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Abstract

Many statistical scenarios initially involve several candidate models that describe the data-generating process. Analysis
often proceeds by first selecting the best model according to some criterion and then learning about the parameters
of this selected model. Crucially, however, in this approach the parameter estimates are conditioned on the selected
model, and any uncertainty about the model-selection process is ignored. An alternative is to learn the parameters
for all candidate models and then combine the estimates according to the posterior probabilities of the associated
models. This approach is known as Bayesian model averaging (BMA). BMA has several important advantages over
all-or-none selection methods, but has been used only sparingly in the social sciences. In this conceptual introduction,
we explain the principles of BMA, describe its advantages over all-or-none model selection, and showcase its utility in

three examples: analysis of covariance, meta-analysis, and network analysis.
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Imagine waiting at a railway station for a train that is
supposed to take you to an important meeting. The
train is running a few minutes late, and you start to
deliberate about whether or not to use an alternative
mode of transportation. In your deliberation, you con-
template the different scenarios that could have trans-
pired to cause the delay. There may have been a serious
accident, which means your train will be delayed by
several hours. Or perhaps your train has been delayed
by a hailstorm and is likely to arrive in the next half
hour or so. Alternatively, your train could have been
stuck behind a slightly slower freight train, which
means that it could arrive at any moment. In your mind,
each scenario i corresponds to a model of the world
H, that is associated with a different distribution of
estimated delay 7, denoted p(¢|H). You do not know
the true scenario, H', but you do not really care about
it either; in your hurry, all that is relevant for your deci-
sion to continue waiting or to take action is the (distri-
bution of the) delay p(#) unconditional on any particular
model H,.

In probabilistic terms, p(?) is referred to as the Bayesian-
model-averaging (BMA) estimate (see, e.g., Jeffreys,
1939, p. 296, or Jevons, 1874, p. 292). Rather than first
selecting the single most plausible scenario H and then
using p(z‘|ﬁ) for all decisions and conclusions, BMA
provides an assessment of the delay ¢ that takes into
account all scenarios simultaneously. This is accom-
plished by computing a weighted average, with weights
that indicate the plausibility of each scenario. For
instance, although it is in principle possible that the
railway company has decided to start major construction
work today, thus causing a delay of weeks, most likely
you would have learned about this sooner. Therefore,
the prior model plausibility p(#) (before you observe
anything) of this scenario is low, and its implied long
delay contributes only little to p(#). More formally, the
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Box 1. Glossary of Terms Used in Bayesian Model Averaging

been seen.

have been seen.

respectively.

probability.

to the prior and posterior model odds.

Prior distribution: Initial beliefs about the relative plausibility of parameter values, before the data have

Likelihood: The probabilistic prediction assigned to the observed data under a specific parameter value.
Posterior distribution: Updated beliefs about the relative plausibility of parameter values, after the data

Model: The data-generating process that is hypothesized to account for a phenomenon of interest.
Prior and posterior model probability: Initial and updated beliefs about the plausibility of a model,

Prior and posterior model odds: The ratio of the prior model probabilities of two models and the ratio of
the posterior model probabilities of two models, respectively.

Bayes factor: The change from prior to posterior model odds brought about by the data; equivalently, how
much more likely the observed data are under one model versus another.

Bayesian model average: A parameter estimate (or a prediction of new observations) obtained by averag-

ing the estimates (or predictions) of the different models under consideration, each weighted by its model

Posterior inclusion probability: The model-averaged probability of including a certain predictor in the
model, given the observations; an indicator of how relevant a predictor is across all possible models.
Inclusion Bayes factor: The change from prior to posterior inclusion odds, which are defined analogously

BMA estimate is obtained through the equation
p®) =Y, p(t|H) p(H,). The BMA estimate is adjusted as
new information becomes available; for instance, your
beliefs will be updated by railway-station announce-
ments, time passing without the train arriving, and the
increasingly agitated faces of your fellow travelers. This
information can be referred to collectively as “data,”
and the BMA estimate becomes p(f|data) =Y, p(t|H,,
data) p(H,|data). Thus, your observations influence not
only the predicted time for each scenario, but also the
probability of the scenarios themselves. The resulting
distribution p(#|data) represents your beliefs about the
delay, after having made observations, while simultane-
ously taking all models into account.

The model-averaged estimate of the delay time,
p(t]data), respects the uncertainty about the possible
scenarios that might explain the delay. This formulation
provides a more nuanced and prudent estimate than if
you had simply assumed the most plausible scenario
to be true. For instance, suppose that p(H, qen) = 15,
PHisiom) = 25, and p(Hy gy rain) = -60. You could base
your estimate of the delay time solely on the most prob-
able scenario, Hi,eighe 1rain, DUt this would open you up
to a substantial probability (.15 + .25 = .40) of mistaking
the scenario and its corresponding delay.

Despite the intuitive application of BMA in examples
from daily life, it is severely underutilized in the social-
sciences literature (for noteworthy exceptions, see Gronau
et al., 2017; Kaplan & Lee, 2018; for recommendations
and guidelines, see Appelbaum et al., 2018), even though
it is regularly employed in other disciplines (see Fragoso,

Bertoli, & Louzada, 2018, for a review; see Steel, in press,
for a survey on BMA in economics). This mismatch sug-
gests that researchers in the social sciences remain
unaware of the advantages of adopting Bayesian statis-
tics (Vandekerckhove, Rouder, & Kruschke, 2018) or do
not have access to easy-to-use software that imple-
ments BMA and other Bayesian methods. With this
introductory article, we hope to increase awareness of
the principles behind BMA and of the availability of
tools that make BMA straightforward to apply. We start
out by explaining the key concepts involved. Subse-
quently, we demonstrate the use of BMA in three con-
crete examples (analysis of covariance, or ANCOVA,;
meta-analysis; and network analysis) to showcase the
distinct advantages that BMA has over the select-a-single-
model approach.

