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Chapter 1
Introduction
‘[ Macroeconomics is ] the branch of economics concerned with fluctuations in the overall level of business activity, with the determinants of inflation, interest rates, and exchange rates, and with the effects of government
policies - such as fiscal policy, monetary policy, and exchange rate policy that are considered mainly with regard to their effects upon the economy as
a whole.’ (Woodford, 1999)
As stated above by Woodford (1999), it is possible to define macroeconomics as the
study of aggregate prices and quantities dynamics and their interactions with economic
policies.
In order to study those topics, the scientific approach would require economists to
use the experimental method for validating hypothesis based on the differences between
treatment and control groups. An issue with macroeconomics lies in the impossibility to
perform experiments at the macroeconomic level with which economists could deduce
the fundamental laws of the economy as a whole. One side of the field has chosen to
abstract from this problem by studying macroeconomics based on a purely statistical
approach in order to forecast future economics fluctuations and identify causalities and
trends.1 Despite its empirical success, this approach is limited to relatively descriptive
analysis and may lack appeal for policy investigation. Another approach has been to
1

Following Sims (1980), a branch of the literature has been developing vector autoregressive (VAR)
models that are non structural econometric models which yield good empirical performance without
the need to make strong assumptions on the working of the economy. Nonetheless, challenges related
to identification often require the need to impose some light structure on VAR models.

1
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approximate the experimental set-up by using natural2 or laboratory3 experiments.
Nevertheless, those works are subject to challenges related to the representativeness of
the experimental environment, the degree of control over the environment or scaling.
To overcome those issues, macroeconomics has extensively relied on mathematical
models that can be tested and estimated against empirical data. Models are based
on known hypothesis, formalize causality and allow economists to explore alternative scenarios without having to ’experiment’ at the macroeconomic level (Christiano,
Eichenbaum and Trabandt, 2018).
Since the early 2000’s, macroeconomic analysis has been heavily relying on the New
Keynesian model as a sandbox for policy and empirical work. The New Keynesian
model is a general equilibrium model (Arrow and Debreu, 1954) which assumes the
existence of an efficient steady state and saddle path dynamics toward it. Being robust
to the Lucas Critique (Lucas et al., 1976), its equilibrium and dynamics are the results
of optimizing micro-founded behaviours from representative agents (household, firm,
union etc.). Those agents optimize decision based on the rational expectations of
future outcome (see Kydland and Prescott, 1977; Muth, 1961). This simplification
allows the model to be reduced to a state space representation and simulated around a
single steady state. Finally, agents are subject to nominal frictions which constrain the
optimal allocations and decision making and generate non-neutrality in money supply.4
Synthesized in Rotemberg (1987), Woodford (2003) and Galı́ (2015), the New Keynesian model has lead to breakthroughs in understanding the co-movement of inflation
and output - the so called New Keynesian Phillips curve - and its interaction with
monetary policy. Coupled with the development of Bayesian estimation techniques
2

Natural experiment can be defined as historical episodes that provide observable, quasi-random
variation between treatment and control. For instance, see the pioneering works of Fuchs-Schündeln
and Schündeln (2005) and Fuchs-Schündeln and Hassan (2016) for a recent survey.
3
Laboratory experiments in macroeconomics follows the initial work of Aliprantis and Plott (1992)
and Lim, Prescott and Sunder (1994). See Duffy (2016) and Arifovic and Duffy (2018) for recent
surveys of the literature.
4
Those frictions can take the form of random adjustments (Yun, 1996), menu costs (Rotemberg,
1982), habits (Abel, 1990), search and matching (Mortensen and Pissarides, 1994) or limited information (Mankiw and Reis, 2002).

2

those models were able to achieve good empirical performance.5
Obviously, the ’all models are wrong but some are useful’ aphorism (Box, 1976)
always stands and theoretical short-cuts and hypothesises taken by the New Keynesian model have long been acknowledged and known. Nonetheless, the deflation-less
Great Recession of 2008 followed by a slow and inflation-less recovery despite the very
accommodative monetary policy have put the empirical performance of New Keynesian
models under scrutiny.6 Indeed, New Keynesian models appear to rely increasingly on
exogenous shocks to explain empirical fluctuations that are at odds with their endogenous dynamics.7 Moreover, policies like forward guidance,8 ’lower for longer’ 9 or fiscal
consolidation10 have not yielded empirically the expected results from the theory. The
binding of the effective lower bound of the interest rate has questioned the uniqueness and the stability of the equilibrium solution of those models, especially when the
only determinant of the real interest rate at the effective lower bound is expected inflation.11 Finally, estimating and identifying the structural parameters driving New
Keynesian agents behaviours appears to be more and more difficult with respect to
large changes in the co-movement between economic aggregates (Fernández-Villaverde
and Rubio-Ramı́rez, 2007b).
At the micro-economic level, more accurate data have shaken the macroeconomic
observational equivalences between the different so called micro-foundations of con5

Reference medium scale models are Christiano, Eichenbaum and Evans (2005), FernándezVillaverde and Rubio-Ramı́rez (2007a) and Smets and Wouters (2007).
6
For instance, see the analysis and assessments of the empirical performance of New Keynesian
models by Hall (2011), Del Negro, Giannoni and Schorfheide (2015) and Fratto and Uhlig (2020).
7
The best known issues are the depth and duration of the Great Recession and the duration of the
zero lower bound episode. Nonetheless, the absence of response from inflation in the data has lead
New Keynesian models to forecast a missing deflation on impact and then a missing inflation during
the recovery.
8
See Del Negro, Giannoni and Patterson (2012) for an early discussion of the forward guidance
puzzle
9
See Eggertsson (2003) for a discussion on the theoretical implication of the this policy in New
Keynesian models.
10
Borağan Aruoba, Cuba-Borda and Schorfheide (2018) and Mertens and Ravn (2014) discuss this
problem under rational expectations and learning and present a way to understand fiscal consolidation
in New Keynesian models.
11
See Benhabib, Schmitt-Grohé and Uribe (2001) for the initial discussion on ’sunspot driven’ equilibrium dynamics and stability at the zero - effective - lower bound.

3
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sumer behaviour12 and price setting.13 Enhanced granularity in the data has also
shown large heterogeneity in consumers and firms behaviours which challenges the
representative agent paradigm.14
Based on the concept of monopolistic competition and sticky prices, the New Keynesian Phillips curve links actual inflation to nominal rigidities, expected demand,
expected cost and expected inflation. Thanks to this, inflation is not just a function
of output and money supply. Nonetheless, the nominal rigidity design has shown some
limitations and has generated a long discussion in the literature at the theoretical15
and empirical level.16
The emphasis on inflation expectations in the New Keynesian Phillips Curve has
put under scrutiny private sector expectations, especially when survey data shows a
large de-anchoring of inflation expectation.17 Moreover, experimental18 and survey19
evidences have challenged the rational expectations hypothesis that enables to easily
solve dynamic micro-founded models20 . A recent branch of the literature has put a
large emphasis on the feedback loop between expectations formation, expectations and
realizations in macroeconomic models. Assuming that agents’ expectations formation
is a complex process and that agents are subject to bounded rationality (see Sargent,
12

See for instance Carroll, Slacalek and Sommer (2019).
See the extensive works by Zbaracki, Ritson, Levy, Dutta and Bergen (2004), Gagnon (2009),
Klenow and Kryvtsov (2008), Alvarez and Burriel (2010) and Nakamura, Steinsson, Sun and Villar
(2018) on firms level price setting dynamics.
14
See the empirical works of Berger and Vavra (2015), Kaplan and Violante (2018) and Crawley
and Kuchler (2018). On the theoretical level, work by Kirman (1992) has challenged some of the
aggregation assumptions from which general equilibrium is derived.
15
see for instance Farmer and Nicolo (2018).
16
see recent working paper by Del Negro, Lenza, Primiceri and Tambalotti (2020).
17
Thanks to survey data, Andolfatto, Hendry and Moran (2008) and Coibion, Gorodnichenko and
Kamdar (2018) document expectations dynamic with respect to the Phillips curve. See Mavroeidis,
Plagborg-Møller and Stock (2014) about the weakness in identification of the New Keynesian Phillips
curve’s parameters.
18
The laboratory experiments by Assenza, Heemeijer, Hommes and Massaro (2019) and Hommes
(2011) have shown that in the laboratory context, subjects exhibit non rational and heterogeneous
expectations.
19
See the extensive work by Mankiw, Reis and Wolfers (2003), Carroll (2003), Branch (2004b),
Del Negro and Eusepi (2011) and Malmendier and Nagel (2016).
20
See the foundational works by Blanchard and Kahn (1980) and Uhlig (1995) on stable rational
expectation solutions for stochastic linearised models.
13

4

1993; Simon, 1955) has led to the creation of ’learning models’ where agent form expectations based on past experience and/or limited information21 which has important
implication with respect to their dynamics and the uniqueness and stability of their
equilibria.

Overview of the thesis
The goal of this dissertation is to discuss various deviations from the standard hypothesises used in the classic New Keynesian model in order to address recent macroeconomic
events and some known shortcomings of the canonical model.22 This thesis will focus
on three assumptions, the rational expectation hypothesis, the representative agent
and the New Keynesian Phillips curve.
Chapter 223 develops a New Keynesian model that jointly accounts for the missing
disinflation in the wake of the Great Recession and the subsequently observed inflationless recovery which is an empirical challenge for rational expectations models.24 The
key mechanism works through heterogeneous expectations modelled by an evolutionary
learning algorithm that may durably lose their anchorage to the central bank’s target
and coordinate on particularly persistent below-target paths. The model is brought
21

See the seminal work of Marcet and Sargent (1989) and Evans and Honkapohja (2001). See
Hommes (2020) for the a recent survey of literature in learning models and laboratory experiments.
See Arifovic (2000) for a specific review on expectations driven by evolutionary and genetic algorithms
in macroeconomic models. Finally, see Visco and Zevi (2020) for a literature survey on bounded
rationality and expectations in macroeconomics.
22
A tangential but close approach to this dissertation can be found in the macroeconomic agentbased modelling literature. Rejecting the general equilibrium and representative agent principle,
this approach has been focusing on complex emerging properties of disaggregated interacting agents
following simple rules. Those models generate out of equilibrium dynamics but are hard to accurately
estimate or fit to historical time series due to their design. See Dawid and Delli Gatti (2018) for a
recent survey of the literature.
23
Chapter 2 is the result of joint work with Jasmina Arifovic, Isabelle Salle and Gauthier Vermandel.
A working paper version of this project has been circulating under the title ’Social learning and
monetary policy at the effective lower bound ’ (Arifovic, Grimaud, Salle and Vermandel, 2020).
24
In some of its aspects, the model can be envisioned as a hybrid between an agent based and a
New Keynesian model such as in Assenza and Delli Gatti (2013) or Arifovic, Bullard and Kostyshyna
(2013).
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to the data and can reproduce up to ten stylized facts linked to macroeconomic and
expectations survey data. This set-up is more stable at the effective lower bound than
previous models using simpler adaptive learning algorithms. In this model, business
cycles are driven by the endogenous dynamics of the expectations. The welfare cost
associated with persistent low inflation may be reduced if the central bank announces
to the agents its target or its own inflation forecasts, as communication helps coordinate expectations. However, the central bank may lose its credibility whenever its
announcements become decoupled from actual inflation.
In Chapter 3,25 a New Keynesian model with endogenous price setting frequency is
introduced. Whether a firm updates its price in a given period depends on an analysis
of expected costs and benefits modeled by a discrete choice process. A firm decides to
update the price when expected benefits outweigh expected cost and then resets the
price optimally. As markups are countercyclical, the model predicts that prices are
more flexible during expansions and less flexible during recessions. Our quantitative
analysis shows that contrary to the standard New Keynesian model, the assumed price
setting behaviour is consistent with micro data on price setting frequency. Moreover, it
gives rise to an accelerating Phillips curve that is steeper during expansions and flatter
during recessions. This enables us to explain shifts in the Phillips curve associated
with different historical episodes without relying on implausible high cost-push shocks
and nominal rigidities. In this model, inflation volatility is mainly driven by demand
shocks. Finally plugging this device into a medium scale macro model, it increases
significantly its empirical fit, especially including the post-2008 period.
Chapter 4 revisits monetary policy in a heterogeneous agents New Keynesian model
where agents use an adaptive learning strategy named recursive least square learning in
order to form their expectations. Due to the households’ finite heterogeneity triggered
by idiosyncratic unemployment risk, the model is subject to micro-founded hetero25

Chapter 3 is the result of joint work with Emanuel Gasteiger. A working paper version of this
project has been circulating under the title ’Price setting frequency and the Phillips curve’ (Gasteiger
and Grimaud, 2020).
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geneous expectations that are not necessarily anchored to their rational expectations
solutions. Households experience different histories which has non-trivial consequences
on their individual adaptive learning processes. In this model, supply shocks generate
precautionary saving and possible long lasting deflationary traps associated with excess
saving. Dovish policies focused on closing the output gap dampen those effects which
is in contradiction with previously established representative agent results under learning. Departing from the standard inflation targeting framework, price level targeting
appears to resolve most of the problem by better anchoring long run expectations of
future utility flows.
The above-mentioned chapters can be read independently, each providing an individual introduction, and conclusion.26 Finally, Chapter 5 provides short summaries
in English, Dutch and Italian of the dissertation. All referenced works appear in a
common bibliography at the end of the thesis.

26

For all this work, I acknowledge financial support from the European Union Horizon 2020 research and innovation program under the Marie Sklodowska - Curie grant agreement No. 721846,
“Expectations and Social Influence Dynamics in Economics”
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Chapter 2
Social learning and monetary policy
at the effective lower bound
2.1

Introduction

The Great Recession in the U.S and Europe and the ensuing monetary policy reactions
have given way to a ‘new normal’ in economic conditions: interest rates have remained
at historically low levels.27 This situation is particularly acute in Europe, where interest
rates have remained at the effective lower bound (ELB) ever since. Yet, no substantial
changes in the price levels have been recorded, neither in the wake of the downturn
– despite the severity of the recession – nor along the recent output growth episode,
which then resembles an inflation-less recovery. Meanwhile, inflation expectations have
remained consistently below target, as depicted in Figuur 2.1, which puts at risk the
long-run anchorage of expectations. Low inflationary pressures pushed a number of
major central banks (CBs) to further ease monetary policy, before the COVID-19
pandemic brought interest rates further down to their ELB.
This low-inflation narrative is hard to unfold within the standard macroeconomic
27

This chapter is the result of joint work with Jasmina Arifovic, Isabelle Salle and Gauthier Vermandel. A working paper version of this project has been circulating under the title ’Social learning
and monetary policy at the effective lower bound ’ (Arifovic et al., 2020).
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Notes: The shaded areas represent the recessions as dated by the National Bureau of Economic Research (NBER) and
Centre for Economic Policy Research (CEPR), and the green dashed lines the inflation targets. Data are from the
Survey of Professional Forecasters (SPF) and the European Central Bank (ECB).

Figure 2.1: Inflation expectations in the US and Euro Area 2008–2019

model – namely the New Keynesian (NK) class of models – for at least two reasons.
First, zero interest rates generate implausible macroeconomic dynamics in those models. Under rational expectations (RE), the dynamics are indeterminate at the ELB
(Benhabib et al., 2001), which implies excess volatility in inflation that is clearly at
odds with the recent experience. This puzzle is clearly visible from survey data, which
have been lying in the indeterminacy region of the inflation-output state space since
the financial crisis, as depicted in Figure 2.2. Replacing RE by boundedly rational
and learning agents induces diverging deflationary spirals at the ELB, which does not
match the current situation either (Evans, Guse and Honkapohja, 2008), or does so at
the cost of the introduction of exogenous floors on deflation– motivated e.g. by a subsistence production level ensured by the government (Evans, Mitra and Honkapohja,
2020).
Second, the assumption of complete information and common beliefs leaves little
room for expectations to be persistently off the target and play any autonomous role in
driving business cycles. In those models, recessive episodes are typically generated by
exogenous and persistent technology or financial shocks.28 Not only does this concep28

There are some recent exceptions, e.g. Angeletos, Collard and Dellas (2018), who investigate the
role of strategic uncertainty in the presence of heterogeneous information within a general equilibrium
model. However, those authors use a real business cycle (RBC) model, which implies that monetary
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region of the state space, which is also the basin of attraction of the target under recursive learning. Data on
expectations are taken from the SPF. The output gap is computed using a linear trend. Calibration of the NK model
is taken from Galı́ (2015).

Figure 2.2: (Ir)relevance of the New Keynesian model with rational expectations since the
‘new normal’

tion of expectations conflict with the empirical evidence of unanchored and dispersed
forecasts,29 but it also does not leave any room for monetary policy to influence or
coordinate heterogeneous private expectations through communication.
Therefore, the main contribution of this paper is to address these challenges by
developing a model in which time-varying heterogeneity in expectations endogenously
produces ELB dynamics so as to account for the recent economic experience. The use
of heterogeneity and learning in agents’ forecasts is not anecdotal given the abovementioned large literature documenting pervasive heterogeneity in real-world expectations.
We develop a micro-founded NK model featuring inflation and output dynamics to
which we add a parsimonious evolutionary learning process that specifies the dynamics
of expectations and nests the RE homogeneous agent benchmark. This latter feature,
together with the sole use of white noise fundamental shocks, isolates learning as the
policy is left out.
29
See, inter alia, Mankiw et al. (2003) in survey data from professional forecasters; and Branch
(2004b) from households. Coibion, Gorodnichenko and Weber (2019) show that more than half of
the surveyed firms and households do not know the value of the Fed inflation target. One-year-ahead
households’ inflation expectations are on average 1.5 percentage points (p.p.) above the target, and
the cross-sectional dispersion reaches up to 3 p.p. (Coibion, Gorodnichenko, Kumar and Pedemonte,
2018).
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only source of persistence in the endogenous variables and allows us to identify the
amplifier role of expectations in driving business cycles. In our model, agents use
steady-state learning, i.e. they form beliefs about the long-run values of inflation and
output, which easily translates into the issue of expectation anchorage.
Specifically, we choose a social learning (SL) process. Our choice is motivated by the
parsimony of this class of learning models, their ability to match experimental findings
and the evolutionary role of heterogeneity in the adaptation of the agents. In these
models, agents collectively adapt to an ever-changing environment in which their own
expectations contribute to shape the macroeconomic variables that they are trying
to forecast. This feature is well suited to self-referential economic systems such as
standard macroeconomic models. SL expectations also find an intuitive interpretation
that is reminiscent of the idea of epidemiological expectations where ‘expert forecasts’
only gradually diffuse across the entire population (Carroll, 2003).
In a novel effort within the related literature,30 we take our stylized model to the
data and show that it is able to jointly replicate ten salient business cycle moments
from the Survey of Professional Forecasters (SPF) and the main US macroeconomic
time series, including the frequency of ELB episodes, major dimensions of heterogeneity in expectations and a substantial share of the persistence in output and inflation
data. This empirical exercise is already a remarkable result given the parsimony of
the model. Our empirical exercise adds to the literature (i) an estimation routine of
a non-linear model under heterogeneous expectations and (ii ) an empirical discipline
device to learning models by offering estimated values to the learning parameters for
which there are no observable counterparts.31
30

Del Negro and Eusepi (2011) attempt to replicate expectation data with RE models. Milani (2007)
fits an adaptive learning NK model to macroeconomic time series only. Closer to our contribution,
Slobodyan and Wouters (2012a,b) estimate an NK model on both macroeconomic and expectation
times series. However, the authors use exogenous autocorrelated shocks on expectations to reproduce
the observed persistence in the data.
31
Hence, our empirical exercise does not aim to compare the matching abilities of the SL model
regarding macroeconomic time series with those of an RE counterpart. For a meaningful comparison,
the SL model would need to compete with an RE version of the model with sunspot dynamics at the
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A second major contribution is to show that our model endogenously produces stable dynamics at the ELB. Those stable dynamics correspond to inflation-less recoveries
as recently experienced, i.e. inflation persists for an extended period of time below its
target, the ELB binds, but output expands.Hence, our simple framework jointly accounts for the missing deflation in the wake of the crisis and the missing inflation in
the wake of the recovery. In our model, recessive dynamics arise endogenously when
agents coordinate on pessimistic expectations following a series of adverse fundamental shocks. From there, the transition back to the target can be particularly long if
expectations have become unanchored and, per their self-fulfilling nature, nurture the
bust. Hence, we offer a reading of the recent economic experience as a long-lasting coordination of agents on pessimistic expectations rather than as the result of persistent
and exogenous shocks.
Given that our model nests the RE homogeneous-agent benchmark, we interpret
the dispersion of expectations as a friction and quantify the ensuing welfare loss with
respect to the RE outcome. We find that heterogeneous expectations entail a consumption loss of almost 3.3% with respect to the RE allocation. From there, a natural
follow-up analysis is to introduce an additional monetary policy instrument, namely CB
communication, and investigate whether it may offset the costs of forecast dispersion.
To address this question, we exploit the flexibility of the SL model, which enables us to
integrate CB communication into the learning process of the agents. From two simple
communication examples, we show the critical role of a strong credibility for the CB’s
announcements to reshape expectations. The CB may lose credibility whenever the
announcements become decoupled from the actual realizations of inflation. Moreover,
accurate but below-target inflation forecasts may turn self-defeating. In light of these
observations, we discuss recent policy debates, such as the forward-guidance puzzle or
the adoption of (temporary) higher inflation targets.
ELB. While certainly an interesting exercise, it is beyond the scope of the present paper.
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Related literature. Our treatment of communication adds to the existing literature
on communication under learning by modeling endogenous credibility.32 The closest
to our concept of endogenous credibility is the work by Hommes and Lustenhouwer
(2019), who derive the stability conditions of the targeted equilibrium in an NK model
with ELB where agents’ expectations switch to follow past inflation, should the target
be missed.
While we stress the simplicity of our framework, there exist larger-scale and considerably more complex DSGE models in which non-linearities play a key role in accounting for the recent economic experience; see, inter alia, Gust, Herbst, López-Salido and
Smith (2017); Lindé and Trabandt (2019). Our work is particularly related to the NK
models with multiple equilibria where the persistent slump after the Great Recession
is understood as an exogenously driven regime switch from the targeted equilibrium
to the deflationary steady state (Arifovic, Schmitt-Grohé and Uribe, 2018; Aruoba,
Cuba-Borda and Schorfheide, 2017; Lansing, 2020; Schmitt-Grohé and Uribe, 2017).
However, the coordination mechanism generating liquidity traps in our model is fundamentally different from the one used in the above-cited contributions.
In the context of our model, agents never coordinate on the low-inflation steady
state, nor do they contemplate the possibility of a regime switching between the two
steady states. The target is the only stable equilibrium under SL and expectations
always remain within its basin of attraction, which is shown to be larger under SL
than the determinacy region under RE. As a result of a series of adverse fundamental
shocks, SL agents may ‘pick up’ a downward trend and their expectations may travel
to regions of that basin from where inflation and output gaps stagnate below their
target and the convergence back to target takes a very long time. This is because in
those regions of the state space, the ZLB binds and the pessimistic expectations are
32

The learning literature usually concludes that communication is stabilizing under learning in
models where communication imposes model-consistent restrictions on the forecasting model used by
the agents; see e.g. Eusepi and Preston (2010). However, in these models, communication is fully
credible.
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self-defeating per the self-fulfilling nature of the expectations in the NK model.
In particular, while we borrow from Arifovic et al. (2013, 2018) a similar SL mechanism to model expectations, our work differs substantially. Importantly, those two
theoretical contributions study the asymptotic stability of the NK model under SL,
while we focus on the short-term fluctuations arising from the interplay between fundamental shocks and learning dynamics and their empirical performances. Arifovic
et al. (2018) interpret liquidity trap episodes as the coordination of expectations on
the low inflation steady-state which is stable under their learning mechanism. By contrast, our agents have a finite memory and our empirical calibration differs from theirs,
which does not allow us to generalize their result to our setup. In fact, in our model,
the low-inflation state is unstable under SL as it belongs to the basin of attraction of
the target; if expectations shift on the low-inflation state, they will eventually converge
back to the target, but after a considerable amount of time.
The rest of the chapter proceeds as follows. In Section 4.2, we develop the model.
The estimation is presented in Section 3.4. The dynamic properties of the model are
analyzed in Section 4.4. Section 2.5 discusses CB communication and Section 2.6
concludes.

2.2

The model

We first describe the building blocks of the model, then discuss the solution under the
RE benchmark and finally explain our implementation under SL.

