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Chapter 1

Introduction

This thesis develops novel testing procedures used in financial models with a linear factor
structure, where some conventional testing tools may mislead due to the invalidity of their
asymptotic approach in empirically relevant cases. The focus of this thesis lies upon those
identification robust test statistics, and we provide reliable inference procedures robust to weak
identification cases.

The challenges resulting from identification issues have been brought to people’s eyes when
many factors are proposed in recent studies, and some popular ones are documented to be weak
(see, e.g., Harvey, Liu and Zhu (2016), Kleibergen, Kong and Zhan (2020)). This chapter gives
a general introduction to the identification challenges in asset pricing models and introduces the
topics discussed in later chapters.

1.1 Weak identification problems and inference challenges
related to the risk premia

Econometric models are weakly identified if varying the values of the targeted parameters barely
makes a difference, e.g., for the values of the criterion functions, due to the scarce information
within the data, and thus the conventional statistical tools may fail as a result of their usual
asymptotic approximations derived under the strong identification conditions being nowhere
near the actual ones (see e.g., Stock and Wright (2000), Kleibergen (2005), Cox et al. (2020)).
This identification challenge may happen, for example, when we encounter a relatively flat
likelihood surface across the parameter space.

Many papers (see e.g., Staiger and Stock (1997), Wang and Zivot (1998), Kleibergen
(2002), Moreira (2003), Andrews, Moreira and Stock (2006), Kleibergen (2007), Chernozhukov,
Hansen and Jansson (2009), Mikusheva (2010), Andrews (2016)) have provided discussions
and remedies concerning the classical statistical inference tools in the special case of weak
identification, the weak instrument variable regression, where the instrument variables only have
small correlations with the endogenous ones and thus provide little information for identifying

1



the associated slope parameters.
A similar challenge arises in factor models explored in finance, where the factor loadings

have an essential role in identifying parameters of interest. For example, if the associated factor
loading matrix β in linear asset pricing models is of (or close to) reduced rank (or small β s),
then the parameters of interest, usually the risk premia, suffer from identification issues because
for varying values of λ the product βλ , the structure that most models employ to identify
parameters, may remain relatively invariant comparable to noises or uncertainty level (see,
e.g.,Kleibergen (2009), Gospodinov, Kan and Robotti (2017), Kleibergen and Zhan (2020)). As
a direct result, the sampling errors in the estimates may not be asymptotically negligible, and
thus the common-used inference techniques can be unreliable. These are common challenges
encountered in empirical practice with financial data, such as macro factors and portfolio returns,
which have been brought under notice very recently and are the main focus of this thesis.

1.2 Contributions of this thesis

With respect to the challenges resulting from the quality of β s as described above, there are
remedies in recent literature for both identification (e.g., Giglio and Xiu (2017), Anatolyev
and Mikusheva (2018)) and inference (e.g., Kleibergen (2009), Bryzgalova (2016)) techniques
in financial models with a linear factor structure. This thesis focuses on the latter one, the
identification robust inference procedures, and provides robust test statistics.

To provide asymptotic reasoning given the weak identification, we adopt a well-accepted
framework to describe the weak/non-identification phenomenon, which is to consider a sequence
of models indexed by the sample size with some parameters drifting to zero along with the index.
This is a framework widely-used in the weak IV literature in order to provide a better asymptotic
approximation of the distributions of targeted statistics in an empirically appealing way. Under
this framework, we analyze the potential biases of the conventional approaches and provide
reliable inference procedures. Next, we give a brief introduction to the following chapters.

� Chapter 2 explores the model specification test statistic, the Hansen-Jagannathan (HJ) distance
statistic, for linear asset pricing models.

The HJ statistic is one of the most dominant measures of model misspecification. However,
the conventional HJ specification test procedure has poor finite sample performance, and Chapter
4 shows that it can be size distorted even in large samples when (proxy) factors exhibit small
correlations with asset returns. In other words, applied researchers are likely to over-reject
a model when it is correctly specified. We provide two alternatives for the HJ statistic and
two corresponding novel procedures for model specification tests, which are robust against
the presence of weak (proxy) factors, and we also offer a novel robust risk premia estimator.
The first approach for testing the model specification employs a two-step testing procedure in
order to combine a robust but less powerful statistic (Anderson-Rubin (AR) statistic or J test
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statistic) and a non-robust but powerful statistic (HJ statistic) to achieve a size-correct robust
test (Andrews (2017)). The second one uses the principal component estimator to proxy for the
omitted strong factors in the error terms, to achieve a consistent risk premia estimator based on
which we can construct size-correct robust test statistics. Our proposed tests are more powerful
than the J test in certain cases.

The empirical application in Chapter 2 documents the non-reliability of the traditional HJ
test since it may produce counter-intuitive results, when comparing nested models, by rejecting
a four-factor model but not its embedded reduced three-factor model. At the same time, our
proposed methods are practically more appealing and show support for a four-factor model for
Fama French portfolios.

The empirical results also imply that it is reasonable to consider time-varying risk prices, as
the inference results based on the rolling windows indeed suggest a time-varying factor structure,
and the performance of the test statistics with finite sample size. In Chapter 3 and Chapter 4,
we explore the impact of the limited sample size on the identification robust test statistics and
robust inference concerning the time-varying risk prices respectively.

� In practice, it is reasonable to consider the case where the number of assets is comparable to
the sample size given the richness of data in recent days. In Chapter 2, we explore the case where
the sample size, T , is comparable to the number of asset returns, N, and N,T both increase to
infinity. Chapter 3 considers the limited sample size scenario and provide identification robust
tests adapted to finite samples.

Chapter 3 discusses the finite-sample performance of the identification robust tests in linear
factor models, and shows that the reliability of tests on the risk premia in linear factor models is
threatened by both limited sample sizes, which are not large enough compared with the number
of moment conditions (or the number of assets), and weak identification of risk premia frequently
encountered in applied work. Therefore, the conventional asymptotic approximations may not
properly represent the distributions of the robust test statistics in finite samples. We propose
novel tests on the risk premia that are robust to both limited sample sizes and the identification
strength of the risk premia as reflected by the quality of the risk factors. We justify our approach
by deriving the exact finite sample distributions of our proposed test statistics. These tests are
appealing for empirically relevant settings and lead to confidence sets of risk premia that can
substantially differ from conventional ones (even those result from identification robust tests), as
shown in two high-profile empirical applications. Chapter 3 also provides a finite sample upper
bound for the rank test (Kleibergen and Paap (2006)).

� Many existing papers on robust tests only discuss time-invariant risk premia, and Chapter 4
therefore considers time-varying risk prices. To incorporate time-varying risk prices, we use the
framework of dynamic affine term structure models (DATMs) proposed in Adrian, Crump and
Moench (2013). It can be easily extended to a linear asset pricing model with time-varying risk
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premia being a linear functional in state variables. Chapter 4 checks the possible identification
issues arising in DATMs. It also shows that the statistical inference, which is based on their
three-stage estimator, requires knowledge of the factors’ quality, and is misleading without
full-rank β ’s or with sampling errors of comparable size of the loadings. We extend the identifi-
cation robust testing procedures in Kleibergen (2009) to a general class of affine term structure
models with time-varying risk prices via Adrian, Crump and Moench (2013)’s framework. Our
proposed testing methods adapt to cases with unspanned factors and require no knowledge of
the unspanned factors. Simulation exercises verify our theoretical results, and revisiting the
empirical applications in Adrian, Crump and Moench (2013) suggests practitioners should be
cautious with the test results in the presence of small β s.
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Chapter 2

Weak (proxy) factors robust
Hansen-Jagannathan distance test1

2.1 Introduction

Linear factor models have gained tremendous popularity in the empirical asset pricing
literature, see e.g., Fama and French (1993), Lettau and Ludvigson (2001b), Kan and Zhou
(2004), Kan and Robotti (2008). Harvey, Liu and Zhu (2016) list hundreds of papers with various
factors that all attempt to explain the cross-section of expected returns. As so many factors
are introduced, the proposed factors are at best proxies for some unobserved common factors,
and the asset pricing models are at best approximations for asset returns. Therefore, it is more
appealing to determine whether or not the data reject a model, namely how good a model can
approximate the asset returns, than to identify important factors (or factors with significant risk
premia). Specification tests play an essential role in the assessment of model performance (such
as evaluating factors and diagnosing the model specifications), among which the HJ distance,
proposed in Hansen and Jagannathan (1997), has emerged as one of the most dominant measures
of model misspecification in the empirical asset pricing literature (e.g., Jagannathan and Wang
(1996), Kan and Zhou (2004)).

This chapter shows that the conventional HJ statistic can be unreliable. We demonstrate that
when models are weakly identified, the HJ statistic does not measure model fit satisfactorily,
and the specification test via the HJ statistic, which we refer to as the HJ specification test in the
sequel, is size distorted. When proxy factors weakly correlate with the unobserved common
factors, the HJ specification test can over-reject even in large samples. The boundary, determined
via the HJ specification test, between correct model specifications and misspecifications begins
to blur in these so-called weak identification cases. When some included (proxy)2 factors are

1 This chapter is based on Kong (2019).
2 Sometimes researchers consider a latent factor structure in asset returns and regard included factors in empirical

studies as proxies for priced latent common factors (e.g., Kleibergen and Zhan (2015), Giglio and Xiu (2017)),
sometimes factors are assumed to be directly observed and priced weak common factors lead to problems (e.g.,
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weak, the strong cross-sectional dependence in the error term, which results from the omitted
strong factors, can further exaggerate all sorts of distortions (Kleibergen and Zhan (2015)). One
of the reasons for these failures is that sampling errors are no longer negligible asymptotically in
the presence of weak (proxy) factors. Therefore, the conventional asymptotic justification may
fail in empirically relevant settings, as weak (proxy) factors are commonly observed in many
recent studies (e.g., Kleibergen (2009), Anatolyev and Mikusheva (2018)).

This chapter provides two novel easy-to-implement specification test procedures to remedy
the size distortion of the HJ test resulting from weak (proxy) factors that are minorly correlated
with asset returns. The first proposed test procedure (we refer to as the HJS test in later
sections) is a two-step Bonferroni-type method (Andrews (2017)), and it is robust against
identification issues when the number of asset returns is limited. This method takes into account
the identification strength via a first-step confidence set, and we verify that it improves power
compared with the J test. The second approach (we refer to as the HJN test in later sections)
relies on a novel four-pass estimator, which achieves consistency with a large number of assets,
and the test procedure provides valid inference results in an asymptotic framework where the
number of assets is comparable to the number of the observation periods.

We compare the performance of the HJ test and our proposed approaches via simulation
exercises, and show that our approaches correct the size distortion while maintain a proper power.
Our empirical application also documents the strange behavior of the HJ test in finite samples.
Counter-intuitively, it can reject a four-factor model but not the corresponding three-factor model
nested within the four-factor model. We attribute this behavior to the additional fourth factor
being a weak proxy factor, which leads to an undesirably high rejection rate of the HJ test. Our
proposed procedures correct this problem and reflect the factor structure in asset returns in a
more informative way.

This chapter is related to several active fields. First, Kleibergen and Zhan (2015) shows
that the second pass R2 is a misleading gauge of model fit in the presence of the lack of model
identification, and this chapter shows that the HJ statistic suffers from the identification issue
similarly. Second, our proposed four-pass estimator adopts a similar framework as in Anatolyev
and Mikusheva (2018) and directly leads to a novel identification robust risk premia estimator,
and thus we also contribute to the literature on the robust estimator of risk premia in the presence
of weak (proxy) factors and omitted factors. For linear asset pricing models, the conventional
approach for estimating risk premia is known as the Fama-Macbeth (FM) two-pass estimation
procedure (Fama and MacBeth (1973)), where risk premia estimates result from regressing
average asset returns on first-pass estimated risk exposures (factor loadings β ’s). The two-pass
procedure is easy to implement but can result in spuriously significant risk premia when some
included factors are not strongly correlated with asset returns such that their risk exposures do not

Kleibergen (2009), Anatolyev and Mikusheva (2018)). We mostly adopt the former idea, but our discussions and
methods are also valid in the latter case, and we emphasize this by enclose the term proxy in brackets.
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dominate corresponding sampling errors (Kleibergen (2009), Bryzgalova (2016), Anatolyev and
Mikusheva (2018)), which resembles the failure of the 2SLS estimator in instrumental variable
regression when instruments are weak. Besides, Anatolyev and Mikusheva (2018) show that
the missing factor structure exacerbates the weak (proxy) factor problem. Recent papers have
developed different estimation techniques to incorporate some of these issues above. Bryzgalova
(2016) provides an estimation approach using a shrinkage-based estimation technique, which
excludes weak/useless (proxy) factors. Anatolyev and Mikusheva (2018) propose an estimation
procedure based on split-sample instrumental variables regression with proxies for the missing
factor structure. Giglio and Xiu (2017) propose a three-pass estimation procedure and bypass
the omitted factors bias by projecting risk premia of observed factors on those of strong factors
extracted via principal components analysis (PCA). These studies mainly focus on identifying
the risk premia, while our study focuses on the specification tests. Therefore, thirdly, this chapter
also relates to the literature on the robust inference in linear asset pricing models. Many studies
discuss identification robust test statistics to correct for the overly optimistic statistical inference
of the risk premia (e.g. Kleibergen (2009), Kleibergen and Zhan (2020), Kleibergen, Kong and
Zhan (2020)), which involve constructing novel test statistics without identifying the risk premia.
Gospodinov, Kan and Robotti (2017) discuss the potential power loss of the J specification test
when spurious/useless factors, which are completely uncorrelated with asset returns, are present.
The case Gospodinov, Kan and Robotti (2017)

The chapter is organized as follows: Section 2.2 reviews the basic model setting and shows the
drawbacks of the HJ statistic; Section 2.3 and 2.4 introduce our proposed model specification
test procedures, where Section 2.3 discusses our two-step Bonferroni-like method and Section
2.4 considers an approach that is valid with a double-asymptotic framework; Section 2.5 presents
results of our empirical application.

This chapter uses the following notation: PX stands for X(X �X)−1X � for a full column rank
matrix X , MX for I −PX , X

1
2 for the upper triangular matrix from the Cholesky decomposition

of the positive definite matrix X such that X = (X
1
2 )�X

1
2 . We use drifting to zero sequences

to model the weak (proxy) factors and thus the parameter values may change according to
the sample dimensions. Therefore, the notation would be more precise with N,T such as
βT,N ,dg,T,N ,γN,T ,θg,N,T , but we ignore these subscripts when there can be no misunderstanding.

2.2 Models and Problems

This section introduces linear asset pricing models, the HJ distance and illustrates the
potential problems of the conventional approach in the presence of weak identification issues.
We use the term HJ statistic to denote the conventional squared HJ distance estimator, and to
distinguish it from the other two estimators, our so-called HJN and HJS statistics, proposed
in Sections 2.3 and 2.4. We start by introducing our baseline model setting. We next derive
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asymptotic properties of the HJ statistic in the presence of weak (proxy) factors to clarify the
problems we focus on.

2.2.1 Baseline model setting

We work with the linear asset pricing model because of its popularity in empirical studies. It
imposes that all asset returns share common risk factors described by a small set of proposed
factors. We regard the proposed factors in empirical studies as proxies for latent ones in the
form as suggested in (Kleibergen and Zhan (2015)). Assumption 2.2.1 summarizes the baseline
model setting:

Assumption 2.2.1. For the N ×1 vector of asset gross returns rt , we assume that

rt = c+β ft +ut , (2.1)

with β an N×K matrix of factor loadings, ft a K×1 vector of (possibly) unobserved zero-mean
factors, ut an N×1 vector of idiosyncratic components, and with a K×1 vector of proxy factors
gt

ft =dg (gt −µg)+ vt , (2.2)

where µg = Egt , gt is uncorrelated with ut ,vt , dg is of full rank and gt ,vt ,ut are stationary with
finite fourth moments. Furthermore,

c = ιNλ0 +βλ f , (2.3)

where λ0 �= 0 is the zero-beta return, ιN is an N ×1 vector with all entries equal to one, λ f is a
K ×1 vector of risk premia, and the parameter space of λ0,λ f is compact.

Assumption 2.2.1 describes the beta representation of linear asset pricing models, and the
DGP is similar to the one employed in Kleibergen and Zhan (2015). The moment conditions (or
in other words the structural assumptions imposed on the constant term), c = ιNλ0 +βλ f , are
commonly used in linear asset pricing model (e.g. Cochrane (2009)). If ft is observed, then we
would have dg = IK , vt = 0. Therefore, this model setting also embeds the model specification
used in e.g. Kleibergen (2009), Anatolyev and Mikusheva (2018) where factors ft are assumed
to be observed. Using the observed factors gt , model (2.1) can be rewritten as

rt = c+βgḡt + �ug,t , (2.4)

with βg = βdg, ḡt = gt − ḡ, ḡ=∑T
t=1 gt/T,�ug,t = ug,t +βg (ḡ−µg)ug,t = βvt +ut . The estimation

of the risk premia λg is usually accomplished by the FM two-pass estimator (Fama and MacBeth
(1973), Shanken (1992)). In the first pass, the risk exposures βg are estimated by regressing
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asset returns rt on a constant and factors ḡt , and in the second pass the FM estimator �λg results
from regressing average asset returns r̄ = ∑T

t=1 rt/T on an N × 1 unity vector ιN and the risk
exposure estimates �βg.

Another well-known representation of asset pricing models is the stochastic discount factor
(SDF) representation, based on which the HJ distance is defined. Cochrane (2009) shows that
for linear asset pricing models, there is a corresponding SDF mt that is linearly spanned by the
latent factors

mt(θ) = F �
t θ , (2.5)

with Ft = (1, f �t )�, and re-scaled risk premia θ = (1/λ0,−V−1
f f λ f /λ0). The moment conditions

(2.3) are then equivalent to the following ones

E(mt(θ0)rt) = ιN . (2.6)

The population pricing errors which are the deviations from the moment conditions (2.6) are
denoted by

e(θ) = ιN −E(mt(θ)rt) , (2.7)

With a linear SDF (2.5) e(θ) = ιN −qθ , for q = E(rtF �
t ) a full column rank N ×K matrix.

Hansen and Jagannathan (1997) propose the minimum distance between the SDF of an asset
pricing model and a set of correct SDFs as a measure of model misspecification. It also serves
as a measure of goodness-of-fit. A smaller value of the HJ distance indicates a better model fit,
and this is used for model selection. The squared population HJ distance, δ 2, has an explicit
expression,

δ 2 = inf
θ

e(θ)�Q−1
r e(θ), (2.8)

with Qr =E(rtr�t) a full column rank N×N matrix. With a linear SDF, after some simple algebra,
we can write the squared HJ distance explicitly as ι �N

�
Q−1

r −Q−1
r q

�
q�Q−1

r q
�−1 q�Q−1

r

�
ιN ,

which is also numerically equal to ι �N(Q−1
r −Q−1

r B(B�Q−1
r B)−1B�Q−1

r )ιN with B = (c,β ), and
it is zero if and only if moment conditions (2.6) hold. Given the observed proxy factors gt , the
sample counterpart of the squared HJ distance, the HJ statistic, is

�δ 2
g = inf

θG
eg,T (θG)

� �Q−1
r eg,T (θG). (2.9)

In a linear asset pricing model, the sample pricing errors eg,T (θG) = ∑T
t=1 eg,t(θG)/T =

ιN −qG,T θG, eg,t(θG) = ιN − rtG�
tθG, qG,T = ∑T

t=1 rtG�
t/T, �Qr = ∑T

t=1 rtr�t/T , Gt = (1, ḡ�t)�, and
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the estimator resulting from this quadratic optimization problem is

�θG =
�

q�G,T
�Q−1

r qG,T

�−1
q�G,T

�Q−1
r ιN . (2.10)

Jagannathan and Wang (1996) propose the HJ specification test by testing the moment
conditions (2.6) via the HJ statistic. Under the null hypothesis that the moment conditions (2.6)
hold, Jagannathan and Wang (1996) show that the asymptotic distribution of the HJ statistic
follows a weighted sum of χ2(1) random variables, which is because of the weighting matrix
used in the HJ statistic. If the weighting matrix is the long-run covariance matrix of the sample
pricing errors, we would have a regular chi-square-type limiting distribution. However, since
the HJ statistic uses the second moment of asset returns as the weighting matrix, each of these
χ2(1) random variables has a weight different from one. Therefore, the critical values for the
HJ statistic are obtained from the weighted sum of χ2(1) random variables

N−K−1

∑
i=1

pixi, (2.11)

with xi being independent χ2(1) distributed random variables, and pi being the positive eigen-
values of the matrix

�S
1
2

�
�Q−1

r − �Q−1
r qG,T

�
q�G,T

�Q−1
r qG,T

�−1
q�G,T

�Q−1
r

�
S

1
2
�

T ,

with �S = ST (�θG) and ST (θG) a consistent estimator of the long-run variance matrix of the sample
pricing errors eg,T (θG) (for example, one may simple choose ST (θG) =

1
T ∑T

t=1 eg,t(θG)eg,t(θG)�,
eg,t(θG) = ιN − rtG�

tθG provided that Assumptions 2.2.1-2.2.3 hold).

2.2.2 Problems and asymptotic properties

Our interest lies in the performance of the HJ statistic in the presence of weak identification
issues, in particular, when observed proxies gt are only weakly correlated with asset returns. Ahn
and Gadarowski (2004) document the poor finite sample performance of the HJ specification
test, and they argue that the size distortion is due to the critical value of the test which requires
the estimation of the covariance matrix of et(θ) that performs badly with a limited number of
observation periods. This is also consistent with the findings in Kleibergen and Zhan (2020),
Kleibergen, Kong and Zhan (2020). In later parts, we show that not only in finite samples but
also in large samples, the HJ specification test can be severely size distorted in the presence of
weak identification issues. We focus on two issues that can cause the potential deficiency of the
HJ statistic.

1. Weak (proxy) factors. The HJ statistic depends on the estimator �θG. This is a GMM
estimator based on the moment conditions (2.6) with weighting matrix �Qr. Similar to the FM risk
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premia estimator, this estimator can be constructed in two steps. In the first step the regressor
in the SDF, qg, is estimated via the estimator qG,T , and in the second step �θG results from

regressing �Q− 1
2

r ιN on the first stage estimates �Q− 1
2

r qG,T . This close link with the FM estimator
raises concern for the quality of the θG estimator.

The FM estimator is unreliable under weak identification (e.g., Kan and Zhang (1999b),
Kleibergen (2009), Kleibergen and Zhan (2015), Kleibergen and Zhan (2020), Kleibergen,
Kong and Zhan (2020), Anatolyev and Mikusheva (2018)). For linear asset pricing models, the
identification strength is reflected by the rank of Bg = (c,βg) (e.g. Kleibergen and Zhan (2020)).
The weak identification issues result from the empirical observation that the matrix Bg might
be of reduced rank or near reduced rank. For example, this can happen when some (proxy)
factors used in the estimation are weakly correlated with the asset returns. One way of modeling
these weak (proxy) factors is to consider a sequence of models (or a sequence of parameter
values) such that along the sequence, factor loadings are smaller and thus less informative for
identifying risk premia. For example, suppose the βg matrix is small, modeled by a drifting to
zero sequence of order O(1/

√
T ), then the sampling errors in the first stage estimator �βg, which

are of the same order, are no longer negligible. These non-negligible sampling errors lead to the
asymptotic invalidity of the FM estimator under weak (proxy) factors.

Following the same reasoning, the asymptotic justification for the estimator �θG fails when
qg is small and comparable to its sampling error (see Theorem 2.B.2). Since qg = βgVg with
Vg =Egtg�t , we model weak (proxy) factors using drifting to zero risk exposures (see Assumption
2.2.3) to mimic the behavior of a small qg, which is in line with the literature on weak factors
(e.g. Kleibergen (2009)).

2. The missing factor structure. Omitted factors have received attention in recent studies
(e.g., Kleibergen and Zhan (2015), Giglio and Xiu (2017), Anatolyev and Mikusheva (2018)).
When we work with observed factors gt in a latent factor setting, equation (2.4) suggests that the
omitted factors vt contribute to the error term ug,t , and we also allow that unobserved factors
explain most of the cross-sectional dependence in ug,t . Similar to the discussion of the FM
two-pass risk premia estimator in Anatolyev and Mikusheva (2018) , the missing factor structure
could exacerbate the problem caused by the weak (proxy) factors and enlarge the bias in the
estimator �θg (see Theorem 2.B.2), as the presence of an unobserved (missing) factor structure in
the error terms creates the classical omitted-variables problem in the second step regression of
the �θg estimator when some (proxy) factors are weak.

Therefore, the HJ statistic may use an estimate that is potentially far away from the true
value, and thus selection and inference based on the HJ statistic can be misleading. Before we
continue to verify this, we make two assumptions.

Assumption 2.2.2. Suppose ut can be decomposed into two parts: a missing factor structure
with a Kz × 1 (Kz ≥ 0) vector of unobserved strong factors zt and weakly cross-sectional
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correlated noise et;

ut = γzt + et , (2.12)

where (i) et (with mean zero and bounded fourth moment supiEe4
it < L < ∞) is independent

from es,s �= t and gt � ,∀t �; (ii) denote Ωe = Eete�t , then limN,T tr(Ωe)/N = a > 0 and 0 < l <
liminfN,T λmin (Ωe) < limsupN,T λmax (Ωe) < L < ∞ with λmin(X) the smallest eigenvalues of

matrix X and λmax(X) the largest eigenvalues of matrix X; (iii) E
��� 1√

N ∑N
i=1

�
e2

it −Ee2
it
����

4
< L <

∞.

Assumption 2.2.3. Denote Qr = Ertr�t the second moment of rt , η =
�
ηBg ,γ

�
with ηBg =�

c,ηβg

�
,ηβg =

�
βg,1,

√
T βg,2

�
,βg,i = βdg,i, i = 1,2 being of dimension N×Kg,i, i = 1,2 (Kg,1+

Kg,2 = K,Kg,2 ≥ 0) and full column rank matrices. (i) for fixed N, we assume η �η is a (1+K +

Kz)× (1+K +Kz) positive definite matrix; (ii) as N,T approach to infinity, N−1η �η converges
to a (1+K +Kz)× (1+K +Kz) positive definite matrix.

Our framework involves the observed factors gt , and the omitted ones vt ,zt . They have factor
loadings βg,β ,γ respectively. Assumption 2.2.3 specifies the strengths of these factors. The
loadings, βg,2, of the Kg,2 proxy factors g2,t are modeled as drifting to zero sequences, so we
call g2,t weak proxy factors. We do not restrict the strength of the priced latent factors ft , and
allow for weak priced latent factors. This assumption resembles the factor loading assumption
in Anatolyev and Mikusheva (2018), but our risk exposure matrix (βg,β ,γ) is of reduced rank.

Assumption 2.2.2, which is similar to assumptions in Onatski (2012) and Anatolyev and
Mikusheva (2018), does not fully rule out the cross-sectional dependence in the idiosyncratic
error term et . This assumption allows the explanatory power of the cross-sectional variation in
et to be comparable to the weak proxy factors when N,T increase proportionally, and the weak
identification issue appears when the explanatory power of the proxy factors are roughly of the
same order as et . When the cross sectional size N is fixed, Assumptions 2.2.2.(ii)-(iii) imposed
on the noise term et hold naturally as long as Assumption 2.2.2.(i) holds and we can not really
distinguish weak and strong factors. In later parts of this chapter when N is fixed, we do not
make use of the assumptions imposed on et but only the independence assumption (Assumption
2.2.2.(i)). We assume that et is independent across periods which is consistent with the efficient
market hypothesis, and since empirical studies mostly use monthly or even less frequent data,
this is not an unrealistic assumption.

Lemma 2.2.1. Suppose Assumptions 2.2.1 and 2.B.1 hold, let T increase to infinity then

�Bg =d (c,βg)+ψBg/
√

T ,

where �Bg = qG,T �Q−1
G , �QG = ∑T

t=1 GtG�
t/T,ψBg =

�
ψc,ψβg,1 ,ψβg,2

�
and vec(ψBg) being zero-

mean normal random vectors.
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Proof: See Appendix 2.B.

Theorem 2.2.2. Suppose Assumptions 2.B.1 and 2.2.1-2.2.3 hold, let T increase to infinity with
fixed N, then the behavior of the HJ statistic is characterized by

T �δ 2
g →d �ψ �

BgM
Q
− 1

2
r

�
ηBg+

�
0

... ψβg,2

�� �ψBg ,

with �ψBg = ψBgQGθG.

Proof: See Appendix 2.B.

Theorem 2.2.2 is derived assuming that the linear model is correctly specified, and it suggests
that with strong factors, Kg,2 = 0, the weighted sum of χ2’s provides a reasonable approximation
(Corollary 2.2.1).

Corollary 2.2.1. Suppose Assumption 2.B.2 and the assumptions in Theorem 2.2.2 hold with
Kg,2 = 0, then

T �δ 2
g →d

N−K−1

∑
i=1

pixi,

with xi being independently χ2(1) distributed random variables and pi being the positive eigen-

values of the matrix �S 1
2

�
�Q−1

r − �Q−1
r qG,T

�
q�G,T

�Q−1
r qG,T

�−1
q�G,T

�Q−1
r

�
�S 1

2
�
.

Proof: This is a direct result of Theorem 2.2.2.

However, the conventional specification test procedure can be unreliable and suffer from
severe size distortion even in large samples due to the irregular distribution of the HJ statistic
(Corollary 2.2.2).

Corollary 2.2.2. Suppose the assumptions in Corollary 2.2.1 hold with 0 < Kg,2 ≤ K,

limsup
N

limsup
T

P
�

T �δg ≥ �c1−α
�
= 1,

where �c1−α is the conventional critical value derived from the distribution (2.11).

Proof: See Appendix 2.B.

Corollary 2.2.2 shows that under certain conditions the conventional specification test rejects
the model specification with probability converging to one even when the moment conditions
hold. Thus the conventional specification testing procedure based on the HJ statistic may mistake
the ”weak identification” resulting from the weak (proxy) factors for model misspecification,
and leads to over-rejection when models are correctly specified.
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2.2.3 Simulation exercises

We conduct simulation exercises to show that the HJ distance statistic as a model selection
criterion might favor the presence of useless factors, and the HJ specification test suffers from
severe size distortions.

In the first simulation exercise (Figures 2.2.1, 2.2.2), we calibrate the data generating process
to match the data set of monthly gross asset returns on 25 size and book to market sorted
portfolios from 1963 to 1998 and the three Fama French (FF) factors used by Lettau and
Ludvigson (2001b). The data is simulated in the following way: we simulate three proxy
factors gt ∼ NID(0,VF), three omitted factors vt ∼ NID(0.99VF) and three strong factors are
then generated by ft = 0.1∗gt + vt ,. VF is calibrated to the sample covariance of the FF factors.
We also generate three completely useless factors wt ∼ NID(0,VF). We then generate returns
via rt = ιN + βλ + β ft + ut , ut ∼ NID(0,Vu), where we set λ to be the sample risk premia
estimated via the FM two-pass estimator, β is the sample slope parameter between the assets
returns and FF factors, and Vu is the sample covariance of the residuals resulting from regressing
asset returns on a constant and FF factors from the data.

Figure 2.2.1 compares the density functions of the simulated HJ statistics evaluated with
various combinations of the factors gt , ft ,wt . For example, the black solid curve is drawn using
three strong factors ft , the black dashed curve is drawn with two strong factors f1t , f2t . Ideally,
the black solid curve should be the most left, since the model with three strong factors should be
most likely to be selected by the HJ statistic. However, comparing the red solid and black solid
curves shows that adding additional useless factors leads to a shift of the distribution to the left,
so it reduces the HJ statistic and leads to a ”preferred model”. The blue sold curve illustrates the
density function of the HJ statistic of the model with three weak proxy factors. By construction,
the moment conditions (2.6) are satisfied by the three weak proxy factors, and this model is
correctly specified. If we compare the blue solid curve with the blacked dashed one which is
constructed with only two strong factors, then the misspecified model with two strong factors
is more likely to be selected. These observations imply that the HJ statistic is not a satisfying
model selection tool.

The observations in Figure 2.2.1 show that values of the HJ statistic can not properly
distinguish between weakly identified models and misspecified models. This is what motivates
us to look further into the HJ specification test. Figure 2.2.2 compares two different approaches
for approximating the distribution of the HJ statistic: one uses the conventional weighted sum of
χ2’s, from which the critical values of the HJ statistic result, and another one uses the infeasible
distribution from Theorem 2.2.2. The left-hand side panels of Figure 2.2.2 use three strong
factors, while the right-hand side panels use three weak ones.

The upper panels of Figure 2.2.2 show that both approximations for the distribution of the
HJ statistic (the conventional weighted sum of χ2(1)s and the infeasible one from Theorem
2.2.2) are bad when T is small, and shift to the left compared with the density function of the
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Figure 2.2.1: Density functions of the HJ statistic: (1) black solid: three strong factors; (2) black
dashed: two strong factors; (3) black dotted: one strong factors; (4) blue solid: three weak proxy
factors; (5) red solid: three strong factors and one useless factor; (6) red dashed: two strong
factors and one useless factor; (7) red dotted: one strong factors and one useless factor; (8) red
dash-dotted:one strong factors and two useless factors

HJ statistic. This observation is consistent with the one in Ahn and Gadarowski (2004) that
the HJ specification test over-rejects correct model specifications in small samples. With a
limited number of observation periods, not only sampling errors in the qG estimators need to
be taken into account but also those of other estimators such as the covariance estimator �S (e.g.
Kleibergen and Zhan (2020), Kleibergen, Kong and Zhan (2020)). The infeasible distribution
improves slightly by taking into account the sampling errors in the qG estimators. When T is
large, the randomness in the covariance estimators becomes small, but the sampling errors in
qG,T still matter when proxy factors are weak. As shown in the lower panels of Figure 2.2.2,
with a larger sample size the conventional approximation works fine when factors are strong but
not when weak proxy factors are present. With weak proxy factors, the distribution of the HJ
statistic is not properly approximated by the weighted sum of χ2’s even in large samples, and
the HJ specification test is still likely to over-reject models when moment conditions do hold
(Corollary 2.2.2).

Our second simulation exercise considers a simple single factor model in order to further
illustrate the size distortion of the HJ specification test. We calibrated parameters to the data
set from Kroencke (2017). We simulate the proxy factor gt ∼ NID(0,Vf /4), the omitted factor
vt ∼ NID(0,V f f −dg ∗ (Vf /4)∗d�

g), the latent factor ft = dggt + vt and thus the variance of the
ft remain unchanged to different values of the dg. We calibrate Vf to match the sample variance
of the consumption growth factor from the data. The factor proposed in Kroencke (2017) has
been shown to be weak (e.g. Kleibergen and Zhan (2020)). Therefore, we choose β equal to
10�β with �β the sample regression parameter from Kroencke (2017), and thus rt is generated
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Figure 2.2.2: Density functions of the HJ statistic (red solid curve), weighted sum of χ2’s
approximation (blue solid curves), asymptotic distribution based on Theory 2.2.2 (dot-dashed
curve). Top left-hand side panel: N = 25,T = 100, three strong factors ft ; top right-hand side
panel: N = 25,T = 100, three weak factors gt ; bottom left-hand side panel: N = 25,T = 1000,
three strong factors ft ; bottom right-hand side panel: N = 25,T = 1000, three weak factors gt .

with one single strong factor ft via rt = ιN +βλ +β ft +ut , ut ∼ NID(0,Vu), where we match
λ to the estimated risk premium from Kroencke (2017). We arbitrarily choose dg = 1.9;0.9 to
mimic a strong and weak proxy factor.

Figure 2.2.2 plots simulation results with 25 asset returns (N = 25), while suggested by
Corollary 2.2.2 larger number of asset returns may exaggerate the size distortion. Table 2.2.1
shows that the HJ specification tests have poor finite sample performances, size distortions
increase with the number of assets and with relative weak proxy factors the distortion is more
severe.

β N = 5 N = 10 N = 15 N = 31

T=100, dg = 1.9 0.5032 0.8824 0.9711 0.9992
T=10000, dg = 1.9 0.1210 0.1486 0.2298 0.2238

T=100, dg = 0.9 0.7132 0.9330 0.9814 1
T=10000, dg = 0.9 0.5174 0.8906 0.8834 0.9978

Table 2.2.1: Rejection frequency table under the null (at 0.05 significance level) via the HJ
specification test with critical values calculated from the weighted sum of χ2’s
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2.3 Specification test with limited N: HJS

As in previous discussions, the HJ specification test can not provide valid inference when
weak (proxy) factors are present, and this is because the HJ specification test procedure ignores
some non-negligible sampling errors in the estimates of parameters that can not be properly
identified in the presence of weak identification issues. In this section, we suggest a numerically
simple and identification robust test procedure which replaces the estimates of these parameters
with potential identification issues by those lying in a robust confidence set. This approach is
related to the widely studied weak instrument problem, where confidence sets with asymptoti-
cally correct coverage can be constructed for parameters with potential identification issues (e.g.
Kleibergen (2005), Mikusheva (2010)).

2.3.1 HJS specification test

Our proposed HJS specification test procedure is conducted in three steps:
Step (1): Construct an identification robust confidence set, CSr,α1 , for θG by inverting an
Anderson-Rubin (AR) type test statistic (e.g., Kleibergen (2009), Gospodinov, Kan and Robotti
(2017)):

CSr,α1 = {θ ∈ Θ : AR(θ)≤ c1−α1} ; AR(θ) = TeT (θ)�S−1
T (θ)eT (θ). (2.13)

with c1−α1 the 100(1−α1)% percentile of the χ2(N) distribution.
Step (2): Compute the HJS statistic:

�δ ∗
g = inf

θ∈CSr,α1

δg,T (θ), (2.14)

with δg,T = (θ)eg,T (θG)� �Q−1
r eg,T (θG). To complete the definition of the HJS statistic we set

�δ ∗
g = ∞ when the confidence set CSr,α1 is empty.

Step (3): This test would then reject the null hypothesis that moment conditions (2.6) hold if

T �δ ∗
g > c∗1−α ,

and the critical value is:

c∗1−α = sup
θ∈CSr,α1

c∗1−α2
(θ), (2.15)

where c∗1−α(θ) is the 100(1−α1)% percentile of the weighted sum of N χ2(1) random variables

with weights being the non-zero eigenvalues of S
1
2
T (θ) �Q−1

r S
1
2
�

T (θ), α1, α2 are chosen such that
α1 > 0, α2 > 0 and (1−α1)(1−α2) = 1−α with α the overall significance level.

Our HJS specification test procedure combines a less powerful but robust statistic (AR) with
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a non-robust one (HJ) to incorporate the model identification strength in our testing procedure,
and in later discussion we show that this test improves performance in size (compared with the
HJ test) and power (compared with the J test).

Before we proceed to show the size and power performances of the HJS specification test
(Theory 2.3.2 and Theory 2.3.3 ), we first discuss the properties of the robust confidence set
CSr,α . Kleibergen and Zhan (2020) study a similar robust risk premia confidence set using the
GRS-FAR statistic. They show that this kind of set can be unbounded in certain cases. Therefore,
for practical reason, we restrict the parameter space Θ to be a compact set (Assumption 2.2.1),
of which the robust confidence set is a subset. By construction, when the model is strongly
identified we would expect the confidence set to shrink to a point as sample size grows, and when
the model is weakly identified or even unidentified the diameter of this set can be arbitrarily
large.

Lemma 2.3.1. Suppose the assumptions in Corollary 2.2.1 hold, then

liminf
T

P(θG ∈CSr,α)≥ 1−α.

Proof: See Appendix 2.B.

Lemma 2.3.1 implies that the confidence set covers the true value with the requested
probability asymptotically even in the presence of weak (proxy) factors, which is essential for
the correct size performance of the HJS test. This result holds under more general cases, for
example it holds even when the model is not identified, and this correct coverage probability
of the confidence set directly results from the correct size of the identification robust AR test
statistic.

Theorem 2.3.2. Suppose the assumptions in Lemma 2.3.1 hold,

limsup
T

P
�

T �δ ∗
g ≥ c∗1−α

�
≤ α.

Proof: See Appendix 2.B.

Theorem 2.3.2 shows that c∗1−α provides a upper bound for the HJS statistic, which is
also a upper bound for the HJ statistic as the HJ statistic is smaller than the HJS statistic by
construction, and that the HJS specification test is size correct in the presence of weak (proxy)
factors. The proof of it implies that the size property of the HJS specification test is a direct
result of Lemma 2.3.1, and given that the lemma holds for more general conditions, we know
that the HJS specification test can be extended to more general cases as well. Theorem 2.3.2 also
implies that the HJS specification test is conservative, which is understandable as we use the
infimum to construct the HJS statistic instead of the supremum. However given the diameter of
the robust confidence set can be arbitrarily large, using the supremum can lead to size distortion
(see Example 2.B.1).
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Even though it is conservative, the HJS specification test has better power performance
compared with another well-know specification test, the J specification test. The J specification
test statistic is also constructed based on the AR statistic such that

J = inf
θ

AR(θ).

