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Partial molar properties are of fundamental importance for understanding properties of non-ideal mix-
tures. Josephson and co-workers (Mol. Phys. 2019, 117, 3589-3602) used least squares multiple linear re-
gression to obtain partial molar properties in open constant-pressure ensembles. Assuming composition-
independent partial molar properties for the narrow composition range encountered throughout simula-
tion trajectories, we rigorously prove the equivalence of two approaches for computing thermodynamic
derivatives in open ensembles of an n-component system: (1) multiple linear regression, and (2) ther-
modynamic fluctuations. Multiple linear regression provides a conceptually simple and computationally
efficient way of computing thermodynamic derivatives for multicomponent systems. We show that in the
reaction ensemble, the reaction enthalpy can be computed directly by simple multiple linear regression
of the enthalpy as a function of the number of reactant molecules. Non-linear regression and a Gaus-
sian process model taking into account the compositional dependence of partial molar properties further

support that multiple linear regression captures the correct physics.

© 2020 The Author(s). Published by Elsevier B.V.

This is an open access article under the CC BY license. (http://creativecommons.org/licenses/by/4.0/)

1. Introduction

Partial molar properties are important quantities for describing
multicomponent non-ideal mixtures [1-3]. The partial molar prop-
erty of component i in a mixture is defined as x; = (3X/3ni)r_p,nj#,»
in which X is the corresponding extensive property of the mixture
and n; is the number of moles (or number of molecules) of compo-
nent i [4]. Alternatively, X is defined as the composition-weighted
sum of partial molar properties of the constituent components in
the system: X = }"; n;x; [5]. Experimentally, obtaining partial molar
properties at extreme conditions is difficult (i.e. high temperatures
and pressures) [6-9]. Computation of partial molar properties us-
ing molecular simulation [5,10,11] is not straightforward, as partial
molar properties cannot be determined as a function of atomic po-
sitions or momenta of a single configuration in a system [5,10,12-
14]. To date, different approaches have been developed based on:

* Corresponding author.
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(1) direct numerical differentiation [1,10,15], (2) Widom’s test par-
ticle insertion method [10,12,13], (3) Kirkwood-Buff integrals [16-
21], and (4) expanded ensembles [12,22]. Recently, Josephson et al.
computed partial molar properties by fitting extensive thermody-
namic properties (e.g., enthalpy or volume) as a function of the in-
stantaneous number of molecules of each component [5]. For ex-
ample, partial molar enthalpies in a binary system, h; and h,, can
be obtained by fitting the equation H = nyh; + nyh, to the instan-
taneous enthalpy H as a function of the number of molecules of
components 1 and 2 (n; and n,, respectively). This requires an en-
semble in which the number of molecules of each component fluc-
tuates (e.g. the NPT version of the Gibbs ensemble [23,24], reaction
ensemble [25-27], or grand-canonical ensemble [28,29]). The ad-
vantage of this method is that simulation or legacy data (e.g., H(ny,
n,)) can be easily fitted to the linear regression model without ad-
ditional requirements. The required simulation data files are small
compared to trajectory files containing all particle positions [5].
The partial molar properties can be computed from these data files
using a single line of code in software such as MATLAB [30].

0378-3812/© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license. (http://creativecommons.org/licenses/by/4.0/)
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For single-component adsorption in the grand-canonical en-
semble, one can fit a linear regression model to simulation data
to obtain thermodynamic derivatives [31,32]. In these simula-
tions, partial derivatives of thermodynamic properties can also be
obtained from fluctuations [31]. In grand-canonical simulations,
chemical potentials, temperature and the volume are imposed, and
therefore the number of molecules of each component fluctuates
around their average. The relative magnitude of these fluctua-
(n?) = (n;)?/(n;), scales with V=1/2 [1133]. Similarly, the
total numbers of molecules for each species or the total num-
bers of atoms of each type are imposed in Gibbs ensemble and
reaction ensemble simulations, respectively, and the relative mag-
nitude of the fluctuations scales with n;~1/2. For typical simula-
tions, the composition fluctuations are sufficiently small so that
within a given simulation, partial properties do not change with
composition. The relative composition fluctuations can be large
for minority species, and caution would be needed for species
that may change aggregation state over these fluctuations. In case
of single-component adsorption in the grand-canonical ensemble,
it follows from statistical mechanics that (8n/d(Bu))yr = (n?)—
(n)? and (0U/9(Bw))y r = (Un) — (U)(n) in which n is the num-
ber of molecules, u is the imposed chemical potential, V is the
volume, U is the potential energy of the adsorbed phase, and
B = (kgT)~1 [31-35]. The brackets < ... > denote ensemble aver-
ages. The partial derivative of the total energy of the adsorbed
phase with respect to the number of molecules is calculated
from [33]:

