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ORDINARY K3 SURFACES OVER A FINITE FIELD

LENNY TAELMAN

ABSTRACT. We give a description of the category of ordinary K3 surfaces over
a finite field in terms of linear algebra data over Z. This gives an analogue for
K3 surfaces of Deligne’s description of the category of ordinary abelian varieties
over a finite field, and refines earlier work by N.O. Nygaard and J.-D. Yu.

Our main result is conditional on a conjecture on potential semi-stable
reduction of K3 surfaces over p-adic fields. We give unconditional versions for
K3 surfaces of large Picard rank and for K3 surfaces of small degree.

INTRODUCTION

Statement of the main results. A K3 surface X over a perfect field & of char-
acteristic p is called ordinary if it satisfies the following equivalent conditions:

(i) the Hodge and Newton polygons of HZ,  (X/W (k)) coincide,
(ii) the Frobenius endomorphism of H%(X, Ox) is a bijection,
(iii) the formal Brauer group of X (see [I]) has height 1.
If k is finite, then these are also equivalent with | X (k)| #Z 1 mod p. Building on [I]
and [7], Nygaard [14] has shown that such an ordinary X has a canonical lift Xcap
over the ring of Witt vectors W (k).

Choose an embedding ¢: W (F,;) — C. Then with every ordinary K3 surface over
F, we can associate a complex K3 surface X¢,, := Xcan @w(r,) C and an integral
lattice

M :=H*(X.,,, Z).
Using the Kuga-Satake construction, Nygaard [14] and Yu [2I] have shown that
there exists a (necessarily unique) endomorphism F' of M ®gz Z[%] such that for
every £ # p the canonical isomorphism
M ®Zy — H3 (X, Zo)

matches F' with the geometric Frobenius Frob on étale cohomology (see also § B.I]).
We have:
(M1) the pairing (—, —) on M is unimodular, even, and of signature (3,19);
(M2) (Fz, Fy) = ¢*(z,y) for every z,y € M.
From Deligne’s proof of the Weil conjectures for K3 surfaces [6] we also know

(M3) the endomorphism F' of M ® C is semi-simple and all its eigenvalues have
absolute value q.

Our first result is an integral p-adic property of the pair (M, F).

Theorem A. The endomorphism F preserves the Z-module M and satisfies
(M4) the Z,[F]-module M ® Z,, decomposes as M® & M* & M? with
(a) FM® =q°*M?®, for all s,
(b) M°, M and M? are free Z,-modules of rank 1, 20, 1, respectively.
1
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For a Z-lattice M equipped with an endomorphism F satisfying (M1)—(M4) we
denote by NS(M, F) the group

NS(M, F) :={x € M | Flz = ¢%x for some d > 1}.
Using the fact that all line bundles on an ordinary K3 surface extend uniquely to

its canonical lift, one shows that there is a natural bijection Pic Xg — NS(M, F'),
and that the ample line bundles on X§_ span a real cone K C M ® R satisfying

(M5) K is a connected component of
{a: ENS(M,FY®R | (z,2) >0, (x,8) #0 for all § € NS(M, F) with 62 = —2}

satisfying FIC = K.
See § for more details.

Definition (see [11]). Let Ok be a complete discrete valuation ring with fraction
field K. We say that a K3 surface X over K satisfies (x) if there exists a finite
extension K C L and algebraic space X/Qy, satisfying
(i) X = Xy,
(ii) X is regular,
(iii) the special fiber is a strict normal crossing divisor in X,
(iv) the relative dualizing sheaf of X/, is trivial.

This is a strong form of ‘potential semi-stable reduction’. Over a complete dvr
Ok of residue characteristic 0, it is known that all K3 surfaces satisfy (x). It is
expected to hold in general, but currently only known under extra assumptions
on X.

Our main result is the following description of the category of ordinary K3 sur-
faces over F,. It is an analogue for K3 surfaces of Deligne’s theorem [5] on ordinary
abelian varieties over a finite field.

Theorem B. Fiz an embedding .: W(Fy) — C. Then the resulting functor X
(M, F,K) is a fully faithful functor between the groupoids of
(i) ordinary K3 surfaces X over Fy, and
(ii) triples (M, F,K) consisting of
(a) an integral lattice M,
(b) an endomorphism F of the Z-module M, and
(¢) a convex subset K C M @R,
satisfying (M1)—(M5).
If every K3 surface over FracW(F,) satisfies (x) then the functor is essentially
surjective.

Fully faithfulness is essentially due to Nygaard [I5] and Yu [2I]. Our contribution
is a description of the image of this functor.

Restricting to families for which (%) is known to hold, we also obtain uncondi-
tional equivalences of categories between ordinary K3 surfaces X/F, satisfying one
of the following additional conditions

(i) there is an ample £ € Pic Xp_ with L2 <p—A4,
(ii) Pic X, contains a hyperbolic plane and p > 5,
(iii) X has geometric Picard rank > 12 and p > 5,
and triples (M, F, K) satisfying the analogous constraints. See Theorem [£.6 for the
precise statement.
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About the proofs. A crucial ingredient in the proof of Theorems [A] and [B] is
the following criterion which distinguishes the canonical lift amongst all lifts using
p-adic étale cohomology.

Theorem C. Let Ok be a complete discrete valuation ring with perfect residue
field k of characteristic p and fraction field K of characteristic 0. Let X be a
projective K3 surface over Ok and assume that Xy, is ordinary. Then the following
are equivalent:

(i) X is the base change from W (k) to Ok of the canonical lift of X
(i) H%(X¢,Z,) = H° ® H'(—1) ® H*(—2) with H' unramified Z,|Galk]-
modules, free of rank 1, 20, 1 over Z,, respectively.

Here the (—1) and (—2) in (ii) denote Tate twists. This theorem is an integral
refinement of a theorem of Yu [2I] which characterizes quasi-canonical lifts by the
splitting of étale cohomology with Q,-coefficients.

