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Preface

About four years ago, on September 1st 2016, I started as a PhD student at
the UvA, unsure of what the future would bring. I did have a rather good idea
what being a PhD student would be like, because the start was almost a direct
continuation of my recently finished MSc thesis, also under supervision of Kareljan
Schoutens at the UvA. I was looking forward to some of the new challenges such
as teaching and going to conferences, but I also felt a bit insecure, mostly because
being a PhD student felt somehow more “official”, more like I was doing “real
research” now. Most of all, I hoped I could make my PhD period feel valuable. In
the years since, I went through fourteen notebooks and many piles of loose paper,
wrote thousands of lines of computer code, visited seven conferences and schools
abroad as well as a handful in the Netherlands, presented my work in posters
and talks, helped teach four classes, and drank a rough estimate of at least three
thousand cups of coffee and tea at the institute. All to finally end up with four
articles and the PhD thesis currently in your hands.

In the beginning it was still unsure what kind of questions would be addressed
in this thesis. I didn’t join an existing or preplanned research programme, so
I was rather free to propose what I wanted to work on. Based on my earlier
research projects I was interested in the role of topology in condensed matter
systems. However, in hindsight I thought that my MSc thesis topic (A conformal
field theory approach to the fractional quantum Hall effect in graphene) became
too mathematical, a direction I did not want to continue in for my PhD. Instead, I
wanted to work on a topic that would be closer related to reality, for example by
having a link with ongoing experiments.

Based on these considerations the initial plan was to spend roughly half of my
time studying theoretical condensed matter subjects with Kareljan and spend the
other half of my time doing some theory support for the experimental ultracold
atoms group run by Florian Schreck, who then became my second supervisor. This
project was about quantum simulation of topological models, meaning that the
atoms in an experiment are influenced in such a way that the system will behave
like theoretical topological condensed matter models. In particular we focused on
two possibilities for future experiments. The first was to use synthetic dimensions
(using the internal spin states of atoms as an extra spacial dimension) to create a
topological quantum pump. The second was the creation of artificial magnetic fields,
known as optical flux lattices, to create a lowest energy level with non-trivial topol-
ogy. During the first year I worked on these projects, and I even spent some time
in Cambridge as a visitor of Nigel Cooper, on whose work both proposals were built.
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However, plans have the tendency to change, and so did this one. The experimental
group found opportunities in a different direction, which meant that I slowly became
less involved and instead started to focus more on the theoretical projects together
with Kareljan. In the end, no direct results from the experimental projects ended
up in this thesis. Indirectly however, these projects definitively had a noticeable
influence on the studies subjects. The experimental topological quantum pump
project paved the way for the theoretical project on a many-body topological
quantum pump, while the philosophy of synthetic dimensions and artificial gauge
fields (thinking in general basis states that you associate with different physics)
influenced the work on quantum scars. Furthermore, we often kept experimental
implementations in mind while doing the theoretical research. The most visible
result of this is the chapter in which we propose a quantum simulation experiment
to measure the dynamics of kinks in a supersymmetric model.

Kareljan’s expertise on supersymmetric lattice models prompted supersymmetry to
become a factor in my research, shaping the first half of this thesis. His mathemat-
ical skills and intuition on these models pushed our research further. Jiří Minář
joined our group at the beginning of 2019, which gave me another person to work
together with. Especially his experience with Rydberg atom experiments shaped
a lot of our research, clearly visible in this thesis by the many instances where
these are discussed. Many other people also influenced this work in often subtle
ways, such as through presentations and discussions, or simply through a quick
chat during lunch or at the coffee machine.

The handful of projects were only loosely related, without a clear overall subject,
although they all concern quantum dynamics in many-body condensed matter
models. This is a notoriously tricky subject, but by combining mathematical insight
with numerical simulations, we obtained some novel and interesting results that I
will present in this thesis. My PhD research can be roughly divided into two broad
themes, so I decided to accordingly split this thesis into two.

In the first half we will study many-body dynamics in two supersymmetric lattice
models. An introduction to some of the concepts necessary to understand the
following two chapters will be given in chapter 1, containing a short introduction
of supersymmetry in condensed matter models, followed by a longer introduction
on topological quantum pumps. Then in chapter 2 a supersymmetric model will be
modified such that it acts as a strongly interacting many-body topological quantum
pump in which coupled pairs and single particles are pumped in opposite direc-
tions, quantized by a (many-body) Chern number. Finally, a quantum simulation
experiment with a Rydberg atom chain will be proposed in chapter 3 to measure
the dynamics of kinks between two ground states in the supersymmetric M1 model.
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In the second half of the thesis we change gears and study a different subject,
namely quantum scars. First chapter 4 will introduce the topic by discussing
the concept of a single particle quantum scar, followed by a review on recent
developments regarding quantum many-body scars. In chapter 5 a Rydberg atom
chain experiment will be proposed that has single-particle-like quantum scars in the
graph that represents the Fock space of the many-body Hamiltonian. Finally, we
report on the discovery and analysis of quantum many-body scars in a transverse
field quantum Ising ladder in chapter 6.

Bart van Voorden, summer 2020
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Part I

Dynamics in supersymmetric
lattice models





Chapter 1

Supersymmetry and topological
quantum pumps

In the first half of the thesis we will study many-body quantum dynamics in two
supersymmetric lattice models. In chapter 2 a supersymmetric model will be
modified such that it acts as a strongly interacting many-body topological quantum
pump. Then, in chapter 3 an experiment with ultracold atoms will be proposed to
measure dynamical features, namely kinks, of another supersymmetric model. But
first the current chapter will give an introduction to some concepts necessary to
understand these two following chapters. In section 1.1 we will first introduce the
concept of supersymmetry in condensed matter models, followed by an introduction
on topological quantum pumps in section 1.2.

1.1 Supersymmetry
The origins of supersymmetry (SUSY) lie in particle physics [5]. It is an as of yet
unconfirmed theory stating that every type of elementary particle has a supersym-
metric partner (“superpartner”), which would be an extension of the Standard
Model. A superpartner would share the same characteristics as the original particle,
except that it would have the opposite quantum statistics through a difference
in spin, i.e. for every boson in the Standard Model (with integer spin) there
would exist an undiscovered fermionic superpartner (with half-integer spin) and
vice versa. If this theory would be proven to be correct, it would solve multiple
outstanding problems, e.g. it would provide a framework for the unification of
particle physics with gravity [6]. The existence of these superpartners should in
principle be observable with current experiments on particle accelerators, but so
far none have been discovered [7].

Supersymmetry is also studied in condensed matter models, either as an explicit
symmetry on the lattice [8–13] or as an emergent symmetry [14–16]. In this thesis
we will discuss N = 2 supersymmetry, defined as a symmetry of the Hamiltonian
between two classes of quantum states. Acting with the SUSY operator Q on a
state changes it from being in one class to the other, while the hermitian conjugate
Q† does the reverse. These two different classes could be bosonic and fermionic
states, but this is not a necessity. For example, in the Fendley-Schoutens (FS)
model [17], that will be studied in chapter 2, the SUSY operator brings particles
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1. Supersymmetry and topological quantum pumps

on one leg of a ladder to the other. Note that these SUSY operators are nilpotent,
meaning that Q2 = (Q†)2 = 0, i.e. trying to change the state twice from the first
to the second class is impossible.

In an N = 2 supersymmetric model the eigenstates will be restricted. First, it is
important to know that the Hamiltonian is obtained from the SUSY operators
as H = {Q,Q†}. From this equation it follows that [H,Q(†)] = 0, i.e. the H
and Q(†) commute and thus they have the same eigenstates. All eigenstates of
a SUSY Hamiltonian have E ≥ 0 and there is a difference on the restrictions of
states with E = 0 and those with E 6= 0. Firstly, if and only if an eigenstate
|ψ〉 has E > 0, then its superpartner Q(†) |ψ〉 has the same E. So every non-zero
energy level is at least doubly degenerate. Secondly, because H = {Q,Q†}, if and
only if an eigenstate has E = 0 it needs to have the property that Q |ψ〉 = 0 and
Q† |ψ〉 = 0. The number of these zero energy ground states has a lower bound
given by the Witten index [18]. This index is defined as W =

∑
(−1)F , where the

sum goes over all eigenstates of the system and F is the fermion number operator.
Alternative versions of the Witten index can de defined for models without fermions.

As a simple example of a SUSY Hamiltonian that shows all these features, consider
a model with two sites. Site 1 can host bosons with corresponding creation and an-
nihilation operators b† and b, while site 2 can host a fermion with operators c† and c.
The standard commutation relations for bosonic and fermionic operators apply, i.e.
[b, b†] = 1, and {c, c†} = 1. Now we define the SUSY operator to change the system
from fermionic to bosonic by Q ≡ b†c. It follows thatH = {Q,Q†} = nb+nf , where
nb = b†b is the bosonic number operator and nf the fermionic one. Expressing the
eigenstates as |nb, nf 〉, it follows that the Hamiltonian has eigenstates that have
a positive integer energy. Explicitly, |0, 0〉 has E = 0, |0, 1〉 and Q |0, 1〉 = |1, 0〉
have E = 1, |1, 1〉 and Q |1, 1〉 = |2, 0〉 have E = 2, etc. Note that indeed at
every non-zero energy level there are two states where one has a fermion and the
other only consists of bosons, these two are superpartners of each other. Defining
C ≡ (−1)nf , it gives a value of +1 to a bosonic state and a −1 to a fermionic state.
Since every degenerate couple consists of one fermionic and one bosonic eigenstate,
the sum of their contributions is zero. Therefore, the Witten index of this model is
W = 1 + (1− 1) + (1− 1) + . . . = 1, where the first contribution comes from the
ground state. So indeed the Witten index of this model gives an accurate lower
bound to the number of ground states and is in this case even equal to it.

The main reason that supersymmetry is a useful tool in strongly interacting
condensed matter models is that it provides a mathematical structure, leading
to analytical results unobtainable by other means. For example, in some cases it
can give a precise relation between a finite size system and a continuous model
described by a quantum field theory, e.g. in Refs. [19, 20]. Notable examples
of SUSY lattice models are the Nicolai model [21, 22], the Mk models [9, 10],
and a SUSY generalization of the Sachdev-Ye-Kitaev (SYK) model [23]. The two

18



1.2. Topological quantum pumps

models considered in this thesis are a modification of the Fendley-Schoutens (FS)
model [17] in chapter 2, and the M1 model [9] in chapter 3. Both models will be
introduced in their respective chapters.

1.2 Topological quantum pumps

1.2.1 Topology in mathematics
Topology is a subfield of mathematics that is concerned with studying characteris-
tics of an object that remain constant when varying different parameters, and that
can only be changed by taking some drastic action. Take for example a standard
rubber band and observe that you could describe it as an object with one hole
through it. No matter how much you stretch or twist the rubber band, it will
always have exactly one hole. So the details of how the string looks like do not
matter for the number of holes, which is therefore called a topological constant.
Only some drastic action, such as cutting the band with a pair of scissors, is able
to change the number of holes. The famous example used to explain topology is
to say that a doughnut and a coffee cup with a handle are topologically equal,
because they both have one hole.

This seems all rather far removed from the usual subjects that condensed matter
theorists concern themselves with and therefore, at a first glance, it seems irrelevant.
Perhaps this is one of the reasons why the relevance of topology to condensed matter
systems is a relatively recent discovery, namely in the 1980’s. One phenomenon
that clearly shows a relation to topology is in topological quantum pumps. These
are systems in which some parameters are varied periodically and where after every
period, a quantized number of charge is transported, that can be equated to some
topological constant. The details of how the parameters change in time is not
important here: as long as some conditions are met, the pump will always result in
the transport of a quantized number of charge. In order to introduce the working
of such a topological quantum pump we will go back to the model in which it was
originally discovered.

1.2.2 The Su-Schrieffer-Heeger and Rice-Mele models
The Su-Schrieffer-Heeger (SSH) model [24] is a tight-binding model originally
intended to describe the molecular structure of polyacetylene, but instead it
became known as the paradigmatic toy model to show the relevance of topology in
condensed matter systems. The Rice-Mele (RM) model [25] is a time-dependent
version of the SSH model, that showed how the transport of electrons in this system
is described by a topological constant. In this section the SSH and RM models will
be described in detail, not only because I think they are a wonderful example of how
a simple toy model with just a few parameters can lead to the insight that in the end
led to topological materials, but primarily because these models act as a blueprint
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1. Supersymmetry and topological quantum pumps

for the methods that we used to obtain our results in chapter 2. I will often refer
back to the SSH and RM models in order to pedagogically explain the results we
obtained, this will hopefully make our study more intuitively understandable. The
main sources used for the information in this section are Refs. [26, 27].

1.2.3 The Hamiltonian
The Rice-Mele model is a simple one-dimensional lattice of L sites with a unit cell
consisting of 2 sites, which we can call A for the even sites and B for the odd sites,
see Fig. 1.1. The Hamiltonian is a simple nearest-neighbour hopping Hamiltonian
without interactions between the particles, namely

H(u, v, w) =
∑
j

v c†2j+1 c2j + w c†2j+2c2j+1 + h.c. + u(nj+1 − nj), (1.1)

where h.c. indicates the hermitian conjugate, c†j is a fermionic creation operator
on site j, cj the annihilation operator, and nj = c†jcj the density number operator.
The strength of a hop between the even A-sites and the odd B-sites dependents on
if the hop is within the same unit cell (strength v) or between different unit cells
(w). Additionally, the potential of the sites A and B are unequal because they
have a different sign (±u). The model with u = 0 is the original SSH model. We
will consider both open and closed boundary conditions (OBC and PBC) later on,
but first we focus on the bulk of the lattice, away from any possible boundaries.

v
w

u

-u

Figure 1.1: The Hamiltonian of the RM model on a lattice, where the dotted boxes
indicate a unit cell containing an A-site (dark) and a B-site (light).

1.2.4 A quantum pump
This model is an example of a (topological) quantum pump, what do we mean
with this? A pump always consists of a system, whose parameters are periodically
changed over time, such that after one period the state of the system is the same
as in the beginning. However, even though the system returns to the same starting
condition, some quantity in the system can be transported and end up at a different
location. In classical dynamics an example of a pump is Archimedes’ screw, which
is a large screw that is partially placed in water. The screw can be rotated by
turning a handle on the top, which makes the water move up along the screw.
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1.2. Topological quantum pumps

After one rotation period (a pump cycle) the screw itself will be returned to its
initial position, but the water will have been transported. This can for example
be used to drain a body of water, such as in the creation of a Dutch polder by a
traditional windmill, see Fig. 1.2.

Figure 1.2: A drawing of a windmill with an Archimedes’ screw visible on the bottom,
picture from Wikimedia.

A quantum pump is very similar. The “system” is a lattice Hamiltonian whose
parameters can be varied in time. By starting at some point in parameter space
and making a closed path through the space, the Hamiltonian will return to the
original situation. Instead of water, the quantity that is pumped are the particles
on the lattice. One crucial condition for a quantum pump to exist is that the
parameters are varied adiabatically slow, meaning that the time scale of pump-
ing is much larger than the time scale belonging to the energy gap between two
occupied energy levels. A wave function in an eigenstate |ψn〉 with energy En
will then adiabatically follow the instantaneous eigenstate

∣∣ψ̃n〉 with energy Ẽn
and will not get (de-)excited to other energy levels. Explicitly, a state that starts
out in the ground state ofH(t = 0) will transform into the ground state ofH(t = t1).

The exact conditions and requirements for such a pump to exist will be discussed
later, but first we show that the RM model with time dependent parameters
(u(t), v(t), w(t)) is a quantum pump. The pumping process will be started with
the values (u(0) = 1, v(0) = 0, w(0) = 0). This is a special case, because in this
limit all lattice sites are disconnected from each other, such that the eigenfunctions
of the system can be taken to be completely localized. A (degenerate) ground
state is then given by a single particle on a site of type A, see Fig. 1.4a, that has
energy E = −u = −1. We will follow how this state moves as a function of time
along a path through parameter space, keeping in mind that the process happens
adiabatically slow such that the state at all times will be in the ground state. We
will choose the parameters (u(t), v(t), w(t)) in such a way that they obviously will
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1. Supersymmetry and topological quantum pumps

lead to the required pumping behaviour, for that reason this will be called the
“control freak” path, inspired by Ref. [27].

0.00 0.25 0.50 0.75 1.00
t/T

1

0

1

u(t)
v(t)
w(t)

(a) The control freak path.

0.00 0.25 0.50 0.75 1.00
t/T

1

0

1

2

u(t)
v(t)
w(t)

(b) A different path.

Figure 1.3: The parameters (u(t), v(t), w(t)) for different paths through parameter space.

The path is divided into eight consecutive steps, see also Fig. 1.3a. In the first two
steps the value of u is lowered to zero and the coupling v is increased, such that the
wave function will be in a superposition of the two sites within the same unit cell,
see Fig. 1.4b. During the next two steps, the value of v will be lowered to zero again
and u will become negative, thereby making the ground state move to the B-site of
the unit cell at t = T , see Fig. 1.4c. In the second half of the pump these same steps
are repeated, but now with w instead of v, and with u now going from negative to
positive. The ground state at t = 3T/4 is then a super position of the B site and the
A site of the neighbouring unit cell, Fig. 1.4d. Finally at the end of the pump cycle,
when the parameters have returned to the initial values (u = 1, v = w = 0), the
wave function will be localized on the A site of the unit cell to the right of the initial
one, see Fig. 1.4e. In total, the result of this pump is that the wave function has
been transported from one unit cell to the next, a total displacement of two lattice
sites, see Fig. 1.4f. Alternatively starting with a particle at a site B (an excited state
with E = u), will result in the particle being pumped one unit cell to the left instead.

It is clear that along this control freak path the particle gets pumped one unit
cell (two lattice sites) to the right, and one would assume that taking any other
path through the parameter space, for example the path in Fig. 1.3b, would not
lead to this behaviour, because for general parameter values all sites are connected
and therefore the eigenstates would spread out through the whole lattice. This
reasoning is indeed correct, but that does not mean that no quantum pump exists
at all. This has to do with the degeneracy of the energy levels at the initial values
(u = 1, v = w = 0), because placing a particle on any A-site in the system will
give the same ground state energy. If you now consider the initial state where
all A-sites are occupied by a particle (so L/2 filling), this many-body eigenstate
is the unique ground state of the system. Making a pump along the pump-freak
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1.2. Topological quantum pumps

(a) t = 0 (b) t = 0.25T (c) t = 0.5T

(d) t = 0.75T (e) t = T
(f) Total displacement

Figure 1.4: The displacement of a localized wave function in the control freak protocol.
When two dots are colored, it indicates that the wave function is in a superposition of
these localized sites.

path makes all the particles move one unit cell to the right, because all particles
individually follow the steps described in Fig. 1.4 since there are no interactions
between particles in the Hamiltonian. Observing the current of particles at any
point along the chain would thus show that along one pump cycle, one particle was
transported to the right. Surprisingly, when taking the relaxed non-freak path of
Fig. 1.3b this result will still be true. There also exists a second class of paths that
lead to no transport at all, but there are no paths that lead to an intermediate
result. This surprising observation of a quantized pump (either no particles move
or all particles move one unit cell to the right) can be explained by the role of
topology.

1.2.5 The role of topology
In order to explain the results of the previous subsection, we will first have to
take a loot ak the eigenstates |ψn〉 and energies En of the system, defined as usual
as H |ψn〉 = En |ψn〉. Here the boundary also starts playing a role, the energy
spectrum for open boundary conditions (OBC) will have a spectrum that is slightly
modified compared to that of the chain with periodic boundary conditions (PBC).
For example, see the eigenvalues of one particle with (u = 0) (the SSH-model) in
Fig. 1.5 as a function of v/w for both OBC and PBC. There are two noteworthy
features of this spectrum. First, the spectrum consists of two bands of L/2 energies,
with the exception of the point v = w when there is a band gap closing. And
secondly, the system with OBC has two zero-energy modes when v < w. The
corresponding eigenstates are localized at the two ends of the chain, which can be
easily rationalized when considering the lattice with v = 0 in which the two sites
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1. Supersymmetry and topological quantum pumps

at the edge are completely disconnected from the bulk of the chain, thus allowing
fully localized edge states.

0.0 0.5 1.0 1.5 2.0 2.5
v/w

2

0

2

E

(a) OBC

0.0 0.5 1.0 1.5 2.0 2.5
v/w

2

0

2

E

(b) PBC

Figure 1.5: The eigenvalues of the system with L = 100 sites as a function of v/w with
u = 0 (the SSH model). The band gap closing happens at v = w. In (a) the zero energy
edge states are visible in the v < w regime.

This spectrum, where there is an area in parameter space with localized edge
states, divided from the rest of parameter space by a band gap closing point is a
clear signature of topology. In order to find a topological constant it is necessary
to consider the model with PBC. The Hamiltonian is then invariant under the
translation by one unit cell, such that the eigenstates can be written as

|ψn(k)〉 = |k〉 ⊗ |n〉 , (1.2)

where |n〉 is the eigenstate within one unit cell and |k〉 is a plane wave with quasi-
momentum k ∈ {π/L, 2π/L, . . .}. The corresponding exact energy eigenvalues
are found to be E(k) = ±(v2 + w2 + 2vw cos(k))1/2 [27]. With these momentum
eigenstates a topological invariant can be calculated that is called the Zak phase or
winding number [28]

φZak = i

∮
〈ψn(k)|∂kψn(k)〉 dk = 0 or π. (1.3)

The integrand is known as the Berry phase [29]. For the SSH model this Zak
phase is different for the eigenstates of the Hamiltonian with v < w and that with
v > w, see Fig. 1.6. The details of the lattice and the definitions of the eigenstates
determine which value corresponds with φZak = 0 and which one with φZak = π.
The important result is that there are two different topological phases in the SSH
model that are separated by the line v = w, where the band gap closes. When the
system is in one of those phases, changing the values of v and w a little bit does
not change the Zak phase. Only by closing and reopening the band gap can you go
from one phase to the other. This is in close analogy with the rubber band: small
deviations do not change the topology, only a drastic action will do so.
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1.2. Topological quantum pumps

However, this Zak phase does not immediately tell us anything about why the
transport in the RM model is quantized. In order to understand the role of
topology during a pump, we will consider the shape of the pump path through
parameter space. See Fig. 1.6a for a representation of the parameter space, where
the line where the band gap closes at v = w is shown in red. The black circle
shows a path through parameter space that goes around this critical line. It is
impossible to deform the path in Fig. 1.6a to the one in Fig. 1.6b without clos-
ing the band gap, therefore we call these two paths topologically different. We
will name any path around the critical line a topological non-trivial path and the
other a topological trivial path, because the latter can de deformed to a single point.

(a) A topological non-trivial path. (b) A topological trivial path.

Figure 1.6: The parameter space (u, v, w) with different paths. The orange and blue
surfaces denote the areas with a different Zak phase.

The topological invariant that characterizes the difference between these two is the
Chern number

Cm = i

2π

∫ 2π

0
dk

∫ T

0
dt (〈∂tψm|∂kψm〉 − 〈∂kψm|∂tψm〉) . (1.4)

It is a “two-dimensional version” of the Zak phase and is a measure of how the
wave function changes within some general parameter space, without needing any
precise information about the actual system such as the number of particles or the
shape of the lattice. The Chern number evaluates to an integer that counts how
often the path loops around the critical line, thus the path in Fig. 1.6a has C = 1
and that of Fig. 1.6b has C = 0.

1.2.6 Measurements
There are two main quantities that show that the quantized transport is dictated
by the Chern number, and that can be used to mathematically or numerically
measure the Chern number of a path. Firstly, the Chern number, Eq. (1.4), can be
related to the transport of a so-called Wannier state. A Wannier state is an inverse
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Fourier transform of a Bloch eigenstate, Eq. (1.2), where the freedom of choosing the
phases within the Fourier transform is used to construct a maximally localized state.

The relation between the Chern number and a Wannier state is

Cm = ∆P/q, (1.5)

where m is the band number, q the number of sites in a unit cell, and ∆P is the
number of lattice sites in which the center of mass 〈x̂(t)〉 (with x̂ having units of
the lattice site number) of a Wannier state is transported after one pump cycle.
By starting out in a maximally localized Wannier state at t = 0 and following
the center of mass during time evolution (either mathematically or numerically),
the Chern number can be obtained. It should be noted that the definition of x̂ is
inherently vague in the the case of periodic boundary conditions, because sites 1
and L are next to each other. This method is therefore more accurate if the state
is centred around site L/2. Consequently, this method can not be used to calcu-
late the displacement of the fully occupied bands, because of the uniform occupation.

Secondly, it is also possible to measure the topology with the particle number flux
through an arbitrary cross section of the chain. The particle number flux through a
segment S of the chain can be measured with the operator JS(t) = −i [nS , H], here
nS is the number operator over all sites in the segment S, i.e. nS =

∑
i∈S ni. This

JS can then be split in JL and JR, which are the number flux operators through
the left edge and the right edge of the segment. The charge pumped through one
of those edges during a pump cycle is equal to

Q =
∫ T

0

〈
ψ(t)|JL/R(t)|ψ(t)

〉
dt. (1.6)

Here |ψ(t)〉 is not the instantaneous wave function at time t, but rather the state
obtained by adiabatically time evolving the initial state |ψ(0)〉. Note that the
direction of the measured current is different for the left and right edge, which
should be taken into account when interpreting the result. For a fully occupied
non-degenerate ground state level of a non-interacting or weakly interacting Hamil-
tonian, Q is equal to the Chern number for an infinite chain under adiabatic
conditions [30–32].

The important result here is that the exact details of the pump path do not matter
for the pumped charge, because the outcome is dictated by the Chern number of
the path. Therefore deviations in the pump path have no effect, at least as long
as the path is taken adiabatically slow. Because the pumping behaviour in these
quantum pumps is dictated by a topological constant, they are called topological
quantum pumps or Thouless pumps, after Thouless [30].
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1.2.7 Open boundary conditions
Above it was shown that in a system with L → ∞ the transport of the quasi-
momentum eigenstates can be related to the Chern number. Here, we assumed
that the system had periodic boundary conditions. What would happen when
we consider open boundary conditions instead? As seen in Fig. 1.5, the spectra
of a system with OBC differs in one important way with that of PBC, namely
the fact that when v < w there are two E = 0 eigenstates localized at the two edges.

In order to investigate the particle transport near the edge, let us go back to
the control freak path and consider what happens when a particle initially at a
site A hits the boundary during the pump cycle. In the first half of the pump
cycle, Fig. 1.3a, nothing has changed yet and the particle at t = 0.5T is in the
position depicted in Fig. 1.4c, except that there is no site to the right of it any
more. Consequently, in the next step, when w becomes non-zero, the particle
can’t move, because it will remain disconnected from the rest of the chain. Then
between t = 5/8T and t = T , the value of u will change from negative to positive
and w becomes zero again, such that all sites are disconnected. This means that
the particle will still be at the edge site B, so it hasn’t returned to an A site,
and additionally it now has E = u instead of E = −u. The total result of this
pump cycle is thus that the particle has been brought from the ground state to the
excited state. Following the control freak cycle with this excited state will show
that the particle will now be pumped one unit cell to the left instead of to the
right. At the left edge of the system the opposite will happen: the excited state
will be de-excited to the ground state. This means that the edge states are actually
band gap crossing states that connect the upper and lower energy bands with each
other. The number of these band gap crossing edge states at one edge is equal to
the difference between the topological invariants (φZak/π for SSH, could also be
the Chern number in other models) at both sides of the edge. Assuming the other
edge is the vacuum (trivial topology), the number of edge states at one edge is
thus equal to the topological invariant calculated for the bulk of the material. This
relation is known as the bulk–boundary correspondence.

1.2.8 Further research
The Su-Schrieffer-Heeger and Rice-Mele models are now regarded as seminal works
having led to many other discoveries.

Firstly, they were the start of an active research area on topology in physics. Exper-
iments on materials under strong magnetic fields discovered the quantum Hall [33]
and fractional Quantum Hall effect [34]. In these systems the different phases
are not determined by the usual Landau theory order parameters, but instead by
topological constants such as the Chern number. These are closely related to the
topological constants encountered in the topological quantum pumps [35, 36], and
lead to quantized edge currents similar to the pumped charge. Later it was realized
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that strong magnetic fields are not necessary to obtain topological phases, leading
to the discovery of topological insulators [37, 38]. For more information on this
topic I would like to refer to review articles [27, 39–45].

Secondly, many extensions and generalizations of the SSH and RM models have
been investigated, for example considering thermodynamic quantities [46], non-
adiabaticity [47], long range hopping [48], and non-Hermitian variations [49, 50].
An important open question on which current research is based is the role of strong
interactions in topological quantum pumps, this will be discussed in chapter 2.

Finally, topological quantum pumps have been observed in quantum simulation
experiments with ultracold atoms [51, 52]. Among the first experiments was the
measurement of the Zak phase of the SSH model using a combination of Bloch
oscillations and Ramsey interferometry [53], where the lattice with a two site
unit cell was created using an optical superlattice, i.e. the superposition of two
optical lattices with different wave lengths. Using time dependent optical superlat-
tices topological quantum pumps have been created for bosons [54], fermions [55],
and spins [56]. Along similar principles, a non-quantized geometrical pump for a
Bose-Einstein Condensate has been created [57]. Theoretical proposals for new
quantum simulation experiments include the use of synthetic dimensions to create
a cylindrical topological quantum pump [58]. With these versatile experimental
setups it is in principle possible to tune the interactions between the particles, for
example with Feshbach resonances or Rydberg atoms, which opens up the possibility
to experimentally investigate topological quantum pumps with interacting particles.
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Chapter 2

Topological quantum pump of
strongly interacting fermions in
coupled chains

2.1 Introduction
In the previous chapter topological quantum pumps were introduced with non-
interacting Hamiltonians. Strictly speaking the Rice-Mele model is a quantum
pump for many-body states because it can contain many particles, but it lacks any
interaction between them and thus it is simply a product of single particle states.
Weakly interacting quantum pumps are well understood [31]. As long as the ground
state of the weakly interacting many-body Hamiltonian is non-degenerate and
separated with a finite energy gap from the excited states, there will be quantized
particle transport that can be expressed as a many-body Chern number [26, 31,
32], which is a straightforward generalization of the single particle Chern number.
In contrast, there is still much that is not understood about the effect of strong
interactions in topological quantum pumps. As a result of the recent advances in
ultracold atoms, described in subsection 1.2.8, there has been a renewed theoretical
interest on the topic of the role of interactions in topological quantum pumps.
This includes studies on extensions of the SSH and RM models [59–64], analysis of
(possible) experimental systems [65–67], spin pumps [68], quasi-1D chains [69], and
exactly solvable models [70].

Recently, it was shown that in systems with cotranslational symmetry (invariance
under the collective translation of the system) a many-body Chern number could
be defined that is linked to the displacement of many-body Wannier states [71].
This topological invariant can for example be used to characterize the topological
features of bound states. The goal of the current chapter is to create a topological
many-body quantum pump with strong interactions whose pumping behaviour is
defined by such a many-body Chern number. The procedure that will be followed
is similar to the one described in chapter 4 for the Rice-Mele model. The steps
that we will make, which gives the layout for the rest of this chapter, are thus as
follows:

1. Define a lattice Hamiltonian with strong interactions, section 2.2.
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2. Find a point in parameter space with completely localized eigenstates, sec-
tion 2.3.

3. Make a “control freak” path along which the transport is obvious, section 2.4.

4. Show that the results hold for general parameters and express it in a topo-
logical quantity, section 2.4 and section 2.5.

The model we will analyze is a supersymmetric tight binding model of two coupled
chains with strongly interacting fermions. Depending on the parameter w, the
many-body lowest energy band consists of either single particles or bound pairs.
A topological quantum pump can be created by periodically varying the coupling
strengths ~λ under adiabatic conditions. We numerically show that the single
particles and bound pairs are pumped in opposite directions along topologically
non-trivial paths. The exact quantization of the pumped charge will be expressed
by a (many-body) Chern number. This chapter is based on Ref. [1].

2.2 The model

2.2.1 Lattice and Hamiltonian
Consider a tight binding model on a one dimensional chain of L sites, divided into
p unit cells with q sites each. We restrict ourselves to the cases where L is even.
On this chain N spinless fermions are only allowed to hop to the next-nearest
neighbour sites. Effectively, this model can be been seen as two separate chains
lying next to each other in a zigzag pattern. One chain consists of all odd sites
and the other of all even sites, see Fig. 2.1. Particles are only allowed to move
along their own chain, so the number of particles on each chain, called N1 and
N2, are separately conserved. The two chains are coupled by a local attractive
interaction between particles in the different chains. Furthermore, particles hopping
over an occupied site in the other chain pick up an extra factor of ±i compared to
a hop over a non-occupied site. This extra phase can be interpreted as originating
from flux tubes attached to the particles. Therefore the fermions effectively act as
semions, which are anyons that get a factor of i when exchanging two of them [72].

1 3 5 7

2 4 6 8

λ1 λ3 λ5 λ7λ2 λ4 λ6

Figure 2.1: The 1D chain interpreted as two separate coupled chains in a zigzag pattern.
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The Hamiltonian of the system is H(~λL) = K(~λL) + V (~λL), with K the kinetic
hopping term and V the density dependent potential. To characterize the strengths
of these terms, we use the parameters ~λL = (λ1, λ2, . . . , λL) where λj gives the
strength between sites j and j + 1. The origin of these λj ’s is discussed below.
Explicitly, the bulk Hamiltonian (without boundary terms) is

K(~λL) =
∑
j

λj+1 λj c
†
j+2 (pj+1 − inj+1) cj + h.c.

V (~λL) =
∑
j

(λ2
j−1 pj−1 + λ2

j pj+1)nj .
(2.1)

Here c†j and cj are the usual fermionic creation and annihilation operators, nj = c†jcj
is the particle number operator and pj = (1 − nj) is the hole number operator.
Different types of boundary conditions will be considered.