<3U> _ ((3U/3(.3M))V,T> _ ({Un) — (U)(n) 1)
an vr (0n/9(Bu))v.r (n2) — (n)?

These fluctuations are encountered in a single simulation of an
open ensemble, and do not span the entire range from zero to
saturation loading. Fitting the grand-canonical simulation data (i.e.,
the instantaneous value of U as a function of n) to the simple lin-
ear regression model (U = by + bin+ €, in which by and b; are
constants and € represents noise) leads to an identical expres-
sion for the slope (by) as in Eq. (1) [36], showing the equiv-
alence of thermodynamic fluctuations and linear regression for
single-component adsorption in the grand-canonical ensemble. It
is important to note that (dU/dn)yr # U/n [37]. This is due to
changes in adsorption behavior as a function of n, as already ad-
sorbed molecules change the adsorption energy of newly adsorbed
molecules. For example, this is the case when there is an inflec-
tion in the adsorption isotherm [38-40]. At the inflection point,
adsorbed molecules start to fill a new adsorption site, or sorbate-
sorbate interactions start to play an important role [41], which
leads to a change in (dU/dn)yr. Therefore, when fitting a simple
linear regression model to simulation data in the grand-canonical
ensemble, the intercept should always be included in the regres-
sion model [37].

For multicomponent systems, analytic expressions for
(3U/3”i)v,T,n#,- from fluctuations are complicated [31]. There-

fore, comparing the expressions for partial derivatives obtained
from fluctuations and multiple linear regression becomes te-
dious. Here, we show that for an n-component system, identical
thermodynamic derivatives are obtained from (1) fitting simu-
lation data to a multiple linear regression model [5,36], and (2)
thermodynamic fluctuations [31]. It is important to note that
thermodynamic derivatives obtained from regression using an
arbitrary function may not necessarily be equal to those obtained
from fluctuations [31,35]. For example, for single component ad-
sorption in the grand-canonical ensemble, a polynomial regression
of the second order (U = by + byn + byn? + €) leads to a different

tions,

expression for (BU/an,z)VYTYH#i [36]:

<3U) .
on vt
()= m) () )~((un )] (- )
((r2) = (m)?) (%) = (1)) = ((0%) = (m)(n2))

X

(2)

which differs from Eq. (1). Derivatives of a fitted function are not
necessarily the same as derivatives of the function itself (e.g., fit-
ting y = x2 with linear regression leads to different derivatives). For
the general case of k independent variables xq,x5, ..., Xy, the de-
pendent variable y can be fitted with the following multiple linear
regression model:

Yi=bo + bixj + byxip + ...+ bixy + € (3)

in which i indicates an observation from the sample [36]. Solving
the regression of Eq. (3) using the least squares method leads to
the following set of equations [36]

Ns Ng Ny N
boNs  +b1 Y x1i +baY X3 +...+bp Y X = 2V
i=1 i=1 i=1 i=1
Ny N 5 N N N
bo Y X1i+b1 x5, by Y xyxoi+ .. b Yk = Y X
i=1 i=1 i=1 i=1 i=1
INS INS INS , lNS INS
bo > xoi+b1 Y Xoxpi+ba Yox5 . b Y Xk = )Xo
i=1 i=1 i=1 i=1 i=1
+ 4o+ =
Ny Ny Ny N N
bo Y- X +b1 Y XpXii +ba Yo XiiXai + . A D XX = XXy
i=1 i=1 i=1 i=1 i=1
(4)
in which Ns is the sample size. The least squares estimates of the
parameters bg, by, ..., b\ are obtained by solving Eq. (4) using any

appropriate method [36]. It can be shown that the intercept by is
obtained from [36]