2.2.1

A piecewise linear New Keynesian model

Our model builds on the workhorse three-equation NK model. All variables below are
expressed in deviation from their steady-state level that corresponds to the target of
the CB.
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The first equation, the IS curve, describes aggregate demand

ybt = E∗j,t ybt+1 − σ −1 (bıt − E∗j,t π
bt+1 ) + gbt ,

(2.1)

where ybt is the output gap, bıt the nominal interest rate set by the CB, π
bt the deviation
of the inflation rate from the target (hence, bıt − Et π
bt+1 is the real interest rate), σ > 0
the inter-temporal elasticity of substitution of consumption (based on a CRRA utility
function), and E∗j,t the (possibly boundedly rational) expectation operator based on
information available at time t. The subscript j is introduced to suggest the possibility of heterogeneous expectations, where each agent-type j = 1, ..., N forms her own
expectation (with N the number of agent-types).33 gb is an exogenous real disturbance.
Second, the forward-looking NK Phillips curve summarizes the supply side

π
bt = βE∗j,t π
bt+1 + κb
yt + ubt ,

(2.2)

where 0 < β < 1 represents the discount factor, κ > 0 a composite parameter capturing
the sensitivity of inflation to the output gap and ubt an exogenous cost-push shock.
Monetary policy implements a flexible inflation-targeting regime subject to the ELB
constraint, which results in the following non-linear Taylor rule

ıbt = max{−r; φπ E∗j,t π
bt+1 + φy E∗j,t ybt+1 },

(2.3)

where φπ and φy are, respectively, the reaction coefficients to the inflation and the output gaps, and r ≡ π T + ρ the steady-state level of interest rate associated with the in33

We follow here most of the learning literature and introduce heterogeneity in the reduced-form
models rather than in the micro-foundations (see, inter alia, Bullard and Mitra (2002), Arifovic et al.
(2013), Hommes and Lustenhouwer (2019)). We are well aware of the conceptual limitation of this
approach. Nonetheless, while the complications of the alternative are clear (see e.g. Woodford (2013)),
the benefits in terms of qualitative results remain uncertain. For instance, in an asset-pricing model,
Adam and Marcet (2011) show that under a sophisticated form of adaptive learning, the infinitehorizon pricing equation reduces to a myopic mean-variance equation. Bearing in mind those caveats,
we proceed within the reduced-form model.
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flation target π T and the households’ discount rate ρ ≡ − log(β). The forward-looking
rule translates the emphasis of CBs on expectations as contemporaneous variables are
not instantaneously observable.
We now solve the model under the RE benchmark and then detail how we introduce
SL in the expectation formation process of the agents.

2.2.2

The model under rational expectations

In this section, we consider RE and impose E∗j,t (·) = E(· | It ) to be the RE operator
given the information set It common to all agents in period t. We solve for the Minimal State Variable (MSV) solution using the method of undetermined coefficients (see
Appendix 2.A.1).
It is well known that the ELB introduces a non-linearity in the Taylor rule and
generates an additional deflationary steady-state next to the target (Benhabib et al.,
2001). Hence, expressing the model in reduced form is challenged by this non-linearity,
and we need to disentangle two pieces, one around the target and one when the ELB
is binding.34
A short digression through the one-dimensional Fisherian model easily illustrates
this configuration. Figure 2.3 displays inflation and interest rate dynamics, abstracting
from the production side: the inflation target corresponds to π
b = 0 and the deflationary
steady state to π
belb . Provided that π
belb ≤ 0 ≤ π T , the two equilibria co-exist.
Coming back to the two-dimensional model, we have to specify a process for the
exogenous shocks. In the rest of the paper, we consider white noise shocks only, so gb
and u
b are non-observable i.i.d. processes. In this case, the MSV solution boils down
34

We follow here the related NK literature and impose the ELB constraint in the log-linearized
model around the targeted steady-state to describe the dynamics around the low inflation state, see,
inter alia, Guerrieri and Iacoviello (2015). This method gives a second-best estimate of the dynamics
around the deflationary steady-state. A first-best would be to log-linearize the model around this
second steady-state but would result in an MSV solution involving extra additional state variables
(Ascari and Sbordone, 2014) and, hence, additional coefficients to learn under SL (see Section 2.2.3).
However, the benefits in terms of qualitative results are unlikely to outweigh the costs of such a
complication of the learning process of the agents.
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ıb
d
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0

−r
−r

delb
π
φπ
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π

Notes: We can write the log-approximated Fisher equation as follows: bı = β −1 π
b. At the targeted steady-state (in green),
belb ⇔
no deviation occurs: bı = β −1 π
b = 0. At the ELB (in red), we can derive an equilibrium such that −r = β −1 π
π
belb = −rβ. Provide that π
belb ≤ π T , the two equilibria co-exist. The shaded area is indeterminate under RE and
unstable under adaptive learning (Evans et al., 2008).

Figure 2.3: Co-existence of two steady states under the ELB constraint

to a noisy constant without persistence. The presence of a floor on the nominal rate
makes this solution piece-wise linear

zbt = [b
yt π
bt ]0 =




aT + χg gbt + χu u
bt , if it > 0

(2.4)



aelb + χg gbt + χu u
bt , if it = 0,

where the first case is the law of motion when the ELB is not binding (denoted by
a ‘T’ superscript) and the second case when the ELB is binding (denoted by a ‘elb’
superscript). The exact expression of the matrix coefficients can be found in Appendix
2.A.1. Note that as variables are expressed in deviation from their steady-state values
at the target, we have aT = (0 0)0 . We now introduce expectations under SL.

2.2.3

Expectations under social learning

Under SL, we relax the assumption of homogeneous agents endowed with RE and
consider instead a population J of N heterogeneous and interacting agents, indexed
by j = 1, · · · , N . We now define E∗j,t (·) = EjSL (· | Ij,t ) to be the expectation operator
18
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under SL given the information set Ij,t available in period t to agent j. The information
set is agent-specific as it contains, besides the history of past inflation and output gaps
up until period t − 1, the current and past individual forecasts that need not be shared
with the whole population.

Individual forecasting rules Following Arifovic et al. (2013, 2018), we assume
that agents are endowed with a forecasting rule that involves the same variables as the
MSV solution. The form of the rule is the same across agents, but with agent-specific
coefficients that they revise over time. In any period t, each agent j is therefore entirely
described by a two-component forecast [ayj,t , aπj,t ]0 and her expectations read as


SL
Ej,t
{ẑj,t+1 } = 

SL
Ej,t





ayj,t



{ŷt+1 }  

.
=
SL
{π̂t+1 }
aπj,t
Ej,t

(2.5)

Those forecast values find an appealing interpretation. In the absence of shocks, they
correspond to her long-run output and inflation gap forecasts. In the presence of i.i.d.
shocks, those values correspond to her average output gap and inflation gap forecasts.
Under either of those interpretations, the forecasts [ayj,t aπj,t ]0 represent agents’ beliefs
about the steady-state values of the inflation and output gaps, which allows us to
intuitively measure expectation (un)anchorage using their distance to the targeted
values (i.e. zero).35 On empirical grounds, heterogeneous coefficients [ayj,t aπj,t ] capture
the disagreement among forecasters observed in survey data. In particular, dispersed
coefficients on inflation aπj,t can be interpreted as disagreement about the CB’s target,
as the latter coincides with the inflation steady state in the NK model.
Under learning, the model is solved sequentially so as to obtain a temporary equilibrium in each period, which makes it straightforward to account for the non-linearity
35

In the sequel, we denote by Ω such an indicator of expectation anchorage.
use
PNSpecifically, we
2
the average squared distance of individual expectations to zero ΩEπ
= N1 j=1 ESL
πt+1 } and
t
j,t {b
PN
2
1
SL
ΩEy
yt+1 } . The lower those values, the stronger the anchorage of expectations.
t = N
j=1 Ej,t {b
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Figure 2.4: Intra-period timing of events in the model under SL

induced by the ELB. Figure 2.4 summarizes the sequence of events within a period
under SL. Let us now detail each step.

Aggregation of individual forecasts. Following Arifovic et al. (2013, 2018), individual expectations (2.5) are aggregated using the arithmetic mean as

EtSL zbt+1

N
1 X SL
=
E zbt+1 ,
N j=1 j,t

(2.6)

Note that under this aggregation procedure, agents have the same relative weight in
expectations formation, thus one agent cannot influence market expectations when the
number of agents N is large enough. To have a sizable effect on market expectations
and generate expectation-driven fluctuations, a sentiment or news must spread to a
large enough fraction of the population.

Computation of the endogenous variables. Given the aggregate expectations
EtSL zbt+1 and the realization of the shocks, the piece-wise linear Taylor rule (2.3) sets
the nominal interest rate; if the shadow rate is negative, the nominal interest rate is
set to zero. Given the nominal rate, the expectations and the shock g, the IS curve
(2.1) then determines the output gap and finally, the Phillips curve (2.2) determines
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the inflation gap given inflation expectations, the output gap and the shock u.
We now detail how SL agents form their individual forecasts. Specifically, this class
of learning models utilizes two operators.

Mutation. The first one is a stochastic innovation process, or mutation, that allows
for a constant exploration of the state space outside the existing population of forecasts.
In each period, each agent’s forecasts are modified by an idiosyncratic shock with
exogenously given probabilities. Her output gap forecast is modified with probability
µy and her inflation gap forecast with probability µπ . In short, her forecasts of any
variable x = {y, π} is modified in any period as
axj,t+1



 ax + ιj,t ξ x with probability µx
j,t
=

 ax with probability 1 − µ ,
j,t

(2.7)

x

with ιj,t an idiosyncratic random draw from a standard normal distribution with standard deviation ξ x . The larger parameters ξ x , the wider the neighborhood to be explored around the existing forecasts. Mutation can be interpreted as an innovation,
a trial-and-error process or a control error in the computation of the corresponding
expectations.

Tournament and computation of forecasting performances. The second operator, the tournament, is the selection force of the learning process and allows betterperforming forecasts to spread among the population at the expense of lower-performing
ones. Forecast performance is evaluated using the forecast errors over the whole past
history of the economy given the stochastic nature of the environment (see Branch and
Evans 2007).
To each forecast axj,t , x = {y, π}, of each agent j is assigned a so-called fitness,
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computed as
x
Fj,t

=−

t
X
τ =0

(ρx )τ (b
xt−τ − axj,t )2 .

(2.8)

The terms ybt−τ −ayj,t and π
bt−τ −aπj,t correspond, respectively, to the output and inflation
gap forecast errors that agent j would have made in period t − τ − 1, had she used her
current forecasts ayj,t and aπj,t to predict the output and inflation gaps in period t − τ .
The smaller the forecast errors, the higher the fitness.
Parameter ρx ∈ [0, 1] (for x = y, π) represents memory. In the nested case where
ρx = 0, the fitness of each forecast is completely determined by the forecast error on
the most recent observable data. For any 0 < ρx ≤ 1, all past forecast errors impact the
fitness but with exponentially declining weights while, for ρx = 1, all past errors have
an equal weight in the computation of the fitness. This memory parameter allows the
agents to discriminate between a one-time lucky draw and persistently good forecasting
performance.
In the tournament, agents are randomly paired (the number of agents is conveniently chosen even), their fitness on inflation and output gap forecasts are each compared and the agent with the lowest fitness copies the forecast of the other. There are
two separate tournaments: one for inflation gap forecasts {aπj,t }j∈J and one for output
gap forecasts {ayj,t }j∈J .36 Formally, for each pair of agents k, l ∈ J, k 6= l, with individual forecasts axk,t and axl,t (x ∈ {π, y}), the tournament operates an imitation of the
more successful forecasts through
x
x
axk,t+1 = axl,t+1 = axk,t if Fk,t
> Fl,t
x
x
axk,t+1 = axl,t+1 = axl,t if Fk,t
≤ Fl,t

, for x ∈ {π, y}.

(2.9)

The tournament occurs after the mutation operator in order to screen out badperforming forecasts stemming from mutation. This allows the model to be less sensitive to the parameter values tuning mutation than if mutation were to take place after
36

This assumption will turn out useful in the empirical exercise below while not being restrictive;
Arifovic et al. (2013) show that results are robust to a single tournament.
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the tournament selection, and all newly created forecasts were to determine aggregate
expectations without consideration of their performances. This way, the mutation process can be more frequent and of wider amplitude so as to allow for a faster adaptation
of the agents to new macroeconomic conditions, while limiting the amount of noise
introduced by the SL algorithm.

Simulation protocol. We study the dynamics of the model using numerical simulations. Throughout the rest of the paper, we proceed as described in Arifovic et al.
(2013, 2018). We generate a history of 100 periods along the law of motion of the
economy around the target (see Eq. (2.4)) and introduce a population of SL agents
in t = 100. Their initial forecasts are drawn from the same support as the one used
in the mutation process, i.e. from a normal distribution with standard deviation ξ x ,
x = π, y. The first 100 periods are used to provide the agents with a history of past
inflation and output gaps in order to compute the fitness of their newly introduced
forecasts. In the simulation exercises in the next section, we vary the initial average of
the normal distribution to tune the degree of pessimism in the economy. The further
below zero the initial average forecasts are, the more pessimistic views the agents hold
about future inflation and output gaps.
Finally, it is important to recognize that the RE representative agent benchmark
is nested in our heterogeneous-agent model; as soon as the inflation and output gap
expectations of all agents are initialized at the targeted values and mutation is switched
off (i.e. ξ y , ξ π = 0), the dynamics boil down to the RE benchmark. Under SL, our
model involves a few parameters, namely the probabilities of mutation, the sizes of those
mutations and the memory of the fitness function. We now detail how we estimate those
parameter values.
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2.3

Estimation under social learning

We jointly estimate the learning parameters and the structural parameters of the model.
We first describe our choice and construction of the dataset, then discuss our estimation
method and, finally, present the results.

2.3.1

Dataset

Macroeconomic US time series for output, price index and nominal rates are taken
from the FRED database. Forecast data come from the SPF of the Federal Reserve of
Philadelphia. This choice is usual in the related literature, as it is argued that those
data provide a good approximation of the private sector expectations that are involved
in the NK model (Del Negro and Eusepi, 2011). SPF data span the period from 1968
to 2018 on a quarterly basis. To make the dataset stationary, we divide output by both
the working age population and the price index. In order to obtain a measurement
of the output gap, we compute the percentage deviations of the resulting output time
series from its linear trend. The inflation rate is measured by the growth rate of the
GDP deflator.
As heterogeneity in expectations is essential to the dynamics of the SL model,
we construct an empirical measure of that heterogeneity in the survey data. We use
the cross-sectional dispersion of the individual forecasts, measured by the standard
deviation of the individual forecasts among all participants in each period, to obtain
time series of forecasts’ heterogeneity.

2.3.2

Estimation method

With those data at hand, we proceed by matching the statistics from empirical moments with their simulated counterparts under SL. We provide technical details of our
estimation method in Appendix 2.B. In short, we use the Simulated Moments Method
(SMM), which provides a rigorous basis for evaluating whether the model is able to
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replicate salient business cycle properties.37
To avoid identification issues, we take the number of estimated parameters to be
equal to the number of matched moments. Hence, we first reduce the number of dimensions of the matching problem and calibrate some of the parameters, namely the
monetary policy and the preference parameters, as is standard in the related macroeconomic literature, and the number of agents (see Table 3.1).
We are left with four structural parameters from the NK model, namely the size of
the fundamental shocks σ g and σ u , the slope of the NK Phillips curve (parameter κ) and
the natural rate r. As we have calibrated the value of the discount factor β (see Table
3.1), we estimate the value of the inflation trend over the period considered, which
uniquely determines the value of r̄.38 As for the SL parameters, we need not estimate
common values for the inflation and the output gap expectation processes as the two
tournaments are separated and the two time series are likely to behave differently and
exhibit different properties, both in reality and in the model. For instance, estimating
inflation and output gap-specific memory parameters ρπ and ρy may translate the fact
that agents can learn that one variable may display more persistence than the other.
Hence, we estimate six learning parameters, namely the mutation sizes and frequencies
ξ x and µx as well as the memory of the fitness measures ρx for x = {π, y}.
We now discuss the mapping between those parameters and the empirical moments
to match. First, the standard deviations of the shocks σ g and σ u naturally capture
the empirical volatility of output and inflation. Second, the inflation trend π aims to
match the ELB probability. To see why, recall that a higher natural rate r̄ mechanically
37

Due to the non-linearity introduced by the ELB, we may not apply the Kalman filter and would
need to use a non-linear filter to estimate the model with Bayesian full-information techniques. Given
that this paper is the first attempt to bring such a heterogeneous-expectation model to the data, we
encountered additional difficulties in estimating the SL model with an SMM (see Appendix 2.B). In
particular, the SL algorithm brings an additional non-linearity into the piecewise-linear model and an
additional source of stochasticity next to the fundamental shocks. Hence, we have left the perspective
of Bayesian estimation for future research.
38
Strictly speaking, r̄ is associated with the inflation target per Eq. (2.3) but no such target existed
in the US for most of the time period considered. Therefore, we estimate an inflation trend over that
period.
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σ
φπ
φy
β
N

intertemporal elasticity of substitution
policy stance on inflation gap
policy stance on output gap
discount factor
number of agents

Values
1
1.50
0.125
0.995
300

Sources
Galı́ (2015)
Galı́ (2015)
Galı́ (2015)
Jarociński and Maćkowiak (2018)
Arifovic et al. (2018)

Table 2.1: Calibrated parameters (quarterly basis)

decreases the probability of hitting the ELB, as the latter is defined as ıbt = −r̄, which is
strictly decreasing in the value of the inflation target. Finally, the slope of the Phillips
curve κ determines the correlation between the output and inflation gaps per Eq. (2.2).
As for the SL parameters, the memories of the fitness function ρy and ρπ tune the
sluggishness of the expectations because they determine the weights on recent versus
past forecast errors in the computation of the forecasting performances. The higher ρy
and ρπ , the longer the memory of the agents, the less reactive the learning process to
recent errors and the more sluggish the expectations. As sluggishness in expectations is
the only source of persistence in the model once we consider i.i.d. shocks, parameters
ρy and ρπ are matched with the autocorrelation of, respectively, the output and the
inflation gaps.
The remaining four learning parameters control the mutation processes that are the
source of the pervasive heterogeneity in expectations in the SL model. We use those
parameters to match four moments characterizing heterogeneity in the SPF data: the
average dispersion of the output and the inflation gap forecasts over the time period
considered, denoted respectively by ∆Ey and ∆Eπ , and their first-order autocorrelations,
Ey
Eπ
Eπ
denoted by ρ(∆Ey
t , ∆t−1 ) and ρ(∆t , ∆t−1 ). In line with intuition, sensitivity analyses

of the objective function of the matching problem with respect to those learning parameters have reported the following associations; the mutation sizes ξ y and ξ π capture
a substantial share of the empirical dispersion of output and inflation gap forecasts,
while the mutation frequencies µy and µπ match most of their autocorrelation.
Finally, in the same vein as Ruge Murcia (2007), we impose prior restrictions on the
estimated parameters and treat them as additional moments in the objective function.
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The details are deferred to Appendix 2.B. The priors for the structural NK parameters
are taken from the literature on Bayesian estimation of DSGE models (Smets and
Wouters, 2007) and we choose priors for the learning parameters that are in line with
the values used in the SL literature such as Arifovic et al. (2013) (see Table 2.3).

2.3.3

Estimation results

Tabel 2.2 reports the matched moments and their empirical counterparts (in p.p.).
Tabel 2.3 gives the corresponding estimated values of the parameters.
It is immediately striking to see that the simple two-dimensional model accounts
for a substantial share of all ten moments. For half of them, the simulated moments
even fall within the confidence interval of their empirical counterparts, which means
that our model replicates those moments fully. We succeed in capturing not all, but
a non-negligible part, of the persistence in macroeconomic variables with a model
that employs only white-noise shocks.39 We shed further light on the source of that
persistence in Section 2.4.1, but at that stage, we can state that learning acts as
an endogenous propagation mechanism that amplifies the effects of i.i.d. shocks and
accounts for 22% of the empirical output gap persistence and even 63% of the inflation
persistence found in the data.
Furthermore, all simulated correlations are of the same sign as their observed counterparts. Our model succeeds in producing positive autocorrelation in forecast dispersion. This result is an important step forward in the modeling and estimation literature
as we show that our simple framework can address the empirical heterogeneity in expectations that is not part of the RE material.
The model also matches particularly well the probability of the ELB on nominal
interest rates to bind despite the relatively modest amplitude and i.i.d. structure of the
39

Matching all the persistence would not be a realistic or desirable objective: it is unlikely that
all macroeconomic persistence stems from learning in expectations and our model ignores all other
fundamental sources of persistence in the economy. We rather provide a measure of the share of the
persistence that could be attributed to learning.
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Matched moments
σ(ŷt )
- output gap sd.
ρ(ŷt , ŷt−1 )
- output gap autocorr.
σ(π̂t )
- inflation gap sd.
ρ(π̂t , π̂t−1 )
- inflation gap autocorr.
ρ(π̂t , ŷt )
- inflation-output correlation
∆Ey
- av. forecast dispersion of output gap
∆Eπ
- av. forecast dispersion of inflation gap
Ey
ρ(∆Ey
,
∆
)
- autocorr. of forecast disp. of output gap
t
t−1
Eπ
- autocorr. of forecast disp. of inflation gap
ρ(∆Eπ
t , ∆t−1 )
P (it > 0)
- probability not at the ELB
Objective function

Moments
Empirical MO
Simulated MS
4.38
4.39
0.98
0.22
0.6
0.66
0.9
0.56
0.08
0.097
0.36
0.4
0.25
0.20
0.76
0.63
0.64
0.4
0.86
0.83
×
0.85

Empirical
Conf.int.
[3.97 - 4.83]
[0.98 - 0.99]
[0.54 - 0.66]
[0.87 - 0.92]
[-0.07 - 0.21]
[0.31 - 0.41]
[0.22 - 0.28]
[0.70 - 0.82]
[0.55 - 0.72]
[0.81 - 0.91]
×

Notes: The values in brackets are the confidence interval at 99% of the empirical moments.

Table 2.2: Comparison of the (matched) theoretical moments with their observable counterparts

Estimated Parameters
σ g - real shock std
σ u - cost-push shock std
π - quarterly inflation trend
κ - Phillips curve slope
µy - mutation rate for Ey
µπ - mutation rate for Eπ
ξ y - mutation std. for Ey
ξ π - mutation std. for Eπ
ρy - fitness decay rate for Ey
ρπ - fitness decay rate for Eπ

Prior Distributions
Shape
Mean STD
Invgamma
.1
5
Invgamma
.1
5
Beta
.62
.1
Beta
.05
.1
Beta
.25
.1
Beta
.25
.1
Invgamma
.1
2
Invgamma
.1
2
Beta
.5
.2
Beta
.5
.2

Posterior Results
Mean
STD
3.8551 5.1e-06
0.4232 4.1e-06
0.829
7.7e-06
0.0095
4e-06
0.2467 4.6e-06
0.2748
6e-06
0.8547 3.3e-06
0.7406 1.9e-06
0.8301 9.4e-06
0.5465 5.4e-06

Notes: The low values of the standard deviation of the estimated parameter values only indicate that the algorithm has
converged; they do not translate into confidence intervals.

Table 2.3: Estimated parameters using the simulated moment method matching the SPF
data (1968–2018)

fundamental shocks. Those ELB episodes are not the result of large exogenous shocks
but are an endogenous product of the interplay between learning and those small i.i.d.
shocks, as detailed in the next section.

For illustrative purposes, Figure 2.5 displays the time series of the endogenous
variables and the expectations from a representative simulation of the model. We can
see an occasionally binding ELB around periods 30 to 60 that coincides with belowtarget expectations.
All estimated values are consistent with empirical values and usual estimates. For
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b. Output gap ŷt
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Notes: In the direction of reading, time series of the inflation gap, the output gap, the average inflation gap expectations,
the average output gap expectations, the cross-sectional dispersion of output gap expectations, the cross-sectional
dispersion of inflation gap expectations and the nominal interest rate. The blue line represents the median realizations
over 1,000 runs and the shaded areas represent the 5th and the 95th percentiles.

Figure 2.5: Representative time series from a simulation of the model under SL
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instance, the estimated (yearly) inflation trend is 3.4%, which nicely falls into the
range between the average inflation rate over the time span considered that includes
the 1970s (4.3%) and the Fed inflation target that was adopted later (2%). Next, given
the calibrated discount factor β, the implied value for the (yearly) natural interest
rate is 5.45%, which is close to the average federal funds rate over the sample (namely
5.2%).
As for the estimated values of the mutation parameters of SL, we can see that
they are all in line with the values usually employed in numerical simulations in the
related literature (Arifovic et al., 2013). The estimated values of ρy and ρπ imply that
agents’ memory is bounded,40 which is highlighted by experimental evidence (Anufriev
and Hommes, 2012) and empirical estimates from micro data (Malmendier and Nagel,
2016).
We conclude with our first major contribution: our parsimonious model is able
to jointly and accurately reproduce ten salient features of macroeconomic time series
and survey data, including the ELB duration and the pervasive heterogeneity in forecasts, while using plausible parameter values. We now proceed to the analysis of the
underlying propagation mechanism in the model induced by SL.

