verbatim protocol
account for the learning results in their post-test? With the agreement of
two coders, we selected four episodes comprising events in which a concept
was learned and an event in which this did not happen. We hoped that the
latter would help us to understand why some concepts had not been learned.
We analyzed the mathematical level of the utterances and the interaction
with help of the process model of Dekker and Elshout-Mohr (1998), which
we described in Section 2.2.

4. RESULTS

4.1. Pretest and post-test

The pre- and posttest each consisted of 11 open problems on the theme
of Routes and Probabilities. It concerned enumerating routes in a grid,
calculating probabilities in a grid, enumeration problems to solve with a
grid and probability problems to solve with a grid. The problems could be
answered at a perceptual level and at a conceptual level. As an example
in a task on enumerating routes in a grid, students were given a part of a
map with the question how many shortest paths one could take from point
A to point B. When students enumerated routes by drawing possible paths
and counted them, we regarded this as an answer at the perceptual level,
whereas systematically counting routes by the ‘angular point method’ or
with Pascal’s triangle was determined as an answer at the conceptual level.
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In her pretest, Susan approached the questions at the perceptual level.
Thus, she could solve easy problems, but not those that were more complex.
She exhibited a concrete approach to the tasks, by trying to use known
procedures and by enumerating concrete routes. In her post-test, Susan
showed that she had learned to enumerate routes according to the procedure
taught in their textbook, the angular point method. She had also learned to
use the grid as a model to solve enumeration problems, although she was
not clear about when this method can be used and when not. She knew
how to calculate probabilities in a concrete grid by enumerating routes and
multiplying by probabilities. Susan had attained the conceptual level for
the enumeration of routes and calculating probabilities in a grid, but she
had not fully learned to use the grid as a model. She attained semi level
raising for this concept, since she showed not to know exactly for what
kind of word problems the grid could or could not be used.

In his pretest, Peter’s answers demonstrated a preference for formulas.
He tackled the enumeration problems and the complex route enumeration
problem by applying a formula (either his own or one he had been taught)
that was not correct. It is striking that he answered a question about calcu-
lating probabilities in a grid correctly. In his post-test, Peter showed that he
had learned to count routes and to use the grid as a model to solve enumera-
tion problems. He knew when to use it and when not. He had refined his
method in order to solve probability problems in a grid. Peter had attained
the conceptual level for all concepts.

To summarize, Susan and Peter both started at the perceptual level. How-
ever, Peter showed a tendency to approach problems at a conceptual level,
while Susan explored the perceptual level. At the end of the experiment,
Susan had attained the conceptual level for two of the concepts, and Peter
for all concepts.

4.2. Reconstruction of the learning process

In order to reconstruct the learning process, we selected four episodes we
considered to be central with respect to mathematical level raising. These
were:

1. Susan developed the notion that in order to calculate probabilities in a
grid, she and Peter had to enumerate routes. Peter subsequently con-
structed a formula to enumerate routes.

2. Peter wanted to refine his formula to enumerate routes; Susan did not
really respond to this.

3. Susan and Peter reconstructed Peter’s formula to enumerate routes.
4. Peter explained to Susan the enumeration formula given in their mathe-

matical textbook.
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Analysis showed us that episodes 1, 3, and 4 contain utterances indi-
cating mathematical level raising, and that during episodes 2 mathematical
level raising could have taken place but did not. For each episode, we
wanted to establish whether there was a correspondence between learning
and the interaction as described in the process model. First, we tried to de-
termine the mathematical level of the utterances (analogous to our previous
study (Pijls et al., 2003)) and then coded the utterances with the help of the
process model. Both codings were performed with the agreement of two
coders.

4.2.1. First episode: The notion of enumerating routes
Susan and Peter were working on the task shown Figure 1. They have been
playing the game TIC-TAC on the computer and realized that the little ball
hits the boxes in the middle more often. Below we show a part of Susan and
Peter’s discussion on task (1b); (. . .) indicates that a part of the dialogue
has been deleted for the sake of clarity.