bo = (y> —b1 (X]) —bz(Xz).A.—bk(Xk) (5)

in which <...> denotes the sample mean. The numerical re-
sults by Josephson et al. [5] strongly suggest that for multicom-
ponent systems, fluctuations and multiple linear regression lead to
identical values for thermodynamic derivatives. To the best of our
knowledge, there has not been a formal proof showing thermo-
dynamic derivatives obtained from multiple linear regression are
thermodynamically consistent with the results obtained from fluc-
tuations in open ensembles. Josephson et al. [5] derived the mul-
tiple linear regression expression using the composition-weighted
sum definition of the partial molar property based on arguments
from continuum thermodynamics. Here, we show this to be equiv-
alent to an alternative derivation from statistical thermodynamics,
thereby unifying continuum and statistical thermodynamics. This is
analogous to the derivation of the Langmuir adsorption isotherm,
which was originally derived using a continuum treatment of ad-
sorption kinetics [42], and was later derived using statistical ther-
modynamics [43]. We show that multiple linear regression pro-
vides a conceptually simple way of computing thermodynamic
derivatives in multicomponent systems. We demonstrate this by
first deriving this for constant-volume open ensembles, and then
extend the result to constant-pressure open ensembles. Depending
on the nature of the extensive quantity being fit, multiple linear re-
gression can be used to obtain either residual or total partial molar
properties.

This manuscript is organized as follows. In Section 2, we show
that performing multiple linear regression and fluctuations lead to
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identical expressions for partial properties in the grand-canonical
ensemble (constant volume). For two-component mixtures, ana-
lytic expressions for (8U/8ni)v.T_n#i are provided. In Section 3, the
application is extended to systems in which the pressure is con-
stant (instead of constant volume). In Section 4, the compositional
dependence of partial molar properties is examined using non-
linear regression and a Gaussian process model [44]. Our conclu-
sions are summarized in Section 5.

2. Fluctuations in the grand-canonical ensemble

For multicomponent adsorption in the grand-canonical
ensemble, the derivative (8U/3ni)v_Tvnj¢i is  obtained
from [31]

au) "( U ) (awuk))
= D e L (6)
(ani VIng il (B VT on; VT

where k is the number of components. The second term on
the right hand side of Eq. (6) is the change in chemical poten-
tial of component i while the number of molecules of all other
components are fixed. Using a matrix notation, Eq. (6) can be
written as

(E?Tli)n#l (a(glﬁ]))njﬂ (8((’?'11:1))”;#2 (%A:l))n”‘"
U .
(anz)n]#z _ (a(g;—{:z})nh“ (d(ggr:’:Z))nj#Z
LU: : o
(Bnk)n#k (8(587‘?"))”#1 (d(ésTI:k))n#k
M

in which we have defined matrix M. The constant tempera-
ture and volume notation is dropped to make the equations
more compact. In the grand-canonical ensemble, the derivatives
(8U/8(ﬂui))uj¢i in Eq. (7) can expressed as the covariance be-
tween U and n; [31,32,35]:

ou
(W)MM =fU.mn)

where f(U, n;) equals (Un;) — (U)(n;). The terms f{U, n;) can be cal-
culated directly from simulations in the grand-canonical ensem-
ble. However, the derivatives (B(ﬂu,-)/an,)n#l in the matrix M
(Eq. (7)) cannot be directly calculated as ensemble averages, as
the chemical potential is imposed. The inverse of the matrix M
is obtained directly from the reciprocals of the derivatives in M
[45]. Refs. [31,45] show that

(8)

(5., (5, (5, [ i),
G ol (53585 5,
(%T:Tk))n#] (%rf:k))n#k (a(%r'/ikl))/Lj#1

where f(n;, n;) denotes the covariance (n;n;) — (n;)(n;). By multiply-
ing both sides of Eq. (7) with the inverse matrix M~ ! we have