Bayesian Model Averaging
and Its Advantages

In this section, we provide an informal exposition of
BMA. The appendix provides more exact definitions of
the relevant concepts, but these are not required to
understand the examples and discussion here. Box 1
provides a quick reference of the informal definitions
we introduce in this section.

In a statistical analysis, one is typically interested in
inference or prediction of some unknown quantity 6.
Bayes rule prescribes how observed data update prior
beliefs for 0 (i.e., p(0)) to posterior beliefs (i.e., p(B|data)).
However, just as in the introductory example, it is often
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the case that there exist multiple hypotheses or models
H; that describe the relationship between 0 and the
data. Bayes rule can be used once more for models,!
to compute the posterior model probability (PMP), that
is, p(H,|data), which describes the plausibility of H, after
the data are observed. The PMP can be used to identify
the most plausible model, given the data, an activity
referred to as model selection (Burnham & Anderson,
2004).

When a single model dominates the distribution of
PMP, it is sensible to use this particular model as one’s
best guess of the true situation. One may then compute,
for example, the probability of 6 in light of the data,
given this dominating model. Often however, there is
remaining uncertainty not only about parameters, but
also about the underlying true model. In this case, a
Bayesian analysis allows one to take into account not
only uncertainty about the parameters given a particular
model, but also uncertainty across all models com-
bined. This is done via BMA, in which one takes the
combined distribution of a parameter, weighted by the
PMP of all candidate models (Draper, 1995; Jeffreys,
1939; Jevons, 1874; Madigan, Raftery, York, Bradshaw,
& Almond, 1994).

The intuition underlying BMA is illustrated by the
BMA pandemonium in Figure 1.> This cartoon illustrates
the following BMA concepts. Each candidate model is
represented by a single demon; together, this legion of
demons represents the collection of possible models.
Each demon shouts its beliefs about parameters, which
reflect how the corresponding model assumes that
parameters are distributed. The demons’ sizes reflect
the model probabilities, that is, how plausible each
model is before one has observed any data. A priori,
the models are deemed equally likely; that is, the
demons are all the same size. Once the models are
presented with observations—as the demons are pre-
sented their sustenance—the probabilities of the mod-
els change; models consistent with the data become
more probable (i.e., the associated demons grow in
size), whereas models that are relatively inconsistent
with the data become less probable (i.e., the associated
demons shrink). From a Bayesian perspective, no
demon ever completely vanishes,? and thus no demon
completely dominates the pandemonium, just as no
model is ever without a doubt the “true” model.

Each demon shouts its own prediction (such as a
train delay), which represents one’s beliefs about
parameters conditioned on that demon. If one demon
completely dominates the posterior model distribution
(i.e., one demon is much larger than any of the others,
after having seen the data), it shouts much louder than
any of the alternatives. The average prediction is there-
fore dominated by this demon’s claim, in which case it

would be appropriate to select this single demon for
inference. In practice, however, much uncertainty usu-
ally remains in the posterior model distribution; this
uncertainty is reflected by the presence of many demons
that are roughly equally small. In this situation, the opti-
mal prediction is obtained by averaging over the demons’
cacophony, rather than listening only to the arbitrarily
slightly largest demon.

BMA fundamentally starts with uncertainty across mod-
els, and then Bayesian updating of beliefs is applied accord-
ing to observations. Compared with single-model selection,
the BMA framework offers a number of advantages:

e BMA reduces the overconfidence (i.e., underesti-
mated uncertainty) that emerges when model
uncertainty is ignored. If one proceeds with a
single selected model H, one has essentially made
the claim that p(ﬁ |data) = 1. Naturally, this never
occurs except in simulations. Analyses based on
BMA respect the uncertainty about the models.

e BMA results in optimal predictions under several
loss functions, such as the logarithmic or the
squared error loss (Hoeting, Madigan, Raftery, &
Volinsky, 1999). This may seem counterintuitive;
after all, surely the optimal predictions come
from using the true model instead of a weighted
average. However, as the previous point indi-
cates, there is no way to consistently identify the
correct model. The error that this induces is miti-
gated by BMA.

e BMA avoids the all-or-nothing mentality that is
associated with classical hypothesis testing, in
which a model is either accepted or rejected
wholesale. In contrast, BMA retains all model
uncertainty until the final inference stage, which
may or may not feature a discrete decision.

e Procedures based on the selection of a single best
model may yield sudden changes in estimates
when the observation of new data, or the repeti-
tion of an experiment, leads to the selection of a
different best model. Even the addition of a single
observation can cause a sudden discrete shift in
the estimates. BMA instead gracefully updates
estimates as the data accumulate, and the result-
ing model weights are continually adjusted. This
way, the variance of parameter estimates across
experiments is reduced, at the cost of assigning
nonzero probability to some “wrong” models. A
related problem with selecting a single best
model is that the observation of new data may
require the resuscitation of a model that was pre-
viously rejected, which seems incoherent.

e BMA is relatively robust to model misspecifica-
tion. If one does select a single model, then one
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... YET ALL KEEP SHOUTING, TO SOME EXTENT.

