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1

General Introduction
Silke F. van Daalen

“The only thing that makes life possible is permanent, intolerable uncertainty: not knowing what comes next.”
- Ursula K. Le Guin, The Left Hand of Darkness (1969)
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1. Introduction

1.1 Life histories and reproduction
Lifetime reproductive output plays a central role in ecology, demography, evolution, and epidemiology. Reproduction of any unit over its lifetime, whether it is
a newborn puppy, a large tree, or an individual recently infected with a disease,
depends on the development, survival, and rate of reproduction of the unit. Because reproduction is intimately linked to such development, lifetime reproductive
output must be analyzed in the context of the life history.
The link between the life history and lifetime reproductive output (LRO) is
often summarized with a single value: the mean LRO. Mean LRO is the expected value of the distribution of the lifetime number of offspring produced for
all individuals described by the life history in question. The distribution of LRO,
however, tends to show a lot of variance among individuals, with many producing
few offspring, and few producing many.
The goal of this thesis, in short, is to investigate lifetime reproductive output
for any life history. This requires the development and application of new theory. The theory I present makes it possible to calculate not just the mean, but
also the inter-individual variability in LRO, including variance, skewness, kurtosis, and other statistics. This method is applied to ecological, demographic, and
evolutionary questions, all from the basis of life history models.
The life history of an organism can be described as a set of states among
which individuals move as they develop, survive, and reproduce. This set of states
can reflect physiological condition, or location, or age, or size, etc. The states
are intended to capture the differences among individuals in the population. The
recognition that individuals in a population are not all the same was a fundamental
insight in ecology and evolution, and Darwin (1859), unsurprisingly, was the first
to provide this insight. Despite this major insight, the study of the dynamics of
populations of individuals would remain a study of identical particles (as originally
developed by Malthus 1798; Verhulst 1838) until Lotka (1939) introduced age
structure into populations and founded the field of mathematical demography.
It would be another few decades before Lefkovitch (1965) recognized that age
structure did not provide an accurate description of the life history stages in all
species, most notably in plants.
As is now well-known, life histories come in all shapes and sizes. It is clear
that humans and microscopic aquatic invertebrates such as rotifers do not have the
same life history, yet these species can both be represented by an age-structured
model where individuals start reproducing only after a certain age, and also exhibit
a post-reproductive lifespan (Figure 1.1a). Stage structure can refer to size (for
instance, in trees), or growth state (as in plants), or instars (in insects), but
2
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also physiological or behavioral state. A stage-structured model introduces the
possibility of staying, shrinking or even skipping certain life history stages (Figure
1.1b). Once the theory and methodology of age- and stage-structured modeling
became widespread (Metz and Diekmann 1986; Nisbet et al. 1989; Caswell 1989),
researchers started to incorporate combinations of both types of structure into
their models (Figure 1.1c).
The exact strategies may vary, but all life histories generally capture the key
processes of survival, development and reproduction. The practical and theoretical assessment of a set of states as appropriate for the life history description of a
population is made possible with i-state theory. The individual state, or i-state,
is a variable that captures the information needed to determine the probabilities
of what happens next to individuals. i-state theory, as defined by Metz and Diekmann (1986), provides a way to formally translate a distribution of individuals
among a set of i-states to a population p-state. The concept of i-state variables,
whether the i-state is age, stage, size, etc., and p-states provides a way to statistically estimate the life history states, although state variables may also be chosen
for convenience, or plausibility (Caswell 2001, section 3.3).
Box 1.1 - Some terminology
Lifetime reproductive output The total number of offspring produced
over the lifetime of an individual.
Life history A pattern of development, survival, and reproduction of individuals belonging to a species or a population (often expressed as a set
of life history stages and transitions among them).
Demography The mathematical study of populations based on the internal structure that represents individual processes and fates.
Ecology The study of how organisms relate to their biotic and abiotic
environment.
Evolution The process or result of changes in “types” of organisms in
populations over time.
Variance A measure of variation in a given quantity around a mean.
Individual stochasticity Given probabilistic processes at the individual
level, individual stochasticity generates differences in the outcomes among
identical individuals. Also known as luck (Snyder and Ellner 2018).
Individual heterogeneity Differences between (groups of) individuals
that are reflected in their rates of moving through, and reproducing
throughout, the life cycle.

3
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In addition to the states (i.e., the circles in Figure 1.1), one must also have
information about the rates at which individuals survive, develop, move and reproduce according to these states. These so-called vital rates describe the necessary
processes of individual life histories and can be estimated with a broad array of
methods (see Caswell 2001, chapter 6 for an overview). Here, I will focus on
discrete-time, discrete-state life history models.
The main life history model used in this thesis is a Markov chain with rewards
(MCWR). This type of model treats the vital rates of the life history as probabilities of transitions. Transitions are probabilistic, so each individual will follow a
random pathway through the life cycle. Along this pathway they can stochastically
accumulate reproductive “rewards”, i.e. offspring. By the end of their life, this
accumulation of offspring is a measure of lifetime reproductive output accounting
for stochasticity. A more detailed description of Markov chains with rewards is
provided in section 1.4.

1.2 Lifetime reproduction is a stochastic outcome
Each life history provides an aggregated measure of the success of individuals
through the key demographic concept of lifetime reproductive output. Lifetime
reproductive output (LRO) represents the total number of offspring an individual
produces across its lifetime. It is a slightly more general measure than lifetime
reproductive success (Clutton-Brock 1988), because it allows for a broader range
of definitions of reproduction. For example, reproduction may count both sexes,
or it may aggregate production of offspring of different sizes at birth. When
reproduction is counted as daughters per female, the mean LRO is equal to the
net reproductive number R0 . Lifetime reproductive output and its mean can be
considered an outcome of individuals, whereas R0 is also one of several measures
of population growth per generation (Caswell et al. 2018).
When calculated from a population model, R0 represents mean LRO of the
population, it provides the population growth rate per generation, and it is an
indication of population growth, given that populations grow only if R0 > 1
(Lotka 1939; Heesterbeek 2002; Caswell 2011). Related measures of population
growth are the intrinsic rate of increase r, and the asymptotic population growth
rate λ, where λ is the discrete-time version of r, as λ = ert . Lifetime reproductive
output, R0 , r, and λ are demographic quantities that are often used as measures
of growth in ecological contexts and fitness in evolutionary contexts.
The demography, ecology, and evolution of a population are linked. Not only
are the demographic rates of the life history a result of the ecological environment,
the life history itself is subject to selection in response to environmental pressures.
4
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(a) An example of an age-structured life cycle, where reproduction
is possible only in the second and third age class. The values of Pi
represent the transition probability to the next age class, and the
values of Fi are the fertility rates.
Source: Hal Caswell

(b) A size-structured life cycle. Parameters include fi for fertility, si for stasis, pi for growth,
and ri for shrinkage (retrogression).
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(c) A more complex life cycle for Fulmars, containing both age
and stage structure.
Source: Reproduced from Jenouvrier et al. (2005).

Figure 1.1: Examples of life cycle graphs used to describe life histories. Note
that these correspond to discrete-time, linear life cycle models.
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A single, contentious concept unites these disciplines: the concept of fitness. As
was first shown by Fisher (1930), the intrinsic rate of increase, r, which he called
”the Malthusian parameter”, is also a measure of fitness. Fitness, after all, is a
measure of the rate at which a certain genotype or phenotype propagates copies of
itself to future generations. How to measure fitness is a matter of debate among
ecologists end evolutionary biologists (Mills and Beatty 1979; Metz et al. 1992;
Roff 2008; Barker 2009). The concept requires particularly careful definition for
structured life cycles; see de Vries (2019). Although measures like λ and r include
information about the timing of reproduction in the life cycle, measures like R0 and
LRO are certainly important components of fitness. The nature of the question
determines which of these demographic measures of fitness is appropriate.
The applications of demographic measures such as LRO to questions of population growth and individual fitness are based on its mean value. However, it is
well known from empirical studies that there is a lot of inter-individual variability
in LRO (Clutton-Brock 1988; Newton 1989). Lifetime reproduction is also often
highly skewed, with many individuals producing zero or a few offspring, and few
producing many. This is not surprising when we consider the stochastic nature
of the life history processes that lead to estimates of LRO — but more on that
later. There are several reasons why an increased appreciation of variance in LRO
is necessary:
 Our understanding of any process is limited by knowing just the mean;
extending our knowledge to include measures of variability will therefore
further our understanding.
 In applied settings, e.g. in restoration efforts or management scenarios,
knowing the variance will convey information about risk. Any policy decision
should reflect a balance of risks.
 Variance and other measures of variability, such as skewness, are measures of
inequality among individuals. Inequality in reproduction is often measured
by proxy, such as resource acquisition or body size, and not all measures of
inequality are equally appropriate for a given study (Dobson 1986; Kokko
et al. 1999).
 Heritable variance in fitness is the basis on which natural selection operates.

If lifetime reproductive output is a proxy for fitness, then variance in lifetime
reproduction is a proxy for variance in fitness. Darwin (1859) already stated that
natural selection occurs when the following three conditions are met: (1) there is
variation among individuals, (2) the variation is expressed in a heritable trait, and
6
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(3) that trait is correlated with fitness, so that variation in the trait will lead to
differential reproductive output. The standardized variance — standardized with
respect to the square of the mean, also known as Crow’s Index — is furthermore
employed as a measure of the opportunity for selection on fitness traits, provided
that these traits are completely heritable (Crow 1958; Sefc 2008; Brown et al. 2009;
Jones 2009). The life cycle, however, contains demographic sources of variance that
are not heritable.

1.3 Sources of variance: stochasticity and heterogeneity
There are two main sources of variance among individuals in LRO and other life
history outcomes, such as longevity. Imagine several individuals moving through
a given life cycle (e.g., Figure 1.1). The rates of transit through the life cycle,
of survival, and of reproduction are probabilistic; identical individuals will differ
in the outcome of the survival or reproductive process they experience purely by
chance. By the end of their life, individuals will differ in reproductive output, not
because of differences in some kind of trait or quality, but because some individuals are luckier than others (Caswell 2009; Tuljapurkar et al. 2009; Steiner et al.
2010; Caswell 2011; Steiner and Tuljapurkar 2012; van Daalen and Caswell 2015;
Hartemink et al. 2017; van Daalen and Caswell 2017). This source of variation is
referred to as individual stochasticity (Caswell 2009).
Individual stochasticity itself has two components. Individuals follow a pathway through the life cycle according to the probabilities of growth, development,
and survival they experience. The pathways of two or more individuals experiencing identical rates will differ due to the random nature of the transitions. The
variation among pathways is the first source of variance due to stochasticity (Figure 1.2). At each step along an individual’s life history pathway, it may or may
not reproduce. If it reproduces successfully, the number of offspring it produces
is a random outcome as well. This within-pathway variation is the second source
of variance due to individual stochasticity in lifetime reproductive output.
Now imagine several individuals moving through their life cycle at rates that
differ depending on, for example, a trait that gives them a survival or reproductive advantage. The population of individuals is now subdivided into groups,
where the difference between groups in the trait value results in different vital
rates. The individuals within each group, however, are still identical in the rates
they experience. The differences between the groups will contribute to the interindividual variability in LRO as individual heterogeneity (Caswell 2014; Hartemink
and Caswell 2018; Caswell et al. 2018). Differences in life history outcomes within
a group are still due to individual stochasticity. Another way to make this distinc7
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tion is by borrowing terminology from the social sciences to refer to inequality of
outcome and opportunity (e.g., Dworkin 1981a,b; Fleurbaey 1995; Phillips 2004;
Rawls 2009). A heterogeneous set of individuals shows inequality in their opportunities to survive, develop, and reproduce, and inequality in the lifetime outcome of
those probabilistic processes, e.g. lifetime reproductive output. A set of identical
individuals (subject to the same set of vital rates) will be equal in opportunity,
but still experience inequality of outcome by chance.
Heterogeneity is a broad term. It describes any kind of difference in the properties of individuals that change their vital rates. Heterogeneity can be further
subdivided into fixed and dynamic heterogeneity. Fixed heterogeneity is defined
here as groups experiencing different vital rates at any given life history stage
between which individuals cannot move. Dynamic heterogeneity describes groups
among which individuals are able to move. An unfortunate clash of terminology
occurs here, as dynamic heterogeneity has previously been defined by Tuljapurkar,
Steiner and collaborators (Tuljapurkar et al. 2009; Steiner et al. 2010; Steiner and
Tuljapurkar 2012) to refer to what Caswell and collaborators (and I) call individual stochasticity (Caswell 2009, 2011). Snyder and Ellner (2018), on their part,
refer to it as luck. I want to be able to distinguish heterogeneity that is fixed from
heterogeneity that is dynamic in the context of movement between groups. Further subdivision of types of heterogeneity is possible, for example, as observed or
unobserved heterogeneity, and internal or externally-forced heterogeneity. In the
context of selection on variance in LRO, the subdivision of genetic and non-genetic
heterogeneity is relevant (Figure 1.2).
Examples of fixed heterogeneity are genotypes (Smallegange et al. 2018; Nussey
et al. 2005; de Vries and Caswell 2019b), early life effects, such as maternal condition at birth (Mousseau and Fox 1998; Lindström 1999; Hernández et al. 2020),
persistent behavioral syndromes (Estes et al. 2003; Dall et al. 2012), or latent (unobservable) traits such as frailty, where frail individuals experience higher mortality throughout their life history (Vaupel et al. 1979; Hartemink and Caswell 2018;
Jenouvrier et al. 2018). Fixed types of heterogeneity can also be external, such
as location (for sessile species) or experimental treatment, or even social status.
Some examples of dynamic heterogeneity are health status, prior state (de Vries
and Caswell 2018), stochastic environments, or density effects.
One might say that fixed heterogeneity is a special case of dynamic heterogeneity. Imagine a number of individuals in different heterogeneity groups. These
individuals differ in the rates of transit among, and reproduction within, the life
history stages according to the heterogeneity group they belong to. Now imagine
that movement between heterogeneity groups is possible with a certain probability; fixed heterogeneity is then just a special case wherein individuals stay in their
8
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Variance

Heterogeneity

Genetic

Non-genetic

Stochasticity

Transitions

Reproduction

Figure 1.2: Variance in LRO among individuals is caused by heterogeneity, i.e.
actual differences between the rates individuals experience, and by individual
stochasticity, i.e. differences in the outcomes individuals experience by chance.

original group with probability 1. Alternatively, one could argue that fixed heterogeneity is the bread and butter of evolutionary biologists and ecologists, and
dynamic heterogeneity is a special case wherein the fixed effects fade with time.
It is, as many things in science, a matter of perspective.
Incorporating additional heterogeneity into life history models makes it possible to quantify its contribution to the variance in LRO and other life history
outcomes. To do so requires expanding our earlier definitions of the i-state variable and life history structure. The i-state of an individual is then jointly classified by the life history variable and the heterogeneity variable, resulting in a
multistate model. The multistate terminology originates in human demography
(e.g., Willekens 2014; Sánchez-Gassen 2015; van der Gaag et al. 2015); in ecology
the term age×stage model is common, and although there are examples of such
models (Law 1983; van Groenendael and Slim 1988; De Roos 2008; Zuidema et al.
2009), they have only recently been described in a more general way (Caswell et al.
2018).
The mean and variance in LRO calculated from multistate models will differ among heterogeneity groups. The overall variance will have a between-group
component due to heterogeneity, and a within-group component due to individual
stochasticity. Variance decomposition separates and quantifies the contributions
from the two different sources of variance. Of course, both heterogeneity and
stochasticity need to be explicitly incorporated into the model. Multistate Markov
chains with rewards fulfill the requirements for such a model.

9
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1.4 Markov chains with rewards incorporate stochasticity in life
histories
A Markov chain model of the life cycle is a matrix that contains the same transition
and survival probabilities a matrix population model does, but increases the state
space to keep track of where you go when you die; i.e., the absorbing state of death.
The Markov property ensures that knowledge of the current state is sufficient to
know the probabilities of all possible events that an individual can experience
in the next time step. In that sense, absorbing Markov chains are models for
individuals, and account for every fate that an individual can meet. Markov chain
theory treats transitions between states and survival or death in a given state as
random events, and gives us the tools to analyze the eventual fates of individuals
in such a stochastic framework (Iosifescu 1980; Puterman 1994).
Imagine an individual moving along the states of the Markov chain that describes their life history. Any time they make a transition (including transitions to
their current state), they may have a chance to produce an offspring, or perhaps
even several offspring. The offspring produced during a transition are stochastically collected as a “reward”. Reproductive rewards accumulate over the lifetime
of the individual, and by the time they die this accumulation represents their
lifetime reproductive output. This combination of a Markovian life course and reward accumulation along the way is captured with the Markov chain with rewards
approach (Howard 1960; Caswell 2011).
The parameterization of such a Markov chain with rewards employs similar
approaches to matrix population models, except that the mean transition and
survival rates are interpreted as probabilities. Survival within a given time interval
is a process with only two outcomes; the individual survives or it dies. For such
a process the appropriate distribution is the binomial probability distribution.
Survival probabilities can be obtained from life tables and other (increasingly
sophisticated) statistical methods (e.g., Deevey 1947; Chiang 1972; Cox and Oakes
1984; Mills 2011). Individuals that survive to the next time step will have either
stayed in the same state or made a transition. Statistical methods can even account
for the transitions of individuals that are not observed in their new state (e.g.,
Fujiwara and Caswell 2002; Lebreton et al. 2009; Gimenez et al. 2018).
The reproductive rewards accumulated along these transitions are also stochastic. There exist a number of different probability distributions that appropriately
describe such stochastic reproduction. The key piece of the calculation of lifetime
rewards is captured in a set of reward matrices that include the first and higher
moments of the probability distribution of reproductive rewards. The statistical
moments of a random variable capture some of its key traits; the first moment is
10
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the mean; the second moment links to the variance around the mean, moments
beyond that describe aspects of the shape of distributions, etc. The most desirable option for parameterization of the reward matrices is to empirically obtain
the distribution of fertility from the raw data. Unfortunately, researchers do not
tend to report the raw data or the higher moments of the fertility distribution.
Often only a mean of fertility (i.e. the first moment) is reported in the literature, because population growth only depends on the means of vital rates. As a
result, the distribution of reproductive rewards on the individual level must be extracted from that information (Caswell 2011). The probability of success or failure
at producing a single offspring is commonly modeled with a Bernoulli distribution.
When a litter or a clutch of offspring is produced, the number of offspring is often
assumed to vary around a mean clutch size according to the Poisson distribution.
The benefit of these distributions is that they provide an intuitive and general
distribution based on a single parameter, whereas distributions that might give a
slightly better fit also require more sophisticated estimation of multiple parameters
(Kendall and Wittmann 2010).

1.5 The theoretical and empirical components of this thesis
The recognition that individual stochasticity in the life history will determine the
distribution of lifetime reproductive output, leads to the following questions of life
and death and reproduction. (1) How are the stochastic properties of LRO determined by the life cycle? The central theoretical result of this thesis provides the
framework of Markov chains with rewards as an answer to this question (Chapter
2). MCWR models provide all the moments of LRO for any age- or stage-classified
life cycle in constant, periodic or stochastic environments. From these, the variance, skewness, kurtosis, and standardized variance can be calculated. Sensitivity
analysis quantifies the effect of changes in the demographic and reproductive parameters on the moments in LRO. The theory in Chapter 2 is the basis for further
theoretical developments (Chapter 3), and all the empirical studies that follow
(Chapters 4 – 7). It furthermore challenges empirical biologists to think about
lifetime reproductive output in new ways.
(2) How do stochasticity and heterogeneity combine to determine the variance
in LRO? An extension of the results in Chapter 2 to multistate models is presented
in Chapter 3. A multistate MCWR model1 extends the i-state space with a
heterogeneity dimension. The analyses for the moments of LRO apply directly
to the larger multistate matrices. Variance decomposition and sensitivity analysis
1 My collaborators and I have yet to find an appropriate abbreviation for this model —
MSMCWR or MuSMaCHReM or MuSMaR all seem kind of clunky.
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make it possible to disentangle the impacts of stochasticity and heterogeneity in
any given life history (Chapter 3).
Given the necessary theoretical advancements to answer these questions, several empirical questions arise. (3) What patterns in the variability in LRO are
revealed when the theory is applied to a wide range of life histories? (4) How do
such stochastic patterns compare to patterns of observed LRO? (5) What happens
to the distribution of LRO if heterogeneity is also included? Some of the patterns
in LRO due to stochasticity have previously been investigated in humans (van
Daalen and Caswell 2015), but this thesis provides the first multi-species comparison with species characterized by measures of variability beyond the mean
(Chapter 5). Furthermore, the patterns produced by stochasticity are compared
to patterns of empirical variance for a historical population of Finnish women,
illustrating under what circumstances heterogeneity becomes a viable hypothesis
for unexplained variance (Chapter 4). Lastly, I present a set of detailed analyses
applied to a rotifer life history incorporating both stochasticity and heterogeneity
in an experimental system. At the population level, the incorporation of maternal age heterogeneity reveals a potential evolutionary mechanism of the decline in
rotifer survival and fertility with advancing maternal age (Chapter 6). The maternal age heterogeneity explain a percentage of the variance in LRO that depends
on the environment, although stochasticity explains the majority of the variance
(Chapter 7). The individual chapters of the thesis are described in more detail
below.
Chapter 2. LRO: individual stochasticity, variance, and sensitivity analysis. In Chapter 2 the mathematical framework which forms the basis for most
of the analyses in this thesis is introduced and derived. Based on earlier insights
by Caswell (2011), we derive analytical formulas for the moments of LRO, including the variance, skewness, and other statistics. The results apply to any life cycle
described by a matrix population model. The method is based on new results in
the theory of Markov chains with rewards. Furthermore, formulae for sensitivity
analysis of the results are derived. The results are illustrated using the examples
of age-classified models for several human populations and a size-classified model
of a coniferous tree.
Chapter 3. Variance as a life history outcome. In Chapter 3 the Markov
chain with rewards theory is extended to multistate models, allowing for direct incorporation of heterogeneity in the life cycle and the decomposition of variance into
contributions from stochasticity and heterogeneity. Two examples are presented:
the variance in longevity within and between frailty groups of laboratory-raised
12
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fruit flies, and the variance in LRO within and between initial environments for a
perennial herbaceous plant in a stochastic fire environment. Even more incredible
sensitivity analyses are presented.
Chapter 4. Demographic sources of variance in fitness. In Chapter 4 the
evolutionary implications of variance in a fitness proxy such as LRO are discussed
and illustrated with the example of a pre-industrial population of Finnish women.
Individual stochasticity generates a substantial amount of variance in LRO. This
variance, as well as its associated measure of the opportunity for selection, Crow’s
Index, represent non-heritable variation in our analysis. However, there likely is
variance due to heterogeneity among these Finnish women, as the observed variance in LRO is even greater, suggesting that some type of heterogeneity contributes
to the variance in this population.
Chapter 5. Individual stochasticity in the life history strategies of animals and plants. In Chapter 5 the MCWR framework is applied to quantify
the amount of variability generated by individual stochasticity in a comparative
study of plants and animals. Based on projection matrices from the Comadre
and Compadre animal and plant matrix databases, we find a huge range of variability in LRO and other life history outcomes across the diversity of plant and
animal life histories. In addition to the variance, we calculate values of skewness
and kurtosis as measures of uncertainty in life history outcomes. Principal component analyses show that variance and measures of uncertainty explain much of
the life history differences between species and populations.
Chapter 6. A demographic and evolutionary analysis of maternal effect senescence. As a complement to the comparative study, Chapters 6 and
7 provide a detailed analysis of an important source of heterogeneity. In the rotifer Brachionus manjavacas, survival and fertility depend not only on age, but
also on maternal age (the age of the mother at the birth of the individual). By
constructing an age×maternal-age classified matrix model we analyze the fitness
cost, here measured as λ, and the selection gradients for models with and without
the maternal age effect, and for models with lowered mortality and fertility to
simulate stationarity. The selection gradients show that the reduced performance
of individuals with older mothers likely evolved under a mechanism similar to that
for age-related senescence.
Chapter 7. The contribution of maternal age heterogeneity to variance
in lifetime reproductive output. In Chapter 7 the maternal age effect in
13
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rotifers is further analyzed as a source of heterogeneity contributing to the variance
in LRO. Applying the MCWR framework and performing variance decomposition
we find that individual stochasticity contributes the majority of the variance,
even though maternal age has strong effects on individuals. The contribution
of maternal age heterogeneity is extremely small in virtual environments with
reduced population growth, except in conditions with very high survival and low
fertility.
Chapter 8. What remains to be discussed? The findings presented in this
thesis imply that an increased recognition of stochastic processes at the individual
level is necessary for the study of ecological, evolutionary, and demographic questions about individuals and populations. This automatically leads to new discussions about the importance of variance, and beyond that, measures that quantify
how much uncertainty individuals face when starting off their life. Most of the
information needed to pursue such questions is captured in the basic structured
model for the life history of any organism. The new stochastic methods in this
thesis provide a way to analyze the inter-individual variation in lifetime reproductive output quantitatively, comparatively, and in different ecological, evolutionary,
and demographic contexts. There are many ways to get lucky.
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“Like all men in Babylon, I have been proconsul; like all, I have been a slave. I
have known omnipotence, ignominy, imprisonment . . . I owe this almost atrocious
variety to an institution which other republics know nothing about, and which
operates among them imperfectly and in secret: the lottery.”
- Jorge Luis Borges, The Lottery in Babylon (1941)
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Abstract
Lifetime reproductive output (LRO) determines per-generation growth
rates, establishes criteria for population growth or decline, and is an important component of fitness. Empirical measurements of LRO reveal high
variance among individuals. This variance may result from genuine heterogeneity in individual properties, or from individual stochasticity, the outcome of probabilistic demographic events during the life cycle. To evaluate
the extent of individual stochasticity requires the calculation of the statistics
of LRO from a demographic model. Mean LRO is routinely calculated (as
the net reproductive rate), but the calculation of variances has only recently
received attention. Here, we present a complete, exact, analytical, closedform solution for all the moments of LRO, for age- and stage-classified populations. Previous studies have relied on simulation, iterative solutions, or
closed-form analytical solutions that capture only part of the sources of variance. We also present the sensitivity and elasticity of all of the statistics of
LRO to parameters defining survival, stage transitions, and (st)age-specific
fertility. Selection can operate on variance in LRO only if the variance results from genetic heterogeneity. The potential opportunity for selection is
quantified by Crow’s index I, the ratio of the variance to the square of the
mean. But variance due to individual stochasticity is only an apparent opportunity for selection. In a comparison of a range of age-classified models
for human populations, we find that proportional increases in mortality have
very small effects on the mean and variance of LRO, but large positive effects
on I. Proportional increases in fertility increase both the mean and variance
of LRO, but reduce I. For a size-classified tree population, the elasticity of
both mean and variance of LRO to stage-specific mortality are negative; the
elasticities to stage-specific fertility are positive.
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2.1 Introduction
Lifetime reproductive output (LRO) is, as the name implies, the total production
of offspring over the lifetime of an individual.1 is one of the most important
characteristics of an individual life history. The expectation of LRO, calculated in
terms of female offspring per female, is the net reproductive rate R0 . In ecology,
the critical values R0 = 1 defines the boundary separating population growth
and persistence from population decline and extinction. In epidemiology, R0 for
a pathogen determines whether a disease will or will not cause an outbreak. In
evolutionary biology, R0 is a critical component of fitness (sometimes considered
to be fitness, although that is sometimes problematic).
Genetic variance in LRO is considered to be the raw material on which natural
selection operates. Crow (1958) introduced an index, which now bears his name,
of the “opportunity for selection.” If X denotes some measure of fitness, then the
opportunity for selection is
I=

V (X)
,
E(X)2

(2.1)

also known as the standardized variance. It gives the maximum rate of evolutionary change that could be produced by selection if all the variance in X were
genetic. To rigorously investigate opportunities for selection would require more
explicit population genetic models. Even so, the opportunity for selection is widely
used in studies of both animal and human populations (e.g., Jones 2009; Brown
et al. 2009; Robbins et al. 2011; Moorad et al. 2011; Courtiol et al. 2012).
Empirical studies of individual LRO routinely find large variance and usually
a positive skew. Most individuals produce few, or no, offspring, while a few rare
individuals produce many offspring (Clutton-Brock 1988; Newton 1989). These
differences in LRO have two possible sources. One is heterogeneity — differences
in the properties of individuals — including genetic heterogeneity, physiological
differences, phenotypic plasticity, and environmental heterogeneity.
However, the differences may also be due to individual stochasticity (Caswell
2009, 2011, 2014; van Daalen and Caswell 2015). Individual stochasticity refers to
differences among individuals due to the accumulation of random outcomes of the
stochastic processes of mortality, growth, development, breeding, etc. Individual
stochasticity would lead to variance among individuals even if they were totally

1 This is a slightly more general concept than lifetime reproductive success (Clutton-Brock
1988) because it can accommodate many different operational definitions of reproduction, as are
often encountered in ecological and demographic analysis.
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identical and experienced exactly the same demographic rates.2 Depending on
the outcome under consideration, variance due to individual stochasticity can be
as great as, or even exceed that caused by unobserved heterogeneity (Tuljapurkar
et al. 2009; Steiner et al. 2010; Caswell 2011, 2014; Hartemink et al. 2017). Thus,
before invoking heterogeneity as the explanation for differences among individuals,
it is important to calculate the variation due to stochasticity as a kind of “neutral
model” for variation (Steiner and Tuljapurkar 2012).
Individual stochasticity itself has two components. Consider an individual at
some stage in its life cycle (say, at birth). The growth, development, and eventual
death of this individual define a path through the stages of the life cycle. The
pathways of two or more identical individuals, subject to the same rates at every
stage of the life cycle, will differ randomly among themselves, and this variation
among pathways is one source of individual stochasticity. At each step along an
individual’s path, it may or may not reproduce. If it reproduces, the number of its
offspring will be drawn from some probability distribution. This within-pathway
stochastic variation in (stage-specific) fertility is the second source of individual
stochasticity.
Our goal is to calculate the variance (and other statistics) of LRO, due to individual stochasticity, from basic demographic information, just as R0 can be calculated from age-classified or stage-classified demographic models (Rhodes 1940;
Cushing and Zhou 1994; de Camino-Beck and Lewis 2007; Cushing and Ackleh
2012). To calculate the variance in LRO we need to account for the generally
infinite number of pathways through the life cycle, calculate the probabilities of
each path, calculate the distribution of reproductive output at each stage on each
path, and then integrate those probabilities to calculate the mean, variance, etc.
of LRO.
The calculation of variance in LRO has been approached in several ways. Early
studies used simulation to generate random trajectories through stages, including
stages defined by reproductive output, to create a sample of lives from which
variance in LRO could be calculated (e.g., Tuljapurkar et al. 2009; Steiner et al.
2010). An analytical solution for all the moments of LRO was provided by Caswell
(2011) and provides the framework for our results here. That result took the
form of an iterative calculation rather than a closed form expression. Steiner and
Tuljapurkar (2012) presented a closed form analytical solution for all the moments
of one component of LRO, using a moment generating function approach. They
also reported simulations of the complete distribution of LRO, and explored effects
2 Tuljapurkar et al. (2009) independently and at the same time introduced the term “dynamic
heterogeneity” to refer to the same random variation. We continue to use individual stochasticity
because it more accurately describes the process creating the inter-individual variance, and allows
us to distinguish heterogeneity that is static from that which changes over the life of an individual.
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of heterogeneity. However, their solution included only part of the variance in
LRO. They assumed the fertility of each age or stage to be a fixed deterministic
quantity, neglecting the within-pathway component of variance. For example,
the age-specific fertility of a 26-year old Japanese woman in 1950 was 0.25. The
analysis of Steiner and Tuljapurkar (2012) assumes that every 26-year old woman,
without exception, produces 1/4 of a baby. In our framework, every 26-year old
woman, without exception, produces 1 baby with a probability of 0.25 and 0
babies with a probability of 0.75 (Caswell 2011). This component of variance is
biologically realistic and quantitatively important. For example, analysis of 40
developed countries during the second demographic transition found that, as life
expectancy increased, the fraction of variance in LRO due to within-trajectory
randomness increased from ∼ 50% to ∼ 99% (van Daalen and Caswell 2015). We
show further examples, and present the methodology for decomposing variance
into these components, below.
All the studies published so far agree in finding that the variance in LRO due to
individual stochasticity can comprise a high proportion of the observed variance in
LRO, and that to ignore it is to miss a major source of variation (e.g., Tuljapurkar
et al. 2009; Steiner et al. 2010; Steiner and Tuljapurkar 2012; Caswell 2011; van
Daalen and Caswell 2015).
In this paper we present exact, closed form, analytical formulae for all the moments of LRO, extending and replacing the iterative formulae of Caswell (2011).
We include both the between-trajectory and within-trajectory components of variance, and incorporate variance in stage-specific fertility either empirically or by a
statistical model. We also present the sensitivity and elasticity analysis of means,
variances, and all moments of LRO due to individual stochasticity. Our results
can be applied to any age- or stage-classified matrix population model, and to
constant, periodic, or stochastic environments.
Our results rely on a mathematical model called a Markov chain with rewards,
which we describe in Section 2.2. The construction of a Markov chain with rewards
requires demographic information on survival, stage transitions, and fertility. Section 2.2 presents the calculation of all the moments and other descriptive statistics
of LRO. Section 2.3 presents the sensitivity and elasticity analysis of LRO. Section 2.5 presents examples of age-classified and stage-classified populations, and
Section 2.6 concludes with a discussion of results and possible extensions. Proofs
and derivations appear in Appendix 2.A.
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2.2 Markov chains with rewards as a model for LRO
Notation. Matrices are denoted by upper-case boldface letters (e.g., P), and
vectors by lower-case boldface letters (e.g., ρ). Vectors are column vectors by
default; xT is the transpose of x. The vector 1n is a n × 1 vector of ones, In is the
identity matrix of order n, and ei is the ith unit vector, with a 1 in the ith entry
and zeros elsewhere. The matrix E is a matrix of ones, and Eij is a matrix with
a 1 in the (i, j) entry and zeros elsewhere. The diagonal matrix with the vector x
on the diagonal and zeros elsewhere is denoted D(x). The symbol ◦ denotes the
Hadamard, or element-by-element product and ⊗ denotes the Kronecker product.
The vec operator vec X stacks the columns of an m × n matrix X into an mn × 1
column vector. The vec-permutation matrix Km,n satisfies vec XT = Km,n vec X.
In cases where it will help understanding, we indicate the dimension of displayed
matrix expressions.
The life cycle as a Markov chain
Our approach uses a mathematical model called a Markov chain with rewards.
These models have a long history in stochastic process theory (e.g., Howard 1960;
Puterman 1994; Sheskin 2010) but have only recently been applied to study lifetime reproduction (Caswell 2011; van Daalen and Caswell 2015).
The individual life cycle is described by a finite-state, discrete-time, absorbing
Markov chain; absorbing states represent death. The population projection matrix
is written
A=U+F

(2.2)

where U contains the transition probabilities for extant individuals and F contains
stage-specific fertilities. Let τ be the number of transient (living) states, α the
number of absorbing states, and s = τ + α the total number of states. Then the
Markov chain transition matrix, including both transient and absorbing states,
can be written


Uτ ×τ 0τ ×α
s×s
(2.3)
P=
Mα×τ Iα×α
where the dimensions of the submatrices are noted. The matrix P is column
stochastic. We assume that that the spectral radius of U is strictly less than 1;
thus, any individual eventually dies with probability 1. The probability of dying
whilst in each of the transient states is contained in the mortality matrix M.
Reproductive rewards An individual experiences a sequence of transitions according to the probabilities in P. Associated with each transition (including the
20
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transition of remaining in a stage) is a “reward” representing, in our case, reproductive output. The reproductive reward is a random variable with a specified set
of moments. Rewards accumulate over the lifetime of the individual; the total accumulation at the time of death is the LRO. We make the reasonable assumption
that individuals in the absorbing state stop accumulating rewards.3
The reproductive rewards associated with each transition are given by a set
of matrices Rk , k = 1, 2, . . .. The (i, j) entry of Rk is the kth moment of the
reproductive output associated with the transition j → i; that is,
   
k
.
(2.4)
Rk = E rij
These matrices Rm can be obtained in several ways, discussed in detail in Caswell
(2011).

Empirical distribution. The moments can be calculated empirically from data
on individual reproduction. Such data are frequently obtained, but typically
only mean reproductive output is reported. In the absence of this information, the reward matrices can be modelled by any probability distribution
that is determined by its mean, including the following.
Bernoulli distribution. When only a single offspring is produced, mean offspring production equals the probability of reproducing. The matrices of
second and third moments satisfy
R 3 = R2 = R1 .

(2.5)

Poisson distribution. When multiple offspring are produced, the Poisson distribution describes a situation where every individual has the same chances
of producing those offspring. The moments satisfy
R2

=

R1 + (R1 ◦ R1 )

(2.6)

R3

=

R1 + 3 (R1 ◦ R1 ) + (R1 ◦ R1 ◦ R1 ) .

(2.7)

Fixed rewards. It is possible to eliminate variance in fertility by creating reward
matrices where every individual in a given stage produces exactly the mean
number of offspring, in which case

3 If

R2

=

R1 ◦ R 1

(2.8)

R3

=

R1 ◦ R 1 ◦ R 1 .

(2.9)

the Markov chain is ergodic, or if it is absorbing but the absorbing states continue to
collect rewards, then rewards will continue to accumulate forever. Lifetime accumulated rewards
in such cases converge only if a discount factor is imposed, making delayed rewards less valuable
than immediate rewards. We will present results for ergodic chains elsewhere.
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In most demographic models, mean fertility is stage-specific rather than
transition-specific. That is, mean fertility is described by a vector f that typically appears in the first row of the matrix A. An individual in stage i produces,
on average, fi offspring per time step, regardless of what transition the individual
may make. In this case


f1 · · · fτ 01×α
 .
..
.. 
 ..
.
. 

(2.10)
R1 = 


 f1 · · · fτ 01×α 
f1 · · · fτ 01×α
=

1s



fT

01×α



.

(2.11)

If parental survival is required for reproduction, then the last row[s] of R1 should
be set to zero.
The statistics of LRO
In this model, every individual is subject to the same rates at any given stage,
so there is no heterogeneity. Even so, each individual may experience a different
life course. The resulting variation among individuals is due to the individual
stochasticity implied by the vital rates in P and the fertility process described by
the Ri . Our task is to derive the statistics of LRO from this information.
Let ρk be a vector (dimension s × 1) whose ith entry is the kth moment of the
remaining lifetime reproductive output of an individual starting in state i, i.e.,
   
ρk = E ρki
.
(2.12)

Because we assume that the dead do not reproduce, we know that the entries of ρk
corresponding to absorbing states are zero. Thus we obtain the complete statistics
of LRO if we can find the moment vectors ρ̃k , where ρ̃ contains the first τ entries
of ρ, corresponding to the living stages. This vector is given by
ρ̃ = Zρ

and

ρ = ZT ρ̃

(2.13)



(2.14)

where
Z=



Iτ ×τ

0τ ×α

;

in terms of this matrix, ρ = ZT ρ̃. We also define R̃k , the τ × τ submatrix of Rk
corresponding to transitions among the transient states:
R̃k = ZRk ZT .
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In terms of these quantities, the moments of LRO are given by the following
theorem.
Theorem 1. The moment vectors ρ̃ of lifetime accumulated reproductive output
are
ρ̃1

=

ρ̃2

=

ρ̃3

=

T

NT Z (P ◦ R1 ) 1s

T 

T
T
N Z (P ◦ R2 ) 1s + 2 U ◦ R̃1 ρ̃1



T
T 
T
T
N Z (P ◦ R3 ) 1s + 3 U ◦ R̃2 ρ̃1 + 3 U ◦ R̃1 ρ̃2 .

(2.16)
(2.17)
(2.18)

and, in general,

T

T

ρ̃m = N Z (P ◦ Rm ) 1s +
where N = (Iτ − U)

−1

m−1

k=1


T

m
NT U ◦ R̃m−k ρ̃k
k

(2.19)

is the fundamental matrix of the Markov chain.

Proof. See Appendix 2.A
In terms of the moment vectors provided by Theorem 1, the mean, variance,
standard deviation, and coefficient of variation of LRO, and Crow’s index I of
opportunity for selection, are given by
E(ρ̃)

= ρ̃1

(2.20)

V (ρ̃)

= ρ̃2 − (ρ̃1 ◦ ρ̃1 )

V (ρ̃)
=

(2.21)

SD(ρ̃)
CV (ρ̃)
I

−1

(2.22)

=

D (ρ̃1 )

SD(ρ̃)

(2.23)

=

CV (ρ̃) ◦ CV (ρ̃).

(2.24)

We focus in this paper on statistics obtained from the first and second moments;
these statistics, such as the variance, describe variability of the distribution. Calculations of the skewness, as a measure of the shape of the distribution, are given
in Caswell (2011) and van Daalen and Caswell (2015). All of the methods we
present here can be applied to these statistics.
Partitioning variance: within and between pathways
Variance in LRO is partly due to individuals following different pathways through
the life cycle, and partly due to variance in stage-specific fertility along those
pathways. The overall variance V (ρ̃) can be decomposed into these components
using the law of conditional variance
V (ρ̃) = Vwithin + Vbetween

(2.25)
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(Rényi 1970, Theorem 1, p. 275). To calculate the variance between trajectories,
we eliminate the within-trajectory variance by calculating V (ρ̃) using fixed reward
model, in which the second moment matrix R2 is given by (2.8). The withintrajectory variance is obtained by subtraction as Vwithin = V (ρ̃) − Vbetween .

2.3 Sensitivity analysis of LRO
The statistics of LRO depend on the life history parameters that determine the
transition matrices U and M, and the moment matrices R1 , R2 , . . . . Sensitivity
analysis reveals how these parameters affect LRO; our goal is to derive the sensitivity and elasticity of LRO to changes in any parameters. Although sensitivity
analysis of the net reproductive rate R0 has been presented before (Matser et al.
2009; Caswell 2009) there has been no such analysis for the variance or other
measures of variation in LRO.
We derive sensitivity formulae using matrix calculus formalism (Caswell 2007,
2008, 2009, 2012; Caswell and Salguero-Gómez 2013). Let θ be a vector (p × 1) of
parameters of interest; these could be mortalities, transition probabilities, means
or variances of fertility, etc. The sensitivity of the moment vector ρ̃m to the
parameter vector θ is the derivative matrix


dρ̃m (i)
dρ̃m
=
τ × p.
(2.26)
dθ(j)
dθ T
That is, the (i, j) entry of this sensitivity matrix is the derivative of the ith entry
of ρ̃m with respect to the jth entry of θ.
To write the sensitivity of the ρ̃m , let us define the following matrices.




dvec Ri
dvec P
(2.27)
+
D(vec
P)
Vi = 1Ts ⊗ Z Kss D (vec Ri )
dθ T
dθ
Wi,j

Xi

=

 
 dvec U

 T
ρ̃i ⊗ Iτ Kτ τ D vec R̃j
dθ T

+

dvec R̃j
D (vec U)
dθ T

=




T dρ̃
i
+ U ◦ R̃j
dθ T


 T
dvec U
ρ̃i ⊗ Iτ Kτ τ
.
dθ T

(2.28)

(2.29)

(2.30)

In equations (2.27)–(2.30), Kmn is the vec-permutation matrix of order (m, n);
see Henderson and Searle (1981); Magnus and Neudecker (1979).
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Theorem 2. Let P, U, and M define the absorbing Markov chain in (2.3), with τ
transient states, α absorbing states, and s = τ + α total states. Let Ri contain the
ith moments of the reproductive rewards corresponding to each transition. Let θ
be a vector of parameters. The vector ρ̃m contains the mth moments of remaining
LRO for each of the τ transient stages. The sensitivity of ρ̃m to θ is


m−1
 m
dρ̃m
T
= N Vm +
m = 1, 2, . . .
(2.31)
Wk,m−k + Xm
dθ T
k
k=1

Proof. Proof is given in Appendix 2.A.
The sensitivities of the first three moments of LRO are of particular interest;
they are
dρ̃1
dθ T

=

NT (V1 + X1 )

(2.32)

dρ̃2
dθ T

=

NT (V2 + 2W1,1 + X2 )

(2.33)

dρ̃3
dθ T

=

NT (V3 + 3W1,2 + 3W2,1 + X3 ) .

