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Abstract. Complementarity systems consist of ordinary differential equations coupled to complementarity
conditions. They form a class of nonsmooth dynamical systems that is of use in mechanical and electrical
engineering as well as in optimization and in other fields. The paper illustrates how complementarity systems
arise in mathematical programming by means of a number of examples of various nature. This is followed by
a brief survey of the results that are available concerning existence, uniqueness, and generation of solutions.
The emphasis in this paper is on linear complementarity systems.

1. Introduction

Historically, variational inequality problems and complementarity problems have been
studied in parallel research efforts. The close relation between the two problems was
already clarified in 1971 [32]. While infinite-dimensional settings have been typically
used in connection with variational inequalities, complementarity problems are often
studied in a finite-dimensional framework; see [17] for a survey of the development
of the two strands of research. In the context of variational inequalities, problems of
evolution have been considered from an early stage on [35]. Much detailed material,
including computational methods, can be found for instance in [15,21]. Remarkably,
a parallel systematic development of evolutionary complementarity problems in finite
dimensions has been much less pronounced.

There has been substantial work though in specific areas where combinations of
differential equations with complementarity conditions arise. Such combinations come
up naturally for instance in applications of the maximum principle to optimal control
problems with state and/or control constraints. These problems have been studied since
the very beginnings of optimal control theory [45]. The two-point boundary value prob-
lems that arise in this context are however not typical for evolutionary models, and their
analysis may be burdened by high-index complications as discussed later in this paper.
In the early eighties, in the context of mechanical systems, Lötstedt [36,37] developed
complementarity formulations and numerical methods for problems of impact and fric-
tion, while Moreau [38] used a “sweeping process” formulation for inelastic collisions.
Around the same time, Van Bokhoven [6] used complementarity as a convenient way
of expressing piecewise linear characteristics of elements of electrical networks; his
main focus was on steady-state solutions but he did also consider transients. Also in the
1980s, connections between linear complementarity problems and reflected Brownian
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motion were studied by Harrison and Reiman [23,22]. Chen and Mandelbaum [12] re-
lated this subject to deterministic problems formulated in terms of Leontiev economies.
Further work on complementarity formulations of mechanical problems with impact
and friction can be found for instance in [43,1]; see also [18] for further references.

In the area of dynamical systems, a major contribution to the study of differential
equations with discontinuous right hand sides appeared in the classical book by Fil-
ippov [19]. The reformulation of “Filippov systems” (or “relay systems”) in terms of
complementarity conditions was pioneered by Stewart [53]. In his book, Filippov made
extensive use of the theory of differential inclusions (see for instance [2] for a general
exposition of this subject). Differential inclusions form a very broad class of dynami-
cal systems which do not necessarily possess a complementarity structure. A proposal
for a framework that is based more strictly on variational inequalities was made by
Dupuis and Nagurney in 1993 [14]. These authors defined “projected dynamical sys-
tems” which allow the modeling of certain types of problems where both dynamics and
inequality constraints play a role; see subsection 2.4 below for further discussion.

A general way of coupling ordinary differential equations to complementarity con-
ditions was proposed in 1996 by Van der Schaft and Schumacher [47], who extended
their work in a later paper [48]. These papers were stimulated by interest in “multi-
mode” dynamical systems as examples of dynamical systems with both continuous and
discrete state variables (hybrid systems). Inspiration came in part from early work by
Brockett [8]. The proposal of [47,48] leans strongly on ideas from input/output systems
theory [31,40,52,55], and in particular the formulation chosen in the cited papers can
be seen as a natural extension of earlier work within mathematical systems theory (for
instance [51,34]) on systems with equality constraints (differential-algebraic systems).

The formulation proposed in [47,48] is the following. Start from a nonlinear in-
put/output system, withk inputs andk outputs:

dx

dt
(t) = f(x(t), u(t)) (1a)

y(t) = h(x(t), u(t)) (1b)

wherex(t) is ann-dimensional state variable,u(t) ∈ Rk is the input vector andy(t) ∈
Rk is the output vector.1 Add to this system the standard complementarity relation:

0 ≤ y(t) ⊥ u(t) ≥ 0. (1c)

Implicit in the above relation is the choice of an “active index set”α(t) ⊂ {1, . . . , k}
which is such thatyi(t) = 0 for i ∈ α(t) andui(t) = 0 for i 6∈ α(t). Any such index set
is said to represent amode. In a fixed mode, the system above behaves as the dynam-
ical system described by the differential equation (1a) and the algebraic relations (1b)
together with the equalities that follow from the choice of the active index set in (1c).
A “change of mode” occurs when continuation within a given mode would violate the
nonnegativity constraints associated with this mode. Examples of questions that arise
within the “multimode” line of thinking are the following: (i) is there a unique solution

1 The formulation in (1) can be made more general by allowing the functionsf andh to depend directly
on time; this extension will be taken for granted in what follows.
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within each mode; (ii) when a change of mode must take place, is it always possible to
switch to a new mode that has the current state as a starting point and that allows a valid
evolution on some time interval; (iii) if the answer to the previous question is negative,
is it possible to formulate an appropriate jump rule for the state variable? Answers to
these questions depend on the input/output system (1a–1b).

As a matter of terminology, systems of the form (1) will be referred to in this paper
ascomplementarity systems. The termdynamic complementarity problem, which has
sometimes been employed to denote combinations of ordinary differential equations
and complementarity conditions, will be reserved below for a certain algebraic problem
that is motivated by the initial value problem for complementarity systems, following
terminology in [48]. A subclass of particular interest arises when the functionsf and
h in (1) are required to be linear; the resultinglinear complementarity systems[29] are
described by relations of the form

dx

dt
(t) = Ax(t) + Bu(t) (2a)

y(t) = Cx(t) + Du(t) (2b)

0 ≤ y(t) ⊥ u(t) ≥ 0 (2c)

whereA, B, C, andD are linear mappings. In some applications it is natural to allow
an external input (forcing term) in a complementarity system. The equations (1a) and
(1b) are then replaced by equations of the form

dx

dt
(t) = f(x(t), u(t), v(t)) (3a)

y(t) = h(x(t), u(t), v(t)) (3b)

wherev(t) denotes the forcing term; the equation (1c) is unchanged. In linear com-
plementarity systems we require that the forcing term also enters linearly, so that the
system (2) is replaced by

dx

dt
(t) = Ax(t) + Bu(t) + Ev(t) (4a)

y(t) = Cx(t) + Du(t) + Fv(t) (4b)

0 ≤ y(t) ⊥ u(t) ≥ 0 (4c)

whereA, B, C, D, E, andF are linear mappings. A useful generalization of (1) is
obtained when the complementarity relation (1c) is replaced by the relation

C 3 y(t) ⊥ u(t) ∈ C∗ (5)

whereC is a cone inRk and C∗ is the dual cone defined byC∗ = {u | 〈y, u〉 ≥
0 for all y ∈ C}. In particular, this format allows the incorporation of both equality and
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inequality constraints. Very recently, Pang and Stewart [41] have proposed the notion
of adifferential variational inequality(DVI) which is based on conditions of the form

dx

dt
(t) = f(x(t), u(t)) (6a)

u(t) ∈ SOL(K, F (x(t), ·)) (6b)

where SOL(K,Φ) is defined as the solution set of the variational inequality

〈u′ − u, Φ(u)〉 ≥ 0, u′ ∈ K (6c)

in which K is a nonempty closed convex set. If in particularK is a convex cone, then
the DVI becomes a cone complementarity system, as is seen most easily by rewriting
the equations (6) in the form

dx

dt
(t) = f(x(t), u(t)) (7a)

y(t) = F (x(t), u(t)) (7b)

u(t) ∈ K (7c)

〈u′ − u, y〉 ≥ 0, u′ ∈ K. (7d)

Variational inequalities of evolution(VIE) have been studied mostly in a PDE context;
see for instance [35,15,21]. Spatial boundary conditions play an essential role in this
setting, so that a translation to a finite-dimensional context is somewhat hazardous. One
may argue though that a finite-dimensional analog may be written as follows:

dx

dt
(t) = f(x(t)) + u(t) (8a)

y(t) = x(t) (8b)

y(t) ∈ K (8c)

〈y′ − y, u〉 ≥ 0, y′ ∈ K (8d)

whereK is a nonempty closed convex set. The above form may be readily generalized
to the formulation

dx

dt
(t) = f(x(t), u(t)) (9a)

y(t) = F (x(t), u(t)) (9b)

y(t) ∈ K (9c)

〈y′ − y, u〉 ≥ 0, y′ ∈ K (9d)

which is in a sense dual to the DVI formulation (cf. (7)). Again, ifK is a convex cone,
then the VIE reduces to a cone complementarity system.
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The focus of this paper is on complementarity systems, i.e. systems of the form
(1), and even more specifically on linear complementarity systems (2). It will be shown
through a number of examples that formulations in terms of cone complementarity
systems come up in a number of applications in mathematical programming. A number
of results will be reviewed that have been obtained for complementarity systems, in
particular pertaining to existence and uniqueness of solutions and to the computation of
solutions by means of time-stepping methods.

Existence and uniqueness of solutions is a basic issue in the formulation of any
dynamical system. From the point of view of mathematical programming, conditions
that ensure existence and uniqueness of solutions are of interest because they can serve
as a soundness test on a proposed model. In the frequently occurring situation where
one expects a model to produce unique solutions when initial and/or final conditions
(and exogenous forcing functions) are given, non-uniqueness of solutions indicates in
general that too few equations have been written down in the model, and non-existence
indicates that too many equations have been formulated. In models with inequality con-
straints however the issue is more subtle since also sign conditions play a role, which
makes the availability of well-posedness tests all the more valuable.