Fig. 1. A pandemonium interpretation of Bayesian model averaging. Each model is repre-
sented by a demon, which shouts its beliefs about its model parameters. In the top panel,
the demons’ sizes, and hence shouting volume, are given by the model prior. In the middle
panel, the demons are confronted with data; they grow if they predicted the data relatively
well and shrink if they predicted the data relatively poorly. The bottom panel shows the
demons’ sizes after they gorge on the data. In making the final inference about the parameters
of interest, it is prudent to be informed by all the demons (weighted by their importance),
not just the demon that is largest. Concept by the authors, artwork by Viktor Beekman;
available under a CC-BY license at BayesianSpectacles.org/library/.
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had better be sure of being correct. With BMA, a
range of rival models contribute to estimates and
predictions, and chances are that one of the mod-
els in the set is at least approximately correct.

BMA is particularly useful when the goal is prediction
or parameter estimation but multiple competing models
remain viable a posteriori. In this context, the models
are a nuisance factor; they are not of direct interest, but
nonetheless they influence prediction and estimation.
Given the posterior beliefs about the candidate models,
BMA eliminates this nuisance factor to produce the best
predictions or parameter estimates. BMA is less useful
when a single model dominates all others, or when the
goal is to quantify evidence for a set of candidate mod-
els. For instance, each candidate model may represent
a different theory of a physical process, and one may
wish to identify the model that receives the most sup-
port. In this setting, the models are not a nuisance factor;
they are the focus of the analysis. It should furthermore
be noted that when BMA is used to produce model-
averaged point estimates, the results may not be repre-
sentative for any of the competing models; for instance,
suppose that model A has most posterior mass near 0
and model B has most posterior mass near 1; the BMA
point estimate may be near 0.5, a value that is unlikely
under either model. However, the fault here is not with
BMA, but with the attempt to summarize a multimodal
posterior distribution by a single point. Note that, in
terms of quadratic loss, the point estimate remains the
optimal choice (Zellner & Siow, 1980, pp. 600-601).

The main challenge of BMA, and one that is often
glossed over, is arguably that the results depend on the
prior probabilities that are assigned to the candidate
models. The common choice is to assume that all can-
didate models are equally likely a priori, but different
approaches are possible and will affect the results. For
instance, one may decide to assign less prior weight to
models with many parameters than to models with few
parameters (Consonni, Fouskakis, Liseo, & Ntzoufras,
2018; Wilson, Iversen, Clyde, Schmidler, & Schildkraut,
2010). As is usually the case in Bayesian inference, one
may specify different prior model probabilities and
examine the degree to which the BMA results are quali-
tatively robust to changes in the prior.

Next, we provide three examples of how BMA can
be used advantageously in statistical scenarios relevant
for psychology: ANCOVA designs, meta-analysis, and
network analysis. These examples are intended as illus-
trations of how BMA can be used to provide the
researcher with more robust and nuanced results. The
specific modeling choices that are used, such as the
prior distributions on model parameters, are shown for
completeness but may safely be ignored by readers who

are primarily interested in the key concepts. For more
background information on the specific analyses, we
refer to the work cited in connection with each of the
examples.

Disclosures

All materials used for the analyses in this article are
available on the Open Science Framework, at https://
osf.io/dbsuz/.

Example 1: Bayesian Model Averaging
for ANCOVA Designs

ANCOVA is one of the canonical statistical analysis tech-
niques in psychology. It also demonstrates nicely an
important application of BMA. In regression frameworks
such as ANCOVA, models are constructed by selecting
predictors from an existing set of variables. If a predictor
can be either included or excluded, then for a set of &
predictors, there are 2% possible models. This means that
a moderately large set of predictors will spawn a very
large model space that is unlikely to be dominated by
any single model. How, then, should one evaluate the
support that the data provide for the importance of any
specific predictor? In BMA, the answer is to compute
for each predictor an inclusion probability. This inclu-
sion probability is the sum of the PMPs over models that
included this particular predictor.

Here we illustrate such a BMA approach to ANCOVA
(Rouder, Engelhardt, McCabe, & Morey, 2016; Rouder,
Morey, Speckman, & Province, 2012; Rouder, Morey,
Verhagen, Swagman, & Wagenmakers, 2017), using data
from Shen, Yang, Zhang, and Zhang (2018).% Shen et al.
investigated the effect of expressive writing on Test
Anxiety Scale (TAS) scores. Each of 75 high-school stu-
dents was assigned randomly to either an expressive-
writing condition or a control condition. For 30 days,
the students engaged daily in expressive writing about
positive emotions (the expressive-writing group) or
were asked to write down their daily events (the control
group). The TAS was administered before and after the
intervention. In total, the data set contains four vari-
ables of interest: gender, group (treatment condition),
the TAS score on the pretest, and the dependent vari-
able, the TAS score on the posttest. The condition
means for the pretest and posttest are shown in Figure
2. The ANCOVA analyses used the default prior distri-
butions (i.e., the Jeffrey-Zellner-Siow prior setup for
the fixed effects with a scale parameter of 0.5; Clyde,
Ghosh, & Littman, 2011; Jeffreys, 1939; Rouder, 2012;
Zellner & Siow, 1980).

