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Chapter 1

Introduction

1.1 Foreword on out-of-equilibrium physics

The study of condensed matter systems in equilibrium has been of great utility for

scientific and technological progress. The development of a good understanding

of both traditional and novel phases of matter, such as metals, semi-conductors,

glasses, BECs, different kinds of magnets, superconductors, etc. has allowed us

to create materials and devices that have come to shape the modern world, the

greatest example of this being the invention of the transistor.

It is no small task to understand the complicated interplay between interactions

inside a system and external factors like temperature, electromagnetic fields and

all other sorts of perturbations that lead to the rich phase diagrams displayed

by different materials. For example, despite decades of efforts, the theory of

high-temperature superconductors is still to be settled. Thus, even today the

study of systems at equilibrium remains of great importance.

Thanks to linear response theory, understanding a system or a material at equi-

librium can be sufficient to predict its behaviour when it is subjected to small

external perturbations. This framework provides the tools to compute quantities

like the electrical and thermal conductivity or the magnetic susceptibility. On

top of this, higher-order perturbation theory can provide corrections to the linear

response based solely on the properties of the equilibrium state.

However, understanding a system at equilibrium (either in the ground state

or in thermal equilibrium) does not suffice to understand all of its properties.

There are situations of interest in which the perturbations affecting the system

are too large or change too quickly for perturbation theory to apply. Developing

appropriate methods applicable to such out of equilibrium situations in quantum

mechanics has been a point of interest since very early in its history.

Yet, despite this long history, we still do not have a full understanding of this

type of problems. The long time it took for out-of-equilibrium quantum systems

to be systematically explored is not surprising given the difficulty of the task.

After all, even simple classical systems out of equilibrium continued to provide
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1 Introduction

novel and surprising results as late as in 1951, when Pyotr Kapitza showed that

the unstable “upside-down” equilibrium point of a pendulum can be stabilised

by making its pivotal point vibrate vertically at high enough frequencies.

It is difficult to think (at least as of today) of a single overarching theory of out-

of-equilibrium quantum mechanics that could meaningfully cover all the possi-

bilities, given the essentially infinite functional forms a Hamiltonian could take

as a function of time. Perhaps a more sensible approach, at least for the time

being, is to work on narrow types of problems one at a time, from the “simplest”

to the most complicated ones. Some of the most significant progress in out-of-

equilibrium physics has been made for quantum quenches [3], where at least one

parameter in a Hamiltonian undergoes a sudden, discontinuous change of value

as a function of time. Another class of out-of-equilibrium problem that has re-

ceived a lot of attention in recent years, and is arguably the next logical step for

the study of out-of-equilibrium quantum mechanics, is that of periodically-driven

systems. With the toolbox of Floquet theory, this kind of problem is accessible,

and there is still plenty of room for its development.

In this thesis, we will thus study the periodic driving of a paradigmatic model

in condensed matter: the spin-1/2 XY chain. This model has played a sig-

nificant role in the theory of magnetism, starting from equilibrium statics and

dynamics (see [4]), including spin correlation functions [5]. In the context of

out-of-equilibrium physics, the XY model has also been the stage on which ex-

plorations were initiated. In a groundbreaking paper [6], Barouch, McCoy and

Dresden looked at the time dependence of the transverse magnetization, arriving

at the striking conclusion that it relaxed to a non-thermal equilibrium at late

times. Related papers by these authors (with the addition of D. Abraham) [7, 8]

pushed these considerations further, but this set of results on out-of-equilibrium

physics was not really built upon until quantum quenches [9] started being stud-

ied in the context of the XY model [10, 11]. Among other results, we can mention

the time evolution of the entanglement entropy [12], long-time dynamics [13, 14],

as well as exact calculations of the time dependence of correlations of the order

parameter [15–18] and reduced density matrix [19]. These results on quenches

were accessible due to the relative ease of solving the XY model using judicious

mappings. We will see that this solvability also helps to extend such results to

truly out-of-equilibrium Floquet-driven situations.
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1.2 Floquet theory

1.2 Floquet theory

1.2.1 Floquet’s theorem

In mathematics, Floquet theory is the study of periodic linear differential equa-

tions of the form

dnx(t)

dtn
= A(t)x(t) , (1.1)

where A(t) is a piecewise continuous periodic function of t with period T . In

general, x and A can be matrices. Floquet’s theorem [20] states that:

i) If X(t) is a fundamental matrix of the system eq. (1.1) (i.e., a matrix

whose columns are linearly independent solutions of the system), then

F(t) = X(t+ T ) is also a fundamental matrix.

ii) X can be written as

X(t) = Y(t)eBt , (1.2)

with Y(t+ T ) = Y(t), and B a matrix independent of t.

Proving i) is straightforward using eq. (1.1):

dnF(t)

dtn
=

dnX(t+ T )

dtn

= A(t+ T )X(t+ T )

= A(t)F (t) .

To prove ii), we first notice that since both X(t) and X(t+ T ) are fundamental

matrices of the linear system eq. (1.1), there exists a constant, invertible matrix

C such that

X(t+ T ) = X(t)C . (1.3)

Since C is invertible its logarithm exists, and therefore we can define a matrix

B such that

C = eBt . (1.4)

Notice that B is not uniquely defined. We can also define

Y(t) := X(t)e−Bt , (1.5)
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1 Introduction

which, just like B, is not uniquely defined. We can see that:

Y(t+ T ) = X(t+ T )e−B(T+t)

= X(t)Ce−BT e−Bt

= X(t)e−Bt

= Y(t) .

(1.6)

From eq. (1.5), we have X(t) = Y(t)eBt, which concludes the proof of ii). It is

worth it to repeat that Y and B are not uniquely defined; however, the product

Y(t)eBt is uniquely defined by construction.

1.2.2 Bloch’s theorem

Condensed matter physicists are most familiar with Floquet’s theorem under the

name of Bloch’s theorem [21] in the context of crystals. It provides the solution to

the time independent Schrödinger equation of a particle of mass m in a periodic

potential V (x) with lattice constant1 a, so that V (x+ a) = V (x):

H |ψ〉 =

[
− 1

2m

d2

dx2
+ V (x)

]
|ψ〉 = E |ψ〉 . (1.7)

Notice that we work in units such that ~ = 1. Floquet’s (or Bloch’s) theorem

then tells us that the eigenstates of this Hamiltonian can be written as

|ψj,k(x)〉 = eikx |uj(x)〉 , (1.8)

where |uj(x)〉 = |uj(x+ a)〉, j is a band index, and k is known as the quasi-

momentum. This type of wave function is known as a Bloch wave.

As noted in the demonstration of the theorem, neither k (the equivalent of B in

eq. (1.2)) nor |uj(x)〉 are uniquely defined. In particular, due to the periodicity

of |uj(x)〉, the quasi-momenta can be shifted by multiples of 2π/a if the |uj(x)〉
are modified such that they absorb this shift as a phase while remaining periodic:

k → k +
2πm

a
,

|uj(x)〉 → e−i2πmx/a |uj(x)〉 .
(1.9)

In order to have a complete (and not overcomplete) basis of the Hilbert space

consisting of energy eigenstates, one has to constrain the values of k. This can

1To keep notation simple we discuss the one-dimensional case here, but the generalisation

to higher dimensions is straightforward.
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1.2 Floquet theory

be done for example by requiring that k ∈ ] − π/a, π/a], interval known as the

first Brillouin zone. Physically, this reflects the fact that the momentum of the

particle itself is not a conserved quantity due to the interaction with the lattice

potential, but there still exists a well-defined quantum number related to the

discrete translational invariance of the system, the quasi-momentum. Mathe-

matically, this choice freedom corresponds to the choice of branch cut for the

logarithm used to define B in eq. (1.4).

1.2.3 Periodically driven quantum systems

Another important application of the Floquet formalism in physics appears in

the context of periodically driven quantum systems, which have become a focus

of great interest in recent years [22–28] despite its long history [29]. This interest

is in a large measure fuelled by experimental realisations of such systems [30–

33]. The formalism provides the appropriate framework to solve the Schrödinger

equation for Hamiltonians periodic in time. These are the problems physicists

typically refer to when talking about “Floquet theory”. In this section, we review

the aspects of Floquet theory most relevant to the present work. For more

detailed discussions, see the excellent reviews [34, 35].

Consider a time periodic Hamiltonian with period T , H(t+T ) = H(t). According

to Floquet’s theorem, the Schrödinger equation

i
d

dt
|Ψ(t)〉 = H(t) |Ψ(t)〉 . (1.10)

has solutions of the form

|φα(t)〉 = e−iεαt |Φα(t)〉 , (1.11)

where the |φα(t)〉 are known as Floquet states, φα is known as the “quasi-energy”

of the state, and the |Φα(t)〉, known as the Floquet modes, are periodic in time

with period T , |Φα(t+ T )〉 = |Φα(t)〉. Here, α denotes the relevant set of quan-

tum numbers. This result is analogous to Bloch’s theorem for potentials periodic

in space, discussed in section 1.2.2. The name quasi-energy comes from the par-

allel between εα and the quasi-momenta k in a lattice. In the same way that

the quasi-momenta are not uniquely defined, the quasi-energies can be shifted by

2πn/T by simultaneously absorbing a phase factor of e−i2πnt/T in the Floquet

modes in the same way as in eq. (1.9). Thus, a Brillouin zone is defined for the

quasi-energies, ranging from −π/T to +π/T .

To fully solve any problem, we will need to know how the Floquet modes evolve

with time. First, let us considering the simple case of stroboscopic time evolution,

11



1 Introduction

i.e., the evolution of the system for times t = t0 + nT , n being an integer (t0 is

an arbitrary choice). Denoting by U(t2, t1) the time evolution operator, we have

for one period

|φα(t0 + T )〉 = U(t0 + T, t0) |φα(t0)〉
e−iεα(t0+T ) |Φα(t0 + T )〉 = U(t0 + T, t0)e−iεαt0 |Φα(t0)〉
⇒ U(t0 + T, t0) |Φα(t0)〉 = e−iεαT |Φα(t0)〉 ,

(1.12)

where in the last step we have used the periodicity of the Floquet modes. This

means that, given an initial time t0, the Floquet modes are eigenstates of the

stroboscopic time evolution operator, with eigenvalues e−iεαT . Time evolving it

for n cycles is equivalent to applying this operator n times to the Floquet mode,

U(t0 + nT, t0) |Φα(t0)〉 = U(t0 + T, t0)n |Φα(t0)〉
= e−iεαnT |Φα(t0)〉 .

(1.13)

In general, since the time evolution operator is unitary, we can write it as the

exponential of a Hermitian operator. That allows us to define the Floquet Hamil-

tonian H
[t0,T ]
F as follows:

U(t0 + nT, t0) = e−iH
[t0,T ]

F nT , (1.14)

where HF [t0] is time independent. (Notice, however, that it depends on the

choice of t0, which can be proved to be a gauge freedom [34], as well as on the

period T). From the previous derivations in eq. (1.13) it is clear that its eigen-

modes are the Floquet modes, with their corresponding quasi-energy as eigen-

value. The Floquet Hamiltonian can therefore be written in the two following

equivalent ways

H
[t0,T ]
F =

∑
α

ε[T ]
α

∣∣∣φ[T ]
α (t0)

〉〈
φ[T ]
α (t0)

∣∣∣
=
∑
α

ε[T ]
α

∣∣∣Φ[T ]
α (t0)

〉〈
Φ[T ]
α (t0)

∣∣∣ . (1.15)

It is worthwhile to notice that since both the quasienergies and the Floquet

modes depend on the period of the driving, we should denote them as ε
[T ]
α and∣∣∣Φ[T ]

α (t0)
〉

. To simplify notation we may often drop these labels, keeping these

dependences in mind.

Of course, we are often interested in the full time evolution of a state, not only

the stroboscopic evolution. We therefore need to know how the Floquet modes

12



1.2 Floquet theory

evolve during one period. For that, let t ∈ [t0, T [. We have:∣∣∣φ[T ]
α (t)

〉
= U(t, t0)

∣∣∣φ[T ]
α (t0)

〉
e−iε

[T ]
α t
∣∣∣Φ[T ]
α (t)

〉
= U(t, t0)e−iε

[T ]
α t0

∣∣∣Φ[T ]
α (t0)

〉
∣∣∣Φ[T ]
α (t)

〉
= U(t, t0)eiε

[T ]
α (t−t0)

∣∣∣Φ[T ]
α (t0)

〉
∣∣∣Φ[T ]
α (t)

〉
= U(t, t0)eiH

[t0,T ]

F (t−t0)
∣∣∣Φ[T ]
α (t0)

〉
.

(1.16)

This motivates the definition of the “fast motion operator” P [T ](t, t0) and the

“kick operator” K [t0,T ](t):

P [T ](t, t0) = e−iK
[t0,T ](t) = U(t, t0)eiH

[t0,T ]

F (t−t0) . (1.17)

This operator is responsible for time evolution within a period of the driving

(sometimes referred as “micromotion”), and along with the Floquet Hamiltonian

it allows us to rewrite the full time evolution operator for arbitrary times t1 and

t2 as follows:

U(t2, t1) = T exp

[
−i
∫ t2

t1

H(t)dt

]
= e−iK

[t0,T ](t2)e−iH
[t0,T ]

F (t2−t1)eiK
[t0,T ](t1) ,

(1.18)

where T represents time ordering. Indeed, we can verify that this operator gives

the correct result for any Floquet wavefunction:

e−iK
[t0,T ](t2)e−iH

[t0,T ]

F (t2−t1)eiK
[t0,T ](t1)

∣∣∣φ[T ]
α (t1)

〉
= e−iK

[t0,T ](t2)e−iH
[t0,T ]

F (t2−t1)eiK
[t0,T ](t1)e−iε

[T ]
α t1

∣∣∣Φ[T ]
α (t1)

〉
= e−iε

[T ]
α t1e−iK

[t0,T ](t2)e−iH
[t0,T ]

F (t2−t1)
∣∣∣Φ[T ]
α (t0)

〉
= e−iε

[T ]
α t1e−iε

[T ]
α (t2−t1)e−iK

[t0,T ](t2)
∣∣∣Φ[T ]
α (t0)

〉
= e−iε

[T ]
α t2

∣∣∣Φ[T ]
α (t2)

〉
=
∣∣∣φ[T ]
α (t2)

〉
.

(1.19)

The operator K [t0,T ](t) is time periodic with period T , as a direct consequence

of the periodicity of the Floquet modes. Equation (1.18) tells us that the time

evolution can be seen as generated by a time-independent Hamiltonian HF , and

corrected by an initial and a final kick generated by K. For stroboscopic times,
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1 Introduction

the Floquet Hamiltonian suffices (as K becomes trivial), which is a great simpli-

fication since there is no time dependence left.

It can be convenient to shift the initial time t0 at which the Floquet Hamiltonian

is evaluated, so that any time t = t0 + nT can be studied. From eq. (1.15) we

see that there are two equivalent ways of doing so:

H
[t0+δt,T ]
F =

∑
α

ε[T ]
α

∣∣∣φ[T ]
α (t0 + δt)

〉〈
φ[T ]
α (t0 + δt)

∣∣∣
=
∑
α

ε[T ]
α U(t0 + δt, t0)

∣∣∣φ[T ]
α (t0)

〉〈
φ[T ]
α (t0)

∣∣∣U†(t0 + δt, t0)

= U(t0 + δt, t0)H
[t0,T ]
F U†(t0 + δt, t0)

(1.20)

or

H
[t0+δt,T ]
F =

∑
α

ε[T ]
α

∣∣∣Φ[T ]
α (t0 + δt)

〉〈
Φ[T ]
α (t0 + δt)

∣∣∣
=
∑
α

ε[T ]
α P (t0 + δt, t0)

∣∣∣Φ[T ]
α (t0)

〉〈
Φ[T ]
α (t0)

∣∣∣P †(t0 + δt, t0)

= P (t0 + δt, t0)H
[t0,T ]
F P †(t0 + δt, t0)

(1.21)

The problem is now reduced to finding the Floquet Hamiltonian and the kick

operator. Some strategies have been devised to find them, mainly using numer-

ical approaches or series developments in the large frequency limit [34, 36–38].