This Hamiltonian is a modification of a SUSY model introduced by Fendley and
Schoutens [17, 73], which we will refer to as H(~1) because it is equal to the above
Hamiltonian with λi = 1 ∀i. This original Hamiltonian is constructed with the
SUSY operators

Q = c†2c1 +
L/2−1∑
k=1

(
ei
π
2 α2k−1c†2k + ei

π
2 α2kc†2k+2

)
c2k+1 (2.2)

where

αk =
k∑
j=1

(−1)jnj . (2.3)

The operator Q brings particles from the odd leg to the even leg and Q† does
the reverse. It therefore changes the “type” of particle, just as in many other
SUSY models fermions and bosons are related to each other by SUSY opera-
tors. The Hamiltonian is then constructed as H(~1) = {Q,Q†}, from which it
directly follows that [Q,H(~1)] = 0 and [Q†, H(~1)] = 0. The spectrum is completely
solvable by nested Bethe ansatz [17]. The energy levels of this strongly-coupled
model are the same as those of the free fermion model, but with different de-
generacies. Each E = 0 ground state, annihilated by both Q and Q†, consists
of pairs of particles, one on each chain, that form a coupled zero energy state,
aptly named a “Cooper pair”. When considering all possible particle numbers,
there is a huge degeneracy of 2L/2 zero energy states due to these bound pairs.
Any SUSY conserving modifications of the couplings leave these ground states
intact, because the degeneracy is equal to the Witten index [18], which protects it.
We are interested in the behaviour of these bound pairs in a quantum pump context.
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2.2.2 Modifications of the Fendley-Schoutens model

There are two main ingredients added to the original H(~1) to obtain Eq. (2.1).
Firstly, the factors λj are introduced in order to periodically modulate the cou-
plings between the sites. This is done by changing all c†j+1cj → λjc

†
j+1cj inside

the definition of Q, Eq. (2.2). Therefore, λj controls the strength between sites j
and j + 1. This leads to the periodically varied Hamiltonian with open boundary
conditions that will be used in section 2.6. This method ensures that the new
Hamiltonian, Eq. (2.1), is still supersymmetric, so the number of ground states is
still protected by the same Witten index, but the wave functions become dependent
on λi. The values of λj are chosen periodically such that λj+q = λj , where q is the
number of sites in a unit cell. So there are q independent unique λj values, which
can be written as a q-dimensional vector ~λ = (λ1, . . . , λq). The original model is
regained when setting q = 1. The situation with q = 2 is a special case and for
now we will concern ourselves with q ≥ 3, where the focus will be on q = 3 and
we will only consider q > 3 in section 2.7. All λj ∈ R have values in the interval
[0, 1] and we add the extra restriction

∑
i λ

2
i = 1 such that ~λ lives on part of a

q-dimensional sphere Sq with all λj ≥ 0. On this sphere is one special point where
all the λj become equal to 1/√q, which will be called ~λc. At λc the Hamiltonian
is reduced to H(~1) with an extra prefactor of 1/q. We will later show that by
adiabatically transporting ~λ around ~λc a topological quantum pump will be created.

Secondly, the original H(~1) was defined on an open chain, while in this paper
periodic boundary conditions will be considered in order to investigate the quantum
pump using the techniques described in chapter 1. The Hamiltonian, Eq. (2.1), can
be given periodic boundary conditions by simply setting cj+L = cj . However, this
(weakly) breaks the SUSY. In order to keep the SUSY, the Q has to be modified
for periodic boundary conditions. One requirement for the SUSY operators is that
Q2 = 0. We therefore add −eiχc†Lc1 to Eq. (2.2), square it and impose that this
expression should be 0 to find phases χ for which this new Q is a SUSY operator.
It turns out that this is the case for χ = π

2N1 +ϕ(N1 +N2) with N1 =
∑L/2
i=1 n2i−1

and N2 =
∑L/2
i=1 n2i the total number of particles on respectively the even and

odd sites (or equivalently, the lower and upper chain), and ϕ an angle that can be
chosen freely. Our SUSY operator is then

Q(~λL) = λ1c
†
2c1 +

L/2−1∑
k=1

(
λ2ke

iπ2 α2k−1c†2k + λ2k+1e
iπ2 α2kc†2k+2

)
c2k+1

− λLei
π
2N1+iϕ(N1+N2)c†Lc1.

(2.4)

From this definition we obtain the final Hamiltonian

H(~λL) = {Q(~λL), Q†(~λL)} = K(~λL) + V (~λL), (2.5)
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2.3. Eigenstates of the periodic model

with

K(~λL) =
L−2∑
j=1

λj+1 λj c
†
j+2 (pj+1 − inj+1) cj + h.c.

+ eiχ1λL λL−1 c
†
1 (pL − inL) cL−1 + h.c.

− eiχ2 λ1 λL c
†
2 (p1 − in1) cL + h.c.,

(2.6)

and

V (~λL) =
L∑
j=1

(λ2
j−1 pj−1 + λ2

j pj+1)nj . (2.7)

Here

χ1 = π

2N2 − πN1 − ϕ(N1 +N2), χ2 = −π2N1 − ϕ(N1 +N2) (2.8)

are phases on the odd and even chains coming from the extra term in Q. Equally
dividing these phases over all L/2 bonds on both chains leads to a SUSY formula-
tion of the model with translational invariance and therefore quasi-momenta as
good quantum numbers. The Witten index for this periodic SUSY Hamiltonian
is the same as for open boundary conditions: W = 2L/2. The corresponding
supersymmetric groundstates correspond to all possible combinations of local pairs,
for which L/2 independent E = 0 states are available [17].

2.3 Eigenstates of the periodic model

2.3.1 Localized eigenstates
For systems with q ≥ 3 the possible eigenstates and their energies are easy to under-
stand when considering the situation with only one non-zero λj , similar to taking
the (u = 1, v = 0, w = 0) limit in the RM model, see subsection 1.2.4. Because of
the translational symmetry the choice of which λj is non-zero is arbitrary. This is
not the case in the open chain, where the translational symmetry is broken at the
edges. Let us take λ1 = 1 and λj=2,...,q = 0 to describe the possible eigenstates and
their energies. There are two different types of sites in a unit cell. Sites 1 and 2 are
a “dimer” with a finite potential energy and all other q− 2 sites have a zero energy
potential and are completely disconnected from the rest of the chain. The hopping
term of Eq. (2.5) can be disregarded, because there are never two consecutive λj 6= 0.

With only one particle on the chain, the system has E = 1 when this particle is
placed on site 1 or 2 of a unit cell and E = 0 when placed on one of the other sites,
see Fig. 2.2a. There will be three different energy levels when adding a second parti-
cle. If both particles occupy a dimer site in two different unit cells, then the system
will have E = 2. When one is on a disconnected site and the other on a dimer
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2. Topological quantum pump of strongly interacting fermions in coupled chains

(a) One particle. (b) Two particles.

Figure 2.2: Two examples of localized E = 0 ground states of the q = 3 system. The grey
triangles indicate a unit cell and the dashed line shows the connection λ1 = 1.

site, irrespective of the unit cells, it has E = 1. And if both particles are on the
disconnected sites (again irrespective of the unit cells), the system will have E = 0.
In addition, the energy will also be zero when the two particles form a coupled pair
by occupying the two dimer sites in the same unit cell, due to the interaction term
in the potential, see Fig. 2.2b. Because all sites are either dimers or disconnected
sites, no new possibilities will arise when adding even more particles and thus this
general structure of eigenstates remains valid for all particle number sectors and
all system sizes. The only way to add extra particles without adding extra energy
is to either put a bound pair on a dimer, or a single particle on a disconnected
site. In this way it is possible for every value of N to create at least one zero
energy state. Note that it is not possible for every value of (N1, N2), where N1
particles are placed on the upper leg and N2 on the lower leg. From now on we will
refer to these two different ground state contributions as “bound pairs” and “single
particles” and leave it implicit that we’re not referring to states with higher energies.

This picture will hold in more general circumstances as long as only a maximum
of two neighbouring λj are non-zero and all other λj are zero. It is thus possible
to make a path in ~λ-space where the ground states always remain at zero energy,
which will be used in section 2.4 to create a control freak pump. For general ~λ the
localized eigenstates discussed above will spread out due to the hopping term and
the degenerate energy levels along the control freak path (all at E = n for integers
n ≥ 0) will split into bands. There will however still be a strong notion of locality
for the eigenstates, except at λc. This is similar to the Su-Schrieffer-Heeger and
Rice-Mele models [27], where all states are semi-localized for general values of the
parameters, except when all couplings are equal to each other. With Hamiltonian
Eq. (2.5) all states have E ≥ 0 because of the supersymmetry. With Eq. (2.1)
some states will get a negative energy due to the small SUSY-breaking term,
but all energies still lie close to the energies of Eq. (2.5). Different values of ϕ
also change the energies by a small amount, especially close to λc. However, the
important result is that all these small variations will never lead to the band gap
closing at any point except at λc. The fully localized eigenstates of the control
freak limit therefore give a good intuitive picture that can be used throughout
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2.3. Eigenstates of the periodic model

the whole parameter space. See also Fig. 2.3 and 2.4 below for the energies
along a path in parameter space for different values of L and N , please note that
these figures include an extra term Hw in the Hamiltonian which is discussed below.

2.3.2 Bloch and Wannier states
Because the Hamiltonian has cotranslation symmetry, it is possible to use the
many-body momentum basis states

|k, n〉 = 1√
M

M−1∑
j=0

eikjT j |n〉 (2.9)

with k = 2πl/M for l ∈ (0, 1, . . . ,M). Here |n〉 = |n1, n2, . . . , nL〉 is a basis state
in the usual occupation number basis and T is a cotranslational operator [71]
whose precise action depends on the state on which it acts. If q is even, T trans-
lates all particles over q sites, i.e. it translates the full state by one unit cell:
T |n1, n2, . . .〉 = |n1−q, n2−q, . . .〉 (where the site index has to be taken modulo L
and the proper phase factor from the boundary terms should be included). If q is
odd the action of the translation operator depends on the particle numbers per leg
(N1, N2). If T translates the state by q odd sites, N1 and N2 will be switched under
this operation. Since these particle numbers should be conserved, this operation is
only allowed for the particle number sectors with N1 = N2. In order to conserve the
particle numbers on each leg when N1 6= N2, T should instead translate the lattice
by 2q sites. The number M is the minimal amount of times you need to apply T to
a basis state to return to the original state. It is often equal to p (or p/2 if T trans-
lates over 2q sites), but this is not necessarily true for |n〉 with a repeating pattern
of occupied and unoccupied states. With the basis states Eq. (2.9) the Hamiltonian
Eq. (2.5) can be block diagonalized asH(k). The many-body eigenstates of them’th
Bloch band |ψm(k)〉 =

∑
n ψm(k, n) |k, n〉 can then be found by diagonalizing H(k).

It is also possible to create the many-body Wannier states [62]

|Wm(R)〉 = 1
√
p

∑
k

e−ikR |ψm(k)〉 . (2.10)

Here R is the site around which the Wannier state is centred. Wannier states can
be maximally localized due to gauge freedom. Because there is full freedom in
choosing the phase of each state |ψm(k)〉, it is possible to choose these phases in
such a way to obtain maximally localized Wannier states [62]. Therefore, even for
general ~λ, it is meaningful to talk about local bound pairs.

Because of the interaction term a many-body state for general values of ~λ is not
simply an addition of many single particle and coupled pair states, in contrast to
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2. Topological quantum pump of strongly interacting fermions in coupled chains

states along the control freak path. Nevertheless, the lowest energy levels and eigen-
states of the many-body wave functions are observed to be close to those of a simple
addition of single particles and bound pairs. This is due to the interaction only
being local. It therefore makes sense to first only consider the single particles and
the bound pairs when studying the pump behaviour. Later on we will numerically
show that the pump with an arbitrary amount of particles works identical to that
of many bound pairs and single particles, such that this assumption is indeed correct.

2.3.3 Lifting degeneracy between single particles and bound pairs
We split the lowest energy level in two levels, one with single particles and the
other with bound pairs, by adding an extra onsite potential term

Hw =
L∑
j=1

w(1− λj−1)(1− λj)nj , (2.11)

with w some real constant. This term primarily shifts the energies of the single
particle states. This can best be seen in the limit with λ1 = 1 and λj 6=1 = 0.
Because the bound pairs are next to λ1, Hw adds no extra energy to these states.
In contrast, a single particle at site j lies next to λj−1 = λj = 0, such that this
state gets an extra energy of w. This Hw term will therefore split the zero en-
ergy level in a level with all single particle states and a level with all the bound
pairs. For w > 0, the bound pairs will have the lowest energy. There is one
bound pair per unit cell as long as ~λ 6= ~λc, so in the particle number sector
N = (p, p) there will be a non-degenerate ground state with all pairs occupied.
When w is negative, the single particles get the lowest energy. Now there will be
a unique ground state when all these single particle states are occupied, which
happens when both legs have p(q − 2)/2 particles. This splitting of the ground
state level allows us to investigate the pump behaviour of the single particles
and bound pairs separately. Moreover, by occupying all single particles or bound
pairs we have created a non-degenerate many-body ground state with an energy
gap to the excited levels, which is a requirement to get a topological quantum
pump of the many-body states. This Hw does weakly break the SUSY, which pri-
marily results in the original E = 0 states obtaining a non-zero energy for general ~λ.

As an explicit example, see figure 2.3 for the eigenvalues of the system with q = 3,
w = 1/2, and ϕ = 0 along the line λ1(t) =

√
(1− 2t2/3), λ2(t) = λ3(t) = t/

√
3,

which interpolates from ~λ(t = 0) = (1, 0, 0) with the localized control freak eigen-
states described above to ~λ(t = 1) = ~λc = (1/

√
3, 1/
√

3, 1/
√

3) which is the uniform
model H(~1). The eigenvalues are shown for different particle numbers and system
sizes. The left and central subfigures are for two systems with one particle on
each leg. The left subfigure is for the smallest possible system of L = 6 (two unit
cells) and the central subfigure for the larger system of L = 72. In both cases, the
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Figure 2.3: Eigenvalues along the path from ~λ(t = 0) = (1, 0, 0) to ~λ(t = 1) = ~λc with
w = 1/2, q = 3, and ϕ = 0 for (a) L = 6, N = (1, 1); (b) L = 72, N = (1, 1); (c) 80 lowest
eigenvalues for L = 12, N = (4, 4).

lowest band consists of all bound pairs (one pair for each unit cell) and is almost
degenerate, meaning that the band structure is nearly flat. The band gap to the
first excited band (consisting of states with two single particles with E(t = 0) = 2w)
only closes at t = 1 at the critical point. Comparing these two subfigures, it is clear
that larger system sizes do not lead to band gap closing. In the right subfigure,
with L = 12 and N1 = N2 = 4, the ground state is non-degenerate and it is the
state with all two particle bound pairs occupied. Here too the band gap remains
open for all ~λ 6= ~λc, showing that adding more particles does not introduce more
band gap closing points. This band gap closing at ~λc can be explained as follows.
At ~λc all λi are equal, so the model has effectively become the q = 1 model that
can host one bound pair for each 2 sites, which is more than the original one bound
state per q sites. By symmetry all these bound states should have the same energy,
meaning that the band gap between these levels should close at this point.

The same analysis can be done for the single particle states. In Fig. 2.4 the
eigenvalues are plotted along the same path, but now with w = −1/3. The left and
central subfigures are respectively for the systems with L = 6 and L = 72, both
with one particle on the lower leg and no particles on the upper leg. The right
subfigure is for L = 12 and N1 = N2 = 2. The lowest energy levels are now single
particle states, there is one state per leg for every two unit cells (6 sites). In the
right subfigure all single particle states are occupied, such that the lowest level is
non-degenerate. Once again it is clear that the band gap between the two lowest
levels only closes at ~λ = ~λc for all three cases.
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2. Topological quantum pump of strongly interacting fermions in coupled chains
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Figure 2.4: Eigenvalues along the path from ~λ(t = 0) = (1, 0, 0) to ~λ(t = 1) = ~λc with
w = −1/3, q = 3, and ϕ = 0 for (a) L = 6, N = (1, 0); (b) L = 72, N = (1, 0); (c) 80
lowest eigenvalues of L = 12, N = (2, 2).

2.4 Topological quantum pump
In this section we will first use a control freak protocol to show that particles in
this model can be pumped, using a control freak path just as in the Rice-Mele
model. Then later in this section we will relax the pump path, show that this
is a topological pump, and analyze the topological constants associated with the
lowest energy bands. From now on we will focus on systems with q = 3 and only
remark on systems with a higher q in section 2.7, because the parameter space
of q ≥ 4 is a lot richer compared to q = 3, resulting in a more difficult situation.
We will adiabatically drive the Hamiltonian H(k, t) by making a closed loop in
~λ-space with period T , i.e. ~λ(t+ T ) = ~λ(t), such that H(k, t+ T ) = H(k, t). As
shown above, the critical point ~λc is the only point in ~λ-space where the band gap
between the lowest two bands closes. Specifically for q = 3, ~λ = (λ1, λ2, λ3) lives
on the part of a three dimensional sphere of radius 1 with all λj values positive,
see Fig. 2.5. The critical point is located at λ1 = λ2 = λ3 = 1/

√
3. Following the

theory in chapter 1 we want to consider a path that goes around this critical point,
because we already anticipate that there are two families of topologically different
closed paths ~λ(t) along which the band gap always remains open. A topologically
trivial path is one where the critical point lies outside the loop. Such a path is
topologically equivalent to not changing ~λ at all. A closed path with the critical
point inside the loop is topologically distinct.
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2.4. Topological quantum pump

Figure 2.5: The ~λ-space for q = 3 and the path used for the control freak path. The red
dot indicates the critical point.

2.4.1 Control freak path
We will now formulate a control freak path and show that a charge is transported
through the chain when following this path. We will consider the lowest energy
bands that for w > 0 consists of bound pairs and for w < 0 of single particles.
Initiating the system with λ1 = 1 and λ2 = λ3 = 0, the lowest energy state of the
system with two localized particles and w > 0 is the two particles occupying the
first two sites of one unit cell. Alternatively, the lowest energy state of the system
with one particle and w < 0 is the single particle sitting on the third site of a unit
cell, see Fig. 2.6. Then, similar as in the Rice-Mele model, we adiabatically increase
λ2 while decreasing λ1, which slowly moves the particles around. Then we do the
same with λ3 and finally return to λ1 = 1, so that the total sequence of steps is(

λ1
λ2
λ3

)
=

(1
0
0

)
→

(0
1
0

)
→

(0
0
1

)
→

(1
0
0

)
, (2.12)

the path of which is depicted in Fig. 2.5. In contrast to the Rice-Mele model, it
is unnecessary to introduce an extra on-site potential term, because the potential
Eq. (2.7) itself is already λ-dependent. One can then follow how the single particle
or bound pair move along this path. It is important to keep in mind that the
hopping term always contains a product of two λi, so a hop is impossible when at
least one of those two is zero. Following these steps with the initial lowest energy
state, shows that in the case of a single particle it gets pumped two unit cells to
the right, see Fig. 2.6. In contrast, the coupled pair gets moved exactly one unit
cell to the right.
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2. Topological quantum pump of strongly interacting fermions in coupled chains

Figure 2.6: The displacement of localized particles along the control freak path. The grey
triangles show the three-site unit cells.

2.4.2 The many-body Chern number

We would now like to show that this transport is topologically quantized by
calculating the Chern number. Already introduced in chapter 1, the Chern number
is defined as

Cm = i

2π

∫ 2π

0
dk

∫ T

0
dt (〈∂tψ|∂kψ〉 − 〈∂kψ|∂tψ〉) . (2.13)

Here |ψ〉 = |ψm(k, t)〉 =
∑
n ψm(k, t, n) |k, n〉 are the eigenstates of the m’th Bloch

band of H(k, t) with quasi momentum k. Note that this definition can be used for
both single particle Chern numbers and many-body Chern numbers by choosing
the appropriate basis states |n〉.

The two different methods introduced in subsection 1.2.6 will be used to (numeri-
cally) calculate the Chern numbers in this model. Firstly, we will consider Wannier
eigenstates of the (1, 1) particle number sector for the bound pairs and the (1, 0)
sector for the single particles. By starting out in a localized Wannier state at t = 0
and following the center of mass during time evolution, the Chern number can be
measured as

Cm = ∆P/q, (2.14)

where m is the band number, q the number of sites in a unit cell, and ∆P is the
number of lattice sites in which the center of mass 〈x̂(t)〉 (with x̂ having units of
the lattice site number) of a Wannier state is transported after one pump cycle.
It should be noted that the definition of x̂ is inherently vague in the the case
of periodic boundary conditions, because sites 1 and L are next to each other.
This method is therefore more accurate if the state is centred around site L/2.
Consequently, this method can not be used to calculate the displacement of the
fully occupied bands, because of the uniform occupation.

Secondly, we will also measure the Chern number with the particle number flux
through an arbitrary cross section of the chain. The charge pumped through one
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of those cross sections during a pump cycle is equal to

Q =
∫ T

0

〈
ψ(t)|JL/R(t)|ψ(t)

〉
dt. (2.15)

Here |ψ(t)〉 is not the instantaneous wave function at time t, but rather the state
obtained by adiabatically time evolving the starting state |ψ(0)〉. For a fully occu-
pied non-degenerate ground state level of a non-interacting or weakly interacting
(many-body) Hamiltonian, Q is equal to the (many-body) Chern number for an
infinite chain under adiabatic conditions [30–32]. It is not clear that in the case of
Hamiltonians with strong interactions this Q will be equal to the many-body Chern
number associated to the bound pairs. However, in the next section we will show
numerically that in our model this equality will hold. This method is useful to
calculate the Chern number of the many-body ground state of fully occupied bound
pairs or single particles. It can also be used for the Wannier states by considering
a site next to the starting point of the Wannier state. However, due to the spread
out nature of these states for general ~λ, this method is not perfect and the center
of mass method is preferred.

2.5 Numerical results
We will now calculate the Chern number of the lowest energy band of the system
based on both methods described in the previous section. In principle these quan-
tities can be calculated analytically, but this requires analytical expressions for the
eigenstates of the system, which we do not possess for general ~λ. Therefore we will
have to calculate them numerically. The Hilbert space grows exponentially with the
particle number, which means the computation time does as well. From experience
only small systems (up to L = 12) with fully occupied lowest energy bands were able
be accessed within a reasonable time under adiabatic conditions. For the N = (1, 1)
and (0,1) sector the Hilbert space for similar lattice sizes is smaller and therefore
much larger system sizes can be accurately calculated in the center of mass method.
The results we will obtain are therefore sensitive to finite size effects and imper-
fect adiabatic conditions, meaning that the measured Chern numbers are unable
to be perfectly quantized as it would be in the limit of infinite length and pump time.

The following method was used to obtain the results. We used q = 3, so as noted
before ~λ lives on the part of a three dimensional sphere of radius 1 with all λj values
positive. The critical point is located at λ1 = λ2 = λ3 = 1/

√
3. The standard

spherical coordinates (θ, φ) are used to parametrize these λj as λ1 = cos(θ) sin(φ),
λ2 = sin(θ) sin(φ), and λ3 = cos(φ), see Fig. 2.7. For all paths we start out with
λ1 = 1 and λ2 = λ3 = 0, i.e. θ = 0 and φ = π/2. Then we do the following four
steps to make a loop in the parameter space. In step one change θ = 0→ θ = π/2,
then in the second step φ = π/2→ φ = ε, in step three θ = π/2→ θ = 0, and finally
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2. Topological quantum pump of strongly interacting fermions in coupled chains

Figure 2.7: The ~λ-space for q = 3 and the path used for the calculations with ε = π/7
(non-trivial). The red dot indicates the critical point.

in step four φ = ε → φ = π/2. The parameter ε is used to interpolate between
topologically trivial and non-trivial paths. The critical point is inside the loop for
ε < arccos

(
1/
√

3
)
≈ 0.30π. As an example, the topologically non-trivial path with

ε = π/7 is shown in Fig. 2.7. The advantage of these specific paths is that the states
at the starting point are known analytically and especially the maximally localized
two-body Wannier states are easy to construct. Explicitly, the state c†3i+1c

†
3i+2 |0〉

for i ∈ N is already a maximally localized Wannier state of a bound pair for t = 0,
because λ1 = 1 and λ2 = λ3 = 0, so any bound pair sits on the first two sites of
a unit cell. Similarly, the states c†3i |0〉 are localized Wannier states for the single
particles. We can thus choose the starting state |ψ(t = 0)〉 and obtain the time
evolved states |ψ(t)〉 by numerically integrating the Schrödinger equation with the
time dependent Hamiltonian in which ~λ(t) follows the path described above. The to-
tal time of one pump cycle is T and all four steps of the path have a duration of T/4.

2.5.1 The center of mass shift
In Fig. 2.8 the shift of the center of mass position during the time evolution of a
localized Wannier state on a chain with L = 48 is shown for paths in the trivial
and non-trivial regime. For the calculations of the bound pairs T = 5000 was
used along the path with ε = 0.20π in the non-trivial regime and ε = 0.40π in
the trivial regime, both with T = 5000 and ϕ = 0. For the single particle state
ε = 0.05π was used for the non-trivial regime and ε = 0.45π for the trivial regime,
both with T = 1000 and ϕ = 0. The different values were chosen such that the
paths are away from the control freak limit, but still avoid the effect of x̂ being
ill-defined between sites L and 1, which mainly affected the single particle states.
Additionally, for all calculations the starting states were close to the centre of the
chain to minimize this problem. For the calculations involving the bound states we
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Figure 2.8: Displacement of the center of mass position during one pump cycle for a
coupled pair (blue, solid) and a single particle (green, dashed) along (a) a non-trivial path
and (b) a trivial path.

set w = 1/2 and for the single particle states w = 0. A non-zero w is unnecessary
in this case because there is only one particle, so no bound pairs with the same
energy exist. In the trivial regime the total displacement ∆P = 〈x̂(T )〉−〈x̂(0)〉 ≈ 0
for both the single particle and the bound pair, so from Eq. (2.14) it follows that
the (many-body) Chern number C = 0 for both. In the non-trivial regime ∆P ≈ 3
for the bound pair, so C = 1, and ∆P ≈ −6 for the single particle, so C = −2.

Figure 2.9: A coupled pair (dark blue) is pumped one unit cell (three sites) to the right
and a single particle (light green) is pumped two unit cells (six sites) to the left.

Along the control freak path these results can easily be interpreted, see Fig. 2.9.
Every bound pair moves one unit cell to the right during each pump cycle and the
two particles hop over each other multiple times. The single particle moves in the
opposite direction and moves twice as fast. We’ve also observed that in systems
with both bound states and single particles, the two do not collide but move unal-
tered past each other, reminiscent of solitons. See also the online supplementary
material of Ref. [1] for animations of these different situations along the control
freak path.
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2. Topological quantum pump of strongly interacting fermions in coupled chains

2.5.2 The pumped charge
In Fig. 2.10 the total charge Q, Eq. (2.15), pumped to the right through one
point in the chain is shown for paths with different values of ε. For the calcu-
lations of the fully occupied bound pair state L = 6, N = (2, 2), w = 1/2, and
ϕ = π/8 were used. For the single particle states calculations L = 6, N = (1, 1),
w = −1/3, and ϕ = 0 were used. To the left of the critical point are the topo-
logically non-trivial paths and to the right the topologically trivial paths. As
can be seen, the pumped charge tends to Q = ±2 for a non-trivial path and
Q = 0 for a trivial path. The difference between the calculated values from the
exactly quantized theoretical values, especially around ~λc, comes from finite size ef-
fects [74] and imperfect adiabatic conditions (finite time effect), see subsection 2.5.3.
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Figure 2.10: Total charge pumped during one cycle along paths with different ε for the
lowest energy level with L = 6, T = 10000 for 0.25 < ε < 0.43 and T = 2000 elsewhere.
For the paired states (blue, solid) N = (2, 2), w = 1/2, and for the single particle states
(green, dashed) N = (1, 1), w = −1/3. The dotted vertical line indicates the path with
the critical point.

These results of the pumped charge agree with the previous results of the displace-
ment of the Wannier states. For the single particle state the displacement was
∆P = −6, corresponding to a Chern number of −2. In a non-interactive charge
pump with a fully occupied level this would lead to a quantized total pumped
charge of Q = −2. In Fig. 2.10 it is shown that this result still holds true in our
interactive model. Above, the many-body Chern number of the bound pairs was
found to be C = 1. In Fig. 2.10 it can be seen that the total charge pumped in
the fully occupied state is Q = 2. Similar to the single particle states, these two
results for bound pairs match, because every bound pair has a charge of Q = 2.
Therefore, the many-body Chern number of the bound pairs in our system can be
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identified with the current pumped through a cut in the chain.

Most interestingly, the displacement calculations were done with one or two particles
on a chain, while the charge calculations were done with many particles fully
occupying the lowest energy band. This means that there are no extra interaction
effects that play a role in determining the pump behaviour. The topological
response of the full many-body state can therefore be effectively described by that
of independent single particles and bound pairs. For pump cycles along the control
freak path this is easily understood because at all times the model is described by
disconnected segments. Our results show that this is the case for any path through
the parameter space. Even though small system sizes were used for the results
shown above, we are confident that this result holds for larger system sizes. For
states along the control freak path this is clearly true, as explained in Section 2.3,
as well as for the states at ~λc which is the H(~1)-model [17]. In Figs. 2.3 and 2.4
it was already shown that the energy gap for all ~λ 6= ~λc remains open for larger
system sizes. For completeness, we will now study the effect of finite size effects
and adiabaticity conditions on our results.

2.5.3 Finite size effects and adiabaticity
The finite size effects follow from the fact that the Chern number Eq. (2.13) is
defined as an integral over the Brillouin zone. In any finite size system this has to
be approximated by a sum over a finite number of k-values. The pumped charge is
therefore only exactly quantized in the infinite length limit or in specially tuned
systems such as the ε = 0 and ε = π/2 paths in our model. In principle, certain
conditions based on the Berry curvature can be formulated on the deviation of
the pumped charge from the quantized numbers, as is done in Ref. [74]. However,
as is already noted in that reference, this is in general too difficult to calculate
because you need analytic knowledge of the full many-body Berry curvature, which
we do not possess. To illustrate the finite size effects we compare in Table 2.1 the
numerically calculated pumped charge of the fully occupied bound pair band with
w = 1/2 and ϕ = π/8 for different system sizes L. We use two paths close to the
critical point, namely ε = 0.35π (trivial) and ε = 0.275π (non-trivial), such that
the band gap is small and therefore the calculations are strongly influenced by
both the finite size effects and imperfect adiabatic conditions. In Table 2.1 the
pumped charge Q is calculated for L = 6, N = (2, 2) and L = 12, N = (4, 4). Here
T = 10000 was used to assure that the system was sufficiently adiabatic, such that
the finite size effects are solely responsible for the deviations from the quantized
values. This table shows that for L = 12 the result is closer to the quantized values
of 0 and 2 then in the L = 6 system due to finite size effects.

The adiabatic condition is T � 1/∆E, where ∆E is the minimum of the band gap
during the whole pump cycle. Since ∆E = 0 at λc, this adiabatic condition will
inherently be violated in calculations where the path is close to λc, because the
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2. Topological quantum pump of strongly interacting fermions in coupled chains

Table 2.1: Pumped charge Q with T = 10000 for different system sizes.

ε Q(L = 6) Q(L = 12)
0.350π 0.0737 0.0047
0.275π 1.8918 1.9711

pump has to be driven unrealistically slow. For the data in Fig. 2.10 the value
T = 10000 was used for paths with 0.25 < ε < 0.43 and T = 2000 for all other
paths. In Table 2.2 the pumped charge Q for different values of T is shown for
L = 6, N = (2, 2), for two paths close to the critical point. The finite size effects
will still play a role in these calculations, but their contribution should be constant
since we consider the same system size for all calculations. This data shows that
for larger T the result is indeed closer to the quantized values. This is as expected,
because the adiabatic conditions are better satisfied.

In summary, the calculations performed on larger system sizes, Table 2.1, showed
results closer to the quantized values compared to the small system size calculations.
Combined with the adiabaticity calculations, Table 2.2, these data indeed suggest
that the measured quantities, and thus the Chern numbers, should be exactly
quantized in the thermodynamic limit.

Table 2.2: Pumped charge Q with L = 6 for different pump times.

ε Q(T = 2000) Q(T = 5000) Q(T = 10000) Q(T = 20000)
0.350π 0.5169 0.0968 0.0737 0.0728
0.275π 1.7001 1.8326 1.8918 1.8988

2.6 Edge states in the open system
With open boundary conditions the energy spectrum gets band gap crossing edge
states along topologically non-trivial paths, similar to the Rice-Mele model, see
subsection 1.2.7. For the control freak protocol the states can easily be tracked
and the pump behaviour explained. See Fig. 2.11 for the lowest energy levels
along the control freak path for L = 6 with q = 3 and w = 1/3. We chose this
small system size for simplicity of the energy levels, but the following explanation
also holds for larger system sizes. Because of the open boundary conditions λL,
giving the strength between the first and last site, is zero, thereby breaking the
symmetry between the different λi components of ~λ. For example, the system
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Figure 2.11: The lowest energy levels of an open chain of L = 6, N = (1, 1), and w = 1/3
along the control freak path. The band gap crossing edge states are indicated.

with λ1 = 1 and the system with λ3 = 1 will have qualitatively different eigenstates.
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Figure 2.12: The lowest energy levels of an open chain of L = 12, N = (4, 4), and w = 1/3
along the pump paths with (a) ε = 0.45π and (b) ε = 0.20π.

We choose to use the paths described before, i.e. starting with λ1 = 1 and
the corresponding eigenstates. The lowest level consists of the bound pairs with
E(t = 0) = 0 and the first excited level of single particles with energy E(t = 0) = 2w.
Along a topologically non-trivial path, local pairs are pumped to the right in
agreement with the results shown in section 2.5 for the periodic chain. When they
reach the right edge, they are separated and get pumped higher in energy to the
single particle band. This is the band gap crossing edge state |5, 6〉 = c†5c

†
6 |0〉 in

Fig. 2.11. These single particles are pumped towards the left, where they recombine
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2. Topological quantum pump of strongly interacting fermions in coupled chains

in a zero energy local pair at the left edge, which is the second band gap crossing
edge state |1, 2〉. We checked that along topologically trivial paths the states return
to their state at t = 0 after each pump cycle, which is not the case for topologically
non-trivial paths. This is for example clear when plotting the eigenvalues of the
state with all bound pairs occupied, see Fig. 2.12. Along a trivial path (ε = 0.45π
in the figure) this lowest non-degenerate state always has a band gap with the first
excited state, therefore having to return to the initial state after one pump cycle by
the adiabatic theorem. For the topologically non-trivial path (ε = 0.20π) this band
gap closes somewhere along the path such that the state gets pumped to a higher
energy level. See also the supplementary material of Ref. [1] for an illuminating
animation.

2.7 Generalization to larger unit cells

The model with q = 3 is clear in terms of the topology. The ~λ can only be moved
in a two dimensional space (parametrized by θ and φ) and there is one clear critical
point where all λi become equal and the model effectively is described by the q = 1
model. When generalizing to higher q values, the situation becomes more difficult.
For example, in the ~λq=6 space there is a subspace where λ1 = λ2, λ3 = λ4 and
λ5 = λ6. This is effectively again the q = 3 model (with all λi values scaled by
1/
√

2) which for example results in the possibility of two bound pairs per unit cell
of q = 6 sites. Within this subspace is also the critical point where all λi = 1/

√
6.