Gospodinov, Kan and Robotti (2017) show that the J specification test is size correct in the
presence of spurious/useless factors, which means qG is of reduced rank and the model is not
identified, but it has a complete power loss in such cases. We extend their results to weakly
identified models. Theory 2.3.3 shows that in both unidentified and weakly identified models,
the J specification test suffers from power loss, while our HJS test still maintains proper power
performance.

Theorem 2.3.3. Suppose Assumptions 2.B.1, 2.2.1, 2.2.2 hold, but instead of the correct proxy
factors gt , proxy factors �gt are used such that �gt is a �K×1 vector,

��ιN −q �Gθ �G
��> a> 0,∀θ �G ∈Θ

with q �G = E(rt �G�
t), �Gt = (1,�gt) and the model is misspecified. In addition, assume that the

ψBg, when we replace Gt with �Gt, in Lemma 2.2.1 satisfies that ψBg ∼ N(0,Q �G ⊗ Σ) with
Q �G = E( �Gt �G�

t) and Σ the covariance matrix of �ug,t . Let H =
�
ιN ,q �G

�
.

(i) (Gospodinov, Kan and Robotti (2017), Theorem 2, unidentified model under misspecifica-
tion) Suppose H has a column rank K +1− k for an integer k ≥ 1, then we have

J �d wk,i,

where wk,i is the smallest eigenvalue of Wk ∼Wk (N −K −1+ k, Ik) and Wk (N −K −1+ k, Ik)

denotes the Wishart distribution with N −K − 1+ k degrees of freedom and a scaling
matrix Ik. Furthermore,

limsup
T

P
�
J ≥ cχ2

N−K ,1−α

�
≤ α,

liminf
T
P
�

T �δ ∗
g ≥ c∗1−α

�
= 1,

with cχ2
N−K ,1−α the 1−α quantile of χ2

N−K.

(ii) (weakly identified model under misspecification) Suppose (HQx)� ∗ (HQx) with Qx =

diag(IK+1−k,
√

T Ik) converges to a positive definite matrix, then we have

J →d wk,ii,

where wk,ii is the smallest eigenvalue of Wk ∼Wk (µ,N −K −1+ k, Ik) and Wk (µ,N −K −1+ k, Ik)

denotes the non-central Wishart distribution with N −K −1+ k degrees of freedom and a
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scaling matrix Ik, a location parameter µ (µ is specified in the proof). Furthermore,

liminf
T
P
�
J ≥ cχ2

N−K ,1−α

�
< 1,

liminf
T
P
�

T �δ ∗
g ≥ c∗1−α

�
= 1,

with cχ2
N−K ,1−α the 1−α quantile of χ2

N−K.

Proof: See Appendix 2.B.

2.3.2 Simulation exercises

In this section, we conduct a simple simulation exercise with a single-factor model to
evaluate the empirical rejection rates (the size and power performance) of our proposed HJS
specification test. We calibrate the data generating process in our simulations to match the
data set from Kroencke (2017). We simulate the factor ft ∼ i.i.d. N(0,Vf ), where we set Vf to
match the sample variance of the consumption growth factor. rt is generated with one factor ft
via rt = ιN +βλ +β⊥d +βdg ft +ut , ut ∼ NID(0,Vu), where we match λ to the estimated risk
premium, β is the sample slope parameter between the assets returns and consumption growth
factor, and Vu is the sample covariance of the residuals resulting from regressing asset returns
on a constant and the consumption growth factor. β⊥ is a vector which is orthogonal to ιN ,β
and

��√T β⊥
��= 1. We set T = 100. We use dg to tune the identification strength of the factors

in our simulation exercise where a larger dg means a stronger factor, and d to tune the model
misspecification level where a lager d means a larger deviation from the moment conditions
(2.6) for our simulated data.

For the size performance comparison, we set d = 0 and thus moment conditions (2.6) hold
for our simulated data. Figure 2.3.1 shows that the HJ specification test is highly size distorted
and the distortion only drops down slightly when we increase the identification strength of the
factor, while the HJS specification test has a better finite sample behavior and remains size
correct.

For the power performance comparison, we set dg = 0 which means ft only serves as a
spurious factor. Figure 2.3.2 shows that the rejection frequency of the HJS specification test
increases much faster compared with the one of the J specification test when the level of model
misspecification (d) increases. The rejection frequency of the J specification test remains
relatively small even when the HJS specification test rejection frequency is close to one, and this
implies the HJS specification test has better power performance.

These observations support our theory and show that the HJS specification test has good
performance in both size and power.
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Figure 2.3.1: Size against strength of the factor (dg): rejection frequency of the HJ specification
test (red) and rejection frequency of the HJS specification test (black)

Figure 2.3.2: Power against the level of the model misspecificaion (d) with single spurious
factor (dg = 0): rejection frequency of the HJ specification test (red), rejection frequency of the
HJS specification test (black) and rejection frequency of the J specification test (blue)
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2.4 Specification testing with large N: HJN

In the previous section, we construct the HJS statistic using a robust confidence set of θG

since it is only weakly identified with a limited number of asset returns. The HJS specification
testing procedure involves optimization steps, which is commonly done in practice through a
grid search procedure. In this section, we provide another novel valid specification test statistic,
the HJN statistic, which does not involve any time consuming optimization procedure. The
construction of the HJN statistic uses a consistent θG estimator, and thus we first introduce our
θG estimator and then the HJN statistic.

2.4.1 Four-pass estimator

When we work within a double-asymptotic framework such that both the number of time
periods and the number of asset returns grow, weak (proxy) factors do not necessarily lead to a
weak identification problem (Anatolyev and Mikusheva (2018)), which is similar to the case
of many weak instruments that information about some parameters though limited, aggregates
slowly. Even though �θG is not consistent (Theory 2.B.2), another consistent estimator for θG

can be constructed. With an extended number of asset returns, we can estimate θG consistently
by removing the missing factor structure via PCA and using an IV-type technique to correct for
the remaining issues. The consistent estimator gives another way to construct a statistic for the
HJ distance, based on which we propose a novel specification test statistic, our HJN statistic. In
the following, we first introduce our four-pass θG estimator with the extended number of asset
returns, and thereafter provide the motivation for this four-pass procedure.

We propose the following steps to estimate θG with N base portfolios of gross returns rt :
Step (1): Estimate �c, �βg in the linear observed-(proxy)-factor model (2.4) via OLS with N base
portfolios of returns.
Step (2): Determine the omitted factor structure using the following two steps:

(2.1) Determine the number of factors, Kvz, in �ug,t = rt −�c− �βgḡt by

�Kvz = arg min
0≤ j≤Kvz,max

�
N−1T−1λ j

�
�ug�u�g

�
+ jφ(N,T )

�
−1,

where λ j(A) is the j-th largest eigenvalue of a given matrix A, �ug is T ×N matrix stacked with
the OLS residuals �ug,t , Kvz,max is an arbitrary upper bound for Kvz and φ(N,T ) is a penalty
function with the properties φ(N,T )→ 0,φ(N,T )/(N− 1

2 +T− 1
2 )→ ∞ (e.g., in later simulation

exercise and empirical application we simply choose φ(N,T ) = N− 1
4 +T− 1

4 );
(2.2): Estimate the T ×N common component matrix cc = xb� stacked with the common

components cct , �cc = �x�b, such that �x is equal to
√

T times the eigenvector associated with the
�Kvz largest eigenvalues of the matrix �ug�u�g, and �b = �x��ug/T corresponds with the OLS estimator
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regressing �ug on �x:

�
�x,�b

�
= arg min

bi,xt s.t. ∑T
t=1 xtx�t/T=I�Kvz

∑
i,t

�
�ug,it −b�ixt

�2
.

Step (3): Split the sample into two non-overlapping subsamples along the time index and remove
the missing factor structure from the regressors in the SDF of both subsamples

�q(i)G,T = q(i)G,T − �cc(i)
�

G,T , i = 1,2,

where

q(1)G,T =
1

�T
2 �

� T
2 �

∑
t=1

rtG�
t , q(1)G,T =

1
T −�T

2 �

T

∑
t=� T

2 �+1

rtG�
t ,

�cc(2)G,T =
1

�T
2 �

� T
2 �

∑
t=1

�cctG�
t , �cc(2)G,T =

1
T −�T

2 �

T

∑
t=� T

2 �+1

�cctG�
t .

Step (4): We then use IV regression to derive two estimators, �θ (i)
G , i = 1,2, where we use �q(1)G,T

as instrument for �q(2)G,T and vice versa. Thereafter, our proposed four-pass estimator is derived by
taking the average of both estimators:

�θG =
2

∑
i=1

�θ (i)
G /2,

with �θ (1)
G =

�
�q(1)

�

G,T P�q(2)G,T
�q(1)G,T

�−1
�q(1)

�

G,T P�q(2)G,T
ιN and �θ (2)

G =

�
�q(2)

�

G,T P�q(1)G,T
�q(2)G,T

�−1
�q(2)

�

G,T P�q(1)G,T
ιN .

Our estimation approach for θG resolves the problems of the missing factor structure and
the weak (proxy) factors simultaneously. We make use of the results from Bai and Ng (2002),
Bai (2003) and Giglio and Xiu (2017) in step (2) to recover the common components in the
error terms using principal component analysis, and we use the instrumental variable idea
applied for the factor models, which is used in Anatolyev and Mikusheva (2018), in step (4) to
solve potential endogeneity issues. Compared with the estimator proposed in Anatolyev and
Mikusheva (2018), our proposed estimator relaxes the restrictions on the number of omitted
factors and the restrictions on the rank of the loadings of all the factors present in the model.

To illustrate why our proposed procedure is robust against weak (proxy) factors and a missing
factor structure, we start by comparing it with the conventional θG estimator. To do so, we first
rewrite equation (2.6) (ιN = EqG,T θG) as

ιN = qG,T θG − εqGθG,
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with εqG =
�
qG,T −EqG,T

�
which is correlated with qG,T . The term εqG vanishes asymptotically,

and so it is dominated by qG,T when all proxy factors are strong. The conventional estimator,
which results from regressing ιN on qG,T , is then valid in large samples, since εqG becomes
negligible. However, if some (proxy) factors are weak, some columns of qG,t are of the same
order as εqG , then there would be a classic endogeneity problem if we simply regress ιN on qG,T .

To solve the endogeneity problem, a valid instrument can be constructed in our framework
with a split-sample technique and this idea is also employed in Anatolyev and Mikusheva (2018).
Given the independence of the et from non-overlapping sub-samples, q(1)G,T can serve as an

instrument for q(2)G,T and vice versa when there is no missing factor structure (Kvz = 0) and this is
the starting point of our proposed procedure. When there is a missing factor structure with factors
that might be correlated across time, q(1)G,T is no longer a valid instrument for q(2)G,T . Therefore, we

use �q(i)G,T , i = 1,2 which results from removing the missing factor structure from q(i)G,T , i = 1,2.

By doing so, �q(1)G,T is asymptotically uncorrelated with �ε(2)qG , and is a valid instrument.
As shown in Theorem 2.4.1, our estimation procedure provides min{

√
T ,

√
N}-consistent

results for θG, of which a non-linear transformation leads to a consistent risk premia estimator
(Corollary 2.4.1).

Theorem 2.4.1. Suppose Assumptions 2.2.1 - 2.2.3, 2.C.1 - 2.C.9 hold, and N/T → c.

√
NT Q−1

Bg,T

�
�θG −θG

�
→ Op(1),

with QBg,T = diag(I1+Kg,1 ,
√

T I1+Kg,1).
3

Proof: See Appendix 2.C .

Corollary 2.4.1. Suppose the assumptions in Theorem 2.4.1 hold, then

√
NT Q−1

x

�
�λg −λg

�
→ Op(1),

with �λg =−Vgdiag(0K×1, IK)�θG/�θG,1.

Proof: This is a direct result of Theorem 2.4.1.

2.4.2 HJN specification test

Kleibergen and Zhan (2018) study risk premia on mimicking portfolios by projecting non-
traded factors on traded base portfolios, and then carry out identification robust tests using a set
of testing portfolios. We use a similar idea to construct the HJN specification test:

3 With some additional regular assumptions, we can construct �ΣθG such that �Σ1/2
θG

�
�θg −θG

�
→d N(0, I). See

Appendix 2.C.
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Step (1) Estimate θG from a set of N base portfolios rt of asset returns using our proposed
four-pass estimator �θG

Step (2) Estimate qG from a set of testing portfolios Rt of n asset returns and n is fixed such that
�qG = 1

T ∑T
t=1 RtG�

t

Step (3) The HJN statistic is
�δ 2

g = �e�T �Q−1
R �eT ,

with sample pricing errors �eT = ιn − �qG�θG, �QR = 1
T ∑T

t=1 RtR�
t .

Step (4) This test would reject the null hypothesis that moment conditions (2.6) hold if

T �δg > �c1−α ,

where �c1−α is the 1−α quantile of the weighted sum of N χ2(1) random variables with weights
being the positive eigenvalues of the matrix �S 1

2 ( �QR)−1�S 1
2
�
with �S a consistent estimator of the

long-run variance matrix of the sample pricing errors eT,R(θG) = ιn − �qGθG.

Remark: the HJN specification test does not require the base portfolios and testing portfolios to
be non-overlapping.

Corollary 2.4.2. Suppose the assumptions in Theorem 2.4.1 hold, then the limiting distribution
of T �δ 2

g is the same as the one of ∑n
i=1 pixi with xi being independently χ2(1) distributed random

variables and pi being the positive eigenvalues of the matrix �S 1
2 ( �QR)−1�S 1

2
�
with �S a consistent

estimator of the long-run variance matrix of the sample pricing errors eT,R(θG) (for example,
one may simple choose �S = 1

T ∑T
t=1 eg,t,R(�θG)eg,t,R(�θG)�,eg,t,R(θg) = ιN −RtG�

tθg).

Proof: See Appendix 2.C.

Theorem 2.4.2 shows that our HJN specification test is size correct even with weak (proxy)
factors.

Theorem 2.4.2. Suppose the assumptions in Theorem 2.4.1 hold,

limsup
T

P
�

T �δg ≥ �c1−α
�
= α

with �c1−α the 1−α quantile of the weighted sum of N χ2(1) random variables with being the
positive eigenvalues of the matrix �S 1

2 ( �QR)−1�S 1
2
�

with �S a consistent estimator of the long-run
variance matrix of the sample pricing errors eT,R(θG) (for example, one may simple choose
�S = 1

T ∑T
t=1 eg,t,R(�θG)eg,t,R(�θG)�,eg,t,R(θg) = ιN −RtG�

tθg).

Proof: This is a direct result from Corollary 2.4.2.
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2.4.3 Simulation exercise and empirical application

Similar to section 2.3.2, we again evaluate the empirical rejection rates of our HJS specifica-
tion test via simulation exercises.

We calibrate to the data set used in Anatolyev and Mikusheva (2018): the monthly returns on
100 Fama-French portfolios sorted by size and book-to-market and three Fama-French factors
(gt). From the portfolio returns we obtain the first four principal components (PC), and we
regard the first three PCs as priced latent common factors, ft , and the fourth one as the omitted
factor, zt . With normalization ( f ,z)� ( f ,z)/T = I4, we set the variance of these factors to be 1.
We regress demeaned returns on ft ,zt for their risk exposures, and calculate the sample mean
µβγ and the sample variance Vβγ of the risk exposures. We compute the sample variance σ2

e IN

of the residuals after regressing returns on ft ,zt . To maintain the relation between observed
factors gt and PCs ft , we regress ft on the three Fama French factors to obtain the slope dg and
residual covariance matrix Vv, and dg captures the quality of the proxy factors.

We then simulate our data in the following way. In the first step we simulate observed
factors from NID(0, I3) and latent factors ft are generated by Adggt +vt with vt simulated as i.i.d
N
�
0,(I −A)dgd�

g(I −A)+Vv
�
. A is a diagonal matrix which we use to adjust the strengths of

our (proxy) factors, and we set A = diag(I2,dα) in our simulations with dα tuning the strength of
the simulated factors. As for the corresponding risk exposures, we use (β �

i ,γ �i )� ∼ NID(µβγ ,Vβγ).
Then in the end, we generate rt = ιN +β⊥d+βλ +β ft +γzt +et , et ∼ NID(0,σ2

e IN), where we
match λ to the estimated risk premia resulting from the data. β⊥ is a vector which is orthogonal
to ιN ,β and �β⊥�= 1. Similar to the previous simulation setting in Figure 2.3.2 we use d to
tune the model misspecification level and d = 0 when we simulate size curves.

In our simulations, we fix N = 100. For the HJN specification test we use all the simulate
100 asset gross returns to form the base portfolios and the first 25 to form the testing portfolios,
and we use the testing portfolios for the conventional HJ specification test.

Figure 2.4.1 compares the size curves of the HJ specification test and of the HJN specification
test. It shows that the HJ specification test is highly size distorted even when dα is large (left
hand side panel of Figure 2.4.1) and the size distortion increases when proxy factors become
weaker (smaller dα ), while the HJN specification test roughly remains size correct. Even with
relatively large number of time periods, the conventional HJ specification test still over-reject.
Observations from Figure 2.4.1 also seem to imply that our HJN specification test tends to
under-reject in finite samples, and to show it performs well when the model is misspecified we
also simulate power curves in Figure 2.4.2.

Figure 2.4.2 shows power curves of the HJ specification test and the HJN specification test
respectively. The left hand side panel of Figure 2.4.2 uses dα = 0.5 to mimic one weak proxy
factor, while all proxy factors in the right hand side panel are strong with a larger value of dα .
Figure 2.4.2 shows that the HJN specification test has proper power performance regardless of
the presence of weak (proxy) factors, and rejection frequency increases faster when the proxy
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Figure 2.4.1: Size against strength of the factor (dα ): rejection frequency of the HJ specification
test (red) and rejection frequency of the HJN specification test (black). Left-hand side panel:
T=300; right-hand side panel: T=1000

factor is stronger.

2.5 Empirical application

We apply our proposed test procedures on the data set of monthly returns on 100 Fama-
French portfolios sorted by size and book-to-market, the three Fama-French factors and the
momentum factor4.

An intuitive measure for the factor structure in asset returns is total variation of the asset
returns explained by the principal components5 (Kleibergen and Zhan (2015)). We construct the
spectral decomposition of the sample covariance matrix of the 100 portfolio returns, and denote
λ1 > λ2 > · · · the characteristic roots (or eigenvalues of the PCs of asset returns) in descending
order. We use the characteristic roots ratios (CRRs) λi/

�
∑ j λ j

�
, i = 1,2,3,4, which represent

the total variation of the portfolio returns explained by the first four PCs respectively, to check
4 Data are from https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data library.html.
5 This corresponds with the nuclear norm of the demeaned asset returns
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Figure 2.4.2: Power against the level of the model misspecificaion (d): rejection frequency
of the HJ specification test (red) and rejection frequency of the HJS specification test (black).
Left-hand side panel: with one weak proxy factor dα = 0.5; Right-hand side panel: with strong
factors dα =

√
10.

the factor structure of portfolio returns (see Figures 2.5.1 and 2.5.3).
Figures 2.5.1 and 2.5.3 also report the p-values of specification tests (HJ and HJN) with

respect to a three-FF-factor model and a four-factor (adding the momentum) model from 1963-
09 to 2019-08 using rolling windows of 240 and 120 months respectively6. For the HJN
specification test we use all the 100 asset returns to form the base portfolios and the first 25 to
form the testing portfolios, and we use the testing portfolios for the conventional HJ specification
test. They also report measures for the presence of a factor structure in the asset returns:
the fraction of the total variation of the portfolio returns that is explained by their principal
components.

Figures 2.5.1 shows that when comparing nested models, the HJ test can produce counter-
intuitive results by rejecting a four-factor model but not the reduced three-factor model (see
points near the coordinate ’2015-01’). This is an unfortunate outcome since the four-factor
model apparently embeds the three-factor model and if the four-factor model is rejected we

6 We first choose the window size of 240 months in Figure 2.5.1, because our simulations suggest sample size
around 300 seems to be enough for carrying out our tests properly.
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would expect the three-factor model to be rejected as well. We attribute this strange behavior to
the momentum factor having only weak correlation with the returns and thus inducing a larger
rejection rate of the HJ test, while our HJN specification test does not have such problem.

The HJN specification test also captures changes in the factor structure of asset returns in a
more sensible way compared with the HJ test. As shown in Figure 2.5.1, when CRRs vary in
different time periods (e.g., the total variation of the portfolio returns is mostly explained by the
first PC for points near the coordinate ’2000-01’ while the other PCs only account for a much
lower percentage of the variation), the HJN specification tests reflect the changes in the factor
structure of asset returns with variations in p-values of tests of a four-factor model, while the HJ
specification tests reject both three-factor and four-factor models for most time periods and is
not informative for the factor structure of asset returns.

Both of the HJ and the HJN tests in Figure 2.5.1 seem to have larger p values near the
coordinate ’2015-01’ while the patterns of characteristic roots ((a) and (b)) seem to be rather
stable. This is because a 240-month window size is a bit too long, and some changes in the
factor structure might be averaged out and thus not detected by CRRs. We choose a smaller
rolling window size (120 months) in Figure 2.5.3, and it shows the change in the factor structure
(Figure 2.5.3.(a)) after the coordinate ’2010-01’. Similar to what we observe in Figure 2.5.1,
Figure 2.5.3 also shows our HJN specification test respond to the factor structure in the asset
returns in a more informative way, while the HJ tests only report small p values for most time
periods for both three- and four-factor models.
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We observe in Figures 2.5.1 and 2.5.3 that the HJN specification tests in some rolling win-
dows do not reject a four-factor model. To further study this observation, Table 2.5.1 reports
results based on the data from 1977-08 to 2019-08. We see in Table 2.5.1 that both the HJ
and HJN specification tests reject the three-factor model, and while the HJ specification test
rejects the four-factor model, the HJN specification test does not reject it. Our HJS specification
test seems to be a bit conservative and does not reject both models in this application. The
estimates for the four-factor model using our proposed approach indicate a larger change in
values corresponding to the momentum factor, and this might result from the momentum factor
being weak. Our specification tests support a four-factor model for Fama French portfolios, and
observations show that the momentum factor might only serve as a weak proxy factor which can
explain the difference between the HJ and the HJN specification test results and the differences
in estimated parameter values.

HJ(p-val) HJN(p-val) HJS(rejected)

n=25

Three factor 0.000 0.000 No

Four factor 0.000 0.0694 No

Table 2.5.1: Tests of specification using monthly returns on 100 portfolios sorted by size and
book-to-market and the three Fama-French factors and the momentum factor from 1977-08 to
2019-08

2.6 Conclusions

We show that the HJ statistic is not a valid model selection tool and model specification test
statistic when weak (proxy) factors are present. We propose two novel approaches that provide
size-correct model specification tests, alongside with which we also propose novel weak (proxy)
factors robust risk premia estimators. Our empirical application supports a four factor structure
for Fama French portfolios despite that the momentum factor is a weak proxy factor.
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Appendix 2.A Additional figures and tables

This section provides additional figures and tables. Mainly, we provide more results for our empirical
application in Section 2.5, and further illustrate how the conventional tests may fail in some empirically relevant
settings.

Figure 2.A.1 illustrates the density function of the HJS statistic under same settings as in Figure 2.2.1. We use
our previous simulation experiment calibrated to data from Lettau and Ludvigson (2001b) to illustrate properties
of the HJS statistic. The black dotted curve in Figure 2.A.1 suggests the value of the HJS statistic could be small
when the model is not correctly specified. These smaller values are due to much smaller confidence sets CSr when
model is not correctly specified. Therefore, using the HJS statistic as a model selection tool may not be a good idea
even though it provides size correct specification test.

Figures 2.A.2 and 2.A.3 follow the same settings as in Figures 2.5.1 and 2.5.3, and they provide additional
results by adding the p-values of the rank test (Kleibergen and Paap (2006)) of qG (the rank of qG reflects the
identification strength of the model, e.g., Kleibergen and Zhan (2020), Kleibergen, Kong and Zhan (2020), as it
shows whether the sample pricing errors vary enough as a function of θ ), and the p-values of the J specification
test.

Figures 2.A.2 and 2.A.3 show that the J specification tests tend to give larger p-values, and thus it is less
informative. When we use 10-year window size (Figure 2.A.3) instead of the 20-year window size (Figure 2.A.2),
the p-values of the rank test increase and the lack of identification strength also increases the p-values of the J test.
For points near the coordinate ’1990-01’ in Figure 2.A.3, the rank test can not reject that the qG is of reduced rank
(lack of identification strength), and the corresponding J -test p-values increase while the HJ tests tend to have
larger p-values for testing the reduced three-factor model than the four-factor model. In short, in the presence of
weak (proxy) factors, both well-know test statistics can not provide satisfying inference results.

Tables 2.A.2 and 2.A.1 follow the same settings as in Table 2.5.1 and reports additional results: tests with
different value of n and parameter estimates. If n is getting too large, the HJN test also suffers from finite sample
issues and tends to have smaller p-values, as its validity requires n/N → 0. We leave the construction of a
high-dimensional robust test statistic for further study.

HJ(p-val) HJN(p-val) HJS(rejected)

n=30

Three factor 0.000 0.000 No

Four factor 0.000 0.054 No

n=35

Three factor 0.000 0.000 No

Four factor 0.000 0.027 No

n=40

Three factor 0.000 0.000 No

Four factor 0.000 0.026 No

Table 2.A.1: Tests of specification using monthly returns on 100 portfolios sorted by size and book-to-market
and the three Fama-French factors and the momentum factor from 1977-08 to 2019-08
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Market SMB HML MOM

(1)

�θG 0.0480 -0.0013 -0.0127 −
�θG 0.3081 -0.1296 0.1370 −
�λg -5.2108 0.4037 -0.0347 −
�λg -5.4740 0.3250 -0.2261 −

(2)

�θG 0.0472 0.0174 -0.0172 0.0240
�θG 0.1146 -0.4108 0.2233 -0.8945
�λg -3.7893 0.6822 -0.3995 1.5882
�λg -2.8368 0.9104 -0.6567 3.6223

Table 2.A.2: Estimates with Fama-French factors and the momentum factor using monthly returns on 100
portfolios sorted by size and book-to-market from 1977-08 to 2019-08

Figure 2.A.1: Densities of the HJS statistic: (1) black solid: three strong factors; (2) black dashed: two strong
factors; (3) black dotted: one strong factors; (4) blue solid: three weak proxy factors; (5) red solid: three strong
factors and one useless factor; (6) red dashed: two strong factors and one useless factor; (7) red dotted: one strong
factors and one useless factor; (8) red dash-dotted:one strong factors and two useless factors
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Appendix 2.B Proofs related to sections 2.2 and 2.3

Appendices 2.B and 2.C use λ j(A) to denote the jth largest eigenvalue of a given matrix A, λmin(A),λmax(A)
the minimum and the maximum eigenvalues. With A = (ai j), multiple matrix norms are denoted as �A� =�

λmax(A�A),�A�1 = max j ∑i |ai j|,�A�∞ = maxi ∑ j |ai j|,�A�F =
�

tr(A�A),�A�max = maxi, j |ai j|.

Assumption 2.B.1. The following asymptotic distributions hold jointly: (ξg,T ,ξgg,T ,ξvG,T ,ξzG,T ,ξeG,T ,) →d

(ξg,ξV ,ξvG,ξzG,ξeG), where ξg,T = 1√
T

�
∑T

t=1 gt −µg
�
, ξgg,T = 1√

T ∑T
t=1 ḡt ḡ�t , ξvG,T = 1√

T ∑T
t=1 vtG�

t ,ξzG,T = 1√
T ∑T

t=1 ztG�
t ,

ξeG,T = 1√
T ∑T

t=1 etG�
t , and ξg, vec(ξvG),vec(ξzG), vec(ξeG) are zero-mean normal random vectors, ξV is a Gaus-

sian random matrix.

Assumption 2.B.1 is a central limit theorem for the different components in equation (2.4) interacted with a
constant and the proxy factors. Some of the statements such as ξg,T →d ξg would hold if proxy factors are stationary
with finite fourth moments and satisfy some strong mixing conditions (see e.g. Peligrad, Utev et al. (2006)). We
specify a relatively strong assumption here instead of dealing with heavy technical details, but our results can be
extended to general cases.

Proof of Lemma 2.2.1. Assumption 2.2.1 implies rt = c+βgḡt +βg (ḡ−µg)+βvt +ut then

�Bg =
T

∑
i=1

riG�
i

�
T

∑
t=1

GtG�
t

�−1

=
T

∑
i=1

(c+βgḡt +βg (ḡ−µg)+βvt +ut)G�
i

�
T

∑
t=1

GtG�
t

�−1

.

=(c,βg)+
1√
T
(βgξg,T ,0)+

1√
T
(β ,γ)ξvzG,T �Q−1

G +
1√
T

ξeG,T �Q−1
G

The conclusion is then a direct result from Assumption 2.B.1.

Proof of Theorem 2.2.2. Assumption 2.2.1 and 2.B.1 imply that

�Qr = Qr +Op(1/
√

T ), (2.16)

ιN = BgQGθG. (2.17)

Rewrite T �δ 2
g as

√
T
�

ιN − �BgQGθG

��
W
√

T
�

ιN − �BgQGθG

�
, (2.18)

where

W = ( �Q−1
r − �Q−1

r
�BgQBg,T (QBg,T

�B�
g
�Q−1

r
�BgQBg,T )

−1QBg,T
�B�

g
�Q−1

r ),

QBg,T = diag
�

I1+Kg,1 ,
√

T IKg,2

�
.

Lemma 2.2.1 and equation (2.17) imply that

√
T
�

ιN − �BgQGθG

�
→d �ψBg . (2.19)

Lemma 2.2.1 and Assumption 2.2.3 imply the following equation holds jointly with equation (2.19)

�BgQBg,T →d ηBg +

�
0

... ψβg,2

�
. (2.20)
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Plug equations (2.16)(2.19)(2.20) in equation (2.18), then we would derive the conclusion.

Lemma 2.B.1. Suppose Assumption 2.B.1 and 2.2.1-2.2.3 hold, let N,T increase and then the restrictions on et

from Assumption 2.2.2 (i)(ii)(iii) also hold for �et with �et = Q− 1
2

r et with Q− 1
2

r = AΛ− 1
2 A� such that Qr = AΛA� with

A�A = IN and we assume Q− 1
2

r is a row diagonally-dominant matrix7.

Proof of Lemma 2.B.1.
�et , t = 1, · · · ,T are i.i.d. mean zero random vectors with finite fourth moments by construction. Next we show
supiE�e4

it is bounded. Assumption 2.2.1 implies Qr = c�c+βVf β �+ γVzγ �+Ωe and thus we have the following
results by eigenvalue inequalities (see e.g. 7.3.P16 of Horn, Horn and Johnson (2013)):

λmax (Qr) = λmax
�
c�c+βVf β �+ γVzγ �+Ωe

�
≤ λmax

�
c�c+βVf β �+ γVzγ �

�
+L, (2.21)

λmin (Qr) = λmin
�
c�c+βVf β �+ γVzγ �+Ωe

�
≥ λmin

�
c�c+βVf β �+ γVzγ �

�
+ l = l. (2.22)

Then by the assumption that Q− 1
2

r is a row diagonally-dominant matrix we know any row sums of Q− 1
2

r would be
upper bounded by 2l−1/2 and thus supiEe4

it ≤ L implies that supiE�e4
it is bounded. Therefore, Assumption 2.2.2 (i)

holds.
The term c�c+βVf β �+γVzγ � in Qr is a positive semi-definite matrix and we can rewrite that term as AQr ΛQr A�

Qr

such that ΛQr is a diagonal matrix containing all positive eigenvalues of c�c+βVf β �+ γVzγ � and AQr are the
corresponding eigenvectors. Therefore, Qr = AQr ΛQr A�

Qr
+Ωe and thus

Q−1
r = Ω−1

e −Ω−1
e AQr

�
Λ−1

Qr
+A�

Qr Ω
−1
e AQr

�−1
A�

Qr Ω
−1
e , (2.23)

which then implies that

tr
�
EQ−1/2

r ete�tQ
−1/2
r

�
/N = tr

�
ΩeQ−1

r
�
/N = 1− tr

��
Λ−1

Qr
+A�

Qr Ω
−1
e AQr

�−1
�
/N.

From the fact that the eigenvalues of ΛQr explode by Assumption 2.2.3 and the eigenvalues of Ωe are bounded by

Assumption 2.2.2 , Courant-Fischer minimax principle implies tr
��

Λ−1
Qr

+A�
Qr

Ω−1
e AQr

�−1
�
/N → 0. Furthermore,

Assumption 2.2.2 and 2.2.3 imply that liminfN,T λmin

�
Q−1/2

r

�
and limsupN,T λmin

�
Q−1/2

r

�
are bounded, and thus

we also have

0 < l < lim inf
N,T

λmin

�
Q−1/2

r ΩeQ−1/2
r

�
< limsup

N,T
λmax

�
Q−1/2

r Ωe

�
Q−1/2

r < L < ∞.

Therefore, Assumption 2.2.2 (ii) holds for �et . As for Assumption 2.2.2 (iii), inequalities for the trace of matrix
product (e.g. Fang, Loparo and Feng (1994)) suggest

λmin
�
Q−1

r
�

tr
�
ete�t

�
−λmax

�
Q−1

r
�

tr
�
E
�
ete�t

��

≤tr
�
Q−1

r
�
ete�t −E

�
ete�t

���
≤ λmax

�
Q−1

r
�

tr
�
ete�t

�
−λmin

�
Q−1

r
�

tr
�
E
�
ete�t

��
,

which implies that E
��� 1√

N ∑N
i=1 (�eit�eis −E�eit�eis)

���
4
< L < ∞ given all eigenvalues of Q−1

r are bounded.

7 In the proof of this lemma we need that Q− 1
2

r has bounded absolute row sum. This is not a wild assumption if
we consider the Gershgoring-type eigenvalue inclusion theorem and all eigenvalues of Q−1/2

r are bounded.
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Theorem 2.B.2 illustrates how the weak (proxy) factors can affect the asymptotic properties of the estimator
�θG. This theorem resembles Theorem one from Anatolyev and Mikusheva (2018), and indeed we observe that the
asymptotic behavior of the estimator �θG is similar to the one of the two-pass FM risk premia analyzed in Anatolyev
and Mikusheva (2018).

Theorem 2.B.2.
Case (1): Suppose Assumption 2.B.1 and 2.2.1-2.2.3 hold, N is fixed and T increases to infinity:

√
T Q−1

Bg,T

�
�QG(�θG −θG)−biase −biasm

�
= Op(1),

where

biase =−
�
�B�

g
�Q−1

r
�Bg

�−1 �B�
g,e

�Q−1
r

�Bg,e �QGθG,

biasm =−
�
�B�

g
�Q−1

r
�Bg

�−1�
Bg + �Bg,m

�� �Q−1
r

�Bg,m �QGθG,

�Bg,e =
1√
T

ξeG,T �Q−1
G ; �Bg,m =

1√
T
(β ,γ)ξvzG,T �Q−1

G ; QBg,T = diag
�

I1+Kg,1 ,
√

T IKg,2

�
,

and

√
T Q−1

Bg,T biase =

�√
T biase,1,

biase,2

�
→d WQBg�e�Q−1

r �eQGθG,

√
T Q−1

Bg,T biasm =

�√
T biasm,1

biasm,2

�
→d W

��
I1+Kg

0

�
+ �ξ QBg

��

η �Q−1
r η �ξ QGθG,

W =−
��

η

��
I1+Kg

0

�
+ �ξ QBg

�
+�eQBg

��

Q−1
r

�
η

��
I1+Kg

0

�
+ �ξ QBg

�
+�eQBg

��−1

.

Case (2): Suppose Assumption 2.B.1 and 2.2.1-2.2.3 hold, let N, T increases to infinity N/T → c and Qr is a known
row diagonally-dominant matrix such that η �Q−1

r η/N → �D:

√
NT Q−1

Bg,T

�
�QG(�θG −θG,T )−biase −biasm

�
= Op(1),

where

θG,T = θG + �Q−1
G

�
�B�

gQ−1
r

�Bg

�−1 �B�
gQ−1

r

�
qG

�
�Q−1

G −Q−1
G

�
− 1√

T
(βgξg,T ,0)

�
�QGθG,

√
T Q−1

Bg,T
�QG (θG,T −θG) = Op(1),

√
T Q−1

Bg,T biase =

�√
T biase,1

biase,2

�
→d WQBg

�ΣeQGθG,

√
T Q−1

Bg,T biasm =

�√
T biasm,1

biasm,2

�
→d W

��
I1+Kg

0

�
+ �ξ QBg

��
�D�ξ QGθG,

W =−
���

I1+Kg

0

�
+ �ξ QBg

��
�D
��

I1+Kg

0

�
+ �ξ QBg

�
+QBg

�ΣeQBg

�−1

.

Proof of Theorem 2.B.2. Case (1): After simple algebra, we can express the term �QG

�
�θG −θ

�
−biase −biasm in
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the following way

�QG

�
�θG −θ

�
−biase −biasm =

�
�B�

g
�Q−1

r
�Bg

�−1
�
�B�

g
�Q−1

r

�
qG

�
�Q−1

G −Q−1
G

�
− 1√

T
(βgξg,T ,0)

�

−
�

1√
T
(βgξg,T ,0)+ �Bg,e

��
�Q−1

r
�Bg,m −

�
Bg +

1√
T
(βgξg,T ,0)+ �Bg,m

��
�Q−1

r
�Bg,e

�
�QGθG. (2.24)

From the proofs of Lemma 2.2.1 and Theorem 2.2.2 we have

�Bg = Bg +
1√
T
(βgξg,T ,0)+ �Bg,m + �Bg,e, (2.25)

�BgQBg,T =
�

c+Op(1/
√

T ),ηβg

�
+

�
1√
T
�eT +

1√
T

η �ξT

�
QBg,T . (2.26)

where �ξT =
√

T �Bg,m =





0 0
�

dgQβg

�−1
0

0 IKz



ξvzG,T �Q−1
G , �eT =

√
T �Bg,e = ξeG,T �Q−1

G ,�ξT →d
�ξ ,�eT →d �e,QBg,T/

√
T →

QBg = diag
�

01+Kg,1 , IKg,2

�
and �ξ ,�e are Gaussian random matrices. Equation (2.26) implies that

�BgQBg,T →d η

��
I1+Kg

0

�
+ �ξ QBg

�
+�eQBg . (2.27)

With the above intermediate results, we prove our statement for the term biase and the rests follow the same steps.
Assumption 2.B.1 implies that the above asymptotic results hold jointly and thus if we plug these into the equation
below we would derive the asymptotic distribution of the term biase

√
T Q−1

Bg,T biase =−
�
(�BgQBg,T )

� �Q−1
r (�BgQBg,T )

�−1
(�Bg,eQBg,T )

� �Q−1
r (

√
T �Bg,e) �QGθG. (2.28)

Case (2): Next we discuss the case where N,T both grows to infinity. We first show the following two results:

(2.1) T�e�T Q−1
r �eT/N →p Σ̃e, (2.29)

(2.2)
√

T�e�T Q−1
r η/N →p 0. (2.30)

To prove statement (2.1), let �et =Q− 1
2

r et and ρ(s, t)= 1√
N ∑N

i=1 �e�it�eis. By construction, Eρ2(s, t)= 1
N tr(Ω�eΩ�e)≤

λ 2
max(Ω�e) with Ω�e = E�et�e�t and thus Lemma 2.B.1 implies that Eρ2(s, t) is bounded. Assumption 2.2.1 (finite fourth

moments of proxy factors), Assumption 2.2.2 (i) and the bounded Eρ2(s, t) deliver the following inequality

E
�

1
T
√

N

N

∑
i=1

�
T

∑
t=1

T

∑
s �=t

GtmGsn�e�it�eis

��2

=E
�

1
T

�
T

∑
t=1

T

∑
s�=t

GtmGsnρ(s, t)

���
1
T

�
T

∑
t �=1

T

∑
s� �=t

Gt �mGs�nρ(s�, t �)

��

=E
�

1
T 2

�
T

∑
t=1

T

∑
s �=t

�
G2

tmG2
sn +GtmGsnGsmGtn

�
ρ2(s, t)

��
< L, (2.31)

which with Chebyshev’s inequality gives

1
T
√

N

N

∑
i=1

�
T

∑
t=1

T

∑
s �=t

GtG�
s�e�it�eis

�
= OP(1). (2.32)
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Finally we arrive at (2.1):

T�e�T Qr�eT/N = �Q−1
g

�
1

NT

T

∑
t=1

Gt�e�t�etG�
t

�
�Q−1

g +Op(1/
√

N) = Σ̃e +Op(1/
√

N), (2.33)

where the first equality is due to equation (2.32) and the last equality is guaranteed by Lemma 2.B.1.
Next, we prove the statement (2.2). We first look at the second moment

E




�����

1√
T

T

∑
t=1

Gte�tQ
−1
r η/

√
N

�����

2


≤ E
�

tr

�
1√
T

T

∑
t=1

Gt�e�tQ
−1/2
r η/

√
N

��
1√
T

T

∑
t=1

Gt�e�tQ
−1/2
r η/

√
N

���

=
1
T

T

∑
t=1

tr
�
E
�

Gt�e�tQ
−1/2
r ηη �Q−1/2

r �etG�
t

�
/N

�
≤ Ltr

�
Ω�eQ−1/2

r ηη �Q−1/2
r /N

�
≤ Lλmax (Ω�e)

���Q−1/2
r

���
2

1
(�η�2

F /N),

where the first inequality is because factors gt have finite fourth moments. The proof of Lemma 2.B.1 shows that

λmax (Ω�e) and
���Q−1/2

r

���
2

1
are bounded, Assumption 2.2.3 implies that �η�2

F /N is bounded. Therefore, we know

E




�����

1√
T

T

∑
t=1

Gte�tQ
−1
r η/

√
N

�����

2


≤ L < ∞, (2.34)

and thus (2.2) holds since
√

T�e�T Q−1
r η/N = 1√

N
Q−1

g

�
1√
T ∑T

t=1 Gte�tQ−1
r η/

√
N
�
=Op(1/

√
N). In the end, η �Q−1

r η/N →
�D and the result (2.2) imply the following term is of order Op(1) when N/T → c,

√
T√
N

QBg,T

�
−
�

1√
T
(βgξg,T ,0)+

1√
T
�eT

��
Q−1

r
1√
T
�ξT −

�
Bg +

1√
T
(βgξg,T ,0)+

1√
T
�ξT

��
Q−1

r
1√
T
�eT

�
= Op(1).