The canonical lift of X is defined in terms of its enlarged formal Brauer group ¥
(a p-divisible group), and to prove Theorem [Cl we need to compare the p-adic étale
cohomology of the generic fiber of a K3 surface over O to the Tate module of
its enlarged formal Brauer group. With Q,-coeflicients, such comparison has been
shown by Artin and Mazur [I]. We give a different argument leading to an integral
version, see Theorem 2.1l Once Theorem [Clis established, Theorem [A]is an almost
formal consequence.

Finally, we briefly sketch the argument for the proof of Theorem [Bl Fully faith-
fulness was shown by Nygaard [15] and Yu [21] (see § B3] for more details). The
proof of essential surjectivity starts with the observation that the decomposition in
(M4) induces (via the embedding ¢: Z, — C) a Hodge structure on M, for which
NS(M, F) consists precisely of the Hodge classes. The Torelli theorem for K3 sur-
faces then shows that there is a canonical K3 surface X/C with H?(X,Z) = M and
whose ample cone K C H?(X,R) coincides with £ ¢ M ® R. This K3 surface has
complex multiplication, and hence can be defined over a number field. Using the
strong version of the main theorem of CM for K3 surfaces of [I9] we show that we
can find a model of X over K := Frac W(F,) C C such that

(i) the Galg-module H (X ,Z,) = M ® Z, decomposes as in Theorem [C]
(ii) for £ # p, the Galg-module H% (Xz,Z,) = M ® Z, is unramified, and
Frobenius acts as F.
Assuming (x), it follows from Néron—Ogg—Shafarevich criterion of Liedtke and Mat-
sumoto [I1] that X has good reduction over an unramified extension L of K. Using
Theorem [Cl we show that X7, is the canonical lift of its reduction, and deduce from
this that X has already a smooth projective model X over Ok . By construction,
its reduction X maps under our functor to the given triple (M, F, K).

A question. We end this introduction with an essentially lattice-theoretical ques-
tion to which we do not know the answer:

Question. Does there exist a triple (M, F,K) satisfying (M1)-(M5) and the in-
equality 1+ tr F + ¢ < 0?

By (M3) such triple can only exist for small g. A positive answer to this question
would imply that there exist K3 surfaces over p-adic fields that do not satisfy (x).
Indeed, if (M, F,K) came from a K3 surface X/F, as in Theorem [B] we would have

| X (Fy)| = tr(Frob, H* (X , Q¢)) = 1+ tr F +¢* <0,
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which is absurd.

1. p-DIVISIBLE GROUPS ASSOCIATED TO K3 SURFACES

Let A be a complete noetherian local ring with perfect residue field k of charac-
teristic p > 0 and let X be a K3 surface over Spec A. We recall (and complement)
some of the main results of Artin and Mazur [I] on the formal Brauer group and
enlarged formal Brauer group of X.

1.1. The formal Brauer group. Let Arty be the category of Artinian local A-
algebras (A4, m) with perfect residue field A/m. For an (A, m) € Art, we denote by
U4 the sheaf on X4 defined by the exact sequence

1—>Z/IA—>(9:_,§A—>(’)X — 1.

:*:A/m

The formal Brauer group of X is the functor
Br(X): Arty — Ab, A — H?(Xs,Ua).

By [I] it is representable by a one-dimensional formal group, and if X is not super-
singular then Br(X) is a p-divisible group.

Lemma 1.1. H*(Xg,Ua) = H*(X,Ua) and H* (X4, Ua) = 0.
Here H* (X, —) denotes Zariski cohomology.
Proof of LemmalLdl The sheaf Ua has a filtration whose graded pieces are
m” /m" @4 Ox,/m

Since these are coherent, we have H®(X¢,Ua) = H®*(X,Ua). Moreover, since
H'(X4/m;Ox,,,) vanishes, we conclude that H'(Xs;,Ua) = 0. O

Lemma 1.2. For every (A,m) € Arty there is a natural exact sequence
0 — Br(X)[p"](A4) — HA(XA, pr) — HA(Xa/m 1pr)
of abelian groups.

Here H§ denotes cohomology in the fppf topology.

Proof of Lemma[l.2. Consider the complex U = Uy on Xg in degrees 0 and 1.
We have a short exact sequence

1 — HY(X,Up) @ Z/p"Z — H2(X,Ua 5 Un) — H2(X, U] — 1
and thanks to Lemma [[.] we obtain canonical isomorphisms
Br(2)[p'](4) = H2(X, Ua)[p'] = B2(X,Us 2 Un).
Now consider the short exact sequence

Il —— Uy — O, — Ox,,, — 1

bbb

1*>L{A—>O§A*>OX

xA/m 1
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of length-two complexes concentrated in degrees 0 and 1. Using the Kummer se-
quence and the fact that G, is smooth, we see that

H (X,05, 5 0F,) = Hj(X4,Gm & Gy) = H (X4, 1)

and similarly for X 4 /. It follows that the above short exact sequence of complexes
induces a long exact sequence of (hyper-)cohomology groups

— Hi(Xa/m, ppr) — B2, Ua ™ Ua) — HR (X, ptpr) — HE(Xapm, pr) —

Since A/m is perfect and Pic X 4/ is torsion-free, we have H}q (Xa/m> ppr) =0 and
we conclude

Br(X)[p)(A) = H*(X,Ua = Ua) = ker [HF (X4, tpr) = HG (X a/ms )]
which is what we had to show. O

1.2. The enlarged formal Brauer group. We now assume that X is ordinary.
Denote by pip the sheaf colim, p,~ on the fppf site. The enlarged formal Brauer
group of X is the functor

W(X): Arty — Ab, A HE (X4, ppee ).

A priori this differs from the definition of Artin—-Mazur [T}, § IV.1] in two ways. First,
Artin and Mazur restrict to A with algebraically closed residue fields, and then use
Galois descent to extend their definition to non-closed perfect residue fields, and
second, they restrict to those classes in H3(X 4, f1p=) that map to the p-divisible
part of H(Xj, ptpe). Lemmas [ and below show that the above definition
is equivalent to that of Artin—-Mazur (under our standing condition that Xj is an
ordinary K3 surface). See also [14, Cor. 1.5].