The different models to test correspond to the inclu-
sion of any number of these predictors, as well as the
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Fig. 2. Mean Test Anxiety Scale scores on the pretest (left panel) and posttest (right panel) in Shen, Yang, Zhang, and Zhang’s
(2018) data. Results are shown separately for males and females in the control group and the expressive-writing group. A lower
score indicates that a student was less anxious about taking tests. Error bars signify 95% credible intervals.

interaction effect between group and gender; these are
all compared with the null model. This results in 10
models (9 alternatives + 1 null), whose PMPs, p(H |data),
are listed in Table 1. This table also displays Bayes fac-
tors (BFs), which are the natural Bayesian way of quan-
tifying the result of model comparison. Mathematically,
BF,, is the ratio of the probability of the data under H,
over the the probability of the data under H; that is,
BF,, = p(data|H,)/p(data|H,). Intuitively, the Bayes fac-
tor describes how much more likely the data are under

one model compared with another. For instance, a BF,,
of 5 means that the data are 5 times more probable
under the alternative model, H;, compared with the null
model, H,. Table 1 shows the values of BF,, which is
the Bayes factor that compares the most likely model
after the data are seen, H,, with the jth model, 4,
Table 1 reveals that the top three models are much
better supported by the data than the other models, as
they have much higher evidence. Also, the Bayes factors

of the top model compared with the second and third

Table 1. Model Comparison for the Bayesian Analysis of Covariance on the Data

of Shen, Yang, Zhang, and Zhang (2018)

Model P p(H|data) BF),
Pretest + gender + group 1 445 1.000
Pretest + group 1 .395 1.125
Pretest + gender + group + Gender * Group A1 .160 2.781
Group 1 2.439 x 1077 1.823 x 10°
Gender + group 1 1.201 x 1077 3.702 x 10°
Gender + group + Gender * Group 1 4126 x 1078 1.078 x 107
Pretest 1 8.795 x 1077 5.056 x 10"
Pretest + gender 1 4,150 x 1077 1.072 x 10
Null model 1 3.412 x 1077 1.303 x 10
Gender 1 1392 x 1077 3.195 x 10'

Note: The prior model distribution is uniform (i.e., p(F) = 1/10 = .1). The models are sorted by
their posterior model probability, p(H|data). All the models are compared with the best model,
which is shown in the top row, and hence, every Bayes factor comparing the best model with the

other models, BF, is larger than 1.
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Table 2. Inclusion Probabilities and Bayes Factors for the
Predictors in the Bayesian Analysis of Covariance on the
Data of Shen, Yang, Zhang, and Zhang (2018)

Effect plinch plincl|data) BF, qusion
Pretest 500 1.000 2.483 x 10°
Group .600 1.000 6.005 x 10
Gender .600 611 1.047
Gender * Group .200 164 0.783

Note: The table shows each predictor’s prior inclusion probability,
plincD (.e., the summed prior probability for the models that feature
the predictor); posterior inclusion probability, p(incl|data); and
inclusion Bayes factor. The inclusion Bayes factor indicates how
much more likely the observations are under models that include
the predictor compared with models that exclude the predictor. The
results are sorted by the models’ posterior inclusion probability.

models are relatively low, whereas the Bayes factors of
the top model compared with the remaining models are
enormous. Among these top three models, however, there
is no clear winner. Specifically, there is substantial uncer-
tainty about whether adding gender and the interaction
between gender and group explains the data better.

In this example, we have a limited number of predic-
tors, and hence a limited number of different models.
As the table shows, it is possible to exhaustively enu-
merate all models and their probabilities, which allows
a fully informed and nuanced interpretation of this
analysis. However, for data sets with more predictors,
such a table becomes much too large to interpret. In
that case, one can summarize the results using the
Bayesian model average, in particular, the inclusion
probabilities of the individual predictors. We have done
so for the current example in Table 2. Both pretest and
group definitely improve the predictive performance of
the model; their posterior inclusion probabilities are
approximately 1, and the Bayes factors of models with
these predictors versus models without these predictors
(also shown in Table 2) are huge. However, there is a
lot of uncertainty about whether to include gender and
the interaction between gender and group. In stark
contrast, the model with the highest posterior probabil-
ity includes the predictor pretest, group, and gender.
The correct conclusion is therefore that pretest score
and condition explain posttest score, but that the data
are not informative enough to draw conclusions about
gender and the interaction between gender and group.’

Example 2: Bayesian Model Averaging
in Meta-Analysis
Meta-analysis is the joint analysis of multiple studies on

the same topic. As meta-analysis effectively combines
the samples from all the studies, its statistical power

usually is much greater than that of the individual stud-
ies, which makes it easier to detect an effect (6 # 0) and
estimate its size (Cooper, Hedges, & Valentine, 2009;
Schmidt, 1992). However, the way in which different
studies should be combined is often not immediately
obvious. A common dilemma in meta-analysis is
whether the study replications share a particular effect
size (i.e., the between-study variance is zero, Tt = 0), or
whether there exists between-study effect-size hetero-
geneity (i.e., T # 0; Gronau et al., 2017). Instead of
assuming one or the other, the researcher may perform
meta-analysis using BMA. In this case, the analysis
yields an estimate of the group mean effect size, regard-
less of one dominant model; the researcher computes
the PMP of each model and subsequently the weighted
average of the effect size across the models. The four
candidate models are as follows:

