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SPATIAL VS. ANGULAR k-SPACE
COORDINATES

In this paper we express all fields by their angular spec-
trum E(Ω) = E(θ, φ). This is usually defined for fields
propagating out into a half space z ≥ 0 (see Ch. 3.2 in
[S1]), as is clearly the case for the incident beams. The
relationship with the field in the plane z = 0 is given by

Ẽ(x, y, 0) = k2

∫∫
θ≤π/2

E(Ω) sin θ dθdφ (S1)

with k = ω/c the laser wave vector. For the Gaussian
beam with angular waist wθ the above equation yields
the familiar Gaussian beam cross section, with minimum
waist w0 = λ/πwθ, see also Ch. 5 in [S1]. The angular
tophat beam approximates the output of a uniformly il-
luminated circular lens, and Eq. (S1) yields the resulting
Airy pattern in the focal plane z = 0.

Although the emission by a dipole is not confined to
z ≥ 0, the angular representation of the radiation pattern
of a dipole p in a direction uΩ is well known to be given by
Eq. (10) (main text), see for example Ch. 9 in [S2]. Only
the radiating, or ‘far field’, terms (∼ r−1) are relevant in
our case, because one can evaluate the beam deflection
at arbitrarily large distance of the dipole, where the near
fields (∼ r−2, r−3) have become negligible.

In the plane (φ = 0) of a u± dipole,

(uΩ × u±)× uΩ =
e±iθ√

2
(cos θ, 0,− sin θ) (S2)

shows the spiral wave character in the prefactor e±iθ.

The factor i in Eq. (10) (main text) is a crucial de-
tail. It is a consequence of expressing the spherical waves
eikr/r of the dipole field as an angular spectrum of plane
waves. The same factor i can be recognized in the Weyl
representation of a diverging spherical wave [S1]. In the
case at hand, one can readily see that it also ensures that
a resonant beam is attenuated (absorbed) in the forward
direction, due to destructive interference of incident and
scattered waves.

The phase factor eiα in Eq. (10) (main text) follows
from the steady state of the optical Bloch equations [S3].
In a two-level atom with states e, g, the induced dipole
moment is given by the off-diagonal density matrix el-
ement ρeg. If the atom is driven at detuning ∆ by a

monochromatic field with (real) amplitude E0 the steady
state (for s� 1) is given by

ρeg =
i

2

DE0/h̄

γ − i∆
(S3)

which has a complex argument α = arg ρeg given by
cotα = −∆/γ. Here, since we choose an x polarized
incident wave, α is the phase of the px component of the
dipole, relative to the incident field.

LOW SATURATION LIMIT

In the definition of the saturation parameter s we in-
clude the detuning, following [S3],

s =
I/I0

1 + ∆2/γ2
(S4)

with I the intensity and I0 = 2πhcγ/3λ3 the saturation
intensity. In the low-saturation limit, characterized by
s � 1, the scattered light is almost entirely coherent,
with a small incoherent fraction equal to s/(1 + s). In
optical tweezer experiments, using far off-resonant laser
beams, typical values for s are in the range 10−6− 10−8,
so that s � 1 is indeed well fulfilled and the incoherent
scattering rate is low.

FIELD AMPLITUDES

The peak amplitudes E
(G)
0 ,E

(Π)
0 are related to the total

power in the incident beam by

P =

∫
Jin(Ω) dΩ =


≈ (E

(G)
0 )2

2Z0
× πw2

θ

2

(E
(Π)
0 )2

2Z0
× 2π (1− cos rθ)

(S5)

for the Gaussian and angular tophat beam, respectively.
The integrals were performed using Mathematica soft-
ware [S4]. For the Gaussian, the equality is only approx-
imate, we give here the leading term of a power series in
wθ. The above expressions have been written as a prod-
uct of the forward (θ = 0) radiant intensity E2

0/2Z0 and
an effective solid angle.
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The average wave vector of the incident beams is
shorter than the corresponding value for a plane wave,

〈k〉in = kẑ×

 1− w2
θ

4 + O(w4
θ) (Gauss)

cos2
(
rθ
2

)
(tophat)

(S6)

The amplitude ratios Esc/E
(G)
0 and Esc/E

(Π)
0 can be

obtained from the energy conservation condition∫
[Jif(Ω) + Jsc(Ω)] dΩ = 0 (S7)

The scattering term Jsc(Ω) > 0 would increase the out-
flowing power, which must be cancelled by the interfer-
ence term Jif(Ω). As a result,

Esc

E
(G)
0

≈ 3 sinα

4
√

2
w2
θ (S8)

Esc

E
(Π)
0

=
3 sinα

4
√

2
sin2

(rθ
2

)
(cos rθ + 3) (S9)

where in the Gaussian case the leading order in wθ is
given.

With these ratios the interference terms in the radiant
intensity, Eq. (5) (main text) can be obtained as

Jif(Ω) = − Esc√
2Z0

f(Ω,∆)×

 ∼ E
(G)
0 e−θ

2/w2
θ

E
(Π)
0 Π(θ/2rθ)

(S10)

with

f(Ω,∆) =
γ
(
cos θ cos2 φ+ sin2 φ

)
−∆ sin θ cosφ√

γ2 + ∆2

(S11)
For the deflection, expressed as δ〈k〉 = 〈k〉 − 〈k〉in we

evaluate the integral of Eq. (7) (main text) to obtain

δ〈k〉 =
3k

4

γ∆

γ2 + ∆2

(
w4
θ + O(w5

θ), 0,−2
γ

δ
w2
θ + O(w4

θ)
)

(S12)
for the Gaussian beam, and

δ〈k〉 =
3k

16

γ∆

γ2 + ∆2

(
r4
θ + O(r5

θ), 0,−4
γ

δ
r2
θ + O(r4

θ)
)

(S13)
for the angular tophat beam.

Note that in both cases the y component is absent. To
leading order, the deflection angle is just given by

δθ ≈ (δ〈k〉)x
k

(S14)

which leads to Eq. (14) of the main text.
CALCULATION FOR A DISPLACED ATOM

When the atom is located at a position d away from
the origin, the angular components of the scattered wave
are phase shifted by an amount exp(−ikuΩ · d), so that
the interference term, Eq. (5) (main text), is modified to

Jif(Ω) =
1

2Z0

[
E∗

in(Ω) ·E(coh)
sc (Ω)e−ikuΩ·d + c.c.

]
(S15)

For a displacement along x, we have d = dx̂ so that

kuΩ · d = kduΩ · x̂ = kd sin θ cosφ (S16)

In the integrals
∫
Jif(Ω) dΩ and

∫
uΩ Jif(Ω) dΩ, we de-

velop the integrand in a power series of kd, up to fourth
order and integrate the terms separately.

For the amplitude ratios Esc/E
(G)
0 and Esc/E

(Π)
0 we find

that their lowest order (∼ w2
θ and ∼ r2

θ) is not affected by
kd. For the deflection angle the leading order in wθ, rθ is
still fourth order, and up to order (kd)4 the angle is

δθ ≈ 3

4
(1∓ kd)

γ∆

(γ2 + ∆2)
×

 w4
θ (Gauss)

r4
θ/4 (tophat)

(S17)

for a u± dipole, respectively. This shows that the deflec-
tion angle, and thus also the transverse force, vanishes if
the atom is displaced by an amount d = ±k−1 = ±λ.
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