1 S: There are nine possibilities.
2 P: (. . .) But the probability that it will come here is greater than

that it will come here.
3 S: Oh, why?
4 P: Oh, no, that is, yes, of course, because the probability that it will come

here is greater than that it will come here, because the probability is
greater that it will go like this, than that it will go up all the time.

5 S: Okay, but the computer is also doing something. . . okay.
6 P: Comput.., yes, but it’s about the theories.
7 S: Yes, that’s true. . .
8 P: I mean, there are. . .
9 S: But how can you calculate that?
10 P: For example, that one can go like this or like this, or like that, all kind

of routes, but that one has only one route.
11 S: Yes, but look, with that one you then have. . .
12 P: Oh no, because that one can’t, well that’s very difficult (silence) (. . .)
13 S: Different possibilities, then you have to. . . all those routes, you know...

(. . .)
14 S: You see, it goes as often to the 5 as to the 1.
15 P: No, I mean: You can see that the ball is going more often to the middle

than here and here.
16 S: Yes...
17 P: I think that the probability is . . . I think, er. . . the greatest probability

is that it will go to the 6, because that’s in the middle. The probability
increases as you go toward the middle. (. . .) I think the probability is 5%
here, and then it doubles, and then it doubles all the time, or something
like that. . .. What’s the probability. . .? (. . .)

18 S: So then you have to take percents. 1/9, what’s that?
19 P: 1/9? ... something like 9 percent, 9.333 percent (. . .) But we can also. . .

we keep it apart.
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Susan showed Peter her answer (line 1), which is in accordance with
their prior knowledge of probability theory, namely that in order to calculate
a probability, one must first determine all the possibilities. Peter criticized
this by showing his answer: The probability that a ball will end up in the
middle is greater than the probability that it will end up at an endpoint. Susan
asked Peter to explain this, and he explains (line 4) that the probability
that a ball will zigzag is greater than that the probability that it will go
upward all the time. Susan criticized this (line 5) by stating that there is
no structure: possibly the computer influences the game. In addition, Peter
criticized himself (line 6) by saying that there must be some theory behind
it. For him, mathematics is about theories. Susan agreed and asked for an
explanation. Peter explained his idea by refining it (line 10): A box in the
middle can be reached by all kind of routes, while a box at an endpoint can
be reached in only one way.

They were both puzzled (lines 11 and 12); this was difficult for them.
Then Susan reconstructed her answer at the conceptual level (line 13).
She realized that they had to count routes in order to calculate probabili-
ties. After this statement, there was a long silence: They did not know
how to enumerate routes. Susan then showed (line 14): The probabil-
ity is symmetric around the middle. Peter showed that the probability
is greater in the middle, and (line 18) that he wanted to calculate the
probability. He estimated that it was 5% at an endpoint and then dou-
bled each time it moved closer to the middle. When he started to cal-
culate, so did Susan, and she returned to her original answer of 1/9.
Susan proposed writing down this answer and proceeding with the next
question. Peter, however, was not satisfied: He wanted to think about it
and would return to the question later. They went on with the second
task.

Interpretation of the first episode
Susan formulated an important conclusion: In order to calculate the proba-
bility, one has to count routes. She gathered a lot of information about grids
and probabilities. However, she did not manage to use this information to
answer the question and she relied on her original answer at the perceptual
level. Peter was clearly searching for a theory. At the end of the episodes,
Susan did not ask for explanations nor did Peter ask Susan why she had
decided the answer was 1/9. He criticized himself. In the first part of this
episode, mathematical level raising went hand in hand with a discussion
in which both Susan and Peter showed their own work and criticized one
another’s work. In the last part of the episode, they returned to their original
answer (1/9), but they no longer criticized one another and they stayed at
the same mathematical level.
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4.2.2. Second episode: Peter reconstructs his enumeration procedure
After the first episode Susan and Peter continued with the next investi-
gation tasks, which concern other type of grids. They made calculations
to determine optimal chances to win. However, there was no link in their
reasoning to the previous task and they did not mention any more the need
to enumerate possible routes in order to calculate the probabilities in a grid.
At the beginning of the next lesson, Peter returned to the question from the
first episode. He has been thinking about this problem outside the lesson
and he has reconstructed his enumeration procedure. He now shows his
work to Susan. Their dialogue is given in below.