Compared to the alternative formulations that have been mentioned above, a partic-
ular feature of complementarity systems is that they emphasize relations to input/output
systems theory. Ideas from mathematical systems theory are used below both as a
tool for classification of complementarity systems and as support for results on well-
posedness and simulation.

Of course complementarity conditions may also be coupled todifferenceequations
rather than to differential equations. In a modeling framework in which one is inter-
ested in the interplay between dynamics on the one hand and state space partitioning
induced by complementarity conditions on the other hand, it may not seem attractive to
entertain ana priori restriction on the relevant time instants. There are situations, how-
ever, where a discrete-time formulation appears naturally; an instance is provided by
the so-called max-plus systems, as discussed for instance in [3]. It may be noted that in
typical applications of the max-plus framework, such as in manufacturing systems, the
“time” index refers to a production cycle counter rather than to physical time. See [27]
for a discussion of the relation between various discrete-time modeling frameworks that
involve inequalities and logical connectives. There is an interesting interplay that arises
between continuous-time and discrete-time complementarity systems in the context of
time-stepping methods for numerical approximation of solutions (cf. section 6).

2. Examples

In this section a number of examples of complementarity systems are given. Further
discussion of these examples will take place in later sections.

2.1. Unilateral constraints in mechanical systems

For purposes of comparison with the examples related to optimization, let us recall the
equations of motion that are associated with mechanical systems subject to inequality
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constraints. Equilibrium problems for such systems have motivated much of the early
work on optimization problems with constraints by Fourier and by Farkas (see the his-
torical survey in [50]). Complementarity conditions play a natural role in this context,
and therefore it is no surprise that complementarity systems arise in the description of
the related out-of-equilibrium situations. The following formulation can be found in
textbooks on analytical mechanics [42,33].

Let the system under consideration be described byn coordinates collected in the
configuration vectorq(t), and letp(t) denote the corresponding vector of momenta.
The HamiltonianH(q, p) denotes total energy, generally given as the sum of a kinetic
energy 1

2pT M−1(q)p, whereM(q) denotes the mass matrix, and a potential energy
V (q). Suppose that the system is subject to unilateral constraints of the formC(q(t)) ≥
0 which should be satisfied for all timest; also suppose that there is an external force
v(t) acting on the system. One may then write down equations of motion as follows:

dq

dt
(t) =

∂H

∂p
(q(t), p(t)) (10a)

dp

dt
(t) = −∂H

∂q
(q(t), p(t)) +

∂CT

∂q
(q(t))u(t) + v(t) (10b)

y(t) = C(q(t)) (10c)

0 ≤ y(t) ⊥ u(t) ≥ 0 (10d)

where∂H/∂p and ∂H/∂q denote column vectors of partial derivatives,u(t) ≥ 0
is the vector of Lagrange multipliers producing the constraint force vector given by
(∂C/∂q)T (q(t))u(t), and the expression∂CT /∂q denotes ann × k matrix whosei-
th column is given by∂Ci/∂q. The perpendicularity condition expresses in particular
that thei-th component ofu(t) can only be non-zero when thei-th constraint is active,
that is,yi(t) = Ci(q(t)) = 0. The appearance of the reaction force in the above form,
with ui(t) ≥ 0, can be derived from the classical principle requiring that the reaction
forces do not exert any work along virtual displacements that are compatible with the
constraints.

2.2. Dynamic optimization with state constraints

Complementarity conditions are a familiar appearance in the context of the Karush-
Kuhn-Tucker conditions for unilaterally constrained optimization problems; therefore,
complementarity systems are expected to show up in dynamic optimization problems
subject to state constraints. Such a relation can be developed in full generality, but let
us consider here a problem with linear dynamics and quadratic cost: minimize

1
2

∫ T

0

(x(t)T Qx(t) + u(t)T u(t))dt (11)
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subject to

dx

dt
(t) = Ax(t) + Bu(t), x(0) = x0 (12a)

Cx(t) ≥ 0 (12b)

whereA, B, andC are matrices of appropriate sizes, andQ is a nonnegative definite
matrix. A standard application of the maximum principle leads to the system

dx

dt
(t) = Ax(t) + Bu(t), x(0) = x0 (13a)

dλ

dt
(t) = Qx(t)−AT λ(t)− CT η(t), λ(T ) = 0 (13b)

u(t) = arg max
[− 1

2uT u + λT (t)Bu
]

(13c)

0 ≤ Cx(t) ⊥ η(t) ≥ 0. (13d)

Solving foru from (13c) produces the equations

d

dt

[
x
λ

]
(t) =

[
A BBT

Q −AT

] [
x
λ

]
(t) +

[
0

−CT

]
η(t) (14a)

y(t) =
[
C 0

] [
x
λ

]
(t) (14b)

0 ≤ y(t) ⊥ η(t) ≥ 0. (14c)

This is a linear complementarity system. In the general case (nonlinear dynamics and/or
non-quadratic cost), we obtain a nonlinear complementarity system. The system has to
be solved subject to boundary conditions given partly att = 0 and partly att = T .

2.3. Dynamic optimization with control constraints

Dynamic optimization problems in which the decision variable is subject to inequality
constraints often give rise to necessary equations for optimality in which the relation
of the control variable to the state variable and the adjoint variable is described in a
piecewise manner, for instance by means of a maximization over a finite number of
alternatives. In such cases it is possible to obtain a representation of the necessary con-
ditions for optimality in the form of a complementarity system, on the basis of the fact
that a maximization over a finite set can be described in complementarity terms. A spe-
cial case arises when the Hamiltonian is linear in the control variable. In this situation
the relation between the control variable on the one hand and the state and adjoint vari-
ables on the other hand can no longer be expressed as a function. Consider for instance
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the well-known Vidale-Wolfe advertizing model:

maximize
∫ T

0

(x(t)− cu(t))dt (15a)

subject to
dx

dt
(t) = −ax(t) + (1− x(t))u(t) (15b)

x(0) = x0 ∈ (0, 1) (15c)

0 ≤ u(t) ≤ 1 (15d)

wherea andc are positive constants,x(t) represents market share, andu(t) represents
marketing effort. The Hamiltonian is

H(x, u, λ) = x− cu + λ(−ax + (1− x)u) (16)

whereλ denotes the adjoint variable. The condition

u(t) = arg max0≤u≤1H(x(t), u, λ(t)) (17)

can be satisfied in the following ways:

u(t) = 0, −c + λ(t)(1− x(t)) < 0

u(t) = 1, −c + λ(t)(1− x(t)) > 0

0 ≤ u(t) ≤ 1, −c + λ(t)(1− x(t)) = 0.

(18)

If we introduce
y(t) = −c + λ(t)(1− x(t)) (19)

we get a relation betweenu(t) andy(t) that might be described in terms of the following
propositional logic formula:

(
(y < 0) ∧ (u = 0)

) ∨ (
(y = 0) ∧ (0 ≤ u ≤ 1)

) ∨ (
(y > 0) ∧ (u = 1)

)
. (20)

Such a relation is known in engineering as a characteristic ofrelay type. One might
describeu(t) as a multivalued function ofy(t). However, it is also possible to give a
representation in complementarity form, by noting that the characteristic (20) can be
described by the algebraic relations

v1 = 1− u, v2 = u, z1 − z2 = y (21)

and the complementarity conditions

0 ≤ z1 ⊥ v1 ≥ 0, 0 ≤ z2 ⊥ v2 ≥ 0. (22)

These two complementarity relations in principle give rise to four different “modes.”
However, subject to (21) the modev1 = v2 = 0 is excluded. The three remaining
modes correspond exactly to the three modes of the relay-type characteristic (20). For
the standard interpretation to apply in which a complementarity system is an input-
output dynamical system of the form (1a–1b) in which inputs and outputs have been
connected by complementarity conditions, the variablesv1 andz1 or z2 should be cate-
gorized as inputs andv2 andz2 or z1 as outputs, or vice versa; takingv1 andv2 as inputs
andz1 andz2 as outputs or vice versa does not lead to a representation in standard form.
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2.4. Projected dynamical systems

In [14], Dupuis and Nagurney have proposed a general way of embedding a given static
equilibrium problem into a dynamic system. Dupuis and Nagurney assume that the
static equilibrium problem can be formulated in terms of a variational inequality

〈F (x̄), x− x̄ 〉 ≥ 0 for all x ∈ K (23)

whereK is a closed convex subset ofRk, F is a functionF from K to Rk, 〈· , ·〉 de-
notes the standard inner product onRk, andx̄ ∈ K is the equilibrium point. With the
variational problem they associate a nonsmooth dynamical system that is defined by
(dx/dt)(t) = −F (x(t)) in the interior ofK, but that behaves differently on the bound-
ary of K in such a way as to make sure that solutions will not leave the convex setK.
They then prove that the stationary points of the so defined dynamical system coincide
with the solutions of the variational equality. Dupuis and Nagurney mention a number
of interesting applications in their paper, including oligopolistic markets, continuous-
time t̂atonnement processes, and traffic networks. Specifically, the dynamical system
considered by Dupuis and Nagurney is defined by

dx

dt
(t) = π(x(t),−F (x(t))), x(0) = x0 ∈ K (24)

whereπ(x, v) is defined by

π(x, v) = lim
δ→0

P (x + δv)− x

δ
(25)

andP is the projection ontoK, that is,

P (x) = arg min
z∈K

‖x− z‖. (26)