—( ang ) ( ang ) ( anyg ) - au -
0 )y, T ), B0 )y | [ (BL),

( any ) ( any )
3(l3ﬂ-1) ”’j#l 303/12) ”j#Z

Bnk. 8nk.
(3(/311-1))!”#1 (3(/3Mk>>uj#k Jj#k
[(_ou 7]
(0(;‘5//»1))“#1
(a 8U )
(Bug) i
- (11)
_u
(d(ﬁ"k))u#k
Rewriting Eq. (11) using Eqs. (8) and (10) leads to
f(ny.ny)  fng.ny) f(ng-n1)7 7dyq f(U.nqy)
f(n.np)  f(ng.mp) f(ng.nz) | | da fU.ny)
. . =l (12)
fm)  fnamy) f(nl;v ) Ldy f(U.ny)
€ m)]
a(Bu1) iz
( U
d(Bu2) Wjx2
: (7)
(5380
3B

To make the equations more compact, the terms d;. iy are
used to denote the derivatives (3U/8ni)nj#i. We can show

that Eq. (12) is identical to the set of equations for multiple linear
regression (Eq. (4)) [36]. Writing out the I'" row of Eq. (12) leads
to

dif(m, ) +daf(na, ... +dif (g, ny) = f(U, my)
Combining Egs. (13) and (8), (10) leads to

U) () —[dq(n1) () +da(na) (my) ... +di(m)(nyg) ... + di{mye) (ng) |+
[di(mim) +da(namy) ...+ di{mmy) ... + di(meny) | = (Unk()l

(13)

which can be rearranged to

(a(aﬁ';lz))ﬂj#z (%)ﬂ#k
(( an, .
a(Bu2) Wz =1
; 9)
(3(%?;«) )U«#k

where I is the identity matrix. The advantage of this formulation
is that the elements of the matrix M~! can be calculated directly
as a function of ensemble averages in the grand-canonical ensem-
ble [31,45]:

Bn, _ )
(a(ﬂm))w = m)

(10)

() [(U) = (d1(m) + da(n2) ... + di(my)) ] +dq (nymy) + da(nomy)

do

A dl(n,n,) oot dk(nkn,) = (Unk)
(15)
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In Eq. (15), we have defined the term dj. For a sample size of Ns,
this leads to the following independent linear equation

N, Ny N, N,
Nsdo+di D myj+dy Y g +de Yy mg=y U (16)
i=1 i=1 i=1 i=1

Multiplying Eq. (15) with the sample size N and rearranging leads
to

Ns Ns Ns Ns
2
dOZn,i+d1 an,-n“+d22n,in2,~...+d,2n“...
i=1 i=1 i=1 i=1

Ns Ns
+d Y g =y Uiy (17)
i1 iz1

Egs. (16) and (17) are identical to the equations for least squares
multiple linear regression as in Eq. (4). Therefore, it is shown that
identical expressions are obtained for (1) thermodynamic deriva-
tives using least square multiple linear regression, and (2) ther-
modynamic fluctuations in the grand-canonical ensemble. While
we demonstrate this equivalence for calculation of (3U/3"i)v.r_nj i
any extensive property X may be substituted for U.

For a two component system, it is still possible to
solve Eq. (6) without resorting to matrix algebra. Using mul-
tiple linear regression (U = bg+ bing +byny +¢€), the partial
derivatives in the grand-canonical ensemble can be written as

size, at least one extensive variable should be fixed (e.g. in the
grand-canonical ensemble, the volume is fixed). To constrain the
system size at constant pressure, there are several possibilities: (1)
Performing simulation in the NPT version of the Gibbs Ensemble
(where the total number of molecules is fixed) [11,24]; (2) Per-
forming simulations in the NPT version of the reaction ensemble
(total number of atoms is fixed) [25,27,49-51]. The reaction ensem-
ble can also be considered as a grand-canonical ensemble in which
the chemical potentials of reactants and reaction products are im-
posed in such a way that chemical equilibrium is obtained [25-27].
To calculate the partial derivatives of thermodynamic properties at
constant pressure, one can fit the multiple linear regression model
(Eq. (4)) to the simulation data [5]. Since the partial derivatives
in Egs. (8) and (10) do not change when the pressure is kept con-
stant instead of the volume, the resulting expressions from fluctua-
tions (Eq. (6)) do not change either. At constant pressure, it is pos-
sible to show that the intercept from the linear regression model
will be zero [5]. As an example, one can write the instantaneous
total volume as the sum of the composition-weighted partial mo-
lar volumes (k components) [5]

V=mvr +mu;...+ muy (21)
in which v; is the partial molar volume of component i. By fit-

an;

and

( au) _ (um) - UY(m)((m3) — (n2)?) — (Unz) — (U)(n2)) ((nin) — (n1)(n2))
V.Tn, ((m?) = (m)?) ((m3) = (n2)?) = ((mmz) — (1) (n2))?

