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Supplemental Material

S1. A MOST GENERAL RATIONAL SOLUTION FOR THE YANG-BAXTER EQUATION:
ALGEBRAIC BETHE ANSATZ AND RICHARDSON-GAUDIN LIMIT

Algebraic Bethe ansatz

In order to be self-contained, we first derive the general form of Bethe equations for the model under study and
show how to derive Richardson-Gaudin integrability starting from a solution to the Yang-Baxter Eq. [549]. Given
such an R-matrix parametrized as
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with b(u,v) = 1/(1 + nF(u,v)) and c¢(u,v) = nF(u,v)/(1 + n(u,v)), the building block of any integrable model is a
Lax operator satisfying

Riz2(u,v)Lj1(u)Lj2(v) = Lja(v)Lj1(u)Riz(u,v), (S2)

from which a monodromy matrix Ty (u) and a transfer matrix 7(u) can be constructed as

nm)zﬁdmulmmnmm)G%gg%D, (1) = Try [To(u)] = A(u) + D(w), (S3)

where the indices ¢ = 1... L denote the physical Hilbert spaces, and a is an auxiliary space which is traced over (this
construction corresponds to periodic boundary conditions). This gives rise to a continuous set of commuting operators

[T(u), 7(v)] =0,  Vu,veC. (S4)

Following the usual techniques of the Algebraic Bethe ansatz, the parametrization of the R-matrix in terms of b(u, v)
and c(u,v) allows results to be directly transferred to the present situation [S49]. The eigenstates of 7(u) are given
by Bethe states
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acting on a vacuum state satisfying C(u) |0) = 0, A(u)|0) = a(u) |0) and D(u) |0) = d(u) |0), leading to eigenvalues
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provided the Bethe equations are satisfied
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Richardson-Gaudin integrability

The limit  — 0 is known as the quasi-classical limit, leading to the class of integrable Richardson-Gaudin models
[S50, ]. This can be seen as a linearization of the usual construction, where a series expansion for the R-matrix in
7 results in

Ria(u,v) = Iis — nR12(u,v) + O(n?), (S8)
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defining the quasi-classical R-matrix as

o1
Riz(u,v) = F(u,v) (12 — Pi2) = —2F(u,v) <51 Sy — 4) . (S9)
A Lax operator can be obtained from the R-matrix as L;,(u) = goRaj(u,¢;) with ¢; € R and g, = e 275/

acting solely on the auxiliary space, satisfying the RLL-relation (S2) by construction. This operator can similarly be
expanded in 7 as

Sz e |
Ljo(u) =1 —2n [I‘j — F(u,€5) (Sa S — 4)} +O(n?). (S10)
Taking the quasi-classical limit, the only nontrivial contributions to the transfer matrix will be at values u = ¢;, where
7(6j) =Tra[Lr,a(€)) - Ljt1,a(€5)9aPajLj-1,a(€;) - L1,a(€))]
=Lj15(e5) - L&) Lrj(€s) - - Liv1i(€5)95 (S11)

due to the cyclic invariance of the trace. Retaining all first-order terms in 7 in the quasi-classical limit then results in

L o1
T(e))=1-2n |57 = Flej en) (sj-sk_4> +On?). (S12)
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It follows that the operators

L
= = 1
QjZSJZ»—ZF(Gj,Gk) (Sj~Sk—4), j=1...L, (S13)
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construe a set of conserved operators [Q;,@;] = 0,Vi,j = 1...L, which are exactly the conserved charges defining a
class of Richardson-Gaudin models.

Taking the n — 0 limit of the Bethe states and Bethe equations, these conserved charges can again be immediately
diagonalized with Bethe states
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where the eigenvalues follow as
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provided the rapidities satisfy the Bethe equations

L N
1
1+2;F(e]~,>\k);F(>\l,/\k)O, k=1...N. (S16)

S2. DERIVING THE RICHARDSON-GAUDIN HAMILTONIAN

Starting from the conserved charges (where a constant has been subtracted)

Qi:< > E Fw{ S+S +S; S+)+SZSZ
J#i
(S17)
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FIG. S1: Real and imaginary parts of the rapidities {A1 ... An} for a system with the parameters of Figure 1 at half-filling
with L =20, N = 10 and varying g = GL. The vertical line marks g. = G.L, while the horizontal red line marks
limg_0 € = —Q(tl + tz).