Assumption 2.B.2. Let eg,t(θG) = ιN − rtG�
tθG, and the restrictions on et from Assumption 2.2.2 (i)(ii)(iii) also

hold for eg,t(θG).

Proof of Corollary 2.2.2.
Theorem 2.2.2 suggest for given N, T �δ 2

g →d d1,N with d1,N = �ψ �
Bg

M
Q
− 1

2
r



ηBg+(0
...ψβg,2

)




�ψBg , �ψBg ∼ N(0,SBg)

and SBg = p limSBg,T ,SBg,T = 1
T ∑T

t=1 eg,t(θG)eg,t(θG)�. From the construction of the �c1−α , we know it is drawn from
the distribution of the d2,N =ψ �

SM
Q
− 1

2
r



ηBg+(0
...ψβg,2

)




ψS with ψS ∼N(0,S),S= p lim �S, �S= 1

T ∑T
t=1 eg,t(�θG)eg,t(�θG)�,�eg,t =

ιN −rtG�
t
�θG and ψS independent from ψBg . The proof of Theorem 2.B.2 suggest that �ψ �

Bg
P

Q
− 1

2
r



ηBg+(0
...ψβg,2

)




�ψBg =

Op(1) for any given N, and the same for the term ψ �
SP

Q
− 1

2
r



ηBg+(0
...ψβg,2

)




ψS. Now we look at the difference
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SBg,T −ST .

ST =
1
T

T

∑
t=1

�
ιN − rtG�

t

�
�θG −θG +θG

���
ιN − rtG�

t

�
�θG −θG +θG

���

=SBg,T +
1
T

T

∑
t=1

�
rtG�

t

�
�θG −θG

���
rtG�

t

�
�θG −θG

���

− 1
T

T

∑
t=1

�
rtG�

t

�
�θG −θG

��
e�g,t −

1
T

T

∑
t=1

eg,t

�
rtG�

t

�
�θG −θG

���
. (2.35)

Assumption 2.B.2 and proofs of Theorem 2.B.2 then suggest the last two terms be negligible in large samples, and
thus for fixed N when T is large ST ≈ SBg,T + 1

T ∑T
t=1

�
rtG�

t

�
�θG −θG

���
rtG�

t

�
�θG −θG

���
. This then lead to the

conclusion.

Proof of Lemma 2.3.1. Assumption 2.B.2 implies that for θG, AR(θG)→d χ2(N) which then implies the result.

Proof of Theorem 2.3.2. Notice if θG ∈ CSr,α1 then T �δ ∗
g ≤ Teg,T (θG)�Q−1

r eg,T (θG) and c1−α2(θG) ≤ c∗1−α . As-
sumption 2.B.2 implies in large samples

liminf
T

P
�
Teg,T (θG)

�Q−1
r eg,T (θG)≤ c1−α2(θG)

�
= 1−α2.

The Lemma 2.3.1 and (1−α1)(1−α2) = 1−α lead to conclusion.

Proof of Theorem 2.3.3. We first provide the proof related with the J statistic, which essentially results from the
proof of Theorem 2 in Gospodinov, Kan and Robotti (2017).

Denote W = T L� �B�
gP1 (P�

1ΣP1)
−1 P�

1
�BgL, where P1 is an N × (N − 1) orthogonal matrix whose columns are

orthogonal to ιN such that P�
1P1 = IN−1,P1P−1� = MιN ; L is an lower triangular matrix such that Q �G = LL� and Σ

is the covariance matrix. Define Z = (P�
1ΣP1)−1/2P�

1
�BgL and M = (P�

1ΣP1)−1/2P�
1BgL, and then

√
T vec(Z −M)→d N(0, I(N−1)K).

From the assumption on H, we know there exists K × k and K ×K − k matrices C1,C2 where (C1,C2) is a K ×K
orthogonal matrix and �M1 = MC1, �M2 = MC2 are of orders O(1/

√
T ),O(1) respectively. Let

√
T �M1 → �µ , then in

case (1) �µ = 0 and in case (2) �µ is bounded. Let �Z = (�Z1, �Z2) = (ZC1,ZC2) we would have

√
T




vec

�
�Z1

�

vec
�
�Z2 − �M2

�



→d N

��
vec(�µ)

0

�
, I(N−1)K

�
.

The proof of theorem 2 in Gospodinov, Kan and Robotti (2017) shows that: (i) the asymptotic distribution of the J
statistic is the same as the one of the largest eigenvalue, wk, of �W−1 with

�W = T �Z�
1M�Z2

�Z1, (2.36)

and thus (ii) in case (1) where H is of reduced rank and �µ = 0, �W →d Wk (N −K −1+ k, Ir) and

P(wk ≤ a)≤ P(xk ≤ a) , xk ∼ χ2
N−k,

In case (2), where �µ �= 0, �W follows a non-central Wishart distribution Wk(N −K − 1+ k, Ir,µ) with µ =

�µ �M �M2
�µ,�µ� ≤ L < ∞ asymptotically, which then implies the inconsistency of the J test. The consistency of the
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HJS test is obvious since
��ιN −q �Gθ �G

��> a > 0,∀θ �G ∈ Θ implies that
���ιN −q �G,T θ �G

���= Op(
√

T ),∀θ �G ∈ Θ.

Example 2.B.1. We use an specific example, where we suppose Assumptions 2.2.1, - 2.2.3 hold with Q �G =E(GtG�
t),

K ≥ Kg,2 ≥ 1, to show that over the supreme, T supθ∈CSr,α1
δg,T (θ), is not properly bounded by c∗1−α in the sense

that there would be α > 0 such that

liminf
T
P
��

T sup
θ∈CSr,α1

δg,T (θ)

�
≥ c∗1−α

�
> α.

We prove this by discussing elements in the confidence set. We group θ s in CSr,α1 into two classes: (1) θ s with entries
corresponding to strong proxy factors deviating from their true values; (2) θs with entries corresponding to weak
proxy factors deviating from their true values. Notice for any θs belong to class (1), T δg,T (θ) is of order Op(T ),
while for θs belong to class (2) we have T δg,T (θ) = T δg,T (θG)+Op(1), and ST (θ) = ST (θG)+Op(1/

√
T ).

Now we only need to show that the confidence set in the presence of weak proxy factors contains some θs in
class-(2) with positive probability �α1 ≥ l > 0 in large samples, which then leads to the conclusion. The proof of
Theorem 1 in Gospodinov, Kan and Robotti (2017) implies that

J (θ) =CD(θ)+T
�
ι �NST (θ)−1 (ιN −qG,T θ)

�2

ι �NST (θ)−1ιN
+Op(

1√
T
),

where CD(θ) = T θ �q�G,T P1

�
(θ � ⊗P�

1) �V
�√

T vec(qG,T )
�
(θ ⊗P1)

�
P�

1qG,T θ . Notice infθ CD(θ) is a rank test
(Kleibergen and Paap (2006)), and in the presence of weak factors CD(θG +(0K×1,1)) converges to a non-central
chi-square distribution which would then implies our claim.
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Appendix 2.C Consistency of the θ estimator

Proofs related to section 2.4 relies heavily on the properties of our four-pass estimator, and thus we first discuss
our four-pass estimator before we provide proofs. This section contains the following results: (1) the number of
the strong factors can be estimated consistently; (2) the common component can be estimated consistently when√

N/T → 0; (3) finally, we show that our proposed estimator consistently estimates θ even in the presence of weak
identification issues and we also derive its asymptotic distribution.

Assumption 2.C.1. �(β ;γ)i�=
��cβγ,i

��≤ L. Q(β ;γ) = lim
N→∞

(β ;γ)�(β ;γ)/N with Q(β ;γ) a Kvz ×Kvz positive definite

matrix with 0 < l ≤ λKg

�
Q(β ;γ)

�
≤ λ1

�
Q(β ;γ)

�
< L < ∞. (Assumption 2.2.3 implies this assumption via the

Ostrowski theorem and some extra mild assumptions on Qr.) such that

���N−1c�βγ cβγ −Qβγ

���= op(1).

Assumption 2.C.2. Let γN(t, t �) = E
�
N−1 ∑N

i=1 eiteit �
�
, there exists a positive constant L such that

(1) T−1
T

∑
t=1

T

∑
t �=1

|γN(t, t �)| ≤ L;max
t

|γN(t, t �)| ≤ L,

(2) T−2
T

∑
t=1

T

∑
t �=1

E
�

N

∑
i=1

eiteit � −E
�

N

∑
i=1

eiteit �

��2

= T−2
T

∑
t=1

T

∑
t �=1



E
�

N

∑
i=1

eiteit �

�2

−N2γN(t, t �)2



≤ LN.

Assumption 2.C.2 is implied by Assumption 2.2.2.

Assumption 2.C.3. E
��� 1√

N ∑N
i=1 (eiteis −Eeiteis)

���
4
< L < ∞

Assumption 2.C.4. This is implied by Assumptions 2.2.1 and 2.2.2 (Weak dependence between proxy factors and
Idiosyncratic Errors from Bai and Ng (2002))

(i) E



 1
N

N

∑
i=1

�����
1√
T

T

∑
t=1

gteit

�����

2


≤ L,

(ii) E



 1
Kvz

Kvz

∑
i=1

�����
1√
T

T

∑
t=1

gtuvz,it

�����

2


≤ L,

(iii) E



 1
N

N

∑
i=1

�����
1√
T

T

∑
t=1

uvz,t eit

�����

2


≤ L.

Assumption 2.C.5. For all N and T,

E
T

∑
t=1

�
N

∑
i=1

cβγ,i jeit

�2

≤ LNT,

E
�

T

∑
t=1

N

∑
i=1

cβγ,i jeit

�2

≤ LNT. (2.37)

Assumption 2.C.6.

��T−1u�vzuvz −Σvz
��

max = Op(T− 1
2 ).

with Σvz a positive definite matrix.
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Assumption 2.C.7.

sup
t
E�uvz,t�4 ≤ L.

This is identical to one imposed on factors (Assumption A) in Bai and Ng (2002) and Anatolyev and Mikusheva
(2018) impose a slightly stronger assumption.

Assumption 2.C.8.

(1)
T

∑
t
|γN(s, t)| ≤ L,

(2)
N

∑
i=1

|τ(i, j)| ≤ L,

with Eeite jt = τt(i, j), |τt(i, j)| ≤ |τ(i, j)|.

Assumption 2.C.9.

(i)

1
NT

E
�����

T

∑
s=1

N

∑
n=1

uvz,s (eiseit −E(eiseit))

�����

2

≤ L.

(ii) For each t, as N → ∞

1√
N

N

∑
i=1

cβγ,ieti →d N(0,Πt),

with Πt = lim
N→∞

1
N ∑N

i=1 ∑N
j=1 cβγ,ic�βγ, jEetiet j. And for all j = 1, · · · ,N,

1√
NT

N

∑
i=1

T

∑
t=1

cβγ,i (etiet j −Eetiet j) = Op(1).

(iii)

E
�����

1√
NT

T

∑
t=1

N

∑
i=1

uvz,t c�βγ,ieit

�����

2

F

≤ M.

Assumption 2.C.9 is identical to Assumption F in Bai (2003).

Step (1): the number of the strong factors can be estimated consistently

In this step we prove that we can estimate the number of the strong factors in the ug,t consistently. Here we
only provide one way to estimate the number, the estimation approach is not unique. Bai and Ng (2002) propose
multiple consistent estimators for the number of strong factors with different penalty functions. Here we use the
one employed in Giglio and Xiu (2017). Under Assumption 2.2.1, we know

rt = �c+βdgḡt +ug,t , (2.38)
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with ug,t = βvt + γzt + et ,�c = c+βdg(ḡ−µg). vt is assumed to be of a Kg ×1 vector, but the dimension of zt is
unknown. We estimate the number Kvz of the omitted strong factors by

�Kvz = arg min
Kg≤ j≤Kvz,max

�
N−1T−1λ j

�
�ug�u�g

�
+ jφ(N,T )

�
−1, (2.39)

where �ug is T ×N matrix stacked with the residuals �ug,t , Kvz,max is an arbitrary upper bound for Kvz and φ(N,T ) is
a penalty function with the properties φ(N,T )→ 0,φ(N,T )/(N− 1

2 +T− 1
2 )→ ∞. Now we show this estimator is

consistent.

Theorem 2.C.1. Suppose Assumptions 2.2.1, 2.C.1 - 2.C.6 hold, let N,T increase then

�Kvz →p Kvz.

Proof of Theorem 2.C.1. We basically follow the steps in Giglio and Xiu (2017) with small changes in the middle.
(1) We first prove the claim such that for 1 ≤ j ≤ Kvz

|N−1T−1λ j
�
�ug�u�g

�
−λ j

�
(Q(β ;γ))

1
2 Σ(v;z)(Q(β ;γ))

1
2

�
|= op(1), (2.40)

with Q(β ;γ) = lim
N→∞

(β ;γ)�(β ;γ)/N.

For convenience, in this proof, denote cβγ = (β ;γ),uvz = (v;z).

(1.1) Notice

�ug�u�g −MḠuvzc�βγ cβγ u�vzMḠ = MḠuvzc�βγ e�MḠ +MḠecβγ u�vzMḠ +MḠee�MḠ,

with �ug = MḠr. We show in the following steps that the three terms on the right is negligible when divided by NT .

For the term MḠee�MḠ, we have

��MḠee�MḠ −nΓu
��≤

��ee� −nΓu
��

F +2
��PḠee�

��
F +

��PḠee�PḠ
��

F . (2.41)

Assumption 2.C.2.(1) implies that

E�e�2
F = E

N

∑
i=1

T

∑
t=1

e2
it ≤ LNT, (2.42)

E�ē�2
F = T−2E

N

∑
i=1

T

∑
t=1

T

∑
t �=1

eiteit � = NT−2
T

∑
t=1

T

∑
t �=1

|γN(t, t �)| ≤ LNT−1. (2.43)

Assumption 2.C.2.(2) implies that

E
��ee� −nΓu

��2
F =

T

∑
t=1

T

∑
t �=1

E
�

N

∑
i=1

eiteit � −E
�

N

∑
i=1

eiteit �

��2

≤ LNT 2. (2.44)

Assumption 2.C.4 implies that

E
��G�e

��2
F = NTE



 1
N

N

∑
i=1

�����
1√
T

T

∑
t=1

Gteit

�����

2

F



≤ LNT, (2.45)
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��G�e
��

F = Op(N
1
2 T

1
2 );

���
�
0, ιT ḡ�

�� e
���

F
= Op(N

1
2 T

1
2 ), (2.46)

��Ḡ�e
��

F ≤
��G�e

��
F +

���
�
0, ιT ḡ�

�� e
���

F
= Op(N

1
2 T

1
2 ), (2.47)

and

�PḠe�F ≤ T−1��Ḡ
��

F

���
�
Ḡ�Ḡ/T

�−1
���

F

��Ḡ�e
��

F = Op(N
1
2 ). (2.48)

Then the following holds

��MḠee�MḠ −nΓu
��≤

��ee� −nΓu
��

F +2
��PḠee�

��
F +

��PḠee�PḠ
��

F

=Op(N
1
2 T )+Op(NT

1
2 )+Op(N). (2.49)

From assumption 2.C.4 (1) we would have

E�Γu�2
F = E

T

∑
t=1

T

∑
t �=1

|γN(t, t �)| ≤ LT, (2.50)

and

��MḠee�MḠ
��

F ≤
��MḠee�MḠ −nΓu

��
F +�nΓu�F = Op(N

1
2 T )+Op(NT

1
2 ).

For the term MḠuvzc�βγ e�MḠ, we have

���MḠuvzc�βγ e�MḠ

���
F
≤
���uvzc�βγ e�

���
F
+
���PḠuvzc�βγ e�

���
F
+
���uvzc�βγ e�PḠ

���
F
+
���PḠuvzc�βγ e�PḠ

���
F

≤(2(Kvz +1))2
���uvzc�βγ e�

���
F
. (2.51)

Assumption 2.C.5 implies that

E
��ecβγ

��2
F = E

Kvz

∑
j=1

T

∑
t=1

�
N

∑
i=1

cβγ,i jeit

�2

≤ LNT, (2.52)

�uvz� ≤ KT
��T−1u�vzuvz

��
max = Op(T

1
2 ), (2.53)

���uvzc�βγ e�
���≤ �uvz�

���c�βγ e�
���

F
= Op(N

1
2 T ), (2.54)

and
���MḠuvzc�βγ e�MḠ

���≤ Op(N
1
2 T ). (2.55)

Therefore,

N−1T−1|λ j(�ug�u�g)−λ j(MḠuvzc�βγ cβγ u�vzMḠ)|= op(1). (2.56)
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(1.2) To finish the proof of part (1) we only need to show that

(1.2.1) |N−1T−1λ j(MḠuvzc�βγ cβγ u�vzMḠ)−T−1λ j(MḠuvzQβγ u�vzMḠ)|= op(1), (2.57)

(1.2.2) |T−1λ j(MḠuvzQβγ u�vzMḠ)−λ j

�
(Q(β ;γ))

1
2 Σ(v;z)(Q(β ;γ))

1
2

�
|= op(1). (2.58)

Equation (2.57) is a direct result of Assumption 2.C.1 and Weyl’s inequality such that

|N−1T−1λ j(MḠuvzc�βγ cβγ u�vzMḠ)−T−1λ j(MḠuvzQβγ u�vzMḠ)|

≤T−1
���N−1c�βγ cβγ −Qβγ

����MḠuvz�2 = op(1). (2.59)

Equation (2.57) is a direct result of Assumption 2.C.6 and Weyl’s inequality such that

|T−1λ j(MḠuvzQβγ u�vzMḠ)−λ j

�
(Q(β ;γ))

1
2 Σvz(Q(β ;γ))

1
2

�
|

≤L
��T−1u�vzuvz −Σvz

��= Op(T− 1
2 ). (2.60)

Therefore, for 1 ≤ j ≤ Kvz, we have

|N−1T−1λ j
�
�ug�u�g

�
−λ j

�
(Q(β ;γ))

1
2 Σ(v;z)(Q(β ;γ))

1
2

�
|= op(1). (2.61)

(2) We finish the proof of the consistency �Kvz by showing the following statement

lim inf
T,N→∞

P
�
�F(Kvz +1)≤ �F( j), j = 1, · · · ,N

�
= 1, (2.62)

with �F( j) = N−1T−1λ j
�
�ug�u�g

�
+ jφ(N,T ). Notice a direct result from step (1) is that for 1 ≤ j ≤ Kvz, we can

find l > 0 such that �F( j) > l +op(1), while for Kvz +1 ≤ j, �F( j) = op(1). Then we only need to show that for
j > Kvz +1, �F( j)> �F(Kvz +1) with probability approaching to one. Notice for j ≥ Kvz +1,

λ j
�
�ug�u�g

�
≤
��ee�

��= Op(T N− 1
2 +T− 1

2 N), (2.63)

and this implies �F( j) > �F(Kvz + 1) with probability approaching to one as (N
1
2 T

1
2 )( j − Kvz − 1)φ(N,T ) >

(N− 1
2 T− 1

2 )
�
λKvz+1

�
�ug�u�g

�
−λ j

�
�ug�u�g

��
with probability approaching to one.

Step (2): the common component can be estimated consistently when
√

N/T → 0

Denote mNT = min{N,T}.

Lemma 2.C.2. Suppose Assumptions 2.2.1 - 2.2.2, 2.C.1 - 2.C.6 hold, let N,T increase then

mNT
1
T

T

∑
t=1

���uvz,t −H �uvz,t
��2

F = Op(1),

with H =
�

c�βγ cβγ/N
��

u�vz�uvz/T
�

VNT and VNT being the Kvz×Kvz diagonal matrix of λi
�
�ug�u�g/NT

�
, i= 1, · · · ,Kvz.

Proof of Lemma 2.C.2. This proof resembles the proof of Theorem 1 in Bai and Ng (2002). Due to the normalization
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�u�vz�uvz/T = IKvz , we know

��uvz�2
F =

T

∑
t=1

��uvz,t�2
F = Op(T ). (2.64)

From Assumptions 2.C.1, 2.C.6 and the above equation we know

�H�F ≤
���c�βγ cβγ/N

���
F

��u�vzuvz/T
��1/2

F

���u�vz�uvz/T
��1/2

F = Op(1). (2.65)

From equations (2.80) and (2.40), we know

���uvz,t −H �uvz,t
��2

F ≤ L
6

∑
i=1

a2
i,t , (2.66)

with

a2
1,t =T−2

�����

T

∑
s=1

�uvz,sγN(s, t)

�����

2

F

,

a2
2,t =T−2

�����

T

∑
s=1

�uvz,sζee,st

�����

2

F

,

a2
3,t =T−2

�����

T

∑
s=1

�uvz,sζue,st

�����

2

F

,

a2
4,t =T−2

�����

T

∑
s=1

�uvz,sζeu,st

�����

2

F

,

a2
5,t =

����
1

NT
�u�vzPḠugu�g,t

����
2

F
,

a2
6,t =

����
1

NT
�u�vzMḠug (�ug,t −ug,t)

����
2

F
. (2.67)

Next, we analyze each a2
i,t term.

From equation (2.64) and Assumption 2.C.2 (i),

T

∑
t=1

a2
1,t ≤

�
T−1

T

∑
s=1

��uvz,s�2
F

��
T−1

T

∑
t=1

T

∑
s=1

γN(s, t)2

�
= Op(1). (2.68)

From equation (2.64) and Assumption 2.2.2,

T

∑
t=1

a2
2,t ≤

�
T−1

T

∑
s=1

��uvz,s�2
F

�

T−2
T

∑
t=1

T

∑
s=1

�
T

∑
u=1

ζee,suζee,ut

�2




1
2

= Op(T/N), (2.69)

and from equation (2.52)

T

∑
t=1

a2
3,t ≤

�
T

∑
t=1

���c�βγ et/N
���

2

F

��
T−1

T

∑
s=1

��uvz,s�2
F

��
T−1

T

∑
s=1

�uvz,s�2
F

�
= Op(T/N), (2.70)

and similarly ∑T
t=1 a2

4,t ≤ Op(T/N).
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From Assumption 2.2.2, we know

��PḠug
��

F ≤ T−1��Ḡ
��

F

���
�
Ḡ�Ḡ/T

�−1
���

F

��Ḡ�ug
��

F = Op(N
1
2 ), (2.71)

and thus

T

∑
t=1

a2
5,t ≤

�
T−1

T

∑
s=1

��uvz,s�2
F

��
N−1��PḠug

��2
F

��
N−1T−1

T

∑
t=1

��ug,t
��2

F

�
= Op(1). (2.72)

From equations (2.40) and (2.63), we know

��MḠug
��2

F = Op(NT ), (2.73)

and from
√

T
�
�βg −βg

�
= Op(1) we know

T

∑
t=1

���ug,t −ug,t
��2

F ≤
���
√

T
�
�βg −βg

����
2

F

���Ḡ/
√

T
���

2

F
≤ Op(N). (2.74)

Therefore,

T

∑
t=1

a2
6,t ≤

�
T−1

T

∑
s=1

��uvz,s�2
F

��
N−1T−1��MḠug

��2
F

��
N−1

T

∑
t=1

���ug,t −ug,t
��2

F

�
≤ Op(1). (2.75)

Finally, all the above imply the result

1
T

T

∑
t=1

���uvz,t −H �uvz,t
��2

F = Op(1/N)+Op(1/T ). (2.76)

Given the discussion in the last subsection, it would be safe to assume that we know the value of Kvz, namely the
number of the strong omitted factors are known. In this section, we show the asymptotic properties of the common
component estimator. Essentially, this section is a building block for the consistent θg estimator as introduced in
the next section.

The method of principal components gives the following estimators

�
�cβγ ,�uvz

�
= arg min

ci,ut s.t. ∑T
t=1 ut u�t/T=IKvz

∑
i,t

�
�ug,it − c�iut

�2
. (2.77)

The estimator �uvz is equal to the
√

T times eigenvector associated with the Kvz largest eigenvalues of the matrix
�ug�u�g, and �cβγ = �u�vz�ug/T corresponds to the OLS estimator regressing �ug over �uvz. Specially we are interested in
the common component estimator �c = �uvz(�cβγ)

�, which would serve as a proxy for the common component in ug in
our proposed estimator.

Theorem 2.C.3. Suppose Assumptions 2.2.1 - 2.2.2, 2.C.1 - 2.C.6, 2.C.7, 2.C.9 hold, and
√

N/T → 0, then

√
N
�
�uvz,t −H �uvz,t

�
=V−1

NT
1
T

T

∑
s=1

�
�uvz,su�vz,s

� 1√
N

N

∑
i=1

cβγ,ieit +op(1), (2.78)

and when liminf
√

N/T → τ > 0,

T
�
�uvz,t −H �uvz,t

�
= Op(1) (2.79)
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Proof of Theorem 2.C.3. We make use the equation �uvz =
1

NT MḠugu�gMḠ�uvzV−1
NT , H =

�
c�βγ cβγ/N

��
u�vz�uvz/T

�
V−1

NT ,

and that fact that VNT is the Kvz ×Kvz diagonal matrix of λi
�
�ug�u�g/NT

�
, i = 1, · · · ,Kvz:

�uvz,t −H �uvz,t

=
1

NT
V−1

NT �u�vz

�
MḠug�ug,t −uvz

�
c�βγ cβγ

�
uvz,t

�

=
1

NT
V−1

NT �u�vz

�
ugug,t −uvz

�
c�βγ cβγ

�
uvz,t −PḠugug,t +MḠug (�ug,t −ug,t)

�

=
1

NT
V−1

NT �u�vz

��
uvzc�βγ + e

��
cβγ uvz,t + et

�
−uvz

�
c�βγ cβγ

�
uvz,t −PḠugug,t +MḠug (�ug,t −ug,t)

�

=V−1
NT

�
1
T

T

∑
s=1

�uvz,sγN(s, t)+
1
T

T

∑
s=1

�uvz,sζee,st +
1
T

T

∑
s=1

�uvz,sζue,st +
1
T

T

∑
s=1

�uvz,sζeu,st

�

+V−1
NT

�
− 1

NT
�u�vzPḠugug,t +

1
NT

�u�vzMḠug (�ug,t −ug,t)

�
, (2.80)

with

ζee,st =e�set/N − γN(s, t), (2.81)

ζue,st =u�vz,sc
�
βγ et/N, (2.82)

ζeu,st =u�vz,t c
�
βγ es/N. (2.83)

Now we analyze the terms on the left hand of equation (2.80).

(1) Assumption 2.C.7 and Assumption 2.C.2 imply that

1
T

T

∑
s=1

uvz,sγN(s, t) = Op(1/T ). (2.84)

Lemma 2.C.2 and Assumption 2.C.2 imply that

1
T

�����

T

∑
s=1

(�uvz,s −uvz,s)γN(s, t)

�����
F

≤ 1√
T

�
1
T

T

∑
s=1

��uvz,s −uvz,s�2
F

�1/2� T

∑
t
|γN(s, t)|2

�1/2

=Op(1/(
�

T mNT )), (2.85)

and thus

1
T

T

∑
s=1

�uvz,sγN(s, t) =
1
T

T

∑
s=1

uvz,sγN(s, t)+
1
T

T

∑
s=1

(�uvz,s −uvz,s)γN(s, t)≤ Op(1/(
�

T mNT )). (2.86)

(2) Assumption 2.C.9 implies that

1
T

T

∑
s=1

uvz,sζee,st = Op(1/
√

NT ). (2.87)

Assumption 2.2.2 implies that

1
T

T

∑
s=1

|ζee,st |2 =
1
T

1
N

T

∑
s=1

����
1√
N
(eiseit −E(eiseit))

����
2
= Op(1/(N)). (2.88)
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Lemma 2.C.2 and equation (2.88) imply that

1
T

�����

T

∑
s=1

(�uvz,s −uvz,s)ζee,st

�����≤
�

1
T

T

∑
s=1

��uvz,s −uvz,s�2

�1/2�
1
T

T

∑
s=1

|ζee,st |2
�1/2

=Op(1/(
�

NmNT )), (2.89)

and thus

1
T

T

∑
s=1

�uvz,sζee,st =
1
T

T

∑
s=1

uvz,sζee,st +
1
T

T

∑
s=1

(�uvz,s −uvz,s)ζee,st ≤ Op(1/(
�

NmNT )). (2.90)

(3) Assumption 2.C.9 implies that

1
T

T

∑
s=1

uvz,sζue,st =

�
1
T

T

∑
s=1

uvz,su�vz,s

�
1√
N

�
1√
N

N

∑
i=1

cβγ,ieti

�
= Op(1/

√
N), (2.91)

and

1
T

T

∑
s=1

|ζue,st |2 =
1
T

T

∑
s=1

�
u�vz,sc

�
βγ et/N

�2
≤ �uvz�F /T

���c�βγ e�t/
√

N
���

F
/N = Op(1/N). (2.92)

Lemma 2.C.2 and equation (2.92) imply that

1
T

�����

T

∑
s=1

(�uvz,s −uvz,s)ζue,st

�����≤
�

1
T

T

∑
s=1

��uvz,s −uvz,s�2

�1/2�
1
T

T

∑
t
|ζue,st |2

�1/2

=Op(1/(
�

NmNT )), (2.93)

and thus

1
T

T

∑
s=1

�uvz,sζue,st =
1
T

T

∑
s=1

uvz,sζue,st +
1
T

T

∑
s=1

(�uvz,s −uvz,s)ζue,st = Op(1/
√

N). (2.94)

(4) Lemma 2.C.2 and Assumption 2.C.9 imply that

�����
1
T

T

∑
s=1

(�uvz,s −uvz,s)e�scβγ/Nuvz,t

�����
F

≤ 1√
N

�
1
T

T

∑
s=1

��uvz,s −uvz,s�2
F

� 1
2
�

1
T

T

∑
s=1

���e�scβγ/
√

N
���

2

F

� 1
2

�uvz,t�F

=Op(1/
�

NmNT ). (2.95)

Assumption 2.C.9 implies

1√
NT

�
1√
NT

T

∑
s=1

uvz,se�scβγ

�
uvz,t = Op(

1√
NT

), (2.96)

and the above two (in)qualities show that

1
T

T

∑
s=1

�uvz,sζue,st =
1
T

T

∑
s=1

(�uvz,s −uvz,s)e�scβγ/Nuvz,t +
1
T

T

∑
s=1

uvz,se�scβγ/Nuvz,t ≤ Op(1/
�

NmNT ). (2.97)

(5) Similar to the derivation of equation (2.47), we have

��Ḡ�ug
��

F = Op(N
1
2 T

1
2 );

��Ḡ�uvz
��

F = Op(T
1
2 ), (2.98)
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which imply that

1
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���(�uvz −uvz)
� Ḡ

�
Ḡ�Ḡ

�−1 Ḡ�ugu�g,t
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F

≤
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1
T

T

∑
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F
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2 1√

T

����Ḡ/
√

T
�
Ḡ�Ḡ/T

�−1
���

F

�� 1√
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��Ḡ�ug
��

F

����ug,t/
√

N
���

F

=Op(1/
�

T mNT ), (2.99)

and

1
NT

���u�vzḠ
�
Ḡ�Ḡ

�−1 Ḡ�ugu�g,t
���

F

≤
�

1√
T

��u�vzḠ
��

F

�
1
T

����
�
Ḡ�Ḡ/T

�−1
���

F

�� 1√
NT

��Ḡ�ug
��

F

����ug,t/
√

N
���

F

=Op(1/T ). (2.100)

Therefore,

1
NT

�u�vzPḠugu�g,t =
1

NT
(�uvz −uvz)

� Ḡ
�
Ḡ�Ḡ

�−1 Ḡ�ugu�g,t +
1

NT
u�vzḠ

�
Ḡ�Ḡ

�−1 Ḡ�ugu�g,t

≤Op(1/
�

T mNT ). (2.101)

(6)

1
NT

���u�vzuvzc�βγ (�ug,t −ug,t)
���

F
≤ 1√

NT

��u�vzuvz/T
��

F

�����

√
T c�βγ (�ug,t −ug,t)

√
N

�����
F

= Op(
1√
NT

), (2.102)

1
NT

��u�vze(�ug,t −ug,t)
��

F ≤ 1
T

���u�vze/
√

NT
���

F

�����

√
T (�ug,t −ug,t)√

N

�����
F

= Op(
1
T
), (2.103)

and thus

1
NT

���u�vzMḠug
��

F ≤ 1
NT

���u�vzug (�ug,t −ug,t)
��

F +
1

NT
���u�vzPḠug (�ug,t −ug,t)

��
F = Op(

1√
NT

)+Op(
1
T
). (2.104)

From the above discussion, when
√

N/T → 0, only the third term in equation (2.80) matters in the asymptotic
behavior and thus

√
N
�
�uvz,t −H �uvz,t

�
=V−1

NT
1
T

T

∑
s=1

�
�uvz,su�vz,s

� 1√
N

N

∑
i=1

cβγ,ieit +op(1). (2.105)

Furthermore, when liminf
√

N/T → τ > 0, we have

T
�
�uvz,t −H �uvz,t

�
= Op(1). (2.106)

Theorem 2.C.4. Suppose Assumptions 2.2.1 - 2.2.2, 2.C.1 - 2.C.9 hold, and
√

T/N → 0

√
T
�
�cβγ,i −H−1cβγ,i

�
= H � 1√

T
u�vzei +op(1).
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Proof of Theorem 2.C.4.

�cβγ,i =
1
T
�u�vz�ug,i

=
1
T
�u�vz

��
�uvzH−1 +uvz − �uvzH−1�cβγ,i + ei

�
− 1

T
�u�vz (�ug,i −ug,i)

=H−1cβγ,i +
1
T

H �u�vzei +
1
T
�u�vz

�
uvz − �uvzH−1�cβγ,i +

1
T
�
�u�vz −H �u�vz

�
ei −

1
T
�u�vz (�ug,i −ug,i) . (2.107)

We show the last three terms are at most Op(1/mNT ).
(1) For the term 1

T (�uvz −uvzH)� ei, equation (2.80) implies that

1
T
(�uvz −uvzH)� ei =V−1

NT

�
1

T 2

T

∑
t=1

T

∑
s=1

�uvz,sγN(s, t)eit +
1

T 2

T

∑
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T

∑
s=1

�uvz,sζee,steit +
1
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T

∑
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T

∑
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�
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�
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∑
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T

∑
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1

NT 2

T

∑
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�u�vzPḠugug,t eit +
1

NT 2

T

∑
t=1

�u�vzMḠug (�ug,t −ug,t)eit

�

=V−1
NT

6

∑
j=1

a j. (2.108)

There are six terms on the left hand side of the above equation, and we analyze each of a j, j = 1, · · · ,6 to determine
the order of 1

T (�uvz −uvzH)� ei.
Assumption 2.2.2 and Lemma 1(i) in Bai and Ng (2002) imply that

�����
1

T 2

T

∑
t=1

T

∑
s=1

�
�uvz,s −H �uvz,s

�
γN(s, t)eit
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F

≤ 1√
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�
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T
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∑
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��2

F

� 1
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�

1
T
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∑
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T

∑
s=1

γN(s, t)2 1
T

T

∑
t=1

e2
it

� 1
2

≤ Op(
1√

T mNT
). (2.109)

Assumptions 2.2.2, 2.C.7 and Lemma 1(i) in Bai and Ng (2002) imply that

E
�����

1
T 2

T

∑
t=1

T

∑
s=1

uvz,sγN(s, t)eit

�����
F

≤ 1
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T

∑
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T

∑
s=1

�
E�uvz,s�2

F

� 1
2 γN(s, t)2(Ee2

it)
1
2 = O(

1
T
). (2.110)

Therefore,

a1 =
1

T 2

T

∑
t=1

T

∑
s=1

�
�uvz,s −H �uvz,s

�
γN(s, t)eit +

1
T 2

T

∑
t=1

T

∑
s=1

H �uvz,sγN(s, t)eit ≤ Op(
1√

T mNT
). (2.111)

Assumption 2.2.2 implies that

1
T

T

∑
t=1

ζee,steit =
1√
N

1
T

T

∑
t=1

�
1√
N

N

∑
i=1

(eiseit −E(eiseit))

�
eit = Op(

1√
N
). (2.112)

Equation (2.112) and Lemma 2.C.2 imply that
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∑
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∑
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�
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F

� 1
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
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T

∑
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�
1
T

T

∑
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�2




1
2

≤Op(
1√
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). (2.113)
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Assumption 2.C.9 implies that

1
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T

∑
t=1

T

∑
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NT

�
1
T

T

∑
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�
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T

∑
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N
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�
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�

≤Op(
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), (2.114)

and thus
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1
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∑
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T

∑
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�
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�
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1
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∑
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T

∑
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1√
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). (2.115)

Assumption 2.C.9 implies that

1
T

T

∑
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ζue,steit =
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N

u�vz,s

�
1
T

T

∑
t=1

�
1√
N ∑

i=1
cβγ,ieit

�
eit

�
= Op(

1√
N
), (2.116)

and from Theorem 2.C.3, we know
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∑
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T

∑
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�
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�
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≤
�
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T

T

∑
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F
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T
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�
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T

T

∑
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ζue,steit

�2




1
2

≤Op(
1√

NmNT
). (2.117)

Assumptions 2.C.8 and 2.C.1 imply that

1
NT

T

∑
t=1

N

∑
j=1

��cβγ,iτt(i, j)
��

F ≤L
1
N

N

∑
j=1

�τ(i, j)�F = Op(
1
N
). (2.118)

Assumption 2.C.9 implies that 1
NT ∑T

t=1 ∑N
j=1 cβγ,i (e jteit − τt(i, j)) = Op(

1√
NT

) and thus from equation (2.118)
we know

1
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T

∑
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N

∑
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1
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T

∑
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N
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1
N
). (2.119)

Therefore,
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1
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T

∑
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T

∑
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�
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�
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1
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T
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T
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1
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). (2.120)

Assumption 2.C.9 implies that

1
T

T

∑
t=1

ζeu,steit =
1√
N

�
1
T

T

∑
t=1

eitu�vz,t

�
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N

N

∑
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��
= Op(

1√
N
), (2.121)
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and thus from Theorem 2.C.3 we know
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�
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1√
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). (2.122)

Assumption 2.C.9 implies that

1
T 2

T

∑
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T

∑
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uvz,sζeu,steit =
1√
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1√
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�
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). (2.123)

Therefore,
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1
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Similar to the derivation of equation (2.100),
�����
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T
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F
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F
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T
), (2.125)

and thus

a5 =− 1
NT 2

T

∑
t=1

�u�vzPḠugug,t eit ≤ Op(
1
T
). (2.126)

Equation (2.104) implies that

a6 =
1

NT 2

T

∑
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�u�vzMḠug (�ug,t −ug,t)eit ≤ Op(
1

mNT
). (2.127)

(2) Now we analyze the term 1
T �u�vz

�
uvz − �uvzH−1�cβγ,i. Similar to the analysis of the term 1

T (�uvz −uvzH)� ei,
equation (2.80) implies that
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∑
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�
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6

∑
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a j. (2.128)

Following the same proof as the one for a1 in the term 1
T (�uvz −uvzH)� ei, Assumption 2.C.6 and Lemma 1(i) in
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Bai and Ng (2002) imply that
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and Assumption 2.C.7 and Lemma 1(i) in Bai and Ng (2002) imply that
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and thus

a1 ≤ Op(
1√

T mNT
). (2.131)

Assumption 2.C.9 and Lemma 2.C.2 imply that
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Assumption 2.C.9 implies that
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and thus
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Assumption 2.C.9 implies that
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and thus
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From Lemma 2.C.2 we know
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Therefore,
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Assumption 2.C.9 implies that
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and
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Therefore, from Lemma 2.C.2 we know
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and finally,
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Similar to the derivation of equation (2.126),

a5 =− 1
NT 2
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1
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), (2.143)

and similar to the derivation of equation (2.127),
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Therefore,
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(3) We analyze the term 1
T �u�vz (�ug,i −ug,i). Firstly,
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Secondly, similar to the derivation of equation (2.100) we know
����

1
T

u�vzPḠug,i
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and thus

1
T
�u�vz (�ug,i −ug,i) =

1
T
(�uvz −uvzH)� PḠug,i +

1
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u�vzPḠug,i. (2.148)

Theorem 2.C.5. Suppose Assumptions 2.2.1 - 2.2.2, 2.C.1 - 2.C.9 hold, when N,T are large then

m
1
2
NT (�cit − cit) =

m
1
2
NT√
N

c�βγ,i

�
c�βγ cβγ/N

�−1 1√
N

N

∑
j=1

cβγ, je jt

+
m

1
2
NT√
T

u�vz,t
�
u�vzuvz/T

�−1 1√
T

u�vzei +Op(
1√
mNT

).

