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Abstract. We characterize the irreducible polynomials that occur as the characteristic polynomial
of an automorphism of an even unimodular lattice of a given signature, generalizing a theorem of
Gross and McMullen. As part of the proof, we give a general criterion in terms of Witt groups for
a bilinear form equipped with an action of a group G over a discretely valued field to contain a
unimodular G-stable lattice.
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1. Introduction

1.1. Statement of the main result

Let r and s be non-negative integers, and let3 be an even unimodular lattice of signature
(r, s). Such a lattice exists if and only if r ≡ s mod 8, and it is uniquely determined
by (r, s) if r and s are non-zero. Let α ∈ SO(3) and denote by S its characteristic
polynomial. Denote bym(S) be the number of complex roots z of S with |z| > 1 (counted
with multiplicity). Gross and McMullen [10] show that if S has no linear factor, then

(C1) S is reciprocal (i.e. t r+sS(1/t) = S(t)),
(C2) m(S) ≤ r , m(S) ≤ s and m(S) ≡ r ≡ s mod 2,
(C3) |S(1)|, |S(−1)| and (−1)(r+s)/2S(1)S(−1) are squares.

They speculate that for a monic irreducible S ∈ Z[t] of degree r+ s, the above conditions
may be sufficient for the existence of an even unimodular lattice 3 of signature (r, s)
and an α ∈ SO(3) with characteristic polynomial S. They show that this is indeed so if
|S(1)| = |S(−1)| = 1 (a different proof was given by the first author in [3]). The main
result of this paper confirms their speculation:

Theorem A. Let r , s be non-negative integers satisfying r ≡ s mod 8. Let P be a monic
irreducible polynomial, and let S be a power of P . Assume that S has degree r + s, and
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that it satisfies (C1)–(C3). Then there exists an even unimodular lattice 3 of signature
(r, s) and an α ∈ SO(3) with characteristic polynomial S.

Gross and McMullen have observed [10, Prop. 5.2] that the theorem does not hold for S
that have distinct irreducible factors. There are results by the first author on reducible
characteristic polynomials of definite even unimodular lattices [1, 2], but in general it is
not even clear what to conjecture.

As in [10, §8] and [14, Thm. 3.4], Theorem A together with the Torelli theorem for K3
surfaces has the following immediate consequence.

Corollary. Let S ∈ Z[t] be a monic, irreducible, reciprocal polynomial of degree 22.
Assume that S has precisely one root z ∈ C with |z| > 1, and assume that |S(1)|, |S(−1)|
and −S(1)S(−1) are squares. Then there exists a complex analytic K3 surface X and an
α ∈ AutX such that the characteristic polynomial of α∗ on H2(X,Z) is S. ut

1.2. Strategy of proof

We sketch the proof of Theorem A, and refer to the main body of the paper for the details.
Assume for simplicity that S is irreducible.

Let E = Q[t]/(S) and let α ∈ E be the class of t . By condition (C1), the field E
comes with an involution σ characterized by σ(α) = α−1. Let E0 ⊂ E be the fixed field
under σ . For every λ ∈ E×0 we have a symmetric Q-bilinear form

bλ : E × E→ Q, (x, y) 7→ trE/Q(λxσ(y)),

and α acts on (E, bλ) by isometries. Condition (C2) guarantees that for suitable λ the
form bλ will have signature (r, s). If we can moreover choose λ in such a way that bλ
contains an α-stable even unimodular lattice, then the theorem follows.

Gross and McMullen show that if |S(1)| = |S(−1)| = 1, then for suitable λ the lat-
tice3 can be taken to be a fractional OE-ideal. In general, however, an α-stable lattice3
will only be a module over the order Z[α±1

] ⊂ OE , severely complicating the situation
at places where Z[α±1

] fails to be maximal.
We take a somewhat different approach. We first show that for every p there are λ in

(Qp ⊗E0)
× for which there exists a unimodular α-stable Zp-lattice 3p in (Qp ⊗E, bλ).

This is done by showing that under condition (C3) we can make the obstruction class in
an ‘equivariant Witt group’ over Fp vanish (see §1.3 below). A careful analysis at the
prime 2 shows that one can moreover arrange for the Z2-lattice 32 to be even.

Thus, we can solve the problem locally. To finish the proof, it suffices to show that
there exists a global λ satisfying the local conditions (at finite and infinite places). This
is the case if and only if a certain local-global obstruction class in Z/2Z vanishes. It
appears to be hard to compute the individual contributions to this obstruction directly, but
we observe that the obstruction class can be realized as the difference of two obstruction
classes coming from global objects, and hence that it must vanish. See §10 for more
details.



Unimodular lattices and equivariant Witt groups 3469

1.3. Local obstructions in equivariant Witt groups

Let K be a field and G a group. We define a G-bilinear form to be a finite-dimensional
K-linear representation V of G equipped with a non-degenerate G-invariant symmetric
bilinear form V ×V → K . We say V is neutral if there exists aG-stable subspaceX ⊂ V
with X = X⊥. The equivariant Witt group WG(K) is the quotient of the Grothendieck
group of G-bilinear forms by the subgroup generated by the classes of neutral forms. If
the group G is trivial, then WG(K) coincides with the usual Witt group W(K). In §3 we
develop the basic properties of these equivariant Witt groups, in the slightly more general
(and more natural) context of ε-symmetric bilinear forms over a ring with involution.

Now let K be the fraction field of a discrete valuation ring OK with uniformizer π
and residue field k. We call an OK -lattice3 in aK-bilinear form V almost unimodular if

π3∨ ⊂ 3 ⊂ 3∨.

If V is a G-bilinear form over K and if 3 ⊂ V is almost unimodular and G-stable, then
the quotient 3∨/3 equipped with the form

3∨

3
×
3∨

3

b
−→

π−1OK

OK

π
−→ k

is a G-bilinear form over k.
We call a G-bilinear form V bounded if V contains a G-stable OK -lattice, or equiv-

alently if the closure of the image of G in O(V ) is compact. We denote by W b
G(K) the

subgroup of WG(K) generated by the bounded forms.

Theorem B. Let K be the fraction field of a discrete valuation ring OK with residue
field k, and fix a uniformizer π of OK . Let G be a group. Then

(i) every boundedG-bilinear form V contains an almost unimodularG-stable lattice3,
(ii) the class of [3∨/3] in WG(k) only depends on the class of V in WG(K),

(iii) the map ∂ : W b
G(K)→ WG(k) given by [V ] 7→ [3∨/3] is a homomorphism,

(iv) a G-bilinear form V contains a G-stable unimodular OK -lattice if and only if V is
bounded and ∂[V ] = 0 in WG(k).

As in our treatment of equivariant Witt groups, we show this in a slightly more general
context (see Theorem 4.3). This theorem can be seen as an equivariant version of a the-
orem of Springer [20] (but see Remark 4.12), or of the theory of discriminant forms of
Nikulin [15]. The result is without doubt well-known to experts, but for lack of proper
reference we include a complete proof in Sections 3 and 4. See also [19], [23], and [22]
where similar ideas are used.

If the residue field k is finite and G is the infinite cyclic group, then the group WG(k)

and the map ∂ can be made reasonably explicit. We use this in the proof of Theorem A
to show (using the notation of §1.2) that there is no local obstruction to finding a λ ∈ E×0
and a unimodular 3 ⊂ (E, bλ), stable under α (see Propositions 7.1 and 7.2).