This makes the identification of different topologically (non-)trivial loops difficult.
There is one situation that remains simple, which is the control freak path. For
each unit cell there is one paired state that starts with energy 0 and q − 2 single
particle states with energy w. Then going along the path once, the paired state
is pumped one complete unit cell to the right, just as in the q = 3 model. All
single particles move to the nearest available site to the left of them. In the case of
q = 3 this means they move two whole unit cells, for q = 4 one unit cell and for
q ≥ 5 they move either one site or two sites (jumping over the paired state), see
Fig. 2.13. The result is that the total pumped charge of the fully occupied pair
and single particle levels is opposite of each other. During each pump cycle exactly
Q = 2 gets pumped to the right because of the bound pairs and Q = 2 to the left
because of the single particles. See also the supplementary material of Ref. [1] for
animations of these states.

2.8 Summary and Discussion
We have introduced an interactive model of fermions on two coupled chains. The
lowest energy levels of this model consist of single particles and/or coupled pairs
based on the value of the parameter w. We have shown that by adiabatically
changing the system parameters ~λ, a topological quantum pump can be created.
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2.8. Summary and Discussion

Figure 2.13: Particle transport during one pump cycle for q = 6. The coupled pair (blue)
is pumped one unit cell to the right. All single particles (light green) are pumped to the
next available site to the left.

There is one critical point in the space of ~λ such that there can be topologically
trivial and non-trivial loops in this space. No charge gets pumped when the path is
trivial. During one pump cycle along a non-trivial loop, the bound pairs and single
particles move in opposite directions. Specifically for q = 3, the single particle
Chern number is C = −2 and the many-body Chern number of the bound pairs is
C = 1. This shows a novel way in which interactions lead to unexpected pump
behaviour. It was also shown that in this model the particle current of the fully
occupied bound pair states can be identified with the two body Chern number of
the bound pairs.

With the fast development of quantum simulation platforms, it would certainly
be interesting to realize the proposed model experimentally. We note that the
Hamiltonian Eq. (2.1) features density dependent hopping terms, i.e. hoppings
conditioned on the presence or absence of particles at the adjacent sites, as well as
potential terms with a similar structure. In this context a particularly promising
direction is the use of Rydberg lattice gases under the so-called facilitated condition.
This is a situation where the laser driving the system facilitates an excitation of an
atom at a certain distance from an already excited one, thereby effectively realizing
kinetically constrained spin systems [75, 76]. This is especially interesting given
the recent realization of Rydberg quantum simulators at unit filling on arbitrary
lattice geometries using optical tweezer arrays [77–79]. However, we note that
the Hamiltonian Eq. (2.1) goes beyond the simple facilitation mechanism and
probably requires modification of the interaction potential through dressing of the
Rydberg states [80] and the use of synthetic dimensions [81]. The detailed study of
such a scenario goes beyond the scope of this chapter and we leave it for further
investigations. We would like to add that this approach should be contrasted with
certain proposals in the literature for realizing SUSY with cold atoms, such as [16],
where it appears as an effective continuous theory in the low energy limit of the
underlying lattice structure.
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Chapter 3

Kink dynamics and quantum
simulation of the M1 model

3.1 Introduction

The previous chapter showed how supersymmetry can give us the mathematical
structure to obtain analytical results in an interacting many-body Hamiltonian, as
was promised in chapter 1. Specifically in the Fendley-Schoutens model this led to
the description of the degenerate ground states as combinations of dislocated cou-
pled pairs, that were used in the previous chapter to create a topological quantum
pump. Supersymmetry is however mostly a theoretical tool, no known materials or
phases of matter exist which are inherently supersymmetric. However, this does
not mean that we are unable to artificially create one.

The main result presented in this chapter is a proposal for an experimental re-
alization of a supersymmetric lattice model: we present a detailed scenario for
quantum simulation of the M1 model on a one-dimensional chain using neutral
atoms trapped in optical potentials and interacting through a Rydberg dressed
potential. This is motivated by the recent upswing of Rydberg atom based quantum
simulators. In this model, the value of the Witten index W = 2 indicates the
existence of two supersymmetric vacua and points at kinks connecting these two
vacua as elementary excitations. Furthermore, in a sector with one particle added,
the excitations correspond to the superpartners of the kinks, which we call the
skinks. We propose a protocol for the (s)kink preparation and detection and solve
for their dynamics following a quench. We show that we can accurately reproduce
the (s)kink dynamics with the quantum simulator. The simulated dynamics of the
kinks and skinks are identical in both cases, which is a direct consequence and a
clear-cut sign of the underlying supersymmetry.

After a short introduction on quantum simulation with Rydberg atoms and on the
M1 model, we will in section 3.2 describe the ground states of the 1D M1 model and
the (s)kinks that can exist between them. In section 3.3 an analytical description of
the dynamics of these (s)kinks will be provided, and in section 3.4 we will propose
how the (s)kink dynamics can be measured in a quantum simulation on a Rydberg
atom chain. The content of this chapter is based on Ref. [2].
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3. Kink dynamics and quantum simulation of the M1 model

3.1.1 Quantum simulation with Rydberg atoms
One of the most prominent methods in the field of quantum simulation is to make
use of so-called Rydberg atoms. Here the internal states of the atoms are effectively
reduced to only two levels: a ground state denoted by |g〉, |0〉, or |↓〉 and a Rydberg
state |r〉, |1〉, or |↑〉. The Rydberg state is a highly excited state where an electron
has a high principal quantum number, giving it a large radius and leading to a
relatively long life time. Because of the large electron radius, the overlap of the
wave functions of two atoms that are both excited to a Rydberg state leads to
a strong repulsion, while the combination of one Rydberg state and a ground
state atom does not. This interesting property can be used to simulate strongly
interacting many-body systems, such as the one in this chapter, as well as models
for quantum many-body scars that will be discussed in chapter 4 and chapter 5.

Rydberg atoms have been used in a variety of quantum simulation experiments,
see [82] for a review article. Especially interesting is that it is possible to assemble
the atoms in all kinds of different arrays in 1D, 2D, and 3D [77–79, 83]. Because
the internal states are reduced to effectively a spin 1/2 particle, Rydberg atoms
are especially well equipped to study quantum magnetism in models such as the
Ising model [84, 85], as well as act as the qubits of a quantum computer [86, 87].
Moreover, recently the field of quantum many-body scars started with a Rydberg
atom experiment [87].

Figure 3.1: Atoms in their electronic ground state |g〉 tunnel in an optical lattice with
spacing r0 at rate J subject to dressing to a Rydberg state |r〉 with decay γ0.

In this chapter we will focus on a one-dimensional chain of Rydberg atoms trapped
in an optical lattice. The ground state atoms experience an optical lattice potential
and the atoms in a Rydberg state a repulsive Van der Waals interaction described
by

HRy = −J
L∑
i=1

(
c†i+1ci + c†i ci+1

)
+

L∑
i=1

µini

+
L∑
i=1

Ωσxi + ∆nri +
L−1∑
i>j=1

Vijn
r
in
r
j .

(3.1)

Here, J > 0 is the hopping amplitude, r0 the lattice spacing, σx = |r〉 〈g|+ |g〉 〈r|,
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3.2. Ground states and kinks

nr = |r〉 〈r| and Vij = C6/(r0|i− j|)6 is the Rydberg or Van der Waals potential
with C6 the Van der Waals coefficient, see Fig. 3.1. Because the strength of the
Rydberg potential drops with the sixth power of the distance between two atoms, it
is a very local potential compared to for example the Coulomb potential. Explicitly,
the next-nearest neighbour interaction is already 26 = 64 times weaker than the
nearest neighbour interaction.

3.1.2 The M1 model
A prototypical model displaying many of the special properties of lattice super-
symmetry is the (staggered) M1 model for spinless fermions on a 1D chain [9]. As
described in chapter 1, an N = 2 supersymmetric lattice Hamiltonian for spinless
fermions can be generically defined as

HQ = {Q,Q†}, (3.2)

where Q is the nilpotent supercharge, Q2 = 0, and the curly brackets denote the
anti-commutator. The M1 model [9] (on a general bipartite graph) arises when
Q =

∑
iQi with Qi = (−1)iλic†iP〈i〉, where ci are fermionic annihilation operators,

{ci, cj} = {c†i , c
†
j} = 0, {ci, c†j} = δij , and λi ∈ C. Here Q raises the particle number

by one, while Q† lowers it by one. The M1 model constraint, stipulating that
fermions are not allowed to occupy nearest neighbour sites 〈ij〉, is implemented via
the projector P〈i〉 =

∏
j∈〈ij〉 Pj , with Pj = 1−nj , nj = c†jcj . The Hamiltonian HM1 ,

which is HQ with the Q of the M1 model, describes nearest neighbour hoppings
and local interactions, while preserving the number of particles, [HM1 ,

∑
i ni] = 0.

Note that the factor of (−1)i in the definition of Q is unconventional for the M1
model, but it is included here in order to give a negative sign to the kinetic part
of the Hamiltonian, such that it closer resembles the Rydberg atom Hamiltonian.
Another consequence of this choice is the appearance of triplets instead of singlets
in the ground state |I〉 studied in this chapter. As a function of a free parameter
λ, it interpolates between a trivial (λ = 0) and a quantum critical (λ = 1) model,
the latter connecting to superconformal field theory [9, 88]. In two-dimensional
lattices such as the triangular lattice the M1 model has an extensive ground state
degeneracy, the lower bound of which is given by the Witten index, a phenomenon
called superfrustration [89, 90].

3.2 Ground states and kinks

We will specialize to the M1 model in 1D with real ~λ = {λ1, λ2, . . . , λL}, where L
is the length of the chain, and λ ≥ 0, such that

HM1 = −
L∑
i

Pi−1(λi+1 λi c
†
i+1 ci + h.c.)Pi+2 +

L∑
i

λ2
iPi−1Pi+1. (3.3)
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3. Kink dynamics and quantum simulation of the M1 model

Similar to the model in the previous chapter, we now specify that λi repeats every 3
sites in a pattern (1 1λ). For this choice of staggering, the M1 model with periodic
boundary conditions is known to be integrable [91] and the value of the Witten
index, W = 2, indicates the existence of two supersymmetric vacua and points
at kinks connecting these two vacua as elementary excitations. We refer to the
situation λ = 0 as extreme staggering, while λ = 1 will be called the critical point.

(a) (b)

Figure 3.2: (a) An infinite chain with staggering 11λ can accommodate two ground states
|I〉 , |II〉. The lowest energy states for an open chain of length L = 3l + 1 and l particles
are kinks |Kj〉. The blue shaded oval represents the triplet. (b) Particle densities in the
ground state of an open chain, L = 3l, λ = 1.

Let us first consider periodic boundary conditions, L = 3l, l ∈ N and ~λ =
(1, 1, λ, . . . , 1, 1, λ). In this case, there are two supersymmetric ground states with
E = 0, each at 1/3 filling. At extreme staggering, they are

|I〉 ≡ |t1,2 03 . . . tL−2,L−1 0L〉 ,
|II〉 ≡ |01 02 13 . . . 0L−2 0L−1 1L〉 ,

(3.4)

where 0j represents an empty site, 1j an occupied site, and tj,j+1 = (c†j +
c†j+1)/

√
2 |∅〉 the fermionic triplet state with |∅〉 the vacuum, see Fig. 3.2a. For an

open chain of length L = 3l, the degeneracy is lifted and we have a single E = 0
ground state.

Ref. [91] analysed the particle densities 〈ni〉 in this ground state, perturbatively in
1/λ. The same particle densities have been studied at the critical point λ = 1 by
invoking conformal field theory methods [88]. The model can be mapped to a free
boson model and the particle densities can be expressed in terms of the correlators
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of the bosonic vertex operators with a characteristic Z3 pattern. They are

n3j−2 = 1
3 −

2A
3
s(x)
s(x) ,

n3j−1 = 1
3 + 2A

3
c(x− L′/2)

s(x) ,

n3j = 1
3 + 2A

3
s(x− L′)

s(x) ,

(3.5)

where x ∈ [2, L], L′ = L+ 3 and

s(x) =
( π

2L′
) 1

3 sin
( πx

3L′
)
,

c(x) =
( π

2L′
) 1

3 cos
( πx

3L′
)
,

s(x) = sin
(πx
L′

) 1
3
.

(3.6)

Here, the parameter A has been determined numerically to be A = 0.77 [88]. We
note that analogous results hold for L = 3l − 1 [88]. They are shown as grey
lines in Fig. 3.2b, together with the densities for l = 6. Since the ground state
can be prepared by adiabatic following even at criticality, see Appendix A.2, the
corresponding particle densities constitute a direct experimental probe of the M1
model.

3.2.1 Kinks at extreme staggering
For an open chain of L = 3l + 1 there are no supersymmetric ground states.
Instead, at extreme staggering the lowest energy states with l particles interpolate
between the ground state configurations |I〉 and |II〉, with an empty site at position
i = 3j − 2, with j = 1, . . . , l+ 1. We call these the bare kink states and write them
as

|Kj〉 = |I[1,i−1] 0i II[i+1,L]〉 , (3.7)
where I[a,b], II[a,b] denote the part of the ground state configuration located between
sites a and b. They all have energy E = 1. The labels j = 1 (j = l + 1) correspond
to the leftmost (rightmost) kink, see Fig. 3.2a. Acting with the supercharge on
the kink increases the number of particles by one, creating the kink’s superpartner,
the skink,

|K̄j〉 ≡ Q |Kj〉 = |I[1,i−1] 1i II[i+1,L]〉 . (3.8)

Consequently, Q† |K̄j〉 = |Kj〉 such that the states |Kj〉 and |K̄j〉 form doublets
under supersymmetry, see Fig. 3.2a [92].

To characterize the kinks, we introduce the local energy density

hi = 1
2

(
{Q,Q†i}+ {Q†, Qi}

)
(3.9)
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3. Kink dynamics and quantum simulation of the M1 model

Figure 3.3: Particle (filled symbols) and energy (empty symbols) densities of |K1〉 for
λ = 0, 0.5, 1 (blue circles, orange squares, green diamonds).

The Hamiltonian in terms of the local energy density is H =
∑L
i=1 hi. The particle

density n = 〈ni〉 and energy density ε = 〈hi〉 for the leftmost kink |K1〉 for λ = 0
can be seen (blue data) in Fig. 3.3. The kink is clearly located at the left end of
the chain with a corresponding peak in the energy density.

3.2.2 Kinks at general λ
We claim that the notion of the 1-kink (and multi-kink) states is well defined also
away from extreme staggering, when 0 < λ ≤ 1. To illustrate this we present in
the inset of Fig. 3.4a the spectrum of the system for l = 4. The energies become
degenerate for λ = 0 taking odd positive values corresponding to the 1-kink, 3-kink,
etc. states. We note the unavoided level crossings, characteristic for integrability,
which allow us to unambiguously characterize states as multi-kink states for all λ.
Fig. 3.4a shows the details of the low-lying part of the spectrum, which includes a
band of l + 1 delocalized 1-kink eigenstates |vk〉, k = 1, . . . , l + 1. An appropriate
notion of a localized 1-kink state |Kj〉 at λ > 0 is obtained by performing a change
of basis, analogous to a Wannier state. For λ � 1, the action of HM1 on 1-kink
states corresponds to nearest neighbour hopping, HM1 |Kj〉 = |Kj〉−λ/

√
2(|Kj−1〉+

|Kj+1〉), such that HM1 is readily diagonalized via the localized kinks

|Kj〉 =
√

2
l + 2

l+1∑
k=1

sin(k̃j) |vk〉 , (3.10)

where k̃ = πk/(l+ 2). We now adopt Eq. (3.10) as the definition of localized 1-kink
states |Kj〉 for general λ. This allows us to numerically construct the localized
1-kink states from |vk〉 and evaluate the corresponding particle and energy densities.
In Fig. 3.3 the orange and green data show the particle and energy densities in the
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state |K1〉, obtained numerically using Eq. (3.10), for λ = 0.5 and λ = 1. We see
that the kink is well defined with most of its energy localized at the kink position,
even for λ = O(1).

Following the definition of |Kj〉, Eq. (3.10), we can work out the action of HM1

on the states |Kj〉, order by order in λ. This gives an interesting structure, where
terms at order λm involve hoppings with range m or less. Away from the boundaries
the matrix elements of HM1 are independent of position. In the large-l limit this
leads to a continuum dispersion relation E(k̃), 0 ≤ k̃ ≤ π,

E(k̃) = 1−
√

2 cos(k̃)λ+ 1
4[3− 2 cos(2k̃)]λ2 +O(λ3). (3.11)

(a) (b)

Figure 3.4: (a) Spectrum (inset) and nine lowest energies for l = 4 in l (grey) and
l + 1 (dashed magenta) particle-number sector of HM1 . (b) The dispersion Eq. (3.12) for
λ = 0.1, 0.5, 1 (blue, orange, green), corresponding to the vertical lines in (a). The filled
circles correspond to the fastest mode k̃ with vmax. The green diamonds denote the exact
energies for a system of l = 4 and λ = 1. The green dashed line is an eye-guide depicting
the linear dispersion at the origin. The inset shows the gap, i.e. the lowest energy, (black)
and vmax (red) as a function of λ.

Exploiting a relation between the M1 model and the XYZ spin-1/2 chain [93] has
allowed us to sum this seemingly intractable series with result [94]

E(k̃) =
(3λ+ s)3/2

√
1−

(
1− (−3λ+s)3(λ+s)

(−λ+s)(3λ+s)3

)
cos2

(
k̃
2

)
2
√

2
√
λ+ s

, (3.12)

where s =
√

8 + λ2. In Fig. 3.4b we show the dispersion for λ = 0.1, 0.5, and 1. We
denote by vmax(λ) the maximum value of the group velocity v(k̃) = ∂k̃E(k̃). At
criticality, vmax(λ = 1) = vF = 3

√
3/4, with vF the Fermi velocity. Since kinks hop

three sites at a time, this gives the real space velocity 3vF = 9
√

3/4 in agreement
with Ref. [88].
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3. Kink dynamics and quantum simulation of the M1 model

3.3 Dynamics

With the analytical expressions of |Kj〉, Eq. (3.10), and E(k̃), Eq. (3.12) at hand,
we now proceed with the evaluation of the kink dynamics. In particular, we
will investigate the time dependent overlap between the leftmost and rightmost
kinks, o(t) ≡ 〈Kl+1|K1(t)〉, where |K1(t)〉 = e−iHt |K1〉. It follows trivially from
Eq. (3.10) that

o(t) = 2
l + 2

l+1∑
k=1

sin
(
k̃
)

sin
(
k̃(l + 1)

)
e−iEkt. (3.13)

Here Ek are the exact, rather than the thermodynamic energies E(k̃). Supersym-
metry guarantees that the 1-skink energies (the lower dashed magenta lines in
Fig. 3.4a) in the sector with l + 1 particles are identical to the 1-kink energies
Ek. As a consequence, the quench dynamics for the skinks is also given by Eq. (3.13).

Motivated by the relative simplicity of possible experimental implementation, from
now on we focus on the critical case, where the pattern ~λ becomes site independent.
In Fig. 3.5a we show the time evolution of |o|2 for l = 4 (solid blue line). We see
the fastest mode arriving at tvF /l ≈ 1 signalled by the onset of the overlap, with
the maximum achieved for a later time, tvF /l ≈ 1.75. For comparison, we show
|o(t)|2 evaluated with E(k̃) instead of the exact eigenvalues (solid gray line). The
difference between the two cases corresponds to the differences between E(k̃) and
Ek due to the finite l, cf. the green solid line and the green diamonds in Fig. 3.4b.
To make a connection with experimentally observable quantities, we construct an
observable δn which detects the presence of a kink at the right end of the system,
by requiring that 〈Ki|δn|Kj〉 ≈ δi,l+1δj,l+1. Taking

δn = α(λ, l) [1− β(λ, l) (nL−1 + nL+1)] (3.14)

we find α(0, l) = 1, β(0, l) = 1 for any l and α(1, l) ≈ 1.08, β(1, l) ≈ 1.09 for
l = 3, 4. The numerically obtained result for δn(t) is shown as a blue dashed line in
Fig. 3.5a and correspond with high accuracy to the overlap |o|2 even at criticality.
For the detection of |K̄l+1〉 we propose

δn̄ = −ᾱ(λ, l)
[
1− β̄(λ, l) (nL−2 + nL−1 + nL+1)

]
(3.15)

with ᾱ(0, l) = 2, β̄(0, l) = 1 and ᾱ(1, l) ≈ 1.46, β̄(1, l) ≈ 0.98 for l = 3, 4.

The simplicity of the overlap, Eq. (3.13), allows for a straightforward numerical
evaluation provided the energies Ek are known. As liml→∞Ek = E(k̃), Eq. (3.12),
in the large l limit the expression Eq. (3.13) can be further simplified using the saddle
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(a)
  

(b)

Figure 3.5: (a) Time evolution of the overlap |o(t)|2, Eq. (3.13), (solid lines) and the
observable δn (dashed lines) for a quench from the exact (blue) and reduced fidelity
(red) kink state |K1〉 for l = 4. The gray line corresponds to |o(t)|2 evaluated with
Eq. (3.12) for the energies. (b) Numerical evaluation (gray, Eq. (3.13)) and saddle point
approximation (green dashed, red, Eq. (3.16)) of the overlap |o(t)|2 for l = 101. The
green line corresponds to considering the first two saddle points, while the red one only
considers the second. The inset shows the onset of oscillations around tvF /l = 3.

point approximation, see Appendix A.3. Then the overlap can be approximated as

o(t) ≈ 2
l + 2

∞∑
s=1

θ

(
vmaxt

l + 2 − (2s− 1)
)

sin
(
k̃s
)2

ei[(2s−1)πk̃s+E(k̃s)t]+i 5π
4

√
2π

−E′′(k̃s)t
,

(3.16)

where θ is the Heaviside step function, k̃s = E′
−1 ((2s− 1)π/t), E′ = ∂kE(k),

E′′ = ∂2
kE(k) and s labels the saddle point which corresponds to the arrival times

of the kink front (the mode propagating with the maximum mode velocity) with
the respective arrival times t = (2s− 1)(l+ 2)/vmax ≈ (2s− 1)l/vmax for s ∈ N. At
criticality, where E(k̃) = 2vF sin(k̃/2), the saddle point expressions take a simple
closed form, see Appendix A.3 for details, resulting in

|o(t)| = 2
π

sin2(k̃1)
√

4π
vF t sin(k̃1/2)

= 16√
π(l + 2)

(1− x2) 3
4x

5
2 (3.17)

with x = (l + 2)/(vF t). It follows that the probability |o(t)|2, the green-dashed
curve in Fig. 3.5b, peaks at arrival time

tmax =
√

8
5
l + 2
vF

. (3.18)

In Fig. 3.5b we show an example of the dynamics for l = 101 evaluated using
Eq. (3.13) (gray line) together with the prediction of Eq. (3.16) (green dashed

59



3. Kink dynamics and quantum simulation of the M1 model

line). We see a close to perfect agreement, with the inset showing the details
around tvF /l = 3, where the second saddle point, s = 2, starts to generate the
characteristic modulation of the overlap due to the interference of the kink front
propagating at vF incident on the right edge (after it has undergone one round
trip) and the kink tail, such that the front “catches up” with the tail. We note the
frequency chirp of the modulation which is due to the non-trivial time dependence
of k̃s. In this case we do not show the observable δn(t), because for large l the
Hamiltonian cannot be diagonalized exactly.

3.4 Experimental implementation

3.4.1 Kink preparation

So far, we have been considering quenches from the spatially localized kink |K1〉. An
important first question is how such a state could be prepared in an experiment. To
this end we note that the kink site and its nearest neighbours remain approximately
empty for all λ ∈ [0, 1], cf. Fig. 3.3. We thus consider a Hamiltonian Hf =
HM1 + µ(n1 + n2), where µ is much larger than the energy scale of HM1 and we
investigate the fidelities F = | 〈ψ′0|K1〉 |, where |ψ′0〉 is the lowest energy state of Hf .
We assume that |ψ′0〉 can be prepared from a product state by means of adiabatic
evolution, even at criticality as the gap remains finite for finite-size systems. We
find that for l = 4 F ∈ [0.95, 1] for |K1〉 and |Kl+1〉 with the highest (lowest)
value at extreme staggering (criticality). Denoting such a prepared kink as |K ′1〉,
in Fig. 3.5a we show the numerically evaluated overlap |o′|2 = | 〈Kl+1|K ′1(t)〉 |2
(solid red line) and the corresponding observable δn′ (dashed red line). We find
that, despite the limited fidelity of the initial state, |o′|2 and δn′ agree well with
|o|2 and δn. For the skinks preparation we find that the ground state |K̄ ′1〉 of
Hf = HQ + 3(−n1 + n2 − 0.5n3) corresponds well to |K̄1〉, see Appendix A.1. The
l = 4 fidelities are F̄ ∈ [0.93, 1] with F̄ = | 〈K̄ ′1|K̄1〉 |.

3.4.2 Mapping of Hamiltonians

We will now discuss how HM1 , Eq. (3.3), can be engineered using Rydberg dressed
atoms with Hamiltonian HRy, Eq. (3.1). We first consider how this can be done
for general λ and then focus on λ = 1 for the implementation, which is the most
interesting case to study, not only because it is the easiest to implement since all
λi are equal, but it also reduces the necessary life time of the experiment because
the kink velocity is highest.
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As a reminder, we restate the Rydberg atom Hamiltonian

HRy = −J
L∑
i=1

(
c†i+1ci + c†i ci+1

)
+

L∑
i=1

µini

+
L∑
i=1

Ωσxi + ∆nri +
L−1∑
i>j=1

Vijn
r
in
r
j .

(3.19)

We assume that the sites can be addressed individually such that the ground state of
the atom at site i is coupled to the Rydberg state |r〉 with Rabi frequency Ωi, while
the detuning ∆ is kept constant for all atoms. For open boundary conditions the
fermionic statistics underlying HM1 do not come into play, so instead of fermionic
atoms one could also use bosonic atoms with a hard-core repulsion to simulate the
M1 model.

In order to realize the blockade mechanism, we assume the ground state atoms to
be excited off-resonantly with detuning ∆ to the Rydberg state |r〉. When ∆� Ωi
for all i, one can adiabatically eliminate the many-body Rydberg states by means
of Brillouin-Wigner perturbation theory carried out to fourth order in Ω/∆ [95,
96], which leads to a so-called flat-top potential.

W (r = r0|i− j|) = 2(ΩiΩj)2Vij
∆3(Vij + 2∆) , (3.20)

see Fig. 3.6 for an illustration and see Appendix A.4 for a derivation.

Figure 3.6: The dressed potential W (r) for the |84S〉 state of 6Li with Ω = 2π × 10 MHz,
Ω/∆ = 1/10.

The interaction W , chemical potentials µ, and the hopping J on each site need
to be tuned. In order to compare the Hamiltonians it is instructive to write HM1

explicitly for L = 3l + 1 and staggering pattern (1, 1, λ, . . .). It reads

W (2r0)HM1 = W (2r0)
(
−
L−2∑
i=1

ΛJi,i+1Pi−1

(
c†i ci+1 + H.c.

)
Pi+2

+
L∑
i=1

Λµi ni +
L−2∑
i=1

ΛWi+1nini+2

)
.

(3.21)
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Here we have expanded the projectors Pi = (1 − ni) in the potential term and
restored the correct dimensions to make connection with the physical Rydberg
Hamiltonian. The three Λ give the necessary λ patterns for the parameters W , J ,
and µ. By comparing the two Hamiltonians, we obtain the patterns

ΛJi = (1, λ, λ, 1, λ, λ, . . .)
Λµi = (1, 1 + λ2, 2, 1 + λ2, 1 + λ2, 2, 1 + λ2, . . . , λ2)
ΛWi = (1, λ2, 1, 1, λ2, 1, . . .).

(3.22)

Here it becomes apparent why we have introduced the site-dependent factor (−1)i
in the definition of the supercharge Q =

∑
i(−1)iλic†iP〈i〉 - this is required, for

λi real, for the coefficient of the kinetic term to be negative. The situation is
summarized in Fig. 3.7, see the caption for details. We thus have a repeated pattern
of period three (starting at the second site for L = 3l+ 1) of tunnelling amplitudes
J , next-nearest neighbour interaction potentials W and chemical potentials µ,
denoted by the black dashed box in Fig. 3.7. We now comment on the details of the
implementation related to each of these three types of Hamiltonian contributions.

Figure 3.7: Scheme of the possible experimental implementation of the M1 model for
generic λ. The pattern of tunnelling amplitudes J , next-nearest neighbour interactions W ,
and the corresponding on-site Rydberg laser Rabi frequencies Ω are given at the bottom
in black, red, and blue respectively. The necessary periodicity can be achieved with a
bi-chromatic optical lattice with ratio 1/3 between the lattice wavelengths. In order to
realize the required tunnelling amplitudes, one might use Raman assisted hoppings with
Raman Rabi frequencies ΩRi and detunings ∆R via an intermediate state |i〉. The dashed
rectangle denotes the basic building block which, when repeated, constitutes the whole
chain, combined with the appropriate chemical potentials at the boundary as indicated.

Tunnelling amplitudes
One needs to tune the tunnelling amplitudes of the atoms, which can be achieved in
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principle by means of Raman assisted hoppings [97–99] with Ji,i+1 ∝ ΩRi ΩRi+1/∆R,
where ΩRi and ∆R label the on-site (single-photon) Raman Rabi frequencies and
detunings respectively, see Fig. 3.7. These additional laser beams will also con-
tribute to the ground and Rydberg state polarizabilities. However, as J � ∆,
they will contribute only a subleading correction to the dressed potential. In the
proposed implementation, the hopping amplitude J can be tuned by the optical
lattice depth, without affecting the blockade mechanism [100]. In order to recover
HM1 , one has to set J = W (2r0).

Chemical potentials
The chemical potentials can be realized by a bi-chromatic optical lattice with the
two lattice wave vectors having a ratio of 1/3, as depicted in Fig. 3.7. We note that,
due to the boundary conditions, the chemical potentials µ1, µL on the first and last
site get an extra offset which can be realized by for instance additional optical fields.

Interaction potential
The M1 model Hamiltonian forbids nearest neighbour occupation while the po-
tential terms are of the form Pi−1Pi+1 = 1 − ni−1 − ni+1 + ni−1ni+1, with no
interactions beyond lattice distance 2. For this to be captured by the flat-top
potential we need W (r0)/W (2r0)� 1 and W (2r0)/W (3r0)� 1. The maximum
possible ratios are obtained in the limit r0 →∞, where W (r0)/W (2r0)→ 64 and
W (2r0)/W (3r0) → (3/2)6 ≈ 11.4. However, to counteract experimental imper-
fections, discussed below, one should reduce the duration of the simulation by
maximizing the relevant energy scale, here W (2r0), which happens for r0 → 0.
We thus have a trade-off between the fidelity of the effective Hamiltonian and the
need for coherent evolution. It is straightforward to show from Eq. (3.20) that the
off-critical potential pattern ΛW can be realized by the pattern of on-site Rabi
frequencies ~Ω ∝ (λ, λ, 1, λ, λ, 1, λ). In principle, the atoms in the ground and the
Rydberg state will experience different polarizability leading to a different AC Stark
shift originating both in the driving Rabi field Ω and the optical lattice potential.
Since Ω� J , the leading contribution to the AC Stark shift will be from the Rabi
frequencies and is proportional to Ω2/∆� ∆ so that it has been neglected in the
derivation of Eq. (3.20) assuming identical detunings ∆ for all lattice sites.

Decoherence time
In practice any experiment is prone to detrimental effects, such as decoherence due
to off-resonant scattering from the Rydberg state. On the one hand the scattering
can be reduced, the rate of which ∝ (Ω/∆)2, by reducing Ω/∆. On the other hand,
to limit the influence of such scattering, it is desirable to reduce the time of the
experiment, by increasing the energy scale of HRy. Since J = W (2r0) ∝ Ω4/∆3,
that can be achieved by increasing Ω and reducing ∆ while still in the perturbative
regime Ω/∆� 1. Therefore, the choice of Ω and ∆ is motivated by balancing a
fast operation time (large Ω/∆) with little decoherence due to the off-resonant
scattering (small Ω/∆).
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3. Kink dynamics and quantum simulation of the M1 model

3.4.3 Explicit example

Figure 3.8: Quench dynamics for 10-site chain (l = 3), with initial states |K′1〉 (blue) and
|K̄′1〉 (magenta). Solid lines show dynamics under the full Hamiltonian HRy, while the grey
curve is for a truncation of HRy, neglecting interactions beyond next-nearest neighbours.
Dashed lines show dynamics under HM1 . The red line shows the average population
in the Rydberg state nr =

∑
i
nri /l, while the green line tracks the nearest-neighbour

occupation of ground state atoms, nini+1 =
∑

i′ ni′ni′+1/l.

As a specific example, we consider the critical case λ = 1. We take the fermionic
6Li dressed with the |84S〉 state with C6 = 645 GHz · µm6 [101] and lattice spac-
ing r0 = 2.5µm. The resulting dressed potential is shown in Fig. 3.6. We get
W (2r0) = J ≈ 4 kHz, which corresponds to lattice depth ≈ 5.5Er, where Er is
the recoil energy [102]. In order to be well in the deep lattice limit where the
tight-binding approximation is applicable, one might further reduce Ω/∆. This
would in turn reduce both J and the achievable Lmax. Fig. 3.8 shows the quantum
simulation of HM1 , where we compare the dynamics generated by the Rydberg
Hamiltonian with that of HM1 quenching from |K ′1〉 and |K̄ ′1〉 for l = 3, see the
caption for details. Fig. 3.9 shows Lmax vs. ∆/Ω for these experimental parameters.
We draw two main conclusions. First, the quantum simulator accurately tracks the
dynamics set by the model Hamiltonian HQ and, second, the kink dynamics in the
l-particle sector (blue lines) are highly similar to that of the skink dynamics in the
l + 1 particle sector (magenta lines). The latter observation is direct evidence of
the supersymmetry of HQ.

Ultimately, the goal of quantum simulation is to outperform what can be simulated
classically. For this reason we choose as a figure of merit the achievable system
size for which |K1〉 traverses the chain coherently in time t = LTc, where Tc =
1/(3vF (λ)W (2r0)) is the characteristic propagation time between lattice sites. To
obtain Lmax, t should be equated with the effective decay time τ = 1/γ, where
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Figure 3.9: Maximum chain length Lmax for a coherent evolution using Rydberg state
|84S〉 of 6Li for temperatures T = (0, 30, 273) K (blue, green, red) corresponding to
τ0 = (8.6, 2.8, 0.42) ms [101].