(2.34)

If, as is often the case, the model includes only a single absorbing state (death),
then M is a (1 × τ ) matrix, given by
M = 1Tτ − 1Tτ U

1 × τ.

(2.35)

In this case, the derivative of P that appears in equation (2.27) is

where


 dvec U
dvec P 
= C1 − C2 Iτ ⊗ 1Tτ
T
dθ
dθ T

C1

C2

=



Iτ ×τ
01×τ



=



Iτ ×τ
01×τ



(2.36)

⊗



Iτ ×τ
01×τ



(2.37)

⊗



0τ ×1
I1×1



(2.38)

(Caswell and van Daalen 2016). This permits expressing all the effects of θ on the
transition matrix P in terms of effects on U (see Appendix 2.A).
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Sensitivity of the statistics of LRO
The moments ρ̃i provide the statistics (equations (2.21)–(2.24)) describing the
inter-individual variability of LRO, including the variance, standard deviation,
coefficient of variation, and the scaled variance (Crow’s index) (Caswell 2011; van
Daalen and Caswell 2015).
The sensitivities of these quantities are
dV (ρ̃)
dθ T

=

dSD(ρ̃)
dθ T

=

dCV (ρ̃)
dθ T

=

dI
dθ T

=

dρ̃2
dρ̃1
− 2D(ρ̃1 )
T
dθ
dθ T
−1 dV (ρ̃)
1 
D SD(ρ̃)
2
dθ T
D (ρ̃1 )

−1


dSD(ρ̃) 
−2 dρ̃1
D (ρ̃1 )
−
SD(
ρ̃)
⊗
I
τ
T
dθ
dθ T


 dCV (ρ̃)
2D CV (ρ̃)
.
dθ T

(2.39)
(2.40)
(2.41)
(2.42)

For derivations, see Appendix 2.A.

Elasticity
The derivatives in Theorem 2 and equations (2.39)–(2.42) measure the effect of
an additive perturbation of the parameter vector θ. Elasticities, which measure
the proportional change resulting from a proportional change in θ, are easily
calculated. Let ξ be any quantity calculated from the demographic model. The
elasticity of ξ with respect to θ is the matrix
εξ
dξ
= D(ξ)−1
D(θ).
εθ T
dθ T

(2.43)

As usual, elasticity calculations can be applied only if ξ > 0 and θ ≥ 0.
Some special perturbations
Here we consider some perturbations that are of special interest: the survival and
transitions in stage-classified models, and sensitivity to means and variances of
stage-specific fertility.
Mortality and transitions in stage-classified models
In an age-classified model, the transient matrix U is completely determined by
the mortality schedule (see Section 2.5 for age-classified examples). In a stageclassified model, however, U depends on both survival and probabilities of transitions among stages. To calculate sensitivities of LRO to survival and transition
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probabilities, we write
U = GΣ

(2.44)

where Σ has the survival probabilities σ on the diagonal; i.e., Σ = D(σ), and G
is a matrix of transition probabilities conditional on survival. Differentiating 2.44
gives
dvec U = (Iτ ⊗ G) dvec Σ + (Σ ⊗ Iτ ) dvec G.

(2.45)

Writing D(dσ) = I ◦ (1τ dσ T ) and simplifying leads to
dvec U
= (Iτ ⊗ G) D(vec I) (Iτ ⊗ 1τ )
dσ T

(2.46)

and, since σ = exp(−µ),
dvec U
dvec U
=−
D(σ).
T
dµ
dσ T

(2.47)

From (2.45), the sensitivity of U to the growth matrix G is
dvec U
= (ΣT ⊗ I).
dvec T G

(2.48)

However, G is column-stochastic; i.e., its columns must sum to 1. An arbitrary
perturbation of G would result in the loss of the column-stochastic property. The
only relevant perturbations are those that maintain the column sums. Thus perturbations of the entry gij must be compensated for by changes in other elements
of column j. Caswell (2001, 2013) presents a method for compensating for perturbation of each entry in a column-stochastic matrix in a way that maintains the
proportional structure of the column. In matrix notation we write

dvec U dvec G
dvec U 
(2.49)
=

T
dvec G comp
dvec T G dvec T Θ

where the matrix Θ is a matrix of perturbations that includes the compensation
for the column sums. The matrix of derivatives of G with respect to Θ is given
by Caswell (2013). Let gi denote column i of G; then



dvec G
−1
2 −
=
I
E
⊗
D
(g
)
C
D
(1
−
g
)
ii
i
i
τ
dvec T Θ
i=1
τ

(2.50)

where C = E − I.
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Sensitivity to means and variances of fertility
Perturbations of fertility appear in (2.27)–(2.30) as derivatives of the reproductive
reward matrices Ri . When the distributions of stage-specific fertilities are specified
by a parametric distribution, the moments may be linked, so that changes in mean
fertility also affect the variance (e.g., in the Poisson distribution, the variance is
equal to the mean). Sometimes, however, it is of interest to treat the mean and
variance of fertility as independent traits, and calculate the sensitivity of LRO
to the mean, holding the variance fixed, and to the variance, holding the mean
fixed. This subtle but important distinction was emphasized by Tuljapurkar et al.
(2003) and Haridas and Tuljapurkar (2005) in the context of the elasticity of the
stochastic growth rate to the entries of a stochastically varying matrix. One might
compute the effect of changing one of the matrix entries (perhaps by a change in
energy allocation strategy), recognizing that this would change both the mean and
the variance. Or, one might be interested in the effects of variance per se, and
manipulate the moments to calculate elasticities with respect to the mean and
variance independently.
As in (2.11) suppose that fertility is defined by a fertility vector f with first
and second moments f1 and f2 , and a variance vector
v = f2 − (f1 ◦ f1 ) .

(2.51)

The first and second moment matrices are given by
Ri = 1s fiT Z

i = 1, 2.

Sensitivity to mean fertility; variance fixed.

(2.52)
From (2.51) if follows that

dv = df2 − 2D(f1 )df1 .

(2.53)

To hold the variance fixed, we require dv = 0, which implies that
df2
= 2D(f1 ).
df1T

(2.54)

To evaluate sensitivity to the mean, we set the parameter vector θ = f1 , subject
to (2.54), and obtain



dvec R1 
(2.55)
= ZT ⊗ 1s

T
dθ
dv=0

dvec R2 
dθ T dv=0
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=

=

 df2
 T
Z ⊗ 1s
df1



2 ZT ⊗ 1s D(f1 ).

(2.56)

(2.57)

2.4 A protocol for the analysis of lifetime reproductive output

Substituting these expressions into (2.32) and (2.33), and then into (2.39), we
obtain the sensitivity of the mean and variance of LRO to changes in mean fertility,
with variance in fertility held constant.
Sensitivity to variance in fertility, mean fixed. To hold the mean fixed we
require that df1 = 0, in which case (2.53) implies that
df2
= Iτ .
dvT

(2.58)

Now we set the parameter vector θ = v to obtain

dvec R1 
= 0s×τ
dθ T 

(2.59)

df1 =0


dvec R2 
dθ T df1 =0

=

=

 df2
 T
Z ⊗ 1s
dvT

 T

Z ⊗ 1s .

(2.60)
(2.61)

Substituting these expressions into (2.32) and (2.33), and then into (2.39), gives
the sensitivity of the mean and variance of LRO to changes in the variance in
fertility, with mean fertility held constant.

2.4 A protocol for the analysis of lifetime reproductive output
The results presented to this point provide a protocol for analysis of lifetime reproductive output, applicable to any matrix population model. A stepwise version
of this protocol is given in Table 2.1. In the next section, we present age-classified
and stage-classified examples of the analysis.

2.5 Examples
This section presents examples of the calculation of the statistical properties of
lifetime reproductive output and its subsequent sensitivity analysis, for both ageclassified and stage-classified population. In section 2.5, we analyze a set of ageclassified human populations that span a wide range of demographic conditions.
In section 2.5, we analyze a size-classified model for Canadian hemlock (Tsuga
canadensis), a coniferous tree.
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Table 2.1: A step-by-step protocol for analysis of lifetime reproductive output
and its sensitivity, from any stage- or age-classified matrix population model.
1. Obtain a transition matrix U, perhaps from decomposing a population projection matrix as A = U + F.
2. Locate reproductive transitions.
a) if fertility is transition specific, identify the transitions (e.g., to
reproductive states).
b) if fertility is stage-specific, extract the vector f from F.
3. Obtain statistical moments of fertility:
a) from empirical measurements of the moments of stage-specific
fertility, or
b) from an assumption of Bernoulli [see equation(2.5)], or Poisson
[ see (2.6) and (2.7)], or fixed [see (2.8) and (2.9)] reproduction.
4. Construct reward matrices from (2.11).
5. Compute desired moments of LRO from (2.16)–(2.19).
6. Compute desired statistics of LRO from (2.21)–(2.24).
7. Sensitivity analysis
a) specify parameter vector θ of interest
b) calculate derivatives of U, and Ri to θ. Take advantage of (2.36)
or (2.A-91)–(2.A-93) to compute derivatives of P to θ.
c) If the matrix is stage-classified,
i. decompose U = GΣ.
ii. use (2.47) to compute the derivative of U to mortality.
iii. use (2.50) to compute the derivative of G to θ, including
compensation to preserve column sums of G
d) Compute derivatives of the moment vectors ρ̃i for the moments
of interest (i = 1, 2 suffice to analyze the variance, standard
deviation, CV, and I).
i. compute V, W, and X using (2.27)–(2.30).
ii. compute derivatives of ρ̃i using Theorem 2.

e) Compute sensitivity of desired statistics of LRO using (2.39)–
(2.42).
f) If desired, compute elasticities of statistics of LRO using (2.43).
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Age-classified human populations
The transition matrix U for an age-classified model contains survival probabilities
on the subdiagonal and zeros elsewhere. One absorbing state, death, is included,
and the mortality matrix M is calculated according to (2.35).
We ignore multiple births and treat the entries of the fertility vector f as the
probability of producing a single offspring. The offspring production is given by
the reward rij , following a Bernoulli distribution,

1 with probability fj
rij =
.
(2.62)
0 with probability (1 − fj )
The matrix R1 containing the first moment of the rewards matrix is built from
the fertility vector using (2.11). The higher moments of the reward matrix follow
from the Bernoulli model of reproduction, in which the higher moments are all
equal to the first, as in (2.5), so that R1 = R2 = R3 .
We present results for nine populations: the Netherlands (1950 and 2009), Sweden (1891 and 2010), Japan (1947 and 2009), two hunter-gather populations (the
Ache of subtropical Paraguay (Gurven and Kaplan 2007; Hill and Hurtado 1996)
and the Hadza of the Tanzanian savanna (Blurton Jones 2011)), and the Hutterites
of North America. The Netherlands, Sweden, and Japan are typical of developed
countries progressing through the demographic transition. The hunter-gatherer
populations have higher mortality, lower life expectancy, and higher fertility than
the developed countries. The Hutterites, an Anabaptist religious community in
the United States and Canada, are known for having the highest total fertility for
any known human population (Eaton and Mayer 1953), but are assumed to have
experienced mortality rates similar to that of the U.S. around 1946–1950.
Data for the Netherlands, Sweden and Japan were obtained from the Human
Mortality Database (HMD 2014) and the Human Fertility Database (HFD 2014).
Data for the Ache were obtained from Gurven and Kaplan (2007) and Hill and
Hurtado (1996), and for the Hadza from Blurton Jones (2011). The fertility and
mortality schedules for the Hutterites were taken from Eaton and Mayer (1953).
Variance in LRO. Using Theorem 1 and equations (2.21)–(2.24), and following
the protocol in Table 2.1, we computed the mean, variance (both within and
between pathways), standard deviation, coefficient of variation, and Crow’s I
from U, R1 and R2 . We also calculated life expectancy as the column sums of
the fundamental matrix. The results are given in Table 2.2.
Not surprisingly, recent populations in developed countries have higher
longevity and lower mean lifetime reproductive output. The hunter-gatherer and
Hutterite populations show the highest mean LRO. In each of the developed coun31
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tries (Netherlands, Sweden, and Japan), the reductions in mean LRO and increases
in life expectancy are accompanied by reductions in the variance in LRO. The Ache
and Hadza show the highest variance in LRO, and the variance for the Hutterites
id higher than any of the developed countries.
Most of the variance in the hunter-gatherer populations is due to variance
among pathways, which in an age-classified model is determined by survival from
birth through the reproductive ages. The most recent years in developed countries
show extremely low between-pathway variance because almost all women survive
through their reproductive years (van Daalen and Caswell 2015). The Ache and
Hadza, with the lowest life expectancy, show very high Vbetween . The Hutterites
have a long life expectancy, but their high fertility amplifies the effect of differences
in longevity, so Vbetween is similar to that of Japan in 1947 and Sweden in 1891.
The opportunity for selection I varies less (about 7-fold) among these populations than does the variance in LRO (about 13-fold). The Hutterites showed the
lowest opportunity for selection of all the populations we included, yet the other
high-fertility populations, the Ache and the Hadza, show the highest values for the
opportunity for selection. Taking into account the fact that the hunter-gatherer
populations have the highest variances in LRO, mostly due to variation in the
pathways individuals take through life, we posit that the high opportunity for selection reflects room for improvement in survival rates from birth to reproductive
ages.
The variance in LRO documented in Table 2.2 is calculated on the assumption
that every individual experiences the same vital rates at every age, and is thus
due to individual stochasticity. Crow’s I is a measure of the potential relative
increase in fitness per generation, but the variance here is stochastic, not genetic,
so the opportunity for selection is only apparent, not real.
Sensitivity analysis. The age-classified models for human populations are parameterized by the mortality rate vector µ and the mean fertility vector f . The
sensitivity of the statistics of LRO to these parameters, obtained from Theorem 2
and equations (2.39)–(2.42), requires dvec U/dµT and dvec Ri /df T for i = 1, 2.
The derivative of U is
dvec U
= −D(vec Y)(I ⊗ 1)D(p)
dµT

(2.63)

where Y is an indicator matrix defining the subdiagonal structure of U, and
p = exp(−µ) is the vector of survival probabilities. The Bernoulli distribution
assumption implies that the derivatives of the first and second (and all other)
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Table 2.2: The statistics of lifetime reproductive output for the Netherlands
(NLD), Sweden (SWE), and Japan (JPN), with two points in time for each country,
two hunter-gatherer populations, the Hadza and the Ache, and a population of
high-fertility Hutterites.
Population

Mean

NLD 1950
NLD 2009
SWE 1891
SWE 2010
JPN 1947
JPN 2009
Hadza
Ache
Hutterites

2.96
1.78
3.00
1.97
3.50
1.35
3.13
4.48
7.53

V

Vbetween (%)

Vwithin (%)

2.91
1.61
5.60
1.79
6.10
1.26
11.30
17.23
8.58

12.5
1.4
55.6
1.4
54.8
0.9
78.9
81.1
41.3

87.5
98.6
44.4
98.6
45.2
99.1
21.1
18.9
58.7

SD

CV

1.71
1.27
2.37
1.34
2.47
1.12
3.36
4.15
2.93

0.58
0.72
0.79
0.68
0.71
0.83
1.07
0.93
0.39

I

0.33
0.51
0.62
0.46
0.50
0.69
1.15
0.86
0.15

Life exp.
73.1
83.1
53.0
84.0
54.2
86.9
34.6
38.0
70.0

moments are equal, with


dR1
= ZT ⊗ 1s
df T

(2.64)

(for derivations see Appendix 2.A).
The sensitivity of mean LRO, variance in LRO, and Crow’s I to mortality
and fertility are shown in Figure 2.1. Not surprisingly, increased mortality at any
age up to the end of the reproductive period reduces mean LRO, while increased
fertility increases mean LRO. The mortality effect is greatest for the Hutterites,
because their high fertility magnifies the impact of mortality changes, and least for
the recent developed countries. The sensitivity of mean LRO to fertility is given
by the survivorship function, and thus is smallest for the Ache and Hadza. It is
highest for recent developed countries in which low mortality means that almost
everyone would survive to benefit from an increase in fertility.
The variance in LRO increases with an increase in mortality rate for most
populations; the effect is greatest for the Hutterites (Figure 2.1). For the developed
countries, the sensitivity is positive over most of the reproductive ages. For the
Hadza and the Ache, variance in LRO decreases with higher age-specific mortality
rates. Variance in LRO increases with increasing fertility rates for all countries.
The Hutterites, Sweden, the Netherlands, and Japan show a reduced sensitivity
of variance in LRO to fertility around the reproductive ages.
Crow’s opportunity for selection I combines both the mean and the variance.
Increased mortality during the reproductive period increases I in all the populations. It is most sensitive to mortality in the Ache and Hadza populations, and
least sensitive in the Hutterites. An increase in fertility reduces I in all the pop33
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NLD 1950
JPN 2009

NLD 2009
Hadza

SWE 1891
Ache

SWE 2010
Hutterite

Mean LRO

JPN 1947

Mean LRO
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4
3
2
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0
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2
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Figure 2.1: Sensitivity of mean LRO, variance in LRO, and Crow’s index to
changes in age-specific mortality (left column) and age-specific fertility (right column) for nine human populations.

ulations. Thus the net result of environmental changes that affect both mortality
and fertility cannot be predicted a priori.
Both mortality and fertility vary widely across ages in these populations, so it
may be useful to standardize the responses by calculating elasticities (Figure 2.2).
The elasticities of the mean and variance of LRO with respect to mortality are
generally low, except for effects of infant mortality, especially for the huntergatherer populations, in which infant mortality is high. However, the elasticity of
Crow’s I is large and positive, in fact, the largest of any of the elasticities obtained.
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Mean LRO

Mean LRO
0.1

0

2

-0.1
0.05

0

20

40

Variance

60

80

0.15
0.1
0.05
0
-0.05

0

20

40

60

80

Crow's Index
2.5

Elasticity to age-specific fertility

Elasticity to age-specific mortality

-0.2
0

0

20

0

20

40

60

80

40

60

80

Variance

0.1

0.05

0

Crow's Index
0

2
1.5
-0.05

1
0.5

-0.1

0
0

20

40

Age

60

80

0

20

40

60

80

Age

Figure 2.2: Elasticity of mean LRO, variance in LRO, and Crow’s index to
changes in age-specific mortality (left column) and age-specific fertility (right column) for nine human populations.

The elasticities with respect to fertility are naturally confined to the reproductive
ages. Proportional increases in fertility increase the mean and variance of LRO,
but reduce the value of Crow’s I.
A stage-classified tree population
As an example of a typical stage-classified population, we analyze a model for the
Canadian hemlock (Tsuga canadensis L.). Lamar and McGraw (2005) developed
a model based on six size classes (from < 5.0 cm dbh (diameter at breast height) to
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> 42.5 cm dbh. They reported population projection matrices for trees in a lowdisturbance plot in Shenandoah National Park in the eastern U.S., between 1997
and 1999. We obtained U and F from the mean population matrix A obtained
from the Compadre Plant Matrix Database (Salguero-Gómez et al. 2015).






A=





0.90
0.004
0
0
0
0

0
0.96
0.012
0
0
0

0.30
0
0.97
0.017
0
0


0.77 1.96 6.03

0
0
0 

0
0
0 

0.98
0
0 


0.012 0.96
0 
0
0.018 0.99

(2.65)

Reproduction was measured as new recruits (rather than seeds or seedlings) per
individual, per year, as a function of size (Lamar and McGraw 2005). In the
absence of information on the empirical distribution of size-specific fertility, we
use the Poisson distribution to define the reward moment matrices R1 and R2
following (2.11) and (2.6).
Results. The mean, variance, and other statistics of lifetime reproductive output
for T. canadensis, obtained using Theorem 1 and equations (2.21)–(2.24), are
shown in Table 2.3. Because of the high mortality of small trees, the mean LRO is
small and life expectancy is only 12 years. However, the variance in LRO is very
high, as is the apparent opportunity for selection I. The variance in LRO exceeds
that for any of the human populations by two orders of magnitude. The value of
I is 600 times higher than the highest for human populations in Table 2.2 Almost
all of the variance in LRO is due to variance among pathways. The variance
due to stochastic rewards along those pathways is small and approximately equal
to the mean, which reflects the assumption of Poisson distributed fertility. It is
swamped by the huge differences among pathways of trees that die small and those
that become large and reproductive.
Sensitivity analysis. As in (2.44), the transition matrix U is the product of
the survival matrix Σ and a growth matrix G. The derivations of the equations
below are presented in Appendix 2.A. The derivative of the transition matrix U

Table 2.3: The statistics of lifetime reproductive output for Tsuga canadensis.
Mean
1.42
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V

Vbetween (%)
3

1.41 × 10

99.9

Vwithin (%)

SD

CV

0.1

37.54

26.39

I

696.23

Life exp.
12.16
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with respect to mortality is
dvec U dvec Σ
dvec U
=
= −(I ⊗ G)D(vec I)(I ⊗ 1)D(p).
dµT
dvec T Σ dµT

(2.66)

The sensitivity of U to the growth matrix G, maintaining the column sums, is

dvec G
dvec U 
.
(2.67)
= (Σ ⊗ I)

T
dvec G comp
dvec T Θ

where dvec G/dvec T Θ is given by (2.50).
The sensitivity of LRO to fertility is determined by the derivatives of the Ri
to fertility. The derivative of the matrix R1 of mean fertility is given by (2.64).
The derivatives of R2 and R3 with respect to f are calculated from the Poisson
distribution using (2.6) and (2.7):



dvec R2
2 + 2D(vec R1 )
(2.68)
=
I
ZT ⊗ 1s )
s
T
df
dvec R3
df T

=



Is2 + 6D(vec R1 ) + 3D (vec (R1 ◦ R1 ))




ZT ⊗ 1s .

(2.69)

Incorporating (2.68) and (2.69) into equations (2.27)–(2.30) and applying Theorem
2 provides the sensitivity of lifetime reproductive output to mortality, fertility, and
the growth matrix (see Appendix 2.A for the derivations). To make comparison
across these variables measured on different scales, we calculate the elasticity, or
proportional sensitivity of LRO using equation (2.43).
An increase in mortality in the first size-class or the last size-class reduces both
mean lifetime reproduction of Hemlock individuals and variance in LRO (figure
2.3). Increasing fertility rates increases both mean and variance in LRO for trees
in the last size-class. These are the trees with the highest survival and fertility
rates.
The elasticity of the mean and variance to the growth matrix G is shown in
Figure 2.4. The results are dominated by the extremely large negative elasticities
to the probability of remaining in stage 1 (thereby reducing growth) and the
large positive elasticity to the probability of remaining in the largest size class.
Increasing the probability of staying in any size-class (again, reducing growth)
reduces both mean and variance in LRO.
The mean and variance, the contribution to the variance of different processes,
and the sensitivity of these indices to parameters, differ between these examples.
This reflects the different life history strategies of trees and humans, the difference
between between age-classified populations with low fertility and a size-classified
population with strongly size-dependent fertility, and the difference between assumptions of Bernoulli or Poisson distributed rewards. Vastly different life histo37
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Figure 2.3: Elasticity of mean LRO and variance in LRO to changes in stagespecific mortality (left column) and stage-specific fertility (right column) for Tsuga
canadensis.

ries can be incorporated into the Markov chain with rewards framework, allowing
for the investigation of life history in many species, and from different perspectives.

2.6 Discussion
Lifetime reproductive output is an outcome of the life cycle. Any demographic
model implies a distribution for LRO, just as it implies more familiar measures
such as R0 , life expectancy, etc. Even in a deterministic environment, the LRO is
a random variable; the stochasticity arises from two sources: the random pathway
that the individual follows through its life, and the random fertility it exhibits at
each stage on that pathway.
Our results in Section 2.2 provide the analytical machinery needed to calculate
all the statistical properties of LRO that follow from a specified set of stages, a
transition matrix, and the moments of stage-specific fertility. These statistical
properties include measures of variability among individuals (the variance, CV,
skewness, opportunity for selection, etc.). It is important to recognize that this
variability does not reflect heterogeneity, genetic or otherwise. Every individual
is subject to the same set of vital rates at any stage in the life cycle. Only the
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outcomes of applying those rates vary; the variation is thus due to individual
stochasticity.
The variance, or standardized variance, calculated from demographic models
for a variety of species, is large (see also Caswell (2011); van Daalen and Caswell
(2015); Steiner et al. (2010)). Individual stochasticity creates a large apparent
opportunity for selection that is not, in fact, a true opportunity. In this sense,
as emphasized by Steiner and Tuljapurkar (2012), the calculations of individual
stochasticity provide a neutral model for LRO. A number of comparisons of calculated variance (due to stochasticity) and observed variance (due to some mix
of stochasticity and heterogeneity) have shown that stochasticity may explain a
significant amount, or all, of the observed variance (Caswell 2011; van Daalen and
Caswell 2015; Steiner et al. 2010).
It is important to remember what neutral model results do, and do not, imply
(Caswell 1976). The results show that a certain amount of variance can be accounted for by stochasticity, and hence that the mere observation of such variation
is no evidence for heterogeneity. It does not prove that the observed variance is
stochastic, or that there is no heterogeneity, as pointed out by Steiner and Tuljapurkar (2012). It calls for a comparison with models explicitly incorporating
heterogeneity, either observed or unobserved, as suggested by Cam et al. (2016).
For examples of this approach, see Caswell (2014); Hartemink et al. (2017); Jenouvrier et al. (2018).
The results of Theorem 1 provide an exact solution to the calculation of the
statistics of LRO, including both components (within and between pathways; see
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Figure 2.4: Sensitivity of the mean LRO and variance in LRO of Tsuga canadensis to the growth matrix (left and right panel, respectively).
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Section 2.2). We also provide a complete sensitivity analysis for LRO. Theorem 2
makes it possible to calculate the sensitivity and elasticity of all the moments of
LRO and all the statistics calculated from those moments, with respect to changes
in mortality, transition probabilities, and the moments of stage-specific fertility.
The results include the sensitivity to changes in mean fertility (holding variance
constant) and variance in fertility (holding the mean constant).
The formulae for the moments in Theorem 1 and the sensitivities in Theorem 2
are complicated and opaque, because the relationships between LRO and the life
cycle structure, the moments of reproduction, the probabilities of survival, and
the infinite diversity of pathways through the life cycle, are complicated. Simplifications that permit qualitative generalities are always welcome, and more work
on this will be valuable.
We applied sensitivity analysis to several populations of humans and a population of trees. The patterns of sensitivity and elasticity of LRO that we report
for these populations have not been described before. Some suggestive patterns
appear; they warrant further investigation.
In long-lived age-classified populations with low reproductive output, as diverse
as 19th century Swedes, mid-20th century Hutterites, the 21st century Dutch,
and Hadza and Ache hunter-gatherers, the sensitivity of mean LRO to mortality
is negative. Most populations show a positive sensitivity of variance in LRO to
mortality for the first forty years of life, only showing a small negative sensitivity
between ages twenty and forty. The Ache and Hadza have more pronounced
negative sensitivity around these ages, with the Hadza showing negative sensitivity
across the first forty years of life. The sensitivity of Crow’s I to mortality in the
first forty years of life is positive, showing that an increase in mortality would
increase the apparent opportunity for selection of lifetime reproduction. Patterns
for elasticities are similar, though smaller in magnitude.
All populations show broadly similar patterns for the sensitivity of LRO to
fertility. The sensitivities of mean LRO and variance in LRO to fertility are
positive. The sensitivity of Crow’s I to fertility is negative. The elasticity of
mean and variance to fertility is positive, but the elasticity of Crow’s I is negative.
According to these results, populations in modern countries would reduce the
apparent opportunity for selection of LRO with increasing fertilities, and highfertility populations such as Hutterites and hunter-gatherers would only slightly
reduce the opportunity for selection should fertilities increase.
On average, the variance in LRO is 59% between pathways and 41% within
pathways. However, the individual populations differ significantly in these contributions by sources of variance. In 21st century Japan, Sweden, and the Netherlands only 1.2% of variance in LRO is between pathways and 98.8% is within
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pathways. Variance in LRO of the high-fertility populations, the Ache, Hadza,
and Hutterites, is 71% between pathways and 29% within pathways.
In contrast, in Tsuga canadensis, with size-dependent demography, high fertility, and strongly increasing fertility with size, we find that the elasticities of both
mean and variance in LRO to mortality are negative across all size classes. The
elasticities of these statistical properties to changes in fertility in the reproductive
classes are positive. In case of the elasticity to growth-transition rates, mean and
variance in LRO once again show similar patterns. Elasticity to stasis, i.e. not
growing, is negative for the first five size classes, and positive for the last size class.
Lifetime reproductive output interests population ecologists and epidemiologists (for whom R0 is a measure of population growth), evolutionary biologists
(for whom variance in LRO is a measure of potential selection), and human demographers (for whom declines in LRO following the demographic transition pose
serious social policy challenges). It is thus important that our analysis is not restricted to any one class of population models. It applies equally to age-structured,
stage-structured, and multistate models, and to any reproductive strategy. It also
applies to periodic and stochastic time-varying models, by applying Theorems 1
and 2 to the models in Caswell (2011). The method can also be applied to rewards
other than reproductive output, including health status (Caswell and Zarulli 2018)
and economic transfers (Caswell and Kluge 2015).
The transition matrix U is part of any population projection matrix; the Compadre and Comadre matrix databases provide many examples (Salguero-Gómez
et al. 2016a, 2015). The mean reproductive reward matrix R1 can be obtained
from the projection matrix, but the higher moments cannot, and require assumptions of a parametric distribution for fertility. We encourage researchers with the
appropriate reproduction data to report not only mean fertility, but also the higher
moments, or even the entire distribution.
Individual stochasticity arises in both reproductive output and in survival or
longevity. Our results here complement the analysis of variation in longevity using
Markov chain methods, which are widely used in ecology (e.g., Cochran and Ellner
1992; Caswell 2001, 2006, 2009; Horvitz and Tuljapurkar 2008; Tuljapurkar and
Horvitz 2006) and have well-developed sensitivity analyses. The Markov chain
with reward model now permits a similarly deep analysis of lifetime reproduction
and its sensitivity analysis.
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Appendix 2.A Derivations
Proof of Theorem 1: Moments of LRO
We assume a finite-state absorbing Markov chain with transition matrix P given
by (2.3), with τ transient states, α absorbing states, and s = τ + α total states.
The (i, j) entry of the s × s matrix Rk is the kth moment of the reproductive
reward associated with the transition from state j to state i. We assume that no
rewards accrue to individuals in absorbing states, so columns τ + 1 to s of Rk are
zero.
The ith entry of the s × 1 vector ρm is the mth moment or remaining lifetime
reproductive output for an individual in stage i. Caswell (2011, Proposition 1)
derived an iterative approximation for the moment vectors,
m  

m
T
ρm (t + 1) =
(P ◦ Rm−k ) ρk (t)
m = 1, 2, . . .
(2.A-70)
k
k=0

which converges to the lifetime accumulation, for each stage, as t → ∞. To obtain
an analytical solution for the moment vectors, we solve (2.A-70) for its equilibrium.
The equilibrium moment vector ρm satisfies
 
 
m−1
 m
m
m
T
T
T
ρm =
(P ◦ Rm ) ρ0 +
(P ◦ R0 ) ρm (2.A-71)
(P ◦ Rm ) ρk +
0
m
k
k=1

Because ρ0 = 1s and R0 is a s × s matrix of ones, this simplifies to
m−1
 m


T
T
T
(P ◦ Rm−k ) ρk .
I − P ρm = (P ◦ Rm ) 1s +
k

(2.A-72)

k=1

Solving (2.A-72) directly for ρm is impossible because the matrix (I − PT ) is singular. However, since no rewards accumulate in the absorbing states, so we need
solve only for the vector of remaining LRO from the transient states, which we
denote by ρ̃m . Multiplying both sides of (2.A-71) by the matrix Z in (2.14) gives
m−1
 m
T
T
Z (P ◦ Rm−k ) ZT ρ̃k + ZPT ZT ρ̃m (2.A-73)
ρ̃m = Z (P ◦ Rm ) 1s +
k
k=1

Noting that

ZPT ZT

=

T

=

Z (P ◦ Rm−k ) ZT

we see that ρ̃m must satisfy
T

ρ̃m = Z (P ◦ Rm ) 1s +

UT
T

U ◦ R̃m−k
m−1

k=1


T
m 
U ◦ R̃m−k ρ̃k + UT ρ̃m
k

(2.A-74)
(2.A-75)

(2.A-76)

Solving (2.A-76) for ρ̃m gives (2.19), and completes the proof of Theorem 1.
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Proof of Theorem 2: Sensitivity analysis of moments of LRO
To derive the sensitivity result of Theorem 2, we will break the result (2.19) into
three types of terms, and differentiate each of these in turn. We rewrite (2.19) as
m−1
T
 m 
 T −1
T
U ◦ R̃m−k ρ̃k
ρ̃m = Z (P ◦ Rm ) 1s +
N


k 

 



k=1
B
A

C

Equation (2.A-77) contains three types of terms:
 −1
A = NT
ρ̃
B

=

C

=

(2.A-77)

T

Z (P ◦ R) 1s

T
U ◦ R̃ ρ̃

(2.A-78)
(2.A-79)
(2.A-80)

We differentiate each of these in turn. Differentiating (2.A-78) gives
  
 −1
−1
ρ̃ + NT
dρ̃.
dA = d NT

(2.A-81)

Substituting

gives

 T −1
= Is − UT
N

(2.A-82)





dA = − dUT ρ̃ + I − UT dρ̃,

(2.A-83)

and applying the vec operator yields





dvec A = − ρ̃T ⊗ I Kτ τ dvec U + I − UT dρ̃

(2.A-84)

Differentiating term B gives
T

T

dB = Z (dP ◦ R) 1 + Z (P ◦ dR) 1
Applying the vec operator to both sides of (2.A-85) yields




dvec B = 1T ⊗ Z Kss D(vec R)dvec P + D(vec P)dvec R

Differentiating term C gives

T



T
dC = dU ◦ R̃ ρ̃ + U ◦ dR̃ ρ̃ + U ◦ R̃ dρ̃.

(2.A-85)

(2.A-86)

(2.A-87)

Applying the vec operator yields


 



dvec C = ρ̃T ⊗ I Kτ τ D(vec R̃)dvec U + D(vec U)dvec R̃ + U ◦ R̃ dρ̃
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(2.A-88)
Next, differentiate (2.A-77) and substitute (2.A-84)–(2.A-88) where appropriate;
this leads to


 T −1


N
dρ̃m = 1Ts ⊗ Z Kss D (vec Rm ) dvec P + D(vec P)dvec Rm



Vm
+

m−1


m
k

k=1



 

 
T
(ρ̃k ⊗ Iτ ) Kτ τ D vec R̃m−k dvec U +D(vec U)dvec R̃m−k + U ◦ R̃m−k dρ̃k



Wk,m−k


+ ρ̃Tm ⊗ Iτ Kτ τ dvec U



Xm

(2.A-89)

Using the terms Vm , Wk,m−k and Xm identified in (2.A-89), multiplying both
sides by NT , and replacing differentials with derivatives with respect to a vector
θ of parameters gives


m−1
 m
dρ̃m
T
Wk,m−k + Xm
= N Vm +
(2.A-90)
k
dθ T
k=1

which completes the derivation of Theorem 2.
The term Vi in equation (2.A-90) contains the derivative dvec P/dθ T . Because
P is a block structured matrix and 0 and I are constants, the derivative of P can
be written as a linear combination of the derivatives of U and M,
dvec U
dvec M
dvec P
= C1
+ C2
,
T
T
dθ
dθ
dθ T
where
C1

C2

=



=



Iτ
0α×τ
Iτ
0α×τ




⊗



⊗



(2.A-91)

0α×τ



(2.A-92)

0τ ×α
Iα



(2.A-93)

Iτ

(Caswell and van Daalen 2016) In many applications, only a single absorbing state
(death) exists, in which case α = 1 and (2.A-92) and (2.A-93) simplify to (2.36).
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Sensitivity analysis of the statistics of LRO
The sensitivity analysis of the statistical properties of LRO is obtained by differentiating and applying the vec operator to equations (2.21)–(2.24). Several matrix
calculus results are used frequently in these sensitivity calculations. Roth’s theorem, i.e.,
vec (ABC) = (CT ⊗ A)vec B,

(2.A-94)

is applied often, as is the rule for taking the vec of a Hadamard product,
vec (A ◦ B) = D(A)vec (B) + D(B)vec (A).

(2.A-95)

For notational clarity, we redefine some of the statistical properties of LRO as
follows in this section only:
v

=

V (ρ̃)

(2.A-96)

s

=

SD(ρ̃)

(2.A-97)

c

=

CV (ρ̃)

(2.A-98)

I

=

I(ρ̃)

(2.A-99)

D

=

D(ρ̃1 )

(2.A-100)

Variance. Differentiating the variance in lifetime reproductive output as given
by (2.21) gives
dv = dρ̃2 − d(ρ̃1 ◦ ρ̃1 ).

(2.A-101)

Applying the vec operator results in
dv = dρ̃2 − dvec (ρ̃1 ◦ ρ̃1 ),

(2.A-102)

which, using the rule for taking the vec of a Hadamard product, yields
dv = dρ̃2 − Ddρ̃1 − Ddρ̃1 .

(2.A-103)

Taking the derivatives with respect to a vector of parameters θ and rearranging, gives
dv
dρ̃2
dρ̃1
=
− 2D T ,
dθ T
dθ T
dθ

(2.A-104)

as found in (2.39).
Standard deviation. To obtain the sensitivity of the standard deviation of LRO,
we rewrite (2.22) as
s ◦ s = v,

(2.A-105)
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and differentiate this, giving us
d(s ◦ s) = dv.

(2.A-106)

Using the vec operator, we obtain
dvec (s ◦ s) = dv,

(2.A-107)

where, after replacing the differentials with derivatives with respect to θ and
applying the Hadamard-rule on the left-hand side, we find
2D (s)

ds
dv
=
dθ T
dθ T

(2.A-108)

Solving for ds/dθ T yields equation (2.40).
Coefficient of variation. The sensitivity of the coefficient of variation is obtained by differentiating
c = D−1 s

(2.A-109)

from (2.23), resulting in


dc = d D−1 s + D−1 d (s) .

(2.A-110)

However, for any nonsingular matrix Y,
d(Y−1 ) = −Y−1 d(Y)Y−1 .

(2.A-111)

Thus (2.A-110) can be written as
dc = −D−1 d (D) D−1 s + D−1 d (s) .
Applying the vec operator and Roth’s theorem yields
 

T
dc = − sT D−1 ⊗ D −1 dvec (D) + D−1 d (s)

(2.A-112)

(2.A-113)

Noting that


T
sT D−1 = cT

(2.A-114)

and that D can be rewritten as
D = I ◦ (1τ ρ̃T1 )

(2.A-115)

we obtain
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dc = − cT ⊗ D−1 dvec I ◦ 1τ ρ̃T1 + D−1 d (s) .

(2.A-116)
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Using the rule for taking the vec of a Hadamard product and applying Roth’s
theorem once more yields


dc = − cT ⊗ D−1 D (vec I) (I ⊗ 1τ ) d (ρ̃1 ) + D−1 d (s) .

(2.A-117)

Replacing the differentials with derivatives with respect to θ gives


dρ̃1
ds
dc
= − cT ⊗ D−1 D(vec I)(I ⊗ 1τ ) T + D−1 T .
T
dθ
dθ
dθ

(2.A-118)

Crow’s index I. The opportunity for selection, also known as Crow’s index can
be calculated from the coefficient of variation, as shown in (2.24). Differentiating this equation results in
dI = dvec (c ◦ c) .

(2.A-119)

Applying the vec operator to the Hadamard product yields
dI = D(c)d (c) + D(c)d (c) .

(2.A-120)

Replacing the differentials with derivatives of Crow’s I with respect to θ
yields
dI
dc
= 2D(c) T
T
dθ
dθ

(2.A-121)

Deriving sensitivities for the examples
To obtain the sensitivities for mean LRO and other statistics, the following pieces
are required:
dvec Ri
dvec U dvec P
,
, and
.
T
T
dθ
dθ
dθ T

(2.A-122)

In the case of both humans and trees a single stage of death is incorporated, so
that the derivative of P with respect to θ can be obtained from the derivative
of U with respect to θ, as shown in (2.36). As the transition matrix depends
on mortality rates and the reward matrix depends on fertility rates, the required
pieces for sensitivity analysis become
dvec U
dvec Ri
and
.
T
dµ
df T

(2.A-123)

The way these matrices depend on the underlying vectors of parameters differs
between species, as shown below for humans and trees.
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Humans. In humans, U is a function of the mortality rates µ through its survival probabilities σ. U depends on σ as
U = Y ◦ (1σ T ),

(2.A-124)

where Y is a τ × τ matrix with ones on the subdiagonal and zeros elsewhere.
Given that
σ = e−µ ,

(2.A-125)

the derivative of σ becomes
dσ = −D(σ)dµ.

(2.A-126)

As such, the complete analytical expression for the sensitivity of the transition
matrix to the mortality schedule is
dvec U
= −D(vec W )(I ⊗ 1)D(σ).
dµT

(2.A-127)

The sensitivity of the moments of R to a vector of fertility rates depends on
the kind of reproductive strategy used. In the case of humans, fertility rate is the
chance of producing a single offspring. With the subsequent assumption that the
moments of the reward matrix follow a Bernoulli distribution,
dR1
dR2
dR3
=
=
(2.A-128)
df T
df T
df T
Therefore, we only need to derive the sensitivity of R1 to f to know all the moments
of the reward matrix. Equation (2.11) can be rewritten as
R1 = 1s f T Z.

(2.A-129)

Differentiating this entails taking the derivative on both sides and applying Roth’s
theorem. Then, the equation for the sensitivity is simply


dR1
= ZT ⊗ 1s .
T
df

(2.A-130)

Trees. In trees, the transition matrix consists not only of survival rates, but also
growth/stasis/regression rates (see equation 2.44). By differentiating (2.44) with
respect to Σ, we obtain
dvec U
= (IT ⊗ G).
(2.A-131)
dvec T Σ
As U now depends on mortality rate through Σ, the sensitivity of the transition
matrix to µ is
dvec U
dvec U dvec Σ
=
.
dµT
dvec T Σ dµT
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Given that Σ can be written as Σ = I ◦ (1σ T ), differentiating, applying the vec
operator, using the rule for taking the vec of a Hadamard product, and applying
Roth’s theorem gives
dvec Σ
= D(vec I)(IT ⊗ 1).
dσ T

(2.A-133)

Combining 2.A-131 and 2.A-133 with the derivative of σ to µ derived in (2.A-126),
2.A-132 becomes
dvec U
= −(IT ⊗ G)D(vec I)(IT ⊗ 1)D(σ).
dµT

(2.A-134)

The sensitivity of the transition matrix to the growth matrix is found by differentiating (2.44) with respect to G
dvec U
= (ΣT ⊗ I).
dvec T G

(2.A-135)

However, a complication arises from the fact that G is column-stochastic, that is,
the probabilities of staying or moving between stages always sums to 1. Sensitivity
analysis works on the premise of a small change in the underlying parameters
effecting a chance in the model outcome. In the case of G, a small additive
change would result in the loss of the column-stochastic property. Fortunately, we
can instead use a proportional change. Caswell (2001, 2013) presents a method
of proportionally compensating for a perturbation of a single entry in a columnstochastic matrix by proportionally subtracting the perturbation from the other
entries in that column. In matrix notation this becomes
dvec U dvec G
dvec U
=
.
dvec T Θ
dvec T G dvec T Θ

(2.A-136)

where
s 


dvec G
−1
2
=
I
Eii ⊗ D [G(:, i)] CD [1 − G(:, i)]
, with
−
s
T
dvec Θ
i=1

C = E − I.
(2.A-137)

In trees, reproduction is assumed to adhere to a Poisson distribution as opposed
to a Bernoulli distribution. Higher moments of the reward matrix therefore depend
on R1 as follows:
R2

=

R1 + R1 ◦ R1 , and

(2.A-138)

R3

=

R1 + 3R1 ◦ R1 + R1 ◦ R1 ◦ R1 .