If K = Q2, then we use the spinor norm to refine the theorem into a necessary and
sufficient condition for a G-bilinear form to contain a G-invariant even unimodular Z2-
lattice (see Theorem 8.1, and its application in Proposition 9.1).
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The full strength of Theorem B is not needed for the application in Theorem A, and
one could make do with a few ad hoc computations in the spirit of the proof of Theorem B.
However, we have included it since it helps keeping the argument organized, and since
we believe Theorem B may be a useful tool in working with ‘G-lattices’, playing a role
similar to Nikulin’s theory for lattices without group action.

2. Conventions

The determinant det b of a non-degenerate symmetric bilinear form b, considered as an
element of K×/(K×)2, is the determinant of any Gram matrix of b. The discriminant
disc b ∈ K×/(K×)2 is defined as

disc b := (−1)n(n−1)/2 det b,

where n is the dimension of V . The discriminant of a hyperbolic form is trivial.

3. The equivariant Witt group

LetK be a field andA an (associative, unital)K-algebra. Let σ : A→ A be an involution.
We will refer to the algebra with involution (A, σ ) simply by A. Fix an ε in {±1}.

Definition 3.1. An (A, ε)-bilinear form is a pair (V , b) consisting of an A-module V of
finite K-dimension and a non-degenerate K-bilinear form b : V × V → K satisfying

(i) b(ax, y) = b(x, σ (a)y) for all a ∈ A and x, y ∈ V ,
(ii) b(x, y) = εb(y, x) for all x, y ∈ V .

We will sometimes suppress b and denote an (A, ε)-bilinear form by V .

Example 3.2. In the proof of Theorem A only pairs (A, ε) of the following kind will
be considered. Let G be a group, A = K[G], and σ the involution of A satisfying
σ(g) = g−1 for all g ∈ G. In this case, an (A,+1)-bilinear form is the same as
a non-degenerate symmetric bilinear form b : V × V → K together with an action
% : G→ O(V , b). We will also refer to such a triple (V , b, %) as a G-bilinear form.

Definition 3.3. Let V be an (A, ε)-bilinear form. If X ⊂ V is an A-submodule, then its
orthogonal X⊥ = {x ∈ V | b(x, V ) = 0} is also an A-submodule. A lagrangian is an
A-submodule X ⊂ V satisfying X = X⊥. We say that V is neutral if it has a lagrangian.
The groupW ε

A(K) is defined as the quotient of the Grothendieck group of (A, ε)-bilinear
forms by the subgroup generated by the neutral forms.

If A = K[G] and ε = 1 then we will write WG(K) for W ε
A(K).

Remark 3.4. If A = K and ε = 1 then W ε
A(K) coincides with the usual Witt group

of bilinear forms, W(K). Indeed, if X ⊂ V satisfies X = X⊥ then V is isomorphic to
X ⊕ X∨ equipped with the obvious bilinear form, and V is hyperbolic (or metabolic in
characteristic 2).
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Remark 3.5. The decomposition V ∼= X⊕X∨ in the preceding remark is not canonical,
and in general, if X is a lagrangrian in an (A, ε)-bilinear form V then the natural short
exact sequence of A-modules

0→ X→ V → X∨→ 0

need not split.

If V = (V , b) is an (A, ε)-bilinear form, then we denote by V (−1) the scaled (A, ε)-
bilinear form (V ,−b).

Lemma 3.6. V ⊕ V (−1) is neutral.

Proof. The submodule {(x, x) | x ∈ V } is a lagrangian. ut

Corollary 3.7. Every element of W ε
A(K) is of the form [V ] for some V . ut

Lemma 3.8. If X ⊂ V is an A-submodule and satisfies X ⊂ X⊥, then [V ] = [X⊥/X]
in WG(K).

Proof. The submodule {(x, x̄) | x ∈ X⊥} is a lagrangian in V (−1)⊕X⊥/X. ut

Proposition 3.9. [V ] = 0 in W ε
A(K) if and only if V is neutral.

Proof. If V is neutral then [V ] = 0 by definition of W ε
A(K).

Conversely, assume that [V ] = 0. Then there exists a W and a neutral N such that
V ⊕W ∼= N ⊕W . Adding a summand W(−1) we find that there exists a neutral M such
that V ⊕M is neutral.

Let 2n be the dimension of V , and 2m the dimension of M . Let X ⊂ V ⊕M , and
Y ⊂ M be lagrangians. Consider the submodule

S := X ∩ (V × Y ) ⊂ V ⊕M.

We have X + (V × Y ) ⊂ (X ∩ Y )⊥, so that

dimX + dim(V × Y ) ≤ dim S + dim (X ∩ Y )⊥.

Expressing everything in terms of n, m, dim S and dim(X ∩ Y ) gives

(n+m)+ (2n+m) ≤ dim S + (2n+ 2m− dim(X ∩ Y )),

and hence dim S − dim(X ∩ Y ) ≥ n. Now the subspace Z := πV (S) ⊂ V is a totally
isotropic A-submodule. The kernel of the projection S → Z is X ∩ Y , so we have

dimZ = dim S − dim(X ∩ Y ) ≥ n,

and therefore Z is a lagrangian. ut

The following proposition is analogous to the diagonalizability of quadratic forms over
fields.
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Proposition 3.10. The groupW ε
A(K) is generated by the classes of (A, ε)-bilinear forms

(V , b) with V a simple A-module.

Proof. Let W ss
⊂ W ε

A(K) be the subgroup generated by the classes of forms on simple
A-modules. Let [V ] be an element of W ε

A(K) \W
ss with dimK V minimal.

Since V is not simple, it contains a proper submodule W . Consider the submodule
X = W ∩W⊥ of V . Either X = {0} and then [V ] = [W ] + [W⊥], or X 6= {0} and then
[V ] = [X⊥/X]. In both cases we obtain a contradiction with the minimality of dimV .

ut

Corollary 3.11. Every class in W ε
A(K) is represented by an (A, ε)-bilinear form whose

underlying A-module is semisimple. ut

If M is a simple A-module, then we denote by W ε
A(K,M) the subgroup of W ε

A(K) gen-
erated by the classes of (A, ε)-bilinear forms (M, b).

Theorem 3.12. W ε
A(K) =

⊕
M W

ε
A(K,M) where M ranges over the isomorphism

classes of simple A-modules.

Proof. By Proposition 3.10 the map
⊕

M W
ε
A(K,M) → W ε

A(K) is surjective. Let
([VM ])M be an element of the kernel. Then by Proposition 3.9 there is a lagrangian
X ⊂

⊕
M VM , and since HomA(M1,M2) = 0 whenever M1 6∼= M2 we find that X

decomposes as X =
⊕

M XM . For every M the submodule XM ⊂ VM is a lagrangian,
and we conclude that the map is injective. ut

4. Equivariant forms over discrete valuation rings

4.1. Statement of the result

Throughout this section, OK is a discrete valuation ring with field of fractions K , residue
field k, and uniformizer π . Let (A, σ ) be an OK -algebra with involution and write AK
andAk forA⊗OK

K andA⊗OK
k respectively. To lighten notation, we will writeW ε

A(K)

for W ε
AK
(K) and similarly W ε

A(k) for W ε
Ak
(k).