Assume now that the setK is given, as is typically the case, by an expression of the
form

K = {x | hi(x) ≥ 0, i = 1, . . . , N}
whereh1, . . . , hN are smooth functions. LetH(x) denote the gradient matrix defined
by the functionshi(x); that is to say, the(i, j)-th element ofH(x) is

(H(x))ij =
∂hi

∂xj
(x). (27)

Forx ∈ K, let α(x) be the set of “active” indices, that is,

α(x) = {i | hi(x) = 0}. (28)

Denote byHα(x)• the matrix formed by the rows ofH(x) whose indices are active;
it will be assumed that this matrix has full row rank for allx on the boundary ofK
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(“independent constraints”). Now, compare the projected dynamical system (24) to the
complementarity system defined by

dx

dt
(t) = −F (x(t)) + HT (x(t))u(t) (29a)

y(t) = h(x(t)) (29b)

0 ≤ y(t) ⊥ u(t) ≥ 0 (29c)

whereh(x) is a vector defined in the obvious manner by(h(x))i = hi(x). It can be
shown (see [30]) that the continuous solutions of (29) coincide with the solutions of
(24). This result can be viewed as a dynamic extension of the well-known fact that,
under mild conditions, a finite-dimensional variational inequality may be written as
a nonlinear complementarity problem with added algebraic equations. Moreover, the
added equations now receive an interpretation as corresponding to the constant solutions
of the differential equation (29a). Note that the equations (29) may also be considered
when the constraint setK defined by the functionshi(x) is not convex.

2.5. A Leontiev economy

A model for a continuous-time Leontiev economy may be set up as follows. Letxi(t),
ui(t), andvi(t) respectively denote the inventory, production rate, and net exogenous
demand associated with commodityi at timet. Furthermore, letqij denote the amount
of commodityi required for the production of one unit of commodityj. A balance
equation for the evolution of the inventory may then be written in the form

dx

dt
(t) = (I −Q)u(t)− v(t) (30a)

whereQ is the matrix formed from the elementsqij . It is natural to impose that inven-
tory should be nonnegative; but this is by no means sufficient to determine a solution
uniquely. However, if we furthermore impose that the economy is efficient in the sense
that it produces the lowest amounts of commodities that are sufficient to meet demand,
then commodities are not produced when there is still a positive inventory, and are oth-
erwise produced in just sufficient amounts to prevent inventory from becoming negative
[46,12]. In other words, the complementarity relation

0 ≤ x(t) ⊥ u(t) ≥ 0 (30b)

must hold for allt. The system (30) is in the form of a linear complementarity system
(4) with A = 0, B = I −Q, C = I, D = 0, E = −I, andF = 0.

Actually, in [46,12] the integral version of equation (30a) is used, so as to allow for
solutions of more general form. In the language of distribution theory, the cited papers
consider for instance demand patternsv that feature an infinite number of Dirac pulses
in a finite time interval. This level of generality is motivated by applications in which
the demand patterns are in fact sample paths of stochastic processes. The applications
relate to interpretations of the system (30) as expressing a mapping fromv(·) to x(·)
which turns a given processv into a processx that is restricted to the nonnegative
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cone inRn. By letting v be a Brownian motion, one obtains in this way a “reflected
Brownian motion” with a reflection rule that is expressed by the matrixQ; however the
recipe can also be applied to more general Lévy processes. Reflected Brownian motions
are used for instance as diffusion approximations to heavily loaded queueing networks
[22]. Chen and Mandelbaum [12] refer to the (integral version of the) problem (30)
as thedynamic complementarity problem, but as noted before we use that term in this
paper in a different sense.

2.6. Optimal stopping

Consider a continuous-time Markov chain withn discrete states numbered1, . . . , n.
When statei is current at timet, there is a probabilityλij∆t+o(∆t) that at timet+∆t
the state has moved to positionj. Suppose that a decision maker has the opportunity to
stop the process at any timet prior to some given terminal timeT in order to receive a
paymentgi(t) if the process is in statei at timet; alternatively, in case the process is not
terminated early, the decision maker receivesfi at timeT wherei is the state reached
at timeT . In order to solve the problem of maximizing the expected payoff, introduce
the value functionVi(t). In positioni at time t, the decision maker chooses between
stopping with rewardgi(t) or continuing with expected payoff

(1−
∑

j 6=i

λij∆t)Vi(t) +
dVi

dt
(t)∆t +

∑

j 6=i

λij∆tVj(t) + o(∆t).

This leads to the following differential equation for the vector functionV (t):

0 = max
(
g(t)− V (t),

dV

dt
(t) + AV (t)

)
(31)

whereA is the matrix defined by

aij = λij (i 6= j), aii = −
∑

j 6=i

λij . (32)

The equation (31) may be rewritten in the form of a complementarity system with forc-
ing term as

−dV

dt
(t) = AV (t) + u(t) (33a)

y(t) = V (t)− g(t) (33b)

0 ≤ y(t) ⊥ u(t) ≥ 0. (33c)

This equation comes with a terminal conditionV (T ) = f , and it should be solved in
reverse time. The stopping region is determined by the statesi and timest where the
constraintyi(t) ≥ 0 is active.

The optimal stopping problem is important in finance because it relates to the pric-
ing problem for American-type options. In financial applications, the horizon is typi-
cally finite and the time dependence of the solution is essential. The pricing problem is
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usually formulated in a continuous space rather than a discrete space as above; however,
discretization is necessary for numerical work and can often be viewed as the replace-
ment of a diffusion model by a Markov chain model. In fact a method for computing
prices of American options in multifactor models (high-dimensional state spaces) can
be based on such an approximation [5].

2.7. Optimal retention

Consider a continuous-time Markov chain withn + 1 states0, . . . , n, interpreted as the
number of “tokens” held by a decision maker. (Various specific interpretations of the
tokens can be given; one may think for instance of rare goldfish.) Transitions between
states are controlled partly by chance, with state-dependent probabilities, and partly by
the decision maker. The agent may at each moment, as long as the number of tokens
held is nonzero, decide to sell a token for an immediate revenue of one unit. At the
planning horizonT , there is moreover a final payoff that depends on the then prevalent
state. The agent’s goal is to maximize expected total revenue. Because of the state-
dependence of the transition probabilities and the final payoff, it may not be optimal to
move to state0 and so the question is how many tokens should be optimally retained by
the decision maker.

Introduce the value functionVi(t), wherei denotes the current state andt denotes
current time, and denote transition intensities byλij as above. The expression for the
evolution of value when the agent takes no action is the same as in the previous example,
whereas the effect of selling a token for the decision maker is to move from the value
Vi(t) to Vi−1(t) + 1; the latter option is only available though wheni ≥ 0. For i ≥ 1,
introduce

yi(t) = Vi(t)− Vi−1(t) (34)

and

ui(t) = −dVi

dt
(t)− (AV )i(t) (35)

where the matrixA is defined as in (32). Moreover, define the matricesB ∈ R(n+1)×n

andC ∈ Rn×(n+1) by

B =




1 0 . . . 0

0 1
.. .

...
...

.. .
.. . 0

0 . . . 0 1
0 . . . 0 0




, C =




1 −1 0 . . . 0

0 1 −1
.. .

...
...

.. .
.. .

.. . 0
0 . . . 0 1 −1




. (36)

The evolution equation for the value function may then be written in the complemen-
tarity form

−dV

dt
(t) = AV (t) + Bu(t) (37a)

y(t) = CV (t)− 11 (37b)

0 ≤ y(t) ⊥ u(t) ≥ 0 (37c)
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where11 denotes a vector all of whose entries are 1. As above, the equation comes with
a terminal condition determined by the final payoff and should be solved backward in
time.

2.8. Optimal depletion

Consider a nonrenewable resource (for instance copper in a given mine) that can be
extracted and sold for a stochastically varying price. Assume that there aren different
price levels and that transitions between these price levels take place according to a
Markov chain model with transition intensitiesλij . Obviously, if the price at a given
time is low, it may be attractive for the resource owner to suspend production in an-
ticipation of a price increase. In order to formulate an optimization problem, introduce
the following quantities:τ(t) is the amount of resource still available at timet, u(t)
is the rate of extraction at timet (normalized to lie between0 and1), pi(τ) is the net
revenue of extraction when the Markov chain is in statei andτ units are left, and finally
r is a discount factor. The dependence of the net revenuep on τ may arise for instance
because the cost of extraction increases at low levels of the stock of resource. We look
for a control strategyu that optimizes the discounted infinite-horizon criterion

E

∫ ∞

0

e−rtu(t)pi(t)(τ(t))dt

subject to the constraints
τ(t) ≥ 0, 0 ≤ u(t) ≤ 1.