γ ∼= (Ω/∆)2L/(3τ0) is the sum of ≈ L/3 individual atomic far-detuned decay
rates [103]. Combining these expressions results in

Lmax =

√
9τ0vF (λ)W (2r0)

(Ω/∆)2 =

√
18τ0vF (λ)Ω2

∆(1 + 2∆/V2) , (3.23)

where V2 = C6/(2r0)6 and τ0 is the lifetime of the Rydberg state. See Appendix A.5
for a derivation where the preparation time is also taken into account. We conclude
that system sizes of the order of 100 lattice sites might be achievable for realistic
parameters. While this is encouraging, it is known that the dressing schemes are
sensitive to detrimental effects, such as line broadening [104] leading to avalanche
dephasing [105, 106]. However, it has been suggested that these effects can
be mitigated by cooling to reduce the black-body radiation or quenching the
contaminant states [105].

3.5 Summary and outlook
In summary, we have proposed a realization of the supersymmetric M1 model based
on atoms interacting through a Rydberg dressed potential. We note that a similar
proposal has appeared in the form of a conference abstract [107]. Our results
constitute a stepping stone to quantum simulations of supersymmetric lattice
models in higher dimensions [90, 108–111], which can require n-body, rather than
2-body, interactions. In this context, it would be interesting to consider a recently
proposed scheme relying on coupling the Rydberg atoms with phonons [112] or
to use cold molecules with permanent or electric-field induced dipole moments,
avoiding the need for off-resonant dressing [113–116].
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Quantum many-body scars





Chapter 4

Introduction to quantum scars

In the second half of the thesis we change gears and study a different subject related
to many-body quantum dynamics, namely quantum scars. The phenomenon of
quantum scarring was first described in the 1980’s by Heller [117] in the context of
quantum billiards. The very short description of a quantum scar is an eigenvector
of a two-dimensional potential well that has a high density along a path of a
periodically moving classical billiard ball. The classical system can therefore be
said to have a left a “scar” on the quantum model. These quantum scars show
that there can be regular behaviour in a chaotic model, which for example affects
the dynamical properties of a system. In recent years, there has been an increased
interest in studying this problem, after a remarkable observation in a Rydberg
atom chain experiment [87] that could be explained by a many-body version of a
quantum scar [118, 119]. This initial paper led to a plethora of other studies on
this subject.

There are four chapters in the second part of the thesis. The current chapter
gives an introduction to the topic of quantum scars in section 4.1, followed by a
discussion on recent developments regarding quantum many-body scars (QMBS)
in section 4.2. This gives the necessary background information to understand
the following chapters. In chapter 5 an alternate approach to create QMBS is
explained, which generalizes the single-particle scars to scars on a graph, that
could be interpreted as the Fock graph of a many-body Hamiltonian. A Rydberg
atom chain experiment will be proposed that is able to show these quantum graph
scars. Finally, in chapter 6 we report on the discovery and analysis of quantum
many-body scars in a transverse field quantum Ising ladder.

4.1 Quantum single-particle scars

4.1.1 Classical billiards
Consider the classical motion of a billiard ball on a frictionless billiard table. Given
some initial position and velocity, the ball will keep moving in a straight line until
it hits the boundary of the table, there it will bounce like light from a mirror and
continue to move again in a straight line until it hits the boundary at a different
point. The traversed path depends crucially on the shape of the boundary in
combination with the initial coordinates of the ball. For example, consider a
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standard rectangular billiard table where the boundary is in the x and y directions,
with a ball starting at (x0, y0) that starts moving in the x-direction with velocity
vx. When it hits the edge, it will bounce back completely, i.e. vx → −vx, and
return back along the same path as it came. When it then hits the other edge, it
will again reverse direction. This will continue indefinitely, and the only positions
on the table that it will ever visit are thus on this one line y = y0, where it will
periodically pass each point. Now consider changing the initial velocity a little bit,
such that it is not moving perfectly perpendicular to an edge. In this case, the
ball will not bounce back completely at the boundary, but instead it will bounce
according to the law of reflection (vx → −vx, vy → vy) and will thus continue in a
different direction. One can imagine that there are thus paths that visit every point
on the table, a vastly different behaviour than with the original initial coordinates.

(a) An ergodic path (b) A non-ergodic path

Figure 4.1: Classical billiards in the Bunimovich stadium showing the two different types
of paths.

When taking an irregular shaped billiard table instead of the rectangular one,
where the boundary twists and turns constantly, it will be unlikely that there exists
some set of initial coordinates that will lead to a path where the ball bounces
back and forth periodically. Mathematically speaking, classical billiards can be
divided into integrable and chaotic systems based on the shape of the table. The
standard rectangular table is in fact integrable. In an integrable system, small
deviations of the initial coordinates (position and momentum) do not lead to strong
deviations from the original path. While in a chaotic system this is different: small
differences in the initial coordinates lead to quickly deviating paths (exponential
separation). The paths are also ergodic, which roughly means that all coordinates
in the system will be visited at some point in time irregardless of the initial position.
However, there also exist examples where most initial conditions lead to a chaotic
motion, while there are simultaneously a select number of initial conditions that
show integrable behaviour. The two seminal examples are the Bunimovich stadium
shape [120], see Fig. 4.1 and the Sinai shape [121], which is a rectangle with a
circular hole. Most initial conditions lead to ergodic paths, see Fig. 4.1a. However,
there are some special initial coordinates that lead to periodic behaviour and that
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are therefore non-ergodic, one example can be seen in Fig. 4.1b. With these initial
coordinates the ball will just keep bouncing back and forth along the one path.
These paths are unstable though, since a small deviation of the initial position
leads to a chaotic path.

4.1.2 Quantum billiards

The quantum analogue to this problem is the straightforwardly named quantum
billiards [117]. The theory in this and the next subsection is mostly based on
Refs. [122–124]. Instead of a ball on a billiard table, we now consider a parti-
cle in a two dimensional infinite potential well (V = 0 inside the boundary and
V =∞ outside) and look at the eigenstates of the system. As it turns out, these
eigenstates are related to the classical states: just as before, most eigenstates are
ergodic, which in this situation means that the density (or equivalently: amplitude)
of the eigenstate is rather uniform over the full space up to expected random
fluctuations, see for example Fig. 4.2a. Additionally, the quantum system also has
a small number of special eigenstates that have a high density along the path of
a classical (unstable) periodic path, see Fig. 4.2b. These special eigenstates are
named quantum single-particle scars (QSPS), since a “scar” of the classical periodic
paths can be found in these special states, clearly visible by comparing the paths
in Fig. 4.1 with the eigenstates in Fig. 4.2.

(a) Ergodic eigenstate. (b) Non-ergodic eigenstate

Figure 4.2: Quantum billiards in the Bunimovich stadium showing the two different types
of eigenstates. Reprinted figures with permission from Ref. [117], copyright (1984) by the
American Physical Society.

One way to determine whether a given eigenstate is a regular eigenstate or a
quantum scar is by plotting the eigenvector in density plots such as in Fig. 4.2.
One can then immediately see if the density is approximately uniform or centred
along lines. However, in practice this is unreasonable to do given the large number
of eigenstates of a quantum system. Therefore, one can consider the inverse
participation rate (IPR), a quantity that is able to distinguish between scarred and
regular eigenstates, defined as
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IPR(|vi〉) =
N∑
j=0
|〈vi|bj〉|4 , (4.1)

where the sum goes over all N basis states |bj〉 of the system. Alternatively, in
infinite or continuous systems (such as the billiards) the sum is replaced by an
integral over the (phase) space coordinates. For a regular eigenstate the over-
lap with all basis states is approximately uniform: 〈vi|bj〉 ≈ 1/

√
N , such that

IPR(|vi〉) ≈ 1/N2, which goes to zero as the size of the Hilbert space goes to
infinity. In contrast, a scarred eigenstate has a high overlap with a relatively small
number of basis states N1 and a low overlap with most basis states, which leads
to IPR(|vi〉) ≈ 1/N2

1 � 1/N2. Therefore calculating the IPR for all eigenstates
separates them in scarred eigenstates with a (relatively) high IPR and regular
states with a low IPR. One note that needs to be placed here is that the IPR
does not uniquely assign a high value to quantum scars, but also to other localized
states, such as for example an eigenstate that is Anderson localized around an
impurity, which is clearly not a quantum scar.

4.1.3 Dynamical properties of quantum scars
Instead of identifying scarred eigenstates in the spectrum of the Hamiltonian, one
can alternatively investigate the dynamics of a “quantum billiard ball”. Starting
from an initial state |ψ(t = 0)〉, the dynamics of a quantum system is governed
by the Schrödinger equation i∂t |ψ(t)〉 = H |ψ(t)〉, with H the Hamiltonian. The
initial state analogous to a billiard ball is a localized Gaussian wave packet centred
around position r0,

|ψ(0)〉 = N e−(r−r0)2/2w2−ip·r |r〉 , (4.2)

where r is the position vector, w the width, p the momentum, and N a normaliza-
tion constant. Choosing an initial position r0 close to the scar path and with a
momentum vector directed along this path, this initial wave function is a probe for
the scarred eigenstate.

There are three related quantities that will be the main tools we will use to
study the quantum scar dynamics in the remainder of the thesis, namely the
autocorrelation, the integrated local autocorrelation, and the local density of states.
The autocorrelation, alternatively called the Loschmidt echo or fidelity, is defined
as

A(t) = |〈ψ(0)|ψ(t)〉|2 =
∣∣〈ψ(0)|e−iHt|ψ(0)

〉∣∣2 , (4.3)

where we assumed that H is time-independent. Depending on the reference, the
autocorrelation is also often defined as A(t) = 〈ψ(0)|ψ(t)〉, so without the absolute
value squared. For an ergodic system the autocorrelation, equal to 1 at t = 0,
quickly decays and remains close to zero, up to small fluctuations. However, if such

72



4.1. Quantum single-particle scars

a quantity would be calculated for the classical billiard ball, the autocorrelation
would periodically come back to 1 again when the ball is back at the initial position.
In the quantum version such periodic revivals of the autocorrelation can also be
observed, although due to the quantum nature there is still a decay, and often
multiple closely spaced quantum scars are probed simultaneously, such that an
autocorrelation of 1 is not within reach [125]. It is important to note that this
recurrence is different from the so-called Poincaré recurrence, which is the recur-
rence of a quantum system due to a finite system size. Such a Poincaré recurrence
happens on an exponentially long time scale, such that it is completely irrelevant
to the time scales discussed with quantum scars, even for small finite size systems.

Secondly, it becomes apparent that these initial states indeed probe the scarred
eigenstates by plotting the integrated local autocorrelation (or integrated density
of the wave function)〈

A|ψ(0)〉(|bi〉)
〉

= 1
τ1 − τ0

∫ τ1

τ0

|〈bi|ψ(t)〉|2 dt, (4.4)

where |bi〉 is a basis state, and the initial time τ0 should be large enough such
that the initial decay of the initial wave function is not taken into account while
τ1 should be big enough such that the A|bi〉 has approximately converged to the
τ1 →∞ limit value. This means that variations in τ0 and τ1 have no effect on the
value of A|bi〉. The integrated local autocorrelation for a position along the scar
path is much higher than those at a location away from the scar path. This is the
quantum analogue of plotting the travelled path of the billiard ball, Fig. 4.1, which
is an intuitive way of picturing the scars.

Finally, the analysis of the time dynamics has a connection with the time-independent
spectrum through the Fourier transform of the autocorrelation (without the ab-
solute value squared). For t → ∞ the Fourier transform of the autocorrelation
is equal to the local density of states (LDOS) of the initial wave function, which
is strongly peaked at the energy of the respective scarred eigenstate(s). For any
initial state that is not along a scarred path, the LDOS is instead rather uniformly
distributed over the spectrum, up to expected statistical deviations. In the short
time limit, this Fourier transform results in an energy-smoothed LDOS whose
peaks (again centred on the energy of the respective scarred eigenstate) have a
width λ and height 2π/λ. This λ is called the Lyapunov exponent. In the short
time (linear theory) analysis the autocorrelation of a Gaussian initial state decays
as 1/ cosh(λt) [122, 125].

Although it will not be used in this thesis, there is another standard tool to inves-
tigate periodic behaviour that should be mentioned, namely a Poincaré map. The
Poincaré surface is a two-dimensional surface in the parameter space. During a time
evolution, the state of the system will pass through this surface periodically, and
the specific coordinates can be recorded. Using these time-ordered coordinates, one
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can make a map of the successive recorded instances (xi, xi+1). If the state of the
system indeed follows a periodic orbit, there will be a structure in this map, while
for a chaotic movement the map will be seemingly random. In the classical billiards
the coordinates that are chosen are related to the locations where the ball hits the
boundary, namely the position s along the boundary and the angle of reflection φ,
known as the Birkhoff variables. Classically this is a straightforward task to do.
However, in quantum physics this procedure is not immediately well defined, since
the wave function spreads out throughout the parameter space and there is no
clear defined point in parameter space that describes the state of the system at any
given time. The problem is thus to choose a correct set of variables, which is often
done by a semi-classical approximation. For example, in the quantum billiards
this is done by mapping the densities of the eigenstates along the boundary to two
quantities similar to the Birkhoff variables [126].

4.1.4 Experiments and further research
It is worth noting that quantum scars are far from only a theoretical construct and
that they have been observed in experiments. There is an equivalency between elec-
tromagnetic fields Ez(x, y) in a cavity and the quantum mechanical wave function
ψ(x, y) of a particle in a potential well, since they both are determined by an equa-
tion of the form (∇2− k2)f(x, y) = 0. The first direct experimental observations of
quantum scarred eigenstates were done by measuring such electromagnetic modes
in a cavity with the same boundary conditions as the Sinai [127] and stadium [128]
billiards. The first observation in a quantum system was done with an electron in
a semiconductor quantum well in the presence of a strong magnetic field [129, 130].
Here the eigenstates could be mapped by using tunnel-current spectroscopy. Later
on they have also been observed in optical cavities [131, 132]. Finally, it is also
worth mentioning that quantum scars have been measured using vibrating soap
films [133]. Here, just as in the electromagnetic fields, the physics are dictated by
a wave equation similar to that of the quantum billiard.

Some noteworthy theoretical work on quantum scars relevant to this thesis is
the translation to quantum scars on a lattice [134] and the discovery that local
impurities can be the source of quantum scars [135].

4.2 Many-body quantum scars

4.2.1 Eigenstate thermalization hypothesis
An important concept to understand the evolution of quantum many-body systems
is the eigenstate thermalization hypothesis (ETH) [136–138]. This hypothesis states
that by only looking at local observables in an isolated interacting many-body
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system it seems like the system is actually thermalizing. If you divide the system
in a small subsystem A in which you do local observations and a big subsystem B
that is unavailable for measurements, the subsystem B acts like a thermal bath
for the physics in A, such that the eigenstates in A seem to be described by a
statistical thermal ensemble. One consequence of this thermalization is that a
generic many-body Hamiltonian quickly loses the memory of the initial state after
a quench. This statement is obviously invalid when looking at the full system, since
time evolution in quantum mechanics is unitary, meaning that it is always possible
to do the time evolution backwards. Furthermore, the ETH is only valid for highly
excited states, because eigenstates at the two extremes of the spectrum do not
have to act as thermal states. Additionally, the Hamiltonian should be ergodic,
meaning that all points in Hilbert space are connected. It should be noted here
that a rigorous proof of the ETH is still lacking and the hypothesis has mostly been
numerically verified [138–140]. As a result of the ETH, it was thought that possible
interesting and novel features of many-body Hamiltonians would only occur in
ground states or low lying excited states, since all highly excited states will have
thermal behaviour and would therefore be “boring”.

There are two notable known exceptions to this mechanism. Firstly, systems can
have an infinite number of conserved quantities that prohibit thermalization, these
are called integrable systems [141, 142]. Secondly, systems can exhibit many-body
localization (MBL) [143–149], in which all eigenstates localize in Hilbert space as a
result of emergent local integrals of motion, generally driven by disorder. This gives
a clear division of many-body Hamiltonians into chaotic (ETH-abiding) models
and non-chaotic (ETH-violating) models. A useful quantity to determine whether
a given Hamiltonian is chaotic or not is the r-statistic [150], which is a tool derived
from Random Matrix Theory, which studies the properties and features of generic
Hamiltonians [151]. The distribution of the energy level spacings between ordered
eigenstates. ∆Ei = Ei − Ei+1, follows a Wigner-Dyson distribution for chaotic
systems and a Poissonian distribution for non-chaotic systems. A scalar value can
be assigned to the ∆i-distributions with the r-statistic

r =
〈

min(∆Ei,∆Ei+1)
max(∆Ei,∆Ei+1)

〉
, (4.5)

where the average is over all possible i. For a chaotic model r ≈ 0.53 and for an
integrable or localized model r ≈ 0.39. By calculating the r-statistic of a model,
one has a strong indication if the model is chaotic or not.

The division of many-body Hamiltonians into chaotic and non-chaotic models gives
a nice intuition on how Hamiltonians can behave in general. However, as we have
just seen for single particle models, chaotic models could still have non-ergodic
wave functions. Recently this type of intermediate behaviour, where the majority
of the spectrum consists of thermalizing states, but there are simultaneously also
a small number of ETH-violating states has been observed in an experiment [87],
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which will be the topic of subsection 4.2.2. As a consequence of this discovery, the
previously discussed division between ETH-abiding and ETH-violating models is
more complicated than that. Based on this, one can define two different versions
of the ETH: the strong ETH states that all mid-spectrum eigenstates are locally
thermalized, while the weak ETH states that almost all mid-spectrum eigenstates
are locally thermalized. This experiment showed behaviour that violates the strong
ETH, but does not violate the weak ETH.

4.2.2 Unexpected revivals in a Rydberg atom chain
The original goal of this experiment [87] was to provide a proof for a working
quantum simulator using a chain of 51 trapped Rubidium atoms that could be
excited to a Rydberg state. The experiment ran in the Rydberg blockade regime,
meaning that the combination of the strong interactions from the Rydberg states
with low enough energies led to that effectively no two neighbours could be excited
to the Rydberg state at the same time. As a part of the research they initialized the
system in some product state and looked at the time evolution of this state. Since
the many-body Hamiltonian of this system is ergodic, the expected outcome was
that the states would quickly thermalize according to the ETH. Indeed, this is what
happened in most initial product states they prepared. However, when initializing
the system in the state |Z2〉 = |1, 0, 1, 0, . . .〉 (where 1 represents a Rydberg state
and 0 a ground state), also called the Néel state, they observed that the state
thermalized less rapidly than other initial states with a similar energy. Furthermore,
the initial wave function was periodically revived at later times, meaning that
the autocorrelation | 〈Z2|ψ(t)〉 |2 was relatively large. These revivals were at a
frequency that was not obviously related to any of the experimental parameters,
since it didn’t match the Rabi frequency nor any other apparent energy scales.
Moreover, no known conserved quantities (except for energy) seemed to be present
in this system, such that integrability did not seem to be the cause. Additionally,
there was no strong disorder, so also MBL could be ruled out. Apparently, the
ergodicity of this system was weakly broken, with only a small number of special
initial states that led to ETH-violating behaviour.

4.2.3 The PXP-model
A theoretical explanation is that the observed revivals are caused by a many-body
version of quantum scars [118, 119]. In order to model the Rydberg atom chain
the so-called PXP model [152] was used with the Hamiltonian

HPXP =
∑
i

Pi−1XiPi+1. (4.6)

The single particle basis states that it acts on are |0〉j and |1〉j representing the
ground state and Rydberg state of a site j respectively. Here, Xj is the Pauli

76



4.2. Many-body quantum scars

operator σx = |1〉 〈0|+ |0〉 〈1| and Pi = |0〉 〈0| is the projector on a ground state.
This Hamiltonian is very simplistic, it does not have any potential term and just
a spin flipping term that only allows a spin to flip if both neighbours are in the
ground state. This implements the experimental result that in the low energy
sector the strong Rydberg interactions effectively forbid two neighbouring atoms
to be in the Rydberg state. Because of this, the Hilbert space is constrained, i.e.
many-body basis states with at least one occurrence of |. . . 1, 1, . . .〉 are not included
in the low-energy Hilbert subspace, the size of which grows with the Fibonacci
number. Importantly, the level statistics of this model follow the Wigner-Dyson
distribution, i.e. it is an ergodic Hamiltonian.

(a) High overlap for the special states. (b) Revivals in the autocorrelation.

Figure 4.3: Quantum many-body scars in the PXP model. Reprinted figures with
permission from Ref. [118], copyright (2018) by the American Physical Society.

There exists a series of eigenstates in the middle of the spectrum that have a
number of special properties [118]. The first is that these special eigenstates have a
high overlap with the |Z2〉 basis state, see Fig. 4.3a, which is the basis state that led
to revivals in the experiment. Secondly, compared to the rest of the spectrum these
states have a lower half chain entanglement entropy S = −Tr(ρA ln(ρA)), with ρA
the density matrix of the half-chain. This is first sign that these states violate
the ETH, because a volume-law entanglement entropy would be expected for all
eigenstates according to the ETH. Lastly, the energy difference ∆E = Ei − Ei−1
between two consecutive special eigenstates is roughly equal for all i. These three
features of the special eigenstates explain the periodic revivals of the initial wave
function, because there is an energy scale ∆E that is dominating the evolution of
this initial state. Ref. [118] confirmed that taking |Z2〉 as the initial state indeed
leads to recurrences in the autocorrelation, see Fig. 4.3b. Additionally, also the
state |Z3〉 = |1, 0, 0, 1, 0, 0, 1, . . .〉 led to recurrences. Given that almost all eigen-
states follow the ETH, while there are a select number with special ETH-breaking
characteristics leading to revivals, it was concluded that this phenomenon is similar
to the quantum single-particle scars and thus it was called a quantum many-body
scar (QMBS).
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4.2.4 Further literature
The unexpected observation of revivals in a many-body system and the initial
analysis of the PXP model described above, led to a large number of studies to
better understand the phenomenon of quantum many-body scarring. A short
overview of this literature will be given in this subsection.

First of all, the PXP model has remained at the centre of attention for the analysis
of QMBS. It was shown that by adding perturbations to the PXP Hamiltonian
the revivals can be enhanced [153–155]. The microscopic nature of the special
eigenstates was investigated, leading to the discovery of special zero-energy eigen-
states that can be written as a matrix product state with finite bond dimension
with quasiparticle excitations that closely matched the special eigenstates [156].
Similarly, Ref. [157] showed that the special eigenstates can be approximated as
magnon excitations on top of a paramagnetic ground state.

Simultaneously, quantum many-body scars have been described in a range of other
CMT models, including the PXP model in two dimensions [158], a model of a
Rydberg atom chain under different conditions [159], the AKLT model [160–164],
Hubbard models [165], spin chains [166–169] and arrays [170], boson [171] and
spin-boson [172, 173] models, as well as driven systems [174–180], systems with
disorder [169], and topological [181] Hamiltonians. In chapter 6 we will show
that the transverse field quantum Ising model on a ladder also hosts a quantum
many-body scar. Each of these systems have their own particularities through
which the QMBS arise, but the general picture is that these systems have a number
of atypical, mid-spectrum eigenstates that that can be described, either exactly or
approximately, by low-entangled near-product states.

There has also been a strong interest in mathematically formalizing what exactly
quantum many-body scars are, their relation to other phenomena, and how to
measure them. This includes studies on the relation of the PXP model to lattice
gauge theory [182], weakly broken Lie algebras [183], and integrability [153]. The
exact link between the initial state revivals and quantum many-body scars has
been studied in Refs. [184, 185]. Additionally, the roles of constrained Hilbert
spaces [186–190] and fragmentation of Hilbert spaces [191–194] on the existence
of QMBS has been investigated. Ref. [195] derived a method for probing the
scar dynamics in large spin chains without calculating the explicit time evolution.
The topic of QMBS is still a very active research field, and there is still a lot not
understood, such that a precise definition of what a quantum many-body scar is,
is still lacking. Finally, it is once again worth mentioning that the concept of the
eigenstate thermalization hypothesis is also not fully understood yet, requiring more
thorough research into the ETH and its implications, see for example Refs. [196–
202].
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4.3 Comparison between QSPS and QMBS
The name “quantum many-body scars” seems to imply that there is a simple
one-on-one correspondence between the quantum single particle scars and the
many-body variant, but their relation is not so simple. It is therefore good to make
a comparison between the important concepts of both phenomena in order to see
the similarities and differences between them.

Both the QSPS and the QMBS are concerned with atypical, mid-spectrum, non-
ergodic eigenstates that are different from the ergodic majority of eigenstates.
However they differ in their nature. In the QSPS these are separate eigenstates
that have a high probability density along certain paths in parameter space, corre-
sponding to periodic orbits of classical particles. In contrast, in QMBS there is
typically a series of special eigenstates that have an anomalously low (sub-volume
law) entanglement entropy and an atypical high overlap with certain basis states,
possibly with anomalous expectation values of local observables. In both cases
the scarred eigenstates affect the dynamics of special initial states. In QSPS,
initializing a Gaussian wave packet along the path of a scarred eigenstate will lead
to periodic revivals of the wave function. This is especially noticeable by calculating
the integrated local autocorrelation, that has a higher density along the path of
the scarred eigenstate. In QMBS, one typically starts in an initial basis state (such
as |Z2〉 in the PXP-model) that probes the whole arc of special eigenstates, which
through the equally spaced energy differences leads to periodic revivals of the initial
state, violating the ETH, that are measurable by the autocorrelation.
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Chapter 5

Quantum graph scars in a Rydberg
atom chain

5.1 Introduction
In the previous chapter an overview was given of quantum single particle scars
(QSPS) and many-body quantum scars (QMBS), including a comparison highlight-
ing their similarities and differences. There are definitely analogies between the
two phenomena, most prominently the existence of a small number of atypical
non-ergodic eigenstates in the middle of the spectrum. However, ther are also some
subtle differences. In QMBS one often studies basis states that have the majority of
their support on a limited number of eigenstates (e.g. in the PXP-model the basis
state |Z2〉 has a large overlap with a small number of equally spaced eigenstates),
while in QSPS one studies eigenstates that have the majority of their support
on a limited number of basis states (e.g. the classical periodic paths in quantum
billiards). In this regard the QMBS seem to be the inverse of the QSPS. Based
on this, it is natural to ask whether there could exist a direct generalization of a
single particle scar to a many-body situation. More specifically: can an ergodic
many-body Hamiltonian have mid-spectrum eigenstates that have a high density
along some path through some relevant space?

In this chapter we will first describe how a many-body Hamiltonian can have such
scarred eigenstates by drawing an analogy between the quantum scars of single
particles in real space and those on a graph representing the connectivity matrix
of the many-body Hamiltonian. These “graph scars” are eigenstates extended
along a path through the graph, similar to the QSPS in the quantum billiards.
This allows us to identify suitable initial states for quench experiments probing
the physics associated with the quantum scars. We apply this concept to a
particular constrained spin model, which has been realized in a Rydberg atom
chain experiment. The graph of this Hamiltonian is a square lattice with boundaries
in the shape of a triangle. We will give an analytical description of the sparse
eigenvectors in the limit without a potential and show that these behave like QSPS
on a graph by observing the dynamics. The model with the potential included
does not have the same eigenstates, but by tuning the strength of the disorder, we
will show that the ETH-violating dynamics of the quantum graph scars can be
regained in a quench experiment by measuring the integrated local autocorrelation.
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5. Quantum graph scars in a Rydberg atom chain

The content of this chapter is based on Ref. [3].

5.2 Sparse eigenvectors of Fock space graphs

A many-body Hamiltonian can be described as an intricate graph. Consider a
(many-body) Hamiltonian H with the matrix representation Hij = 〈bi|H|bj〉 in
terms of the M Fock space basis states {|bi〉}. This matrix can be interpreted
as a graph G with M nodes. Each node of G corresponds to one |bj〉 with the
node weight equal to the diagonal matrix element Hjj . The edges of G, i.e. the
connections between nodes, and the edge weights are determined by the non-zero
off-diagonal matrix elements Hij . Because Hamiltonians are Hermitian, G is either
an undirected real-valued graph or a directed complex-valued graph, depending
on whether all matrix elements are real-valued or complex-valued. For a typical
many-body Hamiltonian the structure of this graph will be complicated, because
the number of connections per node can be exponentially large. For now we will be
interested in Hamiltonians with a strong sense of locality. This arises for example
in models of spin chains, where only one spin is allowed to flip at a time, such
that the number of connections per node grows linearly with the number of spins.
Examples of such models are the PXP-model discussed before, and the Rydberg
atom chain described in this chapter. The mapping of a Hamiltonian to a graph is
a general feature of any Hamiltonian and does not require any information about
the specific basis states that are used. The time evolution of a general quantum
state |ψ〉 =

∑
j cj |bj〉 is dictated by the Hamiltonian according to the Schrödinger

equation. On the graph, this time evolution of the many-body state is equal to that
of a single particle with a tight binding nearest-neighbour hopping Hamiltonian on
this elaborate graph, which is known as a quantum random walk.

Inspired by the quantum billiards, described in subsection 4.1.2, we want to
consider eigenstates with a high density along a path through such a graph.
Assuming the graph is connected, a typical ergodic eigenvector |vi〉 =

∑
j cij |bj〉

with H |vi〉 = Ei |vi〉 is spread over all basis states, meaning that (almost) all
cij 6= 0 and that the values are, up to fluctuations, uniform. However, it is also
possible that the majority of the support lies on only a limited number of basis
states, i.e. they are localized. The well known example is the previously mentioned
many-body localization, in which all eigenvectors are localized, intuitively just as
Anderson localization in real space for a single-particle Hamiltonian. However, this
is not the type of localized states that we want to describe, instead we are looking
for states that are extended along a path. An extreme version of this would be
an eigenvector whose density is non-zero along the path and for which the density
away from the path is zero, these we will call sparse eigenvectors. We define the
sparseness of an eigenvector as

S
(
|vi〉

)
=
∣∣{|bj〉 |〈vi|bj〉 = 0}

∣∣/M. (5.1)
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This is the ratio of the number of cij = 〈bj |vi〉 that are equal to zero compared to
the total amount of basis states M . Eigenvectors that have a non-zero density on
every basis state have S = 0 and eigenvectors that only have a support on a limited
amount of basis states have (in the limitM →∞) S = 1, these are the sparse eigen-
vectors. See Appendix B.1 for more details on sparse eigenvectors in general graphs.

In this chapter we will study a model of an interacting Rydberg atom chain, whose
Hamiltonian maps on a two-dimensional lattice and that has, in an integrable limit,
sparse eigenstates that form paths throughout the lattice. The goal is to investigate
if the sparse eigenvectors of the Fock space graph lead to quantum scar behaviour
of the Rydberg chain.

5.3 Rydberg atom chain under facilitation condition

5.3.1 Rydberg atom chain Hamiltonian
The model we are considering is a one dimensional chain of M optically trapped
Rydberg atoms. Denoting the ground state of an atom by |↓〉 and the excited
Rydberg state by |↑〉, the Hamiltonian of the system is given by

H =
M−1∑
k=0

Ω
2 σ

x
k + ∆nk +

∑
l>k

V (|rk − rl|)nknl, (5.2)

where σxk = |↑k〉 〈↓k| + |↓k〉 〈↑k| is the spin-flip term, nk = |↑k〉 〈↑k|, Ω the Rabi
frequency, and ∆ the relative detuning between the two internal energy levels.
The V (|r|) = Cα/|r|α is the interaction potential between atoms in the Rydberg
state with α = 6 (Van der Waals potential) or α = 3 (dipole-dipole interaction).
The positions of the atoms are ~rk = k~r0 + δ~rk, where ~r0 = r0ẑ is the distance
between the trap centra and δ~rk is a disordered position within the trap resulting
from the non-zero temperature. Because the strength of the Rydberg interaction
drops off significantly with increasing distance, we will neglect V (nr0) for n > 2.
The (many-body) basis states of the Fock space consist of all possible products
of the two states of each individual spin. For such a basis state |bi〉 we define
the number of atoms in the Rydberg state N↑ =

∑
k 〈bi|nk|bi〉 and the number of

nearest neighbours in the Rydberg state N↑↑ =
∑
k 〈bi|nknk+1|bi〉. Furthermore,

the two potential energy scales that play a role are the nearest-neighbour potential
VNN = Cα/|r0|α and the next-nearest-neighbour potential VNNN = Cα/|2r0|α.

Inspired by recent experiments [203], we consider this model under the so-called
facilitation condition, meaning that we set ∆ = −VNN. Due to this choice of ∆,
flipping a spin does not change the potential, as long as exactly one neighbour is
in |↑〉. As a result the energy spectrum becomes separated in energy bands with
an energy gap of E = ∆, with the internal level splitting being O(VNNN). Defining
Ncl to be the number of clusters of consecutive atoms in the Rydberg state (i.e.
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|↓↑↑↓↓↑↑↑↓〉 has Ncl = 2), each energy band consists of those basis states with the
same Ncl. The lowest non-trivial level is given by basis states with Ncl = 1, i.e.
all basis states are of the form

∣∣↓a ↑b ↓c〉 with a+ b+ c = M , b ≥ 1 and a, c ≥ 0.
When the energy gap is large enough (∆� Ω), we can restrict ourselves to this
lowest level and the Hamiltonian can be simplified. Without taking the disorder in
account, the detuning term and the nearest-neighbour interaction term in Eq. (5.2)
will cancel each other, up to a constant of −VNN that acts as an unimportant energy
shift, because there is only one cluster of atoms in |↑〉 such that N↑↑ = N↑ − 1.
Additionally, note that the number of next-nearest neighbour pairs that are in |↑〉,
i.e.

∑
k 〈bi|nknk+2|bi〉, is equal to N↑ − 2 (or zero when the basis state has N↑ = 1

or 2). The potential of a basis state |bi〉 is then given by

〈bi|H|bi〉 = −VNN + VNNN ×max(N↑ − 2, 0) + δV (r), (5.3)

with δV (r) the potential difference as a result of the disorder, that will be discussed
in more detail in section 5.5.

Throughout this chapter we will use the parameter values taken from the experiment
described in Ref. [203] of T = 40µK, Cα = C6 = 2π ·7.3 ·107 MHz µm6, r0 = 4.1µm,
and we consider 87Rb atoms with m = 87u.