As these series don’t necessarily converge [39–41], they can only be used in re-

strained circumstances and for specific regions of the parameter space. They

can, however, be useful to understand better the Floquet Hamiltonian. Con-

sider, for instance, the Magnus expansion [42], a continuous analogue of the

Baker–Campbell–Hausdorff formula:

H
[t0,T ]
F =

∞∑
n=0

H
[t0,T ]
F,n (1.22)

where the n-th order term involves n + 1 time-ordered integrals of the nested

commutators of the instantaneous Hamiltonian H(t) at different times. As an

example, the first two terms are

H
[t0,T ]
F,0 =

1

T

∫ t0+T

t0

dtH(t) = Hav ,

H
[t0,T ]
F,1 =

1

2iT

∫ t0+T

t0

dt1

∫ t1

t0

dt2[H(t1), H(t2)] .

(1.23)
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1.3 The XY model in one dimension

The first observation we can make is that the first contribution to the series is

the time-averaged Hamiltonian Hav. In certain problems (particularly when the

Hamiltonian has a finite bandwidth [41]), the Floquet Hamiltonian converges to

the time averaged Hamiltonian in the infinite frequency limit T → 0, and can

still be approximated by Hav in a finite region around this limit if the Magnus

expansion converges.

The second observation we make is that due to the nested commutators in the

higher order terms, couplings that are absent in the instantaneous Hamiltonian

are generated [43]. This makes the Floquet formalism a useful tool to simulate

Hamiltonians with couplings that might be difficult to realise in the static case

[44, 45].

Despite the usefulness of numerical solutions and approximations like the Mag-

nus expansion, exact analytical solutions are important to further understand

the phenomena at hand. Moreover, we know that there are physical differences

between systems for which such solutions can be found (known as “integrable”

systems) and those for which they can’t. This seems to be the case also for peri-

odically driven systems: there is evidence suggesting that the (stroboscopically)

steady state of generic (i.e., not integrable) systems can be described by a peri-

odic ensemble at “infinite temperature” [46, 47], whereas for models mapping to

free particles, it is claimed that the steady state can be described as a periodic

version of the generalised Gibbs ensemble (PGGE) [48] and flow to a state with

finite energy density [49]. The steady state distribution of interacting integrable

models remains elusive.

1.3 The XY model in one dimension

The XY model [50] is a simplification of the more general Heisenberg model

[51], which deals with exchange (or superexchange) interactions between the

spin degrees of freedom of particles in a lattice. In the particular case of the

XY model, those interactions are anisotropic, with at most two of the three spin

directions (traditionally called x and y, giving the model its name) having non-

trivial couplings. In this work, we focus on the one-dimensional spin-1/2 chain

with antiferromagnetic nearest neighbour interactions in presence of a magnetic

field in the transverse direction, i.e., along the spin z component. The model is
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1 Introduction

given by the following Hamiltonian:

HXY = J

N−1∑
j=1

[
(1 + γ)Sxj S

x
j+1 + (1− γ)Syj S

y
j+1

]
− h

N∑
j=1

Szj

=
J

2

N−1∑
j=1

[
S−j S

+
j+1 + γS−j S

−
j+1 + h.c.

]
− h

N∑
j=1

Szj ,

(1.24)

where the Sαj is the spin-1/2 operator along the direction α ∈ {x, y, z} acting on

the j-th site of the chain, and S±j = Sxj ± iS
y
j are the spin raising and lowering

operators. The parameter J is the strength of the superexchange interaction.

With this choice of sign for the Hamiltonian, and for positive J , the model is

antiferromagnetic (AFM). γ is an anisotropy parameter, h is the strength of the

transverse magnetic field, and N is the total number of sites in the chain. The

term h.c. refers to the Hermitian conjugate of the previous terms.

1.3.1 Mapping to free fermionic operators

There is a way of expressing this Hamiltonian in terms of fermionic operators

cj [50], which exploits the fact that a two dimensional Hilbert space such as

that of a spin-1/2 can be treated as a Fock space with a vacuum state |0〉 and a

state occupied by a single fermion |1〉. Indeed, if |↑〉 and |↓〉 are the eigenstates

of Sz, the spin rising and lowering operators connect these states in a similar

way in which annihilation and creation operators connect the vacuum and single

fermion states:

S+ |↓〉 = |↑〉 → c |1〉 = |0〉 ,
S− |↑〉 = |↓〉 → c† |0〉 = |1〉 .

(1.25)

Furthermore, the action of the rising (lowering) operator annihilates an up

(down) spin, in the same way that annihilation operators annihilate a vacuum

and fermionic creation operators annihilate an occupied state,

S+ |↑〉 = 0 → c |0〉 = 0 ,

S− |↓〉 = 0 → c† |1〉 = 0 .
(1.26)

The choice of a vacuum state is arbitrary: either |↑〉 or |↓〉 can fulfil that role, as

long as the creation operator is chosen to be S− or S+ respectively.

The previous identification works well for a single spin. When dealing with

a spin chain, however, one needs to modify the mapping in order to obtain
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1.3 The XY model in one dimension

the appropriate anti-commutation relations {cj , c†j′} = δj,j′ . That is taken into

account in the Jordan-Wigner transformation by adding a phase to the definition

of the fermionic operators that depends on the occupation of fermionic modes

on all sites between the origin of the chain and the j-th site:

S−j = (−1)jeiπ
∑
m<j c

†
mcmc†j ,

S+
j = (−1)jeiπ

∑
m<j c

†
mcmcj ,

Szj =
1

2
− c†jcj ,

(1.27)

where the last equation can be verified from the first two.

The (−1)j factor is used for convenience in the AFM case, and it corresponds

to a staggered π rotation of the spins around the z axis. The interpretation

of this mapping is that the fully polarised state |↑↑↑ . . .〉 =
⊗N

j=1 |↑〉j aligned

with the transverse magnetic field can be treated as a background on which

spin-flip operations S−j create excitations that act as fermionic quasiparticles.

The local magnetisation along the z axis will therefore be related to the fermion

occupation number at a given site, as per the last line in eq. (1.27). Thus, the

total magnetisation Mz will be determined by the total number of fermions by

the relation Mz = N/2−
∑
j c
†
jcj .

After performing this transformation, the different terms of the Hamiltonian read

as follows. For j < N :

S−j S
+
j+1 = (−1)eiπ

∑
m<j c

†
mcmc†je

iπ
∑
m<j+1 c

†
mcmcj+1

= −c†je
iπc†jcjcj+1 = −c†jcj+1 ,

S−j S
−
j+1 = (−1)eiπ

∑
m<j c

†
mcmc†je

iπ
∑
m<j+1 c

†
mcmc†j+1

= −c†je
iπc†jcjc†j+1 = −c†jc

†
j+1 .

With this, the full Hamiltonian becomes:

HXY = −J
2

N−1∑
j=1

[
c†jcj+1 + γc†jc

†
j+1 + h.c.

]
+ h

N∑
j=1

c†jcj − hN/2 . (1.28)

So far, no boundary condition has been imposed. In order to obtain a peri-

odic chain, periodic boundary conditions (PBC) should be taken for the spin

operators, such that Sαj+N ≡ Sαj . An extra term also should be added to the

17



1 Introduction

Hamiltonian in eq. (1.24) in order to have translational invariance:

Hb :=
J

2
[S−NS

+
1 + γS−NS

−
1 + h.c.]

=
J

2
(−1)N+1eiπ

∑
m<N c†mcmc†Nc1 + γ(−1)N+1eiπ

∑
m<N c†mcmc†Nc

†
1 + h.c.

=
J

2
(−1)N+1

[
c†Ne

iπ
∑N
m=1 c

†
mcmc1 + γc†Ne

iπ
∑N
m=1 c

†
mcmc†1 + h.c.

]
=
J

2
(−1)Neiπ

∑N
m=1 c

†
mcm

[
c†Nc1 + γc†Nc

†
1 + h.c.

]
=
J

2
(−1)NP

[
c†Nc1 + γc†Nc

†
1 + h.c.

]
.

(1.29)

In the last equality we can identify the parity operator P ≡ eiπNf , which mea-

sures the parity of the total number of fermions Nf ≡
∑N
m=1 c

†
mcm. It can be

easily checked that [HXY ,P] = 0, so the parity is a conserved quantity of the

model2. Therefore, P and HXY can be simultaneously diagonalised, and the

Hilbert space can be split into two subspaces, with even or odd N+Nf , where the

contribution N comes from the (−1)N factor both in the last term of eq. (1.29)

and in the transformation eq. (1.27). We can thus work in a given parity sector.

In each sector, the boundary conditions for the spins result in either periodic or

anti-periodic boundary conditions (APBC) for the c operators. From SαN+1 = Sα1
and eq. (1.27) we get:

(−1)Neiπ
∑N
m=1 c

†
mcmcN+1 = c1 . (1.30)

Therefore, in the N +Nf even sector, we have cN+1 = c1 (PBC) and in the odd

sector cN+1 = −c1 (APBC). In terms of projections to these subspaces, the total

Hamiltonian HXY +Hb can be expressed as:

HXY +Hb =
1

4

[
1 + (−1)NP

]
H+

[
1 + (−1)NP

]
+

1

4

[
1− (−1)NP

]
H−

[
1− (−1)NP

]
,

(1.31)

where H+ obeys PBC and H− obeys APBC, but are both defined by

H± := −J
2

N∑
j=1

[
c†jcj+1 + γc†jc

†
j+1 + h.c.

]
+ h

N∑
j=1

c†jcj − hN/2 (1.32)

2Notice, however, that the number of fermions itself (and therefore Mz) is not a conserved

quantity due to the superconducting term c†jc
†
j+1.
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1.3 The XY model in one dimension

From now on, we will always work in a specified parity sector, with the appro-

priate boundary conditions, and with the Hamiltonian given by eq. (1.32) (we

will drop the superscript for notational convenience).

To further simplify the Hamiltonian, we can make use of the system’s transla-

tional invariance and express the c operators in Fourier modes,

cj =
1√
N

∑
k∈BZ

eikjck , (1.33)

where the sum over k runs over quantised values in the Brillouin zone (BZ). For

PBC, the quantisation is given by k = 2πn/N ; whereas in the case of APBC,

k = π(2n+ 1)/N , with n ∈ Z in both cases. Keeping in mind that we only

need N independent modes and taking the appropriate boundary conditions,

the allowed values in the Brillouin zone will depend both on the parity of N and

on that of N +Nf , as can be seen in table 1.1.

Table 1.1 – Brillouin zones for different parities of N and Nf .

N +Nf N Nf Brillouin Zone

even even even BZ1 = {−π + 2π
N , . . . , 0, . . . , π}

even odd odd BZ2 = {−π + 2π
N , . . . , 0, . . . , π −

2π
N }

odd even odd BZ3 = {−π + π
N , . . . ,−

π
N ,

π
N , . . . , π −

π
N }

odd odd even BZ4 = {−π + 2π
N , . . . ,−

π
N ,

π
N , . . . , π}

Let’s first consider the case where N is even and Nf is odd, which requires the

Brillouin zone BZ3. This is the simplest one as it explicitly excludes k = 0 and

k = π. The generalisation will be explained afterwards.
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1 Introduction

In reciprocal space, the Hamiltonian becomes (up to a constant):

HXY =− J

2

∑
k∈BZ3

[
2 cos(k)c†kck + γeikc†kc

†
−k + γe−ikc−kck

]
+ h

∑
k∈BZ3

c†kck

=− J

2

∑
k∈BZ3

[
2 cos(k)c†kck + iγ sin(k)(c†kc

†
−k − c−kck)

]
+ h

∑
k∈BZ3

c†kck

=− J
∑

0<k∈BZ3

(
c†k c−k

)(cos(k)− h/J iγ sin(k)

−iγ sin(k) − cos(k) + h/J

)(
ck
c†−k

)
− J

∑
0<k∈BZ3

(cos(k)− h/J)

=− J
∑

0<k∈BZ3

(
c†k c−k

)( ξk iλk
−iλk −ξk

)(
ck
c†−k

)
− J

∑
0<k∈BZ3

ξk ,

(1.34)

where ξk = cos(k) − h/J and λk = γ sin(k). Notice that the sum over k in the

last two steps only covers the positive half of the Brillouin zone.

The Hamiltonian is now partitioned in 2-dimensional subsectors labelled by the

momenta k. It can now be diagonalised by performing a Bogoliubov transfor-

mation, which amounts to a rotation of the spinor in eq. (1.34):(
ck
c†−k

)
=

(
cos(θk/2) −i sin(θk/2)

−i sin(θk/2) cos(θk/2)

)(
ηk
η†−k

)
. (1.35)

This rotation diagonalises the Hamiltonian if we require that tan(θk) = λk
ξk

, which

can be achieved by imposing

eiθk = − ξk + iλk√
ξ2k + λ2k

. (1.36)

In terms of the Bogoliubov modes ηk the Hamiltonian is given (up to constant

terms) by:

HXY =
∑

0<k∈BZ3

(
η†k η−k

)(E(k) 0

0 −E(k)

)(
ηk
η†−k

)
=
∑

k∈BZ3

E(k)η†kηk ,

(1.37)

where the energy eigenvalues are given by:

E(k) = J

√
γ2 sin2(k) + (cos(k)− h/J)2 . (1.38)
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1.3 The XY model in one dimension

To generalise this result to the other Brillouin zones, we need to modify the

sum over k accordingly. The most important difference between the several

Brillouin zones is the presence or absence of k = 0 and k = π modes. They

are particular because they are their own opposite momentum mode, which is

obvious for the k = 0 but it’s also true for cπ = c−π due to periodicity. Thus,

one needs to be careful with the vanishing superconducting pairing terms such

as c−πcπ = 0. For k = π, the generalisation is straightforward: the term that

needs to be added to the sum is (J + h)c†πcπ = E(π)c†πcπ. One can verify that

the corresponding Bogoliubov angle is zero, θπ = 0, and the Bogoliubov fermion

operator corresponds to the Jordan-Wigner fermion operator, ηπ = cπ, so the

Hamiltonian retains the same shape eq. (1.37) in the N odd, Nf even regime

with the sum over BZ4. The term for k = 0 is more tricky, since E(0) = |J −h|.
If h > J (paramagnetic regime), we straightforwardly get η0 = c0 and we can

reabsorb this term in the sum over k. If, on the contrary, h < J , the Bogoliubov

transformation gives η0 = −ic†0 (the −i factor is an unimportant overall phase),

and therefore −(J − h)c†0c0 = −E(0)(iη0)(−iη†0) = E(0)η†0η0 − E(0), and again

this term is absorbed into the sum, up to an irrelevant constant term −E(0).

In both cases the Hamiltonian retains the same shape with the sum over the

appropriate Brillouin zone, but one has to be careful with the different definition

of η0 in different phases (paramagnetic, h > J , or AFM, h < J).

With this, the Hamiltonian is now diagonal and we know the operators that

create excitations of the system with well defined energies. However, we don’t

have yet its ground state. Let’s first look at the case where N is odd (i.e., the

quantisation corresponding to BZ4, which we will use for the rest of this work).

