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2.2.1 Hénon maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2.2 Quasi-hyperbolicity . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3 Canonical family of parameterizations . . . . . . . . . . . . . . . . . . . 21
2.4 Stably-unbridged parametrizations . . . . . . . . . . . . . . . . . . . . . 26
2.5 Proof of the main theorem . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Random local complex dynamics 37
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.1 Lyapunov exponents . . . . . . . . . . . . . . . . . . . . . . . . 39
3.3 Product of random matrices . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3.1 Neutral measures . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3.2 Semi-attracting measures. . . . . . . . . . . . . . . . . . . . . . 46

3.4 Compositions of random germs . . . . . . . . . . . . . . . . . . . . . . . 48
3.5 Proof of Theorem 3.4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.5.1 Attracting and repelling measures. . . . . . . . . . . . . . . . . . 52
3.5.2 Neutral measures . . . . . . . . . . . . . . . . . . . . . . . . . . 53

vii



Contents

3.6 Discussion of semi-attracting measures . . . . . . . . . . . . . . . . . . . 57
3.A Appendix: Holomorphic germs and their topology . . . . . . . . . . . . . 60

4 Canonical models on strongly convex domains via the squeezing function 67
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2.1 Real geodesics . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.2.2 The ball . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.2.3 Strongly convex domains . . . . . . . . . . . . . . . . . . . . . . 72
4.2.4 Squeezing function . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 Canonical Kobayashi hyperbolic semi-models . . . . . . . . . . . . . . . 75
4.4 Main result on strongly convex domains - Forward . . . . . . . . . . . . 81
4.5 Canonical pre-models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.6 Main result on strongly convex domains - Backward . . . . . . . . . . . . 90
4.7 Uniqueness of backward orbits . . . . . . . . . . . . . . . . . . . . . . . 92
4.8 Existence of backward orbits . . . . . . . . . . . . . . . . . . . . . . . . 95

4.8.1 Preparatory results in the ball . . . . . . . . . . . . . . . . . . . 95
4.8.2 Localization of the Kobayashi distance near the boundary . . . . 98
4.8.3 Proof of Theorem 4.6.3 . . . . . . . . . . . . . . . . . . . . . . . 102

5 Lee-Yang zeros of the antiferromagnetic Ising model 107
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
5.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.2.1 Ising model and dynamics . . . . . . . . . . . . . . . . . . . . . 111
5.2.2 Holomorphic motion and J-stability . . . . . . . . . . . . . . . . 113

5.3 Activity locus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.4 Dynamics of the map f . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.5 Restriction to the unit circle . . . . . . . . . . . . . . . . . . . . . . . . . 121
5.6 Hyperbolic semigroups and expanding orbits . . . . . . . . . . . . . . . 125

5.6.1 Hyperbolicity of the semigroup . . . . . . . . . . . . . . . . . . 127
5.6.2 Existence of expanding sequences . . . . . . . . . . . . . . . . . 133

5.7 Zeros for the semigroup . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
5.7.1 Proof of Theorem 5.7.1 . . . . . . . . . . . . . . . . . . . . . . . 135
5.7.2 Proof of Theorem 5.7.2 . . . . . . . . . . . . . . . . . . . . . . . 139

Summary 143

Samenvatting 145

Acknowledgements 147

viii



CHAPTER1
Introduction

1.1 An introduction to complex dynamics for non-experts.

Whenever meteorologists work on a 1-day weather forecast, they follow the following
procedure. Firstly, they report the current state of the weather, measuring temperature,
pressure, humidity, air currents, and all other relevant variables. Once the data are col-
lected they perform calculations using these data as input. This is done respecting a
specific set of rules, that come from a mathematical model of the weather. These calcu-
lations returns new values to the same set of variables above (temperature, pressure, and
so on), and these new values form the weather forecast for the next day. Let us optimisti-
cally assume that the forecast is always precise. Then in order to find the 2-day weather
forecast, meteorologists can simply perform the same calculations using the output of the
first calculations as the new input. In the same way they can obtain the 3-day forecast,
the 4-day forecast, and so on. The situation I just described can be represented by the
following diagram

Today weather
12 June 2020
Temperature: 33◦C;
Pressure: 1020 mbar;
Humidity: 45%;
...

1-day forecast
13 June 2020
Temperature: 30◦C;
Pressure: 1010 mbar;
Humidity: 55%;
...

2-day forecast
14 June 2020
Temperature: 23◦C;
Pressure: 990 mbar;
Humidity: 60%;
...

1



Chapter 1. Introduction

Some other professions share similar features. Indeed both a broker working on a
stock market prediction, and a biologist who wants to estimate the growth of a lion pop-
ulation in respective years, study the evolution of the state of a system. Starting from the
current state of the system, they are able to obtain the desired predictions, by carefully
applying a set of mathematical rules.

In Mathematics, the concept of dynamical system provides a precise framework for
this type of problems. A dynamical system consists of a set X called the state space and
an evolution function f : X → X from the set to itself. The set X numerically repre-
sents the system, while f corresponds to the set of rules describing the evolution of the
system. Unlike the dynamical systems described above, whose state spaces and evolution
functions come from very complicated models, the dynamical systems I consider in this
dissertation are relatively simple. The long-term behavior of these systems can be rig-
orously described, while it is impossible to give a precise description of the evolution of
the weather past one week. It is also important to remark that X will always be complex
valued, and that f will preserve the complex structure of X , hence the name complex
dynamics.

The theory of dynamical systems is constructed around the concept of an orbit starting
at a given point z0. An orbit is a sequence zn, satisfying the condition zn+1 = f(zn).
The orbit starting at z0 can be represented by the following diagram

z0
f−→ z1

f−→ z2
f−→ . . .

Looking back at the meteorologist example, it is possible to interpret the sequence of all
n-day forecasts as the orbit starting at the current state of the weather.

An elementary class of dynamical systems, but yet of great importance in mathemat-
ics, is given by polynomials in one-variable. In this case the state space is the plane of
complex numbers, and the evolution function is a polynomial, for example p(z) = z2 +1.
The orbits starting at 0 and (1 +

√
3i)/2 are given by

0 −→ 1 −→ 2 −→ 5 −→ 26 −→ 677 −→ 458330 −→ . . .

1 +
√

3i

2
−→ 1 +

√
3i

2
−→ 1 +

√
3i

2
−→ . . .

Notice that the first orbit increases very rapidly, while the second orbit does not change,
and in particular remains in a bounded region of the complex plane. This is not a coinci-
dence but a general fact: in a polynomial system every orbit either escapes to infinity or
remains bounded.

Thanks to this property, it is possible to create computer images describing the dy-
namics of a polynomial system. Figures 1.1 and 1.2 show the dynamics of some systems
of the form p(z) = z2 + c. These images are obtained by coloring black all the points
whose orbit is bounded, and by coloring with different shades of gray the points whose
orbits escapes to infinity. More precisely the shade of gray represent how many iterates
are needed to depart from a suitably chosen large disk. For example when p(z) = z2 + 1,
the point 0 is gray, while the point (1 +

√
3i)/2 is black.

The boundary of the black set described above is called the Julia set of the map p,
while its complement is called the Fatou set. The definition of Julia set in term of escaping
and bounded orbits is extremely useful when studying the dynamics of a polynomial,

2



1.1. An introduction to complex dynamics for non-experts.

Figure 1.1: The dynamical plane of the polynomial p(z) = z2 + 1.

Figure 1.2: The dynamical plane of p(z) = z2 − 1 (left) and p(z) = z2 + i (right)

but cannot be used in different situations (for example dynamics of rational functions or
transcendental maps). A more general definition of the Julia set is the following:

Definition The dynamics is stable at a point z if the orbit of any point sufficiently close
to z remains close to the orbit of z. The dynamics is chaotic at z if it is not stable. The
Julia set is the set of all chaotic points, while the Fatou set is the set of all stable points.

Let us go back for a moment to the first example. Suppose that a meteorologist mea-
sures the state of the weather at day-0, and then find the forecasts at day-1, day-2, ecc...
As I already explained before, these predictions form the orbit zn starting at the current
state z0. Stable dynamics means that small errors in the initial measurements do not influ-
ence the forecasts much. Keep in mind that this refers even to an hypothetical day-1billion
forecast.

3



Chapter 1. Introduction

As a conclusion of this section, I should remark that the definition above is not com-
pletely rigorous (indeed one should prescribe what staying close means). In the following
section I will present the rigorous mathematical definitions of the Fatou and Julia sets.

1.2 Mathematical introduction

During the years of my PhD I investigated problems concerning different areas of complex
dynamics, keeping a focus on the interplay with other fields of mathematics, such as
complex geometry, graph theory and mathematical physics. At first glance it may seem
that every chapter of this thesis treats a topic which is completely unrelated to the others.
A closer look shows instead common themes and methods, re-appearing in the different
chapters.

The first part of this mathematical introduction is dedicated to presenting some basic
tools used in complex dynamics, including the precise definitions of Julia and Fatou set
and their basic properties. In the second part I will give a description of the common
themes and methods appearing in the different chapters of the thesis, and explain how I
applied them in my work.

1.2.1 Normal Families, Julia and Fatou sets
In the previous section I defined the Fatou set as the set of stable points, and the Julia set
as the set of chaotic points. This dichotomy can be expressed mathematically by using
the concept of normality. Despite this concept being purely topological, it is widely used
in complex dynamics. This is made possible by Montel’s Theorems, which guarantee
normality of a family of holomorphic functions under relatively weak conditions. Good
references for this subject are the books [14, 8, 4].

Let X and Y be two locally compact topological spaces, and denote by C0(X,Y ) the
space of continuous functions from X to Y . The compact-open topology is defined as the
smallest topology on C0(X,Y ) containing all subsets of the form

C (K,U) = {f ∈ C0(X,Y ) : f(K) ⊂ U},
where K ⊂ X is compact and U ⊂ Y is open.

Is it not hard to show that when Y is a metric space, then a sequence (fn) ⊂ C0(X,Y )
converges in the compact-open topology if and only if it converges locally uniformly, i.e.
uniformly on compact subsets. In particular this shows that the notion of local uniform
convergence does not depend on the choice of the metric on Y , but only on the topology
of the set. For the sake of simplicity convergence in C0(X,Y ) will always be referred to
as local uniform convergence, even when Y is not metrizable.

Let Ŷ be the one-point compactification of Y , and let [∞] be the constant map carry-
ing X to the point at infinity.

Definition A family F ⊂ C0(X,Y ) is normal if it is relatively compact in C0(X,Y ) ∪
[∞] ⊂ C0(X, Ŷ ). In other words F is normal if every sequence (fn) ∈ F admits a
subsequence fnk satisfying one of the two following conditions:

• either (fnk) diverges on compact subsets, i.e. given compact subsets K ⊂ X and
K ′ ⊂ Y then fnk(K) ∩K ′ = ∅ for every k ≥ k0,

4



1.2. Mathematical introduction

• or (fnk) converges locally uniformly.

Definition The familyF is normal at a point x ∈ X if there exists a neighborhoodU 3 x
so that F|U is normal. The Fatou set of F , denoted as F (F) is the set of points where
the family F is normal, and the Julia set of F , denoted as J(F) is the complement of the
Fatou set.

For a continuous selfmap f : X → X we refer to the Fatou set and Julia set of the
family of iterates F = {fn} as the Fatou and Julia sets of f , denoted respectively by
F (f) and J(f).

In case there is no ambiguity on the family F or the map f , the Fatou and Julia set will
be often denoted as F and J .

Proposition 1.2.1. Let X be a locally compact topological space and f : X → X be a
continuous map. Then the Fatou set of f is open and the Julia set is closed. Both Fatou
and Julia sets are completely invariant with respect to f .

Remark 1.2.2. Normality is a local property. If a family F ⊂ C0(X,Y ) is normal at
every point x ∈ X then the family itself is normal.

Remark 1.2.3. When X and Y are complex manifolds, then the set Hol(X,Y ) is closed
in C0(X,Y ). In this case a family F ⊂ Hol(X,Y ) is normal if it is relatively compact in
Hol(X,Y ) ∪ [∞].

Remark 1.2.4. Let X,Y be locally compact spaces and F ⊂ C0(X,Y ). For every
compactification Y ⊂ Y ′, the family F is a subset of C0(X,Y ′). Whether F is Y ′-
normal, i.e. whether F is relatively compact in C0(X,Y ′), is in general not equivalent
to normality of F . In other words the definition of normality depends on the choice of the
codomain Y .

On the other hand let X be a complex manifold, Y be a Riemann surface, and Ŷ
be the one-point compactification of Y . Then given a family of holomorphic functions
F ⊂ Hol(X,Y ), normality and Ŷ -normality are equivalent definitions. This is false
when the dimension of Y increases by one, as explained in [3].

At a first glance, the definition above and the non-rigorous definition given in the
previous section may seem unrelated. On the other hand if the spaces X and Y satisfy
some additional conditions, namely if X is Hausdorff and Y is a compact metric space,
then the link between the two definitions is provided by the Ascoli-Arzelá Theorem (see
e.g. [12]).

Theorem 1.2.5 (Ascoli-Arzelá Theorem). Let X be a locally compact Hausdorff space
and Y be a compact metric space. Then a family F ⊂ C0(X,Y ) is normal if and only if
F is equicontinuous on every compact subset of X . This means that for every K ⊂ X ,
every x ∈ K and every ε > 0, there exists a neighborhood Ux 3 x so that

d(f(x), f(y)) < ε, ∀f ∈ F , ∀y ∈ Ux ∩K.

Let us consider again the polynomial systems introduced in the previous section. Ev-
ery such system may be seen as a dynamical system on the Riemann sphere, equipped

5



Chapter 1. Introduction

with the spherical distance dĈ. By the Ascoli-Arzelá Theorem a point x belongs to the
Fatou set if and only if for every ε > 0, we can find δ > 0 so that

if dĈ(x, y) < δ then dĈ(pn(x), pn(y)) < ε, ∀n ≥ 0,

and this precisely means that the orbit of a point sufficiently close to x remains arbitrarily
close to the orbit of x.

Important tools to study normal families of holomorphic functions are the so-called
Montel’s theorems

Theorem 1.2.6 (Weak Montel’s Theorem). Let X be a complex manifold and Y ⊂ Cn
be open and bounded. Then Hol(X,Y ) is normal.

Recall that a Riemann surface, i.e. a complex manifold of dimension one, is said to
be hyperbolic if its universal covering is the unit disk. The only non-hyperbolic Riemann
surfaces are Ĉ, C, C∗, and the class of complex tori C/Λ.

Theorem 1.2.7 (Strong Montel’s Theorem). Let X be a complex manifold and Y be an
hyperbolic Riemann surface. Then Hol(X,Y ) is normal.

Finally I would like to recall a fundamental property of the Julia set of a rational map
f . This result was proved independently and with different methods by Julia and Fatou in
the early 1900’s. Recall that a periodic point p of period n is repelling if |(fn)′(p)| > 1.

Theorem 1.2.8 (Density of repelling point). Let f : Ĉ → Ĉ be a rational map. The the
Julia set of f coincides with the closure of the set of repelling periodic points.

1.2.2 Hyperbolic systems
Hyperbolicity is one of the most relevant concepts in the theory of real and complex
dynamical systems. The theory of uniform hyperbolicity was initiated during the ’60s
by S. Smale in the West and D. Anosov, Ya. Sinai and V. Arnold in the Soviet Union,
with the original goal to classify structurally stable systems. The concept of hyperbolicity
can be better understood by first studying the local dynamics near a fixed point of a Cr

diffeomorphism f on a manifold M . For the sake of simplicity the manifold M will
always be finite dimensional.

A fixed point of the diffeomorphism f is hyperbolic if all eigenvalues of dfp have
norm different from 1. Given a hyperbolic fixed point it is always possible to find an
invariant splitting TpM = Es ⊕ Eu, with possibly Es = {0} or Eu = {0}, satisfying

dfp(E
s) = Es, dfp(E

u) = Eu,

so that the vectors in Es contract exponentially fast, while the vectors in Eu expand
exponentially fast. More formally, using the fact that dfp is invertible, this last property
can be expressed as follows: there exist two constants c > 0 and 0 < µ < 1 so that for all
n ≥ 0

‖ dfnp |Es ‖ ≤ cµn and ‖ df−np |Eu ‖ ≤ cµn.
Notice that the existence of c and µ does not depend on the choice of norm on TpM .

The definition of hyperbolic set is inspired by this last property. A good reference for
the theory of hyperbolic systems is the book of Shub [16].

6



1.2. Mathematical introduction

Definition A compact invariant subset Λ = f(Λ) is uniformly hyperbolic, if there exists a
continuous invariant splitting TpM = Esp⊕Eup at each point p ∈ Λ, so that for some (and
hence for any) Riemannian metric on M there exist two constants c > 0 and 0 < µ < 1
so that for all p ∈ Λ and for all n ≥ 0

‖ dfnp |Esp ‖ ≤ cµn and ‖ df−np |Eup ‖ ≤ cµn.

With respect to this definition, it is easy to verify that a hyperbolic fixed point is an uni-
formly hyperbolic set.

Hyperbolicity is an open condition in the following sense:

Theorem 1.2.9. Let Λ be a hyperbolic compact invariant subset for aCr-diffeomorphism
f : M → M . Then there is a neighborhood Uf 3 f in Diffr(M) and a continuous
function Φ : Uf → C0(Λ,M) so that

1. Φ(f) is the inclusion of Λ in M ;

2. Φ(g)(Λ) is a hyperbolic invariant set for every g ∈ Uf .

One of the most important results in the theory of hyperbolic systems is the so-called
stable manifold theorem, which can be formulated as follows:

Theorem 1.2.10. Let Λ ⊂M be an uniformly hyperbolic set for a Cr diffeomorphism f .
Then for every p ∈ Λ the two sets

W s(p) := {q ∈M | lim
n→+∞

dM (fn(q), fn(p)) = 0}

Wu(p) := {q ∈M | lim
n→−∞

dM (fn(q), fn(p)) = 0},

are differentiable manifolds satisfying TpW s/u(p) = E
s/u
p .

Hyperbolic systems play a central role in complex dynamics. In this context a complex
dynamical system is hyperbolic if it is said to be hyperbolic on its Julia set. The main
problem is that, despite the Julia set being invariant and closed, it is not always compact.
Furthermore requiring that f is invertible can be very strict in some situations, in particular
when the automorphism group of a complex manifolds only contains maps with trivial
dynamics.

Rational maps and Ising model

For one-dimensional rational maps, compactness of the Julia set J is not a problem. On
the other hand the only automorphisms of the sphere are Möbius transformations, whose
dynamics is trivial. In this setting the definition of hyperbolicity is therefore slightly
different. A rational map f is hyperbolic if there exist constants c > 0 and µ > 1 so that
for every point p ∈ J and n ≥ 0

|(fn)′(p)|Ĉ ≥ cµn.

Notice again that, up to changing the constants c and µ, the spherical metric can be re-
placed by any conformal metric ρ on the sphere. An equivalent definition is the following:

7



Chapter 1. Introduction

the map f is hyperbolic if it has no parabolic cycles, nor critical points on its Julia set.
In practice, this second definition is easier to verify, and often it is preferred by complex
dynamicists.

Let fλ be a family of rational maps parametrized by a complex manifold Λ. Hyper-
bolicity on the Julia set is an open condition. If fλ0 is hyperbolic on Jλ0 then we can
find a neighborhood U 3 λ0 so that the same is true for every λ ∈ U . Furthermore the
Julia set Jλ of the map fλ moves continuously, with respect to the Hausdorff distance.
A wonderful result in the theory of complex dynamical systems is the so-called λ-lemma
[13], which describes very precisely how every point of Jλ moves for λ ∈ U .

In chapter 5 I establish a connection between the theory of holomorphic motions and
the study of the Ising model. This is a model in statistical physics, which attempts to de-
scribe the magnetic properties of an object as limit of rescaled graphs. The Ising partition
function of a graph G is a polynomial ZG(λ) whose zeros describe the model. As shown
in [15], the zeros of ZG are related to a dynamical system on the tree of self avoiding
walks of the graph. For the class of regular trees of down degree d, this connection can
be expressed as follows. Let Tn be the regular trees of down-degree d and depth n, then

ZTn(λ) = 0 ⇐⇒ fn+1
λ (1) = −1,

where fλ denotes the family of rational maps fλ(z) = λ
(
z+b
bz+1

)d
. Using the the theory

of holomorphic motions, we are able to show that zeros for regular trees are no-where
dense in an open neighborhood of the point λ = 1.

Hyperbolic Hénon maps

Hénon maps are the polynomial automorphisms of C2 with non-trivial dynamical behav-
ior, and can be seen as the natural generalization of 1-dimensional polynomials. A Hénon
map f has two Julia sets J+ := J(f) and J− := J(f−1). These sets are never com-
pact as they always contain holomorphic immersions of the complex plane. In order to
talk about hyperbolicity it is possible to introduce two different notions of (compact) Ju-
lia sets. These notions are motivated by the one-dimensional theory, but it is not clear
whether they are equivalent in general.

As a first viable option it is possible to define the big Julia set as J = J+ ∩ J−.
Compactness of the big Julia set follows by the filtration property of complex Hénon
maps [6]. The small Julia set J∗ is defined instead as the closure of the set of saddle
points, i.e. hyperbolic periodic point with eigenvalues |λ1| < 1 < |λ2|. Equivalently J∗

is the support of the measure of maximal entropy [5]. Is it not hard to show that J∗ ⊂ J ,
and thus that J∗ is also compact.

Recall that the Julia set of a rational map always coincides with the closure of the set
of repelling periodic points, therefore it is natural to ask whether J = J∗ holds for Hénon
maps. It was proven in [6] that if a Hénon map is hyperbolic on its big Julia set J , then
the equality J = J∗ holds. In chapter 2, I address a similar problem under the weaker
assumption that the Hénon map f is hyperbolic on J∗ and that the map f is substantially
dissipative. It was later proved in [9] that the substantial dissipativity assumption can be
dropped, obtaining that

f is hyperbolic on J∗ ⇐⇒ f is hyperbolic on J,

8



1.2. Mathematical introduction

and that in both cases we have J = J∗. In particular this proves that hyperbolicity on the
Julia set is a natural concept in the class of Hénon maps.

1.2.3 Semigroup dynamics
The term semigroup dynamics refers to the study of dynamical properties of a semigroup
of continuous functions S : X → X , and in particular to the study of Fatou and Julia sets
of S. In this context composition is the binary operation giving the semigroup structure.

Suppose that f1, f2, · · · : X → X is a family of continuous functions, and let S be
the semigroup generated by the fi:

S = 〈f1, f2, . . . 〉.

Studying semigroup dynamics of S means studying the family of all functions of the form

fnω = fin ◦ fin−1 ◦ · · · ◦ fi1 .

The function fnω is obtained via an iterative process, which allows one to choose a different
function at every step. Such a process is referred to as non-autonomous, in contrast to
autonomous processes, where there is a single choice on the function.

When dealing with random iteration of functions, the theory of semigroup dynamics
is particularly useful. Random dynamical systems proved to be very effective in a variety
of contexts. As an example, stochastic gradient descent methods are now commonly used
for optimization problems related to machine learning.

Complete invariance of the Fatou and Julia set does not hold for semigroup dynamics.
However some invariance properties are still valid in this setting. Furthermore for every
map f ∈ S it is possible to compare the Fatou and Julia sets of f and of S.

Proposition 1.2.11. Let S ⊂ C0(X,X) be a semigroup. Then for every f ∈ S the
following holds

F (S) ⊂ F (f),

J(f) ⊂ J(S).

Proposition 1.2.12. Let S ⊂ C0(X,X) be a semigroup. Then the Fatou set is forward
invariant

f (F (S)) ⊂ F (S), ∀f ∈ S,
while the Julia set is backward invariant

f−1 (J(S)) ⊂ J(S), ∀f ∈ S.

Random local dynamics

In chapter 3 I will consider the following problem.

Problem: Choose a probability measure on the space of holomorphic functions f : Cn →
Cn fixing the origin. Suppose now that ω = (f1, f2, . . . ) is a sequence of i.i.d. random
function extracted with respect to the given probability, and write

fnω = fn ◦ · · · ◦ f1.

9



Chapter 1. Introduction

What is the probability that the origin lies in the Fatou set of Fω = {fnω}?.

For iteration of a single function f near a fixed point, the dynamical behavior depends
on the values of the eigenvalues of df0. As I will explain in chapter 3, for random iteration
stability depends on the Lyapunov exponents, which are the generalizations of eigenvalues
to the random case. Notice that by ergodicity stability occurs with either probability 0 or
1.

The most interesting case occurs when all Lyapunov exponents vanish. Assuming that
the support of the probability measure is compact, I will prove that a system is a.s. stable
at the origin if and only if the origin belongs to the Fatou set of the semigroup generated
by the support of the measure. By studying the property of this semigroup, it also follows
that stability happens if and only if all functions in the support of the measure can be
simultaneously linearized near the origin.

Ising Model and semigroup

In chapter 5 I study the distribution of zeros of the Ising partition function for antiferro-
magnetic materials. Loosely speaking antiferromagnetic means that neighboring particles
of the magnetic material prefer to have opposite spins. Instead, in ferromagnetic material
neighboring particles prefer to have the same spin.

The chapter aims to show that, on the unit circle, the zero set of regular trees of down-
degree d is “qualitatively smaller” then the zero locus for graphs of bounded degree d+1.
Here the term “qualitatively smaller” refers to the fact that the first set is nowhere dense
nearby a point λ0 ∈ S, while the second set is dense in a small circular arc touching λ0.
This is in contrast with what happens for ferromagnetic materials, where the closures are
equal.

This result is obtained by studying zeros for spherically regular trees. These are rooted
trees so that every vertex at a given level has the same number of children. If we require
that the maximal down-degree is at most d, then the zero locus of this family coincides
with the set

Z = {λ ∈ C | g(1) = −1, for some g ∈ S},

where S denotes the semigroup

S = 〈fλ,1, . . . , fλ,d〉, for fλ,k(z) = λ

(
z + b

bz + 1

)k
.

In the last section of chapter 5, we study the properties of this semigroup near a special
parameter λ0, where we know that the semigroup is hyperbolic in the sense of Sumi [17].
Using the expansion property guaranteed by hyperbolicity we are able to find a sub-arc
contained in the unit disk where the zeros in Z are dense. Since zeros for regular trees are
no-where dense near λ0, we obtain the desired result.

1.3 Outline of contents

The thesis is based on the following works:
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1. L. Guerini, H. Peters. Julia sets of complex Hénon maps. International Journal of
Mathematics, pp. 1850047(22), 2018.

2. L. Guerini, H. Peters. Random local complex dynamics. Ergodic Theory and Dy-
namical Systems, pp. 1-27, 2018.

3. L. Arosio, L. Guerini. Backward orbits in the unit ball. Proceedings of the Ameri-
can Mathematical Society, pp. 2837-2854, 2019.

4. A. Altavilla, L. Arosio, L. Guerini. Canonical models on strongly convex domains
via the squeezing function. arXiv e-prints, 2020.

5. F. Bencs, P. Buys, L. Guerini, H. Peters. Lee-Yang Zeros of the antiferromagnetic
Ising Model. arXiv e-prints, 2019.

In the papers 1–5 all the authors contributed equally. Every chapter in this thesis is
self-contained can be read independently from the others. It is organized in the following
way

Chapter 2: Julia sets of complex Hénon maps.

In this chapter I study properties of Hénon maps which are hyperbolic or quasi-hyperbolic
on the small Julia set J∗, under the additional assumption that the map is strongly dissi-
pative. More precisely I prove the equality J = J∗ for this class of map. The main point
of the proof consists in showing that every map in this class is stably unbridged, mean-
ing that if the Green’s function G− is bounded on a connected component of a stable
manifold W s(p), then this component is bounded in the intrinsic topology of the stable
manifold. Proving that hyperbolic maps are stably unbridged is relatively simple, but in
the quasi-hyperbolic case some additional work is required. This chapter is based on [10].

Chapter 3: Random local complex dynamics.

In this chapter I study random dynamical properties of a system of germs having a com-
mon fixed point. Depending on the values of the Lyapunov indices, which are the random
analogous of eigenvalues, a random system is either attracting, repelling, neutral or semi-
neutral. For each case I study almost certain sure stability of the system near the fixed
point, obtaining a complete classification in the first three cases, and a weak version of
the stable manifold theorem in the last case. In the one-dimensional case this gives a
complete classification of stability. The most interesting case occurs when the system is
neutral, i.e. when all Lyapunov exponents vanishes. In this case a.s. stability is equivalent
to stability of the semigroup generated by the measure, which is equivalent to simulta-
neous linearization of all germs in the support of the measure. This chapter is based on
[11].

Chapter 4: Canonical models on strongly convex domains via the squeezing function.

In this chapter I study the dynamics of a holomorphic self-map f on a strongly convex
domain near a boundary attracting/repelling fixed point. It should be remarked that the
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Chapter 1. Introduction

definition of boundary fixed point used in the chapter does not require continuous exten-
sion of the function f at the point. Indeed when the function extends continuously the
dynamics near the point can be easily understood. I prove that it is always possible to find
a complex submanifold M biholomorphic to a unit ball Bk for some k ≤ q, touching the
boundary point, and so that the dynamics on M is semi-conjugate/pre-conjugate to the
dynamics of an automorphism of Bk.

A central step in the proof consists in finding an orbit converging to p in forward/
backward time. The fact that the squeezing function converges to 1 on the orbit is crucial
in order to obtain that the submanifold M is biholomorphic to the unit ball. When the
boundary fixed point is attracting such an orbit exists thanks to the Denjoy-Wolff The-
orem. In the repelling case the problem is considerably more complicated. I solve the
problem by using an iterative process based on horospheres “centered” at the point p.
This chapter is based on [2], where we consider the case in which Ω = Bq , and [1], where
we consider the more general case.

Chapter 5: Lee-Yang Zeros of the antiferromagnetic Ising Model.

In this chapter I study the distribution of the zeros of the Ising model lying on the unit
circle under the assumption that the magnetic material is antiferromagnetic, meaning that
neighboring sites of the material prefer to have opposite spin. As a main result I show
that zeros of regular trees of degree d are not maximal on the circle, in the sense that their
closure does not coincide with the closure of zeros for all graphs of bounded degree d.
This is in contrast with the ferromagnetic case, where instead the two closures coincide.
The result is obtained by using methods from hyperbolic dynamics to show that zeros for
regular trees are nowhere dense near a special parameter λ0, while zeros for another class
of trees are dense near the same parameter. This chapter is based on [7].
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CHAPTER2
Julia sets of complex Hénon maps

Abstract

There are two natural definitions of the Julia set for complex Hénon maps: the sets J and
J?. Whether these two sets are always equal is one of the main open questions in the field.
We prove equality when the map acts hyperbolically on the a priori smaller set J?, under
the additional hypothesis of substantial dissipativity. This result was claimed, without
using the additional assumption, in the paper [8], but the proof is incomplete. Our proof
closely follows ideas from [8], deviating at two points where substantial dissipativity is
used.

We show that the equality between the two Julia sets also holds when hyperbolicity
is replaced by one of two weaker conditions. The first is quasi-hyperbolicity, introduced
in [3], a natural generalization of the one dimensional notion of semi-hyperbolicity. The
second is the existence of a dominated splitting on J?. Substantially dissipative Hénon
maps admitting a dominated splitting on the possibly larger set J were recently studied in
in [11].

This chapter was originally published as: L. Guerini, H. Peters. Julia sets of complex Hénon maps. Inter-
national Journal of Mathematics, Volume 29, Number 7, pp 1850047–1850069, 2018.
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Chapter 2. Julia sets of complex Hénon maps

2.1 Introduction

The Julia set plays a central role in the study of one-dimensional holomorphic dynami-
cal systems. There are several natural analogies for the one-dimensional Julia set when
one studies the iteration of complex Hénon maps. When only considering the forward
dynamics, the natural definition is the set J+, the boundary of K+, the set of points with
bounded orbits. Note that J+ is also the set where the sequence of forward iterates locally
does not form a normal family, and the set where the pluri-complex Green’s function G+

is not pluri-harmonic. The fact that these three definitions all lead to the same set is in
complete analogy with the one-dimensional setting. Moreover, J+ is equal to the support
of µ+ := ddcG+, which in contrast with the one-dimension setting is not a measure but
a (1, 1)-current.

Considering the same objects for the backwards iterations of the invertible Hénon
maps leads to definitions of J−, G− and µ−.

As was shown in [1], the wedge product µ = µ+ ∧ µ− can be defined and gives
the unique measure of maximal entropy log(d). The support of this measure is denoted
by J?. The set J? is the closure of the set of periodic saddle points, see [5]. There are
therefore good reasons to consider the set J? as the Julia set of the invertible dynamical
system.

There is however another natural definition of the Julia set, namely the set J = J+ ∩
J−. Since J+ and J− are the respective supports of the currents µ+ and µ−, it follows
immediately that J? ⊂ J . However, it is not known whether the opposite inclusion
J ⊂ J? also holds. The possible equality of the two sets J and J? is one of the most
important open questions regarding the dynamics of complex Hénon maps.

It is often more natural to make assumptions regarding the dynamics on the smaller
Julia set J?, but on the other hand it is usually more convenient to have these assumptions
on the larger set J . In [1] a complete description of uniformly hyperbolic Hénon maps
was given, and in particular it was shown that for those maps J equals J?. In [1] a Hénon
map is defined to be uniformly hyperbolic if it acts hyperbolically on the invariant set J .
However, considering that J? is the closure of the set of saddle points, the assumption
that f acts uniformly hyperbolically on J? may be more natural, and can be tested using
only the derivatives at those saddle points. A natural question therefore is whether the
assumption that a Hénon map acts uniformly hyperbolically on J? is sufficient to conclude
that J = J?, and in particular that the map also acts hyperbolically on J .

The paper [8] claimed to have proved this statement, but unfortunately the proof is
incomplete. We do not know how to complete the proof in general, but we will show here
that the proof can be corrected under an additional assumption on the Jacobian determi-
nant, namely:

|Jac(f)| < 1

deg(f)2
.

We will refer to this condition as substantial dissipativity. This condition was recently
applied in [7], [11] and [12], in each paper in order to deduce that stable manifolds are
“unbridged”, a notion originally introduced by Teisuke Jin. We will discuss substantial
dissipativity and unbridged stable manifolds in more detail in section 2.4.

Our main result is the following.
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Theorem 2.1.1. Let f be a substantial dissipative Hénon map, and assume that f is
uniformly hyperbolic on J?. Then J = J?.

It turns out that the hyperbolicity assumption can be significantly weakened. Instead
of requiring that the map is uniformly hyperbolic on J?, the proof merely requires that f
is quasi-contracting, see [3]. As a consequence we obtain the following two results.

Corollary 2.1.2. Let f be a substantial dissipative Hénon map, and assume that f is
either quasi-hyperbolic, or admits a dominated splitting on J?. Then J = J?.

We note that in the dominated splitting setting the conclusion J = J? was also ob-
tained in [12], using completely different methods, under the stronger assumption that f
admits a dominated splitting on J . In [6] the equality J = J? was obtained under the
assumption that the current µ− has no degree growth on a large bidisk. There are clear
analogies between our approach and the proof given in [6], see Remark 2.5.6 for more
details.

The notion of quasi-expansion was introduced in [3], and is strictly weaker than the
assumption that f is uniformly hyperbolic on J?. We will review the definition and prop-
erties of quasi-expanding Hénon maps in sections 2.2 and 2.3.

The proof of our main result will be completed in section 2.5. We closely follow
the approach from [8]. The fact that stable manifolds are unbridged plays an important
role in the description of J+ given in Lemma 2.5.5. As a consequence if q ∈ J \ J?,
then q ∈ W s(p) for some point p ∈ J?. It follows then that q is contained in a subset
U ⊂ W s(q0), open in the intrinsic topology, where G− ≡ 0. We can conclude that there
also exists a point q1 ∈ J? in the closure U ⊂ W s(q0). By iterating backwards and
passing to a normal limit of the stable manifolds W s(f−n(q1)) we obtain a contradiction
with the fact that stable manifolds are unbridged.

We first discuss background on quasi-hyperbolicity in section 2.2. In section 2.3 we
continue the study of these maps, introducing a maximal normal family of parametriza-
tions of stable manifolds. In section 2.4 we show that the substantial dissipativity assump-
tion implies that these stable manifolds are all unbridged.

2.2 Background

2.2.1 Hénon maps
We will refer to a Hénon map f as a finite composition of maps of the form

(x, y)→ (pi(x)− δiy, x),

where each pi is a polynomial of degree at least 2, and each δi ∈ C \ {0}. The algebraic
degree of f , denoted by d, is the product of the degrees of the polynomials pi.

Complex Hénon maps were first studied in [10]. It was shown in [9] that every poly-
nomial automorphism of C2 with non-trivial dynamics is conjugate to a composition of
maps as above. For more background on the dynamics of Hénon maps we refer the reader
to [1] and later papers in the series. We recall the notation

K+ = {z ∈ C2 : {fn(z)}n∈N is bounded },
J+ = ∂K+,
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and K− and J− similarly.
A rough but useful description of the global dynamics is provided by the filtration.

For R > 0 define the sets

V + = {(x, y) | |x| ≥ max(|y|, R)}
V − = {(x, y) | |y| ≥ max(|x|, R)}, and

∆2
R = {(x, y) | max(|x|, |y|) < R}.

For R sufficiently large it follows that f(V +) ⊂ V + and all forward orbits in V + con-
verge to the point at infinity [1 : 0 : 0], while f−1(V −) ⊂ V − and all backward orbits in
V − converge to [0 : 1 : 0]. An immediate consequence of the filtration structure is that
the set K = K+ ∩K− is bounded.

The notion of quasi-hyperbolicity was introduced in [3] as a natural generalization of
semi-hyperbolicity to the two-dimensional setting. Several equivalent definitions of quasi-
hyperbolicity were given. The definition we will adopt uses the pluri-complex Green’s
functions G+ and G−. We recall their definitions and some of their properties.

Definition Let f : C2 → C2 be a Hénon map. We define the pluri-complex Green’s
functions G+/− as

G+/−(z) := lim
n→∞

log+ ‖f+n/−n(z)‖
dn

,

where log+(t) = max{log(t), 0} for t ≥ 0.

The functional equations

G+(f(z)) = dG+(z), G−(f−1(z)) = dG−(z)

follow directly from the definitions.

Theorem 2.2.1. The function G+ is characterized by the properties

• G+ is continuous on C2, G+ ≡ 0 on K+ and G+ > 0 on C2 \K+;

• G+ is pluri-subharmonic on C2. In addition to this, G+ is pluri-harmonic on
C2 \K+;

• G+(z) ≤ log ‖z‖+O(1) and lim supz→∞G+(z)/ log ‖z‖ = 1.

Analogous properties hold for G−.

We define the (1, 1)-currents µ+ and µ− by

µ+ := ddcG+, µ− := ddcG−. (2.1)

One has supp(µ+) = J+ and supp(µ−) = J−. The wedge product µ := µ+ ∧ µ−
defines an f -invariant probability measure, called the equilibrium measure. We let

J? := supp(µ).

It is clear that J? ⊂ J , but it is not known whether the two sets are equal for all Hénon
maps. Corollary 9.3 of [5] describes the set J? in terms of the saddle points of f , i.e. the
hyperbolic periodic points of f .

Theorem 2.2.2. J? is the closure of the set of saddle points.
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2.2.2 Quasi-hyperbolicity
Quasi-expansion is defined in terms of the existence of a normal family of parameteriza-
tions contained in J−. Let S ⊂ J? be a dense, f -invariant set and suppose that for every
p ∈ S there exists a injective immersion ξp : C→ C2 such that

p ∈ ξp(C), ξp(C) ⊂ J−. (2.2)

In addition suppose that
f(ξp(C)) = ξf(p)(C), (2.3)

and that, for every p1 and p2 in S, ξp1(C) and ξp2(C) are either disjoint or they coincide,
i.e.

ξp1(C) ∩ ξp2(C) 6= ∅ ⇒ ξp1(C) = ξp2(C). (2.4)

For every p ∈ S, we write Ψp for the set of all the maps of the form ψp(ζ) = ξp(aζ + b),
satisfying the normalization properties

ψp(0) = p, max
|ζ|≤1

G+ ◦ ψp(ζ) = 1. (2.5)

Two distinct elements of Ψp are equal up to a rotation. We further let ΨS =
⋃
p∈S Ψp.

Definition A Hénon map f is quasi-expanding if there exists S ⊂ J? and ΨS as above,
such that ΨS is normal. A map f is quasi-contracting if f−1 is quasi-expanding, and
quasi-hyperbolic if it is both quasi-expanding and quasi-contracting.

We recall two natural choices of a f -invariant set S, dense in J?, such that at every
point p ∈ S there exists an injective map satisfying (2.2), (2.3) and (2.4).

Saddle Points We write S1 for the set of the saddle points. S1 ⊂ J? is a dense and
f -invariant set. For every p ∈ S1, by the (Un)Stable Manifold Theorem it follows that the
unstable set

Wu(p) = {z ∈ C2| ‖f−n(z)− f−n(p)‖ → 0}
is conformally equivalent to C. Therefore there exists an injective parametrization ξp :
C → Wu(p) and by Theorem 1 of [2] Wu(p) ⊂ J−. By the definition of unstable set,
the collection of all those injective parameterizations satisfies (2.2), (2.3) and (2.4). This
set of parameterizations induce the family ΨS1 as described above.

Recentered Unstable Manifold Given a single saddle fixed point p, we define

S2(p) = Wu(p) ∩W s(p).

By Theorem 9.6 of [5] S2(p) is dense in J?. It is clear that this set is also f -invariant.
We consider an injective parameterization ξp : C→Wu(p). Given q ∈ S2(p), we let

Ψq be the set of the maps of the form ψq(ζ) = ξp(aqζ + bq) which satisfy (2.5). Taking
the union of all those local family we find the family ΨS2(p) as described above.

In [3] it was proved that the condition of being quasi-expanding is independent from
the choice of the set S. In particular it follows that:
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Proposition 2.2.3. Let f be quasi-expanding. Then the families ΨS1 and ΨS2(p) are
normal families.

Consider a family ΨS satisfying the assumptions (2.2) through (2.5), and for r > 0
define

M(r) := sup
ψ∈ΨS

max
|ζ|≤r

G+ ◦ ψ(ζ). (2.6)

The function M(r) is a convex, increasing function of log(r). By the normalization
conditions (2.5) one has M(0) = 0, M(1) = 1 and M(r) > 1 when r > 1. For every
ψp ∈ Ψp and ψf(p) ∈ Ψf(p), there exists a constant λp such that

f ◦ ψp(ζ) = ψf(p)(λp · ζ) (2.7)

Notice that |λp| does not depend from the choice of ψp ∈ Ψp and ψf(p) ∈ Ψf(p).
By Theorem 1.2 of [3] we obtain the following list of equivalent definitions of quasi-

expansion.

Theorem 2.2.4. The following are equivalent:

(i) ΨS is a normal family.

(ii) M(r) <∞ for all r <∞.

(iii) M(r0) <∞ for some r0 > 1.

(iv) there exists a constant κ > 1 such that |λp| ≥ κ for all p ∈ S.

Remark 2.2.5 (Notation remark). Given a quasi-expanding map f . We denote as Ψ̂S the
set of all normal limits of the family, and for p ∈ J? we define

Ψ̂p := {ψ̂ ∈ Ψ̂S | ψ̂(0) = p}.

From now on the hat-notation will be used in order to distinguish between the injective
parameterizations in ΨS and the normal limits in Ψ̂S .

The two following propositions follow from Proposition 1.1, Proposition 1.3 and
Proposition 3.1 of [4].

Proposition 2.2.6. Let f be quasi-expanding. Then given p ∈ J?, every ψ̂p ∈ Ψ̂p satisfies
(2.5). Furthermore the set Ψ̂S is compact, and if we take ψ̂1, ψ̂2 ∈ Ψ̂S we have that

ψ̂1(C) ∩ ψ̂2(C) 6= ∅ ⇒ ψ̂1(C) = ψ̂2(C).

Given p ∈ J? and ψ̂p ∈ Ψ̂p we let Wu(p) = ψ̂p(C). Since ψ̂p is the limit of a
sequence of maps whose image is contained in J− and since J− is closed, it follows that
Wu(p) ⊂ J−. We note that Wu(p) is contained in but in general may not be equal to the
unstable set of p.

Proposition 2.2.7. Let f be quasi-expanding. Then for every p ∈ J?, the setWu(p) does
not depend on the choice of ψ̂p ∈ Ψ̂p. Moreover we have that
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(i) Wu(p) is a nonsingular manifold and there exists an injective parametrization ξp :
C→Wu(p) ⊂ J−.

(ii) Wu(p) ⊂Wu(p).

(iii) f(Wu(p)) = Wu(f(p)).