Given the nature of the problem, it is natural to look for a value function of the form

Vi(t, τ) = e−rtFi(τ). (38)

We write heuristically

Vi(t, τ) = max
0≤u≤1

[
e−rtupi(τ)∆t +

(
1−

∑

j 6=i

λij∆t
)
Vi(t + ∆t, τ − u∆t)

+
∑

j 6=i

λij∆tVj(t + ∆t, τ − u∆t) + o(∆t)
]

(39)

which leads to the equation

0 = max
0≤u≤1

[
e−rtupi(τ)−

∑

j 6=i

λijVi(t, τ) +
∂Vi

∂t
(t, τ)

− u
∂Vi

∂τ
(t, τ) +

∑

j 6=i

λijVj(t, τ)
]
. (40)

After substituting (38), we find

0 = max
0≤u≤1

[
(pi(τ)− dFi

dτ
(τ))u

]
− rFi(τ)− (∑

j 6=i

λij

)
Fi(τ) +

∑

j 6=i

λijFj(τ). (41)
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The term that is maximized overu is linear inu, so the maximum is always reached at
u = 0 (no extraction) oru = 1 (extraction at full capacity). Introducing the transition
rate matrixA defined by (32) and passing to vector form, we obtain

0 = max
(
0, p(τ)− dF

dτ
(τ)

)
+ (A− rI)F (τ). (42)

Introducingy(τ) = (rI − A)F (τ) andu(τ) = (dF/dτ)(τ) − p(τ) + (rI − A)F (τ),
we may rewrite the above equation in complementarity form:

dF

dτ
(τ) = −(rI −A)F (τ) + p(τ) + u(τ) (43a)

y(τ) = (rI −A)F (τ) (43b)

0 ≤ y(τ) ⊥ u(τ) ≥ 0. (43c)

The variableτ doesnotdenote time in this problem. Nevertheless the equations that we
obtain do fit the mold of a complementarity system. The system (43) is to be solved for
nonnegative values ofτ with the “initial condition”F (0) = 0.

2.9. A user/resource model

Many models for network usage can be described in terms of users who have access to
several resources. For instance, users may be origin-destination pairs in a traffic network
model, and in this case resources are the links between crossings. In the context of
production planning, users may be products and resources may be machines. We might
even model the submission system of scientific papers by defining authors to be users
and journals to be resources. The use of a given resource generates a certain cost for the
user, for instance in terms of incurred delay; this cost depends in general on the load that
is placed on the resource by all users. A typical purpose of modeling is to describe the
behavior of users in determining their demand for services from the resources available
to them.

To set up a general model in mathematical terms, suppose that we havep users and
m resources. Introduce the following quantities:

- lij(t) = load per unit of time placed by useri on resourcej at timet;

- qij(t) = cost incurred at timet by useri when applying to resourcej;

- di(t) = total demand of useri at timet;

- ai(t) = cost accepted by useri at timet.

The above quantities are summarized in aload matrixL(t) ∈ Rp×m
+ (load is taken

to be nonnegative), acost matrixQ(t) ∈ Rp×m, a demand vectord(t) ∈ Rp, and an
accepted cost vectora(t) ∈ Rp. Moreover we introduce astate vectorx(t) ∈ Rn in
terms of which the dynamics of the system is described, and which moreover determines
the cost matrix:

dx

dt
(t) = f(x(t), L(t)) (44a)

Q(t) = h(x(t), L(t)). (44b)
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To describe the behavior of users, we assume that the Wardrop principle holds at every
time instantt. In other words, given a demand level, each user distributes its load over
resources in such a way that all resources that are used generate the same cost (this is
the accepted cost), and there is no resource that is not used and that would generate a
lesser cost. This behavioral principle, together with the nonnegativity of the load, can
be expressed in matrix terms by

0 ≤ L(t) ⊥ Q(t)− a(t) · 11T ≥ 0 (44c)

where the “perp” relation is understood in the sense of the inner product〈A,B〉 =
tr(AT B) for A,B ∈ Rp×m. To close the model, we furthermore need the accounting
relation

L(t)11 = d(t) (44d)

as well as a “constitutive relation” between the demand and the accepted cost which we
take to be of the form

R(d, a) = 0 (44e)

whereR is a mapping fromRp ×Rp toRp. The system (44) can be rendered as a cone
complementarity system (1a–1b–5) by means of the identifications

u = (L, a)

y =
(
h(x, L)− a · 11T , R(L11, a)

)
(45)

C = Rp×m
+ × {0} ⊂ Rp×(m+1).

As a specific case, consider a situation where the resources consist ofm noninter-
acting queues and the state variables are the queue lengths. Ignoring the situations in
which buffers are empty or full (which in fact could be naturally modeled in a comple-
mentarity framework), we write simple queue dynamics

dxj

dt
(t) = (11T L)j − cj (46)

wherecj is a constant that represents the processing speed of queuej. A possible ex-
pression for cost is

Qij = kjxj + mij

wherekj is a proportionality constant, and the constantsmij represent a fixed cost that
may be user-specific. Finally assume that demand is constant, say,d(t) = d0 irrespec-
tive of the actual costa(t). We then arrive at the following dynamic model:

ẋ(t) = LT (t)11− c (47a)

Q(t) = 11 · (Kx(t))T + M (47b)

L(t)11 = d0 (47c)

0 ≤ L(t) ⊥ Q(t)− a(t) · 11T ≥ 0. (47d)

This is a linear (actually affine) cone complementarity system. The constant terms can
be treated as external inputs, analogously to (4).
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3. The notion of solution and the index

The specification (1) is not complete without an accompanying notion of solution. In
the classical theory of “smooth” dynamical systems, many function spaces and asso-
ciated notions of solution are in use to accommodate particular applications and cir-
cumstances. In the nonsmooth case, the presence of events gives rise to even more
alternative solution concepts. In this section we mention a few possible choices, focus-
ing mainly on initial value problems rather than on two-point boundary value problems
as discussed in subsections 2.2 and 2.3.

One possible avenue is based on reformulation as a differential inclusion:

dx

dt
(t) ∈ {f(x(t), u) | 0 ≤ u ⊥ h(x(t), u) ≥ 0}. (48)

The standard notion of solution for differential inclusions reads as follows (see for in-
stance [2]). An absolutely continuous functionx(t) is said to be a solution of the differ-
ential inclusion

dx

dt
(t) ∈ F (x(t)) (49)

on an interval[t0, t1], if the relation (49) holds for almost allt ∈ [t0, t1]. In particular,
this allows for solutions that are not differentiable everywhere.

In the applications discussed above one would usually expect to obtain unique so-
lutions. However, differential inclusions of the general form(dx/dt)(t) = F (x(t)),
whereF (·) is a set-valued function, typically have many solutions unless the set-valued
functionF is drastically restrained. Unfortunately, the standard notion of solution al-
lows nonunique solutions to appear in inconspicuous ways. Examples of nonunique-
ness arising in switching systems have been provided by Filippov [19, p. 116] and by
Pogromsky et al. [44]. In the latter paper, the authors study the differential inclusion

d

dt




x1

x2

x3


(t) ∈




0 1 0
0 0 1
0 0 0







x1

x2

x3


(t)−




0
0
1


 sgnx1(t) (50)

where sgn is the set-valued function defined by

sgny =





{−1} if y < 0

[−1, 1] if y = 0

{1} if y > 0.

The equation may be rewritten in complementarity form by the method indicated in
subsection 2.3. The above differential inclusion, with initial conditionx(0) = 0 and
considered under the standard solution concept for differential inclusions as recalled
above, is shown in [44] to allow an infinite number of solutions. Apart from the obvious
solutionx(t) = 0, these are solutions that show a “reverse accumulation of events,” i. e.
t = 0 is an accumulation point of the points of nondifferentiability of nonzero solutions.
It does not seem easy to provide general conditions that exclude this phenomenon.
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An alternative to the solution concept of differential inclusions is the notion offor-
ward solutions, which is natural in the context of “multimode systems.” Broadly speak-
ing, if one considers a system that is capable of evolution in several different modes,
one may envisage solutions that, starting from a given initial point, first evolve in one of
the modes for some time, then switch to another mode in which further evolution takes
place, and so on. It is assumed that following every switch there is a positive time dur-
ing which evolution takes place according to a fixed mode. So reverse accumulations of
event times are excluded by definition, although forward accumulations may in general
be admitted. Solution definitions of this type are popular in the literature on hybrid sys-
tems (systems that have both continuous and discrete state variables, see for instance
[49]); in fact in this literature one often excludes forward accumulations as well, which
leads to the notion of “non-Zeno solutions.” In the context of complementarity systems,
the concept of a forward solution may be defined formally as follows.

Definition 1. A triple of functions(x(·), y(·), u(·)) defined on an interval[0, T ) is said
to constitute aforward solutionof the complementarity system (1) on[0, T ) if x(·) is
continuous and there exists an increasing sequence of time instants0 = t0, t1, t2 . . .
converging toT such that the following conditions hold: the functions(x(·), y(·), u(·))
are real-analytic on all open intervals(tj , tj+1), and the equations (1) are satisfied for
all t ∈ [0, T ) \ {t0, t1, . . . }.

In the above definition, the sequencet0, t1, . . . may be finite or countably infinite; in
the first case, convergence toT simply means that the last element of the sequence
is equal toT , whereas in the latter case it has the usual meaninglimj→∞ tj = T .
The requirement of real-analyticity helps in finding algebraic conditions for feasible
solutions, as illustrated below. The notion of a forward solution may be extended by
replacing the sequence of event times{t0, t1, . . . } by a set of event timesE that is only
required to be well-ordered with respect to the usual ordering of the real numbers (i.e.
every nonempty subset ofE has a least element, which implies that the notion of a “next
event” is always well-defined). Under this extension, it is possible to continue solutions
beyond accumulations of event times.