1. H, (fixed effect): § =0, 1 = 0;

2. H, (fixed effect): 6 # 0, t = 0;

3. H, (random effect): = 0, T # 0; and
4. H, (random effect): 8 #0, 1 # 0

As an example, we consider a meta-analysis of the
Jacial feedback bypothesis (e.g., Strack, Martin, &
Stepper, 1988), which states that people’s affective
responses may be guided in part by their facial expres-
sions. Specifically, Strack et al. (1988) argued that peo-
ple judge cartoons to be more amusing when they hold
a pen between their teeth (which induces a smile) than
when they hold a pen with their lips (which induces a
pout). The original study found a rating difference of
0.82 on a 10-point Likert scale, which was interpreted
as support for the hypothesis. In a recent replication
project, researchers at 17 independent labs attempted
to replicate the effect using a preregistered study pro-
tocol (Wagenmakers et al., 2016). Here we analyze these
studies using a BMA meta-analysis (e.g., Gronau et al.,
2017; Scheibehenne, Gronau, Jamil, & Wagenmakers,
2017; for an R implementation, see the metaBMA
package—Heck, Gronau, & Wagenmakers, 2019). For
the between-study effect-size heterogeneity (1) we use
an inverse-gamma(1.0, 0.15) prior distribution, which
captures a reasonable range of possible heterogeneities
(see Gronau et al., 2017, for a more detailed motivation
for this prior). For the effect size (8) itself, we consider
two different possible priors. The first has become a
default choice in psychology and is a zero-centered
Cauchy(l/Z\/E) distribution (Morey & Rouder, 2015).
The second is the Oosterwijk prior, which is an informed
prior that was elicited from Suzanne Oosterwijk, a
social psychologist at the University of Amsterdam
(Gronau et al., 2017; Gronau, Ly, & Wagenmakers,
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2020). It is implemented as a ¢ distribution with location
0.350, scale 0.102, and 3 degrees of freedom. Compared
with the default prior, this distribution places more
mass on small-to-medium effects.

In Figure 3, we show the model-comparison results
for each of the 17 individual replications, as well as the
overall results for the different models used in the meta-
analysis. Each panel shows the distribution of the esti-
mated effect size, as well as the Bayes factors that
compare the null model with the alternative. Regardless
of the specific prior distribution (which we do not dis-
cuss in detail here), the evidence in favor of the null
hypothesis is compelling. That is, the data are approxi-
mately 15 times more likely under the absence of a
facial feedback effect given the default prior and
approximately 55 times more likely under the absence
of a facial feedback effect given the informed prior. The
PMPs are shown in Table 3. Regardless of the effect-size
prior (i.e., default or informed), the models that include
an effect are relatively implausible.

If we were to predict the outcome of a new experi-
ment testing the facial feedback hypothesis, we would
need to average the predictions of all four of these
models, weighted by these posterior probabilities.
Because the null models are clearly more probable than
the alternative models, the resulting BMA prediction
would be that there is little effect.

Example 3: Bayesian Model Averaging
in Network Analysis

Network analysis is an increasingly important tool in
psychometrics (Epskamp, Rhemtulla, & Borsboom,
2017; Marsman et al., 2018; van der Maas, Kan, Marsman,
& Stevenson, 2017), as well as in cognitive neuroscience
(Petersen & Sporns, 2015; Smith et al., 2011). In such
analyses, the interactions among a large number of
variables are modeled as a network; the weight of each
connection is typically given by the partial correlation
between its variables (and set to zero if there is no
interaction according to the network). Even though
network analysis is becoming increasingly popular, it
also brings a number of interesting new challenges,
such as how to present its results in an interpretable
way and how to properly deal with uncertainty in net-
work estimation. In this section, we demonstrate how
BMA addresses both of these issues.

In the context of network analysis, a model H rep-
resents a particular configuration of present/absent
connections between variables (the presence or absence
of a connection is similar to the presence or absence of
a predictor in the ANCOVA example). As we noted ear-
lier, in regression models, the number of models is 2%
for k predictors, which makes it difficult to enumerate

all candidate models. This problem is much worse in
network analysis, in which the number of models grows
as 2F4D72 for k network variables. Needless to say, it
is impossible to exhaustively enumerate all models even
for small &.°

In realistic applications, it is exceedingly unlikely
that one model completely dominates the posterior
model distribution. Instead, many models (that perhaps
differ pairwise by only a few connections) will be
roughly equally probable. BMA is well suited to obtain
an appropriate estimate of which connections are pres-
ent and which are not, and what the weights of these
connections are (Hinne, Janssen, Heskes, & van Gerven,
2015; Penny et al., 2010). We demonstrate what BMA
can offer to network analysis using a data set containing
answers to the Big Five personality inventory (Goldberg,
1999; Revelle, Wilt, & Rosenthal, 2010), which measures
personality features relating to openness to experience,
conscientiousness, extraversion, agreeableness and
neuroticism. In the corresponding network, a connec-
tion represents conditional depencence between the
personality traits, and the weight of this connection
represents the partial correlation between the traits.

The BDgraph R package is used for BMA network
analysis (Mohammadi & Dobra, 2017). We use a uni-
form prior on the network structure and a G-Wishart(d,D)
prior distribution on the partial correlations. This dis-
tribution allows one to learn connection weights only
for those connections that are present in H,. Its argu-
ments are the degrees of freedom, d, which we set to
3, and the scale matrix, D, which represents the expected
partial-correlation structure. Here, we set D to the p x
p identity matrix, which represents that a priori we have
no reason to believe that any connection has a particular
nonzero weight. This amounts to a vague and proper prior
(Moghaddam, Khan, Murphy, & Marlin, 2009; Roverato,
2002).

Note that it becomes impractical to visualize the BMA
distribution for every connection in a network. We
therefore summarize the BMA distribution by its expec-
tation. Although information is lost, this approach
allows us to succinctly summarize the distributions over
networks and corresponding weights.