We can conclude that the family of parameterizations ξp → Wu(p) for p ∈ J? satis-
fies the properties (2.2), (2.3) and (2.4).

Corollary 2.2.8. Let f be quasi-expanding. Then there exist K ≥ κ > 1 such that for
every p ∈ S we have κ ≤ |λp| ≤ K.

Proof. Suppose on the contrary that there exists pn ∈ S, such that |λpn | → ∞. We take
two sequences of functions ψpn ∈ Ψpn and ψf(pn) ∈ Ψf(pn), such that for every n the
functional equation (2.7) is satisfied.

By taking a subsequence of pn if necessary, by quasi-expansion and the compactness
of J? we may assume that pn → q ∈ J?, that ψpn → ψ̂q ∈ Ψ̂q and that ψf(pn) →
ψ̂f(q) ∈ Ψ̂f(q).

By (2.7) we obtain that

max
|ζ|≤λpn

G+ ◦ ψf(pn)(ζ) = max
|ζ|≤1

G+ ◦ ψf(pn)(λpnζ)

= max
|ζ|≤1

G+ ◦ f ◦ ψpn(ζ)

= dmax
|ζ|≤1

G+ ◦ ψpn(ζ)

= d.

Given R > 0 we can find a natural number n0 such that |λpn | ≥ R when n ≥ n0. It
follows that max|ζ|≤RG+ ◦ ψf(pn)(ζ) ≤ d for every n ≥ n0. It is clear that G+ ◦
ψf(pn) → G+ ◦ ψ̂f(q) locally uniformly on C, therefore for every R > 0

max
|ζ|≤R

G+ ◦ ψ̂f(q)(ζ) ≤ d.

In particular the subharmonic function g(ζ) := G+ ◦ ψ̂f(q)(ζ) is bounded on C. By the
subharmonic version of Liouville’s Theorem, g is constant, and g(ζ) = g(0) = 0 for all
ζ ∈ C. But this gives a contradiction, since by Proposition 2.2.6 we have max|ζ|≤1 g(ζ) =
1.

2.3 Canonical family of parameterizations

Throughout this section we assume that the Hénon map f is quasi-expanding. Our goal in
this section is to introduce a canonical family of parameterizations of unstable manifolds
through all points in J?. This family will be independent of the set S ⊂ J? and the family
ΨS .
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Chapter 2. Julia sets of complex Hénon maps

Given a normal limit ψ̂ ∈ Ψ̂S we let ord(ψ̂) := min{k ≥ 1| ψ̂(k)(0) 6= 0}. Moreover,
for every p ∈ J?, we let

τ(p) = sup
ψp∈Ψ̂p

ord(ψp). (2.8)

Lemma 2.3.1. Let f be quasi-expanding. Then there exists an m <∞ such that τ(p) ≤
m for all p ∈ J?.

Proof. By Proposition 2.2.6, every ψ̂ ∈ Ψ̂S satisfies (2.5). Thus ψ̂ is not a constant
function, and ord(ψ̂) <∞.

Suppose that there exist a sequence ψ̂n ∈ Ψ̂S such that ord(ψ̂n) → ∞. By taking
a subsequence if necessary we may assume that ψ̂n → ψ̂∞ ∈ Ψ̂S . By uniform conver-
gence ψ̂(k)

n (0) → ψ̂
(k)
∞ (0), it follows that ψ̂(k)

∞ (0) = 0 for every k ∈ N, which gives a
contradiction.

We let κ > 1 as in Theorem 2.2.4 and define γ = 1/κ.

Lemma 2.3.2. Let f be quasi-expanding. Given ψ̂p ∈ Ψ̂p, there exist a ψ̂f−1(p) ∈
Ψ̂f−1(p) and a constant λp,−1 with |λp,−1| ≤ γ, such that

f−1 ◦ ψ̂p(ζ) = ψ̂f−1(p)(λp,−1 · ζ).

Proof. Given ψ̂p ∈ Ψ̂p, take a sequence ψpn ∈ Ψpn such that pn → p and ψpn → ψ̂p,
and a sequence ψf−1(pn) ∈ Ψf−1(pn) converging to ψ̂f−1(p) ∈ Ψ̂f−1(p).

By Theorem 2.2.4 there exists a sequence of constants λpn,−1 satisfying |λpn,−1| ≤ γ
for which

f−1 ◦ ψpn(ζ) = ψf−1(pn)(λpn,−1 · ζ).

By taking a subsequence if necessary, we may suppose that the sequence λpn,−1 con-
verges to a number λp,−1. It is clear that |λp,−1| ≤ γ and by the uniform convergence on
compact subsets of ψpn and ψf−1(pn) we obtain

f−1 ◦ ψ̂p(ζ) = ψ̂f−1(p)(λp,−1 · ζ).

Lemma 2.3.3. Let f be quasi-expanding andm as in Lemma 2.3.1. Then deg(ψ̂) ≤ m+1

for all ψ̂ ∈ Ψ̂S .

Proof. Suppose there exists ψ̂p ∈ Ψ̂p for which deg(ψ̂p) > m + 1. Let z ∈ Wu(p)
be a regular value of ψp so that there exist m + 2 distinct elements {ζ1, . . . , ζm+2} ⊂
ψ−1({z}).

By Lemma 2.3.2, there exists a sequence of maps ψ̂n ∈ Ψ̂f−n(p) and a sequence of
constants λp,−n, with |λp,−n| ≤ γ−n, for which

f−n ◦ ψ̂p(ζ) = ψ̂n(λp,−n · ζ).

We take a subsequence nk such that ψ̂nk → ψ̂q ∈ Ψ̂q locally uniformly on C. By
Proposition 2.2.7, Wu(p) ⊂Wu(p), therefore qk := ψ̂nk (λp,−nk · ζi)→ q as k →∞.
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2.3. Canonical family of parameterizations

Given ε > 0, there exists k0 such that for every k ≥ k0 and every i = 1, . . . ,m + 2
we have that λp,−nk · ζi ∈ ∆ε.

Writing π1 and π2 for the respective projections to the z- and w-axis, we obtain

lim
k→∞

1

2πi

∫
∂∆ε

(πi ◦ ψ̂nk)′(ζ)

πi ◦ ψ̂nk(ζ)− πi(qk)
dζ ≥ m+ 2.

By the identity principle we can choose ε > 0 such that 0 is the only solution of ψ̂q(ζ) = q

inside ∆ε. In particular we may assume that |πi ◦ ψ̂q(ζ)−πi(q)| > δ on ∂∆ε for i = 1, 2.
Using uniform convergence, we bring the limit inside the integral to obtain

1

2πi

∫
∂∆ε

(πi ◦ ψ̂q)′(ζ)

πi ◦ ψ̂q(ζ)− πi(q)
dζ ≥ m+ 2.

It follows that 0 is a solution of ψ̂q(ζ) = q with multiplicity at least m+ 2. This implies
that ord(ψ̂q) > m, which is not possible by Lemma 2.3.2.

Corollary 2.3.4. Let f be quasi-expanding. Let ψ̂p ∈ Ψ̂p, and ξp : C → Wu(p) be an
injective parameterization of Wu(p). Then there exists a polynomial hp of degree at most
m+ 1 such that

ψ̂p(ζ) = ξp ◦ hp(ζ).

Proof. The entire function hp = ξ−1
p ◦ ψp has degree at most m+ 1, and must therefore

be a polynomial.

Given p ∈ J? we consider the family of all parameterizations φp(ζ) = ξp(aζ + b)
satisfying

φp(0) = p and max
|ζ|≤1

G+ ◦ φp(ζ) = 1

as in (2.5). We denote the family of such parametrizations by Φp, and write ΦS =⋃
p∈J? Φp. It should be noticed that the unstable manifold Wu(p) and the family Φp

could a priori depend on the choice of the family S. It turns out that this is not the case,
which implies the following theorem.

Theorem 2.3.5. Let f be quasi-expanding. Then the family ΦS is normal and does not
depend on the set S and the family ΨS .

Theorem 2.3.5 follows from the Proper, Bounded Area Condition, see Theorem 3.4 of
[3] and Proposition 1.3 of [4]. We will give a different proof, using Lemma 2.3.6 below,
which will later be used again.

Recall from above that given a point p ∈ J? and a pair of functions ψ̂p ∈ Ψ̂p and
φp ∈ Φp, there exists a polynomial hp of degree at most m+ 1 for which ψ̂p = φp ◦ hp.
LetHp ⊂ Pol(m+ 1) be the collection of these polynomials hp, and define

H =
⋃
p∈J?

Hp ⊂ Pol(m+ 1).

Since ψ̂p(0) = p, φp(0) = p and since φp is injective it follows that hp(0) = 0 for every
hp ∈ H.
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Chapter 2. Julia sets of complex Hénon maps

Lemma 2.3.6. Let f be quasi-expanding. Then there exists a constant M > 0 such that,
given h ∈ H, the absolute value of every coefficient of h is bounded by M . Moreover the
familyH is normal and every normal limit is a non-constant polynomial of degree at most
m+ 1.

Proof. Suppose that there exists a sequence hn ∈ H, with

hn(ζ) = am+1(n)ζm+1 + · · ·+ a1(n)ζ,

and for which

max{|a1(n)|, . . . , |am+1(n)|} → ∞. (2.9)

For every n there exists pn ∈ J?, ψ̂n ∈ Ψ̂pn and φn ∈ Φpn such that ψ̂n = φn ◦ hn.
By Proposition 2.2.6 we know that

max
|ζ|≤1

G+ ◦ ψ̂n = 1,

thus, by the subharmonicity of G+ ◦ ψ̂n, there exist ζn with |ζn| = 1 for which G+ ◦
ψ̂n(ζn) = 1.

Note that ψ̃n(ζ) = ψ̂n(eiθζ) is also an element of Ψ̂pn . Moreover we have that
ψ̃n = φn ◦ h̃n, where

h̃n(ζ) = am+1(n)ei(m+1)θζm+1 + · · ·+ a1(n)eiθζ.

The coefficients ãi(n) satisfy (2.9). By replacing hn with h̃n if necessary, we may sup-
pose that each ζn equals 1.

Let 0 < ε < 1. Point (3) of Theorem 1.2 of [3], implies the existence of a κ < 1 such
that max|ζ|≤εG+ ◦ ψ̂n ≤ κ < 1 for all n ∈ N.

We claim there exists a δ > 0 such that hn(∆ε) ∩ ∆(1, δ) = ∅ for every n ∈ N.
Suppose that this is not the case. Then by taking a subsequence if necessary, we may
assume that there exists ωn ∈ hn(∆ε) such that ωn → 1. By normality of {ψ̂n} we
can take a subsequence if necessary so that ψ̂n → ψ̂∞ locally uniformly on C. As
a consequence, gn = G+ ◦ ψ̂n converges locally uniformly to g∞. But by uniform
convergence, given ωn → 1, we cannot have at the same time gn(ωn) ≤ κ < 1 and
gn(1) = 1, which completes the proof of our claim.

By the strong version of Montel theorem the family {hn|∆ε} is normal, contradicting
(2.9), hence the coefficients of the polynomials in H are uniformly bounded. Normality
ofH follows immediately.

Suppose for the purpose of a contradiction that there exist a sequence hn ∈ H for
which the maps hn converge to a constant c. Since hn(0) = 0 it follows that c = 0.
If we write hn(ζ) = am+1(n)ζm+1 + · · · + a1(n)ζ we have that ai(n) → 0 for every
i = 1, . . . ,m + 1 , therefore for every ε > 0 there exists n0 such that when n ≥ n0 we
have that |ai(n)| ≤ ε for every i. Choose ε small enough in order to have mε < 1 and
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2.3. Canonical family of parameterizations

n ≥ n0. If ψ̂n = φn ◦ hn, then

max
|ζ|≤1

G+ ◦ ψ̂n(ζ) = max
|ζ|≤1

G+ ◦ φn ◦ hn(ζ)

= max
ζ∈hn(∆)

G+ ◦ φn(ζ)

≤ max
|ζ|≤mε

G+ ◦ φn(ζ)

< 1,

where the last inequality follows from subharmonicity of G+ ◦ ψ̂n. This gives a contra-
diction with equation (2.5), completing the proof.

Proof of Theorem 2.3.5. Suppose on the contrary that ΦS is not a normal family. By point
(iii) of Theorem 2.2.4 we can choose φn ∈ ΦS and ζn ∈ ∆2 such that

G+ ◦ φn(ζn)→∞.

For every n take ψ̂n ∈ Ψ̂φn(0) and let hn ∈ H such that ψ̂n = φn ◦ hn.
By taking a subsequence if necessary, by the previous lemma we may assume that hn

converge to the non constant polynomial h∞ locally uniformly on C. Furthermore we
assume that ζn → ζ∞ ∈ ∆2.

Let ω∞ be a solution of h∞(ζ) = ζ∞. It follows that hn(ω∞) − ζ∞ → 0. Since
ζn → ζ∞, uniform convergence of the polynomials hn in a neighborhood of ω∞ implies
the existence of a sequence ωn → ω∞ with hn(ωn) = ζn.

Therefore ωn ∈ ∆r∞+1 for n large enough, hence Theorem 2.2.4 implies that G+ ◦
ψ̂n(ωn) < M(r∞ + 1), where M(r) is defined as in (2.6) for the family ΨS . Since
G+ ◦ ψ̂n(ωn) = G+ ◦ φn(ζn) we have obtained a contradiction.

Let ΨS be a normal family of parametrizations as in the definition of quasi-expansion.
Let ΨS1 be the family of parameterizations relative to the saddle point described in the
previous section. By Proposition 2.2.3, this family is normal.

Given any point p ∈ J? we consider Wu
S (p) and Wu

S1(p) defined respectively for
the families ΨS and ΨS1 . Is it clear from the definition of ΦS that if we can prove the
equality Wu

S (p) = Wu
S1(p) for every p ∈ J?, this would imply that ΦS = ΦS1 , which

finally would complete the proof of the theorem.
Let q ∈ S1 be a saddle point. By Proposition 2.2.7 we know that Wu

S (q) ⊂Wu(q) =
WS1(q), where the last equality follows from the stable manifold theorem. Since Wu

S (p)
and Wu

S1(q) are both biholomorphic to C, it follows that Wu
S (q) = Wu

S1(q). Any ψ ∈
Ψq,S1 is parameterization of Wu

S (q) satisfying (2.5). It follows that ψ ∈ ΦS .
As a consequence we obtain the two inclusions ΨS ⊂ ΦS and ΨS1 ⊂ ΦS . Since ΦS

is a normal family, if we take S2 = J? and ΨS2 = ΦS , the condition in the definition of
quasi-expansion is satisfied. For every p ∈ J? we have a third stable manifold Wu

S2(p).
Since Ψ̂p,S ⊂ Φ̂p,S = Ψ̂p,S2 , by Proposition 2.2.7 it follows that Wu

S (p) = Wu
S2(p). In

the same way we get that Wu
S1(p) = Wu

S2(p) which proves the theorem.

Since the family ΦS is normal and contains parameterizations through every point in
J?, the pair (J?,ΦS) can be used in the definition of quasi-expansion. In fact, ΦS is

25



Chapter 2. Julia sets of complex Hénon maps

the maximal family of parameterizations satisfying the required properties. Since ΦS is
independent of S we will from now on denote it by Ψ or ΨJ? . We will denote with Ψp,
Ψ̂ and Ψ̂p the sets defined in section 2.2 corresponding to the family Ψ. We call Ψ the
canonical family of parameterizations.

2.4 Stably-unbridged parametrizations

Let f be quasi-expanding and recall the canonical family of parameterizations Ψ intro-
duced in the previous section. If f and f−1 are both quasi-expanding (in which case f is
quasi-hyperbolic) we write Ψ̂u and Ψ̂s in order to distinguish the two families.

Definition Suppose f is quasi-contracting. We say that ψ̂ ∈ Ψ̂s is stably-unbridged if,
for every R > 0, every connected component of {G− ◦ ψ̂ < R} is bounded. We say that
ψ̂ is stably-bridged if it is not stably-unbridged.

Proposition 2.4.1. Let f be quasi-contracting and p ∈ J?. Then given ψ̂1, ψ̂2 ∈ Ψ̂s
p, the

map ψ̂1 is stably-bridged if and only if ψ̂2 is stably-bridged.

Proof. Given ψp ∈ Ψs
p we can write ψ̂1 = ψp ◦ h1 and ψ̂2 = ψp ◦ h2 for polynomials h1

and h2. It follows that ψ̂1 is stably-bridged if and only ψp is stably-bridged, and thus if
and only if ψ̂2 is stably-bridged.

Definition We say that a point p ∈ J? is stably-unbridged (respectively stably-bridged)
if every ψ̂p ∈ Ψ̂s

p is stably-unbridged (respectively stably-bridged). We say that a quasi-
contracting Hénon map is stably-unbridged if every point p ∈ J? is stably-unbridged.

We define
O(p) =

⋃
n∈N

fn(p).

Lemma 2.4.2. Let f be quasi-contracting. If p ∈ J? is stably-bridged then every point
in O(p) is stably-bridged.

Proof. If p is stably-bridged, given ψp ∈ Ψs
p, then there exists R > 0 and a component

U0 of {G− ◦ ψp < R} which is unbounded.
Consider first q = fn(p) and take ψq ∈ Ψs

q . Let λp,n ∈ C be such that fn ◦ ψp(ζ) =
ψq(λp,n · ζ), so that

G− ◦ ψq(ζ) =
1

dn
G− ◦ ψp

(
ζ

λp,n

)
.

It is clear that if ζ ∈ λp,n · U0 then G− ◦ ψq(ζ) < R/dn. Since λp,n · U0 is connected
and unbounded, the point q is stably-bridged.

Consider now q ∈ O(p) \ ⋃n fn(p) and take nk such that fnk(p) → q. For every
k choose ψk ∈ Ψfnk (p). Since f is quasi-contracting, by taking a subsequence of nk
if necessary, we may suppose that the sequence ψk converges locally uniformly on C to
ψ̂q ∈ Ψ̂q .
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As above, let λp,nk be the sequence of constants such that G− ◦ ψk(ζ) = 1
dnG

− ◦
ψp

(
ζ

λp,nk

)
. It is clear thatG−◦ψk(ζ) < R/dn ≤ R for ζ ∈ Uk := λp,nk ·U0, moreover,

since f is quasi-contracting, there exists κ < 1 such that |λp,nk | ≤ κnk .
Let gk = G− ◦ψk and g∞ = G− ◦ ψ̂q . The sequence gk converges locally uniformly

on C to g∞. Let m ∈ N, then we can choose km such that if k ≥ km we have

sup
|ζ|≤m

|gk(ζ)− g∞(ζ)| < R.

Let Vm = Ukm ∩ ∆m. If ζ ∈ Vm, then g∞(ζ) < 2R. Since g∞(0) = 0 and g∞ is
continuous, then there exists δ such that g∞(ζ) < 2R for ζ ∈ ∆δ .

Since Uk = λp,nk · U0 and λp,nk → 0, there exists M such that Vm ∩ ∆δ 6= ∅ for
m ≥ M , and since for every k the set Uk is unbounded, we have diam(Vm) → ∞ as
m→∞. Hence the set

V = ∆δ ∪
⋃

m≥M
Vm

is unbounded and connected. If ζ ∈ V then g∞(ζ) < 2R. Therefore q is stably-bridged.

Recall that for R > 0 sufficiently large it follows from the filtration properties that
J? ⊂ ∆2

R. Since G− is bounded on ∆2
R, stable-unbridgedness implies that for each

p ∈ J? the projection onto the second coordinate on the local stable manifold W s
R(p), the

connected component of W s(p) ∩∆2
R containing p, is a branched cover of finite degree.

We refer to this as the degree of W s
R(p). In fact, these degrees are uniformly bounded:

Proposition 2.4.3. Let f be quasi-contracting and stably-unbridged, and choose R > 0
as above. Then the degrees of the stable manifolds W s

R(p) are uniformly bounded.

Proof. The proof is identical to that of Lemma 5.1 in [12]:
Suppose that there is no bound on the degrees. Then there exist a sequence (pn) for

which the degrees of W s
R(pn) converge to infinity. By passing to a subsequence we may

assume that pn → p ∈ J?. For R1 > R it then follows that the degree of W s
R1

(p) is
infinite, giving a contradiction. Note that in contrast with [12] the stable manifolds may
not form a lamination. However in the limit the degree can only drop by a finite factor,
hence in this case is still infinite.

The remaining part of this section is dedicated to the proof of the following theorem:

Theorem 2.4.4. Let f be quasi-hyperbolic and substantially dissipative. Then f is stably-
unbridged.

We note that in this section the assumption of substantial dissipativity will only be
used in Lemma 2.4.10.

Given p ∈ J? we define the maximal orders τs(p) and τu(p) of the respective families
Ψ̂s
p and Ψ̂u

p as in (2.8). We let

J?ms,mu := {p ∈ J?| τs(p) = ms, τu(p) = mu} .
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Lemma 2.4.5. Let f be quasi-hyperbolic and p ∈ J?. Then for every q ∈ O(p), we have
τs/u(q) ≥ τs/u(p).

Proof. We will give the proof for the unstable family, the proof is similar for the stable
family.

Suppose that τu(p) = mp and let ψ̂p ∈ Ψ̂u
p such that ord(ψ̂p) = mp. Take a sequence

pn ∈ J? and ψpn ∈ Ψu
pn satisfying ψpn → ψ̂p. We also choose a sequence ψf(pn) ∈

Ψu
f(pn), and constants λpn for which f ◦ ψpn(ζ) = ψf(pn)(λpn · ζ). By Corollary 2.2.8

there exists K > 1 independent of n for which |λpn | ≤ K.
By taking a subsequence if necessary, we may assume that ψf(pn) → ψ̂f(p) ∈ Ψ̂u

f(p),
locally uniformly on C, and that λpn → λp. We obtain

f ◦ ψ̂p(ζ) = ψ̂f(p)(λp · ζ).

It follows that ord(ψ̂f(p)) ≥ ord(ψ̂p) and thus τu(f(p)) ≥ τu(p).
Let q ∈ O(p) and take a sequence nk such that fnk(p) → q. For every k, we have

τu(fnk(p)) ≥ τu(p), and therefore we can take ψ̂k ∈ Ψ̂u
fnk (p) with ord(ψ̂k) ≥ mp. By

taking a subsequence if necessary, we may suppose that ψ̂k → ψ̂∞ ∈ Ψ̂u
q . It follows that

ord(ψ̂∞) ≥ mp, therefore τu(q) ≥ τu(p).

Remark 2.4.6. Using the inverse function f−1 it follows that τs/u(p) ≥ τs/u(f(p)). As
a consequence the sets J?ms,mu are invariant with respect to f and f−1.

Lemma 2.4.7. Let f be quasi-hyperbolic, p ∈ J? andψn ∈ Ψu
fn(p) (respectively Ψs

fn(p)).
If there exists a subsequence nk such that ‖ψ′nk(0)‖ → 0, then for every q in the limit set
of the sequence fnk(p) we have τu(q) > τu(p) (respectively τs(q) > τs(p)).

Proof. We again prove the statement only for the unstable family.
Given n ∈ N, by the previous lemma, τu(fn(p)) ≥ τu(p) =: mp, hence there

exists ψ̂n ∈ Ψ̂fn(p) such that ord(ψ̂n) ≥ mp. For every n there exists hn ∈ H with
ψ̂n = ψn ◦ hn. Since ψ′n(0) 6= 0 and the degree of hn is uniformly bounded by a certain
M > 0, the polynomial hn can be written as

hn(ζ) = aM (n)ζM + · · ·+ amp(n)ζmp .

Since h(j)
n (0) = 0 for all j < mp we have

ψ̂(mp)
n (0) = ψ′n(0)h(mp)

n (0)

= ψ′n(0)amp(n)mp!

Since the constants amp have bounded norms by Lemma 2.3.6, it follows that if ψ′nk(0)→
0 then ψ̂(mp)

n (0)→ 0. Thus for every q in the limit set of fnk(p) we have τu(q) > mp =
τu(p).

Given p ∈ J?, we define the unstable and the stable directions Eu/sp as the tangent
spaces TpWu/s(p). Given nonzero vectors vs ∈ Esp and vu ∈ Eup we define

D(p) :=
|det(vs|vu)|
‖vs‖ ‖vu‖ .
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It is clear that 0 ≤ D(p) ≤ 1, that the value of D at the point p does not depend from the
choice of vs and vu, and that D(p) = 0 if and only if Esp = Eup .

Lemma 2.4.8. Let f be quasi-hyperbolic and p ∈ J?ms,mu . Suppose that there exists a
constant γ > 0 such that D(q) ≥ γ for every q ∈ O(p). Suppose also that O(p) ⊂
J?ms,mu . Then there exists a constant Cp > 0 such that for every vp ∈ Esp we have that

‖dfnp vp‖ ≤ Cp|δ|n‖vp‖

where δ = det(dfp).

Proof. It is sufficient to prove the statement for unit vectors vp. Choose unit vectors in
E
s/u
p , which we will denote by vs/u0 . Then for every n ∈ N the unit vectors vs/un =
dfnv

s/u
0

‖dfnvs/u0 ‖
lie in Es/ufn(p).

We can choose Un ∈ SL(2,C) such that Un(vsn) = D(fn(p))e1 and Un(vun) =
D(fn(p))e2, where e1 = (1, 0) and e2 = (0, 1).

The function Gn := Un df
n
p U

−1
0 is a linear map from C2 to itself with

Gne1 =
D(fn(p))

D(p)
‖dfnp vs0‖e1 = c1,n(p)e1, and

Gne2 =
D(fn(p))

D(p)
‖dfnp vu0 ‖e2 = c2,n(p)e2.

Thus Gn is a diagonal matrix with determinant δn, hence c1,n(p)c2,n(p) = δn.
Take ψp ∈ Ψu

p and for every n take ψn ∈ Ψu
fn(p). If there exists a subsequence

nk for which ψ′nk(0) → 0, then by the previous lemma there exists q ∈ O(p) with
τu(q) > τs(p) which contradicts our hypothesis O(p) ⊂ J?ms,mu . Therefore there exist
a constant k > 0 such that ‖ψ′n(0)‖ ≥ k for every n ∈ N.

Since f is quasi-hyperbolic, there exists λp,n, with |λp,n| > κn for some κ > 1, such
that fn ◦ ψp(ζ) = ψn(λp,nζ). We obtain that

‖dfnp ψ′p(0)‖ = ‖λp,nψ′n(0)‖
≥ kκn.

The vector vu0 is a constant multiple of ψ′p(0), therefore ‖dfnp vu0 ‖ → ∞ as n → ∞.
Our hypothesis that D(q) ≥ γ for every q ∈ O(p) implies that |c2,n(p)| ≥ ‖dfnp vu0 ‖γ,
which gives |c2,n(p)| → ∞. Since c1,n(p)c2,n(p) = δn we obtain |c1,n(p)| ≤ |δ|n for n
sufficiently large. We conclude that

‖dfnp vs0‖ = c1,n(p)
D(p)

D(fn(p))

≤ Cp|δ|n,

which completes the proof.

Recall that a subharmonic function g : C → R is said to have order of growth r if
g(z) = O(|z|r) as z →∞. We will use the following classical result of Wiman [13].
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Theorem 2.4.9 (Wiman). Let g be a non-constant subharmonic function with order of
growth strictly less than 1/2. Then all connected components of {g ≤ R} are bounded
for every R ≥ 0.

Wiman’s Theorem has recently been used for the study of substantially dissipative
Hénon maps in [7] and [11] in similar ways as we use it here, namely to show that certain
stable manifolds are unbridged.

Lemma 2.4.10. Let f be quasi-hyperbolic and substantially dissipative. Let p ∈ J?ms,mu ,
and assume that that O(p) ⊂ J?ms,mu . Further suppose that there exists a constant γ > 0
such that D(q) ≥ γ for every q ∈ O(p). Then p is stably-unbridged.

Proof. Take ψp ∈ Ψs
p and for every n take ψn ∈ Ψs

fn(p). By the previous lemma there
exists a constant Cp > 0 such that

‖dfnp ψ′p(0)‖ ≤ Cp|δ|n,

where δ = det(dfp). As in the proof of the previous lemma there exists k > 0 such that
for every n we have ‖ψ′n(0)‖ ≥ k. For every n there exists a constant λp,n such that
fn ◦ ψp(ζ) = ψn(λp,nζ), and with

|λp,n| =
‖dfnp ψ′p(0)‖
‖ψ′n(0)‖

≤ C ′p|δ|n.

Let gn = G− ◦ ψn and gp = G− ◦ ψp so that

gp(ζ) = dngn(λp,n · ζ).

Let n ∈ N and take |δ|
1−n

C′p
≤ |ζ| ≤ |δ|

−n

C′p
. Then by (2.5), gn(λp,nζ) ≤ 1 so we obtain

gp(ζ) = dngn(λp,n · ζ)

≤ d1− log(C′p)
log |δ| d−

log |ζ|
log |δ|

≤M |ζ|−
log |d|
log |δ| .

Since the final estimate does not depend on n, it hold for all ζ ∈ C. This implies that gp
has order of growth − log |ζ|

log |δ| and by substantial dissipativity we get that − log |d|
log |δ| <

1
2 .

By Wiman’s Theorem it follows that every connected component of {gp = G−◦ψp <
R} is bounded for every R > 0, and thus the point p is stably-unbridged.

The following Lemma follows from Proposition 4.2 of [4].

Lemma 2.4.11. Let f be quasi-hyperbolic. Suppose that p ∈ J?ms,mu is a point of tan-
gency, i.e. Esp = Eup . Then the forward limit set ω(p) is contained in⋃

p≥ms,q>mu
J?p,q.
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Now we are ready to prove Theorem 2.4.4

Proof of Theorem 2.4.4. By Lemma 2.3.1, there exists a bound on both τs and τu. Sup-
pose for the purpose of a contradiction that there exists a stably-bridged point p ∈ J?,
then there exists a maximal pair (Ms,Mu) such that J?Ms,Mu contains a stably-bridged
point. Here maximal means that there is no pair (ms,mu) 6= (Ms,Mu) with ms ≥ Ms

and mu ≥Mu for which J?ms,mu contains a stably-bridged point.
By Lemma 2.4.2 every point q ∈ O(p) is stably-bridged, and by Lemma 2.4.5 it lies in

some J?ms,mu with ms ≥ Ms and mu ≥ Mu. By the maximality of the pair (Ms,Mu)
it follows that O(p) ⊂ J?Ms,Mu . Furthermore Lemma 2.4.11 implies that p is not be a
point of tangency.

For every n ∈ N let ψsn ∈ Ψs
fn(p) and ψun ∈ Ψu

fn(p). By Lemma 2.4.7 it follows that
there cannot be a subsequence nk for which (ψsnk)′(0) or (ψunk)′(0) converges to zero.
It follows that stable and unstable directions are continuous on O(p). In particular for
every sequence qn ∈ O(p) with qn → q∞ one has D(qn) → D(q∞). Since there are no
tangencies in O(p) there must be a γ > 0 such that D(q) ≥ γ for every q ∈ O(p).

But then Lemma 2.4.10 implies that p is stably-unbridged, giving a contradiction.
Therefore every point p ∈ J? is stably-unbridged.

2.5 Proof of the main theorem

In this section we will prove that

Theorem 2.5.1. Let f be quasi-contracting and stably-unbridged. Then J = J∗.

Given such a map, we know from Proposition 2.2.7 that there exist a stable manifold
W s(p) through every p ∈ J∗. Recall that W s(p) is containied in the stable set Ws(p),
but a priori it is not clear that the latter is a manifold. Following [5], there exists however
a dense subsetR ⊂ J?, the set of regular points, such that through every point q ∈ R the
stable (and unstable) set is a manifold. For this set of points it is clear that W s/u(p) =
Ws/u(p).

Lemma 2.5.2. Let f be quasi-contracting. Suppose that, given p ∈ J? and q ∈ R, the
manifolds W s(p) and Wu(q) intersect transversally in a point x. Then x ∈ J?.

Proof. By Theorem 2.2.2, there exist sequences of saddle points pn converging to p. For
n ∈ N let ψspn ∈ Ψs

pn . By quasi-contraction we can take a subsequence if necessary so
that ψspn → ψ̂sp ∈ Ψ̂s

p locally uniformly on C.
By Proposition 2.2.7, W s(p) = ψ̂sp(C). By the transversality of the intersection be-

tween W s(p) and Wu(q) at x it follows that W s(pn) and Wu(q) intersect at points xn,
with xn → x. By Theorem 9.9 of [5] xn ∈ J?, hence x ∈ J?.

Let µ− be the (1, 1)-current defined as in (2.1). For a submanifold M we write µ−|M
for the measure on M induced by the positive distribution

µ−|M (ϕ) =

∫
M

G−ddcϕ, ϕ ∈ C∞0 (M).

We recall the following from [2].
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Chapter 2. Julia sets of complex Hénon maps

Theorem 2.5.3. Let f be a Hénon map and suppose thatM is a compact subset ofW s(p)
with p ∈ J?. Suppose further that µ−|W s(p)(∂M) = 0. Then

lim
n→∞

d−nf−n∗ ([M ]) = µ−|W s(p)(M)µ+,

where d = deg(f), f−n∗ ([M ]) denotes the current of integration over fn(M). The con-
vergence holds in the sense of currents.

Proposition 2.5.4. Let f be quasi-contracting. Suppose that J? 6= J and that q ∈ J \ J?
lies in W s(p) for some p ∈ J?. Let ψ̂p ∈ Ψ̂s

p and let ω such that q = ψ̂p(ω). Then
G− ◦ ψ̂p vanishes on a open neighborhood of ω.

Proof. Let ψp ∈ Ψs
p be an injective parametrization of W s(p) and let gp = G− ◦ ψp.

Let us first assume that gp is not harmonic on any disk ∆r(ω), from which it follows
that 0 < µ−|W s(p)(Mr) <∞, where Mr = ψp(∆r(ω)).

Fix r0 < ∞ and let En := {0 < r ≤ r0 | µ−|W s(p)(∂Mr) ≥ 1/n}. For every n the
set En is finite, therefore E∞ =

⋃
n≥0En is at most a countable set. It follows that there

exists a sequence rn → 0 such that, for every n

µ−|W s(p)(Mrn) > 0, and µ−|W s(p)(∂Mrn) = 0.

By the previous theorem we have

lim
k→∞

d−kf−k∗ ([Mrn ]) = µ−|W s(Mrn)µ+.

Following the steps of the proof of Lemma 9.1 in [5], we find that, given a Pesin box P
there exists a natural number Nn and xn ∈ P such that f−Nn(Mrn) intersects Wu

r (xn)
transversally at a point yn. See chapter 4 of [5] for more details on Pesin boxes.

It is clear that yn ∈W s(f−Nn(p))∩Wu(xn) and since the intersection is transverse,
by Theorem 2.5.2, it follows that yn ∈ J?. The point qn = fNn(yn) belongs toMrn ∩J?
and qn → q. By the compactness of J? it follows that q ∈ J?, which contradicts our
hypothesis.

Therefore there exists an r > 0 for which the function gp is harmonic on ∆r(ω). By
the maximum principle gp vanishes on ∆r(ω). Given ψ̂p ∈ Ψ̂s

p, there exists a polynomial
hp ∈ H such that ψ̂p = ψp ◦ hp. If U is an open neighborhood of ω such that G− ◦ ψp
vanishes on U , then G− ◦ ψ̂p vanishes on h−1

p (U), an open set containing all the points ω
for which ψ̂p(ω) = q, completing the proof.

Let R > 0 big enough for which we have the filtration ∆2
R, V

+, V − described in
section 2.2.

Lemma 2.5.5. Let f be quasi-contracting and stably-unbridged. Then

J+ ∩∆2
R =

⋃
p∈J?

W s
R(p).
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Proof. Since each stable manifold is contained in J+ the inclusion “⊃” is immediate.
Let r < R for which the filtration is still valid. Let p ∈ J? and consider the in-

tersection W s(p) ∩ ∆2
r . Any connected component U of W s(p) ∩ ∆2

r is a properly
embedded holomorphic disk, with boundary contained in |y| = r. We can regard U as a
branched cover over the vertical disk {|y| < r} of some finite degree k. It follows that
Vn = f−nU ∩∆2

r is a finite union of properly embedded holomorphic disks, for which
the sum of the degrees equals dn · k. Writing Un = fnVn we obtain a nested sequence
U ⊃ U1 ⊃ · · · , whose intersection is non-empty. Thus U intersects K− = J−, and
hence also J . This intersection U ∩J is relatively compact in J , thus by Proposition 2.5.4
U also intersects J?, and thus U = W s

r (p0) for some point p0 ∈ J?.
Let q ∈ J+ ∩ ∆2

R and let r < R as above be such that q ∈ ∆2
r as well. Recall

that for a saddle point p the stable manifold W s(p) is dense in J+. In particular W s(p)
accumulates at the point q. Let qn ∈W s(p)∩∆2

r be a sequence converging to q. For each
n let pn ∈ J? be such that qn ∈W s

r (pn). By restricting to a subsequence we may assume
that pn → p∞ ∈ J? ∩ ∆2

r . By Proposition 2.4.3 the degrees of the branched coverings
are uniformly bounded, from which it follows that q ∈ W s

R(p∞), which completes the
proof.

Remark 2.5.6. In [6] the equality J = J? is proved under the assumption that the
current µ+|∆2

R
has no degree growth. By the above lemma plus Proposition 2.4.3 one can

conclude that the no degree growth condition is satisfied for quasi-contracting stably-
unbridged Hénon maps. In what follows we give a self-contained proof of J = J?,
following ideas from [8].

Lemma 2.5.7. Let f be quasi-contracting, stably-unbridged, and suppose further that
J 6= J?. Then there exists ψ ∈ Ψs and a open set U0 ⊂ C with 0 ∈ ∂U0 such that

G− ◦ ψ(ζ) = 0, ∀ζ ∈ U0.

Proof. Let q ∈ J \ J?. By the previous lemma there exists p ∈ J? such that q ∈W s(p).
Take ψp ∈ Ψs

p and let ω ∈ C such that q = ψp(ω). By Proposition 2.5.4 we know that
gp = G− ◦ ψp vanishes on some open neighborhood containing ω.

Let U be the connected component of {gp = 0} containing ω. Then U 6= C, and by
Proposition 2.5.4, for every ζ0 ∈ ∂U we have p̃ := ψp(ζ0) ∈ J?. The statement of the
lemma is satisfied for ψp̃ ∈ Ψs

p̃.

Now we are ready to prove that J = J? for stably-unbridged quasi-contracting Hénon
maps.

Proof of Theorem 2.5.1. Suppose on the contrary that J 6= J?. By the Lemma above
there exists ψ0 ∈ Ψs such that G− ◦ ψ0 vanishes in an open connected set U0 with
0 ∈ ∂U0.

Let p0 = ψ0(0) and let pn = f−n(p0). For every n, choose ψn ∈ Ψs
pn and let

gn = G− ◦ ψn. By quasi-contraction, there exist κ > 1 and λp,−n with |λp,−n| ≥ κn

such that
ψn(λp,−nζ) = f−n ◦ ψ0(ζ).
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By the properties of the Green’s function G− we get that

gn(z) = dng0

(
z

λp,−n

)
.

It follows that gn = 0 on Un = λp,−n · U0.
By quasi-contraction, there exists a subsequence nk such that ψnk → ψ̂∞ ∈ Ψ̂s

locally uniformly on C. Moreover we also have that gnk → g∞ = G− ◦ ψ̂∞ locally
uniformly on C. Let fix ε > 0, then for every m ∈ N there exists km for which

sup
ζ∈∆m

‖gnk(ζ)− g∞(ζ)‖ ≤ ε, ∀k ≥ km. (2.10)

Let Vm be a connected component of Unkm ∩ ∆m whose boundary contains the origin,
and write ψ̃m = ψnkm and g̃m = gnkm .

Since g̃m = 0 on Vm, then by (2.10) it follows that g∞ ≤ ε on Vm. Moreover
diam(Vm)→∞ as m→∞.

Since g∞(0) = 0 and g∞ is continuous, there exists a disk ∆δ , centered at the origin,
such that g∞ ≤ ε on ∆δ . Now since 0 ∈ ∂Vm for every m, it follows that the set

V = ∆δ ∪
∞⋃
m=1

Vm

is unbounded and connected, and hence it is contained in an unbounded connected com-
ponent of {g∞ ≤ ε}. But that contradicts the hypothesis that f is stably-unbridged, which
completes the proof.

By Theorem 2.4.4, if f is substantially dissipative and quasi-hyperbolic, then f is
stably-unbridged. It is shown in [12] that if f is substantially dissipative and f admits a
dominated splitting over J∗ then it is stably-unbridged. As a consequence we obtain the
two following corollaries

Corollary 2.5.8. Let f be a substantial dissipative Hénon map, and assume that f is
quasi-hyperbolic. Then J = J?.

Corollary 2.5.9. Let f be a substantial dissipative Hénon map, and assume that f admits
a dominated splitting on J?. Then J = J?.
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CHAPTER3
Random local complex dynamics

Abstract

The study of the dynamics of an holomorphic map near a fixed point is a central topic
in complex dynamical systems. In this paper we will consider the corresponding random
setting: given a probability measure ν with compact support on the space of germs of
holomorphic maps fixing the origin, we study the compositions fn ◦ · · · ◦ f1, where each
fi is chosen independently with probability ν. As in the deterministic case, the stability
of the family of the random iterates is mostly determined by the linear part of the germs
in the support of the measure. A particularly interesting case occurs when all Lyapunov
exponents vanish, in which case stability implies simultaneous linearizability of all germs
in supp(ν).

3.1 Introduction

An elementary but fundamental result in the theory of local complex dynamical systems
is the following:

This chapter is going to appear in: L. Guerini, H. Peters. Random local complex dynamics. Ergodic Theory
and Dynamical Systems.
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Let f : (Cm, 0) → (Cm, 0) be a neutral germ, i.e. all eigenvalues of df(0) have
norm 1. Then {fn} is normal in a neighborhood of the origin if and only if f is locally
linearizable and df(0) is diagonalizable.

Our goal in this paper is to generalize this statement to the random setting, i.e. when
studying compositions of maps that are chosen i.i.d.. Our main result is the following:

Theorem 3.1.1. Suppose that ν is a neutral probability measure with compact support
on O(Cm, 0). Then the origin lies in the random Fatou set if and only if all the germs in
supp(ν) are simultaneously linearizable, and the semigroup of differentials

dSν := {dfnω (0) |ω ∈ supp(ν)N, n ∈ N},

is conjugate to a sub-semigroup of U(m).

As an illustration, consider the case where all maps in the support of ν are of the form
z 7→ λz+z2, with |λ| = 1. The fact that all the maps must be simultaneously linearizable
implies that ν is supported at a single point: a germ with a Siegel disk.

Let us be more precise about our setting. Instead of considering normality of a family
of iterates {fn} we will consider the family Fω = {fnω}. Here ω = (fn) is a sequence
of germs each chosen independently with a probability ν and fnω := fn ◦ · · · ◦ f1. An
important observation in the proof of Theorem 3.1.1 is that the sequence (fnω )n∈N is
almost certainly normal in a neighborhood of the origin if and only if the induced semi-
group Sν , generated by the support of ν, is normal in a (possibly smaller) neighborhood of
the origin. In one variable this equivalence is a quick consequence of the Koebe Quarter
Theorem, in higher dimensions one uses Hurwitz Theorem for the same purpose, see
Corollary 3.5.5.

In the random setting we may introduce Lyapunov exponents κ1 > · · · > κs, which
play the same role as the (logarithms of absolute values of the) eigenvalues of df(0), see
[21] or [13] for more information on Lyapunov exponents. In analogy with the determin-
istic case we say that the measure ν is attracting if κ1 < 0, it is repelling if κ1 > 0, is
neutral if the only Lyapunov exponent is κ1 = 0, and is semi-attracting if κ1 = 0 and
κ2 < 0.

The equivalence between the normality of the random dynamical system and the nor-
mality of the induced semigroup breaks down when we leave the neutral setting, and the
situation becomes considerably more complicated. In section 3.4 we show that it is not
possible to decide whether the origin lies in the random Fatou set just by looking at the
Lyapunov exponents or at linearizability. In the two-dimensional setting, the fact that the
origin is in the random Fatou set implies the existence of stable manifolds, analogous to
their deterministic setting.

Theorem 3.1.2. Let ν be a semi-attracting measure on O(C2, 0) with compact sup-
port. If the origin lies in the random Fatou set, then almost surely every limit germ
g = limk→∞ fnkω has rank one and given z sufficiently close to the origin, its stable set
Ws
ω(z) is locally a one-dimensional complex manifold.

The paper is organized as follows. In section 3.2.1 we review the background on
random matrices, and prove that a neutral measure of linear maps is stable if and only if
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there is a conjugation to a sub-semigroup of U(m). In section 3.4 we give a more precise
formulation of the problem, and treat several examples showing that our assumptions are
necessary. We will study normality of the family Fω in section 3.5.1 when κ1 6= 0, and in
section 3.5.2 for neutral measures. Semi-attracting measures will be considered in section
3.6

Throughout the paper we use the inductive limit topology on O(Cm, 0). Its construc-
tion and properties are discussed in the appendix.