The usual notions of solutions for ordinary differential equations are time-reversible
in the sense that ifx(·) is a solution to the ODE(dx/dt)(t) = f(x(t)), thenx(−t) is
a solution to the ODE(dx/dt)(t) = −f(x(t)); this property however doesnot carry
over to forward solutions, as a result of the fact that forward accumulations of events
are admitted but reverse accumulations are not. The notion of forward solution therefore
represents a breach with a tradition in dynamical systems theory that treats the forward
and backward directions of time on an equal footing. It should be noted though that
nonsmooth systems differ from the more traditionally studied smooth systems in that
merging of solutions may take place (for instance in mechanical systems with friction),
which is a phenomenon that is associated with a particular direction of time. Also, in a
situation such as the one discussed in subsection 2.8 (the depletion example), negative
values of the variable playing the role of “time” actually do not have a meaning at all.

From a functional-analytic perspective, it is natural to look at the equations (1a–
1b) as defining a mapping from the functionu(·) defined on some interval[0, T ] to a
function y(·) defined on the same interval. The mapping fromu to y is parametrized
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by the initial conditionx0 and so we might writey = F(x0; u). If the (generalized)
function spaces foru andy can be taken such that the integral

∫ T

0
〈u(t), y(t)〉dt has a

meaning and both spaces contain well-defined nonnegative cones, then instead of (1)
one may consider the problem

y = F(x0;u), y ≥ 0, u ≥ 0,

∫ T

0

〈u(t), y(t)〉 dt = 0 (51)

which can be considered as a parametric infinite-dimensional nonlinear complementar-
ity problem. In particular, a natural choice is to takeLk

2(0, T ) as function space both
for u and fory. We then have the following notion of solution.

Definition 2. A triple of functions(x(·), y(·), u(·)) ∈ Lk+n+k
2 (0, T ) is said to consti-

tute anL2-solutionof the complementarity system (1) on the interval[0, T ] if the state
trajectoryx(·) is absolutely continuous, the equations (1a) and (1b) hold almost every-
where, the inequalitiesu(t) ≥ 0 andy(t) ≥ 0 hold almost everywhere, and moreover

∫ T

0

〈u(t), y(t)〉 dt = 0. (52)

Under the nonnegativity conditions onu andy, the condition (52) is equivalent to the
condition〈u(t), y(t)〉 = 0 almost everywhere. TheL2 solution concept does not con-
tain a time preference, and it allows accumulations of event times at interior points of
the interval of definition.

Both the forward solution concept and theL2 concept require continuity of state
trajectories. This requirement is too strong in some cases. For instance, the equations of
mechanical systems subject to impacts may be written in complementarity form, with
positions and velocities as state variables. The simplest way of modeling the behavior
at impact times is to let velocities experience an instantaneous jump, which means that
some components of the state variable are not continuous across event times. In such
cases, one is therefore led to allowing jumps of the state variables at event times. Jumps
typically are needed when the number of inherent integration steps from “input”u to
“output” y is two or more; for instance, in the case of mechanical systems where “in-
puts” are forces and “outputs” are displacements, the number of integration steps is two
as is already evident from the physical dimensions (mg/s2 vs.m). The specification of
jumps is a major issue in the formulation of a solution concept for higher-index comple-
mentarity systems. In the case of mechanical systems, a natural rule to use for inelastic
and frictionless collisions is projection to the cone of feasible velocities in the metric
induced by the kinetic energy [38]. In the case of linear complementarity systems, a
general rule may be derived from linear systems theory; see Def. 5 below.

The notion of “index” is well-known in the theory of differential-algebraic equa-
tions, and analogous notions have been developed in mathematical systems theory as
well. A system of the form

dx

dt
(t) = f(x(t), u(t)) (53a)

0 = h(x(t), u(t)) (53b)
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specifies a differential-algebraic equation, or more specifically, a “semi-explicit” DAE.
Obviously there is a close connection with the complementarity systems, as well as
with input/output dynamical systems (cf. (1)). Differential-algebraic equations are of-
ten classified in terms of a quantity called theindex, which measures the extent to which
the algebraic constraint (53b) restricts the dynamical system (53a). The notion of the
index can be formalized in several ways, which in the general context of nonlinear and
possibly time-dependent DAEs sometimes lead to different results; see for instance [7].
Moreover, even in simple cases, conventions differ between mathematical systems the-
ory and the DAE literature. Here we shall identify the index with the system-theoretic
notion of relative degree, which aims to express the “number of integration steps” be-
tween inputs and outputs; see for instance [39,40].

Definition 3. In a nonlinear input/output system of the form (1a–1b), therelative degree
of thei-th outputyi is the number of times one has to differentiateyi to get a result that
depends explicitly on the inputsu. The system is said to haveconstant uniform relative
degree atx0 if the relative degrees of all outputs are the same and are constant in a
neighborhood ofx0.

The simplest application of this notion is in the case of constant-coefficient single-input-
single-output linear systems, i. e. systems of the form

dx

dt
(t) = Ax(t) + Bu(t) (54a)

y(t) = Cx(t) + Du(t) (54b)

whereA is a square matrix,B is a column vector,C is a row vector, andD is a number.
The system above gives rise to the sequence ofMarkov parametersdefined by

(M0, M1,M2,M3, . . . ) := (D,CB, CAB,CA2B, . . . ). (55)

In terms of the Markov parameters, the relative degree can be described as the first
indexi for whichMi is nonzero. Equivalently, the relative degree can be defined as the
smallest value ofi for which the rational functionsi[C(sI − A)−1B + D] does not
vanish ats = ∞. The rational function

G(s) = C(sI −A)−1B + D (s ∈ C) (56)

is called thetransfer functionof the linear input/output system (54). The same term is
used wheny andu are vectors rather than scalars; in this caseG(s) as defined above
is a matrix-valued function of the complex variables. The transfer function is a basic
object of study in linear systems theory.

One may wonder whether high-index systems actually arise in situations where
one might use complementarity modeling. In this connection the following proposi-
tion, which refers to dynamic optimization under state constraints (subsection 2.2), is
relevant.

Proposition 1. Suppose that the dimensions of the vectorsy and u in the linear in-
put/output system (12) are equal to 1. The index of the associated system (14a–14b) is
then equal to twice the index of the original system (12).
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Proof. The transfer function of the system (14a–14b) may be written, using the Schur
complement rule, as

[
C 0

] [
sI −A −BBT

−Q sI + AT

]−1 [
0

−CT

]
=

= −C
[
(sI −A)−BBT (sI + AT )−1Q

]−1
BBT (sI + AT )−1CT =

= G(s)(I − Φ(s))−1GT (−s) (57)

whereG(s) = C(sI −A)−1B is the transfer function of the original system (12) and

Φ(s) = BT (sI + AT )−1Q(sI −A)−1B. (58)

The formula (57–58) is valid in the vector case. In the scalar case, it follows immedi-
ately from (57) that the index of (14a–14b) is equal to two times the index of (12).

Since the system (12) can have any nonnegative index, the proposition shows that com-
plementarity systems of arbitrarily high index may occur naturally. However, the ex-
ample refers to a two-point boundary problem and in such situations high index may
have a different impact than in initial value problems. In particular, the smoothness of a
solution of a complementarity system depends in general on the initial condition, which
in the case of mixed boundary conditions is not determineda priori. Examples suggest
that the smoothest possible solutions of (14) are of particular interest for optimization
purposes. Especially for higher-index situations there is no general theory available yet,
however; see [24] for a survey.

4. Existence and uniqueness of solutions

Algebraic conditions for the existence of a forward solutions can be found by noting that
from (1) a number of relations can be obtained between the successive time derivatives
of y(·) evaluated att = 0 on the one hand, and on the other hand the same quantities
derived fromu(·). By repeatedly differentiating (1b) and using (1a), we find

y(t) = h(x(t), u(t)),

dy

dt
(t) =

∂h

∂x
(x(t), u(t))f(x(t), u(t)) +

∂h

∂u
(x(t), u(t))

du

dt
(t)

=: F1(x(t), u(t),
du

dt
(t)),

and in general

y(j)(t) = Fj(x(t), u(t), . . . , u(j)(t)) (59)
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whereFj is a function fromRn+(j+1)k to Rk. To be precise, the functionsFj can be
specified recursively by

F0(x, u0) = h(x, u0) (60)

Fj+1(x, u0, . . . , uj) =
∂Fj

∂x
f(x, u0) +

j∑

i=0

∂Fj

∂ui
ui+1. (61)

From the complementarity conditions (1c), it follows moreover that for each indexi
either

(yi(0),
dyi

dt
(0), . . .) = 0 and (ui(0),

dui

dt
(0), . . .) º 0 (62)

or

(yi(0),
dyi

dt
(0), . . .) º 0 and (ui(0),

dui

dt
(0), . . .) = 0 (63)

(or both), where we use the symbolº to denote lexicographic nonnegativity. (A se-
quence(a0, a1, . . .) of real numbers is said to belexicographically nonnegativeif either
all ai are zero or the first nonzero element is positive.) This suggests the formulation of
the following problem, which was called the “dynamic complementarity problem” in
[48].

Problem DCP. Let a pointx0 ∈ Rn be given, and letf andh be smooth functions
fromRn+k toRn andRk respectively. Find sequences(y0, y1, . . .) and(u0, u1, . . .) of
k-vectors such that for allj we have

yj = Fj(x0, u
0, . . . , uj) (64a)

where the functionsFj are defined in (60), and for each indexi ∈ {1, . . . , k} at least
one of the following is true:

(y0
i , y1

i , . . .) = 0 and (u0
i , u

1
i , . . .) º 0 (64b)

(y0
i , y1

i , . . .) º 0 and (u0
i , u

1
i , . . .) = 0. (64c)

We shall also consider truncated versions wherej only takes on the values from0 up
to some integer̀; the corresponding problem will be denoted by DCP(`). The problem
DCP(0) is a parametric nonlinear complementarity problem, so the DCP may be seen
as a “prolonged” version of the NLCP.