Table 4 lists the probabilities of the data under the
10 most likely models. As expected, the differences
among the top models are negligible. For instance, the
data are only 1.31 times more likely under the top
model compared with the 2nd-best model, and only
1.79 times more likely under the top model compared
with the 10th-best model. This shows that there is
strong uncertainty about which model best describes
the data. Typical network analyses neglect this informa-
tion and indicate only what is the most likely model,
but clearly, summarizing the analysis by selecting only
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Table 3. Posterior Model Probabilities for the Meta-Analysis
of the 17 Facial Feedback Studies in Wagenmakers et al.’s
(2016) Registered Replication Report

p(H|data)
Default  Informed
Model PH) prior prior
H, (fixed effect): 8 =0,t=0 .25 .802 841
H, (fixed effect): 6 #0, 1 =0 .25 .054 015
H, (random effect): § =0, 1 # 0 .25 135 141
H, (random effect): 8 #0, 1 # 0 .25 .009 .003

Note: The results are shown for two different priors for the effect size
(see the main text). A priori, each model has a probability of .25. The
models with zero effect size (8 = 0) receive the most support. There
appears to be no qualitative difference between the results from the
default prior and the informed prior.

the most likely model does not do justice to the uncer-
tainty that these data imply. In terms of the BMA pan-
demonium analogy of Figure 1, the demon representing
the top model increased substantially in size (relative
to its minuscule size in the prior) after feasting on the
observations. However, its PMP is still only .00558, a
tiny fraction compared with the total mass of all the
demons (which is 1, by definition). This once more
illustrates the imprudence of selecting a single most
probable model, which is warranted only when the
demon’s PMP approaches 1.

Figure 4a shows a BMA approach to network analy-
sis. The top row shows the most likely network struc-
ture and the corresponding partial correlations. As
discussed earlier, however, there is a lot of uncertainty
about the details of the model structure. The bottom
row of this panel shows the expectation of the network
structure according to BMA. This expectation provides
the inclusion probability of each connection, that is,

Table 4. Bayesian Model Comparison for the Top-10
Network Structures in Example 3

Model rank p(H|data) B,
1 5.58 x 1073 1.00
2 4.23 x 1073 1.31
3 4.17 x 1073 1.34
4 4.08 x 1073 1.37
5 3.58 x 1073 1.56
6 3.51 x 1073 1.59
7 3.49 x 1073 1.60
8 3.43 x 1073 1.62
9 331 x 1073 1.68
10 3.11 x 1073 1.79

Note: The prior model distribution is uniform G.e., p(F) = 1/2%78 = 1.62 x
1071, Shown are the posterior model probabilities, as well as the
Bayes factors (BF) indicating how much better the data are described
using the top model compared with the jth model.

the probability of that connection being in the true
model. At first glance, the structure looks similar to that
of the best model, but a closer look reveals that there
are many connections for which confidence is low. In
addition, in several cases, the BMA expectation is very
different from the most likely model. For example, the
connection between item O5 (“Will not probe deeply
into a subject”) and item A3 (“Knowing how to comfort
others”) is included in the most likely model, but aver-
aging this connection over all possible models results
in an inclusion probability of only .02.

The connection weights that correspond to a particu-
lar network structure can be seen as the parameters of
a network model. There will be one set of these param-
eters that corresponds to the most likely model, but a
more nuanced and accurate picture is obtained if one
estimates the partial correlations while taking into
account all other possible model structures as well—in
other words, if one computes the Bayesian model aver-
age of the connection weights. These partial correla-
tions can differ substantially from those in the most
likely model (see Fig. 4b). For example, the connection
between item N1 (“getting angry easily”) and item N2
(“getting irritated easily”) has a weight of .38 in the
most likely model, but is estimated as .55 when the
average is taken across all models. In other cases, par-
tial correlations obtained with BMA are lower than
those in the most likely model, because in many models
those connections are absent. For instance, the connec-
tion between item O4 (“spend time reflecting on
things”) and item N3 (“have frequent mood swings”)
has a partial correlation of .09 in the most likely model,
but only .01 in the BMA model.

These simple examples demonstrate the danger of
selecting the best model as opposed to averaging across
models in network analysis. The errors that model
selection can induce propagate into subsequent analy-
ses. For instance, it is commonplace in network analysis
to compute centrality measures of the nodes in the
network (Freeman, 1978; Opsahl, Agneessens, &
Skvoretz, 2010). These measures represent the relative
importance of the variables and the information flow
on the network (Borgatti, 2005). Centrality can also be
used to identify specific symptoms that may be the
target of clinical treatment (Fried, Epskamp, Nesse,
Tuerlinckx, & Borsboom, 2016; but see Dablander &
Hinne, 2019). Of course, computing these indices using
only the most likely model results in a ranking of the
nodes that ignores any uncertainty about the network
structure. Instead, one can compute the centrality score
of each node for each model and weigh each score by
the PMP of the corresponding model. This is the Bayes-
ian model average of a derived quantity (the centrality
measure), which is a deterministic function of the esti-
mated parameters. Figure 4b shows the comparison of
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Fig. 4. A comparison of network-analysis results obtained with model selection versus Bayesian model averaging (BMA) applied to the Big
Five personality data set (Revelle, Wilt, & Rosenthal, 2010). The diagrams in (a) show a matrix indicating the variables connected (left), a
matrix indicating the partial correlation for each connection (middle), and a network visualization of these partial correlations (right) for the
maximum a posteriori estimated network (top row) and the BMA estimate (bottom row). The abbreviations for the variables in the models
refer to specific items in the inventory, gender (“gen”), education (“edu”), and age. The scatterplots in (b) compare the strengths of all
connections and betweenness centrality of all nodes for the BMA estimates and the most probable model. (The red lines indicate equality
of the BMA estimates and the maximum a posteriori estimates.) A number of connections are estimated differently in the two approaches;
the scatterplot on the left shows that the connection labeled “X” (the connection between item N1, “getting angry easily,” and item N2,
“getting irritated easily”) has a partial correlation of .38 in the selected model and a partial correlation of .55 in the BMA estimate, and the
scatterplot on the right shows that the centrality of gender and items E1 (*don’t talk a lot”) and E5 (“take charge”) is estimated differently
by the two approaches.
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centrality measures computed on the most likely model
versus those computed using BMA. Once again, a num-
ber of variables have different estimates if the Bayesian
model ensemble is used instead of a single model. For
example, the importance of the variables gender, E1
(“don’t talk a lot”), and E5 (“take charge”) is overesti-
mated by the model-selection approach.