To obtain this state, we follow this logic: the ground state of this Hamiltonian

is the one that is annihilated by ηk for any k. We can notice that the expression∏
π>k>0 ηkη−k |0〉 satisfies that condition. Let’s express it in terms of the c

operators:∏
π>k>0

ηkη−k |0〉 =
∏

π>k>0

[(
cos(θk/2)ck + i sin(θk/2)c†−k

)
×
(

cos(θk/2)c−k − i sin(θk/2)c†k

)]
|0〉

=
∏

π>k>0

−i sin(θk/2)
(

cos(θk/2)(1− c†kck)

−i sin(θk/2)c†kc
†
−k

)
|0〉

=
∏

π>k>0

−i sin(θk/2)
(

cos(θk/2)− i sin(θk/2)c†kc
†
−k

)
|0〉 .

(1.39)
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This is a good candidate for the ground state, but it still needs to be normalised.

That can be achieved by dropping all the −i sin(θk/2) terms, since

〈0|
∏

π>q>0

(cos(θq/2) + i sin(θq/2)c−qcq)
∏

π>k>0

(cos(θk/2)− i sin(θk/2)c†kc
†
−k) |0〉

= 〈0|
∏

π>k>0

(cos(θk/2) + i sin(θk/2)c−kck)(cos(θk/2)− i sin(θk/2)c†kc
†
−k) |0〉

=
∏

π>k>0

〈0| [(cos2(θk/2) + i sin(θk/2) cos(θk/2)(c−kck − c†kc
†
−k)

+ sin2(θk/2)c−kckc
†
kc
†
−k)] |0〉

=
∏

π>k>0

(cos2(θk/2) + sin2(θk/2) 〈0| (1− c†kck)(1− c†−kc−k) |0〉)

=
∏

π>k>0

(cos2(θk/2) + sin2(θk/2)) = 1 .

(1.40)

Given that the combination cos(θπ/2) + i sin(θπ/2)c−πcπ = cos(0) = 1 is trivial,

one can add the k = π mode in the product. So the ground state of the N odd

system is indeed the BCS state:

|GS〉 =
∏
k>0

(cos(θk/2)− i sin(θk/2)c†kc
†
−k) |0〉 :=

∏
k>0

|gsk〉 , (1.41)

where |gk〉 is the projection of the ground state on the 2 dimensional subspace

k.

1.3.2 Pseudo-spin representation

There is a different representation of the states and the operators that can be

more convenient for calculations. Due to the factorisation of the Hilbert space

into two dimensional subspaces, it is possible to define a pseudo-spin-1/2 rep-

resentation of the Hamiltonian, since the latter connects the empty state |0〉 to

the pairwise occupied state c†kc
†
−k |0〉 if the occupation of the k subspace is even.

If the occupation is odd, then the Hamiltonian acts trivially in that state since

the coupling terms cannot create a pair with momenta {k,−k} if one of these

momenta is already occupied, and thus this subspace factorises trivially. For

simplicity, we will only consider states with even occupation for all momenta, as

this is the most interesting, non-trivial case. In this representation, states are

given by complex vectors, and an orthonormal basis of each vector subspace can
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1.3 The XY model in one dimension

be created with the following mapping:

c†kc
†
−k |0〉k →

(
1

0

)
k

,

|0〉k →

(
0

1

)
k

,

(1.42)

where the subscript k represents the restriction to the k momentum subspace.

We will often neglect this subscript in the calculations, keeping in mind the

factorisation in subspaces.

Operators that can be written as sums of operators acting on k-labeled subspaces

(O =
∑
k>0Ok) can therefore be written as the direct sum of two by two matrices

defined by:

Ok =

(
〈0|k c−kckOkc

†
kc
†
−k |0〉k 〈0|k c−kckOk |0〉k

〈0|kOkc
†
kc
†
−k |0〉k 〈0|kOk |0〉k

)
. (1.43)

Up to a constant proportional to the identity, any such operator can be written

as a sum of the following operators:

c†kc
†
−k + c−kck →

(
0 1

1 0

)
= σxk , (1.44)

−i(c†kc
†
−k − c−kck)→

(
0 −i
i 0

)
= σyk , (1.45)

and

c†kck + c†−kc−k

→

(
〈0|k c−kck(c†kck + c†−kc−k)c†kc

†
−k |0〉k 〈0|k c−kck(c†kck + c†−kc−k) |0〉k

〈0|k (c†kck + c†−kc−k)c†kc
†
−k |0〉k 〈0|k (c†kck + c†−kc−k) |0〉k

)

=

(
2 0

0 0

)
= 1k + σzk ,

(1.46)

where the σαk are Pauli matrices in the pseudo-spin representation. If we want

to consider operators that do not separate in k sectors, we need to come back to

the second quantised representation (i.e., keep everything in terms of fermionic

operators).
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Using this mapping, the Hamiltonian can be written as the following direct sum:

HXY =
∑
k>0

Hk − J
∑
k>0

ξk −
hN

2
, (1.47)

with

Hk = −J

(
ξk iλk
−iλk −ξk

)
= −Jξkσzk + Jλkσ

y
k = E(k)nk · σk , (1.48)

and

nk =
(

0 λk/
√
ξ2k + λ2k −ξk/

√
ξ2k + λ2k

)
=
(

0 − sin(θk) cos(θk)
)
, (1.49)

where σk =
(
σxk σyk σzk

)
. 3.The main advantage of this representation is that

it allows us to express time evolution as a rotation of the pseudo-spins on the

Bloch sphere around the axis nk. Indeed, we can see that the time evolution

operator for one of the pseudo-spins is given by:

Uk(t′, t) = e−i(t
′−t)Hk = e−iE(k)(t′−t)nk·σk

= cos (E(k)(t′ − t))1k − i sin (E(k)(t′ − t))nk · σk .
(1.50)

The full time evolution operator is the tensor product of the Uk.

Other interesting observables that can be represented in this subspace basis are

the transverse magnetisation Sztot, given by

Sztot :=
∑
j

Szj =
∑
j

(
1

2
− c†jcj

)
=
N

2
−
∑
k>0

(c†kck + c†−kc−k)

→ N

2
−
∑
k>0

1k + σzk ,

(1.51)

and the in-plane correlation functions. The first one we consider is the correlator

3We should notice that in this representation, we only keep positive momenta but also

introduce a band with negative energy −E(k), so the energy eigenvalues are E±(k) = ±E(k).

This is similar to the first line in eq. (1.37). Going back to the representation with both

positive and negative momenta and only the positive energy amounts to performing a particle-

hole transformation of the negative energy band.
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1.3 The XY model in one dimension

between the x components of two spins separated by a distance l:

Cxxl :=
1

N

∑
j

Sxj S
x
j+l =

1

N

∑
j

1

4
(S+
j + S−j )(S+

j+l + S−j+l)

=
1

4N

∑
j

S−j S
+
j+l + S−j S

−
j+l + h.c.

=
1

4N

∑
j

(−1)l
(
c†je

iπ
∑
j≤m<j+l c

†
mcmcj+l + c†je

iπ
∑
j≤m<j+l c

†
mcmc†j+l + h.c.

)
,

(1.52)

with l 6= 0. The string eiπ
∑
j≤m<j+l c

†
mcm that comes from the Jordan-Wigner

transformation makes computing these correlators a non-trivial issue except for

l = 1. While a general expression in terms of Pfaffians exists [7, 52], here we focus

on the more tractable nearest-neighbour case. For that case, we get:

Cxx1 = − 1

4N

∑
j

(c†je
iπc†jcjcj+1 + c†je

iπc†jcjc†j+1 + h.c.)

= − 1

4N

∑
j

(c†jcj+1 + c†jc
†
j+1 + h.c.)

= − 1

4N

∑
k

2 cos(k)c†kck + i sin(k)(c†kc
†
−k − c−kck)

= − 1

4N

∑
k>0

2 cos(k)(c†kck + c†−kc−k) + 2i sin(k)(c†kc
†
−k − c−kck)

→ − 1

2N

∑
k>0

cos(k)(1k + σzk)− sin(k)σyk .

(1.53)

Similarly, we can compute the correlator between the y spin components:

Cyy1 :=
1

N

∑
j

Syj S
y
j+1 =

1

N

∑
j

(−i)2

4
(S+
j − S

−
j )(S+

j+1 − S
−
j+1)

= − 1

4N

∑
j

(c†jcj+1 − c†jc
†
j+1 + h.c.)

= − 1

4N

∑
k

2 cos(k)c†kck − i sin(k)(c†kc
†
−k − c−kck)

= − 1

4N

∑
k>0

2 cos(k)(c†kck + c†−kc−k)− 2i sin(k)(c†kc
†
−k − c−kck)

→ − 1

2N

∑
k>0

cos(k)(1k + σzk) + sin(k)σyk ,

(1.54)
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and the cross correlator between an x component and a y component:

Cxy1 :=
1

N

∑
j

Sxj S
y
j+1 =

1

N

∑
j

−i
4

(S+
j + S−j )(S+

j+1 − S
−
j+1)

=
1

4N

∑
j

i(c†jcj+1 − c†j+1cj − c
†
jc
†
j+1 + cj+1cj)

=
1

4N

∑
k

i
(

(eik − e−ik)c†kck − e
ikc†kc

†
−k + e−ikc−kck

)
=

1

4N

∑
k

−2 sin(k)c†kck − i sin(k)(c†kc
†
−k − c−kck)

= − 1

2N

∑
k>0

sin(k)
(
c†kck − c

†
−kc−k + i(c†kc

†
−k − c−kck)

)
→ 1

2N

∑
k>0

sin(k)σyk .

(1.55)

As previously discussed, the pseudo-spin basis is not particularly useful to com-

pute observables which couple together different momentum subspaces, such as

the correlators corresponding to l > 1. Another important example of this is

the Szj S
z
j+l operator, which couples together momentum pairs different from the

{k,−k} pairs that form the two-dimensional pseudo-spin basis for all l 6= 0, as

we can see below:

Czzl :=
1

N

∑
j

Szj S
z
j+l =

1

N

∑
j

(
1

2
− c†jcj

)(
1

2
− czj+lcj+l

)

=
1

N

∑
j

(
1

4
− 1

2
(c†jcj + c†j+lcj+l) + c†jcjc

†
j+lcj+l

)

=
1

N

∑
j

(
1

4
− c†jcj + c†jc

†
j+lcj+lcj

)
=

1

4
− 1

N

∑
k

c†kck +
1

N2

∑
k,k′,q

eiqc†k+qc
†
k′−qck′ck .

(1.56)
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Chapter 2

Phase transitions in the

periodically-driven XY model

The main goal of this work is to find an exact expression for a Floquet Hamilto-

nian that can be diagonalised in the entirety of the parameter space of a system,

using only analytical methods. The motivation behind this goal is that for most

models the Floquet Hamiltonian can only be found numerically or in a restricted

(and typically very limited) choice of parameters, such as the infinite frequency

limit. Meeting this goal would mean that several properties of the driven sys-

tem can be studied exactly, different regimes can be compared, and the results

can be taken as a new starting point for perturbative studies beyond periodic

driving.

In order to achieve this, the choice of model and driving protocol is fundamental:

we would have little hope to obtain such a result, for instance, from a non-

integrable Hamiltonian. Even with integrable Hamiltonians this is extremely

challenging, as the new effective couplings that come into play in the Floquet

Hamiltonian will in general break integrability. In [53], it is shown that one case

where an exact expression for HF can be expected is when the couplings in the

instantaneous Hamiltonian are part of a finite closed algebra. The XY model (as

well as other models mappable to free spinless fermions) fulfils that requirement,

since it can be written in terms of Pauli matrices as in eq. (1.48). While in

principle any discrete and finite system fulfils this requirement, as there is only

a finite number of possible operators in that case, other models quickly become

intractable with growing system size. The XY model presents the advantage

that it has a representation in terms of operators forming a closed algebra in

the reciprocal space for each independent momentum subspace, consisting of the

Pauli matrices that act on that subsector of the Hilbert space. Since this happens

independently of the system size, it is possible to take the thermodynamic limit

without much effort. It is in view of these facts, and with the stated goal in mind,

that we proceeded to carry out this work focusing on the XY Hamiltonian.
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2 Phase transitions in the periodically-driven XY model

2.1 Obtaining the Floquet Hamiltonian

One of the difficulties in obtaining exact expressions for Floquet Hamiltonians,

even in relatively simple systems such as free fermions, lies in the fact that

the stroboscopic propagator is a time-ordered exponential which is difficult to

compute:

U(t0 + T, t0) = T exp

[
−i
∫ t0+T

t0

dt′H(t′)

]
. (2.1)

However, particular driving protocols can help simplify that expression. A se-

quence of quenches, for example, reduces this operator to a finite product of

exponentials of constant Hamiltonians. For definiteness, we focus on two-step

sequences in what follows. Consider the XY Hamiltonian eq. (1.24) with a time-

periodic transverse magnetic field whose amplitude alternates between the values

h1 and h2 during time intervals of αT and (1 − α)T respectively, with T being

the period and α ∈ [0, 1], as depicted in fig. 2.1:

h1

h2

0 αT T
t

h

Figure 2.1 – Periodic two-step protocol for the transverse magnetic field. The

field is sequentially quenched between the values h1 and h2, each value being

held constant for time intervals of αT and (1− α)T respectively.

h(t) =

{
h1 , 0 ≤ t < αT mod T

h2 , αT ≤ t < T mod T
. (2.2)

Without loss of generality, we assume the average field hav = αh1 + (1 − α)h2
to be non-negative. If it were negative, a π-rotation of all spins around the x

axis is enough to change the sign of the average field, while leaving the rest of

the Hamiltonian invariant. For this particular protocol, the stroboscopic time
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2.1 Obtaining the Floquet Hamiltonian

evolution operator U(t0 + T, t0) in eq. (2.1) simplifies to products of either two

or three exponentials, depending on the initial time t0. That allows us to fully

exploit the algebraic properties of the model.

2.1.1 Algebraic solution

Choosing the gauge t0 = 0, and denoting by H[hi] an XY Hamiltonian with

magnetic field hi and eigenvalues Ei(k), the protocol eq. (2.2) gives the following

form for the stroboscopic time evolution operator:

U(T, 0) = e−iH[h2](1−α)T e−iH[h1]αT . (2.3)

The pseudospin representation allows us to fully exploit the properties of the

closed algebra of the system. As stated before in section 1.3.2, the time evolution

given by each of the static Hamiltonians H[hi] can be seen as a rotation of a

vector in the pseudospin representation around different axes ni,k, with i = 1, 2,

defined by the Bogoliubov angles θi,k as given by eq. (1.49) with the appropriate

field hi. The composition of these two consecutive rotations will result in a total

effective rotation, which will define the Floquet Hamiltonian that we are looking

for, as we will see next.

In general, any rotation R of a pseudo-spin can be written in the so-called Euler

parametrisation as follows:

R = u01+ i
∑

α∈{x,y,z}

uασ
α . (2.4)

Unitarity requires these parameters to obey the sum∑
α∈{0,x,y}

u2α = 1 . (2.5)

The composition of two consecutive rotations R(2)R(1), each with the correspond-

ing parameters u
(i)
α , i ∈ {1, 2}, results in a final rotation with Euler parameters

given by:
u0 = u

(1)
0 u

(2)
0 − u

(1)
x u

(2)
x − u(1)y u

(2)
y − u(1)z u

(2)
z ,

ux = u
(1)
0 u

(2)
x + u

(1)
x u

(2)
0 + u

(1)
y u

(2)
z − u(1)z u

(2)
y ,

uy = u
(1)
0 u

(2)
y + u

(1)
y u

(2)
0 − u

(1)
x u

(2)
z + u

(1)
z u

(2)
x ,

uz = u
(1)
0 u

(2)
z + u

(1)
z u

(2)
0 − u

(1)
y u

(2)
x + u

(1)
x u

(2)
y ,

(2.6)
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2 Phase transitions in the periodically-driven XY model

as can be straightforwardly proven using the Pauli matrices algebra

[σα, σβ ] = 2iεα,β,γσ
γ , (2.7)

{σα, σβ} = 2δα,β1 , (2.8)

where α, β, γ ∈ {x, y, z}, εα,β,γ is the Levi-Civita symbol and δα,β is the Kro-

necker delta.