Historical references
The investigation on the random dynamics of holomorphic maps began with the work of
Fornaess and Sibony. In [11] they showed that a generic rational map, with attracting cy-
cles, admits a neighborhood W such that for almost every sequence of functions, chosen
i.i.d. with respect to an absolutely continuous probability measure supported in W , the
Julia set of the family Fω has zero measure. Furthermore for every z ∈ Ĉ the point z
belongs almost certainly to the Fatou set of the family Fω . We refer to the paper of Sumi
[31] for a generalization of this result.

The local dynamics of a holomorphic germ f fixing the origin is one of the earliest
problems studied in complex dynamics. Determining the linearizability of neutral and
semi-attracting germs is a subtle problem. In one dimension a complete description of this
phenomenon was given in the works of Cremer [6], Siegel [27], Brjuno [5] and Yoccoz
[35].

The local dynamics of germs in several complex variables has many analogies with
the one dimensional case, but yet many differences. We refer to the survey of Abate
[2] for more details. In this setting the presence of resonances constitute an obstacle
to linearizability, as studied by Poincaré [22] for attracting germs. The description of
attracting germs was completed in dimension 2 by Lattès [17] and in arbitrary dimensions
independently by Sternberg [28, 29] and Rosay–Rudin [24].

Neutral and semi-attracting germs in several complex variables have also been inten-
sively studied, particularly in the parabolic case, where all eigenvalues of norm 1 are roots
of unity. See for instance the works of Écalle [8], Hakim [16], and Abate [1] for germs
tangent to the identity, and Ueda [32, 33] and Rivi [23] for a description of semi-parabolic
germs. For the non-parabolic case consider for example the papers of Bracci–Molino [3]
and Bracci–Zaitsev [4] for neutral germs, and recent papers of Firsova–Lyubich–Radu–
Tanase [19, 10] for semi-attracting germs.

3.2 Background

3.2.1 Lyapunov exponents
Definition Let (Ω,B, µ) be a probability space and T : Ω → Ω be an ergodic transfor-
mation. Given a measurable function M : Ω→Mat(m,C), the (linear) cocycle defined
by M over T is the skew-product transformation

F : Ω× Cm → Ω× Cm, (ω, v) 7→ (Tω,Mωv).

We will also refer to the triple (Ω, T,M) simply as a (linear) cocycle.
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Observe that Fn(ω, v) = (Tnω,Mn
ω v), where

Mn
ω := MTn−1ω · · ·Mω.

By elementary properties of measurable functions, the function ω 7→ supn ‖Mn
ω‖ is

also measurable. Therefore the set

Ωb = {ω ∈ Ω |Mn
ω is bounded},

is measurable and it satisfies T−1Ωb = Ωb. By ergodicity of T we either have µ(Ωb) = 0
or µ(Ωb) = 1.

Problem For which cocycles is the familyMω = {Mn
ω} almost surely bounded?

Throughout the rest of this work we will say that a cocycle is stable if the family
Mω is a.s. bounded, and we will say that it is unstable otherwise. Studying the stability
problem stated above will be the center of our analysis on product of random matrices. In
particular we will give a satisfactory solution of the problem for the following iclass of
cocycles

Definition (i.i.d. cocycle) Given a probability measure ν on the space of complex ma-
trices Mat(m,C), let Ω = supp(ν)N equipped with the product metric µ = ν∞, let
T : Ω→ Ω be the shift map and let M : Ω→ Mat(m,C) be the function which returns
the first element of the sequence ω. Then the triple (Ω, T,M) is called the i.i.d. cocycle
generated by ν.

Remark 3.2.1. It is well known that T is an ergodic transformation. Furthermore the
map M is continuous and therefore measurable, showing that the triple (Ω, T,M) fulfills
the conditions in the definition of cocycle.

We notice thatMTn−1ω coincides with the n-th element of the initial sequence and that
Xi(ω) := MT i−1ω is an i.i.d. sequence of random variables with values in Mat(m,C),
each chosen with probability ν. In this case, Mn

ω is given by the product of the first n
elements of the sequence ω.

The problem of the iteration of random matrices was first studied by Furstenberg and
Kesten in [12]. An important generalization of their result is the multiplicative ergodic
Theorem of Oseledec [21]. The following version of the theorem can be found in [26].

Theorem 3.2.2 (Multiplicative ergodic Theorem). Let (Ω, T,M) be a cocycle such that

log+ ‖Mω‖ ∈ L1(Ω, µ).

There exist numbers +∞ > κ1 > · · · > κs ≥ −∞ called Lyapunov exponents and
natural numbers α1, . . . , αs called Lyapunov multiplicities satisfying the equation α1 +
· · ·+ αs = m, such that, for almost every ω ∈ Ω, we have

a. There exists a Hermitian matrix Λω with eigenvalues eκ1 > · · · > eκs , with respec-
tive multiplicities αi, such that

lim
n→∞

((Mn
ω )∗Mn

ω )
1
2n = Λω. (3.1)
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3.2. Background

b. Suppose that U1(ω), . . . ,Us(ω) are the eigenspaces of Λω . Let Vs+1(ω) = {0} and
Vi(ω) = Ui(ω)⊕ · · · ⊕ Us(ω). Then, given v ∈ Vi(ω) \ Vi+1(ω), we have

lim
n→∞

n−1 log ‖Mn
ω v‖ = κi. (3.2)

The set σ = {(κ1, α1), . . . , (κs, αs)} is called the Lyapunov spectrum.

Definition Let (Ω, T,M) be a cocycle such that log+ ‖Mω‖ ∈ L1(Ω, µ), and let κ1 >
· · · > κs be the Lyapunov exponents. We say that the cocycle is

Attracting if the maximal Lyapunov exponent κ1 < 0,

Repelling if the maximal Lyapunov exponent κ1 > 0,

Neutral if the Lyapunov spectrum σµ = {(0,m)},

Semi-attracting if the maximal Lyapunov exponent κ1 = 0 and α1 6= m.

Remark 3.2.3. In the work of Furstenberg and Kesten [12] it is proved that, for every
cocycle, we may define

κµ = lim
n→∞

n−1E log ‖Mn
ω‖. (3.3)

Furthermore under the assumption that log+ ‖Mω‖ ∈ L1(Ω, µ), for almost every ω ∈ Ω
we have

lim
n→∞

n−1 log ‖Mn
ω‖ = κµ. (3.4)

Under the same hypothesis of Theorem 3.2.2 we can describe the connection between
Lyapunov exponents and κµ as follows

Lemma 3.2.4. Let (Ω, T,M) be a cocycle such that log+ ‖Mω‖ ∈ L1(Ω, µ). Then the
maximal Lyapunov exponent κ1 is equal to κµ. Furthermore the following equality holds

α1κ1 + · · ·+ αsκs = E log |det(Mω)|.

Proof. Let κ1 be the maximal Lyapunov exponent and choose ω ∈ Ω such that (3.1),
(3.2) and (3.4) hold. It is not hard to prove that κµ ≥ κ1, thus it remains to prove that
κµ ≤ κ1. Let vn be a unit vector such that ‖Mn

ω‖ = ‖Mn
ω vn‖. We take nk such that

vnk → v. By (3.2), for some i = 1, . . . , s, we have

κi = lim
k→∞

n−1
k log ‖Mnk

ω v‖

≥ lim
k→∞

n−1
k log (‖Mnk

ω vnk‖ − ‖Mnk
ω (vnk − v)‖)

≥ lim
k→∞

n−1
k log ‖Mnk

ω ‖+ lim
k→∞

n−1
k log (1− ‖vnk − v‖)

≥ κµ,

since κi ≤ κ1, the equality κµ = κ1 follows.
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Chapter 3. Random local complex dynamics

If we apply log | · | to both side of (3.1), we obtain that

α1κ1 + · · ·+ αsκs = log |det(Λω)|

= lim
n→∞

1

n
log |det(Mn

ω )|

= lim
n→∞

1

n

n−1∑
i=0

log |det(MT iω)|.

By Birkhoff ergodic theorem the last term of the equality above converge almost surely
to E log |det(Mω)|. By choosing an appropriate ω , we obtain the desired equality.

Corollary 3.2.5. Let (Ω, T,M) be a cocycle such that log+ ‖Mω‖ ∈ L1(Ω, µ). We have
the following list of equivalences:

a. the cocycle is attracting if and only if κµ < 0,

b. the cocycle is repelling if and only if κµ > 0,

c. the cocycle is neutral if and only if κµ = 0 and E log |det(Mω)| = 0,

d. the cocycle is semi-attracting if and only if κµ = 0 and E log |det(Mω)| < 0.

3.3 Product of random matrices

Let (Ω, T,M) be a cocycle such that log+ ‖Mω‖ ∈ L1(Ω, µ). When the cocycle is
attracting or repelling, (3.4) gives an answer to the stability problem stated in the previous
section

Corollary 3.3.1. If a cocycle is attracting then the familyMω is almost certainly bounded
in Mat(m,C). If a cocycle is repellingMω is almost certainly unbounded.

The stability problem becomes considerably more complicated in the neutral and
semi-neutral setting. In this section we study the problem under the additional assumption
that the cocycle is i.i.d.

3.3.1 Neutral measures

For i.i.d. cocycles generated by probability measures with compact support, we can give a
precise description of the stable systems in Proposition 3.3.5 below. In the two examples
that follow we show that no such statement can hold for all neutral cocycles, when we
drop the i.i.d. assumption.

Given a probability measure ν on Mat(m,C) with compact support let (Ω, T,M)
be the i.i.d. cocycle generated by ν. By Tychonoff Theorem, the set Ω is compact, thus
log+ ‖Mω‖ ∈ L1(Ω, µ).
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3.3. Product of random matrices

Definition Let ν be a measure on Mat(m,C) with compact support. We say that ν is at-
tracting (respectively repelling, neutral and semi-attracting) if the i.i.d. cocycle generated
by ν is attracting (respectively repelling, neutral and semi-attracting).

Lemma 3.3.2. Let ν be a probability measure on Mat(m,C) with compact support, and
(Ω, T,M) be the i.i.d. cocycle generated by ν. Then the set

Ωa :=
{
ω ∈ Ω

∣∣∣∀n ∈ N and ∀α ∈ Ω, ∃kj : Mn
Tkjω

→Mn
α

}
is a full measure subset of Ω.

Proof. Let n ∈ N and choose a sequence εj → 0. We define

Ωn,j := {ω ∈ Ω | ∀α ∈ Ω, ∃k : ‖Mn
Tkω −Mn

α‖ < εj}.

Is it clear that
⋂
n,j Ωn,j = Ωa. Since the sets Ωn,j are countably many it suffices to

prove that, for every n, j ∈ N, the set Ωn,j has full measure.
Suppose that n and j are fixed. Given α ∈ Ω, using the continuity of T and M , we

may find an open neighborhood Uα 3 α so that, given β ∈ Uα, we have

‖Mn
α −Mn

β ‖ < εj/2.

By compactness of supp(ν), the set Ω is also compact, therefore there are α1, . . . αN
so that Ω = ∪iUαi . For simplicity we will write Ui for Uαi . Notice that supp(µ) = Ω,
therefore all the sets Ui have positive measure. Using standard results from ergodic theory
and the fact that the αi are a finite number, we find that

Ω′n,j = {ω ∈ Ω | ∀i = 1, . . . N, ∃ki : T kiω ∈ Ui}

has full measure in Ω.
Finally, given ω ∈ Ω′n,j and α ∈ Ω, there exists Ui so that α ∈ Ui and ki so that

T kiω ∈ Ui. By the definition of the Ui-s we obtain that

‖Mn
Tkiω −Mn

α‖ ≤ ‖Mn
Tkiω −Mn

αi‖+ ‖Mn
αi −Mn

α‖ < εj ,

which proves that Ω′n,j ⊂ Ωn,j and thus that Ωn,j has full measure.

Remark 3.3.3. The previous lemma is valid in a much more general context. As a matter
of fact in the proof we only used that (Ω, T,M) is a continuous cocycle over a compact
space, meaning that both T and M are continuous functions and Ω is compact.

The following lemma is a consequence of [30, Theorem 14.35, Remark 14.36]

Lemma 3.3.4. Let G be a compact subgroup of GL(m,C). Then G is conjugate to a
subgroup of the standard unitary group U(m).

We define the set
Sν = {Mn

ω |ω ∈ Ω, n ∈ N}.
For the i.i.d. cocycles the set Sν ⊂ Mat(m,C) has a semigroup structure, which is not
necessarily true for general cocycles. In later sections we will use the same notation Sν
for semigroups induced by maps that are not necessarily linear.
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Chapter 3. Random local complex dynamics

Proposition 3.3.5. Let ν be a neutral measure on Mat(m,C) with compact support, and
(Ω, T,M) be the i.i.d. cocycle generated by ν. Then the following are equivalent

a. the familyMω is almost certainly bounded,

b. the semigroup Sν is relatively compact in GL(m,C) and is conjugated to a sub-
semigroup of the unitary group U(m).

Before proceeding to the proof, we want to discuss why there is no hope that a (simi-
lar) proposition holds for a generic neutral cocycle or even for a continuous neutral cocy-
cle over a compact space. We will show this by constructing two cocycles for whichMω

is almost certainly bounded but for which SΩ = {Mn
ω |ω ∈ Ω, n ∈ N} is not relatively

compact in GL(m,C).

Example Let X = R/Z be the unit circle, with the Borel σ-algebra B and Lebesgue
measure λ. Let θ ∈ R \ Q and define T : X → X by Tx = x + θ mod 1. It is well
known that the transformation T is ergodic. Given x1, x2 ∈ X we write

dX(x1, x2) = inf
m∈Z
|x1 +m− x2|.

Let ϕ ∈ L1(X,λ) be a nonnegative and unbounded function. The function M : X →
R+, defined as

log(Mx) = f(x) := ϕ(x)− ϕ(Tx),

is measurable and defines a neutral cocycle over T .
Notice that Mn

x = eϕ(x)−ϕ(Tnx) ≤ eϕ(x). Since ϕ(x) <∞ for almost every x ∈ X ,
it follows that Mn

x is almost surely a bounded sequence. On the other hand we can find
K0 > 0 so that the set XK0

= {x ∈ X |ϕ(x) < K0} has positive measure. Since T is
ergodic, for almost every x ∈ X there exists n0 such that Tn0x ∈ XK0

. We conclude
that Mn0

x > eϕ(x)−K0 . Since ϕ is unbounded, it follows that SX is unbounded in R+.

Example In the previous example the function f may be unbounded, in which case the
unboundedness of SX is not particularly surprising. In this second example we will con-
struct a function ϕ for which f is continuous, and therefore bounded.

Let ωn = (n − 1)θ mod 1 = Tn−10 and let ak = 2kk. For every k > 0 we may
choose εk > 0 such that

a. εk ≤ 1/a2
k;

b. the sets [ω1 − εk, ω1 + εk], . . . , [ω2ak − εk, ω2ak + εk] are pairwise disjoint.

Write Ij,k = [ωj − εk, ωj + εk] and define fk as

fk(x) :=


− 1

2k

(
1− dX(x,ωj)

εk

)
if x ∈ Ij,k for j = 1, . . . , ak;

+ 1
2k

(
1− dX(x,ωj)

εk

)
if x ∈ Ij,k for j = ak + 1, . . . , 2ak;

0 elsewhere.

We define a corresponding function ϕk as

ϕk(x) :=

{
−∑j−1

i=1 fk(T−ix) if x ∈ Ij,k for j = 2, . . . , 2ak;

0 elsewhere.
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3.3. Product of random matrices

x

f1(x)

ω1 ω2 ω3 ω4 ω5 ω1

1/4

-1/4

x

ϕ1(x)

ω1 ω2 ω3 ω4 ω5 ω1

1/4

1/2

Figure 3.1: the graphs of the functions f1 and ϕ1

With some elementary calculations, one can verify that fk(x) = ϕk(x)−ϕk(Tx) and
that ∫

X

ϕkdλ = a2
kεk

1

2k
≤ 1

2k
.

Let f(x) =
∑∞
k=1 fk(x) and ϕ(x) =

∑∞
k=1 ϕk(x). Since |fk(x)| ≤ (1/2)k, the

function f(x) is continuous. On the other hand, since all theϕk are nonnegative functions,
also ϕ is nonnegative. Furthermore the above estimate on the integral of ϕk implies that
ϕ ∈ L1(X,λ). Finally we notice that ϕk(ωak+1) = k, and therefore that ϕ is unbounded.
The function ϕ we constructed satisfies all the hypotheses of the previous example and
f(x) = ϕ(x)− ϕ(Tx) is a continuous function.

Proof of Proposition 3.3.5. The implication b.⇒ a. is trivial. Suppose on the other hand
that for almost every ω ∈ Ω the familyMω is bounded.

Given ω ∈ Ω, we define f(ω) = log |det(Mω)|. By elementary properties of the
determinant, we obtain that

log |det(Mn
ω )| =

n−1∑
i=0

f(T iω).
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Chapter 3. Random local complex dynamics

Let Yi := f(T i−1ω) and Xn =
∑n
i=1 Yi. The Yi-s form a sequence of i.i.d. random

variables with expected value E(Yi) = 0. If
√
V ar(Yi) > 0, almost surely there exists

a sequence nk so that Xnk → ∞, contradicting the fact that Mω is almost certainly
bounded. It follows that V ar(Yi) = 0, which implies that |det(Mn

ω )| = 1 for all ω ∈ Ω
and n ∈ N.

Let Ωa as in the Lemma 3.3.2 and choose ω0 ∈ Ωa for which Mω0 is bounded.
We write M−nω0

= (Mn
ω0

)−1. Since |det(Mn
ω )| = 1 for every n, the extended family

M̂ω0 := {(Mn
ω0

)}n∈Z is also bounded. Let C be a bound on the norms of the matrices of
this family.

Let ω ∈ Ω and n ∈ N. Since ω0 ∈ Ωa, there exists kj such that Mn
Tkjω0

→ Mn
ω .

Now
‖Mn

Tkjω0
‖ = ‖Mn+kj

ω0
·M−kjω0

‖ < C2.

This proves that the set Sν is bounded in GL(m,C). Its closure Gν = Sν is compact in
GL(m,C).

Given M ∈ Gν , its orbit is also contained in Gν , thus is bounded. Since |det(M)| =
1 the matrix M is diagonalizable and every eigenvalue of M has norm 1. In this case
there exists nk such that Mnk → id. Furthermore Mnk−1 is a convergent sequence and
its limit coincide with M−1, hence Gν is a compact subgroup of GL(m,C). By the
previous lemma it follows that Gν is conjugated to a subgroup of U(m).

3.3.2 Semi-attracting measures.

Throughout the rest of this section we assume that ν is semi-attracting and with compact
support, and consider the i.i.d. cocycle (Ω, T,M) generated by ν. Almost surelyMn

ω 6= 0
for every n. Let PΩ = Ω× Pm−1 and PF : PΩ→ PΩ be the map defined by

PF : (ω, [v])→ (Tω, [Mωv]) .

Finally let Φ : PΩ→ R be the map Φ(ω, [v]) = log (‖Mωv‖/‖v‖). For every ω ∈ Ω
and v ∈ Cm we have

n−1∑
k=0

Φ ◦ PF k(ω, [v]) = log
‖Mn

ω v‖
‖v‖ ≤ log ‖Mn

ω‖. (3.5)

Let 0 = κ1 > · · · > κs be the Lyapunov exponents of the measure ν and Pm−1 =
V1(ω) ⊃ · · · ⊃ Vs(ω) be the collection of vector subspaces introduced in Theorem 3.2.2,
defined for almost every ω ∈ Ω. We write PΩ1, . . . ,PΩs for the family of disjoint subsets
of PΩ given by

PΩj = {(ω, [v]) : v ∈ Vj(ω) \ Vj−1(ω)}.
We recall the following statement:

Theorem 3.3.6 ([18],[34]). Given any PF -invariant ergodic probability measure m on
PΩ that projects down to µ = ν∞, there exists j ∈ {1, . . . , s} such that∫

Φ dm = κj , and m (PΩj) = 1. (3.6)
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3.3. Product of random matrices

Conversely, given j ∈ {1, . . . , s} there exists a PF -invariant ergodic probability measure
mj projecting to µ and satisfying (3.6).

The following lemma closely resembles Lemma 3.6 of [15], we provide a proof for
the sake of completeness.

Lemma 3.3.7. Let (X,T, µ) be an ergodic dynamical system and f : X → R an inte-
grable function. Suppose that

∫
X
f dµ = 0, then almost surely there exists a sequence nk

such that

lim
k→∞

nk−1∑
i=0

f ◦ T ix = 0

Proof. By replacing (X,T, µ) with its natural extension if necessary, we may assume that
T is invertible. We consider the product Y = X × R and the map S : Y → Y defined as

S(x, r) := (Tx, r + f(x)).

The transformation S preserves the measure ν = µ×λ, where λ is the Lebesgue measure
of R. We can write

Sn(x, r) =

(
Tnx, r +

n−1∑
i=0

f ◦ T ix
)

= (Tnx, sn(x, r)).

Suppose that there exists a wandering subset A ⊂ Y , i.e. ν(A) > 0 and for every
couple i 6= j the sets Si(A) and Sj(A) are disjoint, up to a set of measure 0. By ergodicity
of µ, for almost every (x, r) ∈ Y we have

lim
n→∞

sn(x, r)

n
= 0.

We can choose B ⊂ A of finite positive measure and such that the limit above holds on
B uniformly. Since ν(

⋃
0≤i≤n S

i(B)) ≤ λ(
⋃

0≤i≤n si(B)), it follows that

lim
n
ν(

⋃
0≤i≤n

Si(B))/n = 0.

On the other hand, since A is wandering and ν is S-invariant we find that

ν(
⋃

0≤i≤n
Si(B))/n = ν(B) > 0;

which contradicts the assumption on A.
Let ε > 0 and Yε = X × [−ε,+ε]. We write Cε for the set of all points of Yε which

do not return to Yε, under iterations of the map S. The map S is invertible, therefore if
ν(Cε) > 0 then the set Cε is wandering. Since there are no wandering sets, it follows that
ν(Cε) = 0.

Let Xε ⊂ X be the set of all points x for which there exists n > 0 such that −ε ≤
sn(x, 0) ≤ ε. We note that (X \ Xε) × [−ε/2, ε/2] ⊂ Cε/2, thus Xε is a full measure
subset of X . The set

X0 =
⋂
n

T−n
(⋂

k

X1/k

)
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Chapter 3. Random local complex dynamics

is the intersection of countable many full measure sets, thus it has full measure. Take
x0 ∈ X0, since X0 ⊂ ∩kX1/k, then for every k there exists a minimal nk > 0 such that
−1/k ≤ snk(x0, 0) ≤ 1/k. We notice that nk+1 ≥ nk, thus either nm → ∞, in which
case the lemma is proved, or there exists n′1 such that sn′1(x0, 0) = 0. If the second case
occurs, we let x1 = Tn

′
1x0 ∈ X0 and we repeat the argument for x1. It follows that one

can always construct a sequence which satisfies the requirements of the Lemma.

Proposition 3.3.8. Let ν be a semi-attracting measure on Mat(n,C) with compact sup-
port and (Ω, T,M) be the i.i.d. cocycle generated by ν. Suppose that Mω is almost
surely bounded, then for every Mn

ω ∈ Sν we have

‖Mn
ω‖ ≥ 1.

Proof. Given K > 0, let

ΩK :=

{
ω ∈ Ω

∣∣ sup
n

log ‖Mn
ω‖ ≤ K

}
.

The set Ωb =
⋃
K>0 ΩK coincides with the set of all ω for whichMω is bounded. It then

follows that limK→∞ ν(Ω) = 1 and that we can choose K0 > 0 so that ν(ΩK0
) > 0.

Suppose that there exists MN
ω0
∈ Sν with ‖MN

ω0
‖ < 1. By the semigroup structure of

Sν we may further assume that ‖MN
ω0
‖ ≤ 1/(3K0).

For i = 1, . . . , N we choose Ui ⊂Mat(m,C) such that the set CU1,...UN has positive
µ-measure and ‖MN

ω ‖ ≤ 1/(2K0) for every ω ∈ CU1,...UN .
We define the set

U := CU1,...UN ∩ T−N (ΩK0
) = U1 × · · · × UN × ΩK0

.

It is clear that this set has positive µ-measure.
Let m1 be the PF -invariant ergodic measure on PΩ defined in Theorem 3.3.6. Given

(ω, [v]) ∈ U × Pm−1, for every n ≥ N we have

n−1∑
k=0

Φ ◦ PF k(ω, [v]) ≤ log ‖Mn
ω‖

≤ log ‖MN
ω ‖‖Mn−N

σN (ω)
‖

≤ − log 2.

By (3.6) we have
∫

Ω
Φ dm1 6= 0 and m1(U × Pm−1) = µ(U) > 0, contradicting the

previous Lemma. It follows that for every Mn
ω ∈ Sν we have ‖Mn

ω‖ ≥ 1.

3.4 Compositions of random germs

Let O(Cm, 0) be the space of all germs of holomorphic functions fixing the origin. This
set can be endowed with the so-called inductive limit topology τind, see the appendix of
this paper for more details. Let ν be a Borel probability measure on the set O(Cm, 0).
Let Ω be the space of all sequences in supp(ν) and µ = ν∞. Let T : Ω → Ω denote the
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3.4. Compositions of random germs

shift map and f : Ω → O(Cm, 0) be the function which returns the first element of the
sequence. As we will see later, the function f defines a (non linear) cocycle over T . In
analogy with the previous section we will write

fnω = fTn−1ω ◦ · · · ◦ fω,

and Fω = {fnω}. Finally we define

Ωnor = {ω ∈ Ω | Fω is a normal family near the origin}.

Proposition 3.4.1. The set Ωnor is measurable.

Proof. Normality near the origin is equivalent to relatively compactness of the set Fω
with respect to τind. Furthermore by Corollary 3.A.10 the set Fω is relatively compact
in O(Cm, 0) if and only if Fω ⊂ Bn(0, r) for some natural number n and r > 0. The
terminology Bn(0, r) is introduced in the appendix.

Let rn be an increasing sequence of positive real numbers such that rn → ∞. Since
Bn(0, r) ⊂ Bn+1(0, r), it follows that

Ωnor =
⋃
n

{ω ∈ Ω | Fω ⊂ Bn(0, rn)}

=
⋃
n

⋂
m

{ω ∈ Ω | fmω ∈ Bn(0, rn)}.

The function ω 7→ fmω is measurable for every m. By Lemma 3.A.6 and Corollary
3.A.10, Bn(0, rn) is a closed set in the inductive limit topology. This proves that Ωnor
is the intersection of countably many measurable sets, and thus that it is a measurable
set.

Problem Let ω ∈ Ω be a random sequence of germs. What is the probability that Fω is a
normal family?

We notice that the set Ωnor is backward invariant. By ergodicity of T it follows that

Proposition 3.4.2. Normality of Fω occurs either with probability 1 or 0, depending on
the probability measure µ.

Random Fatou set We say that the origin belongs to the (local) random Fatou set if
Ωnor has full measure. If this is not the case we say that the origin belongs to the (local)
random Julia set.

Suppose now that the measure ν has compact support. By Corollary 3.A.10, there exists
R > 0 such that each f ∈ supp(ν) is holomorphic and bounded on BR, the open ball of
Cm with radius R and center the origin. Given ω ∈ Ω we may define the set

Dω :=

∞⋂
n=0

(fnω )
−1

(BR) (3.7)

Clearly 0 ∈ Dω , thus Dω is not empty. The following invariance relation holds

fnω (Dω) = DTn(ω).
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Chapter 3. Random local complex dynamics

Given z ∈ Dω its orbit {fnω (z) |n ∈ N} is well defined and bounded. By the weak
Montel Theorem the family Fω is normal on int(Dω). We will call this set the (local)
Fatou set of the sequence ω and we will denote it as Fω . It is clear that the origin lies in
the random Fatou set if and only if it almost certainly lies in the Fatou set of ω.

We define
D := {(ω, z) ∈ Ω× Cm | z ∈ Dω}.

Definition The (non linear) cocycle defined by f over T is the skew-product transforma-
tion F : D → D

F (ω, z) = (Tω, fω(z)), Fn(ω, z) = (Tnω, fnω (z)).

We will also refer to the triple (Ω, T, f) as a (non linear) cocycle.

By Lemma 3.A.2 the map d0 : f 7→ df(0) is a continuous map. Following the
previous section, we introduce the following classification of probability measures on
O(Cm, 0):

Definition Let ν be a probability measure on O(Cm, 0) so that (d0)∗ν has compact sup-
port. We say that the measure ν is attracting, repelling, neutral or semi-attracting if
(d0)∗ν is respectively attracting, repelling, neutral or semi-attracting.

We are now ready to state the central theorem of this paper. Notice that the neutral
case coincides with Theorem 3.1.1 of the introduction .

Theorem 3.4.3. Let ν be a probability measure on O(Cm, 0) with compact support, and
suppose that ν is either attracting, repelling or neutral.

Attracting: the origin lies in the random Fatou set, and it is almost surely an at-
tracting point for the system {fnω |Dω}.

Repelling: the origin lies in the random Julia set.

Neutral: the origin lies in the random Fatou set if and only if all the germs in
supp(ν) are simultaneously linearizable, and the semigroup of the differentials

dSν := {dfnω (0) |ω ∈ Ω, n ∈ N},

is conjugate to a sub-semigroup of U(m).

If we drop the compactness hypothesis on supp(ν), then this theorem is false in gen-
eral. We will show a counterexample, for an attracting measure ν, with non compact
support.

Example Let 0 < λ1 < 1 and let ai = λ−3·2i
1 . We consider the family

A := {fi(z) = λ1z + aiz
2}.

Let ν be the probability measure on O(C, 0) such that ν(fi) = 1
2i . The support of

ν coincides with A and is not compact. On the other hand we have supp((d0)∗ν) =
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3.4. Compositions of random germs

{λ}, which implies that the measure ν is attracting. In this case the (unique) Lyapunov
exponent is κ1 = log λ1 < 0.

Let ω = (fi1 , fi2 , . . . ) be a sequence of i.i.d. random germs of A. We write λ(n)
2 for

the coefficient relative to z2 of fnω . It follows that

λ
(n)
2 = λn1

n∑
k=1

λk−1
1 aik ≥ λ2n

1 ain .

Write pn for the probability that λ2n
1 ain ≥ λ−n1 . The inequality holds if and only if

in ≥ log n, thus

pn =
∑

k≥logn

1

2k
∼ 2

n
.

Given ω and m > 0, by the independence assumption, the probability that for every
n ≥ m the inequality λ2n

1 ain < λ−n1 holds is equal to

Pm =
∏
n≥m

(1− pn) = exp

∑
n≥m

log(1− pn)

 .

Since the general term of the series above is asymptotic to −2/n we see that∑
n≥m

log(1− pn) = −∞

and therefore Pm = 0. It follows that almost surely there exists nk → ∞ such that
λ

(nk)
2 →∞, thus that almost surely Fω is not a normal family.

We conclude this section with the discussion of a particular semi-attracting measure.
The example shows that, in the semi-attracting case, supp(ν) may contains germs which
are not linearizable but at the same time the origin can be in the random Fatou set. Fur-
thermore the semigroup Sν generated by supp(ν) may not be bounded in O(Cm, 0).
Thus the methods developed in section 3.5.2 for the neutral case, do not work for the
semi-attracting one.

Example Suppose that f and g are given by

f(z, w) = (z, w/2),

g(z, w) = (z + zw,w).

The n-th iterate of g has the form gn(z, w) = (z + nzw + O(|z|3), w). Therefore {gn}
is not normal on any neighborhood of the origin, thus it cannot be linearized.

Let ν := 1
2δf + 1

2δg be a probability measure. A short computation gives κ1 = 0 and
κ2 = 1

2 log 1
2 < 0.

Let ω ∈ Ω be a sequence of i.i.d. random germs and write fnω = (fnω,1 , f
n
ω,2), then

|fn+1
ω,1 (z, w)| ≤

{
|fnω,1(z, w)| if fn = f ;

|fnω,1(z, w)|
(
1 + |fnω,2(z, w)|

)
if fn = g;

|fn+1
ω,2 (z, w)| =

{
1
2 |fnω,2(z, w)| if fn = f ;

|fnω,2(z, w)| if fn = g.
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Chapter 3. Random local complex dynamics

Let α(n) = # {k ∈ {1, . . . , n} | fk = f}. Using the estimates above we find that

|fnω,2(z, w)| = |w|
2α(n)

,

|fnω,1(z, w)| ≤ |z|
n∏
i=1

(
1 +

|w|
2α(i)

)
.

It is a well known fact that almost surely we have α(n) ∼ n/2. It follows that

log |fnω,1(z, w)| ≤ log |z|+
n∑
i=1

log

(
1 +

|w|
2α(i)

)
.

As n →∞, almost certainly ai := log
(

1 + |w|
2α(i)

)
∼ |w|

2i/2
, therefore

∑∞
i=1 ai < ∞ and

fnω (z, w) is uniformly bounded for every (z, w) ∈ C2. We conclude that in this case Fω
is normal for almost every sequence ω.

3.5 Proof of Theorem 3.4.3

We start this section with the simpler attracting and repelling cases, and will cover the
neutral case afterwards.

3.5.1 Attracting and repelling measures.

If the measure ν is repelling, then the sequence of the differentials dfnω (0) diverges almost
surely. If this is the case, the origin lies in the random Julia set.

The following statement implies the attracting case. It is likely well known, we pro-
vide a proof for the sake of completeness.

Proposition 3.5.1. Let ν be an attracting measure on O(Cm, 0) with compact support,
then the origin lies in the random Fatou set. Furthermore, there exists almost surely a
neighborhood of the origin on which all orbits converge to the origin.

Proof. By Lemma 3.2.4 and (3.4), there exists n0 > 0 such that E log ‖dfn0
ω (0)‖ < 0.

Without loss of generality we may assume that n0 = 1.
We claim that there exists ε > 0 so that

E log (‖df(0)‖+ ε) < 0. (3.8)

Given δ > 0 we write

E log ‖df(0)‖ =

∫
‖df(0)‖≤δ

log ‖df(0)‖dν +

∫
‖df(0)‖>δ

log ‖df(0)‖dν

= Lδ + Uδ.
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3.5. Proof of Theorem 3.4.3

If Uδ < 0 for some δ > 0. In this case we can easily find ε > 0 sufficiently small so that
(3.8) is satisfied. On the other hand, suppose that Uδ ≥ 0 for every δ > 0. Then∫

df(0) 6=0

log ‖df(0)‖dν ≥ 0,

From which it follows that M0 := ν{df(0) = 0} > 0. We conclude that

E log (‖df(0)‖+ ε) = M0 log ε+

∫
‖df(0)‖6=0

(log ‖df(0)‖+ ε) dµ(f)

≤M0 log ε+ sup
f∈supp(µ)

log (‖df(0)‖+ ε) .

Therefore also in this second case we can choose ε > 0 sufficiently small so that (3.8) is
satisfied.

Let αf := ‖df(0)‖+ ε. By the compactness of supp(ν) there exists 0 < r < R such
that every f ∈ supp(ν) is holomorphic on BR and

‖f(z)‖ ≤ αf‖z‖, ∀z ∈ Br.

Since E logαf < 0, then for almost every sequence ω ∈ Ω we have

αnω := αfTn−1ω
· · ·αfω → 0.

In particular there exists 0 < δ ≤ r, which depends on ω, such that if ‖z‖ < δ then
αnω|z| < r for every n > 0.

Let ‖z‖ < δ, a simple induction argument shows that

‖fnω (z)‖ ≤ αnω‖z‖ < r, ∀n ∈ N.

This shows that Bδ ⊂ Dω and that the family Fω is normal at the origin. This is true
for almost every ω ∈ Ω, therefore the origin lies in the random Fatou set. Furthermore
since αnω → 0 as n→∞, the orbits of all points in Bδ converge to the origin.

3.5.2 Neutral measures

The following lemma is proved along the lines of Lemma 3.3.2.

Lemma 3.5.2. Let ν be a probability measure on O(Cm, 0) with compact support. Then
the set

Ωa :=
{
ω ∈ Ω

∣∣∣∀n ∈ N and ∀α ∈ Ω, ∃kj : fn
Tkjω

→ fnα

}
is a full measure subset of Ω.

Proof. Unlike the standard topology of Mat(m,C), the inductive limit topology is not
metrizable. However, given n ∈ N, the image of Ω under the continuous map ω 7→ fnω is
a compact set in the inductive limit topology. By Corollary 3.A.10, we can find a natural
number Nn so that, for every ω ∈ Ω, the germ fnω belongs to XNn .
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Chapter 3. Random local complex dynamics

We choose a sequence εj → 0 and we define

Ωn,j = {ω ∈ Ω | ∀α ∈ Ω, ∃k : dNn(fnω , f
n
α ) < εj}.

By Theorem 3.A.7, we have Ωa = ∪n,jΩn,j . From this point on we follows the proof of
Lemma 3.3.2, replacing the standard metric of Mat(m,C) with the metric dNn .

Theorem 3.5.3 (Hurwitz Theorem). Suppose that (fn)n is a sequence of injective holo-
morphic maps on a domain U ⊂ Cm converging uniformly on compact subsets to a
function g. Then g is either injective or degenerate.

Given a probability measure ν with compact support, choose R > 0 and define Dω as
explained in section 3.4.

Lemma 3.5.4. Let ν be a neutral measure with compact support. The origin lies in the
random Fatou set if and only if given ε > 0 there exists ρ > 0 such that, for every ω ∈ Ω,
we have Bρ ⊂ Dω and

fnω (Bρ) ⊂ Bε, ∀n ∈ N. (3.9)

Proof. Suppose that for every ε > 0 there exists such ρ, then by the weak Montel Theo-
rem the origin lies in the random Fatou set.

Suppose on the other hand that the origin lies in the random Fatou set and let ω0 ∈
Ωa ∩ Ωnor. By Ascoli–Arzelá theorem, given ε > 0 there exists δ0 > 0 such that
Bδ0 ⊂ Dω0

and
fnω0

(Bδ0) ⊂ Bε, ∀n ∈ N.

By the compactness of supp(ν), by choosing ε > 0 small enough, we may assume that
every f ∈ supp(ν) is holomorphic and injective on Bε. Therefore fnω0

: Bδ0 → Bε is
injective for all values of n.

Suppose that there exists nk so that

B1/k 6⊂ fnkω0
(Bδ0). (3.10)

By taking a subsequence if necessary, we may assume that fnkω0
→ g uniformly on com-

pact subsets of Bδ0 . By Proposition 3.3.5 we have |det(dfnkω0
(0))| = 1 for every k, thus

|det(dg(0))| = 1. Thanks to Hurwitz Theorem we can conclude that g is injective on
Bδ0 .

Since g is an open function, we can choose ρ′ > 0 such that Bρ′ ⊂ g(Bδ0) and thus
such that Bρ′ ⊂ fnkω0

(Bδ0) for k big enough, which contradicts (3.10).
It follows that there exists ρ0 > 0 so that Bρ0 ⊂ fnω0

(Bδ0) for every n. By the
invariance relation (3.7), given n, k ∈ N, we find that Bρ0 ⊂ DTkω0

and

fnTkω0
(Bρ0) ⊂ fnTkω0

◦ fkω0
(Bδ0)

⊂ Bε.

Let ρ < ρ0 be fixed. Given ω ∈ Ω and n ∈ N, there exists a sequence kj so that
fn
Tkjω0

converges to fnω in the inductive limit topology. On the other hand, by the weak
Montel Theorem, we may also assume that fn

Tkjω0
converges to some g, uniformly on

compact subsets of Bρ0 . By Theorem 3.A.7 the maps g and fnω agree on a small ball
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3.5. Proof of Theorem 3.4.3

containing the origin, therefore, by the identity principle, they coincide as germs. We
conclude that fnω is holomorphic on Bρ and, since ρ is independent from n and ω, that
Bρ ⊂ Dω for every ω ∈ Ω. Finally uniform convergence on compact subsets of Bρ0
implies (3.9).

We write Sν for the semigroup

Sν := {fnω |ω ∈ Ω, n ∈ N} .

The following corollary is an immediate consequence of the previous lemma.

Corollary 3.5.5. Let ν be a neutral measure with compact support. Then the origin lies
in the random Fatou set if and only if Sν is relatively compact in O(Cm, 0).

Definition Given f ∈ O(Cm, 0) we say that f is linearizable, if there exists ϕ ∈
O(Cm, 0), locally invertible at the origin, such that

ϕ ◦ f(z) = df(0) · ϕ.

If this is the case, we say that f is linearized by ϕ.

Corollary 3.5.6. Let ν be a neutral measure with compact support. If the origin lies in
the random Fatou set, then every element of Sν is linearizable.

Proof. If the semigroup Sν is relatively compact in O(Cm, 0) then, given f ∈ Sν , the
family {fn} is also relatively compact. It follows that the origin lies in the Fatou set of f ,
and therefore that the germ is linearizable.

We notice that linearizability of every element of Sν does not imply that the origin
lies in the random Fatou set. Consider the following example.

Example Let λ = e2πiα be an irrational rotation, with α Brjuno number. We define the
maps

f1(z) = λ(z + z2), and f2(z) = λ(z − z2),

and consider a measure such that supp(ν) = {f1, f2}.
In this case we see immediately that every function in the semigroup Sν = 〈f1, f2〉 is

linearizable. Nevertheless f1 and f2 are not simultaneously linearizable.
Let z0 6= 0 and define integers ni ∈ {1, 2} recursively as follows: if Re(zi) ≥ 0 then

ni+1 = 1, else ni+1 = 2. Let ω := (fn1
, fn2

, . . . ), and zi = f iω(z0).
We claim that the orbit of z0 converges to infinity. To see this suppose that Re(zi) ≥ 0.

Then it follows that the angle between the vectors zi and z2
i is at most π/2, and hence

|zi+1| = |zi + z2
i | ≥ |zi|.

The irrational rotation guarantees that the norm increases often enough to converge to
infinity, proving the claim.

The conclusion is that in this case Sν is not relatively compact, therefore the origin
does not lie in the random Fatou set.
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Chapter 3. Random local complex dynamics

Suppose that ν is a neutral measure with compact support for which the origin lies in
the random Fatou set. We write Gν for the closure of Sν in O(Cm, 0).

Lemma 3.5.7. The setGν is a compact topological group. Moreover there exists an open
subset M ⊂ Cm such that every f ∈ Gν belongs to Aut(M).

Proof. By Lemma 3.5.4 the set Gν is compact. Furthermore, by Corollary 3.5.6, every
f ∈ Sν is linearizable and, by Proposition 3.3.5 the differential df(0) is conjugated to an
element of U(m). It follows that for some sequence nj we have fnj → id. This proves
that Gν contains the identity element. Furthermore the germ g = limj→∞ fnj−1 is the
inverse of f in O(Cm, 0), thus Gν contains also the inverse of f .

Let f ∈ Gν and fn ∈ Sν such that fn → f . Every fn has an inverse f−1
n ∈ Gν . By

taking a subsequence if necessary, we may assume that f−1
n → g ∈ Gν . It is not difficult

to prove that g is the inverse element of f in O(Cm, 0), which finally proves that Gν is a
compact group.

Let ε > 0 and ρ > 0 as in Lemma 3.5.4. If we choose ε small enough we may further
assume that all the elements of supp(ν) are univalent on Bε. It follows that every f ∈ Sν
is univalent on Bρ. Since every g ∈ Gν is invertible, by Hurwitz’s theorem, it is also
univalent on Bρ.

By taking a smaller ε if necessary, we may further assume that every g ∈ Gν is
univalent on Bε. We define the open set

M =
⋃
g∈Gν

g(Bρ) ⊂ Bε.

Given g ∈ Gν and x ∈ M , then x = ĝ(z) for some ĝ ∈ Gν and z ∈ Bρ. It follows that
g(M) ⊂ M . Furthermore, since g−1 ∈ Gν , we obtain the equality g(M) = M . Which
proves that g ∈ Aut(M).

The following result is known as Bochner’s Linearization Theorem. A proof of the
theorem, valid for Ck diffeomorphism, can be found in [7]. The same proof is valid also
in the holomorphic case, up to small modifications.

Theorem 3.5.8 (Bochner’s Linearization Theorem). Let M be a complex manifold and
x0 ∈M . LetA be a continuous homomorphism from a compact groupK toAut(M) such
that Ak(x0) = x0, for all k ∈ K. Then there exists a K invariant open neighborhood U
of x0 in M and biholomorphism ϕ from U onto an open neighborhood V ⊂ Tx0M of 0,
such that:

ϕ(x0) = 0, dϕ(x0) = id : Tx0
M → Tx0

M

and
ϕ ◦Ak(x) = dAk(x0) · ϕ(x) ∀k ∈ K,x ∈ U).