1 P: I assumed that every time that, every time that the ball moves toward
the middle, that the probability that it, er, one upward and then this way
and that way, so here the probability is 1, 2, 3, 4 and 5, and then I’ve
added those chances, that’s 25, and then this is three 25ths, so twelve
100ths

2 S: Yes.
3 P: Is 12 percent.
4 S: Yes.
5 P: I think, but I’m not sure, so it would be, yes, 20% and that 4%. Well,

shall we (. . .)
6 P: You may come up with another theory, but anyway I think it’s better

than 1/9.
7 S: Okay.
8 P: At least, for me. I don’t know what you think.
9 S: Yes, it’s okay, add it to our stuff... And do you also have something for

this one? Er, have a look.
10 P: Wow. Erm, let me see, er...
11 S: Shall we proceed? Add it. . . How do you write it?
12 P: Well, I’ll write.

Peter had worked out his idea that the probability increases toward
the middle. He showed his new theory to Susan (line 1): If I name the
probability at one endpoint 1, and in the next box 2, and so on, then it makes
25 altogether, so the probability that the ball will come land in the 100 box
is 3/25, or about 12%. Susan (lines 2 and 4) did not ask for an explanation,
nor did she criticize him; instead, she agreed. Peter then worked it out (line
5): The probability will be 20% in the middle and 4% at an endpoint. Peter
seemed to justify his answer (line 6), though not with a content-related
argument. Susan agreed with him (line 7), but did not explicitly agree with
the content of his work. Peter was not sure of his answer and asked Susan
what she thought (line 8). Susan agreed with his idea in a practical way (line
9), and asked whether he could solve another question, too, as she wanted
to proceed with the next one. Peter then replaced their original answer (1/9)
by 12%, and they went on with the next question.
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Figure 3. Task 4b.

Interpretation of the second episode
Peter came up with an idea he was not sure of. He started to defend it, but
since he received no feedback from Susan regarding the content, he could
not really explain, justify, or reconstruct it. There was nobody to indicate
the weak points of his theory. Since he had offered his idea at the beginning
of the lesson, they did not have the actual computer game at hand to test
his idea. Susan accepted his theory without criticism. It seems that she was
not interested in why his theory would work; instead, she wanted to go on
with the next task. In fact, Peter criticized Susan’s idea of 1/9.

Although Peter’s theory was a good try, it is not correct. He rejected
the 1/9 probability and wanted to make a theory based on the conclusion
that the probability increases toward the middle and that it is symmetric
around the midpoint in a enumeration method. In terms of mathematical
level raising, he might have benefited from someone asking him for an
explanation. No level raising took place during this interaction.

4.2.3. Third episode: Reconstructing the enumeration procedure
Susan and Peter returned to the question from the first episode during the
second lesson, when they were working on the fourth task on a Galton-
board-like game (Figure 3). The students had the opportunity to drop 100
balls at the same time, and so gain insight on the distribution of the balls.

The aim of this task was to let the students realize the relation between
the distribution of the balls and the probability to reach a certain box. The
episode started when Peter mentioned that this question made him think of
task 1b, which we have discussed before.
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1 S: Here? But do you mean the same as...?
2 P: Yes, erm, I don’t know. . . I think that in fact that theory is a bit vague.
3 S: And here will come. . .Here comes 2, here comes 0? Yes, that sounds. . .