Proof of Theorem 2.C.5.

�cit − cit =�u�vz,t�cβγ,i −u�vz,t cβγ,i =
�
�uvz,t −H �uvz,t

�� H−1cβγ,i +u�vz,tH
�
�cβγ,i −H−1cβγ,i

�

+
�
�uvz,t −H �uvz,t

�� ��cβγ,i −H−1cβγ,i
�

=
�
�uvz,t −H �uvz,t

�� H−1cβγ,i +u�vz,tH
�
�cβγ,i −H−1cβγ,i

�
+Op(

1
mNT

). (2.149)

Theorem 2.C.3 implies that

m
1
2
NT c�βγ,iH

�−1 ��uvz,t −H �uvz,t
�
=

m
1
2
NT√
N

c�βγ,iH
�−1V−1

NT
1
T

T

∑
s=1

�
�uvz,su�vz,s

� 1√
N

N

∑
i=1

cβγ,ieit +op(1)

=
m

1
2
NT√
N

c�βγ,i

�
c�βγ cβγ/N

�−1 1√
N

N

∑
i=1

cβγ,ieit +op(1), (2.150)

and Theorem 2.C.4 implies that

m
1
2
NT u�vz,tH

�
�cβγ,i −H−1cβγ,i

�
=

m
1
2
NT√
T

u�vz,tHH � 1√
T

u�vzei +op(1)

=
m

1
2
NT√
T

u�vz,t
�
u�vzuvz/T

�−1 1√
T

u�vzei +op(1), (2.151)

where the last equality is due to

HH � =
�
u�vzuvz/T

�−1
+Op(

1
mNT

). (2.152)

Finally,

m
1
2
NT (�cit − cit) =

m
1
2
NT√
N

c�βγ,i

�
c�βγ cβγ/N

�−1 1√
N

N

∑
i=1

cβγ,ieit

+
m

1
2
NT√
T

u�vz,t
�
u�vzuvz/T

�−1 1√
T

u�vzei +Op(
1

mNT
). (2.153)
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Step (3): θ can be consistently estimated

Proof of Theorem 2.4.1. Rewrite moment conditions as

ιN =�qG,T �θ +�ε, (2.154)

with �θ = θG +

�
0,
��

−�V−1
g (ḡ−µg) ,

�
�V−1

g Vg − IK

��
θG

��
��

.

We consider the following difference:

�θ (1)
g,I − �θ (1)

g =

�
�q(1)

�

G,T P�q(2)G,T
�q(1)G,T

�−1
�q(1)G,T P�q(2)G,T

�ε(1), (2.155)

where

�q(1)G,T =(c,βg) �Q(1)
G +

�
�cc(1)− cc(1)

��
Ḡ(1)/|T(1)|+ e(1)

�
Ḡ(1)/|T(1)|

=�X (1)
g,cβg

+ �X (1)
g,cc + �X (1)

g,e . (2.156)

For the three terms in equation (2.156), we have

�x(1)g,cβg,i
= �Q(1)

G
�
ci,β �

g,i
��
, (2.157)

�x(1)g,cc,i =
1

|T(1)| ∑
t∈T(1)

(�ccit − ccit) Ḡt

=
1

|T(1)| ∑
t∈T(1)

1√
N

c�βγ,i

�
c�βγ cβγ/N

�−1 1√
N

N

∑
j=1

cβγ , je jt Ḡt

+
1

|T(1)| ∑
t∈T(1)

1√
T

u�vz,t
�
u�vzuvz/T

�−1 1√
T

u�vzeiḠt +Op(
1

mNT
)

=
1�

N|T(1)|
c�βγ,i

�
c�βγ cβγ/N

�−1 1�
N|T(1)|

∑
t∈T(1)

N

∑
i=1

cβγ,ieit Ḡt

+
1�

T |T(1)|

1�
|T(1)|

∑
t∈T(1)

Ḡtu�vz,t
1√
T

T

∑
s=1

�
u�vzuvz/T

�−1 uvz,seis +Op(
1

mNT
)

≤Op(
1�

mNT |T(1)|
), (2.158)

�x(1)g,e,i =
1�
|T(1)|

1�
|T(1)|

∑
t∈T(1)

eit Ḡ�
t . (2.159)

In the following, we suppose |T(1)|= |T(2)|= τ without losing generality. Next we discuss the properties of

the following three terms: (1) QBg,T �q
(2)�
G,T �q

(2)
G,T QBg,T , (2) �q(1)

�

G,T �q
(2)
G,T and (3) �q(2)

�

G,T�ε(1).

Term (1) Note that

τ
N

N

∑
i=1

�x(2)g,cc,i�x
(2)�
g,cc,i ≤ Op(

1√
τ
), (2.160)
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and

1
N

QBg,T
�X (2);

g,cβg
�X (2)

g,cβg
QBg,T →pQgηcβgQg. (2.161)

Equation (2.31) implies that

1
N|T(1)|

N

∑
i=1

∑
t∈T(1)

e2
it Ḡ

�
t Ḡt →pΣḠḠγN

, (2.162)

and

1√
N

1√
N|T(1)|

N

∑
i=1

∑
t∈T(1)

∑
s �=t

eit Ḡ�
t eisḠs = Op(

1√
N
). (2.163)

Then we know

τ
N
�X (2)�

g,e �X (2)
g,e =

τ
N

N

∑
i=1

�x(2)g,e,i�x
(2)�
g,e,i =

1
N

N

∑
i=1



 1�
|T(2)|

∑
t∈T(2)

etḠ�
t







 1�
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∑
t∈T(2)

etḠ�
t




�

=
1

N|T(2)|

N

∑
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∑
t∈T(2)

eit Ḡ�
t Ḡteit +

1
N|T(2)|

N

∑
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∑
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∑
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eit Ḡ�
t Ḡseis →p ΣḠḠγN

, (2.164)

√
τ

N

N

∑
i=1

QBg,T�x
(2)
g,cβg,i

�x(2)
�

g,cc,i

=
1�

N|T(2)|

√
τ

N

N

∑
i=1

�
�Q(1)

G QBg,T
�
ci,β �

g,i
���



c�βγ,i

�
c�βγ cβγ/N
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N|T(2)|

∑
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N

∑
i=1

cβγ,ieit Ḡt




�

+
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T |T(2)|

√
τ

N

N

∑
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�
�Q(2)

g QBg,T
�
ci,β �

g,i
���



 1�
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∑
t∈T(2)
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1√
T

T

∑
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�
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�−1 uvz,seis




�

+Op(
1

mNT
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1
√
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), (2.165)

√
τ

N
QBg,T

N

∑
i=1

�x(2)g,cβg,i
�x(2)

�

g,e,i =

√
τ

N

N

∑
i=1

�
�Q(1)

G QBg,T
�
ci,β �

g,i
���



 1
|T(2)| ∑

t∈T(2)
eit Ḡt




�

= Op(
1√
N
), (2.166)

τ
N
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∑
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=
τ
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
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∑
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∑
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




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


�

+
τ
N

N

∑
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

 1�
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∑
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T
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∑
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�
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1
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)





×


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


�
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τ
). (2.167)
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Therefore,

1
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(2)�
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(2)
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1
N
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∑
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=
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∑
i=1
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�
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√
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N
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∑
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QBg,T/

√
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√
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N
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∑
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QBg,T/

√
τ +Op(

1√
τ
)

=QgηcβgQg +WxΣḠḠγN
Wx +Op(

1√
τ
), (2.168)

with Wx = lim
τ→∞

QBg,T/
√

τ .

Term (2) From the previous discussion, we have

1
N

QBg,T
�X (1);

g,cβg
�X (2)

g,cβg
QBg,T →p QgηcβgQg, (2.169)

τ
N

N

∑
i=1

�x(1)g,cc,i�x
(2)�
g,cc,i ≤ Op(

1√
τ
), (2.170)
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∑
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s






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t




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eit Ḡ�
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), (2.171)

√
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∑
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G QBg,T
�
ci,β �

g,i
���


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√
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


�
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and

τ
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∑
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)
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

×
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


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N
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τ
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Therefore,
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N
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(1)�
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(2)
G,T QBg,T =

1
N

N

∑
i=1

QBg,T�x
(1)
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(2)�
g,i QBg,T

=
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N

N

∑
i=1

QBg,T

�
�x(1)g,cβg,i

+�x(1)g,cc,i +�x(1)g,e,i

��
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�x(2)

�
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�
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τ
) = QgηcβgQg +Op(

1√
τ
). (2.175)

Term (3) Note that

�ε(1)i =
�
�x(1)g,e,i +�x(1)g,cc,i

�
�θ . (2.176)

Equations (2.171)-(2.174) imply that

√
τ√
N
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N
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�
�x(1)g,e,i +�x(1)g,cc,i
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√
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��
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which provided that �θG�F ≤ L leads to

�
τ
N

QBg,T �q
(2)�
G,T�ε

(1) = Op(1). (2.178)

Finally,

√
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�
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�
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which then leads to the final result
√

NT Q−1
Bg,T

�
�θG −θG

�
→ Op(1).
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Next we propose the following �ΣθG to complete the discussion concerning the footnote in Theorem 2.4.1,

�ΣθG =
1

2N

2

∑
i=1

�Σ(i)
IV +

1
T
�Σ�θ ,

where �Σ�θ is a consistent estimator for the variance of �θ and
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�
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�
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.

The validity of our proposed covariance estimator relies on some additional regular assumptions:

Assumption 2.C.10. We assume the following holds:
(1)

1
N

N
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i=1




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(2) ξ1,ξ2, j j∗ , are independent from η1,η2, and 1
N ∑N

i=1 ξi,T ξ �
i,T →p Σξ with ξi =

�
ξ �

1,i,T ,ξ �
2, j j∗,i,T

��
.

Assumption 2.C.10 can be relaxed if we assume for example
√

T/N → 0, as under such case certain sampling
errors would be negligible. Now we briefly discuss the validity of our proposed covariance estimator. From
equations (2.168) and (2.174), we know
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→p Θ(1), (2.180)

with Θ(1) a deterministic positive definite matrix. Then we only need to look at the term
�

τ
N QBg,T �q

(2)�
G,T�ε(1). Follow

the previous discussion, denote
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Equation (2.149) implies that
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which then implies that �x(2)g,cc,i is of higher order. From equations (2.176), (2.181) and (2.183), it is clear that

�
τ
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(2)�
G,T�ε

(1) →d H(η)ξ ,

with H(.) a deterministic function (the limiting distribution is a mixed Gaussian distribution). The rests follow
Assumption 2.C.10 and the proof of Theorem 3 in Anatolyev and Mikusheva (2018).

Proof of Corollary 2.4.2. By the construction of the HJN statistic,
√

T qg,T,R

�
�θG −θG

�
would be of the order

Op(
1

N1/2 ) when N/T → c, and thus these sampling errors would be negligible. Therefore, the asymptotic distribution

66



of the HJN statistic is determined by the distribution of the sample pricing errors eT,R(θG). The consistency of
�S = 1

T ∑T
t=1 eg,t,R(�θG)eg,t,R(�θG)� is implied by Theorem 2.4.1 and Assumptions 2.2.1 - 2.2.3.
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Chapter 3

Identification robust testing of risk premia
in finite samples 1

3.1 Introduction

Over the past decades, it has become common practice to assess risk premia using the
classic Fama-MacBeth (FM) two-pass approach, see e.g. Fama and MacBeth (1973) and
Shanken (1992). It is based on the, so-called, linear beta representation of expected asset returns
(Cochrane (2001)) and is one of the default approaches to evaluate asset pricing models in the
financial economics literature, see e.g. Fama and French (1992). The large variety of risk factors
that this literature has proposed (see e.g. Lettau and Ludvigson (2001a), Kroencke (2017)) has,
however, led to a growing concern that the reliability of the two-pass approach is at risk for many
of them. This concern results from two common issues that threaten the two-pass approach: (i)
the absence of large correlations between risk factors and asset returns needed to identify the
risk premia; and (ii) the rather small number of time-series observations relative to the number
of assets.

A strand of the literature shows a failure in identifying risk premia when the quality of risk
factors specified for the two-pass approach is unsatisfactory. Kan and Zhang (1999), for instance,
show that if risk factors are useless (so betas are zero), their risk premia are unidentified and the
commonly used FM t-statistic on risk premia tends to be spuriously significant. Many observed
risk factors are, however, not completely useless but just minorly correlated with asset returns.
For these factors, Kleibergen (2009) similarly warns that their risk premia are only weakly
identified, which also makes the FM t-statistic unreliable. These findings lead to the emergence
of the so-called identification robust tests on risk premia, which, unlike the FM t-test, remain
trustworthy regardless of the quality of risk factors. In the ideal scenario where risk factors of
good quality are used for the FM two-pass approach, identification robust tests and the FM t-test
both provide valid and comparable inference on risk premia. In contrast, in empirical studies

1 This chapter is based on Kleibergen, Kong and Zhan (2020).
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where the quality of risk factors is questionable, identification robust tests are more trustworthy
than the FM t-test. See, e.g., Kleibergen (2009), Beaulieu, Dufour and Khalaf (2013), Khalaf
and Schaller (2016), Kleibergen and Zhan (2018).

Another strand of literature is concerned with the challenges that result from the limited
sample sizes in empirical studies. Macroeconomic risk factors, in particular, are commonly
measured at quarterly or annual frequencies, so their number of time-series observations T is
usually not much larger than the number of test assets N. Take Kroencke (2017), for example,
the yearly consumption growth series from 1960–2014 has fifty-five time-series observations,
T = 55, while thirty portfolios, sorted by size, value and investment alongside the market
portfolio, are used as test assets, so N = 31. This limited T vs. large N setting jeopardizes
asymptotic tests on the risk premia, whose validity typically relies on a much larger value of T
compared to N (Newey and Windmeijer (2009)). To conduct valid inference for limited sample
sizes, researchers have therefore developed various finite-sample robust methods. Gibbons,
Ross and Shanken (GRS) (1989), for example, propose the GRS test for portfolio efficiency,
which circumvents the limit sample size problem by making distributional assumptions. Similar
assumptions are made in Kan and Zhou (2004) for deriving the exact distribution of the Hansen-
Jagannathan statistic. More recently, Kleibergen and Zhan (2020) extend the GRS test to develop
a finite-sample robust test on the risk premia.

Both strands of literature above are empirically relevant, since sample sizes in empirical
studies are often not sufficiently large to validate asymptotic tests, such as the FM t-test, while
it has been well documented that a large number of risk factors are of questionable quality
(Kleibergen and Zhan (2015)). Despite the fact that the above two strands of literature are
well established, tests on risk premia that account for both the limited sample size and the
questionable quality of risk factors are lacking.

In light of the above, we propose novel tests on the risk premia, which are designed to be
robust to both the sample size and the quality of risk factors. We do so by providing the exact
finite-sample distributions of several identification robust test statistics, including those in, e.g.,
Kleibergen (2009) and Beaulieu, Dufour and Khalaf (2013). Put differently, while identification
robust tests are asymptotically valid regardless of the quality of risk factors, we extend these
tests to finite-sample settings by constructing finite-sample distributions of their test statistics.
In line with Gibbons, Ross and Shanken (1989), Kleibergen and Zhan (2020) and many others,
these finite-sample distributions result from the (normality) assumptions of the error term in a
linear factor model for asset returns.

We show that our proposed tests on risk premia work favorably in a simulation experiment
calibrated to real data. As expected, these tests are found particularly appealing in simulation
settings where the time-series dimension T is close to the cross-section dimension N. In such
settings, the proposed tests lead to correct sizes for testing hypotheses on risk premia, while
their asymptotic counterparts, i.e., the asymptotically valid tests, can suffer from size distortion.
On the other hand, when T is much larger than N, the proposed tests become identical to the
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asymptotically valid identification robust tests, all of which are trustworthy regardless of the
quality of risk factors. These numerical findings for the proposed tests are all in line with our
theoretical results.

To illustrate the practical relevance of our proposed tests, we revisit the empirical studies on
the consumption Capital Asset Pricing Model (CAPM) and the conditional consumption CAPM
in Kroencke (2017) and Lettau and Ludvigson (2001), respectively.2 Kroencke (2017) focuses
on the classic consumption CAPM, where consumption growth is the single risk factor. The
involved data set has T = 55 while N = 31 as aforementioned. Instead of the single factor model,
Lettau and Ludvigson (2001a) propose a multi-factor conditional consumption CAPM. We use
their quarterly data from 1963Q3-1998Q3 with T = 141 and N = 25 Fama-French portfolios
sorted by size and book-to-market as test assets. In both applications, we find that inverting the
proposed tests leads to 95% confidence sets of risk premia that are substantially different from
those based on existing asymptotic tests. This should not be surprising, since both in Lettau
and Ludvigson (2001) and Kroencke (2017), the limited T relative to N is unlikely to validate
asymptotic tests. Moreover, the 95% confidence sets resulting from the proposed tests are found
to be unbounded, reflecting that little information on risk premia is contained in the studied data
sets. These empirical results thus cast doubt on the pricing performance of the proposed risk
factors in Lettau and Ludvigson (2001a) and Kroencke (2017).

Overall, our findings indicate that robustness to the quality of risk factors and robustness to
the sample size should both be accounted for in asset pricing studies. Traditional asset pricing
tests that are not robust to the strength of identification reflected by the quality of risk factors
can lead to erroneous conclusions. Similarly, asymptotically valid tests that do not account for
limited sample sizes can also induce spurious empirical findings. We simultaneously address
these two empirically relevant issues.

The rest of the chapter is organized as follows. Section 3.2 discusses the two issues that
threaten reliable inference on risk premia: lack of identification due to poor quality risk factors
and the limited sample size. It also introduces the two data sets from Kroencke (2017) and
Lettau and Ludvigson (2001a) that we use to emphasize the empirical relevance of our results.
Section 3.3 presents the proposed test statistics and constructs their finite-sample distributions.
Section 3.4 contains a simulation study as well as applications using the data from Lettau and
Ludvigson (2001a) and Kroencke (2017). Section 3.5 concludes the chapter. Technical details
are relegated to the appendices.

2 We thank these authors for providing their data.
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3.2 Preliminaries

3.2.1 Linear beta representation and the two-pass approach

Premia on risk factors are identified by the linear beta representation of expected asset returns
(Cochrane (2001)):

E(Rt) = ιNλ0 +βλF = (ιN ,β )

�
λ0

λF

�
, (3.1)

with Rt an N×1 vector of asset returns, ιN the N×1 vector of ones, β an N×K matrix of factor
loadings, λ0 the zero-beta return, and λF the K ×1 vector of risk premia.

The β matrix of factor loadings in (3.1) is related to a linear factor model for asset returns:

Rt = c+βFt +ut , t = 1, ...,T, (3.2)

with Ft a K×1 vector of risk factors, c an N ×1 vector of constant terms, and ut an N ×1 vector
of errors.

A large portion of the asset pricing literature is centered around inference on the risk premia
λF based on (3.1)-(3.2). The conventional two-pass procedure estimates β in the first pass using
the time-series regression in (3.2), so

�β =

�
T

∑
t=1

R̄t F̄ �
t

��
T

∑
t=1

F̄t F̄ �
t

�−1

, (3.3)

with R̄t = Rt − R̄, R̄ = 1
T ∑T

t=1 Rt , F̄t = Ft − F̄ , F̄ = 1
T ∑T

t=1 Ft ; in the second pass, the risk premia
are estimated using a cross-sectional regression of the average asset returns R̄ on ιN and �β
estimated in the first pass:

�
�λ0
�λF

�
=

��
ιN , �β

���
ιN , �β

��−1�
ιN , �β

��
R̄. (3.4)

3.2.2 Lack of identification and identification robust tests

The (ιN ,β ) matrix plays a crucial role for inference on risk premia (Kleibergen and Zhan
(2020)). If (ιN ,β ) has a full rank value, then λF is well defined by (3.1), and its estimator
�λF is consistent and asymptotically normally distributed under standard regularity conditions
(Shanken (1992)). It validates the common usage of the t-test on the risk premia. The full rank
condition of (ιN ,β ) is, however, plausibly violated in many empirical settings.

The pioneering study of Kan and Zhang (1999), for example, focuses on the useless factor
setting with β = 0. If β = 0, then λF is unidentified in (3.1), and Kan and Zhang (1999) show
that the FM t-test on risk premia becomes unreliable, i.e., its test statistic tends to be significant,
which thus spuriously supports useless risk factors. Kleibergen (2009) further considers a
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so-called weak factor setting with β ≈ 0, since many risk factors proposed in the literature
exhibit just minor correlation with asset returns. Similar to the useless factor setting, Kleibergen
(2009) finds that risk premia on weak factors are not well identified, which further induces
a malfunction of the FM t-test. In addition, Kleibergen and Zhan (2020) show that β ’s are
often close to be constant over the different assets so there is little cross-sectional variation in
them. Kleibergen and Zhan (2020) warn that identification of the risk premia is then similarly
jeopardized, so the FM t-test also breaks down. All these studies boil down to the full rank
condition of (ιN ,β ), which is jeopardized if β = 0, β ≈ 0 or β ∝ ιN .

To provide empirical evidence that the full rank condition is plausibly violated, we use data
from Kroencke (2017) and Lettau and Ludvigson (2001a). The resulting estimates of β are
presented in Table 3.2.1 and Table 3.2.2, respectively.

Re-produced from Kleibergen and Zhan (2020), Table 3.2.1 presents the estimated β ’s
using the thirty-one test assets from Kroencke (2017) and five different consumption growth
measures (“Reported”, “P-J”, “Q4-Q4”, “Garbage”, “Unfiltered”, see the notes to Table 3.2.1)
from the asset pricing literature. Kroencke (2017) proposes “Unfiltered” consumption growth
as a risk factor, which appears to outperform the other four consumption growth measures for
consumption-based asset pricing.

Table 3.2.1, however, suggests that the β ’s for all five consumption growth measures are
problematic. For example, the estimated β -vector for “Reported” consumption growth is not
statistically different from zero. On the other hand, although the β ’s for the “Garbage”and
“Unfiltered” consumption growth measures all appear sizeable, they exhibit little cross-sectional
variation so they are almost constant and proportional to a vector of ones. Kleibergen and Zhan
(2020) further conduct a rank test on (ιN ,β ) and find evidence that its full rank condition is
likely violated under each of the five consumption growth measures. The reported estimates of
the β ’s in Table 3.2.1 thus cast doubt on the empirical findings in Kroencke (2017).

Similar to Table 3.2.1, Table 3.2.2 reports the estimated β ’s using the twenty-five Fama-
French portfolios sorted by size and book-to-market for three risk factors (the quarterly con-
sumption growth �c, the lagged consumption-wealth ratio cay and their interaction �c × cay)
taken from Lettau and Ludvigson (2001a). It is rather obvious in Table 3.2.2 that the last column
of the β -matrix, which corresponds to the �c × cay risk factor, is not statistically significant at
the 5% level. We therefore can not rule out that a column of the β -matrix for this multi-factor
model equals zero, so the (ιN ,β ) matrix does not have a full rank value. This is also consistent
with the rank test results reported in Kleibergen and Zhan (2020). Consequently, Table 3.2.2
raises doubts on the credibility of the empirical findings based on the FM t-test in Lettau and
Ludvigson (2001a).

The β ’s of questionable quality, such as those reported in Tables 3.2.1-3.2.2, have motivated
Kan and Zhang (1999), Kleibergen (2009) and thereafter Kleibergen and Zhan (2015, 2018,
2020), to analyze their impact on the risk premia. It is now well acknowledged that inference on
the risk premia is sensitive to the strength of identification, as reflected by the full rank condition
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Table 3.2.1: β with thirty-one portfolio returns

Reported P-J Q4-Q4 Garbage Unfiltered
β̂ t-stat β̂ t-stat β̂ t-stat β̂ t-stat β̂ t-stat

(1) -1.30 -0.41 1.19 0.93 4.18 1.51 4.54 3.33 5.40 3.81
(2) -0.23 -0.09 1.14 1.06 4.42 1.93 4.06 3.52 4.70 3.98
(3) 0.14 0.06 0.99 1.06 4.15 2.09 3.74 3.86 3.80 3.64
(4) -0.52 -0.25 0.73 0.86 3.46 1.92 3.66 4.30 3.33 3.50
(5) -0.23 -0.11 0.73 0.85 3.74 2.06 3.62 4.30 3.33 3.44
(6) -0.84 -0.43 0.58 0.72 3.01 1.75 3.42 4.39 3.10 3.43
(7) -0.85 -0.44 0.49 0.63 2.73 1.63 3.51 4.90 2.95 3.32
(8) -0.59 -0.33 0.39 0.53 2.69 1.69 3.06 4.55 2.85 3.41
(9) -0.12 -0.07 0.30 0.43 2.75 1.87 2.61 3.98 2.48 3.16

(10) 0.34 0.20 0.64 0.92 2.97 2.01 3.14 4.53 2.60 3.29
(11) -0.95 -0.46 0.21 0.25 2.25 1.22 3.58 4.29 2.85 2.91
(12) -0.44 -0.25 0.60 0.81 2.77 1.77 3.15 4.22 2.59 3.09
(13) -0.63 -0.38 0.52 0.78 2.49 1.73 2.95 4.38 2.22 2.84
(14) -0.56 -0.31 0.07 0.10 2.26 1.39 2.51 3.10 2.04 2.28
(15) 0.88 0.53 0.46 0.67 3.14 2.19 2.75 3.89 2.25 2.85
(16) 0.73 0.45 0.58 0.88 3.04 2.19 2.86 4.49 2.62 3.56
(17) 0.96 0.56 0.71 1.03 3.50 2.40 2.93 4.53 2.81 3.61
(18) 1.21 0.65 1.05 1.40 4.27 2.72 3.17 4.35 3.33 4.02
(19) 1.23 0.67 1.09 1.47 3.97 2.56 2.86 3.65 2.96 3.53
(20) 1.77 0.84 1.32 1.56 5.22 2.98 2.93 3.26 4.21 4.67
(21) -0.50 -0.22 0.58 0.61 3.57 1.78 3.85 4.30 3.88 3.73
(22) -0.09 -0.05 0.66 0.88 3.14 1.98 3.00 4.10 3.15 3.82
(23) 0.37 0.23 0.54 0.81 2.84 2.02 2.94 4.49 2.27 2.96
(24) 0.44 0.31 0.54 0.92 2.96 2.40 2.84 5.30 2.25 3.38
(25) -0.50 -0.32 0.31 0.49 2.11 1.57 2.69 5.05 2.22 3.10
(26) 1.04 0.62 0.79 1.16 3.70 2.60 3.09 4.44 2.54 3.25
(27) 1.10 0.66 0.98 1.46 3.71 2.63 2.90 4.13 2.74 3.60
(28) 0.03 0.01 0.71 0.98 3.18 2.07 3.15 4.32 3.07 3.83
(29) -0.89 -0.41 0.17 0.19 2.44 1.26 3.54 3.82 2.70 2.59
(30) -1.40 -0.58 0.03 0.03 2.10 0.97 3.92 3.95 2.92 2.52
(31) 0.23 0.13 0.72 1.00 3.32 2.21 3.21 4.74 2.95 3.72

Notes: The thirty-one test assets are taken from Kroencke (2017), i.e., the thirty portfolios sorted by size,
value and investment, plus the market portfolio in 1960-2014 (yearly data). “Reported”, “P-J”, “Q4-Q4”,
“Garbage”and “Unfiltered” correspond to five consumption measures: (i) the consumption expenditure on
nondurable goods and services reported by National Income and Product Accounts (NIPA) (“Reported”);
(ii) the three-year consumption measure from Parker and Julliard (2005) (“P-J”); (iii) the fourth-quarter
to fourth-quarter consumption measure from Jagannathan and Wang (2007) (“Q4-Q4”); (iv) the garbage
measure in Savov (2011) (“Garbage”); (v) the unfiltered NIPA consumption measure in Kroencke (2017)
(“Unfiltered”). Each of the five consumption growth rates is used as the single risk factor for asset returns
to estimate β .
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Table 3.2.2: β with twenty-five portfolio returns

�c cay �c × cay
β̂1 t-stat β̂2 t-stat β̂3 t-stat

(1) 6.35 2.32 4.25 2.96 -4.56 -0.22
(2) 6.30 2.61 3.66 2.90 2.25 0.12
(3) 5.11 2.28 3.22 2.75 3.22 0.19
(4) 5.50 2.58 2.96 2.65 5.12 0.32
(5) 5.79 2.53 2.65 2.21 11.36 0.65
(6) 4.38 1.76 4.55 3.49 -15.82 -0.84
(7) 3.63 1.65 3.25 2.83 0.02 0.00
(8) 3.92 1.97 3.07 2.95 -1.08 -0.07
(9) 3.52 1.91 2.66 2.76 6.93 0.50

(10) 4.83 2.41 2.16 2.06 8.48 0.56
(11) 2.70 1.21 4.53 3.88 -22.20 -1.31
(12) 2.76 1.47 3.64 3.69 -3.35 -0.23
(13) 2.92 1.69 2.63 2.91 4.40 0.34
(14) 2.58 1.57 2.73 3.18 0.02 0.00
(15) 3.71 1.98 2.15 2.19 4.78 0.34
(16) 1.97 1.02 4.22 4.20 -20.28 -1.39
(17) 2.62 1.49 3.28 3.58 -10.24 -0.77
(18) 1.94 1.21 2.57 3.06 -4.98 -0.41
(19) 2.50 1.56 2.32 2.76 0.60 0.05
(20) 3.78 2.05 2.26 2.34 3.28 0.23
(21) 1.61 1.01 2.77 3.33 -21.22 -1.76
(22) 1.16 0.80 2.53 3.33 -4.20 -0.38
(23) 2.32 1.88 2.46 3.80 -8.27 -0.88
(24) 1.24 0.94 2.24 3.25 -10.49 -1.05
(25) 3.07 2.13 1.59 2.11 -1.25 -0.11

Notes: The twenty-five Fama-French portfolios sorted by size and book-to-market in 1963Q3-1998Q3
(quarterly data) are used as test assets. The three risk factors taken from Lettau and Ludvigson (2001a)
are the quarterly consumption growth �c, the (lagged) consumption-wealth ratio cay and their interaction
�c × cay. The 25×3 dimensional β matrix is thus β = (β1,β2,β3), where βi, i = 1,2,3, corresponds to
the i-th factor.
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of (ιN ,β ) or put differently, the quality of the risk factors that yield the factor loadings in β .
This has led to the so-called identification robust tests on the risk premia, whose validity does
not depend on the rank of (ιN ,β ), i.e., these tests remain trustworthy regardless of the quality of
the risk factors. An example of such a test is the factor Anderson-Rubin (FAR) test proposed by
Kleibergen (2009), which is an extension of the robust Anderson and Rubin (1949) test in the
instrumental variables regression literature, see also the Hotelling type test in Beaulieu, Dufour
and Khalaf (2013). Other examples of identification robust tests include the Lagrange multiplier
(LM) and likelihood ratio (LR) tests.

One potential drawback of these identification robust tests is, however, that many of them
are established using asymptotic arguments, so the validity of these tests often relies on a large
sample size, see, e.g., the FAR test in Kleibergen (2009). It is thus questionable whether these
tests perform well in finite-sample applications, which we discuss next.

3.2.3 Limited T vs. large N and finite-sample robust tests

Other than lack of identification due to the quality of risk factors, limited sample sizes also
impose challenges for inference on risk premia. The latter should come out naturally, since
validity of asymptotic tests, such as the FM t-test and the FAR test, requires a large number of
time-series observations T relative to the number of assets N. If T is small while N is large, it
becomes doubtful whether we can still approximate the distributions of the FM t-statistic and
the FAR statistic by normal and chi-squared distributions, respectively. The large number of
assets N or in other words, many moment conditions, resembles the many instruments issue in
instrumental variables regression (Bekker and Kleibergen (2003), Bekker (1994), Newey and
Windmeijer (2009)).

The limited T vs. large N scenario is commonly encountered in empirical asset pricing
studies. For instance, Savov (2011) uses the annual garbage growth series from 1960–2006,
while the twenty-five Fama-French portfolios augmented by the ten industry portfolios, as
suggested by Lewellen, Nagel and Shanken (2010), are used as test assets. The resulting limited
T = 47 and relatively large N = 35 thus cast doubt on the FM t-test used in Savov (2011).
Similarly, the Kroencke (2017) data used for Table 3.2.1 uses the yearly unfiltered consumption
growth series for the time period 1960–2014, so T = 55, and thirty portfolios sorted by size,
value and investment alongside the market portfolio are used as test assets, so N = 31. The
simulation experiment in Kleibergen and Zhan (2020), however, shows that neither the FM t-test
nor the FAR test is size-correct under the limited T vs. large N setting calibrated to Kroencke
(2017). Given that many risk factors, like the garbage growth in Savov (2011) and consumption
growth in Kroencke (2017), are only available at low frequencies and/or within short time
periods, the limited T vs. large N problem similarly affects many other empirical studies.

In view of the above, we aim to develop tests on risk premia that are immune to the limited
T vs. large N problem, and we label these tests as finite-sample robust tests. Meanwhile,
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we also want these tests to remain trustworthy when the quality of risk factors is potentially
unsatisfactory. We therefore have a two-fold goal, i.e., providing tests that are reliable when
using risk factors of questionable quality as well as for limited sample sizes.

Kleibergen and Zhan (2020) develop two tests to meet this two-fold goal. First, they construct
a finite-sample version of the rank test from Kleibergen and Paap (2006) so it can be used to
test for a reduced rank value of (ιN ,β ) , implicating that the risk premia are not identified, when
N is large compared to T. Second, they extend the GRS test statistic from Gibbons, Ross and
Shanken (1989) so that it can be used for testing hypotheses on the risk premia. They refer to it
as the GRS-FAR statistic, to reflect that it also results from the FAR statistic in Kleibergen (2009)
with an adjustment for the finite-sample setting. As in Gibbons, Ross and Shanken (1989),
Kleibergen and Zhan (2020) also assume that the error term in the linear factor model (3.2) is
normally distributed, in order to derive the finite-sample F-distribution of the GRS-FAR statistic.
Since this F-distribution does not depend on the quality of the risk factors, the finite-sample
robust GRS-FAR test is also robust to the strength of identification.

In the next section, we propose several other tests, which, like the GRS-FAR test, are robust
to both the sample size and the strength of identification reflected by the quality of the risk
factors. Later on, we also show that these tests have comparable or even better power than the
GRS-FAR test. To facilitate comparison and understanding, we also discuss the GRS-FAR test.

3.3 Analytical results

3.3.1 Null hypothesis and assumptions

Our interest lies in testing the hypothesis on the risk premia: H0 : λF = λF,0, with λF,0 the
hypothesized value of λF . We therefore delete λ0 in (3.1) by removing the N-th asset and taking
all other asset returns in deviation from the return on the N-th asset. The moment condition (3.1)
and the linear factor model (3.2) now become

E(Rt) = BλF , (3.5)

Rt = C+BFt +Ut , (3.6)

where Rt = JNRt , C = JNc, B= JNβ , Ut = JNut with JN = (IN−1,−ιN−1), IN−1 is the (N−1)×
(N −1) identity matrix, and ιN−1 is the (N −1)-dimensional vector of ones.

Remark 1. Our proposed test statistics are invariant to which asset return is to be subtracted.
Put differently, the choice of the N-th asset does not affect the resulting values of our statistics.
See the Internet Appendix of Kleibergen and Zhan (2020).

Remark 2. In tests with excess returns, λ0 = 0 is sometimes imposed. See, e.g., Savov
(2011). With this zero-restriction, we do not have to remove the N-th asset, and (3.5)-(3.6) are al-
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most identical to (3.1)-(3.2) except for notation. Our tests can thus be extended straightforwardly
to incorporate the λ0 = 0 restriction.

Remark 3. The full rank condition of (ιN ,β ), which we discussed previously for identifying
risk premia, is equivalent to the full rank condition of B. Since we allow for risk factors of
questionable quality, we do not need to assume that B has a full rank value.

We make the following two assumptions for the linear factor model, both of which have
been used in the previous literature. Further explanations are provided under each assumption.

Assumption 3.3.1. Ut is i.i.d. normally distributed with covariance Σ.

The normality assumption gives rise to the finite-sample distributions of the test statistics
proposed later on. This assumption is commonly adopted in the existing literature to facilitate
finite-sample analysis, see, e.g., Gibbons, Ross and Shanken (1989), Kan and Zhou (2004).
In addition, there also exists empirical evidence that distributions of some asset returns could
be approximated by the normal distribution (e.g., Kleibergen and Zhan (2020)). We can as
well replace normality with other distributional assumptions, and if we do so, the finite-sample
distributions of our proposed statistics can be derived in a similar fashion or using simulation.

Assumption 3.3.2. Let F be the T ×K matrix whose t-th row is F̄ �
t , and we assume that (ιT ,F)

is a deterministic matrix of full rank.

The full rank condition of (ιT ,F), where ιT is the T -dimensional vector of ones, rules out
multi-collinearity of risk factors, so β and thus B are estimable using time-series regression.
Here we assume that risk factors are fixed, instead of imposing restrictions on their limiting
behaviors, in order to facilitate the finite-sample analysis of test statistics. The assumption of
fixed factors can be similarly found in, e.g., Gibbons, Ross and Shanken (1989). We could allow
for randomness of risk factors by regarding the proposed test statistics as conditional random
variables given the risk factors.

3.3.2 Test statistics and their finite-sample distributions

Under the null hypothesis H0 : λF = λF,0 and the moment condition (3.5), we have E(Rt) =

BλF,0, so the average returns R̄= 1
T ∑T

t=1Rt should be centered around BλF,0. In order to test
H0 : λF = λF,0, we can examine whether R̄−BλF,0 is centered around zero. This motivates the
test statistics we present next.

Put differently, our proposed test statistics do not rely on an estimator of λF . Instead, we just
examine whether the factor pricing condition (3.5) holds at the hypothesized risk premia λF,0. A
rejection of H0 : λF = λF,0 could result if (3.5) holds at a value other than λF,0, or if (3.5) does
not hold at any value of the risk premia, i.e., there exists model mis-specification.3 Since our

3 If H0 : λF = λF,0 is rejected for every hypothesized λF,0, then it signals that the adopted risk factors are
mis-specified for the factor pricing condition (3.5). In this case, mis-specification robust inference methods can be
adopted (see, e.g., Kan, Robotti and Shanken (2013)).
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test statistics do not involve risk premia estimation, they remain trustworthy regardless of the
strength of risk premia identification, as reflected by the quality of risk factors or B.