Definition We say that two or more germs are simultaneously linearizable if there exists
a locally invertible ϕ ∈ O(Cm, 0) such that all the germs are linearized by ϕ.

Lemma 3.5.9. Let ν be a neutral measure on O(Cm, 0) with compact support. If the
origin lies in the random Fatou set then all the elements f ∈ supp(ν) are simultaneously
linearizable.

56



3.6. Discussion of semi-attracting measures

Proof. Let Gν be the closure of Sν and M be the Gν-invariant open set described in
Lemma 3.5.7. The compact group Gν induces an action on M that satisfies the hypoth-
esis of Bochner’s Linearization Theorem. It follows that all the germs f ∈ Gν can be
simultaneously linearized.

We are finally ready to conclude the proof of Theorem 3.4.3.

Proof of Theorem 3.4.3. Suppose that the origin lies in the random Fatou set. By the
previous lemma it follows that all the germs in supp(ν) are simultaneously linearizable,
which implies that the semigroup Sν is conjugated to the semigroup of the differentials
dSν . Furthermore by Proposition 3.3.5, the semigroup dSν is itself conjugate to a sub-
semigroup of U(m). The other implication of the theorem is trivial.

3.6 Discussion of semi-attracting measures

Recall from section 3.4 that for every ω ∈ Ωnor the origin belongs to the Fatou set
Fω := int(Dω). Let Uω be the connected component of Fω containing the origin.

Proposition 3.6.1. Let ν be a semi-attracting measure on O(Cm, 0) with compact sup-
port, so that the origin lies in the random Fatou set. Then almost surely, every limit map
g = limk→∞ fnkω is degenerate on Uω .

Proof. By Corollary 3.2.5 we have E log |det df(0)| < 0. Along the lines of Proposition
3.5.1, we can choose ε > 0 such that E log(|det df(0)|+ ε) < 0. In particular for almost
every ω ∈ Ω we have

∞∏
k=1

(|det dfTk−1ω(0)|+ ε) = 0. (3.11)

By compactness of supp(ν), we may choose r > 0 so that for every ‖z‖ < r we have

|det df(z)| < |det df(0)|+ ε, ∀f ∈ supp(µ).

Since the origin belongs to the random Fatou set, for almost every ω ∈ Ω there exists
δω > 0 such that ‖fnω (z)‖ < r for every z ∈ Bδω and n ≥ 0. We conclude that for
z ∈ Bδω

|det dfnω (z)| =
n∏
k=1

|det dfTk−1ω(fk−1
ω (p))|

≤
n∏
k=1

(|det dfTk−1ω(0)|+ ε) .

Let nk be a sequence such that fnkω → g locally uniformly on a neighborhood U of the
origin, then on a possibly smaller neighborhood we have det dg ≡ 0. By the identity
principle we conclude that the same is true on Uω .
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Chapter 3. Random local complex dynamics

Given z ∈ Uω we define the stable set

Ws
ω(z) := {w ∈ Uω | ‖fnω (z)− fnω (w)‖ → 0}.

When m = 2, we will prove that, given ν semi-attracting with compact support and
such that the origin lies in the random Fatou set, the stable set through every point z
sufficiently close to the origin is locally a complex submanifold. It is a natural question
whether the same is true when m > 2.

Before proceeding to the proof of this result we will present two examples of this
phenomenon in the case the germs in supp(ν) are linear maps.

Example Suppose ν = 1
2δg + 1

2δh, where

g(z, w) =

(
1/2 0
0 1

)(
z
w

)
, h(z, w) =

(
1/2 1
0 1

)(
z
w

)
.

We notice that given ω ∈ Ω

fnω (z, w) =

(
1/2n αn

0 1

)(
z
w

)
, with αn =

{
αn−1

2 if fTn−1ω = g
αn−1

2 + 1 if fTnω = h.

The two Lyapunov exponents of the measure ν are κ1 = 0 and κ2 = − log 2, therefore
the measure is semi-attracting. Furthermore we have 0 ≤ αn < 2 for every n and every
ω, which implies that the origin lies in the random Fatou set. Given (z0, w0) ∈ Uω = C2,
we can write its stable set as

Ws
ω(z0, w0) = {(z, w) ∈ C2 |w = w0},

which is a one-dimensional manifold. We notice that in this case the stable manifolds are
independent from the sequence ω ∈ Ω, but that this is not true in general.

Consider for example the measure ν̃, obtained by taking instead the maps

g(z, w) =

(
1/2 0
0 1

)(
z
w

)
, h(z, w) =

(
1/2 0
1 1

)(
z
w

)
.

This measure has the same Lyapunov exponents and the origin lies in the random Fatou
set. However the sequence fnω converges, for every ω, to a map of the form g̃(z, w) =
(z + βωw, 0). Hence the stable manifolds are again parallel complex planes, but now
depend on ω.

Remark 3.6.2. The last two examples are helpful models in order to understand the
random dynamics of semi-attracting measures. We notice that in both cases df(0) and
dg(0) share an eigenvector. In the theory of linear cocycles one says that a cocycle is
strongly irreducible if there is no finite family of proper subspaces invariant by Mω for
ν-almost every ω. This raises the following question

Does there exist a semi-attracting measure, such that Mn
ω is almost surely bounded, but

the corresponding cocycle is strongly irreducible?
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Lemma 3.6.3. There exists r > 0 and, for almost every ω ∈ Ω, a sequence nk dependent
by ω, so that fnkω → g locally uniformly on Uω and so that

Ws
ω(z) = {w ∈ Uω | g(w) = g(z)}

for every z ∈ Uω which satisfies ‖g(z)‖ ≤ r.

Proof. Given r > 0 we define the measurable sets

Ar := {ω ∈ Ω |Br b Uω}.

It is clear that Ar1 ⊃ Ar2 , when r1 < r2, and that
⋃
r>0Ar = Ωnor. Since the latter is a

full measure set, we may choose r > 0 so that µ(Ar) > 1/2.
Let ε1 > 0, by the Ascoli–Arzelà Theorem the collection of measurable sets

B(1)
δ :=

{
ω ∈ Ar

∣∣∣ ∀z, w ∈ Br with ‖z − w‖ < δ :
supn ‖fnω (z)− fnω (w)‖ < ε1

}
,

defined for δ > 0, covers Ar. Furthermore it satisfies B(1)
δ ⊃ B(1)

δ′ , for δ < δ′, thus we
may choose δ1 > 0 so that µ(B(1)

δ1
) > 1/2. We will write B(1) for the set B(1)

δ1
.

Given a sequence of positive real numbers εk with limk→∞ εk = 0, we may recur-
sively define a sequence δk of positive real numbers, in such a way that

B(k+1) :=

{
ω ∈ B(k)

∣∣∣ ∀z, w ∈ Br with ‖z − w‖ < δk+1 :
supn ‖fnω (z)− fnω (w)‖ < εk+1

}
has measure strictly greater that 1/2.

Since the nested sets B(k) all have measure at least 1/2, the intersection, which we
will simply denote as B satisfies µ(B) ≥ 1/2.

By ergodicity of the transformation T there exists, for almost every ω ∈ Ωnor a
sequence nk so that Tnk(ω) ∈ B. By taking a subsequence if necessary, we find that fnkω
converges locally uniform on Uω to a function g.

Given z ∈ Uω such that ‖g(z)‖ < r, it is clear that g(w) = g(z) for every w ∈
Ws
ω(z). On the other hand, given w ∈ Uω which satisfies g(w) = g(z), we can find k0 so

that fnkω (z), fnkω (w) ∈ Br for every k ≥ k0. Furthermore we may also find a sequence
k0 ≤ k1 ≤ k2 ≤ . . . , so that whenever k ≥ ki we have ‖fnkω (z)− fnkω (w)‖ < δi.

Since Tnkω ∈ B for every k, we conclude that, given n ≥ nki ,

‖fnω (z)− fnω (w)‖ =
∥∥∥fn−nki
T
nkiω

(f
nki
ω (z))− fn−nki

T
nkiω

(f
nki
ω (w))

∥∥∥ < εi.

This shows that w ∈Ws
ω(z), which proves the desired equality.

When m = 2 and the measure is semi-attracting we obtain the following (local) version
of the Stable Manifold theorem

Corollary 3.6.4 (Stable Manifold Theorem). Let µ be a semi-attracting measure on
O(C2, 0) with compact support, for which the origin lies in the random Fatou set. Then
there exists, for almost every ω ∈ Ω,a constant ρ > 0 sufficiently small so that, given
z ∈ Bρ, the set Ws

ω(z) is locally a one-dimensional complex manifold.
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Chapter 3. Random local complex dynamics

Proof. Let ω ∈ Ω be such that the map g described in the previous lemma exists. Since
g(0) = 0 we can choose ρ > 0 sufficiently small so that Bρ ⊂ Uω and g(Bρ) ⊂ Br. Here
the value of r is again determined by the previous lemma.

By Proposition 3.6.1 the function g is degenerate. Furthermore, by Proposition 3.3.8,
we must have ‖dg(0)‖ ≥ 1, thus we may further assume, by shrinking ρ is necessary, that
g has rank 1 on every point of Bρ.

By the constant rank Theorem g(Bρ) is a one-dimensional submanifold and every
point in it is a regular value for the holomorphic map g : Bρ → g(Bρ). By the Implicit
Function Theorem, given z ∈ Bρ, the level set {w ∈ Bρ | g(w) = g(z)} is a one dimen-
sion complex manifold. The level sets of the map g coincide with the stable sets of the
sequence ω. It follows that the latter are locally one-dimensional manifolds.

3.A Appendix: Holomorphic germs and their topology

We write O(Cm, 0) for the space of germs at 0 of holomorphic maps from Cm to itself.
Note that in the main text we required that the germs fix the origin, but this requirement
plays no role here.

Our goal in this appendix is to define a topology on O(Cm, 0) with the following
property:

Local uniform convergence. A sequence of germs (fk) converges to a germ f if there
exists r > 0 such that f and all the fn admit a representative which is bounded and
holomorphic on Br and

sup
‖z‖≤r

‖fk(z)− f(z)‖ → 0 as n→∞.

The construction of such a topology, given in Theorem 3.A.7 below, resembles very
closely the so-called inductive limit topology of a sequence of nested Fréchet spacesX1 ⊂
X2 ⊂ · · · ⊂ Xn ⊂ . . . . See [25] or [14] for an example of this construction in the case
of C∞0 (Ω). For a discussion of inductive limit topology for holomorphic germs, see for
instance [20], where germs in possibly infinite dimensional spaces are considered. While
the results presented here are undoubtedly known to experts on the topic, we include them
for the sake of completeness.

Suppose that εn → 0 is a strictly decreasing sequence. Let Xn be the space of all
bounded and holomorphic functions on Bεn equipped with the distance

dn(f, g) := sup
‖z‖≤εn

‖f(z)− g(z)‖.

There exists a natural injection of Xn into O(Cm, 0), which we will denote by πn. Fur-
thermore it is clear that Xn ⊂ Xn+1.

We write τn for the standard metric topology onXn. We note that τn is not equivalent
to the compact-open topology. However, it will be clear that the inductive limit topology
on O(Cm, 0) obtained using either sequence of topologies is identical.
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Inductive limit topology The inductive limit topology, which we will denote by τind,
is the finest topology on O(Cm, 0) such that each injection πn : Xn → O(Cm, 0) is a
continuous function.

In other words a set U is open in the inductive limit topology if and only if, for each
n, Xn ∩ π−1

n (U) is open with respect to the topology τn.

Since each map πn is injective, from now on we will avoid writing the map πn and
we will consider each Xn as a subset of O(Cm, 0).

Remark 3.A.1. In the classical construction of the inductive limit topology of a nested
sequence of Fréchet spaces, X1 ⊂ X2 ⊂ . . . , it is assumed that the topology on Xn is
induced by the topology on Xn+1, which fails in our setting. Consider for example the

germs fn = n
(
z
ε1

)n
. This sequence converges uniformly to 0 on Br for r < ε1, in

particular we have d2(fn, 0) → 0. On the other hand we see that d1(fn, 0) → ∞. This
shows that τ1 is different from τ2|X1

.

Lemma 3.A.2. Let α ∈ Nm. The derivation Dα : f 7→ ∂αf(0) is a continuous map from
O(Cm, 0), endowed with the inductive limit topology, to C.

Proof. If Dα was not continuous, there would exists U ⊂ C open and a natural number
n such that V := D−1

α (U)∩Xn is not open with respect to the metric topology of Xn. If
so, there exists (fk) ⊂ Xn \ V such that fk → g ∈ V with respect to the metric dn. By
Weierstrass we have Dαfk → Dαg, which is not possible, since fk 6∈ V .

Corollary 3.A.3. The inductive limit topology on O(Cm, 0) is Hausdorff.

Proof. Given two germs f1 6= f2 then there exists α ∈ Nm such that Dαf 6= Dαf2. The
Hausdorff property of τind follows from the continuity of Dα.

Recall that a subset U of a topological space X is sequentially open if each sequence
(xk) in X converging to a point of U is eventually in U . We say that X is a sequential
space if every sequentially open subset of X is open.

Lemma 3.A.4. O(Cm, 0), endowed with the inductive limit topology, is a sequential
space.

Proof. First of all we notice that if fk → f with respect to the metric topology of Xn,
then the convergence is valid in τind. If this was not the case, we could find an open set
U 3 f in the inductive limit topology such that (fk) is not eventually contained in U .
However this is not possible since U ∩Xn is open, with respect to the metric topology of
Xn, and fk converges to f in this topology.

As a consequence, given U ⊂ O(Cm, 0) sequentially open, the set U ∩ Xn is se-
quentially open in the metric topology of Xn. Metric spaces are sequential, thus U ∩Xn

is open in Xn. By the definition of τind it follows that U is open, which concludes the
proof.

Recall that a topological space X is countably compact if given an open countable
cover of X there exists a finite subcover. A proof of the following proposition can be
found in [9, pg. 209].
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Proposition 3.A.5. Sequential compactness and countable compactness are equivalent
in the class of sequential Hausdorff spaces.

Given r > 0 and f ∈ Xn, we write Bn(f, r) (respectively Bn(f, r)) for the open
(respectively closed) ball of radius r and center f with respect to the metric dn.

Lemma 3.A.6. The closed ball Bn(f, r) is compact in (Xn+1, dn+1).

Proof. It is sufficient to prove the lemma for the case f = 0. Suppose (fk) is a se-
quence in Bn(0, r), then by the weak Montel Theorem there exists a subsequence km
such that fkm → f∞ uniformly on every compact subset K ⊂ Bεn . In particular we have
dn+1(fkm , f∞)→ 0.

The function f∞ is holomorphic on Bεn . Furthermore, by uniform convergence on
compact subsets of Bεn , we have ‖f∞(z)‖ ≤ r for every z ∈ Bεn(0). This proves that
f∞ ∈ Bn(0, r), which concludes the proof of the lemma.

Theorem 3.A.7. A sequence (fk) is a convergent sequence with respect to τind if and
only if there exists N such that (fk) ⊂ XN and (fk) is convergent with respect to the
metric dN .

Proof. We already proved the only if part in Lemma 3.A.4. Suppose now that (fk) is a
convergent sequence in the inductive limit topology. Write f∞ = limk→∞ fk and let n0

so that f∞ ∈ Xn0
. Firstly we prove that there exists N0 such that (fk) ⊂ XN0

. If this
was not the case, by taking a subsequence if necessary, we may assume that for every n,
Xn ∩ (fk) is a finite set, and that the intersection is empty when n ≤ n0.

Let U = O(Cm, 0) \ (fk). The set Xn \ U is finite for every n ∈ N, therefore U is
open in the inductive limit topology. It is clear that f∞ ∈ U but that the sequence (fk)
is not eventually contained in U , contradicting f∞ = limk→∞ fk. The existence of N0

follows.
Suppose now that for every N ≥ N0 we have dN (fk, f∞) 6→ 0. If ε > 0 is fixed,

then the sequence fk is not eventually contained inBN (f∞, ε). This follows from the fact
that BN (f∞, ε) are relatively compact in XN+1, plus the fact that convergence in XN+1

implies convergence with respect to τind.
Let (kNn ) ⊂ N be the subsequence obtained by removing all the indices k for which

fk ∈ BN (f∞, ε). Since BN (f∞, ε) ⊂ BN+1(f∞, ε) it follows that

(kN+1
n ) ⊂ (kNn ) ⊂ · · · ⊂ (kN0

n ).

Let kn := kn+N0
n . Then, for every n ≥ N − N0, we have that fkn 6∈ BN (f∞, ε).

Furthermore we notice that

dN (fkn , f∞)→∞, ∀N ≥ N0.

Suppose on the contrary that there exists (k′n) ⊂ (kn) such that dN (fk′n , f∞) → M .
By the previous lemma, by taking a subsequence of k′n if necessary, we may assume that
fk′n → g in XN+1 with g 6= f∞. Convergence in XN+1 implies convergence in τind,
therefore this is not possible.

The set U = O(Cm, 0) \ (fkn) contains f∞ ∈ U . Since (fk) ⊂ XN0
, given N ≥ N0

we have that U∩XN = XN \(fkn). The sequence (fkn) is divergent inXN , thus U∩XN
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is open in XN for N ≥ N0. Finally if V is open in XN+1 then V ∩XN is open in XN .
This proves that U is an open neighborhood of f∞ in the inductive limit topology, which
gives a contradiction. It follows that there exists N1 such that dN1

(fk, f∞)→ 0.

Corollary 3.A.8. A setK ⊂ O(Cm, 0) is sequentially compact in τind if and only if there
exists N such that K ⊂ XN and is compact with respect to the metric topology of XN .

Proof. Suppose that K is sequentially compact in τind. First of all there exists N0 such
that K ⊂ XN0

. If this was not the case, we could find a sequence (fk) ⊂ K such
that fk 6∈ Xk. By the previous theorem, such sequence does not have any convergent
subsequence with respect to τind, which contradicts sequential compactness.

Suppose thatK is unbounded inXN for every k ≥ N0. We can find fk ∈ K such that
dk(fk, 0) > N . The previous theorem proves that this sequence does not have convergent
subsequence, which contradicts sequential compactness. This proves that K is bounded
in XN1

for some N1 ≥ N0. By Lemma 3.A.6 the set K is relatively compact in XN1+1.
Since the inductive limit topology is sequential, it follows that K is a closed set in τind.
This shows that K is a compact set in XN1+1.

On the other hand since convergence in XN implies convergence in τind, a compact
set K ⊂ XN is sequentially compact in τind.

Corollary 3.A.9. Compactness and sequential compactness are equivalent inO(Cm, 0).

Proof. Since O(Cm, 0) is a Hausdorff sequential space, we only have to prove that ev-
ery sequentially compact set is compact. By the previous corollary if K is sequentially
compact then there exists N such that K ⊂ XN and K is compact in XN . Let {Uα}
be an open cover of K. By the definition of the inductive limit topology it follows that
{Uα ∩ XN} is an open cover of K in XN . Using the compactness of K in XN we can
extract a finite open subcover {U1, . . . , Un}. This proves that K is compact with respect
to the topology τind.

The following corollary is an immediate consequence of the previous ones.

Corollary 3.A.10. A set K ⊂ O(Cm, 0) is compact in τind if and only if there exists N
such that K ⊂ XN is compact with respect to the metric topology of XN .

We conclude this appendix by showing that the inductive limit topology is not metriz-
able. Notice that a similar proof also shows that this topology is not even first countable.

Proposition 3.A.11. The inductive limit topology is not metrizable.

Proof. Suppose on the contrary that there exists a metric dind onO(Cm, 0) such that τind
coincides with the metric topology of dind. We will write Bind(f, r) for the open ball of
center f and radius r with respect of this metric.

We note that for every n we can construct a sequence (fnk )k∈N ⊂ Xn \ Xn−1, such
that fnk converges to 0 with respect to the metric dn. Since convergence in Xn implies
convergence in τind, for every n we can find kn such that

fnkn ∈ Bind(0, 1/n).

Now let gn = fnkn . It is clear that dind(gn, 0) → 0 as n → ∞. By Theorem 3.A.7, it
follows that (gn) is contained in some XN , which is not possible by the definition of the
fnk -s. This contradicts the fact that τind is metrizable.
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[8] J. Écalle. Les fonctions résurgentes, tome iii: L’équation du pont et la classification analytiques des objects
locaux. Publ. Math. Orsay, 49, 1985.

[9] Ryszard Engelking. General topology, volume 6 of Sigma Series in Pure Mathematics. Heldermann
Verlag, Berlin, second edition, 1989.

[10] T. Firsova, M. Lyubich, R. Radu, and R. Tanase. Hedgehogs for neutral dissipative germs of holomorphic
diffeomorphisms of (C2, 0). ArXiv e-prints, November 2016.

[11] John Erik Fornaess and Nessim Sibony. Random iterations of rational functions. Ergodic Theory and
Dynamical Systems, 11(4):687–708, 1991.

[12] H. Furstenberg and H. Kesten. Products of random matrices. Ann. Math. Statist., 31(2):457–469, 06 1960.

[13] I Ya Gol’dsheid and G A Margulis. Lyapunov indices of a product of random matrices. Russian Mathe-
matical Surveys, 44(5):11, 1989.

[14] Gerd Grubb. Distribution and Operators. Graduate Texts in Mathematics. Springer-Verlag New York,
first edition, 2009.

[15] Y. Guivarc’h and A. Raugi. Frontière de Furstenberg, propriétés de contraction et théorèmes de conver-
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Flour, XII—1982, volume 1097 of Lecture Notes in Math., pages 305–396. Springer, Berlin, 1984.

[19] M. Lyubich, R. Radu, and R. Tanase. Hedgehogs in higher dimensions and their applications. ArXiv
e-prints, November 2016.

[20] Jorge Mujica. Spaces of germs of holomorphic functions. In Studies in analysis, volume 4 of Adv. in
Math. Suppl. Stud., pages 1–41. Academic Press, New York-London, 1979.

[21] V. I. Oseledec. A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dynamical sys-
tems. Trudy Moskov. Mat. Obšč., 19:179–210, 1968.
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CHAPTER4
Canonical models on strongly convex

domains via the squeezing function

Abstract

We prove that if a holomorphic self-map f : Ω→ Ω of a bounded strongly convex domain
Ω ⊂ Cq with smooth boundary is hyperbolic then it admits a natural semi-conjugacy with
a hyperbolic automorphism of a possibly lower dimensional ball Bk. We also obtain the
dual result for a holomorphic self-map f : Ω → Ω with a boundary repelling fixed point.
Both results are obtained by rescaling the dynamics of f via the squeezing function.

4.1 Introduction

When studying the dynamics of a holomorphic self-map f of the unit ball Bq ⊂ Cq , an
important role is played by fixed points at the boundary, where the map is not necessarily
continuous. A point ζ ∈ ∂Bq is a boundary regular fixed point if

This chapter is based on: A. Altavilla, L. Arosio, L. Guerini. Canonical models on strongly convex domains
via the squeezing function. arXiv e-prints, art. ???. Feb. 2020.
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1. Given M > 1 and any sequence (zn) converging to ζ inside the Koranyi region

K(ζ,M) :=

{
z ∈ Bq

∣∣∣ |1− 〈z, ζ〉|
1− ‖z‖ < M

}
,

we have that f(zn) converges to ζ, and

2. the dilation λζ defined as

λζ := lim inf
z→ζ

1− ‖f(z)‖
1− ‖z‖ , (4.1)

is finite. If λζ > 1 the point ζ is called a boundary repelling fixed point.

The classical Denjoy–Wolff Theorem illustrates the relevance of this notion.

Theorem 4.1.1. Let f : Bq → Bq be a holomorphic self-map without interior fixed points.
Then there exists a boundary regular fixed point ξ ∈ ∂Bq with dilation 0 < λξ ≤ 1, called
the Denjoy–Wolff point, such that the sequence of iterates (fn) converges to ξ.

As a consequence, the family of holomorphic self-maps of Bq is partitioned in three
classes: f is elliptic if it admits a fixed point z ∈ Bq , and if f is not elliptic, it is parabolic
if the dilation λξ at its Denjoy–Wolff point is 1 and it is hyperbolic if λξ < 1.

The automorphisms of Bq have explicit normal forms, which show that they have
a simple dynamical behaviour. For example, a hyperbolic automorphism has only two
boundary regular fixed points, one is the Denjoy–Wolff ξ, and the other is a boundary
repelling fixed point ζ with dilation λζ = 1/λξ. The normal form of hyperbolic au-
tomorphisms is easily described. Recall that the Siegel half-space Hq := {(z1, z

′) ∈
C × Cq−1 : Im z1 > ‖z′‖2} is biholomorphic to the ball Bq . Given any hyperbolic
automorphism τ of the ball there exists a biholomorphism Ψ: Bq → Hq sending the
Denjoy–Wolff point ξ to∞, such that

Ψ ◦ τ ◦Ψ−1(z1, z
′) =

(
1

λξ
z1,

eit1√
λξ
z′1, . . . ,

eitq−1

√
λξ

z′q−1

)
,

with tj ∈ R (a similar normal form can be obtained sending the repelling point to∞).
In order to understand the forward or backward dynamics of a holomorphic self-map

f it is natural to search for a semi-conjugacy between f and an automorphism of the
ball. In this direction, the following results were recently proved in [7, 6, 8, 9] using the
theory of canonical models (the cases q = 1 are the classical results of Valiron [22] and
Poggi-Corradini [21]).

Theorem 4.1.2 (Forward iteration). Let f : Bq → Bq be a hyperbolic holomorphic self-
map with Denjoy–Wolff point ξ. Then there exists an integer 1 ≤ k ≤ q, a holomorphic
map h : Bq → Hk and a hyperbolic automorphism τ of Hk of the form

τ(z1, z
′) =

(
1

λξ
z1,

eit1√
λξ
z′1, . . . ,

eitk−1

√
λξ

z′k−1

)
such that

h ◦ f = τ ◦ h.
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Theorem 4.1.3 (Backward iteration). Let f : Bq → Bq be a holomorphic self-map and
let ζ be a boundary repelling fixed point. Then there exists an integer 1 ≤ k ≤ q, a
holomorphic map h : Hk → Bq and a hyperbolic automorphism τ of Hk of the form

τ(z1, z
′) =

(
1

λζ
z1,

eit1√
λζ
z′1, . . . ,

eitk−1

√
λζ

z′k−1

)

such that

f ◦ h = h ◦ τ.

In both theorems the function h intertwines the map f with a hyperbolic holomorphic
automorphism of Hk. In Theorem 4.1.2 one obtains an automorphism with Denjoy–Wolff
point at∞ and dilation λ∞ = λξ. In Theorem 4.1.3 one obtains an automorphism with
a repelling boundary fixed point at∞ with dilation λ∞ = λζ . The semi-conjugacy pro-
vided by h satisfies a universal property and thus is unique up to biholomorphisms. Such
a semi-conjugacy is called a canonical model for f , see Sections 4.3, 4.5 for definitions.

In this paper we are interested in extending these results to the case where f : Ω→ Ω
is a holomorphic self-map of a strongly convex domain Ω ⊂⊂ Cq whose boundary is C3.
For such map f , the concepts of boundary regular fixed point and dilation can be defined
intrinsically in terms of the Kobayashi distance kΩ, see Section 4.2 for definitions. In
[1] Abate proved that the Denjoy–Wolff theorem still holds in this setting. Hence we can
partition the family of holomorphic self-maps of Ω in elliptic, parabolic and hyperbolic
maps exactly as in the case of the ball.

Let thus f : Ω → Ω be a holomorphic self-map of a strongly convex domain, which
is either hyperbolic or which admits a boundary repelling fixed point ζ. When trying
to generalize Theorems 4.1.2 and 4.1.3, the first obstacle that one encounters is that the
proofs of these theorems rely heavily on the fact that the automorphism group of the ball
is transitive, whereas by Wong–Rosay’s theorem any strongly convex domain which is not
biholomorphic to the ball cannot have a transitive group of automorphisms. Moreover, it is
natural to search for a semi-conjugacy of f with a hyperbolic automorphism of a (possibly
lower-dimensional) strongly convex domain Λ ⊂⊂ Ck, but it follows again by Wong–
Rosay’s theorem that if a strongly convex domain Λ admits a non-elliptic automorphism,
then Λ is biholomorphic to the ball Bk.

Indeed, we prove that f admits a natural semi-conjugacy with a hyperbolic automor-
phism of a ball Bk, where 1 ≤ k ≤ q. To cope with the lack of transitivity, we use
the fact that the squeezing function SΩ of Ω converges to 1 at the boundary ∂Ω, which
roughly speaking means that the geometry of Ω resembles more and more the geometry
of the ball as we approach the boundary. Hence we can rescale the dynamics of f ob-
taining in the limit the desired intertwining mappings with automorphisms of a (possibly
lower-dimensional) ball.

Our main results are the following.

Theorem 4.1.4 (Forward iteration). Let Ω ⊂⊂ Cq be a strongly convex domain with
C3 boundary. Let f : Ω → Ω be a hyperbolic holomorphic self-map with Denjoy–Wolff
point ξ. Then there exists an integer 1 ≤ k ≤ q, a holomorphic map h : Ω → Hk and a
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hyperbolic automorphism τ of Hk of the form

τ(z1, z
′) =

(
1

λξ
z1,

eit1√
λξ
z′1, . . . ,

eitk−1

√
λξ

z′k−1

)

such that
h ◦ f = τ ◦ h.

Theorem 4.1.5 (Backward iteration). Let Ω ⊂⊂ Cq be a strongly convex domain withC4

boundary. Let f : Ω → Ω be a holomorphic self-map and let ζ be a boundary repelling
fixed point. Then there exists an integer 1 ≤ k ≤ q, a holomorphic map h : Hk → Ω and
a hyperbolic automorphism τ of Hk of the form

τ(z1, z
′) =

(
1

λζ
z1,

eit1√
λζ
z′1, . . . ,

eitk−1

√
λζ

z′k−1

)

such that
f ◦ h = h ◦ τ.

In both cases the semi-conjugacy provided by h is again a canonical model for f and
as such it is unique up to biholomorphisms. Notice also that in the forward iteration case
we obtain a similar result also for parabolic nonzero-step maps, see Theorem 4.4.5.

The strong convexity of the domain Ω, which implies the fact that the squeezing func-
tion converges to 1 at the boundary ∂Ω, is essential in our proofs. Indeed, a key ingredi-
ent of the proof of Theorem 4.1.4 is that every holomorphic self-map of Ω with an orbit
converging to the boundary admits a canonical model biholomorphic to a (possibly lower-
dimensional) ball. This is not true on a weakly convex domain. As an example, consider
the egg domain

Ω := {(z1, z2) ∈ C2 : |z1|2 + |z2|4 < 1},
which is strongly convex at every point of ∂Ω except for those with {z2 = 0} (where the
squeezing function SΩ does not converge to 1). Consider the automorphism f : Ω → Ω
defined changing coordinates to the unbounded realization {(z1, z2) : Im z1 > |z2|4} of
Ω and considering (z1, z2) 7→ ( 1

λz1,
1
4√
λ
z2), with 0 < λ < 1. Every forward orbit

of the automorphim f : Ω → Ω converges to the point (1, 0). A canonical model for the
automorphism f is simply given by the identity map id : Ω→ Ω intertwining f with itself.
But the canonical model is unique up to biholomorphisms, and Ω is not biholomorphic to
the ball. Similar considerations hold in the backward iteration case.

When dealing with the backward iteration case, an additional difficulty arises in the
proof of Theorem 4.1.5. Indeed in order to apply Theorem 4.5.2 one needs to construct a
backward orbit (zn) converging to ζ and satisfying

lim
n→∞

kΩ(zn, zn+1) = log λζ .

In the case of the ball Bq , such orbit is obtained in [9] using a fixed horosphere centered
in ζ to define the stopping time of an iterative process. Transitivity of the automorphism
group of Bq guarantees the convergence of this process. In the case of a strongly convex
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domain Ω we need first to find a change of coordinates in Aut(Cq) so that in the new coor-
dinates the domain Ω contains a Bq-horosphere centered in e1, and is locally contained in
Bq near e1. This is done assuming that ∂Ω is C4-smooth, composing Fefferman’s change
of coordinates with a parabolic “push”, and using Andersén-Lempert jet interpolation to
obtain an automorphism of Cq . As a consequence we obtain that kBq and kΩ are very
close on small Bq-horospheres centered in e1. We then define an iterative process using
smaller and smaller Bq-horospheres as stopping times, and we prove the convergence of
the process by rescaling it with automorphisms of the ball.

4.2 Background

4.2.1 Real geodesics
Definition Let (X, d) be a metric space. A real geodesic is a map γ from an interval
I ⊂ R to X which is an isometry with respect to the euclidean distance on I and the
distance on X , that is for all s, t ∈ I ,

d(γ(s), γ(t)) = |t− s|.

If the interval is closed and bounded (resp. [0,+∞), (−∞,+∞)) we call γ a geodesic
segment (resp. geodesic ray, geodesic line).

4.2.2 The ball
Horospheres and Koranyi regions play a central role in the study of strongly convex do-
mains. They are generalizations of corresponding notions appearing in the setting of the
unit ball Bq , where they are defined in euclidean terms. Here we recall their definitions.

The horosphere of center ζ ∈ ∂Bq and radius R > 0 is defined as

E(ζ,R) :=

{
z ∈ Bq :

|1− 〈z, ζ〉|2
1− ‖z‖2 < R

}
.

The Koranyi region of center ζ ∈ ∂Bq and amplitude M > 1 is defined as

K(ζ,M) :=

{
z ∈ Bq :

|1− 〈z, ζ〉|
1− ‖z‖ < M

}
.

When working with horospheres, it is sometime convenient to consider their expression
in the Siegel half-space Hq := {(z1, z

′) ∈ C × Cq−1 : Im z1 > ‖z′‖2}, which is biholo-
morphic to Bq under the Cayley transform C : Bq → Hq

C(z1, z
′) :=

(
i
1 + z1

1− z1
,

z′

1− z1

)
. (4.2)

Notice that also the bihomolomorphism (z1, z
′) 7→

(
i 1+z1

1−z1 , i
z′

1−z1

)
from Bq to Hq is

commonly referred to as the Cayley transform.
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With this change of holomorphic coordinates, the point e1 = (1, 0, . . . , 0) is sent to
∞ and the horosphere E(e1, R) becomes

E(∞, R) :=

{
(z1, z

′) ∈ Hq : Im z1 > ‖z′‖2 +
1

R

}
.

The automorphism group Aut(Bq) is transitive, and this property characterizes the
ball among strongly pseudoconvex domains.

Theorem 4.2.1 (Wong–Rosay [23]). Let Ω ⊂ Cq be a domain. Suppose that there exist
x0 ∈ Ω and a sequence (ϕn) in Aut(Ω) such that ϕn(x0)→ ζ ∈ ∂Ω, and that ∂Ω is C2

and strongly pseudoconvex near ζ. Then Ω is biholomorphic to Bq .

4.2.3 Strongly convex domains
We start by recalling the definition of strong convexity.

Definition A bounded convex domain Ω ⊂ Cq with C2 boundary is strongly convex at
ζ ∈ ∂Ω if for some (and hence for any) defining function ρ for Ω at ζ, the Hessian Hζρ
is positive definite on the tangent space Tζ∂Ω. The domain Ω is strongly convex if it is
strongly convex at every point ζ ∈ ∂Ω.

Remark 4.2.2. It is well known that a strongly convex domain is also strongly pseudo-
convex.

The analysis of strongly convex domains relies extensively on Lempert’s theory of com-
plex geodesics [19].

Definition A complex geodesic in a Kobayashi hyperbolic manifold X is a holomorphic
map ϕ : D → X which is an isometry with respect to the Kobayashi distance of the disc
D ⊂ C and the Kobayashi distance of X .

Theorem 4.2.3 (See e.g. [2]). Let Ω ⊂ Cq be a bounded strongly convex domain with
C3 boundary.

1. For every pair of distinct points z, w ∈ Ω, let r := kΩ(z, w). Then there exists a
unique complex geodesic ϕ such that ϕ(0) = z and ϕ(r) = w.

2. Every complex geodesic ϕ : D → Ω extends to a continuous map on D, and the
extension is injective.

3. For every z ∈ Ω and ζ ∈ ∂Ω, there exists a unique complex geodesic with ϕ(0) = z
and ϕ(1) = ζ.

Complex geodesics are isometries between (D, kD) and (Ω, kΩ), and therefore map
real geodesic of D to real geodesic in Ω. On the other hand every real geodesic of Ω is
contained in some complex geodesic [16, Lemma 3.3], and its pullback is a real geodesic
in D. Hence every real geodesic in Ω is C∞, and for all x 6= y ∈ Ω the geodesic segment
joining x to y is unique up to isometries of the interval I . Moreover for every p ∈ Ω and
ζ ∈ ∂Ω there exists a unique geodetic ray connecting the two points.
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Let ζ ∈ ∂Ω and choose a pole p ∈ Ω. It is proved in [2, Theorem 2.6.47] that the limit

lim
w→ζ

[kΩ(z, w)− kΩ(p, w)] (4.3)

exists. We denote by hζ,p : Ω → R>0 (sometimes by hΩ
ζ,p) the continuous function de-

fined as

hζ,p(z) := exp
(

lim
w→ζ

[kΩ(z, w)− kΩ(p, w)]

)
.

If instead of p we choose a different pole p′ ∈ Ω the function changes by a multiplicative
constant:

hζ,p′(z) = hζ,p(z)hζ,p′(p). (4.4)

The concepts of horosphere, Koranyi region, boundary regular fixed points and dilation
can be carried over to the case of strongly convex domains with C3 boundary, giving
intrinsic definitions in terms of the Kobayashi distance.

Definition The horosphere of center ζ ∈ ∂Ω, pole p ∈ Ω and radius R > 0 is the set

EΩ(p, ζ, R) := {z ∈ Ω |hζ,p(z) < R} .

The Koranyi region of center ζ ∈ ∂Ω, pole p ∈ Ω and amplitude M > 1 is the set

KΩ(p, ζ,M) := {z ∈ Ω | log hζ,p(z) + kΩ(p, z) < 2 logM} .

Remark 4.2.4. When Ω = Bq , horospheres and Koranyi regions with pole p = 0 and
center ζ ∈ ∂Bq coincide with the regions E(ζ,R) and K(ζ,M) defined previously (see
[2, Propositions 2.2.20 and 2.7.3]).

Definition Let Ω ⊂ Cq be a strongly convex domain with C3 boundary. A holomorphic
map f : Ω → Cm has K-limit σ at ζ ∈ ∂Ω if for every sequence (zn) converging to ζ
inside a Koranyi region we have that f(zn) converges to σ. If f : Ω→ Ω is a holomorphic
self-map, a point ζ ∈ ∂Ω is a boundary fixed point if

K- lim
z→ζ

f(z) = ζ.

Given ζ ∈ ∂Ω, the dilation of f at ζ with pole p ∈ Ω is the number λζ,p ∈ R>0 defined
as

log λζ,p = lim inf
z→ζ

[kΩ(p, z)− kΩ(p, f(z))].

Remark 4.2.5. By [4, Lemma 1.3] the dilation coefficient λζ,p at a boundary fixed point
does not depend on p ∈ Ω, thus we can write λζ = λζ,p. The proof of this fact is based
on the existence of complex geodesics and of the limit (4.3).

Definition A boundary fixed point ζ ∈ ∂Ω for f : Ω → Ω is regular if its dilation λζ is
finite.
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Remark 4.2.6. If Ω = Bq , then a straightforward calculation shows that

lim inf
z→ζ

[kΩ(0, z)− kΩ(0, f(z))] = lim inf
z→ζ

log
1− ‖f(z)‖

1− ‖z‖ ,

in agreement with (4.1).

We will need the following version of Julia’s Lemma (see e.g. [2, Theorem 2.4.16,
Proposition 2.7.15])

Proposition 4.2.7. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary,
and let f : Ω → Ω be a holomorphic self-map. Let ζ ∈ ∂Ω be a boundary regular fixed
point, and let p ∈ Ω. Then

f(EΩ(p, ζ, R)) ⊂ EΩ(p, ζ, λζR), ∀R > 0.

Complex geodesics are also useful in order to compute dilation coefficients. Recall
for example the following result [4, Lemma 3.1].

Lemma 4.2.8. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary, and
let f : Ω→ Ω be a holomorphic self-map. Let ζ ∈ ∂Ω be a boundary regular fixed point
of f , and let ϕ : D→ Ω be a complex geodesic with ϕ(1) = ζ. Then

lim
t→1,t∈R∩D

kΩ(ϕ(t), f(ϕ(t))) = | log λζ |.

The Denjoy–Wolff theorem also carries over to this setting (see e.g. [1, Theorem
0.6]).

Theorem 4.2.9. Let Ω ⊂ Cq be a bounded strongly convex C3 domain. Let f : Ω → Ω
be a holomorphic self-map without interior fixed points. Then there exists a boundary
regular fixed point ξ ∈ ∂Ω with dilation 0 < λξ ≤ 1, called the Denjoy–Wolff point,
such that the sequence of iterates (fn) converges to ξ.

This allows to partition the family of holomorphic self-maps of Ω as in the ball.

Definition Let Ω ⊂ Cq be a bounded strongly convex C3 domain. A holomorphic self-
map f : Ω→ Ω is called elliptic if it admits an interior fixed point. Otherwise it is called
hyperbolic if the dilation λξ at its Denjoy–Wolff point satisfies λξ < 1, and it is called
parabolic if λξ = 1.

4.2.4 Squeezing function
The squeezing function SΩ : Ω → (0, 1] of a bounded domain Ω ⊂ Cq measures how
much Ω resembles the ball Bq .

Definition Let Ω ⊂ Cq be a bounded domain and z ∈ Ω. If ϕ : Ω → Bq is an injective
holomorphic function with ϕ(z) = 0 we set

SΩ,ϕ(z) := sup{r > 0: B(0, r) ⊂ ϕ(Ω)},
and

SΩ(z) := sup
ϕ
{SΩ,ϕ(z)}.

The function SΩ : Ω→ (0, 1] is called the squeezing function of the domain Ω.
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By a normality argument it follows that the sup is actually attained.

Proposition 4.2.10. Let Ω ⊂ Cq be a bounded domain and z ∈ Ω. Then there exists an
injective holomorphic map ϕ : Ω→ Bq , with ϕ(z) = 0 such that

SΩ,ϕ(z) = SΩ(z).

We will need the following result proved in [13].

Theorem 4.2.11. If Ω ⊂ Cq is a bounded strongly pseudoconvex domain with C2 bound-
ary, then

lim
z→∂Ω

SΩ(z) = 1.

4.3 Canonical Kobayashi hyperbolic semi-models

In this section we construct a Canonical Kobayashi hyperbolic semi-model for a holomor-
phic self-map f of a bounded domain Ω, assuming that the squeezing function converges
to 1 along an orbit.

Definition Let X be a complex manifold and let f : X → X be a holomorphic self-map.
Let x ∈ X , and let m ≥ 1. The forward m-step sm(x) of f at x is the limit

sm(x) := lim
n→∞

kX(fn(x), fn+m(x)).

Such a limit exists since the sequence (kX(fn(x), fn+m(x)))n≥0 is non-increasing. The
divergence rate c(f) of f is the limit

c(f) := lim
m→∞

kX(fm(x), x)

m
. (4.5)

It is shown in [8] that such a limit exists, is independent on the point x ∈ X and is equal
to infm∈N

kX(fm(x),x)
m .

Definition Let X be a complex manifold and let f : X → X be a holomorphic self-map.
A semi-model for f is a triple (Λ, h, ϕ) where Λ is a complex manifold called the base
space, h : X → Λ is a holomorphic mapping, and ϕ : Λ → Λ is an automorphism such
that

h ◦ f = ϕ ◦ h, (4.6)

and ⋃
n≥0

ϕ−n(h(X)) = Λ. (4.7)

Let (Z, `, τ) and (Λ, h, ϕ) be two semi-models for f . A morphism of semi-models
η̂ : (Z, `, τ)→ (Λ, h, ϕ) is given by a holomorphic map η : Z → Λ such that the follow-
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ing diagram commutes:

X
h //

`

&&NN
NNN

NNN
NNN

NN

f

��

Λ

ϕ

��

Z

η
??��������

τ

��

X
h //

`

&&NN
NNN

NNN
NNN

NN Λ

Z

η
??��������

If the mapping η : Z → Λ is a biholomorphism, then we say that η̂ : (Z, `, τ)→ (Λ, h, ϕ)
is an isomorphism of semi-models. Notice that then η−1 : Λ → Z induces a morphism
η̂−1 : (Λ, h, ϕ)→ (Z, `, τ).