(18)

(19)

an,

Similar to Eq. (5), the intercept is obtained from
bg = (U) — b1 (n1) — by (nz) (20)

It is important to note that computing fluctuations in the num-
ber of molecules in the grand-canonical ensemble is not always
computationally efficient [11]. This is for example the case at high
molecule densities (where insertion and removal of molecules is
difficult [11]), or near inflection points in the adsorption isotherm
(where (dn/ou) ~ 0) [38-40]. In those cases, one may consider lin-
ear regression on a collection of NVT ensembles with varying num-
ber of molecules, which is similar to the numerical differentiation
approach [1,10,15]. We will not consider this further here.

3. Application to constant pressure ensembles

In the previous sections, we have considered systems at con-
stant volume. Partial molar properties are defined as partial deriva-
tives of thermodynamic properties with respect to the number of
molecules of component i at constant pressure, while keeping the
number of molecules of all other components constant [1,10]. To
calculate partial molar properties, one can either perform simula-
tions directly at constant pressure, or perform a translation from a
constant volume ensemble to a constant pressure ensemble as ex-
plained in Ref. [16]. For convenience, we choose to perform our
simulations in constant pressure ensembles [46,47], such as the
reactive isothermal-isobaric ensemble [25-27], or the isothermal-
isobaric version of the Gibbs ensemble [24]. It is not practical to
perform simulations in which only the pressure, temperature and
the chemical potential are fixed (uPT ensemble) [11], as the pres-
sure, temperature, and chemical potential are all intensive vari-
ables. In this ensemble, the size of the system in the simulation
may decrease or increase without bound, making simulations gen-
erally unstable [48]. To impose an upper bound on the system

( U ) _ ({Una) — U){ma))((nF) — (n1)*) — (Um) = (U) 1) (nima) — (i) (n2))
V.T ((m?) = (m)?) ((m3) = (n2)?) = ((mnz) — (1) (n2))?

ting the least squares multiple linear regression model, (V = ng +
niU7 + MUz + ... + MU, + €, in which € represents noise), the ex-
pression for the intercept follows from 5:

ng = (V) —o1{n1) —02(n2) — ... — U () (22)

From Eqgs. (21) and (22) it follows directly that the intercept ng
should be zero, and this can be used as a test for the numerical
calculations. We have carried out such a test for the systems in
this study at constant pressure and observed that the values ob-
tained for the intercept are statistically indistinguishable from zero.
Nonetheless, we recommend constraining the intercept to be zero
when capturing partial molar properties.

When applied to the reaction ensemble [26,27,49,50,52-55], the
regression method proposed by Josephson et al. [5] can be used
to calculate the reaction enthalpy without computing partial molar
enthalpies of each species in the mixture. As an example, we con-
sider the ammonia synthesis reaction (N, + 3H, = 2NH3) from our
earlier work [12]. To facilitate reaction trial moves, the Continuous
Fractional Component (CFC) version of the reaction ensemble was
used [49]. The reaction enthalpy of the ammonia synthesis reaction
is obtained directly by fitting the multiple linear regression model
to instantaneous data obtained from a single simulation. Here, en-
thalpy of the system (H) and the number of nitrogen molecules
(nn,) are related by

H:bo-l—b]nNz-l-G (23)

in which b; and by are the slope and intercept of the fitted re-
gression line, respectively, and € is the error term. Just as in the
grand-canonical ensemble, the intercept by will not be zero here.
From simple linear regression (Eq. (1)) it follows that

by = (HNN, ) e — (HD revic 1N, ) rnic (24)

<n§z >RXMC — (n, >§xMC
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Table 1

Residual reaction enthalpy (Ah) of the ammonia synthesis reaction, per mole
of Ny, at T =573 K and P =400 bar and P = 800 bar, computed both from
simulations in the reaction ensemble (RXMC) [49] using Eq. (24), and the
CFC-NPT ensemble [12,22]. The reported residual reaction enthalpies are rela-
tive to the reaction enthalpy at ideal gas conditions, as the contributions from
the enthalpies of formation of Ny, H,, and NH3 are not included here in Ah.
The magnitude of the fluctuations for the number of ammonia molecules,

&, = /() — (1w, ) /(nnw, ). in the reaction ensemble is provided. Num-
bers in brackets are standard deviations of average volumes (V), from 5 in-

dependent simulations.