For later use, we distinguish the following two estimators for B: a restricted least squares
estimator under the null,

�B =

�
T

∑
t=1

Rt (F̄t +λF,0)
�
��

T

∑
t=1

(F̄t +λF,0)(F̄t +λF,0)
�
�−1

,

and an unrestricted least squares estimator,

�B =

�
T

∑
t=1

R̄t F̄ �
t

��
T

∑
t=1

F̄t F̄ �
t

�−1

,

where R̄t =Rt −R̄ , F̄t is the demeaned factor similarly defined under (3.3).
Since R̄− �BλF,0 and R̄− �BλF,0 are natural choices to help examine whether E(Rt) = BλF,0

holds, we use them to construct test statistics. Under H0 : λF = λF,0 imposed on factor pricing
and Assumptions 3.3.1-3.3.2, R̄− �BλF,0 and R̄− �BλF,0 are both normally distributed (N −1)-
dimensional vectors, and the distribution of one of these two vectors is just a scaled version of
the distribution of the other:4

√
T
�
R̄− �BλF,0

�
∼ N

�
0,
�

1−λ �
F,0

�QFF(λF,0)
−1λF,0

�
⊗Σ

�
, (3.7)

√
T
�
R̄− �BλF,0

�
∼ N

�
0,
�

1+λ �
F,0

�Q−1λF,0

�
⊗Σ

�
, (3.8)

where �QFF(λF,0) =
1
T ∑T

t=1(F̄t +λF,0)(F̄t +λF,0)�, �Q= 1
T ∑T

t=1 F̄t F̄ �
t , and Σ is the covariance of

the error Ut in (3.6).

FAR and Hotelling (H) statistics

The FAR statistic in Kleibergen (2009) is based on the normal approximation of the R̄−
�BλF,0 vector. Similarly, the Hotelling (H) type test statistic (see Beaulieu, Dufour and Khalaf
(2013)) is based on the normal approximation of R̄− �BλF,0. Both statistics can then be viewed
as the standardized lengths of these vectors, which explains their χ2 limiting distributions,

FAR(λF,0) =
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ−1
�
R̄− �BλF,0

�
, (3.9)

H(λF,0) =
T

1+λ �
F,0

�Q−1λF,0

�
R̄− �BλF,0

�� �Σ−1
�
R̄− �BλF,0

�
, (3.10)

4 See Lemmas 3.A.1 and 3.A.2 in the Appendix. For ease of exposition, all proofs are provided in the Appendix,
so we can focus on our prime results in the main text.
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with �Σ a consistent estimator for the covariance matrix Σ. Unless specified otherwise, we use

�Σ =
1

T −K −1

T

∑
t=1

�
R̄t − �BF̄t

��
R̄t − �BF̄t

��

as the covariance matrix estimator of Σ for the proposed test statistics.

Theorem 3.3.1. If the same covariance estimator �Σ is used for the FAR and Hotelling statistics,
then FAR(λF,0) = H(λF,0). Under H0 : λF = λF,0 and Assumptions 3.3.1-3.3.2, the FAR and H
statistics converge to a χ2

N−1 distributed random variable, as T → ∞ while N is fixed.

Proof: See Appendix 3.A.5

Kleibergen and Zhan (2020) provide another interpretation of the FAR statistic by relating
it to the well-known GRS statistic. They show that R̄− �BλF,0 can be viewed as an estimator
of the constant terms (alphas) in a set of appropriately specified regressions of asset returns on
risk factors. While alphas are zero under the null, the FAR statistic, like the GRS statistic, just
tests whether alphas are zero. Therefore, we could also label the FAR statistic as the GRS-FAR
statistic, as in Kleibergen and Zhan (2020).

The asymptotic result in Theorem 3.3.1, however, is at risk in a finite-sample setting where
the time-series dimension T may not be much larger than the cross-section dimension N. We
therefore adjust the FAR statistic (or equivalently, the H statistic) and derive its finite-sample
distribution, which is provided in Theorem 3.3.2.

Theorem 3.3.2. Under H0 : λF = λF,0 and Assumptions 3.3.1-3.3.2,

T −K −N +1
(T −K −1)(N −1)

×FAR(λF,0)∼ FN−1,T−K−N+1, (3.11)

where FN−1,T−K−N+1 is the F-distribution with N −1, T −K −N +1 degrees of freedom.

Proof. See Appendix 3.A.

The finite-sample F-distribution in Theorem 3.3.2 indicates the importance of the time-series
dimension T relative to the cross-section dimension N. If T is much larger than N, then it
is straightforward to verify that the finite-sample result in Theorem 3.3.2 is equivalent to the
asymptotic result in Theorem 3.3.1. On the other hand, if T is close to N, which is not uncommon
in practice, then inference on risk premia based on Theorem 3.3.2 is expected to be substantially
different from that based on Theorem 3.3.1. The related simulation evidence can be found in
Kleibergen and Zhan (2020).

5 Theorem 3.3.1, as well as other asymptotic results presented later on, also holds under weaker conditions, see
Kleibergen (2009).
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GLS-LM and JGLS statistics

As stated in Theorem 3.3.1, asymptotically the FAR statistic has a χ2 distribution with N−1
degrees of freedom. Therefore, when we use a large number of test assets, so the degrees of
freedom increases, the FAR test becomes less powerful. This issue has been similarly discussed
for the Anderson and Rubin (1949) statistic in the instrumental variables regression literature
(Kleibergen (2002)).

To reduce the degrees of freedom and thus improve the power of tests on the risk premia,
Kleibergen (2009) decomposes the FAR statistic into two parts, the GLS-LM statistic and the
JGLS statistic, both can be used for testing H0 : λF = λF,0:

FAR(λF,0) = GLS-LM(λF,0)+ JGLS(λF,0).

The GLS-LM statistic results from projecting �Σ− 1
2

�
R̄− �BλF,0

�
on the column space

spanned by �Σ− 1
2 �B, so

GLS-LM(λF,0)

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ− 1
2
�
P�Σ− 1

2 �B
�Σ− 1

2

�
R̄− �BλF,0

�

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ−1 �B
�
�B��Σ−1 �B

�−1 �B��Σ−1
�
R̄− �BλF,0

�
, (3.12)

where P�Σ− 1
2 �B

= �Σ− 1
2 �B

�
�B��Σ−1 �B

�−1 �B��Σ− 1
2
�
, �Σ−1 = �Σ− 1

2
��Σ− 1

2 . Moreover, the GLS-LM statistic
can also be viewed as a quadratic form of the derivative of the FAR statistic (Kleibergen (2009)).

Similarly, the JGLS statistic results from projecting �Σ− 1
2

�
R̄− �BλF,0

�
on the space orthogo-

nal to the one spanned by �Σ− 1
2 �B, so it equals FAR(λF,0)−GLS-LM(λF,0):

JGLS(λF,0)

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ− 1
2
�
(IN−1 −P�Σ− 1

2 �B
)�Σ− 1

2

�
R̄− �BλF,0

�
(3.13)

By decomposing the FAR statistic as described above, the distributions of the resulting
GLS-LM and JGLS statistics have fewer degrees of freedom, as shown in Theorem 3.3.3.

Theorem 3.3.3. Under H0 : λF = λF,0 and Assumptions 3.3.1-3.3.2, the GLS-LM and JGLS
statistics converge to independent χ2

K and χ2
N−K−1 distributed random variables, respectively,

as T → ∞ while N is fixed.

Proof: See Appendix 3.A.
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To make GLS-LM and JGLS tests applicable for the limited T vs. large N setting, we
similarly derive the finite-sample distributions of their (re-scaled) statistics. These are provided
in Theorem 3.3.4.

Theorem 3.3.4. Under H0 : λF = λF,0 and Assumptions 3.3.1-3.3.2,

GLS-LM(λF,0)∼ ψ �W−1ψ −ψ �C
�
C�WC

�−1C�ψ, (3.14)
T −N +1

(T −K −1)(N −K −1)
× JGLS(λF,0)∼ FN−K−1,T−N+1, (3.15)

where ψ ∼ N (0, IN−1), W ∼ WN−1(T−K−1,IN−1)
T−K−1 (scaled Wishart distribution) independent of ψ ,

and C is an arbitrary (N −1)× (N −K −1) matrix of full rank.

Proof: See Appendix 3.A.

The finite-sample distribution of the GLS-LM statistic is non-standard, but, since it is
invariant to the specificaton of C, it does not depend on any further nuisance parameters so its
critical values can easily be obtained by simulation.6 The F-distribution of the JGLS statistic
has degrees of freedom different from those for the finite-sample FAR statistic, although both
statistics take the limited T vs. large N problem into account.

FM-LM and JFM statistics

Next, we decompose the FAR statistic in an alternative manner, which is similar to the above
decomposition resulting in the GLS-LM and JGLS statistics. This decomposition leads to yet
two other test statistics, denoted by FM-LM and JFM respectively in Kleibergen (2009). As
shown later, it yields a test whose finite-sample distribution does not depend on N.

In particular, we project �Σ− 1
2

�
R̄− �BλF,0

�
on the column space spanned by �Σ 1

2 �B and the
associated orthogonal space, to construct the FM-LM and JFM statistics, respectively. These

6 To get the finite-sample critical values for GLS-LM, we can independently simulate ψ , W from normal and
Wishart distributions, respectively, and use an (N −1)× (N −K −1) full rank matrix for C. The quantiles resulting
from the simulated values of the GLS-LM statistic provide the critical values.
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two statistics can thus be written as:

FM-LM(λF,0)

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ− 1
2
�
P�Σ 1

2 �B
�Σ− 1

2

�
R̄− �BλF,0

�

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �B
�
�B��Σ �B

�−1 �B�
�
R̄− �BλF,0

�
, (3.16)

JFM(λF,0)

=FAR(λF,0)−FM-LM(λF,0)

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ− 1
2
�
(IN−1 −P�Σ 1

2 �B
)�Σ− 1

2

�
R̄− �BλF,0

�
, (3.17)

with P�Σ 1
2 �B

= �Σ 1
2
� �B

�
�B��Σ �B

�−1 �B��Σ 1
2 , �Σ = �Σ 1

2�Σ 1
2
�
.

Theorems 3.3.5 and 3.3.6 provide the asymptotic and finite-sample distributions for these
statistics, respectively.

Theorem 3.3.5. Under H0 : λF = λF,0 and Assumptions 3.3.1-3.3.2, the FM-LM and JFM
statistics converge to independent χ2

K and χ2
N−K−1 distributed random variables, respectively,

as T → ∞ while N is fixed.

Proof: See Appendix 3.A.

Theorem 3.3.6. Under H0 : λF = λF,0 and Assumptions 3.3.1-3.3.2,

T −2K
(T −K −1)K

×FM-LM(λF,0)∼ FK,T−2K, (3.18)

JFM(λF,0)∼ ψ �W−1ψ −ψ �C
�
C�WC

�−1 C�ψ, (3.19)

where ψ , W are as in Theorem 3.3.4, while C is an arbitrary (N −1)×K matrix of full rank.

Proof: See Appendix 3.A.

It is worth noting that the finite-sample F-distribution of the FM-LM statistic in Theorem
3.3.6 has a nice feature: its degrees of freedom do not depend on the number of assets N. This
statistic can thus be used to overcome the deficiency due to the presence of many assets, for
which we provide simulation evidence later on.

Split-sample CLR (sCLR) statistic

The conditional likelihood ratio (CLR) test for H0 : λF = λF,0 resembles the CLR test in
Moreira (2003) for linear instrumental variables regression. In the single factor case, the CLR
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statistic has a closed form expression:

CLR(λF,0)

=
1
2

�
FAR(λF,0)− r(λF,0)+

�
(FAR(λF,0)+ r(λF,0))

2 −4r(λF,0)JGLS(λF,0)

�
, (3.20)

where r(λF,0) = �QFF(λF,0) �B��Σ−1 �B corresponds to a rank test statistic for testing rank(B) = 0
provided λF = λF,0, and it measures the strength of the risk premia identification. When r(λF,0)

equals zero, so there is no identification, the CLR statistic is identical to the FAR statistic. On
the other hand, for large values of r(λF,0), the CLR statistic is close to the GLS-LM statistic.
Therefore, the CLR statistic can also be regarded as a data-dependent weighted average of the
FAR and GLS-LM statistics.

Asymptotically, r(λF,0) is independent of FAR(λF,0) and JGLS(λF,0), so the conditional lim-
iting distribution of the CLR statistic given the realized value of r(λF,0) results from combining
the independent limiting distributions of the GLS-LM and JGLS statistics whose sum makes up
the FAR statistic. The conditional critical values of the CLR statistic can then straightforwardly
be simulated for any given value of r(λF,0) in the manner of Moreira (2003), see also Kleibergen
(2009). In the finite-sample setting, however, FAR(λF,0) and JGLS(λF,0) are no longer inde-
pendently distributed of r(λF,0), which complicates the derivation of conditional finite-sample
critical values for the CLR statistic. To address this issue, we propose to conduct a CLR test by
usage of the split-sample CLR (sCLR) statistic.

Specifically, the full sample with t = 1, · · · ,T , is divided into two parts: t = 1, · · · ,T1 for
the first sub-sample, while t = T1 + 1, · · · ,T for the second. We use the first sub-sample to
estimate Σ, which is only used for calculating r(λF,0). All the other parts of the CLR statistic
are computed using the second sub-sample. The resulting CLR statistic is labeled: the sCLR
statistic. The r(λF,0) statistic used for the sCLR statistic is then independent of the FAR(λF,0)

and JGLS(λF,0) statistics. We can thus provide the finite-sample distribution of the sCLR
statistic, as in the next theorem.

Theorem 3.3.7. Under H0 : λF = λF,0 and Assumptions 3.3.1-3.3.2 with K = 1, the sCLR(λF,0)

statistic conditional on the rank statistic r has the distribution:

1
2

�
ψ �W−1ψ − r+

�
(ψ �W−1ψ + r)2 −4rψ �C (C�WC)−1C�ψ

�
,

where ψ , W , C are as in Theorem 3.3.4, except that T −T1 replaces T for the (second) sample
size, and r is the rank statistic whose �Σ results from the first sample with t = 1, · · · ,T1.

Proof: See Appendix 3.A.

The split-sample CLR test is, however, not always feasible. If T is too close to N, the two
split-sample sizes, T1 and T −T1, may not exceed N. Yet we require the time-series dimension
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to at least exceed the cross-section dimension for our proposed tests. For example, the degrees
of freedom in Theorem 3.3.2 implicitly implies that we need T −K −N +1 > 0. In the single
factor model with K = 1, T −K −N + 1 > 0 reduces to T > N. For the split-sample CLR
statistic, both T1 and T −T1 thus have to exceed N so T has to exceed 2N. For this reason, we
focus on the FAR test and its components, the GLS-LM, JGLS, FM-LM and JFM tests, rather
than the CLR test.

3.3.3 Subset FAR statistic

So far we have focused on testing a joint hypothesis specified on all risk premia: H0 : λF =

λF,0. To construct a confidence set of each individual risk premium in multi-factor models,
we can just project out the joint confidence set which can be computed using tests of the joint
hypothesis specified on all risk premia. Alternatively, Kleibergen (2009) and Kleibergen and
Zhan (2020) use a subset FAR (sFAR) statistic. We provide the asymptotic and finite-sample
behaviors of the sFAR statistic in Theorems 3.3.8 and 3.3.9, respectively. We refrain from
constructing the asymptotic and finite-sample behaviors of the other statistics since these, unlike
for the sFAR statistic, need the risk premia left unrestricted by the hypothesis of interest to be
well identified.

For the K × 1 dimensional vector of risk premia λF = (λF,1,λF,2, ...,λF,K)�, consider its
partition such that λF = (λF,1,λ

�
2)

� with λ2 = (λF,2, ...,λF,K)�. Our objective is to test the null
hypothesis H0 : λF,1 = λ 0

F,1.7 The corresponding sFAR statistic, denoted by sFAR(λ 0
F,1), results

from minimizing the FAR statistic under the hypothesized λ 0
F,1,

sFAR(λ 0
F,1) = min

λ2
FAR

�
(λ 0

F,1,λ
�
2)

�
�
.

Consider the following characteristic polynomial:
�����µ

�
1+λ �

F,1
�Q−1

FF,11λF,1 −λ �
F,1

�Q−1
FF,12

− �Q−1
FF,21λF,1 �Q−1

FF,22

�
−
�
R̄− �B1λF,1, �B2

�� �Σ−1
�
R̄− �B1λF,1, �B2

������= 0,

(3.21)

with �Q−1
FF =

�
�Q−1

FF,11
�Q−1

FF,12
�Q−1

FF,21
�Q−1

FF,22

�
, �B =

�
�B1, �B2

�
. The sFAR(λ 0

F,1) statistic equals T times the

smallest root of the characteristic polynomial (3.21), which shows that the sFAR(λ 0
F,1) statistic

is also a rank test testing the null hypothesis that the rank of (ERt −B1λF,1,B2) is smaller than
K −1 (Kleibergen and Paap (2006)).

7 Our results can easily extend to cases where λF,1 is a vector instead of a scalar, and for simplicity and for the
fact that scalar tests are popular common among empirical studies, we focus on the scalar case.
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Proposition 3.3.1. The sFAR statistic is bounded according to

sFAR(λ 0
F,1)≤ �JGLS

�
(λ 0

F,1,λ 0�
2 )�

�
, (3.22)

with �JGLS
�
(λ 0

F,1,λ 0�
2 )�

�
=FAR

�
(λ 0

F,1,λ 0�
2 )�

�
− �GLS-LM

�
(λ 0

F,1,λ 0�
2 )�

�
where �GLS-LM

�
(λ 0

F,1,λ 0�
2 )�

�

only uses the score with respect to the λ2.

Proof: See Appendix 3.A.

Proposition 3.3.1 directly implies that the distribution of a JGLS statistic can serve as a upper
bound for the one of the associated sFAR statistic (see Theorems 3.3.8 and 3.3.9).

Theorem 3.3.8. Under H0 : λF,1 = λ 0
F,1 and Assumptions 3.3.1-3.3.2, as T → ∞ while N is fixed,

the limiting distribution of the sFAR(λ 0
F,1) statistic is bounded by the χ2

N−K distribution, i.e.,

sFAR(λ 0
F,1)� χ2

N−K. (3.23)

Proof: See Appendix 3.A.

Theorem 3.3.8 is consistent with the sharp asymptotic sFAR upper bound provided by
Guggenberger et al. (2012), and we derive the result via a different approach. We derive the
upper bound by showing that the sFAR statistic is bounded by a JGLS statistic (Proposition
3.3.1). Theorem 3.3.4 provides an exact finite sample distribution of the JGLS statistic, similarly
we can derive the exact finite sample distribution of the �JGLS

�
(λ 0

F,1,λ 0�
2 )�

�
statistic, and thus

provide a finite sample upper bound for the sFAR statistic (Theorem 3.3.9).

Theorem 3.3.9. Under H0 : λF,1 = λ 0
F,1, Assumptions 3.3.1-3.3.2, the scaled sFAR(λ 0

F,1) statistic,
T−N

(T−K−1)(N−K)sFAR(λ 0
F,1), is in finite samples bounded by the FN−K,T−N distribution, i.e.,

T −N
(T −K −1)(N −K)

× sFAR(λ 0
F,1)� FN−K,T−N . (3.24)

Proof: See Appendix 3.A.

Theorem 3.3.9 is also consistent with the asymptotic χ2-upper bound from Theorem 3.3.8
as the scaled F-distribution will converge to the same χ2-limit as T increases to infinity. The
sFAR statistic, as previously discussed, is also a rank test. Theorem 3.3.10 extends the finite
sample bound of the sFAR statistic to the generalized reduced rank test statistic (Kleibergen and
Paap (2006)) with a Kronecker structure, which coincides with the canonical correlation rank
statistic of Anderson (1951).

Theorem 3.3.10. Under Assumptions 3.3.1-3.3.2, the canonical correlation rank test which

tests for a lower rank value of B (from equation (3.6)), rk = minλ T ( �Bλ)
��Σ−1( �Bλ)

λ � �Q−1
FF λ

, is in finite
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samples bounded by the FN−K,T−N distribution, i.e.,

T −N
(T −K −1)(N −K)

rk×� FN−K,T−N . (3.25)

Proof: See Appendix 3.A.

Theorem 3.3.10 provides a finite sample upper bound for the canonical correlation rank
test of B, which commonly serves as a pre-test testing the identification strength of linear
asset pricing models. Provided that equation (3.6) is simply a linear model, Theorem 3.3.10
easily extends to the canonical correlation rank test of slope coefficients in linear models with
independent Gaussian noise, and thus provides an exact finite sample critical value for the rank
test with a Kronecker structure (Kleibergen and Paap (2006)).

3.4 Numerical and empirical results

3.4.1 Simulation evidence

To illustrate the performance of our proposed tests, we conduct a simple simulation study.
For the data generating process (DGP), we consider a single factor model:

Rt = c+βFt +ut , with Ft ∼ NID(0,Vf ), ut ∼ NID(0,Ω),

where c, β , Vf and Ω are calibrated to data from Kroencke (2017). We set c = ιNλ0 +βλF , so
the moment condition (3.1) holds.

Size

Using the simulated data of Ft and Rt from the DGP, we test H0 : λF = 2 at the 5% significance
level for generating the sizes presented in Figure 3.4.1. In particular, we fix the time-series
sample size at T = 55 to mimic the Kroencke (2017) study, while we consider a sequence of
values for the number of test assets N, up to N = 31. The FAR, GLS-LM, JGLS, FM-LM
and JFM tests described in the last section are implemented, using both their finite-sample and
asymptotic critical values. The simulated sizes result from 1000 Monte Carlo replications.

Figure 3.4.1 shows that all finite-sample robust tests (dashed curves) have actual sizes close
to the nominal 5%, regardless of the value of N. This is in sharp contrast with the asymptotically
valid tests (solid curves), whose sizes tend to exceed the nominal 5% as N increases. When N
is small, so it is far below T , we observe in Figure 3.4.1 that asymptotic tests are close to be
size-correct. On the other hand, when N is large, so the limited T vs. large N problem becomes
severe, asymptotic tests (except FM-LM) exhibit size distortion while finite-sample robust tests
remain trustworthy. All these findings are in line with our earlier analysis.
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Figure 3.4.1: Simulated sizes as a function of the number of test assets N with T = 55. Dashed
curves for finite-sample robust tests: FAR, dashed black; GLS-LM, dashed blue; JGLS, dashed
magenta; FM-LM, dashed red; JFM, dashed green. Solid curves for asymptotically valid tests:
FAR, solid black; GLS-LM, solid blue; JGLS, solid magenta; FM-LM, solid red; JFM, solid
green. The null hypothesis is H0 : λF = 2 in a single factor CAPM calibrated to Kroencke (2017).
The significance level is 5%.

5 10 15 20 25 30

N

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A
c
tu

a
l 
S

iz
e
s

Figure 3.4.2: This figure is generated in the same manner as Figure 3.4.1 above, except that we
fix T at T = 500.
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It is worth emphasizing that the FM-LM test performs well using either finite-sample (dashed
red) or asymptotic (solid red) critical values. This is explained by Theorem 3.3.6, where N does
not appear in the degrees of freedom of the finite-sample distribution of the FM-LM statistic.
Put differently, while the limited T vs. large N problem affects many asymptotically valid tests,
it is less so for the FM-LM test. This feature makes the FM-LM test more appealing than the
FAR, GLS-LM, JGLS and JFM tests for limited T vs. large N.

Figure 3.4.1 is to be compared with Figure 3.4.2, for which we increase T from 55 to 500.
Under the large T = 500, Figure 3.4.2 shows that both the asymptotically valid tests (solid)
and finite-sample robust tests (dashed) have actual sizes near the nominal 5%. This further
demonstrates the importance of the T vs. N issue. If researchers adopt a large number of test
assets, such as N = 31 assets in Kroencke (2017), or N = 35 as in Savov (2011), then a much
larger T is generally needed to validate asymptotic tests. This argument also applies to the
identification robust FAR, GLS-LM, JGLS and JFM tests when using asymptotic critical values.
Kleibergen and Zhan (2020) provide similar simulation evidence for the FM t-test, whose size
not only suffers from the limited T vs. large N problem, but also relies on risk factors of
satisfactory quality.

Power

Next, we briefly analyze the power performance of our proposed tests. To do so, we vary
λF imposed in the DGP described above and keep testing H0 : λF = 2, which is close to the
point estimate of the consumption risk premium reported in Kroencke (2017). To facilitate
comparison, we consider two scenarios: (i) N = 31 and T = 55, as in Kroencke (2017); (ii)
N = 31 and T = 500. The simulated power curves for these two scenarios are presented in
Figures 3.4.3 and 3.4.4, respectively.

The left hand side panel of Figure 3.4.3 shows that finite-sample robust tests are all size-
correct in our simulation study calibrated to Kroencke (2017), and these tests have good power.
The power curves of the GLS-LM and FM-LM tests show a sudden decline in power which
results since they are (functions of) quadratic forms of the derivative of the FAR statistic with
respect to the risk premium. The power decline therefore occurs from this derivative not
only being zero at the minimizer of the FAR statistic. Andrews, Moreira and Stock (2006)
show that the CLR statistic is optimal for testing in the homoskedastic linear instrumental
variables regression model with one structural parameter, since it optimally combines the GLS-
LM and JGLS statistic using the conditioning statistic. Since the conditioning statistic is not
independently distributed from the GLS-LM and JGLS statistics, we can not use it here.

In contrast, the right hand side panel of Figure 3.4.3 shows that among the examined
asymptotically valid tests, only the FM-LM test appears to be size-correct for the N = 31 and
T = 55 setting. This is consistent with Figure 3.4.1 as well as Theorem 3.3.6.

Figure 3.4.3 is to be compared with Figure 3.4.4, for which we consider T = 500. The two
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panels of Figure 3.4.4 now appear similar to each other, since both the finite-sample robust tests
and the asymptotic tests are expected to be valid when T is sufficiently large. Similar to the left
hand side panel of Figure 3.4.3, Figure 3.4.4 also suggests that the power performances of the
examined tests are comparable to each other.
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Figure 3.4.3: Simulated power curves with N = 31 and T = 55. Dashed curves for finite-sample
robust tests in the left panel: FAR, dashed black; GLS-LM, dashed blue; JGLS, dashed magenta;
FM-LM, dashed red; JFM, dashed green. Solid curves for asymptotically valid tests in the right
panel: FAR, solid black; GLS-LM, solid blue; JGLS, solid magenta; FM-LM, solid red; JFM,
solid green. The null hypothesis is H0 : λF = 2 in a single factor CAPM calibrated to Kroencke
(2017). The significance level is 5%.

Kleibergen (2009) discusses how the power decline of GLS-LM and FM-LM tests, as
shown in Figure 3.4.3, can be avoided by sequentially testing the risk premia using either the
independent GLS-LM and JGLS tests or the FM-LM and JFM tests. For illustration, here we
consider a combination such that a 96% critical value is applied to GLS-LM and a 99% critical
value to JGLS, so the overall size equals 5%. Similarly, we also consider the combined test
using FM-LM (96%) and JFM (99%).

Figure 3.4.5 presents the power curves of the GLS-LM and JGLS combined test and the
FM-LM and JFM combined test in the N = 31 and T = 55 setting. For comparison, we also
present the power curves of the FAR test and the FM t-test with the Shanken (1992) correction.

The left hand side panel of Figure 3.4.5 shows that the power decline in Figure 3.4.3 is no
longer in place, once we combine tests in the manner suggested by Kleibergen (2009). Moreover,
the GLS-LM and JGLS combined test (dashed blue) appears more powerful than the FM-LM
and JFM combined test (dashed red) and the FAR test (dashed black). On the other hand, the
FM t-test (dotted brown) exhibits size distortion, since it over-rejects H0 : λF = 2. The right
hand side panel of Figure 3.4.5 again shows that the asymptotic counterparts of these tests do
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Figure 3.4.4: This figure is generated in the same manner as Figure 3.4.3 above, except that we
fix T at T = 500.
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Figure 3.4.5: Simulated power curves with N = 31 and T = 55. Dashed curves for finite-sample
robust tests in the left panel: FAR, dashed black; a combined test of GLS-LM (96%) and JGLS
(99%), dashed blue; a combined test of FM-LM (96%) and JFM (99%), dashed red. Solid
curves for asymptotically valid tests in the right panel: FAR, solid black; a combination of JGLS
and GLS-LM, solid blue; a combination of JFM and FM-LM, solid red. In both panels, the
dotted brown power curve is for the FM t-test with the Shanken (1992) correction, using critical
values from the normal distribution. The null hypothesis is H0 : λF = 2 in a single factor CAPM
calibrated to Kroencke (2017). The significance level is 5%.
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Figure 3.4.6: This figure is generated in the same manner as Figure 3.4.5 above, except that we
fix T at T = 500.

not function well in the N = 31 and T = 55 setting.
Figure 3.4.5 is to be compared with Figure 3.4.6, where T is increased to 500. Under this

large value of T , the two panels in Figure 3.4.6 are, as expected, almost indistinguishable. Figure
3.4.6 also shows that the FM t-test starts to perform well under the large T (= 500). However,
its power curve lies below those of robust tests, i.e., it appears to be less powerful.

3.4.2 Risk premia in the consumption CAPM

We use our proposed tests to analyze risk premia in the consumption CAPM and conditional
consumption CAPM. The data sets from Kroencke (2017) and Lettau and Ludvigson (2001)
are adopted to facilitate comparison. The yearly data taken from Kroencke (2017) has T = 55
and N = 31, while the quarterly data taken from Lettau and Ludvigson (2001a) has T = 141
and N = 25. The detailed description of the involved test assets and risk factors is provided for
Tables 3.2.1-3.2.2, where the estimated β ’s are reported.

For ease of exposition, we present the p-value plots resulting from testing risk premia using
our proposed tests. A p-value larger than, say, 5%, implies that we could not reject the null at
the 5% significance level. Thus if we find that the p-value curves are all above the 5% line, then
we can not reject any hypothesized value of the risk premium, i.e., the 95% confidence sets of
the risk premium is unbounded. In contrast, if the p-value curves cross the 5% line, then we can
reject those hypothesized values of the risk premium whose corresponding p-values are below
5%. Finally, if the p-value curves lie fully below the 5% line, then we reject every hypothesized
value of the risk premium.

Figure 3.4.7 provides the p-value curves resulting from testing the consumption risk premium
using the data from Kroencke (2017). We use five of our proposed tests: FAR, GLS-LM, JGLS,
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FM-LM and JFM.8 Overall, the p-value curves based on the finite-sample robust tests (dashed
black) imply unbounded 95% confidence sets of the consumption risk premium. In particular,
the p-values from the finite-sample FAR, GLS-LM, JGLS and JFM tests are all above 5%, so
the resulting confidence sets are unbounded. Only the FM-LM test has some of its p-values
below 5%, for some hypothesized risk premia near zero. Therefore, only these hypothesized
values can be rejected at the 5% level, and the 95% confidence set resulting from the FM-LM
test is thus unbounded but disjoint. The unboundedness of the 95% confidence sets reflects
both the questionable quality of the consumption growth data and the limited sample size, and
casts doubt on the findings in Kroencke (2017) based on the FM t-test, which we re-produce in
Panel A of Table 3.4.1. Dufour (1997) and Kleibergen and Zhan (2020) provide further detailed
explanations for why confidence sets resulting from robust tests can be unbounded. In particular,
Kleibergen and Zhan (2020) show that unbounded confidence sets commonly occur, if risk
premia are unidentified due to poor quality risk factors, and/or the involved time series is short,
so little information on risk premia can be extracted from the data.

Table 3.4.1: Conventional 95% confidence intervals of risk premia

A. Kroencke (2017) B. Lettau and Ludvigson (2001a)
�c �c cay �c×cay

Estimate of λF 2.04 0.02 -0.13 0.06
FM t 2.18 0.20 -0.43 3.12

95% C.I. by FM t (0.20, 3.88) (-0.20, 0.25) (-0.70, 0.45) (0.02, 0.09)
Shanken t 1.75 0.15 -0.31 2.25

95% C.I. by Shanken t (-0.24, 4.32) (-0.29, 0.34) (-0.93, 0.68) (0.01, 0.11)

Notes: The estimate of λF and the FM t-statistic result from the Fama-MacBeth (1973) two-pass procedure.
The t-statistic with the Shanken (1992) correction is also presented. 95% C.I.s are constructed by inverting
the t-tests. For the consumption CAPM, we replicate the Kroencke (2017) study: the yearly unfiltered
consumption growth in 1960-2014 is used for �c, while thirty portfolios sorted by size, value and
investment, plus the market portfolio, are used as test assets. For the conditional consumption CAPM, we
replicate the Lettau and Ludvigson (2001a) study: the quarterly consumption growth �c, the (lagged)
consumption-wealth ratio cay and their interaction in 1963Q3-1998Q3 are used as three risk factors,
while twenty-five Fama-French portfolios sorted by size and book-to-market are used as test assets.

Figure 3.4.7 also shows the large discrepancy between finite-sample robust tests (dashed
black) and asymptotically valid tests (solid red). Most striking is that the asymptotic FAR, JGLS
and JFM tests reject every hypothesized risk premium, while their finite-sample counterparts
do not. The FM-LM test distinguishes itself from the other tests, since its finite-sample and
asymptotic versions lead to almost identical p-values. This should not be surprising, since
Theorem 3.3.6 shows that the FM-LM test does not suffer from the limited T vs. large N
problem. As long as T exceeds 2K by a large enough margin, the finite-sample adjusted FM-LM
test is almost equivalent to its asymptotic counterpart.

8 Since T = 55 while N = 31, we do not employ the sCLR test which needs T > 2N.
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Figure 3.4.7: p-values of the FAR, GLS-LM, JGLS, FM-LM and JFM tests for testing the values
of the consumption risk premium on the horizontal axis. Dashed black curves result from the
finite-sample critical values of these test statistics, while solid red curves of p-values result
from the asymptotic critical values. The test assets (thirty portfolios sorted by size, value and
investment, plus the market portfolio) and the single risk factor (unfiltered consumption growth)
in 1960–2014 are taken from Kroencke (2017). The 5% benchmark line is also plotted.
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Identical to Figure 3.4.7, Figure 3.4.8 provides p-value plots based on the sFAR test for each
of the three risk premia in the conditional consumption CAPM in Lettau and Ludvigson (2001a).
They are used to construct the 95% confidence sets of each of the risk premia, to contrast with
the conventional ones presented in Panel B of Table 3.4.1.9
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Figure 3.4.8: p-values of the sFAR test for testing the values of risk premia on the horizontal
axis. Dashed black curves result from the sFAR test using the finite-sample F-critical values,
while solid red curves of p-values result from the asymptotic χ2-critical values. The test assets
(twenty-five Fama-French portfolios sorted by size and book-to-market ratio) and three risk
factors (∆c, cay, ∆c× cay) in 1963Q3-1998Q3 are taken from Lettau and Ludvigson (2001).
The 5% benchmark line is also plotted.

Figure 3.4.8 shows that the finite-sample adjusted sFAR test (dashed black) leads to un-
bounded 95% confidence sets of the risk premium on each of the three risk factors in the
model (�c: consumption growth; cay: the lagged consumption-wealth ratio; �c× cay: their

9 For our other proposed tests, the 95% confidence sets for the individual risk premium result from projecting the
95% joint confidence sets of all three risk premia on the separate axes reflecting each risk premium. We therefore
refrain from using them to construct the 95% confidence sets for the individual risk premium.
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interaction). In contrast, 95% confidence sets based on the asymptotic sFAR test (solid red) are
unbounded and disjoint for �c and cay, since only a bounded set of hypothesized risk premia
are associated with p-values below 5%. Furthermore, for the interaction term �c× cay, both
the finite-sample and the asymptotic p-value curves lie above 5%, so they suggest an unbounded
95% confidence set. Lettau and Ludvigson (2001), on the other hand, report a significant FM
t-statistic on the interaction term to help establish their conditional consumption CAPM, which
we re-produce in Panel B of Table 3.4.1. In contrast with Lettau and Ludvigson (2001a), the
unbounded confidence sets implied by Figure 3.4.8 thus put the significant risk premium from
the FM t-test under doubt, see also Kleibergen (2009) and Kleibergen and Zhan (2020).

Finally, it is worth emphasizing that the unbounded confidence sets of risk premia in Figures
3.4.7-3.4.8 are in line with the corresponding β estimates in Tables 3.2.1-3.2.2. As indicated
by Tables 3.2.1-3.2.2, we can not rule out that the full rank condition of (ιN ,β ) is violated in
a statistical sense. If the full rank condition does not hold, then the risk premia λF in (3.1)
are unidentified. Any real value can thus become possible for the unidentified λF , which
consequently leads to the unbounded confidence sets in Figures 3.4.7-3.4.8.

3.5 Conclusions

We provide finite-sample distributions for the identification robust statistics testing risk
premia in the beta representation of expected asset returns. By doing so, we make these tests
suitable for empirical settings where sample sizes are often limited and the quality of risk factors
is questionable. The size and power performances in Monte Carlo simulations show that these
tests work favorably, and their empirical usage is illustrated using two well-known applications.
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Appendix 3.A Proofs

In this Appendix, we provide the proofs for the analytical results stated in the main text. These proofs build on
Lemmas 3.A.1 and 3.A.2 below.

Lemma 3.A.1. For any given λF,0,

�B = �B−
�
R̄− �BλF,0

�

�
1

−λF,0

���
1 0
0 �Q

��
0
IK

�

�
1

−λF,0

���
1 0
0 �Q

��
1

−λF,0

� , (3.26)

R̄− �BλF,0 =
1

1+λ �
F,0

�Q−1λF,0

�
R̄− �BλF,0

�
, (3.27)

where �Q= (∑t F̄t F̄ �
t )/T .

Proof of Lemma 3.A.1.

�Q=

�
∑

t
F̄t F̄ �

t

�
/T, (3.28)

�QFF(λF,0) =

�
∑

t
(F̄t +λF,0)(F̄t +λF,0)

�
�
/T = �Q+λF,0λ �

F,0, (3.29)

where the last equality results from the fact that F̄t are demeaned factors. Using (A+aa�)−1 =A−1− 1
1+a�−1a A−1aa�−1,

we have

�QFF(λF,0)
−1 =

�
�Q+λF,0λ �

F,0

�−1
= �Q−1 − 1

1+λ �
F,0

�Q−1λF,0

�Q−1λF,0λ �
F,0

�Q−1, (3.30)

which implies

1−λ �
F,0

�QFF(λF,0)
−1λF,0 =

1
1+λ �

F,0
�Q−1λF,0

. (3.31)

Plugging Equation (3.30) into �B, which can be rewritten as �B = 1
T R

�
�

ιT λ �
F,0 +F

�
�QFF(λF,0)

−1 with F =

(F̄1, ..., F̄T )� and R= (R1, ...,RT )�, we get:
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which then implies the following Equations (3.33) and (3.34):

�B = �B−
�
R̄− �BλF,0

�
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1

−λF,0

���
1 0
0 �Q−1

��
0
IK

�

�
1

−λF,0

���
1 0
0 �Q−1

��
1

−λF,0

� , (3.33)

�BλF,0 = �BλF,0 −
�
R̄− �BλF,0

� −λ �
F,0

�Q−1λF,0

1+λ �
F,0

�Q−1λF,0
. (3.34)

From Equation (3.34), it results that

R̄− �BλF,0 =
1

1+λ �
F,0

�Q−1λF,0

�
R̄− �BλF,0

�
. (3.35)

Remarks. Lemma 3.A.1 also implies

�B−
�
R̄− �BλF,0

�
λ �

F,0
�Q−1 = �B. (3.36)

If the model is correctly specified, the term
�
R̄− �BλF,0

�
is asymptotically zero, so the two estimators �B and �B are

asymptotically equivalent.

Lemma 3.A.2. Under H0 : λF = λF,0 and Assumption1 3.3.1-3.3.2,

√
T
�
R̄− �BλF,0

�
∼ N

�
0,
�

1+λ �
F,0

�Q−1λF,0

�
⊗Σ

�
, (3.37)

√
T
�
R̄− �BλF,0

�
∼ N

�
0,
�

1−λ �
F,0

�QFF(λF,0)
−1λF,0

�
⊗Σ

�
, (3.38)

�
R̄− �BλF,0

�
⊥ �B, (3.39)

�
R̄− �BλF,0

�
⊥ �B, (3.40)

�
R̄− �BλF,0

�
⊥ �Σ, (3.41)

�
R̄− �BλF,0

�
⊥ �Σ, (3.42)

�Σ =
1

T −K −1 ∑
t

�
R̄t − �BF̄t

��
R̄t − �BF̄t

��
∼ WN−1(T −K −1,Σ)

(T −K −1)
, (3.43)

R̄ ⊥ �B, R̄ ⊥ �Σ, �B ⊥ �Σ, �B ⊥ �Σ. (3.44)

Proof of Lemma 3.A.2. We only need to show (3.37) (3.40) (3.41)(3.43). The proof of these results, together with
Lemma 3.A.1, implies the rest of Lemma 3.A.2.
(1) Show

√
T
�
R̄− �BλF,0

�
∼ N

�
0,
�

1+λ �
F,0

�Q−1λF,0

�
⊗Σ

�
.