(2.A-139)

By differentiating the expression for R2 we obtain
dR2 = d [R1 ] + d [R1 ◦ R1 ] .

(2.A-140)
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Applying the vec operator yields
dvec R2 = dvec R1 + 2D(vec R1 )dvec R1 .

(2.A-141)

Replacing the differentials with the derivative of R2 with respect to R1 gives
dvec R2
= Is2 + 2D(vec R1 ).
dvec R1

(2.A-142)

Then, the derivative of R2 with respect to f becomes
dvec R2 dvec R1
dvec R2
=
,
df T
dvec R1 df T

(2.A-143)

which, using the expression above and recalling (2.A-130), becomes
dvec R2
= (Is2 + 2D(vec R1 )) (ZT ⊗ 1s ).
df T

(2.A-144)

Similarly, we can obtain the sensitivity of R3 to f by differentiating (2.A-139),
resulting in
dR3 = dR1 + 3d (R1 ◦ R1 ) + d (R1 ◦ R1 ◦ R1 ) .

(2.A-145)

Applying the vec operator then gives
dvec R3 = dvec R1 +6D(vec R1 )dvec R1 +3D (vec (R1 ◦ R1 )) dvec R1 , (2.A-146)
where the differentials can be replaced with derivatives of R3 with respect to R1 ,
yielding
dvec R3
= Is2 + 6D(vec R1 ) + 3D (vec (R1 ◦ R1 )) .
dvec R1

(2.A-147)

Given that
dvec R3
dvec R3 dvec R1
=
,
T
df
dvec R1 df T

(2.A-148)

and that the derivative of R1 with respect to f is (2.A-130), the sensitivity of R3
to f is
dvec R3
= (Is2 + 6D(vec R1 ) + 3D (vec (R1 ◦ R1 ))) (ZT ⊗ 1s ).
df T
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“You survived because you were the first.
You survived because you were the last.
Because you were alone. Because of people.
Because you turned left. Because you turned right.
Because rain fell. Because a shadow fell.
Because sunny weather prevailed.”
- Wislawa Szymborksa, There But for the Grace (1972)
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Abstract
Variance in life history outcomes among individuals is a requirement for
natural selection, and a determinant of the ecological dynamics of populations. Heterogeneity among individuals will cause such variance, but so will
the inherently stochastic nature of their demography. The relative contributions of these variance components — stochasticity and heterogeneity —
to life history outcomes are presented here in a general, demographic calculation. A general formulation of sensitivity analysis is provided for the
relationship between the variance components and the demographic rates
within the life cycle. We illustrate these novel methods with two examples; the variance in longevity within and between frailty groups in a laboratory population of fruit flies, and the variance in lifetime reproductive
output within and between initial environment states in a perennial herb in
a stochastic fire environment. In fruit flies, an increase in mortality would
increase the variance due to stochasticity and reduce that due to heterogeneity. In the plant example, increasing mortality reduces, and increasing
fertility increases both variance components. Sensitivity analyses such as
these can provide a powerful tool in identifying patterns among life history
stages and heterogeneity groups and their contributions to variance in life
history outcomes.
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3.1 Introduction
The life histories of all species are characterized by variability. No two individuals live the same life, leading to variability in such demographic outcomes as
longevity, growth and developmental trajectories, and lifetime reproductive output. Such variance among individuals ultimately determines both the ecological
dynamics and the evolutionary potential of species. Lifetime reproductive output
is often positively skewed, with many individuals producing few offspring and a
long tail of rare individuals producing many offspring (Clutton-Brock 1988; Newton 1989). Similarly, longevity varies among individuals, with deaths often peaking
at very early life history stages and again at later stages where senescence occurs
(Caughley 1966).
Inter-individual variation in demographic outcomes arises from two sources.
One is heterogeneity among individuals; the other is chance differences among
homogeneous individuals. We define individuals to be homogeneous if they are, at
every stage of life, subject to identical demographic rates (mortality, reproduction,
growth, development, movement, etc.). For example, if a set of individuals all
experience the same mortality schedule, their trajectories from birth to death
differ only when one individual is luckier then the other. The inter-individual
variability in lifetime outcomes that arises from such chance processes is called
individual stochasticity (Caswell 2009).1
On the other hand, if the set of individuals contains groups that, at any stage of
life, experience different rates, these differences will contribute to inter-individual
variability. Within each group, inter-individual variability is due to stochasticity
(because within each group, all individuals experience the same rates), whereas
the difference among groups results from heterogeneity in traits or environments
linked to the different rates experienced by the different groups.
Heterogeneity is a broad term, encompassing all manners of differences in vital
rates among individuals. One might think that heterogeneity is a new concern,
but that is far from the case. Demography is, and always has been, a science
of heterogeneity. The recognition that individuals of different ages are heteroge1 It is important to be clear how our terminology relates to other terms independently introduced to describe the same phenomena. Caswell and collaborators refer to the stochastic
differences in outcomes from the same vital rates as individual stochasticity (e.g., Caswell 2009,
2011; Caswell and Vindenes 2018; Caswell and Zarulli 2018), as distinct from heterogeneity.
Tuljapurkar and Steiner and collaborators have called the stochastic component dynamic heterogeneity and distinguished it from “fixed heterogeneity” (e.g., Tuljapurkar et al. 2009; Steiner
et al. 2010; Steiner and Tuljapurkar 2012). As will become clear later, we want to be able to
distinguish fixed and dynamic versions of heterogeneity, which is difficult to do using Tuljapurkar
and Steiner’s terminology. However, their dynamic heterogeneity corresponds exactly to our individual stochasticity. More recently, Snyder and Ellner have introduced the much more familiar
term luck for what we call individual stochasticity.
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Table 3.1: Examples of types of individual heterogeneity.

Fixed

Dynamic

Internal

External

Genotype

Experimental treatments

Frailty

Social status

Other (latent) traits

Location

Health

Environmental stochasticity

Prior state

Density

neous in mortality and fertility motivated the development of life tables, longevity
statistics, stable population theory and the rest of age-classified demography (e.g.,
Lotka 1939; Leslie 1945). The recognition that size, developmental stage, or physiological condition might be more important motivated stage-classified demography
(e.g., Lefkovitch 1965; Metz and Diekmann 1986; Caswell 2001).
Within age- or stage-classified demography, we know how to calculate the
variance due to individual stochasticity in longevity (Caswell 2009) and lifetime
reproductive output (van Daalen and Caswell 2017). These analyses, in the form
of matrix population models, provide a basis for analyzing the effect of additional
sources of heterogeneity, by incorporating them into the demographic state space.
Start by defining a set of individuals that is of interest. Inter-individual variability within this set, in some demographic outcome, will depend on heterogeneity and stochasticity. To make the discussion more concrete, suppose that the set
consists of individuals within one age class, say age at birth. Suppose that the individuals in the set are heterogeneous in a property called frailty, which influences
the mortality rates experienced at any age.
Suppose further that the outcome of interest is longevity. We divide the set of
individuals into groups based on their frailty at birth. The lives of the individuals
within each group unfold under the influence of stochasticity. Each group has its
own typical outcome.
The variable defining such heterogeneity may remain fixed at its initial value
(e.g., genotype, or some kinds of frailty) or may change dynamically through
the life cycle (e.g., resources, physiological condition, health; see Table 3.1). If
dynamic, its changes contribute to the stochastic component of the variation.
Matrix population models have been used to quantify the contributions of
individual stochasticity and heterogeneity to the variance in demographic outcomes (e.g., Hartemink and Caswell 2018; Caswell et al. 2018). Some studies have
found that stochasticity alone can account for most, or at least a substantial frac-
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tion, of the observed variance in lifetime reproductive output of, e.g., nematodes
and polychaetes (Caswell 2011), seabirds (Tuljapurkar et al. 2009; Steiner et al.
2010; Steiner and Tuljapurkar 2012), birds and mammals (van Daalen 2015), and
humans (van Daalen and Caswell 2020b). In such cases, heterogeneity can be
invoked only with additional evidence. One of the best forms of evidence is statistical identification and estimation of the heterogeneity, either as a latent or an
observed variable (e.g., Cam et al. 2016; Authier et al. 2017).
Given such an estimate, a quantitative assessment of the contribution of heterogeneity is achieved by incorporating the heterogeneity into the i-state space of
the demographic model, resulting in a multistate or age×stage-classified model.
These models are constructed using vec-permutation matrix methods (Caswell
2014; Caswell and Salguero-Gómez 2013; Caswell et al. 2018). Individuals are
classified according to a two-dimensional state space; one dimension describes the
progression through the life history (e.g. age, size, developmental stage), and
the other dimension describes the movement among heterogeneity “groups”. The
groups may represent observable properties (e.g., health, resources, environmental
conditions) or unobserved latent variables (e.g., frailty). Methods for estimation of
latent variables from individual data is a rapidly growing field of its own (recently
reviewed in Gimenez et al. (2018); Hamel et al. (2018); see also works on mixture
models such as McLachlan and Peel (2004); Erişoğlu et al. (2012)).
The multistate model that results from expanding the state space is itself a
Markov chain, from which variance in a variety of demographic outcomes can be
calculated. We will focus on longevity and lifetime reproductive output. Because
the model contains groups within which all individuals experience identical rates,
but which differ from each other, it is possible to partition the variance into variance within groups (attributable to individual stochasticity) and variance among
the groups (resulting from heterogeneity).
As of this writing, in most cases, only a small fraction of the variance can
be attributed to heterogeneity. Hartemink et al. (2017) found that unobserved
frailty in the gamma-Gompertz-Makeham mortality model contributed less than
10% of the variance in longevity in several human populations. An analysis of
laboratory insect populations found that latent heterogeneity in mortality parameters contributed a median of 35% of the variance in longevity (Hartemink and
Caswell 2018). Jenouvrier et al. (2018) found that unobserved heterogeneity in
the southern fulmar contributed 5.9% of the variance in longevity, 3.7% of the
variance in age at first reproduction, and 22% of the variance in lifetime reproductive output. Snyder and Ellner (2018) partitioned the variance in a population of
kittiwakes and a population of plants, where the heterogeneity was, again, unob-
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served.2 In these studies, heterogeneity could generally explain a small fraction of
the longevity and age at first reproduction, and a slightly larger fraction of lifetime
reproductive output.
Heterogeneity can also arise from external factors that are directly observable
(but possibly neglected). One such set of factors in human populations are lumped
under the term socioeconomic status. Status, as measured by income, education,
or other metrics, is known to affect life expectancy. However, several analyses
have found that only a small fraction (a few percent) of the variance in longevity
is due to socioeconomic heterogeneity (Seaman et al. 2019; Caswell 2020b; Vaupel
et al. 2011).
In plants and animals external factors often correspond to environmental conditions. A set of individuals at the same age or stage may be heterogeneous in
location, microclimate, resource availability, or disturbance history. That heterogeneity will contribute to variance in the demographic outcome. Environmental
conditions may be dynamic, such as fire or resource availability, or fixed, such as
microclimate variation in sessile organisms. We provide examples of both fixed
and dynamic heterogeneity, in Sections 3.4 and 3.5.
By incorporating the heterogeneity, be it fixed or dynamic, into the individual
state space, we turn the variance, and its components, into demographic quantities.
As such, they depend on the life history characteristics, including the definitions
of the state space, the lifespan of the species, whether the heterogeneity affects
survival, reproduction, or development (or some combination of these), and the
way the individuals are mixed among the heterogeneity groups. As with any
other demographic quantity, sensitivity analysis is a powerful and essential tool
for analyzing this dependence and quantifying how changes in the life history will
change variance components.
In this study, we present a general sensitivity analysis of the components of variance in an arbitrary demographic outcome. We will begin by defining a notation
for the variance component calculations, and then develop sensitivity formulae.
We illustrate the sensitivity analysis with two examples: an age×frailty-classified
model for a species of fruit fly, and a stochastic stage×environment model for a
perennial herb with a fire-dependent life history.
In the case of the fruit fly, increasing mortality increases the variance due
to stochasticity and reduces the variance due to heterogeneity. The effects are
strongest at early ages. In the case of the plant, increasing mortality reduces both
variance components; increasing fertility increases both components. The effects
2 Observability is, of course, partly a function of the data and how they are collected, and
could change if some new measurement was developed. Unobserved heterogeneity poses statistical challenges to estimation, but there is no fundamental difference between the analysis of ob
observed and unobserved sources of heterogeneity.
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are strongest at large size classes. The diversity of these responses demonstrates
that sensitivity analysis can reveal connections between variance components and
the parameters that define the life cycle. They also suggest the value of further
theoretical and comparative analyses.
A note on notation. Our analysis requires careful mathematical notation to
be clear, so we specify our general notation here. Matrices are denoted by uppercase boldface letters (e.g., P), and vectors by lower-case boldface letters (e.g., ρ).
Vectors are column vectors by default; xT is the transpose of x. The vector 1n
is a n × 1 vector of ones, In is the identity matrix of order n, and ei is the ith
unit vector, with a 1 in the ith entry and zeros elsewhere. The diagonal matrix
with the vector x on the diagonal and zeros elsewhere is denoted D(x). The
symbol ◦ denotes the Hadamard, or element-by-element product and ⊗ denotes the
Kronecker product. The vec operator vec X stacks the columns of an m×n matrix
X into an mn × 1 column vector. The vec-permutation matrix Km,n satisfies
vec (XT ) = Km,n vec X. In cases where it will help understanding, we indicate
the dimension of displayed matrix expressions. The expectation and variance are
denoted by E(·) and V (·).

3.2 Variance decomposition in demographic models
To develop our results, we must bring together several different components and
methods. We first define the variance components, then the sensitivity of the
variance components in general, and then the demographic model from which they
can be calculated. Finally, we will show how to make the sensitivity calculations
specific by applying them to two examples.
Stages, groups, and outcomes
The population is classified into stages x = 1, . . . , s (age or size classes, developmental stages, etc.) and a set of heterogeneity groups γ = 1, . . . , g (genotype,
frailty, environmental condition, etc.). The definition of stages and groups is
investigator-specific. For example, from the perspective of a stage-classified model,
age is a form of heterogeneity; from the perspective of an age-classified model, the
same is true of developmental stage (Caswell et al. 2018).
We are interested in a demographic outcome which we denote by ξ. The
properties of the random variable ξ depend on the action of the vital rates over
the life cycle, including transitions among stages within the heterogeneity groups,
and transitions among heterogeneity groups, to the extent that such transitions
are possible.
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Conditional means and variances
We define the conditional means and variances of ξ, conditional on group membership, as
mi

=

E (ξ|γ = i)

(3.1)

vi

=

V (ξ|γ = i)

(3.2)

for i = 1, . . . , g.
vectors

m1
 .

m =  ..
mg

These conditional values are collected in mean and variance








v1
 . 
. 
v=
 . 
vg

(3.3)

The calculation of m and v depends on the life cycle and on the choice of variable
ξ.
The distribution of individuals among groups is given by a probability distribution vector π, of dimension g × 1. We refer to this as the mixing distribution
(sensu Frühwirth-Schnatter 2006). The mixing distribution determines how individuals are distributed among the heterogeneity groups, and thus is one of the
determinants of the variance in demographic outcomes.
The mixing distribution is specified at the point in the life cycle from which
the demographic outcome is calculated (e.g., at birth or some other chosen stage).
The mixing distribution must be specified by the investigator (this is a feature,
not a bug). It might be obtained from a model (e.g., the group distribution in the
stable population), estimated from data (Hartemink and Caswell 2018; Jenouvrier
et al. 2018), measured from observed covariates (Seaman et al. 2019), or assumed
(e.g., a uniform distribution) as a pseudo-experiment.
Variance components
Variance components are calculated from the conditional means and variances.
The mean of ξ is the mean, calculated over the distribution π of γ, of the conditional means,


(3.4)
E(ξ) = Eπ E(ξ|γ)
=

π T m.

(3.5)

The variance of ξ contains two terms,




V (ξ) = Eπ V (ξ|γ) + Vπ E (ξ|γ)
=
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Vw (ξ) + Vb (ξ)
    
within

between

(3.6)
(3.7)
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where Vw is the within-group variance and Vb is the between-group variance (e.g.,
Rényi 1970; Frühwirth-Schnatter 2006). The within-group variance is the mean
of the conditional variances, with weights specified by π. The between-group
variance is the weighted variance of the conditional group means. These variance
components capture the effects of heterogeneity and stochasticity. If the groups
had identical rates, there would be no heterogeneity, and Vb would be zero. If the
outcome within each group was totally determined by group membership, there
would be no stochasticity, and Vw would be zero.
In our notation, the within-group and between-group variances are computed
as
Vw (ξ)
Vb (ξ)

=

πT v

(3.8)

=

T

(3.9)


2
π (m ◦ m) − π T m .

The fraction of the total variance contributed by heterogeneity,
K=

Vb
Vb + Vw

(3.10)

is known as the intraclass correlation coefficient in quantitative genetics (Falconer
1960), and its square root is known as the correlation ratio in probability theory
(Rényi 1970). If ξ is independent of γ, then K = 0. If K = 1, then ξ is a
deterministic function of γ (Rényi 1970) and individual stochasticity makes no
contribution to the variance in ξ.
Sensitivity of the variance components
To find the sensitivity of Vb , Vw , and K to changes in demographic parameters we
differentiate equations (3.8) and (3.9) with respect to m and v. Our methods are
an application of matrix calculus; see Caswell (2019) for a summary of ecological
applications and Magnus and Neudecker (1985, 1988) for detailed mathematics.
As always in these applications, we begin by writing the differentials of the
variance components in terms of the differentials of the model components. The
chain rule then permits us to write the derivative of the variance component with
respect to a vector θ of parameters that affect the vital rates. In this paper, we
focus on parametric effects on m and v. We will treat the mixing distribution π
as fixed, so derivatives with respect to π do not appear.
Within-group variance.
dVw

=
=

∂Vw
dv
∂v
T
π dv.

Differentiating (3.8) gives
(3.11)
(3.12)
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Let θ be a vector of parameters of interest; the chain rule gives
dv
dVw
= πT T .
dθ T
dθ
Between-group variance.
(3.9), is
dVb

=

∂Vb
dm
∂mT

=



T

(3.13)
The differential of the between-group variance, from

(3.14)

T

2π D(m) − 2π mπ

T



dm.

Once again, dependence on a parameter vector θ yields


dm
dVb
T
T
T
= 2π D(m) − 2π mπ
.
T
dθ
dθ T

(3.15)

(3.16)

Intraclass correlation. Using equations (3.13) and (3.16), it is also possible to
differentiate K, as given in (3.10), with respect to a vector of parameters, giving




dK
1+K
K
dVb
dVw
=
−
.
(3.17)
dθ T
Vb + Vw dθ T
Vb + Vw dθ T
The expressions (3.13), (3.16), and (3.17) are the droids we are looking for.
They require the derivatives of the conditional means and variances with respect
to the model parameters. These derivatives in turn depend on the model, the
choice of an outcome ξ, and the mixing distribution. To find them, we begin by
constructing the model.

3.3 Incorporating heterogeneity: vec-permutation models for stages
and groups
In order to calculate both within- and between-group variances, we incorporate
both demographic i-states and heterogeneity groups into the demographic model.
In this section, we present a general age×stage framework that does so. We use it
to develop expressions for the conditional means and variances of the outcome ξ,
from which the variance components Vb , Vw , and K can be computed. The model
provides expressions that can be differentiated with respect to parameters specific
to the life history stages and heterogeneity groups.
The multistate model is constructed using the vec-permutation framework,
which can incorporate both fixed and dynamic heterogeneity. A complete description of the method, for constructing age×stage models, is given in Caswell et al.
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(2018), so we do not repeat the details here. When heterogeneity is dynamic;
i.e., when individuals can change from one group to another during their lives, it
is essential to incorporate the heterogeneity into the state space. When heterogeneity is fixed the vec-permutation approach is equivalent to treating each group
independently but it has the advantage of permitting exploration of non-fixed
groups.
Model construction
The population composition

n11 · · · n1s
 .
..
.
N =
.
 .
ng1 · · · ngs

can be thought of as given by a matrix


.


3
(3.18)

in which rows correspond to heterogeneity groups and columns to stages. The
population vector ñ is obtained by applying the vec operator to N , which results
in


n11
 . 
 .. 




 ng1 


 . 
(3.19)
ñ =  ..  ,




 n1s 
 . 
 . 
 . 
ngs

where groups are organized within stages. The population projection matrix is
Ã = Ũ + F̃

(3.20)

where the survival and transition matrix Ũ and the fertility matrix F̃ each inherit
the group-within-stage block structure of (3.19). We use the tilde to identify
vectors or matrices with this block structure. These matrices are constructed from
demographic rates specific to both stages and groups, and capture both kinds of
transitions. The s × s matrix Ui describes transitions among stages for group i.
The g × g matrix Dj describes transitions among groups for individuals in stage
j. If heterogeneity is fixed, Dj is an identity matrix. The s × s matrix Fi gives
stage-specific fertility for individuals in group i, and the g × g matrix Hj allocates
offspring newly produced by stage j into their appropriate groups. These matrices
are incorporated into gs×gs block diagonal matrices U, D, F, and H. For example,
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U=

g


(Li Ui Qi ) ,

(3.21)

i=1

where Li and Qi are block-construction matrices (Caswell and van Daalen 2016),
given as

0(i−1)s×s


Li =  Is×s
,
0(g−i)s×s


Qi =



0s×s(i−1)

Is×s

0s×s(g−i)



i = 1, . . . , g.
(3.22)

Finally, the block-structured projection matrices are given by
Ũ

=

D K U KT

(3.23)

F̃

=

H K F KT .

(3.24)

The vec-permutation matrix K permutes the rows and columns in such a way that
the orientation defined by (3.19) is preserved.
Moments of demographic outcomes
We consider a demographic outcome that can be calculated from (and thus inherits
the structure of) the multistate Markov chain; we denote this vector outcome by
ξ̃. Its entries give the outcome for all gs combinations of stage and group. The
model will provide the moments of ξ̃, which in turn provide the mean and variance
vectors,




ξ11
ξ11
 . 
 . 
 .. 
 .. 








 ξg1 
 ξg1 




 . 
 . 
m̃ = E(ξ̃) = E  ..  ,
ṽ = V (ξ̃) = V  ..  .
(3.25)








 ξ1s 
 ξ1s 
 . 
 . 
 . 
 . 
 . 
 . 
ξgs

ξgs

The vectors m and v of the conditional means and variances within the set of
interest are obtained from m̃ and ṽ. Specify a stage j in which our cohort of
interest will be initialized. This is often the first stage, or stage at birth, but it
could be any stage. Then, the conditional mean and variance vectors in equation
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(3.3) are given by


m = eTj ⊗ Ig m̃


v = eTj ⊗ Ig ṽ,

(3.26)
(3.27)

where ej is the jth unit vector of length s; it extracts the jth life history stage
and Ig keeps all the heterogeneity groups.
The demographic outcome ξ is a function of some set of parameters, collected
in a vector θ. So far we have not specified the outcome ξ or how it is calculated.
We do so now for two cases, longevity and lifetime reproduction.
Variance in longevity. Longevity is the outcome of the mortality hazards faced
by an individual as it moves through life history stages and among heterogeneity
groups. The mean and variance of longevity are calculated from the multistate
fundamental matrix
Ñ = (I − Ũ)−1 ,

(3.28)

from which we obtain the vectors of the first and second moments of longevity (η̃)
as
η̃1T
T

η̃2

=
=

1Tgs Ñ
T

η̃1 (2Ñ − Igs )

(3.29)
(3.30)

These moment vectors inherit the stage-within-group structure of Ũ. From these,
the mean and variance vectors in (3.25) are
m̃ =
ṽ

=

η̃1

(3.31)

η̃2 − (η̃1 ◦ η̃1 )

(3.32)

Variance in lifetime reproductive output. Lifetime reproductive output depends on mortality and fertility for all stages and all heterogeneity groups. The
life cycle transitions are described by the Markov chain transition matrix


0gs×1
Ũ
.
(3.33)
P̃ =
d1×gs
1
The final state, in the last row of P̃, is the absorbing state of death. The vector
d1×gs can be written as a matrix when there are multiple absorbing states, i.e.
M̃α×gs , where α represents the number of absorbing states.
Reproduction is described as a reward that individuals accumulate as they
survive and move among the stages of their life cycle (Caswell 2011; van Daalen and
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Caswell 2015, 2017, 2020b). The statistics of reproduction are given by matrices
containing the moments of rewards associated with all possible transitions in P̃;
we will be concerned with the first and second moments R̃1 and R̃2 . See van
Daalen and Caswell (2017) for a general discussion of how these moments might
be obtained.
Lifetime reproductive output is the accumulated reproductive reward over the
lifetime of an individual. Its first and second moments are

T
ρ̃1 = ÑT Z P̃ ◦ R̃1 1gs+1
(3.34)
ρ̃2

=

 
T
T 

ÑT Z P̃ ◦ R̃2 1gs+1 + 2 Ũ ◦ R̂1 ρ̃1 .

(3.35)

ρ̃1

(3.36)

ρ̃2 − (ρ̃1 ◦ ρ̃1 ).

(3.37)

where Z is a matrix that cleaves off the absorbing state (ZT glues it back on) and
R̂k is the submatrix of R̃k without the absorbing state (van Daalen and Caswell
2017).3
The vectors ρ̃1 and ρ̃2 , of dimension gs × 1, inherit the block structure of
Ũ, and give the (remaining) lifetime reproductive output of individuals in every
group, within every stage. In terms of these moments, the vectors containing the
multistate means and variances of lifetime reproductive output in (3.25) are
m̃ =
ṽ

=

Sensitivity analysis
In order to obtain the sensitivity of the variance components it is useful to consider
the paths of dependency between the parameters and the outcome. Figure 3.1a
shows the links between the mortality schedule of heterogeneity group i and the
components of variance in longevity. Figure 3.1b shows the links between the
fertility and mortality schedules of group i and the components of variance in
lifetime reproductive output.
In the paths in Figure 3.1a and 3.1b, vital rates are first translated into the
multistate framework (U and f̃ , respectively), then transformed into the matrices
used in the computations (Ũ and Ñ for longevity calculations, and Ũ, R̃1 , and
R̃2 for LRO calculations).
3 Two forms of notation collide in this quantity. van Daalen and Caswell (2017) use ρ̃
k
to denote the vector of kth moments of lifetime reproductive output, with the tilde indicating
that absorbing state[s] have been excluded, because it is known a priori that the dead do not
reproduce. In this paper, however, the tilde denotes a multistate quantity, with stage-withingroup structure. To avoid confusion, we have here adopted the latter convention for ρ̃ as well.
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Longevity.
The sensitivity equations for the components of variance in longevity, corresponding to the dependencies in Figure 3.1a, are






dVb
dm
dm̃
dVb 
dvec Ñ
=
dµT  group=i
dmT
dm̃T
dvec T Ñ
dvec T Ũ




dvec U
dvec Ui
dvec Ũ
(3.38)
×
dvec T U
dvec T Ui
dµTi

dVw 
dµT 

=
group=i


×

dVw
dvT






dv
dṽT


dŨ
dvec T U



dṽ
dvec Ñ
T
dvec Ñ
dvec T Ũ


dvec U
dvec Ui
dvec T Ui
dµTi


(3.39)

In these expressions, the mean and variance vectors, m̃ and ṽ, are the vectors
given by (3.31) and (3.32).
Equations (3.38) and (3.39) give the sensitivity of the variance components to
the stage-specific mortality schedule within a specified group. The effect of perturbations in multiple groups is obtained by adding these group-specific sensitivities.
Some of the derivatives in equations (3.38) and (3.39) are determined by the
construction of the matrices, and generally applicable to any model. These are
given in Table 3.2. Others are specific to the life cycle and parameterization under
investigation; these are presented in Section 3.4.
Lifetime reproductive output.
Lifetime reproductive output depends on both fertility and mortality. Following the dependencies illustrated in Figure 3.1b, we have the sensitivities of the
between-group variance Vb to fertility and to mortality,





dVb 
dm
dm̃
dVb
=
df T group=i
dmT
dm̃T
dvec T R̃1



df̃
dvec R̃1
(3.40)
×
dfiT
df̃ T

dVb 
dµT group=i

=






dVb
dm
dm̃
dmT
dm̃T
dvec T Ũ




dvec U
dvec Ui
dvec Ũ
×
dvec T U
dvec T Ui
dµTi

(3.41)
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(a) Dependencies between
components of the variance
in longevity and the stagespecific mortality rates for
heterogeneity group i.

(b) Dependencies between
components of variance in
lifetime reproductive output and the stage-specific
fertility and mortality rates
for heterogeneity group i.

Figure 3.1: Example dependencies between parameters and variance components
in a multistate model.

Note that the fertility vector f affects Vb only through R̃1 , and the mortality
vector µ affects Vb only through Ũ. In these and the following equations, m̃ and
ṽ are the vectors defined in equations (3.36) and (3.37).
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Table 3.2: General derivatives for variance components in longevity.
Derivative
dVw
dv T
dVb
dmT
dK
dθ T
dm
dm̃
dv
dṽT
dvec Ñ
dvec T Ũ
dvec Ũ
dvec T U
dvec U
dvec T Ui

Equation

= πT

(3.8)

= 2π T D(m) − 2π T mπ T

(3.9)

1 + K dVb
K
dVw
=
−
T
Vb + Vw dθ
Vb + Vw dθ T


= eTj ⊗ Is

3

(3.10)
(3.26)



= eTj ⊗ Is

(3.27)



= ÑT ⊗ Ñ

(3.28)

= (K ⊗ DK)

(3.23)



= QTi ⊗ Li

(3.21)

The sensitivities of the within-group variance Vw are






dVw
dv
dṽ
df̃
dVw 
=
df T group=i
dv T
dṽT
dfiT
df̃ T


 

dVw
dv
dṽ
=
dv T
dṽT
dvec T R̃1
 




dvec R̃1
df̃
dvec R̃2
dṽ
(3.42)
+
dfiT
dvec T R̃2
dvec T R̃1
df̃ T

dVw 
dµT group=i

=
=





dVw
dv T



dv
dṽT



dṽ
dvec T Ũ



dvec Ũ
dµTi






dVw
dv
dṽ
dv T
dṽT
dvec T Ũ




dvec U
dvec Ui
dvec Ũ
×
dvec T U
dvec T Ui
dµTi

(3.43)
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Table 3.3: General derivatives for variance components in lifetime reproductive
output with respect to fertility.
Derivative
dVw
dv T
dVb
dmT
dK
dθ T
dm
dm̃
dv
dṽT
dvec R̃2
dvec T R̃1
dvec R̃1
df̃ T
df̃
dfi

= πT
= 2π T D(m) − 2π T mπ T
1 + K dVb
K
dVw
=
−
T
Vb + Vw dθ
Vb + Vw dθ T


= eTj ⊗ Is


= eTj ⊗ Is



= I(gs+1)2 + 2D(vec R̃1 )


= ZT ⊗ 1gs+1
= KLi

Equation

(3.8)
(3.9)
(3.10)
(3.26)
(3.27)
(3.54)
(3.52)
(3.51)

Some of the derivatives of Vw with respect to mortality are the same as in the
case of longevity, and given in Table 3.2. Some of the derivatives with respect
to fertility are also determined only by the construction of the model and are
generally applicable; these are given in Table 3.3. Those derivatives in (3.40)–
(3.43) that are specific to the life cycle and the model are given in the case study
of Section 3.5.

3.4 Case study: Heterogeneous frailty and variance in longevity
To illustrate sensitivity analysis, we analyze the components of the variance in
longevity for an age-classified population with latent heterogeneity groups that
affect mortality. We will call this latent variable “frailty,” although it is not
exactly frailty sensu Vaupel and Yashin (1985); Vaupel et al. (1979), who used
the term to describe a multiplicative hazard effect. The analysis is based on data
from an experimental population of the fruit fly Anastrepha obliqua, as described
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Figure 3.2: Weibull distributions for age at death for groups of A. obliqua females
with a different frailty. Dashed lines represent the distributions of age at death
for the frailty groups. The solid line is the mixture of these Weibull distributions
across groups.

in Vaupel et al. (1998). That study reported daily mortality for 134,807 adult
female flies.
In a search for latent, unobserved heterogeneity, Hartemink and Caswell (2018)
fit a mixture of Weibull survival functions to these data using the EM algorithm.
AIC methods identified a model with six heterogeneity groups, each with a different set of Weibull parameters and thus a different age schedule of mortality.
Figure 3.2 shows the distributions of age at death for the six frailty groups and
for the mixture of the six groups. All analyses were performed in Matlab (code
is available in the supplementary material).
The mean and variance of longevity were calculated using equations (3.28)–
(3.32), and are shown in Figure 3.3. The first three frailty groups have higher
mean longevity, and especially groups 1 and 3 have high variance in longevity as
well.
The mixing distribution of newly eclosed adult flies among frailty groups is
was estimated as

T
π = 0.06 0.20 0.20 0.16 0.24 0.14
(3.44)
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(Hartemink and Caswell 2018). The variance components, calculated from equations (3.5)–(3.10), are
Eπ (η)

=

18.9

Vw

=

37.3

Vb

=

109.4

V

=

146.6

K

=

0.746

That is, 75% of the variance in longevity arises from heterogeneity in frailty between individuals, with 25% of the variance due to individual stochasticity. This
is a large contribution of heterogeneity relative to other species (Hartemink and
Caswell 2018), which makes it an interesting example on which to perform sensitivity analysis.
The derivatives in equations (3.38) and (3.39) that are specific to this case
(i.e., specific to an age-classified life cycle, longevity as the dependent variable,
mortality as the independent variable) are as follows. Differentiating (3.29) with
respect to Ñ gives


dm̃
= Igs ⊗ 1Tgs .
T
dvec Ñ

(3.45)

Differentiating (3.32) with respect to Ñ gives
dṽ
dvec T Ñ


 

2ÑT Igs ⊗ 1Tgs − Igs ⊗ 1Tgs

=





+2 Igs ⊗ η̃1T − 2D(η̃1 ) Igs ⊗ 1Tgs .
35

(3.46)
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Figure 3.3: Mean and variance in longevity at eclosion for the different frailty
groups in fruit flies.
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Because the model is age-classified, Ui is given by
Ui = Y ◦ (1s σiT ),

(3.47)

where Y is a matrix with ones on the subdiagonal and zeros elsewhere, and the
survival vector σi is
σi = e−µi .

(3.48)

3

Differentiating (3.47) gives
dvec Ui
= −D(vec Y) (Is ⊗ 1s ) D(σi ).
dµTi

(3.49)

The results of the sensitivity analysis are shown in Figure 3.4. The left column
shows the sensitivity of Vw (Figure 3.4a), Vb (Figure 3.4c), and K (Figure 3.4e)
to changes in age-specific mortality within each group, holding mortality in other
groups constant. These are the conditional derivatives in equations (3.38) and
(3.39). Mortality in group 3 has a strong positive effect on Vw and a strong
negative effect on Vb . The effect on K is negative. Overall the effects of groupspecific mortality on K are qualitatively similar to the effects on Vb . Both variance
components are most sensitive to changes in mortality at early ages, and practically
insensitive to changes after age 20, with the exception of group 3, which happens
to have the longest life expectancy (35 days, compared to 19 days for a mixed
cohort).
The sensitivities to changes in mortality that affect all frailty groups are shown
in Figures 3.4b,d,f. All else being equal, an environment with higher overall mortality levels should show a lower fraction of variance in longevity due to heterogeneity. But the details will depend on how heterogeneity affects the vital rates
and the mixing of individuals among heterogeneity groups.
The response of Vw to mortality at early ages is positive (Figure 3.4a). The
response becomes negative at late ages; the boundary between ”early” and ”late”
ages differs among groups. The response of Vb to changes in mortality is negative
when the changes affect long-lived frailty groups, and positive when short-lived
frailty groups are affected (Figure 3.4c). The pattern of group-specific positive or
negative responses of K to changing mortality is similar (Figure 3.4e).

3.5 Case study: Environmental stochasticity and variance in LRO
The previous example considered the contribution of fixed heterogeneity to variance in longevity, in an age-classified population. In this case study, we consider
the contribution of a dynamic form of heterogeneity to the variance in lifetime
71
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Figure 3.4: Sensitivity analyses of the variance components in longevity in A.
obliqua fruit flies. The colored lines in the left column represent a change in
the within-group variance (a), the between-group variance (c) and the intraclass
correlation, K, (e) resulting from changing mortality in one of the frailty groups.
The black line in the right column represents the change in the within-group (b)
and between-group (d) variance components, and K (f) for the full population if
mortality changed for all groups simultaneously.
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reproductive output (LRO), in a stage-classified plant population. The heterogeneity in this case reflects the environment into which the individual is born.
Subsequent environmental conditions (fire in this case) and their stochastic dynamics, are incorporated into the individual states.
Dynamic heterogeneity can have diverse effects on variance. Fixed heterogeneity leads to intra-cohort selection, removing the more frail individuals and reducing the eventual variance; see Caswell (2014) for an example. Dynamic movement
among heterogeneity groups can counteract this loss of diversity. However, those
dynamics also mix individuals among groups. The lower the rate of mixing, the
longer individuals will experience the rates of the environment at the starting
stage. The higher the rate of mixing between groups, (in the limit, independent
and identically distributed transitions), the less persistent will be the effects of
environment at birth. Thus dynamic heterogeneity may either increase or reduce
the component of variance due to heterogeneity.
Lomatium bradshawii is an endangered perennial herb native to grasslands in
Oregon and Washington. L. bradshawii is adapted to an environment with frequent fires. Reproductive output increases in years where fires take place (Caswell
and Kaye 2001; Caswell 2011). Caswell and Kaye (2001) presented stage-classified
matrix models for L. bradshawii in a stochastically varying fire environment. The
stages include a yearling class, two classes of vegetative plants, and three classes of
reproductive plants, differentiated by size. Here, we use the fertility and survival
data for one of the populations (Rose Prairie) to calculate the statistics and variance components of lifetime reproductive output for this species. Analyses were
performed in Matlab (code is available in the supplementary material).
Four environmental states were recognized: a fire year, one year since last fire,
two years since last fire, and three or more years since the last fire. The dynamics
of the fire environment follow a Markov chain with transition matrix


r
r
r
r
 1−r
0
0
0 


D=
(3.50)
,
 0
1−r
0
0 
0

0

1−r

1−r

where r is the fire frequency. Each of the four fire states has its own set of survival
and fertility matrices.
The survival and transition matrix Ũ is constructed as in equation (3.23),
where D contains six copies of the environmental transition matrix D on the
diagonal. The transitions among life history stages (Ui ) differ among fire environments. We calculate mean and variance in lifetime reproductive output according
to equations (3.33)–(3.37).
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The moments of lifetime reproductive output in equations (3.34) and (3.35)
depend on Ũ and on the reward matrices R̃1 and R̃2 . The reward matrices
are constructed from environment-specific fertility schedules. Define a vector fi
containing the mean stage-specific fertilities in environment i. The multistate
vector of fertilities is


f11
 . 
 .. 




 fg1 
g



 . 
(Li fi ),
(3.51)
f̃ =  ..  = K


i=1


 f1s 
 . 
 . 
 . 
fgs

where Li is the block-construction matrix appearing in (3.22). As in (3.23), the
vec-permutation matrix K permutes the rows and columns so that the structure
of f̃ in (3.51) matches that of Ũ.
We assume that rewards are obtained when individuals occupy a given state,
regardless of their next transition, and that no rewards can be collected by individuals who are dead. These assumptions give the mean reward matrix,

 T
f̃
0
 . . 
 .. .. 
 = 1gs+1 f̃ T Z,
(3.52)
R̃1 = 

 T
0 
 f̃
f̃ T 0
where

Z=



I

0



.

(3.53)

We obtain the matrix R̃2 of second moments of rewards by assuming that individual reproduction follows a Poisson distribution, so that
R̃2 = R̃1 + (R̃1 ◦ R̃1 ).

(3.54)

See Caswell (2011); van Daalen and Caswell (2017) for discussion of other ways
that R̃2 could be obtained.
The statistics of LRO depend on the fire frequency r (Figure 3.5). Both mean
and variance in LRO increase with increasing fire frequency. Despite the strong
effect of the fire environment on all the vital rates, the intraclass correlation K is
small for this model; environmental heterogeneity contributes less than 0.5% of the
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Figure 3.5: Mean and variance in lifetime reproductive output, and the contribution of environmental heterogeneity to variance in LRO in an endangered
perennial herb for changing fire frequencies.

variance in LRO. If we continue the analysis at r = 0.49, a scenario roughly corresponding to the maximum contribution of heterogeneity, the stochastic, withinenvironment component of the variance dominates;
Eπ (ρ)

=

1.5

Vw

=

45.2

Vb

=

0.2

V

=

45.4

K

=

0.004.

For sensitivity analysis we keep the fire frequency set to r = 0.49. The stable
distribution of environments is given by the right eigenvector of the environmental
matrix D in equation (3.50). This provides the mixing distribution as
π=



0.49

0.25

0.13

0.13

T

.

(3.55)

Other possibilities for mixing distributions have been suggested by HernandezSuarez et al. (2012).
The sensitivities of lifetime reproductive output to changes in mortality and
fertility within each group (i.e., each environment) are calculated using equations
(3.40)–(3.43), following the dependencies shown in Figure 3.1b. We first investigate the sensitivity of the variance components to fertility. Most of the derivatives
are once again independent of the life cycle structure and the dependent and independent variables of interest. These are collected in Table 3.3.
Differentiating (3.36) with respect to f̃ gives
dvec R̃1
dm̃
= ÑT (1gs+1 ⊗ Z) K1 D(vec P̃)
.
T
df̃
df̃ T

(3.56)
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Differentiating (3.37) with respect to f̃ gives


 dvec R̃
dṽ
2
T
= Ñ (1gs+1 ⊗ Z) K1 D vec P̃
df̃ T
df̃ T


dvec R̃1
+2 ρ̃T1 ⊗ I K2 D(vec Ũ) (Z ⊗ Z)
df̃ T
T dm̃ 

dm̃
+2 Ũ ◦ R̂1
,
− 2D(ρ̃1 )
T
df̃
df̃ T

(3.57)

where K1 and K2 are vec-permutation matrices (Magnus and Neudecker 1979),
K1

=

K(gs+1),(gs+1)

(3.58)

K2

=

Kgs,gs .

(3.59)

The steps required to obtain (3.56) and (3.57) are presented in van Daalen and
Caswell (2017) and in the supplementary material.
The sensitivities of Vw , Vb , and K to fertility are shown in Figure 3.6. The
sensitivities of the within-group variance Vw to fertility (Figure 3.6a and 3.6b)
increase with stage, up to stage 5. This pattern holds whether fertility is changed
within one environment (Figure 3.6a) or in all environments (Figure 3.6b).
The between-group variance Vb is most sensitive to fertility in stage 1 (Figure
3.6c), with an increase in fertility in a fire year raising Vb , whereas in the nonfire-years it lowers Vb . In later stages fertility has only small positive or negative
effects on the between-group variance, depending on the environment. When
fertility is increased in all environments, Vb increases (Figure 3.6d). The net effect
of increasing fertility in stage 1 is zero because it increases LRO equally in every
environment, as there is no chance of dying differentially before entering stage 1.
Therefore the difference among groups does not change.
The intraclass correlation K is most sensitive to fertility in stage 1. Whether
the response is positive or negative depends on the stage-environment combination
(Figure 3.6e).
As is always the case, sensitivity analysis happily reports the results of changes
that are hypothetical. In this case, some changes in fertility are impossible, as, for
example, stage 1 is a pre-reproductive stage, and increasing fertility at that stage is
an interesting thought experiment rather than a potential biological reality. At the
final three stages, where reproduction takes place, the effect of changing fertility
is far greater for Vw than Vb , but the fraction of variance due to heterogeneity
does not change greatly.
Lifetime reproductive output depends on mortality as well as fertility. The
sensitivities of the variance components to mortality are given in equations (3.41)
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Figure 3.6: Sensitivity analyses of the variance components of lifetime reproductive output in L. bradshawii starting life in the yearling stage. The left-hand
panels represent sensitivity of within-group variance (a), between-group variance
(c) and the intraclass correlation K (e) to changes in stage-specific fertility in each
environment. The panels on the right represent sensitivity of within-group variance (b), between-group variance (d), and intraclass correlation K (f) to changes
in fertility in all environments simultaneously.
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and (3.43). Most of the pieces of these derivatives are given in Tables 3.2 and 3.3.
Unlike (3.47) for insects, Ui for the plants is a function of growth and survival, as
in
Ui

=

Gi Σi

(3.60)

Σi

=

I ◦ (1s σiT )

(3.61)

e

(3.62)

σi

=

−µi

.