RxMC [49] CFC-NPT [12]
P/[bar]  Ah/[kJ mol™'] &y, (V)|A3 Ahy/[k] mol™']
400 —45.6(6) 0.0120(3)  81,800(200)  —45(2)
800 —75(1) 0.0070(1)  40,000(100)  —75(2)

in which the brackets (...)gc denote an ensemble average in
the reaction ensemble. The slope in Eq. (24) is the reaction en-
thalpy per mole of nitrogen (b; = Ah). Similarly, the reaction en-
thalpy can be calculated by fitting the total enthalpy of the system
as a function of the number of ammonia or hydrogen molecules.
Since the fluctuations of both reactants and reaction products de-
pend on the extent of the reaction, the final results will be iden-
tical. To verify Eq. (24), simulations of the ammonia synthesis re-
action at P =400 bar and P = 800 bar are performed in the CFC
version of the reaction ensemble at T = 573 K in a similar manner
as described in Ref. [49]. The results are compared to the reac-
tion enthalpies obtained from multiple simulations in the Continu-
ous Fractional Component NPT (CFC-NPT) ensemble as in Ref. [12].
In these simulations, the reaction enthalpy follows from the par-
tial molar enthalpies of all reactants and reaction products in the
system, which are computed separately. For simulation details, the
reader is referred to Refs. [12,49]. The resulting residual reac-
tion enthalpies are shown in Table 1. The residual Ah reported
in Table 1 is with respect to the ideal gas contribution (102.07 k]
per mole of N, [12]). At P =400 bar and P = 800 bar, the resid-
ual Ah values are non-zero which shows non-ideal behavior of
the system at high pressures. Excellent agreement is observed be-
tween the results from the CFC-NPT ensemble simulations and di-
rect computation of the reaction enthalpy using least squares lin-
ear regression. As shown in Table 1, the relative magnitude of the
fluctuations in the reaction ensemble, encountered throughout a
single simulation is small. Therefore, partial molar properties do
not change in these simulations. It is important to note that for
simulations both in the reaction and CFC-NPT ensembles, the en-
thalpy of the system includes contributions from so-called frac-
tional molecules [35]. When the number of fractional molecules
is less than 1% of the total number of molecules (as is the case
here), the presence of fractional molecules does not significantly
(given current computational resources) affect the computed en-
semble averages [56].

4. Compositional dependence of partial molar properties

The simplistic linear regression model Eq. (3) assumes constant
partial molar properties. However, this assumption can be removed
to allow for more flexibility in the choice of the model [5]. Non-
linear models can detect and characterize non-linearities in the
system. A non-linear model that still yields approximately con-
stant partial molar properties would further strengthen the jus-
tification that the linear model is correct for the subset of com-
positions encountered in simulations of a system with more than
100 molecules for the minority component. Of course, for the
global composition space, compositional dependence of partial mo-
lar properties cannot be neglected.

More generally, a function Y = F(n) predicting an extensive
thermodynamic property Y from the numbers of molecules in the
system can be regressed using the trajectory of a simulation, start-
ing from an equilibrated state. When F(n) is a non-linear function,
the partial molar properties obtained from regressing the trajectory
will be dependent on the composition of the system. Therefore,
a more robust alternative compared to linear regression, for ex-
ample, Gaussian processes [44,57], may be employed as the func-
tional form of F(n) in a purely data-driven perspective. It is im-
portant to note that F(n) cannot be arbitrary as Y is an extensive
property. When F(n) is a Gaussian process, the predicted extensive
property may not double when the number of molecules in the
system is doubled, making the model thermodynamically incon-
sistent. Therefore, the fundamental mathematical feature of an ex-
tensive property should be considered when constructing the func-
tional form of F(n), that is, it needs to be homogeneous of n with
degree 1, that is,

aF (n) = F(an) (25)