2.4

Dynamics under social learning

This section first analyzes the stability properties of the targeted steady state under
SL. To unravel the dynamics of expectations at the ELB, we analyze one transitory
path to the target as an illustration. Next, we systematically compare the business
cycles properties under SL and RE and assess the welfare loss entailed by heterogeneous
expectations with respect to the RE representative agent benchmark.
40

If one discards observations weighting less than 1%, we have 0.8325 < 0.01 and 0.547 < 0.01,
which implies that agents’ memory amounts to roughly 25 quarters for forecasting the output gap and
7 quarters for forecasting the inflation gap.
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2.4.1

Stability analysis

We examine here the asymptotic behavior of the model over the entire state space of
the endogenous variables (π̂, ŷ), as utilized in the introduction (see, again, Fig. 2.2).
We proceed through Monte Carlo simulations. Figure 2.6 represents the phase diagram
of the model where the average inflation gap expectation (i.e. the average of the {aπj }
values across agents) is given on the x-axis and the average output gap expectation (i.e.
the average of the {ayj } values) on the y-axis. The initial strategies are drawn around
each point of the state space, and we repeat each initialization configuration 1,000 times
with different seeds of the Random Number Generator (RNG). We obtain the phase
diagram by imposing a one-time expectational shock from the target to each point of
the state space and then assess whether inflation and output gaps converge back on
the targeted steady-state (see Fig. 2.6a) and if so, at which speed (see Fig. 2.6b). The
two figures show that the model either converges to the target (in gray-shaded areas)
or diverges along a deflationary spiral (in white areas).
The main message from that exercise is that the basin of attraction of the target
under SL is larger than the determinacy region of the targeted steady state under RE.
To see that, notice that there is a considerable locus of points on the left-hand side
of the stable manifold associated with the saddle point under recursive learning (red
dashed line in Fig. 2.6) from where the model converges back to the target under SL.41
By contrast, we know from the related literature that this manifold marks the frontier
between (local) determinacy and indeterminacy under RE. It also marks the frontier
between (local) E-stability and divergence under adaptive learning (see Evans et al.
(2008) and Appendix 2.A.2 for further details and references).
A wider stability region of the target under SL than under recursive learning is due
41

Per consequence, in our model, the low-inflation state is unstable under SL as it belongs to the
basin of attraction of the target: if expectations shift on the low-inflation state, they will eventually
converge back to the target. Hence, the stability result in Arifovic et al. (2018), that is obtained under
infinite memory in the fitness function, does not generalize to our setup where agents discard past
observations. Intuitively, the difference in dynamics is akin to the differences observed in the adaptive
learning literature between constant and decreasing gain algorithms.
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(a) Stability of the target under SL

(b) Speed of convergence to the target under SL

Notes: See explanations at the end of Section 2.2.3. We perform 1,600,000 Monte-Carlo simulations over 1000 periods.
The targeted steady state is denoted by the green dot, and the deflationary steady state by the red one. The ELB
b + φy yb: on the left-hand side, the ELB binds.
frontier (yellow dashed line) is the locus of points for which −r = φπ π
The stable manifold associated with the saddle low inflation steady-state (red line) is computed under recursive learning
and corresponds to the stable eigenvector of B elb : on the left-hand side, the model is indeterminate under RE and Eunstable. The empty area represents pairs of expectation values for which the model diverges along a deflationary spiral.
We define convergence as -convergence, i.e. inflation and output respectively enter and do not exit the neighborhood
[−π , π ] and [−y , y ] with {π , y } = {0.1%, 0.5%}. Results are robust to tighter convergence criteria.
Left: The darker, the higher the probability to converge back to the steady state. Right: The darker, the faster the
convergence back to the steady state.

Figure 2.6: Global dynamics under social learning

to a key difference between the two expectation formation mechanisms. SL expectations
are heterogeneous at any point in time. Among that diversity, only the forecasts that
deliver the lowest forecast errors over the past history (and not just the most recent
period) survive and feed back into the dynamics of the endogenous variables. Hence,
under SL, history matters and a single inflation and output gap data point in the
unstable region caused by a one-time pessimistic shift of the average forecasts is not
enough to steer the whole population of forecasts beyond the stable manifold, along
a deflationary path. Even after a strong pessimistic shift, as soon as some individual
forecasts remain above the red line in Fig. 2.6 (albeit below the target), they deliver
lower forecast errors than the more pessimistic ones when it comes to forecasting on
average over the whole history, which includes pre-shock dynamics. Hence, those less
pessimistic forecasts spread out and steer the economy back to the target.
By contrast, an adaptive learning algorithm is not concerned with alternative fore-
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casting solutions. A single forecast in the indeterminacy region would result in a
negative forecast error, i.e. realized inflation and output gaps decline even further
below their expected values as they diverge in that region of the state space. This
negative forecast error causes agents to revise down their expectations even further,
which eventually drives the economy along a deflationary spiral. Yet, our model may
also lead to self-sustaining deflationary spirals when shifts in expectations are large
enough to throw the entire population of strategies beyond the stable manifold. However, for this to happen, as shown by the white area in Figure 2.6a, the one-time shift
in expectations has to be implausibly large in light of where the actual data lie, as
depicted by Fig. 2.2.
Another related interesting observation is given by Figure 2.6b. Using the same
state space as Figure 2.6a, the figure reports the speed of convergence to the target for
each pair of initial average expectations. The darker the area, the faster the convergence. It is striking to see that the closer expectations to the targeted steady-state, the
faster the convergence. In general, there is a locus of points spiraling around the target
where convergence is fast, which is consistent with the complex eigenvalues associated
with that steady state.
Most interestingly, the area in the southwest side from the target, beyond the
stability frontier, is depicted in light gray. This means that for those severely pessimistic
inflation and output gap expectations, the model under SL does converge back to the
target, but does so at a particularly slow speed. This area is beyond the ELB frontier
(yellow dashed line), which indicates that the ELB is binding yet the model does not
diverge along a depressive downward spiral.
Those observations show that our model can produce persistent but non-diverging
episodes at the ELB, and heterogeneity in expectations plays an essential role in generating those dynamics. To shed more light on these dynamics, we now focus on a
single expectational shock as simulated for Fig. 2.6 and study how it propagates in the
model.
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b. Output gap ŷt
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Notes: From the top left to the bottom right, transitory path of inflation gap, output gap, average inflation gap expectations, average output gap expectations, nominal interest rate, standard deviation of individual inflation expectations
and standard deviation of individual output gap expectations. The blue plain line represents the median realization
and the dotted lines are the 5% and 95% confidence intervals over 1,000 Monte Carlo simulations. All plots report the
zero line. The lower horizontal line next to ıˆt is the ELB.

Figure 2.7: Illustrative transitory path of the estimated model after an expectation shock

2.4.2

Illustration of persistent dynamics at the ELB

Fig. 2.7 illustrates the persistent dynamics at the ELB by plotting the path from one
particular point of the state space of Figure 2.6 back to the target.
42

42

In the simulations, expectations travel to pessimistic regions of the state space as a result of the
combination of SL and a series of adverse fundamental shocks. Here, the exercise is solely illustrative
so we consider an arbitrary shift in expectations and use the point (0, -14)% as an example of a
starting point on Fig. 2.6, without claiming any empirical realism as to the size or the nature of the
shock.
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Such a shock produces a prolonged depressive episode at the ELB: inflation and interest rates exhibit considerable persistence below their target while output gap recovers faster, and even temporarily overshoots the steady state. These dynamics entailed
under SL are empirically much closer to the recent economic experience discussed in
the introduction than the excess volatility in the indeterminacy region under RE or
the diverging deflationary paths under adaptive learning.
Let us now unravel the underlying forces at play under SL that deliver those empirically appealing dynamics. The initial deviations from steady state are triggered by
the pessimistic shock only, while the resulting prolonged low inflation and ELB environment stems entirely from the sluggish dynamics of expectations under SL and their
self-fulfilling nature in the NK model.
As explained in Section 2.4.1, right after the shock, the elimination of the most
negative forecasts rules out the possibility of deflationary spirals and generates the
‘missing disinflation’ along the bust. Per their self-fulfilling nature, below-target forecasts nurture the downturn, which triggers an accommodating response from the CB.
This stimulating monetary policy has the largest impact on output gap, which eventually turns positive.
In particular, the paths of inflation and the average inflation expectations almost
perfectly overlap, which means that low inflation forecasts are almost self-fulfilling and
deliver near-zero forecast errors, which allows them to diffuse among the agents. This
selection mechanism explains the considerable persistence in inflation and inflation
forecasts depicted in Figuur 2.7. Inflation and inflation expectations cannot converge
back on target until the conjugated force of positive output gaps and low interest
rates become strong enough to overcome the almost self-fulfilling force of low inflation
expectations.43 Those dynamics generate the inflation-less recovery. This prolonged
43

Admittedly, the number of periods before convergence back on target appears implausibly large
but the model does a good job once one bears in mind that the only policy in our simple model is
a Taylor rule constrained by the ELB; hence, our model abstracts from many empirically relevant
dimensions of policy that would be likely to play a role in fostering the recovery. The simple structure
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period of positive output gaps may also suggest that the economy may settle back to
equilibrium only after full tapering by the CB.
Finally, it is interesting to note that our model reproduces another stylized fact
discussed in Mankiw et al. (2003); a recession is associated with an increase in the
dispersion of forecasts among agents or, in other words, the level of disagreement
between agents – in our estimated model, the correlation between output gap and
output gap forecast dispersion is in fact significant and reaches -0.34. Indeed, Figure
2.7 reports how the dispersion of individual expectations spikes in the aftermath of
the shock. The rise in forecast dispersion does not last; because the selection pressure
of the SL algorithm pushes the agents to adapt to the ‘new normal’ in the aftermath
of the shock. The level of heterogeneity between agents then returns to its long-run
value, which is dictated by the size of the mutations.
We conclude that our simple model offers a stylized representation of the observed
loss of anchorage of long-run inflation expectations depicted in Figuur 2.1 and, more
generally, of the inflation dynamics in the wake of the Great Recession and the ensuing
recovery as discussed in the introduction. With this model, we offer a reading of
this state of affairs as the consequence of the coordination of agents’ expectations on
pessimistic outlooks.
From an allocation perspective, the coordination of expectations on large and persistent recessive paths leaves out the economy into second-best equilibria with respect
to the benchmark representative-agent model under RE.44 Hence, SL expectations can
be envisioned as a friction with respect to the RE representative-agent allocation, which
may imply a substantial welfare cost, as we now demonstrate.
of the model depicts inflation as almost entirely expectation-driven. It also ignores many other empirically relevant determinants of inflation which could also entail a quicker inflation response. Lastly,
as explained above, this exercise is only meant for illustrative purposes, not to match any empirical
counterpart in recent history. Hence, one should refrain from drawing an explicit time interpretation.
44
We refer to the RE counterpart of the NK model as the first-best equilibrium because we do not
study the welfare implications of the price rigidities vs. the first-best allocation under flexible prices.
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2.4.3

Welfare cost of social learning expectations

To evaluate this cost, we use the welfare function, which has become the main microfounded criterion, to compare alternative policy regimes. Following Woodford (2002),
we consider a second-order approximation of this criterion and use the unconditional
mean to express this criterion in terms of inflation and output volatility. The detailed
derivations and explicit forms are deferred to Appendix 2.A.3. The corresponding
welfare function reads as

 
 
E [Wt ] ' W̄ − λy E ŷt2 − λπ E π̂t2 ,

(2.10)

where W̄ is the steady-state level of welfare and λπ and λy are, respectively, the elasticities of the loss function with respect to the variance of the inflation gap E [π̂t2 ] and
the output gap E [ŷt2 ]. It is straightforward to notice that macroeconomic volatility
reduces the welfare of households.
While in representative-agent models the loss function is unique, it may be expressed in an agent-specific manner in a heterogeneous-agent framework. Since the
aggregation of agents is performed within the linearized model, we proceed in the same
way with the welfare function and linearize it up to the second order. The welfare
criterion provides a metric to compare macroeconomic performances under SL and under RE. Comparing these two allocations results in a measurement of the welfare cost
of expectation miscoordination, which can be expressed in permanent consumption
equivalents (Lucas, 2003). Using a standard no-arbitrage condition between the SL
and the RE allocations, the fraction of consumption λ that SL households are willing
to pay to live in an RE world solves the following conditions on utility streams
N
∞
 X

1 X
SL
SL
RE
RE
U (1 + λ) Cj,t+τ , Hj,t+τ =
β τ U Ct+τ
, Ht+τ
,
β
N j=1
τ =0
τ =0

∞
X

τ

(2.11)

RE
where xSL
denote any endogenous variable x resulting from the same sequence
t and xt
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Moments
var (π̂t )
var (ŷt )
∆πt
∆yt
E [Wt ]
λ
P [rt =1]

-

inflation gap variance
output gap variance
inflation gap forecast dispersion
output gap forecast dispersion
welfare
welfare cost
ELB probability

Expectations
RE
0.1775 (0.002)
14.8159 (0.159)
−
−
-88.099 (0.001)
−
0 (0)

scheme
SL
0.462 (0.029)
19.645 (0.644)
0.2 (0.001)
0.399 (0.002)
-94.6 (0.09)
3.303%
0.17 (0.026)

Notes: Average statistics (and standard errors between brackets) over 9,400 Monte Carlo simulations of 200 periods
under SL (94 series of shocks repeated 100 times) and over the same series of shocks under RE.

Table 2.4: Business cycles statistics and welfare under RE and SL using estimated parameters

of shocks under the two different expectation schemes.
Table 2.4 compares the major business cycles statistics under RE and under SL using the estimated parameters given in Table 2.3. This exercise allows us to disentangle
the contribution of exogenous fluctuations in the RE-NK model from those additionally
induced by SL.
Table 2.4 shows that SL expectations induce considerably more macroeconomic
volatility than under RE, especially by inducing endogenous ELB episodes, as explained
above. These self-fulfilling recessions substantially deteriorate the welfare of households
in comparison to the RE benchmark. By contrast, under the assumption of i.i.d.
shocks, the rational forecasts of inflation and output gaps boil down to their targeted
values (see Section 2.2.2). Therefore, under RE, expectations remain anchored, selffulfilling ELB episodes cannot occur and macroeconomic volatility is negligible.
The resulting cost of SL expectations with respect to RE reaches up to 3.3% of
permanent consumption, which is far from negligible with respect to the related literature. This cost creates room for additional monetary policy instruments, especially
communication, to enforce the additional objective of coordinating the private sector
on the target.
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2.5

Central bank communication

We first introduce a simple form of CB communication to develop intuition on its
anchoring effect on expectations and then discuss how these insights may inform a
broader range of topical communication policy debates.

2.5.1

Modelling communication under SL

We represent communication as an announcement, which we denote by ACB
t , made
by the CB at the end of any period t. In the model, this is an announcement about
inflation in the next period (t+1). We focus on inflation because it is the main objective
under an inflation targeting regime.
To introduce the CB announcements into the SL algorithm, we follow Arifovic,
Boitnott and Duffy (2019), albeit in a simpler game. Besides her output and inflation
gap forecasts (ayj,t and aπj,t ), each agent j now carries a probability ψj,t ∈ [0, 1] of
incorporating the CB announcement into her inflation forecast in any period t. If she
does so, her inflation forecast in t+1 is simply the CB announcement. Conversely, with
probability 1 − ψj,t , she ignores the announcement and sets her inflation forecast equal
to her forecast aπj,t as before. The determination of her output gap forecasts remains
unchanged and equal to ayj,t .
Formally, in the presence of announcements, the expectation formation process of
the agents given by (2.5) is modified as


 ACB with probability ψj,t
t
SL
Ej,t {π̂t+1 } =

 aπ with probability 1 − ψ
j,t

SL
{ŷt+1 } = ayj,t .
Ej,t

j,t

(2.12)

The communication-augmented inflation forecast {(ψj,t , aπj,t )}j∈J undergoes the same
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mutation and tournament processes as the output gap forecast ayj,t (see Section 2.2.3).45
The only difference from the algorithm used so far lies in the computation of the fitness
of inflation forecasts, where Eq. (2.8) is modified as

π
= −ψj,t
Fj,t

t
t
X
X
2
)
−
(1
−
ψ
)
(ρπ )τ (b
πt−τ − aπj,t )2 ,
(ρπ )τ (b
πt−τ − ACB
j,t
t−τ −1
τ =0

τ =0

where the first (resp. second) term now corresponds to the discounted sum of squared
forecast errors had the agent followed (resp. ignored) the announcements of the CB.
The probabilities {ψj } can be easily interpreted as the credibility of the announcements. If agents following the announcements (i.e. agents with a relatively high value
of ψj ) have lower forecast errors than agents ignoring the announcements (i.e. agents
with a relatively low value of ψj ), the following strategy shall spread among agents,
which means that the average value of ψ across agents shall increase. The opposite
shall hold if following the announcements performs more poorly than ignoring them.
Thus, SL agents endogenously build trust or distrust in the communication of the CB
as a function of the relative forecasting performances of each alternative. We now
develop two simple examples of announcements to show how communication affects
expectations.

2.5.2

Two simple communication examples

We consider the following two communication examples under SL.
The CB announces the inflation target. We then have ACB
= 0 (as the model
t
is written in deviations from the steady state). It should be noted that the target
corresponds to the RE inflation forecasts in our simple model. The announcement of
the CB is therefore consistent with the conduct of monetary policy under RE. Hence,
45

In the simulations below, the initial credibility {ψj,0 } is drawn from a normal distribution centered
around 0.5 with a standard deviation equal to 0.25, a value that is also taken to dictate the mutation
process of the probabilities {ψj,0 }. Results are insensitive to alternatives.
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the inflation target is redundant information to RE agents, but this piece of information
may play a non-trivial role under SL.

The CB announces its own inflation forecasts for the next period. We assume that the policy authority estimates a commonly used VAR forecasting model that
is recursively updated with new observations in each period (see Eusepi and Preston
(2010) for a similar assumption). Note that assuming VAR forecasting amounts to assuming that the CB is aware of agents being boundedly rational and, therefore, includes
past realizations of the endogenous variables in its forecasting model to account for the
propagation mechanism induced by learning. Indeed, such a forecasting model would
be misspecified should the agents have RE and, hence, the economy evolve according
to the MSV solution. In this second communication scenario, the announcement of the
CB is therefore consistent with the conduct of monetary policy under SL.46
We now develop intuitions on how communication affects agents’ expectations under
SL. First, Table 2.5 compares the business cycles statistics of the model under RE and
SL – for ease of reading, the first two columns recall the statistics in Tabel 2.4 – and
under the two communication scenarios, i.e. when the target and the inflation forecasts
are announced.
The first three rows of Table 2.5 indicate that communication significantly improves
macroeconomic stabilization with respect to the baseline SL model; the volatility of
inflation decreases by more than 50% and the risk of ELB episodes drops considerably.
A look at the next four lines of Table 2.5 reveals that not only are expectations better
coordinated (i.e. disagreement between agents is reduced) in the presence than in
the absence of communication, but coordination occurs around the CB objectives (i.e.
46

The MSV solution under SL is a complicated and non-linear function of all the states in the
system, including those pertaining to the SL process, and an explicit form is not available. We claim
that the best the CB can do in such an environment is to estimate the law of motion of the economy
with an atheoretical model, such as a VAR. We 8 lags, in line with the memory of the agents that is
implied by the estimated value of the fitness memory on inflation (see, again, Table 2.3) but results
are robust to more or fewer lags and to assuming a decreasing gain.

41

CHAPTER 2. SOCIAL LEARNING AND MONETARY POLICY AT THE ELB
Expectations:
Type of Communication

RE
×

SL
×

Macroeconomic variability:
var (π̂t )
0.178 (0.002 ) 0.463(0.029 )
var (ŷt )
14.816 (0.159 ) 19.645 (0.644 )
ELB occurrence:
P [it =0]
Expectation dispersion:
∆πt
∆yt
Expectation anchorage:
Ωπt
Ωyt
Welfare:
E [Wt ]
λ (%)

SL
target

SL
VAR(8) forecast

0.215 (0.010 )
17.181 (0.310 )

0.2445 (0.01 )
17.118 (0.304 )

0.000 (0.000 )

0.17 (0.026 )

0.038 (0.012 )

0.002 (0.001 )

×
×

0.2 (0.001 )
0.399 (0.002 )

0.138 (0.004 )
0.396 (0.002 )

0.155(0.0045 )
0.397 (0.002 )

0.000 (0.000 ) 0.887 (0.107 )
0.000 (0.000 ) 10.031 (1.22 )

0.108 (0.02 )
6.433 (0.336 )

0.176 (0.0028 )
6.31 (0.359 )

-88.099 (0.001 )-94.599 (0.089 )
×
3.303%

-88.92 (0.02 )
0.411%

-89.693 (0.0017 )
0.8%

Notes: See Table 2.4.

Table 2.5: Business cycles statistics under RE, under SL and with CB communication about
the inflation target and the inflation forecasts

expectations are better anchored at the target).
Hence, we first conclude that in our model, CB communication acts as an anchor
for heterogeneous expectations and, by improving their coordination, communication
contributes to macroeconomic stabilization. This effect translates into a narrower, yet
positive, welfare gap with respect to the RE representative agent benchmark.
Next, we consider the same illustrative transitory path as in Section 2.4.2 with
communication; see Figure 2.8. In the wake of the shock, both communication scenarios result in a loss of credibility. As a consequence, both types of announcement
temporarily lose their anchoring power on agents’ inflation expectations; see Figure
7h, where credibility invariably drops towards zero right after the shock. When announcing the target, this credibility loss stems from the actual realizations of inflation
drifting away from the target. When announcing forecasts, the credibility loss results
from the inaccuracy of the announced forecasts, as the pessimistic shock is unexpected
– to see that, look at the discrepancy between the plunging inflation and the neartarget announcements immediately after the shock (Fig. 7a vs. 7g). In both cases, the
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t
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h. Average credibility rate ψt
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−0.5 %
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−1 %

Effective lower bound
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Notes: See Figure 2.7. The median realizations over 1,000 Monte Carlo simulations are reported. The red dasheddotted line corresponds to the baseline SL model without communication. The blue lines report the scenarios with
communication about the CB forecasts (with triangles) and the target (with squares).

Figure 2.8: Illustrative transitory path of the estimated model to a one-period -14% output
gap expectation shock under various communication scenarios

forecasting performances of the followers deteriorate and a large fraction of the agents
stop following the CB’s announcements.
This credibility loss leads us to the second conclusion: in our model, agents need
to ‘see it to believe it’. In other words, if the CB’s announcements are decoupled from
the actual inflation dynamics, they lose their anchoring power on expectations.
Next, as time goes forward, the CB, by updating its model, provides more accurate
forecasts – to see that, notice the similarity between the announcements and actual
inflation some periods after the shock – and regains credibility. In parallel, this coordi43
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nation on the forecast announcements leads to a reduction in expectation heterogeneity
– to see that, notice the drop in inflation forecast dispersion (Fig. 7c) as credibility
increases (Fig. 7h). By contrast, if announcing the target, the CB only regains its credibility once inflation has converged back to the target, which may take a considerable
amount of time, as discussed in Section 4.4.
Yet, announcing forecasts is not a panacea: it also accentuates the downturn. Indeed, inflation dives deeper, the ELB binds for a longer period (Fig. 7j) and output
overshoots further (Figs. 7d-7e) than when the CB announces its target. This observation illustrates an important pitfall of communication: by extrapolating the bust, the
announced forecasts may turn self-defeating per the self-fulfilling nature of expectations and contribute to driving expectations away from the target. This striking effect
is illustrated in the three graphs of the average inflation forecasts (Fig. 7b), the CB
forecast announcements (Fig. 7g) and the actual inflation (Fig. 7a) which all almost
overlap.

2.5.3

A broader policy perspective

From those two simple communication examples, we can infer a broader range of monetary policy issues. For instance, announcing CB’s forecasts can be integrated to
inflation-forecast targeting (IFT). IFT is based on the principle that, given a long-term
inflation objective, the CB’s own inflation forecasts act as time-varying intermediate
targets because such a forecast path embodies all the relevant information available
to the policy makers. IFT requires a strong communication policy with the public
to ensure credibility of the CB’s announcements. It has been conceived as a way to
circumvent the rigidity of a purely rule-based reaction function while avoiding expectations drifts that may result from a discretionary approach (Woodford, 2007).
One good example where IFT has turned particularly useful is the case of transition
economies upon adoption of an inflation-targeting regime; see, e.g, Clinton, Hlédik,
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Holub, Laxton and Wang (2017) for the case of Czech Republic. The CB aims to bring
inflation to the newly announced target and anchor expectations at this target. It
does so by announcing inflation forecasts that gradually converge to the target in an
attempt to coordinate expectations on these forecasts and gradually steer inflation and
inflation expectations towards the target. Perhaps closer to our current experience,
in a low-inflation environment, our communication exercise shows how IFT allows the
CB to coordinate inflation expectations despite the indeterminacy generated by the
neutralization of the interest rate feedback at the ELB.
Let us now consider another recent policy discussion, namely the ‘forward-guidance
puzzle’ (Carlstrom, Fuerst and Paustian, 2012): under RE, any CB announcement
about the future is immediately incorporated into agents’ expectations and optimal
decisions and triggers dramatic effects right from the time of the announcement, while
empirical evidence contradicts such a strong effect; see, inter alia, (Campbell, Fisher,
Justiniano and Melosi, 2016; Del Negro et al., 2012). Based on our model, imperfect
credibility may play a central role in explaining this puzzle.47 If agents need to ‘see it
first to believe it’, announcements that are at odds with the actual inflation dynamics
have a milder effect on expectations and hence actual decisions than under the full
credibility assumption underlying RE.
One more example of a topical policy debate that can be informed by our work is
the recent inflation targeting reviews undertaken by a number of major CBs. As persistently low inflationary pressures, exacerbated by the ELB constraint, have resulted
in price levels falling behind the paths consistent with the inflation target, policy makers and academic circles have been discussing alternatives, such as a higher inflation
target, average-inflation targeting or price-level targeting. Under these proposals, the
47

Other solutions in the literature rely on weakening the effect of expected real interest rates on
consumption by adding frictions such as liquidity constraints, limited asset-market participation or
habit formation Del Negro et al. (2012). Related contributions explain the puzzle by weakening the
expectation channel if agents use k-level reasoning (Farhi and Werning, 2017) or pay limited attention
(Gabaix, 2020).
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CB would allow (temporary) higher inflation in the future to compensate for the price
effects of past low inflation. At the 2020 Jackson Hole monetary policy symposium, the
Fed announced such a policy shift. However, per the self-fulfilling nature of inflation
expectations, such a shift needs to be accompanied by higher inflation expectations. In
other words, the ability of the CB to deliver higher future inflation needs to be credible.
Such a rise in inflation expectations is non-trivial if agents, accustomed to a decade
of low inflation, need first to see higher inflation to revise upward their expectations.
Those considerations reinforce the rationale for intensifying the CBs’ efforts to communicate beyond market participants and reach the general public, as most recently
emphasized by a number of major CBs.