Using eq. (2.6) with the parameters defined in eqs. (1.49) and (1.50) for each of

the Hamiltonians, we obtain for the stroboscopic time evolution in the k sector:

Uk(T, 0) = uk,01+ i
∑

α∈{x,y,z}

uk,ασ
α
k . (2.9)

with

uk,0 = cos(E1(k)αT ) cos(E2(k)(1− α)T )

− sin(E1(k)αT ) sin(E2(k)(1− α)T ) cos(∆k) , (2.10)

uk,x = sin(E1(k)αT ) sin(E2(k)(1− α)T ) sin(∆k) , (2.11)

uk,y = cos(E1(k)αT ) sin(E2(k)(1− α)T ) sin(θ2,k)

+ cos(E2(k)(1− α)T ) sin(E1(k)αT ) sin(θ1,k) , (2.12)

uk,z = − cos(E1(k)αT ) sin(E2(k)(1− α)T ) cos(θ2,k)

− cos(E2(k)(1− α)T ) sin(E1(k)αT ) cos(θ1,k) , (2.13)

where ∆k = θ2,k − θ1,k.

By diagonalising Uk(T, 0) we can find the Floquet modes, as we can see from

eq. (1.13). These modes are thus given by

∣∣∣Φ[T ]
k,σ(t0 = 0)

〉
= bσ

(
1

σ
uk,x+iuk,y√
1−u2

k,0+σuk,z

)
, (2.14)

where σ = ±1, and the normalisation prefactor is

bσ =


√

(1− u2k,0) + σuk,z

2
√

1− u2k,0


1
2

. (2.15)

The corresponding eigenvalues of Uk(T, 0) are

λσ(k) = uk,0 + σi
√

1− u2k,0 . (2.16)
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2.1 Obtaining the Floquet Hamiltonian

Equation (1.13) also shows that these eigenvalues are related to the quasienergies

εT (k) by λσ(k) = e−iσεT (k)T . By taking their logarithm, and using the identity

arccos(z) = −i ln
(
z +

√
z2 − 1

)
, (2.17)

we obtain the quasienergies

εT (k) = − 1

T
arccos(uk,0) . (2.18)

With the explicit form for the Floquet modes and quasienergies, we obtain the

following Floquet Hamiltonian (up to an overall constant) written in the pseu-

dospin representation:

H
[t0,T ]
F ≡

∑
k>0

εT (k)nFk · σk , (2.19)

with

nFk ≡

 uk,x√
1− u2k,0

,
uk,y√

1− u2k,0
,

uk,z√
1− u2k,0

 . (2.20)

By comparing eq. (2.20) with eq. (1.49), we can already see the fact that the

Floquet Hamiltonian presents interactions that are absent in static XY Hamilto-

nians, as the first component of the vector nk of any XY Hamiltonian is exactly

zero. The other two components are of course also different. We can understand

the origin of these new couplings by considering the Floquet-Magnus expansion

eq. (1.22). In the infinite driving frequency limit T → 0, the Floquet Hamiltonian

reduces to the time-averaged Hamiltonian Hav. Eigenstates of Hav whose single-

particle energy difference (within a single momentum sector) equals an integer

multiple of the driving frequency 2π/T are said to be quasi-degenerate or reso-

nant and, in the same way that a small perturbation on a stationary Hamiltonian

can strongly couple degenerate eigenstates of the unperturbed Hamiltonian, de-

viations of e−iH
[t0,T ]

F T from e−iHavT can strongly couple quasi-degenerate eigen-

states [54–60]. These so-called Floquet resonances give rise to avoided crossings

that result into the Floquet eigenstates being linear combinations of two such

(near-) resonant states. We will come back to the properties of these new cou-

plings, with a focus on their ranges in real space, in section 2.3. For the moment,

let us analyse the quasienergy spectrum.
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2 Phase transitions in the periodically-driven XY model

The first remark we need to analyse the Floquet spectrum is that, by using

eq. (2.17), we have made a choice of branch cut for the logarithm, as repeat-

edly prescribed throughout section 1.2. The present choice constrains εT (k) to

the first Floquet-Brillouin zone ] − π/T, π/T ]. We will refer to this constraint

as the “folding” of the spectrum [34], and in section 2.2 we will compare the

present results with those obtained with a different choice of branch cut. The

Avoided
Crossings

Tc=π/2
� � � �

�� �� �� ��

0.0 0.5 1.0 1.5 2.0
-4

-2

0

2

4

T

T
ϵ T

(k
)

Figure 2.2 – Continuous quasienergy spectrum (in pale green) as a function of

the period in the first Floquet-Brillouin zone. Avoided crossings are present in

the red intervals, indicated as II, and absent in the pale blue intervals, denoted

as I. The vertical orange line marks the value of T above which no more intervals

of type I are found. Here, J = 1, γ = 0.8, h1 = 15, h2 = 0.5, α = 0.5, and

N = 10001.

“folded” spectrum from eq. (2.18) can be seen in fig. 2.2. This figure shows

the quasienergies multiplied by1 T as a function of the driving period in the

thermodynamic limit. For small enough periods, the plot is linear, indicating

constant quasienergies. This is in line with the expectation that in this regime

the spectrum coincides with that of the time-averaged Hamiltonian. As the

period increases, the quasienergies eventually reach the edges of the Floquet-

Brillouin zone, and the aforementioned avoided crossings take place as now some

1This scaling is only to make the figure clearer, as the edges of the Floquet-Brillouin zone

become straight horizontal lines instead of hyperbolas.
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2.1 Obtaining the Floquet Hamiltonian

Floquet modes become resonant. This is highlighted in the figure by the grey

ovals. Somewhat surprisingly, this behaviour is not monotonic: if we keep in-

creasing the period, there is another region devoid of resonances. In fact, for this

particular choice of parameters, there are four separate intervals, denoted by I

and shown in pale blue, that do not present avoided crossings. intervals where

resonances are present are denoted II and shown in red. For a sufficiently large

T , however, there are no more intervals of type I as T increases.

2.1.2 Solution using the Bogoliubov-de Gennes equation

In section 2.1.1, we were able to find and diagonalise the Floquet Hamiltonian

by exploiting the algebraic structure of the problem and the fact that for a finite

sequences of quenches, we know an explicit equation that allows us to express the

time evolution as a single exponential thanks to the Euler-Rodrigues formula.

However, this method cannot be extended to other driving protocols. In partic-

ular, it cannot be applied when the time dependence is continuous, for example

a cosine driving h(t) = cos(ωt). In this section, we propose an alternative way to

solve the problem, based on the Bogoliubov-de Gennes equation. This method is

more complicated, but it is also valid for generic periodic driving of Hamiltonians

mappable to free spinless fermions like the XY Hamiltonian.

Heisenberg representation for the time dependent Hamiltonian

Let us consider the time-dependent XY hamiltonian in the Heisenberg picture. It

is useful to consider the time evolution of the creation and annihilation operators

cdkagger and ck, as we can write any other operator as a function of these two.

Notice that these operators do not have an intrinsic time dependence (∂tck = 0).

The Heisenberg equation of motion for ck is:

d

dt
ck(t) =i[H(t), ck(t)]

=iJ
[
(cos(k)− h(t)/J)ck(t) + iγ sin(k)c†−k(t)

]
.

(2.21)

The solution ck(t) for any time t of this equation is linearly related to the op-

erators ck(t0) and c†−k(t0) at an initial time t0. Let us then parametrise the

time-evolved operators as:(
ck(t)

c†−k(t)

)
=

(
A(k, t; t0) iB(k, t; t0)

−iB∗(−k, t; t0) A∗(−k, t; t0)

)(
ck(t0)

c†−k(t0)

)
. (2.22)
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2 Phase transitions in the periodically-driven XY model

In Nambu spinor notation, with ck(t) the vector in the left hand side of eq. (2.22),

and with A(k, t; t0) the matrix in the right hand side, this equation becomes

ck(t) = A(k, t; t0)ck(t0) . (2.23)

The matrix elements of A(k, t; t0) need to obey certain relations in order to

preserve the anticommutation relations of the ck operators. These relations are:

{ck(t), c†k(t)} = {A(k, t; t0)ck(t0) + iB(k, t; t0)c†−k(t0),

A∗(k, t; t0)c†k(t0)− iB∗(k, t; t0)c−k(t0)}
= |A(k, t; t0)|2 + |B(k, t; t0)|2 = 1 ,

(2.24)

and

{ck(t), c−k(t)} = {A(k, t; t0)ck(t0) + iB(k, t; t0)c†−k(t0),

A(−k, t; t0)c−k(t0) + iB(−k, t; t0)c†k(t0)}
= i(A(k, t; t0)B(−k, t; t0) +A(−k, t; t0)B(k, t; t0)) = 0 .

(2.25)

Combining these two equations, we can show that A(k, t; t0) is a special unitary

matrix for any k, t, and t0:

A(k, t; t0)A†(k, t; t0) =

(
A(k, t; t0) iB(k, t; t0)

−iB∗(−k, t; t0) A∗(−k, t; t0)

)

·

(
A∗(k, t; t0) iB(−k, t; t0)

−iB∗(k, t; t0) A(−k, t; t0)

)
= 1 .

(2.26)

From eq. (2.21), we can derive the following set of coupled differential equations

for A(k, t; t0) and B(k, t; t0):(
Ȧ(k, t; t0)

Ḃ∗(−k, t; t0)

)
=iJ

(
cos(k)− h(t)/J γ sin(k)

γ sin(k) −(cos(k)− h(t)/J)

)(
A(k, t; t0)

B∗(−k, t; t0)

)

=iJ

(
ξk(t) λk
λk −ξk(t)

)(
A(k, t; t0)

B∗(−k, t; t0)

)
,

(2.27)

with λk and ξk(t) as defined in eq. (1.34), but with a time dependent magnetic

field. The dots denote derivatives respect to t. The initial conditions are given
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2.1 Obtaining the Floquet Hamiltonian

by A(k, t0; t0) = 1 and B∗(−k, t0; t0) = 0 for consistency with eq. (2.22), as

well as Ȧ(k, t0; t0) = iJξk(t0) and Ḃ∗(−k, t0, t0) = iJλk, which follow from

eq. (2.21).

The equations can be decoupled by taking the time derivative once more:

Ä(k, t; t0) =iJ [ξ̇k(t)A(k, t; t0) + ξk(t)Ȧ(k, t; t0) + λkḂ
∗(k, t)]

=iJ [ξ̇k(t)A(k, t; t0) + ξk(t)(Ȧ(k, t; t0) + iJλkB
∗(k, t))

− iJλ2kA(k, t; t0)]

=iJ [ξ̇k(t)A(k, t; t0) + iJ(ξ2k(t) + λ2k)A(k, t; t0)]

=[−J2(ξ2k(t) + λ2k) + iJξ̇k(t)]A(k, t; t0) .

(2.28)

Doing the same for B∗, we end up with the system:

Ä(k, t; t0) + [J2((cos(k)− h(t)/J)2 + γ2 sin2(k)) + iḣ(t)]A(k, t; t0) = 0 ,

B̈∗(−k, t; t0) + [J2((cos(k)− h(t)/J)2 + γ2 sin2(k))− iḣ(t)]B∗(−k, t; t0) = 0 .

(2.29)

So far, the derivation is valid for any function h(t). We are interested, however,

in periodic fuinctions h(t + T ) = h(t). Notice that all the prefactors in the

equation for B∗ are even in k, so we can change −k → k in the argument while

maintaining the equation invariant. This remark is not general: in our case,

it holds true because the magnetic field is homogeneous in space, and therefore

independent of k. If we also take the complex conjugate, we see that the equation

for B is exactly the same as the one for A, the only difference being the initial

conditions.

In order to find the Floquet Hamiltonian using this method, let us analyse the

stroboscopic behaviour of eq. (2.22), i.e. at time t = t0 + T . We can diagonalise

the matrix A in the equation by a similarity transformation M[t0,T ]. Let’s call

D[t0,T ] the diagonalised form of A(k, t0 + T ; t0),

D[t0,T ] =M[t0,T ]A(k, t0 + T ; t0)
(
M[t0,T ]

)−1
, (2.30)
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2 Phase transitions in the periodically-driven XY model

and define the operators dk
[t0,T ](t) =M[t0,T ]ck(t). We therefore obtain:

ck(t0 + T ) = A(k, t0 + T ; t0)ck(t0)

ck(t0 + T ) = A(k, t0 + T ; t0)
(
M[t0,T ]

)−1
dk(t0)

M[t0,T ]ck(t0 + T ) =M[t0,T ]A(k, t0 + T ; t0)
(
M[t0,T ]

)−1
dk(t0)

dk
[t0,T ](t0 + T ) = D[t0,T ]dk

[t0,T ](t0) .

(2.31)

We can see that the stroboscopic time evolution of the operators dk
[t0,T ] is diag-

onal. Since A is a special unitary matrix, it has unit determinant, and therefore

so does D. This means that the entries on the diagonal of D are complex conju-

gate numbers with unit norm. Let’s parametrise those entries as e−iT ε
[T ]
k and its

complex conjugate. The stroboscopic evolution of the d operators is therefore of

the following form:(
d
[t0,T ]
k (t0 + T )

d
†[t0,T ]
−k (t0 + T )

)
=

(
e−iε

[T ]
k T 0

0 eiε
[T ]
k T

)(
d
[t0,T ]
k (t0)

d
†[t0,T ]
−k (t0)

)
. (2.32)

This is precisely the stroboscopic evolution would expect from the Floquet states.

The same stroboscopic time evolution as the one found in eq. (2.32) would be

obtained from the effective Hamiltonian H
[t0,T ]
F =

∑
k ε

[T ]
k d

†[t0,T ]
k d

[t0,T ]
k , which we

should interpret as our Floquet Hamiltonian for stroboscopic times t0 + nT . We

can see that the quantities ε
[T ]
k are (not coincidentally) the Floquet quasiener-

gies.

We emphasise that the results in this section are valid for any periodic function

h(t). In order to continue, we need to fix the function h(t).

Periodic quenches in the Heisenberg picture

Let us now go back to our periodically quenched driving protocol eq. (2.2). The

steps to follow are clear: we need to solve eq. (2.29), evaluate the result after one

period of driving (t = t0 + T ) and then diagonalise the matrix A(k, t0 + T ; t0).