It follows from the triangular structure of the equations (64) that if the pair of se-
quences((y0, . . . , y`), (u0, . . . , u`)) is a solution of DCP(̀), then, for anỳ ′ < `, the
pair((y0, . . . , y`′), (u0, . . . , u`′)) is a solution of DCP(̀′). We call this thenesting prop-
erty of solutions. We define theactive index set at stagè, denoted byα`, as the set of
indicesi for which (u0

i , . . . , u
`
i) Â 0 in all solutions of DCP(̀), so that necessarily

yj
i = 0 for all j in any solution of DCP (if one exists). Likewise we define theinactive

index set at stagè, denoted byβ`, as the set of indicesi for which (y0
i , . . . , y`

i ) Â 0
in all solutions of DCP(̀), so that necessarilyuj

i = 0 for all j in any solution of DCP.
Finally we defineγ` as the complementary index set{1, . . . , k} \ (α` ∪ β`). It follows
from the nesting property of solutions that the index setsα` andβ` are nondecreasing
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as functions of̀ . Since both sequences are obviously bounded above, there must exist
an index`∗ such thatα` = α`∗ andβ` = β`∗ for all ` ≥ `∗. We finally note that all
index sets defined here of course depend onx0; we suppress this dependence however
to alleviate the notation.

It turns out that under fairly mild assumptions the DCP can be reduced to a series of
linear complementarity problems. In the context of mechanical systems this idea is due
to Lötstedt [37]. Let us assume that the dynamics (1a–1b) can be written in theaffine
form

dx

dt
(t) = f(x(t)) +

∑k
i=1 gi(x(t))ui(t)

y(t) = h(x(t)).
(65)

Many nonlinear systems appear naturally in this form; see for instance [40]. The follow-
ing theorem has been proved in [48]. In the theorem, the notationLfh denotes theLie
derivativeof h along the vector field given byf ; that is,Lfh(x) = (∂h/∂x)(x)f(x).
Thek-th Lie derivativeLk

fh is defined fork = 2, 3, . . . by Lk
fh = Lf (Lk−1

f h) with
L1

fh := Lfh.

Theorem 1.Consider the system of equations (65) together with the complementarity
conditions (1c), and suppose that the system (65) has constant uniform relative degree
ρ at a pointx0 ∈ Rn. Suppose thatx0 is such that

(h(x0), . . . , L
ρ−1
f h(x0)) º 0 (66)

(with componentwise interpretation of the lexicographic inequality), and that the ma-
trix LgL

ρ−1
f h(x0) is a P-matrix. For suchx0, the dynamic complementarity problem

DCP(̀ ) has for each̀ a solution((y0, . . . , y`), (u0, . . . , u`)) which can be found by
solving a sequence of LCPs. Moreover this solution is unique, except for the values of
uj

i with i 6∈ β` andj > `− ρ.

The lack of uniqueness that may be present in the solution of the dynamic comple-
mentarity problem does not affect the uniqueness of the corresponding solution of the
complementarity system. This is stated in the following theorem which is also from
[48].

Theorem 2.Assume that the functionsf , gi, and h appearing in (65) are analytic.
Under the conditions of Thm. 1, there exists anε > 0 such that (65) together with the
complementarity condition (1c) has a smooth solution with initial conditionx0 on [0, ε].
Moreover, this solution is unique and corresponds to any modeα such thatα`∗ ⊂ α ⊂
α`∗ ∪ γ`∗ .

In particular, suppose that in (65) the relative degree at each pointx0 in a neighbor-
hood of thefeasible set{x | h(x) ≥ 0} is 1, and that the matrix with columns
(∂h/∂x)(x0)gi(x0) is a P-matrix for all suchx0. Then the theorem above guaran-
tees that whenever one of the constraintshi(x) ≥ 0 becomes active the solution can
be continued, be it possibly in a different mode. Note that this situation applies to the
complementarity reformulation of projected dynamical systems (subsection 2.4). Nei-
ther convexity nor boundedness of the feasible set needs to be assumed. The solution
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is of “forward” type and is actually constructed in a piecewise manner. At this level of
generality, however, existence of a solution for arbitrarily long horizons cannot be guar-
anteed; an obstruction might occur either by escape to infinity (as may already happen
in the case of ordinary differential equations) or by accumulation of event times.

In higher-index situations, it may happen that equation (66) is not satisfied at some
x0, even thoughx0 is feasible in the sense thath(x0) ≥ 0. It is easily seen that in
such cases the initial conditionx0 is notconsistentin the sense that there is a forward
solution of (65–1c) starting fromx0. As a consequence, the continuity requirement has
to be abandoned and one has to allow the possibility of jumps. For nonlinear systems,
it is difficult (perhaps impossible) to give a general jump rule. However, in the case of
linear systems, a theory is available that suggests a particular choice. This is discussed
in the next section.

5. Linear complementarity systems

In this section we focus on linear complementarity systems (2). As has been shown in
the examples section, complementarity systems arise naturally with linear dynamics in
a number of applications. In focusing attention on linear complementarity systems we
also follow a pattern in mathematical input/output systems theory, where many ideas
have been first developed and tested in the context of linear and finite-dimensional
systems before they are extended to nonlinear and/or infinite-dimensional settings.

The system (2) may well be of higher index (in particular this happens whenD = 0
andCB = 0), and as has been noted above in such cases the forward solution concept
of Def. 1, which requires continuity of solutions, is no longer satisfactory. The formu-
lation of a general jump rule for linear complementarity systems can be based on a
decomposition that goes back in essence to Weierstrass [20, Thm. XII.3]. In terms of
the linear input/output system (2a–2b), the decomposition can be stated as in the the-
orem below, which is a summary of results that are described in more detail in [55,
Ch. 7,8].

Theorem 3.Suppose that the transfer function (56) corresponding to a given matrix
quadruple(A,B, C, D) is invertible. Under this condition, the following two subspaces
of the state spaceRn constitute a direct sum decomposition ofRn:

V (A,B, C,D) = V n, whereV n is the index-n element of the sequence

V 0 = Rn (67a)

V i+1 = {x ∈ V i | ∃u ∈ Rk s. t.Ax + Bu ∈ V i, Cx + Du = 0} (67b)

T (A, B,C, D) = Tn, whereTn is the index-n element of the sequence

T 0 = {0} (68a)

T i+1 = {x ∈ Rn | ∃x̃ ∈ T i, ũ ∈ Rk s. t.x = Ax̃ + Bũ, Cx̃ + Dũ = 0}. (68b)
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A vectorx0 ∈ Rn belongs toV (A, B,C, D) if and only if there exists a real-analytic
state trajectoryx(·) such thatx(0) = x0 and for all t ≥ 0

[
dx

dt
(t)−Ax(t)

Cx(t)

]
∈ im

[
B

D

]
. (69)

Moreover, under the invertibility assumption on the transfer matrixG(s), there is ex-
actly one solution of (69) for each initial conditionx0 ∈ V (A,B, C, D).

The theorem guarantees existence and uniqueness, under certain circumstances, of so-
lutions to the set of differential-algebraic equations(dx/dt)(t) = Ax(t) + Bu(t),
Cx(t) + Du(t) = 0. The uniqueness holds only for the state trajectoryx(·) and not
without further qualification for the input trajectoryu(·), because it may happen that
the matrix[BT DT ]T has a nontrivial nullspace. In the context of linear complemen-
tarity systems, the role of the matrices “C” and “D” is played in each mode by the
constraints that are active in this mode; the inputs corresponding to inactive indices
must be zero, so that we always have a situation in which the number of nonzero in-
puts is equal to the number of outputs that are constrained to zero, as in the theorem. A
consistent initial condition must be in the space “V ” corresponding to a given mode.

Of course there are also inequality constraints to be satisfied. These can be formu-
lated by means of a Dynamic Complementarity Problem as in the general nonlinear
case; however, for linear complementarity systems a more compact alternative is avail-
able in the form of the so-called Rational Complementarity Problem (RCP) [28]. The
RCP is quite similar to the LCP except that it is formulated over the field of rational
functions with real coefficients rather than over the field of the reals, and so it requires
a linear ordering of the set of rational functions. In fact there are many ways in which
the field of rational functions can be made into an ordered field; in the context of com-
plementarity systems, however, the following definition is in particular relevant. In the
notation below we use the symbols to denote a generic complex number andσ to
denote a specific real number.

Definition 4. An elementf(s) of R(s) is said to benonnegative (at infinity), and we
write f º 0, if there existsσ0 ∈ R such thatf(σ) ≥ 0 for all σ ≥ σ0.