2.6

Conclusion

This chapter develops a model that features expectation-driven business cycles. The
key mechanism works through heterogeneous expectations that may lose their anchorage to the target and persistently coordinate on below-target paths, which triggers
prolonged ELB episodes. Heterogeneous expectations are introduced via an SL process into an otherwise standard two-equation macroeconomic model with a constrained
Taylor rule. Our model nests the RE representative agent benchmark. In particular, we
use white noise fundamental shocks to identify the propagation mechanism stemming
from expectations in the formation of business cycles.
Our first contribution is to bring such a model to the data and estimate jointly its
fundamental and learning parameters by matching moments from both US inflation
and output gaps and the SPF. Our parsimonious model is able to account for ten
stylized facts, including properties related to heterogeneity in forecasts, persistence in
macroeconomic variables and endogenous occurrence of ELB episodes.
We then analyze the dynamics of the model and show that the basin of attraction of the target under SL is larger than the determinacy region under RE. In the
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context of our model, ELB episodes are episodes where expectations have coordinated
on pessimistic outlooks following a series of adverse fundamental shocks and have visited regions of that basin from where the transition back on the target does occur
but at a particularly slow pace. Our second major contribution is then to provide a
framework that can account for the recent inflation dynamics that are challenging to
capture in standard simple macroeconomic models. In particular, our model accounts
for the ‘missing disinflation’ along the Great Recession per its stable but below-target
dynamics and extensive ELB episodes. It also accounts for the ‘inflation-less recovery’ per consequence of the combination of unanchored inflation expectations that put
downward pressure on inflation and the boosting effect of low interest rates on output.
Finally, we extend our model to illustrate how CB communication may influence
expectations. In our model, the credibility of the announcements is not a priori granted
but rather follows the same evolutionary process as the forecasts of the agents. From
two simple examples, we show that this endogenous credibility plays a central role in
reshaping expectations: in our model, agents need to ‘see it to believe it’. Moreover,
pessimistic inflation forecasts may turn self-defeating per the self-fulfilling nature of
inflation expectations. From those observations, we discuss broader policy implications
to shed light on recent debates such as the forward-guidance puzzle or inform topical
policy proposals such as temporary higher inflation targets.
Our model offers a simple framework that yet opens up the possibility for analyzing
a rich set of monetary policy alternatives. As for our estimation routine, it may be
applied to a wide range of standard workhorse models that could then be explored
under heterogeneous expectations. Those research avenues are left for further work.
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Appendix 2.A
2.A.1

Additional material on the model

Solution under rational expectations

We solve the model under RE using the method of undetermined coefficients (with and
without the ELB).
First, inserting Eq. (2.3) into Eq. (2.1) provides the reduced-form expression of
the log-linearized model

zt = α + BEt zt+1 + χg gbt + χu u
bt ,

(2.13)

with the two endogenous variables zt = (b
yt π
bt )0 ; matrices χg = (1 κ)0 and χu = (0 1)0
are related to the shocks g and u while α and B are related, respectively, to the steadystate values and the forward-looking variables. The values of α and B depend on the
steady-state considered.
Given Eq. (2.13), the general form of the MSV solution reads as

zt = a + cb
gt + db
ut ,

(2.14)

where the coefficient values in matrices a, c and d depend on whether the ELB is
binding or not.
Taking expectations based on an AR(1) specification of the stochastic processes gb
and u
b with autoregressive coefficients ρg and ρu ∈ (0, 1) yields (assuming for now that
shocks are observable in t)

E (zt+1 ) = a + cρg gbt + dρu u
bt .

(2.15)

Inserting Eq. (2.15) back into (2.13) uniquely identifies the MSV solution as

zt = α + Ba + gt (Bcρg + χg ) + ut (Bdρu + χu ),
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with a = (I − B)−1 α, c = (I − Bρg )−1 χg and d = (I − Bρu )−1 χu , which makes clear
that the coefficient values of matrices B and α depend on the steady-state considered.
First, we consider the REE at the targeted steady-state that we denote by a star
superscript. We insert the specification of the Taylor rule (2.3) when the ELB isnot

0
binding, i.e. ıbt = φπ Et π
bt+1 + φy Et ybt+1 into (2.1) and obtain the expressions: αT =  
0


−1 y
σ −1 (1 − φπ ) 
 1−σ φ
and B T = 
.
−1 y
−1
π
κ(1 − σ φ ) β + σ (1 − φ )κ
The MSV-REE solution at the target is then given by

aT = (I − B T )−1 αT , cT = (I − B T ρg )−1 χg and dT = (I − B T ρu )−1 χu .

(2.17)

Similarly, when the ELB is binding, the monetary policy rule reads as bıt = −r.
Inserting this expression back into Eq. 2.1, the REE at the ELB, which we denote
with a elb superscript, is described by:



αelb = σ −1 r, κσ −1 r



−1



σ

1
and B elb = 
.
−1
κ β+σ κ

(2.18)

If shocks are i.i.d., ρg = ρu = 0, Eq. (2.15) reduces to an intercept a, with aT =
(I − B T )−1 αT at the target and aelb = (I − B elb )−1 αelb at the ELB.

2.A.2

Determinacy and E-stability

The REE (2.17) is determinate under RE if the two eigenvalues of matrix B T lie
within the unit circle. This is the case if all three conditions φy < σ(1 + β −1 ), 0 <
κ(σ π −1)+(1+β)σ y < 2σ(1+β) and κ(φπ −1)+(1−β)φy > 0 hold (Bullard and Mitra,
2002, p. 1121). Our calibration imposes these restrictions on the parameters values.
Specifically, the REE values at the target are aT = (00)0 , and the REE is determinate
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+
(the two eigenvalues are complex and equal λ−
i = .933 − .027i and λi = .933 + .027i).

Note that the same conditions ensure that this solution is E-stable, i.e. stable if agents
use adaptive learning instead of RE (Bullard and Mitra, 2002).
By contrast, the REE at the ELB (2.18) is indeterminate under RE and unstable
under learning. To see that, notice that the characteristic polynomial of B elb is β +
λ(−1 − β − κσ −1 ) + λ2 = 0 ⇔ a0 + a1 λ + λ2 . For both eigenvalues to be within the
unit circle and the REE to be determinate, we need | a0 |< 1 and | a1 |< 1 + a0 .
The first condition always holds as β < 1 but the second is always violated as σ −1 κ >
0. Therefore, the deflationary state is indeterminate under RE and features multiple
equilibria.48
Furthermore, the determinant of B elb −I (I being the identity matrix) is −σ −1 κ < 0,
which implies that one eigenvalue of B elb −I has negative real part and one has positive
real part (equivalently, one eigenvalue of B elb is lower than one, the other is not).
Therefore, under learning, the deflationary steady-state is unstable and is a saddle.
Under our calibration, the REE values at the ELB are aelb = (−0.007 − 0.013)0 , and
+
the two eigenvalues of B elb are real and equal λ−
i = 0.906 < 1 and λi = 1.099 > 1.

2.A.3

Welfare criterion

In this section, we develop the approximation of the welfare criterion.
48

Another way to see that is to note that the ELB corresponds to an interest rate peg that is known
to give rise to indeterminacy.
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The welfare in terms of output and prices
Before approximating the welfare function, we first rewrite the welfare function by
expressing the utility function in terms of output and price equivalents. Recall that
∞
X

Wt =

τ =0

β τ U (Ct+τ , Ht+τ ) ,

with U (Ct , Ht ) = log(Ct ) −

χ
H 1+φ .
1+φ t

(2.19)
(2.20)

In the absence of physical capital, the resource constraint reduces to:
Z

1

yit di = Yt = Ct ,

(2.21)

0

where aggregate production is the sum of the production of each variety i of goods
in the economy. This equation allows us to substitute output for consumption in
the utility function. Using a constant-return-to-scale production function allows us to
further substitute output for the hours worked. We then have yit = hit and, at the
aggregate, Yt = Ht .
Let us now aggregate the optimal demands for each variety i
Z
0

1



pit
Pt

−
Yt di,

(2.22)

where  > 1 is the elasticity of substitution between differentiated types of goods i, pit
is the price of variety i and Pt the aggregate price level of all varieties in the economy.
Market clearing imposes (2.22) to be equal to (2.21).
R 1  −
In Eq. (2.22), the term 0 pPitt
di is the price dispersion across varieties i induced
by price stickiness, which we rewrite as ∆t . To summarize, market clearing implies,

Ht = ∆t Yt .

(2.23)
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Substituting consumption Ct and labor Ht into the utility function using expressions
(2.21) and (2.23), we have,

U (Yt , ∆t Yt ) = log(Yt ) −

χ
(∆t Yt )1+φ ,
1+φ

(2.24)

where χ = ( − 1) / is the inverse of the markup in the economy.
The price dispersion ∆t is hard to interpret and has no observable counterpart in
macroeconomic time series. Following Woodford (2003), we now express price dispersion in term of inflation.

Price dispersion
The price dispersion is induced by the Calvo probability θ that constrains firms in
updating their price. Following Schmitt-Grohé and Uribe (2004), we can rewrite the
price dispersion as,
−
Pit
=
di
Pt
0
 ∗ −
Pt
+ θ∆t−1 πt π̄ − ,
= (1 − θ)
Pt
Z

∆t

1



(2.25)
(2.26)

where π̄ is the rate of inflation at the steady-state.
Now that we have an expression for the price dispersion, we need to replace the
optimal price Pt∗ /Pt from the previous expression by the inflation rate. To do so, we
use the aggregation condition on prices of constrained firms, and firms that can update
their price approximated using the law of large numbers,

Pt1−

Z
=
0

1

Pit1− di,

Pt1− = θ (π̄Pt−1 )1− + (1 − θ) (Pt∗ )1− .
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(2.27)
(2.28)
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Dividing by Pt1− , the price index becomes,

1=θ

π

t−1

−1

π̄


+ (1 − θ)

Pt∗
Pt

1−

From the latter expression, the relative optimal price

.
Pt∗
Pt

(2.29)

is a non-linear function of

past inflation as,
Pt∗
=
Pt



−1 1−
1 − θπt−1
π̄
(1 − θ)

1/(1−)
(2.30)

Combining Eq. 2.29 and Eq. 2.30, the price dispersion term ∆t may be expressed in
terms of inflation:

∆t = (1 − θ)


−1

1−


−1 1− 1/(1−)
θπt−1
π̄

+ θ∆t−1

 π 
t

π̄

.

(2.31)

In this latter expression, ∆t is a function of inflation rates in t and t − 1 as well as
previous dispersion ∆t−1 . It is not possible to obtain a closed-form solution of the
price dispersion as a function of inflation. However, up to second order, the variance is
unconditional and we may express the variance of the price dispersion as a function of
inflation (see Woodford, 2003).

Approximation up to second order
We normalize to one the hours worked, H̄ = 1, which, through the production function, normalizes to one the production, i.e. Ȳ = H̄ = 1, which also normalizes the
consumption through the resources constraint, i.e. C̄ = Ȳ = 1. In addition, since the
following exercise does not aim to determine the optimal rate of inflation, we simply
¯ = 1 and make it independent of the
normalize to one the price dispersion term ∆
steady-state inflation rate.
Let us first consider the approximation of the welfare utility function in Eq. (2.24).
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The first term in the left-hand side up to second order reads as
 1 1
2
1
Yt − Ȳ −
yt − Ȳ ,
2
Ȳ
 2 Ȳ

1
1
' log(Ȳ ) + ŷt + ŷt2 − ŷt2 ,
2
2

log(Yt ) ' log(Ȳ ) +

' log(Ȳ ) + ŷt ,

(2.32)
(2.33)
(2.34)


where ŷt = Yt − Ȳ /Ȳ . Since there is no second-order term, the unconditional mean
of the utility function on consumption is simply zero

E [log(Yt )] ' 0.

(2.35)

This is because the unconditional mean of any normally distributed random variable xt
allows us to eliminate the first-order terms that are zero asymptotically, i.e. E [xt ] ' 0.
Concerning the second term of the left-hand side of Eq. (2.24), up to second order, we
have





χ
χ
¯ 1+φ + χ Ȳ ∆
¯ 1+φ Yt − Ȳ + φ χ Ȳ ∆
¯ 1+φ Ȳt − Ȳ 2
(∆t Yt )1+φ '
Ȳ ∆
2
1+φ
1+φ
h
2 Ȳ




χ
¯ 1+φ ∆t − ∆
¯ + φ χ Ȳ ∆
¯ 1+φ ∆t − ∆
¯ 2.
+ ¯ Ȳ ∆
¯2
2∆
∆
With the normalization previously introduced, and recalling that the parameter χ is
the inverse of the markup, we have


χ
−1
1
1+φ 2 ˆ
1 + φ ˆ2
1+φ
(∆t Yt )
'
+ ŷt +
ŷ + ∆t +
∆t .
1+φ

1+φ
2 t
2
The unconditional mean of the right-hand-side term of the utility function reads as


h i
χ
−1
1
1 + φ   2
1+φ
ˆ2
E
.
(∆t yt )
'
+
E ŷt + E ∆
t
1+φ

1+φ
2
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(2.36)

2.A. Additional material on the model
Gathering Eqs. (2.35) and (2.36), the unconditional mean of the utility function U (·)
as defined in Eq. (2.24) up to second order is given by


 − 1 1 + φ  2 1 + φ h ˆ 2i
−1 1
−
E ŷt +
E ∆t .
E [U (·)] ' −
 1+φ

2
2

(2.37)

It is straightforward to notice that the expression of the utility function includes
h i
ˆ 2 . To obtain a closed-form expression of this
the variance of the price dispersion E ∆
t
variance, we perform a second-order approximation of the expression in Eq. 2.31


1 2
1 θ (2θ + ( − 2)) 2
1 2
π̂t
1 + ∆t + ∆t ' (1 − θ) + θ π̂t + π̂t +
2
2
2
(1 − θ)




1 ˆ2
1 2
( − 1) 2
ˆ
+ θ 1 + ∆t−1 + ∆t−1 +  π̂t + π̂t +
π̂t .
2
2
2
The unconditional mean of the price dispersion allows us to obtain the expression of
the variance of the price dispersion as
  θ [ + 2 (1 − θ) ( − 1)]  2 
E π̂t ,
E ∆2t '
(1 − θ)2

(2.38)

 2 


, as the variance is unconditional.
where E [∆2t ] = E ∆2t−1 and E [πt2 ] = E πt−1
Notice that this expression is very close to the expression in Woodford (2002).
It can be shown that the first- and second-order derivatives of the price dispersion
terms are given by


−1
∂ (1 − θ) −1 1 − θπ̄ 1− πt−1
∂πt−1

1/(1−)



=
πt−1 =π̄

−1
θπ̄ (1 − θ) −1 1 − θπ̄ 1− πt−1
2−
π̄  πt−1

1
 (1−)

− π̄θπt−1

=

θ
,
π̄

πt−1 =π̄

and


−1
∂ 2 (1 − θ) −1 1 − θπ̄ 1− πt−1
∂ 2 πt−1

=

θπ̄ (1 − θ)


−1

1/(1−)
πt−1 =π̄

 1
−1 (1−)

−2
πt−1
1 − θπ̄ 1− πt−1



2θπ̄πt−1
+ π̄  πt−1 ( − 2)
2


π̄  πt−1 − θπ̄πt−1

=
πt−1 =π̄

θ (2θ +  − 2)
.
π̄ 2 (1 − θ)
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Replacing the price dispersion term given by Eq. (2.38), we obtain the final expression of the utility function up to a second order


 2  θ [ + 2 (1 − θ) ( − 1)]  2 
−11+φ
−1 1
−
E ŷt +
E [U (·)] ' −
E π̂t .
 1+φ

2
(1 − θ)2
(2.39)
The last step is to obtain the welfare index from the utility function. Recall that the
welfare is defined by the discounted sum of future utility streams. Put recursively, the
welfare index reads as,
Wt = U (Ct , Ht ) + βWt+1 .

(2.40)

The unconditional mean of the welfare reads as

E [Wt ] =

1
E [U (Ct , Ht )] ,
1−β

(2.41)

as E [Wt ] = E [Wt+1 ]. Finally, replacing the utility function into the previous expression
gives,


 2  θ [ + 2 (1 − θ) ( − 1)]  2 
1
−1 1+φ
−1
−
E ŷt +
E π̂t
E [Wt ] ' −
 (1 − β) 1 + φ  (1 − β) 2
(1 − θ)2
 
 
≡W̄ − λy E ŷt2 − λπ E π̂t2 ,
(2.42)
1
−1
the steady-state level of welfare and λy ≡
with W̄ ≡ − (1−β)
1+φ

−1 1+φ
(1−β) 2

and λπ ≡

λy θ[+2(1−θ)(−1)]
the elasticities, respectively, of the loss function with respect to the
(1−θ)2
variance of output E [ŷt2 ] and inflation E [π̂t2 ].
Welfare cost
Suppose now that we have two regimes, one with RE and one with SL expectations, and
we want to measure the welfare cost of one regime with respect to the other. Following
Lucas (2003), we look for the fraction λ of utility that the representative household
56

2.B. Estimation strategy
would be willing to pay to live under the RE regime rather than under the SL regime
through the no-arbitrage condition on welfare indexes in both regimes
X∞
t=0

 X∞ t

β t U (1 + λ) CtRE , HtRE =
β U CtSL , HtSL .
t=0

(2.43)

Approximating this expression up to a second order and using the relation in Eq.
(2.42), the expression of the welfare cost between the two expectation regimes is given
by

 



λ = exp((1 − β) λπ var(π̂tRE )−var(π̂tSL ) + λy var(ŷtRE )−var(ŷtSL ) + ) − 1. (2.44)
This is the metric that we use in the paper to compare outcomes of the model under
the RE and the SL regimes and under the communication policies.

Appendix 2.B

Estimation strategy

We proceed by building on the related literature on the estimation of macroeconomic
models using simulated moments matching methods; see (Hansen, 1982; McFadden,
1989). This method aims to infer the values of structural parameters by minimizing
the squared distance between the moments simulated by a model and their observable
counterparts.

2.B.1

The SMM estimator

Under the SL process, the model – described by Eq. 2.1 to 2.3 combined with the
SL algorithm introduced in Section 2.2.3 – can be expressed in the following compact
form,
ESL
t {fΘ (zt+1 , zt , εt )} = 0,

(2.45)
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where zt is the set of endogenous variables, εt the set of i.i.d. shocks and fΘ (·) the
equations of the model based on the set of structural parameters Θ. First, we partition
the parameters Θ into two subsets. The first set contains the calibrated parameters as
given in Tabel 3.1. The second set, θ ∈ Θ, contains the parameters that we estimate
using SMM method.
The SMM estimator is defined as

0 

θ̂SM M = arg min mT (xt ) − ms,τ xθt W mT (xt ) − ms,τ xθt ,
θ

(2.46)


where mT (xt )−ms,τ x̂θt is the distance vector between the observed and the simulated
moments that we seek to minimize, and W is a weighting matrix. Hence, the matrix
product in Eq. (2.46) provides the sum of the squares of the residuals between the
observed and matched moments. Let us now define mT (xt ) , a p × 1 vector of moments

calculated using stationary and ergodic real data xt of sample size T , and ms,τ xθt , the
model-generated counterpart based on artificial series xθt using the set of parameters θ
fed in (2.45), while s is the number of parallel chains (or Monte-Carlo iterations) that
we draw to compute the moments with a sample size τ .
With respect to our optimization problem, we set p = 10 as we match exactly 10
moments. Since our sample has a size T = 200 (quarters), we impose a similar size
for our simulated data T = τ = 200. We also fix the number of parallel chains to
s = 100. As some specific sets of parameters combined with specific realizations of
shocks may create explosive dynamics for some parallel draws, we discard these chains
when computing the moments, and ensure that this number never exceeds 5% of the
simulations. Finally, regarding the weighting matrix W , we impose the identity matrix
as θ̂SM M is consistent with any positive-definitive weighting matrix (see Ruge Murcia
(2007) for a discussion on this aspect).
Note that he mutation process of the SL algorithm represents an additional source
of stochasticity beyond the fundamentals shocks (here, cost-push and real shocks). To
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deal with this new source of noise, we follow Arifovic et al. (2013, 2018) and take the
median simulation across the n different series of mutations. Therefore, the computation of the objective function in (2.46) would require to compute n ∗ s ∗ τ values of
output and inflation.49 We therefore face a heavy computational burden for the inference of the structural parameters that we alleviate through two different assumptions:
controlling the noise arising from the SL process and adding information on priors. We
discuss these two aspects in the following subsections.

2.B.2

Control of the noise from the mutations

To reduce the computational burden, we first control the noise in mutations by selecting
the mutation sequence that generates the simulations that is the closest to the median.
Specifically, we draw s = 100 chains of shocks u and g at the beginning of the estimation
procedure and keep them unchanged. For each of the s chains, we run n = 100
Monte Carlo simulations of the model under SL and only retain one representative
simulation. To select this representative simulation, we choose the one for which the
squared distances of inflation and output gaps to their median values over the 100
replications is the smallest.50 Therefore, for each chain of shocks, we retain only one
simulation. We do so for each of the s = 100 series of shocks. This shrinks the
computational burden by a factor n = 100 without affecting the contribution of SL to
the dynamics of output and inflation.

2.B.3

Adding prior informations

Because of the computational burden, we propose to include prior information in the
same spirit as Ruge Murcia (2007) to reduce the computing time. Ruge Murcia (2007)
49

For example, imposing n = 100 as in Arifovic et al. (2018) would induce to compute
100*100*200=2e6 artificial values of output and inflation. For that parametrization, a rational expectation model only requires 100*200=2e4 values to compute the moments.
50
Note that in a one-dimensional problem, this procedure boils down to selecting the median.
However, as we estimate a two-dimensional model (inflation and output gaps), our procedure provides
a way to approximate the median simulation.
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proposes a mixed estimation approach characterized by a prior information that aims
at avoiding the exploration of some parameters spaces that are economically irrelevant.
We treat priors as additional moments to match in the objective function. We denote
by P (θ) the sum of pdf stemming from prior informations for θ. The resulting quasiBayesian SMM estimator is then defined as,

0 

θ̂SM M = arg min mT (xt ) − ms,τ x̂θt W mT (xt ) − ms,τ x̂θt + ΞP (θ) ,
θ

(2.47)

while the first term of the expression is the same as in (2.46), the second term ΞP (θ)
introduces a penalty into the objective function when the estimated values range differ
from their prior distributions. Here, Ξ is the relative weight of prior information with
respect to the squared distance of moments. For loglikelihood-based methods, Ξ = 1
as the number of observations is high. In contrast, here we only have 10 observations,
which makes our prior information to dominate the objective function. We set the
weight on priors to Ξ = 1/s = 0.01 in order to mimic the relative weight of priors that
reduces in the number of observations in the sample.