Although F(n) is thermodynamically constrained, an arbitrary dif-
ferentiable function operating on the mole fractions of the system
f(x) can be used to satisfy this constraint, that is,

Y =F(n) = Nf(%) = Nf(x) (26)

where N = Z’]le ng, and N is the total number of molecules in
the system for each frame in the simulation trajectory. The non-
linearity in f{x) allows for composition dependence of partial molar
properties, and f{x) can be any type of model including polynomi-
als, neural networks [58], or Gaussian processes [44,57,59]. Since
f(xX) =Y/N, it is fitted by regressing the molar property as a func-
tion of the mole fractions.

The partial molar properties can be analytically evaluated given
the partial derivatives (gradient) of f{x). It is important to note that
since mole fractions of n components sum to 1, the partial molar
volumes cannot be simply evaluated as differentiating f{x) with re-
spect to molar fractions [16]. In Ref. [1], it is shown that the par-
tial molar property of Y for the ith component (assuming constant
T and P) can be expressed as

ay 3(Nf(x))>
yi= (o) o (2) (27)
(anf)[),r,n,#i ( o PT,n

3f(x) Lo (fx)
e (52),, $(%)
9xi PTXju ; T\ Ox PT X

J

For a linear function of f{x), y; is a constant number because the
second term and the third term always cancel. When a linear com-
bination of mole fractions is used for f(x), the well-known ap-
proach of calculating partial molar properties from Eqs. (27) and
(26) is equivalent to multiple linear regression (Eq. (21)). Although
the regression data for Eq. (26) are the mole fractions instead of
the numbers of molecules, the effect of the fluctuating total num-
ber of molecules is negligible, and Eqs. (26) and (21) yield statisti-
cally indistinguishable partial molar properties.

As a comparison with linear regression, the partial molar prop-
erties for a natural gas condensate system containing methane, n-
butane, and n-decane [5] were also calculated using a quadratic
function using

F(x) = XCox™ +XCq + o (28)
and a Gaussian process [44,57] using
f(x) = GP(x) (29)

Both models take the vector of mole fractions as the input and
outputs the extensive property Y divided by the total number of
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Table 2

Partial molar properties (including intramolecular potential energy contributions but excluding kinetic energy
terms) from regressing simulation trajectories of natural gas condensates. Since the conformational distributions of
large, flexible molecules may differ between liquid and vapor phases (i.e., good and poor solvents) [60], the internal
potential energy and enthalpy need to include the intramolecular potential energy contributions. The thermody-
namic constraints for the Gibbs ensemble of the ternary mixture were N¢; = 1276, N¢y = 425, and Ncjp = 125,
P =16.22 MPa, and T =333 K. In the two-box Gibbs ensemble, the number fluctuations in the two boxes are
identical, and the relative fluctuations are: &c; = 0.1094, &cs = 0.065;, and &cyp = 0.034, in the liquid phase and
&c1 =0.0924, &cq = 0.1765, and &cip = 0.50; in the gas phase. The mean values and uncertainties were obtained
from 64 independent simulations. The input data for regression contains instantaneous values of the relevant
properties from for each independent simulation at 100-cycle intervals. Parameters for quadratic regression were
obtained using the analytical form of least-squares regression and hyperparameters for Gaussian process were se-
lected using 5-fold cross-validation. For comparison, molar properties of the pure species are also provided for
the stable phase at the same temperature and pressure as the ternary VLE simulations: Nc; = 1000, N¢4 = 800, or
Ncio = 320, and P = 16.22 MPa, and T =333 K in 16 independent NPT simulations (with 50,000 MC cycles each).
Uncertainties are reported as the standard error of the mean from 64 or 16 independent simulations.