√
T
�
R̄− �BλF,0

�
=
√

T
�
R̄−BλF,0 −

�
�B−B

�
λF,0

�

=
√

T
�
Ū −

�
�B−B

�
λF,0

�

=
√

T
�
U�ιT

�
ι �T ιT

�−1 −U�F
�
F �F

�−1 λF,0

�

=
√

TU�X
�
X �X

�−1
�

1 −λ �
F,0

��
, (3.45)
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where U = (U1, ...,UT )�, F = (F̄1, ..., F̄T )� and X = (ιT ,F). It then follows that

√
T
�
R̄− �BλF,0

�
=
√

TU�X
�
X �X

�−1
�

1 −λ �
F,0

��

=
��

1 −λ �
F,0

��
X �X/T

�−1 ⊗ IN−1

�� 1√
T ∑

t
Xt ⊗Ut

�
, (3.46)

and we thus get (3.37) by using

1√
T ∑

t
Xt ⊗Ut ∼ N

�
0,
�
X �X

�
/T ⊗Σ

�
. (3.47)

(2) Show
�
R̄− �BλF,0

�
⊥ �B, where ⊥ stands for independence.

We prove the claim by showing

�
R̄− �BλF,0

vec
�
�B−B

�
�

∼ 1√
T

�
ψR

ψB

�
, (3.48)

where ψR ⊥ ψB, and they are (N −1)×1 and (N −1)K ×1 normally distributed random vectors with mean zero
and covariance matrices

�
1−λ �

F,0
�Q−1

FF (λF,0)λF,0

�
⊗Σ and �QFF (λF,0)

−1 ⊗Σ, respectively. To show it, we start
with

�
R̄− �BλF,0

vec
�
�B−B

�
�

∼




R̄−BλF,0 −

�
λ �

F,0 ⊗ IN−1

�
vec

�
�B−B

�

vec
�
�B−B

�



 , (3.49)

where

R̄−BλF,0 = Ū = U�ιT
�
ι �T ιT

�−1
= (

�
ι �T ιT

�−1 ι �T ⊗ IN−1)vec
�
U�� , (3.50)

vec
�
�B−B

�
=

1
T
( �Q−1

FF (λF,0)
�
F �+λF,0ι �T

�
⊗ IN−1)vec

�
U�� . (3.51)

We therefore have

�
R̄− �BλF,0

vec
�
�B−B

�
�

∼
�

IN−1 −
�

λ �
F,0 ⊗ IN−1

�

0 IK(N−1)

�


(ι �T ιT )

−1 ι �T ⊗ IN−1
1
T
�Q−1

FF (λF,0)
�

F + ιT λ �
F,0

��
⊗ IN−1



vec
�
U��

∼





�
(ι �T ιT )

−1 ι �T − 1
T λ �

F,0
�Q−1

FF (λF,0)
�

F + ιT λ �
F,0

��
�
⊗ IN−1

1
T
�Q−1

FF (λF,0)
�

F + ιT λ �
F,0

��
⊗ IN−1



vec
�
U��

∼ 1
T





�
ι �T −λ �

F,0
�Q−1

FF (λF,0)
�

F + ιT λ �
F,0

��
�
⊗ IN−1

�Q−1
FF (λF,0)

�
F + ιT λ �

F,0

��
⊗ IN−1



vec
�
U�� . (3.52)

Note that
�

ι �T −λ �
F,0

�Q−1
FF (λF,0)

�
F + ιT λ �

F,0

��
�
×
�
�Q−1

FF (λF,0)
�

F + ιT λ �
F,0

��
��

= 0, which implies R̄− �BλF,0 ⊥

�B.

(3) Show
�
R̄− �BλF,0

�
⊥ �Σ.

Note that �Σ = U�MXU/(T −K −1) with MX = IT −X(X �−1X �, while
�
R̄− �BλF,0

�
= U�X (X �X)−1

�
1 −λ �

F,0

��
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as shown in (3.45), the independence thus results from U�X ⊥ U�MX , since

E
�

vec
�
U�X

�� vec
�
U�MX

��
= E

��
X � ⊗ IN−1

�
vec

�
U��� (MX ⊗ IN−1)vec

�
U�MX

��
= 0. (3.53)

(4) Show �Σ ∼ WN−1(T−K−1,Σ)
(T−K−1) .

�Σ=U�MXU/(T −K−1), where MX = IT −X(X �−1X � is the projection matrix with rank T −K−1, U =(U1, ...,UT )�

with Ut ∼ N(0N−1,Σ). Using Theorem 2 of Matthew and Nordstrom (1997), it follows that

�Σ = U�MXU/(T −K −1)∼WN−1(T −K −1,Σ)/(T −K −1). (3.54)

Proof of Theorem 3.3.1. Equivalence of FAR and H statistics results from (3.27) (3.31), which are

R̄− �BλF,0 =
1

1+λ �
F,0

�Q−1λF,0

�
R̄− �BλF,0

�
,

1−λ �
F,0

�QFF(λF,0)
−1λF,0 =

1
1+λ �

F,0
�Q−1λF,0

.

Assumptions 3.3.1 and 3.3.2 imply that Assumption 1 in Kleibergen (2009) holds. Theorem 3.3.1 thus results
from Theorem 5 in Kleibergen (2009).

Proof of Theorem 3.3.2. From Lemma 3.A.2, we know
�

T
1−λ �

F,0
�QFF(λF,0)−1λF,0

�
R̄− �BλF,0

�
∼ N (0,Σ) , (3.55)

�
R̄− �BλF,0

�
⊥ �Σ, (3.56)

�Σ =
1

T −K −1 ∑
t

�
R̄t − �BF̄t

��
R̄t − �BF̄t

��
∼ WN−1(T −K −1,Σ)

(T −K −1)
. (3.57)

With these results, the FN−1,T−K−N+1 distribution for the finite-sample FAR statistic results from Theorem
3.2.13 from Muirhead (2009).

Proof of Theorem 3.3.3.
Similar to the proof of Theorem 3.3.1, Theorem 3.3.3 results from Theorem 6 in Kleibergen (2009).

Proof of Theorem 3.3.4. Let �B⊥ be an arbitrary (N −1)× (N −K−1) matrix such that ( �B, �B⊥) is of full rank and
�B�
⊥
�B = 0. The projection matrix M�Σ− 1

2 �B
= IN−1 −P�Σ− 1

2 �B
can be written as �Σ 1

2
� �B⊥

�
�B�
⊥
�Σ �B⊥

�−1 �B�
⊥
�Σ 1

2 .
The JGLS(λF,0) statistic can thus be written as:

JGLS(λF,0)

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ− 1
2
�
(IN−1 −P�Σ− 1

2 �B
)�Σ− 1

2

�
R̄− �BλF,0

�

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �B⊥

�
�B�
⊥�Σ �B⊥

�−1 �B�
⊥

�
R̄− �BλF,0

�
. (3.58)
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Conditional on �B, Lemma 3.A.2 implies

�
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�B�
⊥

�
R̄− �BλF,0

�
∼ N

�
0, �B�

⊥Σ �B⊥

�
, (3.59)

�B�
⊥�Σ �B⊥ ∼

WN−K−1

�
T −K −1,( �B⊥)

�Σ( �B⊥)
�

T −K −1
, (3.60)

�B�
⊥�Σ �B⊥ ⊥ �B�

⊥

�
R̄− �BλF,0

�
, (3.61)

since �B⊥ only depends on �B by construction. These results imply that T−N+1
(T−K−1)(N−K−1)×JGLS(λF,0)∼FN−K−1,T−N+1.

Note that GLS-LM(λF,0) = FAR(λF,0)− JGLS(λF,0), where FAR(λF,0) and JGLS(λF,0), once properly scaled,
follow F-distributions with different degrees of freedom. The finite distribution of GLS-LM(λF,0) is thus the
difference of the finite-sample distributions of the FAR(λF,0) and JGLS(λF,0) statistics. From the proof of Lemma
3.A.2, we know

√
T

�
R̄− �BλF,0

vec
�
�B−B

�
�

∼
�

ψR

ψB

�

∼N

�
0,

��
1−λ �

F,0
�Q−1

FF (λF,0)λF,0

�
⊗Σ 0

0 �QFF (λF,0)
−1 ⊗Σ

��
, (3.62)

and �Σ ∼ WN−1(T−K−1,Σ)
(T−K−1) ,

�
R̄− �BλF,0

�
⊥ �Σ. Therefore, we have FAR(λF,0) ∼ ψ �W−1ψ , where ψ ∼ N (0, IN−1),

W∼ WN−1(T−K−1,IN−1)
T−K−1 . As

�
R̄− �BλF,0

�
and �Σ are both independent from �B⊥, we have JGLS(λF,0)∼ψ �C (C�WC)−1 C�ψ

independent of C from (3.58).

Proof of Theorem 3.3.5.
Similar to the proof of Theorem 3.3.1, Theorem 3.3.5 results from Theorem 7 in Kleibergen (2009).

Proof of Theorem 3.3.6.
Conditional on �B, Lemma 3.A.2 implies

�
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�B�
�
R̄− �BλF,0

�
∼ N

�
0, �B�Σ �B

�
, (3.63)

�B��Σ �B ∼
WK

�
T −K −1, �B�Σ �B

�

T −K −1
, (3.64)

�B��Σ �B ⊥ �B�
�
R̄− �BλF,0

�
. (3.65)

These results imply that T−2K
(T−K−1)K ×FM-LM(λF,0)∼ FK,T−2K , and this distribution does not depend on �B.

Given JFM(λF,0) = FAR(λF,0)− FM-LM(λF,0), the finite distribution of JFM(λF,0) is thus the difference
of the finite-sample distributions of the FAR(λF,0) and FM−LM(λF,0) statistics: JFM(λF,0) ∼ ψ �W−1ψ −
ψ �C(C�WC)−1 C�ψ . The proof is similar to that for GLS-LM in Theorem 3.3.4, except for that C is an ar-
bitrary (N −1)×K matrix of full rank.

Proof of Theorem 3.3.7.
The i.i.d. condition in Assumption 3.3.1 implies that r in the sCLR statistic is independent from the other parts.

Theorem 3.3.7 thus results from Lemma 3.A.2 and Theorem 3.3.4.
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Some extra remarks before proof of Proposition 3.3.1:

(I) GLS-LM
�
λ 0

F
�
=

1+λ �
F
�Q−1λF

4T
∂FAR(λF)

∂λ �
F

�
�B��Σ−1 �B

�−1
�

∂FAR(λF)

∂λ �
F

��
. (3.66)

(II) �GLS-LM
��

λ 0
F,1,λ 0�

2

��
�
=

1+λ �
F
�Q−1λF

4T
∂FAR(λF)

∂λ �
2

����
λF=λ 0

F

�
�B�

2
�Σ−1 �B2

�−1
�

∂FAR(λF)

∂λ �
2

����
λF=λ 0

F

��

=
T

1−λ �
F,0

�Q−1
FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ− 1
2
�
P�Σ− 1

2 �B2

�Σ− 1
2

�
R̄− �BλF,0

�
. (3.67)

(III) �JGLS
��

λ 0
F,1,λ 0�

2

��
�
=

T
1−λ �

F,0
�Q−1

FF(λF,0)λF,0

�
R̄− �BλF,0

�� �Σ− 1
2
�
(IN−1 −P�Σ− 1

2 �B2
)�Σ− 1

2

�
R̄− �BλF,0

�

(3.68)

Construction of (I)-(III)
Proposition 3.B.1 shows

∂FAR(λF)

∂λ �
F

=−2T
�
R̄− �BλF

�� �Σ−1 �B, (3.69)

and thus

GLS-LM(λF) =
1+λ �

F
�Q−1λF

4T
∂FAR(λF)

∂λ �
F

�
�B��Σ−1 �B

�−1
�

∂FAR(λF)

∂λ �
F

��
. (3.70)

Similarly we have

∂FAR(λF)

∂λ �
2

=−2T
�
R̄− �BλF

�� �Σ−1 �B2, (3.71)

which then leads to the construction of �GLS-LM
��

λ 0
F,1,λ 0�

2

��
�

, and (III) follows the difference that �JGLS
��

λ 0
F,1,λ 0�

2

��
�
=

FAR
��

λ 0
F,1,λ 0�

2

��
�
− �GLS-LM

��
λ 0

F,1,λ 0�
2

��
�

.

Proof of Proposition 3.3.1. Denote

λ̂2
�
λ 0

F,1
�
= argmin

λ2
FAR

�
(λ 0

F,1,λ
�
2)

�
�
.

By construction �GLS-LM
��

λ 0
F,1, λ̂

�
2

�
λ 0

F,1

���
�
= 0 and thus once we establish that �JGLS

��
λ 0

F,1, λ̂
�
2

�
λ 0

F,1

���
�

≤ �JGLS
�
(λ 0

F,1,λ 0�
2 )�

�
and thus

sFAR(λ 0
F,1) = �JGLS

��
λ 0

F,1, λ̂
�
2
�
λ 0

F,1
���

�
≤ �JGLS

�
(λ 0

F,1,λ 0�
2 )�

�
.

Proposition 3.B.3 shows that

∂JGLS
∂λ �

F
(λF) =

1
T

JGLS(λF)
∂FAR
∂λ �

F
(λF)

�
�B��Σ−1 �B

�−1
�

�Q−1 −
�Q−1λF λ �

F
�Q−1

1+λ �
F
�Q−1λF

�
,
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and following similar steps, we have

∂ �JGLS
∂λ 0�

2

��
λ 0

F,1,λ 0�
2

��
�
=

1
T

JGLS(λ 0�
F )

∂FAR
∂λ 0�

2
(λ 0�

F )
�
�B�

2
�Σ−1 �B2

�−1
C�

�
�Q−1 −

�Q−1λF λ �
F
�Q−1

1+λ �
F
�Q−1λF

�
C,

with C = (0
...IK−1).

In practice we deal with N > K + 1 and thus without loss of generality we may safely assume that almost

surely, zeros of ∂ �JGLS
∂λ �

2

��
λ 0

F,1,λ
�
2

��
�

(as a function of λ2) are zeros of ∂FAR
∂λ �

2

��
λ 0

F,1,λ
�
2

��
�

(as a function of λ2).

Given the facts that the stationary points of FAR
��

λ 0
F,1,λ

�
2

��
�

and �JGLS
��

λ 0
F,1,λ

�
2

��
�

(as functions of λ2)

coincide, they achieve the minimum at the same point. Therefore, the inequality �JGLS
��

λ 0
F,1, λ̂

�
2

�
λ 0

F,1

���
�

≤ �JGLS
�
(λ 0

F,1,λ 0�
2 )�

�
holds.

Proof of Theorem 3.3.8. This is a direct result of Proposition 3.3.1 and Theorem 3.3.3. See also Guggenberger et
al. (2012), Gospodinov et al. (2017).

Proof of Theorem 3.3.9. This is a direct result of Proposition 3.3.1 and the fact that

T −N
(T −K −1)(N −K)

× �JGLS
�
(λ 0

F,1,λ 0�
2 )�

�
∼ FN−K,T−N ,

which is indicated by the proof of Theorem 3.3.4.

Proof of Theorem 3.3.10. We know �B ∼ N(B,Q−1
FF ⊗Σ). B is of lower rank than K then the null is equivalent

to that there exists non-zero λ such that Bλ = 0. If the first entry in λ is non-zero, there exists λ0 such that
B(1,λ �

0)
� = 0. Denote

�B2 = �B2 + �B
�
1,−λ �

0
�� A,

rk(λ ) = T
λ �Qλ

�
�Bλ

�� �Σ−1
�
�Bλ

�
,

rkF(λ0) =
T

�
1,−λ �

0
�

Q
�
1,−λ �

0
��
�
�B
�
1,−λ �

0
���� �Σ−1

�
�B
�
1,−λ �

0
���

,

rk �G(λ0) =
T

�
1,−λ �

0
�

Q
�
1,−λ �

0
��
�
�B
�
1,−λ �

0
���� �Σ− 1

2
�
P�Σ− 1

2 �B2

�Σ− 1
2

�
�B
�
1,−λ �

0
���

,

rk �J(λ0) = rkF(λ0)− rk �G(λ0),

with Q =Q−1
FF , A =

�
1

−λ0

��

Q

�
0

IK−1

�

�
1

−λ0

��

Q

�
1

−λ0

� .

By construction, rk = minλ rk(λ )≤ minλ0 rkF(λ0). Then the result follows proof of Theorem 3.3.9 by noticing
minλ0 rkF(λ0)≤ rk �J(λ0) and minλ rk(λ ) equals T times the minimal root of the following polynomial, which is
the canonical correlation rank test

���µQ− �B��Σ−1 �B
���= 0.
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Here we briefly illustrate the fact that �B2 ⊥ �B (1,−λ �
0)

�.

�
�B
�
1,−λ �

0
��
, �B2

�
= �BAλ0 (3.72)

with Aλ0 =

�
1 A

−λ0 IK−1 −λ0A

�
. {AA�

λ0
QAλ0}12 = 0 implies the result.
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Appendix 3.B Supplementary part

Proposition 3.B.1. The GLS-LM(λF ) statistic (3.12) is a quadratic form of the derivative of FAR(λF ).

Proof of Proposition 3.B.1.

∂FAR(λF)

∂λ �
F

=
T

1+λ �
F
�Q−1λF

∂
�
R̄− �BλF

�� �Σ−1
�
R̄− �BλF

�

∂λ �
F

+
∂ T

1+λ �
F
�Q−1λF

∂λF

�
R̄− �BλF

�� �Σ−1
�
R̄− �BλF

�

=
T

1+λ �
F
�Q−1λF

2
�
R̄− �BλF

�� �Σ−1
�
− �B

�
− T
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Proposition 3.B.2.
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Proof of Proposition 3.B.2.
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This leads to the results in Proposition 3.B.2.
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Proof of Proposition 3.B.3.
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Chapter 4

Identification robust testing for affine term
structure models with time-varying risk
prices

4.1 Introduction

Dynamic affine term structure models (DATSMs) have been developed for years since
Vasicek (1977) and Cox, Ingersoll Jr and Ross (1985), and help to understand the movements of
bond yields and to analyze financial markets. They are empirically appealing for their smooth
tractability and simple characterization of how risks get priced. Cochrane and Piazzesi (2005)
apply affine term structure models to study time variation in expected excess bond returns and
spot a single powerful explanatory factor; Wu and Xia (2016) use affine models to summarize
macroeconomic effects of unconventional monetary policy; Ang and Piazzesi (2003) investigate
how macro variables affect bond prices and the dynamics of the yield curve and Buraschi and
Jiltsov (2005) study the properties of the nominal and real risk premia of the term structure of
interest rates.

Many recent studies have developed multiple approaches to estimate coefficients, most of
which involve a time-consuming numerical optimization procedure partly resulting from the
high non-linearity. The inference concerning the coefficients would suffer similar challenges.
However, another undesirable feature, as pointed out by many recent studies (e.g., Hamilton
and Wu (2012)), is that the identification can be problematic. Lack of identification, e.g., due to
unspanned factors (Adrian, Crump and Moench (2013)), and thus a relatively flat surface of the
likelihood also leads to unsatisfying inference results (e.g., Kleibergen (2009), Hamilton and
Wu (2012)).

Unspanned factors refer to those that only affect the dynamics of bonds under the historical
measure but not the pricing measure (see, e.g., Joslin, Priebsch and Singleton (2014)). The
presence of such factors has been documented in empirical studies (e.g., Ludvigson and Ng
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(2009), Adrian, Crump and Moench (2013)), and they can cause identification challenges
since varying the pricing measure parameters concerning them does not change the outputs too
much. Adrian, Crump and Moench (2013) allow for the presence of unspanned factors with the
prior knowledge of which factors are unspanned, and their proposed estimation procedures are
different between cases with and without unspanned factors.

In this chapter, we focus on robust test statistics (Factor-Anderson-Rubin (FAR-type statis-
tics), see e.g., Kleibergen (2009)) on the pricing measure parameters. We provide easy-to-
implement identification robust testing procedures (joint and subset tests) for structural parame-
ters in risk prices, which are valid even when the model is not identified due to the presence of
unspanned factors.

Our proposed testing procedures provide three main contributions: First, our tests do not
require prior knowledge of which factors are unspanned and provide robust inference results even
in the presence of unspanned factors. Second, our proposed statistics depend on a framework
(a reduced-form representation of the DATSMs) introduced in Adrian, Crump and Moench
(2013), where risk prices are modeled to be affine in the observed state variables. Risk prices
thus decompose into two parts: a time-constant part and a time-varying part which is linear in
the observed state variables. The representation has a more straightforward format that does
not require to impose a zero-coupon term structure and embeds linear asset pricing models.
Therefore, we can use a less restrictive data set including any set of fixed income securities,
and our approaches can be used to study time-varying risk prices in linear asset pricing models.
Furthermore, our joint tests are computationally fast as their construction does not involve any
time-consuming numerical optimization procedure.

The rest of the chapter is organized as follows: Section 4.2 summarizes the model settings
and Adrian, Crump and Moench (2013)’s regression-based estimation procedure. Section 4.3
discusses the asymptotic properties of the regression-based estimator and the conventional tests,
and shows that the conventional test statistics can be potentially misleading in the presence of
unspanned factors. Section 4.4 introduces our proposed testing approaches. Section 4.5 contains
simulation exercises and an empirical study.

We use the following notation throughout the paper: ⊗ represents the Kronecker product;
vec(·) the vectorization operator; vec�(·) the transpose of the vectorization operator; κa,b is
the commutation matrix such that κa,bvec(A) = vec(A�), with A a a × b matrix; Σ 1

2 is the
lower triangular Cholesky decomposition of the positive definite symmetric matrix Σ such that
Σ = Σ 1

2 Σ 1
2
�
; MZ := I −PZ,PZ = Z(Z�Z)−1Z�; ιT is the T ×1 vector with all entries equal to one;

�Yt = Yt −Yt−1, Ẏt = Yt −∑T
t=1Yt/T ; and →d denotes the convergence in distribution.
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4.2 Model and estimation

This section introduces one representation of affine term structure models with observed
state variables Xt from Adrian, Crump and Moench (2013). Instead of working directly with the
implied yields on an n-period bond as usually done in the term structure literature, this model
uses the excess holding return of an n-period bond.

Assumption 4.2.1. (a) Consider a K ×1 vector of state variables Xt , t = 0, · · · ,T that follow a
stationary vector autoregression,

Xt+1 = µ +ΦXt + vt+1, (4.1)

with vt the innovation shocks (or innovation factors). The log excess holding return rt+1,n−1,
where rt+1,n−1 = lnPt+1,n−1 − lnPt,n − lnPt,1 with Pt,n the n-period-maturity bond price at time
t, of a bond maturing in n periods at time t satisfies:

rt+1,n−1 = β (n−1)� (λ0 +λ1Xt)+g(n−1) (β ,Σv,Σe)+β (n−1)�vt+1 + et+1,n−1, (4.2)

with g(n−1)(·) a full parametric function. Furthermore. (v�t+1,e
�
t+1)

�|{Xs}t
s=0 ∼ i.i.d.N (0,diag(Σv,Σe)).

(b) Additionally, assume that ΣE = σ2
e IN, and the convexity adjustment term g(n−1) (β ,Σv,Σe)

satisfies

g(n−1) (β ,Σv,Σe) =
1
2

�
β (n−1)�Σvβ (n−1) +σ2

e

�
. (4.3)

Assumption 4.2.1 illustrates the basic model set-up, which includes the common specification
of the dynamics of factors and the relation between excess returns and factors. These restrictions
hold under mild assumptions. Adrian, Crump and Moench (2013) show that equation (4.2) can be
derived with assumptions usually postulated in DATSMs (see e.g. Duffee (2002), Adrian, Crump
and Moench (2013), Hamilton and Wu (2012)): a Gaussian framework and an exponentially
affine pricing kernel Mt such that

Mt = exp
�
−rt −

1
2

λ �
t λt −λ �

t εt+1

�
, (4.4)

with N ×1 vector λt = Σ− 1
2

v (λ0 +λ1Xt).1 The term λt denotes the market prices of risk, which
is assumed to be affine in Xt , and λ0,λ1 are the parameters of interest.

Working with the excess returns in a DATSM framework has several advantages, one among
which is a computationally fast regression-based estimation approach, as pointed out in Adrian,

1 Pricing kernels are random variables such that Pt,n = Et (Mt+1Pt+1,n−1). In Appendix 4.B.2, we show the
derivation of equation (4.2). Furthermore, if we ignore the convexity adjustment term, the equation (4.2) has a

same structure as linear asset pricing models (see e.g., Kleibergen (2009)) with a time-variant risk premia Σ
1
2
v λt

concerning the innovation factors.
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Crump and Moench (2013). Their proposed estimation approach2 is a three-step procedure:
(1) the first step is to estimate equation (4.1) via linear regression and obtain estimates of µ,Φ;
(2) the second step is to obtain estimates of a(n−1),d(n−1),β (n−1)� ,Σe by regressing excess
returns on a constant, the lagged and the contemporaneous factors according to

rt+1,n−1 = a(n−1) +d(n−1)Xt +β (n−1)�Xt+1 + et+1,n−1,

which is derived by plugging vt+1 = Xt+1 −µ −ΦXt into equation (4.2).
(3) Assumption 4.2.1 implies:

a(n−1) = β (n−1)�λ0 −g(n−1) (β ,Σv,Σe)−β (n−1)�µ, (4.5)

d(n−1) = β (n−1)�λ1 −β (n−1)�Φ, (4.6)

and thus the final step is to obtain the estimates of λ0,λ1 via the above relations. After a simple
transformation, equations (4.5)(4.6) can be rewritten as

�
a(n−1) +g(n−1) (β ,Σv,Σe)+β (n−1)�µ

�
= β (n−1)�λ0,

�
d(n−1) +β (n−1)�Φ

�
= β (n−1)�λ1.

Thus by regressing the estimates
�
�a(n−1) +g(n−1)

�
�β ,�Σv,�Σe

�
+ �β (n−1)��µ

�
and

�
�d(n−1) +β (n−1)� �Φ

�

from the previous steps on the estimates of the β ’s,

�λ0 = ∑
n

�
∑
m

�β (m−1)�β (m−1)�
�−1

�β (n−1)
�
�a(n−1) +g(n−1)�

�
�β ,�Σv,�Σe

�
+ �β (n−1)��µ

�
,

�λ1 = ∑
n

�
∑
m

�β (m−1)�β (m−1)�
�−1

�β (n−1)
�
�d(n−1) +β (n−1)� �Φ

�
.

If we denote the K ×K +1 matrix Λ = (λ0,λ1), the three stage estimator can be rewritten as
(see Adrian, Crump and Moench (2013))

Λ̂ = (�µ, �φ)+(�β �β �)−1�β
�
R+ �g(β ,ΣV ,ΣE) ι �T )

�
MX Z�

−
�
Z−MX Z�

−
�−1

, (4.7)

where the N ×T matrix R = (R1, · · · ,RT ) with Rt = (rt,τ1 , · · · ,rt,τN )
� stacking excess returns

of N different maturities across T time periods, the K ×N matrix β =
�

β (1), ...,β (N)
�

, the

K×T matrices X− = (X0, ...,XT−1) and X = (X1, ...,XT ), Z− =
�
ιT ,X �

−
��, V = (v1, · · · ,vT ) ,E =

(E1, ...,ET ) with Et = (et,1, ...,et,N)
�.

The above three-step regression-based procedure only makes use of the specification in
Assumption 4.2.1, while DATSMs also impose additional cross-maturity restrictions over the

2 Adrian, Crump and Moench (2013) propose two estimation procedures, and Proposition 4.C.1 shows that these
two procedures produce numerically identical estimates if there is no knowledge of unspanned factors.
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parameters (see e.g., equation (4.48) from Appendix 4.B.2). To incorporate these additional
restrictions into estimation procedures usually involves numerical optimizations (see, e.g., Joslin,
Singleton and Zhu (2011), Hamilton and Wu (2012)). A simpler way is to enlarge the parameter
space by dropping these extra restrictions. As shown in Adrian, Crump and Moench (2013),
this not only leads to the faster regression-based estimation procedure, but also relaxes both the
data requirements and the assumption that some bonds are perfectly priced. Besides, Adrian,
Crump and Moench (2013) argue that empirical results with and without these extra restrictions
are quite close (also see Figure 4.A.2 for a comparison between estimates and cross-section
restrictions).

The final stage of the three-step estimation regresses some estimates on the estimated
values of the β ’s. Thus there would be two main issues: sampling errors in estimates from the
previous stages and the quality of the β ’s. The former issue is negligible in estimation when
the information dominates the asymptotically vanishing sampling errors, and few modifications
are necessary when we derive the asymptotic variance for test statistics. However, when
modeling the unspanned factors, Adrian, Crump and Moench (2013) show that entries in the
β ’s corresponding to the unspaned factors are zero (Assumption 4.2.2), and the presence of
such zero entries leads to identification problems (e.g., Kleibergen (2009), Kleibergen and Zhan
(2015)).

Assumption 4.2.2. Potential existence of unspanned factors: β � = (B,0) and B is of full rank
KB ≤ K (if equality KB = K holds, then there are no unspanned factors).

Adrian, Crump and Moench (2013) show that Assumption 4.2.2 embeds the unspanned
factors that do not affect the dynamics of bonds under the pricing measure, and the all-zero-entry
rows of β correspond to the unspanned factors. Adrian, Crump and Moench (2013) assume
that these zero rows are known, and their three-step estimation procedure would exclude the
unspanned factors in the second step; otherwise the third step would encounter an identification
issue resulting from a classical multicollinearity problem. From equation (4.2), it is straightfor-
ward to see that zero β ’s would lead to an identification problem, as in such case any values of
λ ’s with respect to the zero entries in β would lead to the same fitted values of excess returns.
Similarly, if we have small β ’s, which are of comparable sizes as the sampling errors, we would
again encounter the identification problem (e.g., Kleibergen (2009)).

The identification problem not only affects the validity of the estimators but also the inference.
Adrian, Crump and Moench (2013) assume that the positions of the zero rows in β are known
when dealing with unspanned factors, while we instead provide testing procedures which are
robust without the knowledge of the unspanned factors. Before we proceed to introduce our
proposed testing procedures, we first discuss the asymptotic properties of the conventional
Wald-type test statistic resulting from the three-stage estimator.
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4.3 Asymptotic properties of the three-stage estimator

This section discusses the asymptotic properties of three-stage estimators, and we show that
with unknown unspanned factors the inference results based on the three-stage estimator can be
misleading.

Proposition 4.3.1. Under Assumptions 4.2.1.(a):
(1) If β is of full rank, we would have

√
T

�
vec

�
β̂ � −β �

�

vec
�
Λ̂−Λ

�

�
→d N

��
0
0

�
,

�
Vβ C�Λ,β
CΛ,β VΛ

��
, (4.8)

with Vβ ,CΛ,β ,VΛ specified in Appendix 4.C.
(2) If Assumption 4.2.2 holds with KB < K,

Λ̂ →d Λ+ ε, (4.9)

where ε follows a non-standard distribution, and Λ̂ no longer converges to the true Λ at rate
√

T .

Proof: See Appendix 4.C.

Proposition 4.3.1 holds under much weaker assumptions (see Appendix 4.C), and it shows
that λ̂F converges to a non-normal distribution in the presence of unspanned factors. The
conventional Wald-type statistics no longer converge to chi squared distributions. Therefore, the
asymptotic invalidity of the three-stage estimator can lead to unreliable test results.

4.4 Identification robust testing procedures

We provide testing procedures that are robust against the (near) reduced rank of β . We first
look at joint testing procedures with respect to λ1 and Λ respectively in Section 4.4.1, and then
we introduce subset testing procedures in Section 4.4.2.

4.4.1 Joint testing with FAR statistics

We test the risk premia parameters by testing the moment conditions directly via the FAR-
type test statistics (see Kleibergen (2009)). Assumption 4.2.1 implies that there exists a trans-
formation hθ ,t(·) with θ being nuisance parameters and associated affine functions Γt(·),Γ(·)
(these functions are not unique, and Sections 4.4.1, 4.4.1 provide some specific examples) such
that

hθ ,t({ri+1,Xi}i) = β �Γt(γ)+ eh,t , (4.10)
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with associated moment conditions

Ehθ ,t({ri+1,Xi}i) = β �Γ(γ),

eh,t being zero-mean error term, and γ being the parameters of interest Λ (or λ1).
To test γ we can then construct

FAR(γ) = ψT (γ)�Σ−1
T,ψT (γ)ψT (γ),

where we use the subscription T to denote corresponding data-dependent estimators, ΣT,ψT (γ) is
a consistent estimator for the asymptotic variance of ψT (γ) and

ψT (γ) = vec(ΨT (γ)) ,

ΨT (γ) = ∑
t

�
hθ ,t,T ({ri+1,Xi}i)−β �

T ΓT (γ)
�
/
√

T .

The FAR(γ) statistic has a chi squared distribution regardless of the quality of β and thus it is
identification robust.

Testing of λ1

This section gives detailed examples for robust testing λ1, e.g, H0 : λ1 = λF , and we propose
several test statistics constructed with varying h,Γ functions and associated estimators.

λ1 relates to the time-varying component in risk prices. As we focus on λ1 in this section, we
consider the first difference (equation (4.11)) and the demean (equation (4.12)) transformations to
remove the constant term, and thus rewrite equation (4.2) under the null hypothesis H0 : λ1 = λF

as:

�rt = β �λF �Xt−1 +β ��vt +�et = β �
�

λF �Xt−1 +�vt

�
+�et , (4.11)

rt −Ert = β �λF (Xt−1 −EXt−1)+β �vt + et . (4.12)

with the associated moment conditions:

E
�
�rt �X �

t−1

�
= β �

�
λFE

�
�Xt−1 �X �

t−1

�
−Σv

�
, (4.13)

E
�
(rt −Ert)(Xt−1 −EXt−1)

��= β � (λFΣX) . (4.14)

The right hand side of the above moment conditions have a common structure which is a product
of the loading matrix β � and a matrix Γ(λF) with Γ(·) a linear map on λF ; the left hand of
the above moment conditions differ in that condition (4.14) depends on nuisance parameters
θ =

�
Er�t ,EX �

t−1
�� while condition (4.14) does not depend on any nuisance parameters. In

test statistics, the nuisance parameters are replaced by the associated estimates, which would
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introduce extra sampling errors and thus break the Kronecker structure of the covariance matrix
(see Lemma 4.4.1).

Another building component of our proposed test statistics would be one β estimator.
For the first difference transformation provided the null hypothesis H0 : λ1 = λF (equation
(4.11)), we consider the following two OLS β estimators, one estimated as the slope parameter
associated with �vt by regressing �rt on (�Xt−1,�rt), and another as the slope parameter associated
with (λF �Xt−1 +�vt) (vt is approximated by the OLS residuals of equation (4.1), �vt) by regressing
�rt on (λF �Xt−1 +�rt):

�β =

�
��V M�X

��V
��−1 ��V M�X

�R�,

β̄ =
�
(λF �X + ��V )(λF �X + ��V )�

�−1
(λF �X + ��V )�R�,

where ��V stacks the first-difference residuals ��vt in its columns. The latter estimator is constructed
such that the estimator is asymptotically independent from the associated sample moment
condition (see Lemma 4.4.1.(b)). For the demean transformed equation (4.12), we only consider
the estimator �β from the previous section, which can also be derived by regressing ṙt on
(Ẋt−1,�vt).

Using different combinations of β estimators and Γ(·) functions (thus different moment
conditions) leads to several test statistics, and for testing the null hypothesis H0 : λ1 = λF we
consider the following three test statistics :

FAR1(λF) = T vec�
�
�q�R�X − �β �Γ1,T (λF)

�
�V−1
�β ,Γ1,T

vec
�
�q�R�X − �β �Γ1,T (λF)

�
,

FAR2(λF) = T vec�
�
�q�R�X − β̄ �Γ1,T (λF)

� �V−1
β̄ ,Γ1,T

vec
�
�q�R�X − β̄ �Γ1,T (λF)

�
,

FAR3(λF) = T vec�
�
�qṘẊ − �β �Γ2,T (λF)

�
�V−1
�β ,Γ2,T

vec
�
�qṘẊ − �β �Γ2,T (λF)

�
,

where

Γ1,T (λF) = λF�q�X �X + �q�V �X ,

Γ2,T (λF) = λF�qẊẊ ,

and �R, �X stack �rt , �Xt−1 in their columns respectively, �q�R�X =∑T
t=1�rt �X �

t−1/T , �q�X �X =∑T
t=1

�Xt−1 �X �
t−1/T ,

�q�V �X =∑T
t=1

��Vt �X �
t−1/T , �qṘẊ =∑T

t=1 ṙt Ẋ �
t−1/T , �qẊẊ =∑T

t=1 Ẋt−1Ẋ �
t−1/T , �V�β ,Γ1,T

, �Vβ̄ ,Γ1,T
and �V�β ,Γ2,T

are the consistent estimators for the covariance matrices of the asymptotic distributions of√
T vec

�
�q�R�X − �β �Γ1,T (λF)

�
,
√

T vec
�
�q�R�X − β̄ �Γ1,T (λF)

�
and

√
T vec

�
�qṘẊ − �β �Γ2,T (λF)

�
re-

spectively. The constructions of �V�β ,Γ1,T
, �Vβ̄ ,Γ1,T

and �V�β ,Γ2,T
are implied in the proof of Lemma

4.4.1. Lemma 4.4.1 discusses the different asymptotic properties of the building components
of our proposed robust joint test statistics by showing the joint asymptotic distributions of the

118



sample moment conditions and the associated β estimators.

Lemma 4.4.1. Under Assumption 4.2.1.(a) and H0 : λ1 = λF, we have
(a)

√
T




vec

�
�q�R�X − �β �Γ1,T (λF)

�

vec
�
�β � −β �

�



→d

�
Ψ1

Ψ2

�
, (4.15)

with Ψ1 : NK×1,Ψ2 : NKC ×1,(Ψ�
1,Ψ�

2)
� ∼ N

�
0,

�
v11 v12

v�12 v22

�
⊗Ω

�
and v11,v12,v22,Ω spec-

ified in the proof.
(b)

√
T

�
vec

�
�q�R�X − β̄ �Γ1,T (λF)

�

vec
�
β̄ � −β ��

�
→d

�
Ψ1�

Ψ2�

�
, (4.16)

with Ψ1� : NK×1,Ψ2� : NKC ×1,
�
Ψ�

1� ,Ψ
�
2�
�� ∼ N

�
0,

�
v11� 0
0 v22�

�
⊗Ω

�
and v11� ,v22� ,Ω spec-

ified in the proof.

(c)

√
T




vec

�
�qṘẊ − �β �Γ2,T (λF)

�

vec
�
�β � −β �

�



→d

�
Ψ3

Ψ4

�
, (4.17)

with Ψ3 : NK ×1,Ψ4 : NKC ×1,
�
Ψ�

3,Ψ�
4
�� ∼ N

�
0,

�
v33 v34

v43 v44

��
and all these entries in the

covariance matrix specified in the proof.

Proof: See Appendix 4.C.

The proof of Lemma 4.4.1 shows that using the first difference transformation preserves
a Kronecker structure in the covariance matrix while the within transformation does not. Fur-
thermore, Lemma 4.4.1.(b) shows that �q�R�X − β̄ �Γ1,T (λF) and β̄ are asymptotically independent.
These two features are essential for deriving the upper bound of the asymptotic distributions of
our proposed subset test statistics in Section 4.4.2 (See also e.g., Kleibergen, Kong and Zhan
(2020)).

Theorem 4.4.1. Under Assumption 4.2.1.(a) and H0 : λ1 = λF, for all values of β ,

FARi(λF)→d χ2(NK), i = 1,2,3.
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Proof: This is a direct result of Lemma 4.4.1.

Theorem 4.4.1 suggests that our proposed test statistics, unlike the Wald-type statistics in
Proposition 4.3.1, have stable asymptotic properties for all values of the β ’s. As a special case,
Theorem 4.4.1 also holds under Assumption 4.2.2.