With our protocol, eq. (2.29) becomes simplifies greatly for times in one of the

plateaux of magnetic field (i.e., t 6= 0, αT mod T ), becoming:

Ä(k, t; t0) + E2
i (k)A(k, t; t0) = 0 , (2.33)

with Ei(k) the energy eigenvalue of the Hamiltonian Hk[hi]. A similar equation

can be found for B. For convenience, we will pick the initial time such that

36



2.1 Obtaining the Floquet Hamiltonian

0 < t0 < αT , so that all time derivatives are well defined at t0 and we can use

them as initial conditions for the differential equation. We can find a piece-wise

solution for eq. (2.33), with one solution per plateau, and impose the continuity

of the resulting function at the times of the quenches. The derivatives, however,

are discontinuous (just like when solving the Schrödinger equation with a Dirac

potential), and the discontinuity can be found by integrating eq. (2.29) in a small

interval of size 2δ around the time of each quench and letting δ → 0. Thus, we

find the expressions

Ȧ(k, αT+; t0) = Ȧ(k, αT−; t0)− i(h2 − h1)A(k, αT ; t0) ,

Ȧ(k, T+; t0) = Ȧ(k, T−; t0) + i(h2 − h1)A(k, T ; t0) ,
(2.34)

where we have defined Ȧ(k, αT±; t0) = limδ→0+ Ȧ(k, αT ± δ; t0) (and the corre-

sponding expression for time T ). Let’s denote by Ai(k, t; t0), i ∈ {1, 2, 3}, the

solution for t belonging to the corresponding interval I1 =]t0, αT [; I2 =]αT, T [,

and I3 =]T, t0 + T [. With the appropriate initial conditions and continuity (and

discontinuity) conditions, we get:

A1(k, t; t0) = α1 cos(E1(k)(t− t0)) + a1 sin(E1(k)(t− t0))

α1 = 1

a1 =
iJ(cos(k)− h1/J)

E1(k)
=
iJξ1,k
E1(k)

;

A2(k, t; t0) = α2 cos(E2(k)(t− αT )) + a2 sin(E2(k)(t− αT )) ,

α2 = A1(k, αT ; t0) ,

a2 =
Ȧ1(k, αT ; t0)− i(h2 − h1)A1(k, αT ; t0)

E2(k)
;

A3(k, t; t0) = α3 cos(E1(k)(t− T )) + a3 sin(E1(k)(t− T ))

α3 = A2(k, T ; t0) ,

a3 =
Ȧ2(k, T ; t0) + i(h2 − h1)A2(k, T ; t0)

E1(k)
,

(2.35)

and
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2 Phase transitions in the periodically-driven XY model
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Figure 2.3 – Quasienergy spectrum εT (k) as a function of period T obtained

with the Bogoliubov-de Gennes equation method as described in this section

(top panel) and with the algebraic method of section 2.1.1 (bottom panel) for

a system of size N = 41. The parameters used are J = 1, γ = 0.8, h1 = 15,

h2 = 0.5, and α = 0.5.

B1(k, t; t0) = β1 cos(E1(k)(t− t0)) + b1 sin(E1(k)(t− t0)), ,

β1 = 0 ,

b1 =
iJγ sin(k)

E1(k)
=

iJλk
E1(k)

;

B2(k, t; t0) = β2 cos(E2(k)(t− αT )) + b2 sin(E2(k)(t− αT )) ,

β2 = B1(k, αT ; t0) ,

b2 =
Ḃ1(k, αT ; t0)− i(h2 − h1)B1(k, αT ; t0)

E2(k)
;

B3(k, t; t0) = β3 cos(E1(k)(t− T )) + b3 sin(E1(k)(t− T ))

β3 = B2(k, T ; t0) ,

b3 =
Ḃ2(k, T ; t0) + i(h2 − h1)B2(k, T ; t0)

E1(k)
.

(2.36)
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2.2 Unfolding the spectrum

The only thing we need to do now is to diagonalise the matrix A(k, t0 + T ; t0)

with matrix elements given by A3(k, T + t0, t0) and B3(k, T + t0, t0). With this,

the two quasienergy bands are given by:

ε
[T ]
k,± =

i

T
log

{
1

2
[A3(k, t0 + T ; t0) +A∗3(−k, t0 + T ; t0)±D

}
,

D =
[(
A3(k, t0 + T ; t0) +A∗3(−k, t0 + T ; t0)

)2
− 4
(
A3(k, t0 + T ; t0)A∗3(−k, t0 + T ; t0)

−B3(k, t0 + T ; t0)B∗3(−k, t0 + T ; t0)
)]1/2

.

(2.37)

It can be verified that eq. (2.37) is equivalent to eq. (2.18). This is nonetheless

a rather extensive excercise of trigonometric functions and logarithms manipu-

lation. We do, however, compare the results of both equations in fig. 2.3, where

we see the spectrum as obtained with the method described on this chapter on

the top panel of the figure, and with the algebraic method on the bottom panel.

We can see that the results agree with each other.

2.2 Unfolding the spectrum

In the previous sections, we have obtained the Floquet Hamiltonian of our prob-

lem, with a spectrum constrained to the first Floquet-Brillouin zone. However,

this is not the only possibility. Each quasienergy can in principle be shifted

by any integer multiple of 2π/T without altering any physical result. These

shifts are related to the choice of branch cut for the logarithm as explained in

section 1.2. Just like in eq. (1.9), these shifts (which can be independently cho-

sen for each momentum mode) need to be accompanied by a redefinition of the

Floquet modes:

εT (k)→ εT (k) +
2πmk

T
,∣∣∣Φ[T ]

k,σ(t0)
〉
→ e−i2πmkt/T

∣∣∣Φ[T ]
k,σ(t0)

〉
.

(2.38)

While the resulting time evolution is independent of these shifts, they become

relevant if the Floquet Hamiltonian is explicitly constructed, since its real-space

behaviour will depend on the presence or absence of such shifts as we will see

in section 2.3. Indeed, eq. (2.38) leads to the following change in the Floquet

Hamiltonian:

H
[t0,T ]
F → H

[t0,T ]
F +

∑
k>0

2πmk

T

∣∣∣Φ[T ]
k,σ(t0)

〉〈
Φ

[T ]
k,σ(t0)

∣∣∣ . (2.39)
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2 Phase transitions in the periodically-driven XY model

Folding the spectrum into the first Floquet-Brillouin zone might introduce cou-

plings that might be seen as “unphysical”, and the spectrum needs to be explic-

itly unfolded in order to highlight the effects of Floquet resonances. One of the

most intuitive examples of this is the stationary case, with h1 = h2. This case

of course has full time translation symmetry, but we can also formally treat it

as a system with time periodicity T for any choice of T and solve it by apply-

ing Floquet theory2. By doing so, the simplest possible Floquet Hamiltonian

should coincide with just the static Hamiltonian. However, if the quasienergies

are constrained to be inside the first Floquet-Brillouin zone ] − π/T, π/T ], the

spectrum of HF clearly cannot coincide with that of the static Hamiltonian for

an arbitrary choice of T . This issue can be solved by unfolding the spectrum as

described below.

Although there exists no general way of unfolding the quasienergy spectrum [56],

in the present case this can be done explicitly. In this section, we present two

equivalent ways of doing so. The first one takes advantage of the symmetry of the

time-averaged Hamiltonian and Floquet Hamiltonian’s spectra. This symmetry

implies that an avoided crossing takes place whenever the value of a quasienergy

approaches the edge of the Floquet-Brillouin zone ±π/T . The avoided crossings

are thus the mechanism that keeps the spectrum found in (2.18) inside the inter-

val ] − π/T, π/T ]. For a given value of k, with increasing period this mode will

have a first resonance at T = π/Eav(k). For periods above this value, we can un-

fold the quasienergy out of the first Floquet-Brillouin zone by shifting it by 2π/T .

The spectrum will now be confined inside the second Floquet-Brillouin zone, and

in order to further unfold it we need a shift of −2× 2π/T for periods larger than

the value corresponding to the second order resonance T = 2π/Eav(k). By

repeating this process iteratively, the full unfolding can be written as

εT (k)→ εT (k)−
∞∑
n=1

(−1)nΘ(TEav(k)− nπ)
2πn

T

= − 1

T
arccos(uk,0)− 2π

T

bTEav(k)/πc∑
n=1

(−1)nn ,

(2.40)

with Θ(x) the Heaviside function. The result of unfolding the spectrum in this

way can be seen in fig. 2.4.

An alternative way of unfolding the spectrum is by making the connection with

the γ → 0 limit of driven XX models. In this limit, the driving becomes trivial

2Even if, admittedly, this is an overcomplicated way of solving a simple problem.
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2.2 Unfolding the spectrum
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Figure 2.4 – Unfolded (left) and folded (right) quasienergies εT (k) at different

values of the driving period T for a small system with N = 41. In all non-

resonant regions the unfolding returns a spectrum close to that of the time-

averaged Hamiltonian, whereas the avoided crossings in the resonant regions

(with pale blue background) are reflected by open gaps in the unfolded Floquet

spectrum. The edges of the Floquet-Brillouin zone ±π/T are marked by dashed

red lines in the right figure. The system parameters correspond to α = 1/2,

γ = 0.5, J = 1, h1 = 2, h2 = 12.

since the XX Hamiltonians commute at all values of h and J , leading to a Floquet

operator whose eigenstates are exactly those of the time-averaged Hamiltonian

Hav. The spectrum can now be unfolded by demanding that the Floquet Hamil-

tonian reduces to Hav at all values of the driving period T if we take this limit.

Namely, for γ = 0 the evolution operator in the pseudo-spin representation is

Uk(t0 + T, t0) = cos(Eav(k)T )1− i sin(Eav(k)T )σzk , (2.41)

with Eav(k) = |J cos(k) − hav| and hav = αh1 + (1 − α)h2, while the Floquet

Hamiltonian reduces to

HF =
∑
k>0

1

T
arccos [cos(Eav(k)T )]× sgn [sin(Eav(k)T )]σzk + cst.

=
∑
k>0

(
Eav(k)−

⌊
Eav(k)T + π

2π

⌋
2π

T

)
σzk + cst.

(2.42)

It is clear that this Hamiltonian shares the eigenstates of the time-averaged

Hamiltonian, where the eigenvalues have acquired an appropriate shift compared
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2 Phase transitions in the periodically-driven XY model

to Eav because of the term arccos [cos(Eav(k)T )] /T . The shifts introduced by

this arccos can be explicitly undone by defining the quasienergies as

εT (k) = − 1

T
arccos(uk,0) + sign [sin(Eav(k)T )]

⌊
Eav(k)T + π

2π

⌋
2π

T
. (2.43)

In the limit γ → 0, at each value of the driving period the Floquet Hamiltonian

now reduces to Hav, which is guaranteed to have an unfolded spectrum. It is easy

to show that eqs. (2.40) and (2.43) are equivalent. While the necessary shifts

depend on Eav(k), this only determines the edges of the shifts due to the sign

and floor functions. The resulting shifts are introduced at the avoided crossings.

We will see in chapter 3 how the Floquet Hamiltonian that results from the

unfolding showcases the different dynamical behaviours of different regions in

the parameter space. Furthermore,with this choice of unfolding one can check

that we recover the simplest expected results for various limits of the parameters.

We just showed this for γ = 0, where all instantaneous Hamiltonians commute

and the driving trivializes, leading to H
[t0,T ]
F = Hav at all driving frequencies, as

returned by the proposed unfolding. The same happens for the static case, which

can be achieved by setting either h1 = h2, α = 0 or α = 1, for which the Floquet

Hamiltonian reduces to the static one only after unfolding its spectrum.

To obtain a more intuitive sense of the unfolding procedure, we can once again

compare our time periodic problem with the more familiar case of crystals and

their treatment using Bloch’s theorem (section 1.2.2). One of the first models for

crystals discussed in typical condensed matter theory courses is the nearly-free

electron approximation (see for instance [21]), where electrons are subjected to

a weak periodic lattice potential V (x) = V (x+ a). In a first approximation, the

periodicity of the lattice results in the dispersion relation for the electrons being

a series of parabolas that are periodic in momentum space with periodicity 2π/a

(one parabola in each Brillouin zone). When two of these parabolas meet, the

energies of the electron are degenerate and their corresponding states hybridise,

resulting in an avoided crossing that opens up an energy gap. These crossings

occur at the edges of two consecutive Brillouin zones. Typically, the energy levels

are then all folded back into the first Brillouin zone, where they explicitly show

the presence of different bands separated by band gaps at the edge of the Brillouin

zone. In our case, we do the opposite procedure by bringing the quasienergies

out of the first Floquet-Brillouin zone.
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2.3 Range of the effective couplings

2.3 Range of the effective couplings

Now that we have a good understanding of the quasienergy spectrum and we have

fixed our choice of branch cut, we turn our attention to the real space properties

of the Floquet Hamiltonian. More precisely, we are interested in studying the

locality properties of the effective couplings generated by the driving, i.e. whether

the driving induces significantly large couplings at ranges far larger than the next-

neighbour interactions present in the instantaneous XY Hamiltonian.

2.3.1 Asymptotic decay of the couplings

By inverting the pseudospin mapping eqs. (1.44) to (1.46) and the Fourier trans-

form in eq. (2.19) we can write the Floquet Hamiltonian in terms of the Jordan-

Wigner fermions in real space as3:

H
[t0,T ]
F =

N∑
j=1

(N−1)/2∑
`=1

[
A`c†jcj+` + B`c†jc

†
j+` + h.c.

]
+A0

N∑
j=1

c†jcj , (2.44)

where A` and B` are couplings of range ` given by

A` =
2

N

∑
k>0

uk,z√
1− u2k,0

cos(`k)εT (k) ,

B` = − 2

N

∑
k>0

uk,y + iuk,x√
1− u2k,0

sin(`k)εT (k) .

(2.45)

To form an explicit criterion for the locality of the interactions, we can look at

the asymptotic decay of the couplings with increasing distance. We will use the

unfolded quasienergies given by eq. (2.40). We consider the couplings to behave

as

A` ∼ f(`) +
g(`)

N
(2.46)

for large ` and N . Here, f(`) is the dominant decaying term in the thermody-

namic limit and g(`) the leading finite size correction to this decay. Let us first

find the leading behaviour in the resonant regimes, where the arguments of the

sums in eq. (2.45) present discontinuities due to the unfolding of the quasienergy

spectrum at points {ki}ni=1 for which the Floquet states are resonant. In the

3Notice that this is a general result valid for any choice of branch cut and initial time t0,

as long as the appropriate values of εT (k) and uk,α are used.
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2 Phase transitions in the periodically-driven XY model

thermodynamic limit all summations can be exchanged by integration. Defining

ak = εT (k)uk,z/(1− u2k,0)1/2 and integrating by parts we obtain

lim
N→∞

A` =
2

2π
Re

[∫ k1

0

ake
ik`dk +

n−1∑
i=2

∫ ki+1

ki

ake
ik`dk +

∫ π

kn

ake
ik`dk

]

=
1

π`

n∑
i=1

(a−ki − a
+
ki

) sin(ki`) +O(`−2) ,

(2.47)

with a±ki = limk→k±i
ak. Thus, the couplings decay as f(`) ∝ `−1 in the resonant

regimes. On top of the decaying envelope, this first order term presents oscilla-

tions on the strength of the couplings with wavenumbers corresponding to the

momenta of the resonant modes (several modes can fulfil the resonance condi-

tions simultaneously). The algebraically decaying envelope can be clearly seen

in the left panel of fig. 2.5. Due to the algebraic decay of the couplings, we will

refer to the resonant regions of the parameter space as non-local regions.

Figure 2.5 – Effective couplings A` as a function of distance in a non-local region

(left panel, with J = 1, γ = 0.8, h1 = 10, h2 = 0.5, α = 0.5, T = 0.6 and

N = 1000001) and in a local region (right panel, with J = 1, γ = 0.8, h1 = 10,

h2 = 0.5, α = 0.5, T = 0.25, and N = 1000001). The dots indicate the absolute

value of the coupling, while the continuous lines show the decaying envelope.

The decay is algebraic (∼ `−1) in the non-local regime and exponential in the

local one, up to finite size corrections.

In the case of the non-resonant regimes there are no discontinuities in the inte-
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2.3 Range of the effective couplings

grands of eq. (2.45) and further analysis is necessary:

lim
N→∞

A` =
1

π
Re

∫ π

0

ake
ik`dk

=
1

π
Re

[
1

i`

[
dak
dk

eik`
]π
0

− 1

i`

∫ π

0

dak
dk

eik`dk

]
=

1

π

∑
n odd

(−1)(n+1)/2

`n+1

[
(−1)`

dnak
dkn

∣∣∣∣
π

− dnak
dkn

∣∣∣∣
0

]
.

(2.48)

We can see that all the prefactors in this asymptotic series are proportional to

odd derivatives of ak. However, it can be verified that this function is symmetric

both around k = 0 and k = π, and thus its odd derivatives at these points

vanish. Therefore, this series shows that the couplings must decay faster than any

polynomial of `−1. We conjecture then that in this regime the couplings present

an exponential decay, which can be confirmed in the right panel of fig. 2.5, where

an exponentially decaying envelope was added as a guide to the eyes. These faster

than algebraic decaying couplings (conjectured to be exponentially decaying in

`) will be referred to as “local” in the present context.