Linear regression  Quadratic regression  Gaussian process Pure component

Sections 2 and 3 Eq. (28) Eq. (29)
Liquid V; C1 0.08924 0.08914 0.0889,4 -
[m3®/mol] x 103 C4 0.09274 0.09274 0.09294 0.1029704¢
C10  0.140; 0.1355 0.139, 0.19657814
MAD [nm3] 1.26, 1.26, 1.26;
Vapor V; C1 0.1535, 0.15205 0.1535, 0.15221;
[m3/mol] x 103 C4 —0.016; —0.015; —0.016, -
C10 -0.253¢ —0.253¢ —0.2657 -
MAD [nm?] 3.234 3.224 3.244
Liquid U; C1 —-0.63; —0.63; —0.63; -
[k]/mol] C4 -11.38, —11.39g —11.40g —11.084,
c10  -17.8; —18.13 -17.8; —-16.316
MAD [K] 1.712 x 10? 1.710g x 10? 1.727 x 10?
Vapor U; C1 —1.09; -1.124 —1.08; —1.5990,4
[kJ/mol] C4 —8.265 —8.24¢ —8.26¢ -
Cc10 -12.9, -12.9, -12.0, -
MAD [K] 94, 94, 94,
Liquid H; C1 0.79; 0.783 0.783 -
[k]/mol] Cc4 -9.7; -9.8; -9.8; —9.4204
Cc10 -157; —16.04 —-15.6; —13.13444
MAD [K] 2.67; x 10? 2.67; x 10? 2.673 x 102
Vapor H; C1 1.424 1.38; 1.424 0.871613
[k]/mol] C4 -8.64 —8.61 —8.6; -
C10 -16.83 —16.83 —16.24 -
MAD [K] 2.33; x 10? 2.33; x 10? 2.333 x 10?2

molecules in the system. The parameters in Eq. (28) (quadratic
model) were fitted using the analytic solution of polynomial least
squares regression, and the functional form of Eq. (29) (Gaussian
process) was calculated from the set of training data points in each
cross-validation split [44]. The partial molar properties were cal-
culated using Eq. (27), treating the mole fractions as independent
variables. The code used for computing the partial molar proper-
ties can be downloaded from https://github.com/SiepmannGroup/
PartialMolarProperties.

Table 2 lists the partial molar properties and mean absolute de-
viations (MAD) obtained by linear regression, quadratic regression,
and a Gaussian process. In Table 2, MAD is the measure of how
accurately the linear (or nonlinear) model captures the extensive
property and it corresponds to the magnitude of the fluctuations
in the system. For all cases except for the partial molar enthalpy
in the vapor box where the Gaussian Process overfits each trajec-
tory, all three models achieved almost perfect agreement in re-
gressing the partial molar properties of the system. These results
demonstrate that the quadratic model and Gaussian process have
learned the same pattern as the linear model from the simulation
trajectories. This shows the physical correctness of the linear re-
gression method for the subset of composition space sampled by
the simulations. It should be noted that the partial molar volumes
for butane and decane in the gas phase are negative. Negative mo-
lar volumes are impossible for pure compounds at any state point,
but can be observed for non-ideal mixtures. For comparison, we
also carried out single-phase simulations for pure methane, bu-
tane, and decane in the isobaric-isothermal ensemble. The cho-

sen state point is above the critical point for pure methane and
this phase is considered as vapor here, but butane and decane are
found in stable liquid phases. Comparing the molar properties for
pure systems to the partial molar properties in the correspond-
ing phase (see Table 2) shows statistically different values for all
molecules.

5. Conclusions

We have shown that in the grand-canonical ensemble, expres-
sions for thermodynamic derivatives obtained from least squares
multiple linear regression are identical to the expressions ob-
tained from thermodynamic fluctuations. This provides a conceptu-
ally simple and computationally efficient approach to obtain ther-
modynamic properties from fluctuations in multicomponent sys-
tems. Multiple linear regression is thermodynamically consistent
with fluctuations both in constant-volume and constant-pressure
ensembles. We also show in the reaction ensemble that the re-
action enthalpy can be obtained directly from a single simulation
by fitting the enthalpy as a function of the number of reactant
molecules with simple linear regression. In this work, we have as-
sumed that composition range due to fluctuations encountered in
a given simulation is small, so that partial molar properties are lo-
cally constant within a given simulation, noting that partial molar
properties in non-ideal mixtures are not constant but vary over the
global composition space. Nonlinear regression models capable of
capturing compositional dependence of partial molar properties do
not perform better than the linear model when applied to simu-
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lations at a single state point, thus providing strong support that
multiple linear regression captures the essential physics.
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