Testing of Λ

We provide one example of testing Λ, and the construction procedure is similar to the
test statistics in Section 4.4.1. The inference involving λ0 requires additional assumptions
in Assumption 4.2.1.(b). To test λ0 and λ1 jointly we first remove the σ2

e by removing the
N-th excess returns and using the deviations of the other excess returns from the N-th excess
returns (the choice of the N-th excess returns is arbitrary), rt,τN , and we denote the deviations as
Rt+1,τn(= rt+1,τn − rt,τN ). Equations (4.2)(4.3) in Assumption 4.2.1.(b) imply that

Rt+1,τn −
�

β τ �nΣvβ τn −β τ �N Σvβ τN
�
= Bτ �n (λ0 +λ1Xt)+Bτ �nvt+1 + et+1,τn − et+1,τN . (4.18)

If we assume that factors Xt have zero mean, equation (4.18) implies that the following moment
conditions3 hold,

E
�
Rt+1,τn −

�
β τ �nΣvβ τn −β τ �N Σvβ τN

��
= Bτ �nλ0, (4.19)

Cov(Rt+1,τn ,Xt) = Bτ �nλ1Var(Xt) . (4.20)

To construct one test statistic as described in the beginning of Section 4.4.1, we further transform
Rt by removing this nuisance term (using estimates of β )

R̄t+1,τn =Rt+1,τn −
�
�β τ �nΣv�β τn − �β τ �N Σv�β τN

�

=Bτ �n (λ0 +λ1Xt)+Bτ �nvt+1 + et+1,τn − et+1,τN +uτn ,

with uτn =
�

β τ �nΣvβ τn −β τ �N Σvβ τN
�
−
�
�β τ �nΣv�β τn − �β τ �N Σv�β τN

�
. The sampling error uτn is at

most of the order Op(1/
√

T ) under mild assumption. uτn breaks down the Kronecker structure
of the covariance matrix but not the validity of a FAR-type test statistic, and we consider a
FAR-type test statistic for H0 : Λ = ΛF with ΛF = (λF,0,λF,1),

FAR(ΛF) =T vec
�
�qRF − �B�ΓΛ(ΛF)

�� �V−1
ΛF

vec
�
�qRF − �B�ΓΛ(ΛF)

�
, (4.21)

where ΓΛ(ΛF) = ΛF�qFF , �qFF = ∑t FtF �
t /T , qRF = ∑t R̄t+1F �

t /T, Ft =
�
1, Ẋ �

t
��,

�B = (ΛF�qFFΛ�
F)

−1 ΛF�qFR, �VΛF is a consistent estimator for the variance of the asymptotic
3 These moment conditions resemble these studied for linear asset pricing models in Kleibergen (2009) except

that the moment condition (4.19) includes one additional term due to the convexity adjustment. Thus our proposed
test procedures can easily adapt to linear asset pricing models.
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distribution of
√

T vec
�
�qRF − �B�ΓΛ(ΛF)�qFF

�
.

Theorem 4.4.2. Under Assumption 4.2.1.(a) and H0 : Λ = ΛF, for all values of β ,

FAR(λF)→d χ2 ((N −1)(K +1)) .

Proof: The proof essentially follows the same arguments as the one of Theorem 4.4.1.

4.4.2 Two-stage subset FAR statistic

A challenge for carrying out subset testing is that most tests do not have a well-known
asymptotic distribution (or asymptotic upper bound) if we allow weaker identification conditions.
We solve this challenge by constructing a subset test statistic, which is based on the joint
test statistics in Section 4.4.1, with a chi squared upper bound asymptotically. We denote the
parameter of interest as γ (λ1 or Λ), and focus on testing selected rows (or columns) of γ .
Decompose γ into γ1 and γ2, where γ2 is under test with the null hypothesis H0 : γ2 = γF,2 and
the rest is γ1. By focusing on selected rows (or columns), we can rewrite equation (4.10) as

hθ ,t({ri+1,Xi}i) = η �
IΓI,t(γ1)+η �

IIΓII,t(γ2)+ eh,t , (4.22)

where θ is a generic symbol to denote for nuisance parameters and may represent different
parameters case-wise, and we choose

hθ ,t({ri+1,Xi}i) = hθ ,r,t({ri+1}i)hθ ,X ,t({Xi}i),

hθ ,r,t({ri+1}i) = η �
IΓI,r,t(γ1)+η �

IIΓII,r,t(γ2)+ eh,r,t .

If we simply replace nuisance parameters (θ ,ηII) by their estimates, the Kronecker structure
of the covariance matrix, which is necessary in our proof for deriving the asymptotic upper
bound, may break as discussed in previous sections. Therefore, we use a split-sample technique
to construct a sample moment ΨT which preserves the Kronecker structure of its covariance
matrix. We decompose the data set into two non-overlapping equal subsets, T1 and T2 (for
example, T1 could contain data with t ≤ �T/2�). The two-stage subset FAR test statistic is
carried out in the following ways:
(1) in the first stage, use subset T1 to derive estimates �θ , �ηII, and construct

r∗t+1 = h�θ ,r,t({ri+1}i∈T2)− �η �
IIΓII,r,t(γF,2), t ∈ T2;

(2) the second stage we derive the subset test statistic:

sFAR(γF,2) = min
γ1

FAR(γ1,γF,2) , (4.23)
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with FAR(γ1,γF,2) = ψ∗
T (γ1)�Σ−1

T,ψ∗
T (γ1)

ψ∗
T (γ1). We use the subscription T to denote correspond-

ing data-dependent estimators, ΣT,ψ∗
T (γ) is a consistent estimator for the asymptotic variance of

ψ∗
T (γ) and

ψ∗
T (γ1) = vec(Ψ∗

T (γ1)) ,

Ψ∗
T (γ1) = ∑

t∈T2

�
r∗t+1h�θ ,X ,t({Xi}i∈T2))

� − �η �
IIΓ1,r,t(γ1)h�θ ,X ,t({Xi}i∈T2))

�
�
/
�
|T2|,

�ηII = ∑
t∈T2

�

∑
i∈T2

Γ1,r,t(γ1)Γ1,r,t(γ1)
�

�−1

Γ1,r,t(γ1)r∗t+1.

The estimator �ηII is constructed to be asymptotically independent from ΨT (γ1). By construction,
the distributions the sFAR-type statistics have chi squared upper bounds for all values of β .

Subset testing of λ1

This section targets at testing selected rows or columns of λ1 via our proposed two-stage
sFAR-type test statistic. We can test whether the risk premium associated with a given innovation
factor features a time-varying component by testing if the corresponding row of λ1 is jointly
zero, and we can test whether a state variable contributes to the time-varying components of the
risk premia by testing if the corresponding column of λ1 is jointly zero.

We first provide one statistics for testing the selected rows of λ1, H0 : λF,2 = γF,2. We

reorganize λ1 as
�

λ �
F,1,λ �

F,2

��
where λF,i is a Ki ×K matrix for i = 1,2 and K1 +K2 = K. To

construct the test statistic:
(1) In the first stage, we remove the components involving γF,2 via the aforementioned split-
sample technique. We use the first half data t = 1, · · · ,�T/2� to construct �β , and then let

�rr
t+1 = �rt+1 − �β �

2γF,2 �Xt − �β �
2
��v2,t+1, t ≥ �T/2�+1, (4.24)

where we decompose β into (β �
1,β �

2)
� and vt into

�
v�1,t ,v

�
2,t

��
accordingly and �vt is the OLS

residual estimated with the second half of the data;
(2) In the second stage, use

�
Rr

t+1,Xt
�
, t ≥ �T/2�+ 1 to construct the following FAR-type

statistic

FARr (λF,1,γF,2) = (T/2)vec�
�
�q�rr �X − β̄ �

1Γr(λF,1)
�

V̄−1
β̄1,Γrvec

�
�q�rr �X − β̄ �

1Γr(λF,1)
�
,

with Γr(λF,1) = λF,1�q�X �X − �q�V1 �X , and the subset statistic is

sFARr(γF,2) = min
λF,1

FARr (λF,1,γF,2) . (4.25)

To test the selected columns of λ1, H0 : λF,2� = γF,2� , we follow similar steps. Let us
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decompose λ1 as
�
λF,1� ,λF,2�

�
where λF,i� is a K ×Ki matrix for i = 1,2 and K1 +K2 = K.

(1) In the first stage, we remove the components involving γF,2� . We use the data t = 1, · · · ,�T/2�
to construct �β , and construct

�rc
t+1 = �rt+1 − �β �γF,2� �X2�,t − �β ���vt+1, t ≥ �T/2�+1, (4.26)

where we decompose Xt into
�

X �
1�,t ,X

�
2�,t

��
accordingly.

(2) Then in the second step, we use
�
Rr

t+1,X1�,t
�
, t ≥ �T/2�+ 1 to construct the following

FAR-type statistic

FARc �λF,1� ,γF,2�
�
=(T/2)vec�

�
�q�rc �X1�

− β̄ �Γc(λF,1�)
�
�V−1

β̄ ,Γc(λF,1�)
vec

�
�q�rc �X1�

− β̄ �Γc(λF,1�)
�
,

with Γc(λF,1�) = λF,1��q�X1� �X1�
− β̄ ��q��V �X1�

and the subset statistic is

sFARc(γF,2) = min
λF,1�

FARc �λF,1� ,γF,2�
�
. (4.27)

Theorem 4.4.3. For all values of β ,
(a) Under Assumption 4.2.1.(a) and H0 : λF,2 = γF,2,

sFARr(γF,2)�d χ2((N −K1)K). (4.28)

(b) Under Assumption 4.2.1.(a) and H0 : λF,2� = γF,2� ,

sFARc(γF,2�)�d χ2((N −K)K1). (4.29)

Proof: See Appendix 4.C.

Theorem 4.4.3 provides a chi squared upper bound for our proposed sFAR test statistics
regardless of the quality of β .

Subset testing of Λ

Similar to Section 4.4.2, we first give an example for testing the selected rows of Λ, H0 : Λ2 =

γ2. We reorganize Λ as (Λ�
1,Λ�

2)
� where Λi is a Ki× (K+1) matrix for i = 1,2 and K1+K2 = K.

To construct the test statistic:
(1) In the first stage, use the first half of the data t = 1, · · · ,�T/2� to construct �β , �B by regressing
corresponding returns on the innovation factors respectively, and then let

Rr
t+1,τn =Rt+1,τn −

�
�β τ �nΣv�β τn − �β τ �N Σv�β τN

�
− �B�

2γ2
�
1,X �

t
��
, t ≥ �T/2�+1,
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where we decompose B into (B�
1,B�

2)
� accordingly;

(2) In the second stage, use
�
Rr

t+1,Xt
�
, t ≥ �T/2�+ 1 to construct the following FAR-type

statistic

FARr (Λ1,γ2) = (T/2)vec�
�
�qRrF −B̄�

1Γr(Λ1)
�

V̄−1
B̄1,Γrvec

�
�qRrF −B̄�

1Γr(Λ1)
�
,

where Γr(Λ1) = Λ1 ∑t≥�T/2�+1 (1,X �
t )

� (1,X �
t )/(T/2), and

sFARr(γ2) = min
Λ1

FARr (Λ1,γ2) . (4.30)

To test the selected columns of Λ, H0 : Λ2� = γ2� , we follow similar steps. Let us decompose
Λ as (Λ1� ,Λ2�) where Λi� is a K ×Ki matrix for i = 1,2 and K1 +K2 = K +1.
(1) In the first stage, use the first half of the data t = 1, · · · ,�T/2� to construct �β , �B by regressing
corresponding returns on the innovation factors, and then let

Rc
t+1,τn

=Rt+1,τn −
�
�β τ �nΣv�β τn − �β τ �N Σv�β τN

�
− �BγF,2�X2�,t , t ≥ �T/2�+1

where we decompose (1,X �
t )

� into
�

X �
1�,t ,X

�
2�,t

��
accordingly.

(2) In the second stage, use
�
Rc

t+1,X1�,t
�
, t ≥ �T/2�+1 to construct the following FAR-type

statistic

FARc (Λ1� ,γ2�) =(T/2)vec�
�
�qRcX1� − B̄�Γc(Λ1�)

� �V−1
B̄,Γc(λF,1�)

vec(Λ1� ,γ2�) ,

with Γc(Λ1�) = Λ1��qX1�X1� and

sFARc(γF,2) = min
λF,1�

FARc �λF,1� ,γF,2�
�
. (4.31)

Theorem 4.4.4. For all values of β ,
(a) Under Assumption 4.2.1 and H0 : Λ2 = γ2,

sFARr(γ2)�d χ2((N −K1)(K +1)). (4.32)

(b) Under Assumption 4.2.1 and H0 : Λ2� = γ2� ,

sFARc(γ2�)�d χ2((N −K −1)K1). (4.33)

Proof: The proof essentially follows the same arguments as the one of Theorem 4.4.3
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4.5 Simulation exercise and empirical study

This section provides simulation exercises to verify our results, and an empirical study of our
proposed testing approach. For the empirical application, we employ the same sample used in
Adrian, Crump and Moench (2013), i.e. the zero coupon yield data constructed by Gürkaynak,
Sack and Wright (2007). Figure 4.A.1 draws selected series from the sample. To be consistent
with the baseline factor specification of Adrian, Crump and Moench (2013), we analyse the same
cross section of yields with maturities of 6,12,18 · · · ,60 and 84, 120 months over the sample
period 1987:01-2011:12 for the empirical study, which provides a total of T = 300 monthly
observations. State variables are the first five principal components (standardized to zero mean
and unit variance) of the yields for maturities 3,4, · · · ,120 months.

Table 4.A.1 shows a simple principal components analysis of the sample, and shows that
these data have a low dimensional factor structure such that the first three principal components
explain the majority of the variation in the data. Figure 4.A.2 plots the estimated β (τ) (resulting
from regressing the log excess holding returns on the innovation shocks via the three-stage
procedure) as functions of maturities τ , and shows that the loadings associated with the fourth
and fifth factors are estimated with values close to zero. These small β ’s may lead to unreliable
inference results as we discuss in Section 4.3.

Table 4.5.1 reports some test results and shows that our proposed tests provide much larger
p-values. These differences suggest we should be cautious with the inference results when there
are potential identification issues.

We run a simulation exercise to further verify our results based on a single-factor DGP such
that

xt = �bxt−1 + vt ,

rτi,t+1 =
1
2
(�β τ �i �σ2

v β τi +σ2
e )+

�β τ �i
�
�λ0 +�λ1xt

�
+ �β τ �i vt + eτi,t+1,

with vt ∼ NID(0, �σ2
v ),eτi,t+1 ∼ NID(0,σ2

e ), i = 1, · · · ,n. We calibrate to the data set used in
Adrian, Crump and Moench (2013), with rt the one-period excess returns corresponding to
yields with maturities of 6,12,18, · · · ,36 months and xt the fifth factor. We set �b, �σv, �β s and �Λ
to be the estimates associated with the fifth principal component via the three-stage estimating
procedure. We tune the parameters β and σe to mimic the performance of the strong, and the
weak (close to spurious) factor.

Figure 4.5.1 plots the rejection frequency of the Wald statistic, and FAR statistic with
simulated data. The right-hand side panel of Figure 4.5.1 shows that the FAR statistic has
power loss under strong identification (large β ’s), while the left-hand side panel shows that with
small β ’s the traditional Wald-statistic tends to over-reject everywhere and leads to an empty
confidence set. Under both scenario, the FAR test remains size correct.
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λ0 λ1,1 λ2,1 λ3,1 λ4,1 λ5,1 WΛi Wλ1,i sFARr(Λi) sFARr(λi)

1 -0.019 -0.003 -0.016 -0.005 0.012 0.030 30.367 23.705 33.206 0.007
( -2.566) ( -0.443) ( -2.160) ( -0.648) (1.605) (3.987) (0.000) (0.000) (0.602) (1.000)

2 0.013 0.027 -0.011 -0.003 -0.011 0.015 7.097 6.167 17.438 0.002
(0.951) (1.914) ( -0.818) ( -0.213) ( -0.792) (1.077) (0.312) (0.290) (0.996) (1.000)

3 -0.030 -0.077 -0.001 -0.093 -0.132 -0.056 37.170 36.277 27.618 0.003
( -0.951) ( -2.466) ( -0.029) ( -2.987) ( -4.244) ( -1.783) (0.000) (0.000) (0.841) (1.000)

4 0.042 0.064 -0.007 0.015 -0.058 -0.086 10.444 9.374 16.378 0.015
(1.062) (1.594) ( -0.189) (0.367) ( -1.461) ( -2.147) (0.107) (0.095) (0.998) (1.000)

5 0.005 -0.105 0.012 -0.004 -0.073 -0.324 45.691 45.688 12.030 0.007
(0.097) ( -2.028) (0.243) ( -0.070) ( -1.431) ( -6.287) (0.000) (0.000) (1.000) (1.000)

1 2 3 4 5 6
Wc

26.570 28.258 6.488 16.382 22.329 68.093
(0.000) (0.000) (0.371) (0.012) (0.001) (0.000)

sFARc

0.000 0.000 0.000 0.000 0.000 0.000
(1.000) (1.000) (1.000) (1.000) (1.000) (1.000)

Table 4.5.1: The estimates for the risk price parameters λ ’s for the five-factor model, the associated t-test
statistics for each individual estimators testing for the null hypothesis λi j = 0, Wald-test statistics for testing the
null hypothesis that each row of Λ and λ1 would be jointly zero and for testing the null hypothesis that each column
of Λ would be jointly zero via the three-stage estimating procedure from Adrian, Crump and Moench (2013),
our proposed identification robust tests sFARr for testing the null hypothesis that each row of Λ and λ1 would be
jointly zero and sFARc for testing the null hypothesis that each column of Λ would jointly zero. The t-statistics are
reported in parentheses under the associated λ estimates. The Wald statistics and the sFAR statistics are reported
along each row and column with the corresponding p-values in parentheses below.

Large β ’s Small β ’s

Figure 4.5.1: Rejection frequency of the Wald (black dashed curves) and FAR (red solid curves) statistics testing
the null hypothesis H0 : Λ = [λ0,λ1] at 5% significance level with λ0 fixed at the estimated value �λ0 and λ1 varying
along the X-axis, and the blue dash-dotted vertical lines mark the position of �λ1.
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4.6 Conclusions

We extend the identification robust statistic from Kleibergen (2009) to affine term structure
models. We also provide subset statistics for testing sub-rows and sub-columns of risk price
parameters. The method we introduce can be easily adapted for linear asset pricing models with
time-varying risk premia. Our empirical application and simulation exercises suggest we should
be cautious in the presence of potential identification issues.
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Appendix 4.A Additional empirical outputs

A. Yields B. Prices

C. One-month excess holding return D. Principal component loadings (normalized)

Figure 4.A.1: Data graphs: panel A, B and C are figures of observed data of corresponding zero-coupon bonds
with various maturities (6, 12, 24, 84 and 120 months), panel D is the figure of the normalized loadings of the
extracted principal components which correspond to the five largest eigenvalues, PC1, PC2 and PC3 correspond to
what is commonly called ’level’, ’slope’ and ’curvature’.
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A. Factor 1 B. Factor 2

C. Factor 3 D. Factor 4

E. Factor 5

Figure 4.A.2: Replicated figure in Adrian, Crump and Moench (2013): estimates of the baseline five-factor
model with sample period 1987:01-2011:12: Estimated β (τ) as functions of maturities τ from the regression of
log excess holding returns on the state variable innovations.
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yield rx price

(a) (b) (c) (a) (b) (c) (a) (b) (c)

eigenvalues
1 504.9012 135.2022 148.9692 331.5062 2.7004 122.3366 14347 192.2041 4982.3
2 16.3023 0.9075 8.7263 8.7346 0.0381 2.5905 144 0.4302 0033.2
3 0.7148 0.0510 0.1945 0.5299 0.0034 0.0912 2 0.0091 0.8
4 0.1108 0.0021 0.0612 0.0894 0.0003 0.0062 0 0.0005 0.0
5 0.0170 0.0002 0.0029 0.0112 0.0000 0.0032 0 0.0000 0.0
percentage
1 96.7153 99.2944 94.3115 97.2518 98.4761 97.8474 98.9862 99.7717 99.3226
2 3.1228 0.6664 5.5246 2.5624 1.3908 2.0719 0.9958 0.2233 0.6618
3 0.1369 0.0375 0.1231 0.1555 0.1226 0.0729 0.0158 0.0047 0.0151
4 0.0212 0.0016 0.0388 0.0262 0.0098 0.0049 0.0020 0.0003 0.0003
5 0.0033 0.0001 0.0018 0.0033 0.0007 0.0026 0.0002 0.0000 0.0001
FACCHECK 99.9750 99.9983 99.9592 99.9697 99.9895 99.9923 99.9978 99.9997 99.9995

Table 4.A.1: Principal component analysis with respect to the time-periods selection (a) columns use the
full sample set 120 cross-sections for Yield and 119 cross-sections for excess return with full time period; (b)
columns use a sub-session of the full sample (the first 24 different maturities); (c) columns use sub-samples with
maturities 1:12,61:73,108:119 (in month).

Appendix 4.B Model comparability

Our proposed tests can be easily adapted to other research models. Here we give several examples.

4.B.1 Linear asset pricing models
With extra restrictions that Φ = 0,λ1 = 0 and g(n−1)(·) is a constant function (= c0), equations (4.1) and (4.2)

in Assumption 4.2.1 are equivalent to the linear asset pricing model from Kleibergen, Kong and Zhan (2020),

Xt = µ + vt ,

rt+1,n−1 = c0 +β (n−1)�λ0 +β (n−1)�vt+1 + et+1,n−1.

With non-zero λ1, the latter equation would be

rt+1,n−1 = c0 +β (n−1)� (λ0 +λ1Xt)+β (n−1)�vt+1 + et+1,n−1,

which indicates our approach can be used for linear asset pricing models with time-varying risk premia, λ0 +λ1Xt .
Furthermore, the distributional assumption on vt ,et can also be relaxed. For example, the asymptotic properties of
our proposed test statistics do not require the Gaussian assumption, and the independence restriction can be further
relaxed (e.g., one straightforward extension would be considering the m-dependent noise term). We maintain the
Gaussian distribution assumption on vt ,et to be consistent with the model in Adrian, Crump and Moench (2013).

4.B.2 Dynamic affine term structure Models
Section 4.B.2 is essentially covered in Adrian, Crump and Moench (2013), and we show our methods are

applicable in DATSMs using the framework from Adrian, Crump and Moench (2013). Additionally, we show that
our framework is applicable in other versions of DATSMs.
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Adrian, Crump and Moench (2013)

This section discusses the basic framework of Adrian, Crump and Moench (2013). Consider a K ×1 vector of
state variables Xt (VAR(1)),

Xt+1 = µ +ΦXt + vt+1. (4.34)

The pricing kernel is assumed to be exponential affine in innovation factors vt ∼i.i.d N(0,Σv) such that

Mt+1 = exp
�
−rt −

1
2

λ �
t λt −λ �

t Σ−1/2
v vt+1

�
, (4.35)

where the market price of risk λt is also an affine function in Xt ,

λt = Σ−1/2
v (λ0 +λ1vt) . (4.36)

Adrian, Crump and Moench (2013) employ, instead of yields, one-period excess holding returns Rt+1,n :=
Rt+1,τn (Rt+1,τn denotes the log excess holding return of a bond maturing in τn periods) for analysis,

Rt+1,τn = lnPt+1,τn − lnPt,τn+1 − rt , (4.37)

where rt = lnPt,1 represents the continuously compounded risk-free rate. The property of the pricing kernel such
that Pt,τn+1 = EMt+1Pt+1,τn implies that

Et exp
�

Rt+1,τn −
1
2

λ �
t λt −λ �

t Σ−1/2
v vt+1

�
= 1. (4.38)

From the moment generating function of a normal distribution and the assumption that {Rt+1,vt+1} are jointly
normal,4 we know from (4.38) that

Et (Rt+1,τ) = Et

�
1
2

λ �
t λt +λ �

t Σ−1/2
v vt+1

�
− 1

2
Var

�
Rt+1,τ −λ �

t Σ−1/2
v vt+1

�

=
1
2

λ �
t λt −

1
2

Var(Rt+1,τ)−
1
2

Var
�

λ �
t Σ−1/2

v vt+1

�
+Cov

�
Rt+1,τ ,

�
λ �

t Σ−1/2
v vt+1

��
�

= Cov
�

Rt+1,τ ,v�t+1Σ−1/2
v λt

�
− 1

2
Var(Rt+1,τ)

= β (τ)�Σ1/2
v λt −

1
2

Var(Rt+1,τ)

= β (τ)�(λ0 +λ1Xt)−
1
2

Var(Rt+1,τ) . (4.39)

We may decompose unexplained returns into two parts: one explained by innovation shock (vt+1), the other by
errors i.i.d e(n−1)

t+1 orthogonal to vt+1 with variance σ2 such that

Rt+1,τ −Et (Rt+1,τ) = γ(τ)
�

t vt+1 + et+1,τ , (4.40)

from which we know Cov
�

Rt+1,τ ,v�t+1Σ−1/2
v

�
=Cov

�
γ(τ)

�
t vt+1 + et+1,τ ,v�t+1Σ−1/2

v

�
= γ(τ)

�
t Σ1/2

v , γ(τ)
�

t =Cov
�

Rt+1,τ ,v�t+1Σ−1/2
v

�
Σ−1/2

v =

β (τ)�
t , and then Var(Rt+1,τ) = Var

�
γ(τ)

�
t vt+1 + et+1,τ

�
= β (τ)�

t Σvβ (τ)�
t +σ2

e .

4 E
�

et �(X+Y )
�
= et �µX+Y+

1
2 t �ΣX+Y t
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Combining equations from (3.34) to (4.40) leads to

Rt+1,τ = Et (Rt+1,τ)+ γ(τ)
�

t vt+1 + et+1,τ

= β (τ)�(λ0 +λ1Xt)−
1
2

Var(Rt+1,τ)+β (τ)�vt+1 + et+1,τ

= β (τ)�(λ0 +λ1Xt)−
1
2

�
β (τ)�

t Σvβ (n−1)�
t +σ2

e

�
+β (τ)�vt+1 + et+1,τ , (4.41)

which gives equation (4.2) in Assumption 4.2.1.

Adrian, Crump and Moench (2015)

Adrian, Crump and Moench (2015) consider a less restricted model setting with a different pricing kernel
specification. The model resembles closely affine term structure models and it takes into account the unspanned
factors. Unspanned factors are referred to factors that are not correlated with contemporaneous excess returns but
contribute to forecasts of excess returns. Though usually factors are either significant factors for the cross section
or significant in forecasts, this model takes into the possibility that factors act as both.

The state variables (Xt ) satisfy equation (4.34), Xt+1 = µ +ΦXt +vt+1, and fall into three categories: X1,t ∈Rk1 ,

X2,t ∈ Rk2 , X3,t ∈ Rk3 , where KC × 1 vector Ct =
�

X �
1,t ,X

�
2,t

��
is for the cross section, whose innovations have

significant non-zero β ’s in (4.45), KF × 1 vector Ft =
�

X �
2,t ,X

�
3,t

��
for forecasts and ut =

�
v�1,t ,v

�
2,t

��
denotes

innovations in the Ct factors. The new pricing kernel Mt+1 in Adrian, Crump and Moench (2015) satisfies

Et (Mt+1Ri,t+1) = E(Mt+1Ri,t+1|Ft) = 0, (4.42)

Mt+1 −E(Mt+1|Ft)

E(Mt+1|Ft)
=−λ �

t var(ut+1|Ft)
− 1

2 ut+1, (4.43)

where Ri,t+1 denotes holding period return in excess of the risk free rate of asset i. As a consequence,

E(Ri,t+1|Ft) =−cov(Mt+1,Ri,t+1|Ft)

E(Mt+1|Ft)
= β �

i,t (λ0 +λ1Ft) , (4.44)

where βi,t = var(ut+1|Ft)
−1 cov(ut+1,Ri,t+1|Ft). Therefore, we may write

Ri,t+1 = β �
i,t (λ0 +λ1Ft)+β �

i,tut+1 + ei,t+1, (4.45)

the structure of which implies that our proposed tests are applicable with time-constant β ’s.

Hamilton and Wu (2012)

Hamilton and Wu (2012) analyze the yield. They assume that equation (4.34)-(4.36) hold5, and the risk free
one-period yield y(1)t,r , the yield of a n-period bond, y(n)t , satisfy

y(1)t,r = δ0 +δ1Xt , (4.46)

y(n)t = an +b�nXt +ut,n, (4.47)

5 Our notations are slightly from the original ones in Hamilton and Wu (2012) to be consistent from previous
discussions in this chapter.

132



with

µQ = µ −λ0,

ΦQ = Φ−λ1,

bn =
�

IK +ΦQ�
+ · · ·+(ΦQ�

)n−1
�

δ1/n,

an = δ0 +
�
b�1 +2b�2 + · · ·+(n−1)b�n−1

�
µQ/n

−
�
b�1Σvb1 +(2b2)

�Σv(2b2)+ · · ·+(n−1)b�n−1Σv((n−1)bn−1)
�
/(2n).

If we consider the data transformation, r(n)t = ny(n)t − (n+1)y(n+1)
t−1 + y(1)t−1,r, the above equations imply that

r(n)t = c(n)
�
+β (n)�λ1Xt−1 +β (n)�vt + et , (4.48)

with

c(n)
�
= nan − (n+1)an+1 +δ0 = β (n)�λ0 +(β (n)�Σvβ (n)/2−β (n)�µ),

β (n)� = nb�n,

et = nut,n − (n+1)ut−1,n+1,

which then indicates our tests are valid with proper restrictions on et (some restrictions on the structural parameters
are not used though). The constant term c(n) has different structure than the one indicated in Adrian, Crump and
Moench (2013) (or Assumption 4.2.1.(b)), but this can be resolved by minor modifications.

Appendix 4.C Proofs

Proposition 4.C.1. Under Assumptions 4.2.1, estimation results via the following two three-stage procedures, I
and II, are numerically identical:

I. (1) the first step is to estimate equation (4.1) via linear regression and obtain estimates of µ,Φ;
(2) the second step is to obtain estimates of a(n−1),d(n−1),β (n−1)�

I ,Σe by regressing excess returns on a
constant, the lagged and the contemporaneous factors according to

rt+1,n−1 = a(n−1) +d(n−1)Xt +β (n−1)�
I Xt+1 + et+1,n−1;

(3) the final step is to obtain the estimates of λ0,λ1,

�λ0,I = ∑
n

�
∑
m

�β (m−1)
I

�β (m−1)�
I

�−1
�β (n−1)

I

�
�a(n−1) + �g(n−1)�

I (βI ,Σv,Σe)+ �β (n−1)�
I �µ

�
,

�λ1,I = ∑
n

�
∑
m

�β (m−1)
I

�β (m−1)�
I

�−1
�β (n−1)

I

�
�d(n−1) + �β (n−1)�

I
�Φ
�
.

II. (1) the first step is to estimate equation (4.1) via linear regression and obtain estimates of innovations �vt ;
(2) the second step is to obtain estimates of b(n−1),c(n−1),β (n−1)�

II ,Σe by regressing excess returns on a
constant, the lagged and the contemporaneous innovation factors (vt+1 is replaced by estimates �vt+1 in
practice) according to

rt+1,n−1 = b(n−1) + c(n−1)Xt +β (n−1)�
II vt+1 + et+1,n−1,

which is derived by plugging vt+1 = Xt+1 −µ −ΦXt into equation (4.2).
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(3) the final step is to obtain the estimates of λ0,λ1,

�λ0,II = ∑
n

�
∑
m

�β (m−1)
II

�β (m−1)�
II

�−1
�β (n−1)

II

�
�b(n−1) + �g(n−1)�

II (β ,Σv,Σe)
�
,

�λ1,II = ∑
n

�
∑
m

�β (m−1)
II

�β (m−1)�
II

�−1
�β (n−1)

II �c(n−1).

Proof of Proposition 4.C.1. Here we only show that �λ1,I = �λ1,II , and the equality �λ0,I = �λ0,II follows the same
argument. By the Frisch-Waugh-Lovell Theorem, �βI = �βII.

Denote ξc = X−M(ιT , ξ �
β )
, ξd = X−M(ιT , X �), ξβ = XMZ− , and let

�c = (ξcξ �
c)

−1ξcR�,

�d = (ξdξ �
d)

−1ξdR�,

�β = (ξβ ξ �
β )

−1ξβ R�,

�Φ = (X−MιT X �
−)

−1X−MιT X �.

Notice the following two equations hold,

ξ �
c(ξcξc)

−1 = MιT X �
−(X

�
−MιT X �

−)
−1, (4.49)

MιT X �
−(X

�
−MιT X �

−)
−1 = ξ �

β (ξβ ξβ )
−1�Φ�+ξ �

d(ξdξd)
−1, (4.50)

which directly leads to the equality �c = �d + �Φ�β . The equality (4.49) is obvious due to the orthogonality ξβ X �
− = 0.

Therefore, we only need to show the equation (4.50).

Note that (I−PMιT X �PMιT X �
−
)∆= 0, PMιT X �(I−PMιT X �

−
)∆= 0 with ∆=MιT X � �XMZ−X ��−1 XMιT X �

−
�
X−MιT X �

−
�−1−

PMιT X �X �
−
�
ξdξ �

d
�−1, and then

MZ−X � �XMZ−X ��−1 XMιT X �
−
�
X−MιT X �

−
�−1

=
�

MιT −PMιT X �
−

�
X �

��
XMιT X ��−1

+
�
XMιT X ��−1

�
XPMιT X �

−
X �
��

XMZ−X ��−1
�

XMιT X �
−
�
X−MιT X �

−
�−1

=PMιT X �X �
−
�
X−MιT X �

−
�−1 −PMιT X �

−
PMιT X �X �

−
�
X−MιT X �

−
�−1

+
�

MιT −PMιT X �
−

�
X � �XMιT X ��−1

�
XPMιT X �

−
X �
��

XMZ−X ��−1 XMιT X �
−
�
X−MιT X �

−
�−1

=PMιT X �X �
−
�
X−MιT X �

−
�−1 −PMιT X �

−
PMιT X �X �

−
�
ξdξ �

d
�−1

+PMιT X �
−

PMιT X �X �
−
�
X−MιT X �

−
�−1

�
X−PMιT X �X �

−

��
ξdξ �

d
�−1

+
�

MιT −PMιT X �
−

�
X � �XMιT X ��−1

�
XPMιT X �

−
X �
��

XMZ−X ��−1 XMιT X �
−
�
X−MιT X �

−
�−1

=PMιT X �X �
−
�
X−MιT X �

−
�−1 −PMιT X �

−
PMιT X �X �

−
�
ξdξ �

d
�−1

+PMιT X �PMιT X �
−

PMιT X �X �
−
�
ξdξ �

d
�−1

.

.
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Therefore,

ξ �
β (ξβ ξ �

β )
−1�Φ�+ξ �

d(ξdξ �
d)

−1

=ξ �
β (ξβ ξ �

β )
−1�Φ�+(X−(MιT −PMιT X �))�

�
(X−(MιT −PMιT X �))(X−(MιT −PMιT X �))�

�−1

=ξ �
β (ξβ ξ �

β )
−1�Φ�+(X−(MιT −PMιT X �))�

�
X−MιT X �

− −X−PMιT X �X �
−

�−1

=ξ �
β (ξβ ξ �

β )
−1�Φ�+(X−(MιT −PMιT X �))�

��
X−MιT X �

−
�−1

+
�
X−MιT X �

−
�−1 X−PMιT X �X �

−(ξdξ �
d)

−1
�

=ξ �
β (ξβ ξ �

β )
−1�Φ�+ξ �

c(ξcξ �
c)

−1+
�
−PMιT X �X �

−
�
X−MιT X �

−
�−1

+(X−(MιT −PMιT X �))�
�
X−MιT X �

−
�−1 X−PMιT X �X �

−(ξdξ �
d)

−1
�

=ξ �
β (ξβ ξ �

β )
−1�Φ�+ξ �

c(ξcξ �
c)

−1+
�
−PMιT X �X �

−
�
X−MιT X �

−
�−1

+MιT X �
−
�
X−MιT X �

−
�−1 X−PMιT X �X �

−(ξdξ �
d)

−1
�

�
−PMιT X �X �

−
�
X−MιT X �

−
�−1 X−PMιT X �X �

−(ξdξ �
d)

−1
�

=MZ−X � �XMZ−X ��−1 XMιT X �
−
�
X−MιT X �

−
�−1

+ξ �
c(ξcξ �

c)
−1

+
�
−PMιT X �X �

−
�
X−MιT X �

−
�−1

+PMιT X �
−

PMιT X �X �
−(ξdξ �

d)
−1 −PMιT X �PMιT X �

−
PMιT X �X �

−(ξdξ �
d)

−1
�

=ξ �
c(ξcξ �

c)
−1.

Lemma 4.C.1. Assumption 4.2.1 implies the following results hold jointly:

(1) : vec
�

V Z�
−√
T

�
=

�
Z−√

T
⊗ I

�
vecV →d N(0,γZZ ⊗Σv), (4.51)

(2) :
√

T vec
�

VV �

T
−Σv

�
→d N

�
0,Var

�
vec(vtv�t)

��
, (4.52)

where Var(vec(vtv�t)) = Var(vt ⊗ vt) = Var
�
(Σ1/2

v ⊗Σ1/2
v )(y⊗ y)

�
= (Σ1/2

v ⊗ Σ1/2
v )(IK2 + κK,K)(Σ1/2

v ⊗ Σ1/2
v ) =

(IK2 +κK,K)(Σv ⊗Σv).

(3) :
√

T
�

tr(EE �)

NT
−σ2

�
→d N

�
0,2σ4� . (4.53)

Let V̂ , Ê denote residuals resulting from three-stage estimation, and f = [A D], Ẑ = [Z�
− V̂ �]�,

(4) :

�
vec

�√
T
�

f̂ − f
��

vec
�√

T
�

β̂ −β
��

�
=
√

T vec
�

EẐ� �ẐẐ��−1
�
=




��

ẐẐ��

T

�−1

⊗ I



vec
�

EẐ√
T

�

→d N

�
0,σ2

�
γ−1

ZZ 0
0 Σ−1

�
⊗ I

�
∼
�

ψ f

ψβ

�
, (4.54)

(5) :
V̂V̂ �

T
=

VV �

T
+op (1) ,

ÊÊ �

T
=

EE �

T
+op (1) . (4.55)

Proof of Lemma 4.C.1. (1) follows directly from Assumption 4.2.1.(a), and the joint distribution of {vt ,et} implies
(2) and (3) based on a weak law of large numbers.6 (5) is due to the consistency property of the OLS estimators in

6 (2)(3) are true even under weaker conditions, e.g. {vt ,et} is a homoscedastic vector martingale difference
sequence with respect to the filtration based on past factors, and vt ,et have fourth moments.
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the first two stages, and together with Assumption 4.2.1.(a) it gives (4).

We use Lemma 4.C.1, which corresponds with Lemma 1 of Kleibergen (2009), to derive the properties of the
three-stage estimator. When β is of full rank, the three-stage risk premia estimator λ̂1 has a normal asymptotic
distribution, and traditional tests would be valid. Kleibergen (2009) shows that the large sample distribution of the
FM and GLS two-pass risk premia estimators are non-normal when β ’s are weak, and following Proposition 4.3.1
states the same misbehaviour of the three-stage risk premia estimator.

Proof of Proposition 4.3.1 . Based on the numerical (1) If β is of full rank, we would have

√
T

�
vec

�
β̂ � −β �

�

vec
�
Λ̂−Λ

�

�
→d N

��
0
0

�
,

�
Vβ C�Λ,β
CΛ,β VΛ

��
, (4.56)

where Vβ ,CΛ,β ,VΛ would be specified in the proof.

In the following, we denote Ψβ as a stack form of ψβ , the asymptotic distribution of
√

T vec
�

β̂ � −β �
�

, such that
�
Ψβ

�
i, j

1≤i≤K,1≤ j≤N
=
�
ψβ

�
(i−1)N+ j.

Case (1) is a direct result in Adrian, Crump and Moench (2013). Here we only list the specifications of Vβ ,CΛ,β ,VΛ

from Adrian, Crump and Moench (2013).

Vβ =Σ−1
v ⊗σ2IN , (4.57)

VΛ =1µ +C+C�

+σ2
�

γ−1
ZZ ⊗

�
ββ ��−1

�
+σ2

�
Λ�Σ−1

v Λ⊗
�
ββ ��−1

�

+σ2
�

ρ �ρ ⊗
�
(ββ �)−1βA�

β (I ⊗Σv)
�

Aβ β �(ββ �)−1
�

+
1
4

�
ρ �ρ ⊗ (ββ �)−1β (B∗)(IK2 +κK,K)(Σv ⊗Σv)B∗�β �(ββ �)−1

�

× σ4

2
�
ρ � ⊗ (ββ �)−1β

�
ιNι �N

�
ρ ⊗β �(ββ �)−1� , (4.58)

CΛ,β =−κK+1,K
�
σ2((ββ �)−1β ⊗Λ�Σ−1

v )
�
+σ2

�
ρ � ⊗

�
(ββ �)−1βA�

β

��
, (4.59)

where 1µ =
�
γ−1

ZZ ⊗ I
�
(diag(0,γXX )⊗Σv)

�
γ−1

ZZ ⊗ I
�

if we assume µP = 0 otherwise = γ−1
ZZ ⊗Σv, and

C = E
�
−
�
Λ� ⊗ (ββ �)−1β

�
vec

�√
T
�

β̂ � −β �
��

vec
�√

T
�

β̂ −β
����

ρ � ⊗
�
(ββ �)−1βA�

β (I ⊗Σv)
���

�

=−
�
Λ� ⊗ (ββ �)−1β

�
E
�

vec
�√

T
�

β̂ � −β �
��

vec
�√

T
�

β̂ � −β �
���

κ �
N,K

��
ρ � ⊗

�
(ββ �)−1βA�

β (I ⊗Σv)
���

=−
�
Λ� ⊗ (ββ �)−1β

��
σ2Σ−1

v ⊗ I
�

κ �
N,K

�
ρ � ⊗

�
(ββ �)−1βA�

β (I ⊗Σv)
���

, (4.60)

and Aβ is a NK ×K matrix

Aβ =⊕N
i=1β (i), (4.61)

where ⊕ denotes the matrix direct sum, such that A⊕B =

�
A 0
0 B

�
.