The same analysis in both the resonant and non-resonant regimes can be made

for B`, leading to the same results with the only difference of having a different

finite size correction. This can be seen in fig. 2.6.

This is an interesting result: on the one hand, it highlights that the presented

protocol, in spite of its simplicity4, can be used to simulate complex Hamiltonians

with large-range interactions. On the other hand, previous research in similarly

driven systems have found that correlation functions decay algebraically as a

function of distance in the resonant regime, while they present exponential decay

when off-resonance [61]. There are also results [62] showing a crossover from an

area-law scaling of the entanglement entropy of the system’s steady state in the

absence of resonances to a volume-law scaling in resonant regimes.

2.3.2 Finite-size corrections

In most of the plots of figs. 2.5 and 2.6 we can see deviations from the predicted

asymptotic behaviours for very large values of `. These deviations are due to

finite size effects. In this section we propose the expressions that describe the

finite size effects used for the calculation of the envelopes shown in figs. 2.5

and 2.6.

4At least in its theoretical treatment if not necessarily simple to realise experimentally.
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2 Phase transitions in the periodically-driven XY model

Figure 2.6 – Effective couplings B` (real part in the left column, imaginary part

in the right one) as a function of distance in a non-local region (top row, with

J = 1, γ = 0.8, h1 = 10, h2 = 0.5, α = 0.5, T = 0.6 and N = 1000001)

and in a local region (bottom row, with J = 1, γ = 0.8, h1 = 10, h2 = 0.5,

α = 0.5, T = 0.25, and N = 1000001). The dots indicate the absolute value of

the coupling, while the continuous lines show the decaying envelope. The decay

is algebraic (∼ `−1) in the non-local regime and exponential in the local one, up

to finite size corrections.

One of the consequences of having a finite size system is the discretisation of

momenta inside the Brillouin zone, as shown in table 1.1. The sum in the defini-

tion of the couplings in eq. (2.45) runs over the positive momenta allowed by the

quantisation. The asymptotic behaviour found in eqs. (2.47) and (2.48) comes

from the evaluation of certain functions at k = 0, π; however, with the boundary

conditions that we have chosen, the quantisation condition excludes precisely

those values of k (we work with the Brillouin zone BZ3 in table 1.1).

From this observation, an easy way to obtain the correction function g(`) defined

in eq. (2.46) is to replace the boundaries of the integral by the lowest and highest
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2.4 Phase diagram

momenta allowed by the quantization:

A` ≈
1

π
Re

∫ π−π/N

π/N

ake
ik`dk

=
1

π`
(aπ−π/N sin((π − π/N)`)− aπ/N sin((π/N)`) +O(`−2)

=− (−1)`aπ + a0
N

sinc(π`/N) +O(`−2) +O(N−2) ,

(2.49)

with sinc(x) = sin(x)/x. This finite size correction is the same in both the local

and non-local regime. While in principle we should consider the discrete sum,

for large but finite N the integral remains a good approximation, and removing

the small but finite regions of size 1/N from around the integration boundaries

is enough to change its behaviour.

The same analysis can be done for B`. The finite size corrections that we find

are slightly different from the ones for A`, but have the same expression in both

the local and non-local regimes. They are given by

gB(`) = −cos(π`/N)

`N

[(
(−1)`

dbk
dk

∣∣∣∣
π

+
dbk
dk

∣∣∣∣
0

)
+ i

(
(−1)`

dck
dk

∣∣∣∣
π

+
dck
dk

∣∣∣∣
0

)]
,

(2.50)

where

bk = εT (k)uk,y

/√
1− u2k,0 and ck = εT (k)uk,x

/√
1− u2k,0 . (2.51)

2.4 Phase diagram

From the results in section 2.3 we can conclude that there are two distinct regimes

with different asymptotic behaviours for the couplings of the Floquet Hamilto-

nian. It is still unclear at the moment if these regimes are separated by a sharp

transition or rather by an intermediate crossover regime. Since the derivation

of the couplings’ decays in section 2.3.1 relies on the presence or absence of res-

onances, we assume that the transition is sharp. In this section, we verify this

assumption, and propose that regimes with different locality properties consti-

tute different phases of the system. We will propose a structure for the resulting

phase diagram based on the presence or absence of resonances, as suggested both

by the opening of gaps in the quasienergy spectrum and the different asymptotic
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2 Phase transitions in the periodically-driven XY model

behaviour of the effective couplings. Whether the behaviour of physical observ-

ables supports the notion that these regimes constitute indeed different phases

is a question we will address in chapter 3.

Due to the symmetry of the spectrum, resonances begin to occur whenever the

quasienergies get close to the edge of the first Floquet-Brillouin zone (as can also

be observed from figs. 2.2 and 2.4). If we were to start at small values of T , the

Magnus expansion eq. (1.22) leads us to expect the quasienergies to correspond

with the eigenvalues of the time-averaged Hamiltonian, given by

Eavσ (k) = σJ

√
γ2 sin2(k) + (cos(k)− hav/J)

2
, (2.52)

with hav = αh1 + (1 − α)h2 the average magnetic field, which we take to be

non-negative without loss of generality. This dispersion has its maximum for

k = π, so we expect that this would be the first momentum mode to reach the

boundary of the Floquet-Brillouin zone. The last mode to reach it corresponds

with the minimum k? of the dispersion, given by

k? =

{
0 if hav ≥ J(1− γ2) ,

arccos
(
hav/J(1− γ2)

)
if hav < J(1− γ2) .

(2.53)

This will define regions within which there are avoided crossings, delimited by

the conditions

∆Eav(π) ≡ Eav+ (π)− Eav− (π) = m
2π

T
,

∆Eav(k?) ≡ Eav+ (k?)− Eav− (k?) = m
2π

T
,

(2.54)

with m ∈ N. This results in the following equations for the boundaries between

regions with different number of pairs of resonant states:

2(J + hav) = m
2π

T
, (2.55)

and 
2|J − hav| = m 2π

T if hav ≥ J(1− γ2),

2γ
√
J2 − h2

av

1−γ2 = m 2π
T if hav < J(1− γ2).

(2.56)

A first indication that the transition is sharp can be seen in fig. 2.7. This figure

shows the amplitudes of the couplings A` as a function of the driving period.
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Figure 2.7 – Value of the couplings A` for ` = 0 (red line) and ` = 1 (blue line) as

a function of the period T . The black line represents the average strength of the

couplings of ranges ` = 2 to ` = 10. Regions with pale blue background represent

local regimes as determined by eqs. (2.55) and (2.56). The green vertical lines

delimit a region where two pairs of states become resonant.

It can be seen that inside the local regimes (highlighted by the pale blue back-

ground) only the short range couplings with are non-negligible, whereas in the

non-local regime all the couplings play a role in the Floquet Hamiltonian. In the

local regime containing the value T = 0, we can confirm that the couplings are

given by the corresponding coupling of the time-averaged Hamiltonian, indicated

in the figure with an arrow. The boundaries between the regimes are given by

the conditions from eqs. (2.55) and (2.56). At these boundaries, the couplings

present a sharp kink, supporting the idea of sharp transitions between different

phases. It is not only the asymptotic decay of the couplings as a function of `

that change suddenly when going through a transition, but also the behaviour

of each independent A`. We can see the same phenomenon for the couplings B`
in fig. 2.8.

In order to extend our analysis to large regions of the parameter space rather

than as a function of one variable only we define the quantity

ρ =
1

2(L− 1)

L∑
`≥2

{
|A`|+

√
||B`||2

}
. (2.57)
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Figure 2.8 – Value of the couplings B` for ` = 1 (red line) and ` = 2 (blue line) as

a function of the period T . The black line represents an average of the couplings

of ranges ` = 3 to ` = 10. Regions with pale blue background represent local

regimes as determined by eqs. (2.55) and (2.56). The green vertical lines delimit

a region where two pairs of states become resonant.

This quantity gives the average strength of interactions up to range L, excluding

those of range 1 as well as the effective on-site potential (which are couplings

already present in the time-averaged Hamiltonian). It will serve us as a measure

of how predominant the long-range couplings are, and therefore act as a proxy

for the locality of the Floquet Hamiltonian. As mentioned before, as T goes to
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2.4 Phase diagram

Figure 2.9 – Strength of the effective couplings ρ in the (T, h1)-plane at distances

larger than ` = 1, for J = 1, γ = 0.8, h2 = 0.5, α = 0.5, N = 10001, and L = 10.

In the blue regions (ρ ' 0) the Floquet Hamiltonian is local, while in the orange

ones (ρ > 0) non-local interactions come into play. The shaded circles highlight

the correspondence of the non-local regions to the avoided crossings encircled in

fig. 2.2. The red lines mark the transition from non-local to local regions. The

dotted black line at h1 = 15 is the line along which the effective couplings A`
and B` were plotted in figs. 2.7 and 2.8.

zero one retrieves the time-averaged Hamiltonian, and ρ = 0. When T increases,

we would expect an enhancement of longer range interactions in the resonant

regimes, reflected in a sudden significant increase of ρ. In fig. 2.9, we show a

density plot of ρ in the plane (T, h1).

Blue regions, where ρ is small, don’t have significant long range couplings. Or-

ange regions, where ρ is large, indicate that long-range interactions are impor-

tant. The boundaries between the two, indicated as a red line in the figure,

can be found using eqs. (2.55) and (2.56). Consider, for instance, the case
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2 Phase transitions in the periodically-driven XY model

Figure 2.10 – Density plot of the measure ρ as a proxy of the non-locality of

the Floquet Hamiltonian in the (h1, h2) plane, withJ = 1, γ = 0.2, α = 0.1,

T = 0.8, L = 10, and N = 10001. The red lines separating the different regions

are the predictions according to eqs. (2.55) and (2.56). Note the trivially local

line h1 = h2 corresponding to the stationary case.

hav ≥ J(1 − γ2), and let T
(m)
π and T

(m)
0 denote the values of the period T

at which quasienergies at k = π and k = 0 are close to the edge of the first

Floquet-Brillouin zone. These two values are such that T
(m)
π ≤ T

(m)
0 . There-

fore, along the T axis, avoided crossings occur within the set of disjoint intervals

∪m≥0[T
(m)
π , T

(m)
0 ]. In these intervals, the Floquet Hamiltonian is non-local. Al-

ternatively, in the complementary set of disjoint intervals ∪m≥0[T
(m)
0 , T

(m+1)
π ],

the Floquet Hamiltonian is local.

We can also notice in fig. 2.9 that the region of local interactions disappears

above a certain value of T . This point must correspond to T
(m)
0 = T

(m+1)
π = Tc.
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2.4 Phase diagram

Figure 2.11 – Density plot of the measure ρ as a proxy of the non-locality of

the Floquet Hamiltonian in the (h1, α) plane, with J = 1, γ = 0.2, h2 = 0.5,

T = 0.8, L = 10, and N = 10001. The red lines separating the different regions

are the predictions according to eqs. (2.55) and (2.56).

Solving this equation in the region where hav ≥ J gives
J + hc =

π(m+ 1)

Tc

J − hc =
πm

Tc

⇒

Tc =
π

2J

hc = J(2m+ 1)
, (2.58)

where the set of hc is the family of values of average magnetic field where two

boundaries intersect. In fig. 2.9, the end points of the non-local region correspond

to the collection of points (Tc, h1c) = (π/2, 2(2m+1)−1/2) for m = 1, 2, 3, . . .. In

the same way, one can derive the corresponding expressions for these intersections

in the regimes hav < J(1− γ2) and J(1− γ2) ≤ hav < J .

For completeness, we show the density plot of ρ in the (h2, h1) plane in fig. 2.10

and in the (h1, α) plane in fig. 2.11. We can see that the prediction for the bound-
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2 Phase transitions in the periodically-driven XY model

aries matches with the local to non-local transitions. In the (h1, h2) plane, we

can also see that along the h1 = h2 diagonal, the Floquet Hamiltonian remains

local, regardless of the locality of the surrounding region. This is to be expected:

this line corresponds to the static case, where thanks to our choice of unfolding

the quasienergy spectrum, the Floquet Hamiltonian reduces to the static Hamil-

tonian which only presents on-site and nearest neighbour couplings. Indeed, if

longer range couplings would appear along this line, they would be considered

unphysical. Paying close attention, we can actually see the same in the h1 = h2
line in fig. 2.9, and for α = 1 (another way of obtaining the stationary case) in

fig. 2.11.
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Chapter 3

Dynamics of the model

In chapter 2 we found an exact expression for the Floquet Hamiltonian of the

XY model in a periodically-quenched transverse magnetic field. We showed that

the range of the couplings of this Hamiltonian changes depending on whether

the frequency of the driving matches with a resonant frequency of the time

averaged Hamiltonian. Based on this, we proposed that the system presents a

phase diagram where the different phases are characterised by the number of

(pairs of) resonant states. However, the Floquet Hamiltonian is only an effective

description of the system that helps simplify the understanding of its stroboscopic

time evolution. In order to have full confidence in the proposed phase diagram

of section 2.4, we need to study the behaviour of physical observables in the

different phases.

It was previously observed that the presence of a limited number of Floquet

resonances in finite-size systems has a major influence on the dynamics, leading

to long-lived temporal fluctuations [56]. Similarly, in ref.[61] open driven systems

are considered where analogous regions to the ones in fig. 2.9 are defined by the

quick or slow spatial decay of correlation functions.

In this chapter, we study the time evolution of a system with an initial state

given by the ground state |GS〉 of a static XY Hamiltonian (with e.g. h(t) = h1)

undergoing periodic quenches of the transverse magnetic field. We focus on its

stroboscopic properties after introducing driving.

For a given observable O, the stroboscopic time evolution is then given by

〈O(nT )〉 ≡ 〈Ψ(nT )| O |Ψ(nT )〉 , (3.1)

where |Ψ(nT )〉 = U(nT, 0) |GS〉, with n ∈ N. According to ref. [49], this kind

of expectation values can often be separated into two contributions: a decaying

part tending to zero as n→∞ and a (synchronized) steady-state determined by

the diagonal ensemble in the basis of Floquet eigenstates.

Let us work out these expressions explicitly for different observables. Consider

the average magnetization along the z axis Mz and the average nearest neighbour
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3 Dynamics of the model

correlator in the x direction Cxx. These operators can be written in the pseudo-

spin representation as:

Mz =
1

N

N∑
j=1

Szj =
1

2
− 1

N

∑
k>0

(1k + σzk) ,

Cxx =
1

N

N∑
j=1

Sxj S
x
j+1 = − 1

2N

∑
k>0

(cos(k) (1k + σzk)− sin(k)σyk) .

(3.2)

Notice that both of these operators can be expanded1 as O =
∑
k>0Ok. Simi-

larly, in all performed calculations the system is initially prepared in the ground

state |GS〉 of an XY Hamiltonian (for instance with h = h1) given in eq. (1.41),

which can also be expanded in momentum and Floquet modes as

|GSk〉 =
∑

σ∈{−,+}

∣∣∣Φ[T ]
k,σ(0)

〉〈
Φ

[T ]
k,σ(0)

∣∣∣GSk

〉
. (3.3)

While we will focus on the stroboscopic properties of the system, we emphasize

that the Floquet Hamiltonian can help us simplify also the continuous time

evolution by expressing any arbitrary time as n full driving cycles plus an extra

time δt = t mod T , such that t = nT + δt. The time evolution operator is then

Uk(t = nT + δt, 0) = Uk(δt, 0)[Uk(T, 0)]n = Uk(δt, 0)e−iH
F
k nT , (3.4)

with HF
k the Floquet Hamiltonian in the k subsector.