In terms of its Laurent expansion at infinityf(s) = fksk+· · ·+f1s+f0+f−1s
−1+· · · ,

a rational function is nonnegative at infinity if and only if the sequence of coefficients
(fk, . . . , f1, f0, f−1, . . . ) is lexicographically nonnegative. For simplicity we therefore
use the same symbol for nonnegativity of rational functions in the above sense and
for lexicographic nonnegativity of sequences. It is easily verified that the order defined
on the fieldR(s) of rational functions with real coefficients by settingf º g when
f − g º 0 is in fact a total order. Extending the usual conventions in the case of the real
field, we shall say that a rational vector is nonnegative if and only if all of its entries
are nonnegative, and we shall writef(s) ⊥ g(s), wheref(s) and g(s) are rational
vectors, if for each indexi at least one of the component functionsfi(s) andgi(s) is
identically zero. With these conventions, the rational complementarity problem with
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data(q(s),M(s)) is given by

y(s) = q(s) + M(s)u(s)

0 ¹ y(s) ⊥ u(s) º 0.
(70)

We shall say thatα ⊂ {1, . . . , k} is anactive index setfor the RCP with dataq(s) and
M(s), and we writeα ∈ RCP(q(s),M(s)), when the rational equations (70) have a
solution(y(s), u(s)) in whichyi(s) is identically zero fori ∈ α, andui(s) is identically
zero for i 6∈ α. Given a linear system (2a–2b), we also write RCP(x0; A,B, C,D)
instead of RCP(q(s),M(s)) whenq(s) andM(s) are defined by

q(s) = C(sI −A)−1x0, M(s) = C(sI −A)−1B + D. (71)

We can now define a notion of solution for linear complementarity systems of arbitrarily
high index.

Definition 5. A triple of functions(x(·), y(·), u(·)) defined on an interval[0, T ) is said
to constitute aWeierstrass solutionof the linear complementarity system (2) on[0, T )
with initial condition x0 if there exists an increasing sequence of time instants0 =
t0, t1, t2 . . . converging toT such that the following conditions hold:

(i) the functions(x(·), y(·), u(·)) are real-analytic on all open intervals(tj , tj+1),
(ii) the equations (1) are satisfied for allt ∈ [0, T ) \ {t0, t1, . . . }

(iii) for all j ≥ 0,
x(t+j )− x(t−j ) ∈ T (A, B•α, Cα•, Dαα) (72)

with
α ∈ RCP(x(t−j ); A,B, C,D) (73)

wherex(t+j ) = limt↓tj x(t) for j ≥ 0, x(t−j ) = limt↑tj x(t) for j > 0, and

x(t−0 ) = x0.

In (72), the subspaceT (A,B•α, Cα•, Dαα) is as defined in (68), and we use the stan-
dard convention thatMαβ denotes the submatrix of a matrixM defined by the row
index setα and the column index setβ, with row or column index set replaced by a dot
if all rows or columns are used.

Existence and uniqueness of Weierstrass solutions for linear complementarity sys-
tems has been proved in a number of cases. In the results below the following termi-
nology is used. Given a linear complementarity system (2) and an initial conditionx0,
we defineT (x0) as the infimum of the set of allτ ≥ 0 such that the system (2) does
not allow a Weierstrass solution on[0, τ). If this set is empty, we setT (x0) = ∞. The
numberT (x0) is called thelength of the maximal interval of existenceof a Weierstrass
solution starting fromx0. The theorem below states conditions for well-posedness re-
sult in terms of the rational complementarity problem [28, Thm. 5.10, Thm. 5.16].

Theorem 4.Consider the linear complementarity system (2). Suppose that all princi-
pal minors of the transfer matrix of the linear system (2a–2b) are nonzero, and that
the problem RCP(x0; A,B, C,D) is uniquely solvable for allx0. Under these condi-
tions, the length of the maximal interval of existence of a Weierstrass solution starting
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from any initial conditionx0 is positive, and the solution on[0, T (x0)) is unique. If
T (x0) is finite, then it is an accumulation point of event times of the solution defined on
[0, T (x0)).

Unique solvability of the rational complementarity problem can be connected to unique
solvability of a family of standard linear complementarity problems in the following
way [28, Thm. 4.1, Cor. 4.10].

Theorem 5.For given rational vectorq(s) ∈ Rk(s) and rational matrixM(s) ∈
Rk×k(s), the problem RCP(q(s),M(s)) is uniquely solvable if and only if there ex-
istsσ0 ∈ R such that for all fixedσ > σ0 the problem LCP(q(σ),M(σ)) is uniquely
solvable.

In particular, the following corollary is obtained.

Corollary 1. If there existsσ0 ∈ R such thatG(σ) is a P-matrix for allσ > σ0, where
G(s) is the transfer function of the linear system (2a–2b), then the conclusions of Thm. 4
hold for the linear complementarity system (2).

Noting that the set of P-matrices is open, one obtains the result in the theorem below.
This theorem can also be obtained a special case of Thm. 6.3 in [29], which itself is not
readily derived from Thm. 4 (it is based on consideration of DCP rather than of RCP).
Recall that the leading Markov parameter of a linear system of the form (2a–2b) is by
definition the first nonzero term in the Laurent expansion around infinity of the transfer
matrixG(s) = C(sI −A)−1B + D; in other words, it is the first nonzero matrix in the
sequenceD, CB, CAB, CA2B, . . . .

Theorem 6. If the leading Markov parameter of the linear system (2a–2b) is a P-
matrix, then the conclusions of Thm. 4 hold for the linear complementarity system (2).

The above results can be extended to situations in which there is forcing term (exter-
nal input), under appropriate smoothness requirements on the input function [26]. The
smoothness assumption used in [26] is that external inputs arepiecewise Bohl, where
Bohl functions are defined as function that have rational Laplace transforms, such as
polynomials, exponentials, sinusoids, and combinations of these. While it is likely that
this assumption can be relaxed, the class of piecewise Bohl functions already covers
many cases of interest.

By way of illustration, we apply these results to the examples of linear complementarity
systems that were discussed before.

Optimal stopping.The zeroth-order Markov parameter of the linear system appearing
in (33) vanishes; the first-order Markov parameter is the identity matrix. Obviously
therefore, the leading Markov parameter is a P-matrix.
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Optimal retention.The leading Markov parameter of the linear system appearing in (37)
is

CB =




1 −1 0 . . . 0

0 1 −1
.. .

...
...

. ..
.. .

.. . 0
...

.. . 1 −1
0 . . . . . . 0 1




(74)

which is a P-matrix.

Optimal depletion.In this case the leading Markov parameter isrI − A. The matrixA
is the infinitesimal generator of a continuous-time Markov chain and therefore all of its
eigenvalues have nonpositive real parts. Under the assumption thatr > 0, it follows that
all eigenvalues ofrI − A have strictly positive real parts. Since moreoverrI − A has
nonpositive off-diagonal elements, it follows thatrI −A is a P-matrix [4, Thm. 6.2.3].

Leontiev economy.The leading Markov parameter isCB = I − Q. Standard assump-
tions on the matrixQ are that it is nonnegative and that its spectral radius is less than
1 (an “open” Leontiev economy [12]). Under these conditions, the matrixI − Q is a
P-matrix by the same result as cited before [4, Thm. 6.2.3]. It should be noted that we
assume here sufficient smoothness of the forcing termv; more strict requirements may
be needed for well-posedness when highly irregular inputs are considered [12]. If the
spectral radius ofQ is allowed to take the value 1, it is easy to find situations in which
solutions are non-unique for zero demand, or do not exist for positive demand; take for
instance the single-commodity economy withQ = 1.

Dynamic optimization with state constraints.The zeroth-order and the first-order Markov
parameter of the linear system appearing in (14) both vanish. The second-order Markov
parameter is equal to−CBBT CT . In the simplest case, namely the one in which the
matrix CB is invertible, this means that the leading Markov parameter of the transfer
function associated to (14) isnegativedefinite. A suggestion arises that the system (14)
is not well-posed in the sense defined above, and simple examples confirm that this
may indeed happen. However, it should be noted that (14) should not be read as an
initial-value problem, but rather as a problem with mixed boundary conditions. Even
when there is no uniqueness of solutions in an forward sense, existence and uniqueness
may still hold when mixed boundary conditions are imposed. Negative definiteness of
the leading Markov parameter of (14) implies that well-posedness holds in a backward
sense, so that solutions forward in time cannot merge but may split. Such splitting of
solutions can be useful to meet boundary conditions at the terminal time.

User/resource model.The user/resource model of subsection 2.9 falls in the category
of cone complementarity systems and is therefore not within the scope of the well-
posedness discussion that was presented here. Conditions for well-posedness of linear
cone complementarity systems were presented recently by Heemels et al. [26] (see also
[10]) and by Pang and Stewart [41]. Both Thm. 2 in [26] and Thm. 12 in [41] can be
used to establish existence of solutions (in slightly different senses) of the affine cone
complementarity system (47). One of the conditions of Thm. 2 in [26] is not satisfied;
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however, this condition (the full column rank condition in “Assumption 1”) is used only
to establish the uniqueness of input trajectories. The uniqueness of state trajectories, in
the sense ofL2, still follows.

6. Numerical approximation

If the well-posedness of a complementarity system (1) has been established, the ques-
tion arises how one can approximate the solution of this system when an initial condi-
tion and possibly an exogenous input function are given. Several approaches are possi-
ble.

Event-based methods. This approach is based on the observation that the behavior of a
complementary system in each separate mode is given by a differential-algebraic sys-
tem, and that evolution in a given mode continues as long as certain inequality con-
straints are satisfied. Therefore, the evolution of the system may tracked by standard
methods for DAEs together with a monitoring function for the inequalities associated
to the current mode. When violation of these constraints is detected, an event must have
taken place. The time at which the event has taken place is found by a backtracking
procedure; after it has been determined in which mode continuation may take place and
possible whether a state jump takes place, the integration procedure is restarted in the
new mode and from the new initial state.

Regularization. In this approach, the complementarity characteristic is replaced by an
approximating smooth characteristic, for instancey = ε(exp(−u/ε)−1) (many choices
are possible). The resulting smooth system which replaces the original complementar-
ity system is then solved by standard techniques. In a sequence of successive approx-
imations, the accuracy of the solution to the approximating smooth system should be
increased and the regularization parameter should be decreased.