The sensitivity of Ui with respect to µi is then
dvec Ui
= − (I ⊗ Gi ) D(vec I) (Is ⊗ 1s ) D(σi ).
dµTi

(3.63)

The derivatives of m̃ and ṽ with respect to the transition matrix Ũ are still
needed. They are





dm̃
= ÑT 1Tgs+1 ⊗ Z K1 D(vec R̃1 ) C1 − C2 I ⊗ 1Tgs
dvec T Ũ



(3.64)
+ ρ̃T1 ⊗ I K2
dṽ
dvec T Ũ

=

ÑT






1Tgs+1 ⊗ Z K1 D(vec R̃2 ) C1 − C2 I ⊗ 1Tgs

T



+2 ρ̃T1 ⊗ I K2 D(vec R̂1 ) + 2 Ũ ◦ R̂1



+ ρ̃T2 ⊗ I K2 − 2D(ρ̃1 )

where C1 and C2 are

 

Igs×gs
Igs×gs
C1 =
⊗
01×gs
01×gs
C2

=



Igs×gs
01×gs



⊗



0gs×1
I1×1



.

dm̃
,
dvec T Ũ

dm̃
dvec T Ũ

(3.65)

(3.66)

(3.67)

The steps required to obtain (3.64) and (3.65) are presented in van Daalen and
Caswell (2017) and in the supplementary material.
The sensitivities of Vw , Vb , and K to mortality are shown in Figure 3.7. Increasing mortality in any environment reduces the within-group variance Vw (Figure
3.7a). The effects on Vb and K depend on the stage-environment combination, but
the effects are small (Figures 3.7c and 3.7e). Increasing mortality in a fire year
decreases Vb , as does increasing mortality in stages 4 and 5.
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Figure 3.7: Sensitivity analyses of the variance components of lifetime reproductive output in L. bradshawii starting life in the yearling stage. The left-hand panels
represent sensitivity of within-group variance (a), between-group variance (c) and
the intraclass correlation K (e) to changes in stage-specific mortality in each environment. The panels on the right represent sensitivity of within-group variance
(b), between-group variance (d), and intraclass correlation K (f) to changes in
mortality in all environments simultaneously.
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When mortality increases in all environments, both Vw (Figure 3.7b) and Vb
(Figure 3.7d) are reduced. The effects on K are small, and mostly negative (Figure
3.7f).

3.6 Discussion
Variance components are central to the discussion of the relative contribution of
heterogeneity and stochasticity to life history outcomes. Heterogeneity — differences among individuals that lead to differences in the vital rates they experience
— is expressed as variance between groups. Individual stochasticity — differences
in outcome among individuals experiencing the same rates — appears as variance within groups. The important question is how much each of these sources
contributes to the variance.
The results in Sections 3.2 and 3.3 provide a flexible method for decomposing
variance, applicable across life history outcomes, types of heterogeneity, life cycles,
sets of vital rates, and mixing distributions. This flexibility is a consequence of
formulating the life cycle as a multistate matrix model (Caswell et al. 2018).
The within-group and between-group components of variance depend on the
life cycle. As in other parts of demography, sensitivity analysis is useful to explore
this dependence (Caswell 2019). We present a method for the sensitivity analysis
of the variance components to life history parameters and illustrate the approach
with two examples: variance in longevity due to heterogeneous frailty in a fruit
fly, and variance in lifetime reproductive output due to environmental conditions
in an herbaceous plant in a stochastic fire environment.
The fraction of variance explained by heterogeneity differs between these two
examples. In the fruit fly, 75% of the variance in longevity is due to heterogeneity in initial frailty. In L. bradshawii, only 0.4% of the variance in LRO is due
to heterogeneity in initial environmental conditions. Both examples are extreme
compared to previous studies, but in different directions. About 5–10% of the
variance in longevity is due to frailty in humans (Hartemink et al. 2017). About
5% is due to socio-economic heterogeneity in humans (Seaman et al. 2019). A
median of 35% is due to frailty in laboratory insect populations (Hartemink and
Caswell 2018), and about 6% due to unobserved heterogeneity in the Southern
Fulmar (Jenouvrier et al. 2018). Studies of lifetime reproductive output have reported contributions of 22% due to unobserved heterogeneity in Southern Fulmars
(Jenouvrier et al. 2018), and 39% due to ’quality’ in kittiwakes (Snyder and Ellner
2018).
Snyder and Ellner (2018) show that for some analytical models incorporating
stochasticity and heterogeneity, stochasticity determines a substantial fraction of
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the variation even as they vary the values for survival and fertility. In addition,
they show that increasing variability in survival and fertility generally increased
the contribution of stochasticity. The sensitivity results for the two examples
analyzed here partly agree with their result, with the added benefit of disentangling
at which ages or stages, and which heterogeneity groups within- and between-group
variances are most sensitive to fertility and mortality.
In the fruit fly example, the sensitivity of Vw to mortality is positive up to some
critical age. The sensitivity of Vb is negative at these ages, intuitively leading to
a decrease in K with increasing mortality. However, if mortality at early ages
increased only for the most ’frail’ groups of fruit flies, the result would be an
increase in K.
In the case of LRO in L. bradshawii, the sensitivity of both variance components to fertility is positive, and to mortality is negative. Although K is a simple
function of Vb and Vw , the sensitivity of K is not necessarily a simple result of the
sensitivities for the variance components. The Lomatium example illustrates this,
although sensitivity of K in this case is always small.
The sensitivity patterns, the direction and magnitude of the sensitivities of
the variance components and K, differ between the two examples. The fact that,
in the fruit fly, increasing mortality changes the within-group and between-group
components of variance in opposite directions suggests some kind of trade-off, but
this is not observed in the example for Lomatium. Whether this difference is a
result of the structure of the models, the type of heterogeneity, the choice in mixing
distribution, or the demographic outcome under investigation, is a question that
can only be answered by additional analyses. More studies of variance components
of different species across the tree of life would be indispensable in the search for
broad patterns.
The mixing distribution π is a key ingredient in variance decomposition, because it defines the initial distribution of individuals among heterogeneity groups.
We have treated it as a fixed parameter; a useful extension would be to include
the sensitivity of demographic outcomes to π in the analysis. We expect that its
relative influence would vary with the type of heterogeneity.
The term “heterogeneity” applies to a wide range of types of differences among
individuals. In this paper, we included an example in which an unobserved, internal, fixed set of differences (frailty, in the broad sense) affected the mortality
schedule (see Table 3.1). We also analyzed an example in which the heterogeneity
is an observed, external, and dynamic set of differences due to the fire environment.
The differences between the vital rates in the fire environments are substantial, yet
the between-group variance component is very small. This reflects the dynamic,
rather than fixed, nature of the fire environment. Individuals starting life in one
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environment experience the other environments, decreasing the contribution of the
differences in initial environment over the lifetime. Whether this is a general result
for dynamic heterogeneity is a question that can only be answered with additional
studies.
Additional examples of dynamic heterogeneity and environmental differences,
but also different kinds of fixed heterogeneity, and dynamic, sequential heterogeneity groups, will be valuable to elucidate how heterogeneity contributes to the
variance in life history outcomes. Many studies include the effects of certain covariates on vital rate estimates; these covariates, if incorporated into a demographic
model, might provide the heterogeneity information required for variance analysis.
Life history outcomes are often highly variable among individuals. Especially
for fitness components such as lifetime reproductive output, it is important to
account for variance due to individual stochasticity, on which selection cannot
act (Steiner and Tuljapurkar 2012; van Daalen and Caswell 2020b). Indeed, individual stochasticity might slow selection by obscuring variance due to genetic
heterogeneity (Steiner and Tuljapurkar 2012). Sensitivity analysis of the variance
components to the vital rates is a necessary tool to identify the contributions of
heterogeneity and stochasticity to life history outcomes.
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Appendix 3.A Derivations
In order to give some more intuition on the steps involved in deriving the sensitivity
formulas, we show here the necessary steps to derive the sensitivities of mean and
variance in LRO with respect to fertility and mortality. We start by providing the
general derivative of mean LRO (Section 3.A), followed by the variance in LRO
(Section 3.A). Then we show how to get the specific formulas for derivatives with
respect to mortality and fertility (Section 3.A). Many of these calculations appear
in more general form in van Daalen and Caswell (2017).
Start from the top: Mean lifetime reproductive output
Mean lifetime reproductive output is given by
T

ρ̃1 = ÑT Z P̃ ◦ R̃1 1gs+1 ,

(3.A-68)

which we rewrite as the following to make life a bit easier for ourselves;
 −1

T
ÑT
ρ̃1 = Z P̃ ◦ R̃1 1gs+1 .


 


A

(3.A-69)

B

The main steps of sensitivity analysis are to differentiate the expression, then
apply the vec operator, and substitute and simplify where necessary. We will do
this for both sides of the equation (3.A-69). Differentiate the left-hand side of the
equation to obtain
  
 −1
−1
dA = d ÑT
dρ̃1 .
(3.A-70)
ρ̃1 + ÑT
Substituting

yields

 −1 

ÑT
= I − ŨT

(3.A-71)





dA = − dŨT ρ̃1 + I − ŨT dρ̃1 .

(3.A-72)

Applying the vec operator gives

 



dvec A = −vec
dŨT ρ̃1 + vec I − ŨT dρ̃1 .

(3.A-73)

We want to apply Roth’s theorem,



vec (ABC) = CT ⊗ A vec B,

(3.A-74)
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to extract B, in this case the term we are differentiating. We can do this

 by writing
an identity matrix on the ”empty” side of the target term (e.g. dŨT ρ̃1 =


I dŨT ρ̃1 , so that
  



dvec A = − ρ̃T1 ⊗ I dvec ŨT + I − ŨT dρ̃1 .


(3.A-75)



The final step involves writing vec ŨT in terms of vec Ũ, which requires the
vec-permutation matrix K,




dvec A = − ρ̃T1 ⊗ I K2 dvec Ũ + I − ŨT dρ̃1 .
(3.A-76)
In this section we will use several vec-permutation matrices of different sizes, we
list them here for reference;
K = Kg,s
K1 = K(gs+1),(gs+1)
K2 = Kgs,gs .

gs × gs

(3.A-77)
2

2

(gs + 1) × (gs + 1) (3.A-78)

(gs)2 × (gs)2

Differentiating the right-hand side of (3.A-69) gives

T
T

dB = Z dP̃ ◦ R̃1 1 + Z P̃ ◦ dR̃1 1.

(3.A-79)

(3.A-80)

Applying the vec operator (and Roth’s theorem, and the vec-permutation matrix)
yields


 




dvec B = 1T ⊗ Z K1 vec dP̃ ◦ R̃1 + 1T ⊗ Z K1 vec P̃ ◦ dR̃1 . (3.A-81)
The vec operator is applied to a Hadamard product using the following rule;
vec (A ◦ B) = D (A) vec (B) + D (B) vec (A) .

(3.A-82)

Applying this rule to (3.A-81) yields
 






dvec B = 1T ⊗ Z K1 D vec R̃1 dvec P̃ + D vec P̃ dvec R̃1 . (3.A-83)

As shown in equation (3.33), P̃ is a block-structured matrix built from Ũ and
d1×gs (and some zeros and ones). More generally, the Markov chain P̃ is written
as


Ũ 0
.
(3.A-84)
P̃ =
M̃ I
According to Caswell and van Daalen (2016), the vec operator applied to P̃ can
be written as follows
dvec P̃ = C1 dvec Ũ + C2 dvec M̃,
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where
C1

C2

=



=



Igs
0α×gs
Igs
0α×gs




⊗



0α×gs



⊗



0gs×α
Iα



Igs

(3.A-86)

,

(3.A-87)

where α is the number of absorbing states. When α = 1, the mortality matrix M̃
can be obtained from Ũ as
T

T

M̃ = 1 − 1 Ũ.
In this case, equation (3.A-85) further simplifies to



dvec P̃ = C1 − C2 Igs ⊗ 1Tgs dvec Ũ.

(3.A-88)

(3.A-89)

From (3.A-69), dvec A = dvec B. Setting (3.A-76) for dvec A equal to (3.A-83)
for dvec B gives

 






− ρ̃T1 ⊗ I K2 dvec Ũ + I − ŨT dρ̃1 = 1T ⊗ Z K1 D vec R̃1 dvec P̃



+ D vec P̃ dvec R̃1 . (3.A-90)


T  −1
Solving for dρ̃1 and substituting I − Ũ = ÑT
gives

 





dρ̃1 = ÑT 1T ⊗ Z K1 D vec R̃1 dvec P̃ + D vec P̃ dvec R̃1



(3.A-91)
+ ρ̃T1 ⊗ I K2 dvec Ũ .

This is the general formula for the sensitivity of mean LRO to the underlying
matrices. From here, one can decide which of the parameters in the matrices is
of interest, which will be discussed in Section 3.A. Let us first obtain the general
derivative of the variance in LRO.
Tackling the beast: Variance in LRO
The variance in lifetime reproductive output is given by
ṽ = ρ̃2 − (ρ̃1 ◦ ρ̃1 ) .

(3.A-92)

Differentiating this and applying the rule for veccing4 Hadamard products as in
(3.A-82) yields
dṽ = dρ̃2 − 2D (ρ̃1 ) dρ̃1 .

(3.A-93)

4 For

convenience, we will verb the heck out of the adjective ”vec”, to mean ”applying the
vec operator to”. Deal with it.
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Simple enough. We know dρ̃1 from the previous section. All that remains is to
obtain the derivative of the second moment of LRO, where the second moment is
given by
 

T
T 
T
(3.A-94)
ρ̃2 = Ñ Z P̃ ◦ R̃2 1gs+1 + 2 Ũ ◦ R̂1 ρ̃1 .
Using the same trick as in Section 3.A, we write this as
 −1
T
T


ÑT
ρ̃2 = Z P̃ ◦ R̃2 1gs+1 + 2 Ũ ◦ R̂1 ρ̃1 .

 

 



A

B

(3.A-95)

C

Differentiating term A follows the same steps as we performed in (3.A-70)–(3.A76). The only difference is that the term we solve for here is ρ̃2 ;




(3.A-96)
dvec A = − ρ̃T2 ⊗ I K2 dvec Ũ + I − ŨT dρ̃2 .

Differentiating term B follows the same steps we took earlier in (3.A-80)–(3.A-83),
except term B in equation (3.A-95) contains the matrix R̃2 instead of R̃1 ;
 






dvec B = 1T ⊗ Z K1 D vec R̃2 dvec P̃ + D vec P̃ dvec R̃2 . (3.A-97)
Differentiating term C gives


T
T
T


dC = 2 dŨ ◦ R̂1 ρ̃1 + Ũ ◦ dR̂1 ρ̃1 + Ũ ◦ R̂1 dρ̃1 .

(3.A-98)

Applying the vec operator (and Roth’s theorem, the vec-permutation matrix, and
the rule for veccing Hadamards) then yields
 




dvec C = 2 (ρ̃1 ⊗ I) K2 D vec R̂1 dvec Ũ + D vec Ũ dvec R̂1

T
+2 Ũ ◦ R̂1 dρ̃1 .
(3.A-99)
Despite the fact that it will not be fun to look at, solving for ρ̃2 gives

 





dρ̃2 = ÑT 1T ⊗ Z K1 D vec R̃2 dvec P̃ + D vec P̃ dvec R̃2
 




+2 (ρ̃1 ⊗ I) K2 D vec R̂1 dvec Ũ + D vec Ũ dvec R̂1
T

+2 Ũ ◦ R̂1 dρ̃1



+ ρ̃T2 ⊗ I K2 dvec Ũ .
(3.A-100)
Fortunately, we can simplify as we get more specific.
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Pick your side: Mortality or fertility
Now that we have formulas (3.A-91), (3.A-100), and (3.A-93), we can differentiate
our way down to the parameters we are interested in. Although it is possible that
a single (vector of) parameter[s] influences both mortality and fertility simultaneously, in our examples we investigate the effect of a change in these parameter
sets separately.
Mortality
When our parameter set of interest is mortality, some of the terms in equations
(3.A-91) and (3.A-100) will drop out since they do not depend on mortality. We
know that dvec Ũ, and by extension dvec P̃, depend on mortality through the
transition rates between states. dvec R̃1 and dvec R̃2 , on the other hand, depend
on the moments of reproduction, and therefore on fertility. By writing dvec P̃ as
in (3.A-89), the sensitivities of ρ̃1 and ρ̃2 with respect to mortality are obtained
from (3.A-91) and (3.A-100) as




 dvec Ũ

 T
dρ̃1
T
C1 − C2 Igs ⊗ 1Tgs
=
Ñ
⊗
Z
K
D
vec
R̃
1
1
1
T
dµi
dµTi



dvec Ũ
+ ρ̃T1 ⊗ I K2
(3.A-101)
dµTi




 dvec Ũ

dρ̃2
T
T
=
Ñ
⊗
Z
K
D
vec
R̃
1
C1 − C2 Igs ⊗ 1Tgs
1
2
dµTi
dµTi
 dvec Ũ
T dρ̃


1
+2 (ρ̃1 ⊗ I) K2 D vec R̂1
+ 2 Ũ ◦ R̂1
dµTi
dµTi

 T

dvec Ũ
+ ρ̃2 ⊗ I K2
(3.A-102)
dµTi
The only missing ingredient is the derivative of Ũ with respect to the mortality
schedule for group i.
In the example for Lomatium bradshawii, the relationship between Ũ and the
mortality vector for a given group is given by the equations in (3.23), (3.21), and
(3.60)–(3.62):
Ũ

=

U

=

DKUKT
g

(Li Ui Qi )

(3.A-103)
(3.A-104)

i=1

Ui

=

Σi

=

σi

=

Gi Σi


I ◦ 1s σiT
e

−µi

.

(3.A-105)
(3.A-106)
(3.A-107)
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Other than Roth’s theorem, and the rule for veccing a Hadamard product, we
need to know how to differentiate σi = e−µi , which is
dσi = −D (σi ) dµi .

(3.A-108)

Differentiating Ũ with respect to U, differentiating U with respect to Ui , and
differentiating Ui with respect to µi gives



dvec Ũ = (K ⊗ DK) QTi ⊗ Li − (I ⊗ Gi ) D (vec I) (Is ⊗ 1s ) D (σi ) dµi .

(3.A-109)

The derivative of Ũ with respect to µi is obtained from the differential dvec Ũ as



dvec Ũ
= (K ⊗ DK) QTi ⊗ Li − (I ⊗ Gi ) D(vec I) (Is ⊗ 1s ) D (σi ) (3.A-110)
T
dµi

(this is the First Identification Theorem of Magnus and Neudecker (1985)). Substituting (3.A-110) into (3.A-101) gives the sensitivity of mean lifetime reproductive
output with respect to mortality. Substituting (3.A-110) into the derivative of
the first moment (3.A-101) and the second moment (3.A-102) of LRO, and then
combining these into
dṽ
dρ̃2
dρ̃1
=
− 2D (ρ̃1 )
,
dµTi
dµTi
dµTi

(3.A-111)

yields the sensitivity of variance in LRO to mortality, as calculated from (3.42)
and (3.43).
Fertility
When we want to know instead how mean or variance in LRO responds to a change
in fertility, all the terms concerning the sensitivity of outcomes with respect to
mortality drop out of equations (3.A-91) and (3.A-100). These become





(3.A-112)
dρ̃1 = ÑT 1T ⊗ Z K1 D vec P̃ dvec R̃1




dρ̃2 = ÑT 1T ⊗ Z K1 D vec P̃ dvec R̃2

T



(3.A-113)
+2 (ρ̃1 ⊗ I) K2 D vec Ũ dvec R̂1 + Ũ ◦ R̂1 dρ̃1
In order to reduce the number of matrices we need to differentiate, we can write R̂1
and R̃2 in terms of R̃1 . Note that rewriting R̃2 as a function of R̃1 is not always
possible, for example, when the higher moments of fertility are directly obtained
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from data. In our example we only have information on the first moment, and we
make the assumption that fertility is Poisson distributed to obtain


(3.A-114)
R̃2 = R̃1 + R̃1 ◦ R̃1 .
Differentiating (3.A-114) and applying the vec operator gives


dvec R̃2 = dvec R̃1 + dvec R̃1 ◦ R̃1 .

(3.A-115)

which can be written as



dvec R̃2 = I(gs+1)2 + 2D vec R̃1 dvec R̃1 .

(3.A-117)

Applying the rule for differentiating Hadamard products, this becomes


(3.A-116)
dvec R̃2 = dvec R̃1 + 2D vec R̃1 dvec R̃1 ,

R̂1 is R̃1 with the absorbing states removed;
R̂1 = ZR̃1 ZT .

Differentiating (3.A-118), and applying the vec operator yields


dvec R̂1 = vec ZdR̃1 ZT ,

(3.A-118)

(3.A-119)

which, following Roth’s theorem, gives
dvec R̂1 = (Z ⊗ Z) dvec R̃1 .

(3.A-120)

Now we can write equations (3.A-112) and (3.A-113) in terms of the derivatives
of ρ̃1 , ρ̃2 , and R̃1 ;
dρ̃1
dfiT

=

dρ̃2
dfiT

=


 dvec R̃


1
ÑT 1T ⊗ Z K1 D vec P̃
(3.A-121)
dfiT

 dvec R̃




 T
1
T
Ñ
1 ⊗ Z K1 D vec P̃ I(gs+1)2 + 2D vec R̃1
dfiT


dvec R̃1
+2 (ρ̃1 ⊗ I) K2 D vec Ũ (Z ⊗ Z)
dfiT
T dρ̃ 

1
.
(3.A-122)
+ Ũ ◦ R̂1
dfiT

The matrix R̃1 is a function of f1 through the following set of equations;
R̃1

=

f̃

=

1gs+1 f̃ T Z
g

(Li fi ) .
K

(3.A-123)
(3.A-124)

i=1
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The derivative of R̃1 with respect to fi is obtained through the usual steps; differentiation, applying the vec operator and then Roth’s theorem if necessary;


dvec R̃1 = ZT ⊗ 1gs+1 KLi dfi .

(3.A-125)

Invoking the First Identification Theorem gives


dvec R̃1
= ZT ⊗ 1gs+1 KLi .
dfiT

(3.A-126)

Combining (3.A-126), (3.A-121), and (3.A-122) provides the sensitivity of mean
and variance in LRO to fertility.
By your powers combined...
Presenting sensitivity analyses of matrix expressions with long chains of dependency (Figure 3.1) confronts the researcher with a tricky decision. Whether we
present it as a long chain rule for which we collect the individual parts (as we
do in the main text), or just start somewhere and ’differentiate down’ (as we did
here), it is a challenge to keep track of all the parts of the equations. Did this
matrix lose a transpose? Is this supposed to be K1 or K2 ? Are all the dimensions
correct? Once you have the correct expression (and have successfully implemented
it in Matlab or your matrix language of choice), it is tempting to show that final
equation you worked so hard to obtain. However, the final product, for example,
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sensitivity of variance in LRO to mortality for Lomatium, might look like this:




dṽ
T
T
T
(1
I
=
Ñ
⊗
Z)K
D(vec
R̃
)
C
−
C
⊗
1
1
2
1
2
gs
gs
dµTi

+2(ρ̃1 ⊗ I)K2 D(vec R̂1 )


×(K ⊗ DK)(QTi ⊗ Li ) − (I ⊗ Gi ) D(vec I) (Is ⊗ 1s ) D(σi )



T


+ÑT Ũ ◦ R̂1 ÑT (1T ⊗ Z)K1 D(vec R̃1 ) C1 − C2 Igs ⊗ 1Tgs

+ (ρ̃T1 ⊗ I)K2 (K ⊗ DK)(QTi ⊗ Li )


× − (I ⊗ Gi ) D(vec I) (Is ⊗ 1s ) D(σi )

+ÑT (ρ̃T2 ⊗ I)K2 (K ⊗ DK)(QTi ⊗ Li )


× − (I ⊗ Gi ) D(vec I) (Is ⊗ 1s ) D(σi )




T
−2D(ρ̃1 )Ñ (1T ⊗ Z)K1 D(vec R̃1 ) C1 − C2 Igs ⊗ 1Tgs

T
+(ρ̃1 ⊗ I)K2 (K ⊗ DK)(QTi ⊗ Li )


(3.A-127)
× − (I ⊗ Gi ) D(vec I) (Is ⊗ 1s ) D(σi )

This expression might be the final product, and it might be impressive, but it
does not provide any insight (nor does it spark joy, even in us). It is a solution
for the sensitivity of variance in LRO to mortality, but an attempt to code it as a
single expression is likely to produce errors. Programming each piece of the chain
of derivatives is a better solution. In addition, the parts of the calculation can
be useful to other investigators performing sensitivity analysis even if their model
differs in some components. By presenting the chain of consecutive sensitivities,
it is easier for other investigators to identify where their analyses might differ.
This expression,





dṽ
dvec U
dvec Ui
dṽ
dvec Ũ
,
(3.A-128)
=
dµTi
dvec T U
dvec T Ui
dµTi
dvec T Ũ
together with expressions for each of the derivatives, contains the same information
as (3.A-127) with the advantage that it shows the steps required to get the solution.
Some matrix calculus is required to get there, and although differentiating matrices
with respect to vectors can seem daunting at first, it requires only a few main steps
(just 6 according to Caswell (2019)). Matrix calculus is your friend, not just as a
technique for sensitivity analysis, but also as a way to present it. If the main text
of our paper did not convince you of this, maybe this little appendix has.
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variance in fitness

Silke F. van Daalen
Hal Caswell

Accepted as chapter in Burger, O., Lee, R. & Sear, R. (Eds.) Human
Evolutionary Demography.

“No one need be ashamed of his shortcomings as a ‘human biologist’. A human
biologist must be demographer, geneticist, anthropologist, historian, psychologist
and sociologist all in one, and much else besides; he must also be a fairly reasonable
sort of human being; and no one can be all of these things.”
- Medawar, The Future of Man (1960)
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Abstract
Heritable variation in fitness is required for natural selection, which
makes identification of the sources of variation in fitness a crucial question
in evolutionary biology. A neglected source of variance is the demography
of the population. Demographic processes can generate a large amount of
variance in fitness, but these processes are stochastic and the variance results from the random outcomes of survival, development, and reproduction,
and will therefore be non-heritable. To quantify the variance in fitness due
to individual stochasticity, the mean and variance of lifetime reproductive
output (LRO) are calculated from age-specific fertility and mortality rates.
These rates are incorporated into a stochastic model (a Markov chain with
rewards) and the statistical properties of lifetime reproduction, including
Crow’s Index of the opportunity for selection, are calculated. We present
the basic theory for these calculations, and compare results with empirical
measurements of the opportunity for selection. In the case of a historical population in Finland, 57% of the empirically observed opportunity for
selection can be explained by individual stochasticity resulting from demographic processes. Analyzing the contribution of demography to variance in
fitness will improve our understanding of the selective pressures operating
on human populations.
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4.1 Introduction
Natural selection on a trait is an automatic consequence of three conditions: (1)
there is variation among individuals, (2) the variation is heritable, and (3) the trait
is correlated with fitness, so that individuals differing in the trait experience differential reproductive success (Darwin 1859; Lewontin 1970; Brandon 1978; Endler
1986). Disentangling the underlying sources of variation in fitness, and of traits
correlated with fitness, is a critical component of evolutionary biology, because
not all variation is heritable or correlated with fitness.
Quantitative genetics provides powerful statistical tools for partitioning phenotypic variance into its components (e.g., Falconer 1960; Kempthorne 1957). The
total phenotypic variance is customarily partitioned into genetic variance, environmental variance, and variance that occurs as a result of gene-environment interactions. The genetic variance is further partitioned into additive and non-additive
components (Figure 4.1). Additive genetic variance is due to the linear contributions of alleles to the trait, and is the component of variance that determines the
response to selection (Falconer 1960; Lande 1979). Non-additive variance arises
due to dominance effects and epistatic effects. Heritability in the broad sense is
the ratio of the genetic variance to the total variance. Heritability in the narrow
sense, which determines the response to selection, is the ratio of additive genetic
variance to the total variance (Crow and Kimura 1970, p. 124).
In this chapter, we distinguish demographic analyses from other kinds of population calculations. By the demography of a species, we refer to the life cycle and
its stages, the differences among individuals due to those stages, and the stochastic outcomes (surviving or not, reproducing successfully or not) of demographic
processes in these stages. The familiar analysis of variance in quantitative genetics
was developed with only minimal consideration of demography. As we will show,
the contributions of these demographic processes (known as individual stochasticity; see Caswell (2009)) can be sizeable and should not be ignored. Methods
now exist to calculate the demographic contributions to variance from standard
life table information (Caswell 2011; van Daalen and Caswell 2015, 2017) and we
will present these methods, together with examples, below.

4.2 Fitness and the response to selection: Crow’s index
Selection requires genetic variance, and the rate at which a trait responds to
selection depends on the genetic variance in the trait and on the correlation of
the trait with fitness. Fitness is, of course, perfectly correlated with itself, and
so the response of fitness to selection is a useful starting point for analysis. Crow
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Figure 4.1: Variance among individuals is caused by heterogeneity, i.e. actual
differences between individuals, and by individual stochasticity, i.e. differences in
outcome by chance.

(1958) derived an index that measures the opportunity for selective improvement
in fitness from the variance in fitness.
Suppose that the population contains k trait values and that individuals with
trait value i have fitness wi and occur with frequency pi . The mean fitness at a
given time is the sum of all possible fitness values weighted by their proportions,

w̄(t) =
pi wi . The frequency of trait i will change over time according to its
current frequency and fitness:
pi (t + 1) =

wi pi (t)
w̄(t)

(4.1)

where the mean fitness scales pi (t + 1) so that it sums to one.

Mean fitness in the next generation is w̄(t + 1) =
pi (t + 1)wi , which, by
replacing pi (t + 1), can be written as

w i pi w i
.
(4.2)
w̄(t + 1) =
w̄(t)
The change in mean fitness from t to t + 1 over time is ∆w̄ = w̄(t + 1) − w̄(t).
Crow (1958) writes this change as a proportion, relative to the mean fitness at
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time t, to obtain
∆w̄
w̄(t)

=
=
=
=

w̄(t + 1) − w̄(t)
w̄(t)


pi wi2 − w̄(t) pi (t)wi
w̄(t)2
V (w)
w̄(t)2
I.

(4.3)
(4.4)
(4.5)
(4.6)

This is obviously related to Fisher’s fundamental theorem of natural selection,
which states that “the rate of increase in fitness of any organism at any time is
equal to its genetic variance in fitness at that time” (Fisher 1930).
Crow’s index I gives the proportional rate of increase in fitness when fitness is
perfectly heritable, so that all the variance is genetic. The rate of change of any
other trait would depend on the correlation of that trait with fitness (Crow 1958).
Crow’s I has been referred to as “the index of total selection”, “the intensity of
selection”, and “the opportunity for selection”, the latter of which most accurately
represents its interpretation (Crow 1958; Arnold and Wade 1984; Cavalli-Sforza
and Bodmer 1999). Crow’s I is an upper limit to the rate of the response to selection, but this limit is realized only if fitness is completely heritable and selection
is not frequency-dependent.

4.3 Fitness and its components
The definition and measurement of fitness are matters of great debate in ecology
and evolution (e.g., Mills and Beatty 1979; Metz et al. 1992; Roff 2008; Barker
2009). It is clear that fitness is a demographic concept, because it measures the
rate at which a particular phenotype or genotype is able to propagate copies of
itself to future generations (Fisher 1930; Dobzhansky 1951; Barker 2009; Metz
et al. 1992). Such a rate is a demographic outcome.
Crow’s definition of fitness avoids this; it simply states that the number of individuals with trait i increases by a factor wi in each generation, without specifying
how that factor is determined. Fisher (1930) suggested the use of the intrinsic
rate of increase r (the Malthusian parameter in Fisher’s terminology) as a measure of fitness. It is calculated from survival and fertility schedules as shown in
table 4.1 (Fisher 1930; Charlesworth 1994). Metz and others have made a case for
taking a similar, but more stringent measure of fitness: the rate of increase of a
rare mutant in a resident population in a given environment, as measured by the
dominant Lyapunov exponent (Metz et al. 1992; Metz 2008). The discrete-time
version of the population growth rate is λ = ert .
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All these demographic measures incorporate the life cycle, the changes that
happen to individuals as they develop through the life cycle, and some measure of
rate of increase. Most evolutionary studies, however, must be satisfied with components of fitness that capture some aspects of survival, reproduction, growth,
etc., even if they do not suffice to compute λ. The component perhaps most
closely related to λ is lifetime reproductive output (LRO). The mean LRO, if
measured as the number of daughters per female, is equivalent to the net reproductive rate R0 (Table 4.1), which is the per-generation rate of increase and, as
such, serves as an indicator of population growth, decline, or stability (Heesterbeek 2002; Caswell 2001). Both R0 and LRO are often taken as a proxy for fitness
(Grafen 1988; Clutton-Brock 1988; Partridge 1989; Newton 1989; Stearns 1992;
Roff 1993; Charlesworth 1994).
Measurement of LRO for a sample of individuals from a population provides
an empirical estimate of the mean and variance, and thus of Crow’s I, as
I=

V (LRO)
E(LRO)2

(4.7)

Such calculations are regularly carried out by demographers, anthropologists, and
population biologists (e.g., Clutton-Brock 1988; Brown et al. 2009; Courtiol et al.
2012). We will discuss these further below.
Lifetime reproductive output is, however, a demographic consequence of the
complete set of stage-specific vital rates throughout the life cycle. It integrates
the rates of survival, development, and reproduction across age classes or stages,
no matter how those stages are connected. Thus, LRO can be calculated from
life tables or projection matrices, provided that they contain information on agespecific mortality and fertility (Caswell 2001, 2011).

Table 4.1: Mathematical definitions of a few familiar fitness measures.
Measure
Total fertility rate
Net reproductive rate
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Variable
TFR
R0

Intrinsic rate of increase

r

Population growth rate

λ

∞
0

1=

Equation
∞
m(x)dx
0

∞
0

(x)m(x)dx

e−rx (x)m(x)dx
ert
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4.4 Individual stochasticity in LRO
Demography is a source of variance in fitness. In general, variance among individuals arises from two sources. One is heterogeneity: genuine differences among
individuals, that translate into differences in the rates of mortality and fertility
experienced by those individuals at any age or stage. This is the variance that
is decomposed into the familiar environmental and genetic components (Figure
4.1). The other source is individual stochasticity, variance that arises from the
stochastic outcomes of probabilistic transitions (living or dying, giving birth or
not, maturing or not, etc.) within the life cycle. Variance due to individual
stochasticity is unavoidable in any quantity that results from demography, but
it is invisible in fitness calculations that ignore the demographic structure of the
population.
Consider an extreme example, where every individual experiences the ageindependent mortality rate µ. The longevity of individuals has an exponential
distribution with a mean of 1/µ (life expectancy), and a variance of 1/µ2 . This
variance is a result of individual stochasticity, because by assumption we have
eliminated every source of heterogeneity from this example.
The same principle holds when the vital rates depend on age – conditional
on age, individuals experience the same rates and probabilities, but may differ in
their outcomes. Calculating the amount of variance in LRO produced by stochastic
events in the life cycle has been a long-standing problem, which has recently been
solved (Caswell 2011; van Daalen and Caswell 2017). In the next section we will
present these results, and in section 4.7 we will apply them to Finnish population
data.

4.5 A Markov chain model for stochasticity in LRO
Individual stochasticity can be calculated by incorporating demographic processes
into a stochastic model for individuals. An individual in age class i may survive
and advance to the next age class (with probability pi ) or die (with probability
1 − pi ). It will reproduce with probability fi 1 . The probabilistic nature of surviving or dying at a given age class causes random variation among the pathways
individuals follow through their life course. Similar random variation is caused
within pathways by probabilistic fertility (Figure 4.1).
These probabilities are captured in a stochastic model framework referred to
as absorbing Markov chains with rewards (Caswell 2011; Caswell and Kluge 2015;
1 If we ignore multiple births, probabilistic fertility for humans takes the form of a Bernoulli
random variable, so that reproduction is 1 with probability fi or 0 with probability (1 − f i).
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van Daalen and Caswell 2015, 2017). The Markov chain describes the movement
of individuals among a set of states, in this case, among age classes. An individual
of any age has a probability of surviving to the next age class. These probabilities
appear on the sub-diagonal of the transition matrix of the Markov chain (see Box
4.1). Individuals that die are captured into the absorbing state of death. This
model keeps track of all possible trajectories individuals take through their life
course, from birth to eventual death, and the probabilities of each.
At each step in its trajectory, an individual may accumulate offspring. These
offspring are treated as “rewards” in the Markov chain model. Rewards accumulate
until the individual dies. Thus, defining rewards as offspring in this analysis leads
directly to a measure of lifetime reproductive output. The statistical moments
of rewards are incorporated into a set of reward matrices (see Box 4.2). For
humans, we assume that the fertility at age i is the probability of producing a
single child, which implies the higher moments of the reward matrix follow a
Bernoulli distribution. With this structure, a Markov chain with rewards model
incorporates the full range of stochasticity, as it arises partly as a consequence of
Box 4.1 - Markov Chains
The Markov Chain is specified by a transition matrix P, which includes
a submatrix U describing transitions and survival. Given ω age classes, the
matrix U contains survival probabilities pi on the subdiagonal and zeros
elsewhere; e.g., for ω = 4,




U=


0
p1
0
0

0
0
p2
0

0
0
0
p3

0
0
0
[p4 ]





,


where the optional p4 in the lower right corner creates an open-ended final
age class.
The transition matrix P is


U 0
P=
M 1
where M is a 1 × ω matrix of age-specific mortality probabilities. The final
state is death; the 1 in the lower right corner indicates that death is a
permanent absorbing state.

100

4.5 A Markov chain model for stochasticity in LRO

Box 4.2 - Reproductive rewards
In Markov chain models, reproduction can be incorporated as a reward
associated with a transition from one age class to the next. Individuals
moving from age class i to age class j thus collect the reward rji . Agespecific fertility rates fi can be treated as the age-specific probabilities of
collecting a reward, under the assumption women produce 1 child at a time
(disregarding twins), making the reward a random Bernoulli variable;

1 with probability fi
rji =
.
0 with probability (1 − fi )
In order to calculate the statistical moments of lifetime accumulated
rewards, we must define the different moments of the reward matrix. Rk is
a matrix of the kth moment of the transition-specific rewards rji . Under
the assumption that rewards depend only on the current age class of the
individual, the first moment reward matrix becomes


f1 . . . f ω 0
 . .
.. 
. . ...
 ..
. 

R1 = 


 f1 . . . f ω 0 
f1 . . . fω 0

4

with the last column corresponding to rewards accumulated by individuals
who are dead; these are, unsurprisingly, always zero. Due to the fact that
reproduction is treated as a Bernoulli random variable, the higher moments
of the reward matrix are easily obtained as
R 2 = R3 = R1 .

probabilistic survival and transitions, and partly as a consequence of probabilistic
success at reproduction.
The accumulated number of children over the lifetime of an individual, i.e.
lifetime reproductive output, is then a function of the Markov chain P, the reward
matrix Ri , and the fundamental matrix N. The latter is obtained from the Markov
chain and provides information on the occupation times of different age classes and
longevity (see Box 4.3). Calculating Crow’s index of the opportunity for selection
requires the first two moments of LRO (see Box 4.4), but calculation of all higher
moments is also possible (van Daalen and Caswell 2017).
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Box 4.3 - Longevity and the fundamental matrix
U contains all the information of a life table, and makes it possible
to calculate survivorship, life expectancy, variance in longevity, and other
statistics. We will use the fundamental matrix
N = (I − U)

−1

,

where X−1 is the inverse of the matrix X. The entries of N correspond
to the mean amount of time spent in any age class, given that you start
in any age class. For example, the first column of N will be a vector of
mean time spent in age class i for any individual starting life in the first
age class. By summing over all the columns in N, as
η T = 1T N,
a vector of remaining life expectancy from each starting age is obtained.
The first entry of this vector is mean longevity, or life expectancy at birth.

As an example, consider Sweden in 1891 and 2010 (Figure 4.2). Survival was
higher in 2010 than in 1891; fertility was lower in 2010 than in 1891. The Markov
chain with rewards calculation shows that, given these rates, a Swedish woman
in 1891 would produce an average of 3 children (of either sex) over her lifetime.
The variance in lifetime reproduction, among a cohort of women identically experiencing the rates of 1891, would be 5.6. Crow’s index would be I = 0.62. This
variance is due to the random outcomes of the age-specific probabilities of survival
and reproduction. By 2010, mean LRO had declined to 2 children. The variance,
again among individuals identically experiencing 2010 rates, would be 1.8, with
I = 0.46 (Table 4.2).
It is important to be clear about what this variance reflects. The calculations
assume that every woman experiences the same fertility and mortality rates at
every age, so there is no heterogeneity involved on which to select. This lack
of heterogeneity, genetic or otherwise, results in estimate calculation of Crow’s
I based on demographic variation with a completely non-heritable basis. We
therefore refer to it as an apparent, rather than a real opportunity for selection.
These values of Crow’s I due to individual stochasticity are not unusual. In an
analysis of fertility during the second demographic transition, we calculated Crow’s
index for a set of 40 developed countries (van Daalen and Caswell 2015), based on
age-specific demographic data from the Human Mortality Database (HMD 2014),
the Human Fertility Database (HFD 2014) and the Human Fertility Collection
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Box 4.4 - Lifetime reproductive output
With the ingredients described in the previous boxes, we can calculate
the different statistical moments for the lifetime number of children for
women at any starting age. The vector ρ̃k represents the kth moment of
accumulated rewards for individuals who start their life in any of the living
classes. The first moment of lifetime reproductive output is mean lifetime
reproductive output, obtained as
T

ρ̃1 = NT Z (P ◦ R1 ) 1,
where Z is a matrix that cleaves off the absorbing state of death, NT refers
to the matrix transpose of N, the product P◦R1 is the element-by-element
product of P and R, and 1 is a vector of ones. The second moment of
lifetime reproductive output is


ρ̃2 = NT Z(P ◦ R2 )T 1 + 2(U ◦ R1 )T ρ̃1 .

4

From these, the variance in lifetime reproductive output can be obtained, as
V (ρ̃) = ρ̃2 − ρ̃1 ◦ ρ̃1 .
The mean and variance combined provide the opportunity for selection,
I = V (ρ̃) D (ρ̃1 ◦ ρ̃1 )

−1

,

where D (y) puts the entries of the vector y on the diagonal of a matrix containing zeros elsewhere. Further details and derivations of these equations
are shown in van Daalen and Caswell (2017).

(HFC 2014). We found values of Crow’s I in the range of roughly 0.25 to 1.0,
increasing slightly between 1960 and 2000, with a slight decrease after 2000 (Figure
4.3). (van Daalen and Caswell 2017) found values in a similar range for two huntergatherer populations and the high-fertility Hutterites.

4.6 Empirical estimates of the opportunity for selection in human
populations
Given individual lifetime data, it is possible to make empirical estimates of Crow’s
I. Such data have been used to investigate reproduction in a number of human
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Figure 4.2: Survivorship (left panel) and fertility (right panel) for Sweden at two
different points in time, 1891 (solid blue line) and 2010 (dashed red line).

populations. The index is often partitioned by sex (Crow 1962; Wade 1979; Brown
et al. 2009), by episodes of selection (Crow 1958; Arnold and Wade 1984), or by
the type of selection. The latter partitioning was developed by Wade (1979, 1995),
who derived an expression for the opportunity for sexual selection from Bateman’s
observations on variance in number of mates (Bateman 1948).
Brown et al. (2009) have compiled such empirical estimates of the sex-specific
opportunity for selection in 18 human populations. In Table 4.3 we have tabulated
their estimates as female opportunity for selection. The values (median= 0.34, interquartile range= 0.16–0.46) are similar to those produced by individual stochasticity in typical human life tables, with only 3 populations exceeding 0.5. The
estimates of opportunity for selection were higher in males in most populations,
something that might reflect sex roles, but for which there was not sufficient evidence (Brown et al. 2009).