The following lemma is well-known, and implicitly used in [I] and [14]. We
include it for the sake of completeness.

Lemma 1.3. For any quasi-compact quasi-separated scheme X there is a natural
isomorphism
HE (X, ppeo ) — colim,. HY (X, ppr ).

Proof. This follows from [I8 0739], taking for B the class of quasi-compact and
quasi-separated schemes, and for Cov the fpqc covers consisting of finitely many
affine schemes. (|

Lemma 1.4 ([I4, Cor. 1.4]). The group HZ(X, ppe) is p-divisible. O
Lemma 1.5. HZ (X, tpe )/ = H2 (X, ppee ).
Proof. Since the p-th power map k* — k* is a bijection, and since Pic X}, is torsion-
free, we have
Hj (X5, :U‘POO) = colim, Hj (X5, :U‘PT) =0

for i € {0,1}. It now follows from the Hochschild-Serre spectral sequence

Ey' = H*(Gal(k/k), Hy (X, pp~)) = Hy ™ (X, ppe)
that H2 (X5, ppee ) S F/F) = H2 (X}, p1pe0 ). 0

The following theorem summarizes the properties of the enlarged formal Brauer
group that we will use.
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Theorem 1.6. Let X be a formal K3 surface over A with Xy ordinary. Then the
enlarged formal Brauer group W(X) is representable by a p-divisible group over A.
Its étale-local exact sequence

0— U°(X) = U(X) - I%X) =0
satisfies
(i) U°(X) is a connected p-divisible group of height 1, with
e (2)[p"](A) = ker (HE(Xa, ptpr) — HE(Xa/ms p1pr))
for all (A,m) € Artp. It is canonically isomorphic to Br(X);

(i) \I!(%)[pT](A) =H3(Xa, ppr) for all (A,m) € Arty;
(iii) W (X)[p"](A) = HE (X a/m, ppr) for all (A, m) € Arty.

Proof. The representability and (i) are shown in [I, Prop. IV.1.8].
To prove (ii), note that since H* (X4, G,,) = PicX 4 is torsion-free, we have a
natural isomorphism

HE (X4, ppr) = HY(X 4, G) ® Z/p"Z.
Taking the colimit over r we obtain a natural isomorphism
H{ (X4, fip) = colim, Hy (X4, pipr) = H(Xa, Gi) ® (Qp/Zp),

and in particular we see that H}q(f{ A, Hpoo) is p-divisible. Now the long exact
sequence associated to

1—>,U/pr—>luzpcop—)‘upoo—>1

induces an isomorphism HZ (X4, ppr) = HZ(X4, p1pe)[p"], which proves (ii).
A similar argument shows (iii) for A with A/m algebraically closed, after which
Lemma implies the general case. O

1.3. Canonical lifts. Let X/k be an ordinary K3 surface. Since formal groups
of height 1 are rigid, the p-divisible group ¥°(X) over k extends uniquely to a
p-divisible group ¥°(X)ean over A. Also the étale p-divisible group U (X) over k
extends uniquely to a p-divisible group U (X )can over A.

To every lift X/A of X/k we then have an associated short exact sequence of
p-divisible groups

(1) 0 — U°(X)ean — ¥(X) — T (X)ean — 0
over A. In analogy with Serre-Tate theory, we have the following theorem.
Theorem 1.7 (Nygaard [14) Thm. 1.6]). The map
{ formal lifts X/A of X/k } — Exty (T (X)can, ¥°(X)can), X = U(X)
is a bijection. O

It follows that there exists a unique lift X/A for which the sequence () splits.
This X is unique up to unique isomorphism, and is called the canonical lift of X.
We denote it by Xcan-

Proposition 1.8 ([14, Prop. 1.8]). Pic X¢an — Pic X is a bijection. O

Corollary 1.9 ([14] Prop. 1.8]). Xcan is algebraizable and projective. O
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2. p-ADIC ETALE COHOMOLOGY

Let Ok be a complete discrete valuation ring whose residue field k is perfect of
characteristic p and whose fraction field K is of characteristic 0.

2.1. p-adic étale cohomology and the enlarged formal Brauer group.

Theorem 2.1. Let X be a projective K3 surface over Og. Assume that Xy is
ordinary. Then there is a natural injective map of Galyx -modules

T,V (%) g — HE (X g, Zp(1))
whose cokernel is a free Z,-module of rank 1.

Recall that if X is ordinary, then T, ¥(X)z has rank 21. Up to possible torsion
in the cokernel, Theorem 2.1]is shown in [I, § IV.2]. The proof of Artin and Mazur
is based on Lefschetz pencils, reducing the problem on H? to a statement about
H! and torsors. We give a proof working directly with the H? and their relation to
Brauer groups to obtain the finer ‘integral’ statement above. This is made possible
by the theorem of Gabber and de Jong [4] asserting that the Brauer group and the
cohomological Brauer group of a quasi-projective scheme coincide.

Let X be a formal K3 surface over Ox. We denote by X, the truncation Xo, /mn-
Lemma 2.2. For all ¢ the natural map

Hiy (X, ppr) — limy, Hig (X, 1)
is an isomorphism.
Proof. As in the proof of Lemma [[.2] we have

HA (X, ) = Hi (2,05, % 0F)

and similarly

HA (X, 1) = Hy (%,05 5 0%).

Let Uy, be the kernel of Of — Ox and U the kernel of Oy — O . Then by the
usual dévissage arguments the lemma reduces to showing that

HL (X,U) — lim, HS, (X, U,)

is an isomorphism for all 7.