5.3.2 Mapping to a graph

Considering only the basis states with Ncl = 1 that constitute the lowest energy
band, we can write every basis state in the form

∣∣↓x̄ ↑M−x̄−ȳ ↓ȳ〉, with M the
number of atoms and where x̄, ȳ ∈ {0,M − 1} and x̄+ ȳ < M . The σx-term in the
Hamiltonian is only allowed to flip one spin at a time, which corresponds to an
increase or decrease of x̄ or ȳ by one. Therefore there is a natural map from this
Hamiltonian onto a graph that is a 2-dimensional square lattice where the nodes,
i.e. Fock space basis states, are denoted by lattice coordinates x̄ and ȳ as

|x̄, ȳ〉 ≡
∣∣↓x̄ ↑M−x̄−ȳ ↓ȳ〉 . (5.4)

Every hop in the positive x̄-direction flips the leftmost atom in state |↑〉 to |↓〉
and every move in the positive ȳ-direction does the same with the rightmost spin.
Because of the restrictions on x̄ and ȳ (x̄, ȳ ∈ {0,M − 1} and x̄ + ȳ < M), the
boundaries of this lattice are in the shape of a triangle, where the bottom-left corner
of the triangle is |0, 0〉 and the other two corners are |M − 1, 0〉 and |0,M − 1〉, see
Fig. 5.1. In the remainder of the chapter we will use x and y to refer to the real
space positions of the atoms, while we use x̄ and ȳ to refer to basis states in the
Fock space graph. The edge weights of the graph are all equal to Ω/2, see Eq. (5.2).
The node weights are the potential terms, Eq. (5.3), which are in principle all
different due to δV (r).
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ȳ

|↑↑↑↑↑〉

|↑↑↑↑↓〉

|↑↑↑↓↓〉

|↑↑↓↓↓〉

|↑↓↓↓↓〉

|↓↑↑↑↑〉

|↓↑↑↑↓〉

|↓↑↑↓↓〉

|↓↑↓↓↓〉

|↓↓↑↑↑〉

|↓↓↑↑↓〉

|↓↓↑↓↓〉

|↓↓↓↑↑〉

|↓↓↓↑↓〉

|↓↓↓↓↑〉

Figure 5.1: The square lattice with triangular boundaries for M = 5 with the basis sites
indicated in the spin-notation, as well as the corresponding x̄ and ȳ values on the axes.
The grey lines indicate the basis states that are connected by the spin-flip term of the
Hamiltonian.

5.4 The zero-potential model with quantum scars

5.4.1 Spectrum of the graph without potential
In order to investigate the possible quantum graph scars in this model, we will first
look at the graph without potential, which makes all node weights equal to zero,
with the reduced Hamiltonian

H0 = Ω
2

(∑
x̄,ȳ

|x̄, ȳ〉 〈x̄+ 1, ȳ|+ |x̄, ȳ〉 〈x̄, ȳ + 1|+ h.c.
)
. (5.5)

The (M + 1)M/2 eigenstates of the zero-potential model can be found analytically,
see Appendix B.2 for the derivation, to be

|wm,n〉 =
∑
x̄,ȳ

(um(x̄)un(−ȳ)− um(−ȳ)un(x̄)) |x̄, ȳ〉 , (5.6)

where

um(x̄) =

cos
(
mπ(x̄−M/2)

M+2

)
when m odd,

sin
(
mπ(x̄−M/2)

M+2

)
when m even,

(5.7)

with the conditions m,n ∈ {1, . . . ,M + 1}, m > n, x̄, ȳ ∈ {0, . . . ,M − 1}, and
x̄+ ȳ < M . The corresponding energies are

Em,n = 2 cos
(

mπ

M + 2

)
+ 2 cos

(
nπ

M + 2

)
. (5.8)
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All energy levels are non-degenerate, except for the zero-energy eigenstates that
have m + n = M + 2, of which there are (M + 1)/2 when M is odd and (M/2)
when M is even. The number of these zero-energy eigenstates can be explained by
the number of broken unit cells on a bipartite graph. In this model we can take a
bipartite unit cell with the A site having x̄+ ȳ = even and the B sites x̄+ ȳ = odd.
A bipartite graph has chiral symmetry, meaning that if an eigenstate with energy E
exists, so does an eigenstate with energy −E. However, this graph is not perfectly
bipartite, because at the boundary some single sites will be left over where no unit
cell fits. The number of zero-energy eigenstates is then N0 = |NA −NB |, where
NA (NB) indicated the total number of A (B) sites on the graph [204], which in
this model is precisely (M+1)/2 of those whenM is odd and (M/2) whenM is even.

5.4.2 Sparse eigenvectors
These degenerate zero-energy eigenstates form a set of sparse eigenvectors {|sj〉}.
The sites with a non-zero overlap 〈sj |x̄, ȳ〉 of each of these eigenstates form a
path through the graph, similar to a periodic path of a classical billiard ball on a
triangular billiard table, see Fig. 5.2a and 5.2c for two examples. As can be seen,
each path consists of diagonal lines through the graph of next-nearest neighbour
sites, where the value of 〈sj |x̄, ȳ〉 is the same on every site, but the sign is alter-
nating. Because of this, each neighbouring site is connected to one site with a
positive contribution and another site with a negative contribution. When applying
H0, such as during time evolution, these opposite contributions ensure that the
neighbouring site remains unoccupied, which is a necessity since it is an eigenstate,
see also Appendix B.1. At the boundaries where x̄ = 0 or ȳ = 0, the path needs to
continue in such a way that all neighbouring sites are connected to two different
contributions. The result is that the path “bounces” from the wall and continues
along the perpendicular diagonal, just as a classical billiard ball would bounce
of a wall according to the law of reflection. Because of the same considerations,
the sparse eigenvector path has to end at the diagonal boundary on a site that
only has neighbouring sites connected to another path site, which happens on the
sites with x̄+ ȳ = M − 1. As a result of these boundary requirements, the sparse
eigenvectors only occupy even (odd) sites when M is odd (even). Except for one
special case, see below, all sparse eigenvectors consist of M sites, such that the
sparsity S = 1− 2/(M + 1), which indeed in the large M limit goes to one.

There are two special paths, in the sense that they are straight lines and do not
“bounce” from a boundary. The first one only exists when M is odd, and it has a
path along diagonal that cuts the triangle in two, starting at |0, 0〉 and ending at
|(M − 1)/2, (M − 1)/2〉, see Fig. 5.2a. This one consists of only (M + 1)/2 sites,
such that it has a higher sparsity than the other sparse eigenvectors. The other
sparse eigenvector is the one along the diagonal edge, starting at |M − 1, 0〉 and
ending at |0,M − 1〉, which corresponds to all basis states with N↑ = 1.

86



5.4. The zero-potential model with quantum scars

0 10 20 30
x

0

10

20

30

y

(a)

0 10 20 30
x

0

10

20

30

y

(b)

0 10 20 30
x

0

10

20

30

y

(c)

0 10 20 30
x

0

10

20

30

y

(d)

0.002

0.004

0.006

0.008

0.002

0.003

0.004

0.005

Figure 5.2: The graph of M = 31 with (a,c) two examples of extended sparse eigenvectors
|sj〉 of H0, where red (blue) indicates that the value of 〈sj |x̄, ȳ〉 is negative (positive). On
the right side, the 〈A(x̄, ȳ)〉, Eq. (5.11), is shown for initial states |ψ(t = 0)〉 =

∣∣ψpx,py,wx̄0,ȳ0

〉
,

Eq. (5.10), with px = py = π/2, w = 2, (b) x̄0 = ȳ0 = 0 and (d) x̄0 = 12, ȳ0 = 0. Here we
used τ0 = 20µs and τ1 = 100µs, or alternatively Ωτ0 = 264 and Ωτ1 = 1319.

There are two extra notes to be made about the sparse eigenstates. The first is that
every site of a sparse eigenstate is also part of another sparse eigenstate, whose
path is in the perpendicular diagonal direction. This can be seen in Fig. 5.2a and
5.2c, where the two different sparse eigenstates both have a contribution on site
|5, 5〉. Secondly, the full degenerate zero-energy subspace can be spanned by these
sparse eigenvectors (alternatively: the number of sparse eigenstates is the same as
the size of the degenerate subspace) and there do not exist any sparse eigenvectors
with a non-zero energy.

5.4.3 Quantum scars
This square lattice is reminiscent of the discrete quantum billiards studied in
Ref. [134]. Here they studied quantum scars on a square lattice with boundaries
in the shape of a semi-circle as a discretized version of quantum billiards in the
continuum. The scarred eigenvectors in their model are similar to the sparse
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5. Quantum graph scars in a Rydberg atom chain

eigenvectors described above. They showed that these paths are (single-particle)
quantum scars by observing the population of the system after a quantum quench
in the presence of dissipation. Therefore, we would also like to show that the
zero-energy sparse eigenvectors are quantum scars. This will be done by calculating
the integrated local autocorrelation after the time evolution of an initial “quantum
billiard ball” initial state.

One possibility for an initial state is to use a single basis state |ψ(0)〉 = |x̄0, ȳ0〉, sim-
ilar to how the |Z2〉 basis states in the PXP and Ising models were used. Moreover,
initializing a single basis state is easier in an experiment than some superposition,
because the system has to be initialized in only one spin configuration. However,
because there are many sparse eigenvectors in this system, an initial single basis
state will probe two different scar paths: one in each diagonal direction. Theo-
retically and numerically this is not too bad, it just means the results are less
spectacular since there are two paths visible in the integrated local autocorrelation.
However, for a possible experiment the lowered ratio between a scar path site and
a typical site means the measurement has to deal with a lower signal-to-noise ratio.

Alternatively, the system could be initialized in a product state, similar to the
Gaussian wave packets in the quantum billiards. One possible way to do this, which
does not require many more steps in an experiment, is to make an initial state on
a plaquette of four neighbouring sites, by only putting two spins in a superposition
of |↑〉 and |↓〉, i.e.∣∣ψpx,py,wx̄0,ȳ0

〉
= N

[
|↓〉x̄0

(
|↑〉+ e−ipx−1/(2w2) |↓〉

)
|↑〉L−2−x̄0−ȳ0(

|↑〉+ e−ipy−1/(2w2) |↓〉
)
|↓〉ȳ0

]
,

(5.9)

where N is the normalization constant. Here the superposition constants have
suggestively been parametrized with px, py, and w as in the Gaussian wave packet
state, Eq. (4.2). Translating this to the graph, we obtain∣∣ψpx,py,wx̄0,ȳ0

〉
= N [ |x̄0, ȳ0〉

+ e−ipx−1/(2w2) |x̄0 + 1, ȳ0〉

+ e−ipy−1/(2w2) |x̄0, ȳ0 + 1〉

+e−i(px+py)−1/(w2) |x̄0 + 1, ȳ0 + 1〉
]

= N
1∑

j,k=0
e
−(j+k)

2w2 e−i(pxj+pyk) |x̄0 + j, ȳ0 + k〉 ,

(5.10)

which indeed is an approximation of the Gaussian wave packet state on four
neighbouring lattice sites. In contrast to the initial state |ψ(0)〉 = |x̄0, ȳ0〉, the∣∣ψpx,py,wx̄0,ȳ0

(t = 0)
〉
should only probe one scarred eigenstate when the momentum

88



5.5. Including the potential and disorder

(px, py) is tuned in the direction along the scar path. Therefore the signal-to-noise
ratio in an experiment should be better. So in choosing an initial state there is a
trade-off between the ease of preparing the state and the quality of the results.

5.4.4 Autocorrelation
To show that these sparse eigenvectors are indeed scars, we use the integrated local
autocorrelation

〈Aψ(x̄, ȳ)〉 = 1
τ1 − τ0

∫ τ1

τ0

|〈x̄, ȳ|ψ(t)〉|2 dt. (5.11)

The integrated local autocorrelation of the initial state
∣∣ψpx,py,wx̄0,ȳ0

〉
indeed shows the

paths of the sparse eigenvectors, as is expected for a quantum scar. See Fig. 5.2b
and 5.2d for an example with two approximate Gaussian wave packet initial states
probing the sparse eigenvectors of Fig. 5.2a and 5.2c .

However, one should note that quantum scars are only meaningful in chaotic models.
The zero-potential model is clearly integrable. This is confirmed by the r-statistic

r =
〈

min(∆Ei,∆Ei+1)
max(∆Ei,∆Ei+1)

〉
, (5.12)

where the average is over all possible energy differences. The r-statistic for the
zero-potential model is r ≈ 0.39, corresponding to an integrable model. Calling
these sparse eigenvectors a “quantum scar” would therefore be incorrect. However,
the full model, Eq. (5.2), becomes chaotic at a sufficient strength of the disorder,
which will be discussed in the next section. Therefore, we will study the effects
of the potential and disorder on the energy spectrum and the sparse eigenvectors
with the goal to find a parameter regime where the quantum scars of H0 can be
measured with the chaotic Hamiltonian.

5.5 Including the potential and disorder
Including the potential, the Hamiltonian on the graph becomes

H = H0 − VNN + VNNN ·max(N↑ − 2, 0) + δV (r) (5.13)

with H0 the hopping term, Eq. (5.5), and δV (r) the potential due to disorder. Let
us first consider the potential without any disorder, i.e. δV (r) = 0. The potential
difference between the lattice sites is then determined by the value of N↑ = x̄+ ȳ,
only the basis states with N↑ = 0 and 1 remain at V = 0 since they don’t have
next-nearest neighbour excitations. Since the potential is linear in N↑, the effect is
that the potential forms a “staircase”, see Fig. 5.3a. The sparse eigenstates of H0,
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5. Quantum graph scars in a Rydberg atom chain

described in subsection 5.4.2, are not eigenstates of H, with the exception of the
eigenvector at the diagonal that is only composed of sites with N↑ = 1, such that
it is unaltered by the potential.

The disorder arises from the imperfect trapping of the atoms. The atoms are
trapped in harmonic traps centred around ~rk = k~r0 with ~r0 = (0, 0, r0) with
trapping frequency ~ω = (ωx, ωy, ωz). However, due to the finite temperature T , the
positions of the atoms are not fixed at the centre of their trap, but instead they are
able to move within the trapping potential, such that the atom positions become
~rk = k~r0 + δ ~rk. The δ~rk are described by a normal distribution with mean k~r0
and width (σ1, σ2, σ3), where σi =

√
kBT/(mωi)2. The strength of the disorder

can therefore be controlled by the temperature and the trapping frequency. In our
calculations we will focus on the frequencies to control the strength of the disorder
and parametrize them as

~ω =
(

1
dε
,

1
d
,

1
d

)
ω0 (5.14)

with ω0 = 2π · 91.4 kHz. Here d controls the overall disorder strength, while
ε determines the shape of the trapping frequencies. The disorder in Ref. [203]
corresponds to d = 1 and ε = 8.3.

The facilitation condition ∆ = −VNN made the nearest neighbour interaction
disappear from the Hamiltonian when all atoms are perfectly trapped at their
trapping positions ~rk = k~r0. Because of the disorder, the nearest neighbour
potentials will now differ from VNN, such that for a basis state |x̄, ȳ〉 we obtain the
potential difference

δV (r) =
∑
i

(
Cα

|~ri − ~ri+1|α
− VNN

)
, (5.15)

where r = (~r0, ~r1, . . .) refers to the positions of all atoms, and the sum goes over
all neighbouring atoms that are in |↑〉. We will consider the case ε > 1, such
that the biggest deviation of the atomic paths will be in the x-direction. This is
perpendicular to the direction of the chain, meaning that on average the distances
between the atoms will increase. The disorder will therefore make the value of
δV (r) on average negative, and basis states with a larger N↑ will be impacted more,
such that this forms again, on average, a “staircase” potential, see Fig. 5.3b.

It is worth noting that the disorder of different basis states will be correlated. Firstly,
changing the position of atom j will change both V (~rj − ~rj+1) and V (~rj − ~rj−1),
assuming that both neighbours are in the Rydberg state. Secondly, the contribution
V (~rj−~rj−1) of two atoms will affect all basis states in which these two atoms are in
the Rydberg state. This is clearly visible in Fig. 5.3b by the vertical and horizontal
lines. As can also be seen in Fig. 5.3b, the sites at the diagonal boundary are not
impacted by the disorder, because they have N↑↑ = 0.
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5.5. Including the potential and disorder

As noted, the VNNN interaction is positive-valued and is stronger for sites with a
high N↑, while the disorder potential δV (r) is, on average, negative-valued and is
also stronger for sites with a high N↑. Therefore, when considering the potential
of a single basis state |x̄, ȳ〉, there exists a disorder strength for which on average
δV (r) ≈ −(N↑−2)VNNN such that 〈x̄, ȳ|V |x̄, ȳ〉 ≈ 0 (up to an energy shift of VNN),
see e.g. Fig. 5.3c. If this would happen for all basis states, then the Hamiltonian is
approximately equal to the zero-potential Hamiltonian H0, Eq. (5.5). Intuitively,
one would therefore think that by tuning the disorder strength one could obtain
the scar dynamics of the zero-potential Hamiltonian. Moreover, the r-statistic
shows that by adding disorder, the model will go from integrable to chaotic, see e.g.
Fig. 5.7e where the r-statistic is calculated as a function of d for the specific case
ε = 9. For very large values of d the r-statistic goes to r = 0.39 again, corresponding
to the (many-body) localized situation studied in Ref. [203]. However, it should
be made clear that the Hamiltonian will only be on average equal to H0, for any
typical disordered positions r, the potential will still be unequal on all lattice sites,
see e.g. Fig. 5.3c. Therefore, we have to verify that our intuition about regain-
ing the quantum scarred eigenstates in a chaotic model by adding disorder is correct.
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Figure 5.3: The strength of the potential divided by Ω/2 for (a) the contribution VNNN ·
max(N↑ − 2, 0), (b) the contribution of the disorder δV (r), (c) the total potential V .
This is the potential at an instantaneous moment with typical positions r with trapping
strength ε = 9, d = 0.18, and with M = 31.

5.5.1 Expectation for flat potential
In order to find the correct strength of the disorder, i.e. trapping frequencies
~ω, for which the potential becomes approximately flat we want to calculate the
expectation value 〈δV (r)〉, Eq. (5.15). We need to average over all possible positions
of the atoms, such that

〈δV 〉 =
∫
Dr p(r) δV (r) (5.16)
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where ∫
Dr =

N↑∏
i

∫ ∞
−∞

dxi

∫ ∞
−∞

dyi

∫ ∞
−∞

dzi (5.17)

and with p(r) being the Boltzmann weight

p(r) = e−βH

Z
= 1
Z
e
−β
(∑

i
m(~ω·~ri)2/2 +

∑
i,j

(Cα/|~ri−~ri+1|α−VNN)
)
, (5.18)

where Z is the partition function. Since 〈δV 〉 is dependent on N↑, the value will be
the same for all basis states that share the same N↑, i.e. all basis states with the
same x̄+ ȳ. In order for the model with the potential to be approximately equal to
the model without a potential, we want to find ~ω such that 〈δV 〉 ≈ −VNNN(N↑− 2)
for all basis states with N↑ > 2.

However, the expression Eq. (5.18) is problematic for gaining analytical results
because of two reasons. Firstly, there is a small but non-zero chance that two
particles will come arbitrarily close, which causes the potential to go to infinity.
Secondly, in order to analytically obtain a result from the integration in Eq. (5.16),
the shape of the probability function should be Gaussian, which it is not. Therefore
we adopt the Gaussian approximation of the Hamiltonian

H(r) ≈ H̃(r) = Ht + δṼ (r)

≡ 1
2β (r − µint)Aint(r − µint)−

1
2βµAintµ,

(5.19)

where r = (x, y, z) are now the positions of the particles compared to the centre of
their trapping potential, and µint gives the shifted average positions of the atoms
due to the interaction. Here Aint = At +AV with At the diagonal matrix belonging
to the trapping potential Ht, and AV the matrix belonging to the approximation
δṼ (r) of the Van der Waals potential up to O(r2) that only included the nearest-
neighbour interaction. See Appendix B.3 for a derivation of these expressions,
including the explicit matrix-elements of the A-matrices and the µint. The β is
introduced in the second part such that it cancels the β in the exponent of the
Boltzmann weight. It is important to note that Aint is block diagonal in the three
directions (x, y, z) such that we can separate Eq. (5.19) as

H̃(r) = 1
2β

(
xA

(x)
intx+ yA

(y)
inty + (z − µ(z)

int )A(z)
int (z − µ(z)

int )− µ(z)
intAintµ

(z)
int

)
, (5.20)

where the x and y directions have µ(x,y)
int = 0 because all atoms lie along the

z-direction, such that due to the symmetry the interaction leaves the average of x
and y unchanged. Using these approximations we can perform the integration and
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obtain

〈δV 〉1 =
∫
Dr 1√

(2π)n|A−1
int |

e−
1
2 (r−µint)Aint(r−µint)δṼ (r)

= 1
2β
(
Tr(A−1

intAV ) + (µint − 2µV )AV µint
)
.

(5.21)

The 〈δV 〉1 is N↑-dependent, such that two different sites of the triangle lattice with
a different N↑ have a different value of 〈δV 〉1. In order to regain the flat potential
model, we are thus trying to make the 〈δV 〉1 of all graph sites as equal as possible.
As it turns out, the 〈δV 〉1 is approximately linear in N↑. The slope of the linear
approximation of 〈δV (N↑)〉1 is given by

Vstep ≡ 〈δV (N↑)〉1 − 〈δV (N↑ − 1)〉1 , (5.22)

which is N↑-independent, such that Vstep can be used as a measure of the flatness
of the potential of the whole graph. Our goal has thus shifted to finding the ~ω
such that Vstep ≈ 0. For the case d = 0, it follows directly from Eq. (5.13) that
Vstep = VNNN. For higher values of d the Vstep will become more negative. See
Fig. 5.4 for Vstep as a function of both d and ε. This shows that there is a line in
the (d, ε) parameter space along which the expectation value of the potential is as
flat as possible. We thus expect that by choosing our parameters on that line, we
will regain the quantum graph scars in the dynamics after initializing the system
in an initial state along this scar.
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Figure 5.4: Vstep in units of Ω/2 as a function of d and ε. The dashed line is a guide
to the eye to the line Vstep = 0. The fast oscillating region in the top right should be
discarded, because there the Gaussian approximation for the Hamiltonian is invalid.
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5.6 Numerical simulations
With the information on the disorder strength for which Vstep ≈ 0, c.f. Fig. 5.4,
we have an indication in which parameter regime the potential is optimally flat as
a result of the disorder. Now we will use numerical simulations to investigate if
in this parameter regime there is indeed a recurrence of the scarred behaviour of
the zero-potential Hamiltonian. One challenge of the numerical simulations is the
combination of time-evolving the internal spin state of the atoms together with
the atomic positions. The positions determine the potential and thus the time
evolution of the internal state. Conversely, the internal state determines the time
evolution of the positions, since only spins in a Rydberg state feel the interaction
potential. Avoiding this challenge by taking the positions to be static would be
an inaccurate approximation, since we are interested in a time scale on which the
velocity of the atoms is significant compared to the size of the trapping potentials.
However, treating the problem fully quantum mechanically is also impossible,
because M has to be at least O(10), for which the necessary Hilbert space size
becomes too large to simulate within a realistic time. An extra complication is
that we are interested in doing time evolution for the full Hilbert space, such that
many advanced numerical techniques would not apply in this case and thus we
are restricted to use exact diagonalization methods. Taking this into account,
we decided to treat the movement of the particles completely classical, i.e. we
disregard the effect the internal spin states have on the movement of the atoms.
The implementation and validity of this method will now be discussed.

5.6.1 Classical movement
For small enough disorder strength and for short times, we can approximate
the movement of the atoms as classical non-interacting particles in a three-
dimensional harmonic trap with trapping frequencies ~ω. The positions of the
atoms r(t) = (~r0(t), . . . , ~rM (t)) are then known analytically and are the same
for every basis state, such that the internal Hamiltonian H(t) can be directly
calculated. By averaging over many atomic paths drawn from an appropriate
probability function, we can obtain the average autocorrelation starting from some
initial internal state taking the disorder into account.

First, we have to draw initial positions r(0) and velocities v(0) from the probability
function (up to normalization)

p(r, v) = e−
β
2 (rAtr+mv2), (5.23)

which is just the Boltzmann factor of a particle in a harmonic trap. First, it is
worth noting that the velocities can be sampled independently from the positions.
The sampling from this distribution can be done using standard techniques. Even
though we will work in a regime where the distance between the atoms should be
much larger than the disorder, there is still a small but non-zero possibility that
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the randomly drawn paths will come close to each other. In order to avoid that, we
can put a cut-off in the allowed energy for each particle. For our numerical results
we put this cut-off energy to be Ei = 1

2mω
2
i (r0/5)2 for each coordinate i separately,

such that particle paths never go outside the radius of r0/5 from their trap centre,
ensuring that the atoms remain well distanced from each other at all times.

With these initial positions and velocities the path r
(j)
i (t) of the i-th atom in

direction j ∈ {x, y, z} is

r
(j)
i (t) = C

(j)
i cos(ωit+ φ

(j)
i ) (5.24)

with amplitude and phase

C
(j)
i =

√
(r(j)
i (0)2 + v

(j)
i (0)2/ω2

j )

φ
(j)
i = arccos

(
r

(j)
i (0)/C(j)

i

)
.

(5.25)

5.6.2 Time scales
The next thing to consider are the different time scales that play a role. Firstly,
what should be the values of τ0 and τ1, Eq. (5.11), in order for the local autocorrela-
tion to not depend on these values? In the flat potential model, the Gaussian wave
packet initially moves with a velocity of roughly Ω sites per second. For the scar on
the main diagonal, this means that the Gaussian wave packet “returns” to the initial
position after

√
2M units of time. One would therefore assume that integrating

over a time Ω
2 (τ1 − τ0) >

√
2M would be enough, but the actual data shows that a

larger time frame is necessary. For convergence, we will put the minimal integration
time to Ω

2 (τ1 − τ0) > 6
√

2M to ensure that the local autocorrelation has converged
as well as put Ω

2 τ0 > 2
√

2M such that the initial high values of the autocorrelation
do not influence the integrated local autocorrelation. See Fig. 5.5a for an example
of the autocorrelation with τ0 and τ1 indicated.

The second question we need to answer is: for which times is the classical movement
of the atoms a valid approximation? For this we compare 〈δV 〉1 with

〈δV 〉0 =
∫
Dr e−

1
2 rAtr√

(2π)n|A−1
t |

δṼ (r)

= 1
2βTr(A−1

t AV )

(5.26)

which is the expectation value of the potential shift due to the disorder with the
classical positions for the probability function, see Appendix B.3. The relevant
timescale for which the classical approximation for the paths is valid is then esti-
mated by tc = 2π~/(〈δV 〉1 − 〈δV 〉0), which indeed strongly decreases as a function
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Figure 5.5: (a) The autocorrelation as a function of time of one realization with M = 11,
d = 0.10, ε = 9.0, and |ψ(t = 0)〉 = |ψπ/2,π/2,20,0 (t = 0)〉. The vertical dashed lines indicate
the different time scales. (b) The time scale Ωtc as a function of d for ε = 9.0 for
M = 11, 21, 31.

of the disorder strength d, see Fig. 5.5b where tc is calculated for N↑ = 11, 21,
and 31, which correspond to the basis state most influenced by the disorder for
M = 11, 21, and 31. Here it can also be seen that taking larger N↑ reduces
this time scale, as expected since they have more interacting atoms. Additionally,
in Fig. 5.5a tc is indicated for a specific realization of an autocorrelation calculation.

Based on these two time scale considerations, we decided to do our numerical
simulations with M = 11 such that for weak disorder (for ε = 9.0 this means
d < 0.11) the tc > τ1 for all basis states, i.e. all N↑ ≤M , such that the classical
path approximation is valid for the calculation of the autocorrelation. However,
for larger disorder the approximation is invalid since tc goes to zero, so the results
in that parameter regime have to be taken as an indication of the physics at play.
However, the required value of d should be large enough to investigate if we indeed
see an increase in the fidelity of the autocorrelation as the disorder increases.

5.6.3 Results
We want to calculate the integrated local autocorrelations 〈A(x̄, ȳ)〉, Eq. (5.11),
at different disorder strengths and compare them with the integrated local auto-
correlation 〈A(x̄, ȳ)〉0 of the flat potential model, see Fig. 5.6, starting from the
same initial state |ψ(0)〉. For the results shown in this section we choose to use
M = 11 as discussed in the previous subsection and initialize the system in the
approximate Gaussian wave packet initial state

∣∣ψpx,py,wx̄0,ȳ0
(0)
〉
, Eq. (5.10), with

x̄0 = ȳ0 = 0, px = py = π/2, and w = 2. We then calculate the 〈A(x̄, ȳ)〉 using the
classical approximation for the atomic paths, averaged over many initial positions
and velocities drawn from p(r, v), Eq. (5.23).
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Figure 5.6: The local integrated autocorrelation 〈A(x̄, ȳ)〉0 for the flat potential model,
i.e. with H0, for M = 11 with the initial state |ψπ/2,π/2,20,0 〉 and integrated from τ0 = 20µs
to τ0 = 100µs.

In order to quantify the comparison, we calculate the fidelity

F =
∑
x̄,ȳ

〈A(x̄, ȳ)〉 〈A(x̄, ȳ)〉0 . (5.27)

where both autocorrelations are normalized such that the fidelity with themselves
is 1. The F quantifies how close our results are to that of the flat potential model
〈A(x̄, ȳ)〉0 on a scale of 0 to 1. However, this quantity has the problem that the
fidelity of a completely uniform autocorrelation, i.e. 〈A(x̄, ȳ)〉u =

√
2/(M + 1)M

for all |x̄, ȳ〉, already gives a rather high value. The exact value depends on the
system size and initial state, but for example with M = 11 and the approximate
Gaussian initial state it gives Fu = 0.798. Since this uniform autocorrelation
corresponds to the situation where the |ψ(t = 0)〉 leads to perfect ergodic behaviour,
we would like to associate it to F = 0 instead, since it does not represent the
original non-ergodic autocorrelation at all. Therefore, we introduce the rescaled
fidelity

Fr = F − Fu
1− Fu

. (5.28)

that has the property that calculating it with the completely uniform integrated
autocorrelation 〈A(x̄, ȳ)〉u indeed results in Fr = 0, while still keeping Fr = 1 when
〈A(x̄, ȳ)〉 = 〈A(x̄, ȳ)〉0. Note that Fr ∈ [−Fu/(1− Fu), 1] instead of the previous
F ∈ [0, 1].

In Fig. 5.7d we show Fr and Vstep/VNNN for the local autocorrelations of the model
with M = 11, ε = 9.0, and averaged over 50 realizations of initial positions. As
can be seen, the fidelity indeed increases with d, peaking in the regime where
Vstep ≈ 0, showing that the disorder leads to a reappearance of the zero-potential
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5. Quantum graph scars in a Rydberg atom chain

quantum scar. In Fig. 5.7a-c we show 〈A(x̄, ȳ)〉 to illustrate this revival. Here you
can indeed see that the autocorrelation at the maximum value of Fr, Fig. 5.7b,
corresponds well to 〈A(x̄, ȳ)〉0, i.e. Fig. 5.6. In Fig. 5.7e the expectation of the
r-statistic, Eq. (5.12), is shown along this line in parameter space, confirming that
at the point where the scar revival is maximal the model is actually chaotic.
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Figure 5.7: The 〈A(x̄, ȳ)〉 for (a) d = 0.009, (b) d = 0.129, (c) d = 0.404, averaged over
50 random initial disorder positions of the atoms with ε = 9.0 and M = 11. (d) The
corresponding fidelity of the 〈A(x̄, ȳ)〉 compared to the flat model as a function of d (blue),
as well as |Vstep|/VNNN (orange). The marked data points correspond to the subfigures
on the top row. (e) The expectation of the r-statistic averaged over 1000 random atomic
positions. The shaded area indicates the standard deviation, and the dotted lines are
guides to the eye for r = 0.39 and r = 0.53.

5.7 Summary and outlook
In summary, we have studied a Rydberg atom chain under the facilitation con-
dition. The Fock space graph of the Ncl = 1 sector is equal to a square lattice
with triangular boundaries that in the zero-potential limit possesses sparse zero-
energy eigenstates that form paths through the graph, reminiscent of the scarred
eigenstates of quantum billiards in the continuum. These eigenstates affect the
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dynamics, that can be shown by the integrated local autocorrelation. By taking
the potential into consideration, the eigenstate structure will be changed. However,
by tuning the disorder strength arising from imperfect trapping of the atoms,
one can obtain a model that is on average equal to the zero-potential model.
We identified the parameters for which this cancellation occurs and showed that
we indeed see a revival of the quantum scarred dynamics at these disorder strengths.

Regarding the possible experimental implementation, the Rydberg atom chain
under facilitation condition has been realized [203]. Because long time scales are
necessary to calculate the local integrated autocorrelation, the atoms would need
to be trapped in both the ground state and the excited Rydberg state. However,
typically only the ground state atoms are trapped, but techniques for trapping
the excited states are currently in development [205, 206]. The integrated local
autocorrelation itself can be measured by sampling from the time evolved wave
functions by a projection to the basis states [87].

Our model has a link with the so-called Onsager quantum many-body scars discussed
in Ref. [169]. The authors consider a class of non-integrable quantum spin chains
that have quantum scars in the presence of disorder. The simplest case is the spin
1/2 XX-model, of which a subspace can be mapped to the Hamiltonian considered
in this chapter. One of the atypical eigenvectors, Q+ |∅〉, is within this subspace
and corresponds to the sparse eigenvector that occupies the sites at the diagonal
with x̄+ ȳ = M−1, i.e. all basis states with N↑ = 1. This eigenstate is unperturbed
by the disorder studied in both this chapter and the disorder in Ref. [169]. This
mapping gives a link between the quantum graph scars discussed in this chapter
and previously studied quantum many-body scars. It would be interesting to study
in more detail the links between this model and the Rydberg atom chain, especially
including the more complex graphs of Ncl > 1.
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Chapter 6

Quantum many-body scars in a
transverse field Ising model

6.1 Introduction

During our investigation into sparse eigenvectors one of the condensed matter
models we investigated was the quantum Ising model, the paradigmatic model to
describe quantum magnetism. We discovered the existence of a quantum many-
body scar (QMBS) akin to the one in the PXP model. The analysis of these QMBS
will be the subject of this chapter.

To the best of our knowledge, the quantum Ising model on a ladder geometry
has not been analysed from the perspective of QMBS beyond a chain [195, 200].
Here we note that non-thermal behaviour following a quench has been investigated
in the longitudinal field Ising model [207, 208] and in the Ising model with long
range interactions [209], where the absence of thermalization was interpreted in
terms of meson quasiparticles [210]. Additionally, Ref. [211] studied quenches
in a one-dimensional deformed Ising Hamiltonian, see also Refs. [212, 213] for
related works. Furthermore QMBS have been identified in the two-dimensional
PXP-model, linking them to valence bond states [158].