The ball comes here the most.
4 P: Yes, I know (. . .)
5 S: And then here, less. . . Here it comes less often.
6 P: Yes, but I did ‘plus one’ all the time, 1, 2, 3, 4, 5, but it’s also possible

that it doubles all the time.
7 S: Yes.
8 P: Wait a minute (noise of paper)

(silence)
9 P: Like this. 16/46, . . .

(. . .)
10 P: This is more likely than this. . . So I think that the probability
11 S: Yes, okay. doubles all the time.
12 P: What did you have? I mean. . .
13 S: Yes, erm. . . I really don’t have anything more, but I think your answer

is reasonable. (. . .)
14 S: Erm, oh. I only calculated it for the box in the middle.
15 P: Yes, as I said, 16/46, 8/46, 4/46. The number is divided by two.

Peter wanted to use the same theory as in task 1b (first episode). Susan
asked for an explanation (line 1), and Peter said that he was still not sure
of his theory. Susan then repeated the conclusion that the probability of
ending up in the middle was greater than the probability of ending up in
one of the endpoints (lines 3 and 5). It might be on the basis of experiments
with dropping 100 balls at a time that Peter returned to his idea that the
probability “doubles all the time”. He concluded from the distribution of
the balls in the Galton-board, that the probability to reach a certain box
increased at a stronger rate than ‘adding one’. He looked back at task 1b
and now worked it out in such a way that the probability doubled for each
box toward the middle. Then the probability of ending up in the middle
was 16/46 (≈30%). He reconstructed his answer, and then (line 10) showed
his reconstructed work. In line 12 he may have meant that the probability
of ending up in the middle was more likely to be 30% than 20%. Peter
asked Susan to show him her work (line 12). Susan simply agreed with
Peter’s work (line 13); she did not really react to the content of what he
had said, nor did she show him her work. They then wanted to express
the probability in percentages, and here Susan took the initiative in the
calculations (line 14). When she had finished the calculations, she realized
that she had worked out the probability for only one box. Peter explained
that with that probability, one could easily calculate the other probabilities.
This was their answer to question 4b. They also reconstructed their answer
to question 1b (first episode) in the same way.
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Interpretation of the third episode
The game made Peter think about task 1b and it gave him the opportunity
to reflect on his ideas and to reconstruct his answer. Susan’s calculating
skills helped him to work out the next version of his theory. Therefore,
they reconstructed their answer to question 1b (see Figure 1). Although
this was a beautiful construction in terms of probabilities, the theory is not
correct. Susan and Peter had made a good start with regard to mathematical
level raising, and we believe that these explorations gave them a sense of
the distribution of paths and probabilities in a grid. As in the previous
episode, Peter asked Susan to criticize his work and to show him her work,
but she did not react to the content; thus, Peter did not develop his theory
further.

4.2.4. Fourth episode: Enumerating routes in their mathematical textbook
After the third episode, Susan and Peter finished the investigation tasks,
and started to work on the textbook’s “Routes and Probabilities” section.
After the first task, in which they had to mention possible paths in a grid,
they start with the task shown in Figure 4.

1 S: Er, 1-3.
2 P: Of course not. . . Yes, yes. 3-1 I say. 3-1, 2-3, or 2-2, only to come

here, you must go along these two sides.
3 S: Huh?
4 P: Don’t you understand?
5 S: No, I don’t understand this question at all!
6 P: Look, the final score is this.
7 S: Yes.
8 P: To come here, first you have to be here.
9 S: Yes.
10 P: If it’d been here, it would’ve been 3-1. . . (. . .)(. . .)(. . .)
11 P: But I want to find a way to calculate it. Now I count. . . It’s just 2 to

the power of 2. . .. No, er, yes. 2 times 2 times 2, 2 to the power of 3
is it. . . (. . .)(. . .)(. . .)