Since the maps U,,+1 — U,, are surjective, we have Rlim, U,, = U. Since U has
a filtration with graded pieces isomorphic to Ox, it has cohomology concentrated
in degrees 0 and 2. These two facts imply

RT¢ (X, Rlim,, U,,) = HY, (X, U) @ HZ,(X,U)[~2]

in D(Ab). Similarly, we have

Rlim,, RT ¢ (X,U,) = lim, HY, (X, U,,) @ lim,, HZ, (X, U, )[2]
in D(ADb). As RT'¢; commutes with Rlim, the lemma follows. O
Corollary 2.3. If X}, is ordinary, then V(X)(K)[p"] = HZ(X, upr).
Proof. Indeed, we have

U(X)(K)[p'] = limy, W(X)[p"](O /m™) = Tim, HE (X, p1pr),
so the corollary follows from Lemma (|
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Proposition 2.4. If X is a projective K3 surface over Ok then for all v the natural
map HZ(X, ppr) — HA(X K, ppr) is injective.

Proof. The Kummer sequence gives a commutative diagram with exact rows

0 — (PicX)®Z/p"Z — HZ(X, ppr) —— (B X)[p"] —— 0

! l |

0 —— (PicXk)®Z/p"Z —— HZ(Xk, ppr) —— (Br' Xk)[p"] —— 0

Since X is projective, we have Br = Br’ for X and Xx.

The left arrow in the diagram is an isomorphism since the special fiber X is a
principal divisor in X, so that PicX — Pic X is an isomorphism. By [8, Cor 1.8]
the natural maps of Br ¥ and Br Xk to Br K (X k) are injective, so that also the right
arrow in the diagram is injective. We conclude that the middle map is injective. [

Proof of Theorem[2]. The proof is now formal. By Corollary and Proposition
2.4l we have for every r and every finite extension K C L a canonical injection

U(X)[p')(L) = HA(X1, ppr) = HE (XL, Z/p"Z(1)).
Taking the colimit over all L we obtain a Galk-equivariant injective map
pr: W(X)[PT)(K) — HE (Xg, Z/p"Z(1)),
and taking the limit over r we obtain a Galx-equivariant injective map
p: TV (X)g — Hgt(:ffo Z,y(1)).
Denote the cokernel of p by Q. Tensoring p with Z/pZ yields an exact sequence

0 — Tor(Q, Z/pZ) — U(X)[p|(K) "2% 02 (X 2, Z/pZ(1)) — QOZ/pZ —> 0.

Since p1 = p ® Z/pZ is injective, we see that Tor(Q,Z/pZ) vanishes and that @ is
torsion-free. O

2.2. Canonical lifts and p-adic étale cohomology. In this section we prove
Theorem [C] characterizing the canonical lift in terms of p-adic étale cohomology.

Lemma 2.5. Let U be a free Z,-module of rank 2 and b: U x U — Z, a non-
degenerate symmetric bilinear form. Let L C U be a totally isotropic rank 1 sub-
module. If L is saturated in

UV :={zeQy®z, U |bx,U) CZ,},
then UY = U.
Proof. Since L is saturated in UV, it is also saturated in U C UV and we may
choose a basis (e, f) for U with L = (e). Set d := b(e, f). Since b(e,e) = 0, the

determinant of b is —d?. Since e/d lies in UV, we must have that d is a unit and
therefore UV = U. O

Proof of Theorem [0 Assume that (ii) holds. Then we have
HE (Xk, Z,(1) = H(1) & H' & H*(—1)

with the H® unramified. Since the Tate module of a p-divisible group is Hodge-Tate
of weights 0 and —1, we have that Hom(7,¥(X)z, H*(—1)) = 0, and by Theorem
2.dlwe see that T,¥(X) z = H°(1)®H". By Tate’s theorem [20, Thm. 4] this implies



ORDINARY K3 SURFACES OVER A FINITE FIELD 9

that ¥(X) = U(X) & U&(X) with T,9°(X);z = H°(1) and T,9%(X)z = H'. It
follows that X is the base change of the canonical lift of X; to Ok.

Conversely, assume that X is the base change of the canonical lift of Xj to
Og. Let H! be the image of the direct summand 7, ¥¢*(X) z under the embedding
T,¥(X)g — H2(Xg,Z,(1)) of Theorem 211 Tt is a primitive sub-module, and
considering Hodge-Tate weights we see that the restriction of the bilinear form on
H? to H' is non-degenerate. Let U C H% (X, Z, (1)) be its orthogonal complement.
Then U is a rank 2 lattice over Z,. The inclusions of H! and U as mutual orthogonal
complements inside the self-dual lattice HZ, (X 5, Z,(1)) induce an isomorphism

a:UY/U S (HYY H?
and an identification
HE (X, Zp(1)) = {(2,y) € UY @ (H")" | a(z) = y}.

Consider the unramified Galg-module H := T,¥°(X)z(—1). We have that
HY(1) is a totally isotropic line in U. We claim that it is saturated in U". Indeed,
if z € UY satisfies pr € H°(1) then (x,a(x)) defines a p-torsion element in the
cokernel of T,¥(X) z — HZ, (X, Zp(1)), which must be trivial by Theorem 2.1l By
Lemma 2.5 we conclude that U = U and that H% (Xz,Z,(1)) =U & H'.

Now U is a unimodular Z,-lattice of rank 2 containing an isotropic line. More-
over, since the intersection pairing on H%, (X, Z,(1)) is even, so is the lattice U. It
follows that there is a unique isotropic line H?(—1) C U with U = H°(1)® H?(-1)
and with H® and H? dual unramified representations. We find HZ, (X, Z,(1)) =
H°(1) ® H' ® H?*(—1), as claimed. O

Remark 2.6. Using the results on integral p-adic Hodge theory by Bhatt, Morrow,
and Scholze [2] one can show that the splitting of H% (X, Z,) as in Theorem [C]
implies an analogous splitting of the filtered crystal H2,  (X/W). If p > 2, then

crys
the splitting of HZ, (X/W) implies that X is the canonical lift of X (see [7] and
[14, Lem. 1.11, Thm. 1.12]). For p = 2, however, the splitting of HZ (X/W) is a

weaker condition than the splitting of H2 (X, Z,), see also [7, 2.1.16.b].