2.B.4

Optimization

We solve Eq. (2.46) using the CMAES optimization algorithm of Hansen, Müller and
Koumoutsakos (2003). The CMAES algorithm is a global estimation strategy that has
the ability to deal with large-scale optimization problems and avoid local minima. This
algorithm provides an accurate measure of the Hessian matrix, even in the presence
of bound restrictions and priors for control variables, as is the case in Eq. (2.46).
Specifically, learning the covariance matrix in the CMAES is analogous to learning
the inverse Hessian matrix in a gradient-based, local optimization method such as the
quasi-Newton method.
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Chapter 3
Price setting frequency and the
Phillips curve
3.1

Introduction
‘Another key development in recent decades is that price inflation appears less responsive to resource slack. That is, the short-run price Phillips
curve [...] appears to have flattened, implying a change in the dynamic relationship between inflation and employment.’ (Clarida, 2019, Vice Chair,
Board of Governors, Federal Reserve System)

The flattening of the Phillips curve and historical shifts in this relationship between
the output gap and inflation are well documented in the data.51 As pointed out by
Clarida (2019) and others, these observations pose a challenge to frameworks for monetary policy analysis and the frameworks are now put under scrutiny. This certainly
includes frameworks such as the New Keynesian (NK) model and its theory of the
Phillips curve. At the heart of the NK model are assumptions about price setting
behavior such as the popular Calvo (1983)-Yun (1996) pricing model that give rise to
the Phillips Curve. The Calvo (1983) parameter θ governing the price stickiness, in
51

This chapter is the result of joint work with Emanuel Gasteiger. A working paper version of this
project has been circulating under the title ’Price setting frequency and the Phillips curve (Gasteiger
and Grimaud, 2020).
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turn, is the key determinant of the Phillips curve slope.
Under standard assumptions the NK model predicts a Phillips curve relationship
that is much steeper than in the data. This has undesirable implications such as
the missing deflation puzzle (Hall, 2011), i.e., while NK models predict high deflation
along with a dramatic downturn such as the Great Recession, one can actually observe
surprisingly modest declines in inflation and a subsequent excess inflation-less recovery.
A well-known potential remedy to reconcile the NK model with the data are implausible high cost-push shocks, high price indexation and nominal rigidities that are
by-and-large inconsistent with observed price setting frequency at the micro level. For
instance, Del Negro et al. (2015) or Guerrieri and Iacoviello (2017) estimate Calvo
(1983) parameters as high as θ = 0.87 or 0.9. Yet, this remedy creates an unfortunate
tension. On the one hand, large and highly auto-correlated cost-push shocks and high
degrees of price stickiness reduce the covariance between inflation and output and improve the model’s fit to inflation. On the other hand, the dynamics in inflation are
then mostly explained by large cost-push shocks (see, e.g., Fratto and Uhlig, 2020; King
and Watson, 2012). For instance, Del Negro et al. (2015, p.169) argue that explaining
inflation mainly with cost-push shocks is unfortunate, because cost-push shocks lack a
clear economic interpretation and fail to explain a lot of variation in other variables.
Next, explaining inflation mainly through cost-push shocks and high degrees of price
rigidities and indexation also seems implausible from the viewpoint of the Great Recession. The latter is perceived as a demand-driven downturn that caused the observed
inflation and output gap dynamics during and after the crisis. Explaining inflation via
high degrees of nominal price rigidities and indexation also seems implausible in light
of empirical evidence on the price setting frequency and indexation at the micro level.
Admittedly, the insight that Calvo (1983) pricing models are notoriously difficult
to reconcile with observed price setting at the micro level is not new, but nevertheless
important in this context.52 A model that is consistent with macro data (e.g., flattening
52
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Menu cost models suffer from the same problem. At the macro level, estimates of the quadratic
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of the Philips curve, missing deflation puzzle) may still be subject to observational
equivalence with many other models. If this very same model were also consistent
with micro data (e.g., price setting frequency), it would clearly outperform these other
models along an important dimension (see Christiano et al., 2018). For instance,
Nakamura et al. (2018) use US CPI micro data from the BLS to analyze the evolution,
dispersion, heterogeneity and duration of US prices. They conclude that the magnitude
and frequency of price changes are heterogeneous and time-varying over time. Figure
3.1 reconstructs the frequency of price adjustment based on the Nakamura et al. (2018)
data and its relation to inflation.
Most strikingly, the share of non-updated prices corresponding to the Calvo (1983)
parameter varies from θ = 0.55 to θ = 0.78, which implies a very large variation in the
slope of the Phillips curve. Clearly, the negative correlation between the two variables
is inconsistent with the Calvo (1983) pricing model that assumes a constant θ.53 Moreover, Fernández-Villaverde and Rubio-Ramı́rez (2007b) with a different identification
technique based on macro-data show that the price updating frequency varies over time
and is negatively correlated with inflation and price indexation. Moreover, it is then
natural to conjecture that a time-varying price setting frequency may be an alternative
explanation for the observed flattening and shifts in the Phillips curve.
Against this background we propose a simple extension of the Calvo (1983) pricing
model to reconcile the NK model with the observed flattening of the Phillips curve and
the evidence on time-varying price setting frequency at the micro level. The key novelty
is that the aggregate price setting frequency - discussed in this paper as the Calvo share
- is endogenous and time-varying. Whether a firm updates its price in a given period
depends on its assessment of expected cost and benefits modelled by a discrete choice
process following Brock and Hommes (1997) that we denote the Calvo law of motion.
cost have increased a lot. At the micro level, the simple models fail to account for heterogeneity and
price dispersion.
53
The correlation coefficient between inflation and the Calvo share is equal to −0.808 over the
Nakamura et al. (2018) sample.
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Figure 3.1: Quarterly historical share of unchanged prices or θt the Calvo share based on
micro-econometric data and its relation to inflation

The latter can be interpreted as an approximation to the firm’s managerial decision of
whether or not to update the price. A firm decides to update the price when expected
benefits outweigh expected cost and then resets the price optimally.
Our main analysis implements the Calvo law of motion in a linearised trend inflation
NK model (see, e.g., Ascari and Sbordone, 2014). Relative to the Calvo (1983) pricing
model, our model has several advantages. First, the aggregate price setting frequency
is no longer static, but time-varying. Second, we achieve that by introducing the
Calvo law of motion, which captures the managerial decision process regarding price
setting in line with survey evidence. This evidence shows that posting a new price
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is the result of a complex cost-benefit analysis by the firms’ managers rather than a
random process.54 The Calvo law of motion models this idea by taking into account
the observed and expected evolution of markups, average relative prices and aggregate
demand. We assume that there exists a trade off between updating and not updating
current prices. Updating prices requires firms to gather information, spend resources
and renegotiate contracts and so on. In a sense, updating prices is an inherently
costly dynamic process where firms face heterogeneous opportunity costs. We assume
that firms’ managers decide to update their prices when it will increase the firm’s
expected markup by more than the updating cost. As markups are countercyclical,
the model predicts that prices are more flexible during expansions and less flexible
during recessions.
Third, another appealing feature of our approach is that the aggregate equilibrium
conditions of the model are isomorphic to the standard NK model with trend inflation,
except for the time-varying price setting frequency following the Calvo law of motion.
On the one side, this implies that the proposed mechanism can be easily embedded into
any DSGE model with a Calvo (1983) pricing model including large-scale models used
in policy making institutions. On the other side, this implies that the model can be
analyzed and estimated with standard tools. We exploit this fact in our quantitative
analysis and estimate the model over the micro time series in Figure 3.1 and standard
macro time series under a full information technique. In turn, we can assess the Calvo
share’s contribution to the flattening of the Phillips curve and its shifts over time.
Our main theoretical finding is the model’s prediction of more flexible prices during
expansions and less flexible prices during recessions, which can explain the non-linearity
in the Phillips curve documented in the data. The price setting frequency accelerates
during booms implying an accelerating inflation. In contrast, the model permits a
decelerating price setting frequency during recessions and thus allows for low, but
54

For instance see Blinder, Canetti, Lebow and Rudd (1998) and Zbaracki et al. (2004) for qualitative
and quantitative surveys with managers about their prices setting decisions.
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positive inflation during times of slack.
The quantitative main results of our paper are as follows. First, we find that our
setup with the Calvo law of motion provides a good approximation of the observed
aggregate price setting frequency depicted in Figure 3.1. Second, our model, despite
its small scale, also fits the observed dynamics in inflation and output well. Third,
the Calvo law of motion enables the model to explain the dynamics of inflation data
to a large extent by shocks to aggregate demand and the endogenous evolution of the
aggregate price setting frequency, while the contribution of cost-push shocks is very
limited. These results are consistent with the findings in Del Negro et al. (2020) on the
flattening of the price Phillips Curve. Finally, we show that the Calvo law of motion
largely improves the macroeconomic time series fit of the medium-scale NK model developed in (Fernández-Villaverde and Rubio-Ramı́rez, 2006).

Related literature. Our paper is related to a large literature relying on the seminal
Calvo (1983)-Yun (1996) pricing model to generate a Phillips curve. We contribute to
this literature by proposing a modification of the pricing model that gives rise to a timevarying aggregate price setting frequency. This modification is in part motivated by
discussions over the stability of the original Calvo parameter as in Fernández-Villaverde
and Rubio-Ramı́rez (2007b), Alvarez, Lippi and Paciello (2011) or Berger and Vavra
(2018) and its consistency with the paradigm of micro-founded models.55
The Calvo law of motion, our proposed modification to the NK model is essentially
a discrete choice model inspired by Brock and Hommes (1997). While modelling the
decision of whether to update the price as a discrete choice is a novelty within the NK
model, a well-established literature has used discrete choice processes in NK models
for modelling expectations and belief formation (see, e.g., Branch, 2004b; Branch and
55

See Chari, Kehoe and McGrattan (2009), Plosser et al. (2012) and Lubik and Surico (2010) for
discussion of sticky price models being subject to the Lucas Critique and see Caplin and Spulber
(1987) and Gertler and Leahy (2008) for sticky price models explicitly aimed at addressing the Lucas
Critique. Finally, see Bakhshi, Khan and Rudolf (2007) and Levin and Yun (2007) for model with
endogenous foundation of price setting frequency with respect to its relation to the trend inflation.
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Evans, 2011; Branch and Gasteiger, 2019; Branch and McGough, 2010; Hommes and
Lustenhouwer, 2019).
Very closely related to ours, is the proposal of Davig (2016) to model shifts in the
Phillips curve. Davig (2016) develops a simple NK model with a representative firm
and a quadratic price adjustment cost à la Rotemberg (1982). The key feature is the
cost parameter that follows a two states Markov process and gives rise to changes in
the slope of the Phillips curve. Davig (2016) uses this model to theoretically analyze
optimal monetary policy. In contrast, our proposal is within the realm of the Calvo
(1983) pricing model, introduces an explicit cost-benefit analysis of price updating, and
our main results are derived within a quantitative analysis.
Our quantitative work also relates to sticky prices models based on micro-econometric
evidence. Theoretical implications of individual price dynamics are extensively discussed by Alvarez, Lippi and Passadore (2017). In a series of papers, Nakamura and
Steinsson (2008), Nakamura and Steinsson (2013) and Nakamura et al. (2018) develop
a deep analysis of the implications of heterogeneous menu costs models and their fit
to micro data constructed using BLS prices tag data. We apply the Nakamura et al.
(2018) data to match one dimension of it: the aggregate price setting frequency. In
related work, Gagnon (2009), Klenow and Kryvtsov (2008) and Alvarez and Burriel
(2010) obtain similar conclusions about the inconsistency of the Calvo (1983) pricing
model with pricing data at the micro level as, for instance, Nakamura et al. (2018). The
models proposed in that literature fit better the cross-sectional price dynamics because
of the heterogeneity in price stickiness and idiosyncratic shocks.56 The proposed Calvo
law of motion in this paper captures this heterogeneity in reduced form.
Finally, our model speaks to the rapidly expanding discussion on the explanations
56

Another related branch of the literature are the sticky information models (see, e.g., Mankiw and
Reis, 2002; Mankiw et al., 2003). These papers introduce sticky price models based on the frequency
of forecast updating by firms. Firms have a probability to update their forecasts and thus their prices.
Those models generate meaningful price dispersion, forecasts behaviours, cross-sectional dynamics
and stickiness. Yet, the updating property is fixed as in the Calvo-Yun model because observing the
world is costly. Thus, the concerns regarding the Calvo-Yun model also apply to this branch of the
literature.
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and implications of the flattening of the Phillips curve in the data in general, the
missing deflation puzzle (Hall, 2011) in particular. For instance, Mavroeidis et al.
(2014) discuss dynamics in inflation expectations as an explanation of the observe
data. Moreover, Lindé and Trabandt (2019) resolve the missing deflation puzzle with
a non-linear model.
The rest of the paper is organized as follows. Section 3.2 presents a simplified
model with endogenous price setting frequency to illustrate the key novelties and to
build intuition. Section 4.2 embeds the proposed Calvo law of motion in a small-scale
NK model with trend inflation. Section 3.4 contains the quantitative analysis of the
small-scale NK model based on micro and macro data. Section 3.5 provides a horserace between a standard medium-scale DSGE model with and without the Calvo law
of motion. Section 4.6 concludes.

3.2

A simplified model

We begin with discussing the model in its simplest setting. This model allows us to
illustrate the key features of the proposed Calvo law of motion and to build intuition
for the results derived in this paper. Two simplifications relative to a standard DSGE
model are worth mentioning. In this simple model firms are myopic. They do not take
the future into account, when they set their prices. Moreover, aggregate demand is
assumed to be an exogenous stationary AR(1) process.

3.2.1

Model outline

Aggregate demand for consumption Yt is normalized and follows
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Yt = Y eεt

(3.1)

εt = ρεt−1 + ut ,

(3.2)

3.2. A simplified model
where Y = 1 is the steady state, ε is a preference perturbation that follows an AR(1)
stationary process with 0 ≤ ρ < 1 and ut i.d.d and normally distributed. Labor supply
is determined by the following schedule57
Ntϕ Ytσ = χ

Wt
,
Pt

(3.3)

where Wt denotes the nominal wage and Pt is the aggregate price level.
The production technology is linear, where labour Nt is the only input

Yt = Nt .

(3.4)

This implies that the real marginal cost are wt ≡ Wt /Pt .
We assume that firms operate under monopolistic competition. The aggregate price
level evolves according to equation (3.5) similar to the Calvo (1983) model, where a
share of θt firms keep their former price and 1 − θt firms update their price, i.e.,
1

1−
Pt = (θt Pt−1
+ (1 − θt )Pt∗ 1− ) 1−

(3.5)

1

⇔ 1 = (θt πt−1 + (1 − θt )pt∗ 1− ) 1−
 1

(θt − 1)p∗t + 1 1−
,
⇔ πt =
θt

(3.6)
(3.7)

∗
is the optimal re-setting
where  is the price elasticity of demand of goods and, Pi,t
∗
price, p∗i,t ≡ Pi,t
/Pt is the relative optimal price and πt ≡ Pt /Pt−1 denotes inflation.

Firms are myopic and therefore their optimal price is not set in a forward-looking way.
Given the firms’ market power, it is simply optimal to charge a constant markup over
real marginal cost, i.e., p∗t =


w .58
−1 t

Finally, note that the relative price of non price

resetting firms is given by pft ≡ 1/πt and that the relative prices p∗i,t and pft determine
57

C 1−σ −1

N 1+ϕ

t
t
This schedule could be derived from assuming instantaneous utility U (Ct , Nt ) = (1−σ)
− (1+ϕ)
,
aggregate goods market clearing Yt = Ct , and the budget constraint wt Nt = Ct .
58
This could be derived from a Dixit and Stiglitz (1977) model of monopolistic competition.
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the respective firms’ share in aggregate demand and their respective labor demand.

3.2.2

The Calvo law of motion

This paper proposes to model firms as being run by managers that, in principle, consider
to reset the price for their firm’s good in each period. Managers base the strategic
decision of updating or not updating the price on a cost-benefit analysis. Managers
cannot observe the resetting price before updating it, but they have expectations about
the relative resetting price Et−1 p̂∗t and the average old price Et−1 p̂ft . Thus, the costbenefit analysis is based on a measure of expected performance making use of this
knowledge.
We assume that the performance measure is based on the firm’s profits and due
to firms’ homogeneity finally based on markups. While maintaining the price has no
cost, resetting the price requires coordination within the firm that comes at a cost
τ that has to be taken into account, say, a meeting to establish what is the optimal
price in period t. More generally, τ may capture information acquisition, contract
revisions, negotiations, working time, agency cost, or, simply menu costs (Rotemberg,
1982). Thus, only if the expected performance of resetting the price net of the cost τ
outperforms the expected performance of maintaining the price, managers will initiate
the price resetting process.
Yet, there is an additional subtle but essential point that has to be taken into
account when computing the expected performance of maintaining the price. Even in
a model with a fixed parameter θ, maintaining the price has fundamentally different
implications for each individual firm as long as there is non-zero trend inflation. Each
firm has a different old price and thus faces a different opportunity cost between keeping
or changing their price. This heterogeneity among firms increases the complexity in
quantifying the expected performance of maintaining the price at the cost of model
tractability. We propose to sidestep this complex issue for the sake of tractability and
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to approximate the aggregate Calvo share variation θt in reduced form by building on
Brock and Hommes (1997) and assuming the following Calvo law of motion
f

θt =

f

eωEt−1 Ût

eωEt−1 Ût
,
∗
θ
+ eω(Et−1 Ût −τ +εt )

(3.8)

where 0 < θt < 1, and (1 − θt ) denotes the share of updated prices. Parameter ω ≥ 0
is denoted the intensity of choice and captures the idea that every period some firms
update their prices and others do not as long as ω < ∞. Thus, this parameter captures
the above discussed heterogeneity of firms in reduced form. Et−1 Ût∗ and Et−1 Ûtf are
the respective expected markup of updating and non updating firms in t considering
the available information set in t − 1.59 Parameter τ denotes an updating cost and
εθt denotes a contract shock, which follows an AR(1) stationary process. The shock
captures exogenous variation in the managers’ relative cost of updating their price. We
set this shock to zero for now, but use it for estimation purposes in later sections.60
Through the micro-foundations of the NK model, we know the profit of firm i is
written as Πit = (pit − wt )pti − Yt . Moreover we know that

∂Πit
∂pit

> 0 when pit =

Pti
Pt

is

neighbourhood of 1 which is the case when  is the range of its standard calibration
and output gap is relatively small. For the sake of simplicity, we take into account that
firms in the model have an identical cost structure, and that in equilibrium markets
clear, the Calvo law of motion can be equivalently expressed as:61
f

θt =

f

eωEt−1 p̂t

eωEt−1 p̂t
.
∗
θ
+ eω(Et−1 p̂t −τ +εt )

(3.9)

That is, the price setting frequency is driven by the difference between relative prices
59

A hat (ˆ·) indicates that a variable is expressed in log-deviation from their steady state. Without
any implications for the results in this paper, we directly express markups in log deviation rather than
in real deviation in order to harmonise this model in levels and the linearised NK model that will be
developed in the following section.
60
This specification nests the standard Calvo pricing model for ω → 0.
61
It is possible to develop the model assuming Uti = Πit , yet in this case the scaling of the switching
magnitude is a problem due to the fact that in a small NK model, the wedge between Πft and Π∗t is
decreasing when ω is increasing.
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with p̂ft denoting the average relative past price and p̂∗t denoting the relative optimal
price. Figure 3.2 illustrates the properties of (3.9).

θt
1
f (p∗t , pft ) = θt
f (p∗t , pft ) = θ̂t
1
1+e−ωτ

0
τ

Et−1 pft − Et−1 p∗t

Notes: The y axis is the level of θ and the x axis is the difference between the expected profit of not updating and
updating the price. The Calvo law of motion in functional form is in black. The linearised version is in red.

Figure 3.2: The Calvo law of motion and its linearised form

One can observe several worthwhile features from Figure 3.2. The function is
bounded between zero and one. In steady state, θ is determined by the intensity
of choice ω and the updating cost τ , i.e., θ = 1/(1 + e−ωτ ). For instance, zero updating
cost, τ = 0, imply a share of θ = 1/2. Moreover, in steady state the Calvo law of
motion nests pure time-dependent pricing for ω → 0 as in the standard Calvo model.
However, out of steady state, managers’ cost-benefit analysis implies state-dependent
pricing. In states where the benefit of updating the price outweighs the cost, the share
of firms that update their price increases. In states where the cost of updating the
price outweighs the benefit, the share of firms that maintain the price increases. From
(3.2) it is clear that managers have a stronger incentive to organize a price resetting
meeting when the expected future optimal price is higher than the expected average
price, because this suggests that the firm’s markup will increase. Yet, when the expected optimal price is lower relative to the expected average price, there is a weaker
incentive for managers to set up a meeting as it suggests that the firm’s markup will
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decrease.
While finite ω and τ as well as modest deviations of markups imply that θt varies
between zero and one, the two polar cases θt = 0 and θt = 1 are feasible. Fully flexible
prices, θt = 0, emerges if either Ût∗ → +∞ or Ûtf → −∞. In these extreme cases the
benefit of resetting the price will always outweigh the cost and the economy behaves
similar to a flexible price economy.
In the case of fixed prices, θt = 1, the optimal price is not evolving and is equal to
the steady state value of the marginal cost. This becomes feasible if either τ → +∞,
Ût∗ → −∞ or Ûtf → +∞. These are extreme cases, where the cost of resetting the
price will always outweigh the benefit.
Also ω is a crucial parameter in determining price setting behavior in our model.
Above we have interpreted it as a measuring how rational and heterogeneous agents
are in the strategy selection (Brock and Hommes, 1997). If ω = 0, then θ is constant
as in Calvo (1983) and pricing is entirely time-dependent. On the other hand, when
ω → +∞, all managers consider the whole set of information and do the optimal trade
off between both strategies. This leads to the extreme case where θt = {0, 1}. However,
while the true value of ω is an empirical question, we do not consider ω → +∞ to be
a likely case even if strategy selection is entirely rational.62

3.2.3

Asymmetric dynamics in the Phillips curve

In the simplified model of this section we assume εθt = 0 ∀t and that agents are not
forward-looking. Nevertheless, they observe the past. Therefore, we assume Et−1 p̂∗i,t =
p̂∗i,t−1 and Et−1 p̂ft = p̂ft−1 in (3.9). Then the model can be solved recursively after
defining the size of the shock at every period.
We use simulated impulse responses to illustrate an important feature of this simplified model that will also appear in the NK model that we analyse further below:
62

Brock and Hommes (1997) argue that when ω → +∞ the Calvo law of motion reaches the
neoclassical limit where θt = {0, 1} is rational because it is always optimal.
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asymmetric dynamics in the Phillips curve implied by the Calvo law of motion. As
this analysis is solely for illustrative purposes, we parametrize the model with values
that are frequently used in the literature as can be seen from Table 3.1. Appendix
3.A.1 reports the steady state for this model and it becomes clear that this calibration
implies a steady state gross rate of inflation of π = 1.0052, which corresponds to 2
percent in annualized terms.63

ω
θ
σ
ϕ

ρ

Intensity of choice
Calvo share steady state
Relative risk aversion
Frisch elasticity
Price elasticity of demand
Demand shock, AR(1)

Values
2
1
= 0.75
1+e−ωτ
1
1
9
0.8

Table 3.1: Calibrated parameters (quarterly basis)

Figure 3.3a displays the simulated impulse response functions to a positive 10 percent demand shock. We start with the benchmark of time invariant θ (black dashed
line). The shock raises output and marginal cost, equal to wt , on impact above their
steady state level. Firms that can reset the price, raise their price to stabilize their
markup. In consequence, p∗t and πt increase and pft must decline on impact. The
subsequent periods show a persistent monotonic convergence of endogenous variables
toward their steady state levels. This is due to the persistence in the demand shock
which implies that a fixed share of firms will revise their price upward each period
until marginal cost have returned to their steady state value. It is important to note
that because of an exogenous aggregate demand side (i.e., the absence of feedback loop
between prices and demand), output, marginal cost, and the optimal price decision are
the same between the benchmark and the model enriched with θt .
63

The results are robust to different calibrations. Here, we assume log utility. The intensity of
choice is taken from the heuristic switching learning literature. The price elasticity of demand tunes
the level of inflation and the optimal relative price.
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(a) Response to a positive +10% demand shock
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(b) Response to a negative -10% demand shock
Notes: IRFs are displayed in levels. The blue line depicts the IRFs for the enriched model with θt . The black dashed
line depicts the IRFs for the benchmark model with fixed θ. The black solid line depicts the steady state.

Figure 3.3: Asymmetric impulse responses of the simple model

75

CHAPTER 3. PRICE SETTING FREQUENCY AND THE PHILLIPS CURVE
Relative to the benchmark model, a time-varying Calvo share θt (blue solid line)
has novel and important implications: while the responses of output and marginal cost
are identical, the responses of nominal variables are strikingly different after the initial
impact of the shock in t = 1. The boom in demand implies that the performance
review of managers modelled by (3.8) after the impact period leads managers to the
conclusion that raising the price net of the cost τ implies a higher markup relative to not
raising the price. This implies that managers will setup meetings to reset the price and
more firms will actually do so. Therefore θt declines, which translates into even higher
inflation relative to the impact period and an even larger share of firms that have reset
the price since the shock occurred. As more and more firms have already reset their
price and marginal cost monotonically decline, more managers refrain from organizing
meetings as their performance review modelled by (3.8) suggests that maintaining the
price is the better strategy. This implies a hump-shaped response of inflation to a
positive demand shock.
Next, we report simulated impulse response functions to a negative 10 percent
demand shock in Figure 3.3b. In the benchmark with time invariant θ (black dashed
line), the impulse responses and the economic intuition behind them are exactly the
opposite of the positive demand shock. However, in the case of time-varying θt (blue
solid line) the responses in the recession are strikingly different compared to a boom,
but more in line with the benchmark model.
The initial effects are again identical to the benchmark model. In subsequent periods, the performance review of managers leads them to the conclusion that lowering
the price net of the cost τ implies a lower markup relative to maintaining the price.
Thus, a lower share of managers will set up meetings to reset the price and less firms
will actually do so. Thus, θt increases, which translates into lower inflation relative
to the impact period and a lower share of firms that have reset the price since the
shock occurred. The relative advantage of not resetting the price dies out as marginal
cost monotonically increase toward their steady state. It follows that more managers
76
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organize meetings and more firms reset their price. Thus, θt reverts back to its steady
state as well.
The above exercise makes clear that the Calvo law of motion implies an asymmetry
in price setting by firms. The source of this behaviour is rooted in the countercyclical
markups. Raising prices in booms raises markups (and therefore profits) relative to
keeping the price unchanged. In contrast, lowering prices in recessions lowers markups
relative to maintaining the price. As a consequence, the model with time-varying θt
generates hump-shaped and larger responses of inflation relative to the benchmark case
of the invariant θ in booms (see Figure 3.3a), but responses close to the benchmark
model in recessions (see Figure 3.3b).
This asymmetry in impulse response functions to a demand shock translates into a
prediction for the Phillips curve of this simple model, which is illustrated in Figure 3.4a.
The Phillips curve is flat in recessions and steep in booms, which can be rationalized by
the adjustment of the Calvo share over time, see Figure 3.4b. When inflation is high,
the markup implied by the past average price level is low and the of price resetting
frequency is high. In contrast, when inflation is low, the markup implied by the past
average price level is high and the price resetting frequency is low.
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(b) Relation between inflation and the Calvo share
Notes: Blue crosses are the model’s responses. Black squares are in the benchmark case with ω = 0 and no active
switching. Results are computed over 1,000,000 periods (Results are displayed in levels. The demand shock standard
deviation is 0.1.)