We will be particularly interested in the case A = OK [G] with ε = 1, in which case
we have W ε

A(K) = WG(K) and W ε
A(k) = WG(k).

Definition 4.1. An A-lattice in an (AK , ε)-bilinear form V is an A-submodule 3 which
is finitely generated as an OK -module and satisfies K3 = V . If 3 is an A-lattice, then
so is its dual

3∨ := {x ∈ V | b(x,3) ⊂ OK}.

We say that 3 is almost unimodular if π3∨ ⊂ 3 ⊂ 3∨, and unimodular if 3 = 3∨.

If 3 is almost unimodular, then 3∨/3 equipped with the pairing

3∨/3×3∨/3
b
−→

π−1OK

OK

π
−→ k

is an (Ak, ε)-bilinear form.
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Definition 4.2. We say that an (AK , ε)-bilinear form is bounded if it contains an A-
lattice. We denote by W ε,b

A (K) the subgroup of W ε
A(K) generated by the classes of

bounded forms.

In this section we prove the following theorem, which for A = OK [G] and ε = 1 coin-
cides with Theorem B.

Theorem 4.3. (i) Every bounded (AK , ε)-bilinear form contains an almost unimodu-
lar A-lattice 3.

(ii) The class of 3∨/3 in W ε
A(k) only depends on the class of V in W ε

A(K).
(iii) The map ∂ : W ε,b

A (K)→ W ε
A(k) given by [V ] 7→ 3∨/3 is a homomorphism.

(iv) V contains a unimodular A-lattice if and only if V is bounded and ∂[V ] = 0
in W ε

A(k).

We closely follow the proof of [17, §6.1], which treats the case A = OK , ε = 1.

4.2. Torsion forms and proof of Theorem 4.3

Definition 4.4. An (A, ε)-bilinear torsion form M is a pair (M, b) consisting of

(i) an A-module M of finite length over OK ,
(ii) a non-degenerate OK -bilinear map b : M × M → K/OK satisfying b(x, y) =

εb(y, x) and b(ax, y) = b(x, σ (a)y) for all x, y ∈ M and a ∈ A.

A lagrangian in M is an A-submodule X ⊂ M with X = X⊥. We say that M is neutral
if M has a lagrangian.

If V is an (AK , ε)-bilinear form and 3 ⊂ V an A-lattice satisfying 3 ⊂ 3∨, then M :=
3∨/3 is naturally an (A, ε)-bilinear torsion form (sometimes called the discriminant
form of 3). The A-lattices 3′ satisfying

3 ⊂ 3′ ⊂ 3′∨ ⊂ 3∨

are in bijection with the totally isotropic A-submodules M ′ ⊂ M , and 3′ is almost uni-
modular (resp. unimodular) if and only if πM ′⊥ ⊂ M ′ (resp. M ′ is a lagrangian).

Proposition 4.5. Let M be an (A, ε)-bilinear torsion form. Then every maximal totally
isotropic A-submodule U ⊂ M satisfies πU⊥ ⊂ U .

Proof. Let U ⊂ M be a maximal totally isotropic submodule. Let t be the largest integer
such that π t−1U⊥/U 6= 0. Assume t ≥ 2 and set V := π t−1U⊥ + U . Then V is an
A-submodule, and we claim that it is totally isotropic. Indeed, if x ∈ U⊥ and y ∈ U then

b(π t−1x + y, π t−1x + y) = b(π tx, π t−2x) = 0,

since π tx ∈ U . This contradicts the maximality of U . ut

Corollary 4.6. Let V be an (AK , ε)-bilinear form. Then any maximal A-lattice in V is
almost unimodular. ut
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Corollary 4.7. Let V be a bounded (A, ε)-bilinear form over K . Then V has an almost
unimodular A-lattice. ut

The latter corollary also follows from [19, Thm. 3.1.1].
We denote by WT εA(OK) the Witt group of (A, ε)-bilinear torsion forms, defined as

the quotient of the Grothendieck group of (A, ε)-bilinear torsion forms by the subgroup
generated by the classes of the neutral forms.

If V is an Ak-bilinear form, then the composition

V × V → k
π−1
−−→

K

OK

makes V into an (A, ε)-bilinear torsion form over OK . This defines a homomorphism
W ε
A(k)→ WT εA(OK).

Proposition 4.8. The map W ε
A(k)→ WT εA(OK) is an isomorphism.

Proof. For A = OK = Zp, this is [17, 5.1.5]. The argument carries over to our setting;
we repeat it for the convenience of the reader.

For a non-zero finite length OK -module M , we call the smallest integer t such that
π tM = 0 but π t−1M 6= 0 the exponent of M .

Let M be an (A, ε)-bilinear torsion form of exponent t ≥ 2. Then U := π t−1M

is totally isotropic, and the (A, ε)-bilinear form M ′ := U⊥/U has exponent < t and
we have [M] = [M ′] in WTA(OK). Repeating this process, we find a canonical (A, ε)-
bilinear torsion form M† of exponent 1 (i.e. killed by π ).

Note that (M ⊕N)† = M†
⊕N†. Also, if M is neutral with lagrangian X ⊂ M then

X′ :=
X ∩ U⊥

X ∩ U
⊂
U⊥

U
= M ′

is lagrangian, since

(X ∩ U⊥)⊥ ∩ U⊥ = (X + U) ∩ U⊥ = (X ∩ U⊥)+ U

and hence X′ is its own orthogonal in U⊥/U . This shows that M 7→ M† induces a two-
sided inverse to W ε

A(k)→ WTA(OK). ut

Lemma 4.9. If 30 and 31 are A-lattices in V satisfying 30 ⊂ 3
∨

0 and 31 ⊂ 3
∨

1 , then
[3∨0 /30] = [3

∨

1 /31] in WT εA(OK).

Proof. Passing to the intersection, we may without loss of generality assume 30 ⊂ 31.
Let M = 3∨0 /31. Then the image U of 30 in M is totally isotropic, and U⊥/U ∼=
3∨1 /31. The same argument as in the proof of 3.8 shows that [M] = [U⊥/U ] and hence
[3∨0 /30] = [3

∨

1 /31] in WTA(OK). ut

Let b : V × V → K be a non-degenerate bilinear form. For an OK -submodule L of V
(not necessarily a lattice) we define

L∨ := {x ∈ V | b(x, L) ⊂ OK}.

The main properties of the dual of a lattice carry over to this generality:
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Lemma 4.10. For all OK -submodules L, M of a bilinear form V we have

(i) if L is a K-vector subspace, then L∨ = L⊥,
(ii) (L∨)∨ = L,

(iii) (L+M)∨ = L∨ ∩M∨,
(iv) (L ∩M)∨ = L∨ +M∨.

Proof. For (i), note that b(x, λy) ∈ OK for all λ ∈ K implies b(x, y) = 0.
The second assertion is clear if L is a K-vector subspace, or an OK -lattice. For a

general L, note that there exist unique K-vector subspaces V0 and V1 such that V0 ⊂

L ⊂ V1 and L/V0 is a lattice in V1/V0. The dual L∨ satisfies V ⊥1 ⊂ L∨ ⊂ V ⊥0 , with
L∨/V ⊥1 the dual lattice of L/V0 under the perfect pairing

V1/V0 × V
⊥

0 /V
⊥

1 → K

induced by b. Consequently, the double dual of L coincides with L.
The third assertion is immediate, and the final one follows from the third using the

double dual statement in (ii). ut

Lemma 4.11. If V is a neutralAK -bilinear form, and if3 ⊂ V is anA-lattice satisfying
3 ⊂ 3∨, then 3∨/3 is a neutral torsion A-bilinear form.