3. THE FUNCTOR X — (M, F,K)

Let F, be a finite field with ¢ = p® elements. Let W be the ring of Witt vectors
of F,, and K its fraction field. Fix an embedding :: K — C. By § [[3 every
ordinary K3 surface X over Fy has a canonical lift Xc., over W. We will denote
by X!, the complex K3 surface obtained by base changing X, along ¢: W — C.

an

3.1. Construction of a pair (M, F'). Let X be an ordinary K3 surface over F,.
The following theorem, due to Nygaard and Yu, says that the Frobenius on X
can be lifted to an endomorphism of the Betti cohomology of X!,,, at least after
inverting p. The proof relies on the Kuga—Satake construction.

Theorem 3.1 (Nygaard [I4] § 3], Yu [2I, Lemma 2.3]). There is a unique endo-
morphism F of H?(X! Z[%]) such that

can?
(i) for every £ # p the map F corresponds under the comparison isomorphism
HQ(XCLanv Z[%]) ® Zf ; H?zt(Xan Zg)

to the geometric Frobenius Frob on étale cohomology,
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(ii) the map F corresponds under the comparison isomorphism

(X ans Z[L]) © Bergs —5 W2y, (X/W) @w By

can’ crys
to the endomorphism ¢ ® id, where ¢ denotes the crystalline Frobenius.
Moreover, F preserves the Hodge structure on H2(X!,,, Q). g

For later use in the proofs of Theorems [Al and [B], we record some well-known
properties of Tate twists of unramified p-adic Galois representations.

Lemma 3.2. Let V be an unramified Galk -representation over Q,, and let n be
an integer. Let Frob be the geometric Frobenius endomorphism of V, relative to
F,. Consider the Galg-module V(—n) :=V @ Qu(—n).
(i) The map
K* — GL(V(=n)), 2 — Frob"®@ g ¢"(®) Nmg/q, ()"

factors over the reciprocity map K* — Gad}‘}3 and induces the action of
Galg on V(—n).
(ii) Derys(¢™ Frob) = ¢* as endomorphisms of Derys(V (—n)).

Proof. The first statement follows from Lubin-Tate theory, see for example [I7,
§ 3.1, Theorem 2]. For the second, one uses that the functor D¢,ys commutes with
Tate twists to reduce to the case n = 0. In this case, the statement follows from
the observation that Frob®1 = 1 ® ¢® as endomorphisms of
= |\ CGal
(V Sz, W(Fq)) ¢ an
where the action of Galp, is the diagonal one. O
Theorem [A]is now an almost immediate consequence of Theorem

Proof of Theorem[4l By its definition (in Theorem [B.J]), the endomorphism F of
H(Xéan, Q) © Qp = HE (X, Qp) satisfies Derys(F) = ¢ on HZ o (X/W)[].

By Theorem [C] we have a decomposition H% (X ¢, Z,) = H'® H'(—1)® H?*(-2)
with H* unramified and by Lemma 3.2} also the endomorphism

F’ := Frobyo @ qFrobg: & ¢ Frobye2

of H% (X%, Qp) satisfies Depys(F') = ¢ Since Deyys is fully faithful, we must
have F = F’. But it then follows immediately that F' preserves the Z,-lattice
H% (X%, Z,), and that H2 (X, Z,) decomposes as described in the theorem. [

We thus have constructed from X/F, an integral lattice M := H?*(X!,,, Z),
equipped with an endomorphism F', satisfying (M1)—(M4). We end this paragraph

by relating the p-adic decomposition in (M4) to the Hodge decomposition for X¢

an*

Lemma 3.3. Let (M, F) be a pair satisfying (M1)-(M4). Then complex conjuga-
tion on M @ C maps the subspace M*® @z, , C to M?—s ®z,,. C.

In other words: the decomposition in (M4) induces under ¢: Z,, — C a Z-Hodge
structure on M.

Proof of Lemma[Z:3 By (M4), the one-dimensional subspace M°®z, , C of M @ C
is the unique eigenspace for the endomorphism F' corresponding to an eigenvalue
u € Q, C C with v,(u) = 0. By (M3) we have uz = ¢?, and hence also the
eigenvalue 4 = ¢?/u lies in Q, C C. Since v,(u) = v,(¢?), we see that the
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corresponding eigenspace is M? ®z,, C. Similarly, complex conjugation maps M?
to M°. By (M2), the subspace M is the orthogonal complement of M° @ M?, and
hence is preserved by complex conjugation. O

Proposition 3.4. Let (M, F) be the pair associated to an ordinary K3 surface X
over Fq. Then we have M* ®z,, C = H**"%(X(,) as subspaces of M ® C =
H2(X:,., C).

Proof. Indeed, under the ‘Hodge—Tate’ comparison isomorphism
HﬁR(Xcan,K/K) @K Cp — Hgt(Xf(v Qp) ®Q, Co=M ¥z, Cp

the subspace (Fil' H2g (Xean,x /K))®x Cp is mapped to ®s>; M*®z, C,. Extending
¢ to an embedding C, — C we see that the Hodge filtration on H?(X/,,, C) agrees

with the filtration on M ® C induced by the decomposition on M ® Z,,, and hence
by Lemma B3 we have M* ®z, C = H5?"%(X(, ). O

can
3.2. Line bundles and ample cone. Let X be an ordinary K3 surface over F,.
Recall from § that line bundles on X extend uniquely to Xc.,. We obtain
isomorphisms
Pic X 5 Pic Xean — Pic Xean, K-
Let K™ be the maximal unramified extension of K.

Proposition 3.5. We have natural isomorphisms
Pic Xg, 5 Pic Xean, o — Pic Xean, 5
and a class A € Pic XF,, is ample if and only if its image in Pic X, 5 is ample.