In this chapter we identify quantum many-body scars in the transverse field
quantum Ising model on a ladder. We make explicit how the corresponding (mid-
spectrum, low entanglement) many-body eigenstates can be approximated by
injecting quasi-particle excitations into an exact, zero-energy eigenstate, which is
of valence bond solid type. Next, we present a systematic construction of product
states characterized, in the limit of a weak transverse field, by a sharply peaked
local density of states. We describe how the construction of these ‘peak states’
generalizes to arbitrary dimension and show that on the ladder their number
scales with the system size as the square of the golden ratio. Additional analytical
results are obtained for the energy separation between the scarred eigenstates,
as well as the degeneracies of the zero transverse field manifolds. These results
constitute a direct experimental recipe for QMBS in Ising models which have been
already realized with Rydberg quantum simulators [82, 84, 85] including the ladder
geometry [214]. The content of this chapter is based on Ref. [4].
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6. Quantum many-body scars in a transverse field Ising model

6.2 Transverse field Ising Hamiltonian
We consider the transverse field Ising model on a L× 2 ladder, with L even, and
Hamiltonian

H = Hz +Hx =
∑
〈i,j〉

σzi σ
z
j + hx

∑
i

σxi , (6.1)

where 〈i, j〉 denotes nearest neighbours, σzi = c†i ci − ci c
†
i , σxi = c†i + ci are the

Pauli matrices expressed in terms of the hard-core bosonic operators with the
usual commutation relations [ci, c†j ] = δij(1− 2c†i ci). We further assume periodic
boundary conditions c†x+L,y = c†x,y, c

†
x,y+2 = c†x,y where we have introduced real-

space coordinates of each site i = (x, y). We take the many-body basis states of
the Hamiltonian to be

|b〉 =
∣∣∣∣ n0,1 n1,1 . . . nL−1,1
n0,0 n1,0 . . . nL−1,0

〉
, (6.2)

where nx,y ∈ {0, 1} is the occupation number.

For hx = 0 the eigenvectors of H are the basis states (6.2). Their energy is
determined by the difference in the number of equal and unequal neighbouring
pairs. Each pair 〈i, j〉 with ni = nj (ni 6= nj) adds E = 1 (E = −1) to the
energy. Therefore, the total energy is given by the difference in the number of
equal and unequal neighbour pairs. This leads to all energy levels being degenerate.
A recurrence formula can be found to calculate the degeneracies of each energy
level in the model, see the appendix of Ref. [4]. Flipping a single spin in a given
configuration changes the sign of the energy contribution of all neighbouring sites,
so that the energy difference between the degenerate manifolds is |∆E| = 4 with
the exception of the lowest (highest) and first (de-)excited ones for which |∆E| = 8.
Defining the potential Vi ≡ 〈bi |Hz | bi〉, the above implies Vi = 4mi for integer
|mi| ≤ L. The highest (lowest) energy state of E = 4L (E = −4L) is reached when
all sites have the same nx,y (all neighbours of each site have opposite nx,y). So
the ground state is anti-ferromagnetic (neighbouring spins are aligned in opposite
direction), which results from the prefactor of Hz being one. This value is just a
choice, it has no effect on the QMBS physics, because the full energy spectrum is
inversion symmetric and therefore taking a negative prefactor leads to exactly the
same spectrum, just with a ferromagnetic instead of an antiferromagnetic ground
state. The same is true for the sign of hx, the prefactor of Hx, where we will take to
be hx ≥ 0. Then hx is just used to tune the relative strength of Hx compared to Hz.

We now consider hx 6= 0. We note that 〈bi|Hx|bj〉 6= 0 only if |bi〉 and |bj〉 differ
by a single spin flip. When Vi 6= Vj , the perturbative correction to the energies
Ei, Ej due to the matrix element 〈bi|Hx|bj〉 is of order h2

x so that it is strongly
suppressed when hx � 1. In contrast, basis states with Vi = Vj will hybridize
under the perturbation. Consequently, considering a perturbation up to first order
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Figure 6.1: (a) The entanglement entropy and (b) the LDOS|Z2〉 of the eigenvectors of H ′,
Eq. (6.3), in the vicinity of E = 0 for L = 8, hx = 0.1 and kx = ky = 0. The numbered
crosses indicate the

∣∣vQMBS,n
〉
. The left inset in (b) shows the approximation |ψ′E=0〉,

Eq. (6.11), and the right inset
∣∣ψ′SMA,±1

〉
, Eq. (6.17).

in hx is equivalent to using the projected Hamiltonian

H ′ = Hz +H ′x =
∑
〈i,j〉

σzi σ
z
j + hx

∑
i

Pσxi P, (6.3)

where P acting on |bi〉 projects it on all |bj〉 with Vj = Vi. Note that despite the
similarity, the Hamiltonian H ′ is not equal to the PXP-model due to the difference
in the projection operators P .

6.3 Quantum many-body scars
It has been argued that QMBS typically correspond to low entanglement en-
tropy (EE) states [119, 161, 186]. To this end we consider the (second Rényi) EE
S = − ln

(
Tr(ρ2

A)
)
with ρA the density matrix of a subsystem A, which we take

to be the half-ladder Lx = L/2 unless stated otherwise. The EE spectrum for the
E = 0 manifold perturbed by the transverse field shows a band of low EE states
|vQMBS,n〉 with n = −L/2, . . . , L/2, characteristic of a QMBS [118], see the black
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Figure 6.2: (a) The energies Ei and (b) energy differences ∆Ej of
∣∣vQMBS,n

〉
as function

of system size for hx = 0.1. The numbering of the states corresponds to Fig. 6.1. The red
line is a linear fit for ∆E0.

crosses in Fig. 6.1a.

Additionally, we consider the local density of states of a state |ψ0〉,

LDOS|ψ0〉(E) =
∑
j

|〈vj |ψ0〉|2 δ(E − Ej), (6.4)

where |vi〉 are the eigenvectors of the Hamiltonian. Using H ′, it can be seen from
Fig. 6.1b, that the low EE eigenvectors feature high LDOS for specific product
states, namely the |Z2〉 states, a situation analogous to the PXP model. Here
LDOS|Z2〉 is identical for |Z2〉 being∣∣Zrung

2
〉

=
∣∣∣ 1 0 1 0 · · ·

1 0 1 0 · · ·

〉
,

∣∣∣Zleg
2

〉
=
∣∣∣ 1 1 1 1 · · ·

0 0 0 0 · · ·

〉
(6.5)

and their translations Tx |Zrung
2 〉 and Ty

∣∣∣Zleg
2

〉
, where Tx,y translates the state

by one site in the x, y direction. Denoting by kx,y the eigenvalues of Tx,y, it is
convenient to work in the kx = ky = 0 momentum sector of the Hamiltonian, and
therefore we consider either 1/

√
2(1 + Tx) |Zrung

2 〉 or 1/
√

2(1 + Ty)
∣∣∣Zleg

2

〉
.

We note from Fig. 6.1b that the |vQMBS,n〉 are non-degenerate, except for the one
at E = 0, and have momentum kx = ky = 0. Additionally, the energy separations
between the special eigenstates are approximately equal. In Fig. 6.2a we show the
respective energies, which we enumerate as E−L/2, . . . , EL/2 and the energy differ-
ences ∆Ej = Ej+1 −Ej between two consecutive energies are shown in Fig. 6.2b
(we note that ∆E−j = ∆Ej−1 for j > 0 due to the spectral inversion symmetry).
As can be seen, the energy differences tend to become more equal for increasing L.
A linear fit to ∆E0 shows that in the limit L→∞ the energy difference becomes
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6.3. Quantum many-body scars

∆E0 ≈ 3.49hx.

6.3.1 Dynamics
As a direct consequence of the approximately equal energy difference between
the peaks in LDOS|Z2〉, initializing the system in |ψ0〉 = |Z2〉 leads to ETH-
breaking behaviour. To characterize the ensuing quench dynamics, we consider the
autocorrelation or Loschmidt echo [184],

A|ψ0〉(t) = |〈ψ0|ψ(t)〉|2 =
∣∣〈ψ0|e−iHt|ψ0

〉∣∣2 , (6.6)

which is related to LDOS|ψ0〉 by a Fourier transform [117]. Because of the special
properties of LDOS|Z2〉, the autocorrelation shows revivals of the initial wave
function, see Fig. 6.3, where the full Hamiltonian (6.1) was used with hx = 0.1
(in a) and hx = 0.7 (in b). Here A|Z2〉(t) shows revivals, in contrast to the
autocorrelation of a typical basis state (for simplicity, here and in the following we
omit the explicit normalization unless stated otherwise)

|ψtyp〉 =
L−1∑
i=0

1∑
j=0

T ix T
j
y

∣∣∣∣ 1 1 1 0 1 1 0 0
1 0 1 0 1 0 0 0

〉
. (6.7)
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2
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t)

Figure 6.3: The autocorrelation Eq. (6.6) for a |Z2〉 (solid, blue) and a typical (dashed,
orange) states for L = 8 with (a) hx = 0.1 and (b) hx = 0.7.

We will now investigate how we can classify typical and atypical states, resulting
in revivals of the autocorrelation A|ψ0〉(t) = |

〈
ψ0|e−iHt|ψ0

〉
|2, Eq. (6.6), for the

latter in contrast to the former. Writing an initial state as a superposition of the
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6. Quantum many-body scars in a transverse field Ising model

eigenstates |ψ0〉 =
∑
j cj |vj〉, the autocorrelation can be expressed as

A|ψ0〉(t) =
∑
j

|cj |4 + 2
∑
j<k

|cj |2|ck|2 cos (Ejkt) , (6.8)

where Ejk = Ej − Ek is the energy difference between the eigenvalues of |vj〉
and |vk〉. The properties of the autocorrelation thus immediately follow from the
weights wj = |cj |2 as well as the energy differences Ejk between the states with
non-zero weights. First, for each basis state |ψ0〉 = |bi〉 we analyze the distribution
of the weights by ordering them from high to low values such that wj ≥ wj+1.
Secondly, we can then quantify the corresponding distribution of the weights using
the variance

var|bi〉 =
∑
j

(j − n̄)2w
(i)
j with n̄ =

∑
j

jw
(i)
j , (6.9)

where |bi〉 =
∑
j c

(i)
j |vj〉. In Fig. 6.4 we show the ordered variances for L = 8 and

for basis states with potential |V | = | 〈bi|Hz|bi〉 | ≤ 8 as we are interested in the
mid-spectrum states. As can be seen, the Z2 state and the typical state (6.7) that
were used in Fig. 6.3, have respectively a low and high variance. The basis states
with the lowest variance belong to the (twin) peak states, which will be discussed in
section 6.5. We note that the low variance of the weights alone is not sufficient to
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Figure 6.4: The weight variances for all basis states with V = 0,±4,±8 of the L = 8 and
hx = 0.1 system. The four specific states denoted by a cross are specifically |Z2〉 Eq. (6.5),
|ψtyp〉 Eq. (6.7), |ψp〉 Eq. (6.23) and |ψ2p〉 Eq. (6.25). The inset shows the lowest variance
states.

guarantee quasiperiodic revivals of the autocorrelation (so that not all low-variance
states would be classified as a QMBS) and has to be supplemented by the quasi
equidistant energy spacings between the eigenstates with the highest weight as in
the case of the |Z2〉 state.
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6.3. Quantum many-body scars

6.3.2 Comparison with the integrated autocorrelation
To quantitatively compare the response from different initial states, we calculate
the integrated autocorrelation

〈A|ψ〉〉 = lim
τ→∞

1
τ − t0

∫ τ

t0

A|ψ〉(t) dt, (6.10)

where we take t0 > 0 such that the initial decay of A|ψ〉(t) is not included in
the average and where τ is big enough such that

〈
A|ψ〉

〉
is τ -independent. We

will now study numerically the dependence of the average autocorrelation on the
system size L and the transverse field hx. In Fig. 6.5a we show 〈A|ψ〉〉 vs. hx
for L = 4, 6, 8 (blue, orange, green) for both an atypical (|Z2〉, solid lines) and
a typical (|ψtyp〉, Eq. (6.7), dashed lines) initial state. We see a decrease of the
average autocorrelation with hx for all system sizes.
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Figure 6.5: (a) The average autocorrelation for a |Z2〉 state (solid line) and the typical
state |ψtyp〉 Eq. (6.7) (dotted line) for L = 4, 6, 8 (blue dots, orange crosses, green triangles)
as a function of hx. (b) The ratio

〈
A|Z2〉

〉
/
〈
A|ψtyp〉

〉
and (c)

〈
A|Z2〉

〉
as a function of

1/L for hx = 0.1, 0.5, 0.9. In all three subplots the same data is used with t0 = 133 and
τ = 500.

Comparing 〈A|ψ〉〉 for the |Z2〉 and the typical state, we see that 〈A|Z2〉〉 > 〈A|ψtyp〉〉
for all values of hx and L (except for L = 4 and hx = 0.1, which is likely a finite-size
effect). In Fig. 6.5b we plot 〈A|Z2〉〉 / 〈A|ψtyp〉〉 vs. 1/L for hx = 0.1, 0.5, 0.9 and see
a clear increase of the ratio with the system size. We have verified that the higher
value of 〈A|Z2〉〉 can be indeed attributed to the revivals of A|Z2〉(t). At the same
time, as can be seen in Fig. 6.5c,

〈
A|Z2〉

〉
decreases with L, similar to results on the

PXP model [156]. In conclusion, while the quantitative details depend on the choice
of the typical state, the numerical simulations suggest that the atypical behaviour of
the |Z2〉 states is robust in the sense that the ratio

〈
A|Z2〉

〉
/
〈
A|ψtyp〉

〉
� 1 for all hx

and system sizes L and in fact increases with system size. The numerical results up
to L = 8 suggest that limL→∞ 〈A|Z2〉〉 / 〈A|ψtyp〉〉 � 1, while limL→∞ 〈A|Z2〉〉 ≈ 0.
Further studies, including e.g. the use of a single mode approximation construc-
tion or Mazur inequalities [193, 215–217] are required to assess the nature of the
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autocorrelations in the thermodynamic limit.

6.4 Analytical construction of scarred eigenstates

6.4.1 The zero energy state
In this section we will analytically construct an approximate state to the discovered
quantum many-body scar. As a starting point, we note that the spectrum of
special states is symmetric around E = 0. We identified an hx-independent E = 0
eigenstate

|ψ′E=0〉 =
L∏
i

si |∅〉 ≡
L∏
i

(
c†i,1 − c

†
i+1,0

)
|∅〉 (6.11)

where |∅〉 =
∣∣∣ 0 · · ·

0 · · ·

〉
is the vacuum state. This state will be used as the root

state of a single mode approximation (SMA) to obtain the (de-)excited special
states. To show that this state is indeed a zero energy eigenvector independent
of hx, i.e. H |ψ′E=0〉 = 0, we first consider the action of Hz by expanding it as
Hz =

∑
iH

z
i with

Hz
i ≡ σzi,1 σzi+1,1 + 2σzi+1,0 σ

z
i+1,1 + σzi+1,0 σ

z
i+2,0. (6.12)

Hz
i is a local operator that only acts on the sites occupied by two neighbouring

singlets si and si+1 such that

Hz |ψ′E=0〉 =
∑
i

Hz
i |ψ′E=0〉 =

∑
i

 ∏
j 6=i,i+1

sj

Hz
i sisi+1 |∅〉 . (6.13)

The product of the two singlets written out in basis states is

sisi+1 |∅〉 =
(
c†i,1 − c

†
i+1,0

)(
c†i+1,1 − c

†
i+2,0

)
|∅〉

=
∣∣∣ 1 1 ·

· 0 0

〉
−
∣∣∣ 1 0 ·

· 0 1

〉
−
∣∣∣ 0 1 ·

· 1 0

〉
+
∣∣∣ 0 0 ·

· 1 1

〉
,

(6.14)

where in the last line only the occupation numbers of the relevant positions (i.e.
those occupied by the singlets si and si+1) are denoted. In each of these basis
states there are two neighbouring pairs with the same and two pairs with a different
occupation number, such that the action of Hz

i on all these basis states is zero:
Hz
i sisi+1 |∅〉 = 0. Entering this result in Eq. (6.13) then shows that Hz |ψ′E=0〉 = 0.

Secondly, consider the action of Hx in a similar way by using the expansion
Hx =

∑
iH

x
i with Hx

i = σxi,1 + σxi+1,0 that only acts on the sites of a single singlet.
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6.4. Analytical construction of scarred eigenstates

Then

Hx |ψ′E=0〉 = hx
∑
i

∏
j 6=i

sj

Hx
i si |∅〉 (6.15)

and
Hx
i si |∅〉 = (σxi,1 + σxi+1,0)(c†i,1 − c

†
i+1,0) |∅〉

= (1− 1 + c†i,1c
†
i+1,0 − c

†
i,1c
†
i+1,0) |∅〉

= 0.

(6.16)

Because of Eq. (6.16) it follows that Hx |ψ′E=0〉 = 0 and therefore H |ψ′E=0〉 = 0.
This concludes the proof that the state (6.11) is indeed a zero energy state, in-
dependent of hx. As a sidenote, we identified a number of other hx independent
eigenstates, including ones at E 6= 0. However, these turned out not to be relevant
to the observed QMBS, so they are of no importance to the current chapter.

6.4.2 Single mode approximation
|ψ′E=0〉 is a product state of singlets aligned diagonally in the ladder, see the inset
in Fig. 6.1b, and thus corresponds to a valence bond solid (VBS) crystalline order.
The knowledge of |ψ′E=0〉 allows for a systematic construction of the descendant
scarred eigenstates |vQMBS,n〉, indicated by crosses in Fig. 6.1. This is achieved
by repeated action of a local operator creating quasiparticle excitations on top
of |ψ′E=0〉, a method termed the single mode approximation (SMA) and applied
to the PXP model using matrix product states [156]. Motivated by the form of
|ψ′E=0〉, we consider excitations by locally replacing a size 2× 2 plaquette with an
exact E± = ±2

√
2hx eigenstate of H ′, Eq. (6.3), with L = 2. This eigenstate is

Ô± |∅〉 with

Ô± =1
4(1 +Q)

(
c†0,0 + c†0,1 + c†1,0 + c†1,1

)
(6.17)

± 1
2
√

2

(
c†0,0c

†
0,1 + c†1,0c

†
1,1 + c†0,0c

†
1,0 + c†0,1c

†
1,1

)
,

where Q is the particle-hole inversion operator (nx,y → 1−nx,y). It has an overlap of
1−h2

x/32+O(h4
x) with the eigenvector of H with E± = ±2

√
2hx∓h3

x/
√

32+O(h5
x).

However, in order to keep the correct energy, no singlet is allowed to be broken and
therefore the excitation operator (6.17) has to be placed diagonally on the ladder.
Consequently, we define the operator Ô±j as placing an excitation according to
Eq. (6.17) on the sites at (x, y) = (j, 1), (j + 1, 1), (j + 1, 0) and (j + 2, 0), see the
inset in Fig. 6.1b, such that∣∣ψ′SMA,±1

〉
=
∑
j

Ô±j
∏

i 6=j,j+1
si |∅〉 . (6.18)
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6. Quantum many-body scars in a transverse field Ising model

This method can be continued to create approximations to all |vQMBS,n〉 by adding
more local excitations as∣∣ψ′SMA,n

〉
=
∑
k1...kn

Ô±k1
. . . Ô±kn

∏
i

si |∅〉 , (6.19)

where the sign in Ô± corresponds to the sign of n, cf. Fig. 6.1b. The excitations
are not allowed to overlap, so the indices have to obey i, kj 6= km, km+1 ∀ i, j,m.
The |vQMBS,n〉 states are symmetric under the reflection of the x-coordinates
(c†x,y → c†L−x,y), but the states (6.11) and (6.19) are not, because both the singlets
and the excitations are placed diagonally on the ladder. In order to symmetrize
these states we take the normalized superpositions

|ψE=0〉 =
√

1
2 + 23−L (1 +R) |ψ′E=0〉 (6.20a)

|ψSMA, n〉 = Nn (1 +R)
∣∣ψ′SMA, n

〉
(6.20b)

where R is reflection operator, R : c†x,y → c†L−x,y, and Nn denotes the n-dependent
normalization, e.g. N±1 = 1/

√
2 + 23−LL.

The state |ψE=0〉 has an overlap of |〈ψE=0|Z2〉|2 = 1/(1 + 2L−2), which is high
compared to a typical state, but low compared to the special states shown in
Fig. 6.1b, making |ψE=0〉 a rather poor approximation to the exact eigenvector. In
contrast, the overlap |〈ψSMA,1|Z2〉|2 = L/(2L+ 2L−1) corresponds well to that in
Fig. 6.1b and the fidelity Fn = |〈vQMBS,n|ψSMA,n〉|2 with n = 1 and n = 2, plotted
in Fig. 6.6 for a range of hx-values and for two different lengths L, shows that
they are a reasonable approximation to the real eigenstates. The quality of the
approximation decreases with increasing hx and L, which is expected due to the
hx-dependent reduced fidelity of the Ô-operator to the exact plaquette eigenstates.
Moreover, this matches the decrease of the calculated average autocorrelation,
see subsection 6.3.2. We note a similar decrease of fidelity also appears in the
SMA applied to the PXP model [156]. In Appendix C.1 we present a systematic
construction, using the forward scattering approximation (FSA), of a series of
states

∣∣w(j)
〉
, with

∣∣w(1)
〉

=
∣∣ψ′SMA,1

〉
, converging on an eigenstate

∣∣v′QMBS,n
〉
of

H ′, where up to normalization, |vQMBS,n〉 = (1 +R)
∣∣v′QMBS,n

〉
.

It follows directly from the structure of |ψ′E=0〉, Eq. (6.11), that it has a constant
half-ladder EE of S = 2 ln(2). It is independent of L and of the size of the subsystem
A, because the edges of the subsystem always have to cut through two singlet
bonds, one at each edge (the leg entanglement entropy is L ln(2), because the
subsystem cuts through all L singlets). For |ψE=0〉 the half-chain entanglement
entropy is

S|ψE=0〉 = − ln
(
c+ w(6 + w)

8(1 + w)2

)
, (6.21)
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Figure 6.6: Fidelity Fn of the first two SMA states vs. hx for L = 8 (blue) and L = 6
(orange).

with w = 2L−2, c = 4 for L/2 even, and c = 1 for L/2 odd, see Appendix C.2 for
the calculation. It reaches its maximum in the thermodynamic limit, limL→∞ S =
3 ln(2) for both L/2 odd and even. We thus confirm the expected result, namely
that, due to the product state nature of the underlying VBS states, both |ψ′E=0〉
and |ψE=0〉 feature area-law EE in contrast to the typical eigenstates as reflected
in Fig. 6.1a.

6.5 Peak states
In addition to the paradigmatic |Z2〉 states, we were able to identify a family of
ETH-breaking product states in the hx � 1 limit, which offer a distinct experi-
mental probe. They are characterized by a number of sharp peaks in the LDOS as
we now describe.

In the small hx limit, any connections between basis states with a different potential
will be strongly suppressed as O(h2

x). We can thus identify local spin configurations
such that flipping a given spin does not change the potential, which is equivalent to
requiring that flipping the spin does not alter the number of (un)equal neighbours
(we recall we use periodic boundary conditions in both directions). This is achieved
by configurations of the form∣∣∣∣ · · · n na n · · ·

· · · · 1− n · · · ·

〉
, (6.22)

for both n = 0, 1. Here, the underline denotes the spin which can be flipped
(na → 1 − na). The |Z2〉 states are special, in that every site of them is as in
Eq. (6.22). We will now consider the other extreme, where (almost) no site has
this local configuration. Firstly, there are basis states that do not have this pattern
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6. Quantum many-body scars in a transverse field Ising model

anywhere, for example

|ψp〉 =
∑
i,j

T ix T
j
y

∣∣∣∣ 1 1 1 1 0 0 1 0
1 1 1 0 0 0 0 1

〉
, (6.23)

with V = 8. The action of Hx on any site of this basis state will change the
potential, so up to first order in hx the energy will not be changed and consequently
the LDOS|ψp〉 is sharply peaked around E = V +O(h2

x) for small values of hx, see
Fig. 6.7a. This will be called a peak state. For large L the number of peak states
scales as φ2L, where φ = (1 +

√
5)/2 ≈ 1.618 is the golden ratio, see Appendix C.3

for a derivation of this scaling.

Secondly, consider a basis state where the configuration (6.22) only occurs once,
such as

|ψ3p〉 =
∑
i,j

T ixT
j
y

∣∣∣∣ 1 1 1 0 1 1 0 1
1 1 0 1 1 1 1 1

〉
. (6.24)

Flipping the marked site results in the basis state

|ψ2p〉 =
∑
i,j

T ixT
j
y

∣∣∣∣ 1 1 1 0 1 1 0 1
1 1 0 1 1 1 0 1

〉
, (6.25)

which has two sites that could be flipped without a change in the potential. Flipping
the lower site returns |ψ2p〉 to state (6.24) while flipping the other one leads to

|ψ3p′〉 =
∑
i,j

T ixT
j
y

∣∣∣∣ 1 1 1 0 1 1 1 1
1 1 0 1 1 1 0 1

〉
. (6.26)

Here, the energy conserving flip connects again to |ψ2p〉, such that there is an
effective subspace of the states {|ψ3p〉 ↔ |ψ2p〉 ↔ |ψ3p′〉} connected by Hx. The
eigenvalues are easily found to be, to leading order in hx, V and V ±

√
2hx, where V

is the potential of all three basis states, which in this example is V = 8. The eigen-
vector with energy V has no overlap with the state |ψ2p〉, resulting in LDOS|ψ2p〉

featuring only two peaks at E = V ±
√

2hx + O(h2
x), see Fig. 6.7a. The other

two basis states |ψ3p〉 and |ψ3p′〉 do have an overlap with the E = V eigenvector
and therefore their LDOS consist of three peaks, at E = V ±

√
2hx +O(h2

x) and
V +O(h2

x). These special overlaps have consequences for the time evolution after
a quench from one of these basis states. On one hand, for the single peak the
autocorrelation (6.6) will decay slowly, on a time scale T ∝ 1/O(h2

x) corresponding
to the width of the peak. On the other hand, the twin peak state results in a
clear oscillation of the autocorrelation with period given by the energy separation
between the two peaks, T ≈ 2π/(2

√
2hx), see Fig. 6.7b. When increasing hx, the

peaks in the LDOS will broaden and consequently 〈A〉 will decrease. In this sense,
the ETH-breaking behaviour of the peak states is not robust with respect to the
increase of hx, in contrast to the |Z2〉 states.
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Figure 6.7: (a) LDOS and (b) autocorrelation for the single peak state |ψp〉, Eq. (6.23),
(dashed, light, orange) and a twin peaks state |ψ2p〉, Eq. (6.25), (solid, dark, blue) with
L = 8 and hx = 0.1.

Importantly, exploiting the constraint Eq. (6.22) leading to Eqs. (6.23–6.26) can be
generalized to the whole 2D plane, as well as to higher dimensions. As an explicit
example, lets consider the state

|ψ4×4
p 〉 =

∣∣∣∣∣∣
0 1 0 1
0 0 1 1
0 1 0 1
1 1 0 0

〉
. (6.27)

We observe that there is no site that is connected to two equal and two unequal
neighbours. Therefore flipping any single spin necessarily results in the change
of the energy and, in analogy to (6.23), we conclude that Eq. (6.27) is a peak
state. Next, we note that repeating (6.27) in x, y directions, such that the system
size becomes 4m× 4n, m,n ∈ N, results again in a peak state. This construction
can be extended to a hypercubic lattice in higher dimensions. One systematic
way to accomplish this is by recursively creating the d+ 1 dimensional lattice by
layering 4r copies, with r ∈ N, of the d-dimensional lattice, with the d = 2 “seed”
lattice being for example the state |ψ4×4

p 〉 extended to 4m × 4n sites. Denoting
the i-th d-dimensional layer as Li, acting with the particle-hole conjugate operator
Q on every site of a Li with i mod 4 = 2 or i mod 4 = 3 leads to every layer
being connected to one layer with all inter-layer neighbours equal and one with all
inter-layer neighbours unequal, such that for every site the total number of equal
and unequal neighbours is still different and therefore this is a peak state.
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6. Quantum many-body scars in a transverse field Ising model

6.6 Outlook
In this chapter we have analyzed the transverse field Ising ladder and identified
families of initial product states resulting in ETH-violating behaviour which can
be interpreted as quantum many-body scars. The present analysis allowed us
to identify scarred initial states in higher dimensions on a square lattice. This
opens a way for generalizations to other geometries, for example the honeycomb
lattice featuring frustrated ground states [218]. It would also be interesting to
consider the action of the longitudinal field. In one dimension this results in meson
excitations [207–210], which are low-variance states akin to the |Z2〉 and peak
states, hinting to their relation to many-body scars. The meson quasiparticles are
low-energy excitations corresponding to pairwise confined domain walls arising
from a doubly degenerate ground state. In contrast, the scar states studied in this
work are higher-energy (mid-spectrum) states which lack a clear interpretation as
pairwise confined domain walls. Whether such an interpretation can be found is
an interesting open problem. While tackling the outlined questions is theoretically
challenging, they can be readily addressed with Rydberg atom based platforms
and present thus an ideal test-bed for quantum simulations beyond simple chain
geometries. To this end, we note that for initial product states considered in
this work, the time dependent autocorrelation constitutes a directly accessible
experimental probe. This can be achieved by projecting on individual basis states
as described e.g. in Ref. [87].
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Conclusion and outlook

We have almost arrived at the end of the thesis. The chapters themselves already
contain a conclusion and outlook specific to that chapter, but in this section I
would like to make a couple of general remarks to conclude the thesis.

The general theme of this thesis has been the discovery of special dynamics in
quantum many-body systems, specifically tight binding (quasi)-1D models. This
resulted in a many-body topological quantum pump, kinks between supersym-
metric ground states, and quantum many-body scars. At a glance these three
phenomena might look very different, but there are quite some similarities. Firstly,
their non-interacting single particle counterparts (such as the Rice-Mele model and
quantum billiards discussed in this thesis) are well understood and were used as
an inspiration for the many-body phenomena. Secondly, the method of obtaining
our results was quite similar in all phenomena. We always started from an exactly
known special point, either special values in the parameter space or an exactly
known eigenstate, of which we analytically understood the special feature we were
investigating, often accompanied by a comparison to the single particle phenomenon.
Then we generalized from this point the results to a more general parameter space,
sometimes using analytical approximations, other times by numerical techniques.

This method works in obtaining interesting and novel results which is notoriously
hard in strongly interacting many-body physics. Furthermore, the link with single
particle physics often gave an intuitive understanding of the results. However, this
method is also a bit limited in the sense that the results we obtained are rather
model-specific and often do not lead to a real understanding of how general the
results are and if similar physics can be found in other models and situations. For
example, we showed novel pump behaviour of a many-body topological quantum
pump, which is definitely interesting in of itself, but which does not easily lead to
a better understanding of topological quantum pumps in a many-body context in
general. This can also be seen in the current state of the whole field of quantum
many-body scars. There are many studies being done to investigate all kinds of
aspects of QMBS, see for example the literature overview in subsection 4.2.4, and
QMBS have been discovered in many different models, including our discovery of
QMBS in the Ising ladder. Even though attempts are being made, a coherent deeper
understanding of the physics of quantum many-body scars is still lacking. This is
not so much a critique on the current research field, but more an observation of the
current state it is in. From my point of view it seems that the field is still in its in-
fancy and that when it matures a more unified understanding of QMBS will emerge.
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6. Quantum many-body scars in a transverse field Ising model

Related to this, one topic we studied was the similarity between Fock space graphs
of many-body Hamiltonians and single particles hopping on a lattice. Specifically,
we were interested in the question if there is a relation between sparse eigenvectors
on the graph and (single-particle) quantum scars. This study did not end up directly
in the thesis, because it was not completed yet, but indirectly it did lead to both
chapter 5 and chapter 6. The hypothesis was that finding these single-particle-like
quantum scars in the many-body Hamiltonian graphs would be a way to discover
special dynamics. The intuition was that by initializing a system in a state similar
to a Gaussian wave packet along these sparse eigenvectors would lead to quantum
scar behaviour in observables such as the local integrated autocorrelation. We tested
this hypothesis in a series of toy models, which seemed to support our intuition.
In chapter 5 this idea was used in the effective Hamiltonian of a Rydberg atom
chain. However, this graph is a relatively simple square lattice with a triangular
boundary shape and we instead hoped that we could find these quantum scars in a
more interesting graph. A number of standard condensed matter models, including
the supersymmetric M1, Ising, PXP, and (Z2) Nicolai models, were investigated.
Unfortunately, even though some of these models had sparse eigenvectors, I could
not yet make it clear that these are directly related to quantum scar behaviour. I
think it will be worthwhile to investigate this hypothesis more, especially because it
gives such an intuitive relation between the single particle scars and the many-body
scars. Moreover, thinking in terms of graphs can lead to new insights into other
models, for example, the discovery of the QMBS in the Ising model, described
in chapter 6, was an indirect result from the investigation of sparse eigenstates
in that model, i.e. the zero-energy eigenstate we use as the vacuum state of the
quasi-particle construction is a sparse eigenstate. As an extra encouragement,
during the writing of the thesis I became aware of recent works that also explic-
itly studied the Fock space graphs to gain insight in the physics of QMBS [185, 190].

One major limitation that came up in all of our research is that we could only
obtain numerical results for small system sizes. The Hilbert space of many-body
models grows quick with the system size, which severely limits the numerical results
obtainable within a reasonable time. Our research only employed exact diagonal-
ization techniques, such that only small system sizes were available and we were
automatically restricted to focussing on (quasi-)one dimensional systems. There do
exist more advanced computational methods with which larger (or even infinite)
system sizes would be available for computations, but these mostly focus on ground
state properties and are therefore unsuitable for doing dynamics in the full Hilbert
space, which is exactly what we were interested in. It is unfortunate that even
with the state-of-the-art advanced numerical techniques on large supercomputers
the quantum dynamics in larger systems and in higher dimensions is still out of
reach. One would hope that with advances in either hardware or computational
methods, more interesting physics can be studied. One promising direction is to
use quantum computers, an idea that is already decades old [219], but that is
becoming increasingly more feasible [220, 221]. Quantum computers would be
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especially well suited for calculating many-body quantum dynamics, because the
underlying qubits are quantum particles themselves.

Alternatively, I also believe that quantum simulation experiments with ultracold
atoms can stimulate progress in theoretical condensed matter. With the discovery
of the quantum many-body scars [87] this method has already shown that it is
not only able to simulate theoretical models to verify results and improve our
understanding of known phenomena, see e.g. the discussion in subsection 3.1.1 on
Rydberg atom simulators, but also has the potential to extend our knowledge by
discovering new phenomena such as the QMBS. By mastering the current systems
and with the implementation of novel techniques, such as synthetic dimensions,
optical tweezers, and artificial gauge fields, one would hope that quantum simu-
lation will prove to be a fruitful method to study theoretical condensed matter
models and discover new quantum many-body phenomena. On a personal note,
I of course hope that the models we studied in this thesis will be realized with a
quantum simulator to demonstrate their pumps, kinks, and scars.
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Appendix to chapter 3

A.1 Density profiles and design of the observables

Figure A.1: Single site particle densities of kinks (blue data points) and skinks (magenta
data points) for l = 3 at extreme staggering λ = 0 (first two rows) and at criticality
λ = 1 (third and fourth row) for the leftmost (s)inks |K1〉 , |K̄1〉 (first column), |K2〉 , |K̄2〉
(second column) and the rightmost (s)kinks |K4〉 , |K̄4〉 (third column). The gray data
points for λ = 1 indicate the densities evaluated with |K′1〉 and |K̄′1〉 for kinks and skinks
respectively, see text for details.