Proof. Let X ⊂ V be a lagrangian, and set

U :=
X ∩3∨

X ∩3
⊂
3∨

3
.

Then using Lemma 4.10, we see that U⊥ ⊂ 3∨/3 satisfies

U⊥ =
(X⊥ +3) ∩3∨

(X⊥ +3) ∩3
=
X ∩3∨

X ∩3
= U,

and we conclude that U is a lagrangian in 3∨/3. ut

We are now ready to prove the main result of this section.

Proof of Theorem 4.3. Part (i) is Corollary 4.7. By Lemmas 4.9 and 4.11 the map [V ] 7→
[3∨/3] is a well-defined homomorphism. Composing with the inverse of the isomor-
phism of Proposition 4.8 we obtain (ii) and (iii). Assertion (iv) then follows from Propo-
sition 3.9. ut

Remark 4.12. If V = (V , b) is an (A, ε)-bilinear form over K , then so is V (π) :=
(V , πb). We obtain a map

W ε
A(K)→ W ε

A(k)×W
ε
A(k), [V ] 7→ (∂[V ], ∂[V (π)]).

If K is complete, A = OK and ε = 1, then this is precisely the isomorphism W(K) →

W(k)×W(k) of Springer [20].
In general, however, the map fails to be an isomorphism. For example, if G is a p-

group and K = Qp, then under the isotypical decomposition of Theorem 3.12 the group
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WG(Qp) can have many non-trivial components (corresponding to the irreducible sym-
metrically self-dual representations of G over Qp), whereas WG(Fp) = W(Fp).

For an explicit example, take p = 2, andG = Z/2Z acting on the hyperbolic planeH
over Q2 by interchanging the two isotropic lines. Then [H ] is a non-zero element in the
kernel of WG(Q2)→ WG(F2)×WG(F2).

Remark 4.13. Let M be a bounded simple AK -module and 3 ⊂ M an A-lattice. Let
M1, . . . ,Mn be the (distinct) simple Ak-modules that occur as quotients in a Jordan–
Hölder filtration of 3/π3. Then under the decomposition of Theorem 3.12 the map ∂
restricts to a map

W ε
A(K,M)→

n⊕
i=1

W ε
A(k,M i).

Moreover, one can use the theory of Morita equivalence of [13, §I.9] to compute the
groups W ε

A(k,M i) in terms of the usual Witt groups W(k). Especially when k is finite,
this gives quite a bit of control over the map ∂ : W ε

A(K)→ W ε
A(k), and makes it plausible

that Theorem 4.3 will find applications beyond its use in the proof of Theorem A.

4.3. Sketch of a CAT(0)-proof

Since it may be of independent interest, we briefly sketch a different, more geometric
proof of Theorem B, based on ideas of Goldman–Iwahori [9] and Bruhat–Tits [5, 6]. The
argument does not seem to generalize to the more general setting of Theorem 4.3.

Let V be a finite-dimensional vector space over a discretely valued field K . A valua-
tion on V is a map α : V → R ∪ {∞} satisfying

(i) α(x) = ∞ if and only if x = 0,
(ii) α(ax) = v(a)+ α(x) for all a ∈ K , x ∈ V ,

(iii) α(x + y) ≥ inf {α(x), α(y)} for all x, y ∈ V .

If α is a valuation on V , then

α∨(ξ) := inf
x∈V

(
v(ξ(x))− α(x)

)
defines a valuation on V ∨. If b : V × V → K is a bilinear form, then we say that α is
reflexive if α = α∨ under the identification V ∼= V ∨ defined by b.

Let B(V , b) be the set of all reflexive valuations on (V , b). A metric on B(V , b) is
given by

d(α, β) := sup
x∈V

|β(x)− α(x)|.

Using the results of [9] and [5, §1] one can show that the metric space B(V , b) is a
CAT(0)-space. In particular, it is complete and uniquely geodesic. The group O(V , b)
acts isometrically on B(V , b), and if the residue characteristic is different from 2, then
one can identify B(V , b) with the spherical Bruhat–Tits building of SO(V , b) (see [6,
Thm. 2.12]).
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Let L(V , b) be the set of almost unimodular lattices in V . We have O(V , b)-equivari-
ant maps

B(V , b)→ L(V , b), α 7→ 3α := {x ∈ V | α(x) ≥ 0},
L(V , b)→ B(V , b), 3 7→ α3 := (x 7→ inf {v(πn) | πnx ∈ 3}).

The first map is semicontinuous is the following sense: every α ∈ B(V , b) has an open
neighbourhood U such that for all β ∈ U we have 3β ⊂ 3α . The first map is a section
of the second: for all almost unimodular lattices 3 we have 3α3 = 3.

Sketch of alternative proof of Theorem B. We only give the proof of the hardest part:
that [3∨/3] ∈ WG(k) is independent of 3. Let (V , b, %) be a G-bilinear form over K ,
and let 30 and 31 be almost unimodular G-lattices in V . If 30 and 31 are comparable
(30 ⊂ 31 or 31 ⊂ 30), then it is easy to see that [3∨0 /30] = [3

∨

1 /31] in WG(k).
Otherwise, since B(V , b) is CAT(0), there exists a unique geodesic

α : [0, 1] → B(V , b), t 7→ αt ,

such that α0 = α30 and α1 = α31 . By uniqueness, αt is fixed by G for all t , and hence
3αt is an almost unimodular G-lattice for all t . By semicontinuity (and compactness of
[0,1]), we find a finite sequence (3ti )i of almost unimodular G-lattices with 3t0 = 30,
3t1 = 31, and with 3ti and 3ti+1 comparable for all i. ut

In similar spirit, the existence of almost unimodular G-lattices (Corollary 4.7) can be
deduced from the Bruhat–Tits fixed point theorem on B(V , b).

5. One-dimensional hermitian forms and the twisting group µ(E, σ)

The remainder of this paper is about Z-bilinear forms, that is, symmetric bilinear forms
(V , b) equipped with an action % : Z→ O(V , b) of the infinite cyclic group Z.

We begin by recalling the ‘hermitian’ construction of Z-bilinear forms, and describe
the local-global obstruction that will play a crucial role in the proof of Theorem A. All
material in this section is well-known.

5.1. Hermitian construction of Z-bilinear forms

Let K be a field of characteristic different from 2, let E0 be an étale K-algebra, and let E
be an étaleE0-algebra that is free of rank 2 overE0. Let σ denote the canonical involution
of E, fixing E0. Every λ ∈ E×0 defines a symmetric bilinear form

bλ : E × E→ K, (x, y) 7→ trE/K(λxσ(y)).

If α ∈ E× satisfies ασ(α) = 1, then multiplication by α is an isometry of (E, bλ), and
the homomorphism

%α : Z→ O(E, bλ), 1 7→ α,

makes (E, bλ, %α) into a Z-bilinear form.
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5.2. The twisting group

Consider the group

µ(E, σ) :=
E×0

{zσ (z) | z ∈ E×}
.