Proof. The first isomorphism follows from the fact that canonical lifts commute
with finite unramified extensions. The second isomorphism follows from the triv-
iality of the action of Gal(K/K™) on Pic X, x C HZ (Xcan iz, Qe(1)) and the
vanishing of Br K™".

It remains to show that the isomorphism Pic Xg,_ 5 Pic Xcan, g Testricts to a
bijection between the subsets of ample classes. Fix an ample line bundle H on
X. Then by the structure theorem on the ample cone of a K3 surface over an
algebraically closed field ([9] § 8.1]) we have that a line bundle L on Xy, is ample
if and only if

(i) L*>0
(ii) for every D € Pic Xg_ with D? = -2 we have L- D # 0 and L - D has the
same sign as H - D

and similarly for line bundles on X, z. But the bijection Pic X = Pic Xean ¢ 18
an isometry, and the canonical lift Hc,, of the ample line bundle H is itself ample,
so we conclude that the bijection preserves ample classes. ([l

Proposition 3.6. For every d > 1 the map
Pic Xr , — {\ € H*(X;

can?’

Z) | FiX = q¢?\}
is an isomorphism.

Proof. Injectivity is clear, it suffices to show that the map is surjective. Without
loss of generality we may assume that d = 1.
By Proposition B4l any A € H%(X!,,, Z) satisfying FA = ¢\ is a Hodge class

and by Theorem [B.1] we see that A defines a Galg-invariant element of Pic X, -
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By the previous proposition, A corresponds to a Galp -invariant class in Pic X5,
which defines a line bundle £ on X since the Brauer group of F; vanishes. We
conclude that the map is surjective as claimed. O

Proposition 3.7. The real cone K C M ®z R spanned by the classes of ample line
bundles on Pic Xg_ satisfies (M5).

Proof. This follows immediately from the Propositions and B.6] and the struc-
ture of the ample cone of a complex K3 surface. O

3.3. Fully faithfulness. In § B and § we have constructed a functor X +—
(M, F,K) from ordinary K3 surfaces over F, to triples satisfying (M1)—(M5). We
end this section by showing that this functor is fully faithful.

Proof of fully faithfulness in Theorem [B. This is shown in [I5] and [2I], Theorem 3.3]
for K3 surfaces equipped with an ample line bundle. The same argument works
here, we repeat it for the convenience of the reader.

Faithfulness. Assume that f,g: X1 — X are morphisms between ordinary K3
surfaces inducing the same maps H?*(X5 .., Z) — H*(X{ ..., Z). Then f, = g,
as maps from Xj ., to X3 ., and therefore fcan = gean and f = g.

Fullness. Let X, and X3 be ordinary K3 surfaces over F,. Let
P Hz(Xé,cam Z) — Hz(XlL,cam Z)

be an isometry commuting with F' and respecting ample cones. By the description
of the ample cones of X; and X5, we may choose ample line bundles £; and L5 on
X/F, such that ¢ maps c1(L5 .,y) t0 c1(L] can)-

By Proposition B.4] the map ¢ respects the Hodge structures, and therefore the
Torelli theorem shows that there is a unique isomorphism f: X! . — X4 . with
f* = ¢. Since f*F, = F,f*, and since the étale cohomology of the X;7can)K is
unramified, we have that

f* HE (X can it Qo) = HE (X caniz» Qo)

is Galg-equivariant, and hence f descends to a morphism of polarized K3 surfaces
over K. By Matsusaka—Mumford [12] Thm. 2] this extends to an isomorphism
f+ X1 can 5 X2 can and we conclude that ¢ comes from an isomorphism f: X; 5
X5 over Fy. 0

4. ESSENTIAL SURJECTIVITY

4.1. Models of K3 surfaces with complex multiplication. We briefly recall a
few facts about complex K3 surfaces with complex multiplication. We refer to [22]
for proofs. Let X/C be a K3 surface. Its (Q-)transcendental lattice Vx is defined
as the orthogonal complement of NS(X)®z Q in H?(X, Q(1)). The endomorphism
algebra E of the Q-Hodge structure Vx is a field, and we say that X has complex
multiplication (by E) if Vx is one-dimensional as an E-vector space. In this case,
E is necessarily a CM-field. Denote its complex conjugation by o: E — E. The
Mumford-Tate group of the Hodge structure Vy is the algebraic torus T/Q defined
by
TA)={x € (AR E)" | zo(x) =1}
for all Q-algebras A. Note that T is an algebraic subgroup of SO(Vy).
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If X/C is a K3 surface with CM by FE, then it can be defined over a number
field. In [I9, Theorem 2] we classified the models X of X over finite extensions F'
of E in terms of their Galois representations on HZ, (X7, Z). We will deduce from
that result a version for models over local fields. In the statement we will need the
composition

rec: Galyy = Aj /E* — T(As)/T(Q),
where the isomorphism is given by global class field theory (note that F has no real
places), and the second map is given by z — ﬁ

Theorem 4.1. Let X/C be a K3 surface with CM by E. Let K be a p-adic field
containing E, and fix an embedding : K — C extending the embedding E — C
given by the action of E on H>?(X). Let

p: Galg — O(H*(X,Z(1)))

be a continuous homomorphism. Assume that for every o € Galg we have
(i) p(o) stabilizes NS(X) c H2(X,Z(1)) and Kx € NS(X) ® R,
(i) the restriction of p(o) to the transcendental lattice lands in the subgroup
T(Ay) C O(Vx ® Ay) and its image in T(Af)/T(Q) is rec(o).
Then there exists a model X/K of X so that the resulting action of Galx on
HZ (X%, Z(1)) = H*(X,Z(1)) coincides with p.

We can reformulate the conditions on p as follows. Denote by I' € O(H?(X, Z(1)))
the subgroup consisting of those g satisfying
(i) g stabilizes NS(X) € H2(X,Z(1)) and Kx C NS(X) ® R,
(ii) the induced action on Vx ® Ay factors over T'(Ay),

Then p: Galg — O(H2(X,Z(1))) satisfies the conditions in the theorem if and only
if it factors over I', and makes the square

Galy — Galg

lp l

I —— T(A)/T(Q)

commute. In particular, we can consider p as a lift of the map rec. This point of
view will be useful in the proof of Theorem [£.1]

Lemma 4.2. The map 6: ' — T(A;)/T(Q) is a continuous open homomorphism
of profinite groups with finite kernel.