The proof of the rest follows a similar argument as the proof of Case (1) from Adrian, Crump and Moench
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(2013). To further prove statements (2)(3)(4) we first introduce some new notation, given the three-stage estimator:

√
T Λ̂ =

√
T (β̂ β̂ �)−1β̂

�
rx+

1
2
�
B̂∗vec(Σ̂v)+ σ̂2ιN

�
ι �T
�

MV̂ �Z�
−
�
Z−MV̂ �Z�

−
�−1

, (4.62)

where
√

T Λ̂ is the summation of

T1 =
√

T
�

β̂ β̂ �
�−1

β̂
�

rx+
1
2
�
B∗vec(Σv)+σ2ιN

�
ι �T
�

MV̂ �Z�
−
�
Z−MV̂ �Z�

−
�−1

, (4.63)

T2 =
1
2
√

T
�

β̂ β̂ �
�−1

β̂
�
B̂∗vec(Σ̂v)−B∗vec(Σv)

�
ρ �, (4.64)

T3 =
1
2
√

T
�

β̂ β̂ �
�−1

β̂
�
σ̂2 − σ̂2� ιNρ �, (4.65)

where Ti can then be decomposed as summation of Ti, j where we list all these terms as follows:

T1,1 =
√

T Λ (4.66)

T1,2 =
√

TV MV̂ �Z�
−
�
Z−MV̂ �Z�

−
�−1 (4.67)

T1,3 = (β̂ β̂ �)−1β̂
√

T
�

f̂ − f
�
+op(1) (4.68)

T1,4 =−(β̂ β̂ �)−1β̂
√

T
�

β̂ � −β �
�

Λ (4.69)

T1,5 =
√

T (β̂ β̂ �)−1β̂
�

β̂ � −β �
�

V MV̂ �Z�
−
�
Z−MV̂ �Z�

−
�−1 (4.70)

T2,1 = (β̂ β̂ �)−1β̂A�
β (I ⊗Σv)vec

�√
T
�

β̂ −β
��

ρ +op(1) (4.71)

T2,2 =
1
2
(β̂ β̂ �)−1β̂

�
B∗√T

�
vec

�
VV �

T
−Σv

���
ρ +op(1) (4.72)

T3 =
1
2
(β̂ β̂ �)−1β̂

�√
T
�

tr(EE �)

NT
−σ2

��
ιNρ +op(1) (4.73)

where the op(1) terms are brought in due to the replacement of V by V̂ , and we have

vec(T1,1) =
√

T Λ, (4.74)

vec
�
T µ=0

1,2

�
=
�
γ−1

xx ⊗ I
�

vec
�
0 V X �

−/
√

T
�
+op(1), (4.75)

vec
�
T µ

1,2

�
=
�
γ−1

zz ⊗ I
�

vec
�

V Z�
−/

√
T
�
+op(1), (4.76)

vec(T1,3) =
�

I ⊗ (β̂ β̂ �)−1β̂
�

vec
�√

T
�

f̂ − f
��

+op(1), (4.77)

vec(T1,4) =−
�

Λ� ⊗ (β̂ β̂ �)−1β̂
�

κKC ,Nvec
�√

T
�

β̂ � −β �
��

+op(1), (4.78)

vec(T1,5) = op(1), (4.79)

vec(T2,1) =
�

ρ � ⊗
�
(β̂ β̂ �)−1β̂A�

β (I ⊗Σv)
��

vec
�√

T
�

β̂ −β
��

+op(1), (4.80)

vec(T2,2) =

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂ (B∗)

�
vec

�√
T
�

vec
�

VV �

T

�
−vec(Σv)

��
+op(1), (4.81)

vec(T3) =

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂

�
ιN

�√
T
�

tr(EE �)

NT
−σ2

��
+op(1), (4.82)

where the term T1,2 depends on whether or not we impose the assumption that µ = 0 in (4.1). Next we would like
to look for a non-full rank case of β and describe the asymptotic properties of Λ̂ under those cases.
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First, We rearrange (4.54) to another formation

�
vec

�
f̂
�

vec
�

β̂
�
�
=

�
vec( f )
vec(β )

�
+

1√
T

�
ψ f

ψβ

�
+op

�
1√
T

�
, (4.83)

where
�

ψ f

ψβ

�
∼ N

�
0,σ2

�
γ−1

ZZ 0
0 Σ−1

v

�
⊗ I

�
∼ N

�
0,

�
Ω f 0
0 Ωβ

��
, (4.84)

and thus

β̂ = β +
1√
T

Ψβ +op

�
1√
T

�
. (4.85)

(2) If β = 0, then

Λ̂ =a Λ+

�
I ⊗

�
Ψβ Ψ�

β

�−1
Ψβ

�
ψ f −

�
Λ� ⊗

�
Ψβ Ψ�

β

�−1
Ψβ

�
κKC ,Nψβ

+

�
ρ � ⊗

��
Ψβ Ψ�

β

�−1
Ψβ A�

β (I ⊗Σv)

��
ψβ

+



ρ � ⊗

��
Ψβ Ψ�

β

�−1
Ψβ B∗

�

2



N (0,(IK2 +κK,K)(Σv ⊗Σv))

+

�
ρ � ⊗ 1

2

�
Ψβ Ψ�

β

�−1
Ψβ

�
ιNN

�
0,2σ4� , (4.86)

where Ψβ would be specified in the proof.

In case (2), provided that β = 0, from equation (4.83) we know

�
β̂ β̂ �

�−1
β̂ =a

�
Ψβ√

T

Ψ�
β√
T

�−1
Ψβ√

T
=
√

T
�

Ψβ Ψ�
β

�−1
Ψβ . (4.87)

Then we can take a look at the asymptotic properties of Λ̂. For convenience in the following sections otherwise
well mentioned, we denote Ti, j as the previous Ti, j divided by

√
T such that: T new

i, j = T oldi, j√
T

.

vec(T1,1) = Λ, (4.88)

vec
�
T µ=0

1,2

�
=

�
γ−1

xx ⊗ I
�

vec
�
0 V X �

−/
√

T
�

√
T

+op

�
1√
T

�
=a op(1), (4.89)

vec
�
T µ

1,2

�
=

�
γ−1

zz ⊗ I
�

vec
�
V Z�

−/
√

T
�

√
T

+op

�
1√
T

�
=a op(1), (4.90)
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vec(T1,3) =
�

I ⊗ (β̂ β̂ �)−1β̂
�

vec
�√

T
�

f̂ − f
��

+op

�
1√
T

�

=a

�
I ⊗

�
Ψβ Ψ�

β

�−1
Ψβ

�
vec

�√
T
�

f̂ − f
��

=a

�
I ⊗

�
Ψβ Ψ�

β

�−1
Ψβ

�
ψ f , (4.91)

vec(T1,4) =−
�

Λ� ⊗ (β̂ β̂ �)−1β̂
�

vec
��

β̂ � −β �
��

++op

�
1√
T

�

=a −
�

Λ� ⊗
�

Ψβ Ψ�
β

�−1
Ψβ

�
κKC ,Nψβ , (4.92)

T1,5 =a (β̂ β̂ �)−1β̂
�

β̂ � −β �
�

MV̂ �Z�
−
�
Z−MV̂ �Z�

−
�−1 op(1)

=a

�
Ψβ Ψ�

β

�−1
Ψβ Ψ�

β MV̂ �Z�
−
�
Z−MV̂ �Z�

−
�−1 op(1)

=a
MV̂ �Z�

−
T

�
Z−Z�

−
T

�−1

op(1) =a op(1), (4.93)

vec(T2,1) =a

�
ρ � ⊗

�
(β̂ β̂ �)−1β̂A�

β (I ⊗Σv)
��

vec
��

β̂ −β
��

+op(
1√
T
)

=a

�
ρ � ⊗

��
Ψβ Ψ�

β

�−1
Ψβ A�

β (I ⊗Σv)

��
Ψβ , (4.94)

vec(T2,2) =a

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂ (B∗)

�
vec

��
vec

�
VV �

T

�
−vec(Σv)

��
+op(

1√
T
) (4.95)

=a



ρ � ⊗

��
Ψβ Ψ�

β

�−1
Ψβ B∗

�

2



N (0,(IK2 +κK,K)(Σv ⊗Σv)) , (4.96)

vec(T3) =a

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂

�
ιN

�
tr(EE �)

NT
−σ2

�
+op(

1√
T
)

=a

�
ρ � ⊗ 1

2
(
�

Ψβ Ψ�
β

�−1
Ψβ

�
ιNN

�
0,2σ4� . (4.97)

Based on the above derivations, we can see that T1,2,T1,5 converge to zero in probability but not the rest terms and
thus given β = 0,

Λ̂ =a Λ+

�
I ⊗

�
Ψβ Ψ�

β

�−1
Ψβ

�
ψ f −

�
Λ� ⊗

�
Ψβ Ψ�

β

�−1
Ψβ

�
κKC ,Nψβ

+

�
ρ � ⊗

��
Ψβ Ψ�

β

�−1
Ψβ A�

β (I ⊗Σv)

��
ψβ +



ρ � ⊗

��
Ψβ Ψ�

β

�−1
Ψβ B∗

�

2



N (0,(IK2 +κK,K)(Σv ⊗Σv))

+

�
ρ � ⊗ 1

2

�
Ψβ Ψ�

β

�−1
Ψβ

�
ιNN

�
0,2σ4� . (4.98)
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This means the estimated parameter Λ̂ does not converge to Λ in probability but converges to Λ+ ε with ε having
an non-standard distribution.

(3) If β = B√
T

, where B is full rank, then

Λ̂ =a Λ+

�
I ⊗

��
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

��
ψ f

−
�

Λ� ⊗
��

B+Ψβ
��

B+Ψβ
���−1 �

B+Ψβ
��

κKC ,Nψβ

+

�
ρ � ⊗

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

�
A�

β (I ⊗Σv)

���
B+Ψβ

�

+



ρ � ⊗

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

�
B∗

�

2



N (0,(IK2 +κK,K)(Σv ⊗Σv))

+

�
ρ � ⊗ 1

2

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

���
ιNN

�
0,2σ4� . (4.99)

Notice in case (3)

β̂ =
1√
T

B+
1√
T

Ψβ +op

�
1√
T

�
, (4.100)

and rests would be quite close to case (2)

�
β̂ β̂ �

�−1
β̂ =a

��
B+Ψβ

�
√

T

�
B+Ψβ

��
√

T

�−1 �
B+Ψβ

�
√

T
=
√

T
��

B+Ψβ
��

B+Ψβ
���−1 �

B+Ψβ
�
. (4.101)

Again, we consider those decomposed terms (only show those terms that do not converge to zero in probability.)

vec(T1,3) =
�

I ⊗ (β̂ β̂ �)−1β̂
�

vec
��

f̂ − f
��

+op

�
1√
T

�

=a

�
I ⊗

��
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

��
vec

�√
T
�

f̂ − f
��

=a

�
I ⊗

��
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

��
ψ f , (4.102)

vec(T1,4) =−
�

Λ� ⊗ (β̂ β̂ �)−1β̂
�

vec
��

β̂ � −β �
��

++op

�
1√
T

�

=a −
�

Λ� ⊗
��

B+Ψβ
��

B+Ψβ
���−1 �

B+Ψβ
��

κKC ,Nψβ , (4.103)

vec(T2,1) =a

�
ρ � ⊗

�
(β̂ β̂ �)−1β̂A�

β (I ⊗Σv)
��

vec
��

β̂ −β
��

+op(
1√
T
)

=a

�
ρ � ⊗

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

�
A�

β (I ⊗Σv)

���
B+Ψβ

�
, (4.104)
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vec(T2,2) =a

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂ (B∗)

�
vec

��
vec

�
VV �

T

�
−vec(Σv)

��
+op(

1√
T
) (4.105)

(4.106)

=a



ρ � ⊗

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

�
B∗

�

2



N (0,(IK2 +κK,K)(Σv ⊗Σv)) , (4.107)

vec(T3) =a

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂

�
ιN

�
tr(EE �)

NT
−σ2

�
+op(

1√
T
)

=a

�
ρ � ⊗ 1

2
(
��

B+Ψβ
��

B+Ψβ
���−1 �

B+Ψβ
��

ιNN
�
0,2σ4� , (4.108)

Λ̂ =a Λ+

�
I ⊗

��
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

��
ψ f −

�
Λ� ⊗

��
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

��
ψβ

+

�
ρ � ⊗

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

�
A�

β (I ⊗Σv)

���
B+Ψβ

�

+



ρ � ⊗

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

�
B∗

�

2



N (0,(IK2 +κK,K)(Σv ⊗Σv))

+

�
ρ � ⊗ 1

2

���
B+Ψβ

��
B+Ψβ

���−1 �
B+Ψβ

���
ιNN

�
0,2σ4� . (4.109)

Λ̂ does not converge to Λ in probability but converges to Λ+ ε with ε having an unstandard distribution.

(4) If β =
�

β1 0
�
,β1 = K ×N1, N1 is fixed and N/T → c, then

β̂ =
�

β1 0
�
+

1√
T

Ψβ +op

�
1√
T

�
. (4.110)

If 1
T Ψβ → 0, we would have

Λ̂ =a Λ−
�

Λ� ⊗B−1
1

1
T

Ψβ

�
κKC ,Nψβ +

�
ρ � ⊗

�
B−1

1
1
T

Ψβ A�
β (I ⊗Σv)

��
ψβ . (4.111)

Notice

β̂ =
�

β1 0
�
+

1√
T

Ψβ +op

�
1√
T

�
, (4.112)

and thus

β̂ β̂ � =a

��
β1 0

�
+

1√
T

Ψβ

���
β1 0

�
+

1√
T

Ψβ

��

=a β1β �
1 +

1√
T

Ψβ1β1 +
1√
T

β1Ψ�
β1
+

1
T

Ψβ Ψ�
β , (4.113)
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where Ψβ1 = Ψβ (In1 0)�.

We let

B1 = β1β �
1 +

1√
T

Ψβ1β1 +
1√
T

β1Ψ�
β1
+

1
T

Ψβ Ψ�
β , (4.114)

Then we would have

�
β̂ β̂ �

�−1
β̂ = B−1

1

��
β1 0

�
+

1√
T

Ψβ

�

=
√

T B−1
1

��
1√
T

β1 0
�
+

1
T

Ψβ

�
, (4.115)

and thus

vec(T1,3) =
�

I ⊗ (β̂ β̂ �)−1β̂
�

vec
��

f̂ − f
��

+op

�
1√
T

�

=a

�
I ⊗B−1

1

��
1√
T

β1 0
�
+

1
T

Ψβ

��
vec

�√
T
�

f̂ − f
��

=a

�
I ⊗B−1

1

��
1√
T

β1 0
�
+

1
T

Ψβ

��
ψ f , (4.116)

vec(T1,4) =−
�

Λ� ⊗ (β̂ β̂ �)−1β̂
�

vec
��

β̂ � −β �
��

++op

�
1√
T

�

=a −
�

Λ� ⊗B−1
1

��
1√
T

β1 0
�
+

1
T

Ψβ

��
κKC ,Nψβ , (4.117)

vec(T2,1) =a

�
ρ � ⊗

�
(β̂ β̂ �)−1β̂A�

β (I ⊗Σv)
��

vec
��

β̂ −β
��

+op(
1√
T
)

=a

�
ρ � ⊗

�
B−1

1

��
1√
T

β1 0
�
+

1
T

Ψβ

�
A�

β (I ⊗Σv)

��
ψβ , (4.118)

vec(T2,2) =a

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂ (B∗)

�
vec

��
vec

�
VV �

T

�
−vec(Σv)

��
+op(

1√
T
) (4.119)

=a



ρ � ⊗

�
B−1

1

��
1√
T

β1 0
�
+ 1

T Ψβ

�
B∗

�

2



N (0,(IK2 +κK,K)(Σv ⊗Σv)) , (4.120)

vec(T3) =a

�
ρ � ⊗ 1

2
(β̂ β̂ �)−1β̂

�
ιN

�
tr(EE �)

NT
−σ2

�
+op(

1√
T
)

=a

�
ρ � ⊗ 1

2

�
B−1

1

��
1√
T

β1 0
�
+

1
T

Ψβ

���
ιNN

�
0,2σ4� . (4.121)

Notice given fixed N1, we can safely assume 1√
T

β1 → 0, and then what is left would be the term 1
T Ψβ .

If 1
T Ψβ → 0, then from the independence condition we know all the T1,3,T2,2,T3 would converge to zero. However,

T1,4,T2,1 remain unclear and very likely would cause a bias term, −
�
Λ� ⊗B−1

1
1
T Ψβ

�
ψβ +

�
ρ � ⊗

�
B−1

1
1
T Ψβ A�

β (I ⊗Σv)
��

ψβ .
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Lemma 4.C.2. Under Assumption 4.2.1.(a),

T− 1
2 ∑

t

��
�Xt−1
��V MX ,t

�
⊗
�
�rt −β �λ f �Xt−1 −β ���Vt

��
→d

�
vec(Ψp1)

vec(Ψp2)

�
, (4.122)

where ��V MX ,t is to project ��Vt to the orthogonal spaces of �Xt−1, vec(Ψp1),vec(Ψp2) are independent Gaussian
vectors with mean zero and covariance matrices Q�X ⊗Ω and Σ�VMX

⊗Ω respectively, Ω =V (�et). Similarly, we also
have

T− 1
2 ∑

t

��
�Xt−1
��Vt

�
⊗
�
�rt −β �λ f �Xt−1 −β ���Vt

��
→d

�
vec(Ψp1�)

vec(Ψp2�)

�
, (4.123)

where
�
vec(Ψp1�)

�,vec(Ψp2�)
��� is a joint Gaussian vector with mean zero and covariance matrices Q�X ,�V ⊗Ω with

Q�X ,�V = E
�
�X �

t−1, �V �
t

����X �
t−1, �V �

t

�
.

Proof of Lemma 4.C.2. This is a direct result of Assumption 4.2.1.(a). Assumption 4.2.1.(a) implies that

�Xt = Φ�Xt−1 + �Vt ,

�rt −β �λ f �Xt−1 −β ��Vt = �et −β
�

Φ− �Φ
�
�Xt−1.

Therefore, we could rewrite the left hand side of equation (4.122) as

T− 1
2 ∑

t

��
�Xt−1
��V MX ,t

�
⊗
�
�et +β

�
�Φ−Φ

�
�Xt−1

��
= T− 1

2 ∑
t

��
�Xt−1
��V MX ,t

�
⊗
�
�et +Op

�
1√
T

���
,

and the results follow directly once we denote

Q�X = plimT
1
T ∑

t

�Xt−1 �X �
t−1,

Σ�VMX
= plimT

1
T ∑

t

�
�Xt−1
��V MX ,t

��
�Xt−1
��V MX ,t

��

,

Ω = plimT
1
T ∑

t
�e�v,t�e��v,t .

The dynamic properties of �Xt ,�et (see e.g., Hamilton (1994)) imply that

Q = E
�

�Xt−1
�VMX ,t

��
�Xt−1
�VMX ,t

��

, Ω = V�et .

Following the same steps, equation (4.123) also holds.

Lemma 4.C.3. Under Assumption 4.2.1.(a),

T− 1
2

T

∑
t=1

��
Ẋt−1
�Vt

�
⊗
�

Ṙt −β �λ f Ẋt−1 −β ��Vt

��
→d

�
vec(Ψp3)

vec(Ψp4)

�
, (4.124)

where (vec(Ψp3)�,vec(Ψp4)�)
� are independent Gaussian distributed vectors with mean zero, and their covariance

matrices are (QXX −QιX Q�
ιX )⊗Ω+QXZQ−1

ZZ QZX ⊗β �Σvβ , Σv ⊗Ω respectively
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Proof of Lemma 4.C.3. Assumption 4.2.1.(a) implies that the following statements hold jointly

�
T−1VV �, T−1V E �, T−1EE ��→p (ΣVV , ΣV E , ΣEE) , (4.125)

T−1ZZ� =
�

ιT Ẋ �
−

��
ιT Ẋ �

−

��
→p Q, (4.126)

�
T− 1

2 ι �TV �, T− 1
2 ι �T E �, T− 1

2 Ẋ−V �, T− 1
2 Ẋ−E �, T− 1

2 V E �
�
→d (ΨιV ,ΨιE ,ΨXV ,ΨXE ,ΨV E) , (4.127)

and Ψ =
�
ΨιV ,vec(ΨXV )

� ,ΨιE ,vec(ΨXE)
� ,vec(ΨV E)

��� →d N

�
0,

�
diag(Σv,Σe)⊗Q 0

0 Σe ⊗Σv

��
.

Furthermore,

T− 1
2 Ė �Ḟ− = T− 1

2
�
E −T−1ιT ι �T E

�� �F−−T−1ιT ι �T F−
�

=dT− 1
2 E �F−−T− 1

2 E �ιT T−1ι �T F− →d ΨEF −Ψ�
ιEQιF , (4.128)

T− 1
2 β

�
U̇ − �U

��
Ḟ = T− 1

2 β
�

U − �U −T−1ιT ι �TU
�� �

F−−T−1ιT ι �T F−
�

=T− 1
2 β

�
U − �U

��
F− = T− 1

2 β
�

0 IKU

��
�Π−Π

�
Z�F−

=T− 1
2 β

�
0 IKU

�
V �Z

�
Z�Z

�−1 Z�F− →d βΨUZQ−1QZF , (4.129)

T− 1
2 Ė � �U

=T− 1
2
�
E −T−1ιT ι �T E

��
�

U +Z
�

Π− �Π
���

0 IKU

��
→d ΨEU , (4.130)

T− 1
2 β

�
U̇ − �U

�� �U = T− 1
2 β

�
U − �U −T−1ιT ι �TU

�� �U

=dT− 1
2

T

∑
t=1

β
��

0 IKU

���
�Π−Π

�
Zt

����
0 IKU

���
Π− �Π

�
Zt +Vt

���
→d 0. (4.131)

The above would then imply the final result:

T− 1
2

T

∑
t=1

��
Ẋt−1
�Vt

�
⊗
�

Ṙt −β �λ f Ẋt−1 −β ��Vt

��
→d

�
vec

�
ΨEX −Ψ�

ιEQιX +βΨV ZQ−1QZX
�

vec(ΨEV )

�
.

Proof of Lemma 4.4.1. Premultiplying equation (4.122) by (��V and �X− are K ×T −2 matrices stacking ��Vt , �Xt−1 in
each columns respectively)




I 0

0
�
��V M�X−

��V
��−1



⊗ IN

gives

√
T

�
vec

�
�q�R�X −β �λF�q�X �X −β ��q�V �X

�

vec
�
�β � −β �

�
�

→d

�
ξ1

ξ2

�
, (4.132)
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where ξ1 = vec(Ψp1),ξ2 =

��
��V M�X−

��V
��−1

⊗ IN

�
vec(Ψp2). Therefore,

√
T




vec

�
�q�R�X − �β �λF�q�X �X − �β ��q�V �X

�

vec
�
�β � −β �

�



→d

�
ξ1 −

��
λF�q�X �X + �q�V �X

�� ⊗ IN

�
ξ2

ξ2

�
, (4.133)

and thus v11 =
�

Q�X +
�
λF Q�X +QV X

�� Σ−1
VMX

�
λF Q�X +QV X

��
⊗Ω, v22 = Σ−1

VMX
⊗Ω, v12 =

�
λF Q�X +QV X

�� Σ−1
VMX

⊗
Ω.

Premultiplying equation (4.124) by




I 0

0
�

1
T ∑t �Vt �V �

t

�−1



⊗ IN (4.134)

gives

√
T

�
vec

�
Q̇RF −β �λF�qẊẊ

�

vec
�
�β � −β �

�
�

→d

�
ξ3

ξ4

�
, (4.135)

where ξ3 = vec(Ψp3),ξ2 =
�
�Σ−1

v ⊗ IN

�
vec(Ψp4).

Therefore,

√
T




vec

�
�qṘẊ − �β �λF�qẊẊ

�

vec
�
�β � −β �

�



→d

�
ξ3 − (�qẊẊ λ �

F ⊗ IN)ξ4

ξ4

�
, (4.136)

and thus v33 =(QXX −QιX Q�
ιX )⊗Ω+QXZQ−1

ZZ QZX ⊗β �Σvβ +(QXX λ �
F ⊗ IN)v44 (λF QXX ⊗ IN), v34 =(QXX λ �

F ⊗ IN)v44,
v44 = Σv ⊗Ω. The building blocks of these v’s, for example QXX , are consistently estimated easily, and this leads
one way to construct consistent estimators for the covariance matrices.

Before the proof of Theorem 4.4.3, we first introduce the following propositions.

Proposition 4.C.2. For FARr (λF,1,γF,2) = (T/2)vec�
�
�q�rr �X − β̄ �

1Γr(λF,1)
�

V̄−1
β̄1,Γr vec

�
�q�rr �X − β̄ �

1Γr(λF,1)
�
, we have

FARr (λF,1,γF,2) = GLS-LMr (λF,1,γF,2)+ JGLSr (λF,1,γF,2) ,

with

GLS-LMr (λF,1,γF,2) =(T/2)vec�
�
�q�rr �X − β̄ �

1Γr(λF,1)
��

IK ⊗ �Ω−1β̄ �
1

�
×

��
IK ⊗ �Ω−1β̄ �

1

��
V̄β̄1,Γr

�
IK ⊗ �Ω−1β̄ �

1

��−1�
IK ⊗ �Ω−1β̄ �

1

��
vec

�
�q�rr �X − β̄ �

1Γr(λF,1)
�
,

and JGLSr (λF,1,γF,2) = FARr (λF,1,γF,2)−GLS-LMr (λF,1,γF,2). Under the null hypothesis H0 : λF,1 = γF,1,λF,2 =

γF,2 and Assumption 4.2.1.(a), JGLSr (γF,1,γF,2) follows a χ2((N −K1)K) distribution asymptotically.

Proof of Proposition 4.C.2. The result follows the facts that 1) JGLSr (γF,1,γF,2) projects V̄−1/2
β̄1,Γr vec

�
�q�rr �X − β̄ �

1Γr(λF,1)
�

to the space orthogonal to V̄ 1/2
β̄1,Γr

�
IK ⊗ �Ω−1β̄ �

1

�
and 2) by construction β̄1 is asymptotically independent from
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�q�rr �X − β̄ �
1Γr(λF,1). The statement 2) can be proved follow similar arguments as in the proof of Lemma 4.4.1.

Proposition 4.C.3. Under Assumption 4.2.1.(a),

GLS-LMr �λ ∗
F,1,γF,2

�
= Op(1/T ),

with λ ∗
F,1 = argminΛλF,1

FARr (λF,1,γF,2)

Proof of Proposition 4.C.3. This is straightforward once we notice

GLS-LMr (λF,1,γF,2) = T
�

∂FAR(λF)/T
∂vec(λF)�

+Op(1/T )
�

W
�

∂FAR(λF)/T
∂vec(λF)�

+Op(1/T )
�
,

with W a weighting matrix of order Op(1). We illustrate one derivation of such equality in Proposition 4.C.4.

Proposition 4.C.4. For convenience, we may abuse the notation a bit and let �rt+1,n−1 = �rr
t+1, T = |T2|, λ1 = λF,1

and ��et+1,n−1 contain the first stage sampling error in this proposition. Based on equation (4.2), it is easy to verify
that we can write �rt+1,n−1 in the form

�rt+1,n−1 = β (n−1)�
�

λ1 �Xt +��vt+1

�
+��et+1,n−1, (4.137)

and

FAR(λF) = T vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

� �V−1
λF ,β̄ ,β̄

vec
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

�
,

where

β̄ = ∑
t

�

∑
t �

�
λF

��Xt �−1 +��vt �
��

λF
��Xt �−1 +��vt �

��
�−1�

λF
��Xt−1 +��vt

�
�rt ,

�VλF ,β̄ ,β̄ =
�
�q�X �X −

�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
λF�q�X �X + �q�V �X

��
⊗ �Ω,

with �Ω =
�
�r− β̄ �

�
λF �X + ��V

���
�r− β̄ �

�
λF �X + ��V

���
/T . Then under Assumption 4.2.1.(a)7,

∂FAR(λF)/T
∂vec(λF)�

=2vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
IK ⊗ �Ω−1β̄ �

�
+Op(

1
T
). (4.138)

Proof of Proposition 4.C.4. Premultiply equation (4.123) by




I 0

�
∑t �

�
λF

��Xt �−1 +��vt �
��

λF
��Xt �−1 +��vt �

��
/T

�−1
λF

�
∑t �

�
λF

��Xt �−1 +��vt �
��

λF
��Xt �−1 +��vt �

���−1



⊗ IN (4.139)

gives

√
T

�
vec

�
�q�R�X −β � �λF�qXX + �q�V �X

��

vec
�

β̃ � −β �
�

�
→d

�
ξ1�

ξ2�

�
. (4.140)

7 Follow a similar procedure, we can show that ∂ JGLS(λF )/T
∂vec(λF )�

is proportional to ∂FAR(λF )/T
∂vec(λF )�

W with W a random
matrix of full rank almost surely.
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Therefore,

√
T




vec

�
�q�R�X − �β �λF�q�X �X − �β ��q�V �X

�

vec
�
�β � −β �

�



→d

�
ξ1� −

��
λF�q�X �X + �q�V �X

�� ⊗ IN

�
ξ2�

ξ2�

�
. (4.141)

The following steps derive the corresponding covariance matrix. Let

∆ =

�
IK −�q�X �X λ �

F − �qXV

0 IK

��
IKF 0

�q−1
λF �X+�V

λF �q−1
λF �X+�V

�
, (4.142)

where �qλF �X+�V = ∑t �
�

λF
��Xt �−1 +��vt �

��
λF

��Xt �−1 +��vt �
��
/T . Notice

(∆⊗ IN)

��
�q�X �X �qXV

�q�V �X �qVV

�
⊗Ω

�
(∆⊗ IN)

=




�q�X �X −

�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
λF�q�X �X + �q�V �X

�
0

0 �q−1
λF �X+�V



 , (4.143)

∂vec
�
�qλF �X+�V

�

∂vec(λF)�
=

∂vec
�
λF�q�X �X λ �

F +λF�qXV + �q�V �X λ �
F + �qVV

�

∂vec(λF)�

=(IK2 +κK,K)
��

λF�q�X �X + �q�V �X
�
⊗ IK

�
,

∂vec
�
β̄
�

∂vec(λF)�
=

∂vec
�
�q−1

λF �X+�V
(λF�qXr + �qV r)

�

∂vec(λF)�

=−
�

β̄ � ⊗ �q−1
λF �X+�V

� ∂vec
�
�qλF �X+�V

�

∂vec(λF)�
+
�
�q�R�X ⊗ �q−1

λF �X+�V

�

=
�
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗ �q−1

λF �X+�V −κN,K

�
�q−1

λF �X+�V

�
λF�q�X �X + �q�V �X

�
⊗ β̄ �

�
.

Now we denote ∆X = �q�X �X −
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
λF�q�X �X + �q�V �X

�
,

∂vec
�
�q�R�X − β̄ � �λF�qXX + �q�V �X

��

∂vec(λF)
�

=−
�
�q�X �X ⊗ β̄ ��−

��
λF�q�X �X + �q�V �X

�� ⊗ IN

�
κK,N

vec
�
β̄
�

vec(λF)
�

=−
�
∆X ⊗ β̄ ��−κK,N

��
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
,
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∂vec(∆X )

∂vec(λF)�
=

∂vec
�
�q�X �X −

�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
λF�q�X �X + �q�V �X

��

∂vec(λF)�

=− (IK2 +κK,K)
�
�q�X �X ⊗

�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�

−
��

λF�q�X �X + �q�V �X
�� ⊗

�
λF�q�X �X + �q�V �X

��� ∂vec
�
�q−1

λF �X+�V

�

∂vec(λF)�

=− (IK2 +κK,K)
�
�q�X �X ⊗

�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�

−
��

λF�q�X �X + �q�V �X
�� ⊗

�
λF�q�X �X + �q�V �X

���

×−
�
�q−1

λF �X+�V ⊗ �q−1
λF �X+�V

�
(IK2 +κK,K)

��
λF�q�X �X + �q�V �X

�
⊗ IK

�

=− (IK2 +κK,K)
�

∆X ⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
,

∂T vec
�
�Ω
�

∂vec(λF)�
=

∂vec
��

�r− β̄ �
�

λF �X + ��V
���

�r− β̄ �
�

λF �X + ��V
����

∂vec(λF)�

=(IN2 +κN,N)
��

�r− β̄ �
�

λF �X + ��V
��

⊗ IN

� ∂vec
�
�r− β̄ �

�
λF �X + ��V

��

∂vec(λF)�

=(IN2 +κN,N)
��

�r− β̄ �
�

λF �X + ��V
��

⊗ IN

�

×
�
−
�
�X � ⊗ β̄ �

�
−κT,N

�
IN ⊗

�
λF �X + ��V

��� ∂vec
�
β̄
�

∂vec(λF)�

�

=− (IN2 +κN,N)
�
T
�
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗ β̄ ��

+(IN2 +κN,N)
��

�r− β̄ �
�

λF �X + ��V
��

⊗ IN

�

×
�
−κT,N

�
IN ⊗

�
λF �X + ��V

��� ∂vec
�
β̄
�

∂vec(λF)�

�

=− (IN2 +κN,N)
�
T
�
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗ β̄ �� ,

∂vec
�
�Ω
�

∂vec(λF)�
=−(IN2 +κN,N)

��
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗ β̄ �� .

Theorem 11 in Magus and Neudecker (1984) implies that

∂vec
�

∆X ⊗ �Ω
�

∂vec(λF)�
= (IK ⊗G)

∂vec(∆X )

∂vec(λF)�
+(H ⊗ IN)

∂vec
�
�Ω
�

∂vec(λF)�
,

with G = (κN,K ⊗ IN)
�

IK ⊗vec
�
�Ω
��

, H = (IK ⊗κN,K)(vec(∆X )⊗ IN).
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Thus,

∂FAR(λF)/T
∂vec(λF)�

=2vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1 ∂vec
�
�q�R�X − β̄ � �λF�qXX + �q�V �X

��

∂vec(λF)
�

−
�

vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

×
∂vec

�
∆X ⊗ �Ω

�

∂vec(λF)�

=2vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1

×
�
−
�
∆X ⊗ β̄ ��−κK,N

��
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

��

−
�

vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

×
�
(IK ⊗G)

�
−(IK2 +κK,K)

�
∆X ⊗

�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

��

+(H ⊗ IN)
�
−(IN2 +κN,N)

��
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗ β̄ ����

=2vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1

×
�
−
�
∆X ⊗ β̄ ��−κK,N

��
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

��

−
�

vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

×
��

IK ⊗ (κN,K ⊗ IN)
�

IK ⊗vec
�
�Ω
����

−(IK2 +κK,K)
�

∆X ⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

��

+((IK ⊗κN,K)(vec(∆X )⊗ IN)⊗ IN)
�
−(IN2 +κN,N)

��
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗ β̄ ����

=C0 +A1 +A2 +B1 +B2,

where

C0 =−2vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1 �
∆X ⊗ β̄ ��

−2vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
×κK,N

��
�q�R�X − β̄ � �λF�q�X �X + �q�V �X

��
⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
,

A1 =

�
vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

×
�

IK ⊗
�
(κN,K ⊗ IN)

�
IK ⊗vec

�
�Ω
�����

∆X ⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
,

A2 =

�
vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

×
�

IK ⊗ (κN,K ⊗ IN)
�

IK ⊗vec
�
�Ω
���

κK,K

�
∆X ⊗

�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�
,

B1 =

�
vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

× ((IK ⊗κN,K)(vec(∆X )⊗ IN)⊗ IN)κN,N
��
�q�R�X − β̄ �λF�q�X �X + β̄ ��q�V �X

�
⊗ β̄ �� ,

B2 =

�
vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

× ((IK ⊗κN,K)(vec(∆X )⊗ IN)⊗ IN)
��
�q�R�X − β̄ �λF�q�X �X + β̄ ��q�V �X

�
⊗ β̄ �� .

Now we calculate the four terms A1,A2,B1,B2 separately. Notice, κN,K = ∑N
i=1 ∑K

j=1 e[N,K],i j ⊗ e�[N,K],i j, where
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e[N,K],i j denotes the N ×K matrix with one in its i j-th position and zeros elsewhere.

A1 =

�
vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
�

×
�

IK ⊗
�
(κN,K ⊗ IN)

�
IK ⊗vec

�
�Ω
�����

∆X ⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�

=

�
vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆−1

X ⊗
�
�Ω−1 ⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
���

×
�

IK ⊗
��

N

∑
i=1

K

∑
j=1

e[N,K],i j ⊗
�

e�[N,K],i j ⊗ IN

���
IK ⊗vec

�
�Ω
�����

∆X ⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�

=

�
vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆−1

X ⊗
�
�Ω−1 ⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1
���

×
�

IK ⊗
N

∑
i=1

K

∑
j=1

�
e[N,K],i j ⊗vec

�
�Ω
�
e[N,K],i j

���
��

∆X ⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�

=vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

�

×
�

∆−1
X ⊗

N

∑
i=1

K

∑
j=1

�
�Ω−1e[N,K],i j ⊗vec�

�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

�
vec

�
e[N,K],i j∆−1

X
��

�
×
�

∆X ⊗
�
λF�q�X �X + �q�V �X

�� �q−1
λF �X+�V

�

=vec�
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Therefore,

∂FAR(λF)/T
∂vec(λF)�

=C0 +A1 +A2 +B1 +B2

=−2vec�
�
�q�R�X − β̄ �λ f �q�X �X − β̄ ��q�V �X

��
∆X ⊗ �Ω

�−1 �
∆X ⊗ β̄ ��+A1 −A2 +B1 +B2,

with A1 −A2 +B1 +B2 = Op(1/T ).

Proof of Theorem 4.4.3. We prove statement (a) and the rest follows the same argument. It is easy to verify that
by construction Vβ̄1,Γr can be expressed as Q⊗Ω with Ω being the covariance matrix of �rr

t+1 −β1

�
λ1 �Xt +�v1,t+1

�
.

With one consistent estimator of Vβ̄1,Γr that preserves the Kronecker structure V̄β̄1,Γr = �Q⊗ �Ω (e.g., see Example
4.C.4 for one case). Propositions 4.C.2-4.C.3 imply the statement (a) in the end

sFARr(γF,2) = JLMr �λ ∗
F,1,γF,2

�
�d JLMr (γF,1,γF,2)+Op(1/T )∼d χ2((N −K1)K), (4.144)

while the inequality follows a similar argument as in the proof of Proposition 3.3.1.
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Summary

This thesis investigates the identification robust tests in linear factor models used in empirical
financial studies. It provides novel testing procedures for (1) the parameters of interest in the
asset pricing models, the risk premia (Chapters 3, 4), (2) the model specification (Chapter 2)
under empirically relevant settings.

For chapters 2-4, we discuss identification robust inference, which provides the correct rejec-
tion rate under the null hypothesis regardless of the identification condition. We run simulation
exercises to verify our results. Our empirical applications document that the testing results (such
as rejection rates, confidence sets) via our proposed testing procedures can differ substantially
from conventional statistical tools.
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Samenvatting

I thank Nick Koning for insightful suggestions, careful revision and translation.

Dit proefschrift beschrijft identificatie-robuuste toetsen voor lineaire factormodellen die worden
toegepast in empirisch financieel onderzoek. Er worden nieuwe toetsen besproken voor: (1) de
relevante parameters in activaprijsstellingsmodellen, de risicopremies (hoofdstukken 3 en 4), en
(2) de modelspecificatie (hoofdstuk 2) in empirisch relevante situaties.

In hoofdstukken 2 tot 4 bespreken we identificatie-robuuste inferentie, die de juiste verwerp-
ingskans onder de nulhypothese heeft, onafhankelijk van de identificatieconditie. We gebruiken
simulaties om onze resultaten te verifiëren. Onze empirische toepassingen laten zien dat de
toetseigenschappen (zoals de verwerpingskans en de betrouwbaarheidsverzamelingen) van onze
voorgestelde toetsen substantieel kunnen afwijken van de eigenschappen van conventionele
statistische technieken.
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