Definition Let X be a complex manifold and let f : X → X be a holomorphic self-map.
Let (Z, `, τ) be a semi-model for f whose base space Z is Kobayashi hyperbolic. We say
that (Z, `, τ) is a canonical Kobayashi hyperbolic semi-model for f if for any semi-model
(Λ, h, ϕ) for f such that the base space Λ is Kobayashi hyperbolic, there exists a unique
morphism of semi-models η̂ : (Z, `, τ)→ (Λ, h, ϕ).

Remark 4.3.1. If (Z, `, τ) and (Λ, h, ϕ) are two canonical Kobayashi hyperbolic semi-
models for f , then they are isomorphic.

In this section we prove the following result.

Theorem 4.3.2. Let Ω ⊂ Cq be a bounded domain, f : Ω → Ω be a holomorphic self-
map and assume that there exists an orbit (zm) with SΩ(zm) → 1. Then there exists a
canonical Kobayashi hyperbolic semi-model (Bk, `, τ) for f with 0 ≤ k ≤ q. Moreover,
the following holds:

1. for all n ≥ 0,
lim
m→∞

(fm)∗kΩ = (τ−n ◦ `)∗kZ ,

2. the divergence rate of τ satisfies

c(τ) = c(f) = lim
m→∞

sm(x)

m
= inf
m∈N

sm(x)

m
.

Remark 4.3.3. By Theorem 4.2.11 the assumptions of the theorem are satisfied when Ω
is bounded strongly pseudoconvex with C2 boundary and (zm) converges to ∂Ω.

The proof of Theorem 4.3.2 is based on the following result.

Proposition 4.3.4. Let Ω ⊂ Cq be a bounded domain, f : Ω → Ω be a holomorphic
self-map and assume that there exists an orbit (zm) such that SΩ(zm) → 1. Then there
exists a family of holomorphic maps (αn : Ω→ Z), where Z is an holomorphic retract of
Bq , such that the following hold:
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(a) for all m ≥ n ≥ 0,
αm ◦ fm−n = αn,

(b) for every n ≥ 0 we have αn(Ω) ⊂ αn+1(Ω) and⋃
n∈N

αn(Ω) = Z, (4.8)

(c) for all n ≥ 0,
lim
m→∞

(fm)∗ kΩ = α∗n kZ , (4.9)

(d) Universal property: let Q be a Kobayashi hyperbolic complex manifold and let
(γn : Ω → Q) be a family of holomorphic mappings satisfying γm ◦ fm−n = γn
for all m ≥ n ≥ 0. Then there exists a unique holomorphic map Γ: Z → Q such
that γn = Γ ◦ αn for all n ≥ 0.

Remark 4.3.5. Such family (αn) is a canonical Kobayashi hyperbolic direct limit for the
sequence of iterates (fm−n : Ω→ Ω), see [7, Definition 2.7].

Once Proposition 4.3.4 is proved, the proof of Theorem 4.3.2 is the same as that of
[7, Theorem 4.6]. We present a sketch of the construction of the semi-model for the
convenience of the reader.

Proof of Theorem 4.3.2. Define ` := α0 and γn := αn ◦ f . It is not hard to show that
(γn : Ω → Z) is a family of holomorphic mappings satisfying γm ◦ fm−n = γn for all
m ≥ n ≥ 0. Therefore by the universal property of the family (αn) there exists a unique
holomorphic map τ : Z → Z such that for all n ≥ 0,

τ ◦ αn = γn = αn ◦ f,
in particular τ ◦ ` = ` ◦ f .

Similarly if we define γ̃n := αn+1 we obtain a holomorphic map δ : Z → Z such
that γ̃n = δ ◦ αn for all n ≥ 0. It is easy to see that

τ ◦ δ ◦ αn = δ ◦ τ ◦ αn = αn.

By the universal property of the family (αn) described in Proposition 4.3.4, we conclude
that δ = τ−1, proving that τ is an automorphism of Z. Since for all n ≥ 0,

τn ◦ αn = αn ◦ fn = `,

it follows that αn = τ−n ◦ `. The triple (Z, `, τ) is a semi-model thanks to (4.8) Notice
that Z being a holomorphic retract of Bq , it is biholomorphic to a ball of dimension
0 ≤ k ≤ q. The universal property of the canonical Kobayashi hyperbolic semi-model
(Z, `, τ) is a direct consequence of the universal property of the family (αn).

Point (1) follows immediately from (4.9), hence we are left with proving (2). From
[8, Proposition 2.7] it follows that c(f) = limm→∞

sm(x)
m = infm∈N

sm(x)
m . Equation

(4.9) immediately gives the following formula for the forward m-step, which implies (2),

sm(x) = kZ(α0(x), α0 ◦ fm(x)) = kZ(`(x), τm ◦ `(x)).
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The proof of Proposition 4.3.4 is articulated in several intermediate lemmas. Let (zm)
be an f -orbit in Ω with SΩ(zm) → 1. By Proposition 4.2.10 there exists a sequence
(ψm : Ω→ Bq) of holomorphic injective maps with ψm(zm) = 0 and

ψm(Ω) ⊃ B(0, SΩ(zm)).

Notice that for every compact subset K ⊂ Bq the inverse map ψ−1
m is defined on K for

m sufficiently large.
Since ψm ◦ fm(z0) = 0 for all m ≥ 0 and since Bq is taut, there exists a subsequence

(m0(h)) such that the sequence (ψm0(h) ◦ fm0(h)) converges uniformly on compact sub-
sets to a holomorphic map α0 : Ω → Bq and α0(z0) = 0. Similarly, there exists a
subsequence (m1(h)) of (m0(h)) such that the sequence (ψm1(h) ◦ fm1(h)−1) converges
uniformly on compact subsets to a holomorphic map α1 : Ω→ Bq and α1(z1) = 0. Iter-
ating this procedure we obtain a family of subsequences {(mn(h))h≥0}n≥0 and a family
of holomorphic maps

(αn : Ω→ Bq)n≥0

such that
ψmn(h) ◦ fmn(h)−n h→∞−→ αn

uniformly on compact subsets and αn(zn) = 0. Notice that for all m ≥ n ≥ 0,

αm ◦ fm−n = αn. (4.10)

Let ν(h) := mh(h) be the diagonal subsequence, which for all j ≥ 0 is eventually a
subsequence of (mj(h))h≥0.

Consider the sequence βν(h) := αν(h) ◦ ψ−1
ν(h). Given a compact subset K ⊂ Bq and

h large enough, the map βν(h) is well defined on K and βν(h)(K) ⊂ Bq . Notice that
βν(h)(0) = 0 for all h ≥ 0. By the tautness of Bq up to extracting a further subsequence
of ν(h) we have that the sequence (βν(h)) converges uniformly on compact subsets to a
holomorphic map α : Bq → Bq.

Lemma 4.3.6. For all j ≥ 0,
α ◦ αj = αj . (4.11)

Proof. Let z ∈ Bq . For all positive integers h such that ν(h) ≥ j, we have, using (4.10),

αj(z) = (αν(h) ◦ fν(h)−j)(z) = (αν(h) ◦ψ−1
ν(h) ◦ψν(h) ◦ fν(h)−j)(z)

h→∞−→ (α ◦ αj)(z).

Lemma 4.3.7. The map α : Bq → Bq is a holomorphic retraction, that is

α ◦ α = α.

Proof. Let z ∈ Bq . From (4.11) we get, for all h ≥ 0 big enough,

(α ◦ βν(h))(z) = (α ◦ αν(h) ◦ ψ−1
ν(h))(z) = (αν(h) ◦ ψ−1

ν(h))(z) = βν(h)(z),

and the result follows since βν(h) → α.
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Define Z := α(Bq). Being a holomorphic retract, it is a closed complex submanifold
of Bq , biholomorphic to a k-dimensional ball Bk, with 0 ≤ k ≤ q. By (4.11) it follows
that, for all j ≥ 0,

αj(Ω) ⊂ Z.
Let (A,Λn) be the direct limit of the dynamical system (fn : Ω → Ω). Recall that

A := (Ω×N)/∼, where (x, n) ∼ (y, u) if and only if fm−n(x) = fm−u(y) for m large
enough, and the equivalence class of (x, n) is denoted by [x, n]. The map Λn : Ω→ A is
defined by Λn(x) = [x, n].

By the universal property of direct limits, there exists a unique map Ψ : A→ Z such
that, for all n ≥ 0,

αn = Ψ ◦ Λn.

The mapping Ψ sends the point [x, n] ∈ A to αn(x). Define on A the following equiva-
lence relation:

[x, n] ' [y, u] ⇐⇒ kΩ(fm−n(x), fm−u(y))
m→∞−→ 0.

Lemma 4.3.8. The map Ψ: A→ Z is surjective and Ψ([x, n]) = Ψ([y, u]) if and only if
[x, n] ' [y, u].

Proof. We first prove surjectivity. We have to prove that for all z ∈ Z there exists x ∈ Ω
and n ≥ 0 such that αn(x) = z. Let U ⊂ Z be a relatively compact neighborhood in
Z of z. The sequence (βν(h)|U ) = (αν(h) ◦ ψ−1

ν(h)|U ) is well defined for h big enough
and converges uniformly to α|U = idU , and therefore is eventually injective and its image
eventually contains z.

If [x, n] ' [y, u], then since the Kobayashi distance is non-expansive with respect to
holomorphic maps, we have

kZ(Ψ[x, n],Ψ[y, u]) = kZ(αm ◦ fm−n(x), αm ◦ fm−u(y))

≤ kΩ(fm−n(x), fm−u(y)),

which converges to 0 asm→∞. As Z is Kobayashi hyperbolic, it follows that Ψ[x, n] =
Ψ[y, u].

Conversely, assume that Ψ([x, n]) = Ψ([y, u]), and fix j ≥ max{n, u}. We have

αj ◦ f j−n(x) = αj ◦ f j−u(y).

By definition of the map αj it follows that

lim
h→∞

ψmj(h) ◦ fmj(h)−n(x) = lim
h→∞

ψmj(h) ◦ fmj(h)−u(y).

We claim that this implies that [x, n] ' [y, u]. Notice that, since the sequence(
kΩ(fm−n(x), fm−u(y))

)
m≥max{n,u}

is decreasing, it suffices to show that

kΩ(fmj(h)−n(x), fmj(h)−u(y))
h→∞−→ 0.
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Denote zh := ψmj(h) ◦ fmj(h)−n(x) and wh := ψmj(h) ◦ fmj(h)−u(y). Then the se-
quences (zh) and (wh) converge to the same point a ∈ Bq .

Let B ⊂⊂ Bq be a ball centered in a. When h is sufficiently large we have that
ψ−1
mj(h) : B → Ω is well defined and since the Kobayashi distance is not expanding, we

conclude that

kΩ(fmj(h)−n(x), fmj(h)−u(y)) ≤ kB(zh, wh)→ 0.

Lemma 4.3.9. For all n ≥ 0,

lim
m→∞

(fm)∗ kΩ = α∗n kZ .

Proof. For all m ≥ n ≥ 0 we have

kZ(αn(x), αn(y)) = kZ(αm ◦ fm−n(x), αm ◦ fm−n(y)) ≤ kΩ(fm−n(x), fm−n(y)).

Hence kZ(αn(x), αn(y)) ≤ limm→∞ kΩ(fm(x), fm(y)).
To obtain the inverse inequality, denote zh := ψmn(h) ◦ fmn(h)−n(x) and wh :=

ψmn(h) ◦ fmn(h)−n(y). Then (zh) converges to αn(x) and (wh) converges to αn(y). Fix
ε > 0, then there exist a ball B = B(0, r) ⊂ Bq , with radius close enough to 1 such that
it contains both αn(x), αn(y), and such that for some h0 ≥ 0 we have

kB(zh, wh) ≤ kBq (αn(x), αn(y)) + ε, ∀h ≥ h0.

Let h1 ≥ 0 such that for all h ≥ h1 we have that ψmn(h)(Ω) ⊃ B. Then for all h ≥
max{h0, h1} we have

kΩ(fmn(h)−n(x), fmn(h)−n(y)) ≤ kB(zh, wh) ≤ kBq (αn(x), αn(y)) + ε.

proving that for every ε > 0 we have

lim
m→∞

kΩ(fm(x), fm(y)) ≤ kZ(αn(x), αn(y)) + ε,

where we used the fact that αn(x), αn(y) ∈ Z and that kBq |Z = kZ .

We are now ready to prove Proposition 4.3.4. Points (a) and (c) correspond precisely
to (4.10) and Lemma 4.3.9. By (4.10) it is clear that αn(Ω) = αn+1(f(Ω)) ⊂ αn+1(Ω),
and by Lemma 4.3.8 we obtain that the union of the sets αn(Ω) coincides with Z, which
proves point (b).

It remains to prove the universal property (d). Let Q be a Kobayashi hyperbolic
complex manifold and let (γn : Ω → Q) be a family of holomorphic maps satisfying
γm ◦ fm−n = γn for all m ≥ n ≥ 0. By the universal property of the direct limit, there
exists a unique map Φ: A→ Q such that γn = Φ ◦ Λn for all n ≥ 0. The map Φ passes
to the quotient to a map Φ̂ : A/' → Q. Indeed, if [(x, n)] ' [(y, u)], for all m ≥ n, u we
have that Φ([(x, n)]) = γm ◦ fm−n(x) and Φ([(y, u)]) = γm ◦ fm−u(y). Hence

kQ(Φ([(x, n)]),Φ([(y, u)])) ≤ kΩ(fm−n(x), fm−u(y))
m→∞−→ 0,
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and thus Φ([(x, n)]) = Φ([(y, u)]). Set

Γ := Φ̂ ◦ Ψ̂−1 : Z → Q.

The mapping Γ acts in the following way: if z ∈ Z, then there exists x ∈ Ω and n ≥ 0
such that αn(x) = z, and then Γ(z) = γn(x). It is thus clear that it is the unique map
satisfying Γ ◦ αn = γn for all n ≥ 0. The map Γ is holomorphic. Indeed, if z ∈ Z,
by the proof of Lemma 4.3.8, there exist a neighborhood U of z in Z, a point w ∈ U
and m′ ≥ 0 such that (αm′ ◦ ψ−1

m′ |U : U → Z) is defined, holomorphic and injective
and αm′ ◦ ψ−1

m′ (w) = z. Thus there exists an open neighborhood V ⊂ Z of z and a
holomorphic map σ : V → U such that

αm′ ◦ ψ−1
m′ ◦ σ = idV .

Then, for all y ∈ V ,

Γ(y) = Γ ◦ αm′ ◦ ψ−1
m′ ◦ σ(y) = γm′ ◦ ψ−1

m′ ◦ σ(y),

that is, Γ is holomorphic in V , which concludes the proof of (d) and of Proposition 4.3.4.

4.4 Main result on strongly convex domains - Forward

In this section we apply the results of the previous section to the case of strongly convex
domains, and we prove Theorem 4.1.4. We start with the following proposition in which
we compare the dilation λξ with the divergence rate c(f).

Proposition 4.4.1. Let Ω ⊂ Cn be a bounded strongly convex domain with C3 boundary.
Let f : Ω → Ω be a holomorphic self-map without interior fixed points, and let ξ be its
Denjoy–Wolff point. Then

log λξ = −c(f).

Proof. Let p, z ∈ Ω. We have

−c(f) = lim
n→+∞

−kΩ(p, fn(z))

n

≥ lim inf
n→+∞

[−kΩ(p, fn+1(z)) + kΩ(p, fn(z))]

≥ lim inf
z→ξ

[kΩ(p, z)− kΩ(p, f(z))],

where we used that for all real sequences (an)

lim inf
n→+∞

an
n
≥ lim inf

n→+∞
[an+1 − an].

Hence log λξ ≤ −c(f).
If λξ = 1, the result follows. If 0 < λξ < 1, we obtain the converse inequality in the

following way. We claim that if z ∈ EΩ(p, ξ, R), then kΩ(p, z) ≥ − logR. Indeed we
have that kΩ(p, z) ≥ kΩ(p, w)− kΩ(z, w) for all w ∈ Ω and thus

kΩ(p, z) ≥ lim
w→ξ

[kΩ(p, w)− kΩ(z, w)] > − logR.
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Let z ∈ EΩ(p, ξ, 1). It follows from Proposition 4.2.7 that fn(z) ∈ EΩ(p, ξ, λnξ ). Hence

kΩ(p, fn(z))

n
≥ −

log λnξ
n

= − log λξ.

Remark 4.4.2. Proposition 4.4.1 shows why the concept of divergence rate is relevant
in this context. Indeed, let f : Ω → Ω be a holomorphic self-map without interior fixed
points, and let (Bk, `, τ) be the canonical Kobayashi hyperbolic semi-model given by
Theorem 4.3.2. Assume that τ has no interior fixed points. Since c(f) = c(τ) it follows
that the dilation of f and τ at their respective Denjoy-Wolff points is the same.

We are now ready to state the main result of this section.

Theorem 4.4.3. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary.
Let f : Ω → Ω be a hyperbolic holomorphic self-map, with Denjoy–Wolff point ξ. Then
there exist

1. an integer k such that 1 ≤ k ≤ q,

2. a hyperbolic automorphism τ : Hk → Hk of the form

τ(z1, z
′) =

(
1

λξ
z1,

eit1√
λξ
z′1, . . . ,

eitk−1

√
λξ

z′k−1

)
, (4.12)

where tj ∈ R for 1 ≤ j ≤ k − 1,

3. a holomorphic mapping ` : Ω→ Hk,

such that the triple (Hk, `, τ) is a canonical Kobayashi hyperbolic semi-model for f .

Proof. Theorem 4.3.2 gives the existence of a canonical Kobayashi hyperbolic semi-
model (Hk, `, τ) for f with c(τ) = c(f) > 0. It immediately follows that k > 0.
Moreover, by Proposition 4.4.1 it follows that τ is a hyperbolic automorphism of Hk with
dilation λξ at its Denjoy–Wolff point. Now we can change variables in Hk to put τ the
form (4.12), concluding the proof.

Remark 4.4.4. It is natural to ask whether

K- lim
z→ξ

h(z) =∞, (4.13)

which is the case when Ω = Bq . If there exists an orbit (zn) which enters eventually
a Koranyi region with vertex at the Denjoy-Wolff point ξ, then (4.13) follows as in [8,
Theorem 5.6]. Notice that the proof of [8, Theorem 5.6] is given for the ball Bq , but
a similar proof works for bounded strongly convex domains with smooth boundary. If
Ω = Bq then all orbits eventually enter a Koranyi region. It is an open question whether
such an orbit (zn) exists when Ω is a bounded strongly convex domain with C3 boundary.

We end this section giving a similar result for parabolic nonzero-step maps.
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Definition Let Ω ⊂⊂ Cq be a strongly convex domain with C3 boundary. If f : Ω → Ω
is a parabolic holomorphic self-map, we say that it is nonzero-step if for all z ∈ Ω we
have that s1(z) > 0.

Theorem 4.4.5. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary.
Let f : Ω → Ω be a parabolic nonzero-step holomorphic self-map with Denjoy–Wolff
point ξ. Then there exist

1. an integer k such that 1 ≤ k ≤ q,

2. a parabolic automorphism τ : Hk → Hk of the form

τ(z1, z
′) = (z1 ± 1, eit1z′1, . . . e

itk−1z′k−1), (4.14)

where tj ∈ R for 1 ≤ j ≤ k − 1, or of the form

τ(z1, z
′) = (z1 − 2z′1 + i, z′1 − i, eit2z′2, . . . eitk−1z′k−1), (4.15)

where tj ∈ R for 2 ≤ j ≤ k − 1,

3. a holomorphic mapping ` : Bq → Hk,

such that the triple (Hk, `, τ) is a canonical Kobayashi hyperbolic semi-model for f .

Proof. Let (Hk, `, τ) be the canonical Kobayashi hyperbolic model for f given by The-
orem 4.3.2. Then for all z ∈ Hk, it follows from (4.9) that kHk(z, τ(z)) = s1(z) > 0.
Hence k ≥ 1, and τ is not elliptic. Moreover, since c(τ) = c(f), it follows from Propo-
sition 4.4.1 that τ is parabolic. Finally we can change holomorphic coordinates and put τ
in the form (4.14) or (4.15).

4.5 Canonical pre-models

In this section we construct a canonical pre-model for a holomorphic self-map f of a
bounded taut domain Ω assuming the existence of a backward orbit with bounded step
along which the squeezing function converges to 1.

Definition Let X be a complex manifold and let f : X → X be a holomorphic self-map.
Let β = (xm)m≥0 be a backward orbit for f , meaning that f(xm+1) = xm for allm ≥ 0.
The backward m-step sm(β) of f at β is the limit

sm(β) := lim
n→∞

kX(xn, xn+m).

Such a limit exists since the sequence (kX(xn, xn+m))n≥0 is non-decreasing. We will
say that the backward orbit has bounded step if s1(β) < ∞. If (ym) is a backward
orbit for f , we denote by [ym] the family of all backward orbits (zm) of f such that the
sequence (kX(zm, ym)) is bounded.
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Definition Let X be a complex manifold and let f : X → X be a holomorphic self-map.
A pre-model for f is a triple (Λ, h, ϕ) where Λ is a complex manifold called the base
space, h : Λ → X is a holomorphic mapping, and ϕ : Λ → Λ is an automorphism such
that

f ◦ h = h ◦ ϕ. (4.16)

Let (Λ, h, ϕ) and (Z, `, τ) be two pre-models for the map f . A morphism of pre-models
η̂ : (Λ, h, ϕ) → (Z, `, τ) is given by a holomorphic mapping η : Λ → Z such that the
following diagram commutes:

Λ
h //

η

��?
??

??
??

?

ϕ

��

X

f

��

Z

`

88ppppppppppppp

τ

��

Λ
h //

η

��?
??

??
??

? X

Z

`

88ppppppppppppp

If the mapping η : Λ→ Z is a biholomorphism, then we say that η̂ : (Λ, h, ϕ)→ (Z, `, τ)
is an isomorphism of pre-models. Notice then that η−1 : Z → Λ induces a morphism
η̂−1 : (Z, `, τ)→ (Λ, h, ϕ).

Definition Let X be a complex manifold, let f : X → X be a holomorphic self-map
and let (Λ, h, ϕ) be a pre-model for f . If [ym] is a class of backward orbits, we say that
(Λ, h, ϕ) is associated with [ym] if for some (and hence for any) x ∈ X we have that
(h ◦ ϕ−m(x)) ∈ [ym].

We say that (Z, `, τ) is a canonical pre-model for f associated with [ym] if

1. (Z, `, τ) is a pre-model for f associated with [ym], and

2. for any other pre-model (Λ, h, ϕ) for f associated with [ym] there exists a unique
morphism of pre-models η̂ : (Λ, h, ϕ)→ (Z, `, τ).

Remark 4.5.1. If (Z, `, τ) and (Λ, h, ϕ) are two canonical pre-models for f associated
with the same class [ym], then they are isomorphic. Moreover it is is easy to see (see e.g.
[7, Lemma 7.4]) that if a pre-model is associated with a class [ym] then every backward
orbit in [ym] has bounded step.

Let Ω ⊂⊂ Cq be a taut domain and f : Ω → Ω be a holomorphic self-map. Let
(Θ, Vn) be the inverse limit of the sequence of iterates (fm−n : Ω→ Ω). Recall that Θ is
defined as

Θ := {(zm)m≥0 ∈ ΩN : (zm) is a backward orbit for f},
and the map Vn : Θ→ Ω is defined as Vn((zm)) = zn.

The following theorem is the analogous of Theorem 4.3.2 for the backward dynamics.
Notice that here we assume that the domain Ω is taut. This condition will be used in the
proof of Proposition 4.5.4 in order to construct the sequence of maps αn : Z → Ω.
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Theorem 4.5.2. Let Ω ⊂ Cq be a bounded taut domain and f : Ω → Ω be a holomor-
phic self-map. Assume that there exists a backward orbit (zm) with bounded step and
SΩ(zm)→ 1.

Then there exists a canonical pre-model (Bk, `, τ) for f associated with [zm], where
0 ≤ k ≤ q. Moreover, the following holds:

1. the image of the map ` is
`(Bk) = V0([zm]),

and for all (wm) ∈ [zm], there exists a unique z ∈ Z such that (` ◦ τ−m(z)) =
(wm),

2. we have
lim
m→∞

(` ◦ τ−m)∗kΩ = kZ ,

3. if β is a backward orbit in the class [zm], then the divergence rate of τ satisfies

c(τ) = lim
m→∞

sm(β)

m
= inf
m∈N

sm(β)

m
.

Remark 4.5.3. The assumptions of the theorem are satisfied when Ω is bounded strongly
pseudoconvex with C2 boundary and (zm) converges to ∂Ω, since in this case the domain
Ω is taut (see [2, Corollary 2.1.14]) and SΩ(zm)→ 1 by Theorem 4.2.11.

The proof of Theorem 4.5.2 is based on the following result.

Proposition 4.5.4. Let Ω ⊂ Cq be a bounded taut domain and f : Ω→ Ω be a holomor-
phic self-map. Assume that there exists a backward orbit (zm) with bounded step such
that SΩ(zm)→ 1.

Then there exists a family of holomorphic maps (αn : Z → Ω), where Z is an holo-
morphic retract of Bq , such that the following hold:

(a) for all m ≥ n ≥ 0,
αn = fm−n ◦ αm,

(b) let Ψ : Z → Θ be the map defined as Ψ(z) = (αm(z)). Then Ψ is injective,
Ψ(0) = (zm) and

Ψ(Z) = [zm], (4.17)

(c)
lim
m→∞

α∗m kΩ = kZ , (4.18)

(d) Universal property: let Q be a complex manifold and (γn : Q → Ω) a family of
holomorphic mappings satisfying γn = fm−n ◦ γm for all m ≥ n ≥ 0, and such
that (γm(x)) ∈ [zm] for some (and hence for any) x ∈ Q. Then there exists a
unique holomorphic map Γ: Q→ Z such that αm ◦ Γ = γm for all m ≥ 0.

Remark 4.5.5. Such family (αn) is a canonical inverse limit for the sequence of iterates
(fm−n : Ω→ Ω) associated with [zm], see [7, Definition 6.9].

85



Chapter 4. Canonical models on strongly convex domains via the
squeezing function

Once Proposition 4.5.4 is proved, the proof of Theorem 4.5.2 is the same as the proof
of [7, Theorem 8.7]. We present a sketch of the construction of the pre-model for the
convenience of the reader.

Proof of Theorem 4.5.2. Following the proof of [7, Theorem 8.7] we define ` := α0 and
γn := f ◦ αn. It is not hard to show that (γn : Z → Ω) is a family of holomorphic
mappings satisfying γn = fm−n ◦ γm for all m ≥ n ≥ 0. Furthermore since (zm) has
bounded step, we have

sup
m
kΩ(γm(0), zm) = sup

m
kΩ(zm−1, zm) <∞.

It follows that (γm(x)) ∈ [zm] for every x ∈ Q.
By the universal property of the family (αn) there exists a unique holomorphic map

τ : Z → Z such that for all n ≥ 0,

αn ◦ τ = γn = f ◦ αn, (4.19)

in particular ` ◦ τ = f ◦ `.
Similarly if we define γ̃n := αn+1 we obtain a holomorphic map δ : Z → Z such

that γ̃n = αn ◦ δ for all n ≥ 0. It is easy to see that, for all n,

αn ◦ τ ◦ δ = αn ◦ δ ◦ τ = αn.

By the universal property of the family (αn) described in Proposition 4.5.4, we conclude
that δ = τ−1, proving that τ is an automorphism of Z. For all n ≥ 0 we have that

αn ◦ τn = fn ◦ αn = `,

and thus αn = ` ◦ τ−n for all n ≥ 0. The triple (Z, `, τ) is a pre-model associated with
[zm] thanks to (4.17). Since Z is a holomorphic retract of Bq , it is biholomorphic to a ball
of dimension 0 ≤ k ≤ q.

The universal property of the canonical pre-model (Z, `, τ) is a direct consequence of
the universal property of the family (αn). Since ` = V0 ◦ Ψ, point (1) is an immediate
consequence of (4.17). Point (2) easily follows from (4.18).

Finally, let β := (wm) be a backward orbit in the class [zm]. By (4.17) there exists
z ∈ Z so that (wm) = (αm(z)). Using again (4.18), we obtain the following formula for
the backward m-step of β, which directly implies (3)

sm(β) = lim
n→∞

kΩ(αn−m(z), αn(z)) = lim
n→∞

kΩ(αn ◦ τm(z), αn(z)) = kZ(z, τm(z)).

The proof of Proposition 4.5.4 is articulated in several intermediate lemmas. Let (zm)
be a backward orbit with bounded step satisfying SΩ(zm)→ 1. Let (ψm : Ω→ Bq) be a
sequence of holomorphic injective maps with ψm(zm) = 0 and

ψm(Ω) ⊃ B(0, SΩ(zm)).

Given a compact subset K ⊂ Bq , the map ψ−1
m is well defined on K when m is

large enough. Since fm ◦ ψ−1
m (0) = z0 for all m ≥ 0 and since Ω is taut, there exists a
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subsequence (m0(h)) such that the sequence (fm0(h) ◦ ψ−1
m0(h)) converges uniformly on

compact subsets to a holomorphic map α0 : Bq → Ω and α0(0) = z0. Similarly, there
exists a subsequence (m1(h)) of (m0(h)) such that the sequence (fm1(h)−1 ◦ ψ−1

m1(h))

converges uniformly on compact subsets to a holomorphic map α1 : Bq → Ω and α1(0) =
z1. Iterating this procedure we obtain a family of subsequences {(mn(h))h≥0}n≥0 and a
family of holomorphic maps

(αn : Bq → Ω)n≥0

such that
fmn(h)−n ◦ ψ−1

mn(h)

h→∞−→ αn

uniformly on compact subsets and αn(0) = zn. Notice that for all m ≥ n ≥ 0,

αn = fm−n ◦ αm. (4.20)

Consider the diagonal sequence ν(h) := mh(h) which for all j ≥ 0 is eventually a
subsequence of (mj(h))h≥0.

Consider the sequence βν(h) := ψν(h) ◦ αν(h). Notice that βν(h)(0) = 0 for all
h ≥ 0. By the tautness of Ω, up to extracting a further subsequence of ν(h) if necessary,
we may assume that the sequence (βν(h)) converges uniformly on compact subsets to a
holomorphic map α : Bq → Bq.

Lemma 4.5.6. For all j ≥ 0, we have

αj ◦ α = αj . (4.21)

Proof. Let z ∈ Bq . For all positive integers h such that ν(h) ≥ j,

αj(z) = fν(h)−j ◦ αν(h)(z) = fν(h)−j ◦ ψ−1
ν(h) ◦ ψν(h) ◦ αν(h)(z)

h→∞−→ αj ◦ α(z).

Lemma 4.5.7. The map α : Bq → Bq is a holomorphic retraction, that is

α ◦ α = α.

Proof. Let z ∈ Bq . From (4.21) we get, for all h ≥ 0 big enough,

βν(h) ◦ α(z) = ψν(h) ◦ αν(h) ◦ α(z) = ψν(h) ◦ αν(h)(z) = βν(h)(z),

and the result follows since βν(h) → α.

Define Z := α(Bq). Being a holomorphic retract, it is a closed complex submanifold
of Bq , biholomorphic to a k-dimensional ball Bk, with 0 ≤ k ≤ q.

By the universal property of the inverse limit (Θ, Vn), there exists a unique map
Ψ: Z → Θ such that

αn = Vn ◦Ψ, ∀n ≥ 0.

The mapping Ψ sends the point z ∈ Z to the backward orbit (αm(z))m≥0.

Lemma 4.5.8. The map Ψ: Z → Θ is injective and Ψ(Z) = [zm].
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Proof. We first prove injectivity. Let z, w ∈ Z such that αm(z) = αm(w) for all m ≥ 0.
It follows that

α(z) = lim
h→∞

ψν(h) ◦ αν(h)(z) = lim
h→∞

ψν(h) ◦ αν(h)(w) = α(w).

Since α|Z is the identity, we conclude that z = w and that Ψ is injective.
Given z ∈ Z it follows that

sup
m
kΩ(αm(z), zm) = sup

m
kΩ(αm(z), αm(0)) ≤ kZ(z, 0) <∞,

proving that Ψ(Z) ⊂ [zm]. On the other hand, given (wm) ∈ [zm] we have

sup
m
kBq (ψm(wm), 0) = sup

m
kBq (ψm(wm), ψm(zm)) <∞,

By taking a subsequence of ν(h) if necessary, we may therefore assume that the sequence
ψν(h)(wν(h)) converges to a point w ∈ Bq . Now we notice that for all m ≥ 0,

αm(w) = lim
h→∞

fν(h)−m ◦ ψ−1
ν(h) ◦ ψν(h)(wν(h)) = lim

h→∞
fν(h)−m(wν(h)) = wm.

Now notice that

α(w) = lim
h→∞

ψν(h) ◦ αν(h)(w) = lim
h→∞

ψν(h)(wν(h)) = w,

proving that w ∈ Z, and therefore that Ψ(Z) = [zm].

Lemma 4.5.9. For all n ≥ 0,

lim
m→∞

α∗m (fn)∗ kΩ = kZ .

Proof. First of all we notice that for every m ≥ 0 and x, y ∈ Z

kΩ(αm(x), αm(y)) = kΩ((f ◦ αm+1)(x), (f ◦ αm+1)(y)) ≤ kΩ(αm+1(x), αm+1(y)),

therefore the limit for m→∞ is well defined,
For all n ≥ 0 we have that

lim
m→∞

kΩ(fn ◦ αm(x), fn ◦ αm(y)) = lim
m→∞

kΩ(αm−n(x), αm−n(y)),

proving that
lim
m→∞

α∗m (fn)∗ kΩ = lim
m→∞

α∗m kΩ.

By non-expansiveness of the Kobayashi distance we have

lim
m→∞

kΩ(αm(x), αm(y)) ≤ kZ(x, y).

To obtain the inverse inequality denote zh = ψν(h) ◦αν(h)(x) and wh = ψν(h) ◦αν(h)(y).
Then zh converges to x and wh converges to y. Fix ε > 0, then there exists a ball
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B = B(0, r) ⊂⊂ Bq , with radius close enough to 1 that contains both x, y, and such that
for some h0 ≥ 0, we have

kB(zh, wh) ≤ kBq (x, y) + ε, ∀h ≥ h0.

Let h1 ≥ 0 such that for all h ≥ h1 we have ψν(h)(Ω) ⊃ B. Then for all h ≥
max{h0, h1} we have

kΩ(αν(h)(x), αν(h)(y)) ≤ kB(zh, wh) ≤ kBq (x, y) + ε,

proving that for every ε > 0

lim
m→∞

kΩ(αm(x), αm(y)) ≤ kZ(x, y) + ε,

where we used that fact that x, y ∈ Z and kBq |Z = kZ .

We are now ready to prove Proposition 4.5.4. Points (a), (b), and (c) correspond
precisely to (4.20), Lemma 4.5.8 and Lemma 4.5.9.

It remains to prove the Universal property (d). Let (βn : Q → Ω) be a family of
holomorphic maps satisfying βn = fm−n ◦ βm for all m ≥ n ≥ 0 and (βm(x)) ∈ [zm]
for every x ∈ Q. By the universal property of the inverse limit, there exists a unique
map Φ: Q → Θ such that βn = Vn ◦ Φ for all n ≥ 0. It is not hard to show that
Φ(x) = (βm(x)) ∈ [zm].

By Lemma 4.5.8 the map Ψ: Z → [zm] is a bijection. Therefore we may set

Γ := Ψ−1 ◦ Φ: Q→ Z.

Given x ∈ Q it follows that

(βm(x)) = (Ψ ◦ Γ)(x) = Φ(x) = ((αm ◦ Γ)(x)),

proving that βm = αm ◦ Γ for all m ≥ 0. Given another Γ′ with the same properties it is
immediate to show that Γ′ = Ψ−1 ◦ Φ, proving uniqueness of the map Γ.

Finally the map Γ is holomorphic. Indeed given x ∈ Q, since (βm(x)) ∈ [zm] it
follows that

sup
m
kBq (ψm ◦ βm(x), 0) = sup

m
kBq (ψm ◦ βm(x), ψm(zm)) ≤ kΩ(βm(x), zm) <∞.

The domain Ω is taut and the sequence ψm ◦ βm is not compactly divergent. By taking a
subsequence of ν(h) if necessary, we may therefore assume that ψν(h) ◦βν(h) → β where
β : Q→ Bq is an holomorphic function. Finally for every x ∈ Q we have that

Γ(x) = α ◦ Γ(x) = lim
h→∞

ψν(h) ◦ αν(h) ◦ Γ(x) = β(x),

proving that Γ is holomorphic, which concludes the proof of point (d) and of Proposition
4.5.4.
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4.6 Main result on strongly convex domains - Backward

In this section we apply the results of the previous section to the case of strongly convex
domains, and we prove Theorem 4.1.5. First of all, on a strongly convex domain it is easy
to characterize when a canonical pre-model is 0-dimensional (and thus its base space is a
point {?}). Recall that a self-map f is called strongly elliptic if it is elliptic and its limit
manifold is a fixed point {p}.

Lemma 4.6.1. Let Ω ⊂⊂ Cq be a strongly convex domain with C3 boundary, and let
(Z, `, τ) be a canonical pre-model associated with a class C of backward orbits. Then
Z is 0-dimensional if and only if f is strongly elliptic and the class C contains only the
constant orbit p, where {p} is the limit manifold of f .

Proof. Assume Z = {?}, and set p := `(?). Clearly p is fixed. By assumption the
backward orbit (` ◦ τ−m(?))), which is contantly equal to p, is in the class C .

Let M be the limit manifold where the forward dynamics of f converges. The re-
striction f |M is an automorphism of M and (M, id, f |M) is a pre-model for f . Since
p ∈ M is a fixed point for f , the pre-model (M, id, f |M) is associated with the class C .
By the universal property of the canonical pre-model (Z, `, τ), there exists a morphism
η̂ : (M, id, f |M) → (Z, `, τ), which means that the identity map id : M → M is equal
to the constant mapM→ {p}. HenceM = {p} and the map f is strongly elliptic.

By [4, Lemma 2.9] any other backward orbit with bounded step (wm) converges to
∂Ω. Since Ω is complete hyperbolic, it follows that kΩ(wm, p)→ +∞, and thus (wm) 6∈
C . The converse is immediate.

Let Ω ⊂⊂ Cq be a bounded strongly convex domain with C3 boundary. Let f : Ω→
Ω be a holomorphic self-map, and let ζ ∈ ∂Ω be a repelling boundary point with dilation
λζ > 1.

Definition The stable subset S(ζ) of ζ is the set of starting points of backward orbits
with bounded step converging to ζ. We say that a pre-model (Λ, h, ϕ) is associated with
the boundary repelling point ζ if for some (and hence for any) x ∈ Λ we have

lim
n→∞

h ◦ ϕ−n(x) = ζ.

We will later prove the two following results.

Theorem 4.6.2 (Uniqueness of backward orbits). Let (xm) and (ym) be two backward
orbits with bounded step, both converging to the boundary repelling fixed point ζ ∈ ∂Ω.
Then

lim
m→∞

kΩ(xm, ym) <∞.

Theorem 4.6.3 (Existence of backward orbits). Assume further that ∂Ω isC4. Then there
exists a backward orbit (zm) with step log λζ converging to ζ.

As a consequence, the family of backward orbits with bounded step converging to ζ is
non-empty and consists of a unique equivalence class [zm]. This, together with Theorem
4.5.2 gives the following.
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Theorem 4.6.4. Let Ω ⊂ Cq be a bounded strongly convex domain with C4 boundary.
Let f : Ω→ Ω be a holomorphic self-map, and let ζ ∈ ∂Ω be a boundary repelling fixed
point. Then there exist

1. an integer k such that 1 ≤ k ≤ q,

2. a hyperbolic automorphism τ : Hk → Hk of the form

τ(z1, z
′) =

(
1

λζ
z1,

eit1√
λζ
z′1, . . . ,

eitk−1

√
λζ

z′k−1

)
, (4.22)

where tj ∈ R for 1 ≤ j ≤ k − 1,

3. a holomorphic mapping ` : Hk → Ω,

such that the triple (Hk, `, τ) is a pre-model for f associated with ζ satisfying the follow-
ing universal property: if (Λ, h, ϕ) is a pre-model associated with ζ, then there exists a
unique morphism η̂ : (Λ, h, ϕ)→ (Hk, `, τ).

Moreover, the image `(Hk) is equal to the stable subset S(ζ), and

K- lim
z→ζ

`(z) = ζ.

Proof. By Theorems 4.6.3 and 4.6.2, we know that the family of backward orbits with
bounded step converging to ζ is non-empty and consists of a unique equivalence class
[zm]. Let (Hk, `, τ) be the canonical pre-model for f associated with [zm]. Notice that

c(τ) ≤ s1(zm) = log λ.

To obtain the opposite inequality, notice that, if p ∈ Ω,

log λ ≤ lim inf
m→∞

kΩ(p, zm+1)− kΩ(p, zm).

Hence, if n ≥ 0 is fixed,

n log λ ≤ lim inf
m→∞

kΩ(p, zm+n)− kΩ(p, zm) ≤ lim inf
m→∞

kΩ(zm+n, zm) ≤ sn(zm).

Thus

c(τ) = inf
n∈N

sn(zm)

n
≥ log λ.

Now we can change variables in Hk to put τ in the form (4.22).
We finally study the regularity at ∞ of the intertwining mapping `. Consider the

backward orbit with bounded step ((λni, 0)) in Hk for τ . Clearly ((λni, 0)) converges
to ∞ and (`(λni, 0)) is a backward orbit for f which converges to ζ ∈ ∂Ω. Then [8,
Theorem 5.6] yields K- limz→∞ `(z) = ζ.
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4.7 Uniqueness of backward orbits

In this section we prove Theorem 4.6.2. We remark that the C4-smoothness of ∂Ω is only
required in the proof of Theorem 4.6.3), which is done in the next section. Here it will be
sufficient to assume that the domain Ω has C3 boundary.

Given a backward orbit (xm) one can always assume that it is indexed by integers
m ∈ Z, by defining x−m := fm(x0) for all m ≥ 0.

Lemma 4.7.1. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary. Let
f : Ω → Ω be a holomorphic self-map, and let ζ ∈ ∂Ω be a boundary repelling fixed
point.

Let (xm) and (ym) be two backward orbits with bounded step, both converging to ζ.
Then limm→+∞ kΩ(xm, ym) <∞ if and only if

lim
n→+∞

inf
m∈Z

kΩ(xn, ym) <∞.

Proof. The proof is the same as in [9, Lemma 2].

We recall some definitions and classical results (see e.g. [12]).

Definition A metric space (X, d) is geodesic if any two points are joined by a geodesic
segment.

Theorem 4.7.2 (Generalized Hopf-Rinow). If an inner metric space (X, d) is complete
and locally compact, it is geodesic.

Hence, a complete Kobayashi hyperbolic manifold is geodesic.

Definition Let δ > 0. A geodesic metric space (X, d) is δ-Gromov hyperbolic if every
geodesic triangle is δ-slim, meaning that every side is contained in a δ-neighborhood of
the union of the other two sides. A geodesic metric space (X, d) is Gromov hyperbolic if
it is δ-Gromov hyperbolic for some δ > 0.

Theorem 4.7.3 ([10, Theorem 1.4]). Let Ω ⊂ Cq be a bounded strongly pseudoconvex
domain with C2 boundary and kΩ be its Kobayashi distance. Then (Ω, kΩ) is Gromov
hyperbolic.

Proposition 4.7.4. Let (X, d) be a geodesic δ-Gromov hyperbolic metric space. If γ is a
geodesic line, x0 ∈ γ, z ∈ X , and if zγ denotes a point in γ such that d(z, zγ) = d(z, γ),
then

d(x0, z) ≥ d(x0, zγ) + d(zγ , z)− 6δ.

Proof. If d(zγ , z) ≤ 3δ, the result follows from the triangular inequality. Assume thus
that d(zγ , z) > 3δ. Let (x0, zγ) denote the portion of γ between x0 and zγ . Let (zγ , z) be
a geodesic segment connecting zγ to z, and let (x0, z) be a geodesic segment connecting
x0 to z. Let x be a point in (zγ , z) such that d(x, zγ) = 2δ. Since every geodesic triangle
is δ-slim, there exists a point y in (x0, zγ)∪(x0, z) such that d(y, x) < δ. From d(x, γ) =
2δ it follows that y ∈ (x0, z), and from the triangle inequality we have d(y, zγ) < 3δ.
Using twice more the triangular inequality we obtain

d(x0, y) ≥ d(x0, zγ)− d(y, zγ),
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d(y, z) ≥ d(z, zγ)− d(y, zγ).

Summing the two inequalities yields the result.

Definition Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary. Let
p ∈ Ω, ζ ∈ ∂Ω and let γ ⊂ Ω be the geodesic ray connecting p to ζ. Given M > 1 we
denote

A(γ,M) := {z ∈ Ω: kΩ(z, γ) < logM} .