Wlth Fij = F(EZ‘, Ej) = (CO —‘r—ClQ‘)(CO +61€j)/(6i — Ej) = G’I]Z’I]J/(EZ —Ej) (Wlth \/5771 = (C() +61€i)), taking H = 21 EiQi

results in

L
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i=1 i,j#i
(S18)
The Hamiltonian can now be rewritten by associating a one-dimensional (positive) momentum k with each
level and mapping the su(2)-algebra to a quasispin algebra, introducing the fermion pair operators S; =
%(clck —i—cT_kc,k - 1) = %(nk +n_p—1), S,j = chT_k = bL and S, = c_pcy = by. This leads to a Hamilto-
nian

zk:ﬂc@k = ;Xk: e (ne +n-y) — %anmy (blbk' + bka/> - %Z%%' (g 4+ n—p) (i +np)
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The sum over k/ # k has been extended to include k = k' by adding and subtracting the Casimir operators of the
spin algebras from the Hamiltonian, since these only lead to a global shift in the energy and can be absorbed in the
constant term. By grouping terms together, we can get

> Qi = % D e (e +ny) |1+ %1 > (co+ 0161«)] - % kXI;UWk/ (bLbk’ + bkbL/)

k k K’

G 1
-3 ;; NeNk (nk + n,k) (nk/ + TLfk/) + 1 ; (CO + Clﬁk’) ; (nk + n,k) + C'st. (820)

Since the total number of fermions ), (ny +n_y) is a symmetry of the system, this term also reduces to a constant,
and this total operator can be divided by % [1 + > p(co+ clek)], resulting in the proposed Hamiltonian with
€x = —2t1 cosk — 2ty cos 2k, 2(t; +t2) = cp/c; and G = 2¢;% — 3", M. At the phase transition ¢Z — oo with co/c;
fixed, which is reflected in G;' = — >, .

S3. NUMERICAL SOLUTIONS TO THE RICHARDSON-GAUDIN EQUATIONS

The solutions to the Richardson-Gaudin equations for the ground state of the presented Hamiltonian are given in
Fig. S1. These always arise as either real variables or in complex pairs, and it can be seen that for G = G, all
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solutions collapse to a single point A, = —cp/c1 = —2(t1 + t2) corresponding to the noninteracting mode. Similar
behaviour has been observed in p-wave [S52-554] and extended d-wave superconductors [S45]. For g > g. a single
variable A = —2(t; + t3) = limg_,0 €, unlike for g < g., indicating a change in the topological invariant limg_,q ng
from 1 to 0.

[S1] V.E. Korepin, N. M. Bogoliubov, and A.G. Izergin, Quantum inverse scattering method and correlation functions,
Cambridge University Press, 1993.

[S2] J. von Delft and R. Poghossian, Algebraic Bethe ansatz for a discrete-state BCS pairing model, Phys. Rev. B, 66, 134502
(2002).

[S3] J. Links, H.-Q. Zhou, R. H. McKenzie, M.D. Gould, Algebraic Bethe ansatz method for the exact calculation of energy
spectra and form factors: applications to models of Bose-Einstein condensates and metallic nanograins, J. Phys. A: Math.
Gen., 36, R63 (2003).

[S4] M. Ibafiez, J. Links, G. Sierra, and S.-Y. Zhao, Exactly solvable pairing model for superconductors with p, + ip,-wave
symmetry, Phys. Rev. B 79, 180501 (2009).

[S5] S. M. A. Rombouts, J. Dukelsky, and G. Ortiz, Quantum phase diagram of the integrable p, + ip, fermionic superfluid,
Phys. Rev. B 82, 224510 (2010).

[S6] J. Links, I. Marquette, and A. Moghaddam, Exact solution of the p 4+ ip Hamiltonian revisited: duality relations in the
hole-pair picture, J. Phys. A: Math. Theor. 48, 374001 (2015).

[S7] I. Marquette and J. Links. Integrability of an extended d-wave pairing Hamiltonian, Nucl. Phys. B, 866, 378 (2013).


10.1103/PhysRevB.66.134502
10.1103/PhysRevB.66.134502
10.1103/PhysRevB.79.180501
10.1103/PhysRevB.82.224510
10.1016/j.nuclphysb.2012.09.006

	A most general rational solution for the Yang-Baxter Equation: Algebraic Bethe ansatz and Richardson-Gaudin limit 
	Algebraic Bethe ansatz
	Richardson-Gaudin integrability

	Deriving the Richardson-Gaudin Hamiltonian
	Numerical solutions to the Richardson-Gaudin equations
	References