Up to E-linear isometry, the pair (E, bλ) only depends on the class of λ in µ(E, σ). Note
that µ(E, σ) is trivial if E = E0 × E0.

Lemma 5.1. Let T be the group scheme over K defined by the short exact sequence

1→ T → ResE/K Gm,E
Nm
−−→ ResE0/K Gm,E0 → 1.

Then µ(E, σ) = H1(K, T ).

Proof. This follows from the long exact sequence of cohomology together with
Hilbert 90. ut

Remark 5.2. The group scheme T acts by isometries on the ‘standard’ form

b1 : E × E→ K, (x, y) 7→ trE/K(xσ (y)),

and bλ is the twist of b1 by the class in H1(K, T ) = µ(E, σ) determined by λ.

We can express µ(E, σ) in terms of Brauer groups of E and E0:

Lemma 5.3. There is an exact sequence

1→ µ(E, σ)
β
−→ BrE0 → BrE,

where the map BrE0 → BrE is the base change map.

Proof. This follows from Hilbert 90 and the long exact sequence of cohomology induced
by the short exact sequence

1→ ResE0/K Gm,E0 → ResE/K Gm,E → T → 1

of group schemes over K , where the last map sends z to σ(z)/z. ut

5.3. Hasse–Witt invariants of a hermitian form

The Hasse–Witt invariant ε(bλ) ∈ BrK is determined by the Hasse–Witt invariant ε(b)
and by the twisting cocycle λ ∈ µ(E, σ), as follows.

Proposition 5.4 ([7, Thm. 4.3]). For every λ ∈ E×0 we have

ε(bλ) = ε(b1)+ NmE0/K β(λ)

in BrK . ut



Unimodular lattices and equivariant Witt groups 3479

5.4. Twisting group of local and global fields

If E is a local or global field, then the group µ(E, σ) can easily be made explicit using
the standard descriptions of Brauer groups of local and global fields.

Lemma 5.5. Assume thatE is a local field. Then we have a natural commutative diagram

1 µ(E, σ) BrE0 BrE 1

0 Z/2Z Q/Z Q/Z 0

θ inv inv

1/2 2

in which the vertical map θ : µ(E, σ)→ Z/2Z is an isomorphism.

Proof. If E is non-archimedean then the two maps inv are isomorphisms, and the lemma
follows from Lemma 5.3. If E is archimedean, then necessarily E = C and E0 = R, and
again the lemma follows from Lemma 5.3. ut

Remark 5.6. We will use explicit descriptions of θ in the following cases:

(i) if (E,E0) = (C,R) then θ(λ) = sgn(λ),
(ii) if E/E0 is an unramified extension of non-archimedean local fields, then θ(λ) =

vE0(λ) mod 2,
(iii) if E/E0 is a ramified extension of non-archimedean local fields of odd residue char-

acteristic, and if πE is a uniformizer ofE then πE0 := NmπE is a uniformizer ofE0,
and θ is given by mapping λπnE0

with λ ∈ O×E0
to the class of λ in `×/(`×)2 ∼= Z/2Z,

where ` is the residue field of OE0 .

Theorem 5.7 (Local-global obstruction). Assume that E is a global field. Let S be the
set of places w of E0 for which

Ew := E ⊗E0 E0,w

is a field. Then the sequence

1→ µ(E, σ)→
⊕
w∈S

µ(Ew, σ )

∑
θw

−−−→ Z/2Z→ 0

is exact.

Proof. Class field theory gives a short exact sequence

1→ BrE0 →
⊕
w

BrE0,w

∑
inv

−−−→ Q/Z→ 0,

and a similar sequence for E. These two sequences sit in a commutative diagram

1 BrE0 (
⊕

w∈S BrE0,w)⊕ (
⊕

w 6∈S BrE0,w) Q/Z 1

1 BrE (
⊕

w∈S BrEw)⊕ (
⊕

w 6∈S BrE0,w × BrE0,w) Q/Z 1

2
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The kernels of the vertical maps give an exact sequence

1→ µ(E, σ)→
⊕
w∈S

µ(Ew, σ )

∑
θw

−−−→ Z/2Z

and the rightmost map is surjective since S is non-empty. ut

6. Lattices in one-dimensional hermitian forms

LetK be a discrete valuation field with residue field k, maximal ideal mK and uniformiz-
ing element πK . Let E be a finite separable field extension ofK , and let σ be a non-trivial
involution of E overK . Denote by E0 the fixed field of σ , and by ` the residue field of E.
Let λ ∈ E×0 , and consider the associated K-bilinear form bλ on E defined in §5.1. In this
section we study lattices in (E, bλ), and the image of a Z-bilinear form (E, bλ, %α) under
WZ(K)→ WZ(k).

6.1. Almost unimodular OE-lattices

We construct an OE-lattice 3 in (E, bλ) satisfying πE3∨ ⊂ 3 ⊂ 3∨ and explicitly
determine the k-bilinear form

3∨

3
×
3∨

3

b
−→

π−1
K OK

OK

πK
−→ k (1)

on the `-module 3∨/3.
Denote the valuation of the different ideal DE/K by δ, so that DE/K = mδE .

Lemma 6.1. For every n, the dual of mnE with respect to bλ is m−n−δ−vE(λ)E .

Proof. The dual is an OE-module and hence it equals mmE wherem is the smallest integer
such that bλ(mnE,m

m
E) ⊂ OE . By [18, §III.3, Prop. 7] we have bλ(mnE,m

m
E) ⊂ OE if and

only if λmn+mE ⊂ m−δE , hence m = −δ − n− vE(λ). ut

Corollary 6.2. If vE(λ) + δ = −2n, then the OK -lattice 3 := mnE in the K-bilinear
form (E, bλ) satisfies 3∨ = 3. ut

Denote the maximal unramified extension of K in E by L. We have OL/mL = `.

Proposition 6.3. If vE(λ)+ δ = 1− 2n, then

(i) the OK -lattice 3 := mnE satisfies πE3∨ = 3,
(ii) the element

u := trE/L(λπKπn−1
E σ(πn−1

E ))

is a σ -invariant unit in OL,
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(iii) the induced k-bilinear form on the one-dimensional `-vector space3∨/3 is isomor-
phic to the form

`× `→ k, (x, y) 7→ tr`/k(ū · xσ(y)).

Proof. The first assertion follows from Lemma 6.1. For the second, note that u is σ -
invariant by construction. Observe that

λπKπ
n−1
E σ(πn−1

E ) ∈ λπKm
2n−2
E ⊂ λm2n−1

E = m−δE

so that u ∈ OL by [18, §III.3, Prop. 7]. That u is a unit will follow from the third assertion,
which we now prove.

Let ξ, η ∈ 3∨/3. We will compute their pairing in k under

3∨

3
×
3∨

3
→

π−1OK

OK

πK
−→ k.

We have 3∨/3 = mn−1
E /mnE

∼= ` and we can find x, y ∈ OL with ξ = xπn−1
E and

η = yπn−1
E . Using the linearity and transitivity properties of the trace, we find

πKbλ(xπ
n−1
E , yπn−1

E ) = trE/K(πKλxπn−1
E σ(yπn−1

E ))

= trL/K trE/L
(
λπKπ

n−1
E σ(πn−1

E )xσ (y)
)

= trL/K(uxσ(y)).