We now show that the Koranyi regions are comparable to the regions A(γ,M). Let
δ > 0 be such that (Ω, kΩ) is δ-Gromov hyperbolic.

Lemma 4.7.5. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary. Let
ζ ∈ ∂Ω, p ∈ Ω and let γ ⊂ Ω be the geodesic ray connecting p to ζ. Then for every
M > 1,

A(γ,M) ⊂ KΩ(p, ζ,M) ⊂ A(γ,Me6δ).

Proof. Let z ∈ A(γ,M), and let y ∈ γ be a point such that kΩ(z, y) < logM . Let w ∈ γ
close enough to ζ. Then

kΩ(p, z) + kΩ(z, w)−kΩ(p, w) ≤
≤ kΩ(p, y) + kΩ(y, z) + kΩ(z, y) + kΩ(y, w)− kΩ(p, w)

= 2 k(y, z).

Letting w go to ζ on the geodesic ray γ, we obtain that

log hζ,p(z) + kΩ(z, p) ≤ 2 k(y, z) < 2 logM,

and therefore that z ∈ KΩ(p, ζ,M).
Conversely, let z ∈ KΩ(p, ζ,M). Denote by γ̃ the geodesic line containing γ and let

y ∈ γ̃ be the closest point to z. Let w ∈ γ. Applying Proposition 4.7.4 twice we obtain

kΩ(p, z) + kΩ(z, w)− kΩ(p, w) ≥ kΩ(p, y) + kΩ(y, w) + 2kΩ(y, z)− 12δ − kΩ(p, w).
(4.23)

We now have two cases. If y ∈ γ, from (4.23) we get

kΩ(p, z) + kΩ(z, w)− kΩ(p, w) ≥ 2kΩ(y, z)− 12δ.

If y 6∈ γ, then kΩ(y, w)− kΩ(p, w) = k(y, p), and thus from (4.23) we get

kΩ(p, z) + kΩ(z, w)− kΩ(p, w) ≥ 2kΩ(p, y) + 2kΩ(y, z)− 12δ ≥ 2kΩ(z, p)− 12δ.

In both cases, letting w go to ζ on the geodesic ray γ, we obtain that

kΩ(z, γ) < logM + 6δ,

and thus that z ∈ A(γ,Me6δ).
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Lemma 4.7.6. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary. Let
f : Ω→ Ω be a holomorphic self-map, and let ζ be a boundary repelling fixed point. Let
(zm) be a backward orbit with bounded step converging to ζ. Then for every p ∈ Ω there
exists M > 1 so that

zm ∈ KΩ(p, ζ,M), ∀m ≥ 0.

Proof. Let p ∈ Ω. By the definition of the dilation λζ we have

lim inf
n→∞

(kΩ(p, zn+1)− kΩ(p, zn)) ≥ log λζ .

For all n ≥ 0 define sn by − log sn := kΩ(p, zn). It follows that there exist λ−1
ζ < c < 1

and n0 ≥ 0 such that sn+1 ≤ csn for all n ≥ n0. Up to shifting the sequence (zn) we
may thus assume that

sn+k ≤ cksn, ∀n ≥ 0, k ≥ 0.

The proof now follows as in [4, Errata Corrige–Lemma 2.16].

We are now ready to prove Theorem 4.6.2.

Proof of Theorem 4.6.2. Let (xm)m∈Z, (ym)m∈Z be two backward orbits with bounded
step, both converging to the boundary repelling fixed point ζ ∈ ∂Ω. Let p ∈ Ω and γ be
the geodesic ray starting at p and ending in ζ. By Lemma 4.7.6 the sequence (xm)m∈N is
contained in a Koranyi region KΩ(p, ζ,M) for some M > 1, and thus by Lemma 4.7.5 it
is contained in the region A(γ,Me6δ). We claim that there exists R > 0 such that

A(γ,Me6δ) ⊂
{
z ∈ Ω: inf

m∈Z
kΩ(z, ym) < R

}
.

Once the claim is proved, the result follows by Lemma 4.7.1.
It is enough to show that there exists a constant R′ > 0 such that for all w ∈ γ,

we have infm∈Z kΩ(w, ym) < R′. Since (ym)m∈N is also contained in a Koranyi region
KΩ(p, ζ,M ′), if we write C = 6δ+logM ′ it follows that kΩ(ym, γ) < C for allm ∈ N.
Let am be a point in γ such that kΩ(ym, am) < C. Clearly am → ζ. Let w be a point in
the portion of γ which connects a0 to ζ. Then there exists m(w) such that w belongs to
the portion of γ which connects am(w) to am(w)+1. Hence

inf
m
kΩ(w, ym) ≤ C + kΩ(am(w), am(w)+1)

≤ C + 2C + kΩ(ym(w), ym(w)+1)

≤ 3C + σ(ym).

Letting R′ = 3C + σ(ym) we obtain that infm∈Z kΩ(w, ym) < R′ holds for every w ∈ γ
sufficiently close to ζ. By taking a bigger R′ if necessary, we may therefore assume that
the inequality holds for all w ∈ γ, concluding the proof of the theorem.
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4.8 Existence of backward orbits

In this section we prove Theorem 4.6.3. In the case of the ball Bq this result was first
proved in [20] assuming that the boundary repelling fixed point is isolated, and then for
a general boundary repelling fixed point in [9]. For strongly convex domains with C3

boundary, it was proved in [4] in the case of an isolated boundary repelling fixed point.

4.8.1 Preparatory results in the ball
In the following result we reformulate the crucial part of the proof of [9, Theorem 2] as a
purely geometric statement.

Proposition 4.8.1. Let (xn), (yn) ∈ Bq be two sequences satisfying

lim
n→∞

[kBq (0, xn)− kBq (0, yn)] = lim
n→∞

kBq (xn, yn) = L > 0. (4.24)

Suppose further that there exists R > 0 and ζ ∈ ∂Bq so that xn ∈ EBq (0, ζ, R) and
yn 6∈ EBq (0, ζ, R) for every n ∈ N. Then (xn) and (yn) are relatively compact in Bq .

Proof. Assume that this were not the case. Since xn ∈ EBq (0, ζ, R) and since the
Kobayashi distance between xn and yn is bounded, by taking a subsequence of xn if
necessary, we may then assume that xn, yn → ζ.

The automorphism group of the unit ball is transitive. Therefore for every positive
integer n we may find σn ∈ Aut(Bq) so that σn(xn) = 0. By composing such map with
a rotation, we may further suppose that σn(ζ) = e1.

By (4.4) and by invariance of the Kobayashi distance under automorphisms, we obtain
that

he1,σn(0)(z) = he1,0(z)he1,σn(0)(0) = he1,0(z)hζ,0(xn), (4.25)

and therefore that

EBq (0, e1, 1) ⊂ EBq (σn(0), e1, R) = σn(EBq (0, ζ, R)). (4.26)

We claim that σn(0) → e1. Notice that for every n ∈ N large enough we have
hζ,0(xn) > Re−2L. Indeed if for some n sufficiently large this were not the case, then
we would have

hζ,0(yn) ≤ ekBq (xn,yn)hζ,0(xn) < R,

contradicting the fact that yn 6∈ EBq (0, ζ, R). Letting z = σn(0) in (4.25) we conclude
that for n large enough

he1,0(σn(0)) = hζ,0(xn)−1 < e2L/R,

showing that the sequence σn(0) is eventually contained in EBq (0, e1, e
2L/R). The point

xn converges to ζ, and therefore kBq (0, xn) → ∞. By invariance of the Kobayashi
distance it follows that kBq (0, σn(0)) → ∞, and thus that σn(0) → e1, proving the
claim.
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Let 0 < α < 1 and define zn ∈ Bq as

zn := −α σn(0)

‖σn(0)‖ .

If we write β := log 1+α
1−α , then for every positive integer n we have kB(0, zn) = β. Since

σn(0)→ e1 it follows that zn → z∞ = (−α, 0, . . . , 0).
By (4.24) the sequence σn(yn) is relatively compact in Bq . Therefore by taking a

subsequence if necessary, we may assume that σn(yn) → y∞ ∈ Bq . Notice that since
yn 6∈ EBq (0, ζ, R), then by (4.26) we must have σn(yn) 6∈ EBq (0, e1, 1), and thus that
y∞ 6∈ EBq (0, e1, 1).

We claim that kBq (z∞, y∞) < L+β. Indeed, since kBq (0, y∞) = L and kB(0, z∞) =
β, we get by triangular inequality that kBq (z∞, y∞) ≤ L + β. Equality holds if and
only if y∞ is contained in the geodesic ray connecting the origin to e1. But this is not
possible since such geodesic is contained in EBq (0, e1, 1). Let thus δ > 0 be such that
kBq (z∞, y∞) < L+ β − 2δ.

By the last inequality and by (4.24) we may choose a positive integer n big enough
such that kBq (zn, σn(yn)) < L+ β − δ and

kBq (σn(0), 0)− kBq (σn(0), σn(yn)) = kBq (0, xn)− kBq (0, yn) ≥ L− δ.

We conclude that

kBq (σn(0), zn)−kBq (σn(0), σn(yn)) =

= kBq (σn(0), 0) + kBq (0, zn)− kBq (σn(0), σn(yn))

≥ β + L− δ
> kBq (zn, σn(yn)),

contradicting the triangular inequality.

In the special case Ω = Bq , Theorem 4.6.3 is an immediate consequence of the pre-
vious proposition. We will now present a sketch of the proof for the convenience of the
reader. The proof of Theorem 4.6.4 for a general strongly convex domain is inspired by
a similar argument. However since the automorphism group of a strongly convex domain
is not transitive, the proof of Proposition 4.8.1 does not work for general strongly convex
domain. In the next subsection we will provide careful estimates of the Kobayashi dis-
tance near the boundary of a strongly convex domain, which will enable us to apply the
previous proposition in the case of a strongly convex domain.

Sketch of the proof of Theorem 4.6.4 when Ω = Bq . Let ϕ : D → Bq be the complex
geodesic of the ball that satisfy ϕ(0) = 0 and ϕ(1) = ζ, and choose an increasing
sequence of real number tk ∈ (0, 1) converging to 1. Since ζ is a boundary repelling
fix point, we may choose R0 > 0 sufficiently small so that every orbit starting in E0 =
EBq (0, ζ, R0) leaves the set E0.

Up to taking a subsequence of tk if necessary, we may assume that ϕ(tk) ∈ E0, and
we may define nk as the smallest integer so that

xk = fnk−1(ϕ(tk)) ∈ E0 and yk = fnk(ϕ(tk)) 6∈ E0.
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By invariance of the Kobayashi metric and Lemma 4.2.8 we have that

lim sup
k→∞

kBq (xk, yk) ≤ lim
k→∞

kBq (f(ϕ(tk)), ϕ(tk)) = log λ.

We claim that the sequences xk and yk are relatively compact in the ball. If this were not
the case, by taking a subsequence if necessary, we might assume that they both converge
to ζ. Using the definition of dilation and the inequality above, we obtain that

lim
n→∞

[kBq (0, xk)− kBq (0, yk)] = lim
n→∞

kBq (xk, yk) = log λ > 0,

which contradicts Proposition 4.8.1. Using the fact that the sequence yk is relatively
compact, by taking a subsequence if necessary, we may assume that for every ν ≥ 0 we
have the following convergence

fnk−ν(ϕ(tk))→ zν ∈ Bq.

The sequence zν forms a backward orbit, and it is not hard to show that this backward
orbit converges to ζ and has bounded step log λ.

We conclude this subsection with an useful estimate of the Kobayashi distance for
horospheres of center ζ and small radius.

Lemma 4.8.2. Let ζ ∈ ∂Bq and R > 0. Write kE for the Kobayashi distance of the
horosphere EBq (0, ζ, R). Then for all ε > 0 there exists 0 < Rε < R such that

kE(x, y) ≤ kBq (x, y) + ε, ∀x, y ∈ EBq (0, ζ, Rε).

Proof. Consider the change of coordinates from the unit ball to the Siegel half-space
given by (4.2). The horosphere EBq (0, ζ, R) is mapped by such biholomorphism to the
horosphere

EHq (I,∞, R) =

{
(z1, z

′) ∈ Hq : Im z1 > ‖z′‖2 +
1

R

}
.

Consider the biholomorphism T : EHq (I,∞, R)→ Hq given by T (z) := (z1 − i/R, z′).
For all x, y ∈ EHq (I,∞, R) we have that kE(x, y) = kHq (T (x), T (y)).

Let S > 1/R > 0 be such that kH(ζ, ζ− i/R) ≤ ε/2 when Im ζ > S. SetRε = 1/S.
Given x, y ∈ EHq (I,∞, Rε) we obtain that

kE(x, y) = kHq (T (x), T (y)) ≤ kHq (T (x), x) + kHq (x, y) + kHq (y, T (y)),

hence the result follows if we show that

kHq (T (z), z) ≤ ε/2, ∀z ∈ EHq (I,∞, Rε).

Let thus z = (z1, z
′) ∈ EHq (I,∞, Rε). Consider the complex geodesic iz′ : H → Hq

given by iz′(ξ) = (ξ + i‖z′‖2, z′). Set ζ := z1 − i‖z′‖2. Then ζ satisfies Im ζ > S and
iz′(ζ) = z, and iz′(ζ − i/R) = T (z). Therefore we have

kHq (z, T (z)) = kH(ζ, ζ − i/R) ≤ ε/2.
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4.8.2 Localization of the Kobayashi distance near the boundary
In this subsection we show that, up to changing coordinates, we can compare kBq and kΩ

in little Bq-horospheres centered at ζ, as the following result shows.

Proposition 4.8.3. Let Ω be a bounded strongly convex domain with C4 boundary and
let ζ ∈ ∂Ω. Then there exists a change of coordinates in Aut(Cq) so that in the new
coordinates ζ = e1 and the following holds: for every ε > 0 we may find Rε > 0 so that
EBq (0, e1, Rε) ⊂ Ω and

kBq (z, w)− ε ≤ kΩ(z, w) ≤ kBq (z, w) + ε, ∀z, w ∈ EBq (0, e1, Rε).

We first need to prove some preparatory results. The following is proved in [14,
Lemma 2] (see also [18, Proposition 9.7.7]).

Proposition 4.8.4. Let Ω ⊂ Cq be a domain and let ζ ∈ ∂Ω be a C4-smooth strongly
pseudoconvex point. There exists a biholomorphic mapping w defined on a neighborhood
V of ζ sending ζ to the origin, and sending Ω∩V to a region with local defining function
at the origin of the form

ψ(w) = −Imw1+‖w′‖2−P4(Rew1, w
′, w′)+(5-th and h.o.t. in Rew1, w

′, w′), (4.27)

with (w1, w
′) ∈ w(V ). Here P4 is a real-valued 4th-degree homogeneous polynomial in

Rew1, w
′ and w′ satisfying P4(Rew1, w

′, w′) ≥ C(|Rew1|4 + ‖w′‖4), for some C > 0.

After applying the (local) change of variables w = w(z), the boundaries of Ω and of
the Siegel half-space Hq have a 3-th order contact at the origin.

Consider the biholomorphism C̃ : Bq → Hq given by

C̃(z1, z
′) =

(
i
1− z1

1 + z1
,

z′

1 + z1

)
, (4.28)

which is equal to the Cayley transform C defined by (4.2) precomposed with the automor-
phism (z1, z

′) 7→ (−z1, z
′) of Bq , and as such it maps e1 to 0 and −e1 to infinity.

The horospheres of Hq with pole I = (i, 0, . . . , 0) and center the origin are the images
under the map C̃ of the horospheres of the ball with pole 0 and center e1. Therefore for
every R > 0 we can write them as

EHq (I, 0, R) =

{
w ∈ Cq | Imw1 > ‖w′‖2 +

|w1|2
R

}
.

Choose a constant D > 0 so that, whenever w is sufficiently close to the origin, we
have

C(|Rew1|4 + ‖w′‖4) ≤ P4(Rew1, w
′, w′) ≤ D

2
(|Rew1|4 + ‖w′‖4). (4.29)

Fix R > 0 and let t := 1
R . The holomorphic map defined by Φ(w1, z

′) := (w1 +
it, w′) is an automorphism of CPq which fixes the line at infinity and satisfies Φ(Hq) =
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EHq (I,∞, R). Conjugating Φ with the involution (w1, w
′) 7→ (− 1

w1
,− iw′w1

) we obtain
the automorphism of CPq

T (w1, w
′) :=

(
Rw1

R− iw1
,

Rw′

R− iw1

)
,

which fixes the line w1 = 0 and satisfies T (Hq) = EHq (I, 0, R).
Fix 0 < R < D−1. Let V and w(z) as in the previous proposition and, up to taking

a smaller V if necessary, define the local biholomorphism η : V → Cq as η = T ◦ w. It
is not hard to show that in the coordinates η = η(z) a local defining function of Ω ∩ V at
the origin can be written as

ψ(η) = −Im η1 + ‖η′‖2 +
|η1|2
R
− P4(Re η1, η

′, η′) + (5-th and h.o.t. in Re η1, η
′, η′),

(4.30)
where P4 is the same polynomial as in Proposition 4.8.4. Notice that the higher order
terms still do not depend on Im η1.

Lemma 4.8.5. There exists ρ > 0 so that,

EHq (I, 0, R) ∩B(0, ρ) ⊂ η(Ω ∩ V ) ∩B(0, ρ) ⊂ Hq ∩B(0, ρ)

Proof. The local defining function of Ω′ := η(Ω ∩ V ) at the origin is of the form

ψ(η) = −Im η1 + ‖η′‖2 +
|η1|2
R
− r(Re η1, η

′, η′),

where r is the sum of P4 and the higher order terms. By (4.29) it follows that whenever η
is sufficiently close to the origin, we have that

0 ≤ r(Re η1, η
′, η′) ≤ D(|Re η1|4 + ‖η′‖4).

Suppose first that η ∈ EHq (I, 0, R) is close to the origin. Since r is non negative it follows
immediately that ψ(η) < 0, proving that η ∈ Ω′.

If on the other hand we have that if η ∈ Ω′ is close to the origin, then

0 < Im η1 −
|η1|2
R
− ‖η′‖2 + r(Re η1, η

′, η′)

< Im η1 −
|η1|2
R
− ‖η′‖2 +D(|Re η1|4 + ‖η′‖4),

and therefore

D‖η′‖4 − ‖η′‖2 + Im η1 −R−1|η1|2 +D|Re η1|4 > 0.

As η converges to the origin the corresponding second degree equation in ‖η′‖2 has two
solutions 0 < t1 < t2. The solution t2 converges to 1/D, while

t1 =
1−

√
1− 4DIm η1 + 4DR−1|η1|2 − 4D2|Re η1|4

2D
→ 0.

Hence if η is small enough, ‖η′‖2 < t1, which immediately implies η1 6= 0. Moreover,

‖η′‖2 < Im η1 + (D −R−1)|η1|2 +O(|η1|3),

proving that whenever η ∈ Ω′ is sufficiently close to the origin, we have η ∈ Hq .
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Consider now the biholomorphism η̃ := C̃−1 ◦ η sending ζ to e1. If ϕ is a biholomor-
phism defined in a neighborhood of ζ such that

ϕ(z)− η̃(z) = O(‖z − ζ‖d+1),

with d sufficiently large, then the expression (4.30) remains unchanged when we replace
η with C̃ ◦ ϕ.

The proof of the previous lemma relies uniquely on the form of the boundary defining
function (4.30). Therefore, up to taking a smaller V if necessary, the lemma remains valid
when we consider C̃ ◦ ϕ instead of η. We conclude that, for every given map ϕ as above,
there exists ρ > 0 sufficiently small such that

EBq (0, e1, R) ∩B(0, ρ) ⊂ ϕ(Ω ∩ V ) ∩B(0, ρ) ⊂ Bq ∩B(0, ρ).

By jet interpolation in Andersén-Lempert theory [5, Proposition 6.3] we may choose
ϕ to be an automorphism of Cq . Since we can always find 0 < R′ < R so that
EBq (0, e1, R

′) ⊂ EBq (0, e1, R) ∩B(0, ρ), we conclude the following

Lemma 4.8.6. Let Ω ⊂ Cq be a domain and let ζ ∈ ∂Ω be a C4-smooth strongly
pseudoconvex point. Then there exists a change of coordinates in Aut(Cq), and constants
ρ,R > 0 so that in the new coordinates we have ζ = e1 and the two following inclusions
hold

EBq (0, e1, R) ⊂ Ω and Ω ∩B(e1, ρ) ⊂ Bq.

Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary. Let F be the
family of complex geodesics ϕ : D→ Ω that satisfy (see [11, 17])

d(ϕ(0), ∂D) = max
τ∈D

d(ϕ(τ), ∂Ω).

Then by [17, Proposition 1] it follows that there exists C > 0 so that for every ϕ ∈ F
and τ1, τ2 ∈ D we have

‖ϕ(j)(τ1)− ϕ(j)(τ2)‖ ≤ C|τ1 − τ2|1/4, j = 0, 1. (4.31)

Lemma 4.8.7. Let Ω ⊂ Cq be a bounded strongly convex domain with C3 boundary and
let ζ ∈ ∂Ω. Then given ε > 0 we may find δ > 0 so that for every z, w ∈ Ω ∩ B(ζ, δ)
the geodesic segment for the Kobayashi distance γ connecting z and w is contained in
Ω ∩B(ζ, ε) and has euclidean length `(γ) < ε.

Proof. The fact that γ is contained in Ω∩B(ζ, ε) for δ sufficiently small is an immediate
consequence of [2, Lemma 2.3.64].

To prove the statement concerning `(γ) it is enough to show that, given a sequence
(zn, wn) → (ζ, ζ) there exist a subsequence (still denoted (zn, wn)) so that the geodesic
segment γn : [0, an] → Ω joining zn to wn has euclidean length converging to 0 as n →
∞.

Let ϕn be a complex geodesic passing through zn and wn. Up to composing ϕn with
an automorphism of D, we may assume that ϕn ∈ F . Up to passing to a subsequence
we have that ϕn → ϕ∞ uniformly on compact subsets of D. It follows from (4.31) that
actually ϕn → ϕ∞ and ϕ′n → ϕ′∞ uniformly on D. Since strongly convex domains have
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simple boundary [2, Corollary 2.1.14], either ϕ∞ : D → Ω or ϕ∞ ≡ ζ. Let τn, σn ∈ D
be defined by τn := ϕ−1

n (zn) and that σn := ϕ−1
n (wn).

Assume that ϕ∞ : D → Ω. After taking a subsequence of ϕn if necessary, we may
assume that τn → τ∞ ∈ D, that σn → σ∞ ∈ D. Clearly τ∞ and σ∞ belong to ∂D, and
ϕ∞(τ∞) = ϕ∞(σ∞) = ζ. By the continuity of the Kobayashi distance, it follows that
ϕ∞ is a complex geodesic, and since the extension of a complex geodesic to D is injective,
we obtain that τ∞ = σ∞. Let ηn : [0, an] → D be the geodesic segment connecting τn
and σn. Notice that since τn and σn converge to the same point we must have `(ηn)→ 0.
By the uniqueness of real geodesics we have γn = ϕn ◦ ηn and therefore

`(γn) =

∫ an

0

‖γ′n(t)‖ dt ≤ sup
t∈[0,an]

‖ϕ′n (ηn(t)) ‖`(ηn).

Since the value of supτ∈D ‖ϕ′n(τ)‖ is uniformly bounded it follows that `(γn)→ 0.
Assume now that ϕ∞ ≡ ζ. Let ηn : [0, an]→ D be the geodesic segment connecting

τn and σn. As before

`(γn) ≤ sup
t∈[0,an]

‖ϕ′n (ηn(t)) ‖`(ηn).

Since the euclidan length of geodesics lines in the disk is bounded from above, and ϕ′n
converges uniformly to 0 on D, we have the result.

We are now ready to prove Proposition 4.8.3. We denote by κ the Kobayashi-Royden
metric.

Proof of Proposition 4.8.3. Consider the change of coordinates and the constants ρ,R >
0 given by Lemma 4.8.6. Given 0 < δ < ρ we define the bounded sets D := Ω ∪ Bq ,
D1 := Bq , D0 := Bq ∩B(e1, δ). Then by [15, Theorem 2.1] we conclude, up to taking a
smaller δ so that d( · , ∂D) = d( · , ∂Bq) on D0, that there exists a constant c > 0 so that
for all z ∈ Bq ∩B(e1, δ) and v ∈ TzCq

κΩ(z; v) ≥ κD(z; v) ≥ (1− c d(z, ∂Bq))κBq (z; v) ≥ κBq (z; v)− c‖v‖,
where the estimate d(z, ∂Bq)κBq (z; v) ≤ ‖v‖ immediately follows from the definition of
Kobayashi-Royden metric.

For every ε > 0, by the previous lemma we can choose 0 < δ1 < δ so that for every
z, w ∈ Ω ∩ B(e1, δ1) the geodesic segment γ for the Kobayashi distance connecting z
and w is contained in Ω ∩B(e1, δ) and has euclidean length `(γ) ≤ ε/c (notice that Ω is
not necessarily strongly convex, but the lemma still holds after a change of coordinate in
Aut(Cq)). It follows that

kΩ(z, w) ≥ kBq (z, w)− c `(γ) ≥ kBq (z, w)− ε.
Given R, ε > 0 as above we define choose Rε > 0 as in Lemma 4.8.2. If kE denotes

the Kobayashi distance of the horosphere EBq (0, e1, R) we conclude that

kΩ(z, w) ≤ kE(z, w) ≤ kBq (z, w) + ε, ∀z, w ∈ EBq (0, e1, Rε).

By taking Rε smaller if necessary we may further assume that EBq (0, e1, Rε) ⊂ Ω ∩
B(e1, δ1), concluding the proof of the Proposition.
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4.8.3 Proof of Theorem 4.6.3
Consider the change of coordinates given by Proposition 4.8.3. We remark that in the new
coordinates the domain Ω is strongly pseudoconvex but not necessarily strongly convex.
On the other hand all the properties of strongly convex domains we will use in this last
section are invariant under automorphisms of Cq .

Given a decreasing sequence 0 < εn < 1/2 converging to 0, by Lemma 4.8.3 we may
find another decreasing sequenceRn > 0 so that, for all n ≥ 0, we haveEBq (0, e1, Rn) ⊂
Ω and

kBq (z, w)− εn ≤ kΩ(z, w) ≤ kBq (z, w) + εn, ∀z, w ∈ EBq (0, e1, Rn). (4.32)

The point e1 is a boundary repelling fixed point for (the conjugate of) the map f with
dilation λ := λζ . If the map f has no interior fixed point, then its Denjoy-Wolff point
ξ does not coincide with e1, and therefore, by taking a smaller R0 if necessary, we may
assume that ξ 6∈ EBq (0, e1, R0). On the other hand, if f admits interior fixed points, there
exists a limit manifoldM which is a holomorphic retract of Ω. Thanks to [3, Proposition
3.4], we have that e1 6∈ M. Hence, by taking a smaller R0 if necessary, we may assume
that EBq (0, e1, R0) ∩M = ∅. We conclude that

Lemma 4.8.8. Every orbit starting in EBq (0, e1, R0) eventually leaves the same set.

Set R̃ := λe, rn := Rn/R̃ and choose zn ∈ EBq (0, e1, rn). Since rn < Rn < R0,
we have zn ∈ Ω, and it is easy to see using (4.4) that we have the two following chains of
strict inclusion:

EBq (0, e1, Rn) ⊃ EBq (0, e1, rn) ⊃ EBq (zn, e1, 1). (4.33)

EBq (0, e1, Rn) ⊃ EBq (zn, e1, R̃) ⊃ EBq (zn, e1, 1). (4.34)

Since zn ∈ Ω there exists a unique complex geodesic ϕn of the domain Ω so that
ϕn(0) = zn and ϕn(1) = e1. As a consequence of [16, Lemma 3.5], the restriction
αn : [0, 1) → Cq of ϕn extends C1-smoothly to the closed interval [0, 1] and α′(1) 6∈
Te1∂Ω, hence as the real number t increases to 1, the point ϕn(t) converges to e1 non-
tangentially.

It follows that every real t sufficiently close to 1 we have ϕn(t) ∈ EBq (0, e1, rn).
After rescaling the complex geodesic ϕn via an appropriate automorphism of the unit
disk and eventually replacing zn with ϕn(0), we may therefore assume that ϕn([0, 1)) ⊂
EBq (0, e1, rn).

We now show that ϕn ([t0, 1)) ⊂ EBq (zn, e1, 1), where t0 := e−1
e+1 . Indeed, if 0 <

t < t′ < 1 by (4.32) we obtain that

log hB
q

e1,zn(ϕn(t)) = lim
Bq3w→e1

[kBq (ϕn(t), w)− kBq (zn, w)]

= lim
t′→1

[kBq (ϕn(t), ϕn(t′))− kBq (zn, ϕn(t′))]

≤ lim
t′→1

[kΩ(ϕn(t), ϕn(t′))− kΩ(zn, ϕn(t′))] + 2εn

≤ −kΩ(zn, ϕn(t)) + 2εn

< − log
1 + t

1− t + 1,
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where we used the fact that the three points ϕn(t), ϕn(t′) and zn lie on the same real
geodesic of Ω. Notice that we could use (4.32) since ϕn(t), ϕn(t′) and zn all belong to
EBq (0, e1, Rn).

Choose an increasing sequence t0 < tk < 1, converging to 1.
Since every orbit starting from a point in EBq (0, e1, R0) eventually leaves the same

set, it follows that for every n ≥ 0 we may define mn,k as the first positive integer so that
fmn,k ◦ ϕn(tk) 6∈ EBq (zn, e1, 1).

Lemma 4.8.9. There exists n ∈ N so that fmn,k ◦ ϕn(tk) has a convergent subsequence
in Ω.

Proof. Since ϕn(tk) ∈ EBq (zn, e1, 1), we must have mn,k ≥ 1, and thus we may write

xn,k := fmn,k−1 ◦ ϕn(tk) ∈ EBq (zn, e1, 1)

yn,k := fmn,k ◦ ϕn(tk) 6∈ EBq (zn, e1, 1),

By Lemma 4.2.8, for every n ∈ N we have

lim sup
k→∞

kΩ(xn,k, yn,k) ≤ lim
k→∞

kΩ(ϕn(tk), f ◦ ϕn(tk)) = log λ. (4.35)

Suppose now that the statement of Lemma 4.8.9 is false. Then for every fixed n we would
have that the sequences (xn,k) and (yn,k) both converge to e1. Indeed, for the sequence
(xn,k), which is contained in EBq (zn, e1, 1), this follows from

EBq (zn, e1, 1) \ {e1} ⊂ EBq (0, e1, R0) ⊂ Ω. (4.36)

Since kΩ(xn,k, yn,k) is bounded, it follows that (yn,k) converges to e1 too. This is a direct
consequence of [2, Corollary 2.3.55] and the fact that Ω is biholomorphic to a bounded
strongly convex domain via an automorphism of Cq .

By Definition 4.2.3 and by (4.35) we have that

log λ ≤ lim inf
k→∞

kΩ(zn, xn,k)− kΩ(zn, yn,k)

≤ lim inf
k→∞

kΩ(xn,k, yn,k)

≤ lim sup
k→∞

kΩ(xn,k, yn,k)

≤ log λ,

proving that limk→∞ kΩ(xn,k, yn,k) = log λ. It is now easy to show that

lim
k→∞

kΩ(zn, xn,k)− kΩ(zn, yn,k) = lim
k→∞

kΩ(xn,k, yn,k) = log λ. (4.37)

Since log R̃ = log λ + 1, for all n ≥ 0 we may choose a positive integer kn so that
for all k ≥ kn,

kΩ(xn,k, yn,k) < log R̃− 2εn. (4.38)

We now show that

zn, xn,k, yn,k ∈ EBq (0, e1, Rn), ∀k ≥ kn. (4.39)
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This is clear for zn and xn,k by (4.33). Let γn,k : [0, an,k]→ Ω be the geodesic segment
connecting xn,k and yn,k. Clearly for all t ∈ [0, ank) we have kΩ(xn,k, γn,k(t)) <

kΩ(xn,k, yn,k). By (4.34), as long as γn,k(t) ∈ EBq (zn, e1, R̃) we have that

log hB
q

e1,zn(γn,k(t)) = lim
w→e1

[kBq (γn,k(t), w)− kBq (zn, w)]

≤ lim
w→e1

[kBq (xn,k, w)− kBq (zn, w)] + kBq (xn,k, γn,k(t))

< kΩ(xn,k, γn,k(t)) + εn

< log R̃− εn,

where we used (4.32),(4.38) and the fact that xn,k ∈ EBq (zn, e1, 1). We conclude that
γn,k(t) ∈ EBq (zn, e1, R̃) for every t ∈ [0, an,k], and thus (4.39) follows.

Thus, using (4.32) and (4.37), we obtain for all k ≥ kn,

log λ− 2εn ≤ lim inf
k→∞

kBq (zn, xn,k)− kBq (zn, yn,k)

≤ lim sup
k→∞

kBq (xn,k, yn,k)

≤ log λ+ εn

Let σn ∈ Aut(Bq) be such that σn(zn) = 0 and σn(e1) = e1. Notice that for every n
the sequences σn(xn,k), σn(yn,k)→ e1 as k →∞. We may therefore choose a sequence
Kn ≥ kn so that x′n := σn(xn,Kn)→ e1, y′n := σn(yn,Kn)→ e1 and

log λ− 3εn ≤ kBq (0, x′n)− kBq (0, y′n) ≤ kBq (x′n, y′n) ≤ log λ+ 2εn.

Finally notice that x′n ∈ EBq (0, e1, 1) and that y′n 6∈ EBq (0, e1, 1), which contradicts
Proposition 4.8.1 since εn → 0.

By the previous lemma there exists n ∈ N, which from now on will be fixed, such that,
up to passing to a subsequence of tk if necessary, the sequence fmn,k ◦ϕn(tk)→ z0 ∈ Ω.
By Lemma 4.2.8 we have that for all j ∈ N there exists Cj > 0 such that

kΩ(ϕn(tk), f j ◦ ϕn(tk)) ≤ Cj , ∀k ≥ 0.

Therefore, since ϕn(tk)→ e1, the sequence mn,k is divergent.
The remaining of the proof is similar to [9] and [20], but we add it for the convenience

of the reader. Consider the sequence (fmn,k−1 ◦ ϕn(tk)). Since

kΩ(fmn,k ◦ ϕn(tk), fmn,k−1 ◦ ϕn(tk)) ≤ kΩ(f ◦ ϕn(tk), ϕn(tk))→ log λ,

we can extract a subsequence k1(h) such that fmn,k1(h)−1 ◦ ϕn(tk1(h)) → z1 ∈ Ω.
Iterating this procedure, we obtain for every ν ≥ 1 a subsequence kν+1(h) of kν(h) such
that

fmn,kν+1(h)−ν−1 ◦ ϕn(tkν+1(h))→ zν+1 ∈ Ω,

and f(zν+1) = zν . Hence (zν) is a backward orbit.
We now show that zν → e1. Recall that fmn,k−ν ◦ ϕn(tk) ∈ EBq (zn, e1, 1), which

implies that zν ∈ EBq (zn, e1, 1) \ {e1}. Therefore either zν → e1 or there exists a
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subsequence zνm → z′ ∈ EBq (zn, e1, 1) \ {e1} ⊂ Ω. In the second case for every i ∈ N
we have that

f i(z′) = lim
m→∞

f i(zνm) = lim
m→∞

zνm−i ∈ EBq (zn, e1, 1) \ {e1},

and thus by (4.36) it follows that the orbit of the point z′ is contained in EBq (0, e1, R0),
contradicting Lemma 4.8.8.

We are left with showing that the step of (zν) is log λ. Let p ∈ Ω. We have that

kΩ(zν , zν−1) = kΩ(zν , f(zν)) ≥ kΩ(p, zν)− kΩ(p, f(zν)),

and since zν → e1, it follows that s1(zν) ≥ log λ. Moreover,

kΩ(zν , zν−1) = lim
h→∞

kΩ(fmn,kν (h)−ν ◦ ϕn(tkν(h)), f
mn,kν (h)−ν+1 ◦ ϕn(tkν(h)))

≤ lim
h→∞

kΩ(ϕn(tkν(h)), f ◦ ϕn(tkν(h)))

= log λ.

This ends the proof of Theorem 4.6.3.
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CHAPTER5
Lee-Yang zeros of the antiferromagnetic

Ising model

Abstract

We investigate the location of zeros for the partition function of the anti-ferromagnetic
Ising Model, focusing on the zeros lying on the unit circle. We give a precise character-
ization for the class of rooted Cayley trees, showing that the zeros are nowhere dense on
the most interesting circular arcs. In contrast, we prove that when considering all graphs
with a given degree bound, the zeros are dense in a circular sub-arc, implying that Cayley
trees are in this sense not extremal. The proofs rely on describing the rational dynami-
cal systems arising when considering ratios of partition functions on recursively defined
trees.

5.1 Introduction

Partition functions play a central role in statistical physics. The distribution of zeros of the
partition functions are instrumental in describing phase changes in a variety of contexts.

This chapter is based on: F. Bencs, P. Buys, L. Guerini, H. Peters. Lee-Yang Zeros of the antiferromagnetic
Ising Model. arXiv e-prints, art. arXiv:1907.07479. Jul. 2019.
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More recently there has been a second motivation for studying the zeros of partition func-
tions, arising from a computational complexity perspective. Since the 1990’s there has
been significant interest in whether the values of partition functions can be approximated,
up to an arbitrarily small multiplicative error, by a polynomial time algorithm. For graphs
of bounded degrees this is known to be the case on open connected subsets of the zero
free locus [3, 16]. In recent work of the last author with Regts [18, 17], the zero free locus
was successfully described by first considering a specific subclass of graphs, the Cayley
trees, for which the location of zeros can be described by studying iteration properties of
a rational function.

A common theme in the papers [18, 17] was that the Cayley trees turned out to be
extremal within the larger class of bounded degree graphs, in the sense that a maximal
zero free locus for Cayley trees proved to be zero-free in the larger class as well. This
observation is the main motivation for our studies here, where we investigate to which
extend the extremality of the class Cayley trees holds for the antiferromagnetic Ising
Model.

Let G = (V,E) denote a simple graph and let λ, b ∈ C. The partition function of the
Ising model ZG(λ, b) is defined as

ZG(λ) = ZG(λ, b) =
∑
U⊆V

λ|U | · b|δ(U)|,

where δ(U) denotes the set of edges with one endpoint in U and one endpoint in U \ V .
In this paper we fix b > 0 and consider the partition function ZG(λ) as a polynomial in
λ. The case b < 1 is often referred to as the ferromagnetic case, while b > 1 is referred
to as the anti-ferromagnetic case.

For d ≥ 2 let Gd+1 be the set of all graphs of maximum degree at most d + 1. Given
a set of graphsH, we write

ZH = ZH(b) = {λ : ZG(λ) = 0 for some G ∈ H} .

When b < 1, the Lee–Yang Circle Theorem [6, 7] states that for any graph G, the
zeros of ZG are contained in the unit circle S1. The zeros in the ferromagnetic case have
subsequently been known as the Lee–Yang zeros. To study the zeros of ZG for all G ∈
Gd+1 one can consider the subset of finite rooted Cayley trees with down degree d, which
we denote by Cd+1. The Lee–Yang zeros of Cayley trees are studied in [15, 14, 2, 1, 4]
amongst other papers. In all of these papers some variation of the following rational
function plays a important role:

fλ(z) = fλ,d(z) = λ ·
(
z + b

bz + 1

)d
, (5.1)

where fλ is viewed as a function on the Riemann sphere. The significance of fλ in relation
to the Cayley trees is explained by the following lemma.

Lemma 5.1.1 (e.g. [4, Proposition 1.1]). Let b ∈ R and d ≥ 2, then

ZCd+1
= {λ : fnλ (λ) = −1 for some n ∈ Z≥0} .
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5.1. Introduction

Figure 5.1: Comparing zeros of Cayley trees (left) and spherically symmetric trees (right) for
degree d = 2 and depth at most 11.

Thus complex dynamical systems can be used to study the zeros of the partition func-
tion of Cayley trees. The following result from [17] shows that while the Cayley trees
from a relatively small subset of the class of all graphs of bounded maximal degree, the
zero free loci of these two classes are identical in the ferromagnetic case:

Theorem 5.1.2. Let d ≥ 2. If 0 < b ≤ d−1
d+1 then

ZCd+1
= ZGd+1

= S1.

If d−1
d+1 < b < 1 then

ZCd+1
= ZGd+1

= Arc[λ1, λ1],

where λ1 = λ1(b) ∈ S1 is the unique parameter in the upper half plane for which fλ has
a parabolic fixed point.

Given α, β on the unit circle, we will use notation Arc[α, β] for the closed circular arc
from α to β, traveling counter clockwise, and similarly for open and half-open circular
arcs.

When b > 1 the Lee-Yang Circle Theorem fails, and the set of zeros of the partition
function is considerably more complicated. Consider for example Figure 5.1, illustrating
the location of zeros for Cayley trees and for the larger class of spherically symmetric
trees, defined in Definition 5.2.1 below, both for maximal down-degree d = 2 and maxi-
mal depth 11. The pictures are symmetric with respect to reflection in the unit circle, but
only few zeros outside of the unit disk are depicted because of space concerns.

The pictures clearly demonstrate the appearance of zero parameters both on and off
the unit circle. In this paper we focus on describing the set of zeros on the unit circle.
Our main result show that, contrary to the ferromagnetic case, the zero free locus for the
Cayley trees is strictly larger than that of the class of all bounded degree graphs.

We recall the following result from [17]:
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Theorem 5.1.3. Let λ0 = eiθ0 be the parameter with the smallest positive angle θ0 for
which fλ0

(λ0) = 1. Then

ZGd+1
∩ R+ ·Arc[λ0, λ0] = ∅,

but
λ0, λ0 ∈ ZCd+1

.

Note that in Figure 5.1 λ0 and λ0 are depicted by the conjugate pair of red points with
smallest absolute argument. The other conjugate pair of red points corresponds to λ1 and
λ1, having the same definition as in the ferromagnetic case.

Our main result is the following:

Theorem 5.1.4. Let d ≥ 2. If b ≥ d+1
d−1 then

ZCd+1
∩ S1 = ZGd+1

∩ S1 = S1.

If 1 < b < d+1
d−1 then

1. Density for Cayley trees.

Arc[λ1, λ1] ∪ {λ0, λ0} ⊂ ZCd+1
∩ S1.

2. Nowhere density for Cayley trees. The set

ZCd+1
∩Arc[λ0, λ1]

is a nowhere dense subset of Arc[λ0, λ1].

3. Density for arbitrary graphs. There exists λ3 ∈ Arc(λ0, λ1) such that

ZGd+1
∩Arc[λ0, λ3] = Arc[λ0, λ3].

Case (3) will be proved in section 6, building upon results from earlier sections. Cases
(1) and (2) will be proved respectively in sections 4 and 3.

Remark 5.1.5. The fact that the closure of ZCd+1
is strictly smaller than the closure of

ZGd+1
also holds outside of the unit circle, a statement that is considerably easier to prove.

For example, the solution to the 1-dimensional Ising Model gives the density of zeros in a
real interval [−α−1,−α], for some α ∈ (0, 1). On the other hand, using Corollary 5.4.8
one can prove the existence of a neighborhood of λ = −1 where all accumulation points
of ZCd+1

must lie on the unit circle.

We prove case (3) for the subclass in Gd+1 given by the spherically symmetric trees.
These trees have the advantage that dynamical methods can be used to describe the lo-
cation of zeros, as indicated by the following lemma, whose proof will be given in the
Background section.
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Lemma 5.1.6. Let d ≥ 2 and λ, b ∈ C, then there exists a spherically symmetric tree T
with down degree at most d for which ZT (λ, b) = 0 if and only if

g(λ) = −1

for some g ∈ Hλ,d+1.

Here Hλ,d+1 = Hλ,d+1(b) is the rational semigroup generated by fλ,1, . . . , fλ,d, i.e.

Hλ,d = 〈fλ,1, . . . , fλ,d〉 .

We will prove that a specific sub-semigroup ofHλ,d is hyperbolic for all λ ∈ Arc[λ0, λ2),
for some λ2 ∈ Arc[λ3, λ1], i.e. on an arc Arc[λ0, λ2] that contains Arc[λ0, λ2]. More-
over, we obtain uniform bounds on the expansion rate on compact subsets of Arc[λ0, λ2).
We also show that for any λ ∈ Arc[λ0, λ1], there exists a sequence in the sub-semigroup
for which +1 lies on the Julia set. Combining these two statements we obtain uniform
expansion along an orbit of +1. The density of zero-parameters is a consequence for λ
sufficiently close to λ0.