To motivate the choice of observables, we will first examine the kink and skink
profiles. Fig. A.1 shows the single site particle densities of kinks (blue data points)
and skinks (magenta data points) for l = 3 at extreme staggering, λ = 0, (first two
rows) and at criticality, λ = 1, (third and fourth row) for the leftmost (s)kinks
|K1〉 , |K̄1〉 (first column), |K2〉 , |K̄2〉 (second column) and the rightmost (s)kinks
|K4〉 , |K̄4〉 (third column). We wish to design observables which capture the
properties of the overlaps o(t) = 〈Kl+1|K1(t)〉 = 〈K̄l+1|K̄1(t)〉 = ō(t) signalling
the arrival of the leftmost kink to the right edge. Motivated by the (s)kink profiles,
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we in particular examine the situation in the last unit cell corresponding to the
last three sites of the chain and to staggering 1λ1 indicated by the orange boxes in
Fig. A.1. For the observable we consider a function of the particle densities on these
three sites, δn = δn(nL−2, nL−1, nL), and require that 〈Ki|δn|Kj〉 ≈ δi,l+1δj,l+1.
We find that these conditions are satisfied by imposing

〈K1|δn|K1〉 = 0
〈Kl+1|δn|Kl+1〉 = 1

(A.1)

and similarly for the skinks.

At extreme staggering, the occupation of the last unit cell is 1 and 1/2 for |K1〉
and |Kl+1〉 (1 and 3/2 for |K̄1〉 and |K̄l+1〉). We also note that for kinks the total
particle number at the last two sites is different for |K1〉 and |Kl+1〉, but the same
for the skinks. In contrast to the extreme staggering, at criticality (and generally
for λ > 0) the total particle number in the last unit cell varies and is not equal
to integer or half-integer values. This motivates us to introduce the following
observables

δn = α(λ, l) [1− β(λ, l) (nL−1 + nL+1)]
δn3 = α3(λ, l) [1− β3(λ, l) (nL−2 + nL−1 + nL+1)]
δn̄ = −ᾱ(λ, l)

[
1− β̄(λ, l) (nL−2 + nL−1 + nL+1)

]
,

(A.2)

where the coefficients α, β in general depend on λ and the chain length L = 3l + 1,
where the latter is to be expected, similarly to the presence of such scaling in the
particle densities (3.5) of the ground state of chain of length L = 3l. At extreme
staggering, the value of the coefficients can be read off directly from Fig. A.1 and
we obtain

(α, β) = (1, 1)
(α3, β3) = (2, 1)

(ᾱ, β̄) = (2, 1),
(A.3)

which are independent of l. For λ = 1, the values are obtained from the defining
property (A.1) and their scaling with l is shown in Fig. A.2a-f (up to l = 6). We
use these values in the analysis of the critical dynamics.

To examine the observables, in Fig. A.2g we show the (square of the) overlap (gray)
together with δn, δn3 (solid and dashed blue) and δn̄ (magenta) for a quench from
|K1〉 and |K̄1〉 respectively with the dynamics generated by the M1 Hamiltonian.
We see that the proposed observables nicely capture the overlap function |o|2.

A.2 State preparation by adiabatic following
In this appendix we study state preparation by means of adiabatic following for
the two scenarios considered in the main text: an open chain of length L = 3l
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Figure A.2: Scaling of the coefficients (a,d) α, β, (b,e) α3, β3 and (c,f) ᾱ, β̄ parametrizing
the observables (A.2) with l at criticality, λ = 1. (g) Time evolution of the observables
(A.2) for l = 3 following a quench from |K1〉 (blue lines) and |K̄1〉 (magenta line) together
with the square of the overlap |o|2 = | 〈Kl+1|K1(t)〉 |2 = | 〈K̄l+1|K̄1(t)〉 |2 (gray line).

and staggering 1λ1...1λ1 (scenario 1) and an open chain of length L = 3l + 1 and
staggering 11λ . . . 1λ1 (scenario 2). Motivated by the relative simplicity of the ex-
perimental implementation, we focus on the critical case λ = 1. We comment on the
(un)suitability of the adiabatic protocol for critical systems at the end of the section.

We consider a preparation of a ground state of a final Hamiltonian Hf by adiabatic
following from Hi, such that the time-dependent Hamiltonian can be expressed as

H(t) = (1−F(t))Hi + F(t)Hf . (A.4)

We consider three distinct cases for Hf . (i) Hf = HQ in (scenario 1), (ii)
Hf = HQ+µ(n1 +n2) with µ→∞ for kink and (iii) Hf = HQ+ µ̄(−n1 +n2− ν̄n3)
with µ̄, ν̄ ≈ 3, 1/2 for skink preparation in (scenario 2). Hf in (ii) is chosen to
ensure no occupation of the first two sites in preparation of the leftmost kink
|K1〉, a condition well satisfied even at criticality. This is apparent from Fig. A.1
(λ = 1, |K1〉 pane, blue data points) where we plot the densities corresponding to
the ground state |K ′1〉 of Hf as gray data points. For skinks, enforcing a particle at
first site and zero particle on the second yields a density on the third site which is
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too small as compared with the ideal skink |K̄1〉. To rectify that, we introduce the
Hf described in (iii) and optimize the skink fidelity by tuning µ̄, ν̄ with optimal
values indicated above. The corresponding densities are shown as gray data points
in Fig. A.1 (λ = 1, |K̄1〉 pane). The function F(t) has to be chosen such that it
satisfies the adiabatic theorem [222–224]. In particular, F(0) = 0, F(T ) = 1, and
it is at least twice differentiable. Here T is the duration of the adiabatic sweep. In
order to provide a specific example, we consider

F(t) = 1
2

[
1− cos

(
π
t

T

)]
. (A.5)

Even though we focus on a critical system the spectrum will remain gapped, since
we are concerned with experiments with a finite number of atoms (we exploit the
rigorous results for the finite size scaling of the gap in Appendix A.5). To this
end we consider an approximate but qualitatively sufficient picture that the time
duration of the adiabatic sweep T should be much larger than the inverse of the
spectral gap 1/∆sg (see e.g. [222–226] for discussion of adiabaticity conditions).
We define the spectral gap as the energy difference between the lowest and the
first excited state of the Hamiltonian. This is in contrast to the gap Egap used in
the main text in scenario (ii), which was the energy of the lowest excited state,
i.e. its distance from the zero energy corresponding to the true ground state of
the supersymmetric Hamiltonian on a chain with periodic boundaries. In the
thermodynamic limit the lowest excited states become however equidistant as a
consequence of the conformal symmetry and Egap coincides with ∆sg.

Note on the initial Hamiltonian

In order to ensure that no level-crossing occurs as the Hamiltonian is swept from
Hi to Hf , some care has to be taken in the choice of Hi. One possibility is to
choose Hi such that its ground state is the lowest energy state of HQ at extreme
staggering. For the specific lengths and staggerings considered, the λ = 0 states
are particularly simple as they are given by product states of the form

(i) L = 3l, 1λ1 . . . → |ψi〉 = |010010...〉 (A.6a)
(ii) L = 3l + 1, 11λ . . . → |ψi〉 = |001001...〉 . (A.6b)

(iii) L = 3l + 1, 11λ . . . → |ψi〉 = |101001...〉 (A.6c)

See Table A.1 for a summary of low energy spectral properties of the M1 model at
extreme staggering. We thus take the initial Hamiltonian to enforce the l particles
to be trapped at sites s = {2, 5, ...}, s = {3, 6, ...} for cases (i) and (ii), respectively,
as

Hi = −
∑
i

(αi+ µ0)ni − µ
∑
i∈s

ni. (A.7)

The first summand is meant to lift remaining degeneracies and in principle more
complicated functions of the position i can be considered. In practice, as we are
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11λ . . . 1λ1 . . . λ11 . . .
3l − 1 1,0,2 1,0,1 1,0,1

3l 1,0,1 1,0,2 1,0,1
3l + 1 l + 1,1,2 l + 1, 1,2 1,0,1

Table A.1: Summary of the low energy properties of the M1 model at extreme
staggering λ = 0. The three possible staggerings and system sizes are listed in
the top row/left column respectively. The three numbers are respectively the
degeneracy of the lowest energy manifold deglowest, the energy of the lowest energy
states Elowest, and the spectral gap between the lowest and first excited state ∆sg.

mainly concerned with preserving the gap between the lowest energy and the first
excited state, the details of this function are not essential as far as µ� µ0, αi for
all i, which is used in the following.

The state is prepared as

|ψ(t)〉 = T e−i
∫ t

0
dt′H(t′) |ψi〉 , (A.8)

where H(t) is given by Eq. (A.4), T is the usual time ordering operator and
|ψi〉 are given by Eq. (A.6). We numerically implement the time evolution us-
ing Crank-Nicholson discrete time-step evolution given by |ψ(t+ ∆t)〉 = (1 +
iH(t)∆t/2)−1(1− iH(t)∆t/2) |ψ(t)〉 [227]. We further denote the prepared state
at the end of the adiabatic evolution as |ψprep〉 ≡ |ψ(T )〉. We then quantify the
fidelity of the prepared state as (i) F = | 〈ψprep|ψ0〉 |, where |ψ0〉 is the ground
state of HQ and (ii) Fj = | 〈ψprep|Kj〉 |, (iii) F̄j = | 〈ψprep|K̄j〉 |. The results for
(i) and (ii) are shown in Fig. A.3, see the caption for details (the results of (iii)
not shown are similar to (ii)). In summary, the fidelity of preparation F > 0.92
(F > 0.95 for the boundary kinks |K1〉 , |Kl+1〉 and F̄ > 0.91 for the boundary
skinks |K̄1〉 , |K̄l+1〉) for system sizes we analyzed numerically, i.e. l ≤ 6.

Optimization

A few remarks are in order with respect to the adiabatic procedure considered. A
first technical one is that one can optimize the sweep function, Eq. (A.5), which
adapts the rate of change to the instantaneous gap ∆sg(t) evolving at a slower rate
for smaller gaps, which has the potential to significantly reduce the time required to
achieve a desired fidelity for a given system size [224]. This is desirable as the final
(and minimal) gap ∆sg(t = T ) is decreasing with system size, so that using the
same F(t) for different system sizes will result in larger times in order to achieve the
same target fidelity as illustrated in Fig. A.3. The other remark is qualitative and
is about the inadequacy of adiabatic protocols for preparing critical states with a
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vanishing gap in the thermodynamic limit, requiring an infinitely slow sweep akin to
the Kibble-Zurek mechanism. While we consider the adiabatic preparation protocol
even in this case, we note that other schemes using spatio-temporal quenches have
been proposed recently [228]. Whether such a scheme can be implemented in our
setup goes beyond the scope of the present investigation and we leave it for future
investigations.

1

5

2

3

4

Figure A.3: Adiabatic state preparation. (a) Example of the spectrum of the Hamiltonian
Eq. (A.4) for case (i), i.e. L = 3l with l = 2, as a function of time. The inset shows
the spectral gap. (b) Fidelity | 〈K′j |Kj〉 | of the kink states as a function of λ for case
(ii), L = 3l + 1 with l = 4. The solid (dashed) lines are for the boundary, i.e. rightmost
and leftmost, (bulk) kinks respectively. Here, |K′j〉 are the lowest energy states of the
Hamiltonian H+µ

∑
i∈j−th kink ni, where the µ-term enforces no occupation (for µ→∞)

on the sites of j-th kink, i = (3(j − 1), 3(j − 1) + 1, 3(j − 1) + 2) for 1 < j < l + 1 and
i = 1, 2 (i = L− 1, L) for the leftmost (rightmost) kink |K1〉 (|Kl+1〉). The inset shows
the finite size scaling of the fidelity of the leftmost kink at criticality for l = 2, 3, 4, 5, 6. (c)
Fidelity of the preparation of the ground state as a function of the adiabatic sweep length
T for l = 2, 4 (blue, red), i.e. case (i), L = 3l, λ = 1. (d) Fidelity of the preparation of
the leftmost kink |K1〉 as a function of the adiabatic sweep length T for l = 2, 4 (blue,
red), i.e. case (ii), L = 3l + 1, λ = 1. In (c) and (d) the horizontal axes are in terms of
T∆sg, where ∆sg = ∆sg(T ).
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A.3. Saddle point approximation

A.3 Saddle point approximation

Figure A.4: Argument of the summands wk in Eq. (A.9) for l = 101, t = 120 and s = 1.

When analyzing the kink dynamics, we have introduced the overlap between the
time evolved leftmost kink and the rightmost kink, which, in the thermodynamic
limit of large l, where Ek → E(k̃), becomes

o(t) = 〈Kl+1|K1(t)〉 ≈ 2
l + 2

l+1∑
k=1

sin
(
k̃
)

sin
(
k̃(l + 1)

)
e−iE(k̃)t =:

l+1∑
k=1

wk (A.9)

with k̃ = πk/(l + 2). We note that the form of the overlap is reminiscent of the
saddle point approximation for a purely imaginary exponent

o(t) ∼
∫

dz f(z)eig(z) ≈ eig(z0)±iπ4 f(z0)

√
±2π
g′′(z0) , (A.10)

where g(z) ∈ R, the saddle point z0 satisfies g′(z0) = ∂zg(z)|z=z0
= 0 and the signs

are chosen such that the term under the square root is positive. Expanding the
second sine term in Eq. (A.9) we obtain

sin
(
k̃
)

sin
(
k̃(l + 1)

)
= cos (πk) sin

(
k̃
)2 = ei(2s−1)πk sin

(
k̃
)2
, s ∈ Z. (A.11)

Absorbing the phase factor in the exponential term in Eq. (A.9), by comparison
with Eq. (A.10) we define

g(k) = (2s− 1)πk − E(k̃)t. (A.12)

Differentiating with respect to k and imposing the saddle point condition, we can
formally write the s-dependent solution for the saddle point as

k̃s(t) = (E′)−1
(

(2s− 1)π
t

)
, s = 1, 2, . . . , (A.13)
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where the positivity of s follows from the non-negativity of E′(k) in g′(k) = 0. We
thus get the saddle point which needs to be evaluated at each time t. The situation
for a specific time is depicted in Fig. A.4, where we show the argument of the
summands in Eq. (A.9) for l = 101 and t = 120. We see a clear rapid oscillatory
behaviour resulting in the cancellation of terms from most k except for the ones in
the vicinity of saddle point, which (here for s = 1) is evaluated from Eq. (A.13) to
ks = 56.

Next, we write the condition g′(k) = 0 for the saddle point as

vmaxt

l + 2 ṽ(k)− (2s− 1) = 0, (A.14)

where we have used ∂kk̃ = π/(l + 2) and the definition of the group velocity
v(k̃) = ∂k̃E(k̃), which we have written as v(k̃) = vmaxṽ(k), so that 0 ≤ ṽ(k) ≤ 1.
It follows from Eq. (A.14), that with increasing t, an increasing number of saddle-
points s = 1, 2, . . . contribute, with the limiting values of t corresponding to the
fastest mode, ṽ(k) = 1. This leads us to the final result, namely Eq. (3.16) in the
main text.

We note that the expressions can be simplified in particular cases, such as at
criticality, λ = 1, where the dispersion takes a simple form E(k̃) = 2vF sin(k̃/2).
For the first saddle point (s = 1), for x = (l + 2)/(vF t) < 1, the overlap Eq. (3.16)
evaluates to

|o(t)| = 2
π

sin2(k̃1)
√

4π
vF t sin(k̃1/2)

= 16√
π(l + 2)

(1− x2) 3
4x

5
2 . (A.15)

It follows that the probability |o(t)|2 (green-dashed curve in Fig. 3.5b) peaks at
arrival time

xmax =
√

5
8 ⇒ tmax =

√
8
5
l + 2
vF

. (A.16)

Similarly, we get the contribution from the second saddle point (s = 2, red curve
in Fig. 3.5b) by substituting x = 3(l + 2)/(vF t) in the above formula.

A.4 Shortcut derivation of the dressed atomic potential
Here we present a useful shortcut derivation for two atoms, which, to the order
considered, coincides with the results of the systematic adiabatic elimination and
which has been also invoked in the analysis of Rydberg atoms in optical lattices [100].
The Rydberg Hamiltonian of a system of two atoms located at positions ri and rj
with r = |rj − ri| and i < j reads

H = Ωiσxi + Ωjσxj + ∆
(
nri + nrj

)
+ V nrin

r
j . (A.17)
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In the basis {|gg〉 , |gr〉 , |rg〉 , |rr〉} it can be written as

H =


0 Ωj Ωi 0

Ωj ∆ 0 Ωi
Ωi 0 ∆ Ωj
0 Ωi Ωj 2∆ + V,

 (A.18)

where V = C6/r
6. The Schrödinger equation for the coefficients of the wavefunction

is
iċ = Hc, (A.19)

where
c = (cgg, cgr, crg, crr)T . (A.20)

Since Ωi,j � ∆, we eliminate the rapidly oscillating components by setting ċgr =
ċrg = ċrr = 0 in Eq. (A.19). Solving for these three components and substituting
in the remaining equation for cgg, which is of the form iċgg = W ′(r)cgg, yields the
effective potential

W ′(r) = − 2ΩiΩj(2∆ + V (r))
∆(2∆ + V (r))− 2ΩiΩj

. (A.21)

Expanding in Ω and subtracting a global offset −2ΩiΩj we obtain the effective
potential between the two ground state atoms

W (r) = 2(ΩiΩj)2V (r)
∆3(2∆ + V (r)) +O(Ω6), (A.22)

with amplitude W (0)−W (∞) = 2(ΩiΩj)4/∆3, which sets the maximum available
energy for realizing the blockade. In practice, one needs to accommodate the
lattice spacing r0 so that the blockade energy is W (r0) and the energy scale of the
Hamiltonian is W (2r0). We note that the chemical potentials µi of the ground
state atoms are not affected by the dressing.

A.5 System size scaling including preparation time
In analogy to the derivation of Lmax, Eq. (3.23), we can derive the scaling of the
system size taking into account both adiabatic preparation, cf. Appendix A.2, and
the subsequent time evolution.

To proceed, we quantify the preparation time as a multiple κ of the inverse spectral
gap,

T = κ

∆sg
. (A.23)

Working at criticality, we use the formula for finite size scaling of the gap [88]

∆sg ≈
2πESCFT3vFW (2r0)

L
, (A.24)
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where ESCFT = 1/3 for L = 3l + 1 and ESCFT = 2/3 for L = 3l. We write the
dispersive decay rates of l ≈ L/3 atoms as

Γ = L

3
1
τ0

(
Ω
∆

)2
p̄, γ = L

3
1
τ0

(
Ω
∆

)2
, (A.25)

where p̄ stands for the average probability of being in the Rydberg state during the
adiabatic sweep and depends on the form of the sweep. For Eq. (A.5) it is taken to
be (

Ω
∆

)2
p̄ = 1

T

∫ T

0
dt
(

Ω(t)
∆

)2
=
(

Ω
∆

)2 1
T

∫ T

0
dt
√
F(t) =

(
Ω
∆

)2 2
π

→ p̄ = 2
π
,

(A.26)

where the ramping of the Hamiltonian is implemented by tuning the Rabi frequency
so that F(t) ∝ Ω(t)4 and correspondingly for the tunnelings J(t). Setting

ΓT + γt = 1 (A.27)

and recalling that t = LTc = L/[3vFW (2r0)], we can express L after substituting
Eqs. (A.23-A.25) in Eq. (A.27) as

Lmax = 3Ω
√√√√ τ02vF

∆
(

1 + 2∆
V2

) 1( 1
2πESCFTκp̄+ 1

) . (A.28)

We note that setting κ = 0 corresponds to ignoring the preparation stage and
we recover the original equation. Similarly, ignoring the time evolution, as in the
case of the preparation of the ground states for chains with L = 3l, amounts to
neglecting the “+1” term in the second denominator.
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B.1 Sparse eigenstates of a general graph
In this appendix we will consider the requirements for a sparse eigenvector to
exist on a general graph G, belonging to some Hamiltonian H. An important
note is that we will only consider fully connected graphs, because disconnected
subgraphs trivially host (semi-)sparse eigenvectors that only have support on one
subgraph, and a disconnected graph can always be analysed as multiple separate
connected graphs. This is also necessary because we require the Hamiltonian to
be ergodic, which in the graph language means that the graph is fully connected,
because only then is it possible to find a path from each node to every other node.
Let us first consider one sparse eigenvector, which generically can be written as
|vi〉 =

∑
j cij |bj〉, and define the following three subsets of sites regarding this

sparse eigenvector

S = {|sj〉} = {|bj〉 |〈vi|bj〉 6= 0}
N = {|nj〉} = {|bj〉 | |bj〉 /∈ S ∧ ∃|bk〉 ∈ S : Hjk 6= 0}
R = {|rj〉} = {|bj〉||bj〉 /∈ S ∧ |bj〉 /∈ N}.

(B.1)

The subset S contains all basis states |sj〉 that have a non-zero weight, N are the
neighbouring sites |nj〉 that are directly connected by an edge to S, and R are
all other sites |rj〉, see Fig. B.1 for an example. We can now denote the sparse
eigenvector as |vi〉 =

∑
j cij |sj〉.

Figure B.1: A small size example of a graph with a sparse eigenvector, whose subsets S
(blue), N (green) and R (red) are indicated.
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Because this is an eigenvector, applying the Hamiltonian to this state should return
the eigenvector multiplied by the eigenvalue,

H |vi〉 =
∑
k

∑
j

cijHjk

 |bk〉 = Ei |vi〉 . (B.2)

Because the eigenvector only has support on S, the sites |bk〉 can only be in S or
N . From this it follows that∑

j

cijHjk = 0 if |bk〉 ∈ N∑
j

cijHjk = Ei if |bk〉 ∈ S.
(B.3)

So after applying H the weight of each neighbouring basis state |nj〉 has to stay
zero, which is only possible if the contributions from all connected |sj〉 add up to
zero. From this it follows that every |nj〉 has to be connected to at least two states
in S, because for only one neighbour this condition is trivially violated. Moreover,
it follows that every |sj〉 can be at most two connections away from at least one
other |sk〉, because otherwise it has to be disconnected from all basis states, which
is not allowed since we only consider connected graphs. Additionally, this also
shows that |S| ≥ 2. Furthermore, the connections between the sites in S and their
weights have to be such that

∑
j cijHjk = Ei for all |sk〉, which shows that the

energy of the eigenvector is purely determined by the node and edge weights within
S itself. These requirements put constraints on the graph for a sparse eigenvector
to exist. Note however that there are no requirements at all on the connections
or weights of all sites in R, so as long as the graph has a small area in which the
sparse constraints are met, it will support a sparse eigenvector. Importantly, a
sparse eigenstate will remain an eigenstate under all perturbations, e.g. due to
disorder, that do not violate these constraints.

B.1.1 Requirements for graphs
In order to show that there are all kinds of different graphs that host sparse
eigenvectors, we can first create some toy models in which the sparse eigenvectors
are there by construction. These models are useful for testing and showcasing
different geometries that can host sparse eigenvectors with different energies. We
can then use these models to show that these extended sparse eigenvectors are
quantum scars by analysing their local density of state and their effect on dynamics
after a quantum quench by measuring the (local) autocorrelation. A number of
examples of different scar geometries that host sparse eigenvectors with different
energies can be seen in Fig. B.2. In these examples we assumed that the weights
Hjj of all nodes are zero and the edge weights Hij are either 1 or 0 (connected or
disconnected), as is for example the case in the PXP-model. Furthermore, these
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examples only show the configurations in the bulk of the graph. In these sparse
eigenvectors the basis states in S form a line of sites connected through either
nearest neighbour or next-nearest neighbour links. The sites in N are always
connected to an even number of sites in S, in such a way that the positive (green)
and negative (red) contributions coming from the weights on the |sj〉 cancel each
other when applying the Hamiltonian. As can be seen here, this leads to the
contribution taking constantly alternating signs along the path. As we already
know, the way the sites in S connect to each other combined with the node weights
determine the energy of the state. The sites in R that are connected to the sites in
N are simply denoted here by the many connection lines leaving the |nj〉. It should
be noted that the sites in S can be linked to many more sites in N while keeping
the same energy, as long as the contributions from these sites always add up to zero.

(a) (c)

(b) (d)

Figure B.2: A number of examples of possible scar geometries with energies (a) E = 0,
(b) E = −1, (c) E = 1, and (d) E =

√
2. Green and red are sites in S with respectively a

positive and negative cij = 〈vi|bj〉, blue are sites in N with cij = 0. In (d) the cij of the
lowest row of red/green sites is 1/

√
2 times that of the upper row. The lines leaving N at

the top imply possible connections with R. Here we assumed that all Hii = 0 and all
Hij = 1 or 0. Additionally, connections between sites in N would also be valid.

With regards to the edges, a sparse eigenvector can only exist if the geometry at
the edge of the graph allows such a sparse eigenvector to exist, again according to
the requirements (B.3). In translational invariant models, the same basis state up
to a translation is repeated throughout the graph, leading to closed loops in the
Hilbert graph which makes the existence of a sparse eigenvector easier because no
edge conditions need to be met. For example in Fig. (B.2) by correctly connecting
the left and right sides, a closed loop is created. However, if the system has open
boundary conditions, some care has to be taken that the requirements (B.3) are still
satisfied, this in particular concerns the fact that a |nj〉 site has to be connected to
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at least two |sj〉 sites.

Ideally, in order to find a sparse eigenvector, it would be nice if the graph can be
written in some space coordinates, such that we can identify a certain coordinate
with the direction of the path and all other coordinates as being perpendicular to
this. Later on these coordinates are also useful in describing initial states on the
graph. One easy way in which this is done is by taking a graph that is a familiar
regular lattice, let’s say a two-dimensional square lattice with space coordinates
(x, y), as in chapter 5. Another way is if the basis states have some other quantities
that can be as a coordinate. One notable example of this are all Hamiltonians that
consider a number of spins and have spin-flip terms, for example the PXP and
Ising models. Here the Hamiltonian only connects two basis states whose number
of up-spins N↑ differ by one, so therefore the value N↑ can act like a coordinate
and one could for example try to find a sparse eigenvector whose |sj〉 all have the
same N↑, or the opposite where N↑ is different for every site. This method can be
generalized in what is called the Hamming distance, which is the graph distance
(the number of edges in the shortest path) between a basis state and a chosen root
basis state, that defines a space coordinate where the Hamiltonian only connects
sites whose Hamming distance differs by one.

Based on the given examples, one might think that the existence of a sparse
eigenvector requires the Hamiltonian itself to be sparse, but counter-intuitively
this is not the case. As a clear example, consider a fully connected graph, in which
every node is connected to every other node with the same weight, which is the
densest graph possible. Any sparse vector with two non-zero cij with opposite sign
is then trivially a sparse eigenvector with energy E = −1. Moreover, the criteria
listed above only puts constraints on S and N and therefore puts no constraints at
all on R.

B.2 Exact eigenstates of the triangle model without
potential

The eigenstates of the zero-potential Hamiltonian H0, Eq. (5.5), can be found
analytically. The eigenvectors of the triangle of size M (the sides have M sites,
so in total M(M + 1)/2 sites) can be analytically found by the following method.
First consider instead of the triangle with M sites on each side a square with one
site more in both directions, so in total (M + 1)2 sites. The eigenstates |vm,n〉 of
this square are products of the well knows eigenfunctions νm(x) of a 1-dimensional
open chain with nearest neighbour hopping, namely

|vm,n〉 =
∑
x,y

νm(x)νn(y) |x, y〉 , (B.4)
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with, up to normalization,

νm(x) =

cos
(
mπx
M+2

)
when m odd

sin
(
mπx
M+2

)
when m even.

(B.5)

Here the origin of the x and y coordinates lies in the centre of the square, i.e.
the sites in the triangle are named by x and y from −M/2 to M/2− 1 in integer
steps. Note that in this appendix we decided for simplicity to write the lattice
coordinates as (x, y) instead of (x̄, ȳ), since there can be no confusion here with the
positions of the atoms. The quantum number m goes from 1 to M + 1 in integer
steps. The corresponding energy of |νm〉 is Em = 2 cos((mπ)/(M + 2)) and the
energy of |vm,n〉 is given by Em + En. Exchanging x and y gives an eigenvector
with the same energy, so every energy is doubly degenerate. Therefore, one can
alternatively consider the eigenstate basis of (anti-)symmetric superpositions of
|vm,n〉. Consider the anti-symmetric eigenstates

|wm,n〉 =
∑
x,y

(νm(x)νn(−y)− νm(−y)νn(x)) |x, y〉 . (B.6)

These are antisymmetric with respect to the line y = −x and are therefore
necessarily zero on this line. This means that the eigenstates satisfy the boundary
conditions of the square lattice of length M with the triangle shaped boundary.
The |wm,n〉 are therefore the eigenstates of the triangular shaped lattice that we
were considering in the main text. The normalization factor is

√
2/
√
M + 2 and

the energy of these eigenvectors is, as mentioned before,

Em,n = 2 cos
(

mπ

M + 2

)
+ 2 cos

(
nπ

M + 2

)
. (B.7)

There should be M(M + 1)/2 eigenstates, since that is the number of lattice sites
in the triangle. As mentioned before, the number of eigenstates of the square is
(M + 1)2 with m,n ∈ {1,M + 1}, such that there are in principle also (M + 1)2

eigenstates |wm,n〉. However, all (M + 1) eigenstates that have m = n are trivially
zero and thus are invalid. Furthermore, switching m and n returns (up to a minus
sign) the same state on the sites within the triangle, so in order to obtain the
unique ones we should put the restriction m > n, thereby halving the number
of eigenstates. In total there are thus ((M + 1)2 − (M + 1))/2 = M(M + 1)/2
eigenstates, as was required by the size of the Hilbert space.

Lastly, we want to redefine the coordinates (x, y) such that the origin lies in the
bottom-left site of the triangle. From the square the (x, y) coordinates go from
(−M/2, . . . ,M/2−1) in integer steps, for both even and odd, i.e. they are integer or
half-integer depending on the evenness of M . We can then shift to new coordinates
x̃ = x+M/2 and ỹ = y+M/2, such that we gain the eigenstates of the triangle as

|wm,n〉 =
∑
x,y

(um(x)un(−y)− um(−y)un(x)) |x, y〉 , (B.8)
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where

um(x) =

cos
(
mπ(x−M/2)

M+2

)
when m odd

sin
(
mπ(x−M/2)

M+2

)
when m even,

(B.9)

with the conditions m,n ∈ {1, 2, . . . ,M + 1}, m > n and x, y ∈ {0,M − 1} and
x+ y < M . The corresponding energies are

Em,n = 2 cos
(

mπ

M + 2

)
+ 2 cos

(
nπ

M + 2

)
. (B.10)

This spectrum is symmetric around E = 0, i.e. it has chiral symmetry, because

EM+2−n,M+2−m = 2 cos
(

(M + 2− n)π
M + 2

)
+ 2 cos

(
(M + 2−m)π

M + 2

)
(B.11)

= 2 cos
(
π − nπ

M + 2

)
+ 2 cos

(
π − mπ

M + 2

)
(B.12)

= −Em,n. (B.13)

Then for the zero energy states, Em,n = 0 when m+ n = M + 2, such that there
are in total (M + 1)/2 zero energy states if M is odd and M/2 when M is even.

B.3 Harmonic approximation and Gaussian integration

Harmonic approximation of Van der Waals potential
In 5.5.1 we wanted to average over all possible configurations of the atoms to obtain
an analytical expression for the averaged potential. For this we wanted to use the
probability function given by the Boltzamm weights

p(r) = e−βH

Z
= 1
Z
e
−β
(∑

i
m(~ω·~ri)2/2 +

∑
i,j

(Cα/|~ri−~rj |α−VNN)
)
, (B.14)

where Z is the partition function. Here a specific basis state was chosen (i.e. a
specific N↑). We will disregard all potential terms further than nearest neighbours
for simplicity, although the following method can be straightforwardly generalized
to include next-nearest neighbour interactions or more. The Gaussian integral with
this probability function is only solvable using standard techniques when the terms
in the exponent are at most quadratic in ~ri, so in this Appendix we will expand
the interaction potential and only keep terms up to O(r2).

Taking one term of the summation in δV as

δVij = Cα
|ri − rj |α

− VNN

= Cα
((xj − xi)2 + (yj − yi)2 + (r0 + zj − zi)2)α/2

− VNN.

(B.15)
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Here zi now refers to the distance in the z-direction of the i-th atom from the centre
of the trap. Since we are only considering nearest neighbour interactions j = i± 1.
Then we assume that the traps are strong enough such that r0 � |~ri|, |~rj |. We can
then first expand the rightmost term in the denominator:

δVij ≈
Cα(

(xj − xi)2 + (yj − yi)2 + r2
0(1 + 2 zj−zir0

+
(
zj−zi
r0

)2
)
)α/2 −VNN, (B.16)

using δr = (ri − rj) we get

δVij ≈
Cα

rα0

(
1 + (δ2

x + δ2
y + δ2

z)/r2
0 + 2δz

r0

)α/2 − VNN

≈ Cα
rα0

(1− α

2 ∆ + α(α/2 + 1)
4 ∆2)− VNN,

(B.17)

where ∆ = (δ2
x + δ2

y + δ2
z)/r2

0 + 2δz
r0

. The VNN gets cancelled by the 1 in the first
term of the expansion. Then, by keeping only terms up to O(δ2

r), we obtain

δVij ≈ δṼij = −αCα
2rα+2

0

(
δ2
x + δ2

y − (1 + α)δ2
z

)
+ αCα

rα+1
0

δz. (B.18)

Therefore, up to O(δj)2, the Hamiltonian is

H̃ =
∑
r,i

m(~ω · ~ri)2/2 +
∑
〈i,j〉

δṼij . (B.19)

The Gaussian integrals
In order to perform the Gaussian integrals we first rewrite the probability functions,
up to normalization, in the standard form

p(r) = e−βH̃(r) = e−
1
2 rAr+Br. (B.20)

So we need to identify the matrix elements of A and B using our approximated
Hamiltonian H̃. For this we first note that we can separate the exponential in an
x, y, and z part, i.e. A and B are block diagonal, such that we can treat each
separately and thus

p(r) = e−
1
2xA

(x)x− 1
2yA

(y)y− 1
2 zrA

(z)z+B(x)x+B(y)y+B(z)z. (B.21)

Furthermore, we will separate the terms coming from the trap and those coming
from the interaction potential as A(r) = A

(r)
t + A

(r)
V , because we will need the

different contributions in different integrals. By comparison we then find that
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the A(r)
t -matrices are diagonal and the A(r)

V -matrices are tri-diagonal with matrix-
elements

A
(r=x,y,z)
t,i,i = βmω2

r ,

A
(r=x,y)
V,i,i = −2β αCα

rα+2
0

,

A
(z)
V,i,i = 2β αCα

rα+2
0

(1 + α), (B.22)

A
(r=x,y,z)
V,i,i±1 = −β αCα

rα+2
0

.