Proof. Let I'g C I' be the open subgroup of finite index consisting of those elements
that act trivially on NS(X). The map I'g — T'(Ay) is injective, and identifies I'y
with a compact open subgroup. Let I be the maximal compact open subgroup.
Then it suffices to show that K — T(A;)/T(Q) has finite kernel and cokernel.
The kernel is {x € O} | zo(x) = 1}, which is finite because F is a CM-field with
complex conjugation o. The finiteness of the cokernel T'(Q)\T'(A)/K is a property
of arbitrary tori over Q, see [16, Prop. 9 & Thm. 2]. O

Lemma 4.3. Let §: Gog — G1 be an open continuous homomorphism of profinite
groups with finite kernel. Let H be a closed subgroup of G1, and p: H — Gy a
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continuous momorphism making the triangle

H
1
Gy — Gy

commute. Then there exists an open subgroup U C G1 containing H, and a con-
tinuous homomorphism p': U — Go making the square

H—U

o
pl //// ‘[
v

§
G[) —_— G1
commute.

Proof. Since the kernel of § is finite, there exists an open subgroup Hy C Gg with
ker 6 N Hy = {1}. The normalizer of Hy has finite index in Gy, so the intersection
Ny = ﬂgGGO gHpg™' is a normal open subgroup on which ¢ is injective. Denote
by N1 C G its image, and by s: N; = Ny the inverse isomorphism. Note that
N; C G is open, and normalized by H C G.

Consider the continuous function

NiNH = Go, g+ s(g)plg) ™"

It takes values in the finite subset ker§ C G, and maps 1 to 1. The collection of
subgroups of the form Ny N H (for varying normal open Ny C Gy) is a basis for
the topology on H, so shrinking Ny if necessary, we may without loss of generality
assume that the above map is constant. We then have s(g) = p(g) for all g € NyNH.

The product U := Nj - H is an open subgroup of G containing H, and by the
above the map

pI:U—>G05 gh”_)s(g)p(h’) (QEva I’LEH)

is a well-defined homomorphism satisfying the required properties. O

Proof of Theorem[{.1]. Let G be the topological group defined by the cartesian
square

Go # Galg

I —— T(A;)/T(Q)

Note that 4’ is open with finite kernel, and hence that Gy is a profinite group. Now
let p be as in the statement of the theorem. Then it induces a commutative triangle

GalK

N

Go —_— GalE
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By Lemma B3] there exists an intermediate field £ C F C K with F finite over F,
and a continuous homomorphism p”: Galp — Gy making the diagram

GaIK —_— Galp

L o

Go L GalE.

commute. Now [19, Theorem 2] guarantees the existence of a model X over F

whose Galois action on HZ,(Xz, Z(1)) = H3(X, Z(1)) is given by the composition

Galp p_”> GQ — F,
and hence the base change of X to K fulfils the requirements. O

4.2. Criteria of good reduction. Let Ok be a discrete valuation ring with frac-
tion field K and perfect residue field k. In the introduction we defined a property
(%) for K3 surfaces over K.

Theorem 4.4 (Liedtke-Matsumoto [T1]). Let X be a K3 surface over K satisfying
(%). If for some £ different from the characteristic of k the action of Galx on
HZ (X, Z¢) is unramified, then there exists a finite unramified extension K C K’
and a proper smooth algebraic space X' over O with Xgr = Xko. O

Analyzing the proof in the case where the specialization map on Picard groups
is bijective, one obtains a stronger conclusion.

Proposition 4.5. Let X be a K3 surface over K, let K C K’ be an unramified
extension, and let X' over Ok be a proper smooth algebraic space with X', =
Xk If the reduction map Pic f{'f{ — Pic %;—C is bijective, then there exists a smooth

projective X over Ox with X =2 X.

Proof. The map Pic X"z = Pic X/ identifies the (—2)-classes on generic and special
fiber, and hence induces a bijection between the ample cones in Pic f{'f{ and Pic f{;—c
(see also the proof of Proposition [3.5). Now choose an ample line bundle £ on X.
It induces an ample line bundle £ on X’ := X/, which extends to a relatively
ample line bundle on X’. In particular, the canonical RDP model P(X’, L’) over
Ok of Liedtke and Matsumoto [II, Thm. 1.3] is non-singular. It follows from
the construction of this model that P(X’, L) = P(X, L) ®o, Ok (see the end of
section 6 in [3]), and hence P(X, L) is a smooth projective model X over Or. O

Alternatively, one can verify that under the hypothesis of Proposition the
group W¥' » occurring in [3, Thm. 1.4] vanishes.

4.3. Proof of Theorem [Bl In §[3.3]we have established that the functor X/F, —
(M, F,K) is fully faithful. To finish the proof of Theorem [B] it remains to show
that the functor is essentially surjective, assuming (%) holds for K3 surfaces over
p-adic fields.

Proof of essential surjectivity in Theorem[B. Let (M, F,K) be a triple satisfying
(M1)-(M5). We will show that it lies in the essential image of our functor by
constructing a suitable K3 surface over Fy. We divide the construction in several
steps.
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Construction of a complex K3 surface. By Lemma [3:3] the decomposition
MC — MQ,O D Ml,l fan) MO,Q

with M®27% .= M?® ®z,,. C defines a Z-Hodge structure on M. By the Torelli
theorem for complex K3 surfaces, there is a projective K3 surface X and a Hodge
isometry f: H?(X, Z) = M mapping the ample cone of X to K. The pair (X, f)
is unique up to unique isomorphism.