It follows that trL/K(uxσ(y)) ∈ OK , and ξ and η pair to trL/K(uxσ(y)) mod mK in k.
Since the pairing on3∨/3 is perfect, and since L/K is unramified, we conclude that

u must be a unit in OL and that the induced pairing on 3∨/3 is as described in the third
assertion. ut

6.2. Image of a hermitian form under the map W b
Z(K)→ WZ(k)

Fix α ∈ E× with ασ(α) = 1 and α 6= ±1. For every λ in E×0 we have a Z-bilinear
form (E, bλ, %α) over K . Since α is a unit in OE , this Z-bilinear form is bounded. Every
OE-submodule3 ⊂ E is stable under the action of %α(Z) = αZ, so we can use Corollary
6.2 and Proposition 6.3 to say something about the image of [E, bλ, %α] under the map
∂ : W b

Z(K)→ WZ(k) of Theorem B.

Proposition 6.4 (Unramified case). If E/E0 is unramified, then there exists a λ in
µ(E, σ) such that ∂[E, bλ, %α] = 0 in WZ(k).

Proof. Since E/E0 is unramified, there exists a λ ∈ E×0 such that vE(λ)+ δ is even, and
by Corollary 6.2 there is an OE-module 3 ⊂ E with 3∨ = 3. This module is stable
under α, hence ∂[E, bλ, %α] = [3∨/3] = 0. ut

Lemma 6.5. If E/E0 is ramified, then ᾱ := α mod mE satisfies ᾱ ∈ {±1}.

Proof. We have σ` = id and ᾱσ`(ᾱ) = 1. ut
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Proposition 6.6 (Ramified case with odd residue characteristic). Assume that E/E0 is
ramified, and that the residue characteristic is odd. Let χ : Z→ k× be the character that
maps 1 to ᾱ. Then for each of the two classes γ ∈ W(k) with dim γ ≡ [` : k] mod 2 there
is a unique λ ∈ µ(E, σ) such that

∂[E, bλ, %α] = γ

in W(k) = WZ(k, χ) ⊂ WZ(k).

Here WZ(k, χ) denotes the subgroup of WZ(k) generated by the Z-bilinear forms of the
form (k, b, χ). It is one of the components in the decomposition of Theorem 3.12.

Proof of Proposition 6.6. Since the residue characteristic is odd, the quadratic exten-
sion E/E0 is tamely ramified and DE/E0 = mE . The transitivity formula DE/K =
DE0/KDE/E0 implies

vE(λ)+ δ = 2vE0(λ)+ 2vE0(DE0/K)+ 1

and hence vE(λ) + δ is odd and Proposition 6.3 applies. Since σ` = id, we see that
∂[E, bλ, %α] can be represented by the bilinear form

b̄ : `× `→ k, (x, y) 7→ tr`/k(ūxy),

on which Z acts via χ . The group W(k) has four elements, distinguished by their dimen-
sion in Z/2Z and determinant in k×/(k×)2. For the form b̄ we have

dim b̄ = [` : k] ∈ Z/2Z,
det b̄ = −(−1)[`:k] Nm(ū) ∈ k×/(k×)2.

Since the norm map `× → k× is surjective, we see that by changing λ by a unit in O×E0
,

we can reach both classes in W(k) of dimension [` : k]. ut

Proposition 6.7 (Ramified case with even residue characteristic). Assume that E/E0 is
ramified, and that the residue characteristic is even. Then for all λ ∈ µ(E, σ) we have

∂[E, bλ, %α] = [` : k]δ

in WZ(k, 1) = W(k) = Z/2Z.

Proof. Note that vE(λ) is even. If δ is even, then Corollary 6.2 implies ∂[E, bλ, %α] = 0.
If δ is odd, then Proposition 6.3 shows that ∂[E, bλ, %α] can be represented by a bilinear
form of dimension [` : k]. ut

6.3. Relation to the characteristic polynomial

Lemma 6.8. Assume that E/E0 is ramified. Let S be the characteristic polynomial of α
over K . Then vK(S(1)) + vK(S(−1)) ≡ [` : k]δ mod 2. If moreover k has odd charac-
teristic, then either

(i) ᾱ = 1 then vK(S(1)) ≡ [` : k] mod 2, or
(ii) ᾱ = −1 then vK(S(−1)) ≡ [` : k] mod 2.
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Proof. The transitivity formula for the different shows δ ≡ vE(DE/E0) mod 2, and hence
δ ≡ vE(σ (α)− α) mod 2. Since α and σ(α) are mutually inverse units, we have

vE(1− α)+ vE(1+ α) = vE(1− α2) = vE(σ (α)− α) ≡ δ mod 2.

Since all the roots of S have the same valuation, we find

vK(S(±1)) = [E : K]
vE(1∓ α)
e(E : K)

= [` : k]vE(1∓ α),

where e(E : K) denotes the ramification index. Comparing the above expressions yields
vK(S(1))+ vK(S(−1)) ≡ [` : k]δ mod 2.

Now if the residue characteristic is odd then δ ≡ 1 mod 2. If moreover ᾱ = 1, then
1 + α is a unit and vK(S(−1)) = 0, and similarly if ᾱ = −1, then 1 − α is a unit and
vK(S(1)) = 0. ut

7. Unimodular lattices in Z-bilinear forms over local fields

LetK be a non-archimedean local field,E0 an étaleK-algebra, andE an étaleE0-algebra
which is free of rank 2 over E0. Denote by σ the involution of E fixing E0. Let α ∈ E×

satisfy ασ(α) = 1 and α 6= σ(α), and denote by S the characteristic polynomial of α
over K .

Proposition 7.1. Assume that the characteristic of k is odd, S(1) and S(−1) are non-
zero, and vK(S(1)) and vK(S(−1)) are even. Then there exists a λ ∈ µ(E, σ) and a
unimodular OK -lattice 3 ⊂ (E, bλ) stable under α.

Proof. The algebra E0 decomposes as a product of fields, E0 =
∏
w∈S E0,w, indexed by

a finite set S. For everyw ∈ S, the algebraEw := E⊗E0E0,w is a quadraticE0,w-algebra
of exactly one of the following types:

(sp) Ew = E0,w × E0,w.
(un) Ew is an unramified quadratic extension of E0,w.
(+) Ew is a ramified quadratic extension of E0,w, and the image ᾱv of α in the residue

field `w of Ew is 1.
(−) Ew is a ramified quadratic extension of E0,w, and the image ᾱv of α in the residue

field `w of Ew is −1.

This gives a partition S = Ssp ∪ Sun ∪ S+ ∪ S−.
Now choose λ = (λw)w in E×0 =

∏
w E
×

0,w such that

(i) for every w ∈ Sun we have ∂[Ew, bλw , α] = 0,
(ii)

∑
w∈S+ ∂[Ew, bλw , α] = 0 in W(k) = W(k, χ+) ⊂ WZ(k),

(iii)
∑
w∈S− ∂[Ew, bλw , α] = 0 in W(k) = W(k, χ−) ⊂ WZ(k),
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where χ±1 denotes the character Z→ k×, 1 7→ ±1. Such a λ = (λw) indeed exists. For
(i) this follows from Proposition 6.4. For (ii) and (iii) note that by Lemma 6.8 and the
condition on S(±1) we have∑

w∈S+
[`w : k] ≡

∑
w∈S−
[`w : k] ≡ 0 mod 2.