The time-evolved state can therefore be written as:

|Ψk(t)〉 ≡ Uk(t, 0) |GSk〉

=
∑

σ∈{−,+}

Uk(δt, 0)e−iH
F
k nT

∣∣∣Φ[T ]
k,σ(0)

〉〈
Φ

[T ]
k,σ(0)

∣∣∣GSk

〉
=

∑
σ∈{−,+}

e−iσεT (k)nTUk(δt, 0)
∣∣∣Φ[T ]
k,σ(0)

〉〈
Φ

[T ]
k,σ(0)

∣∣∣GSk

〉
.

(3.5)

The dynamical expectation values of the above operators are then given by

〈O(t)〉 =
∑

σ,σ′∈{−,+}

∑
k>0

e−i(σ−σ
′)εT (k)nT

〈
GSk

∣∣∣Φ[T ]
k,σ′(0)

〉〈
Φ

[T ]
k,σ(0)

∣∣∣GSk

〉
×
〈

Φ
[T ]
k,σ′(0)

∣∣∣U†k(δt, 0)OkUk(δt, 0)
∣∣∣Φ[T ]
k,σ(0)

〉
.

(3.6)

1Other nearest neighbour correlators can be easily calculated in the same way and show

similar behaviour. Longer distance correlators, however, are more challenging since they couple

different k sectors, as discussed in section 1.3.2
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3.1 Decay to the synchronized state

By separating the terms that are diagonal in σ from the off-diagonal ones, this

expression can be split between a steady-state (synchronized) term depending

only on δt and a remaining time-dependent decaying term:

〈O(t)〉 = O(decay)(t) +O(ss)(δt) , (3.7)

with

O(decay)(t) =
∑

σ∈{−,+}

∑
k>0

e−2iσεT (k)nT
〈

GSk

∣∣∣Φ[T ]
k,−σ(0)

〉〈
Φ

[T ]
k,σ(0)

∣∣∣GSk

〉
×
〈

Φ
[T ]
k,−σ(0)

∣∣∣U†k(δt, 0)OkUk(δt, 0)
∣∣∣Φ[T ]
k,σ(0)

〉
.

(3.8)

and

O(ss)(δt) =
∑

σ∈{−,+}

∑
k>0

〈
Φ

[T ]
k,σ(0)

∣∣∣U†k(δt, 0)OkUk(δt, 0)
∣∣∣Φ[T ]
k,σ(0)

〉
×
∥∥∥〈GSk

∣∣∣Φ[T ]
k,σ(0)

〉∥∥∥2
=

∑
σ∈{−,+}

∑
k>0

〈
Φ

[T ]
k,σ(δt)

∣∣∣Ok ∣∣∣Φ[T ]
k,σ(δt)

〉∥∥∥〈GSk

∣∣∣Φ[T ]
k,σ(0)

〉∥∥∥2 ,
(3.9)

where we have used eq. (1.16) for the time evolution of the Floquet modes.

The term O(decay) has a complicated time dependence. In general, as n grows

(and therefore also t), we can expect decoherence effects between the Fourier

modes to make this term decay towards zero, depending on the properties of the

quasienergy spectrum. We will study this decay in the following section.

The steady-state term O(ss), on the other hand, only depends on δt (and not

on t) through the time evolution of the Floquet modes. Since these modes are

periodic, so is this component of the expectation value. That’s the reason it is

also referred to as the synchronised term.

3.1 Decay to the synchronized state

Provided O can be decomposed in momentum subsectors as in the previous

section, in the thermodynamic limit the decaying part of the observable at stro-

boscopic times nT can be written as

O(decay)(nT ) =
N

2π

∫ π

0

dk
[
f(k)e−2inθT (k) + h.c.

]
, (3.10)
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3 Dynamics of the model

where θT (k) = εT (k)T and

f(k) =
〈

GSk

∣∣∣Φ[T ]
k,−(0)

〉〈
Φ

[T ]
k,−(0)

∣∣∣Ok ∣∣∣Φ[T ]
k,+(0)

〉〈
Φ

[T ]
k,+(0)

∣∣∣GSk

〉
. (3.11)

The latter function contains both an observable-dependent part with the off-

diagonal (in the Floquet basis) matrix elements of Ok and an observable-in-

dependent part containing the overlaps of the Floquet modes with the initial

state.

The long-time dynamics of O(decay)(nT ) then follows from the stationary-phase

approximation of eq. (3.10), where the dominant contributions to the integral

will follow from stationary points where the phase θT (k) becomes extremal, i.e.

θ′T (k) = 0. Each one of these points contributes to the dominant term in the

long-time dynamics.

First of all, it can be easily checked that the dispersion θT (k) always has extremal

points at the boundaries of the Brillouin zone, where θ′T (0) = θ′T (π) = 0. How-

ever, the crucial observation is that, at k = 0 and k = π, the prefactor of these

contributions also vanishes, f(0) = f(π) = 0. This behaviour is independent of

the observable, only following from the overlaps in eq. (3.11). This happens be-

cause the Halmiltonian Hk(t) for k = 0 and k = π commutes at all times (thanks

to the fact that c†0c
†
0 = 0 = c†πc

†
−π, as already discussed in section 1.3). Therefore,

they share their eigenstates between them and also with the Floquet Hamilto-

nian in these momentum subsectors. Thus, one of the overlaps in eq. (3.11) will

be 1 and the other one 0, rendering the product always zero.

From the stationary phase method, the contributions to the integral of the sta-

tionary points can then be approximated as∫ ∞
−∞

dk
1

2
f ′′(k0)(k − k0)2e−inθ

′′
T (k0)(k−k0)

2

∝ n−3/2 , (3.12)

with k0 such that θ′T (k0) = 0. Note that this does not necessitate f ′(k0) = 0,

since this first-order contribution vanishes by the symmetry of the integral. If

k = 0 and k = π are the only stationary points, these are the only two contribu-

tions, both scaling as n−3/2. This is precisely what happens in the local regime,

where the dispersion remains qualitatively similar to that of the time-averaged

Hamiltonian, leading to a decay of t−3/2. Figure 3.1 shows the stroboscopic time

evolution of the average magnetisation Mz (top row) corresponding to choices of

parameters with different types of stationary points in the phase θT (k) (bottom

row). The first column, for which the choice of parameters belongs to the local
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3.1 Decay to the synchronized state
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Figure 3.1 – Possible different behaviours of the decay to the steady-state (syn-

chronized) regime starting from the ground state of Hav at t = 0. The strobo-

scopic time evolution of the magnetization Mz(nT ) = 〈Sz(nT )〉/N is presented

in the top row, where the bottom row presents the corresponding dispersion

θT (k). The left column shows a t−3/2 decay in the local region, the middle one

a t−1/2 decay in the non-local region and the right one a t−3/4 decay in the

local region when θ′′T (0) = 0. The stationary points at k = 0 and k = ±π can

be clearly observed in all columns, whereas additional stationary points are in-

troduced in the middle column due to the presence of avoided crossings. The

system parameters correspond respectively to α = 1/2, γ = 0.5, J = 1, h1 = 2,

h2 = 12 and T = 0.25; α = 1/2, γ = 0.5, J = 1, h1 = 2, h2 = 12 and T = 0.45;

and α = 1/2, γ = 0.70711, J = 1, h1 = 0.6, h2 = 0.8 and T = 0.1. In all cases

N = 10001.

phase, shows the t−3/2 discussed above. The second and third column, both cor-

responding to points in non-local phases, show power law decays with exponents

1/2 and 3/4. This is due to the fact that additional stationary points arise in

the non-local regime, corresponding to the avoided crossings in the Floquet spec-

trum. At these points, f(k) is not expected to vanish, leading to contributions
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3 Dynamics of the model

Figure 3.2 – Stroboscopic time evolution of the decaying part of the total

magnetization Mz =
∑N
i=1 S

z
i /N (top panel) and nearest neighbour correla-

tor Cxx =
∑N
i=1 S

x
j S

x
j+1/N (lower panel) for N = 100001, J = 1, t0 = 0 and

the following choice of parameters. Orange dots: α = 0.5, γ = 0.8, h1 = 0.2,

h2 = 1.2, and T = 10; green dots: α = 0.5, γ = 0.550961, h1 = 0.2, h2 = 1.2,

and T = 0.75; blue dots: α = 0.5, γ = 0.8, h1 = 2.0, h2 = 0.5, and T = 0.75. In

all cases we plot the absolute value of the observable so that the algebraic decay

(shown by solid lines with corresponding matching colors) can be appreciated

in a log-log scale. In the insets we show the total expectation value for each

observable in the regime corresponding to a decay ∼ n−1/2.

60



3.2 Synchronized state

which can be approximated as∫ ∞
−∞

dkf(k0)e−inθ
′′
T (k0)(k−k0)

2

∝ n−1/2 , (3.13)

for k0 6= 0, π such that θ′T (k0) = 0. Once such an additional stationary point is

present, as is always the case in the non-local regime due to the avoided crossing

of at least one pair of resonant states, this n−1/2 term will dominate the time

evolution, leading to a slow decay of t−1/2.

Within the local regime, there is still the possibility of obtaining a t−1/2 decay,

albeit with smaller deviations from the steady state, if hav < J(1 − γ2), when

the dispersion has one extremum in the (0, π) interval. Remarkably, it is also

possible to obtain a t−3/4 decay by fine-tuning the system parameters. In all

derivations so far, it was assumed that θ′′T (k0) 6= 0 at k0 = 0, π. However, in

some specific cases the second and the third order derivatives vanish at either

k = 0 or k = π. Then, the contributions from these two stationary points are

given by∫ ∞
−∞

dk
1

2
f ′′(k0)(k − k0)2e−inθ

′′′′
T (k0)(k−k0)4/12 ∝ n−3/4 , (3.14)

for θ′T (k0) = θ′′T (k0) = θ′′′T (k0) = 0 and k0 = 0, π. If no other stationary points are

present, the n−3/4 terms will dominate the decay. These three decay regimes are

independent of the observable (as long as it decomposes in k sectors), which can

be verified in fig. 3.2 where this behaviour is seen for both Mz and Cxx.

This shows that in the non-local regimes, the system generally exhibits the slow-

est decaying exponent. Furthermore, it exhibits persistent oscillations, the fre-

quency of which corresponds to the quasienergy difference between the resonant

states in the avoided crossings. These can be interpreted as Rabi oscillations

where the resonant states repeatedly emit and reabsorb energy to/from the driv-

ing. This change of behaviour as we transition between local to non-local regions

can also be connected to crossovers between area-law and volume-law scaling in

the entanglement entropy of the steady state, which was similarly shown to be

reflected in dynamical phase transitions [62].

3.2 Synchronized state

Finally, we will consider the properties of the synchronized state. In previous

studies, it has been shown that this state can be described by a periodic Gibbs en-

semble. In most instances the temperature associated to that description turns
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3 Dynamics of the model

out to be infinite [46, 47, 63]. In our case, however, due to the restriction of

Floquet resonances to the single-particle sector, the system does not heat up

to an infinite-temperature state, but is instead described by a non-trivial Peri-

odic Generalized Gibbs Ensemble (PGGE) [48]. This implies that the resulting

steady-state values of physically relevant observables will be highly dependent on

the driving protocol, and possibly prone to display signals of phase transitions.

This behaviour is indeed observed in fig. 3.3, where the steady-state observables

present non-analyticities precisely at the edges of local and non-local regimes.

Furthermore, non-analyticities can be found well within the non-local regions, as

indicated by the vertical pale green lines in the same figure. These correspond

to the change in the number of resonant modes and it can be shown that their

location in the parameter space also obeys eqs. (2.55) and (2.56).

Note that, even though the dynamics are independent of the unfolding of the

spectrum, the match between the transitions present in the Floquet Hamiltonian

and those in the expectation values of the observables further justifies our choice

of unfolding. With these results, the phase diagram found in section 2.4 is

justified also by physical observables, on top of the evidence provided by the

behaviour of the effective couplings.
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Figure 3.3 – Synchronous value of the total magnetization Mz =
∑N
i=1 S

z
i /N

(red line) and correlator Cxx =
∑N
i=1 S

x
j S

x
j+1/N (black line) along the dotted

line h1 = 15 in fig. 2.9. The transitions from local to non-local regions are accom-

panied by the presence of non-analyticities. The vertical green lines correspond

to non-analyticities inside non-local regions.
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3.3 Continuous time evolution

3.3 Continuous time evolution

In the previous two sections, we mostly focused in the stroboscopic evolution of

the system. This has simplified the problem, as steady-state observables become

time-independent, as seen from eq. (3.9) with a fixed δt, and the decaying part

of observables in eq. (3.10) depends only on the number n of full-cycles elapsed.

The dependence on n is entirely in the exponential, and in particular f(k) is in-

dependent of it. This renders the saddle point approximation used in section 3.1

easier to perform: if we were to consider the full time dependence, then f(k)

would also depend on time through δt, as can be seen in eq. (3.11).

However, in order to have a complete solution for the time evolution, we would

like to evaluate the expectation values of physical observables at arbitrary times,

not only stroboscopically. From eq. (3.6), we can see that the only thing we are

missing for the full description of the continuous time evolution is the effect of

Uk(δt, 0) on the Floquet modes.

Once again, this task is simplified by the choice of driving protocol. We could

once again use the Euler-Rodrigues formula eq. (2.6) to compute the time evolu-

tion operator at arbitrary times within a cycle. However, it is easier to consider

the time evolution separately for each segment of constant Hamiltonian [0, αT [

and [αT, T [.

Let’s first consider times δt ∈ [0, αT [, for which the Hamiltonian is given by

Hk[h1]:

Uk(δt, 0)
∣∣∣Φ[T ]
k,σ(0)

〉
= e−iHk[h1]δt

∣∣∣Φ[T ]
k,σ(0)

〉
=
[

cos(E1(k)t)1− i sin(E1(k)t)

× (− sin(θ1,k)σyk + cos(θ1,k)σzk)
] ∣∣∣Φ[T ]

k,σ(0)
〉
.

(3.15)

As a reminder, Ei(k) and θi,k are respectively the energies and Bogoliubov angles

of the Hamiltonian Hk[hi], given by section 1.3.1 and eq. (1.36), and the Floquet

modes are those given in eq. (2.14).

For times δt ∈]αT, T ], it is more convenient to write the evolution operator as

Uk(δt, 0) = Uk(δt, T )Uk(T, 0). Then, Uk(δt, T ) will be given by the constant

Hamiltonian Hk[h2], and we can use the fact that the Floquet modes are eigen-
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3 Dynamics of the model

states of Uk(T, 0). We obtain then:

Uk(δt, 0)
∣∣∣Φ[T ]
k,σ(0)

〉
= Uk(δt, T )Uk(T, 0)

∣∣∣Φ[T ]
k,σ(0)

〉
= e−iHk[h2](δt−T )e−iσεT (k)T

∣∣∣Φ[T ]
k,σ(0)

〉
= e−iσεT (k)T

[
cos(E2(k)(T − δ))1+ i sin(E2(k)(T − δt))

× (− sin(θ2,k)σyk + cos(θ2,k)σzk
] ∣∣∣Φ[T ]

k,σ(0)
〉
.

(3.16)

With this, we have a full description for the time dependent expectation values.

The resulting magnetization Mz and y−y correlator Cyy (eq. (1.55)) are plotted

as a function of (continuous) time in figs. 3.4 and 3.5.
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Figure 3.4 – Expectation value of the magnetisation Mz =
∑N
j=1 S

z
j /N as a

function of time in one of the local regimes. The inset shows this magnetization

at late times, after 150 full cycles. The parameters for this plot are: J = 1,

γ = 0.8, h1 = 0.2, h2 = 1.2, α = 0.5, T = 1, N = 2001.