Figure 3.4: Global dynamics in the simplified model

78

3.3. An augmented small-scale NK model
It is remarkable that even without any forward-looking private sector behavior
or features such as price indexation, our model displays an asymmetric accelerating
Phillips curve where deflation is limited and inflation is self re-enforcing. Therefore
our modelling approach has the potential to explain low, but positive inflation during
times of persistent slack as observed during the Great Recession, which the literature
denotes the missing deflation puzzle. Widely used models such as the standard NK
model fail to explain these observations (Hall, 2011). Thus, the results obtained in our
simplified model with exogenous aggregate demand, naturally motivate to examine the
implications of the Calvo law of motion within an otherwise standard linearised NK
model, where there is endogenous feedback to price setting. Even more important, this
exercise equips us with a framework to assess the fit of this augmented NK model to
both micro and macro data.

3.3

An augmented small-scale NK model

Herein we develop a standard small-scale NK model augmented with the Calvo law
of motion (3.8). This model has similar predictions as the simple model discussed
above (see Appendix 3.C for details). In the subsequent section, we use this model
to examine the extent to which the Calvo law of motion (3.8) helps to make the NK
model consistent with both macroeconomic and microeconomic data. The novelty in
the model is that the time-varying Calvo share θt enters in the forward looking profit
maximization problem of intermediate firms. Most parts of the model are identical to
Ascari and Sbordone (2014). Therefore we focus on the departures from this model,
namely the firms’ pricing problem, the Calvo law of motion and the resulting price
dispersion.
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3.3.1

The firm’s pricing problem

First we discuss the intermediate firms’ price setting problem. The novelty is that we
consider θt as an endogenous variable and not as a parameter. These firms maximize
the expected present value of profits over an infinite horizon by applying the stochastic
discount factor and the current and expected future frequency of price setting in an
inflationary world. The price setting frequency and therefore the optimal reset price
depends on the current and expected markup generated by the pricing decision. Those
assumptions generate a complex feedback loop between the pricing decision and the
resetting decision. Formally the problem is

max

{Pt∗ }∞
t=0

Et

∞
X
j=0

j
Dt,t+j θt+j


s.t.

where Dt,t+j ≡ β j

λt+j
λo

Yi,t+j =

Pt∗
Pt+j




Γ0t+j
Pt∗
−
Yi,t+j
Pt+j
Pt+j

(3.10)

−
Yt+j ,

(3.11)

is the stochastic discount factor with λt+j denoting the t + j

marginal utility of consumption. Γ0t is the marginal cost, Pt is the price level, Yt is
the output level  is the price elasticity of demand and Pt∗ is the optimal price for the
resetting firm.
The first-order necessary condition for an optimum boils down to the following
equation which stands for the optimal price set by the resetting firm

Pt∗

P∞ j

Yt+j Γ0t+j )
 Et j=0 θt+j Dt,t+j (Pt+j
=
.
P
j
−1
 − 1 Et ∞
j=0 θt+j Dt,t+j (Pt+j Yt+j )

(3.12)

We note that Γ0t+j = wt+j holds because of the simple linear production function of
intermediate goods producers. Moreover, the aggregate price level evolves according
to

1−
Pt = θt Pt−1
+ (1 − θt )Pt∗ 1−
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1
 1−

.

(3.13)
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We define Πt,t+j−1 as the cumulative gross inflation between t and t + j − 1

Πt,t+j−1 =





Pt Pt+1
Pt−1 Pt

× ... ×


 1

Pt+j−1
Pt+j−2

for j = 1, 2, ...

(3.14)

for j = 0.

Dividing both sides of (3.12) by Pt we obtain
p∗t

P∞ j
 Et j=0 θt+j β j Πt+1,t+j Yt+j wt+j
=
,
P
j
j −1
 − 1 Et ∞
j=0 θt+j β Πt+1,t+j Yt+j

(3.15)

∗
where p∗t ≡ Pi,t
/Pt is the relative price level implied by the optimal price decision.

Then we apply the definition of one period gross inflation in t, πt ≡ Pt /Pt−1 and use
(3.13) to obtain
1

1 = (θt πt−1 + (1 − θt )p∗t 1− ) 1− .

(3.16)

It follows that we can rewrite (3.12) as
 ψt
,
where
 − 1 φt
∞
X
j
ψt = Et
θt+j
β j Πt+1,t+j Yt+j wt+j ,
p∗t =

φt = Et

j=0
∞
X

j
θt+j
β j Π−1
t+1,t+j Yt+j .

(3.17)
(3.18)
(3.19)

j=0

The latter two expressions can be written recursively as


ψt = wt + Et βθt+1 πt+1
ψt+1

(3.20)

−1
φt = 1 + Et βθt+1 πt+1
φt+1 .

(3.21)
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3.3.2

The Calvo law of motion with forward-looking firms

Similar to the simplified model above, the price setting frequency of intermediate firms
in the augmented NK model depends on the managers’ decisions on organizing a price
setting meeting. However, given that firms are no longer myopic, it is important to
note the timing. At the beginning of period t, managers form expectations about
the current relative prices given the information set available at the end of period
t − 1. This implies that managers do not know the period t optimal price p∗i,t , but
have to form rational expectations about this price, i.e., Et−1 p̂∗i,t . The same is true
for the expected benefit of not updating the price Et−1 p̂ft . These expected relative
prices are equal to the respective expected markup of updating and non updating
firms in t considering the available information set in t − 1. Given the general Calvo
law of motion (3.8) discussed above, these expected markups determine whether a firm
organizes a meeting for updating the price in period t. Once a firm has decided to
organize a meeting, information available in period t is collected and the optimal price
is determined in the meeting. This can be envisioned as a costly updating process
similar to the one in Mankiw and Reis (2002).

3.3.3

Price dispersion

Given the Calvo law of motion, price dispersion is a more complex process relative
to the standard trend inflation NK model. Due to the time-varying θt , when relative
current optimal prices, inflation or past dispersion are high, price dispersion increases.
In order to illustrate this point, consider the definition of relative price dispersion

st ≡
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Z
0

1



Pi,t
Pt

−
di.

(3.22)
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Under the Calvo pricing this can be expressed as

1
st = −
Pt

∞
X
k=0

!
∗
)− ,
θt|t−k (1 − θt−k )(Pi,t−k

where θt|t−k =




Πk−1 θ

if

k ≥ 1,



1,

if

k = 0,

s=0 t−s ,

(3.23)
or, recursively as

st = (1 − θt )p∗−
+ θt πt st−1 .
t

(3.24)

From the above expression for st one can see that the time-varying Calvo share θt
implies complex, time-varying effects on price dispersion. On the one side, when the
price setting frequency is low, i.e., θt is high, less firms are updating to the new optimal
price, which implies an increase in price dispersion. On the other side, when the price
setting frequency is high, i.e., θt is low, more firms update their price optimally, which
implies that more firms choose the optimal price. This decreases price dispersion.
Accordingly, these complex, time-varying effects on price dispersion can have novel
and important effects on inflation dynamics.

3.3.4

The linearised Phillips curve

In order to understand how the Calvo law of motion affects the model dynamics,
we linearise the NK Phillips curve around a trend inflation steady state as in Ascari
and Sbordone (2014) (see Appendix 3.A.3). Throughout the linearisation, we assume
0 < θ < 1 to avoid the empirically implausible polar cases θ = {0, 1}.64 Thus, the NK
Phillips curve can be written as

π̂t = α1 ŵt + α2 Et π̂t+1 + α3 Et φ̂t+1 + α4 θ̂t + α5 Et θ̂t+1
64

(3.25)

Based on Figure 3.1 this seems to be a reasonable assumption.
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with α1 , α2 , α3 > 0 and α4 , α5 < 0 being the composite parameters displayed and
discussed in Appendix 3.B. The last two terms in (3.25) emerge because of the Calvo
law of motion. In addition, as we discuss below, also Et φ̂t+1 is affected by the timevarying price setting frequency.
As in a standard trend inflation model, inflation π̂t is positively linked to expected
inflation Et π̂t+1 , marginal cost ŵt and the additional term φ̂t . Moreover, we can disentangle the relation between θ̂t , Et θ̂t+1 and π̂t . First of all, there is a negative relation
between θ̂t and π̂t . Consistent with our discussion of the effect of θt on price dispersion
st in (3.22), the higher θ̂t , the less frequent price changes are and thus the less inflation
we observe. The relation is also negative between Et θ̂t+1 and π̂t . Thus, if the economy
is expected to be less flexible in the next period, inflation will also be lower.
The Calvo law of motion and a positive trend inflation steady state together have
an additional effect on inflation in (3.25) via

φ̂t = βθπ −1 (Et θ̂t+1 + ( − 1)Et π̂t+1 + Et φ̂t+1 ).

(3.26)

Indeed, the higher expected values of θ̂t are, the higher current inflation is. This is
generated by the same effect as a “fear of missing out” on price adjustment. If a firm
expects less flexibility of the economy in the future in an inflationary environment, it
may increase the price now.
Finally, it is important to mention that, while considering a non-zero trend inflation
steady state appears generally plausible in light of the positive inflation targets proclaimed by many central banks, it is essential for our purposes. With a zero inflation
steady state, there is no difference in the steady state price of a price re-setter and a
non price re-setter, i.e., pf = p∗i . Thus, in a first order approximation of the effect of
the variations of the resetting and non resetting shares would simply cancel themselves.
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3.3.5

The complete model

Our model is very similar to a standard NK model with trend inflation, (see, e.g.,
Ascari and Sbordone, 2014) as we only add the Calvo law of motion. The complete
non-linear system of model equations is as follows:
it

d

Euler equation: (Yt − ~Yt−1 )−σ eεt = βEt

πt+1

d

(Yt+1 − ~Yt )−σ eεt+1

s

Marginal cost: wt = χeεt Ntϕ Ytσ

(3.28)

Labour supply: Yt = Nt /st
Relative prices:

x
Pi,t

Pt

= pxi,t

(3.27)

(3.29)
for x ∈ {∗, f }

(3.30)

f

Calvo law of motion: θt =

f

eωEt−1 p̂t

eωEt−1 p̂t
∗
θ
+ eω(Et−1 p̂i,t −τ +εt )

(3.31)

1

Agg. price dynamics: 1 = (θt πt−1 + (1 − θt )pt∗ 1− ) 1−

(3.32)


ψt+1
 wt + Et βθt+1 πt+1
−1
 − 1 1 + Et βθt+1 πt+1 φt+1
1
Price law of motion: pft =
πt

Opt. price setting: p∗t =

(3.33)
(3.34)

Price dispersion: st = (1 − θt )p∗t − + θt πt st−1

(3.35)

Monetary policy: it − i = (1 − ρ){φπ (πt − π) + φy (

Yt − Y
)}
Y

+ ρ(it−1 − i) + εrt
j

j

Shocks: eεt = eρj εt−1 +uεj ,t ,

where

(3.36)
(3.37)

j ∈ {d, s, r, θ},

(3.38)

with 0 ≤ ρj < 1 and uεj ,t ∼ iidN (0, σj2 ).

3.4

Empirical analysis of the small-scale NK model

The augmented NK model confirms the intuitions and predictions discussed in the context of the simple model above (see Appendix 3.C). However, there are quantitative
differences relative to the standard NK model and two key predictions distinguish the
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augmented from the standard NK model: first, the price setting frequency is timevarying and the relative price dispersion moves in opposite directions (again see Appendix 3.C for more details). Thus, a natural question presents itself: which model
is more consistent with the data? The remainder of the paper provides an answer to
this question by comparing an estimated version of the augmented NK model to the
standard NK model.

3.4.1

Data and measurement equations

We use four quarterly time series in log-levels: the output gap, inflation, the Federal
Funds rate and the share of unchanged prices depicted in Figure 3.1. The sample ranges
from 1964 to 2018. The output gap (GDPC1),65 inflation (CPI) and the Federal Funds
(FEDFUNDS) rate are taken from Fred.
The main innovation of our estimation is that we use the share of unchanged prices
in the estimation in order to assess the consistency of our model with microeconomic
next to macroeconomic data. To construct this time series, we use the data on monthly
prices changes from Nakamura et al. (2018) between 1978 to 2015 (see the note in
Figure 3.1 for methodological details). Conceptually this share of unchanged prices
corresponds to the Calvo share θt , which accounts for the share of prices that are not
updated per quarter. Note that θt is not available for the periods 1964 to 1978 and
2015 to 2018. Thus, for these periods we treat θt as a latent state variable and exclude
it from the likelihood optimization problem.66
65

The output gap is the log deviation of the real GDP time series from a linear growth trend
computed by the authors in order to keep a zero mean time series
66
An alternative is to estimate the model solely for the sample 1978 to 2015. However, such short
samples raise many general identification problems.
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The observables are related to the model variables by the measurement equations

ytobs = ŷt

(3.39)

πtobs = 100 × ln(1 + γπ /100 = π) + π̂t

(3.40)

rtobs = 100 × r + ît

(3.41)

θtobs = 100 × ln(θ) + θ̂t ,

(3.42)

where r = (π/β) − 1 is the quarterly risk free rate.

3.4.2

Parameter estimates

We linearise the model around a trend inflation steady state as in Ascari and Sbordone
(2014) (see Appendix 3.A.3 for the detailed derivation of the NK Philips curve) and
estimate the model using a linear Kalman filter with Bayesian Priors and Monte-Carlo
Markow chain sampling. The linearisation, optimization and sampling are handled by
Dynare (Juillard et al., 1996) using the Metropolis Hastings algorithm with a diagonal
covariance matrix.
For the parameters shared by the augmented and the standard NK model, we
define priors according to Table 3.2. Our choices are broadly in line with the Smets
and Wouters (2007) priors.67 In addition, for the augmented NK model, we choose a
prior for ω normally distributed around 10 with a standard deviation of 0.5. This choice
is in line with empirical and experimental evidence of ω ∈ [0, 10] using the heuristic
switching model (see, e.g., Cornea-Madeira, Hommes and Massaro, 2019; Hommes,
2011, 2020). Results are robust for a prior range of 0 < ω < 10, but the identification
is fairly challenging and we need to use a relatively tight prior. Consequently, our
choice is motivated by delivering the best fit in the range for ω.
67

The only deviation from Smets and Wouters (2007) is a reduced standard deviation for φπ and a
change in the mean γπ . The former guarantees plausible estimates of φπ and the latter ensures that
the prior matches the historical average.
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As is standard in the literature, we calibrate the price elasticity of demand to  = 21,
which implies a mark-up of 5% in line with empirical estimates by Basu and Fernald
(1997). Finally, we do not use price indexation in order to facilitate convergence by the
implied additional lags in the Phillips curve and the Calvo law of motion. Thus, price
indexation would have an interaction with the mechanism introduced by the Calvo law
of motion. This would make it difficult to rationalize the empirical performance of the
augmented relative to the standard model exclusively by the Calvo law of motion.

Price- and wage-setting
ω
Intensity of choice
θ
Calvo share
Monetary authority
φπ
MP. stance, πt
φy
MP. stance, Yt
ρ
Interest-rate smoothing
Preferences and technology
100((π/β) − 1) Natural interest rate
σ
Relative risk aversion
ϕ
Inverse of Frisch elasticity
~
Consumption habit
Exogenous processes
σd
Discount factor shock, std.
σs
Cost-push shock, std.
σr
MP shock, std.
σθ
Contract shock, std.
ρd
Discount factor shock, AR(1)
ρs
Cost-push shock, AR(1)
ρr
MP shock, AR(1)
ρθ
Contract shock, AR(1)
γπ
Quarterly inflation trend
Log-likelihood

Prior
Shape Mean STD
N
10
.5
B
.5
.1

Posterior: Dynamic Calvo
Mean
5%
95%
12.8981 12.3587 13.5742
0.7174 0.7074 0.7279

N
N
B

1.5
.125
.75

.15
.05
.1

1.5206
0.0052
0.4899

1.3851
0.0000
0.3991

1.6456
0.0117
0.5764

G
N
N
B

.75
1.5
2
.7

.1
.37
.75
.1

0.8481
0.9072
2.3461
0.6333

0.7705
0.8500
2.1320
0.5561

0.9716
0.9749
2.5604
0.7432

IG
IG
IG
IG
B
B
B
B
G

.1
.1
.1
.1
.5
.5
.5
.5
.849

2
2
2
2
.2
.2
.2
.2
.2

0.0234
0.0483
0.0063
0.0151
0.7789
0.9819
0.3958
0.4879
0.6975

0.0174 0.0301
0.0414 0.0550
0.0057 0.0068
0.0133 0.0168
0.6802 0.8790
0.9687 0.9950
0.2113 0.5142
0.3941 0.5883
0.6146 0.7680
-996.583602

Table 3.2: Estimated parameters of the augmented small-scale NK model (US: 1964-2019).
B, G, IG, N denote beta, gamma, inverse gamma and normal distributions,
respectively.

Our estimated parameter values are reported in Table 3.2. The parameters shared
with the standard NK model are all broadly in line with the previous literature. Also
the parameter estimates for the Calvo law of motion are plausible. The steady state
Calvo share θ = 0.7174 is fairly close to the historical average in various datasets. The
intensity of choice ω = 12.8981 is strictly positive and in line with the evidence on
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dynamic predictor selection. Our estimates for the standard shock processes are also
in line with existing literature, and, most important, these shocks are the main drivers
of the variation in the Calvo share. Figure 3.5 illustrates that monetary policy and
discount factor shocks play an important role in explaining the variation of the Calvo
share over the sample. This finding demonstrates the consistency of the Calvo law of
motion with the US business cycle. Remarkably, contract shocks appear to play a key
role mostly right before and at the onset of the Great Recession. We rationalize this
finding by the extraordinary events on commodity markets underlying the dynamics
in the price setting frequency data (see Nakamura et al., 2018, pp.1968-1969). By
construction, our model is too abstract to capture these extraordinary dynamics as
this is not our objective in this paper. The contract shock seems to absorb these
dynamics.

3.4.3

Consistency with the data

We next demonstrate that the Calvo law of motion improves the consistency of the
NK model with macroeconomic and microeconomic data by two exercises. First, we
re-estimate the augmented NK model while treating θt as a latent state variable. We
then compare the predicted path for the latent state variable θt to the series from Nakamura et al. (2018) depicted in Figure 3.1. Second, we assess the model’s capability to
replicate the post-WWII US Phillips curves during four different episodes: pre-Great
Moderation, Great Moderation, Great Recession and New Normal.

The relevance of the Calvo law of motion. The estimated model naturally raises
the question of whether the augmented NK model is consistent with the Nakamura
et al. (2018) data. We provide an answer by comparing the predicted path for the
latent state variable θt from the estimation of the augmented NK model with three
observables to the Nakamura et al. (2018) data in Figure 3.6.
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Figure 3.5: Historical decomposition of the Calvo’s dynamic based on US data (1964-2018)

Overall, the predicted path and the data line up fairly good both in qualitative
and quantitative terms. The only notable deviation is again the 2008 crisis where our
model generates a spike in θt (less price updating) while the data displays a drop (more
price updating). As above, this finding can be rationalized by extraordinary events (see
Nakamura et al., 2018, pp.1968-1969). Therefore, in sum, Figure 3.6 suggests that the
Calvo law of motion is a relevant and reasonable modelling device as it makes the NK
model consistent with microeconomic data on price setting frequency.

Fitting the post-WWII US Phillips curves. We now show that the Calvo law of
motion also improves the consistency of NK model with macroeconomic data in the
sense that it enables the NK model to better explain the post-WWII US Phillips curves
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Quarterly share of unchanged prices

0.8

0.75

0.7

0.65

0.6
Nakamura et al. 2018
Non fitted generated data

0.55
1980

1985

1990

1995

2000

2005

2010

2015

U.S Quarters
Notes: Nakamura et al. 2018 data are computed by the authors as in Figure 2. Non fitted generated data are the latent
state variable generated by the model when estimated to fit only inflation, Fed Fund Rate and output gap. In order
to avoid identification issue on θ we define a normally distributed prior with a mean of 0.75 and standard deviation of
0.05.

Figure 3.6: Generated Calvo share as latent state variable vs. micro data

during four different historical episodes: pre-Great Moderation, Great Moderation,
Great Recession and New Normal.
In order to do so, we compare the observed data for inflation and the output gap,
πtobs and ytobs , to counter-factual predictions derived from an exercise in which the Calvo
parameter is equal to the mean estimate of the steady state θt = θ. We then apply
the same sequences of aggregate shocks, same initial values and the same estimated
parameter values.
Figure 3.7 contrasts the observed data and the data generated by the counter-factual
exercise. During the pre-Great Moderation sample in Panel (a.), the counter-factual
scenario with a static Calvo share exhibits systematically lower inflation than the data.
Consistent with this observation, Table 3.3 reports that the average of quarterly observed inflation was 1.3% during that period, whereas the counter-factual predicts
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Figure 3.7: Phillips curve dynamics in the NK models and its counter-factual

1.02%. Table 3.3 also contains estimated Phillips Curve slope coefficients, b, from
regressing inflation on the output gap. While the slope in the data and the counterfactual is comparable during the pre-Great Moderation sample, the counter-factual
slope does not flatten to a similar extent during the Great Moderation period (see also
Panel (b.)). In contrast, the augmented model can capture this observed flatting to a
better extent. The explanation is the dynamic Calvo share, which allows the model
to better fit the data despite comparable average inflation and mean estimates for the
Calvo share. These findings already demonstrate that the standard NK model with a
fixed Calvo share fails to predict important patterns in macroeconomic data and that
the dynamic Calvo share improves the fit to the data.
We now turn to the Great Recession period. In the data, the slope of the Phillips
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Curve is less flat relative to the Great Moderation, but flatter relative to the counterfactual. The key insight is that in the counter-factual scenario of a static Calvo share,
the model predicts deflation, whereas this missing deflation puzzle is resolved by the
dynamic Calvo share. This insight is based on two observations: first, the counterfactual again predicts systematically lower inflation; second, the regression intercept,
a, which can be interpreted as the zero output gap inflation prediction, is negative,
whereas it is positive in the data.
Finally, during the New Normal, the slope is slightly negative, but essentially zero
in the data and the counter-factual. It is tempting to interpret this finding as an
indication that both models predict an inversion of the Phillips curve and a slope that
could resolve the missing inflation puzzle during the New Normal. Indeed, average
inflation is predicted to be slightly below the period of the Great Moderation in both
cases. However, one has to be cautious. The result could be driven by the fact that
we compute the output gap with a linear trend. It is well known that under the
assumption of a linear trend, the output gap has been far from closing throughout the
New Normal. In turn, this could affect the sequences of estimated shocks during this
period (identified under the assumption of a dynamic Calvo share). As the counterfactual is based on these shocks, the counter-factual results for the New Normal could
be driven by these shocks rather than the fixed Calvo share.
Both the figure and table document the flattening of the Phillips curve during the
Great Moderation that prevails throughout the Great Recession and New Normal in
the data. The augmented NK model fits these patterns better than the standard NK
model. This is no surprise as it is known that for the standard NK model with fixed θ,
the only way to change the slope of the Phillips curve is through implausible high costpush shocks. This is why standard estimates with time-invariant price setting frequency
tend to exhibit Calvo parameter estimates that inconsistent with microeconomic data
on price setting frequency and large cost-push shocks that are negatively correlated
with the output gap.
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Dynamic Calvo
Static Calvo
Data
Counter-factual
Pre-Great Moderation 1964Q1-1984Q4 :
a - estimated inflation at zero output gap
b - estimated linear relation ŷt /π̂tobs
av(π̂tobs ) - average inflation (%)
av(θt ) - average Calvo Share

1.4353
0.0953
1.3006
0.6644

0.9440
0.1033
1.0235
0.7174

Great Moderation 1985Q1-2007Q3 :
a - estimated inflation at zero output gap
b - estimated linear relation ŷt /π̂tobs
av(π̂tobs ) - average inflation (%)
av(θt ) - average Calvo Share

0.6013
0
0.6013
0.7279

0.4400
0.0170
0.5375
0.7174

Great Recession 2007Q4-2009Q3 :
a - estimated inflation at zero output gap
b - estimated linear relation ŷt /π̂tobs
av(π̂tobs ) - average inflation (%)
av(θt ) - average Calvo Share

0.1854
0.0432
0.1805
0.6859

0.0086
0.0455
0.0086
0.7174

New Normal 2009Q4-2019Q4 :
a - estimated inflation at zero output gap
b - estimated linear relation ŷt /π̂tobs
av(π̂tobs ) - average inflation (%)
av(θt ) - average Calvo Share

0.4051
−0.0024
0.4212
0.7452

0.1795
−0.0143
0.3787
0.7174

Table 3.3: Results for the Phillips curve statistics and additional counterfactual simulations.
Philips curves are computed as a linear approximation of the relation between
ŷt and π̂tobs such as π̂tobs = a + bŷt + t that satisfies the least square error term.