Table 4.2: Mean lifetime reproductive output, standard deviation, and opportunity for selection calculated using Markov chains with rewards for Sweden at
two points in time. The model was parameterized using mortality and fertility as
shown in Box 4.1 and 4.2.
Model outcome
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Sweden 1891

Sweden 2010

Mean LRO

2.997

1.972

Variance in LRO

5.595

1.788

Opportunity for selection

0.623

0.460
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Figure 4.3: Apparent opportunity for selection calculated using the Markov chain
with rewards method for 40 developed countries. Values fall broadly within a range
of 0.2–0.8.

Brown et al. (2009) also found differences among mating systems (i.e.
monogamy, serial monogamy, polygyny etc.) in the degree to which male opportunity for selection outweighed female opportunity for selection. A more robust
study by Moorad et al. (2011) showed that a shift in the mating system of a frontier
population in Utah between 1830 and 1894 reduced the opportunity for selection
over time. The opportunity for selection was high in males in 1830 (approximately
1.1) and decreased by almost half around mid-century, corresponding to the shift
from polygyny to monogamy. For women the opportunity for selection was quite
stable across this time period (around 0.5–0.6).
Nulliparity as an issue
A confounding issue in empirical measurements of variance in LRO is the treatment
of individuals that do not reproduce at all (nulliparous individuals), either because
they die before reproducing or simply never produce children. These individuals
are often excluded from estimates, thereby underestimating the variance in lifetime
reproduction. The study by Moorad et al. (2011) is an apparent exception, but to
our knowledge, the only study of opportunity for selection in human populations
that includes explicit counts of nulliparous individuals is that of Courtiol et al.
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Table 4.3: Empirical measures of opportunity for selection (OFS) in reproductive
success of women in 18 populations, with a median of 0.34, and an interquartile
range of 0.16–0.46.
Country or population

Mean LRO

Variance

OFS

Paraguay, Ache
Chad, Arabs
C.A.R., Aka
Kenya, Kipsigis
Chad, Dazagada
Tanzania, Pimbwe
Botswana, Dobe !Kung
Mali, Dogon
Brazil, Xavante
Venezuela, Yanomamo
Tanzania, Hadza
Norway 1700-1900
USA social survey
Dominica locals
Iran, Yomut Turkmen
Finland 1745-1900
Pitcairn Isl. genealogies
Sweden, 1825-1896

7.8
8.3
6.2
6.6
6.4
6.1
4.7
3.2
3.6
3.4
3.6
4.5
2.0
5
3.9
3.5
4.7
2.4

3.6
5.1
5.2
5.9
6.5
7.3
4.9
2.3
3.9
4.4
5.1
8.3
1.8
11.6
7.1
7.6
23.2
9.7

0.06
0.07
0.14
0.14
0.16
0.20
0.22
0.22
0.30
0.38
0.39
0.41
0.45
0.46
0.47
0.62
1.05
1.68

(2012). They used detailed church records of pre-industrial populations in Finland
between 1760 and 1849 to obtain counts of lifetime reproductive output for all
women, nulliparous or not.
Courtiol et al. (2012) estimate the opportunity for selection for women as I
= 2.03, which is distinctly higher than other empirical estimates (Table 4.3) and
higher than estimates calculated from life tables (Figure 4.3). They found no evidence for effects of social status on the opportunity for selection. The opportunity
for selection was again higher in males, estimated at around 2.52. The larger values in this study are most likely due to the inclusion of nulliparous individuals in
the estimates of Crow’s I, and as such they are a benchmark estimate, at least
for a pre-industrial European population.

4.7 Pre-industrial Finland: variance and stochasticity
The empirical estimate of the opportunity for selection reported by Courtiol et al.
(2012) for Finnish women in the late eighteenth to mid-nineteenth century provides
a valuable opportunity for comparison with the level of variance due to individual
stochasticity that is implied by the mortality and fertility schedules of that era. To
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Figure 4.4: The straight black line represents the empirically measured opportunity for selection for Finnish women living between 1760 and 1849, the window
of time wherein this measure was obtained is indicated by vertical red lines. The
black dash-dotted line represents apparent opportunity for selection obtained from
life table data on Finnish women living between 1776 and 1925. Peaks correspond
to famines and wars, times where mortality was higher. The apparent opportunities for selection for 40 developed countries are shown as a reference in the
right-bottom corner of the figure (colored lines).

make such a comparison, we require mortality and fertility schedules as comparable
as possible to those of the Finnish population represented by the parish register
data. If the variance in LRO due to individual stochasticity is similar to the
observed value, invoking heterogeneity to explain the variance is, strictly speaking,
not necessary without additional evidence (Steiner and Tuljapurkar 2012).
Turpeinen (1979) reported estimates of age-specific mortality and fertility for
Finland, from 1776 to 1925. We interpolated Turpeinen’s results from five-year
age classes (or, for the first years of life, two-year age classes) to single year age
classes using cubic splines. We used the resulting mortality schedules to create
the matrix U, and the fertility data to create the reward moment matrices R1
and R2 , for each year (see Boxes 4.1 and 4.2), and calculated the resulting values
of Crow’s I, as shown in Figure 4.4.
The mean value of opportunity for selection between 1776 and 1849 was 1.15,
which is 2–3 times the value for current developed countries. This value declined
gradually from the mid-19th century to the typical modern values. This is at least
partly a result of the reduction in mortality since that time, because such changes
reduce I (see the sensitivity analysis results in van Daalen and Caswell (2017)).
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Like all empirical estimates, the values of Crow’s I reported by Courtiol et al.
(2012) reflect both sources of variance in LRO (Figure 4.1). Compared to their
value of 2.03, the value of apparent opportunity for selection implies that slightly
more than half of Crow’s I can be accounted for by individual stochasticity. The
remainder, approximately 0.8, could be due to heterogeneity. This heterogeneity
could be genetic, or it could be non-genetic, such as marital status, parity, or
geographical location (Figure 4.1).

4.8 Discussion
Natural selection is, at heart, a demographic process, concerned as it is with the
differential propagation of genes, genotypes, or traits (Metcalf and Pavard 2007).
This demographic basis is recognized in the calculation of fitness (measured as
some rate of increase that integrates survival and reproduction) and fitness components (measured by indices that capture some, but not all, aspects of survival
and reproduction).
To this familiar concept, we must also add demography as a source of variance
in fitness and its components, due to individual stochasticity. The existence of
random events within the life cycle makes this stochasticity an unavoidable result,
implicit in any demographic model. It has now been shown, by a variety of methods, that individual stochasticity creates significant amounts of variance in human
and non-human populations (e.g., Caswell 2009; Tuljapurkar et al. 2009; Steiner
et al. 2010; Caswell 2011; Steiner and Tuljapurkar 2012; van Daalen and Caswell
2015; Hartemink et al. 2017; van Daalen and Caswell 2017).
Human life tables imply a degree of individual stochasticity in LRO that is
sufficient to create values of Crow’s I that are on the same order as empirical
measurements of variance in lifetime reproduction. This result has several implications. It provides a baseline against which empirical measurements can be
compared. It serves as a neutral model (sensu Steiner and Tuljapurkar 2012), eliminating all sources of heterogeneity, and implies the need to search for evidence
of heterogeneity in order to invoke it as a source of the variance. The variance
produced by individual stochasticity can be expected to reduce the efficacy of natural selection, by masking variance produced by genetic differences (Steiner and
Tuljapurkar 2012).
In the case of the high-quality empirical measurements of lifetime reproductive
output in pre-industrial Finland, roughly 60% of the empirically measured value
of Crow’s I can be accounted for by individual stochasticity arising from the
demographic properties of 17th century Finland as reported by (Turpeinen 1979).
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Whether the Finnish population serves as a general or an exceptional example,
we cannot say. The Finnish data are exceptional with regard to their inclusion of
nulliparous individuals (Courtiol et al. 2012), whereas other studies try to compensate their results for nulliparity (Moorad et al. 2011). It is clear that leaving
out unsuccessful individuals changes estimates of the variance and the opportunity
for selection (Klug et al. 2010; Courtiol et al. 2012). Although in many studies
there will be logistical limits, including nulliparous individuals in empirical studies is essential for comparisons that allow insight into the underlying sources of
variance, in addition to providing representative data with which to parameterize
models.
Showing that individual stochasticity can account for some fraction (or all)
of the observed variance does not prove that it does so. To measure the contributions of individual stochasticity and heterogeneity, one must incorporate the
relevant source[s] of heterogeneity into the Markov chain model, and assign reproductive rewards to both age classes and heterogeneity categories. It is then
possible to decompose the variance in LRO into components due to heterogeneity
and stochasticity (Caswell et al. 2018). Variance decomposition has been applied
to longevity in both humans (Hartemink et al. 2017) and animals (Hartemink and
Caswell 2018; Jenouvrier et al. 2018) and to LRO (Jenouvrier et al. 2018; van
Daalen and Caswell 2020a). The data requirements are more demanding, but the
matrix framework for such analyses exists.
The methods presented here (and in more detail in Caswell 2011; van Daalen
and Caswell 2017) make it possible to calculate the individual stochasticity in
lifetime reproductive output implied by any set of mortality and fertility schedules.
This opens the way for increasingly detailed study of the demographic contribution
to variance in fitness, and its implications for human evolutionary demography.
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“I have always known
That at last I would
Take this road, but yesterday
I did not know that it would be today.”
- Ariwara no Narihira (Japan, 9th century)
Kenneth Rexroth, One Hundred Poems from the Japanese (1964)
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Abstract
The life histories of organisms are expressed as rates of development, reproduction, and survival. However, individuals may experience differential
outcomes for the same set of rates. Such individual stochasticity generates
variance around familiar mean measures of life history traits, such as life expectancy and the reproductive number R0 . By writing life cycles as Markov
chains, we calculate variance and other indices of variability for longevity,
lifetime reproductive output (LRO), age at offspring production, and age
at maturity for 83 animal and 332 plant populations from the Comadre
and Compadre matrix databases. We find that the magnitude within and
variability between populations in variance indices in LRO, especially, are
surprisingly high. We furthermore use principal components analysis to assess how the inclusion of variance indices affects life history constraints. We
find that these indices, to a similar or greater degree than the mean, explain
the variation in life history strategies among plants and animals.
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5.1 Introduction
The life history of any organism can be described as movement among a set of
stages, with individuals moving at rates that depend on the phenotype and the
environment. The stages may be defined in terms of age, size, developmental
stage, or other criteria. Any demographic model for the life history includes at
least three processes: development (transitions among the living stages), mortality
(transition out of the set of living stages), and fertility (production of new individuals). Each of these processes is stochastic. Mortality or survival happen with
a probability. Reproduction, and the number and kind of offspring produced, are
stochastic. Transitions during the developmental process are equally governed by
probabilities.
Stochastic transitions lead to variation among individuals in longevity, reproduction, and development, even if they experience identical rates and risks at
every stage. This variation is said to be due to individual stochasticity (Caswell
2009). It is critically important to distinguish the variation resulting from individual stochasticity from variation due to heterogeneity among individuals. A
demographic model describes the rates applying to all individuals in a given stage.
Heterogeneity describes variation due to differences among individuals in the vital
rates they experience in a given stage. Calculations of variance from a demographic
model explicitly assume that all individuals experience the same rates at any life
cycle stage, and variances resulting from individual stochasticity provide a critical
standard of comparison in the search for evidence of heterogeneity (e.g., Steiner
et al. 2010; Tuljapurkar et al. 2009; van Daalen and Caswell 2017; Hartemink et al.
2017).
Population biology and human demography have long focused on expected values of the outcomes of demographic models, and these expected values are usually
considered as life history traits. Life expectancy, for example, is the expectation
of longevity; the net reproductive rate R0 is the expected value of lifetime reproduction; and the generation time is the mean age at reproduction. But expected
values give only part of the story, and it is now possible to calculate the variation,
due to individual stochasticity in the life cycle, of many life history outcomes.
The variability implied by a life cycle is calculated by embedding the population projection matrix into a finite state, discrete time, absorbing Markov chain.
Such a chain includes transient states corresponding to living stages of the life
cycle, and one or more absorbing states corresponding to death or other ways of
leaving the living states. Longevity is the time required to reach an absorbing
state; its mean, variance, and other moments are calculated from the Markov
chain. Lifetime reproductive output is calculated by associating a ‘reward’ with
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every transition in the Markov chain. The reward represents stage-specific reproductive output; the Markov chain provides the mean variance, skewness, and all
the moments of lifetime reproductive output, starting from any living state. For
examples of Markov chain methods applied to individual stochasticity (or what
would now be called individual stochasticity), see Cochran and Ellner (1992),
Caswell (2001, 2009, 2011), Steinsaltz and Evans (2004), Tuljapurkar and Horvitz
(2006); Tuljapurkar et al. (2009), Horvitz and Tuljapurkar (2008), Steiner and
Tuljapurkar (2012), van Daalen and Caswell (2015, 2017).
Quantifying the variance in demographic outcomes is important because any
analysis of a random variable is incomplete until it includes some indication of
variation. In the case of life histories, variance due to heritable differences among
individuals in fitness-related traits is potential raw material for natural selection.
Variance due to individual stochasticity is not, so it is important to know how
much variance is implied by the life cycle, as a null model for evaluating potential
for selection (Steiner and Tuljapurkar 2012). In applied contexts, planning and
management require some quantification of risk (as actuaries and investors are
well aware) and risk can be measured by variance, skewness and other measures
of variability.
Because variation in demographic outcomes is implied by, and can be calculated
from, a demographic model, it should be treated as a life history trait (van Daalen
and Caswell 2020a) and incorporated into comparative life history studies, just as
the mean values are. This study provides the first detailed cross-taxon analysis
of the variation in demographic outcomes, treated as life history traits, and how
those measures of variation relate to other life history traits, across species.
We will consider individual stochasticity in a range of demographic outcomes
(lifetime reproductive output, longevity, age at maturity, measures of iteroparity,
and others). They will be calculated using Markov chains and Markov chains
with rewards, and applied to population projection matrices obtained from the
Comadre Animal Matrix Database and the Compadre Plant Matrix Database
(Salguero-Gómez et al. 2015, 2016a).
Our first goal is to quantify the amount of variation in demographic outcomes
within populations for a large collection of plant and animal species. We will
explore the distribution among populations of those measures of variation. Then
we will examine how the measures of variation fit into the patterns of association
among life histories, by extracting Principal Components that arrange species
along life history axes. These axes can be interpreted in terms of combinations of
life history traits, as has been done before for r- and K-selection (a binary contrast) (Pianka 1970), the fast-slow continuum (a one-dimensional arrangement)
(Stearns 1983), and more recent two-dimensional arrangements (Salguero-Gómez
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et al. 2016b). Our results reveal patterns that are not apparent in analyses restricted to mean properties.
The paper is organized as follows. In Section 5.2 we describe the sources of our
demographic data, and in Section 5.3 we describe the calculation of the statistics
of demographic outcomes. In Section 5.4 we report the patterns of variability
for lifetime reproductive output and longevity, and in Section 5.5 we present the
life history patterns emerging from a multidimensional approach; we end with a
Discussion. Details of the calculations, and supplementary figures, are presented
in Supporting Information.

5.2 Data
A comparative analysis of demographic outcomes requires demographic information for a diverse set of species. To obtain this information, we use the Comadre and Compadre matrix databases. These databases are open-data online
repositories of high-quality, parameterized matrix population models for animal
(Comadre v2.0.1) and plant (Compadre v4.0.1) species (Salguero-Gómez et al.
2015, 2016a, obtained from www.compadre-db.org).
From these databases we selected those matrix population models that represented natural (i.e. unmanipulated) environments. We limited our analysis to
matrices that were defined as an arithmetic average of matrices defined for a single time point (as provided by the database), with an annual projection interval,
with non-zero fertility values, and with at least five stages. We eliminated two-sex
models because they create life cycle pathways that do not appear in the more
common single-sex models. We also eliminated matrices including clonal reproduction because they would require a separate analysis of lifetime reproductive
output to separate clonal and sexual reproduction.
Calculations of lifetime demographic outcomes make frequent use of the fun−1
damental matrix N = (I − U) . We excluded matrices for which the condition
number of (I − U) > 1000; these matrices are near-singular (the species is nearimmortal) and the fundamental matrix is unreliable.
Examining the matrices, we found that some life histories are modelled in a
way that creates enormous values of the statistics of LRO (e.g., variances on the
order of 1011 ). This often results from an unfortunate choice by the investigators of
how to combine, within one life cycle, the production of huge numbers of seeds or
larvae and a miniscule fraction of these probabilities that survive to enter the life
cycle. To prevent these models from artifactually dominating all of our analytical
results we applied a method of Kimber (1990) to screen for and remove outliers.
The method is designed specifically for skewed data and identifies robust upper
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and lower bounds defined in terms of the quartiles of the data. Let Q1 , Q2 , and Q3
be the 0.25, 0.5, and 0.75 quantiles of the data. The upper limit defining outliers
is Q3 + 2c (Q3 − Q2 ). After some experimentation on our part we chose c = 5 as a
value that identified a group of genuine outliers. We excluded matrices for which
the mean, variance, or kurtosis of LRO exceeded this value.
These criteria resulted in sets of 83 animal matrices and 332 plant matrices from
the Comadre and Compadre databases respectively, representing 47 animal and
141 plant species.

5.3 Calculation of individual stochasticity in life history traits
Life history traits in common usage include those related to survival and longevity
(e.g., life expectancy), to the amount of reproduction (e.g., R0 , total fertility rate),
and to the timing of reproduction and its distribution over the lifespan (e.g., age
at maturity, generation time, iteroparity). Our approach differs because we will
compute not only the mean of these traits, but also the higher moments and
measures of variance, skewness, and kurtosis.
These results are obtained from the population matrices. The database supplies, for each population, a transition matrix U and a fertility matrix F. The
(i, j) entry of U is the probability of transition from stage j to stage i, conditional
on survival. The (i, j) entry of F is the mean number of stage i offspring produced
by a stage j individual in a unit of time. The matrix U forms the basis of a finitestate, discrete-time, Markov chain. The life cycle contains τ transient (i.e., living)
stages and α absorbing (i.e., dead or removed) stages. The transition probability
matrix for the chain is


Uτ ×τ 0τ ×α
(5.1)
P=
Mα×τ Iα×α
where the (i, j) entry of M is the transition probability from the jth living stage
to the ith absorbing stage. The total number of states is s = α + τ .
From the Markov chain matrix P and the fertility matrix F we calculate life
history traits as follows. Details of the calculation are given in the Supplementary
Materials.
Longevity. The longevity of an individual is the time required to leave the set
of transient states (Caswell 2001, 2009). A key piece in all the calculations is the
fundamental matrix N, given by
N = (I − U)
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The (i, j) entry of N is the mean time spent in stage i, starting from stage j, before
eventual absorption (death). We calculated the first four moments of longevity,
starting from the first stage in the life cycle, using the expressions in equations
(21)–(24) in Caswell (2013). From these moments we calculated the mean, standard deviation, coefficient of variation (CV), skewness, and kurtosis of longevity.
Lifetime reproductive output (LRO). We calculated the statistics of LRO
using Markov chains with rewards (MCWR, Caswell 2011; van Daalen and Caswell
2015, 2017). This analysis treats reproduction as a reward collected by an individual at each step in its life, up until death. In the absence of data on the
distribution of individual stage-specific reproduction, we used a Poisson distribution to create the reproductive reward matrices. For species that produce multiple
types of offspring (i.e., in which F contains positive entries in more than one row),
we summed all types at each age and treated the sum as the mean stage-specific
reproductive output. We computed the first four moments of LRO according to
van Daalen and Caswell (2017, Theorem 1). From these moments we calculated
the mean, variance, standardized variance, skewness, and kurtosis of LRO. The
standardized variance in LRO; i.e., the ratio of the variance to the square of the
mean, is frequently calculated. Crow (1958) showed that the standardized variance
in fitness is the rate at which selection would increase fitness if all the variance
were genetic.
Distribution of reproduction: generation time and iteroparity. Reproduction happens at different ages during the life of an individual. The distribution,
over the lifetime, of reproduction provides two useful demographic outcomes: generation time and a measure of iteroparity.
The cohort generation time is the mean age at which offspring are produced by
an individual. The formula for age-classified models is classical (e,g., Coale 1972),
but we need a version that applies also to stage-classified models. The necessary
result is found in Caswell (2009, Appendix A); see also Caswell (2019, Chap. 5).
When multiple types of offspring exist, we summed all types of offspring at every
stage before calculating the generation time.
The distinction between semelparity and iteroparity (reproducing only once vs.
being capable of reproducing repeatedly) focuses on the extent to which reproduction is spread over the life cycle. The degree of iteroparity is difficult to analyze
demographically because of the rarity of models that explicitly include parity (see
Caswell (2020a) for an example of an age-parity model). We calculated an index of iteroparity by extending the calculation of generation time to compute the
variance, and thence the coefficient of variation of the ages at which offspring are
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produced. Strict semelparity at a fixed age (as in the periodical cicadas Magicicada sp.) would have a CV of 0. If reproduction is spread over many ages, the CV
will be greater than 0 and measure how widely spread the ages at reproduction
are. The derivation of this measure of iteroparity is given in the Supplementary
Material.
Age at maturity. We calculated the mean, standard deviation, and coefficient
of variation of the age at maturity using the methods of Caswell (2001, Section
5.3.3). This involves creating an absorbing set consisting of all reproductive stages,
and calculating the moments of the time required to reach that absorbing set.
Measures of uncertainty. The measurement of the variability of any trait
requires some thought. In addition to the variance and related statistics, we
calculated the skewness and kurtosis of longevity and of lifetime reproductive
output, as measurements of the uncertainty of individual fates. Skewness is a
measure of asymmetry of the distribution, and high values of skewness imply
that the variable is even less certain than might be expected from the variance.
Kurtosis measures the ’heaviness’ of the tails of the distribution, and thus gives an
indication of the likelihood of extreme values. The variance, skewness, and kurtosis
were calculated from the moments using the formulas from Caswell (2011) and van
Daalen and Caswell (2017).

5.4 Individual stochasticity generates variability: how much?
In this section we explore some of the patterns generated by individual stochasticity in the statistics of lifetime reproductive output and longevity. We focus
on these patterns because they are important components of fitness. Longevity
integrates the chances of survival over all the pathways in the life cycle. LRO
integrates both survival and fertility. Our preliminary analysis showed that both
of these quantities are highly variable, both within and between the populations
in our subset.
Individual stochasticity creates a tremendous amount of variability in lifetime
reproductive output in both animals and plants. Table 5.1 shows the median
(preferable to the mean as a measure of central tendency for skewed data) and
quantiles (2.5%, 25%, 75%, 97.5%) of each of the statistics of LRO and longevity.
The 25% and 75% quantiles define the interquartile range, capturing the central
50% of the observations. The 2.5% and 97.5% quantiles capture 95% of the observations, and can be treated as the “range” of variation without the instability of
minimum and maximum values. The scaled measures of variation (CV, standard118
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Table 5.1: Quantiles of lifetime reproductive output (LRO) and longevity for the
subsets of animals and plants.
LRO
Animals

Q2.5

Q25

Median

Q75

Q97.5

Mean
Variance
OFS
Skewness
Kurtosis
Plants

0.11
0.26
1.09
1.00
0.08

0.60
2.10
3.04
2.35
6.61

1.14
6.41
4.92
3.37
15.27

2.01
22.00
9.94
4.45
25.37

6.60
201.08
90.37
13.19
216.85

Mean
Variance
OFS
Skewness
Kurtosis
Longevity
Animals

0.02
0.07
2.12
2.26
6.92

0.30
6.18
13.06
5.37
38.86

1.09
67.57
75.96
13.71
244.4

3.20
1416.0
584.8
35.49
1674.8

18.72
38073
6486.9
133.28
24087

Mean
St. Dev.
CV
Skewness
Kurtosis
Plants

1.16
0.71
0.56
0.34
-1.25

2.99
3.35
0.88
1.99
4.32

4.57
5.38
1.07
2.31
7.30

6.93
8.57
1.25
3.08
11.10

31.08
28.03
1.89
9.01
79.91

Mean
St. Dev.
CV
Skewness
Kurtosis

1.03
0.50
0.37
0.66
2.15

1.99
2.25
0.87
2.34
8.01

3.26
5.15
1.26
4.31
26.59

6.81
11.76
2.12
9.16
133.86

41.98
105.53
4.72
53.71
3852.7

5

ized variance, skewness, kurtosis) are particularly useful indices for comparative
purposes, because they are dimensionless.
Lifetime reproductive output
In animals, the median standardized variance (opportunity for selection) in LRO
is 4.92, and is typically (i.e., 50% of the cases) between 3.04 and 9.94. In plants,
the median is 75.96, with typical values ranging from 13.06 to 584.8. LRO is
positively skewed; in animals the median skewness is 3.37, with an interquartile
range from 2.35 to 4.45. In plants, the median is 13.71 and the typical range is
from 5.37 to 35.49. For comparison, the skewness of the exponential distribution
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is 2, which shows that individual stochasticity typically generates distributions of
LRO that are more skewed than the exponential.
Kurtosis is seldom included in measures of variability, but it is important in
these life cycles. Kurtosis is scaled relative to that of the normal distribution.
The median kurtosis among animal populations is 15.27 (6.61 – 25.37), and among
plant populations the median is 244.4 (38.86 – 1674.8). The tails of the distribution
of LRO are thus far heavier than those of the normal distribution.
Plants life cycles create more individual stochasticity than do animal life cycles,
and the ranges in variance, skewness, and kurtosis in LRO are greater among plant
species than among animal species.
Longevity
In studies of longevity, coefficient of variation is preferred over standardized variance as a dimensionless measure of variation. The median CV of longevity in
animals is 1.07 with typical values ranging from 0.88 to 1.25. In plants, the median is 1.26 with a range of typical values between 0.87 and 2.12.
Longevity is positively skewed, with rare individuals experiencing an unusually
long life. In animals, the median skewness is 2.31 with an interquartile range from
1.99 to 3.08. In plants, the median skewness is 4.31 with typical values ranging
from 2.34 to 9.16. These interquartile ranges suggest that distributions of longevity
for plants are typically more skewed than for animals.
The median kurtosis in longevity among animals is 7.30 (4.32 – 11.10). In
plants, the median kurtosis is 26.59 (8.01 – 133.86). The tails of the distribution
of longevity thus appear to be heavier for plants than for animals.
Distributions across populations
Figure 5.1 shows the distribution of values of the various statistics of LRO, among
populations of plants and animals (see Supplementary material for a similar graph
for longevity). To make the patterns more clearly visible, for some statistics the
data for plants and animals are trimmed by 20% (eliminating the top and bottom
10% of the values). See Tukey (1962) for a discussion of trimmed statistics.
Among the populations in our sample, plants exhibit a larger range of the
statistics of LRO than animals and appear more skewed in the distributions of
these statistics. In other words, plants show more uncertainty in their life history
trajectories and the reproductive success they experience along the way than animals do. Additionally, plants, more so than animals, differ among populations in
the level of this uncertainty.

120

5.4 Individual stochasticity generates variability: how much?

5

Figure 5.1: Histograms of the statistics of LRO (mean, variance, OFS, skewness, and kurtosis) for 332 populations of plants (left hand figures), and for 83
populations of animals (right hand figures). For both, some distributions were
trimmed to better show the shape of the distribution; where the top of the plot
reads “Trimmed data range” we left out 20% of the values for animal and plant
populations (highest and lowest 10%).
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5.5 Multidimensional life-history strategies
The various demographic outcomes do not vary independently among populations.
We compute Pearson product-moment correlations. To do so, variables were logtransformed except for those that could take on zero or negative values, i.e. the
kurtosis of LRO in animals, the kurtosis and skewness of longevity in both animals
and plants, and the measures of variability of age at maturity for animals and
plants. The correlations among the demographic outcomes are shown in Figure
5.5 and 5.6 in the Supplementary Material. Means and variances for the same
life history trait are often strongly positively correlated. Skewness and kurtosis
values are positively correlated with all other skewness and kurtosis values, and are
negatively correlated to mean LRO and longevity. That is, longer-lived species,
and species with high levels of reproduction tend to exhibit less reproductive
uncertainty.
To move beyond pairwise correlations, we note that our analysis characterizes
life histories by 16 demographic outcomes; these differ widely among plant and
animal species. The life history of each species can be represented by a point in a
16-dimensional trait space. To reveal the patterns of association among traits, we
used principal component analysis (PCA) to extract the major axes of variation.
Principal component analysis reduces the dimension of the life history space into a
set of orthogonal axes that best explain the variation among populations in these
outcomes (Gaillard et al. 1989; Stearns 1983; Salguero-Gómez et al. 2016b).
Stearns (1983) applied principal component analyses to two sets of data on
life history traits in 65 and 162 species of mammal, respectively, and concluded
that their life histories are organized along an axis with fast life history strategies
on one end and slow ones on the other (i.e. the fast-slow continuum). Gaillard
et al. (1989) carried out a similar analysis on 80 mammal species and 114 bird
species, which concluded that the variation of life history strategies of mammals
and birds can be equally described with the fast-slow continuum. They found a
secondary gradient corresponding to iteroparity. Salguero-Gómez et al. (2016b)
used PCA to analyze the life histories of 418 species of plants. They found two
major axes of variation: an axis corresponding to the fast-slow continuum and
one reflecting reproductive strategies. None of these analyses included measures
of variance, skewness, or kurtosis in the set of life history traits.
We performed PCA analyses on the demographic outcomes after scaling them
in such a way that the mean= 0 and SD= 1, as the demographic outcomes are
expressed in different units.
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Table 5.2: Loadings of lifetime reproductive output (LRO), longevity (LNG),
generation time (GT), modes of parity (Parity), and age at maturity (AM) on the
first three principal components of animals and plants.
Demographic outcome
LRO mean
LRO var
LRO OFS
LRO skew
LRO kurt
LNG mean
LNG sd
LNG cv
LNG skew
LNG kurt
GT mean
GT sd
Parity
AM mean
AM sd
AM cv

PC1
-0.21
0.08
0.37
0.39
0.37
-0.26
-0.24
0.09
0.36
0.35
-0.14
-0.16
-0.16
0.001
0.19
0.18

Animals
PC2
0.21
0.15
0.12
0.14
0.18
0.34
0.37
0.19
0.13
0.15
0.43
0.41
0.11
0.32
0.20
0.19

PC3
-0.28
-0.36
-0.21
-0.08
-0.09
-0.14
-0.09
0.44
-0.17
-0.23
0.009
-0.04
0.11
0.14
0.43
0.46

PC1
0.16
0.10
-0.17
-0.17
-0.17
0.28
0.37
0.33
-0.04
-0.08
0.42
0.41
0.12
0.27
0.30
0.18

Plants
PC2
PC3
0.05
0.05
-0.15
-0.14
-0.44
-0.02
-0.45
-0.07
-0.43
-0.02
0.02
0.23
-0.007
0.24
-0.08 -0.001
-0.38
0.29
-0.35
0.34
-0.16
0.02
-0.13
0.16
0.03
0.51
-0.19
-0.43
-0.18
-0.39
-0.05
-0.19

Animals
The first three PC axes account for 36.4%, 28.2% and 13.2% of the variance, for a
total of 77.8%. The loadings on each of the axes are given in Table 5.2. Figure 5.2
shows the distribution of animal species across the three axes, and the loadings of
the most important demographic outcomes. The first axis separates species based
on statistics related to uncertainty in LRO and longevity, with positive loadings for
the opportunity for selection in LRO, and skewness and kurtosis in both LRO and
longevity. High scores represent populations with high inter-individual variation
relative to the mean of LRO, and a higher chance of extreme values in both LRO
and longevity. We refer to this as the life cycle uncertainty axis.
The second axis captures variation in life cycle length. The mean and standard
deviation of the age at offspring production (the mean of which represents generation time), as well as standard deviation in longevity, had the highest loadings
on the second axis. We refer to this as the life cycle length axis.
The third axis separates populations on the basis of the timing of reproduction
in the life cycle, with high loadings for the standard deviation of age at maturity,
and the coefficients of variation in both age at maturity and longevity. Populations
at the low end of this axis have low variation in the time to reproduction and time
to death relative to the mean. We refer to this as the timing of reproduction axis.
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Principal Component Analysis: Animals
PC1 vs PC2

Individuals

Variables
1.0

GT mean
LNG sd

8

GT sd
LRO skew LRO kurt
LNG kurt
LNG skew
LRO ofs

Dim2 (28.2%)

Dim2 (28.2%)

0.5

4

0.0

−0.5

0

−1.0
−5

PC1 vs PC3

0

5

10

Dim1 (36.4%)

−1.0

Individuals

−0.5

0.0

Dim1 (36.4%)

0.5

1.0

Variables
1.0
AM cv

3

LNG cv AM sd

Dim3 (13.2%)

Dim3 (13.2%)

0.5
0

−3

LRO skew
LRO kurt
LNG skew LRO ofs
LNG kurt

−0.5

−1.0

−6
−5

PC2 vs PC3

0.0

0

5

10

Dim1 (36.4%)

−1.0

Individuals

−0.5

0.0

Dim1 (36.4%)

0.5

1.0

Variables
1.0
AM cv
LNG cv AM sd

3

Dim3 (13.2%)

Dim3 (13.2%)

0.5
0

−3

GT mean

0.0

GT sd
LNG sd

−0.5

−1.0

−6
0

4

Dim2 (28.2%)

8

−1.0

−0.5

0.0

Dim2 (28.2%)

0.5

1.0

Figure 5.2: Principal component axes of 83 populations of animals. The righthand graph shows the variables with the highest loadings onto these axes to facilitate visual understanding. Animal populations are primarily distributed along an
axis representing measures of uncertainty in LRO and longevity (36.4%), followed
by an axis representing generation time and longevity, and variation within these
(28.2%). A third axis represents variation in timing of reproduction (13.2%).
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Plants
The first three PCA axes for plants account for 28.2%, 22.9% and 11.9% of the
variance, for a total of 63%. The loadings on each of the axes are given in Table 5.2.
Figure 5.3 shows the distribution of 332 plant populations across three axes of
variation, as well as the demographic outcomes with the highest loading on those
axes. The first PCA axis captures life cycle length, with the highest loadings for
generation time and standard deviation of the ages at production of offspring, and
for the standard deviation of longevity.
The second PCA axis arranges species according to uncertainty in lifetime
reproduction, with large negative loadings for the standardized variance, skewness,
and kurtosis of LRO. At the negative end of this axis, populations have highly
variable, skewed, and less predictable lifetime reproductive output.
The third PCA axis in plants is related to the spread of reproduction across
the life cycle. Mean and standard deviation of age at maturity had high negative
loadings, and mode of parity had a large positive loading on this axis. Populations at the positive end of this axis mature early and are iteroparous, whereas
populations at the negative end of this axis have a shorter range of reproductive
years, and mature later.
Comparisons of animals and plants
Animals and plants are distributed across similar life history axes. The first two
axes reflect life cycle length and variance therein, and uncertainty in LRO. The
differences lie in the order of the axes, and the fact that the uncertainty axis in
animals also reflects uncertainty in longevity. The third axes both relate to timing
of reproduction, but in animals this also correlates to variation in length of life,
whereas in plants the mode of parity plays a larger role. In other words, in plants
the third axis reflects the time available to reproduce relative to life cycle length,
whereas in animals this axis captures how variable the timing of life cycle events
is:
Axis
1
2
3

Animals
uncertainty LRO and LNG
life cycle length
timing reproduction

Plants
life cycle length
uncertainty LRO
spread reproduction

Measures of variation in demographic outcomes (variance, scaled variance, skewness, kurtosis) make important contributions to the axes along which life histories
of both animals and plants are distributed. It is, arguably, no longer appropriate
to ignore individual stochasticity in describing life histories.
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Principal component Analysis: Plants
PC1 vs PC2
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Figure 5.3: Principal component axes of 332 populations of plants. The righthand graph shows the variables with the highest loadings onto these axes to facilitate visual understanding. Plant populations are primarily distributed along
an axis representing generation time and longevity, and variation within these
(28.2%), followed by an axis representing measures of uncertainty in LRO (22.9%).
A third axis represents mean, variation, and spread of the timing of reproduction
(11.9%).
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5.6 Discussion
Individual stochasticity is a consequence of the life histories of all organisms. It
generates variability among individuals in all demographic outcomes. This variability (measured, e.g., by variance, skewness, or kurtosis) is a consequence of the
life cycle structure and demographic rates, just as population growth rate, stable stage distribution, the sensitivity and elasticity functions, and other familiar
demographic outcomes are consequences. Given Markov chain and MCWR methods, it is now possible to calculate the variability among individuals implied by
any life history.
To investigate the resulting patterns requires a sample of a variety of taxa.
We have obtained such a sample from the Comadre and Compadre databases.
These data are, in a sense, crowdsourced information on life histories; as such, they
provide an overview of the range of published demographic data for plants and
animals. Although they are sourced from a scientific crowd (published studies),
they are far from being a random or representative sample, either taxonomically or
geographically (Salguero-Gómez et al. 2015, 2016a). Even so, they give a picture
of the range of what is possible.
The variability created by individual stochasticity is surprisingly large (Table
5.1, Figure 5.1). Plants are more variable than animals, in both longevity and
LRO. This may reflect the greater flexibility in their life course due to their modular organization. Plant life cycles are often described in ways that provide more
alternate pathways through the life cycle than is the case for animals. Shrinkage, for example, is common in plants, but less so in animals (Salguero-Gómez
and Casper 2010). Plants, perhaps more than frequently than animals, often experience extremely high mortality at early life history stages (seedlings). This
naturally leads to high levels of variance in lifetimes among individuals.
The variability reported here is due to the individual stochasticity that is implied by the rates in the matrices U and F. Every individual experiences these
rates and probabilities. In contrast, empirical measurements of lifetime demographic outcomes, obtained from longitudinal data on individuals followed through
their lives, include both stochasticity and heterogeneity. Not every individual experiences the same rates, because they differ in factors not included in the demographic model. Thus the variance in the empirically measured outcomes reflects
both stochasticity and whatever heterogeneity may exist among the individuals.
The standardized variance in LRO, which measures the opportunity for selection (Crow 1958; Hersch and Phillips 2004; Krakauer et al. 2011), has been measured empirically and provides a useful comparison to our studies. Robbins et al.
(2011) reviewed empirical estimates of OFS for 22 species of birds and mammals.
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Their examples have a median of 0.55 and an interquartile range of 0.41–1.17. In
18 human populations, the range is even narrower, with a median of 0.34 and an
interquartile range of 0.16–0.46 (Brown et al. 2009). This agrees rather well with
the standardized variance calculated for a set of 40 developed countries analyzed
by van Daalen and Caswell (2015, 2020b).
Our results clearly show more variance than these studies report, although our
animal sample contains 3 populations within the IQR of Robbins et al. (2011).
Whether this difference stems from the fact that these empirical studies mostly
contain large mammals, or from issues with incorporating nulliparity in empirical
studies (e.g., Klug et al. 2010; van Daalen and Caswell 2020b), we cannot say.
Potentially, the matrices we obtained lack certain processes that reduce interindividual variation, although cases where additional population states reduce
variance have not yet been reported1 .
Stochasticity generates variance and uncertainty in life history outcomes such
as LRO, longevity, age of reproductive maturity, and generation time. Beyond
means, this study presented measures of variation and uncertainty in such life history traits for 332 plant and 83 animal populations. These measures of variability
contribute to the life history strategy of a given population. Populations of plants
and animals differ, not only in how fast they live, or what reproductive strategy
they use, but in how flexible and uncertain their life histories are.
The surprising magnitude of the variation due to individual stochasticity, and
its differences among species, cries out for its incorporation into the definition of
the space within which life histories are distributed. This multidimensional space
is defined by the principal component analyses axes. The first three axes account
for 78% of the variance in animal, and 63% of the variance in plant, life histories. This is a step beyond the one-dimensional fast-slow life history continuum
(Pianka 1970; Stearns 1983) which classifies life histories along a continuum from
living fast, dying young and producing many offspring to living long and prospering by reproducing slowly but steadily. Later studies have added developmental
rate (Stearns 1983), iteroparity (Gaillard et al. 1989), and reproductive strategy
(Salguero-Gómez et al. 2016b; Paniw et al. 2018; Healy et al. 2019) as secondary
axes of variation in life history strategy.
The life history strategies we identify reflect the inherent individual stochasticity in the life cycle. In both animals and plants, the first two axes resemble
1 There are theoretical examples that show additional structure in the population result in
lower variance. A simple example would be variance in longevity in humans. If every individual
has the same mortality rate µ, regardless of age (i.e. an alive-dead model), longevity has an
exponential distribution of longevity with a standard deviation equal to the mean (1/µ). A
typical human population with life expectancy of 70 years would show an SD of 70. But actual
human populations, with strongly age-structured mortality, have a SD of longevity on the order
of 10 years.
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to some degree the fast-slow continuum and the reproductive strategies axis, but
with the crucial distinction that these axes are dominated by inter-individual variation in demographic outcomes. The axis of life cycle length we find (first axis in
plants, second axis in animals) incorporates the mean age at offspring production
as generation time, and the standard deviations in age at offspring production and
longevity. The uncertainty axis (second axis in plants, first in animals) reflects
the standardized variance, skewness, and kurtosis in lifetime reproductive output.
In animals, this axis furthermore relates to uncertainty in longevity.
Animal and plant populations differ, other than in percentage of variation
explained in the first two axes, in a subtle way with regard to the third axis. The
third axis, in both animals and plants, relates to the timing of reproduction in the
life cycle. For animals, the third axis reflects variability in age at maturity, and
standardized variability in longevity. In plants, the third axis reflects the start of
the reproductive lifespan in mean and standard deviation of age at maturity, and
the length of reproductive lifespan in mode of parity.
From these axes we ascertain that life history trade-offs and constraints are
expressed not only in terms of means, but also in degrees of variation among individuals. Inter-individual variation is an important part of the life history strategy,
and, therefore, cannot be ignored. This inter-individual variation, however, is
completely due to individual stochasticity. Individual heterogeneity is another
source of variation in life history outcomes.
If a putative source of heterogeneity is incorporated into the life cycle along
with the original individual states, the variance calculated from the resulting model
will reflect both sources. The variance in any outcome can then be decomposed
into contributions of these sources of variance (Caswell et al. 2018). Studies that
have done so generally find a large, or even overwhelming contribution of stochasticity. Only 5–10% of the variance in longevity in human populations could be
attributed to heterogeneity in frailty (Hartemink et al. 2017) or socio-economic
heterogeneity (Seaman et al. 2019). In other studies of longevity, a median of
35% of the variance could be attributed to unobserved heterogeneity in several
laboratory studies of insects (Hartemink and Caswell 2018). About 6% is due to
unobserved heterogeneity in the Southern Fulmar (Jenouvrier et al. 2018).
Studies of variance components in lifetime reproductive output are rarer. Snyder and Ellner (2018) attributed about 39% of the variance in LRO to heterogeneous ’quality’ in Kittiwakes. Jenouvrier et al. (2018) attributed 22% of the
variance in LRO to unobserved heterogeneity in the Southern Fulmar. An analysis of the perennial herb Lomatium bradshawii in a stochastic fire environment
found that the environment at birth could account for only 0.4% of the variance
in LRO. (van Daalen and Caswell 2020a). The broader life history effects of in129
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corporating heterogeneity into models is yet unknown, as these multistate models
are still rare.
Our selections from Comadre and Compadre include a wide range of species
and life histories, from treecreepers to elephants, from herbs to trees. What if
we treat these differences as an extreme case of heterogeneity? How much of the
variance in longevity and LRO would be contributed by heterogeneity among populations of different species, in the face of the variance contributed by individual
stochasticity within populations?
In general, the variance in some demographic outcome ξ is given by
V (ξ) = E [V (ξ|population)] + V [E(ξ|population)] .






within

(5.3)

between

(e.g., Rényi 1970; Frühwirth-Schnatter 2006). The within-population variance is
the contribution of individual stochasticity, since every individual within a population is subject to the vital rates of that population. The between-population
variance is due to heterogeneity since it measures the extent to which the population differ in their rates. The contribution of heterogeneity is measured by the
intraclass correlation coefficient (Falconer 1960),
K=

Vbetween
Vbetween + Vwithin

(5.4)

Applying this analysis to our results give, for longevity in animals
Vw

=

127.36

Vb

=

60.34

K

=

0.3215

(5.5)

and for plants
Vw

=

1.03 × 103

Vb

=

335.25

K

=

0.2453

(5.6)

For LRO in animals
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Vw

=

23.62

Vb

=

2.79

K

=

0.1058

(5.7)
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and for plants
Vw

=

3.3 × 103

Vb

=

32.14

K

=

0.0094

(5.8)

These results show that within-population variability due to individual stochasticity in movement through the life cycle overwhelms variation between populations. This is most apparent in the decomposition of variance in LRO in plants,
where less than 1% of the variance is due to population identity, and 99% is due
to individual stochasticity within populations. In animals, population identity
underlies a greater part of the variance, but still only about 11%. Individual
stochasticity determines 89% of the variation. The relative contribution of “heterogeneity” of course depends on both the mean and variance, with the variance
between means giving the between-group component, and the mean of variances
giving the within-group component. The difference between plants and animals
then becomes clear; whereas plants and animals have a very similar median of
mean LRO, plants have a 10-fold higher median of variance in LRO than animals
(Table 5.1).
We conclude by mentioning a few extensions of the analysis here that could
be applied in a comparative fashion. The analysis of LRO here can be applied to
multiple kinds of offspring (Caswell 2011). This would be particularly interesting
as a comparison of sexual and clonal reproduction (we have not considered the
latter) in plants. The comparisons among species could be informed by sensitivity
analysis using results for LRO (van Daalen and Caswell 2017), for longevity and
generation time (Caswell 2019), and the intraclass correlation coefficient K (van
Daalen and Caswell 2020a). Here we have focused on the “mean” matrix reported
in Compadre and Comadre. But it would be interesting to focus in more detail
on the response of variability in demographic outcomes to environmental factors
and stressors. Finally, the analysis here treats the matrices U and F as descriptions
of a constant environment, but in cases where data are available, the calculations
can be carried out in stochastic environments (Caswell 2011; van Daalen and
Caswell 2020a).
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Appendix 5.A Supplementary material
The calculations and analyses in this study were performed in R v3.5.3. The R
package ”pracma” was used to estimate the conditional number of matrices and,
where necessary, pseudo-invert these in the calculations (Borchers 2018).
Measures of variance and uncertainty
The results of the calculations of life history outcomes are typically a set of vectors
whose entries give the moments of some demographic outcome (ξ) for individuals
starting in each stage. Let ξm denote the vector for the mth moments. Then the
variances are given by the vector
V (ξ) = ξ2 − ξ1 ◦ ξ1

(5.A-9)

The skewness and kurtosis are most easily written in terms of the vectors of
moments around the mean
ξ̂2

=

ξ2 − ξ 1 ◦ ξ 1

(5.A-10)

ξ̂3

=

ξ3 − 3(ξ1 ◦ ξ2 ) + 2(ξ1 ◦ ξ1 ◦ ξ1 )

(5.A-11)

ξ̂4

=

ξ4 − 4(ξ1 ◦ ξ3 ) + 6(ξ1 ◦ ξ1 ◦ ξ2 ) − 3(ξ1 ◦ ξ1 ◦ ξ1 ◦ ξ1 )

(5.A-12)

In terms of these central moments, the vectors giving the skewness and excess
kurtosis of the elements of ξ are given by
 −3/2
(5.A-13)
ξ̂3
Sk(ξ) = D ξˆ2
−1

(5.A-14)
κ(ξ) = D ξ̂2 ◦ ξ̂2
ξ̂4 − 3

The skewness quantifies the asymmetry of the distribution; positive values
indicate an extended positive tail, negative values indicate the opposite. Skewness
can be interpreted as a measure of inequality. Kurtosis is a measure of the extent
of extreme values, measured relative to the normal distribution. Positive kurtosis
indicates a distribution with heavier tails (leptokurtic) and thus more likely to
exhibit extreme values, either positive or negative.
Calculation of individual stochasticity.
The calculations of individual stochasticity rely on the Markov chain transition
matrix U and the fundamental matrix
N = (I − U)

−1

.