We emphasize that in statement (3) of Theorem 5.1.4 we only consider zero parame-
ters in S1. Alternatively we can consider ZGd+1

∩ S1, which is a priori a larger set. We
prove in section 6 that this closure contains the circular arc

Arc[λ0, λ2),

which is the arc where the earlier discussed sub-semigroup of Hλ,d acts hyperbolically.
The parameter λ2 can be explicitly calculated. Computer evidence in fact suggests that

ZGd+1
∩ S1 = Arc[λ0, λ0].

In section 2 we prove basic results regarding the attracting intervals of the maps fλ,
to be used in later sections. In section 3 we consider the hyperbolic components in the
parameter space of the maps fλ, and prove case (2) of Theorem 5.1.4. In section 4 we
consider only parameters λ on the unit circle and prove case (1).

5.2 Background

5.2.1 Ising model and dynamics
In this subsection we recall the relationship between partition functions on Cayley trees
and spherically symmetric trees on the one hand, and respectively iteration and semi-
group actions on the other hand. In particular we give a short proof of Lemmas 5.1.1 and
5.1.6. In the rest of the paper we will only consider the two dynamical systems, with few
references to partition functions. We refer the interested reader to [17] and [4] for more
information on this topic.

Let v be a marked node of a graph G = (V,E). Note that

ZG = ZinG,v + ZoutG,v,
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where ZinG,v sums only over U ⊂ V with v ∈ U , and ZoutG,v sums only over U ⊂ V with
v /∈ U . It follows that

ZG = 0 ⇔ RG,v :=
ZinG,v
ZoutG,v

= −1 or ZinG,v = ZoutG,v = 0.

Suppose now that G = T is a tree. Denote the neighbors of v by v1, . . . , vk, and the
corresponding connected components of G− v by T1, . . . , Tk. Then it follows that

RT,v = λ

k∏
i=1

RTi,vi + b

bRTi,vi + 1
.

Hence when all the rooted trees (Ti, vi) are isomorphic, one obtains

RT,v = λ

(
RTi,vi + b

bRTi,vi + 1

)k
.

Definition Let d ≥ 2 and let ω = (k1, k2, . . .) ∈ {1, . . . , d}N. Let T0 be the rooted
graph with a single vertex. Recursively define the trees T1, . . . by letting Tn consist of a
root vertex v of degree kn, with each edge incident to v connected to the root of a copy
of Tn−1. We say that the rooted trees Tn are spherically symmetric of degree at most d.
Equivalently a rooted tree, with root v, is said to be spherically symmetric if all leaves
have the same depth n, and all vertices of depth 1 ≤ j < n have down-degree kj . When
all degrees kn are equal to d the tree Tn is said to be a (rooted) Cayley tree of degree d.

Note that for a spherically symmetric tree

Zinn (λ) = λ(Zinn−1(λ) + bZoutn−1(λ))kn ∈ R[λ], and

Zoutn (λ) = (bZinn−1(λ) + Zoutn−1(λ))kn ∈ R[λ].

Since we will work with b /∈ {−1,+1} it follows by induction that Zinn (λ) and Zinn (λ)
cannot both be equal to zero, from which it follows that

ZG = 0 ⇔ RG,v = −1.

Noting that RT0,v = λ, it follows for Cayley trees that

RTn,v = fnλ (λ) = fn+1
λ (+1),

where

fλ(z) = fd,λ(z) = λ

(
z + b

bz + 1

)d
,

while for spherically symmetric trees we obtain

RTn,v = fnω,λ(λ) := fkn,λ ◦ · · · ◦ fk1(λ).

Hence we have proved lemmas 5.1.1 and 5.1.6.
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5.2. Background

5.2.2 Holomorphic motion and J-stability
Given a family of rational maps fλ parameterized by a complex manifold Λ, the set of
J-stable parameters is the set of parameters for which the Julia set Jλ moves continuously
with respect to the Hausdorff topology. The concept of J-stability plays a central role in
the study of rational functions. We refer the interested reader to [10, 11, 19] for a more
detailed description of J-stability.

Given a positive integer d ≥ 2 and b > 1, let fλ be the family of rational functions
given by (5.1) parameterized by Λ = Ĉ. We will write Λstb for the set of J-stable
parameters and Λhyp for the set of hyperbolic parameters, i.e. the values for which fλ
has no critical points nor parabolic cycles on Jλ. Recall that Λstb is a dense open set and
that the set Λhyp is an open and closed subset of Λstb. Whether the equality Λstb = Λhyp

holds for the family given by (1) is a natural question, though not directly relevant for our
purposes.

Given λ ∈ Λstb we will write Λstbλ for the connected component of Λstb containing
the parameter λ.

Theorem 5.2.1. There exists a holomorphic motion of Jλ over (Λstbλ , λ) which respects
the dynamics, i.e. there exists a continuous map ϕ : Ĉ× Λstbλ → Ĉ satisfying

1. ϕµ is the identity at the base point λ, i.e. ϕλ(z) = z,

2. for every z ∈ Jλ the map ϕµ(z) is holomorphic in µ ∈ Λstbλ ,

3. for every µ ∈ Λstbλ the map z 7→ ϕµ(z) is injective and can be extended to a
quasi-conformal map ϕµ : Ĉ→ Ĉ.

4. for every µ ∈ Λstbλ the map ϕµ : Jλ → Jµ is a homeomorphism. Furthermore, the
following diagram commutes

Jλ
fλ //

ϕµ

��

Jλ

ϕµ

��
Jµ

fλ // Jµ

Such map ϕ satisfies the following two additional properties

5. Given z ∈ Ĉ the map ϕ−1
µ (z) is continuous with respect to µ,

6. Let zn → z be a convergent sequence and assume that µ 7→ ϕµ(z) is not constant.
Then there exists a subsequence nk and µk → λ so that

ϕµk(znk) = z.

Remark 5.2.2. The existence of a continuous map ϕ satisfying properties 1 − 4 was
proven by [10, 19], while the properties 5 and 6 follow immediately from continuity of
ϕ. The holomorphic motion is unique on the Julia set Jλ, in the sense that any other
continuous map ϕ̃ which satisfies the properties 1 − 4 has to agree with ϕ on the set
Jλ × Λstbλ .
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5.3 Activity locus

In this section we will assume that fλ is a family of rational function parametrized by a
complex manifold Λ. We define the two sets

F := {λ ∈ Ĉ | 1 ∈ Fλ}, J := {λ ∈ Ĉ | 1 ∈ Jλ}.
Given a connected component U ⊂ Λstb we further write FU = F ∩U and JU = J ∩U .
Since the Julia set Jλ moves continuously for λ ∈ U it follows that FU is open while JU
is closed with respect the intrinsic topology of U .

Definition Let U be a connected component of Λstb. We say that U is exceptional if
there exists λ ∈ JU so that µ 7→ ϕµ(1) is constant, where ϕµ denotes the holomorphic
motion of Jλ over (U, λ) given by Theorem 5.2.1.

Remark 5.3.1. Suppose that U is an exceptional component of Λstb and let λ ∈ U be
so that the map µ 7→ ϕµ(1) is constant. Given another λ̃ ∈ U we have that ϕλ̃(1) =
ϕλ(1) = 1, and therefore that 1 ∈ Jλ̃. Let ϕ̃µ be the holomorphic motion of Jλ̃ over
(U, λ̃). Then we have

ϕ̃µ(1) = ϕµ ◦ ϕ−1

λ̃
(1) = 1, ∀µ ∈ U.

This shows that if U is an exceptional component then JU = U and for every λ ∈ U the
map µ 7→ ϕµ(1) is constant.

Proposition 5.3.2. Let U be a connected component of Λstb. Then the set JU is perfect
with respect to the intrinsic topology of U .

Proof. We already know that JU is closed in U , thus we only have to show that JU
contains no isolated points. If U is an exceptional hyperbolic component, then according
to Remark 5.3.1 we have JU = U and the result follows immediately. Assume instead
that U is not exceptional, let λ ∈ JU and ϕµ be the holomorphic motion of Jλ over
(U, λ).

Since the Julia set of a rational map is perfect, it follows that we may take zn ∈ Jλ
which converges to 1, and that is not identically equal to 1. By Theorem 5.2.1 we may
therefore find a sequence nk ≥ 0 and µk → λ so that ϕµk(znk) = 1 for every k. Since
ϕµ(Jλ) = Jµ we conclude that µk ∈ JU , proving that λ is not an isolated point of JU ,
and that JU is perfect.

The definition of active parameters is classical [12, 5], and was inspired by [8, 9]. In
all these works activity is always defined in terms of the family {fnλ ◦c(λ)}, where c(λ) is
the parameterization of a critical point. For our purpose it is natural to replace c(λ) with
the point 1, even though the point 1 is never critical.

Definition A parameter λ ∈ Ĉ is passive if the family {λ 7→ fnλ (1)}n∈N is normal in
some neighborhood of λ, and is active otherwise.

We further remark that, given a marked point a(λ) and the corresponding family {fnλ ◦
a(λ)}, it would be more accurate to say that the marked point a(λ) is passive/active at λ.
However since in our case the marked point is always 1, we will refer to passive/active
parameters instead.
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Proposition 5.3.3. Every active parameter is in ZCd+1
.

Proof. This is a standard normality argument. Assume first that d 6= 2 or that λ 6= −1.
Let λ be an active parameter and choose α0, β0 ∈ f−1

λ ({−1}) so that {−1, α0, β0}
are all distinct. Since −1 is never a critical value of fλ we can define two holomor-
phic map αµ, βµ so that fµ({αµ, βµ}) = −1 in a neighborhood of λ. By conjugating
with a holomorphically varying family of Möbius transformation we may assume that
{−1, αµ, βµ} = {−1, 0,∞}. Since the family {fnµ (1)} is not normal at λ, by Montel’s
Theorem we conclude that it cannot avoid the three points {−1, 0,∞} in a neighborhood
of λ. Since {0,∞} are both mapped to−1, the orbit fnλ (1) cannot miss the point−1 near
λ, proving that λ ∈ ZCd+1

. When d = 2 and λ = −1 the point −1 is fixed and has only
two preimages {1,−1}. In this case we fix α0 = 1 and we choose γ0 as one of the two
preimages of 1, the proof is then the same as above.

Proposition 5.3.4. Let U be a non-exceptional component of Λstb. Then every λ ∈ FU
is passive and every λ ∈ JU is active.

Proof. Given λ ∈ U let ϕµ be the holomorphic motion of Jλ over (U, λ). If λ ∈ FU
then the orbit fnλ (1), avoids the Julia set Jλ and in particular it avoids three distinct points
{a, b, c} ⊂ Jλ. Since the set FU is open we have that 1 ∈ Fµ for every µ sufficiently
close to λ, and therefore the orbit of fnµ (1) avoids the set ϕµ({a, b, c}) ⊂ Jµ. Using the
normality argument from the proof of the previous lemma, we may therefore conclude
that {fnµ (1)} is normal in a neighborhood of λ, showing that λ is passive.

Suppose that there exists λ ∈ JU which is passive. Given any 0 < ε < diam(Jλ)/2
by equicontinuity we can find δ > 0 so that∣∣fnµ (1)− fnλ (1)

∣∣ < ε/2, ∀µ ∈ B(λ, δ) and n ∈ N.

Given any open neighborhood U 3 1 there exists N ∈ N so that fNλ (U ∩ Jλ) = Jλ.
Given w ∈ Jλ with distance at least ε from fNλ (1) we can therefore find z ∈ U ∩ Jλ so
that fNλ (z) = w. We conclude that we can construct a sequence zk ∈ Jλ converging to
the point 1 and a sequence of positive integers Nk so that∣∣∣fNkλ (zk)− fNkλ (1)

∣∣∣ > ε. (5.2)

By Theorem 5.2.1, up to taking a subsequence of zk if necessary, we may assume that
there exists a sequence µk ∈ B(λ, δ) so that µk → λ and so that ϕµk(zk) = 1. This
implies that ∣∣∣ϕµk ◦ fNkλ (zk)− fNkλ (1)

∣∣∣ =
∣∣∣fNkµk (1)− fNkλ (1)

∣∣∣ < ε/2.

By continuity of the holomorphic motion, we may further assume that whenever k is
sufficiently large we have∣∣∣ϕµk ◦ fNkλ (zk)− fNkλ (zk)

∣∣∣ =
∣∣∣ϕµk ◦ fNkλ (zk)− ϕλ ◦ fNkλ (zk)

∣∣∣ < ε/2.

In combination with the previous inequality we conclude that for every k sufficiently large
we have ∣∣∣fNkλ (zk)− fNkλ (1)

∣∣∣ < ε, ∀n ∈ N,

contradicting the definition of the sequence zk. Thus every λ ∈ JU is active.
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5.4 Dynamics of the map fλ

For given d ≥ 2 and b > 1, we are interested in the dynamics of the map fλ = λ
(
z+b
bz+1

)d
under the assumption that λ ∈ S1. In this case we have

fλ : B(0, 1)→ Ĉ \B(0, 1)→ B(0, 1),

fλ : S1 → S1,

and the restriction of fλ to S1 is orientation reversing. If we write Fλ and Jλ for the Fatou
and the Julia set of the map fλ we conclude that

Fλ ⊃ Ĉ \ S1, Jλ ⊂ S1, ∀λ ∈ S1. (5.3)

When λ ∈ S1, we further have

|f ′λ(z)| = d(b2 − 1)

1 + b2 + 2bRe z
, ∀z ∈ S1. (5.4)

Therefore the value of |f ′λ(z)| increases as Re z decreases. Recall that a rational map f
is expanding on an invariant set K if f locally increases distances, while it is uniformly
expanding if distances are locally increased by a multiplicative factor, bounded below by
a constant strictly greater than 1.

Lemma 5.4.1 ([17, Lemma 9]). If b > d+1
d−1 and λ ∈ S1 then the map fλ is uniformly

expanding on S1. If b = d+1
d−1 then the map fλ is expanding on S1.

Definition [17, Lemma 12] Motivated by this discussion we introduce the notation

ZH := {λ ∈ C : fnω,λ(1) = −1 for some n ∈ N, ω ∈ {1, . . . , d}N},

where H again refers to the semigroup 〈f1,λ, . . . , fd,λ〉. In particular λ ∈ ZH if and only
if ZG(λ) = 0 for a spherically symmetric tree G Given 1 < b < d+1

d−1 we write λ1 ∈ S1

for the unique parameter satisfying 0 < arg(λ1) < π and for which fλ1
has a parabolic

fixed point.

The following proposition describes the set of hyperbolic parameters on the unit circle

Proposition 5.4.2. We have

S1 ∩ Λhyp =


S1 if b > d+1

d−1 ,

S1 \ {1} if b = d+1
d−1 ,

S1 \ {λ1, λ1} if 1 < b < d+1
d−1 .

Proof. When b > d+1
d−1 then by Lemma 5.4.1 the map fλ is uniformly expanding and

therefore hyperbolic. When b = d+1
d−1 and λ ∈ S1 \ {1} then for every z ∈ S1 either z

or f(z) is uniformly bounded away from 1. By (5.4) we obtain again that the map f2
λ is

uniformly expanding, proving that fλ is hyperbolic. On the other hand when λ = 1 the
map fλ has a parabolic fixed point, and therefore it is not hyperbolic.
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Given 1 < b < d+1
d−1 , then λ1, λ1 are the unique parameters on the unit circle for which

fλ has a parabolic fixed point. Suppose that there exists λ ∈ S1 \ {λ1, λ1} which is not
hyperbolic. By (5.3) the set Ĉ \ S1 is contained in the Fatou set, and therefore the critical
points of fλ are also contained in the Fatou set. It follows that the map fλ must have a
parabolic cycle with period at least 2. Since there are at most two Fatou components we
conclude that the period of the parabolic cycle is exactly 2.

Notice that for every λ ∈ S1 we have that fλ (1/z) = 1/fλ(z), and therefore that

fnλ (−1/b) = 1/fnλ (−b)

Let z1, z2 ∈ S1 be the parabolic cycle of fλ. These two points are parabolic fixed points
for f2

λ and both of them have an immediate basin that must coincide with a Fatou compo-
nent of fλ. By replacing z1 with z2 if necessary, we may therefore assume that B(0, 1) is
the attracting basin of z1, while Ĉ \B(0, 1) is the attracting fixed point of z2. This shows
that f2n

λ (−1/b) → z1 and that f2n
λ (−b) → z2. And therefore that z1 = 1/z2 = z2,

contradicting the fact that the period of the cycle is 2.

We notice that −1 is always a hyperbolic parameter, therefore the set Λhyp−1 , i.e., the
connected component of Λhyp containing −1, is always well defined. On the other hand
the set Λhyp1 is defined for b 6= d+1

d−1 and does not coincide with Λhyp−1 if and only if
1 < b < d+1

d−1 .

Proposition 5.4.3. Let b > 1. Then for every λ ∈ Λhyp−1 the Julia set Jλ is a quasi-circle,
while the Fatou set Fλ contains exactly two components which are the attracting basin of
a (super)attracting 2-cycle. If we further assume that |λ| = 1 then Jλ = S1.

Let 1 < b < d+1
d−1 . Then for every λ ∈ Λhyp1 the Julia set Jλ is a Cantor set, while the

Fatou set Fλ coincides with the attracting component of an attracting fixed point.

Proof. The function g(z) = f2
−1(z) − z satisfies g(0) < 0 and g(−1/b) > 0. Since g

is a real map and f−1 maps the disk to the complement of its closure, we conclude that
f−1 has a periodic point of order 2 in B(0, 1). By (5.3) it is clear that J−1 = S1. The
holomorphic motion of J−1 over (Λhyp−1 ,−1) given by Theorem 5.2.1 now implies that
the Julia set Jλ is a quasi-circle for every λ ∈ Λhyp−1 . The two components of F−1 are
mapped into each other, and by continuity the same holds for Fλ. Hyperbolicity of fλ
implies that they are the basin of a (super)attracting 2-cycle.

When 1 < b < d+1
d−1 the map f1 has an attracting fixed point at 1. It is well known

that the Julia set of a rational function with a single invariant attracting basin containing
all the critical points is a Cantor set (see also [13, Theorem B.1]). Proceeding as above
we obtain that for every λ ∈ Λhyp1 the set Jλ is a Cantor set and that Fλ coincides with
the attracting basin of a (super)attracting fixed point. Since the critical point of fλ are not
fixed point, we conclude that the fixed point is attracting.

Remark 5.4.4. A bicritical rational map is a rational with two distinct critical points
(counted without multiplicity). The space of bicritical rational map of degree d was stud-
ied by Milnor [13], where he shows that its Moduli space (the space of holomorphic
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conjugacy classes) is biholomorphic to C2. In this paper he constructs explicit conjugacy
invariants f 7→ (X,Y ). In our case the invariants associated to the map fλ are given by

X =
b2

1− b2 , Y =

(
λ+

1

λ

)
bd−1

(1− b2)d
.

A bicritical rational map is real if its invariants are real, or equivalently if there exists an
antiholomorphic involution α which commutes with the map. When b ∈ R \ {0, 1}, the
map fλ is real if and only if λ ∈ S1, and the corresponding involution is α = 1/z. The
results obtained by Milnor for real maps are sufficient to conclude that given λ ∈ S1 the
Julia set is either a Cantor set or the whole circle.

The following definition follows from the proposition above. Recall that when 1 <
b < d+1

d−1 by Proposition 5.4.2 we have Arc(λ1, λ1) = Λhyp1 ∩ S1 and that when λ ∈ S1

all fixed point of fλ are on the unit circle.

Definition Given 1 < b < d+1
d−1 and λ ∈ Arc(λ1, λ1), we writeRλ ∈ S1 for the attracting

fixed point of fλ and Iλ for the connected component of Fλ ∩ S1 containing Rλ. Notice
that the map fλ is an orientation reversing bijection fλ : Iλ → Iλ.

Theorem 5.4.5. Let 1 < b < d+1
d−1 . Then there exist unique parameters λ0 ∈ S1 with

0 < arg(λ0) < arg(λ1) < π, so that when λ ∈ Arc[1, λ1)
Arc(1, λ) b Iλ, for λ ∈ Arc[1, λ0),

Iλ = Arc(1, λ), for λ = λ0,

Iλ b Arc(1, λ), for λ ∈ Arc(λ0, λ1).

Similar inclusions hold for λ ∈ (λ1, 1].

λ

1

Iλ

Rλ

λ

1

Iλ

Figure 5.2: The position of Iλ for λ ∈ Arc(1, λ0) and for λ ∈ Arc(λ0, λ1).

The existence of λ0 and the first two inclusions follows from [17, Theorem 5]. Since
the dynamics of fλ is conjugate to the dynamics of fλ it will be sufficient to prove that
Iλ b Arc(1, λ) for λ ∈ Arc(λ0, λ1).
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5.4. Dynamics of the map f

By the implicit function theorem the point Rλ moves holomorphically in a neighbor-
hood of Arc(λ1, λ1), furthermore by (5.4) it satisfies

ReRλ >
b2(d− 1)− (d+ 1)

2b
> −1. (5.5)

Lemma 5.4.6. Let 1 < b < d+1
d−1 . Then for every λ ∈ Arc(1, λ1) we have ImRλ > 0.

Proof. A simple calculation shows that 1 is an attracting fixed point for fλ if and only
if λ = 1. This fact together with (5.5) imply that R1 = 1 and that Rλ 6= ±1 as λ ∈
Arc(1, λ1). If we differentiate both sides of the equation Rλ = fλ(Rλ) with respect to λ,
and then we evaluate at λ = 1, we obtain

∂λRλ|λ=1 =
Rλ

λ(1− f ′λ(Rλ))

∣∣∣
λ=1

=
1

1− d 1−b
1+b

> 0.

Therefore for λ ∈ Arc(1, λ1) sufficiently close to 1 the point Rλ lies in the upper half
plane. However as λ varies within Arc(1, λ1), the point Rλ moves on S1 without inter-
secting {−1, 1}. Therefore ImRλ > 0 on the whole Arc(1, λ1).

Proof of Theorem 5.4.5. Let zλ, wλ ∈ S1 so that Iλ = Arc(zλ, wλ). Since the map
fλ : Iλ → Iλ is an orientation reversing bijection, we have

fλ(zλ) = wλ, fλ(wλ) = zλ,

showing that zλ, wλ are fixed points for f2
λ . The Fatou set is connected, therefore there

can be only one attracting or parabolic fixed point for f2
λ , which is Rλ. This shows that

the cycle zλ, wλ is repelling. By the implicit function theorem the points zλ, wλ move
holomorphically and without collisions on some neighborhood U ⊃ Arc(λ0, λ1).

By the previous lemma and (5.5) we have

Rλ ∈
{
x+ iy

∣∣ y > 0, x >
b2(d− 1)− (d+ 1)

2b
> −1

}
.

Suppose now that for some λ ∈ Arc(λ0, λ1) we have zλ ∈ Arc(1, Rλ). By (5.4)
the map fλ is a contraction on Arc[1, Rλ]. As the point z moves counterclockwise on
Arc[1, Rλ], its image fλ(z) moves clockwise on S1 starting at λ and ending at Rλ. Since
fλ is a contraction and ImRλ > 0, this is possible only if fλ : Arc[1, Rλ]→ Arc[Rλ, λ]
is an orientation reversing bijection. We conclude that wλ = fλ(zλ) ∈ Arc(Rλ, λ) and
thus that Iλ b Arc(1, λ).

If we differentiate both sides of zλ = f2
λ(zλ) we obtain the equation

∂λzλ
(
1− (f2

λ)′(zλ)
)

= λ−1(zλ + f ′λ(wλ)wλ). (5.6)

Since Iλ0 = Arc(1, λ) it follows that zλ0 = 1 is a repelling fixed point for f2
λ0

, further-
more since |f ′λ0

(1)| < 1 we must have |f ′λ0
(λ0)| > 1 and |(f2

λ0
)′(1)| > 1. If we evaluate

the expression above at λ = λ0 we obtain that

∂λzλ|λ=λ0
=

1

λ0

1− |f ′λ0
(λ0)|

1− |(f2
λ0

)′(1)| =
C

λ0
,
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Chapter 5. Lee-Yang zeros of the antiferromagnetic Ising model

for some positive constant C > 0. If we write λ(ε) = λ0e
iε then we obtain that

zλ(ε) = 1 + iCε+O(ε2)

therefore as λ ∈ Arc(λ0, λ1) is sufficiently close to λ0, we must have zλ ∈ Arc(1, Rλ)
and thus that Iλ b Arc(1, λ).

This also proves that the point zλ moves counterclockwise as λ is close to λ0. We
will show that zλ moves counterclockwise on the whole arc between λ0 and λ1. Assume
otherwise, then there is some µ ∈ Arc(λ0, λ1) such that

0 = ∂λzλ|λ=µ =
1

µ

(
zµ + f ′µ(wµ)wµ

)
.

Note that, since zλ 6= Rλ for any λ ∈ Arc(λ0, λ1), it follows that µ ∈ Arc(1, Rµ). As a
result we must have |fµ(zµ)| < 1, and therefore

|f ′µ(zµ)| · |f ′µ(wµ)| = |f ′µ(zµ)| ·
∣∣∣∣ zµwµ

∣∣∣∣ < 1,

which contradicts the fact that zµ is a repelling fixed point of f2
µ. This shows that zλ ∈

Arc(1, Rλ) for every λ ∈ Arc(λ0, λ1) and therefore Iλ b Arc(1, λ), concluding the
proof of the proposition.

Recall that for b > 1 the point −1 is a hyperbolic parameter and that Λhyp is an
open and closed subset of Λstb. Therefore the connected component Λhyp−1 is a connected
component of Λstb. The same is clearly true for Λhyp1 when 1 is a hyperbolic parameter.

Lemma 5.4.7. For b > 1 the component Λhyp−1 is not exceptional. For 1 < b < d+1
d−1 the

component Λhyp1 is not exceptional.

Proof. When 1 < b < d+1
d−1 the component Λhyp1 is not exceptional since 1 is an attracting

fixed point for the map f1.
Suppose now that Λhyp−1 is exceptional for some b > 1 and let ϕµ be the holomorphic

motion of J−1 over (Λhyp−1 ,−1). Since the holomorphic motion respects the dynamics we
obtain that for every µ ∈ Λhyp−1

fnµ (1) = fnµ ◦ ϕµ(1) = ϕµ ◦ fn−1(1). (5.7)

This shows that when the degree d is even the function fµ maps 1 to a fixed point of fµ,
proving that f2

µ(1) = fµ(1). On the other hand, when d is odd the point 1 is periodic
with period two, and therefore f2

µ(1) = 1. Once the values of b and d are fixed there
are only finitely many values of µ ∈ Λhyp−1 for which equation (5.7) is satisfied, giving a
contradiction.

Corollary 5.4.8. Suppose that b > 1 and U = Λhyp−1 , or alternatively that 1 < b < d+1
d−1

and U = Λhyp1 . Then the set of accumulation points of ZCd+1
in U equals JU . Moreover,

if the degree d is even then
JU = ZCd+1

∩ U. (5.8)
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5.5. Restriction to the unit circle

Proof. We first prove the statement for general degrees d. By Propositions 5.3.3 and 5.3.4
we obtain the inclusion

JU ∪ (ZCd+1
∩ U) ⊂ ZCd+1

∩ U.

Therefore it suffices to show that every λ ∈ FU is either an isolated point of ZCd+1
or is

not contained in ZCd+1
. The map fλ is hyperbolic, therefore the orbit of 1 converges to

an attracting periodic point Qλ of period N . By Proposition 5.4.3 when U = Λhyp1 the
Fatou set Fλ is connected and N = 1. Similarly, when U = Λhyp−1 , the set Fλ is the union
of two distinct connected components, and N = 2.

The parameter λ is passive, therefore f2n+k
µ (1)→ fk(Qµ) uniformly on some small

ball B(λ, ε), where k = 0, 1 and Qµ is the holomorphic continuation of the periodic
point Qλ . The point −1 cannot be an attracting periodic point of order 1 or 2, thus
Qµ, fµ(Qµ) 6= −1. We conclude that whenever n is sufficiently large the point fnµ (1) is
bounded away from −1. Therefore the intersection B(λ, ε) ∩ ZU only contains isolated
points.

Now suppose that d is even and let λ ∈ ZCd+1
∩ U . Let N > 0 be the first integer

so that fNλ (1) = −1. Since d is even the point −1 is periodic with period N . If N > 2
the point −1 is a repelling periodic point, since attracting fixed points in U have period 1
or 2. On the other hand −1 cannot be an attracting periodic point with order 1 or 2. This
shows that ZCd+1

∩ U ⊂ JU , which proves (5.8).

Proposition 5.4.9. Let 1 < b < d+1
d−1 . Then the set JΛhyp1

is a Cantor set, with respect to

the intrinsic topology of Λhyp1 .

Proof. Proposition 5.3.2 states that JΛhyp1
is a perfect set. Therefore we only need to

show that every connected component K of this set consists of a single point. Let ϕµ
be the holomorphic motion of J1 over (Λhyp1 , 1). By Theorem 5.2.1 the map ϕ−1

µ (1) is
continuous and sends K inside J1. Since J1 is a Cantor set we conclude that ϕ−1

µ (1) is
constant on K, and therefore that ϕµ(c) = 1 for some c ∈ Ĉ and every µ ∈ K.

IfK contains more then one point then by the identity principle we must haveϕµ(c) =

1 for all µ ∈ U , and in particular c = ϕ1(c) = 1, thus showing that Λhyp1 is an exceptional
component, contradicting Lemma 5.4.7. We conclude that K is a single point.

Combining the previous proposition with Corollary 5.4.8 we conclude the proof of
claim (2) in Theorem 5.1.4.

5.5 Restriction to the unit circle

Throughout this section it will be assumed that b > 1.

Lemma 5.5.1. Let λ ∈ S1 ∩ Λhyp, and let ϕµ be the holomorphic motion of Jλ over
(Λhypλ , λ). Assume that 1 ∈ Jλ and that one of the two following conditions is satisfied:

1. the partial derivative ∂µϕµ(1)|µ=λ 6= 0,

2. there exist zn, wn ∈ Jλ both converging to 1 and satisfying 1 ∈ Arc(zn, wn).

121



Chapter 5. Lee-Yang zeros of the antiferromagnetic Ising model

Then there exists a sequence λn ∈ S1 converging to λ so that 1 is a repelling periodic
point for each map fλn .

Proof. Given λ ∈ S1 the Julia set Jλ is contained in the unit circle. Therefore for every
ε > 0 there exists δ > 0 so that the map µ 7→ ϕµ(1) sends Iδ = B(λ, δ) ∩ S1 inside
a relatively compact subset of Iε = B(1, ε) ∩ S1. By continuity of the holomorphic
motion we may assume that the same is true for the map µ 7→ ϕµ(z) whenever z ∈ Jλ
is sufficiently close to 1. The map ϕµ(z) : Iδ → Iε can be interpreted as a map between
intervals. We will denote its graph as Γ(z) ⊂ Iδ × Iε.

Assume first that condition (1) holds. Let zn ∈ Jλ be a sequence of repelling periodic
points so that zn → 1 and zn 6= 1. Since ∂µϕµ(1)|µ=λ 6= 0 the graph Γ(1) intersects
the line w = 1 transversally at the point (λ, 1). By Theorem 5.2.1, when n is sufficiently
large the graph Γ(zn) is uniformly close to Γ(1) and therefore it intersects the line w = 1
in (λn, 1) for some λn ∈ Iδ\{λ} close to λ. It follows that λn → λ and that 1 = ϕλn(zn)
is a repelling point for fλn

Assume now that condition (2) holds. Since repelling fixed points are dense in the
Julia set, we may assume from the beginning that the zn and wn are repelling fixed points
for fλ. When n is sufficiently large the graphs Γ(zn) and Γ(wn) are both close to Γ(1).
Furthermore, since the map z 7→ ϕµ(z) is injective, we conclude that

ϕµ(1) ∈ Arc
(
ϕµ(zn), ϕµ(wn)

)
, ∀µ ∈ Iδ,

meaning that the graph Γ(1) lies in between Γ(zn) and Γ(wn).
It follows that when n is sufficiently large there exists λn ∈ Iδ \ {λ} close to λ so

that either ϕλn(zn) = 1 or ϕλn(wn) = 1. As in the previous case we obtain that 1 is a
repelling fixed point for fλn and that λn → λ, concluding the proof of the proposition.

Iδ × Iε Γ(zn)
Γ(1)

λn

Iδ × Iε

Γ(1)
Γ(wn)

Γ(zn)

λn

Figure 5.3: The graphs of the holomorphic motions respectively in case (1) and (2).

Proposition 5.5.2. Let λ ∈ S1 be so that 1 is a repelling periodic point for fλ. Then
λ ∈ ZCd+1

∩ S1.

This proposition is proved after Lemma 5.5.5. We claim that is enough to prove the
statement for hyperbolic parameters. When b > d+1

d−1 by Proposition 5.4.2 all points in
the circle are hyperbolic, and the claim is certainly true. Assume instead that 1 < b ≤
d+1
d−1 and that the Proposition holds for hyperbolic parameters. Given λ ∈ Λhyp−1 ∩ S1 by
Corollary 5.4.3 the Julia set Jλ coincides with the unit circle, and by Lemma 5.5.1 we
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5.5. Restriction to the unit circle

may find parameters in Λhyp−1 ∩ S1 arbitrarily close to λ for which 1 is a repelling periodic
point. It follows that λ ∈ ZCd+1

∩ S1 and that

Λhyp−1 ∩ S1 ⊆ ZCd+1
∩ S1.

This shows that the proposition holds also when λ ∈ S1, proving the claim (by Proposition
5.4.2, non-hyperbolic point on the circle are in Λhyp−1 ∩ S1).

From now on we will fix λ ∈ S1 ∩ Λhyp so that 1 is a repelling point for fλ. Given
such λ we will write N for the period of the point 1, and ϕµ for the holomorphic motion
of Jλ over (Λhypλ , λ).

Lemma 5.5.3. Suppose that b ≥ d+1
d−1 or thatN ≥ 3. Then there exist sequences zn, wn ∈

Jλ both converging to 1 and satisfying 1 ∈ Arc(zn, wn).

Proof. Suppose first that b ≥ d+1
d−1 or that 1 < b < d+1

d−1 and λ ∈ Arc(λ1, λ1). In this case
Jλ = S1, and the result follows immediately.

When instead 1 < b < d+1
d−1 and λ ∈ Arc(λ1, λ1), then by Proposition 5.4.3 the Julia

set Jλ ⊂ S1 is a Cantor set. Suppose for the purpose of a contradiction that the Lemma
were false, so that 1 ∈ ∂Î , where Î is a connected component of Fλ ∩ S1. The connected
components of Fλ ∩ S1 are open arcs which are mapped one to another by fλ and are
eventually mapped into the invariant arc Iλ containing the unique attracting fixed point
Rλ.

If 1 ∈ ∂Î it follows that for some n > 0 we must have fnλ (1) ∈ ∂Iλ. But Iλ is
invariant and we are assuming that 1 is periodic, therefore 1 ∈ ∂Iλ. However this is not
possible when N ≥ 3 since the boundary points of Iλ are repelling periodic points with
period 2, giving a contradiction.

The point 1 is a fixed point if and only if λ = 1. If 1 < b < d+1
d−1 then the point 1 is

an attracting fixed point for f1, thus if 1 is a repelling periodic point for fλ we must have
N ≥ 2.

Lemma 5.5.4. Suppose that 1 < b < d+1
d−1 and that N = 2. Then ∂µϕµ(1)|µ=λ 6= 0.

Proof. Suppose instead that ∂µϕµ(1)|µ=λ = 0 and write fλ(z) = λg(z). Since the point
ϕµ(1) is a repelling periodic point of period 2 for fµ it follows that

0 = ∂µ

(
f2
µ ◦ ϕµ(1)

)∣∣∣
µ=λ

= g(λ) + f ′λ(λ).

For λ ∈ S1 we then have |f ′λ(λ)| = |g(λ)| = 1, and therefore |(f2
λ)′(1)| = |f ′λ(1)| < 1,

contradicting the fact that 1 is a repelling fixed point with period 2.

Since λ is a hyperbolic parameter, there exists an integer j ≥ 1, an open neighborhood
U ⊃ Jλ and κ > 1 so that whenever z, w ∈ U are sufficiently close we have

|f jNλ (z)− f jNλ (w)| ≥ κ|z − w|.
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Chapter 5. Lee-Yang zeros of the antiferromagnetic Ising model

Given δ > 0 sufficiently small we may further assume that the same is true for fµ when
we take µ ∈ Iδ = B(λ, δ) ∩ S1. Since the map µ 7→ Jµ is continuous with respect to the
Hausdorff distance, we may further assume that Jµ ⊂ U for every µ ∈ Iδ . We therefore
obtain the following:

Lemma 5.5.5. There exists ε > 0 so that for every µ ∈ Iδ and z, w ∈ Jµ distinct we can
find k ≥ 0 so that

|fkNµ (z)− fkNµ (w)| ≥ 2ε.

Proof of Proposition 5.5.2. Let λ ∈ Λhyp ∩ S1 be a parameter for which 1 is a repelling
periodic point of period N ≥ 2. We will assume first that b ≥ d+1

d−1 or that N ≥ 3.
By Lemma 5.5.3 there exist two sequences in Jλ converging to 1; one contained in

the upper half plane and one in the lower half plane. Since the backward images of the
point −1 accumulates on the Julia set Jλ, and thus on every point in such sequences, we
may find two preimages αλ, βλ of the point −1 contained in Iε = B(1, ε) ∩ S1 so that
1 ∈ Arc(αλ, βλ). Write M1,M2 > 0 for the two positive integers so that fM1(αλ) =
fM2(βλ) = −1.

Take δ > 0 and write Iδ = B(λ, δ) ∩ S1. Then if δ is sufficiently small we have
ϕµ(1) : Iδ → Iε and we can find two continuous functions αµ, βµ : Iδ → Iε so that
fM1(αµ) = fM2(βµ) = −1 and

ϕµ(1) ∈ Arc(αµ, βµ) ∀µ ∈ Iδ.

Lemma 5.5.3 shows that condition (2) in Lemma 5.5.1 is satisfied. It follows that
there exists λ′ ∈ Iδ \ {λ} arbitrarily close to λ so that 1 is also a repelling periodic point
for fλ′ , and therefore 1 ∈ Jλ′ . Furthermore by Lemma 5.4.7 the holomorphic map ϕµ(1)
is not constant, therefore we may choose λ′ so that 1 6= ϕλ′(1).

By Lemma 5.5.5 we may find k so that |fkNλ′ (ϕλ′(1)) − fkNλ′ (1)| ≥ 2ε, and since
ϕλ′(1) ∈ Iε is a periodic point for fλ′ of period N we conclude that

|fkNλ′ (1)− 1| ≥ |fkNλ′ (1)− ϕλ′(1)| − |ϕλ′(1)− 1| ≥ ε,

showing that fkNλ′ (1) ∈ S1 \ Iε.
The map µ 7→ fkNµ (1) is continuous and we have

fkNλ (1) = 1 ∈ Arc(αλ, βλ), fkNλ′ (1) 6∈ Arc(αλ′ , βλ′).

Therefore we may conclude that there exists λ′′ ∈ Arc(λ, λ′) so that either fkNλ′′ (1) =
αλ′′ or fkNλ′′ (1) = βλ′′ . Since αλ′′ and βλ′′ are preimages of the point −1 we conclude in
both cases that λ′′ ∈ ZCd+1

∩ S1. Since λ′, and thus λ′′, can be chosen arbitrarily close to
λ, we must have λ ∈ ZCd+1

∩ S1.
Suppose now that 1 < b < d+1

d−1 and that N = 2. We notice that once b and d are
fixed, this can happen only for finitely many values of λ. Combining Lemma 5.5.4 and
Lemma 5.5.1 we can find λ′ ∈ Λhyp ∩ S1 arbitrarily close to λ for which 1 is a repelling
fixed point for fλ′ with period greater than 3. Since the proposition holds for λ′ it must
hold for λ as well, concluding the proof of the proposition.
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Iδ × Iε

ϕµ(1)
β(µ)

α(µ)

fNkµ (1)

λ′λ′′

Figure 5.4: The position of the points λ′ and λ′′.

Proof of claim (1) in Theorem 5.1.4. We already showed that Lemma 5.5.1 together with

Proposition 5.5.2 imply Λhyp−1 ∩ S ⊂ ZCd+1
∩ S. Therefore when 1 < b < d+1

d−1 by
Proposition 5.4.2 we have

Arc[λ1, λ1] ⊂ ZCd+1
∩ S.

If λ = λ0 or λ = λ0, then 1 is a repelling 2-cycle of fλ0
, therefore by Proposition 5.5.2

we have {λ0, λ0} ⊂ ZCd+1
∩ S.

5.6 Hyperbolic semigroups and expanding orbits

All throughout this section we will assume that d ∈ N≥2 and b ∈ (1, d+1
d−1 ) are fixed.

Definition Given λ ∈ Ĉ we define the semigroup H = 〈f1, . . . , fd〉 as the semigroup
generated by the maps

fk(z) = λ

(
z + b

bz + 1

)k
, k = 1, . . . , d.

We will write Fk, Jk for the Fatou and Julia set of the map fk and FH , JH for the Fatou
and Julia set of the semigroup H .

Notice that for k ≤ d we have k+1
k−1 ≥ d+1

d−1 and hence b ∈ (1, k+1
k−1 ).

Notation In order to maintain the notation readable we are avoiding (where possible) the
use of the subscript λ. As an example, notice that we are writing fk instead of the more
accurate fk,λ. The function fd will play an important role in the analysis of the semigroup
H . Therefore we will write λ0 and λ1 for the parameters obtained by Theorem 5.4.5
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Chapter 5. Lee-Yang zeros of the antiferromagnetic Ising model

applied to the map fd, and I for the immediate attracting arc relative to the function fd (if
it exists). When it is necessary to distinguish between different values of the parameter λ
we will write fk,λ and Iλ.

The following characterization of the semigroup H will not be used later in the paper.

Proposition 5.6.1. For all but countably many λ ∈ Ĉ the semigroupH is freely generated
by {f1, . . . , fd}.

Proof. Let S be the free group generated by {f1, . . . , fd} and write Φ : S → H for the
homomorphism

Φ[fi1 · · · fik ] = fik ◦ · · · ◦ fi1 .
Given a word s = fi1 · · · fik ∈ S the map Φ[s] is a rational map in both z and λ. Its
degrees with respect to z and λ are equal to

degz(s) = i1 · · · ik,
degλ (s) = 1 + ik + ik · ik−1 + · · ·+ ik · · · i1.

We notice that the map Φ[s](1) is also a rational map in λ of degree

deg′λ(s) = 1 + ik + ik · ik−1 + . . . ik · · · i2.

The set S is countable, therefore it is sufficient to show that for every s1, s2 ∈ S either
Φ(s1) = Φ(s2) for finitely many λ or s1 = s2.

Suppose instead that s1 = fi1 · · · fik and s2 = fj1 · · · fjl satisfy Φ(s1) = Φ(s2) for
infinitely many λ. Using the identity principle, it is not hard to show that Φ(s1)(z) =

Φ(s2)(z) holds for all λ ∈ Ĉ. This shows that the maps Φ(s1) and Φ(s2) coincide as
rational maps in both variables z and λ, and therefore that

i1 =
degz(s1)

degλ(s1)− deg′λ(s1)
=

degz(s2)

degλ(s2)− deg′λ(s2)
= j1.

If we now write s′1 = fi2 · · · fik and s′2 = fj2 · · · fjl we obtain that Φ(s′1) = Φ(s′2) also
holds for infinitely many λ and therefore i2 = j2. Iterating this procedure we obtain that
s1 = s2, concluding the proof of the proposition.

We will write Ω for the set of all possible sequences with entries in {1, . . . , d}. For
every element g ∈ H we can find ω ∈ Ω and n ∈ N so that g = fnω where we write

fnω = fωn ◦ · · · ◦ fω1 .

For 0 ≤ m ≤ n we will further write

fn,mω = fωn ◦ · · · ◦ fωm .

Definition We define the length of an element g ∈ H as the minimum integer n for which
g = fnω for some ω ∈ Ω.
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We proved in section 4 that for any λ in the closed arc Arc[λ1,−1] there exists a
(rooted) Cayley tree Tn of degree d and a parameter λ′ ∈ S1 arbitrarily close to λ so that

ZTn(λ′, b) = 0.

Recall from [17, Theorem B] on the other hand that for any λ ∈ [1, λ0), any r ≥ 0 and
any graph G of degree d we have

ZG(r · λ, b) 6= 0.

The situation for the arc Arc(λ0, λ1) appears to be more complicated. If we only
consider Cayley trees of degree d it is possible to show that indeed there exist zeros of
the partition function of some tree Tn on the arc Arc(λ0, λ1). However as shown in
section 5.4, these zeros form a nowhere dense subset of the arc. Our purpose is to show
that zeros of the partition for general bounded degree graphs are dense in Arc[λ0, λ3],
where λ3 is a parameter on the unit circle close to λ0. In order to do so we will consider
the class of rooted spherically symmetric trees of bounded degree for which, according to
Lemma 5.1.6, the zero parameters can be understood by studying the semigroup dynamics
of H .