In contrast, in the augmented NK model, inflation is not predominantly driven
by cost-push shocks (which is in the end the unexplained inflation residual of the
model), but to a large extent driven by discount factor and monetary policy shocks.
Figure 3.8 displays the shocks driving the variation in inflation. Another interesting
observation in this figure is that the cost-push shocks and the contract shock do not
play a large role during the pre-Great Moderation and the New Normal period. This
suggests that during these periods, inflation is driven by the time-varying price setting
frequency, which depends on discount factor and monetary policy shocks.68 Thus, in
68
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This is consistent with the empirical findings in Del Negro et al. (2020). They explain the change
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Figure 3.8: Historical decomposition of the inflation dynamic based on US data (1964-2019)

the augmented NK model, inflation can be explained directly by the dynamics of the
output gap driving price dispersion and the price setting frequency.
In order to replicate the flattening of the Phillips curve starting in the Great Moderation, the augmented NK model does not require implausible large (residual) cost-push
shocks on inflation. It also does not require a Calvo parameter inconsistent with micro
data that reduces the co-movement between inflation and output. Therefore we conclude that the Calvo law of motion also helps to make the NK model more consistent
with macroeconomic data.
Overall, our results suggest that the Calvo law of motion also offers great potential
to improve the NK model’s macroeconomic time series fit. This could be highly relevant
in the relation between inflation and unemployment by a flattening of the price Phillips curve.
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for estimated medium-scale NK models. An in-depth assessment of this potential can
be done by comparing the marginal likelihood for the augmented and the standard NK
model. We pursue this comparison right below.

3.5

Empirical analysis of a medium-scale NK model

The analysis of the augmented small-scale NK model above suggests that the Calvo law
of motion improves the NK model’s fit to both macro and micro data. However, the result that cost-push shocks do not play a major role in accounting for inflation contrasts
the findings of estimated medium-scale DSGE models in the tradition of Smets and
Wouters (2007). We explain this discrepancy in findings with the Calvo law of motion’s
success in approximating actual price setting behavior of firms. Alternatively, one may
rather attribute the discrepancy to the unrealistic nature of the small-scale model than
to the Calvo law of motion. In particular, the small-scale model restricts the number
of exogenous shock processes relative to more realistic medium-scale DSGE models.
Moreover, the small-scale model lacks many potentially important realistic features
(e.g., investment, sticky wages), as well as popular mechanical sources of persistence
(e.g., habit formation, price indexation) that have been shown to be important in
accounting for observed inflation dynamics.
In order to investigate this issue, we estimate a standard and an augmented version
of a popular medium-scale NK model with many of the aforementioned features. The
augmented version has again an endogenous price setting frequency due to the Calvo
law of motion. However, we now refrain from relating this variable to the observed price
setting frequency via a measurement equation. This has the additional advantage that
both models can be compared based on the same number of shocks. We then compare
the empirical fit of the two estimated versions based on the marginal likelihood.
As a standard medium-scale DSGE model, we take the model developed in FernándezVillaverde and Rubio-Ramı́rez (2006) and estimated numerous times (see, e.g., Fernández96
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Villaverde, 2010; Fernández-Villaverde, Guerron-Quintana and Rubio-Ramı́rez, 2010;
Fernández-Villaverde and Rubio-Ramı́rez, 2007b) off the shelf.69 Fernández-Villaverde
(2010) provides a detailed model description and we stick to this notation. We emphasize that the model assumes sticky prices and wages due to the Calvo (1983) pricing
model. In the augmented version, we use the Calvo law of motion to endogenize the
price setting frequency for goods prices, θp , but not for wages in order to remain consistent with our analysis in the previous sections. This model also contains five exogenous
shocks: discount factor shock, labour supply shock, investment-specific technological
shock, neutral technology shock and a monetary policy shock.
We estimate the model based on five time series observed for the US over the period
1959Q1 to 2019Q4: real output growth, CPI growth, Fed fund rate, hourly real compensation growth and real investment growth since 1959 in the US.70 We also estimate
both models for the period 1959Q1 to 2007Q3 to guarantee that our conclusions are not
altered by changing the sample to the pre-Great Recession period. This also facilitates
comparison with the posterior estimates in Fernández-Villaverde (2010). The Bayesian
estimation procedure and robustness to different prior settings for the intensity of
choice are detailed in the Appendix 3.E. We mostly stick to the Fernández-Villaverde
(2010) protocol based on Smets and Wouters (2007) priors. Tables 3.4 and 3.5 present
information on the parameter prior and posterior distributions.
The most striking result is that the Calvo law of motion improves the model fit
to the data regardless of the sample length. While this improvement is rather modest
for the subsample 1959Q1 to 2007Q3 in relative terms, it is five times larger for the
entire sample including the Great Recession and the New Normal. We now discuss the
parameter estimates in greater detail.
69

We choose this model because, contrary to Smets and Wouters (2007), there exists a non-linear
version of it. The implementation of our dynamic Calvo share is therefore straightforward and we
can avoid cumbersome linearisation. The initial code has been provided by the Macroeconomic Model
Data Base (see Wieland, Afanasyeva, Kuete and Yoo, 2016).
70
Fernández-Villaverde (2010); Fernández-Villaverde and Rubio-Ramı́rez (2007b) use the relative
price of investment with respect to the price of consumption. Instead we follow the majority of papers
in the literature and use investment.
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.75
.125
1.5
.95
.25
.7
9
1
4
.3
.34
.178
.1
.1
.1
.1
.1
.5
.5

B
N
N
G
N
B
N
N
N
N
N
N
IG
IG
IG
IG
IG
B
B
2
2
2
2
2
.1
.1

.1
.025
3
.1
1.5
.025
.1
.075

.1
.05
.125
.1

0.0217
0.2824
0.0088
0.0215
0.0096
0.7880
0.9112

0.2888
0.7349
9.1902
1.1433
0.2675
0.1324
0.15
0.31

0.3516
0.2866
1.0146
0.9158

0.0185
0.27
0.0079
0.0183
0.0086
0.7221
0.8974
-1501.41

0.1125
0.7074
4.4795
1.0185
0.2007
0.1171
0.04
0.23

0.2653
0.2426
1.0089
0.7795

0.0245
0.3533
0.0096
0.0246
0.0106
0.8537
0.9278

0.4664
0.7653
13.9383
1.2947
0.3342
0.1472
0.25
0.4

0.4414
0.3321
1.0196
1.0511

Posterior: Dynamic Calvo
Mean
5%
95%
3.5799 2.0638
5.2788
0.7258 0.7036
0.7499
0.0994 0.0341
0.1638
0.6877 0.6692
0.6692
0.1502 0.1502
0.2082

0.0230
0.2566
0.0088
0.0259
0.0096
0.8193
0.8961

0.2185
0.7596
7.5778
1.1162
0.3729
0.1121
0.22
0.24

0.4691
0.2766
1.0129
0.9810

0.6895
0.1336
0.7012
0.1717
0.5386
0.3243
1.0168
1.0523

0.7195
0.2022
0.7135
0.2139

0.0203
0.2302
0.0079
0.0224
0.0086
0.8012
0.8831
-1512.36

0.0255
0.2742
0.0096
0.0304
0.0107
0.8423
0.9105

0.1231 0.3367
0.7399 0.7741
5.0248 10.8963
1.0284 1.2042
0.2933 0.4512
0.0990 0.1267
0.13
0.30
0.19
0.28

0.4168
0.2263
1.0088
0.9314

0.6629
0.0640
0.6890
0.1209

Posterior: Static Calvo
Mean
5%
95%

Table 3.4: Estimated parameters of the Fernández-Villaverde (2010) model (US: 1959-2008Q3). B, G, IG, N denote beta, gamma, inverse
gamma and normal distributions, respectively.

Price- and wage-setting
ω
Intensity of choice
θp
Calvo share, prices
χ
Indexation, prices
θw
Calvo share, wages
χw
Indexation, wages
Monetary authority
γR
Interest-rate smoothing
γy
MP. stance, output gap
γπ
MP. stance, inflation
100(Π − 1) Quarterly inflation trend
Preferences and technology
100(β −1 − 1) Time preference
~
Consumption habit
ψ
Scaling for labour supply
ϑ
Inverse of Frisch elasticity
κ
Capital adjustment cost
α
Capital share
100Λµ
Investment growth trend
100ΛA
Technology growth trend
Exogenous processes
σd
Discount factor shock, std.
σϕ
Labour supply shock, std.
σµ
Investment techno. shock, std.
σA
Neutral techno. shock, std.
σe
MP shock, std.
ρd
Discount factor shock, AR(1)
ρϕ
Labour supply shock, AR(1)
Log-likelihood

Prior
Shape Mean STD
B
5
1
B
.5
.1
B
.5
.15
B
.5
.1
B
.5
.1

.75
.125
1.5
.95
.25
.7
9
1
4
.3
.34
.178
.1
.1
.1
.1
.1
.5
.5

B
N
N
G
N
B
N
N
N
N
N
N
IG
IG
IG
IG
IG
B
B
2
2
2
2
2
.1
.1

.1
.025
3
.1
1.5
.025
.1
.075

.1
.05
.125
.1

Prior
Shape Mean STD
B
5
1
B
.5
.1
B
.5
.15
B
.5
.1
B
.5
.1

0.0260
0.0431
0.0077
0.0196
0.0085
0.8726
0.9947

0.1622
0.7755
6.7774
0.7461
0.3076
0.1984
0.12
0.12

0.3905
0.2424
1.0225
0.9877

0.0228
0.0379
0.0071
0.0168
0.0077
0.8395
0.9943
-1974.58

0.0645
0.7542
2.8349
0.6029
0.2461
0.1848
0.02
0.02

0.3192
0.2129
1.0189
0.8578

0.0294
0.0482
0.0083
0.0225
0.0092
0.9044
0.9950

0.2545
0.7982
10.6425
0.9077
0.3696
0.2116
0.21
0.20

0.4600
0.2717
1.0258
1.1164

Posterior: Dynamic Calvo
Mean
5%
95%
4.3112 2.8628
5.5554
0.6543 0.6139
0.6911
0.1411 0.0543
0.2212
0.3723 0.3273
0.4175
0.4800 0.3246
0.6122
0.3403
0.2574
0.2309
0.5058

0.0865
0.0543
0.0102
0.0122
0.0095
0.9913
0.9653

0.2592
0.7817
9.1205
0.8575
2.2009
0.1380
0.18
0.18

0.8197
0.0499
1.7806
1.1263

0.5164
0.6202
0.3647
0.7531

0.0561
0.0438
0.0092
0.0105
0.0085
0.9875
0.9558
-2029.85

0.1144
0.064
0.0113
0.0140
0.0105
0.9949
0.9746

0.0938 0.4284
0.7543 0.8113
4.5937 13.6441
0.6622 1.0468
1.4749 2.9322
0.1187 0.1562
0.02
0.32
0.09
0.27

0.7663 0.7164
0.0228
0
1.6140 1.4264
0.9637 0.8153

0.4265
0.4384
0.2996
0.6316

Posterior: Static Calvo
Mean
5%
95%

Table 3.5: Estimated parameters of the Fernández-Villaverde (2010) model (US: 1959-2019Q4). B, G, IG, N denote beta, gamma, inverse
gamma and normal distributions, respectively.

Price- and wage-setting
ω
Intensity of choice
θp
Calvo share, prices
χ
Indexation, prices
θw
Calvo share, wages
χw
Indexation, wages
Monetary authority
γR
Interest-rate smoothing
γy
MP. stance, output gap
γπ
MP. stance, inflation
100(Π − 1) Quarterly inflation trend
Preferences and technology
100(β −1 − 1) Time preference
~
Consumption habit
ψ
Scaling for labour supply
ϑ
Inverse of Frisch elasticity
κ
Capital adjustment cost
α
Capital share
100Λµ
Investment growth trend
100ΛA
Technology growth trend
Exogenous processes
σd
Discount factor shock, std.
σϕ
Labour supply shock, std.
σµ
Investment techno. shock, std.
σA
Neutral techno. shock, std.
σe
MP shock, std.
ρd
Discount factor shock, AR(1)
ρϕ
Labour supply shock, AR(1)
Log-likelihood
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Price- and wage-setting. For the augmented model, the estimate of the posterior
mean of the Calvo share θp is arguably close to the average of 0.7142 found in the
Nakamura et al. (2018) data plotted in Figure 3.1.71 Price indexation is estimated to
be rather unimportant in this model and it is remarkable that both the Calvo share θp
and the price indexation parameter χ remain rather unaffected by the sample length.
This finding stands in sharp contrast to the standard model.
Both the Calvo share and price indexation vary dramatically with the sample length
in the standard model. In particular, for the standard model to match the dynamics
of inflation over the entire sample, a high price indexation parameter in combination
with a rather low static Calvo share is required. This seems implausible for at least
two reasons: first, the estimated Calvo share is inconsistent with the average in the
Nakamura et al. (2018) data. Second, such a high degree of price indexation seems
inconsistent with previous findings (see, e.g., Del Negro et al., 2015; Smets and Wouters,
2007).
This exercise also allows us to shed light on how a dynamic price setting frequency
interacts with the labor market. In the augmented model, the Calvo probability for
wages, θw , is 0.68 for the subsample and 0.37 over the entire sample. For the standard
model, it is 0.70 for the subsample and 0.29 for the entire sample. Contrary, to fit the
data over the entire sample, wage indexation has to be dramatically larger compared
to the subsample estimate in both model versions.
To sum up, the subsample estimate regarding wage-setting parameters for both the
augmented and standard model are in line with the literature on estimated NK models.
This literature assigns an important role to nominal wage rigidities. However, to fit the
data over the entire sample, the standard model relies heavily on a dramatic decline
71

We follow Fernández-Villaverde and Rubio-Ramı́rez (2007b) who interpret the estimated θp as a
measure of price setting frequency. However, this interpretation is imprecise as the model features
price indexation and therefore all prices are changed each period. But at least for the low degrees of
price indexation that we estimate for the augmented NK model, this should be a negligible issue. An
alternative would be to estimate the model without price indexation.
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in the wage-setting frequency and a dramatic increase in exogenous wage indexation.
Contrary, the augmented model’s estimates for wage-setting behavior, θw and χw , are
less affected by the change in the sample length. Thus, the Calvo law of motions is a
mechanism that mutes labor market parameter instability.
Is the latter desirable? We believe that in light of the evidence provided in Del Negro
et al. (2020) the answer is yes. For example, Del Negro et al. (2020) provide evidence
from an SVAR and an estimated NK model that does not support the hypothesis that
there has been structural change on the labor market in recent years. Therefore the
labor market parameter estimates in our models should be unaffected by the sample
length.
Notice that our findings are also consistent with the results in Fernández-Villaverde
and Rubio-Ramı́rez (2007b) who find that there is an inverse relationship between
θp and χ and between θw and χw , once one allows these parameters to vary over
time. Fernández-Villaverde and Rubio-Ramı́rez (2007b) conclude that a high exogenous
price and wage indexation reflect important price and wage dynamics not captured in
the model. We find that the Calvo law of motion improves price- and wage setting
parameter stability over different sample lengths. This suggests that the Calvo law of
motion can capture these dynamics to some extent.72
Another important question is, whether the augmented NK model relies on implausible estimates of the intensity of choice, ω, to fit the data? The answer is clearly no.
Independent of the sample length, the parameter is arguably stable and in the range
of existing estimates (see , Cornea-Madeira et al., 2019). In Appendix 3.E.2 we show
that the full sample estimate for ω is robust to different priors.

Monetary authority. Does the augmented NK model yield plausible estimates for
the monetary authority parameters? We estimate coefficients for the output gap and
72

Consequently, one possible extension of our paper could be a reassessment of our findings in a
version where also θw is endogenized with the Calvo law of motion.
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interest-rate smoothing that are frequently reported to in the literature. The coefficient on inflation is close to, but above unity. This value is arguably at the lower end
of the typical range of estimates found in the literature. However, our sample covers
subsamples where this coefficient is typically clearly below unity or clearly above unity
(e.g., Lubik and Schorfheide, 2004). Therefore, our estimates are arguably within the
plausible range. Another plausible explanation is that the coefficients are affected by
the zero lower bound period in the data that we do not incorporate in the model.

Preferences and technology. The preference parameters are all in a reasonable
range. This holds for both model versions and independent of the sample length. The
technology parameters imply estimated average annual growth rates of real GDP per
quarter, 400(ΛA +αΛµ )/(1−α). For the subsample we obtain 1.52% for the augmented
and 1.19% for the standard NK model. The corresponding rates for the full sample
are 0.70% and 0.95%. Fernández-Villaverde (2010) estimates 1.7% over the sample
1959Q1 to 2007Q1 and uses different data for investment. Thus, while the sample
length differs, our subsample estimates are of comparable size. However, our estimates
for the full sample clearly lower. This may be rationalized by the fact that our full
sample covers the Great Recession and its aftermath.
All told, we conclude that the augmented NK model improves the model fit to the
data. Moreover, while not the primary objective of this exercise, the augmented NK
model also makes the model less prone to parameter instability and at the same time it
yields estimated parameters for the monetary authority, preferences, technology, and,
also for exogenous processes that are within a plausible range.

3.6

Conclusion

We developed a New Keynesian model with endogenous price setting frequency that is
consistent with the data both at the macro and micro level. In this way the NK model
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can potentially be reconciled with phenomena such as the flattening of the Phillips
curve and the missing deflation puzzle.
In our model, expected markups and costly updating drive heterogeneity and stickiness in price setting. A firm decides to update the price when expected benefits
outweigh expected cost and then resets the price optimally. We model the updating
decision with a discrete choice process that we denote the Calvo law of motion. The
process approximates well the individual trade offs that firms face when deciding about
price updating.
As markups are countercyclical, the model predicts that prices are more flexible
during expansions and less flexible during recessions. This in turn gives rise to a nonlinear Phillips curve. The price setting frequency accelerates during booms implying
an accelerating inflation. In contrast, the model permits a decelerating price setting
frequency during recessions and thus allows for mild deflation. This mechanism remains
effective in a linearised version of model that we take to the data.
We find that our setup with the Calvo law of motion provides a good approximation
of the observed aggregate price setting frequency based on micro data. Second, our
model, besides its small scale, also fits the observed dynamics in inflation and output
well. Third, the Calvo law of motion enables the model to explain the dynamics in
inflation data to a large extent by shocks to aggregate demand and the endogenous
evolution of the aggregate price setting frequency, while the contribution of cost-push
shocks to the shifts in the Phillips curve is very limited. Fourth, the Calvo law of motion
largely improves the macroeconomic time series fit of a medium-scale NK model. This
is especially true for samples that include the Great Recession and it aftermath.
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Appendix 3.A
3.A.1

Model details

The steady state of the simplified model

The simplified model has the following steady states: Y = 1, N = Y , w = N ϕ Y σ , as
well as

w
−1
1
(θ − 1)p∗i + 1 1−
)
π=(
θ
1
pf =
π
1
θ=
.
1 + e−ωτ
p∗ =
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(3.43)
(3.44)
(3.45)
(3.46)

3.A. Model details

3.A.2

The steady state of the NK model

The steady state of the model variables can be determined with the following equations.
1
1 − θπ −1 1−
 ψ
⇔ p∗i = (
)
−1φ
1−θ
w
ψ=
1 − θβπ 
1
φ=
1 − θβπ −1

p∗ =

1

(3.48)
(3.49)

1 = (θπ −1 + (1 − θ)pi∗ 1− ) 1−

(3.50)

θ=

(3.51)

1
1
=
−τ
1+e
1 + (θ−1 − 1)

w = ( − 1)/

(3.52)

π = β(1 + i)

(3.53)

N =1

(3.54)

Y = (N/s)

(3.55)

s=

(1 − θ)p∗ −
(1 − θπ  )

pf = 1/π.

3.A.3

(3.47)

(3.56)
(3.57)

Linearisation

The Phillips curve
We linearize (3.17)

p̂∗i,t = ψ̂t − φ̂t

(3.58)

ψ̂t = (1 − θβπ  )ŵt + βθπ  (Et θ̂t+1 + Et π̂t+1 + Et ψ̂t+1 )

(3.59)

then we linearize (3.20) :
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then we linearize (3.21) :

φ̂t = βθπ −1 (Et θ̂t+1 + ( − 1)Et π̂t+1 + Et φ̂t+1 )

(3.60)

then we linearize (3.13) :

0 = θ( − 1)π −1 π̂t + [(1 − θ)(1 − )p∗i 1− ]p̂∗i,t + π 1− θθ̂t − p∗ θθ̂t

(3.61)

0 = θ( − 1)π −1 π̂t + [(1 − θ)(1 − )p∗i 1− ]p̂∗i,t + (π 1− − p∗ )θθ̂t

(3.62)

0 = θ( − 1)π −1 π̂t + [(1 − θ)(1 − )(

p̂∗t =

1 − θπ −1 ∗
)]p̂i,t + (π 1− − p∗i )θθ̂t
1−θ

θπ −1
π 1− − p∗
π̂
−
θθ̂t
t
1 − θπ −1
(1 − )(1 − θπ −1 )

(3.63)

(3.64)

then we substitute (3.64) into (3.58)
θπ −1
π 1− − p∗i
ψ̂t = φ̂t +
π̂t −
θθ̂t
1 − θπ −1
(1 − )(1 − θπ −1 )

(3.65)

Now we plug(3.65) into (3.20)

φ̂t +

θπ −1
π 1− − p∗i
π̂
−
θθ̂t = (1 − θβπ  )ŵt ...
t
1 − θπ −1
(1 − )(1 − θπ −1 )
... + βθπ  (...
...Et θ̂t+1 + Et π̂t+1 + ...
...Et [φ̂t+1 +

θπ −1
π 1− − p∗i
π̂
−
θθ̂t+1 ]...
t+1
1 − θπ −1
(1 − )(1 − θπ −1 )

...)
(3.66)
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π 1− − p∗i
θπ −1
π̂
+
θθ̂t ...
t
1 − θπ −1
(1 − )(1 − θπ −1 )
θπ −1
π 1− − p∗i
... + βθπ  (Et θ̂t+1 + Et π̂t+1 + Et [φ̂t+1 +
π̂
−
θθ̂t+1 ])
t+1
1 − θπ −1
(1 − )(1 − θπ −1 )

φ̂t = (1 − θβπ  )ŵt −

(3.67)
and then we substitute (3.21)
βθπ −1 (Et θ̂t+1 + ( − 1)Et π̂t+1 + Et φ̂t+1 ) = (1 − θβπ  )ŵt −

π 1− − p∗i
θπ −1
π̂
+
θθ̂t ...
t
1 − θπ −1
(1 − )(1 − θπ −1 )

... + βθπ  (...
...Et θ̂t+1 + Et π̂t+1 + ...
π 1− − p∗i
θπ −1
π̂t+1 −
θθ̂t+1 ]...
...Et [φ̂t+1 +
1 − θπ −1
(1 − )(1 − θπ −1 )
...)
(3.68)

θπ −1
π 1− − p∗i

π̂
=
(1
−
θβπ
)
ŵ
+
θθ̂t − βθπ −1 (Et θ̂t+1 + ( − 1)Et π̂t+1 + Et φ̂t+1 )...
t
t
1 − θπ −1
(1 − )(1 − θπ −1 )
π 1− − p∗i
θπ −1
... + βθπ  (Et θ̂t+1 + Et π̂t+1 + Et [φ̂t+1 +
π̂
−
θθ̂t+1 ])
t+1
1 − θπ −1
(1 − )(1 − θπ −1 )
(3.69)

π̂t =

1 − θπ −1
{...
θπ −1

π 1− − p∗i
θθ̂t − βθπ −1 (Et θ̂t+1 + ( − 1)Et π̂t+1 + Et φ̂t+1 )...
(1 − )(1 − θπ −1 )
θπ −1
π 1− − p∗i
π̂
−
θθ̂t+1 ])...
... + βθπ  (Et θ̂t+1 + Et π̂t+1 + Et [φ̂t+1 +
t+1
1 − θπ −1
(1 − )(1 − θπ −1 )

(1 − θβπ  )ŵt +

...}
(3.70)
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π̂t =

π 1− − p∗i
π 1− − p∗i
(1 − θπ −1 )(1 − θβπ  )

ŵ
−
θ̂t ...
βθπ
E
θ̂
+
t
t
t+1
(1 − )π −1)
θπ −1
π −1
... + βπEt π̂t+1 + β(π − 1)(1 − θπ

−1

(3.71)

)[( − 1)Et π̂t+1 + Et φ̂t+1 + Et θ̂t+1 ]

simplifying :
βθπ 
π̂t = κŵt + βπEt π̂t+1 + η[( − 1)Et π̂t+1 + Et φ̂t+1 + Et θ̂t+1 ] − ι
Et θ̂t+1 + ιθ̂t
1−

(3.72)

with κ =

(1−θπ −1 )(1−θβπ  )
,
θπ −1

Appendix 3.B

η = β(π − 1)(1 − θπ −1 ) and ι =

π 1− −p∗i
.
π −1

Detailed in the linearised augmented
NK Phillips Curve

When the trend inflation π increases the values of |α4 | and |α5 | increase and thus
inflation reacts more to change in θt . Indeed, the optimal price is higher relative to the
existing prices and thus by construction a change in the share of non-updater generates
more change in inflation.
An increase of the steady state share of non updating firms θ generates larger |α4 |
and |α5 | and thus, the response of inflation is higher. There is a proportional effect:
a 1% deviation of a larger number is larger in absolute value. There is also an effect
on the optimal relative price p∗i that tends to be farther from the other price if the
resetting probability is lower.
An increase in the value of the price elasticity of goods  generates a lower steady
state markup and thus increase the response from change in marginal cost deviation
of the optimal pricing decision from the distribution of relative prices. This increases
|α4 | and increases the response the of inflation to the change in the Calvo share. On
the other side, it decreases the value of |α5 | and thus decreases the response of inflation
toward expected Calvo share. This is explain by the lower markups generated by
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the change in  and smaller expected deviations implies by the new optimal pricing
decision.
Relative to parameter
Phillips curve parameters

Value of the parameter

α1

-

Relation to marginal cost

α2

- Relation to expected inflation

α3

- Relation to trend inflation variable

α4

- Relation to value of the Calvo

α5

-

Relation to the expected value of the Calvo

Sign

π

θ



β

(1−θπ −1 )(1−θβπ  )
θπ −1

α1 > 0

−

−

−

−

βπ + β(π − 1)(1 − θπ −1 )( − 1)

α2 > 0

+

+

+

+

β(π − 1)(1 − θπ −1 )

α3 > 0

+

−

−

+

π 1− −p∗i
π −1

α4 < 0

−

−

−

=

α5 < 0

−

−

+

−

π 1− −p∗i βθπ 
1−
π −1

+ β(π − 1)(1 − θπ −1 )

Table 3.6: NKPC parameters and their relations to other structural parameters

Appendix 3.C

Equilibrium dynamics of the calibrated
NK model

We now demonstrate that the linearised augmented NK model generates similar predictions in response to a demand shock as the simplified model with the Calvo law of
motion as discussed above.73

3.C.1

Calibration

In order to elaborate the difference between our augmented and the benchmark model,
we use a standard calibration, see Table 3.7, together with an intensity of choice ω =
2.74 We choose τ in such a way that it implies a steady state value of θ = 0.75, which
is standard in the NK literature. Most parameters are taken from Galı́ (2015). The
73

We have carried out similar exercises for the contract shock, cost-push and monetary policy shocks.
However, we do not report them in this paper to keep the exposition concise. Impulse responses plots
are available in the Appendix 3.D
74
Sensitivity analysis for the values of ω are available in Appendix 3.D
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parametrization of shocks is solely for illustrative purposes, but in line with findings in
the literature.