(5.A-15)

The (i, j) entry of N is the mean time spent in stage i, prior to absorption (i.e.,
death), of an individual starting in stage j.
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Longevity
Longevity of an individual is calculated as the sum of the time spent in every
transient stage, until eventual absorption (Caswell 2009). The first four moments
of longevity are given in Caswell (2013),
η1T

=

1τ N

(5.A-16)

T

η2

=

T

(5.A-17)

T

η3

=

η4T

=

η1 (2N − I)


η1T 6N2 − 6N + I


η1T 24N3 − 36N2 + 14N − I

(5.A-18)
(5.A-19)

The ith entry of ηm is the mth moment of longevity for an individual starting in
stage i.
Lifetime reproductive output (LRO)
Calculation of LRO requires reward matrices whose entries give the moments of
the reproductive output reward associated with each transition. Let f be a vector
giving the mean reproductive output of each stage. If a single type of offspring
is produced f T is the first row of the fertility matrix F. For species that produce
multiple types of offspring (i.e., in which F contains positive entries in more than
one row), we summed all types at each age and treated the sum as the mean
stage-specific reproductive output. Modeling the number of offspring as a Poisson
random variable with that mean gives the reward matrices
R1

=

1s f T Z

(5.A-20)

R2

=

R1 + (R1 ◦ R1 )

(5.A-21)

R3

=

R1 + 3 (R1 ◦ R1 ) + (R1 ◦ R1 ◦ R1 )

(5.A-22)

R4

=

R1 + 7 (R1 ◦ R1 ) + 6 (R1 ◦ R1 ◦ R1 )
+ (R1 ◦ R1 ◦ R1 ◦ R1 ) .

(5.A-23)

Following Theorem 1 of van Daalen and Caswell (2017), we write ρ̃k for the
vector, of dimension τ × 1 of the kth moments of lifetime reproduction for individuals starting in each transient stage. We define the matrix


(5.A-24)
Z = Iτ ×τ 0τ ×α ;
and also define R̃k , the τ × τ submatrix of Rk corresponding to transitions among
the transient states:
R̃k = ZRk ZT .

(5.A-25)
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In terms of these quantities, the first four moments of LRO are
ρ̃1

=

ρ̃2

=

ρ̃3

=

ρ̃4

=

T

NT Z (P ◦ R1 ) 1s


T 
T
T
N Z (P ◦ R2 ) 1s + 2 U ◦ R̃1 ρ̃1

T
T 


T
NT Z (P ◦ R3 ) 1s + 3 U ◦ R̃2 ρ̃1 + 3 U ◦ R̃1 ρ̃2

T

T
NT Z (P ◦ R4 ) 1s + 4 U ◦ R̃3 ρ̃1


T
T 
+6 U ◦ R̃2 ρ̃2 + 4 U ◦ R̃1 ρ̃3 .

(5.A-26)
(5.A-27)
(5.A-28)

(5.A-29)

Age at maturity.
The age at maturity is defined as the time to first enter any stage defined as
reproductive, that is any stage j for which column j of F is non-zero. The technique, detailed in Caswell (2001, Section 5.3.3) has two steps. First, the transition
matrix is modified to make the reproductive stages absorbing. An individual will
end in one or the other of the two absorbing states, death-before-reproduction
or reproduction-before-death. Then a conditional Markov chain is constructed,
conditional on reaching reproduction. The age at maturity is the time to absorption in this conditional chain. We calculated the mean, standard deviation, and
coefficient of variation of this time.
Generation time.
The offspring production at age x of an individual starting in stage j is given by
the vector
m(j) (x) = D (FNej )

−1

(FUx ej )

(5.A-30)

where the entries of m(j) correspond to different types of offspring (Caswell 2009)
.
The cohort generation time, given by the mean of this distribution, is

(j)
µ1
=
xm(j) (x)
(5.A-31)
x

=
=

D (FNej )

−1

D (FNej )

−1

as in (Caswell 2009).
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5

Figure 5.4: Histograms of the statistics of longevity (mean, standard deviation,
coefficient of variation, skewness, and kurtosis) for 332 species of plants (left hand
figures), and for 83 species of animals (right hand figures). For both, some distributions were trimmed to better show the shape of the distribution; where the top
of the plot reads “Trimmed data range” we left out 20% of the values for animal
and plant populations (highest and lowest 10%).
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Extent of iteroparity
We used the distribution m(j) in (5.A-30) to derive a new result for the variance
of the ages of mothers at the birth of offspring. The second moment of that age
is



(j)
−1
2 x
µ2 = D (FNej ) F
x U ej
(5.A-34)
x


The new part of this expression is x x2 Ux . We can write and then simplify this
summation,

x2 Ux = 0 + U + 4U2 + 9U3 + · · ·
(5.A-35)
x

=

=
=

0 + U + 2U2 + 3U3 + · · ·

+2U2 + 6U3 + 12U4 + · · ·


NUN + U 2U + 6U2 + 12U3 + · · ·

NUN + U
x(x + 1)Ux
x

=

(I + U)NUN + U



x2 U x .

(5.A-36)
(5.A-37)
(5.A-38)
(5.A-39)

x


Solving for x x2 Ux , which appears on both sides, yields

x2 Ux = N(I + U)NUN

(5.A-40)

x

and thus
(j)

µ2 = D (FNej )

−1

FN(I + U)NUNej

(5.A-41)

The vector of variances is given by
(j)

(j)

(j)

V (µ(j) ) = µ2 − µ1 ◦ µ1

(5.A-42)

and from this we calculated the standard deviation and finally the coefficient
of variation of the age of production of offspring. The coefficient of variation is
dimensionless and is thus appropriate for comparing across life histories of different
absolute lengths.
Interspecific variation in statistics of longevity
Similar to the distributions for LRO in Figure 5.1, we show the distribution of
the statistics of longevity for all plant and animal populations in Figure 5.4. We
show trimmed histograms for some of the statistics for plants. Mean longevity,
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for example, has a high number of populations with a life expectancy of about
1. Paired with a long tail of extreme lifespans (up to a life expectancy of 150),
the body of the distribution would be completely obscured if we showed the full
range. The same is true for standard deviation, and kurtosis in longevity.
Plants show more variability among populations than animals do. They have
a larger range in the values observed for each of the longevity statistics. All of
these statistics indicate that plants experience greater variation and uncertainty
in their life lifespans than animals do, although extreme examples can be found
in both subsets.
Correlations between life history outcomes
In figures 5.5 and 5.6, we show the Pearson product-moments correlations of all 16
of the demographic outcomes we include in our analyses for animals and plants,
respectively. Some of these statistics are very tightly correlated; others not at all.
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Relationship of demographic outcomes
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Figure 5.5: Relationship among the demographic outcomes in animals. Lifetime
reproductive output (LRO), longevity (LNG), generation time (GT), modes of
parity (Parity), and age at maturity (AM) were log-transformed, with the exception of the kurtosis of LRO, the kurtosis and skewness of longevity, and measures
of variability in age at maturity. Pearson correlation coefficients are in the upper
diagonal of the matrix while scatterplots are located in the lower diagonal. Finally, density plots are shown on the diagonal to visualize the distribution of the
demographic outcomes.
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Relationship of demographic outcomes
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“But behind all your stories is always your mother’s story, because hers is where
yours begin.”
- Mitch Albom, For One More Day (2006)
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Abstract
Maternal effect senescence—a decline in offspring survival or fertility
with maternal age—has been demonstrated in many taxa, including humans. Despite decades of phenotypic studies, questions remain about how
maternal effect senescence impacts evolutionary fitness. To understand the
influence of maternal effect senescence on population dynamics, fitness, and
selection, we developed matrix population models in which individuals are
jointly classified by age and maternal age. We fit these models to data
from individual-based culture experiments on the aquatic invertebrate, Brachionus manjavacas (Rotifera). By comparing models with and without maternal effects, we found that maternal effect senescence significantly reduces
fitness for B. manjavacas, and that this decrease arises primarily through
reduced fertility, particularly at maternal ages corresponding to peak reproductive output. We also used the models to estimate selection gradients,
which measure the strength of selection, in both high growth rate (laboratory) and two simulated low growth rate environments. In all environments,
selection gradients on survival and fertility decrease with increasing age.
They also decrease with increasing maternal age for late maternal ages, implying that maternal effect senescence can evolve through the same process
as in Hamilton’s theory of the evolution of age-related senescence. The models we developed are widely applicable to evaluate the fitness consequences
of maternal effect senescence across species with diverse aging and fertility
schedule phenotypes.
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6.1 Introduction
In many species, survival and reproduction decrease with advancing age, a process
known as senescence. The evolution of senescence is a long-standing problem in life
history theory (Medawar 1952; Hamilton 1966) and has been studied extensively
in the laboratory, with mathematical models, and in the field (e.g., Fabian and
Flatt 2011; Rose 1990; Jones et al. 2014; Shefferson et al. 2017). The evolution
of senescence is explained by the age-specific patterns of the strength of selection,
measured as selection gradients, the derivatives of the population growth rate with
respect to a given trait value. Hamilton (1966) showed that age-specific selection
gradients on mortality and fertility decrease with age. Thus, traits expressed
early in life have a larger impact on fitness than those expressed later. As a result,
selection will favor traits that lead to negative effects on survival and fertility at
older ages if there are even small beneficial effects in youth.
Maternal effect senescence is defined as the reduced success or quality of offspring with advancing age of the mother (Moorad and Nussey 2016). Advanced
maternal age has known negative effects on offspring health, lifespan, and fertility
in humans and other species (Lansing 1947; de la Fuente-Fernandez 2000; Hercus and Hoffman 2000; Fox et al. 2003; Talge et al. 2007; Bouwhuis et al. 2015;
Schroeder et al. 2015; Bloch Qazi et al. 2017; Bock et al. 2019). In many taxa, including rotifers, Daphnia, Drosophila, and soil mites, offspring from older mothers
have shorter lives, lower reproductive success, or both (Lansing 1947; Kern et al.
2001; Fox et al. 2003; Benton et al. 2008; Bloch Qazi et al. 2017; Bock et al. 2019).
Field studies of several species of mammals and birds have shown that offspring
with older parents exhibit lower survival and recruitment, and increased rates of
senescence (Roach and Carey 2014; Schroeder et al. 2015). In humans, advanced
maternal age is associated with reduced lifespan (Bell 1918) and health (Farrer
et al. 1992; de la Fuente-Fernandez 2000). In Caenorhabditis elegans, Daphnia, and
rotifers, advanced maternal age also increases offspring size, alters development
time, and increases variability in gene expression (Gribble et al. 2014; Plaistow
et al. 2015; Perez and Lehner 2019; Bock et al. 2019).
Maternal effect senescence remains an interesting problem in life history evolution. Producing high quality offspring that live long and prosper should, all
else being equal, provide a selective advantage. Thus, the reduced quality of the
offspring of old mothers demands an evolutionary explanation. Hamilton (1966)
was the first to recognize that age-related senescence can be explained by the
decline with age in selection gradients on age-specific mortality and fertility. Previous work by Medawar (1952) and Williams (1957) had not identified all the
components of those selection gradients (Caswell 2001).
143

6

6. Maternal effect senescence

A similar approach to maternal effect senescence would look for patterns of
selection gradients, on mortality and fertility, as functions of maternal age. Doing
so, however, requires a model that goes beyond that of Hamilton (1966), whose
results are based on a model in which individuals are classified only by age. The
calculation of fitness and selection gradients relating to maternal effect senescence
requires a multistate, age-by-stage demographic model, where the “stage” refers
to maternal age.
Moorad and Nussey (2016) have recently analyzed one aspect of maternal effect
senescence: the effect on neonatal survival. Their analysis focused on maternal
effects mediated by social interactions between mothers and offspring. In contrast,
we developed a more general multistate model that can incorporate maternal age
effects on age-specific survival and fertility throughout the life cycle, and with
which we can easily calculate selection gradients on any of those rates as joint
functions of age and maternal age. Our model does not require social interactions
between mothers and offspring. The approach could be easily modified to address
other maternal effects, such as inducible defenses (Gilbert 1966, 1967; Krueger and
Dodson 1981; Havel and Dodson 1984; Gilbert 1988, 1999, 2003) and effects from
maternal diet and maternal stress, which influence offspring survival and fecundity
(Gribble et al. 2014). We analyzed the model to characterize selection gradients
on survival and fertility as functions of age and maternal age, and to quantify the
fitness impact of maternal age effects throughout the life cycle. It is known that
multistate models can fundamentally alter the patterns of age-specific selection
gradients, and thus the evolution of senescence, in the more familiar age-classified
models (Caswell and Salguero-Gómez 2013).
We applied the model to the monogonont rotifer, Brachionus manjavacas, an
ecologically important, microscopic, invertebrate animal. B. manjavacas has several features which make it a useful system in which to investigate maternal effects
on offspring performance. When reproducing asexually, all individuals within a
population are female and genetically identical, eliminating variability due to genetic recombination and paternal effects. Asexual B. manjavacas females make
a significant investment in individual offspring, producing 25–30 large daughters
serially over a reproductive period of approximately 10 days. Brachionus rotifers
have direct development, with no larval stage or metamorphosis, and exhibit no
post-hatching parental care. Thus, maternal care does not contribute to maternal
age effects in this species. In this study, rotifers were individually housed and
monitored, permitting frequent individual-level measurements of lifespan and fecundity with high replication. Although Brachionus rotifers have been used in
previous studies of maternal effects (Gilbert 1966; Kaneko et al. 2011; Gribble
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et al. 2014; Bock et al. 2019), the impacts of maternal age effects on population
dynamics and evolutionary fitness have not been investigated in these species.
We begin by describing the demographic model, the experimental system, and
our estimation of the survival and fertility parameters. The model provides estimates of fitness, stable population structure, and selection gradients on survival
and fertility. We use life table response experiment (LTRE) methods (e.g. Caswell
2001, 2019) to decompose the impact of maternal effect senescence on fitness
into contributions from age- and maternal-age-specific survival and fertility. We
compare the results for models with and without maternal effect senescence in
both high growth rate (laboratory) and low growth rate (simulated natural) environments. Our results reveal that maternal effect senescence decreases fitness,
nevertheless the decline of selection gradients with maternal age provides the opportunity for it to evolve.

6.2 The demographic model
Our demographic model uses the general age-by-stage structured approach thoroughly described by Caswell et al. (2018). If ni,j (t) is the number of individuals
in maternal age class i and age class j at time t, then the composition of the
population is given by a column vector ñ(t), that collects maternal ages within
age classes:


n1,1 (t)


..


.




 ns,1 (t) 




..
ñ(t) = 
(6.1)
.
.




 n1,ω (t) 


..




.
ns,ω (t)

We use a projection interval of one day. In our data, no individual reproduced
after 16 days, so we set both the maximum age (ω) and the maximum maternal
age (s) to 16 days.
An individual with maternal age i and age j produces fij daughters in a day,
and survives to age j + 1 with probability pij . These vital rates are incorporated
into a fertility matrix F̃ and a survival matrix Ũ. The population projection
matrix Ã, which projects the population vector from one day to the next, is the
sum of F̃ and Ũ, and the population dynamics are given by


ñ(t + 1) = Ũ + F̃ ñ(t) = Ãñ(t).
(6.2)
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Caswell et al. (2018) describe in detail the construction of Ũ and F̃ for general stage-by-age matrix models. The special case where stage is maternal age is
described in the Supplementary Information. In order to duplicate the results of
our analyses, the reader needs:
The matrix Ũ. This block matrix takes the form


0

 U

 1 0


.

0
U
2
(6.3)
Ũ = 



..


.
0
Uω−1

0

The Uj are s × s matrices with survival probabilities on the diagonal and zeros
elsewhere:


p1,j


p2,j


.
(6.4)
Uj = 
..


.


ps,j
Fj :

The matrix F̃. This matrix has a block first row composed of the s × s blocks





F̃ = 




F1

F2

...

Fω






.




(6.5)

The block Fj is a fertility matrix for all females in age class j. Because the offspring
of a mother of age j have maternal age j, the matrix Fj contains zeros everywhere
except in the j-th row, where the vector fj = (f1,j , f2,j , . . . , fs,j ) appears.
A population described by model [6.2] will converge to a stable structure w̃
and grow exponentially at the rate log λ, where λ is the largest eigenvalue of the
projection matrix Ã, and w̃ is the corresponding right eigenvector. We treat the
intrinsic growth rate λ associated with a phenotype as a measure of the fitness of
that phenotype (e.g. Metz et al. 1992; Hamilton 1966; Lande 1982). The selection
gradient on a trait that affects F̃ or Ũ (e.g., pij or fij ) is the partial derivative of
λ with respect to that trait (Lande 1982). Formulae for these selection gradients
are given in the Supplementary Information.
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6.3 Model parameterization
The fertilities fij and survival probabilities pij are the building blocks of model
[6.2]. We parameterize the dependence of these quantities on age and maternal
age as follows.
To describe the dependence of fertility on age and maternal age, we adapted the
Coale-Trussell fertility model commonly used in human demography (Coale and
Trussell 1974). The model writes fertility as the product of a “natural fertility”
function that depends only on age, and an additional factor that, after some fixed
age, reduces the natural fertility. When fit to our laboratory data using maternal
age as the additional factor (as described in the Supplementary Information), the
Coale-Trussell model produces a fertility schedule that increases sharply from two
to four days of age, regardless of maternal age. The schedules for individuals with
different maternal ages diverge after age four days. The fertility of individuals
with older maternal age declines earlier and faster than the fertility of individuals
with younger maternal age (Fig. 6.1A).
To describe the dependence of survival on age and maternal age, we write the
survivorship function as a Weibull function, (e.g., Cox and Oakes 1984), with parameters that depend log-linearly on maternal age. The Weibull model is widely
used, and is sufficiently flexible to produce Type I, II, or III survivorship schedules
(see Supplementary Information). The resulting best-fit model predicts that survival probability decreases with maternal age for young individuals, but increases
with maternal age for the very oldest individuals (Fig. 6.1B). These oldest individuals have extremely low fertility and are very rare in the population, so this
old-age increase in survival with maternal age has negligible effect on our results.
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Figure 6.1: Fertility and survival schedules that underlie the projection matrix Ã.
Observations are shown as filled circles, colored by their maternal age classification.
Model fits to the data are shown as colored lines, and interpolated/extrapolated
curves are shown in grey.
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Model modifications
The projection matrix Ã is estimated under laboratory culture conditions that
lead to population growth rates that are unrealistically high for natural populations. This affects not only the growth rate, but also the population structure and
selection gradients. To evaluate these effects, we created two hypothetical matrices describing stationary, rather than rapidly increasing populations. The first, B̃,
has reduced fertility, such as might result from resource limitation in nature. The
fertilities in B̃ are obtained by dividing the fertilities in Ã (all of which appear in
the matrix F̃) by the net reproductive rate R0 ; this yields a stationary population
with an intrinsic growth rate of 1. The survival schedule and the shape and timing
of reproduction are unchanged. The second hypothetical matrix, C̃, has increased
mortality, such as might arise from predation or infection. To reduce λ to one for
C̃, we imposed an additive mortality hazard to all age-specific mortality rates by
multiplying the survival probabilities in Ã (all of which appear in the matrix Ũ)
by a constant (0.3833).
The projection matrices Ã, B̃, and C̃ all include maternal effect senescence.
To quantify the fitness costs of maternal effect senescence and to investigate the
selective processes that could lead to its evolution, we compared each of these
matrices with a hypothetical matrix in which offspring quality does not decline
with increasing maternal age. We call these matrices Ã(r) , B̃(r) , and C̃(r) , to
indicate that maternal effect senescence has been removed. In these three matrices, all individuals, regardless of maternal age, have the fertility and survival
schedules corresponding to a maternal age of 3 days in Ã, B̃, and C̃, respectively.
This maternal age group has the highest fertility rates and the largest survival
probabilities.

6.4 Demographic and evolutionary analyses
The population projection matrices provide the link between the individual-level
data from our laboratory experiments (Bock et al. 2019) and their ecological and
evolutionary consequences for populations.
Fitness and population structure
The fitnesses of the six life histories described by each of the matrices are:
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λ(Ã) = 1.967,

λ(Ã(r) ) = 1.975,

λ(B̃) = 1.00,

λ(B̃(r) ) = 1.039,

λ(C̃) = 1.00,

λ(C̃(r) ) = 1.0013.

(6.6)

6.4 Demographic and evolutionary analyses

In the high-growth, maternal-age-senescent population, represented by Ã, the
expected lifetime reproductive output (R0 ) is 22.42. The stable population structure is dominated by young individuals born to young mothers (i.e., individuals
of age 1–3 d and with a maternal age of 1–5 d); these individuals constitute
77% of the high-growth population (Fig. 6.2A). In the low-fertility, maternal-agesenescent population, represented by B̃, we have adjusted the fertility so that λ = 1
and R0 = 1. As a result, the stable population structure is much flatter; young
individuals of young mothers constitute only 11% of this population (Fig. 6.2B,
note difference in scale). In the low-survival maternal-age-senescent population,
represented by C̃, R0 and λ are also one. However, for this population, the stable
population structure is even more skewed toward young ages and young maternal
ages than that for Ã; young individuals born to young mothers constitute 90% of
the population (Fig. 6.2C).
Removing maternal effect senescence increases λ (equation [6.6]), but the stable
population structures are qualitatively unchanged (Fig. S3). The fitness differences
due to maternal effect senescence in high-growth laboratory conditions, as measured by the difference λ(Ã)−λ(Ã(r) ), is small (∆λ = −0.008). The same effect is
present in the low-survival environment (∆λ = −0.0013). Under both high-growth
rate and low-survival conditions, almost all the population is at young ages and
young maternal ages, where the effect of maternal effect senescence is minimal. In
the low-fertility population, the fitness difference λ(B̃) − λ(B̃(r) ) is larger than in
the high-growth conditions (∆λ = −0.039).
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Figure 6.3: Selection gradients on survival and fertility in a high-growth environment, with and without the presence of maternal age effects. The panels in
the top row are the selection gradients on fertility, and the bottom row are the
selection gradients on survival. The left column shows the selection gradients with
maternal effects, and the right column shows the selection gradients without maternal effects. Bars are colored by the magnitude of the selection gradient. Note
that the z-axis is log-scaled.

Selection gradients and the evolution of maternal effect senescence
The strength of selection is measured by the selection gradients, defined as the
derivatives of λ with respect to survival or fertility (see Supplementary Information
for their calculation). The potential for selection to lead to senescence varies
directly with the rate at which the selection gradient declines with age (Caswell
and Shyu 2017).
The selection gradients on survival and fertility decline with age within any
maternal age class (Figs. 6.3, 6.4, and S4), as they must since individuals cannot
change their maternal age group. The differences in the selection gradients between
young and old ages range from 1–10 orders of magnitude; the smallest differences
occur under low-fertility conditions and the largest are in low-survival conditions.
This decline provides the impetus for the evolution of age-related senescence. As
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Figure 6.4: Selection gradients on survival and fertility in a low-fertility environment, with and without maternal age effects. The panels in the top row are
the selection gradients on fertility; the selection gradients on survival are in the
bottom row. The left column shows the selection gradients with maternal effects,
and the right column shows the selection gradients without them. Bars are colored
by the magnitude of the selection gradient. Note that the z-axis is log-scaled.

expected (Caswell 2001), the selection gradients do not change qualitatively when
growth rate is reduced.
The evolution of maternal effect senescence can be driven by a decline in selection gradients with increasing maternal age. We find that the selection gradients
do, in fact, decline with maternal age, after maternal age 3 d for high-growth and
low-survival populations (Fig. 6.3 and Fig. S4), and after maternal age 4 or 5 d for
low-fertility populations (Fig. 6.4). The declines in the selection gradients from
their peaks are steep: 6–10 orders of magnitude in high-growth or low-survival
conditions and 3–5 orders of magnitude in low-fertility conditions. That is, a unit
reduction in survival or fertility at old maternal ages can be paid for by a much
smaller increase, one hundredth to one millionth as large, at younger maternal
ages.
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This result implies that maternal effect senescence can evolve in the same way
as age senescence. Traits that reduce survival or fertility of the offspring of older
mothers can be balanced by much smaller improvements at younger maternal ages.
Even in the absence of such pleiotropic effects, selection will be less efficient at
removing deleterious mutations at older ages, permitting them to accumulate.
The matrices Ã, B̃, and C̃ already contain maternal effect senescence, and so
the selection gradients calculated from them apply, strictly speaking, to increases
in already existing maternal effects. In the life histories described by Ã(r) , B̃(r) ,
and C̃(r) , maternal age effects have been removed. The selection gradients, on
both survival and fertility, still decline with increasing maternal age, implying
that selection not only favors maternal effect senescence when it is already present
in B. manjavacas, but that it can also easily arise de novo.
The sources of fitness differences: LTRE analysis
The fitness difference due to maternal effect senescence is measured by the difference in λ between matrices with and without this maternal effect (e.g., between Ã
and Ã(r) ). The difference in λ, in turn, results from the differences in all the vital
rates at all combinations of age and maternal age. The contributions of each of
these differences to the difference in fitness is calculated using an LTRE analysis
(Caswell 2001, Chap. 10). To focus on the contributions from the maternal age
groups, and to separate those contributions into survival and fertility, we summed
all the contributions over age within each maternal age group.
Our analyses show that the decreased fitness resulting from maternal effect
senescence is primarily caused by reduced lifetime fertility of offspring rather than
reduced survival. Furthermore, the contributions from fertility reductions generally occur for younger maternal ages than do the contributions from survival
reductions (Fig. 6.5).
The magnitude of the difference in fitness depends on environmental conditions.
In particular, the difference is largest under low-fertility, moderate under highgrowth, and smallest under low-survival conditions. In high-growth conditions,
the largest contributions come from the decreases in fertility of individuals with
maternal age between 4 and 6 d; the contributions from the decreases in survival
peak at maternal ages 6–8 d (Fig. 6.5A). Under low-survival conditions, the largest
fertility contributions are more concentrated at earlier maternal ages 4–5 d, and
the contributions from survival are small (Fig. 6.5C).
Decreased survival due to maternal effect senescence contributes relatively
more to the reduction in fitness in the low-fertility population than it does in
either the high-growth or the low-survival populations. The largest contributions
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Figure 6.5: Results of the Life Table Response Experiments in the high-growth
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from fertility occur at maternal ages 7–9 d; the contributions from survival peak
at maternal age 8–10 d (Fig. 6.5B).

6.5 Discussion
In this study, we used a multistate matrix population model to quantify the population and evolutionary consequences of maternal effect senescence in the rotifer
B. manjavacas. We found that age-specific survival and fertility decrease with
increasing maternal age, and that this carries a cost in fitness compared to a hypothetical life cycle in which the maternal effect senescence has been removed. The
fitness differences are primarily due to decreased fertility of individuals with early
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to intermediate maternal ages. The cost is obscured in luxurious (for a rotifer)
laboratory conditions and in low-survival conditions, because these environments
lead to population structures in which almost all individuals are young offspring
of young mothers. The cost is larger in conditions characterized by reduced fertility. (Note that while density effects and ecological interactions might produce
such stationary populations, all our models are linear and none include density
dependence.)
The selection gradients we estimated are concave functions of maternal age,
and eventually decrease, by orders of magnitude, with increasing maternal age.
These results imply that the two mechanisms by which senescence can evolve—
antagonistic pleiotropy and mutation-selection balance—could also lead to the
evolution of maternal effect senescence.
Moorad and Nussey also found concave selection gradients in their analysis
of neonatal survival (Moorad and Nussey 2016). While our results complement
theirs, our model differs. Their model includes quantitative genetic aspects to
analyze maternal effects on neonatal survival resulting from social interactions
between mothers and offspring. This approach deals with a single component of
the life cycle and does not apply to the many species, including rotifers such as B.
manjavacas, without intergenerational social interactions. In contrast, the experimental system and model framework that we developed allows us to incorporate
maternal age effects throughout the life cycle of the offspring and to calculate
selection gradients at every age and maternal age.
Our results are based on laboratory data for a single species, but are more
generally applicable. The demographic structure of the model is unremarkable
(Weibull survival and Coale-Trussell fertility) and likely to apply qualitatively to
many species. The concave pattern of selection gradients, first increasing and
eventually decreasing with increasing maternal age is evident in both the highgrowth (Ã) and low-growth (B̃ and C̃) populations. Thus our findings are relevant
to natural populations, and are not artifacts of the laboratory environment. By
removing maternal age effects from the matrices, we showed that the results are
not caused by maternal effect senescence itself, suggesting that maternal effect
senescence may evolve de novo.
The potential ease with which maternal effect senescence can arise raises the
question of why it is not observed in all species. For example, the extremely
diverse group of teleost fishes generally produce offspring of higher quality with
advanced maternal age; older mothers produce more eggs and those eggs have a
higher likelihood of hatching and of surviving to maturity (Green 2008; Marshall
et al. 2008). In contrast to rotifers, fish exhibit indeterminate growth, increasing
fertility schedules, and larger investment in offspring with increasing maternal age
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or size. Maternal effect senescence also appears to be absent in some species that
exhibit post-natal maternal care. For example, in marmots, daughters from older
mothers may have increased reproductive success, possibly due to improvements
in care of offspring as mothers age (Kroeger et al. 2020).
The demographic model and analytical approach we developed require only
measurements of survival and fertility as functions of age and maternal age. The
maternal age classes need not correspond exactly to age classes (e.g., mothers
could be grouped into “young” and “old”). With some extra effort, it is possible
to extend the analysis to maternal age effects in stage-classified rather than ageclassified life histories, or to include positive as well as negative maternal age
effects.
The mechanisms underlying the demographic effects of maternal age in B.
manjavacas are unknown (Bock et al. 2019). Our matrix framework provides a
way to incorporate effects of a variety of mechanisms, such as social interactions
between mothers and offspring (Moorad and Nussey 2016), maternal energy allocation changes (Green 2008; Marshall et al. 2008), and associated epigenetic effects
Moore et al. (2019); Markunas et al. (2016). Developing explicit mechanistic links
is an interesting open problem.
The decline of selection gradients on survival and fertility with increasing age
has long provided the framework for understanding age-related senescence. The
decline of selection gradients with increasing maternal age does the same for maternal effect senescence. For a general class of life histories, the selection gradients
are concave functions of maternal age, increasing at first, but eventually declining.
In one specific case, based on high resolution laboratory data, the declines are substantial, implying the possibility (with the same caveats involved in age-related
senescence) for the evolution of maternal effect senescence. This framework unifies
the demographic approaches to age-related and maternal effect senescence in the
study of aging.

6.6 Materials and Methods
Notation
Bold uppercase symbols denote matrices (e.g., U), bold lowercase symbols (e.g., w)
denote vectors. Symbols with a tilde (e.g., ñ) are block-structured, with maternal
ages grouped within ages.
Life table Experiments
We conducted life table experiments using the Russian strain of the monogonont
rotifer Brachionus manjavacas (BmanRUS) as in a previously published study
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(Bock et al. 2019). We synchronized the maternal ages of the great-grand-maternal
and grand-maternal generations for the experimental maternal (F0) cohort by
collecting eggs from 3 – 5 d old females for two generations to avoid undefined
parental effects in the experimental populations. To obtain the F0, eggs from the
age-synchronized grand-maternal culture were harvested by vortexing and hatched
over 16 hours. Neonates were deposited individually into 1 ml of 15 ppt seawater
and 6 × 105 cells/ml of the chlorophyte algae, Tetraselmis suecica, in wells of 24well tissue culture plates (n=187). To obtain the F1 cohorts, at maternal ages
of 3, 5, 7, and 9 d we isolated one female neonate hatched within the previous
24 h per F0 female. F1s were placed individually in wells of 24-well plates with
seawater and algae as above (n = 72 for each F1 cohort). Every 24 h, we recorded
survival and the number of live offspring for each F0 and F1 individual; the female
was then transferred to a new well with fresh algae and seawater. Survivorship
data were right censored in cases where individuals were lost prior to death.
Data Availability
Life table data as well as the Ũi and F̃i matrices are available in the Supporting
Information.
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Appendix 6.A Fertility model: Coale and Trussell
The Coale and Trussell model (Coale and Trussell 1974), from human demography,
represents differences in the fertility schedules of populations by using a ‘natural
fertility schedule’ (m̃(a)), an age at which the population-specific schedules can
diverge from the natural fertility schedule (a0 ), and a parameter that controls how
rapidly the schedules diverge (θ). The model is
m(a) = m̃(a) exp[−v(a)],

v(a) =


0

θ(a − a0 )

(6.A-7)

a ≤ a0

(6.A-8)

a > a0 .

The Coale and Trussell model is typically fit to each population separately by
choosing θ and a0 to satisfy some statistical criterion (e.g., minimizing the sum of
squared deviations between the model and the data).
If we had observed the fertility schedules of individuals in every maternal age
class, we could have used model [6.A-7]–[6.A-8] directly. We, however, need to
estimate fertility schedules for maternal ages that we did not measure in the laboratory experiment by interpolating among those we did. We therefore amended
the Coale and Trussell model to incorporate the effects of maternal age g:
m(a, g)

v(a, g)

=

m̃(a) exp[−v(a, g)],

=


0

θ · (g − g̃) · (a − a0 )

(6.A-9)
a ≤ a0
a > a0 .

(6.A-10)

We now imagine that the “natural fertility schedule” is associated with a “natural
maternal age” which, in model [6.A-9]–[6.A-10], is the new parameter g̃.
To fit model [6.A-9]–[6.A-10], we minimized the sum of squared deviations
between the model and the data over all of the possible choices of
m̃(a). We assumed that natural fertility schedule m̃(a) was one of five functions:
one of the four observed fertility schedules for mothers with maternal age
equal to 3, 5, 7 or 9; or the average fertility schedule over all maternal ages.
g̃. With each of the five candidate natural fertility schedules, we associate exactly
one value of g̃. For the four observed schedules, with maternal ages 3, 5, 7,
and 9, we set g̃ equal to the maternal age. For the fifth, average, candidate
schedule we set g̃ = 6.
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a0 . Based on visual inspection of the observed fertility schedules (Fig. 6.1), we
assumed that a0 ∈ {2, 3, 4, 5}.
θ. The rate parameter θ was assumed to be a real positive number.
The best fit is achieved by the ’average’ fertility schedule for m̃(x), with g̃ = 6,
a0 = 4, and θ = 0.0192. The data, model fits, and extrapolated curves are shown
in the main text (Fig. 6.1A).

Appendix 6.B Mortality model: Weibull
The Weibull model is a common representation of the time-to-failure in survival
probability estimation for living organisms. It is a continuous probability distribution described by two parameters, and the shape of the probability density
function (pdf ) is very flexible. From the individual culture experiments described
in Bock et al. (2019), we have the time-to-death of many individual rotifers—
with maternal ages 3, 5, 7, and 9 days—and we used this data to fit the Weibull
distribution:
a  x b−1 (−x/a)b
e
.
(6.B-11)
f (x|a, b) =
b a

The failure time, x, of each rotifer in the dataset is the oldest age (days) at
which it was observed alive. The Weibull pdf [6.B-11] is fit to observed failure
times in each maternal age cohort, yielding four Weibull models. Inspection of the
parameters from those four models indicates that the parameters a and b vary loglinearly with maternal age group (Fig. 6.6), such that the Weibull parameters are
themselves parametric functions of maternal age group, g. Although a linear model
would fit equally well to the four points (Fig. 6.6), the log-linear form is necessary
so that the Weibull parameters will both be non-negative for maternal age groups
up to g = 16. With this formulation, the time-to-death description of mortality
probabilities is a function of a single variable, g, which varies among groups, and
four parameters that are defined for the population as a whole (the slope and
intercept of the log-linear functions for a and b). The resulting Weibull pdf s are
shifted towards earlier and more evenly spread times of death as g increases (Fig.
6.7). The resulting survivorship curves are shown in the main text (Fig. 6.1B).

Appendix 6.C Birthflow model: fertility and survivorship curves
Birth and death for the lab-cultured rotifers are continuous processes, and by censusing once per day, information on the age of an individual is limited. Neonates
were assigned an age of 0 on the day that they were first counted in the census,
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but their true ages were between 0 and 1. Therefore, estimates of both fecundity
and survival probability represent averages over the census interval (1 day), and a
birth-flow model (Caswell 2001) must be used to build up the transition matrix,
Ã.
The survivorship curve (the proportion of neonates that survive to each age)
was calculated using 1 − F(x|a, b), where F is the cumulative distribution function
for the Weibull model [6.B-11]. The transition probabilities for the matrix model
formulation are given by
Pi =

li + li+1
,
li−1 + li

(6.C-12)

where Pi is the probability of surviving from age class i to age class i + 1, and li ,
the probability of surviving to age i, is the survivorship curve derived from the
Weibull model [6.B-11].
Likewise, the observed number of offspring produced by an individual in an
interval averages over several processes that are unobserved during the interval.
Production of neonates by a given age class, Fi ,
l0 + l1 mi + Pi · mi + 1
·
,
(6.C-13)
2
2
is determined by the fertility at that age, the fertility at the next age, the probability that individuals survive to that next age, and the probability that the
offspring survive long enough to be counted. The average offspring must survive
0.5 days to be counted, and the fertility of the mother is an average, weighted by
the probability of surviving to the next age (Caswell 2001). The values of the mi
in equation [6.C-13] come directly from the fertility model described in Section
6.A.
Fi =

A
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Figure 6.6: Weibull model parameters a (panel A) and b (panel B) vary loglinearly with maternal age group. Red points represent the observed Weibull
parameters for maternal ages 3, 5, 7, and 9. The blue lines are the log-linear best
fits, a = exp(−0.038 · g + 2.77) and b = exp(−0.165 · g + 2.63).
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Figure 6.7: Weibull probability density functions from the full model that varies
with g, for g ∈ [3, 4, . . . , 16]. The blue curve with the highest peak is for maternal
age group 3, and the red curve that is highest at age 1 day is for maternal age
group 16.

Appendix 6.D Multistate model construction
In what follows, “stage” refers to maternal age class. The matrix D(x) contains
x on the diagonal and zeros elsewhere. The transpose of x is xT . The vector ej is
the jth unit vector: a vector with a 1 in the jth entry and zeros elsewhere. The
symbol ⊗ denotes the Kronecker product. The vec operator turns a m × n matrix
into a mn × 1 vector by stacking the columns. Subscripts are used to denote the
dimension of matrices and vectors; 0m×n is a m × n matrix of zeros, and 1m is a
m × 1 vector of ones.
The details of construction of age-stage models, using the vec-permutation formulation, are given in (Caswell et al. 2018, ,see also Chapter 3). In our particular
case of maternal age effects, we begin with the vectors pj , containing stage-specific
survival probabilities at age j and fj containing stage-specific fertilities at age j.
Define the matrices
Uj = D(pj ), for j = 1, . . . , ω,

(6.D-14)

Di = subdiag(1ω−1 ), for i = 1, . . . , s.

(6.D-15)

and
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Figure 6.8: Stable age-by-maternal-age distributions for all six population models: high-growth population with maternal age effects (Ã, top left), high-growth
population without maternal age effects (Ã(r) , top right), fertility-adjusted lowgrowth population with maternal age effects (B̃, center left), fertility-adjusted
low-growth population without maternal age effects (B̃(r) , center right), survivaladjusted low-growth population with maternal effects (C̃, bottom left), and
survival-adjusted low-growth population without maternal effects (C̃(r) , bottom
right). The height of each bar represents the percent of the stable population that
is of that age and maternal age. The bars are colored by their height, corresponding with the values on the z-axis. The colorbars and z-axis are consistent within
each row of sub-panels (Ã and Ã(r) , B̃ and B̃(r) , C̃ and C̃r ).
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Figure 6.9: Selection gradients on survival and fertility in low-growth life histories
generated by adjusting survival, with (C̃) and without (C̃(r) ) the presence of
maternal age effects. The panels in the top row are the selection gradients on
fertility parameters, and the bottom row are for survival parameters. The left
column shows the selection gradients with maternal effects, and the right column
shows the selection gradients without maternal effects. The height of the bars
is on a log-scale, and the bars are colored by their height, corresponding to the
z-axis. All subpanels have the same z-axis limits and corresponding color axis.

Let U and D be block diagonal matrices with the Uj and Di on the diagonal, and
let K be the vec-permutation matrix. Then
Ũ = KT D K U.