Limitations of Bayesian Model Averaging

BMA is particularly useful when researchers are inter-
ested in a particular parameter but do not know exactly
how this parameter relates to the observations. In other
words, they are uncertain about the underlying model.
Consider the example from our introduction again; you
are interested in the estimated arrival time of your train,
not so much in the particulars of each considered sce-
nario. Just as researchers are used to being explicit
about the uncertainty of their parameter estimates—for
example, by making predictions according to the pos-
terior distribution rather than a point estimate—they
should also be clear that they are rarely totally confi-
dent about which model best accounts for their data.
Uncertainty about the model must also be taken into
account, and the Bayesian framework defines an obvi-
ous and elegant way to do so. The resulting summary
is the Bayesian-model-average estimate.

Of course, BMA is not without limitations. Given
infinite data, Bayesian inference will identify one single
model to be the true model. When this occurs, BMA
provides parameter estimates according to this model
only. This is desirable if the true data-generating model
is one of the considered models (Vehtari & Ojanen,
2012; Vehtari, Simpson, Yao, & Gelman, 2019). If this
is not the case, however, BMA will not identify the cor-
rect model. This occurs, for example, when one aver-
ages the predictions of discrete models, such as network
structures (see the last example); this average is not
predicted by any model (as the individual models pre-
dict only binary structures). However, it still has a clear
and useful interpretation: It provides the inclusion
probabilities of individual connections, which are simi-
lar to the inclusion probabilities of predictors in the
generalized linear model. Furthermore, one can argue
that model selection and averaging are not necessarily
about identifying the #rue model, but rather are about
identifying the model in which one should have the
strongest belief, given one’s assumptions. The latter
belief is conditioned on the data as well as the collec-
tion of models considered. (For a more in-depth discus-
sion of this issue, we refer interested readers to Gronau
& Wagenmakers, 2019a, 2019b.)

Although the BMA estimate of a parameter gives a
more nuanced answer to a research question than model

selection does, it is not a panacea. For instance, the BMA
estimate of a partial correlation in network analysis is
only a point estimate, summarizing the entire distribution
of this parameter. That distribution likely consists of a
spike at zero (for those models in which the correspond-
ing connection is absent, and the partial correlation con-
sequently is zero), and a bell curve centered around a
nonzero value. The BMA summary does not reflect this,
and hence may be misleading. The solution to this is to
avoid point estimates whenever possible and work with
the model-wise mixture distribution of the parameter
instead, but of course this is often impractical.

A practical limitation of BMA is that, being Bayesian,
the approach requires the specification of prior distributions
both on parameters of each model and on the distribution
of models themselves. Identifying appropriate prior
distributions is not always straightforward, and even
uniform or vague priors may have substantial influence
on the outcome. This is essentially a critique of the
Bayesian framework in general, and we refer readers
to, for example, Wagenmakers et al. (2018) for more
discussion on this topic. When one is in doubt, robust-
ness checks can verify that conclusions do not depend
on arbitrary choices of priors (van Doorn et al., 2019).
Note that multimodel inference is also advocated in the
frequentist framework, as it can reduce the bias due to
placing too much confidence in a single model and
provides more robust results (see, e.g., Burnham &
Anderson, 2002, 2004; Claeskens & Hjort, 2008).

Finally, BMA can be computationally challenging, as
enumerating candidate models quickly becomes intrac-
table. Fortunately, for particular models such as the
ones we have discussed here, approximate solutions,
such as Markov chain Monte Carlo or adaptive sam-
pling, are available.

Concluding Comments

BMA is the natural Bayesian way of dealing with uncer-
tainty about both models and their respective param-
eters. It follows directly from the application of Bayes
rule and provides several fundamental advantages com-
pared with selecting the single most probable model.

We have outlined these advantages and provided
three practical application examples. Of course, BMA
is not limited to these scenarios and can be applied
whenever there is model uncertainty. Other examples
of BMA applications include the estimation of effect
size (Haldane, 1932), linear regression (Clyde, Ghosh,
& Littman, 2011), assessment of the replicability of
effects (Iverson, Wagenmakers, & Lee, 2010), prediction
in time-series analysis (Vosseler & Weber, 2018), analy-
sis of the causal structure in a brain network (Penny
et al., 2010), structural equation modeling (Kaplan &
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Lee, 2016), factor analysis (Dunson, 2006), and correct-
ing for publication bias using the precision-effect test
and precision-effect estimate with standard errors
(Carter & McCullough, 2018). In general, BMA reduces
overconfidence, results in optimal predictions (under
mild conditions), avoids threshold-based all-or-nothing
decision making, and is relatively robust against model
misspecification.

We hope that this short example-driven introduction
inspires researchers to consider the use of BMA in their
statistical analyses. BMA gives due attention to uncer-
tainty when competing models are compared, and this
ultimately results in better predictions.

Appendix: Bayesian Background

Bayesian statistics is increasingly gaining traction in
psychological science (Andrews & Baguley, 2013; Hoij-
tink & Chow, 2017; Vandekerckhove et al., 2018), but as
it is not yet mainstream, we provide a reference of key
concepts and their mathematical definitions. Although
these formal descriptions may safely be skipped for our
main arguments, they provide the foundations of Bayes-
ian statistics and are useful for understanding the sta-
tistical nuances of Bayesian model averaging.