Time stepping. This name is sometimes given to methods that replace the continuous-
time complementarity system by a discrete-time version which requires the solution of
a complementarity problem at each step.2 Typically, the discrete-time version of the
complementarity system is obtained by applying a (partially) implicit Euler method. In
these methods, no attempt is undertaken to locate the time points at which events take
place; the time step may in fact be constant in the most basic versions.

For each method that may be proposed, a key issue is to provide conditions under which
the method will generate solutions that converge to the true solution when the approx-
imation parameters tend to zero. For event-based methods, standard results from the
theory of the numerical solution of DAEs may be applied. The convergence issue is
more problematic in the case of the two other approaches. Regularization methods are
dependent upon the type of smoothing approximation that is being used. Time-stepping
methods are in a sense more intrinsic, although there is more than one way to con-
vert a continuous-time complementarity system into a discrete-time version. Applying

2 The terminology may be somewhat misleading inasmuch as time discretization is used by other numeri-
cal methods as well.
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a straightforward Euler method with general implicitness parameterθ ∈ [0, 1] and fixed
time step∆t to the system (1), one obtains the following system of equations:

x(t + ∆t)− x(t)
∆t

= (1− θ)f(x(t), u(t)) + θf(x(t + ∆t), u(t + ∆t)) (75)

y(t + ∆t) = h(x(t + ∆t), u(t + ∆t)) (76)

0 ≤ y(t + ∆t) ⊥ u(t + ∆t) ≥ 0 (77)

where it is assumed that the system is to be solved in forward time and where the com-
plementarity condition is imposed att+∆t to ensure the satisfaction of this constraint at
all points in the chosen time grid. The complementarity problem that must be solved at
each time step therefore takes the following form (where for brevity we writex instead
of x(t), x′ instead ofx(t + ∆t), and so on):

x′ − θ∆t f(x′, u′) = x + (1− θ)∆t f(x, u) (78a)

0 ≤ h(x′, u′) ⊥ u′ ≥ 0. (78b)

This could be described as a parametric mixed nonlinear complementarity problem. In
the case of linear complementarity systems, a more explicit form can be written down.
For a system of the form (2), the equations (78) lead to the update rule

x′ = (I − θ∆t A)−1
[
(I + (1− θ)∆tA)x + ∆t B[(1− θ)u + θu′]

]
(79)

whereu′ satisfies

y′ = Hx + Ju + G(1/(θ∆t))u′ (80a)

0 ≤ y′ ⊥ u′ ≥ 0 (80b)

with

H = C(I − θ∆tA)−1(I + (1− θ)∆tA) (80c)

J = (1− θ)∆tC(I − θ∆t A)−1B. (80d)

In (80a),G(·) is the transfer function as defined in (56); ifθ = 0, thenG(1/(θ∆t)) is
replaced by the matrixD. Note that the existence of the matrix inverses in the above
equations is guaranteed for sufficiently small∆t. The problem (80) is, for givenx and
u, a standard LCP. In particular, for non-explicit methods (θ 6= 0), if G(s) is a P-matrix
for all sufficiently large reals (note that this is the well-posedness condition of Cor. 1),
then for sufficiently small time step∆t the problem (80) can be solved for allx andu,
and the update rule in (79) is well-defined.

However, this fact by itself is in no way a guarantee that the state path computed
by (79–80) will converge to a solution of (2) when the time step∆t tends to zero. For
example, consider the linear complementarity system defined by the matrices

A =




0 1 0
0 0 1
0 0 0


 , B =




0
0
1


 , C =

[
1 0 0

]
, D = 0 (81)
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(note that this is a high-index system). Take the initial conditionx0 = (0,−1, 0) and
consider the state path obtained by the fully implicit method (takeθ = 1 in (79–80))
together with interpolation between the discrete-time state values. It can be verified
easily by direct computation (see [9]) that for any fixedt > 0 the value of the thus
obtained state path att is unbounded as∆t tends to zero. In particular, the state path
does not converge to the Weierstrass solution, which is identically zero for allt > 0
following a state jump att = 0.

One therefore has to look for conditions under which convergence of time-stepping
schemes will take place. Obviously there are many different situations that one might
consider, even within the limited context of Euler schemes with a fixed step size. There
are implicitness choices to be made in the algorithm (where to use current values and
where to use new values; this also relates to jump rules), and convergence may be con-
sidered in various function spaces and in various topologies depending on the problem
at hand. Stewart [54] has proved a convergence result for a partly implicit Euler method
designed for rigid body problems with impact and friction, and used this to prove exis-
tence of solutions to the classical Painlevé problem. There is in fact a large body of work
in the modeling of impact and friction in mechanical systems and the numerical solution
of the associated evolutionary problems; for a recent survey of various approaches, see
[16]. In an infinite-dimensional context (variational inequalities of evolution for equa-
tions of parabolic type), convergence results under a coercivity assumption are provided
by Glowinski et al. [21, Ch. 6], but this covers only part of the many situations that may
be considered with PDEs. ForL2-solutions of linear complementarity systems, one can
show the following result concerning the fully implicit Euler scheme (see [9]).

Theorem 7.Consider the linear complementarity system (2) with initial conditionx0,
and suppose that the following conditions hold:

(i) the system (2) has a uniqueL2-solution with initial conditionx0 on an interval
[0, T ];

(ii) for all sufficiently small∆t > 0, the problemLCP(C(I − ∆t A)−1x,G(1/∆t)) is
uniquely solvable for allx;

(iii) for eachk, the successive values ofu(k∆t) generated by the fully implicit Euler
method remain bounded as∆t tends to zero.

Under these conditions, the state path obtained by constant interpolation from the suc-
cessive values computed by the implicit Euler method converges in the sense ofL2(0, T )
to the unique solution of (2) on[0, T ].

Actually in the cited paper there is a stronger version of the above theorem which allows
an initial jump; convergence is proved in an appropriately modified (generalized) func-
tion space with a correspondingly modified topology. This makes the theorem suited
for applications in electrical networks with diodes, where inconsistent initial states can
arise when a switch is turned; such inconsistencies can be resolved in a spark, which
may be modeled mathematically as a state jump.

Condition (iii) in the above theorem is somewhat unpleasant since it refers to the be-
havior of the approximating algorithm itself; a natural question is under what conditions
one can prove the boundedness property. Sufficient conditions have been provided in [9]
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on the basis of the so-calledpassivityproperty. A four-tuple of matrices(A,B, C, D)
is said to be passive if there exists a symmetric nonnegative definite matrixK such that

[
AT K + KA KB − CT

BT K − C −(D + DT )

]
≤ 0. (82)

In case there is no feedthrough matrix (D = 0), this condition simplifies to: there exists
a symmetric nonnegative matrixK such that

KB = CT and AT K + KA ≤ 0. (83)

This is close to the coercivity condition used by Glowinski et al. [21], but a direct
comparison is difficult because the inequality constraints are incorporated in the vari-
ational inequality formulation of [21] in a different manner than in the formalism of
complementarity systems. The notion of passivity is classical in the study of electrical
networks, but it also applies to the user/resource model of subsection 2.9; this is seen
from the already noted fact that the model (47) is covered by the analysis of [26].

7. Conclusions

By means of a number of examples, it has been shown that complementary systems
come up in the consideration of static optimization problems (via the Dupuis-Nagurney
imbedding) as well as dynamic ones, in deterministic as well as in stochastic problems,
and in finite-horizon as well as in infinite-horizon problems. It has been argued that,
although complementarity systems may be seen as special instances of a more gen-
eral modeling format for nonsmooth systems, their prominence in applications as well
as their particular structure warrant a separate study. The nature of complementarity
systems as nonsmooth dynamical systems generates many important issues, beginning
with the definition of what is to be understood by a “solution.” We have reviewed re-
sults concerning basic issues such as existence and uniqueness of solutions in a suitable
sense and the construction of numerical approximations methods. Special attention has
been paid to the class of linear complementarity systems. While there are other for-
malisms which can be used to address part of, or more than, the range of problems
covered in terms of complementarity systems, the representation in the latter form es-
pecially emphasizes connections to mathematical systems theory, thus making available
the wealth of results obtained in this field of science over the past decades for purposes
of classification and further investigation of the properties of complementarity systems.

Clearly there are some unanswered questions that suggest topics for future research.
We do not have a general and well-motivated jump rule for high-index nonlinear com-
plementarity systems, except for mechanical systems where one can project onto the
cone of feasible velocities using the metric defined by the kinetic energy. It would be
of interest to know to what extent it is possible to formulate a general rule. Another
topic of interest is to bring the theories of evolutionary variational inequalities and of
complementarity systems closer together, perhaps in a semigroup framework as is avail-
able in the case of input/output systems [13]. A largely open issue concerns conditions
for the absence of accumulation of events in higher-index systems, or conditions for
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convergence of state variables when such accumulations do occur. Some results are
available for low-index systems (see [25,11]), but similar conditions are harder to come
by in high-index cases. The lack of results in this direction has been an impediment
to obtaining conditions for existence of solutions on semi-infinite intervals, even for
linear complementarity systems. A further interesting topic for research is the control
of systems described by complementarity dynamics. Here one may think for instance
of collections of agents that solve optimization problems under possibly time-varying
constraints, while the circumstances under which the optimization takes place can be in-
fluenced by an external manipulator. Such situations may be considered in economical
as well as in ecological studies.
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