(6.D-16)

For fertility, define the fertility matrices
Fj = ej fjT ,

j = 1, . . . , ω

(6.D-17)

and the ω × ω age assignment matrices Hi , which are all identical, with ones in
the first row and zeros elsewhere. Create the block diagonal matrices F and H.
Then
F̃ = KT H K F.
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Appendix 6.E Selection gradients and LTRE calculations
The selection gradients on the stage-specific survival probability at age j are given
by
∂λ
∂vec Ũ dvec Uj
∂λ
=
.
T
T
∂pj
∂vec Ũ ∂vec T Uj dpTj

(6.E-19)

Without loss of generality, assume that the eigenvectors of Ã are scaled so that
w̃T ṽ = 1. Then the first term in [6.E-19] is
∂λ
= w̃T ⊗ ṽT .
∂vec T Ũ

(6.E-20)

The third term is
dvec Uj
= D (vec Is ) (Is ⊗ 1s ) .
dpTj

(6.E-21)

The second term can be expressed in terms of two matrices (Caswell and van
Daalen 2016)


Qi = 0s×(i−1)s Is 0s×(ω−i)
(6.E-22)
and


0(i−1)s×s


Ri = 
Is
.
0(ω−i)s×s

(6.E-23)

∂vec Ũ
= Qj−1 ⊗ Rj
∂vec T Uj

(6.E-24)



6

In terms of these matrices,

(see Caswell and van Daalen (2016) for proof).
The selection gradients on stage-specific fertility at age j are
∂λ
∂λ
∂vec F̃ dvec Fj
=
,
TF
T
∂fjT
∂vec
dfjT
∂vec F̃
j
the terms of which are
∂λ
= w̃T ⊗ ṽT ,
∂vec T F̃

(6.E-25)

(6.E-26)

∂vec F̃
∂vec T Fj

=

Qj ⊗ R1 , and

(6.E-27)

dvec Fj
dfjT

=

Is ⊗ ej .

(6.E-28)
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The derivatives in expressions [6.E-19] and [6.E-25] provide the material for
LTRE decomposition of the differences in λ between the life histories with and
without maternal age senescence. See (Caswell 2001, Chap. 10) for a general
discussion of LTRE calculations and (Caswell 2019) for a presentation in terms of
matrix calculus. We use the latter approach here.
We use Ã(r) , B̃(r) , and C̃(r) as reference matrices. The difference ∆λ between
the original matrix and the reference matrix is, to first order,
ω
ω


∂λ
∂λ
∆pj +
∆fj ,
∆λ ≈
T
T
∂p
∂f
j
j
j=1
j=1

(6.E-29)

where the derivatives are evaluated midway between the two survival and fertility
schedules.
Define contribution matrices Cp and Cf , where the ith row of Cp , which we
write as Cp (i, :), contains the contributions of differences in stage-specific survival
at age i to ∆λ, and similarly for Cf (i, :). These matrices are given by
Cp (i, :)

=

∂λ
D(∆pi ),
∂pTi

Cf (i, :)

=

∂λ
D(∆fi ),
∂fiT

i = 1, . . . , ω,
i = 1, . . . , ω.

(6.E-30)
(6.E-31)

The contributions shown in Fig. 6.5 of the main text are obtained by summing
over ages; i.e., as column sums of Cp and Cf .
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“Luck is not a superpower.”
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Abstract
Maternal age (the age of the mother at the birth of her offspring) can
influence the quality of offspring throughout their lives. The effects may be
positive or negative, and may affect any of the vital rates. Heterogeneity
in maternal age among the individuals within a population affects both the
mean and the variance of lifetime reproductive output (LRO).
We develop a multistate age×maternal age matrix model that can incorporate any kind of maternal age effects, and parameterize it from a laboratory life table study of the rotifer Brachionus manjavacas.
Inter-individual variance in LRO reflects both heterogeneity and individual stochasticity (luck), the random outcome of probabilistic transitions in
the life cycle. We used a multistate Markov chain with rewards to calculate
both components of variance for B. manjavacas. In addition to the laboratory setting, we created artificial scenarios by reducing survival and/or
fertility to produce stationary or nearly stationary populations, and to alter
the magnitude of maternal age effects.
We find that maternal age has large negative effects on mean LRO. However, most of the variance in LRO is due to individual stochasticity, not due
to maternal age heterogeneity. In the laboratory setting, individual stochasticity contributes 74% of the variance in LRO. Indeed, over most of the
parameter space in which populations are close to stationarity, individual
stochasticity is responsible for 99% or more of the variance in LRO. The exceptions are scenarios with very high survival and low fertility. We conclude
that the importance of heterogeneity, even in a trait with large effects on
individual vital rates, is not a fixed property of a species or a life cycle, but
also depends on the environmental conditions that determine the vital rates.
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7.1 Introduction
The environmental or physiological state of mothers may have effects on the phenotypes of their offspring, without any change to the offspring genotype (Bernardo
1996; Marshall and Uller 2007). The effects may be beneficial or detrimental to
the offspring. Examples of beneficial effects include inducible defenses in Daphnia
and rotifers (Krueger and Dodson 1981; Gilbert 1966), the increased performance
of plants germinating in the same light environment as their parent (Galloway
2005), and environmentally-induced sexual reproduction in cyclical parthenogens
(Gilbert 2003; Snell et al. 2015; Gribble and Snell 2018). Examples of detrimental
effects include smaller sized offspring in damselfish when the mother is stressed due
to crowding (McCormick 2006), late-life health problems in human offspring due
to poor maternal health (Wells 2007), and maternal age effects (e.g., Lansing 1947;
Hercus and Hoffman 2000; Kern et al. 2001). Whether beneficial or detrimental,
maternal effects are a source of heterogeneity in individual phenotypes.
Maternal age effects have been found in a variety of species (Daphnia, seed
beetles, birds, mice, elephants, humans, C. elegans; e.g., Lansing 1947; Hercus and
Hoffman 2000; Kern et al. 2001; Carnes et al. 2012; Gillespie et al. 2013; Bouwhuis
et al. 2015; Reichert et al. 2020). Lansing (1947) first showed that rotifers born to
older mothers tended to have a shorter lifespan. This is an example of maternal
effect senescence, a type of maternal age effect in which offspring quality declines
with increased age of the mother (Moorad and Nussey 2016). The effects can be
short-term (i.e. effects on neonatal survival sensu Moorad and Nussey 2016), or
persist through the life of the offspring, and may be expressed as reductions in
survival or fertility (e.g., Hernández et al. 2020; Barks and Laird 2020). Whether
beneficial or detrimental, short-term or long-term, or expressed in terms of survival
or fertility, heterogeneity due to maternal age is expressed as differences in the agespecific vital rates experienced by individuals over all or some part of their life.
From the perspective of a typical age-classified model, the effects of maternal
age appear as unobserved, or at least unacknowledged, heterogeneity. It would
play a role in the actual population, but would not appear in the results of the
model. To explore the effects of the heterogeneity requires the recognition that
the population is a mixture of individuals of different ages and maternal ages. A
model of such a population will need to include both variables in a multistate, or
age×stage, model (Caswell et al. 2018). When incorporated in this way, maternal
age heterogeneity will affect any life history outcome calculated from the models.
Here, we are interested in the life history outcome of lifetime reproductive output.
Lifetime reproductive output (LRO) is the number of offspring (however defined) produced over the life of an individual. As such, it is an integrative measure
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of growth, survival and fertility. Individual LRO is a random variable; it differs
among individuals because individuals differ in the pathways they take through
the life cycle and their success in producing offspring over those pathways. This
random variation is called individual stochasticity.
The mean LRO is equivalent to the net reproductive rate, R0 , when it is
measured as daughters per female. R0 is the rate of increase per generation, and
is therefore indicative of population growth and decline (Heesterbeek 2002; Caswell
2001). Both LRO and R0 are components of, and proxies for, fitness (Grafen 1988;
Clutton-Brock 1988; Stearns 1992; Roff 2008).
The variance in LRO is also of evolutionary importance. Darwin (1859) already
described variation in a trait linked to fitness as one of the conditions for natural
selection to occur. However, since another condition for natural selection is that
this variation is heritable, the underlying sources of variation in fitness components
must be disentangled. In life history models without any additional heterogeneity
individuals of a given age have identical rates of survival and reproduction. By
the end of their lives, however, individuals will still show variance in lifetime
reproduction and other life history outcomes because some individuals were luckier
than others.
When the source of heterogeneity is incorporated into a multistate model, the
variance in LRO (or other demographic outcomes) can be decomposed into contributions of individual stochasticity and heterogeneity. Variance decomposition has
been applied to longevity in humans (Caswell 2014; Hartemink et al. 2017) and
in animals (Hartemink and Caswell 2018; Jenouvrier et al. 2018), and to LRO in
animals and plants (Jenouvrier et al. 2018; Snyder and Ellner 2018; van Daalen
and Caswell 2020a). The sources of heterogeneity in these examples range from
frailty to environmental conditions. The life cycles are classified by age, size, or
developmental stage.
Our goal in this study is to present an analysis of maternal age heterogeneity
with application to the rotifer Brachionus manjavacas. This rotifer species shows a
clear decrease in offspring quality with increased age of the mother (Gribble et al.
2014; Bock et al. 2019). Incorporating the maternal age effect into the model
along with age allows us to quantify the variance in lifetime reproduction due to
maternal age against a background of stochasticity.
We use an absorbing Markov chain to describe the stochastic movement of
an individual through the life cycle. The states of the Markov chain represent
the life history stages, as well as the absorbing state of death. This way, all the
potential pathways an individual can stochastically experience through life are
accounted for (e.g., Caswell 2001, 2009; Tuljapurkar and Horvitz 2006; Horvitz
and Tuljapurkar 2008). Reproduction appears as a “reward” that individuals can
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accumulate along such a pathway. These reproductive rewards are incorporated as
a random variable with a specified set of moments. Lifetime reproductive output
represents the accumulation of random rewards at the end of life (Caswell 2011;
van Daalen and Caswell 2017).
The question of when and where heterogeneity, observed or unobserved, is
expressed is of interest. For example, in studies of longevity, heterogeneous frailty
in mortality leads to lower mortality rates at later ages through cohort selection
(Vaupel et al. 1979). Additionally, studies of birds (Barbraud and Weimerskirch
2005; Jenouvrier et al. 2018) and soay sheep (Tavecchia et al. 2005) show that
individual differences may be expressed to a lesser or greater extent depending
on the environmental conditions a population experiences. With that in mind, we
explore different ecological scenarios by lowering the population growth rate, which
is high in our laboratory population of rotifers, by changing the model parameters.
We furthermore consider two evolutionary scenarios where the maternal age effect
is either present or absent.

7.2 The age×maternal-age model
A note on notation. Matrices are denoted by upper-case boldface letters (e.g.,
P), and vectors by lower-case boldface letters (e.g., x). Vectors are column vectors
by default; xT is the transpose of x. The vector 1n is an n × 1 vector of ones,
In is the identity matrix of order n, and ei is a unit vector with a 1 in the ith
entry and zeros elsewhere. The diagonal matrix with the vector x on the diagonal
and zeros elsewhere is denoted D(x). The symbol ◦ denotes the Hadamard, or
element-by-element product and ⊗ denotes the Kronecker product.
Incorporating maternal age as heterogeneity requires a matrix population
model with a two-dimensional state space; the first dimension represents the life
history progression by age, the second represents the heterogeneity between individuals. Matrix models with multiple dimensions are often referred to as multistate
or age×stage models, and analytical methods for classical matrix models largely
translate to higher dimensions (Caswell 2001; Caswell et al. 2018). Construction of
such a multistate model is done using the vec-permutation methodology (Caswell
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et al. 2018), resulting in a population vector


n11
 . 
 .. 




 ng1 


 . 
ñ =  ..  ,




 n1ω 
 . 
 . 
 . 

(7.1)

ngω

where individuals are classified by age x in 1, . . . , ω and maternal age groups γ in
1, . . . , g. This vector organizes the population into maternal age within age classes.
The matrix Ã that projects this population forward in time has the block-Leslie
structure:
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(7.3)

where the inclusion of the [Uω ] matrix depends on whether or not a final openended age interval is incorporated. The matrix Ũ contains transition probabilities
for extant individuals and F̃ contains fertilities:
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For each age class x the transition
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 0
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..
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(7.5)

7.3 Markov chains with reproductive rewards

For each age class x the g × g fertility matrix F̃ contains age and maternal agespecific fertilities and places the new offspring in the appropriate maternal age
group. For example, if g = ω = 4:
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 (7.6)


For more details on the construction of the model, see Hernández et al. (2020).
The multi-state projection matrix Ã is subject to familiar analyses, such as
calculation of population growth rate λ, the stable population structure, and reproductive value. The latter two outcomes will be jointly structured by age and
maternal age, as will most other outcomes (see Caswell et al. 2018). The population projection results for this experimental population of B. manjavacas were
derived by Hernández et al. (2020).
Hernández et al. (2020) performed LTRE analyses and calculated selection
gradients on survival and fertility for the age×maternal-age model for rotifers.
They show that selection gradients eventually decrease with maternal age. This
suggests that the same mechanisms by which age-related senescence can evolve —
antagonistic pleiotropy and mutation accumulation— can lead to the evolution of
maternal affect senescence.
In this study, we use the same model to investigate the effect of maternal age
on lifetime reproductive output (LRO). The mean of this quantity is a well-known
individual fitness measure. The variance in LRO also has implications for the
evolutionary potential of a population, and can furthermore be decomposed into
contributions from stochasticity and, in this case, maternal age heterogeneity. Our
analysis of LRO starts by returning to an individual-level perspective.

7.3 Markov chains with reproductive rewards
The matrix Ũ is the transient portion of an absorbing Markov chain describing
the transitions and survival of individuals moving through the life cycle (e.g.,
Caswell 2001, 2009, 2014; Tuljapurkar and Horvitz 2006; Horvitz and Tuljapurkar
2008; van Daalen and Caswell 2017). Death appears as an absorbing state. The
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transition matrix for this Markov chain is


Ũ 0
P̃ =
.
d̃T 1

(7.7)

where d̃ is a vector of age×stage-specific probabilities of death. The fundamental
matrix of the chain plays an important role in what follows; it is given by
−1

.
Ñ = Igω − Ũ

(7.8)

The (i, j) entry of Ñ gives the mean time spent in state i, prior to absorption, by an
individual in state j, where i and j here range over all the age-stage combinations
in the state space.
The statistics of lifetime reproductive output are calculated by treating the
production of offspring as a reward that can be accumulated over the lifespan of
an individual (Caswell 2011; van Daalen and Caswell 2015, 2017, 2020b). Combining a description of the reward accumulation process with the multistate Markov
chain for survival and stage transitions accounts for stochasticity in the pathways
through the life cycle and in reproduction at every stage of the life cycle.
We define a random reward rij associated with the transition from state j to
state i, where i and j range over the entire age×stage state space. In our case,
rij is the reproductive output associated with the transition from state j to state
i. The moments of these reproductive rewards are collected in a set of reward
matrices R̃k ,
   
k
,
(7.9)
R̃k = E rij

where k denotes the moment being calculated and states i and j are age×maternalage combinations. The matrix inherits the same maternal-age-within-age structure
as the other vectors and matrices. The kth moment reward matrix then becomes


Rk (1) . . . Rk (ω) 0

..
..
.. 
..

.
.
.
. 
.

(7.10)
R̃k = 

 Rk (1) . . . Rk (ω) 0 
Rk (1)

...

Rk (ω)

0

The blocks in each block column of R̃k are identical because in demographic
models fertility typically depends on the current state of the individual, not the
state to which it moves. The age-specific Rk (x) contains the kth moments of
reproductive rewards in each maternal age group at age x. In our case the rewards
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are given directly by the

k
f1,x
 .
.
Rk (x) = E 
 .
k
f1,x

fertility rates:

k
. . . fg,x
.. 
..

.
. 
k
. . . fg,x

x = 1, . . . , ω.

(7.11)

This orientation of the reward matrix signifies again that rewards are collected
for being in a given state regardless of the state an individual transits to in the
next time step. The matrices Rk are constructed from the moments of age×stagespecific fertility; see equations (51)–(53) of van Daalen and Caswell (2020a) for
matrix expressions to construct them.
Lifetime reproductive output
As presented in van Daalen and Caswell (2017), the mean and second moment of
lifetime reproduction are
T

ρ̃1 = ÑT Z P̃ ◦ R̃1 1gω+1
(7.12)
 

T
T

(7.13)
ρ̃2 = ÑT Z P̃ ◦ R̃2 1gω+1 + 2 Ũ ◦ R̂1 ρ̃1 ,

where R̂1 is the reward matrix with the absorbing state cleaved off according to
R̂1 = ZR̃1 ZT .

(7.14)

The variance in lifetime reproductive output is
V (ρ̃) = ρ̃2 − ρ̃1 ◦ ρ̃1 .

(7.15)

The vectors ρ̃1 , ρ̃2 , and V (ρ̃) inherit the block structure of ñ in equation (7.1).
Conditional means and variances
Variance in LRO is defined for a set of individuals in a particular age class x, distributed among maternal age groups according to some mixing distribution π(x)
(see van Daalen and Caswell (2020a) for details of terminology). The conditional
mean and variance vectors for groups within age class x are extracted from the
age-stage mean and variance vectors by


m(x) = eTx ⊗ Ig ρ̃1
(7.16)

 T
(7.17)
v(x) = ex ⊗ Ig V (ρ̃),

where ex is a ω × 1 unit vector with a 1 in the x-th entry.
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Mixing distribution
The mixing distribution π(x) (g × 1) provides the fraction of the population in
each maternal age group at age x. We calculate the mixing distribution at birth
as the distribution among maternal age groups of the new offspring produced per
unit time by a population at its stable age×stage structure.
We calculate the stable structure from the projection matrix Ã as the normalized right eigenvector w̃ corresponding to the dominant eigenvalue λ. A cohort
of newborns is then defined as the reproductive output of the stable population,
normalized to sum to 1:
π̃(1) =

F̃ w̃
.
1gω F̃ w̃

(7.18)

T

Then, the mixing distribution for any of the age classes is obtained by aging the
cohort in the first age class as
π̃(x) =

Ũ(x−1) π̃(1)
.
1Tgω Ũ(x−1) π̃(1)

(7.19)

The mixing distribution among groups at age x
π(x) = (ex ⊗ Ig ) π̂(x)

(7.20)

(note the lack of tilde on π(x)). The mean of lifetime reproductive output for the
set of individuals at age x, distributed according to π(x), is


E(ρ(x)) = Eπ(x) E(ρ|maternal age group γ)
=

π T (x) m(x).

(7.21)

Variance decomposition
The variance in LRO for the set of individuals at age x, distributed among maternal age groups according to π(x), has two components, the variance within and
the variance between maternal age groups. The within-group component of the
variance is the weighted mean of the variances within maternal age groups. The
between-group component is the weighted variance of the means of maternal age
groups.




V (ρ(x)) = Eπ(x) V (ρ(x)) + Vπ(x) E(ρ(x))
=

V w + Vb .



within

(7.22)

between

The expression for the within-group and between-group variance components are
Vw
Vb
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=
=

π T (x)v(x)
T

(7.23)
T

2

π (x)(m(x) ◦ m(x)) − (π (x)m(x)) ,

(7.24)

7.4 Maternal age heterogeneity in rotifers

where m(x) and v(x) are obtained as in (7.16) and (7.17). The variance within
groups is generated by stochastic outcomes in survival and reproduction among
individuals experiencing the same rates in a given maternal age group, whereas
the variance between groups reflects the differences in the rates experienced by
individuals of different maternal ages.
With equations (7.21) and (7.22), we can calculate Crow’s index (Crow 1958),
a measure of standardized variance in fitness (for which LRO serves as a proxy)
as
V (ρ)
.
(7.25)
I=
E(ρ)2
This measure of variance represents the maximum intensity of selection and the
opportunity for selection within the population. The interpretation of this measure
of opportunity for selection depends on the sources of variance accounted for. In
our calculations, stochasticity represents a non-heritable source of variance. It is
possible to calculate the opportunity for selection using only the component of the
variance due to maternal age heterogeneity, so that
Ih =

Vb
.
E(ρ)2

(7.26)

This measure will scale Crow’s I to the proportion of the variance explained by
the heterogeneity.

7.4 Maternal age heterogeneity in rotifers
Experimental animals
The monogonont rotifer Brachionus manjavacas is a valuable model species for
the investigation of maternal effects in laboratory environments (Gribble and Snell
2018). Brachionus rotifers are microscopic, invertebrate animals with a lifespan of
circa two weeks and simple laboratory culture. They are cyclical parthenogens, alternating between asexual and sexual reproduction, depending upon environmental conditions. Asexually-reproducing females produce 25-30 offspring sequentially
during their 10-day reproductive period in the lab. Maternal investment is high;
egg size is about 1/3 the size of the mother. There is no post-hatching parental
care, however, simplifying the problem of maternal effects in this rotifer species.
Additionally, age-synchronized B. manjavacas are easy to collect and monitor individually.
Bock et al. (2019) used B. manjavacas to study maternal age effects on
longevity, fitness, and response to caloric restriction. They collected individuallevel data for clonal rotifer mothers and daughters to find the age-specific survival
and fertility schedules of daughters born at maternal ages 3, 5, 7, and 9 days.
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Figure 7.1: A: The age-specific fertility schedules for each maternal age group
according to the Coale-Trussell model. B: Survivorship curves for each maternal
age group according to the Weibull model. Solid circles represent observed data.
Colored lines represent model fits to the data, gray lines represent interpolated
model fits. From Hernández et al. (2020).

Parameterization
These data were subsequently used to fit an age×maternal-age matrix model by
Hernández et al. (2020). The available data for 3, 5, 7, and 9 day-old mothers
were used to parameterize a Weibull distribution model for age at death, and
the Coale-Trussell model for fertility (Coale and Trussell 1974). Both models
were adapted to incorporate a maternal age parameter, and subsequently a best
fit age×maternal-age fertility and survival schedule was obtained (for details see
appendix in Hernández et al. 2020). To obtain age-specific fertility and mortality
schedules for all maternal age groups, the Weibull and Coale-Trussell parameters
were interpolated for the remaining maternal age classes (Figure 7.1).
In this study, we use the age×maternal-age survival estimates from Hernández
et al. (2020). To parameterize the reward matrices, we fit the Coale-Trussell model
to the mean reproductive output as a function of age and maternal age, and to
the second moments of reproductive output.
Ecological and evolutionary scenarios
Our data were obtained under laboratory conditions. As usual, those conditions
feature high resource levels and no predation, resulting in levels of survival, fertility, and population growth rate that are certainly not representative of natural
ecological conditions. Therefore, following Hernández et al. (2020), we modified
the model to create six ecological and environmental scenarios.
The laboratory conditions led to a population growth rate of λ ≈ 2 per day. We
refer to the models with the laboratory parameters as the high-growth scenario.
We created a low-fertility scenario that reduced λ to 1 by dividing the fertility
matrix by the net reproductive rate R0 , and leaving survival unchanged. This
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produces low fertility rates, such as might occur in an environment with low food
availability, leading to a stationary population.
We created a low-survival scenario by adding a fixed mortality hazard to all
age and maternal age classes, sufficient to reduce the growth rate to 1. We found
numerically that this hazard was equivalent to multiplying all the Ux matrices by
a factor c = 0.3833. This model simulates the higher mortality that might occur
for a natural population subject to high levels of predation.
The laboratory scenario, the low-fertility scenario, and the low-survival scenario all include maternal effect senescence. To see how that senescence affects
the statistics of LRO, we created a set of models but without the maternal age
heterogeneity, in which all individuals experience the survival and fertility schedule
of the offspring of a three-day-old mother.
The reward matrices for the low-fertility scenario were created by dividing R̃1
by the net reproductive rate R0 , and dividing R̃2 by R02 . The reward matrices for
the low-survival scenario were unchanged because that scenario does not modify
reproduction. The reward matrices for the heterogeneity-free models were built
by taking the maternal age 3 fertility schedule of the first and second moment and
applying them to all individuals irrespective of the age of their mother.

7.5 Results
Mean LRO
Figure 7.2 shows the mean (remaining) LRO as a function of age, for each maternal
age group. The effect of maternal age is clear; in both the high-growth and lowfertility scenarios individuals with young mothers have a nearly threefold higher
mean LRO than individuals with oldest mothers (Figures 7.2a and 7.2c). In both
of these models, remaining LRO is stable or shows a slight increase up to age 3,
and then declines with age after age 3.
The low-survival scenario shows a different pattern. Because survival is so low,
few newborn individuals survive to reproduce and mean LRO at birth is similar
for all maternal age groups, subsequently increasing with age; and then diverging
at the onset of the decline in reproduction with age (Figure 7.2e). At age 7,
individuals with younger mothers once again show a threefold higher mean LRO
compared to those with old mothers.
The population mean of LRO, taken over the mixing distribution at each age,
tends to reflect young maternal ages (solid black lines in Figure 7.2). This mean
is also plotted in the right-hand panels and compared to the heterogeneity-free
scenarios (Figures 7.2b, 7.2d, and 7.2f). In all cases, the scenario without maternal
age heterogeneity has a higher mean LRO than the scenario with maternal age
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Figure 7.2: Mean remaining lifetime reproductive output as a function of age.
The colored lines in a, c, and e represent maternal age groups, where the groups
γ = 1, 2, 3 overlap. The thick black lines represent the population mean LRO as a
function of age. In b, d, and f, the black line is the population mean in the models
with heterogeneity and the gray line represents mean LRO in heterogeneity-free
scenarios.
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Figure 7.3: The mixing distribution of maternal age groups for each age class,
where the age class corresponds to a single color.

heterogeneity. This is perhaps unsurprising, as the models without maternal age
effects have higher survival and fertility.
The mixing distributions in the high-growth scenario are skewed towards young
maternal age groups (Figure 7.3a). Older age classes (warmer colors) appear more
skewed than younger age classes. In the low-fertility scenario, the mixing distributions have more individuals in older maternal age groups, and are altogether more
even (Figure 7.3b). The low-survival scenario mixing distributions also skew to
young maternal age groups, and this distribution changes little over age (Figure
7.3c).
Variance in LRO
The variance in LRO also shows a clear maternal age group effect (Figure 7.4). In
both the high-growth and low-fertility scenarios, the variance in LRO differs by a
factor of two between the oldest and youngest maternal age groups (Figures 7.4a
and 7.4c). Variance in remaining LRO declines with age more quickly for older
maternal age groups. The pattern for the low-survival scenario is once again different. The variance in remaining LRO first increases and then decreases with age,
with older maternal age groups consistently showing the lowest variance (Figure
7.4e). Around age 7 the differences seem to be biggest, with a threefold higher
variance for the youngest maternal age group relative to the oldest.
Figures 7.4a, 7.4c, and 7.4e show the between-group and within-group variance
components calculated as in (7.22)–(7.24). In the high-growth scenario, the withingroup variance is about three times larger than the between-group variance (Figure
7.4a). In the low-fertility scenario, the within-group and between-group variances
are similar (Figure 7.4c). In the low-survival scenario, the between-group variance
is almost zero.
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Table 7.1: The population mean, total variance and opportunity for selection of
LRO in three ecological (high-growth, low-fertility, and low-survival environments)
and two evolutionary scenarios (with and without maternal age heterogeneity).
Ecological scenario
High-growth
Low-fertility
Low-survival

Heterogeneity
Present
Absent
Present
Absent
Present
Absent

Mean LRO
26.7
28.9
1.0
1.3
0.6
0.6

Variance
29.3
17.8
0.1
0.04
3.7
3.8

Crow’s I
0.04
0.02
0.1
0.02
12.2
12.3

As expected, the total variance is higher in the scenarios with maternal age
heterogeneity than in the heterogeneity-free scenarios (Figures 7.4b, 7.4d, and
7.4f). In the low-fertility scenario, the difference is more than two-fold. In the
low-survival scenario, the difference is near-zero; the variance is actually very
slightly lower in the scenario with heterogeneity.
The values at birth (age class 1) in Figures 7.2 and 7.4 for the population mean
and total variance in lifetime reproduction are tabulated in Table 7.1. From these,
Crow’s Index of the opportunity for selection is calculated according to (7.25). The
high-growth scenario results in higher mean and variance in LRO than the other
scenarios. Crow’s I for this population, however, is lowest, as the variance is
not high relative to the mean. The low-fertility scenario, and especially the lowsurvival scenario, show higher opportunities for selection than the high-growth
environment. Interestingly, the opportunity for selection increases between highgrowth and low-fertility scenarios only when maternal age effects are incorporated.
Crow’s I is, in fact, 2 − 3 orders of magnitude higher in the low-survival scenario,
suggesting that survival is a major determinant of the opportunity for selection.
Variance components: stochasticity and heterogeneity
We decompose the variance in lifetime reproductive output into the contributions
from stochasticity and maternal age heterogeneity, as in (7.23) and (7.24). In the
high-growth scenario, 26% of the variance in LRO at birth is due to maternal age
heterogeneity; 74% is due to individual stochasticity. The contribution of maternal
age heterogeneity decreases with age, and the remaining reproductive output is
increasingly due to stochasticity (Figure 7.5a).
In the low-fertility scenario, 41% of the variance in LRO at birth is due to
maternal age heterogeneity and 59% is due to individual stochasticity. As in the
high-growth scenario, the contribution of heterogeneity to the variance declines
with age (Figure 7.5b). By age 12, variance in remaining LRO is almost completely
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Figure 7.4: Variance in remaining lifetime reproductive output as a function of
age. The colored lines in a, c, and e represent maternal age groups, where groups
γ = 1, 2, 3 overlap. The thick black lines represent the within-group (dashed)
and the between-group (dash-dotted) variance components, and the total variance
(solid) as a function of age. In b, d, and f, the black line is the total variance in
the models with maternal age heterogeneity, and the gray line is the total variance
in heterogeneity-free scenarios.
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Figure 7.5: Percentage of the variance in lifetime reproductive output due to
maternal age heterogeneity (yellow) and individual stochasticity (red) as a function
of age. The decomposition is shown for: a the high-growth, b the low-fertility and
c the low-survival scenarios.
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due to stochasticity. In the low-survival scenario (Figure 7.5c) almost none of the
variance is due to heterogeneity.
The low-fertility and low-survival scenarios are two different ways to ways to
reduce λ to 1. One modifies fertility and leaves survival unchanged; the other
modifies survival and leaves fertility unchanged. The two scenarios lead to very
different results, so we explored the contributions of stochasticity and heterogeneity to variance for a range of combinations of fertility and survival reductions
(Figure 7.6). Reducing survival clearly reduces the contribution due to heterogeneity regardless of the value of fertility. Only at values of survival close to the
that in the high-growth environment does the contribution of heterogeneity to the
variance increase with a decreasing fertility level.
The contour in Figure 7.6 shows combinations that yield λ = 1. Over almost
all of this trajectory, heterogeneity contributes less than 1% of the variance in
LRO. Exceptions are cases, along the right border of the figure, in which survival
is high and fertility is low. We conclude that the “importance of heterogeneity” is
not a property of a species, or a life cycle, but depends on the values of the vital
rates; i.e., on the environment in which the organism lives.

7.6 Discussion
Maternal age heterogeneity, expressed in rotifers as decreased survival and fertility
with increasing age of mothers of individuals at birth, influences the mean and
variance of lifetime reproductive output. In general, the effect of maternal age on
the vital rates can be diverse, and so it is challenging to incorporate them into
demographic models. The solution is to incorporate both age and maternal age
into the i-state space. The resulting age×maternal-age structured model that we
present here is applicable to any kind of maternal age effect in any age-classified
species. The full range of demographic analyses is available to such models, including the calculation of fitness from λ and selection gradients (Hernández et al. 2020).
Furthermore, the potential to model probabilistic processes at the individual-level
with Markov chains with rewards allows for the calculation of the statistics of
LRO.
Lifetime reproductive output is a component of fitness and indicative of population growth (Heesterbeek 2002; Caswell 2011). Although population growth
rates, r or λ, are the more appropriate fitness measures (Metz et al. 1992; Roff
2008; Barker 2009) because they include reproductive timing, there are benefits to
focusing on LRO, instead. It is an integrative and empirically measurable fitness
component (Clutton-Brock 1988), with clear links between individual outcomes
and population metrics. The variance and higher moments in LRO are indica183
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tive of inequality and uncertainty among individuals. Variance in LRO also has
an evolutionary interpretation, in that it is what selection operates upon (Darwin
1859); yet not all of the variance in LRO will necessarily be heritable. The relative
contributions of underlying sources of variance can be disentangled using variance
decomposition. Variance decomposition of life history outcomes additionally provides a way to quantify the impact of heterogeneity within populations.
The present study uses a multistate (age×maternal-age) Markov chain with
rewards to investigate the means, variances, and variance components of LRO
in a population of the rotifer B. manjavacas. Mean and variance in LRO are
high, but differ up to a factor of three for individuals of different maternal age
groups in high-growth laboratory conditions. Despite the large differences among
maternal age groups, the only 26% of the variance in LRO is due to maternal age
heterogeneity; the majority of the variance is due to individual stochasticity.
Laboratory life table experiments often confront the problem of ecological conditions. By carefully controlling the conditions (i.e., “keeping the rotifers happy”),
the specific effect of a given factor, whether that is food, temperature, or maternal age, can be quantified. Such conditions may result in demographic models
with incredibly high growth rates, which in turn affect the age and stage structure and other demographic parameters of the population. With that in mind, we
explore scenarios to reduce the population growth rate to stationarity, by scaling
the fertility or survival rates individuals experience.
The low-fertility scenario assumes survival is the same as in the high-growth
scenario but fertility is reduced, a common response to density effects and reduced
food availability. The low-survival scenario assumes fertility is at the same level
as in the high-growth scenario, but that survival is reduced, as if a predator had
been introduced into the system.
We furthermore define an evolutionary scenario in which maternal age heterogeneity is removed from the model, and all individuals experience the same vital
rates, regardless of the age of their mother. The difference between the models
with and without maternal age heterogeneity informs us of what the consequences
would be of ignoring maternal age heterogeneity in populations where it is present.
Mean LRO is slightly higher in models without maternal age heterogeneity regardless of the ecological scenario. Variance in LRO is far lower in the high-growth and
low-fertility scenarios, supporting the common observation that incorporating additional heterogeneity will increase the amount of variance observed (Steiner and
Tuljapurkar 2012). Only in the low-survival scenario, is there a surprising decrease
in variance when maternal age heterogeneity is incorporated, though this decrease
is small.
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The standardized variance, or Crow’s Index, scales the variance relative to the
square of the mean. It additionally provides a measure of the opportunity for
selection conditional upon all the variance being heritable (Crow 1958). As the
variance due to stochasticity is clearly not heritable, we interpret this as an apparent opportunity for selection. Snyder and Ellner (2018) quantify the effect of
luck, what we call individual stochasticity, on a heterogeneous trait change within
a single time step. Such a change is exactly what Crow’s Index measures, and
they show that the effect of luck can cancel out. This suggests that the apparent opportunity for selection is often proportional to the opportunity for selection
on the underlying heterogeneity. The low-survival scenario, in both models with
and without maternal age heterogeneity, has a high opportunity for selection, suggesting that survival is a key determinant of the opportunity for selection. The
underlying source of variance in the low-survival scenario does not, however, appear to be maternal age heterogeneity, as the Crow’s index using only the variance
due to heterogeneity is near zero.
The contribution of maternal age heterogeneity to the variance in LRO shows
a starkly different response when survival or fertility is lowered to achieve stationarity. The low-fertility scenario shows an increase in the impact of maternal
age heterogeneity; the contribution to the variance increases to 41%. The lowsurvival scenario, on the other hand, results in a practically negligible contribution
(0.0006%).
Between these two extremes, reductions in survival and in fertility have opposite effects. Reducing survival always reduces the contribution of heterogeneity
(Figure 7.6). Reducing fertility increases this contribution. One possible explanation for this difference is that reducing fertility leads to a more even mixing
distribution, which allows for a heavier weighting of the between-maternal-agegroup differences.
The effect of the mixing distribution on variance decomposition analyses has
not yet been extensively investigated. A range of approaches exists to arrive at a
given mixing distribution, including calculation from a population model (as we
did here), estimation from data (Hartemink and Caswell 2018; Jenouvrier et al.
2018), measurement from covariates (Seaman et al. 2019), or by assumption (e.g., a
uniform distribution). The influence of the mixing distribution would likely depend
upon the model and type of heterogeneity; in some cases sensitivity analyses might
provide more insight (for which the groundwork has been laid in van Daalen and
Caswell 2020a).
We have no way of knowing how general our results about the effect of reductions in survival and fertility may be. Regardless of what underlying differences
determine their effects, it is clear that “poor” environments are not all equivalent.
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So far, studies have mainly found an increase in importance of heterogeneity when
environments become poor, where “poor environments” result in a decrease in
(some of) the vital rates (e.g., Tavecchia et al. 2005; Barbraud and Weimerskirch
2005; Jenouvrier et al. 2018). This could be due to the fact that individuals are
more likely to allocate resources away from reproduction to maintaining their survival when they encounter very poor environments. Studies of caloric restriction
and lifespan extension, as well as studies on dynamic energy budgets, predict such
responses (e.g., Noonburg et al. 1998; Kirkwood and Shanley 2005). Examples of
this have been found in some species of rotifers (Gribble et al. 2014; Bock et al.
2019; Kirk 2001), in Daphnia (Lynch and Ennis 1983), spiders (Austad 1989),
Drosophila (Partridge et al. 2005), fish (Comfort 1960), and in rodents (Merry
2005).
The range of values for the contribution of maternal age heterogeneity to LRO
in rotifers (0 − 41%) is not unlike the values found in other studies. It is becoming
increasingly clear that stochasticity nearly always dominates the variance in life
history outcomes (Steiner and Tuljapurkar 2012; Hartemink et al. 2017; Snyder
and Ellner 2018; Hartemink and Caswell 2018; Jenouvrier et al. 2018; van Daalen
and Caswell 2020a). In previous studies of variance in lifetime reproductive output,
contributions have been obtained of about 39% from heterogeneous “quality” in
Kittiwakes (Snyder and Ellner 2018), and of 22% from unobserved heterogeneity
in the Southern Fulmar (Jenouvrier et al. 2018). An example of practically 0%
contribution to the variance from environment at birth was found for a perennial
herb in a fire environment (van Daalen and Caswell 2020a).
These examples represent several different types of heterogeneity, both observed and unobserved, fixed and dynamic. Note that what Tuljapurkar and
collaborators define as dynamic heterogeneity refers to what we call individual
stochasticity (Tuljapurkar et al. 2009; Steiner et al. 2010; Steiner and Tuljapurkar
2012). Instead, we will refer to heterogeneity as dynamic when individuals are
capable of changing their heterogeneity group over their lifetime. The breadth of
potential heterogeneity classification then becomes apparent, ranging from genetic
differences, latent heterogeneity, parental and other early life effects, and behavioral syndromes, to health status, environmental stochasticity, and density effects.
All of these can potentially become part of the i-state of individuals. For instance,
our virtual approach to investigating environmental influences can be improved by
building the environment into the state space, and actually measuring the different
age×maternal-age vital rates under different environmental conditions.
A major focus of research on individual heterogeneity so far has been the effects
of unobserved or latent heterogeneity, such as frailty or quality (Jenouvrier et al.
2018; Vindenes and Langangen 2015; Vaupel and Yashin 1985; Cam et al. 2016;
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Hartemink et al. 2017). One cannot account for the effect of heterogeneity until
it has been measured; therefore, effort has gone into developing ways to estimate
such unobserved heterogeneity (Hamel et al. 2018; Gimenez et al. 2018). However,
many types of observed heterogeneity have also yet to be evaluated in the context of variance due to both stochasticity and heterogeneity. Other than ease of
observation, the investigation of such sources of heterogeneity lends itself well to
studies of when and where the heterogeneity is expressed, and what the underlying
mechanisms are. We show here that the contribution of observed heterogeneity
in the form of maternal age to the variance in LRO is on the same order as the
unobserved heterogeneity in the aforementioned studies. This suggests that such
observed sources of heterogeneity could be appropriate to investigating aspects of
the nature of heterogeneity and potential mechanisms that are not available to
studies of unobserved heterogeneity. For maternal age effects, especially, many
potential mechanisms have been investigated previously (e.g., Metcalfe and Monaghan 2001; Berghänel et al. 2017).
Maternal age effects can be positive or negative. In some species increased
provisioning and care by older, more experienced mothers can provide benefits to
offspring quality (e.g., Jones et al. 2005; Robbins et al. 2006; Bogdanova et al.
2007; Plaistow et al. 2007; Green 2008; Kroeger et al. 2020). However, senescence
can also reduce the provisioning of mothers with age (e.g., Giron and Casas 2003;
Beamonte-Barrientos et al. 2010). In B. manjavacas, maternal care is not observed
and there appears to be little difference in maternal provisioning between offspring
produced at earlier or later ages (Bock et al. 2019). Other potential mechanisms for
the maternal age effect in this rotifer species are epigenetic effects (e.g., Markunas
et al. 2016; Moore et al. 2019), and processes such as mutation-accumulation, and
antagonistic pleiotropy, i.e., mechanisms of maternal effect senescence.
The process known as senescence describes a decrease in survival and fertility
with increasing age (Medawar 1952; Hamilton 1966). The potential mechanisms
of mutation-accumulation and antagonistic pleiotropy entail that small benefits
to the survival and fertility of young individuals will be selected for even if they
are accompanied by a large costs at older ages. Such a process is reflected in
age-specific selection gradients on survival and fertility; if these decrease with age,
early-life traits contribute more to fitness than late-life traits (Hamilton 1966). A
similar requirement exists for maternal effect senescence, the decrease in offspring
quality with maternal age (Moorad and Nussey 2016). In a previous study of
B. manjavacas the selection gradients support the hypothesis that maternal age
heterogeneity is determined by maternal effect senescence (Hernández et al. 2020).
Maternal age is a source of variability in individual life histories. By accounting for both individual stochasticity and heterogeneity throughout the entire life
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history, the contribution of maternal age to lifetime reproductive output is quantified exactly. For this species, over a wide range of demographic parameters, our
results are clear: the effects of individual stochasticity on the variance in LRO
dwarf the effects of maternal age heterogeneity.
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Silke F. van Daalen

“Reaching out to embrace the random.
Reaching out to embrace whatever may come.”
- Maynard James Keenan (2001), Lateralus.
On Lateralus, Volcano Records
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8.1 Lifetime reproductive output
Individual stochasticity produces astonishing levels of inter-individual variability
in lifetime reproductive output. If there was ever any doubt about this fact, this
thesis has laid it to rest. It is impossible to fully analyze lifetime reproductive
output without considering how individuals get lucky.
Lifetime reproductive output (LRO) is an integrative measure of the development, survival and fertility rates individual organisms experience throughout their
life history. In ecology, mean LRO is equal to the net reproductive rate R0 if LRO
is measured as daughters per female. R0 is the population growth rate per generation, and also serves as an criterion for population growth or decline; populations
grow when R0 > 1. In evolutionary biology, mean LRO is a component of fitness,
and sometimes a proxy for fitness.
Variability in lifetime reproductive output provides an estimate of risk (at the
population level) and inequality (at the individual level). It furthermore has an
evolutionary interpretation. Natural selection can only act when a trait related to
fitness shows sufficient variance. This variance must be heritable for selection to
operate. Individual stochasticity, however, produces a great deal of non-heritable
variability.
Empirical measurements find that the distribution of LRO among individuals
is highly variable and often skewed, with many individuals producing few offspring,
and few producing many. The question is whether the individuals in the tail of
such a distribution were stronger, or sexier, or otherwise of better quality. Or if
they just got lucky.
This thesis has acknowledged the importance of individual stochasticity as a
source of variability in LRO. It has developed theory to calculate the variability
in LRO produced, by individual stochasticity, in standard demographic models.
It has compared the variability in LRO due to luck with empirical measurements
of variability, and evaluated the contributions of stochasticity and heterogeneity
to variance when both are included in a model.