X has complex multiplication. Let Vx C H?(X, Q(1)) be the transcendental lattice.
Note that F respects the decomposition H?(X, Q(1)) = NS(X)®Q® Vx. Every Q-
linear endomorphism of Vx that commutes with F' will respect the Hodge structure
on Vx, and since the endomorphism algebra of the Q-Hodge structure Vx is a field,
we conclude that Vx is a cyclic Q[F]-module, that E := End Vx is generated by F,
and that dimg Vx = 1. In particular, X has complex multiplication by E, the field
E is then a CM field, and if we denote the complex conjugation on E by o, then
the Mumford-Tate group T of Vx satisfies T(Q) = {x € E* | zo(x) = 1}. Observe
that o(F) = ¢*/F on Vx, and hence that F'/q defines an element of T'(Q).

The number field E has a unique place v | p satisfying v(F) > 0. We have
E, = Qp. Let K be the fraction field of W (F,), considered as a subfield of C via ¢.

Descent to K C C. For every £ # p consider the unramified Galx-representation
pe: Galg — GL(M ® Zz)

given by letting the geometric Frobenius Frob act as F. We also define a p-adic
Gal g -representation

pp: Galg — GL(M ® Z,)) = GL(®,M*)

by declaring that the Tate twisted Z,[Galk]-modules M?(s) are unramified with
geometric Frobenius Frob acting as F/¢®. The p; and p, assemble into an action
of Galg on M ® Z. Denote by M ® Z(1) its Tate twist. The resulting map

p: Galg — GL(M ® Z(1)) = GL(H?*(X, Z(1))

satisfies
(i) the image of p is contained in O(H2(X, Z(1))),
(ii) the image of p preserves Pic X and the ample cone K C (Pic X) ®@ R.
We claim that p also satisfies the reciprocity conditiop in Theorem 411
Indeed, observe that the action of Galg on M ® Z(1) is abelian. Let z € K*.
Using Lemma [3:2] we see that the action of the corresponding 7 = 7(z) € Gal5? on
M ® Z(1) satisfies
(i) 7 acts on M @ Z¢(1) by (F/q)*®) (for £ # p),
(i) 7 acts on M°(1) C M ® Zy(1) by (Nmg/q, z)(F/q)"®),
(iii) 7 acts on M*(1) C M ® Z,(1) by (F/q)*™®,
(iv) 7 acts on M?(1) C M ® Zp(1) by (Nmg,q, )~ (F/q)"™.
(Note that by property (M4) these actions indeed preserve the Z,-lattices M*(1)).
On the other hand, the decomposition of M ® Z,, induces a decomposition

Vx®Qp:V71EBV0@V1
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with dim V_; = dimV; = 1. The group £ ® Q, acts on Vx ® Q, on V_; through
the factor £ = Q,, and on V; trough E, = Q.. The inclusion of E) x E, C
(E® Qp)* defines a subgroup

To.o0 = {(Tp,Tov) € Ef X By | TpZow =1} C T(Q,).

The compatibility between local and global class field theory and the definition of
rec (see § [A1]) implies that the diagram

Gal?p Gal??
K> Toov T(Ap)/T(Q)

in which the map K* — T, 5, maps z to (Nmg/q, (), Nmg/q, (z)~") commutes.
We conclude that

K* — Gal?? — Galyy =5 T(A;)/T(Q)
maps an & € K* to the class of the element oo = a(z) € T(A) satisfying
(i) ay =1 for all £ # p,
(i) ap acts on Vx ® Qp = Vo1 @ Vo & Vi by (Nmgq, #,1, (Nmg/q, )7 ").
Since F/q lies in T(Q), we see that a(z) and 7(z) define the same element in
T(A;)/T(Q). This shows that p satisfies the requirements of Theorem 1] and

we conclude that there is a model X /K of X whose Galg-action on H, (Xz, Z) =
M ®Z is the prescribed one.

Extension to Ok and reduction to k. By construction, the action of Galyx on
HZ (X%, Z;) is unramified. By Theorem 4] and since we are assuming X satisfies
(%) there exists a finite unramified extension K C K’ so that X’ := Xk has good
reduction, and hence extends to a proper smooth X’ over O:.

By Theorem [C] this model X’ is the canonical lift of its reduction, and hence
by Proposition [[.§ the map Pic %’K — PicXg, is surjective. We conclude with
Proposition 5] that X /K has a canonical smooth projective model X/Ok. Again
Theorem [C] guarantees that X is the canonical lift of its reduction X, and we see
that the functor of Theorem [Bl maps Xy, to the given triple (M, F, K). O

4.4. Unconditional results. As above, we fix an embedding +: W(F,) — C.

Theorem 4.6. The functor X — (M, F,K) restricts to an equivalence between the
sub-groupoids consisting of:

(i) X/Fq for which there is an ample £ € Pic Xg_ with L2 <p—4,

(i) (M, F,K) for which there exists a A € M N K satisfying \*> < p — 4.
Assuming p > 5 it also restricts to an equivalence between

(i) X/Fq for which Pic Xg_ contains a hyperbolic lattice,
(ii) (M, F,K) for which NS(M, F') contains a hyperbolic lattice,

and between
(i) X/Fq with tkPic Xg > 12,
(ii) (M, F,K) with tkNS(M, F) > 12.
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Proof. In view of Theorem [Bl and Proposition [3.5] we only need to verify that any
triple (M, F, K) as in (ii) lies in the essential image of the functor X — (M, F, K) on
ordinary K3 surfaces. It suffices to show that the relevant X over K = Frac W (F,)
occurring in the proof in § satisfy (x).
By [13, Thm. 1.1] and [I0, § 2] we know that any K3 surface over X with
unramified HZ, (X z, Q), and satisfying one of
(i) there is an ample £ € Pic Xz with £? < p — 4,
(ii) Pic X contains a hyperbolic plane and p > 5,
(iii) Pic Xz has rank > 12 and p > 5,
has potentially good reduction. In particular, any such K3 surface satisfies hypoth-
esis (x). In all three cases the argument of § [4.3] goes through unconditionally. O
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