Hence it follows from Proposition 6.6 that we can choose (λw)w∈S± as required.
Since (Ew, bλw , α) is neutral for all w ∈ Ssp, we conclude that

∂[E, bλ, %α] =
∑
w∈S

∂[Ew, bλw , %αw ] = 0

in WZ(k), and Theorem B shows that (E, bλ, %α) contains a unimodular Z-stable lattice.
ut

Proposition 7.2. Assume that the characteristic of k is even, S(1) and S(−1) are non-
zero, and vK(S(1))+ vK(S(−1)) is even. Then there exists a λ ∈ µ(E, σ) and a unimod-
ular OK -lattice 3 ⊂ (E, bλ) stable under α.

Proof. The algebra E0 decomposes as a product of fields, E0 =
∏
w∈S E0,w. For every

w ∈ S, the algebra Ew := E ⊗E0 E0,w is a quadratic E0,w-algebra of exactly one of the
following types:

(sp) Ew = E0,w × E0,w,
(un) Ew is an unramified quadratic extension of E0,w,
(±) Ew is a ramified quadratic extension of E0,w.

This gives a partition S = Ssp ∪ Sun ∪ S±.
Now choose λ = (λw)w in E×0 =

∏
w E
×

0,w such that for every w ∈ Sun we have
∂[Ew, bλw , α] = 0. We have ∂[Ew, bλw , %αw ] = 0 for w ∈ Ssp and using Proposition 6.7
we find

∂[E, bλ, %α] =
∑
w∈S±

∂[Ew, bλw , %αw ] =
∑
w∈S±
[`w : k]δw

in Z/2Z = W(k) ⊂ WZ(k). Lemma 6.8 then shows that ∂[E, bλ, %α] = 0, and hence by
Theorem B we conclude that (E, bλ, %α) contains a unimodular Z-stable lattice. ut

Remark 7.3. Note that the components λw in the above proof can be chosen arbitrarily
for w ∈ Ssp and w ∈ S±. The only restriction concerns the places w ∈ Sun.

8. An intermezzo on 2-adic lattices

By itself, Theorem B does not say anything about the existence of a G-stable even uni-
modular lattice in a G-bilinear form over Q2. The aim of this section is to establish the
following criterion, which will be used in the proof of Theorem A.
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Theorem 8.1. Let G be a group and (V , b, %) be a G-bilinear form over Q2. Assume
that %(G) ⊂ SO(V , b). Then V contains a G-stable even unimodular lattice if and only
if the following three conditions hold:

(i) (V , b, %) contains a G-stable unimodular lattice,
(ii) (V , b) contains an even unimodular lattice,

(iii) for every g ∈ G we have v2(δ(%(g))) = 0 in Z/2Z.

Here δ : SO(V , b) → Q×2 /(Q
×

2 )
2 denotes the spinor norm. We will recall its definition

in §8.2.

8.1. Classification

We start by recalling some results on the classification of unimodular lattices over Z2.

Proposition 8.2. Let (V , b) be a bilinear form over Q2 and let31 and32 be unimodular
lattices in V . If31 and32 are either both even, or both odd, then there exists g ∈ O(V , b)
such that g31 = 32.

Proof. Follows from [16, Thm. 93.29]. ut

Denote by H and N the module Z2⊕Z2 equipped with the bilinear forms given in terms
of Gram matrices by

bH :=

(
0 1
1 0

)
, bN :=

(
2 −1
−1 2

)
.

Proposition 8.3. Every even unimodular Z2-lattice is of the form eitherH n orN⊕H n−1

for some n.

Proof. See [4, Prop. 5.2] or [12, Satz 15.6]. ut

We have discH n
= 1 and disc(N ⊕H n−1) = −3 in Z×2 /(Z

×

2 )
2.

Corollary 8.4. For every n > 0 and d ∈ {1,−3} ⊂ Q×2 /(Q
×

2 )
2 there is a unique ε ∈

{±1} = (BrQ2)[2] such that the unique bilinear form V over Q2 of dimension 2n, dis-
criminant d and Hasse–Witt invariant ε contains an even unimodular lattice of rank 2n.

ut

8.2. The spinor norm

If (V , b) is a bilinear form over a field K of characteristic different from 2, then the short
exact sequence

1→ {±1} → Spin(V , b)→ SO(V , b)→ 1

induces a morphism

δ : SO(V , b)→ H1(K, {±1}) = K×/(K×)2

called the spinor norm.
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Theorem 8.5 (Zassenhaus formula). Let K be a field of characteristic different from 2.
Let (V , b) be a bilinear form of dimension n over K , and let α ∈ SO(V ). Let V0 ⊂ V

be the maximal subspace on which 1+ α is nilpotent, and V1 its orthogonal complement.
Then

δ(α) = det(b|V0) · det
( 1+α

2 , V1
)

in K×/(K×)2.

Proof. See [24] or [8, Thm. C.5.7]. ut

Proposition 8.6. Let (V , b) be a bilinear form over Q2. Assume that α ∈ SO(V , b) sta-
bilizes an even unimodular Z2-lattice 3 ⊂ V . Then v2(δ(α)) ≡ 0 mod 2.

Proof. Since3 is even and unimodular, the quadratic form q(x) := b(x, x)/2 on the Z2-
module 3 is non-degenerate (or regular), and the short exact sequence of the spin cover
(over Q2) extends to a short exact sequence

1→ µ2 → Spin(3)→ SO(3)→ 1

of group schemes over SpecZ2, exact in the fppf topology (see [8, §C.4]). It follows that
δ(α) ∈ Z×2 /(Z

×

2 )
2 for all α ∈ SO(3), as we had to show. See [11, Lemma 4.3] for an

alternative proof. ut

8.3. Existence of invariant even unimodular lattices

We are now ready to prove our criterion.

Proof of Theorem 8.1. It is clear that (i) and (ii) are necessary, and Proposition 8.6 shows
that also (iii) is necessary. So we are left with showing that (i)–(iii) imply the existence of
a G-stable even unimodular lattice.

This follows from a more or less straightforward calculation, based on [4, §5]. We
give the argument in case disc b = 1. The case disc b = −3 is similar (and will not be
used in the proof of Theorem A).

Let 30 be a G-stable unimodular lattice. If 30 is even, then we are done. If not, then
by Propositions 8.2 and 8.3, we may assume without loss of generality that

30 = H
n−1
⊕ U,

where U is the rank 2 module Z2 ⊕ Z2 equipped with the odd unimodular form

bU :=

(
1 0
0 −1

)
.

If (e, f ) denotes the standard basis of U , then Q2 ⊗ 30 contains the even unimodular
lattices

31 = H
n−1
⊕

〈
e + f,

e − f

2

〉
, 32 = H

n−1
⊕

〈
e − f,

e + f

2

〉
,

of discriminant 1.
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Note that the lattice

3 := {x ∈ 30 | b(x, x) ∈ 2Z2} = H
n−1
⊕ 〈e + f, e − f 〉

is preserved by SO(30). There are precisely three unimodular lattices containing 3: the
odd lattice 30, and the even lattices 31 and 32. It follows that the group SO(30) acts on
the set {31,32}.