The only exceptions are A(r=x,y,z)
V,0,0 and A(r=x,y,z)

V,M,M , i.e. the interaction of the first
and last atom, which have an extra factor of 1/2 in front, coming from the fact
that these outer atoms have only one neighbour. Additionally,

B(r=x,y) = (0, . . . , 0) ,

B(r=z) = β

(
−αCα
rα+1
0

, 0, . . . , 0, αCα
rα+1
0

)
,

(B.23)

so only the z-contribution has non-zero values and from that only the first and last
entry are non-zero. All other terms gets cancelled because every zi appears twice
in the summation, once with a positive sign and once with a negative one.

B.3.1 Notation with µ
Alternatively, we can also write the probability function including the normalization
in the standard multivariate Gaussian form

p(r) = 1√
(2π)n|A−1|

e−
1
2 (r−µ)A(r−µ), (B.24)

where µ = (~µ0, ~µ1, . . .) is the expectation value, or average, of r, i.e.
∫
p(x)~ri = ~µi.

This form of the probability functions makes it useful to use standard sampling
techniques, as well as giving an intuition about the atom positions based on µ. In
order to find µ, we expand the term as

−1
2(r − µ)A(r − µ) = −1

2(rAr − µAr − rAµ+ µAµ)

= −1
2rAr +Br − 1

2µAµ,
(B.25)

where we made use of µAr = rAµ because A is symmetric, and where we now iden-
tified B = Aµ→ µ = A−1B. The extra constant of − 1

2µAµ can be incorporated
into the normalization constant of p(r).
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To summarize, we can now write the Hamiltonian as

H̃(r) = 1
2β ((r − µ)Aint(r − µ)− µAintµ) (B.26)

with Aint = At +AV . The normalized Boltzmann weights are

p(r) = 1√
(2π)n|A−1

int |
e−

1
2 (r−µ)Aint(r−µ). (B.27)

B.3.2 Gaussian integration

In order to perform the integration required in 〈δV 〉0, Eq. (5.26), and 〈δV 〉1,
Eq. (5.21), we need the solution to the general integral∫

Dr 1√
(2π)n|C−1|

e−
1
2 (r−µ)C(r−µ)(r − η)D(r − η). (B.28)

Using the two integrals∫
Drp(r)ri = µi,∫
Drp(r)(ri − µi)(rj − µj) = C−1

ij .

(B.29)

We find ∫
Dr 1√

(2π)n|C−1|
e−

1
2 (r−µ)C(r−µ)(r − η)D(r − η)

= Tr(C−1D) + (µ− η)D(µ− η).
(B.30)

Such that

〈δV 〉0 =
∫
Dr e−

1
2 rAtr√

(2π)n|A−1
t |

δṼ (r)

= − 1
2βB

(z)A−1
V B(z)

+ 1
2β

∫
Dr e−

1
2 rAtr√

(2π)n|A−1
t |

(r − µV )AV (r − µV )

= 1
2βTr(A−1

t AV )

(B.31)
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Figure B.3: The µ(z)
int for N↑ = 11 with d = 0.2 and ε = 9.0 as a function of the atom

number. The inset shows a logarithmic plot.

and

〈δV 〉1 =
∫
Dr e

− 1
2 (r−µint)Aint(r−µint)√

(2π)n|A−1
int |

δṼ (r)

= − 1
2βB

(z)A−1
V B(z)

+ 1
2β

∫
dx
e−

1
2 (r−µint)Aint(r−µint)√

(2π)n|A−1
int |

(r − µV )AV (r − µV )

= 1
2β
(
Tr(A−1

intAV ) + (µint − 2µV )AV µint
)
,

(B.32)

with the A-matrices from Eq. (B.22), the vector B from Eq. (B.23), µV = A−1
V B,

and µint = A−1
intB. The terms can be split into their x, y, and z components

separately.

See Fig. B.3 for µint as function of atom number for N↑ = 11 with d = 0.2 and
ε = 9.0. As can be seen, the outermost atoms get exponentially more displaced
than the innermost atoms, which is expected from the fact that they have less
atoms pushing on them from the side. The average position of the atom in the
centre is not displaced at all because of there being an equal amount of particles
on the left and right of it.
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C.1 Systematics for computing energies of the SMA states
In this appendix we apply the forward scattering approximation (FSA) to system-
atically construct approximate eigenstates to the scarred eigenstates

∣∣v′QMBS,n
〉
of

the Hamiltonian
H ′ =

∑
〈i,j〉

σzi σ
z
j + hx

∑
i

Pσxi P, (C.1)

as was discussed in section 6.4. These approximate eigenstates will be called
∣∣w(j)

〉
with j denoting the order of the approximation.

We are interested on the action of H ′ on the space that is projected onto the states
with V = 0 in order to analyze the energy difference between the SMA states on
this space. For simplicity we will set hx = 1, such that H ′ →

∑
i Pσ

x
i P . It is

useful to rewrite the basis states in terms of the building blocks

s− =
∣∣∣∣ 0 ·
· 1

〉
−
∣∣∣∣ 1 ·
· 0

〉
, s+ =

∣∣∣∣ 0 ·
· 1

〉
+
∣∣∣∣ 1 ·
· 0

〉
,

t− =
∣∣∣∣ 0 ·
· 0

〉
−
∣∣∣∣ 1 ·
· 1

〉
, t+ =

∣∣∣∣ 0 ·
· 0

〉
+
∣∣∣∣ 1 ·
· 1

〉
,

(C.2)

where the normalization constant is omitted for clarity. The state
∣∣ψ′SMA,1

〉
,

Eq. (6.19), is built up starting from the reference state

|ψ′E=0〉 =
[
. . . s−s− . . .

]
. (C.3)

Acting with the O± operators on |ψ′E=0〉 in a translationally invariant way produces
the first SMA states∣∣ψ′SMA,±1

〉
= 1√

2
P
[
. . . s−s+s+s− . . .

]
kx=0

± 1
2P
[
. . . s−(s+t+ + t+s+)s− . . .

]
kx=0 .

(C.4)

This is independent of the length of the ladder L, such that the dots indicate that
on all other sites is an s−. Note that this state does not have ky = 0. In the
remainder of the appendix all further states will be with kx = 0, although this

139



C. Appendix to chapter 6

explicit notation will be omitted. We can make use of the lemma’s

P
[
s−t+s+] = 1

2
[
s−t+s+ + s+t+s−

]
,

P
[
s−t+s−

]
= 1

2
[
s−t+s− + s+t+s+] (C.5)

to rewrite the state
∣∣ψ′SMA,±1

〉
as∣∣ψ′SMA,±1

〉
=± 1

4
[
. . . s−(s−s+t+s− + s−s−t+s+ + s−t+s+s−

+ s+t+s−s−)s− . . .
]

+ 1√
2
[
. . . s−s+s+s− . . .

]
=± 1

2
[
. . . s−(s+t+ + t+s+)s− . . .

]
+ 1√

2
[
. . . s−s+s+s− . . .

]
.

(C.6)

Working out the terms results in∣∣ψ′SMA,±1
〉

= ±1√
8

[
. . . s−

(∣∣∣∣ 1 0 1 ·
· 0 0 0

〉
−
∣∣∣∣ 0 1 0 ·
· 1 1 1

〉
+
∣∣∣∣ 1 1 1 ·
· 0 1 0

〉
−
∣∣∣∣ 0 0 0 ·
· 1 0 1

〉)
s− . . .

]

+ 1√
2
[
. . . s−s+s+s− . . .

]
= 1√

2
(± |wst+ts〉+ |wss〉).

(C.7)

This wave function is an approximation to the exact eigenstates of the Hamiltonian
H ′. In order to get the energy of the excited state from the approximation, we will
use the forward scattering approximation (FSA). We will take the state

∣∣ψ′SMA,1
〉

as the initial vector of the FSA and which we call
∣∣w(0)

〉
, where the index denotes

the order of the FSA. In leading order, the energy of the excited state
∣∣w(0)

〉
is

E(0) = ±2
√

2 = ±2.828.... We will now calculate the first corrections for the
vectors and energies, which are independent of L.

Finding
∣∣∣w(1)

〉
As a first step we act on

∣∣w(0)
〉
with H ′ and find H ′

∣∣w(0)
〉

= 2
√

2
∣∣w(0)

〉
+
∣∣w(1)

〉
,

with ∣∣w(1)
〉

= 1
2

[
. . . s−

(∣∣∣∣ 0 1 0 0 ·
· 1 1 0 1

〉
+
∣∣∣∣ 1 0 1 1 ·
· 0 0 1 0

〉
−
∣∣∣∣ 1 1 1 0 ·
· 0 1 1 1

〉
−
∣∣∣∣ 0 0 0 1 ·
· 1 0 0 0

〉)
s− . . .

]
= |wtt〉 .

(C.8)
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The FSA matrix MFSA with matrix elements Mi,j =
〈
w(i)|H ′|w(j)

〉
becomes up to

this order
M

(1)
FSA =

(
2
√

2 1
1 0

)
. (C.9)

It has as the largest eigenvalue E(1) =
√

2 +
√

3 = 3.146..., which is the first-order
approximation of the energy of the state |v′QMBS,1〉.

Finding
∣∣∣w(2)

〉
Similarly, we now apply H ′ on

∣∣w(1)
〉
to obtain the next order correction. Acting

on the inner indices of the blocks of four gives, after subtracting
∣∣w(0)

〉
,

H ′
∣∣w(1)

〉
−
∣∣w(0)

〉
=
√

3
2

∣∣∣w′(0)

〉
− 1√

2
|wss〉

with∣∣∣w′(0)

〉
= 1

4
√

3

[
. . . s−

(
3
∣∣∣∣ 0 0 0 0 1 ·
· 1 1 0 1 0

〉
−
∣∣∣∣ 0 0 0 0 0 ·
· 1 1 0 1 1

〉

−
∣∣∣∣ 1 0 0 0 1 ·
· 0 1 0 1 0

〉
−
∣∣∣∣ 1 0 0 0 0 ·
· 0 1 0 1 1

〉)
s− . . .

]
−Q− (↔ ) + (Q,↔ ),

(C.10)

with Q the particle-hole conjugation operator and (↔ ) denoting interchanging the
diagonals. Acting on the outer indices and projecting back to the E = 0 space
adds a new irreducible combination, named |wttt〉,

H ′
∣∣w(1)

〉
−
∣∣w(0)

〉
=
√

3
2

∣∣∣w′(0)

〉
− 1√

2
|wss〉+

√
2 |wttt〉 (C.11)

with

|wttt〉 =1
2

[
. . . s−

(∣∣∣∣ 1 1 1 0 0 ·
· 0 1 1 0 1

〉
−
∣∣∣∣ 0 0 0 1 1 ·
· 1 0 0 1 0

〉
+
∣∣∣∣ 0 1 0 0 1 ·
· 1 1 0 0 0

〉
−
∣∣∣∣ 1 0 1 1 0 ·
· 0 0 1 1 1

〉)
s− . . .

]
.

(C.12)
So we obtain

∣∣w(2)
〉

= 1
2

[√
3
2

∣∣∣w′(0)

〉
− 1√

2
|wss〉+

√
2 |wttt〉

]
(C.13)

and
H ′
∣∣w(1)

〉
−
∣∣w(0)

〉
= 2

∣∣w(2)
〉
. (C.14)
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Some further algebra shows that

〈
w(2)|H ′|w(2)

〉
= −
√

3
4

〈
w′(0)|H

′|wss
〉

= −
√

6
2

〈
w′(0)|H

′|wts+st
〉

= − 1√
2
,

(C.15)

where we used that
〈
w′(0)|wst+ts

〉
= 1/

√
3. To this order, the FSA matrix becomes

(assuming L > 4)

M
(2)
FSA =

 2
√

2 1 0
1 0 2
0 2 −1√

2

 (C.16)

with largest eigenvalue E(2) = 3.270....

Finding
∣∣∣w(3)

〉
Once again acting with H ′ on

∣∣w(2)
〉
and subtracting the previous vectors can

be used to determine the next correction
∣∣w(3)

〉
. We chose to omit the lengthy

calculations here, see for the details the supplemental material of Ref. [4], and
instead directly give the resulting FSA matrix, that becomes up to this order
(assuming L > 4)

M
(3)
FSA =


2
√

2 1 0 0
1 0 2 0
0 2 −1√

2

√
33
8

0 0
√

33
8

√
2

11

 (C.17)

with largest eigenvalue E(3) such that we got for the successive approximations
(E(1), E(2), E(3)) = (3.146 . . . , 3.270 . . . , 3.351 . . .). As can be seen, the energies of
the excited states keep increasing with higher orders of the FSA and are crucially
not dependent on L, except that the FSA stops after a finite number of steps for
every L. Continuing the FSA without cut off will lead to the energy of the excited
state in the limit L→∞, that was also approximated in the main text by a fit to
the energies of L = 4, 6, 8 to be E ≈ 3.49hx.

C.2 Entanglement Entropy of the |ψE=0〉 state
In this section we evaluate the horizontal half-ladder entanglement entropy of the
|ψE=0〉 state, Eq. (6.11), that was mentioned in subsection 6.4.2. The calculation
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is done by explicitly finding the reduced density matrix ρ. In analogy to the left
leaning singlets s−, we define the right leaning singlets as

r− =
∣∣∣∣ · 0

1 ·

〉
−
∣∣∣∣ · 1

0 ·

〉
=
∣∣∣∣ · ·

〉
, (C.18)

where in the last equality we have introduced a graphical notation for the singlets.
In this way we can write the density matrix of the symmetrized zero energy state
as

ρ = |R〉 〈R|+ |R〉 〈S|+ |S〉 〈R|+ |S〉 〈S| . (C.19)

Here |R〉 =
∣∣— . . . —〉 and |S〉 =

∣∣— . . .—
〉
, where the periodic boundary conditions

are assumed to be on the last singlet, that connects sites with x-coordinate L and
1. In the following we refer to sites simply by their x-coordinate, unless stated
otherwise. Since we consider only even lengths of the ladder, we parametrize it as
L = 2l. We divide the ladder into two subsystems by breaking the singlets between
sites l, l + 1 and L, 1, such that |R〉 and |L〉 can be written as

|R〉 = − |00R〉 |11R′〉+ |01R〉 |01R′〉+ |10R〉 |10R′〉 − |11R〉 |00R′〉 ,
|S〉 = − |00S〉 |11S′〉+ |01S〉 |01S′〉+ |10S〉 |10S′〉 − |11S〉 |00S′〉 ,

(C.20)

where we have labelled the right subsystem with a prime and introduced the
notation

|xyR〉 =
∣∣∣∣ x y. . .

〉
, |xyS〉 =

∣∣∣∣ x y. . .
〉
. (C.21)

In order to perform the trace over the primed subsystem of ρ, we first need to find
a suitable basis. To this end we note that, while |xyR′〉 and |x′y′R′〉 are orthogonal
for all x 6= x′, y 6= y′, |xyS′〉 and |x′y′R′〉 are not. In other words, we are looking
for a suitable decomposition of |xyS′〉 on |x′y′R′〉. To proceed, we will distinguish
two cases: l odd and l even.

C.2.1 l odd

To find the decomposition of |xyS′〉 on |x′y′R′〉, we note that two sites belonging
to a singlet can feature occupation numbers (0,1) or (1,0), but never (0,0) or (1,1).
Writing a specific example of

|00S′〉 =
∣∣∣∣ 0 0. . .

〉
, |xyR′〉 =

∣∣∣∣ x y. . .
〉
, (C.22)

we see that the state components of |xyR′〉 with non-zero overlap with |00S′〉 have
to contain (0,1) on the first right leaning singlet∣∣∣∣ 0 1 . . .

〉
. (C.23)
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The presence of the occupation “1” then forces the configuration (1,0) on the
first left-leaning singlet and so on, until we reach the right end which fixes y = 0.
Performing the same procedure starting from the right, which fixes x = 0, we find
that the only component of |xyR′〉 with non-vanishing overlap with |00S′〉 is the
|Z2〉 state, so that we can write

|00S′〉 = 1√
w

(
|00R′〉+

√
w − 1 |00R′⊥〉

)
, (C.24)

where |00R′⊥〉 is the orthogonal complement of |00R′〉,
〈00R′

∣∣ 00R′⊥
〉

= 0. Impor-
tantly, while so far we have considered unnormalized states, it is now necessary
to include the proper normalization in order to get the correct structure for the
reduced density matrix. Expanding |00S′〉 in the basis states yields the coef-
ficient of each basis state of magnitude 1/2(l−1)/2 and similarly for |00R′〉, so
that

〈00R′
∣∣ 00S′

〉
= 1/2l−1. At the same time, from Eq. (C.24) it follows that〈00R′

∣∣ 00S′
〉

= 1/
√
w, implying that w = 22(l−1).

Continuing the same procedure for the remaining S′ states yields

|01S′〉 = 1√
w

(
|10R′〉+

√
w − 1 |10R′⊥〉

)
,

|10S′〉 = 1√
w

(
|01R′〉+

√
w − 1 |01R′⊥〉

)
,

|11S′〉 = 1√
w

(
|11R′〉+

√
w − 1 |11R′⊥〉

)
.

(C.25)

Since
〈
xyS′

∣∣∣ x′y′S′〉 = δxx′δyy′ , we conclude that the set {|00R′〉 , |01R′〉 , |10R′〉 , |11R′〉 ,
|00R′⊥〉 , |01R′⊥〉 , |10R′⊥〉 , |11R′⊥〉} constitutes the necessary orthonormal basis (to-
gether with its non-primed counterpart) for the decomposition of ρ. With the
relations in Eqs. (C.24) and (C.25) the partial trace of Eq. (C.19) can be formed,
and after some algebra the obtained expression for the reduced density matrix of
the half-ladder in the non-primed basis is

ρred =



1 + 3
w 0 0 0 2

√
w−1
w 0 0 0

0 1 + 3
w 0 0 0 2

√
w−1
w 0 0

0 0 1 + 3
w 0 0 0 2

√
w−1
w 0

0 0 0 1 + 3
w 0 0 0 2

√
w−1
w

2
√
w−1
w 0 0 0 w−1

w 0 0 0
0 2

√
w−1
w 0 0 0 w−1

w 0 0
0 0 2

√
w−1
w 0 0 0 w−1

w 0
0 0 0 2

√
w−1
w 0 0 0 w−1

w


. (C.26)

As we are interested in the evaluation of the second Rényi entanglement entropy,
we find (with the overall normalization)

Tr
(
ρ2

red
)

Tr (ρred)2 = 1 + w(6 + w)
8(1 + w)2 . (C.27)
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C.2. Entanglement Entropy of the |ψE=0〉 state

C.2.2 l even
Proceeding along similar lines as in the l-odd case, we first find that

〈00S′
∣∣ xyR′〉 =〈11S′

∣∣ xyR′〉 = 0 so that |00S′〉 and |11S′〉 are part of the basis on which we seek
to decompose the |ψE=0〉 state. Next, we find

|01S′〉 = 1√
w

(
− |01R′〉+ |01R′〉+

√
w − 2 |01R′⊥〉

)
,

|10S′〉 = 1√
w

(
|01R′〉 − |10R′〉+

√
w − 2 |10R′⊥〉

)
,

(C.28)

from where it follows that 〈01R′⊥
∣∣ 10R′⊥

〉
= 2
w
, (C.29)

which forces us to further decompose |01R′⊥〉 , |10R′⊥〉 as a sum of a state we denote
as |δR′〉, which is common to both, and the remainders |01∆R′〉 , |10∆R′〉. Then

|01S′〉 = 1√
w

(
− |01R′〉+ |01R′〉+

√
2 |δR′〉+

√
w − 4 |01∆R′〉

)
,

|10S′〉 = 1√
w

(
|01R′〉 − |10R′〉+

√
2 |δR′〉+

√
w − 4 |10∆R′〉

)
.

(C.30)

We thus have the orthonormal basis {|00R〉 , |01R〉 , |10R〉, |11R〉 , |δR〉, |01∆R′〉 , |10∆R′〉 ,
|00S〉 , |11S〉} in which the reduced density matrix is evaluated to

ρred =



1 0 0 0 0 0 0 0 0
0 1 + 6

w − 6
w 0 0 − 2

√
w−4
w

2
√
w−4
w 0 0

0 − 6
w 1 + 6

w 0 0 2
√
w−4
w − 2

√
w−4
w 0 0

0 0 0 1 0 0 0 0 0
0 0 0 0 4

w

√
2
√
w−4
w

√
2
√
w−4
w 0 0

0 − 2
√
w−4
w

2
√
w−4
w 0

√
2
√
w−4
w

w−4
w 0 0 0

0 2
√
w−4
w − 2

√
w−4
w 0

√
2
√
w−4
w 0 w−4

w 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


(C.31)

and
Tr
(
ρ2

red
)

Tr (ρred)2 = 4 + w(6 + w)
8(1 + w)2 . (C.32)

In conclusion, the half-chain entanglement entropy of |ψE=0〉 is

S|ψE=0〉 = − ln
(
c+ w(6 + w)

8(1 + w)2

)
, (C.33)

with w = 2L−2, c = 4 for L/2 even and c = 1 for L/2 odd. Finally, in the
thermodynamic limit l→∞ the second Rényi entanglement entropy evaluates to
3 ln(2) for both l even and odd.
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C. Appendix to chapter 6

C.3 Counting of peak states
In this section we show that the number of peak states is of the order φ2L where
φ = (1+

√
5)/2 ≈ 1.618 is the golden ratio, which was the result given in section 6.5.

A peak state on the Ising ladder is a basis state that is only connected by Hx with
basis states that have a different eigenvalue of Hz, i.e. the potential V . Since Hx

only changes the value of one occupation number at a time, this means that flipping
any spin in the basis state changes the potential. The only local configuration that
conserves the potential is when the number of equal and unequal neighbours is the
same and is given in Eq. (6.22) as∣∣∣∣ · · · n na n · · ·

· · · · 1− n · · · ·

〉
. (C.34)

We can then raise the question: given a ladder of length L, how many basis states
exist that do not have the configuration of Eq. (C.34) anywhere? The important
quantity to look at are the sites that are diagonally placed from each other, i.e.
the next-nearest neighbour sites. For an easier analysis we denote this chain of
occupation numbers as one string as follows∣∣∣∣ · · · ni,1 · ni+2,1 · · ·

· · · · ni+1,0 · · · ·

〉
→ · · ·ni,1 ni+1,0 ni+2,1 · · · . (C.35)

Each basis state consists of two non-overlapping strings, one that starts at n0,0
and one starting at n0,1. For a basis state to lead to a peak state, both strings
should not contain the substrings 101 and 010, because we want to exclude the
configurations (C.34). This leads to the constraint that in the string after a 10, the
next site is not allowed to be a 1 and similarly after a 01 the next one is not allowed
to be a 0. A transfer matrix method can be used with these constraints to calculate
the total number of allowed strings. This matrix shows which configuration on sites
i+ 1 and i+ 2 are allowed, based on the occupation of sites i and i+ 1. Taking as
basis states (00, 01, 10, 11), the transfer matrix based on the constraints described
above is

T =


1 1 0 0
0 0 0 1
1 0 0 0
0 0 1 1

 . (C.36)

Because periodic boundary conditions are assumed, applying the transfer matrix
L times should return to the initial values of site 0 and 1. Therefore, the total
number of allowed configurations of a string is Tr(T L), because the diagonal entries
are the number of possibilities that a valid string starts and ends with the same
contribution. The eigenvalues of T are (1±

√
5)/2 and e±iπ/3 so that for large L

the Tr(T L) ≈ φL will be dominated by the maximum magnitude eigenvalue, which
is φ = (1 +

√
5)/2. Because every basis state consists of two of those strings, the

number of peak states scales as φ2L.
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Summary

Pumps, kinks, and scars: on many-body quantum dynamics
The research area of condensed matter theory is concerned with investigating the
behaviour of a large number of interacting particles. The dynamics of interacting
many-body systems are notoriously hard to treat theoretically. The motion of two
interacting particles, such as a positively and a negatively charged particle, is still
exactly solvable, but add only one extra particle and no exact solutions exist. Only
by making approximations, often combined with numerical methods, results can
be obtained of the motion of interacting particles. And this is just in classical
physics, consider quantum physics, and everything becomes more complicated.
Even with state-of-the-art theoretical and numerical techniques results are often
hard to obtain for a small number of particles, let alone the O(1023) particles
that a real material consists of. Still, it is worth studying these problems, both
because of the intellectual challenge they pose as well as the potential to discover
new phenomena that could be useful in practice, such as the promising field of
quantum computing. This thesis studies the dynamics of quantum many-body sys-
tems in different contexts, which results in multiple different fascinating behaviours.

In the first half of the thesis we study many-body dynamics in two different
supersymmetric (SUSY) lattice models. Supersymmetry is a feature of certain
Hamiltonians that often leads to a better analytical understanding of the eigen-
states, since they are restricted by the supersymmetry. In chapter 2 an existing
supersymmetric lattice model, known as the Fendley-Schoutens model, is modified
in order to create a strongly interacting many-body topological quantum pump. In
the original model the supersymmetry allows an exact solution of the spectrum
where the ground states, with an extended degeneracy, consists of coupled particle
pairs. By making SUSY-conserving modifications to this model, a many-body
quantum pump is created in which we can analytically track the movement of
the coupled pairs and of additional single particle ground states. Surprisingly,
the coupled pairs and single particles are pumped in opposite directions and with
different velocities. The pump is shown to be a topological quantum pump by
measuring a many-body Chern number, obtained numerically by observing the
displacement of localized Wannier states and by measuring the particle current
through a cut through the lattice.

In chapter 3 a different supersymmetric model is studied, namely the supersym-
metric M1 model. This chapter proposes a quantum simulation experiment with
Rydberg atoms to measure dynamical features of the M1 model. The supersymme-
try leads here to two degenerate ground states. The elementary excitation of this
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system is then a domain wall connecting the two ground states, which is called a
kink. Furthermore, in the sector with one particle added, the elementary excitation
corresponds to the superpartner of the kink, called a skink. The dynamics of the
(s)kinks are investigated and we show that they can be measured by probing the
particle densities. Because we study these features in a supersymmetric model, ana-
lytical descriptions of the dynamics can be provided. Additionally, we use numerical
simulations to provide a detailed comparison with the Rydberg atom simulator,
showing that it accurately reproduces the identical dynamics of the kinks and skinks.

In the second half of the thesis the phenomenon of quantum many-body scars is
studied. These are atypical, mid-spectrum eigenstates of a chaotic model that
weakly violate the eigenstate thermalization hypothesis (ETH). In chapter 5 a novel
approach to quantum many-body scars is explained, which we call quantum graph
scars. These are generalizations of single particle quantum scars to the Fock space
graph of a many-body Hamiltonian. We analyze the spectrum of a Rydberg atom
chain under the facilitation condition that possesses these quantum graph scars.
The Fock space graph of the lowest energy band is equal to a two-dimensional
square lattice with the boundaries in the shape of a triangle. In the zero-potential
limit, we analytically obtain sparse eigenvectors that form paths through the graph
similar to scarred eigenstates of the quantum billiards. By tuning the disorder
strength, the model with potential can regain the scarred dynamics of the zero-
potential model.

Finally, in chapter 6 we report on the discovery and analysis of quantum many-body
scars in a transverse field quantum Ising ladder. Here we identify in the middle of
the spectrum a series of many-body eigenstates that have atypical low entanglement
entropies and an anomalously high overlap with the |Z2〉 basis state. By calculating
the autocorrelation after a quench to the |Z2〉 state, we show that these atypical
states act as ETH-violating quantum many-body scars. We make explicit how the
special eigenstates can be approximated by injecting local quasiparticle excitations
into an exact zero-energy state, that is a valence bond solid. Additionally, in the
limit of weak transverse field we construct product states characterized by a sharply
peaked local density of states, and show how these states can be generalized into
lattices with arbitrary dimensions.
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Pompen, kinken, en littekens: over veeldeeltjeskwantumdynamica
Het onderzoeksgebied van theoretische gecondenseerde materie bestudeert het
gedrag van systemen die bestaan uit een groot aantal deeltjes met onderlinge inter-
acties. De dynamica van dit soort systemen is theoretisch moeilijk te behandelen.
De beweging van twee interactieve deeltjes, zoals een positief en een negatief geladen
deeltje, is nog exact oplosbaar, maar voeg slechts één extra deeltje toe en er bestaan
geen exacte oplossingen meer. Resultaten in veeldeeltjessystemen kunnen dan
alleen nog verkregen worden door het maken van benaderingen, vaak in combinatie
met numerieke methoden. Dit geldt al voor de klassieke fysica, als je kwantumfysica
erbij betrekt, wordt het alleen nog maar ingewikkelder. Zelfs met de modernste
theoretische en numerieke methodes zijn resultaten vaak moeilijk te verkrijgen
voor een klein aantal deeltjes, laat staan de O(1023) deeltjes waaruit een echt
materiaal bestaat. Toch is het de moeite waard om deze problemen te bestuderen,
niet alleen vanwege de intellectuele uitdaging die ze vormen, maar ook vanwege de
mogelijkheid om nieuwe fenomenen te ontdekken die nuttig zouden kunnen zijn in
de praktijk, zoals het veelbelovende onderzoeksgebied van kwantumcomputers. In
dit proefschrift wordt de dynamica van kwantumveeldeeltjessystemen bestudeerd
in meerdere modellen, resulterend in de beschrijving van verschillend fascinerend
gedrag.

In de eerste helft van het proefschrift bestuderen we de dynamica in twee ver-
schillende supersymmetrische (SUSY) roostermodellen. Supersymmetrie is een
kenmerk van bepaalde Hamiltonianen dat vaak leidt tot een beter analytisch begrip
van de eigentoestanden, omdat de supersymmetrie bepaalde restricties oplegt.
In hoofdstuk 2 wordt een bestaand supersymmetrisch roostermodel, bekend als
het Fendley-Schoutens model, aangepast om een topologische veeldeeltjeskwan-
tumpomp te creëren. In het oorspronkelijke model kan door de supersymmetrie een
exacte oplossing voor de eigenstoestanden gevonden worden, waarbij de ontaarde
grondtoestanden bestaan uit gekoppelde deeltjesparen. Door het maken van SUSY-
behoudende aanpassingen aan dit model ontstaat een veeldeeltjeskwantumpomp,
waarin we analytisch de verplaatsing kunnen volgen van zowel de gekoppelde paren
als van extra grondtoestanden met één deeltje. Verrassend genoeg worden de
twee verschillende type grondtoestanden in de tegengestelde richting en met een
verschillende snelheid gepompt. Door het meten van een Chern-getal bewijzen we
dat de pomp een topologische kwantumpomp is. Dit Chern-getal wordt numeriek
verkregen door het observeren van de verplaatsing van gelokaliseerde Wannier-
toestanden en door het meten van de deeltjesstroom door een doorsnede van het
rooster.
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Ook in hoofdstuk 3 wordt een supersymmetrisch model bestudeerd, namelijk het su-
persymmetrische M1 model. Dit hoofdstuk stelt een kwantumsimulatie-experiment
voor met Rydberg-atomen om de dynamische eigenschappen van het M1-model
te meten. De supersymmetrie leidt hier tot twee ontaarde grondtoestanden. De
elementaire excitatie van dit systeem is dan een domeinwand die de twee grond-
toestanden van elkaar scheidt, wat een kink genoemd wordt. Bovendien komt
in de sector met één extra deeltje de elementaire excitatie overeen met de super-
partner van de kink, dat we een skink noemen. De dynamica van de (s)kinken
wordt onderzocht en we laten zien dat die gemeten kan worden met behulp van
de deeltjesdichtheid. Omdat we deze eigenschappen in een supersymmetrisch
model bestuderen, kunnen we analytische beschrijvingen van de dynamica geven.
Daarnaast gebruiken we numerieke simulaties om een gedetailleerde vergelijking te
maken met een kwantumsimulator van Rydberg-atomen, waarbij blijkt dat deze
nauwkeurig de dynamica van de (s)kinken reproduceert.

In de tweede helft van het proefschrift wordt het fenomeen van veeldeeltjeskwan-
tumlittekens bestudeerd. Dit zijn atypische eigentoestanden in het midden van
het spectrum van een chaotisch model die de eigentoestandthermalisatiehypothese
(ETH) licht schenden. In hoofdstuk 5 wordt een nieuwe benadering van veeldeelt-
jeskwantumlittekens uitgelegd, die we kwantumgraaflittekens noemen. Dit is een
generalisatie van kwantumlittekens van een enkelvoudig deeltje naar de Fock-
ruimtegraaf van een veeldeeltjes-Hamiltoniaan. We analyseren het spectrum van
een Rydberg-atoomketen onder de facilitatievoorwaarde die zulke kwantumgraaflit-
tekens heeft. De Fock-ruimtegraaf van de laagste energieband is gelijk aan een
tweedimensionaal, vierkant rooster met grenzen in de vorm van een driehoek. In
het limiet zonder potentiaalterm verkrijgen we analytisch een verzameling van
eigenvectoren met een hoge dichtheid langs paden door de graaf, vergelijkbaar met
de kwantumlittekens van enkelvoudige deeltjes. Door de sterkte van de wanorde te
veranderen, kan het model met potentiaal de littekendynamica van het nulpotenti-
aalmodel terugkrijgen.

Tot slot, in hoofdstuk 6 analyseren we veeldeeltjeskwantumlittekens in een kwantum
Isingladder met transversaal magneetveld. Hier identificeren we in het midden van
het spectrum een reeks van eigentoestanden die een atypisch lage verstrengelingsen-
tropie hebben samen met een abnormaal hoge overlap met de basistoestand |Z2〉.
Door het berekenen van de autocorrelatie na het systeem in de |Z2〉-toestand te
hebben geïnitialiseerd, laten we zien dat deze atypische toestanden werken als
ETH-schendende veeldeeltjeskwantumlittekens. Deze speciale eigentoestanden
kunnen worden benaderd door quasideeltjes toe te voegen aan een nul-energie
eigentoestand. In het limiet waarin het transversale veld zwak is, kunnen we
daarnaast ook producttoestanden maken die gekenmerkt worden door een sterk
gepiekte lokale toestandsdichtheid. Deze toestanden kunnen veralgemeniseerd
worden naar roosters in hogere dimensies.
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