In what follows we will study the semigroup dynamics (mostly) under the assumption
that λ ∈ S1. Under these assumptions for any g ∈ Hλ we have g(Ĉ \ S1) = Ĉ \ S1, and
therefore that

Ĉ \ S1 ⊂ FHλ , JHλ ⊂ S1.

5.6.1 Hyperbolicity of the semigroup
Lemma 5.6.2. There exists λ2 ∈ Arc(λ0, λ1) so that for every λ ∈ Arc[λ0, λ2) and
every k ∈ {1, . . . , d− 1} we have

f1 ◦ fk (I) b I. (5.9)

Proof. Assume first that λ = λ0 and recall that I = Arc(1, λ0) holds thanks to Theorem
5.4.5. The Möbius transformation γ(z) = (z+ b)/(bz+ 1) is a bijection of the unit circle
into itself which revers the orientation, and fk(z) = λ0γ(z)k. The map fd : I → I is an
orientation reversing bijection and therefore satisfies fd(I) = I . It follows immediately
that, if we write ` for the length of the arc I , the image fk(I) is an arc of length `k/d < `,
therefore the map fk : I → S1 is not surjective.

Notice that when the point z move counterclockwise on the arc I = Arc(1, λ0)
starting at the point 1, its image fk(z) moves clockwise on the unit circle, starting at
λ0 = fk(1), until it reaches fk(λ0). In principle it is possible that fk(z) rotates once or
more times around the circle, however since fk is not surjective on I this does not happen.
We conclude that fk : I → Arc(fk(λ0), λ0) is also an orientation reversing bijection, and
since the length of the arc fk(I) is less than the length of I , we must have fk(λ0) ∈ I . If
we now compose with the map f1 we find that

f1 ◦ fk(I) = f1

(
Arc(fk(λ0), λ0)

)
= Arc

(
f1(λ0), f1 ◦ fk(λ0)

)
b I.

Since I moves continuously in λ, the same holds sufficiently close λ0, which implies the
existence of λ2.
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In the following we will denote by λ2 the parameter with the maximal argument that
satisfies the requirements of the previous lemma.

Definition We define the semigroup Ĥ ⊂ H as the semigroup generated by the maps

Ĥ = 〈f̂1, . . . , f̂d〉,

where f̂d = fd and f̂k = f1 ◦ fk for k ∈ {1, . . . , d − 1}. We will write FĤ , JĤ for the
Fatou and the Julia set of the semigroup Ĥ .

Since FH ⊂ FĤ , it follows that Ĉ \ S1 ⊂ FĤ . Furthermore by the previous lemma
the interval I is invariant for every map in Ĥ for λ ∈ Arc[λ0, λ2), and therefore it is
contained in FĤ , proving that for these λ

(Ĉ \ S1) ∪ I ⊂ FĤ , JĤ ⊂ S1 \ I, (5.10)

and therefore that the Fatou set FĤ is connected.
Similarly to the case of the semigroup H , given ω ∈ Ω and 0 ≤ m ≤ n we will write

f̂nω = f̂ωn ◦ · · · ◦ f̂ω1
,

f̂n,mω = f̂ωn ◦ · · · ◦ f̂ωm .

Also in this case every element of the semigroup can be written as f̂nω for some ω ∈ Ω
and n ∈ N.

By the previous lemma, given λ ∈ Arc[λ0, λ2) it follows that there exists a closed arc
J ⊂ I so that f̂k(J) b J for every k = 1, . . . , d. Indeed, if we write I = Arc(z, w),
this property is satisfied by J = Arc[ζ, η], where ζ is sufficiently close to z and η lies in
Arc(fd(ζ), f−1

d (ζ)) (where the preimage is taken inside I). We may therefore define the
family C and the closed arc K as follows:

C := {J ⊂ I | J 6= ∅ closed arc such that f̂k(J) b int(J) ∀k = 1, . . . , d},
K :=

⋂
J∈C

J. (5.11)

In this definition int(J) refers to the interior of J with respect to the topology of the unit
circle.

Lemma 5.6.3. Let λ ∈ Arc[λ0, λ2). Then the setK ⊂ I is a non-empty closed arc which
is forward invariant under Ĥ . Furthermore the map λ 7→ Kλ is upper semi-continuous
for λ ∈ Arc[λ0, λ2).

Proof. Write CQ for the subset of all intervals J ∈ C whose extrema are rational angles.
Notice that given J ∈ C there exists J ′ ∈ CQ for which J ′ ⊂ J , and therefore

K =
⋂
J∈CQ

J.
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5.6. Hyperbolic semigroups and expanding orbits

Given J ∈ C we have that fd(J) b J and J ⊂ I , proving that the arc J contains the
unique attracting fixed point of fd. This shows that for any pair J1, J2 ∈ C the intersection
J ′ = J1 ∩ J2 is non empty. Furthermore one can show that J ′ is again an element of C.
Similarly given J1, J2 ∈ CQ one has that J1 ∩ J2 ∈ CQ.

The set CQ is countable, hence we can enumerate its elements as {Jk}k≥1. If we write
Lk = J1 ∩ · · · ∩ Jk it then follows that Lk ∈ CQ, that Lk+1 ⊂ Lk and that

K =

∞⋂
k=1

Lk.

This shows that K is the intersection of a nested family of non-empty, compact and
connected arcs, and therefore thatK is a non-empty closed arc. Since every Lk is forward
invariant for any g ∈ Ĥ , the same holds for K.

We will now write Cµ,Kµ in order to study parameter values close to λ. On the other
hand we will write Lk for the set defined above for the parameter value λ. For every
positive integer k we have Lk ∈ Cµ for every µ ∈ Arc[λ0, λ2) sufficiently close to λ,
and for such parameters µ it then follows that Kµ ⊂ Lk. Since Lk is a sequence of
nested sets approximating Kλ we conclude immediately that the map µ 7→ Kµ is upper-
semicontinuous at the point λ, concluding the proof of the lemma.

Proposition 5.6.4. Let λ ∈ Arc[λ0, λ2). Then every limit of a convergent sequence in Ĥ
with divergent length is constant on FĤ and contained in K.

Proof. Let gk ∈ Ĥ be a sequence with divergent length that converges uniformly to
g∞ : FĤ → F Ĥ = Ĉ. Choose sequences ωk ∈ Ω and nk ∈ N so that gk = f̂nkωk , and
notice that since the sequence gk has divergent length we must have nk → ∞. Since
FĤ ∩ S1 6= ∅, it follows that FĤ is connected. Write ρ for the hyperbolic metric of FĤ .

The Fatou set FĤ is forward invariant with respect to each element in the semigroup.
In particular we have f̂1(FĤ) ⊂ FĤ . Since the closed arc K ⊂ FĤ is forward invariant,
it contains the unique attracting fixed point R1 of f̂1 (which coincides with the attracting
fixed point of f1). Assume now that f̂1(FĤ) = FĤ . Since f̂1 is invertible, it then follows
that the Fatou set FĤ is completely invariant with respect to f̂1, and therefore it contains
the whole attracting basin of R1. Since f̂1 is a Möbius transformation, we conclude that
the Julia set of the semigroup JĤ must consist of a single point, giving a contradiction.
Therefore

f̂1(FĤ) ( FĤ .

For every k = 2, . . . , d the map f̂k has two critical points {−b,−1/b} ⊂ FĤ . It
follows from the Schwarz-Pick Lemma that for every k = 1, . . . , d the map f̂k is a con-
traction with respect to the metric ρ. This means that for every compact set Q ⊂ FĤ we
may find a constant cQ < 1 so that for any z, w ∈ Q we have

ρ
(
f̂k(w), f̂k(z)

)
≤ cQ · ρ (w, z) , k = 1, . . . , d.

Let K as in (5.11), r ∈ R>0 and define Q = Bρ(K, r), where the ball is taken with
respect to the hyperbolic metric of FĤ . Given z ∈ K and w ∈ Bρ(z, r), we know that
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Chapter 5. Lee-Yang zeros of the antiferromagnetic Ising model

for every k, n ≥ 0 we have f̂nωk(z) ∈ K and

ρ
(
f̂nωk(w), f̂nωk(z)

)
≤ ρ(w, z).

This shows that f̂nωk(w), f̂nωk(z) ∈ Q, and thus that

ρ
(
f̂nkωk (w), f̂nkωk (z)

)
≤ cnkQ · ρ (w, z) ,

which finally implies that g∞(w) = g∞(z) for every w ∈ Bρ(z, r). We took r to be
arbitrary and thus we can conclude that g∞ is constant. For every g ∈ Ĥ and z ∈ K it
follows that g(z) ∈ K, completing the proof.

We recall the following definition of hyperbolicity for semigroups, introduced in [20,
21].

Definition Let G be a rational semigroup and consider the postcritical set

PG :=
⋃
g∈G
{ critical values of g}.

We say that the semigroup in hyperbolic if PG ⊂ FG.

Proposition 5.6.5. The semigroup Ĥ is hyperbolic.

Proof. In our case the postcritical set can be written as

PĤ =
⋃
ω∈Ω
n∈N

f̂nω ({−b,−1/b}).

It is clear that fnω ({−b,−1/b}) ∈ Ĉ \S1 for every n and ω. Furthermore, by the previous
theorem we know that every limit point belongs to K, showing that

PĤ ⊂ (Ĉ \ S1) ∪K ⊂ FĤ

Given ω ∈ Ω we write Fω, Jω for the Fatou and Julia sets of the family {f̂nω}. By
(5.10) we have that

Jω ⊂ JĤ ⊂ S1 \ I
and one can show that if z ∈ Jω its orbit avoids the set I . On the other hand given
z ∈ Fω ∩ S1, by Proposition 5.6.4 we can find n > 0 so that f̂nω (z) ∈ I . We conclude
that we can write

Jω =
⋂
n∈N

(f̂nω )−1(S1 \ I). (5.12)

The following lemma shows expansivity of the dynamics on the Julia set Jω of every
sequence ω. The result corresponds to [21, Theorem 2.6]; for the sake of completeness
we provide a sketch the proof.
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5.6. Hyperbolic semigroups and expanding orbits

Lemma 5.6.6. Let λ ∈ Arc[λ0, λ2) and κ > 1. Then there exists a positive integer
N ≥ 1 so that for any ω ∈ Ω and z ∈ Jω we have

|(f̂Nω )′(z)| ≥ κ.

Sketch of the proof. We start by choosing an open simply connected neighborhood V ⊂
(Ĉ \ S1) ∪ I containing K and two open simply connected neighborhoods U ′ b U
containing S1\I and disjoint from PĤ and V . Then chooseC > 1 so that dρU ′ ≥ C ·dρU ,
where we write dρU , dρU ′ for the infinitesimal hyperbolic metric of the two sets.

By Proposition 5.6.4 there exists a positive integer N0 so that

f̂N0
ω (U \ U ′) ⊂ V, ∀ω ∈ Ω, ∀n ≥ N0.

Given ω ∈ Ω and z ∈ Jω , by (5.12), we have f̂nω (z) ∈ U ′ for every n. Therefore
we may define U0 ⊂ U ′ as the connected component of (f̂N0

ω )−1(U) containing z. Since
U is simply connected and disjoint from the postcritical set, the map f̂N0

ω preserves the
hyperbolic metrics of U0 and U . Since U0 ⊂ U ′, this implies that

|(f̂N0
ω )′(z)|U ≥ C.

The hyperbolic metric of U and the Euclidean metric are comparable on U ′. Therefore by
taking an integer k sufficiently large, which does not depend on the choice of the sequence
ω and z, we conclude that the value N = kN0 satisfies the requirements of the Lemma.

c1c2

V

U

U0

K

S1 \ I

z

Figure 5.5: Sets used in the proof of Lemma 5.6.6
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We will now show that, once we are bounded away from λ2, the value of N can be
chosen independently from λ. It will be convenient to reintroduce the subscript λ in order
to distinguish between different parameter values. It is clear the set Jω is dependent on λ,
thus it will be denoted as Jω,λ.

Lemma 5.6.7. Let λ′ ∈ Arc[λ0, λ2) and κ > 1. Then there exists a positive integer N ≥
1 so that for any λ ∈ Arc[λ0, λ

′], any ω ∈ Ω and any z ∈ Jω there exists 1 ≤ n ≤ N so
that

|(f̂nω,λ)′(z)| ≥ κ.

Proof. Given λ ∈ Arc[λ0, λ2) let Nλ be the minimum integer for which the previous
lemma is valid. Suppose now that there exists a sequence λk ∈ Arc[λ0, λ

′] such that
Nk = Nλk → ∞. It follows that we may find sequences ωk ∈ Ω and zk ∈ Jωk,λk , so
that

|(f̂nωk,λk)′(zk)| < κ, ∀ 0 ≤ n ≤ Nk − 1.

By passing to a subsequence if necessary, we may assume that the three following condi-
tions are satisfied

1. the parameters λk converge to λ∞ ∈ Arc[λ0, λ1];

2. the points zk converge to z∞ ∈ S1;

3. the sequences ωk and ωk+1 agree on the first k elements.

Since the arc Iλ varies continuously in λ and by (5.12) every zk ∈ S1 \ Iλk it follows
that z∞ ∈ S1 \ Iλ∞ . Let ω∞ be the sequence given by ω∞,k = ωk,k, where ωk,n denotes
the n-th element of the sequence ωk. Then it is clear that ωk and ω∞ agree on the first k
elements. Given n ∈ N we have

f̂nω∞,λ∞(z∞) = lim
k→∞

f̂nωk,λk(zk) ∈ S1 \ Iλ∞ ,

proving that z∞ ∈ Jω∞,λ∞ . Furthermore, when k is sufficiently large we have n ≤ Nk,
therefore

|(f̂nω∞,λ∞)′(z∞)| = lim
k→∞

|(f̂nωk,λk)′(zk)| ≤ κ,

contradicting the previous lemma.

Proposition 5.6.8. Let λ′ ∈ Arc[λ0, λ2) and κ > 1. Then there exists a positive integer
N ≥ 0 so that for any λ ∈ Arc[λ0, λ

′], any ω ∈ Ω and any z ∈ Jω,λ we have

|(f̂Nω,λ)′(z)| ≥ κ.

Proof. Let N as in the previous lemma. For any λ ∈ S1, any ω ∈ Ω and any n ∈ N
the rational map f̂nω,λ has no critical points on the unit circle. We may therefore find a
constant ε > 0 such that

|(f̂nω,λ)′(z)| > ε, ∀λ, z ∈ S1, ∀ω ∈ Ω, ∀n ≤ N.

Let j ∈ N so that ε · κj > κ.
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Suppose now that λ ∈ Arc[λ0, λ
′], that ω ∈ Ω and that z ∈ Jω,λ. Thanks to the

previous lemma there exist positive integers J ≥ j and n1, . . . , nJ ∈ {1, . . . , N} which
satisfy (j − 1) · N < n1 + · · · + nJ ≤ jN and so that the following holds: if we write
m0 = 0 and mi = n1 + . . . ni then for i ∈ {1, . . . , J}

|(f̂mi,mi−1

ω,λ )′(f̂mi−1

ω,λ (z))| ≥ κ,

showing that

|(f̂ jNω,λ)′(z)| ≥ |(f̂ jN,jN−mjω,λ )′(f̂mjω,λ(z))| · κJ ≥ ε · κj ≥ κ.

By choosing jN instead of N , we conclude the proof of the proposition.

5.6.2 Existence of expanding sequences
Lemma 5.6.9. Given d ∈ Z≥2, m ∈ {1, . . . , d− 1}, t ∈ (0, 1) and s ∈ (0, t) there exists
a k ∈ {1, . . . , d− 1} such that

Ak :=

(
2m− s
d

)
· k + t

is an element of the interval (1, 2) when reduced modulo 2.

Proof. Note that eitherm < (d+s)/2 orm > (d+s)/2, since s /∈ Z. We consider these
two cases separately.

If m < (d+ s)/2 then Ak+1 −Ak < 1 for all k. It follows that for any open interval
(a, a + 1) contained in the interval [A0, Ad], there exists an integer 0 < k < d such that
Ak ∈ (a, a+ 1). Since A0 = t < 1 and Ad = 2m+ t− s > 2, there exists a k such that
Ak ∈ (1, 2).

Now assume that m > (d+ s)/2 and define

Ãp =

(
2(d−m) + s

d

)
· p+ t− s.

Observe that Ak − Ãd−k = 2(k + m − d), and thus Ak ≡ Ãd−k (mod 2). Therefore
it suffices to find a p ∈ {1, . . . , d − 1} for which Ãp ∈ (1, 2). Such a p can be found by
the same argument as above, because Ã0 = t − s < 1, Ãd = 2(d − m) + t > 2 and
Ãp+1 − Ãp < 1.

Proposition 5.6.10. Let d ≥ 2 and λ ∈ Arc[λ0, λ1). Then for every z ∈ S1 \ I there
exists ω ∈ Ω so that z ∈ Jω .

Proof. Choose 0 < t < 1 so that λ = eiπt. The function fd can be written as fd(z) =
λ · γ(z)d, where γ(z) = (z + b)/(bz + 1) is a Möbius transformation that fixes the unit
circle. It follows that we can find d disjoint sets J0, . . . , Jd−1 such that

f−1
d (Arc(1, λ)) = J0 ∪ · · · ∪ Jd−1,
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ordered in such a way that for all m ∈ {0, . . . , d− 1} we have

γ(Jm) = Arc

(
exp

(
iπ

2m− t
d

)
, exp

(
iπ

2m

d

))
.

Since fd inverts the orientation of the unit circle and fd(1) = λ, we have for z ∈ Arc(1, λ)
close enough to 1 that fd(z) ∈ Arc(1, λ). Furthermore by Theorem 5.4.5 we cannot have
fd(λ) ∈ Arc(1, λ). This shows that one of the connected component of f−1

d (Arc(1, λ))
is of the form J = Arc(1, z′) ⊂ Arc(1, λ). This component must contain the arc I . Since
γ(1) = 1, we find that J = J0.

Now let J ′0, . . . , J
′
d−1 denote the inverse arcs of I under the map fd in such a way that

J ′m ⊂ Jm for all m. Then we see that J ′0 = I . We now present a way to choose, given a
z ∈ S \ I , an integer k such that f̂k(z) ∈ S \ I .

• If z 6∈ f−1
d (I), we can choose k = d because then f̂k(z) = fd(z) 6∈ I .

• If z ∈ f−1
d (I) = J ′0 ∪ · · · ∪ J ′d−1 but z 6∈ I = J0, we see that z ∈ Jm for some

m ∈ {1, . . . , d− 1} and thus we can write

γ(z) = exp

(
iπ

2m− s
d

)
for some 0 < s < t. We find that

f̂k(z) = f1

(
λ · γ(z)k

)
= f1

(
exp

(
iπ

(
2m− s
d

· k + t

)))
.

According to Lemma 5.6.9, we can choose k in such a way that λ · γ(z)k ∈
Arc(−1, 1). Since f1(Arc(−1, 1)) = Arc(λ,−λ), we conclude that f̂k(z) 6∈ I .

This procedure defines the first n steps of the sequence ω and satisfies f̂kω(z) ∈ S1 \ I for
all k ≤ n. By iterating this procedure for the point f̂nω (z) we find a sequence ω ∈ Ω such
that f̂nω (z) ∈ S1 \ I for all n ∈ N. By (5.12) we conclude that z ∈ Jω .

Let λ ∈ Arc[λ0, λ1) and z ∈ Arc[λ, 1]. Then we can modify the procedure described
in the proof above to obtain the following:

Proposition 5.6.11. Let d ≥ 2 and λ ∈ Arc[λ0, λ1). Then for every z ∈ Arc[λ, 1] there
exists ω ∈ Ω so that z ∈ Jω and

f̂nω (z) ∈ Arc[λ, 1], ∀n ∈ N

Corollary 5.6.12. For every λ ∈ Arc[λ0, λ2) we have

Ĉ \ (S1 \ I) = FĤ , S1 \ I = JĤ .

Proof. Given z ∈ S1 \ I choose ω ∈ Ω so that z ∈ Jω , which exists according to
Proposition 5.6.10. For every positive integer k ∈ N by Proposition 5.6.8 we may find
some Nk such that

|(f̂Nkω )′(z)| ≥ k,
showing that |(f̂Nkω )′(z)| → ∞ and therefore that z ∈ JĤ . The two equalities follow
from (5.10).
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5.7 Zeros for the semigroup

Our goal in this section is to give a more precise description of the zeros of ZG(λ) in
Arc[λ0, λ1] for trees G that are spherically symmetric of bounded degree. We will prove
case (3) of Theorem 5.1.4:

Theorem 5.7.1. Let d ∈ N≥2. Then there exists λ3 ∈ Arc(λ0,−1] so that the set of
zero parameters for spherically symmetric trees of degree d contains a dense subset of
Arc[λ0, λ3].

We will also prove the following weaker statement, which we will however prove for
a considerably larger circular arc.

Theorem 5.7.2. Let d ∈ N≥2. Then the closure of the set of zero parameters of spheri-
cally symmetric trees of degree d contains Arc[λ0, λ2].

5.7.1 Proof of Theorem 5.7.1
Since we will repeatedly deal with distinct values of the parameter λ, we will always use
the subscript λ in order to specify the map fλ that we are using.

Choose a parameter value λ′ ∈ Arc(λ0, λ2). By Proposition 5.6.8 there exists a
positive integer N so that for every λ ∈ Arc[λ0, λ

′], any ω ∈ Ω and any z ∈ Jω,λ we
have

|(f̂Nω,λ)′(z)| > 3. (5.13)

Having fixed N , it follows from the compactness of S1 that there exists a constant C > 0
so that for any z ∈ S1 and any ω ∈ Ω we have∣∣∣f̂Nω,λ(z)− f̂Nω,µ(z)

∣∣∣ ≤ C|λ− µ| ∀λ, µ ∈ S1.

Lemma 5.7.3. There exist λ3 ∈ Arc[λ0, λ
′] and a positive integer M so that for every

λ ∈ Arc[λ0, λ3] and 1 ≤ m ≤M we have

fmd,λ(1) ∈ Arc[λ, 1] and |∂λ fMd,λ(1)| > 2C + 1. (5.14)

Proof. The point 1 is a repelling periodic point of order 2 for the map fd,λ0
, meaning that

|(f2
d,λ0

)′(1)| > 1. Writing γ(z) = z+b
bz+1 we obtain(

∂λ f
2m
d,λ (1)

) ∣∣
λ=λ0

=
(
∂λ f

2
d,λ(1)

) ∣∣
λ=λ0

(
1 + (f2

d,λ0
)′(1) + · · ·+ (f2

d,λ0
)′(1)m−1

)
=
(
γ(λ0)d + f ′d,λ0

(1)
) (f2

d,λ0
)′(1)m − 1

(f2
d,λ0

)′(1)− 1
.

Observing that γ(λ0)d + f ′d,λ0
(1) 6= 0 it follows that when M = 2m for m sufficiently

large: ∣∣∣(∂λ fMd,λ(1)
) ∣∣
λ=λ0

∣∣∣ > 2C + 1.

By continuity there exists λ3 ∈ Arc[λ0, λ
′] so that∣∣∂λ fMd,λ(1)

∣∣ > 2C + 1, ∀λ ∈ Arc[λ0, λ3].
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Given λ ∈ Arc(λ1, λ1) we write zλ, wλ for the two boundary points of Iλ. These
boundary points form a repelling 2-cycle, hence by the implicit function theorem they
vary holomorphically in an open neighborhood of Arc(λ1, λ1). By exchanging the order
of zλ and wλ if necessary, we may assume that zλ0

= 1. By Theorem 5.4.5 for every
λ ∈ Arc(λ0, λ1) we have zλ ∈ Arc(1, λ).

The point fd,λ(1) = λ clearly belongs to Arc[λ, 1]. Recall that the map f2
d,λ preserves

the orientation of the unit circle. Since zλ is a repelling fixed point, by replacing λ3

with a parameter in Arc(λ0, λ2) sufficiently close to λ0 so that the point zλ remains
close to 1 for every λ ∈ Arc[λ0, λ3], we may assume that f2

d,λ(1) ∈ Arc[λ, 1]. Up to
replacing at each step λ3 with a parameter closer to λ0, we may therefore assume that
also f3

d,λ(1), . . . , fMd,λ(1) ∈ Arc[λ, 1], concluding the proof of the lemma.

By Proposition 5.5.2 we know that zero parameters λ ∈ ZCd+1
∩ S1 accumulate on

λ0. From now until the end of the proof of Theorem 5.7.1 we will fix the value of the
parameter λ ∈ Arc(λ0, λ3].

By Theorem 5.4.5 we know that Iλ b Arc(1, λ). This fact together with (5.14) and
(5.13) implies the existence of the following constant:

Choice of the constant ε > 0 There exists a sufficiently small constant ε > 0 so that the
following three conditions are satisfied:

a. The distance between the attracting interval Iλ and Arc[λ, 1] is at least ε,

inf
z∈Iλ

w∈Arc[λ,1]

|z − w| > ε.

b. For any µ ∈ B(λ, ε) we have

|fMd,λ(1)− fMd,µ(1)| > 2C|λ− µ|;

c. For any ω ∈ Ω, any z ∈ Jω,λ and any w ∈ B(z, ε) we have

|f̂Nω,λ(z)− f̂Nω,λ(w)| > 2|z − w|.

Choice of the sequence σ ∈ Ω we define a sequence of the form

σ = (d, . . . , d︸ ︷︷ ︸
M

, σM+1, σM+2, . . .︸ ︷︷ ︸
σ0

),

where σ0 ∈ Ω is chosen such that f̂nσ,λ(1) ∈ Arc[λ, 1] for all n ∈ N. The existence of
such sequence is guaranteed by Proposition 5.6.11, and we have 1 ∈ Jσ,λ.

Lemma 5.7.4. For every µ ∈ S1 \ {λ} there exists a positive integer nµ so that

|f̂nµσ,λ(1)− f̂nµσ,µ(1)| ≥ ε
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Proof. Suppose on the other hand that there exists µ ∈ S1 \ {λ} so that |f̂nω,λ(1) −
f̂nω,µ(1)| < ε for every n ∈ N.

Since f̂σ,µ(1) = µ, it follows in particular |λ − µ| < ε. Therefore after the first M
steps we obtain that

|f̂Mσ,λ(1)− f̂Mσ,µ(1)| > 2C|λ− µ|.

Write T : Ω → Ω for the left shift map, and define σj = TM+jN (σ) and zj,µ =

f̂M+jN
σ,µ (1) ∈ S1. Thanks to the choice of the sequence σ0 it follows that zj,λ ∈ Arc[λ, 1]

and that
zj,λ ∈ Jσj ,λ.

We claim that for every j ∈ N we have |zj,λ − zj,µ| > αnC|λ − µ|, where α0 = 2
and αn+1 = 2αn − 1. The claim certainly holds for j = 0. We will now assume it holds
for j ∈ N and prove that it holds for j + 1.

By the assumption on µ we know that |zj,λ − zj,µ| < ε for every j ∈ N. Therefore,
thanks to the choice of the constants ε and C, we conclude that

|zj+1,λ − zj+1,µ| = |f̂M+(j+1)N
σ,λ (1)− f̂M+(j+1)N

σ,µ (1)|
> |f̂Nσj ,λ(zj,λ)− f̂Nσj ,λ(zj,µ)| − |f̂Nσj ,λ(zj,µ)− f̂Nσj ,µ(zj,µ)|
> 2|zj,λ − zj,µ| − C|λ− µ|
> (2αn − 1)C|λ− µ|.

It then follows that for every n we must have αnC|λ−µ| < ε, which is possible only
if λ = µ, giving a contradiction.

Lemma 5.7.5. There exists a positive integer n0 so that every point in S1 \ Iλ lies at
distance at most ε/4 from the set

Σ :=
⋃
ω∈Ω

0≤n≤n0

f̂−nω,λ ({−1}) .

Proof. By Corollary 5.6.12 we have S1\Iλ ⊂ JĤλ . The semigroup Ĥλ has no exceptional
points, therefore the collection of all preimages of a given point in Ĉ accumulates on the
whole Julia set, and therefore on S1 \ Iλ.

Writing V =
⋃
g∈Ĥλ g

−1 ({−1}) we therefore conclude that

S1 \ Iλ ⊂ V ⊂
⋃
z∈K

B(z, ε/4).

By compactness of S1 \ Iλ we may find w1, . . . , wν ∈ V so that B(w1, ε/4) ∪ · · · ∪
B(wn, ε/4) still covers the set S1\Iλ. Everywj is the preimage of some element gj ∈ Ĥλ

of length nj <∞, meaning that there exists ωj ∈ Ω so that

f̂
nj
ωj ,λ

(zj) = −1.
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By taking n0 = maxni we obtain

{z1, . . . , zn} ⊂
⋃
ω∈Ω

0≤n≤n0

f̂−nω,λ ({−1}) ,

concluding the proof of the lemma.

Write Σ = {w1, . . . , wν}. For every wj ∈ Σ there exists ωj ∈ Ω and 0 ≤ nj ≤ n0 so
that

f̂
νj
ωj ,λ

(wj) = −1.

No element in the semigroup Ĥλ can have critical points on the unit circle. Therefore
by the implicit function Theorem there exists a holomorphic map µ 7→ wj,µ defined in a
neighborhood of λ so that

f̂nω,µ(wj,µ) = −1, wj,λ = wj .

By taking δ0 > 0 sufficiently small we may assume that for every j = 1, . . . , ν the map
wj,µ is defined on B(λ, δ0) and that

|wj,µ − wj,λ| < ε/4, ∀µ ∈ B(λ, δ0), ∀ j = 1, . . . , ν.

Given δ < δ0 we choose µ′ ∈ S1 ∩B(λ, δ)∗ in such a way that Arc[λ, µ′] ⊂ B(λ, δ).
We note that this last condition is not necessary, but simplifies the proof.

By Lemma 5.7.4 we may choose n′ = nµ′ so that |f̂n′σ,λ(1) − f̂n′σ,µ(1)| ≥ ε. Given
µ ∈ Arc[λ, µ′], write zµ = f̂n

′

σ,µ(1).

Proposition 5.7.6. There exists j ∈ {1, . . . , ν} and µ ∈ Arc[λ, µ′] so that zµ = wj,µ

Proof. By the definition of σ we have that zλ ∈ Arc[λ, 1] and by the choice of the constant
ε we know that d(Iλ, zλ) > ε. Therefore, by replacing µ′ with another parameter closer
to λ in such a way that the value of n′ does not change, we may further assume that
zµ ∈ S1 \ Iλ for every µ ∈ Arc[λ, µ′].

The image under the map µ 7→ zµ of the arc Arc[λ, µ′] contains either Arc[zλ, zµ′ ]
or Arc[zµ′ , zλ] (notice that one of the two possibility occurs, since the image does not
intersect Iλ). We will prove the proposition assuming that the first case occurs, a similar
proof works in the other case.

Choose a point ζ ∈ Arc[zλ, zµ] so that the distance of the point from both the extrema
of the arc is bigger or equal to ε/2, which is possible since |zλ − zµ| ≥ ε. Let j ∈
{1, . . . , ν} so that |wjλ − ζ| < ε/4. It then follows that wj,λ ∈ Arc[zλ, zµ′ ] and that

|wj,λ − zλ| > ε/4, |wj,λ − zµ′ | > ε/4,

and thanks to the fact that δ < δ0 we conclude that

wj,µ ∈ Arc[zλ, zµ′ ], ∀µ ∈ Arc[λ, µ′],

and therefore that there exists µ ∈ Arc[λ, µ′] so that wj,µ = zµ.
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Let µ ∈ S1 ∩ B(λ, δ) and j as in the previous lemma, and let ωj ∈ Ω and nj ∈ N so
that f̂njωj ,µ(wj,µ) = −1. We conclude that

f̂njωj ,µ(f̂n
′

σ,µ(1)) = f̂njωj ,µ(zµ)

= f̂njωj ,µ(wj,µ)

= −1,

concluding the proof of Theorem 5.7.1.

5.7.2 Proof of Theorem 5.7.2
Let λ′ ∈ Arc[λ0, λ2). By Proposition 5.6.8 there exists a positive integer N ≥ 0 so that
for any λ ∈ Arc[λ0, λ

′] any ω ∈ Ω and any z ∈ Jω,λ we have

|(f̂Nω,λ)′(z)| > 3.

Once N is fixed we have the following:

Lemma 5.7.7. There exist constants ε, δ > 0 so that for any λ ∈ Arc[λ0, λ
′], any ω ∈ Ω,

and any z ∈ Jω,λ, there exists a holomorphic map Fz,ω,λ : B(λ, δ) → B(z, ε) with
Fz,ω,λ(λ) = z, satisfying:

1.
|f̂kNω,λ(z)− f̂kNω,µ(Fz,ω,λ(µ))| < ε, ∀µ ∈ B(λ, δ), ∀k ≥ 0, (5.15)

2. given any µ ∈ B(λ, δ) and any w ∈ B(z, ε) \ {Fz,ω,λ(µ)} there exists a positive
integer k so that

|f̂kNω,µ(Fz,ω,λ(µ))− f̂kNω,µ(w)| ≥ 3ε.

Proof. Note that the second derivative of f̂Nω,λ is bounded in a neighborhood of S1. It fol-
lows that for ε > 0 and δ > 0 sufficiently small, the maps f̂Nω,λ are uniformly expanding
in a given neighborhood of Jω,λ. The existence of the point Fz,ω,λ(µ) follows immedi-
ately. The fact that Fz,ω,λ can be given as the limit of a sequence of contracting inverse
branches implies the holomorphic dependency on µ.

Proposition 5.7.8. Let λ′ ∈ Arc[λ0, λ2). Then the family of maps

A := {λ 7→ gλ(1) | gλ ∈ Ĥλ}

is not normal near λ′.

Proof. Let ε, δ > 0 as in the previous lemma. By Lemma 5.6.3 the map λ 7→ Kλ is upper
semi-continuous in Arc[λ0, λ2), and λ 7→ Iλ is continuous. Therefore by compactness of
Arc[λ0, λ

′], and by taking smaller ε, δ if necessary, we may assume that

inf
z∈Kλ2
w∈S1\Iλ1

|z − w| > 2ε.
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Assume for the purpose of a contradiction that the family of holomorphic functions A =
{λ 7→ gλ(1) | gλ ∈ Ĥλ} is normal near λ′. By Ascoli–Arzelá Theorem it follows that
there exists δ′ < δ so that for every µ ∈ B(λ′, δ′) we have

|f̂nω,λ′(1)− f̂nω,µ(1)| < ε ∀ω ∈ Ω, ∀n ∈ N.

By Proposition 5.6.11 we can fix ω ∈ Ω so that 1 ∈ Jω,λ and f̂nω (1) ∈ Arc[λ, 1] for every
positive integer n. It follows that |f̂kNω,λ′(1) − f̂kNω,µ(1)| < ε, on the ball B(λ′, δ′). By the
identity principle it follows that F1,ω,λ′(µ) = 1 on the bigger ballB(λ′, δ), where F1,ω,λ′

is the map defined in the previous lemma.
Now notice that given λ′′ ∈ B(λ′, δ)∩Arc[λ0, λ

′] we have 1 ∈ Jω,λ′′ . If this were not
the case then by (5.10) we could find a positive integer n so that f̂ω,λ′′(1) ∈ Iλ′′ ⊂ FĜ ,
and by Proposition 5.6.4 we conclude that f̂nω,λ′′(1) → K ′′λ . In particular when k is
sufficiently large the point f̂kNω,λ′′(1) lies at distance strictly less than ε from the set Kλ′′ .
Since instead the point f̂kNω,λ′(1) lies in S1 \ Iλ′ and the two sets S1 \ Iλ′ and Kλ′′ have
distance greater than 2ε, we conclude that for k sufficiently large

|f̂kNω,λ′(1)− f̂kNω,λ′′(1)| ≥ ε,

contradicting the fact that F1,ω,λ′(λ
′′) = 1.

On the intersectionU = B(λ′, δ)∩B(λ′′, δ) the maps F1 = F1,ω,λ′ and F2 = F1,ω,λ′′

are well defined. For every µ ∈ U and every positive integer k we have F1(µ) = 1 and

|f̂kNω,λ′(1)− f̂kNω,µ(1)| < ε

|f̂kNω,λ′(1)− f̂kNω,λ′′(1)| < ε

|f̂kNω,λ′′(1)− f̂kNω,µ(F2(µ))| < ε,

which implies that

|f̂kNω,µ(1)− f̂kNω,µ(F2(µ))| < 3ε, ∀k ∈ N,

and thus that F2(µ) = 1 on the open set U . By the identity principle it follows that
F1,ω,λ′′(µ) = 1 on B(λ′′, δ). By iterating this procedure we conclude that for every
λ ∈ Arc[λ0, λ

′] we have 1 ∈ Jω,λ and F1,ω,λ(µ) = 1 on the all ball B(λ, δ). It follows
that 1 ∈ Jω,λ0 .

Recall that by Theorem 5.4.5 we have Iλ0
= Arc(1, λ0), therefore by Lemma 5.6.2

we have 1 ∈ Jω,λ0
if and only if ω = (d, d, d, . . . ). Hence for every λ ∈ Arc[λ0, λ

′] we
must have

fnd,λ(1) ∈ S1 \ Iλ,
which implies that 1 ∈ Jd,λ for all λ ∈ Arc[λ0, λ

′], which contradicts Lemma 5.4.7. This
concludes the proof of the proposition.

Theorem 5.7.2 now follows from Montel’s Theorem as in Lemma 5.3.3.
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Summary

Hyperbolicity, Semigroup actions, and their role in the theory of Complex Dynami-
cal Systems

In this dissertation I study different types of complex dynamical systems, using meth-
ods from the theory of hyperbolic systems and the theory of semigroup dynamics. Every
chapter of this thesis, apart from the introduction, is dedicated to a specific system and
can be read independently from the others.

In chapter 2 I study hyperbolic Hénon maps, i.e. polynomial automorphisms of C2

acting hyperbolically on their small Julia set J∗. Under the additional assumption that the
polynomial is strongly dissipative, I show that hyperbolicity on J∗ implies the equality be-
tween small and big Julia sets. I then generalize this result to the case of quasi-hyperbolic
Hénon maps, which are the 2-dimensional analogous of semi-hyperbolic polynomials.

In the second chapter I study the local random dynamics of a system of germs having
a common fixed point. It is possible to distinguish 4 different types of systems depending
on the value of the Lyapunov exponents: attracting, repelling, neutral and semi-neutral.
In this chapter I classify stable systems in the first three cases, also explaining why the
classification problem is considerably more difficult in the last case. When the system
is neutral I show that almost sure stability is equivalent to stability of the semigroup
generated by germs in the support of the probability measure.

In chapter 4 I study dynamics on strongly convex domains. As main result I show
that, if a self function of a strongly convex domain has a boundary attracting or repelling
fixed point, then there exists an associated semi-model or pre-model. The main technical
difficulty consists in showing that given such a boundary point, there exists a backward
orbit converging to the point. The construction of the orbit relies on the theory of complex
geodesics and horospheres. The fact that the squeezing function converges to 1 on this
orbit is used to deduce that semi-models and pre-models are biholomorphic to the unit
ball.

In the last chapter of this dissertation I study zeros of the Ising model, under the
assumption that the magnetic material is antiferromagnetic. This chapter focuses on the
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role of regular trees in the antiferromagnetic Ising model. In particular I show that, unlike
the ferromagnetic case, the family of graphs with bounded degree has a larger zero-locus
then the family of regular trees. For this class of trees, the distribution of zeros is strictly
related to the dynamics of a family of rational maps fλ. A key step is to show that, for
J-stable parameters, the zeros of regular trees accumulate at λ when the point +1 belongs
to the Julia set Jλ.

The main focus of this thesis is to show how methods from complex dynamics can be
applied in different settings. The theory of hyperbolic dynamical systems plays a central
role in both chapters 2 and 5. In particular when studying the zeros of the Ising model,
expansion properties of the family fλ can be used to guarantee the presence of zeros
near a given parameter. The study of semigroup dynamics appears in chapters 3 and 5.
When studying random dynamical systems, the semigroup structure naturally arise when
looking at all possible compositions of elements in the support of the probability measure.
On the other hand semigroups arises in the study of Ising model, when we restrict to the
special family of spherical regular trees. The proof of the main result in this chapter is
based on the comparison between the zeros of this family and the zeros of the family of
regular trees.
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Samenvatting

Hyperboliciteit, Semigroepswerkingen, en hun rol in de theorie van Complexe Dy-
namische Systemen.

In dit proefschrift bestudeer ik verschillende typen complexe dynamische systemen,
gebruikmakend van methoden uit de theorie van hyperbolische systemen en semigroep
dynamica. Ieder hoofdstuk van dit proefschrift, uitgezonderd de introductie, is gewijd
aan een specifiek systeem en kan onafhankelijk worden gelezen van de rest.

In hoofdstuk 2 bestudeer ik hyperbolische Hénon afbeeldingen, oftewel polynomiale
automorfismen van C2 die hyperbolisch werken op hun kleine Julia verzameling J∗. On-
der de extra aanname dat het polynoom sterk dissipatief is, laat ik zien dat hyperboliciteit
op J∗ de gelijkheid van grote en kleine Julia verzamelingen impliceert. Vervolgens ge-
neraliseer ik dit resultaat tot de quasi-hyperbolische Hénon afbeeldingen, welke de twee
dimensionale versie zijn van semi-hyperbolische polynomen.

In het tweede hoofdstuk bestudeer ik lokale random dynamica van een systeem van
kiemen met een gemeenschappelijk vast punt. Afhankelijk van de waarde van de Lya-
punov exponenten zijn er vier verschillende typen systemen te onderscheiden: aantrek-
kend, afstotend, neutraal en semi-neutraal. In dit hoofdstuk classificeer ik stabiele syste-
men in de eerste drie gevallen. Tevens licht ik toe waarom het classificeren aanzienlijk
moeilijker is in het laatste geval. Indien het systeem neutraal is bewijs ik dat bijna zekere
stabiliteit equivalent is aan stabiliteit van de semigroep gegenereerd door de kiemen in de
drager van de kansmaat.

In hoofdstuk 4 bestudeer ik dynamica op sterk convexe domeinen. Als belangrijkste
resultaat bewijs ik dat als een afbeelding van een sterk convex domein naar zichzelf een
aantrekkend of afstotend vast punt op de rand van het domein heeft, dan bestaat er een
bijbehorend semi-model of pre-model. Het grootste technische probleem is bewijzen dat
gegeven een dergelijk randpunt er een achterwaartse baan is die convergeert naar het
punt. De constructie van een dergelijke baan is gebaseerd op de theorie van complexe
geodeten en horosferen. Het feit dat de “sqeezing functie”naar 1 convergeert op deze
baan wordt gebruikt om te laten zien dat semi-modellen en pre-modellen biholomorf zijn
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aan de eenheidsbol.
In het laatste hoofdstuk van dit proefschrift bestudeer ik de nulpunten van het Ising

model, onder aanname dat het materiaal antiferromagnetisch is. Dit hoofdstuk focust op
de rol van reguliere bomen in het antiferromagnetische Ising model. In het bijzonder laat
ik zien dat, in tegenstelling tot het ferromagnetische geval, de nulpuntsverzameling van
de familie van grafen met begrensde graad qualitatief groter is dan voor de familie van
reguliere bomen. Voor deze klasse van bomen is de ligging van de nulpunten sterk gere-
lateerd aan de dynamica van een familie van rationale afbeeldingen fλ. Een belangrijk
stap is om voor J-stabiele parameters te laten zien dat de nulpunten van reguliere bomen
accumuleren in λ als het punt +1 in de Julia verzameling Jλ ligt.

Het voornaamste doel van dit proefschrift is te laten zien hoe methoden uit de com-
plexe dynamica toegepast kunnen worden in verschillende settings. De theorie van hy-
perbolische dynamische systemen speelt een centrale rol in hoofdstukken 2 en 5. In het
bijzonder bij het bestuderen van de nulpunten van het Ising model, kunnen expansie ei-
genschappen van de familie fλ gebruikt worden om nulpunten in de buurt van een gegeven
parameter te garanderen. In hoofdstukken 3 en 5 wordt semigroep dynamica bestudeerd.
Bij het bestuderen van willekeurige dynamische systemen komt de semigroepsstructuur
natuurlijk naar voren wanneer men alle mogelijke samenstellingen van elementen in de
drager van de kansmaat bekijkt. Bij het bestuderen van het Ising model komt de semi-
groepsstructuur naar voren wanneer men de sferisch reguliere bomen bestudeerd. Het
bewijs van het hoofdresultaat in dit hoofdstuk is gebaseerd op het vergelijken van de nul-
punten van deze familie van bomen en de nulpunten van de familie van reguliere bomen.
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