By [11, Lemma 4.4] the action on this two-element set is given by the homomorphism

SO(30)→ Z/2Z, α 7→ v2(δ(α)) mod 2,

which shows that under the hypothesis of the theorem, 31 and 32 are indeed G-stable.
(The argument in loc. cit. works for n > 1. For n = 1, a direct computation shows that
for every α ∈ SO(30) we have α31 = 31 and v2(δ(α)) ≡ 0.) ut

Remark 8.7. It is likely that a result similar to Theorem 8.1 holds over unramified ex-
tensions of Q2. However, if K is a ramified extension of Q2, then the classification of
unimodular OK -lattices becomes more complicated (see [16, §93]), and it is not clear if
one should expect such a simple criterion.

9. Even unimodular lattices in Z-bilinear forms over Q2

Using Theorem 8.1, we can now refine Proposition 7.2 to obtain the existence of an in-
variant even unimodular lattice.

As in §7, let E0 be an étale Q2-algebra of rank n, let E be an étale E0-algebra, free
of rank 2 over E0. Denote by σ the involution of E fixing E0. Let α ∈ E× satisfy
ασ(α) = 1, and denote by S the characteristic polynomial of α over Q2.

Proposition 9.1. Assume that S(1) and S(−1) are non-zero, v2(S(1)) and v2(S(−1)) are
even, and the class of (−1)nS(1)S(−1) in Q×2 /(Q

×

2 )
2 lies in {1,−3}. Then there exists a

λ ∈ µ(E, σ) and an even unimodular Z2-lattice 3 ⊂ (E, bλ) stable under α.

Proof. We will use Theorem 8.1. By Proposition 7.2, there is a λ ∈ µ(E, σ) such that
the Z-bilinear form (E, bλ, %α) over Q2 satisfies (i). Also, by the Zassenhaus formula, the
condition on v2(S(−1)) guarantees that it satisfies (iii).

By [10, Prop. A.3] the bilinear form (E, bλ) has discriminant 1 or −3 in Q×2 /(Q
×

2 )
2.

If E is everywhere unramified over E0, then the trace map tr : E → E0 is surjective,
and there is an e ∈ E with e + σ(e) = 1. It follows that any lattice in E is even, since

b(x, x) = b((e + σ(e)x, x) = b(ex, x)+ b(x, ex) = 2b(ex, x).

In particular, condition (ii) is satisfied.
If there is a component E0,w such that Ew/E0,w is ramified, then using Proposi-

tion 5.4 and Corollary 8.4 we can modify the component λw of λ to guarantee the ex-
istence of an even unimodular lattice in (E, bλ, %α). By Remark 7.3, condition (i) in
Theorem 8.1 is not affected. ut
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10. Unimodular lattices in Z-bilinear forms over Q

Proof of Theorem A. Assume we are given integers r and s satisfying r ≡ s mod 8, a
monic irreducible P ∈ Z[t], and a power S = PN of degree r + s satisfying (C1)–(C3).
If P is linear then S = (t ± 1)r+s and the conclusion holds for trivial reasons. So from
now on we assume that the degree of P is at least 2.

The number fields E0 and E. Note that (C1) implies that P is also reciprocal. Consider
the field F := Q[t]/(P ), and let α ∈ F be the image of t . Denote by σ the involution
of F that maps α to 1/α. Since degP ≥ 2, this involution is non-trivial. Denote by F0 the
fixed field of σF . Choose a field extension E0 of F0 of degreeN , linearly disjoint from F .
Then E := E0 ⊗F0 F is a field, and the characteristic polynomial of α ∈ E is S. Denote
by σ the canonical extension of σF to E.

In everything what follows, v will denote a place of Q and w a place of E0. We will
write Ew for the quadratic E0,w-algebra E ⊗E0 E0,w.

Infinite places. Let w be an infinite place of E0 and denote by αw the image of α in E×w .
Then one of the following three holds:

(i) E0,w = R, Ew = R× R, and αw = (β, 1/β) with β ∈ R× and |β| 6= 1,
(ii) E0,w = C, Ew = C× C, and αw = (β, 1/β) with β ∈ C× \ R× and |β| 6= 1,

(iii) E0,w = R, Ew = C, and |αw| = 1.

In the first and second cases µ(Ew, σ ) is trivial, and the bilinear form (Ew, bλ) over R
has signature (1, 1) resp. (2, 2) for all λ ∈ E×0,w. In the third case µ(Ew, σ ) = {±1} and
(Ew, bλ) has signature (2, 0) for λ = 1 and (0, 2) for λ = −1.

As in the introduction to this paper, denote the number of roots z of S with |z| > 1 by
m = m(S). Define

d+ :=
r −m

2
, d− :=

s −m

2
.

Condition (C2) guarantees that these are non-negative integers. Note that there are exactly
d++d− = (r+ s−2m)/2 infinite places of the third type in E0. Choose λ∞ = (λw)w|∞
in

µ(R⊗ E, σ) =
∏
w|∞

µ(Ew, σ )

with d+ components 1 and d− components −1 at places w of the third type. Then
(R⊗ E, bλ∞) has signature (r, s).

Finite places. For every prime number p choose λp = (λw)w|p in

µ(Qp ⊗ E, σ) =
∏
w|p

µ(Ew, σ )

such that the bilinear form (Qp ⊗ E, bλp ) over Qp contains an even unimodular α-stable
Zp-lattice. Condition (C3) and Propositions 7.1 and 9.1 guarantee that this is possible.
Note that for all but finitely many w we have λw = 1 in µ(Ew, σ ).
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Comparison with a standard lattice. Let 3r,s be an even unimodular lattice of signature
(r, s). The congruence s ≡ r mod 8 implies disc3r,s = 1. We claim that for every place
v of Q we have

(Qv ⊗ E, bλv ) ∼= Qv ⊗3r,s
as bilinear forms over Qv . For the infinite place this is clear. For v = vp, note that both
forms contain an even unimodular lattice, and by [10, Prop. A.3] they have discriminant 1
in Q×p /(Q×p )2. This implies that they must be isomorphic: for p = 2 this follows from
Proposition 8.3, and for p 6= 2 from [16, 92:1].

Local-global obstruction. For every place v of Q, we now have in Br Qv the following
three elements:

(i) εv(Qv ⊗ E, bλv ) = εv(3r,s),
(ii) εv(Qv ⊗ E, b1),

(iii) β(λv) :=
∑
w|v CorE0,w/Qv βw(λw),

where βw is the map µ(Ew, σ ) → BrE0,w of Lemma 5.3. By Proposition 5.4 these
Brauer classes are related by

εv(3r,s) = εv(Qv ⊗ E, b1)+ β(λv).

Since 3r,s and b1 are global objects, we have∑
v

invv εv(3r,s) = 0,
∑
v

invv εv(Qv ⊗ E, b1) = 0

in Q/Z, and therefore also
∑
v invv β(λv) = 0. Using the commutative square

BrE0,w Q/Z

Br Qv Q/Z

invw

Cor id
invv

we conclude that
∑
w θw(λw) = 0. By Theorem 5.7 there exists a λ in µ(E, σ) specializ-

ing to the chosen λw’s. The bilinear form (E, bλ) has signature (r, s), and (Qp ⊗ E, bλ)
contains an α-stable even unimodular Zp-lattice 3p for all p. For all but finitely many p
we may take 3p = Zp ⊗OE , and then

3 := {x ∈ E | x ∈ 3p for all p}

is an α-stable even unimodular Z-lattice in (E, bλ). ut
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