12 P: But how do you calculate it, why does it take so long?
13 S: Now, erm, three upward. . .
14 P: But you just have to add that and that?
15 S: Huh?
16 P: That one and that one, and then you have that M.
17 S: Okay. And this is 10? (. . .)
18 S Very easy indeed. . . (. . .)
19 A: Susan and Peter, how did you calculate that?
20 P: We just made a thing. . . a grid.
21 S: . . . grid.
22 A: Is that possible for question 11a?
23 S: That’s possible for all questions.
24 P: Yes, that’s possible for all questions.
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Figure 4. Task 2 from the students’ mathematics textbook.

The aim of this task was for the students to reinvent the procedure for
enumerating routes. We expected them to refer to the investigation task in
which they realized that they had to enumerate routes in order to calculate
probabilities, but this did not happen.

The episode below starts while they were working on task 2d.
Susan showed her answer (line 1). The answer is correct, but Peter

seemed to mix up the 3 and the 1, so he criticized her and started to show
Susan his idea. Susan asked him to explain (lines 3 and 5). Peter did so
(lines 6, 8, and 10), but still made the error of saying 3-1 instead of 1-3;
however, he explained and understood the idea of the angular point method
correctly. The task led them to the conclusion that in order to know the
routes toward 2–3, one must add the routes to 1-3 and 2-2.

Peter made it clear (line 11) that he was not satisfied with the fact that
the angular point method for enumerating routes that was suggested in the
book is still recursive: In order to calculate the routes to a certain point, one
first has to know the routes to its predecessors. He wanted to find a direct
formula for enumerating routes, and he made a guess that it would be 2 to
the power of 2. Then they read an explanation of the angular point method
in their textbook, and Peter picked up the idea quickly. Susan, however,
still enumerated routes.

After some time, Peter realized (line 12) that they were not working on
the same task. He asked Susan to show him where she was. Susan showed
that she was still enumerating routes (line 13). Peter criticized her method
and she asked him for an explanation. Peter explained that you have to
add the number of routes toward two endpoints. Susan asked for further
explanation. Between lines 17 and 18, there is a long episode (which we
have omitted, because it is repetitive) in which Susan asks Peter for an
explanation and he explains the angular point method. Susan got the idea
and checked her work with Peter. Then they worked it out together. Susan
had picked up the angular point method and adopted it very well.

A peer (“A”) then asked them to show him their work (line 19) and
whether task 11a) could be solved with a grid. This task was one of a series
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of problems that had to be solved with a grid. Susan and Peter were working
comfortably with the angular point method of enumerating routes in a grid
and in the context of the textbook; every task could be solved with a grid.
This may have led them to the idea that any enumeration problem could be
solved with it. Especially the fact that Peter showed Susan the technique
but did not explain it, might have perpetuated the misunderstanding and
reinforced Susan’s misconception.

Interpretation of the fourth episode
Peter had understood the idea of the angular point method very quickly.
However, he was not careful about the details. Susan did not pick up this
concept from the textbook exercises and continued to count routes by hand,
which took a lot of time. Peter noticed this and explained how to count
routes. She understood the routine and applied it. When they were asked
by another student whether the routine could be used for all enumeration
problems, they said it could, and this possibly strengthened Susan’s idea
that enumerating routes could be used to solve enumeration problems, as
she showed in her post-test. Especially since no explanation was asked for
and no criticism was given, she remained at the stage of semi level raising
for the concept of solving enumeration problems with the help of a grid.

5. SUMMARY

5.1. Key activities and mathematical level raising

The questions here are: Can we account for the concepts Peter and Susan
learned through their dialogue? Did they support or hinder one another?
With the results of their post-test in mind, we selected four episodes in
which we found indications that they had or had not mastered a certain
concept. These episodes were analyzed on the occurrence of activities
of the process model. Table I presents a summary of the activities that
occurred in the episodes, organized according to the concepts to which
they are related. With ‘attained level’ we indicate the level that the students
attained in the post-test.