8.2 The findings of this thesis
Theoretical findings
The individual stochasticity implied by a life history can be calculated from life
history models using Markov chains with rewards (MCWR). The idea that the
life cycle can be represented by a Markov chain has been established for some
time in demography and ecology (Feichtinger 1971; Cochran and Ellner 1992;
Caswell 2001; Tuljapurkar et al. 2009; Caswell 2009). The theoretical insight
190

8.2 The findings of this thesis

that “rewards” can be accumulated over the course of the life cycle is more recent
(Caswell 2011). The Markov chain with rewards framework was developed to study
the accumulation of economic rewards in dynamic programming (Howard 1960).
Combining these two insights opens up new ways of thinking about populations,
and the individual-level processes they are subject to. Caswell (2011) was the first
to incorporate individual stochasticity completely in this manner for the purposes
of calculating the variability in LRO. His solution consisted of a set of recurrence
equations based on the Markov chain and a set of matrices describing the moments
of the rewards (reproduction in our case). Theorem 1 of Chapter 2 presents an
exact, analytical, closed-form solution for the mean and higher moments of lifetime
reproductive output for any life history model.
A Markov chain with rewards captures two sources of individual stochasticity
in the life cycle that determine the variance in LRO. These two sources are the
stochasticity individuals experience in their pathways of survival and transitions
through the life cycle, and the stochasticity in reproduction at any point along
those pathways. Chapter 2 provides a way to quantify the relative contribution
of within- and between-pathway stochasticity to the variance (see van Daalen and
Caswell 2015, for an application).
Chapter 2 also contains, in Theorem 2, a general set of formulae for the sensitivity and elasticity analysis of all the statistics of LRO to changes in the stagespecific rates of survival, development, and fertility. Sensitivity analysis reveals
how changes in the parameters of the life history affect the variability in LRO.
This leads to a protocol for the analysis of lifetime reproductive output that is
easily computable and adaptable to a variety of different kinds of data.
In Chapter 3, these results are extended to apply to multistate models incorporating an additional dimension representing individual heterogeneity. The
multistate MCWR model allows for a decomposition of variance in LRO into contributions from individual stochasticity and heterogeneity. A general approach
to variance decomposition is presented, as well as the sensitivity analysis of the
components of variance to life history parameters.
Empirical findings
The theoretical results from Chapters 2 and 3 open any matrix population model
to analysis. Here, I have analyzed individual stochasticity and heterogeneity, by
quantifying variability in LRO in human demography, in a multispecies comparison of plants and animals, and in a detailed case study of a rotifer in the laboratory. The versatility of the Markov chain with rewards theory can place such
questions in contexts of evolutionary demography, life history strategies, maternal
effect senescence, and impacts of heterogeneity in different environments. All such
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questions have a basis in the recognition that the life history contains inherent
stochastic processes that generate variability.
Many populations show high amounts of variance in LRO due to individual
stochasticity in the life history (Chapters 2 and 5). Historical populations of
humans and hunter-gatherers show higher variance than modern populations of
humans (Chapter 2). A coniferous tree with a size-classified life history shows far
more variance in LRO than any human populations. Among all of these, populations with lower survival (i.e. trees, hunter-gatherers, and historical humans)
seem to have larger contributions from between-pathway sources of variance. Sensitivity analyses show that the coniferous tree would see a reduction in variance
in LRO with increased survival, but for human populations the response to such
a reduction varies.
In Chapter 5, I have shown that populations of animals and plants generally
have high variability in LRO, as measured by (standardized) variance, skewness,
and kurtosis. Besides variability in LRO, they show high levels of variability in
life history outcomes such as longevity, age at offspring production (the mean of
which is generation time), and age at maturity.
The means of such life history outcomes are often used to find general patterns
in life history strategies across populations and species. From binary distinctions such as r- or K-selected species, and the fast-slow life history continuum,
there has been an increased shift towards multidimensional life history classifications (Salguero-Gómez et al. 2016b; Paniw et al. 2018). The results in Chapter
5 show that those classifications should go beyond the mean, and even beyond
the variance in life history outcomes. The variability and uncertainty in lifetime
reproductive output and the other life history outcomes capture more variation
between populations than mean LRO does.
Other than multi-species comparisons, other types of comparisons can provide
additional insight into the consequences of individual stochasticity. The variance
in LRO, due to individual stochasticity, calculated from a specified demographic
model, can be compared to empirical measurement of the variance in LRO, which
reflects not only individual stochasticity but other sources of variance. If the
calculated variance in LRO equals or exceeds the empirically measured variance,
it shows that demographic stochasticity is capable of producing all the measured
variance. Treating the calculation as a kind of neutral model, there is no need
to invoke heterogeneity without additional evidence of heterogeneity (Steiner and
Tuljapurkar 2012).
Care must be taken in how the variance is measured empirically. Comparisons
of the standardized variance in human populations illustrate this well (Chapter
4). Models that account for nulliparous individuals, i.e. individuals that never
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reproduce, show greater variance than those that exclude these individuals. In
reality, all populations will contain nulliparous individuals; accounting for them
is critical in evolutionary studies (Klug et al. 2010; Courtiol et al. 2012). Failure
to reproduce is an important aspect of reproductive success. The standardized
variance, which allows for comparisons between species and populations, also has
an evolutionary interpretation as Crow’s index for the opportunity for selection
(Crow 1958). Empirical standardized variances in populations of humans show a
median of 0.34, with an interquartile range of 0.16 – 0.46. Standardized variances
for modern populations from Markov chains with rewards fall into this same range.
Individual stochasticity can generate apparent opportunities for selection that are
solely due to differences in outcomes among identical individuals; this variance
cannot be selected for, and might obscure variance among individuals that does
have a genetic basis.
In Chapter 4 I also present a comparison between an empirical measure for a
historical population of Finnish women that explicitly takes nulliparous individuals
into account, and a Markov chain with rewards model based on the prevalent vital
rates for that population. The individual stochasticity in the life cycle of Finns
explains part, but not all of the variance. In this case, an additional source of
variance might be found in some type of heterogeneity. Some additional empirical
findings of this thesis will be presented in the next section, in the context of
separating sources of variance into stochasticity and heterogeneity.

8.3 Stochasticity and heterogeneity
Demography has always been a study of incorporating differences among individuals. Lotka (1939), building on knowledge of life tables, recognized that the
processes of survival and fertility differed for individuals of different ages, and he
and Leslie (1945) laid the groundwork for what is now referred to as age-classified
demography (Keyfitz 1968). Lefkovitch (1965) later recognized that the processes
governing certain other organisms, notably plants, did not fit into age classified
models. Size or developmental stage were better suited for describing the change
in vital rates among individuals (see also Nisbet and Gurney 1982; Metz and
Diekmann 1986; Easterling et al. 2000; Caswell 2001).
What is the relation between the differences that define life history stages and
those that are treated as heterogeneity? Life history stages are, in fact, a type
of heterogeneity; specifically, the heterogeneity that best describes the differences
between individuals throughout their life history. As individuals age, grow, and
develop, the way they interact with their environment can change profoundly, and
this is why life history stages often have a relationship to the passing of time. It
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is called a life history for a reason. When one considers life history outcomes, the
differences individuals experience between, for example, early and late stages do
not contribute to the variance as heterogeneity, because every individual has the
same opportunity to experience those stages.
At each of those stages the outcome of survival, growth or fertility processes
can be different for identical individuals; this is individual stochasticity. When
there is, however, an extra dimension or grouping that imposes differences in the
opportunity to survive, grow, and reproduce, this is referred to as (additional)
heterogeneity. The choice of which dimension to consider as heterogeneity and
which to consider as life history is open. In an age×size model, for example, either dimension can ostensibly be the life history dimension or the heterogeneity
dimension. The distinction is often made based on convention; plants are usually
described with size structure, and age is a form of (often ignored) heterogeneity (Caswell and Salguero-Gómez 2013). Humans are usually described with age
structure, but a host of other variables may appear as heterogeneity (education,
health, socioeconomic status).
Heterogeneity is incorporated as differences in vital rates at each stage of the
life history. An individual with a certain value (genotype, size location, etc.) on
the heterogeneity dimension in question will belong to a certain heterogeneity
group. Vital rates differ between groups, but within a group the variance in life
history outcomes is due to stochasticity. When stochasticity explains most of the
empirically measured variance, this is not necessarily because the “right kind” of
heterogeneity is yet to be incorporated. This perspective derives from notions of
R2 explaining the proportion of variance in observational or experimental studies,
where a low R2 suggests that the chosen independent variable does not do a
good job of explaining the dependent variable. However, in our model, individual
stochasticity is not a variable, it is a process. Within the model being analyzed,
individual stochasticity and whatever type of heterogeneity is incorporated are the
only possible sources of variance in life history outcomes.
Incorporating heterogeneity into a model will not necessarily lead to an increased level of variance. Such an increase in variance is not unlikely, and seems
to be a common result of incorporating additional heterogeneity (Steiner and Tuljapurkar 2012). However, this is not always true (see Figure 7.4), because a life
history model with heterogeneity functions as a new model with new parameters
relative to a model without heterogeneity. The variance also depends on the choice
of a mixing distribution of individuals among heterogeneity groups. Changing the
type of heterogeneity, or adding another dimension of heterogeneity will change
the variance, but not in a predictable direction. Hence the necessity to actually
incorporate the heterogeneity of interest into the life history model.
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Quantifying the contribution of heterogeneity requires its incorporation into a
MCWR model as a second dimension within the i-state of individuals. In Chapter
3, I show that when the i-states of individuals are jointly classified by life history
stages and heterogeneity groups the variance can be decomposed into contributions
from individual stochasticity and heterogeneity. The example of fruit flies with
heterogeneous frailty in mortality provides a large contribution of heterogeneity
(75%) to the variance in longevity. It was chosen from the results of Hartemink
and Caswell (2018) because it had the highest contribution of heterogeneity found
so far. The example of a perennial herb in a stochastic fire environment showed
an extremely large contribution of stochasticity (99.6%) to the variance in LRO
(Chapter 3). The heterogeneity variable for this herb was environment at birth.
The fire environment changed over time and thus presented a type of dynamic
heterogeneity, as opposed to a fixed type of heterogeneity. It is not unreasonable
to expect differences that fade over time to have less of an impact on the outcomes
of lifetimes.
When heterogeneity is incorporated into the model, the matrix model and
Markov chain methods allow for a range of demographic, evolutionary and ecological questions to be investigated in-depth. In Chapters 6 and 7 of this thesis,
maternal age heterogeneity is analyzed with multistate models. These multistate
models required detailed data on individual rotifers classified by both age and
maternal age (Gribble et al. 2014; Bock et al. 2019), and led to a projection model
for populations and a MCWR model for individuals.
Selection gradients for the age×maternal-age multistate model for rotifers show
that maternal effect senescence can evolve despite the fitness cost (Chapter 6).
Similar to actuarial and reproductive senescence, the selection gradients on fitness
decline with increasing maternal age, suggesting that reductions in late maternalage offspring production could be compensated for by small improvements in early
maternal-age offspring production (Hamilton 1966). This would mean that mutation accumulation or antagonistic pleiotropy could have led to such maternal
effect senescence.
Maternal age heterogeneity in rotifers explains only about 26% of the variance
in LRO, despite obvious differences between maternal age groups in their rates
and mean LRO (Chapter 7). The impact of maternal age heterogeneity on the
variance in LRO depends on the environment, however, as the aforementioned contribution was obtained for rotifers in a high-survival and high-fertility laboratory
environment. When a virtual environment with decreased survival was investigated, the contribution of maternal age heterogeneity declined to negligible levels.
In a virtual environment with decreased fertility, the contribution of heterogeneity
increased to 41%. The fraction of variance due to heterogeneity clearly depends
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on ecological scenario, but over most of the scenario space for near-equilibrium
populations, individual stochasticity contributes 90–99% or more of the variance
in LRO (Chapter 7, Figure 7.6).
Decomposition of the variance in LRO is essential to investigate both the impact of different kinds of heterogeneity on individual-level outcomes that determine
population-level outcomes, and the extent to which the evolutionary interpretation of LRO is confounded by chance processes. Variance decomposition is related
to analysis of variance, and there is hardly a better example of how much stochasticity matters than the following extreme decomposition. When animal and plant
population identity is treated as heterogeneity, roughly 89% and 99%, respectively,
of the variance is due to stochasticity within those populations (Chapter 5). This
result reflects the large amount of variability and uncertainty in life history outcomes produced by a wide range of life cycles. Together with the earlier examples
in this thesis, it is becoming clear that stochasticity dominates the variance in
lifetime reproductive output.
Other studies have also shown that the contribution of individual stochasticity to variance in demographic outcomes dwarfs that of heterogeneity. Studies of
heterogeneous frailty in humans have found 90–95% of the variance in longevity
is due to stochasticity (Hartemink et al. 2017). A study of socioeconomic deprivation, also in humans, found that 95–99% of the variance in longevity was due
to stochasticity (Seaman et al. 2019). An analysis of latent heterogeneity (frailty
in the broad sense) in laboratory insect populations found that a median of 65%
of the variance in longevity was due to stochasticity (interquartile range 56–77%;
Hartemink and Caswell 2018). A similar field study of southern fulmars found
that 94% of the variance in longevity was due to stochasticity (Jenouvrier et al.
2018).
Studies of the contribution of heterogeneity to variance in LRO are fewer, but
tell a similar story. The studies presented in this thesis include that of a perennial herbaceous plant in a stochastic fire environment, and an age×maternal-ageclassified rotifer in different ecological scenarios. The former showed a contribution
of 99% by individual stochasticity to the variance in LRO. The latter ranged between 59–99.99% of the variance in LRO being due to stochasticity depending
on the ecological scenario. A study of variance in LRO in kittiwakes reported a
contribution of 61% due to stochasticity (Snyder and Ellner 2018), and a study
of latent heterogeneity in the southern fulmar estimated 78% due to stochasticity.
These studies are few, but they point in the same direction. More studies will be
necessary if one wants to dispute the conclusion that heterogeneity is, in general,
hidden by a sea of stochasticity.
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Table 8.1: Examples of types of individual heterogeneity.

Fixed

Internal

External

Maternal age

Experimental treatments

Genotype

Social status

Frailty and other (latent) traits

Location (at birth)

Parity
Dynamic

Health
Prior state

Environmental stochasticity
Density

Latent or unobserved heterogeneity has lately been a major focus of heterogeneity research (Vaupel and Yashin 1985; Vindenes and Langangen 2015; Cam
et al. 2016; Jenouvrier et al. 2018), and some of the variance decomposition estimates presented above come from such studies. It is also important to study
observable sources of heterogeneity because such studies open up possibilities of
linking heterogeneity to mechanisms and selective forces. Heterogeneity with a
genetic basis, for example, has not yet been analyzed using a variance decomposition approach. The recent incorporation of explicit genetics into matrix population
models (de Vries and Caswell 2019a,b) will make it possible to do so.
Many kinds of heterogeneity are under study (Table 8.1); they can be classified
as internal or external, dynamic of fixed, observed or unobserved, genetic or nongenetic. This classification may be useful in helping to pose the question of how
stochasticity and heterogeneity impact life history outcomes. By defining life
history models that incorporate both processes, such as multistate matrix models
and multistate Markov chains with rewards it becomes possible to investigate
whether variance results from individuals that are different, or just lucky.

8.4 From individuals to populations
The fates of populations depend on the fates of the individuals within those populations. In other words, individual processes determine population dynamics.
When making the translation from the individual to the population level, one
must recognize that individuals fates have a probabilistic component.
In this thesis, I have explored the consequences of the probabilistic nature
of individual fates by analyzing life cycles as Markov chains with rewards. The
outcomes of such analyses represent individual-level or cohort-level, rather than
population-level outcomes. The population-level result of individual stochasticity
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is demographic stochasticity, i.e. the stochastic nature of population size given
the uncertainty in individual fates (Vindenes et al. 2008; Caswell and Vindenes
2018). Demographic stochasticity is often modeled using individual-based simulations, branching processes, or diffusion approximations. Its applications range
from small populations at risk of extinction, the fate of new mutations, and the
fate of epidemics following exposure to a single infected individual. The basic
assumptions of the nature of the stochasticity are very similar, that is, the rates
of survival, growth, and fertility are treated as probabilistic. Nevertheless, individual and demographic stochasticity describe processes at different levels of
organization, and provide answers to different types of questions.
The MCWR framework provides the mean and variance (and higher moments)
of lifetime reproductive output. Mean LRO as calculated by MCWR is a property
of an individual (or a cohort of individuals), and can incorporate different kinds of
reproduction. Mean LRO may be numerically equivalent to the net reproductive
R0 , but only when reproduction is incorporated as the same currency as is used
in the population model, and only when that currency describes a single type
of offspring (Caswell 2011). The connection between mean LRO and population
dynamics is as of yet an unsolved problem.

8.5 Stochasticity in fertility
Probabilistic processes are ubiquitous in nature1 . I have briefly described environmental stochasticity as a source of heterogeneity, and demographic stochasticity as
a population-level realization of individual stochasticity. Beyond these, processes
of extreme climatic events, and rare dispersal events in ecology, and of genetic
drift, and random mutations in evolution, provide examples of stochasticity in
nature.
The way to incorporate probabilistic processes into models depends on the
process. In the case of the Markov chain with rewards framework, survival has
a (0–1) set of potential outcomes, transitions among stages have a finite set of
outcomes, each with a probability that depends on the current state (the Markov
property), and fertility is modeled with a probability distribution that reflects the
chosen currency of reproduction (seeds, larvae, a baby, etc.).
The modeling of fertility as a chance process is done in three ways in this thesis.
In Chapter 6, based on individual age×maternal-age fertility data for rotifers, the
higher moments of fertility could be calculated directly from the data. In other
chapters of this thesis, only the mean fertility rate was available and an assumption
1 This thesis is already long enough; I will not try to address the question of whether or not
the universe is deterministic or probabilistic at this point.
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had to be made about what kind of distribution it came from. If multiple births
are negligible, fertility can be assumed to have a (0–1) Bernoulli distribution.
If multiple births are possible, the simplest distribution to assume is a Poisson
distribution.
Obviously, having individual data is ideal for an accurate distribution of fertility. I encourage researchers to publish the entire distribution of the fertility of
their study species, or, if that proves impossible, to at least present the higher
moments of such a distribution.
When one must assume a distribution, however, it can be the case that neither
the Bernoulli nor the Poisson provides a good fit. For example, some individuals
may produce more offspring than expected under a Poisson distribution, and others
less (over-dispersion). In such a case, one could model fertility with the negative
binomial distribution, at the cost of one additional parameter (Caswell 2001). One
way to describe such a distribution is as a gamma-distributed mixture of different
values for the Poisson parameter (Boswell and Patil 1970). The additional parameter then serves as a “clumping” parameter that allows the variance to exceed the
mean. Note that such a parameter introduces differences among individuals in
their potential to reproduce. It thus provides a way to model unobserved heterogeneity in fertility, similar to how gamma-Gompertz-Makeham models and others
are used to model frailty in mortality. Another option for a compound distribution
of fertility is the Generalized Poisson distribution (Kendall and Wittmann 2010).
These options for modeling fertility provide an exciting topic for future research.

8.6 Variance and beyond
The life histories of organisms cannot be described in terms of means alone. It is
important to know about the variability among individuals in life history outcomes,
such as lifetime reproductive output. The variance in LRO is one measure of
variability. Beyond the variance, characteristics such as skewness and kurtosis
provide even more information on the distribution of LRO. Skewness measures the
asymmetry of the distribution, and kurtosis provides an estimate of how heavy
the tails of the distribution are, i.e. what the probability is of an extreme value.
Taken together, these measures represent the uncertainty in the eventual fate of an
individual. As shown in Chapter 6, these measures make important contributions
to the axes that capture most of the variation in life history strategies among
species. Such measures of uncertainty should be reported in studies of lifetime
reproduction.
The full distribution of LRO would provide even more information than the
moments. Estimating the full distribution of LRO from the moments is possible,
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but difficult (Gillespie and Renshaw 2007; Tuljapurkar et al. 2020). It is also
possible to simulate the full distribution from the Markov chain, but such simulations can be computationally intensive. Tuljapurkar et al. (2020) have recently
presented a new, forward calculation of the complete distribution of LRO using
convolutions, allowing for computations of measures of inequality like the Giniindex, and comparison to observed distributions. It will be interesting to compare
the ecological and evolutionary applications of the methods they present to the
ones presented in this thesis.
The Markov chain with rewards framework I have presented provides a complete, exact, analytical solution for any of the moments of the distribution of
lifetime reproductive output. Furthermore, the solution I present has fully developed sensitivity analyses that provide an exact estimate of the response of any of
the statistical measures of the distribution of LRO to a change in any parameter.
The framework can incorporate any life cycle with any definition of reproduction.
It provides a way to decompose the variance into variance among and between
pathways when all variance is due to individual stochasticity; it provides a way to
decompose the variance into within and between heterogeneity group, when any
type of heterogeneity is incorporated.

8.7 Conclusion
Lifetime reproductive output (LRO) is the consequence of individual survival, development, reproduction, and stochasticity. This individual stochasticity, or luck,
is expressed inherently in the vital rates that individuals experience throughout
their lives. Lifetime reproductive output is then characterized not just by its mean,
but also its variance, and other attributes of its distribution. Linking the life history to LRO, and incorporating this individual stochasticity, is made possible by
Markov chain with rewards models.
The development of such models, their sensitivity analyses, and their extension
to incorporate individual heterogeneity, provide a complete methodology to ask
ecological and evolutionary questions while accounting for the effects of individual
stochasticity. Individual stochasticity is the source of much variance and uncertainty in lifetime reproductive output. This not only demands a reevaluation of
the focus on means in life history studies, but also requires a shift in how the study
of individual heterogeneity is performed. The impact of heterogeneity on lifetime
reproductive output must be assessed against the backdrop of a veritable sea of
individual stochasticity. In order to reproduce, one must truly get lucky.
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Nystad, W., London, S. J., Sandler, D. P., Lie, R. T., Wade, P. A., and Taylor, J. A. (2016).
Maternal Age at Delivery Is Associated with an Epigenetic Signature in Both Newborns and
Adults. PLOS ONE, 11(7):1–11.
Marshall, D., Allen, R., and Crean, A. (2008). The ecological and evolutionary importance of
maternal effects in the sea. In Oceanography and Marine Biology, volume 46, pages 203–262.
Marshall, D. J. and Uller, T. (2007). When is a maternal effect adaptive? Oikos, 116(12):1957–
1963.
Matser, A., Hartemink, N., Heesterbeek, H., Galvani, A., and Davis, S. (2009). Elasticity analysis
in epidemiology: an application to tick-borne infections. Ecology Letters, 12(12):1298–1305.
McCormick, M. I. (2006). Mothers Matter: Crowding Leads to Stressed Mothers and Smaller
Offspring in Marine Fish. Ecology, 87(5):1104–1109.
McLachlan, G. J. and Peel, D. (2004). Finite Mixture Models. John Wiley & Sons.
Medawar, P. B. (1952). An Unsolved Problem in Biology. H. K. Lewis, London.
Merry, B. J. (2005). Dietary restriction in rodents—delayed or retarded ageing? Mechanisms of
Ageing and Development, 126(9):951–959.
Metcalf, C. J. E. and Pavard, S. (2007). Why evolutionary biologists should be demographers.
Trends in Ecology & Evolution, 22(4):205–212.
Metcalfe, N. B. and Monaghan, P. (2001). Compensation for a bad start: grow now, pay later?
Trends in Ecology & Evolution, 16(5):254–260.
Metz, J. A. J. (2008). Fitness. In Jørgensen, S. E. and Fath, B. D., editors, Encyclopedia of
Ecology, pages 1599–1612. Academic Press, Oxford.
Metz, J. A. J. and Diekmann, O. (1986). The dynamics of physiologically structured populations.
Lecture Notes in Biomathematics. Springer-Verlag, Berlin.
Metz, J. A. J., Nisbet, R. M., and Geritz, S. A. H. (1992). How should we define ‘fitness’ for
general ecological scenarios? Trends in Ecology and Evolution, 7(6):198–202.
Mills, M. (2011). Introducing survival and event history analysis. Sage.
Mills, S. K. and Beatty, J. H. (1979). The Propensity Interpretation of Fitness. Philosophy of
Science, 46(2):263–286.

212

Moorad, J. A. and Nussey, D. H. (2016). Evolution of maternal effect senescence. Proceedings
of the National Academy of Sciences, 113(2):362–367.
Moorad, J. A., Promislow, D. E., Smith, K. R., and Wade, M. J. (2011). Mating system change
reduces the strength of sexual selection in an American frontier population of the 19th century.
Evolution and Human Behavior, 32(2):147–155.
Moore, A. M., Xu, Z., Kolli, R. T., White, A. J., Sandler, D. P., and Taylor, J. A. (2019).
Persistent epigenetic changes in adult daughters of older mothers. Epigenetics, 14(5):467–
476.
Mousseau, T. A. and Fox, C. W. (1998). The adaptive significance of maternal effects. Trends
in ecology & evolution, 13(10):403–407.
Newton, I. (1989). Lifetime reproduction in birds. Academic Press, New York.
Nisbet, R., Gurney, W., Murdoch, W., and McCauley, E. (1989). Structured population models:
a tool for linking effects at individual and population level. Biological Journal of the Linnean
Society, 37(1-2):79–99.
Nisbet, R. M. and Gurney, W. S. C. (1982). Modelling Fluctuating Populations. Wiley, Chichester.
Noonburg, E., Nisbet, R., McCauley, E., Gurney, W., Murdoch, W., and De Roos, A. (1998).
Experimental testing of dynamic energy budget models. Functional Ecology, 12(2):211–222.
Nussey, D. H., Postma, E., Gienapp, P., and Visser, M. E. (2005). Selection on Heritable
Phenotypic Plasticity in a Wild Bird Population. Science, 310(5746):304–306.
Paniw, M., Ozgul, A., and Salguero-Gómez, R. (2018). Interactive life-history traits predict
sensitivity of plants and animals to temporal autocorrelation. Ecology letters, 21(2):275–286.
Partridge, L. (1989). Lifetime reproductive success and life history evolution. In Newton, I.,
editor, Lifetime reproduction in birds, pages 421–440. Academic Press, New York.
Partridge, L., Piper, M. D. W., and Mair, W. (2005). Dietary restriction in Drosophila. Mechanisms of Ageing and Development, 126(9):938–950.
Perez, M. F. and Lehner, B. (2019). Intergenerational and transgenerational epigenetic inheritance in animals. Nature Cell Biology, 21(2):143–151.
Phillips, A. (2004). Defending Equality of Outcome. Journal of Political Philosophy, 12(1):1–19.
Pianka, E. R. (1970). On r-and K-selection. The American Naturalist, 104(940):592–597.
Plaistow, S. J., Shirley, C., Collin, H., Cornell, S. J., and Harney, E. D. (2015). Offspring
provisioning explains clone-specific maternal age effects on life history and life span in the
water flea, Daphnia pulex. American Naturalist, 186(3):376–389.
Plaistow, S. J., St. Clair, J. J. H., Grant, J., and Benton, T. G. (2007). How to Put All Your Eggs
in One Basket: Empirical Patterns of Offspring Provisioning throughout a Mother’s Lifetime.
The American Naturalist, 170(4):520–529.
Puterman, M. L. (1994). Markov decision processes: Discrete dynamic stochastic programming.
John Wiley & Sons, New York.

213

Rawls, J. (2009). A Theory of Justice. Harvard University Press, Cambridge.
Reichert, S., Berger, V., Jackson, J., Chapman, S. N., Htut, W., Mar, K. U., and Lummaa, V.
(2020). Maternal age at birth shapes offspring life-history trajectory across generations in
long-lived Asian elephants. Journal of Animal Ecology, 89(4):996–1007.
Rhodes, E. C. (1940). Population Mathematics. I. Journal of the Royal Statistical Society,
103:61–89.
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Summary
Get lucky: variability in lifetime reproductive output
What makes individual organisms successful? Biologically, success is often ascribed to individuals who survive to their reproductive stages, and then produce a
lot of offspring. This results in population growth and the propagation of genes to
the next generation, the basic ingredients in studies of demography, ecology, and
evolutionary biology. If success is measured by the reproductive output during
an individual’s lifetime, then what determines that lifetime reproductive output?
How do the successful get to survive and reproduce? Do they need to get stronger,
or sexier? Do they need to get a different diet, or better genes, or faster sperm?
Do they need to get better at catching fish? Or do they just need to get lucky?
Luck, for which the technical term is individual stochasticity, generates a large
amount of variance among individuals in their lifetime reproductive output. Distributions of lifetime reproductive output are often skewed, with many individuals
producing few offspring, and few producing many. Although it is tempting to
search for differences in qualities of individuals that may account for the variability in reproductive outcomes, individual stochasticity is often more than sufficient
to explain such variability among individuals.
This thesis contains a thorough investigation of the impact of individual
stochasticity on variability in lifetime reproductive output (LRO). Theoretical
and empirical approaches are combined to go from any life history in any species,
with or without an additional source of variance from heterogeneity (e.g., some
individuals are better at catching fish) to estimates of variance, and other properties beyond the mean, of lifetime reproductive output. The methodology that
is developed is illustrated in different contexts (none of which are actually about
the ability to catch fish).
In Chapter 2, the theoretical framework for investigating the impact of individual stochasticity on variance in LRO is developed. A life history is characterized by a set of stages among which individuals move according to rates of
survival, development, and growth. These transitions are probabilistic; each individual in a given stage has the same chance to transition, or survive, but some
do whereas others do not. A finite-state, discrete-time, absorbing Markov chain
model captures such stochastic transitions. A Markov chain is defined by a matrix
containing transient (living) states corresponding to the life history stages, and
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an absorbing state representing death. Such a Markov chain can be extended to
include reproduction. Reproduction then appears as a stochastic reward that can
be accumulated as individuals move through the life cycle. The Markov chain
with rewards (MCWR) framework provides a complete, analytical set of formulae for the variance and higher moments of lifetime reproductive output due to
stochasticity. Sensitivity analyses are derived, and the methodology is illustrated
with examples of age-classified models for human populations and a size-classified
model for a coniferous tree.
In Chapter 3, the framework is extended to apply to multistate models. Multistate models add an extra dimension to the state space to include (additional) heterogeneity. Heterogeneity is expressed as individuals experiencing different rates
of survival, development, and reproduction, depending on this second dimension.
Individuals are grouped by their expression of this heterogeneity (e.g. one group
that has a mutation that makes them better at fishing, and another group that
lacks this mutation). A multistate Markov chain allows for the calculation of mean
and variance in LRO, taking account of the heterogeneity groups. The variance
in LRO can then be decomposed into between-group variance due to heterogeneity, and within-group variance due to stochasticity. One study of frailty in fruit
flies raised in the laboratory showed that heterogeneity accounted for most of the
variance in longevity. The environment at birth of a perennial herbaceous plant
in a stochastic fire environment explains almost 0% of the variance; stochasticity
dominates. Sensitivity analysis reveals the effect of changes in the vital rates for
certain or all heterogeneity groups on both variance components.
The methods developed in the first two chapters makes it possible to study the
variance in LRO due to stochasticity quantitatively, comparatively, and in different
contexts. In Chapter 4, the evolutionary implications of individual stochasticity
for the variance in a fitness proxy such as LRO are discussed. Crow’s index, a
standardized measure of variance, is used to provide an upper estimate of the
opportunity for selection. An empirical estimate of Crow’s index for a historical
population of Finnish women indicated a great deal of variance. A comparison
between this empirical estimate and Crow’s index calculated from a Markov chain
with rewards finds that about half of this variance can be explained by individual
stochasticity. There is potential for heterogeneity to contribute to the variance in
this historical population of Finns.
To explore the level of variability in LRO due to individual stochasticity, the
Markov chain with rewards framework is applied to a comparative study of plants
and animals (Chapter 5). Analyzing projection matrices from the Compadre and
Comadre plant and animal matrix databases reveals a huge range of variances,
in LRO and other life history outcomes, such as longevity, age at maturity, and
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age at reproduction. Beyond mean and variance, values of kurtosis and skewness
are calculated as measures of uncertainty in life histories. Principal component
analyses show that variance and measures of uncertainty in life history outcomes
contribute just as much, if not more to the overall life history strategy compared
to means. Inter-individual variability in animal and plant life histories due to
stochasticity should not be ignored.
To investigate heterogeneity and individual stochasticity in more detail, an
in-depth analysis of the rotifer Brachionus manjavacas is presented in Chapters
6 and 7. The rotifer in question is described by a multistate age×maternal-age
model. Maternal age heterogeneity at the individual level leads to maternal effect
senescence at the population level; i.e., survival and fertility schedules of offspring
decrease with increasing age of mothers.
In Chapter 6, maternal effect senescence is analyzed in terms of its full effect on
the age-classified life cycle of the rotifer B. manjavacas. The population model is
used to calculate the population growth rate λ, the selection gradients on mortality
and fertility, and an LTRE analysis to quantify the cost of the maternal age
effect. The selection gradients show that maternal effect senescence could evolve
through the same mechanisms as actuarial senescence, i.e. antagonistic pleiotropy
or mutation accumulation, because selection gradients decrease with both age and
maternal age.
In Chapter 7, maternal age is treated as a source of heterogeneity. There are
large differences in mean and variance in LRO between the different maternal
age groups. Nonetheless, variance decomposition shows that most of the variance
comes from stochasticity, with heterogeneity contributing only 26%. This result
is obtained in a high-growth laboratory environment. In two virtual stationary
environments, obtained by lowering fertility and survival, respectively, the contribution of heterogeneity changes drastically. In the low-fertility environment,
the contribution of maternal age heterogeneity to the variance in LRO increases,
whereas in a low-survival environment it decreases to near-zero.
Taken together, the studies in this thesis show that individual stochasticity can,
and often will, generate large amounts of variance in lifetime reproductive output.
The mean should not be the only focus of studies of life history outcomes; we
must go beyond means, and evaluate the variance and uncertainty inherent in life
histories. Heterogeneity, whether it is maternal age, environment of birth, frailty
class, or the ability to catch a fish, can generate variance, but it is becoming clear
that to become successful at reproduction individuals must primarily get lucky.
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Samenvatting
Gelukje? Variabiliteit in Reproductie
Reproductie is de basis van de overleving van soorten, de verspreiding van ziektes,
en evolutionaire processen. Succesvolle reproductie wordt vaak gemeten over het
hele leven van een organisme als een enkel getal; het levensaantal nakomelingen.
Binnen populaties zullen sommige individuen een hoger levensaantal nakomelingen
hebben dan anderen, maar wat ligt er ten grondslag aan zulke verschillen?
Is het ene individu sterker dan het andere individu? Kan je beter reproduceren
als je sneller bent, en meer prooi kan vinden? Of als je je goed kan verstoppen
voor predatoren? Is het een kwestie van er zo sexy mogelijk uit zien? Of moet
je het meest praktische nestje kunnen bouwen? Of hangt succesvolle reproductie
tóch af van het gelukkige toeval?
In dit proefschrift laat ik zien hoe we het gelukkige toeval verwerken in modellen voor de levensloop van individuen, en wat de rol is van geluk in de levenslange
reproductie. Het toeval, dat wil zeggen de stochasticiteit, beı̈nvloedt individuen
zowel in hun kans om te overleven in ieder levensstadium als in hun kans om in dat
levensstadium een succesvolle poging tot voortplanting te doen. Dit toevalsproces alleen kan al voor grote variabiliteit in het levensaantal nakomelingen (LRO)
zorgen onder anderszins identieke individuen.
In hoofdstuk 2 van dit proefschrift presenteer ik een methode waarmee de invloed van stochasticiteit op de statistische eigenschappen van de reproductie van
soorten en populaties kan worden gekwantificeerd. De statistische eigenschappen
gaan verder dan alleen het gemiddelde: de variantie, maar ook de scheefheid en
de dikte van de staart van de verdeling zijn maten van de variabiliteit tussen
individuen in hun reproductie. Om al deze eigenschappen te berekenen gebruik
ik Markov ketens met een zogeheten rewards constructie. Deze modellen zorgen
ervoor dat zowel de overlevingskans per levensstadium, als de reproductie (de reward ) per levensstadium een kansproces vertegenwoordigen. In hoofdstuk 2 wordt
de exacte oplossing voor gemiddelde, variantie en andere aspecten van de verdeling van reproductie op basis van Markov ketens met rewards herleid, toegepast op
populaties van mensen en de Hemlockspar, en wordt gevoeligheidsanalyse van de
uitkomst van het model als gevolg van veranderende parameters gepresenteerd.
In hoofdstuk 3 wordt de methode uitgebreid om niet alleen kansprocessen,
maar ook werkelijke verschillen tussen individuen in te bouwen. Het model heeft
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daardoor naast de dimensie van de levenscyclus, ook een extra dimensie met
een zogeheten heterogeniteitsvariabele. Heterogeniteit onder individuen is uit te
drukken als verschillen in de kansen om te overleven en voort te planten in elk levensstadium. Individuen vallen in verschillende heterogeneiteitsgroepen afhankelijk
van een eigenschap; een groep die bijvoorbeeld beter is in vis vangen zal hogere
overlevings- en voortplantingskansen hebben, terwijl de groep die niet goed kan
vissen lagere zulke kansen heeft. Het levensaantal nakomelingen voor populaties
waar individuen zowel onderverdeeld zijn in de stadia van hun levensloop en in
heterogeneiteitsgroepen, kan worden berekend met multistate Markov ketens met
rewards. De variantie in nakomelingen kan worden gescheiden in de variantie
tussen groepen (de heterogeniteitscomponent) en de variantie binnen groepen (de
stochasticiteitscomponent). Een dergelijke variantie decompositie laat zien dat
75% van de variantie in levensverwachting in fruitvliegjes is toe te schrijven aan
de heterogeniteit in frailty onder individuen (hoofdstuk 3). De omgeving waarin de
kruidachtige plant L. bradshawii ontkiemt verklaart nagenoeg 0% van de variantie
in nakomelingen; stochasticiteit overheerst.
De methoden die in de eerste twee hoofdstukken zijn ontwikkeld, maken het
mogelijk om de variantie in aantal nakomelingen als gevolg van stochasticiteit
op kwantitatieve, vergelijkende wijze, en in verschillende contexten te bestuderen. In hoofdstuk 4 worden de evolutionaire implicaties van stochasticiteit voor
de variantie in een proxy voor evolutionaire fitness, namelijk het levensaantal
nakomelingen, besproken. Crow’s index is een genormaaliseerde meting van variantie, en wordt gebruikt als limiet voor de mogelijkheid tot selectie. Een empirische
schatting van Crow’s index voor een historische populatie van Finse vrouwen suggereerde een hoge variantie. Een vergelijking tussen deze empirische schatting en
Crow’s index berekend met een Markov-keten met rewards toont aan dat de helft
van deze variantie te verklaren is aan de hand van individuele stochasticiteit.
Om de hoeveelheid variantie in het levensaantal nakomelingen als gevolg van
individuele stochasticiteit te verkennen wordt in hoofdstuk 5 de Markov keten met
rewards methode toegepast op een set van plant- en diersoorten. De analyse van
matrix modellen uit de Compadre en Comadre plant- en diersoorten matrix
databases laat een enorme spreiding zien aan de hoeveelheid variantie in zowel het
levensaantal nakomelingen als andere uitkomsten van de levenscyclus, zoals de levensverwachting, maturatieleeftijd, en voortplantingsleeftijd. Behalve het gemiddelde en de variantie, vertegenwoordigen waarden voor staartdikte en scheefheid
metingen van de onzekerheid van individuen in hun levensloop. Een PCA (Principal Component Analysis) laat zien dat variantie en metingen van onzekerheid in
levensuitkomsten net zoveel, of zelfs meer bijdragen aan de levensstrategieën van
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soorten in vergelijking met gemiddelden. Variabiliteit als gevolg van individuele
stochasticiteit in de levensstrategieën van plant- en diersoorten overheerst.
Om heterogeniteit en individuele stochasticiteit in meer detail te onderzoeken,
wordt een grondige analyse van de raderdiertjes Brachionus manjavacas gepresenteerd in de hoofdstukken 6 en 7. Het raderdiertje in kwestie wordt door een
multistate leeftijd×moeder-leeftijd model. De heterogeniteit in leeftijd van de
moeder bij de geboorte van een individu leidt tot een verouderingseffect via de
moeder op populatieniveau; d.w.z. overlevings- en voortplantingskansen over het
hele leven van nakomelingen zijn lager naarmate de moeder ouder is.
In hoofdstuk 6 wordt het moederlijke verouderingseffect onderzocht met behulp van een leeftijdsmodel voor B. manjavacas. Het populatiemodel verwerkt
het effect van de leeftijd van de moeder op elke leeftijd van het individu en maakt
mogelijk de berekening van de populatiegroeisnelheid λ, de selectiecoëfficienten op
het overlevings- en voortplantingsschema, en een LTRE analyse waarbij de kosten
van het moederlijke verouderingseffect worden gekwantificeerd. De selectiecoëfficienten tonen aan dat het moederlijke verouderingseffect kan evolueren via dezelfde
mechanismen als actuariële veroudering, d.w.z. antagonistische pleiotropie en mutatie accumulatie, aangezien selectiecoëfficienten zowel met de leeftijd van het
individu als met de leeftijd van de moeder afnemen.
In hoofdstuk 7 wordt moederlijke leeftijd behandeld als een bron van heterogeniteit. Er bestaan grote verschillen in gemiddeld levensaantal nakomeling en de
variantie daarin binnen de verschillende moederlijke leeftijdsgroepen. Desondanks
toont variantie decompositie aan dat het grootste deel van de variantie veroorzaakt wordt door stochasticiteit, waar heterogeneiteit slechts 26% van de variantie
veroorzaakt. Dit resultaat is bevonden in een laboratorium experiment met hoge
groeisnelheden. In twee virtuele omgevingen met stabiele populaties, verkregen
door respectievelijk voortplantings- en overlevingskans te verlagen, verandert de
bijdrage van heterogeniteit. In het ’lage voortplanting’ scenario neemt de bijdrage
van heterogeniteit aan de variantie in levensaantal nakomelingen toe, maar in het
’lage overleving’ scenario neemt deze af naar nagenoeg nul.
De onderzoeksbijdragen in dit proefschrift tonen gezamenlijk aan dat individuele stochasticiteit in staat is om grote hoeveelheden variantie in het levensaantal
nakomelingen te veroorzaken, en dat vaak ook doet. Het gemiddelde zou niet de
enige focus van onderzoek naar uitkomsten van de levenscyclus moeten zijn; variantie en onzekerheid inherent in de levensloop hebben verregaande gevolgen voor
populaties. Heterogeniteit, of het nu de leeftijd van de moeder is, of omgeving
bij geboorte, frailty groep, of de kunst van het vangen van vis is, kan variantie
veroorzaken, maar het wordt steeds duidelijker dat succesvolle reproductie vooral
afhangt van het gelukkige toeval.
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“Comets of chance and tides of circumstance sculpt the shorelines
of the self to make us who we are—we can no more claim all credit
for our achievement than deflect all blame for our impediments, and
it is often difficult to separate the elements of life that make for fortune from those that make for misfortune. . . . Would [you or I] have
reached further, attained more, been happier in another body, in another era, in another place? These are questions impossible to answer
without acknowledging what human hubris it is to call one thing accident and another luck in a universe insentient to any of our hopes
and fears, to our categories of good and bad. The human mind seems
unwilling to wrap itself and its prosthetic of language around the notion of pure impartial probability. We imbue even the word chance
with a constellation of subjective meanings—chance as serendipity’s
accomplice, chance as free will’s counterpoint, chance as love’s other
name or a dog’s only.”
- Maria Popova, Figuring (2019)
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Pablo José Varas Enrı́quez is at the:
Department of Human Behaviour, Ecology and Culture, Max Planck Institute for
Evolutionary Anthropology
Deutscher Platz 6, 04103 Leipzig, Germany

Christina M. Hernández is at the:
Biology Department, Woods Hole Oceanographic Institution
266 Woods Hole Road, Woods Hole, MA 02543-1050, USA

Michael G. Neubert is at the:
Biology Department, Woods Hole Oceanographic Institution
266 Woods Hole Road, Woods Hole, MA 02543-1050, USA

Kristin E. Gribble is at the:
Josephine Bay Paul Center for Comparative Molecular Biology and Evolution,
Marine Biological Laboratory
7 MBL Street, Woods Hole, MA 02543, USA

235