In these figures, we can see the out-of-equilibrium dynamics of our Floquet XY

system in all of its glory. Three distinct time regimes can be appreciated: first, at
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Figure 3.5 – Expectation value of the nearest-neighbour correlator Cyy =∑N
j=1 S

y
j S

y
j+1/N as a function of time in one of the local regimes. The inset

shows this correlator at late times, after 150 full cycles. The parameters for this

plot are: J = 1, γ = 0.8, h1 = 0.2, h2 = 1.2, α = 0.5, T = 1, N = 2001.

short times, the expectation values change quickly as the very first quench of the

protocol is performed. These large fluctuations begin to dampen at intermediate

times, when the dephasing effects studied in section 3.1 result in the (partial)

decay of the expectation values. Finally, at large times (shown in the insets), the

system seems to be well described by the synchronised state, as it can be verified

that the observables show the same periodicity as the driving.

While the curve of the magnetisation is smooth within a driving cycle, the nearest

neighbour correlator in fig. 3.5 presents kinks within a period. These could be

due to dynamical phase transitions [64], as the magnetic field is quenched across

the quantum phase transition point h = 1 of the XY Hamiltonian.
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In conclusion, the periodically-driven XY model has proven to be one of the few

examples for which the Floquet Hamiltonian can be exactly found and diago-

nalised in the thermodynamic limit and for an arbitrary choice of parameters.

Such solutions are not always accessible even for integrable systems, as the driv-

ing can introduce an ever growing number of couplings. Furthermore, even if one

were able to keep track of all the generated couplings, they are likely to break

integrability [57].

We have found that the driving results in the existence of dynamical phase tran-

sitions between phases characterised by the number of resonant states. The

transitions from one phase to another affect the time evolution of the system

by changing the asymptotic behaviour of the decay of physical observables.

Moreover, the values of the observables in the synchronised state present non-

analytical behaviour at the transitions. The transitions are also reflected in the

Floquet Hamiltonian by changes in the asymptotic behaviour of the effective

couplings.

While this work has focused on a particular driving protocol that enabled us

to find exact expressions, the general conclusions remain valid for other choices

of driving, as long as they preserve the symmetries of the system. While the

precise values of things like the coupling constants and expectation values will

be different, the phase diagram in particular should remain unchanged, as the

boundaries between phases are defined by the spectrum of the time averaged

Hamiltonian, which is independent of the functional form of the driving protocol

and only depends on the average magnetic field.

The results presented in this thesis can become of great utility for further stud-

ies in driven systems. This is particularly true in the resonant regimes, where

approximations using series expansions like the Magnus expansion tend to be

divergent. The method based on the Bogoliubov-de Gennes equation opens the

door to solving the problem for other choices of periodic driving (particularly for

continuous functions of time), although it is possible that for a given choice of

driving the resulting differential equations might not have analytical solutions.

New numerical techniques can be benchmarked against the exact analytical re-

sults presented. Furthermore, from the exact expressions, several perturbative

analyses can be performed [65]. For example, the effect of small fluctuations

on the period of the driving, which could realistically occur in experiments due
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to noise and thermal fluctuations, can be studied with a perturbative approach.

This noise could change the power law decay of observables, and most certainly

have an impact on the synchronised state. The question would then become:

what are the properties of the resulting synchronised state and what kind of

statistical ensemble can describe it. Small interactions can also be added to the

Hamiltonian with the aim of understanding integrability breaking in periodically-

driven systems.

Our study has also been extended in the last section of [2], where we studied

the effects of periodic driving on the topological properties of an open Kitaev

chain using a Lindbladian formalism. The Kitaev model presents, at equilibrium,

two topologically different regimes, differentiated by the presence or absence of

a Majorana edge mode. In the driven case (without dissipation), new phases

appear in which more Majorana edge modes are allowed [66]. In [2], we found

that, for small dissipation strength, the phase diagram is similar to the one

found in the present work with the difference that instead of sharp transitions,

the distinct topological phases are separated by finite regions where the band

gap is closed and winding numbers are ill-defined. Due to dissipation, however,

the Majorana edge modes decay with time.

Finally, our results can be used in the design of experiments both in condensed

matter physics and in ultra-cold atomic physics. Periodic driving is used in

those fields to simulate Hamiltonians with specific sought-for properties [35]. The

effective couplings that we found in the present work show characteristics that

can be difficult to achieve in equilibrium, but could be simulated by the driving

protocol that we studied. In particular, the couplings that arise in the resonant

regime have both a slow spatial asymptotic decay, and a periodic modulation

in real space with a periodicity given by the momentum of the resonant state,

which can be tuned by changing the driving frequency.

A particularly interesting context for experimental explorations on Floquet states

is that of nanoscale arrangements of magnetic atoms on atomic surfaces. As a

concrete example of a promising system, we would like to mention Co atoms on

a Cs2N/Cu(100) surface [67], which were manipulated (using scanning tunnel-

ing microscopy (STM)) and arranged into short chains of up to 9 atoms. Such

chains are described by an effective Hamiltonian (when projected back onto an

effective spin-1/2 model, the Co atoms themselves behaving as spin-3/2 objects

on such a surface) which corresponds to an effective XXZ model with anisotropy

Jz/J⊥ ' 1/8. When subjected to a transverse magnetic field, the system pro-

vides a finite-size realization of quantum critical behaviour: at a critical value
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of the magnetic field, the system undergoes a rearrangement which is charac-

teristic of the transverse-field Ising transition [68] (this similarly occurs in the

XY and XXZ models in a transverse field). Since STM tips can be used not

only to probe but also to stimulate magnetic excitations in this system, it might

be possible to apply a periodic modulation onto the chain, thereby leading to

realizations of Floquet states which might show some features ((avoided) state

crossings, local/non-local correlations) reminiscent of the ones presented in this

thesis.

Beyond the engineering of simulated Hamiltonians, the driving protocol is also

useful for preparing samples with specific combinations for the expectation val-

ues of physical observables, as can be seen in fig. 3.3. By tuning the frequency

of the driving, one can target and stabilize different out-of-equilibrium steady

states that would be difficult or maybe impossible to obtain with a static Hamil-

tonian.
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Floquet theory of the XY spin chain

In this thesis, we set out on the task of finding exact, analytical solutions to

a periodically-driven quantum system both with finite size and in the thermo-

dynamic limit, for arbitrary choices of the system’s parameters. Such solutions

are rare, with most work in the field being done either numerically, for small

systems, or for small regions around particular limits and finely-tuned choices of

parameters.

The tools for treating periodically-driven quantum systems are provided by Flo-

quet theory. Within this framework, we were able to reach our goal by choosing

a system that can be written in terms of Pauli matrices, which form a closed

algebra. That choice alone, however, does not guarantee success: obtaining

an expression for the stroboscopic time evolution operator (central to Floquet

theory), which contains a difficult-to-compute time-ordered exponential in its

definition, can still be a significant challenge even for non-interacting models

(the lack of a solution for the seemingly simple h(t) = cos(ωt) driving of the

XY model being evidence of this difficulty). We circumvented this problem by

choosing a driving protocol consisting of a sequence of quenches of the transverse

magnetic field. The time-dependent Hamiltonian is then piece-wise constant, and

the stroboscopic time evolution operator can be found using the Euler-Rodrigues

formula.

Thus, we were able to compute the stroboscopic time evolution operator, and

from it the quasienergies and Floquet modes of the problem. These were also

obtained by using a more general method based on the Bogoliubov-de Gennes

equation. In the quasienergy spectrum we find two kinds of regions based on

whether or not the driving frequency corresponds to the energy difference be-

tween two eigenstates of the time-averaged Hamiltonian belonging to the same

momentum subsector, thus inducing a resonance. In the parameter space we find

several non-resonant regions disconnected from each other, as well as several res-

onant regions that are also disconnected.

With the quasienergies and the Floquet modes we can construct the Floquet

Hamiltonian. This Hamiltonian, however, is not uniquely defined, as its spec-

trum can be shifted by multiples of the driving frequency without altering the

expectation values of physical observables. These shifts are an arbitrary choice,
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and we propose a method to “unfold” the quasienergy spectrum out of any given

Floquet-Brillouin zone in such a way that the resulting Floquet Hamiltonian co-

incides with an intuitive result in certain limits. This unfolding procedure allows

us, for instance, to find the static Hamiltonian if we take any choice of parameters

that renders the driving trivial (e.g., with a constant magnetic field).

Next, we studied the properties of the effective couplings present in the Floquet

Hamiltonian. We found that in non-resonant regimes, the couplings decay expo-

nentially as a function of distance, remaining close to their corresponding values

in the time-averaged Hamiltonian. In resonant regimes, on the other hand, sig-

nificant long-range couplings appear, with an algebraically decaying envelope.

The boundaries between resonant and non-resonant regimes are computed ex-

actly, and are shown to coincide with the different long-range behaviour of the

couplings.

Finally, we turned our attention to the time evolution of physical observables,

with particular focus on their stroboscopic time evolution. We found, in agree-

ment with the previously existent literature, that expectation values of physical

observables decay in time to an out-of-equilibrium steady state defined by the

overlap of the initial state with the Floquet modes, corresponding to a periodic

generalised Gibbs ensemble. This out-of-equilibrium steady state is still time de-

pendant, and shows the same periodicity as the driving, therefore being known

as well as the synchronised state. The decay towards the synchronised state

is always algebraic, but the decay exponent is different depending on whether

the system undergoes resonances or not. Generically, the decay in the resonant

regimes is slower than in the non-resonant regimes, and presents persistent os-

cillations with a frequency given by the difference between the quasienergies of

the resonant modes. The expectation values of observables in the synchronised

regime has also been found. These values show a non-analytical behaviour at

the borders between regimes with different numbers of resonant states.

From the results we present in this work, we conclude that the periodically-

driven XY model exhibits signs of dynamical phase transitions whenever the

number of resonant states changes. Physical observables present non-analytical

behaviour at these transitions. The most dramatic transitions involve one of the

non-resonant regimes, in which case the exponent of the power-law decay towards

the synchronised state changes, and the range of the Floquet Hamiltonian’s ef-

fective couplings changes from exponentially decaying in the non-resonant case

to algebraically decaying in the resonant case.
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Floquet-theorie van de XY-spinketen

In dit proefschrift proberen we om exacte, analytische oplossingen te vinden

voor perodiek aangedreven kwantummodellen. We zijn specifiek op zoek naar

oplossingen die onafhankelijk zijn van de gekozen parameters en toepasbaar in

eindige systemen en in het thermodynamische limiet. Dit soort oplossingen zijn

vrij zeldzaam, waardoor er voornamelijk veel onderzoek is gedaan met ofwel

kleine systemen die numeriek worden gesimuleerd, ofwel berekeningen die worden

gedaan rondom hele specifieke parameters.

Het beschrijven van perodiek aangedreven kwantumsystemen wordt gedaan met

behulp van Floquet-theorie. Binnen deze theorie hebben we een algemeen toepas-

bare oplossing weten te vinden door een model zodanig te kiezen dat het kan wor-

den herschreven in termen van algebräısch gesloten Pauli-matrices. Deze keuze

alleen is echter niet genoeg: het vinden van een uitdrukking voor de stroboscopis-

che tijdsevolutieoperator (een belangrijk concept binnen Floquet-theorie), die een

lastig te berekenen tijdsgeordende exponent bevat in zijn definitie, is nog steeds

erg ingewikkeld — zelfs als het model geen interacties bevat (zie bijvoorbeeld het

feit dat er geen oplossing bekend is voor de simpele h(t) = cos(ωt) aandrijving

in het XY-model). We vermijden dit probleem door een aandrijvingsprotocol

te kiezen bestaande uit een reeks plotselinge veranderingen van het transversale

magnetisch veld. De tijdsafhankelijke Hamiltoniaan wordt dan stuksgewijs con-

stant, waardoor de stroboscopische tijdsevolutieoperator gevonden kan worden

met behulp van de Euler-Rodrigues-formule.

We hebben hiermee de stroboscopische tijdsevolutieoperator kunnen berekenen,

en daarmee ook de quasi-energieën en Floquet-modi van het model. We hebben

deze ook verkregen door een algemenere methode gebaseerd op de Bogoliubov-

de Gennes-vergelijking. In het spectrum van de quasi-energieën zien we twee

verschillende gebieden ontstaan. Deze kunnen onderscheiden worden door te

kijken naar de aandrijvingsfrequentie. Zodra deze correspondeert met het en-

ergieverschil tussen twee eigentoestanden binnen dezelfde impulssector van de

tijdsgemiddelde Hamiltoniaan, ontstaat er een resonantie. In de complete pa-

rameterruimte vinden we meerdere resonante en niet-resonante gebieden die niet

met elkaar verbonden zijn.

Met behulp van de quasi-energieën en de Floquet-modi kunnen we de Floquet-
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Hamiltoniaan opstellen. Deze is echter niet uniek gedefinieerd: zijn spectrum

kan verschoven worden met een veelvoud van de aandrijvingsfrequentie zonder

dat dit de verwachtingswaarden van fysische observabelen aanpast. Daarom

introduceren we een methode om het quasi-energiespectrum te “ontvouwen”

voor elke gegeven Floquet-Brillouinzone zodanig dat de resulterende Floquet-

Hamiltoniaan overeenkomt met wat je intüıtief zou verwachten in bepaalde lim-

ieten. Door deze ontvouwingsprocedure kunnen we, bijvoorbeeld, de statische

Hamiltoniaan construeren door een parameterset te kiezen die de aandrijving

triviaal maakt (bijvoorbeeld een constant magnetisch veld).

Vervolgens hebben we de eigenschappen van de effectieve verbindingen van de

Floquet-Hamiltoniaan onderzocht. We zien dat in het niet-resonante regime de

verbindingen exponentieel afnemen in afstand, vergelijkbaar met de waarden van

verbindingen in de tijdsgemiddelde Hamiltoniaan. In het resonante regime vin-

den we daarentegen significante langeafstandsverbindingen die algebräısch afne-

men in afstand. De grenzen tussen het resonante en niet-resonante regime hebben

we exact berekend, en deze corresponderen met de grenzen van dit verschillende

gedrag.

Tenslotte hebben we ons gericht op de tijdsevolutie van fysische observabelen,

met een focus op hun stroboscopische tijdsevolutie. We zien dat, zoals ook gevon-

den in de eerdere werken, de verwachtingswaarde van fysische observabelen afne-

men in de tijd naar een stabiele toestand zonder thermodynamisch evenwicht,

gedefinieerd door de overlap van de initiële toestand met de Floquet-modi, die

corresponderen met een periodieke gegeneraliseerde Gibbs-ensemble. Deze sta-

biele toestand is nog steeds tijdsafhankelijk, en laat dezelfde periodiciteit zien

als de aandrijving. Deze is daarom ook wel bekend als de gesynchroniseerde toe-

stand. De afname naar de gesynchroniseerde toestand is altijd algebräısch, maar

de exponent van de afname hangt af van of het systeem resonant is of niet. In het

algemeen is de afname in het resonante gebied trager dan in het niet-resonante

gebied, en laat het blijvende oscillaties zien met een frequentie gegeven door

het verschil tussen de quasi-energieën en de resonante modi. We hebben ook de

verwachtingswaarde van observabelen in het gesynchroniseerde gebied kunnen

berekenen. Deze waarden laten een niet-analytisch gedrag zien op de randen

tussen de gebieden met verschillende aantalen resonante toestanden.

De resultaten die we hier hebben gepresenteerd laten zien dat het periodiek

aangedreven XY-model tekenen van een dynamische faseovergang vertoont wan-

neer het aantal resonante toestanden verandert. Fysische observabelen vertonen

niet-analytisch gedrag op deze overgangen. De overgang die het meest in het
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oog springt zijn de overgangen met de niet-resonante gebieden. Hier verandert

de exponent van de polynomische afname naar de gesynchroniseerde toestand,

en alle effectieve verbindingen van de Floquet-Hamiltoniaan veranderen van een

exponentiele afname in het niet-resonante gebied naar een algebräısch afname in

het resonante gebied.
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