As can be seen, both students attained the conceptual level for the con-
cept of routes and probabilities in a grid. Both showed their work and both
reconstructed it; both asked one another to show their work and they criti-
cized one another. However, Susan did not explain her work, while Peter
did. Actually, Susan asked Peter to explain his work several times, while
Peter did not ask her. Another difference is that Peter criticized his own
work while Susan did not. So, in general, Peter showed more reflection on
his own work than Susan did. This may have been an advantage in attaining
the conceptual level for “routes and probabilities as a model.”
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TABLE I

Key activities in the selected episodes

Routes Probabilities Routes as a model

Susan Process Shows 3 Shows 6 Shows 2

Asks to show 1 Reconstructs 3

Asks to explain 3 Asks to show 1

Asks to explain 2

Attained level Conceptual Conceptual Semi level raising

Peter Process Shows 2 Shows 10 Shows 2

Explains 5 Explains 4

Criticizes 2 Justifies 1

Reconstructs 3

Asks to show 3

Criticizes 2

Self-criticizes 5

Attained level Conceptual Conceptual Conceptual

As we know from the results of the post-test both students attained
mathematical level raising for the subject of routes and probabilities. The
one who both explained and generated self-criticism attained level raising
with the subsequent concept, too. The one who showed her work and re-
constructed it, without giving explanations, attained semi level raising for
the subsequent concept. These observations lead to three hypotheses about
key activities and mathematical level raising:

– Giving explanations about a concept may facilitate further level raising;
– Criticizing oneself is crucial for further level raising;
– Reconstruction which is not preceded by explanation may lead to semi

level raising in the continuation of the learning process.

As mentioned under “Learning Materials,” the investigation task on
probabilities was an important one. Table I shows that a lot of activities
took place for this concept. Peter did well in this crucial part of the learning
materials, and it helped him later in the learning process.

6. DISCUSSION

This experiment concerned the learning of a part of probability theory.
The question is whether we can generalize the results for other domains
of mathematics. Since the interactions between Susan and Peter deal with
the transition from a concrete toward an abstract approach of a grid, we
believe that conclusions about their learning process would hold for any
other topic in mathematics where level raising takes place.
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One of the students clearly profited more than the other. What happened?
What was the role of the learning materials and the composition of the pairs?
The learning materials, especially the investigation tasks, indeed generated
differences between the students. These differences gave rise to discussion,
but Susan did not explain her work. Was it because Peter did not ask her
to? Possibly, but when he asked her to show her work, she did not always
react. She seemed to think that Peter’s answer was more worthwhile than her
own. Susan scored higher on prior knowledge than Peter. Nevertheless, she
seems to have the feeling that he knows better. She gives the impression
of a student who works hard. Her drive to proceed with the tasks now
affects her adversely, because for investigation tasks it is important to take
as much time as you need to find the answer. What does Susan need in
order to give explanations? A partner who asks her to explain her work and
gives her the feeling that her answer makes sense, and in the background
a teacher who makes it clear that they can take their time to find the right
answer.

Although the students were not explicitly asked to make sense of one
another’s contributions, the format of the lessons made it clear that they had
to solve the problems together. However, nothing was said about how they
should do this. We expected them to learn from performing key activities,
without telling them that they had to do this, or rewarding this. We did
this to evoke key activities by means of the tasks and the composition of
the pairs. Since one of the students performed less key activities than the
other one, it might be a point of attention in our next experiment to make
it explicitly clear to students that they have to make sense of one another’s
work. This is one of the “social norms” (Wood, 1999) that may induce
meaningful interaction.

In the experimental setting, the role of the teacher was to provide
help when the students requested it. This help was mainly focused on the
mathematical content of the tasks because of the developmental stage of
the learning materials. As shown in Dekker and Elshout-Mohr (2004),
it might be useful to have the teacher encourage the performance of
key activities. In our next experiment, we will compare the effects of
teacher help that is focused only on the mathematical content of the tasks
with the effects of a teacher who only ensures that the key activities are
performed.
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NOTE

1. Beginning level raising was indicated as ‘start level raising’ in Pijls et al. (2003).
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