Initial beliefs about a parameter of interest, say, the
train delay ¢ in the scenario with which we opened this
article, are denoted by the prior distribution, p(). Bayes
rule is used to update these beliefs in light of data:

p(datalp) p(1)

data) = .
pUldaR) = = @

Equation 1 provides the posterior distribution of t. In
this equation, the role of the model, H, is often left
implicit. To entertain multiple models however, one
should explicitly condition the prior distribution on
these and write instead

p(datalr, H) p(t|H)

data, H) =
put|data, 1) p(datalH)

2

Equation 2 formalizes that both prior beliefs about ¢
and how ¢ leads to observations depend on H. The
marginal likelihood p(data|H) is the probability of the
data under a given model. This can also be viewed as
the probability of the data given the model, integrated
across all possible parameter values, as follows:

pdatalH) = J-p(data|t, WpUEdt. (3
The Bayesian model average provides the posterior

distribution (or the predictive distribution if one is pre-
dicting rather than estimating parameters) over f,

regardless of any specific model. For instance, one
might predict the current train delay on the basis of a
number of scenarios and one’s observations. This is
implemented by integrating out H:

plldata) = X, p(t|data, H)p(H, |data). €]

In Equation 4, the estimates (predictions) of each
model, p(t|data, H), are weighted by the posterior
model probability, p(H,|data), of the model. This term
is obtained by once again applying Bayes rule, but at
the level of models instead of parameters:

p(data|H) p(H)
>, p(data|H) p(H,)

p(Hl|data) = )

Note that what is called the model likelihood in the
model posterior (Equation 5) is referred to as the mar-
ginal likelihood in the parameter posterior (Equation 2).
With these preliminaries, one arrives at an intuitive
way of comparing two different models: One simply
computes the ratio of the posterior model probability
of the alternative model, H,, relative to the posterior
model probability of the null model, H,. This gives

p(H, |data) _ p(datal H)) N p(H)) ®
p(Hdata)  p(data|H,)  p(H,)
posterior Bayes factor prior

model odds model odds

The first term on the right-hand side of Equation 6
is the Bayes factor, often written as BF,,. It represents
the update in beliefs about the comparison between H,
and H, as a result of observations. Because it is often
assumed that models are equally likely a priori—that
is, p(H,) = p(H,)—the prior odds are 1 and the posterior
odds are fully determined by the Bayes factor. The
Bayes factor has an intuitive interpretation: It indicates
how much more plausible the data are under H, com-
pared with under H,. Several authors have provided
heuristics for the interpretation of the magnitude of
Bayes factors (Jeffreys, 1939; Kass & Raftery, 1995).

If a large number of models are compared, listing all
the pairwise Bayes factors becomes unwieldy. Further-
more, some of these models may be very similar to each
other; for example, they may differ only in one of many
predictors included in a linear model. In these situa-
tions, it is useful to compute a term’s posterior inclusion
probability, which is simply the sum of the probabilities
of the models that contain this term. To describe this
probability thoroughly, let y;, = 1 indicate that predictor
x; is included in a model, and let vy, = 0 indicate the
opposite case. Furthermore, let H be the set of all
models, so that with H € H: v, = 1, one selects the set
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of all models that contain predictor x,. The posterior
inclusion probability is then defined as

ply,_y|data) = ¥ p(H|data).

HeHwy, =1 @)

This probability is the sum of probabilities of all
models that contain y,, which means it can also be
interpreted as a Bayesian-model-average estimate of
the presence of, as in this example, a predictor x,. If
one wants to draw conclusions about whether a predic-
tor should be included, one computes the inclusion
Bayes factor:

_ ZHEI?:y,:lp(data|H)
- ZHeﬁ:y’:OP(datalH)7

(8)

inclusion

which indicates how much more likely the data are when
the predictor is included, compared with when it is not
included, regardless of specific model selections.

For more details on the application of Bayesian statistics
in psychological science, we refer readers to, for example,
Etz and Vandekerckhove (2018) and Wagenmakers et al.
(2018).
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Notes

1. Mathematically, the difference between a model and a param-
eter is arbitrary; Bayes rule does not differentiate between them.
Here, we use model to refer to a set of discrete values, such as a set
of predictors in a regression model, that define how parameters
and observations interact. Parameters, on the other hand, are the
model-specific quantities that represent the knobs and dials of the
data-generating process (e.g., Gronau & Wagenmakers, 2019b).
2. The figure is inspired by the model by Oliver Selfridge (1959),
who used a pandemonium to describe the interactions among
different elements of a visual pattern-recognition system. In
the context of BMA, we use the pandemonium visualization to
illustrate how the plausibility of models, as well as their predic-
tions, changes in light of observations. If we did not use BMA,
then the third panel would consist only of one single demon,
and that demon would dictate all our predictions.

3. An exception is that a demon fully incompatible with the
data will disappear. For example, a demon predicting that a
coin will always land heads up will perish once it observes a
single tails result.

4. This data set is available from https://figshare.com/articles/
Data_of_Benefits_of Expressive_Writing_in_Reducing_Test_
Anxiety/3385000.

5. The inclusion Bayes factor for the interaction effect between
gender and group compares the model with the interaction
effect with all other models. This inclusion Bayes factor also
contains evidence for the main effects, for example, by compar-
ing the model with interaction and main effects with the null
model. An alternative way to obtain the inclusion Bayes fac-
tor is to compare the model with the interaction effect against
models that include all other terms but the interaction effect. In
this example, we compare the model with the interaction and
main effects against the model with the main effects, which
yields an inclusion Bayes factor of 0.316.

6. For example, a network with only & = 10 variables already
corresponds to 2¥41/2 or 3,52 x 10'3 possible models. For the
network we consider in this example, which has 28 variables,
there are to 258, or 6.16 x 10'3, possible models.
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