β
σ
ϕ
φπ
φy
π

θ
ω
ρ

Discount factor
Relative risk aversion
Frisch elasticity
Policy stance on inflation
Policy stance on output
Inflation target
Price elasticity of demand
Calvo share steady state
Intensity of choice
Discount factor shock, AR(1)

Values
0.99
1
1
1.5
0.125
1.005
6
1
= 0.75
1+e−ωτ
2
0.8

Sources
Galı́ (2015)
Galı́ (2015)
Galı́ (2015)
Galı́ (2015)
Galı́ (2015)
Fed official target
Galı́ (2015)
Galı́ (2015)
illustrative purpose
illustrative purpose

Table 3.7: Calibrated parameters for dynamic simulations (quarterly basis)

3.C.2

Impulse response functions

The impulse response functions to a demand shock in the linearised augmented NK
model are depicted in Figure 3.9.
One can observe that the impulse responses are to a large extent in line with the
ones in Figure 3.3a.75 Consistent with an exogenous increase in demand, the output gap
and real marginal costs increase independent of whether the price setting frequency is
time-varying or time-invariant. In response, firms that reset their price, increase their
price to stabilize their markup, which creates higher inflation than in the long-run
and lowers the relative old price. In case of the augmented model, the price setting
frequency increases, i.e. θ̂t declines, as more manages organize meetings to reset the
price. Moreover, our calibration implies an increase in the nominal interest rate in line
with the Taylor principle that ensures convergence to the steady state.
75

The disappearance of the hump-shaped response of inflation as found in the simplified model is
explained by the differing assumption on firm behavior. In the augmented NK model we assume
forward-looking firms, whereas in the simplified model we assume myopic firms.
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Figure 3.9: demand shock

However, there are also important differences between the standard and the augmented model. With a time-varying price setting frequency, the impact responses of
the output gap and real marginal costs are muted and the impact responses of nominal
variables are amplified. This result can be traced back to the higher flexibility of prices
in the augmented model. The higher price flexibility implies a diametrically opposing
prediction for price dispersion in the two models. In the standard NK model, relative
price dispersion increases, whereas it decreases in the augmented NK model.
The mechanism behind the decline in relative price dispersion can be examined
in more detail by the help of Figures 3.10a and 3.10b.76 Figure 3.10a shows that
relative to the steady state distribution (t = 0) both the price setting frequency and
76

Note that in these figures we increased the standard deviation for the shock for illustrative purposes.
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the magnitude of the optimal reset price are higher until the shock decays. Figure 3.10b
shows that relative to the steady state distribution (t = 0), consistent with the higher
price setting frequency, the age of the optimal reset price is lower until the shock dies
out. In contrast, in the standard NK model, neither the frequency, nor the magnitude
or the age of the optimal reset price would be time-varying.
The higher price resetting frequency and the resulting lower age of optimal reset
prices are a direct consequence of the managers’ cost-benefit analysis approximated by
the Calvo law of motion. Relative to the standard NK model more firms reset their
price earlier after impact of the shock. This means that the relative price dispersion
declines. Also households foresee this. While a demand shock tends to raise the output
gap, the price increases by firms work in the opposite direction. Thus, once most of
the aggregate price adjustment is done, i.e., the price setting frequency starts reverting
and convergence of the relative optimal price accelerates, the negative effect of price
increases gets weaker. This generates a persistent hump-shaped output gap response.
Next, the higher magnitude of optimal reset prices is due to the fact that firms
take into account the higher price setting frequency in subsequent periods. Therefore
firms set a higher optimal price relative to the standard NK model. The combination of
higher price setting frequency and higher relative optimal prices explains why marginal
costs increase by less on impact and converge faster. The firms that reset their price
face a lower demand for their product and therefore have lower marginal costs. In sum,
the augmented NK model confirms the predictions discussed in the simplified model
above.

112

3.C. Equilibrium dynamics of the calibrated NK model

0.5

0

0.5

0.97

0.98

0.99

1

1.01

1.02

0.5

0

1

1.1

1.2

0.5

0.9

1

1.1

1.2

0.5

0

0

0

0.9

1

1.1

0.5

0.8

0.9

1

1.1

0.5

0
0.98

0

0.8

0.85

0.9

0.95

1

1.05

0.5

0.99

1

1.01

1.02

1.03

0
0.98

0.99

1

1.01

1.02

(a) Frequency of relative prices

0.5

0

0.5

0 1 2 3 4 5 6 7 8 9

0.5

0

0 1 2 3 4 5 6 7 8 9

0

0 1 2 3 4 5 6 7 8 9

0.5

0 1 2 3 4 5 6 7 8 9

0.5

0

0 1 2 3 4 5 6 7 8 9

0.5

0.5

0

0

0

0 1 2 3 4 5 6 7 8 9

0.5

0 1 2 3 4 5 6 7 8 9

0

0 1 2 3 4 5 6 7 8 9

(b) Prices’ ages distribution
Notes: Blue bars are the frequency (ρi,t ) of pricing decision (pi,t ) or of the age of the price (only the 10 most used
pricing decision a display. We increase the size of the shock to enhance the change in frequency level.)

Figure 3.10: Prices dynamic after a demand shock of +5%
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Appendix 3.D

Sensitivity to the intensity of choice
parameter
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Figure 3.11: Contract shock
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Figure 3.12: Demand shock
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Figure 3.13: Monetary policy shock
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Figure 3.14: Markup shock
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Appendix 3.E

Estimation strategy and detailed results of the medium-scaled estimations

3.E.1

Priors and calibration

As in Fernández-Villaverde (2010), we calibrate capital depreciation δ = 0.025, the
price elasticity of demand  = 10, fixed cost Φ = 0 and the elasticity of demand
between labours at η = 10. Due to difficulty for the model in both case and periods
to not generate unit-root dynamic within discount factor and labour disutility shocks,
we reduce the standard deviation of the autocorrelation coefficients priors from 0.2
to 0.1. In the same way, we reduce the standard deviation of the consumption habit
coefficient from 0.1 to 0.025. It appears to be a characteristic of this model. Indeed
in the initial estimation of Fernández-Villaverde (2010) ~ = 0.97, which is very much
in the upper bound of the literature. Without the need to fit micro data, we keep the
mean of the prior of ω = 5 but widen its standard deviation to 1 in order to avoid over
identification. Robustness to this prior is presented later in this section.

3.E.2

Robustness of the estimation to priors for the intensity
of choice

In this subsection, as a robustness check we display the results of the estimation with
a prior for the intensity of choice at ω = 3 and ω = 7.
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.75
.125
1.5
.95
.25
.7
9
1
4
.3
.34
.178
.1
.1
.1
.1
.1
.5
.5

B
N
N
G
N
B
N
N
N
N
N
N
IG
IG
IG
IG
IG
B
B
2
2
2
2
2
.1
.1

.1
.025
3
.1
1.5
.025
.1
.075

.1
.05
.125
.1

Shape Mean STD
B
3 or 7
1
B
.5
.1
B
.5
.15
B
.5
.1
B
.5
.1

0.0255
0.0436
0.0078
0.0203
0.0085
0.8732
0.9947

0.3225
0.7737
6.5509
0.7953
0.2980
0.1938
0.09
0.20

0.3853
0.2316
1.0233
0.9200

0.0224
0.0380
0.0071
0.0175
0.0077
0.8391
0.9943
-1973.29

0.0950
0.7488
6.5509
0.5956
0.2367
0.1797
0.00
0.12

0.3160
0.2055
1.0198
0.7864

0.0287
0.0495
0.0084
0.0234
0.0093
0.9054
0.9950

0.5459
0.7996
9.6674
0.9609
0.3612
0.2069
0.17
0.30

0.4673
0.2603
1.0266
1.0343

Posterior: Dynamic Calvo
Prior mean ω = 3
Mean
5%
95%
2.1413 0.7744
3.3249
0.6625 0.6276
0.7037
0.1440 0.0625
0.2215
0.3741 0.3274
0.4176
0.4048 0.2838
0.5183

0.0258
0.0432
0.0077
0.0083
0.0084
0.7880
0.9112

0.2888
0.7349
6.0861
0.7661
0.2675
0.1963
0.14
0.20

0.3516
0.2866
1.0146
0.9158

0.0258
0.0369
0.0071
0.0165
0.0076
0.7221
0.8974
-1975.19

0.1125
0.7074
3.0208
0.5586
0.2007
0.1819
0.04
0.14

0.2653
0.2426
1.0089
0.7795

0.0293
0.0491
0.0083
0.0225
0.0092
0.8537
0.9278

0.4664
0.7653
9.4932
0.9443
0.3342
0.2101
0.23
0.40

0.4414
0.3321
1.0196
1.0511

Posterior: Dynamic Calvo
Prior mean ω = 7
Mean
5%
95%
5.5117 3.7134
7.2778
0.6895 0.6629
0.7195
0.0994 0.0341
0.1638
0.3705 0.3171
0.4251
0.4018 0.2732
0.5178

Table 3.8: Estimated parameters of the Fernández-Villaverde (2010) model (US: 1959-2019Q4). B, G, IG, N denote beta, gamma, inverse
gamma and normal distributions, respectively.

Price- and wage-setting
ω
Intensity of choice
θp
Calvo share, prices
χ
Indexation, prices
θw
Calvo share, wages
χw
Indexation, wages
Monetary authority
γR
Interest-rate smoothing
γy
MP. stance, output gap
γπ
MP. stance, inflation
100(Π − 1) Quarterly inflation trend
Preferences and technology
100(β −1 − 1) Time preference
~
Consumption habit
ψ
Scaling for labour supply
ϑ
Inverse of Frisch elasticity
κ
Capital adjustment cost
α
Capital share
100Λµ
Investment growth trend
100ΛA
Technology growth trend
Exogenous processes
σd
Discount factor shock, std.
σϕ
Labour supply shock, std.
σµ
Investment techno. shock, std.
σA
Neutral techno. shock, std.
σe
MP shock, std.
ρd
Discount factor shock, AR(1)
ρϕ
Labour supply shock, AR(1)
Log-likelihood

Prior

Chapter 4
Learning and supply shocks in a
HANK economy
4.1

Introduction

The very large supply shock generated by the Covid-19 pandemic and its containment
measures have revitalized the debate around their impact on inflation and consumption
decisions (see e.g. Blanchard, 2020; Goodhart and Pradhan, 2020).77 The data show
an increase in saving and a drop in consumption (see Figure 4.1). As pointed out by
Guerrieri, Lorenzoni, Straub and Werning (2020), negative supply shocks’ dynamics in
simple representative agent New Keynesian (RANK) models are at odds with empirical
data and the insights of Keynes (1936). In those models, adverse supply shocks generate
inflationary responses thanks to positive prices adjustments due to the low supply not
being able to match the steady demand; and the increase in marginal cost. In order to
smooth its consumption, the representative household is reducing its saving.
In this chapter, I show that in an imperfect unemployment insurance economy under adaptive learning, negative supply shocks while being inflationary at first trigger
long-lasting disinflationary periods characterized by excess saving and low interest rate.
77

In this paper, supply shocks are defined as productivity shocks.
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Personal saving from FRED. Grey shaded areas are recession timed by NBER.

Figure 4.1: Nominal consumption and saving dynamic in the US (in deviation from the HP
filtered trend)

Even if a more aggressive response from monetary policy to output and a more dovish
stance on inflation appear to neutralize the excess volatility generated by the learning w.r.t rational expectations, only price level targeting (PLT) enables the model to
converge back quickly to the steady state of inflation and consumption.
I develop a model based on the truncated histories of heterogeneous households
in line with Challe, Matheron, Ragot and Rubio-Ramirez (2017), Ragot (2018) and
Le Grand and Ragot (2020). This extension is a simple discrete time heterogeneous
agents New Keynesian (HANK) model with sticky prices and uninsured idiosyncratic
unemployment risk. First, it is possible to derive the steady-state distribution of wealth
based on the recursive structure of the households’ first order conditions (FOC) in the
absence of aggregate shocks by following their idiosyncratic histories given an initial
endowment. Then, it is possible to obtain a finite partition of households by truncat-
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ing their idiosyncratic histories. Finally their FOC conditions are projected and the
linearised model can be solve with aggregate shocks. The uninsured unemployment
risk creates a precautionary motive for saving.
In this context, the novelty of this paper is to introduce adaptive learning in a simple
discrete time HANK model with a finite households partition in sequential competitive
equilibrium. Heterogeneity in wealth holdings and individual histories has important
effects on the expectations of households and per consequence on macroeconomic dynamics. Indeed, aggregate shocks have asymmetric effects on households’ decisions but
also on their learning process. For instance, an i.i.d shock on the real rate would effect
more the consumption decision of an agent with a large holding of asset than an agent
with no asset. Nonetheless, the expectations of richer agents with high consumption
and asset holding have a larger feedback toward the aggregate economy. Therefore,
wealthy households not anchored to the rational expectation solution might revise their
forecast strategy based on this new experience in a different way than poorer households with little to no impact on the aggregate economy. In this model, the asymmetric
effect of shocks generates asymmetric responses by the learning dynamics driving the
expectations. Poorer households tend to easily loose their anchorage to the rational
expectations solution.
The adaptive learning expectations formation process used is the standard recursive
least square (RLS) learning formalized by Marcet and Sargent (1989) and Evans and
Honkapohja (2001). Agents are assumed to forecast as well as good econometricians.
In this model, agents hold beliefs about the economy. Those beliefs are consistent in
their form with the rational expectations solution - called the Minimum State Variables
(MSV) solution form - but not necessarily with the value of the rational expectations
solution. Agents revise their beliefs about the MSV solution by minimizing the square
forecast error of their forecasting strategy. In this context, introducing AL in a sequential competitive equilibrium model relates to the seminal work of Grandmont (1977) on
temporary equilibrium where subjective heterogeneous agents’ expectations map into
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a general equilibrium economy.
The first result of this paper is that learning properties are strengthened in the
HANK set-up in comparison with RANK models. Assuming endogeneity between
unemployment risk and productivity, the propagations of supply shocks are increased
by the learning. Facing negative supply shock, precautionary saving is enlarged w.r.t
the rational expectations benchmark which triggers deflationary pressure through the
demand channel but also the marginal cost channel due to the excess capital supply.
The model eventually converges back to its steady state after a long disinflationary
period.
Exploring the monetary policy options, it appears that a stronger stance on the output and lower one on inflation in the reaction function neutralizes the excess volatility
with respect to rational expectations HANK benchmarks. This result is due to the
monetary policy decreasing the magnitude of the income risk generated by the uninsured unemployment risk per consequence the precautionary motive of saving. By
decreasing the volatility of output, the more aggressive monetary policy relative to
the output gap generates smaller forecast errors for individual consumptions. It also
better anchors individual consumption forecasts to the rational expectations HANK
solution thanks to smoother consumption patterns. This results in a HANK set-up
contradict previous ones in a RANK model under adaptive learning by the literature
where inflation stabilization ought to be the main priority of monetary policy in order
to achieve stable dynamics (see, Ascari, Florio and Gobbi, 2017; Eusepi and Preston,
2018; Orphanides and Williams, 2008). Yet, they are consistent with previous results
established in HANK under rational expectations which emphasis on output stabilization (Kaplan, Moll and Violante, 2018).
Nonetheless, excess saving periods following supply shocks cannot be prevented by
a more aggressive monetary policy w.r.t output gap. A counter-factual policy scenario
where the central bank would target price level and not inflation appears to solve this
issue by anchoring better expected future discounted utility flows. Indeed, contrary to
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inflation targeting (IT), PLT targets inflation rate on average and enables agents to
expect a smoother future income, and a smaller recession, thus avoids large amount of
precautionary saving by letting an overshoot in inflation after a disinflation period.

Related literature. Following the development of the Euler based consumption
equation by Hall (1978) and its generalization within the NK framework (see, e.g.,
Galı́, 2015; Woodford, 2003), the main channel of monetary policy has been the intertemporal substitution effect based on rational expectations of discounted future consumption by the real interest rate. The higher real interest rate is, the higher the
positive impact of current saving on future discounted consumption will be. Thus, an
increase in the real rate will increase saving rate for the optimizing household; therefore decreases consumption, expected consumption and labour supply which have a
positive effect on marginal cost. Lower demand and marginal cost decrease inflation
which furthermore increases the expected real rate.78
Against this backdrop, there has been increasing evidence of heterogeneity in households’ responses to shock, uncertainty and economic conditions (see e.g., Berger and
Vavra, 2015; Crawley and Kuchler, 2018; Kaplan and Violante, 2018). In order to answer to those new data, the literature has been developing heterogeneous agents then
HANK models (see e.g., Ahn, Kaplan, Moll, Winberry and Wolf, 2018; Bilbiie, 2019;
Challe et al., 2017; Kaplan et al., 2018; Krusell and Smith, 1998). In those models,
households are subject to idiosyncratic heterogeneity in their quantity and quality of
assets holding, risk or preference for instance. Some of those models acknowledge the
existence of idiosyncratic shocks while other rely purely on heterogeneity on the initial endowment. As observed empirically, households with few or no financial assets
appear not to respond to change in the real interest rate. Moreover, the permanent
78

In the appendix, Figure 4.12b and Figure 4.12a display this phenomenon under rational expectation and adaptive learning.
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income hypothesis generates asymmetric responses to change in income when long-run
heterogeneity in income and wealth holdings is considered. In those models, the role
of expected income in monetary policy transition is enhanced.
The weakening of the inter-temporal substitution effects and the increasing one
of the expected income effect enhance the role of future utility stream expectations
in the consumption decisions, especially in the presence of idiosyncratic risks. Yet,
current HANK models rely exclusively on the rational expectations hypothesis for
their solution methods. Assuming non-rational expectations appears yet to be an
unexplored hypothesis in this literature. Moreover, there exists extensive survey data
(see e.g., Branch, 2004b; Carroll, 2003; Del Negro and Eusepi, 2011; Malmendier and
Nagel, 2016) and laboratory evidences (see, Assenza et al., 2019; Hommes, 2011, 2020)
of heterogeneous expectations that are non consistent with the representative agent
rational expectations hypothesis. Against those facts, it exists an important literature
based on the hypothesis that economic agents do not know the rational expectations
solution but learn to forecast in the most accurate manner based on past data (see
e.g, Evans and Honkapohja, 2001, 2003b; Woodford, 2013). This hypothesis has non
trivial impact on optimal monetary policy design (see e.g, Ascari et al., 2017; Eusepi and
Preston, 2018; Honkapohja and Mitra, 2019; Orphanides and Williams, 2008; Williams,
2010). To the best of my knowledge, New Keynesian models under adaptive learning
have always been implemented using a representative agent consumption framework
(see, e.g., Eusepi and Preston, 2011; Evans and Honkapohja, 2003a; Slobodyan and
Wouters, 2012b).
Nonetheless, it is necessary to acknowledge Evans and Ramey (1992) for introducing heterogeneous firms and updating cost, Gobbi and Grazzini (2019) developing an
agent based approach but no wealth heterogeneity and Honkapohja and Mitra (2006)
and Radke and Wicknig (2020) for using overlapping generation setups which can be
envisioned as heterogeneous agents New Keynesian model under adaptive learning. It
is also necessary to point out that this paper differs from previous heterogeneous ex124
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pectations models such as Hommes (2011), Massaro (2013) and Arifovic et al. (2013).
Those models are based on an optimizing representative agent hypothesis where the
heterogeneous expectations are combined in an aggregated representative expectation
whereas this paper is based on heterogeneous New Keynesian agents with heterogeneous individual expectations.
Finally this chapter relates to the literature on the optimal policy with regards
to supply shocks. Ravn and Sterk (2020), Challe (2020) and Den Haan, Rendahl
and Riegler (2018) investigate the optimal monetary policy in a rational expectations
framework similar to this one, with a richer search and matching labour market, where
supply shocks lead to precautionary saving. Guerrieri et al. (2020) entangle the disinflationary effect of large negative supply shock in a multi-sectors New Keynesian
economy. Those papers emphasize the role of monetary easing in responses to those
shocks.
The chapter proceeds as follows: In Section 4.2, I develop the HANK model; the
solution methods are presented in Section 4.3; the dynamic properties of the model are
analysed in Section 4.4; Section 4.5 discusses the effects of different policy exercises;
and Section 4.6 concludes.

4.2

The model

Time t = 1, 2, ... is discrete. The economy is populated by a continuum of agents
of measure i, distributed on an interval  according to measure `(.). Following the
literature, it is assumed that the law of large numbers holds. The economy is on a
sequential competitive equilibrium and is described as a collection of individual allocations (cit , lti , ait ), aggregate quantities (Kt , Lt , Yt ) and prices processes (πt , it , Wt , Zt ).
Given an initial wealth distribution (ai−1 )i∈ and an initial value of aggregate capital
R
stock K−1 = i ai−1 `(di) it is possible to: solve the agents’ optimization programs, clear
the markets for good, labour and capital and solve for consistent prices.
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4.2.1

The heterogeneous households problem

The household side is defined by the utility function U (c, l) in the form of the GreenwoodHercowitz-Huffman (GHH) (see, Greenwood, Hercowitz and Huffman, 1988) where
households choose their consumption c and l supply. This functional form exhibits
no wealth effect for the labour supply and therefore greatly simplifies our model by
reducing to one the number of labour supply equation in the later part of the paper.
The utility reads as:
1+1/ϕ

l
Ut (ct , lt )t = u ct − χ−1 t
1 + 1/ϕ

!
,

(4.1)

where ϕ > 0 is the Frish elasticity of labour supply, χ > 0 scales labor disutility, and
u : R+ → R is twice continuously derivable , increasing, and concave. As a reminder,
GHH follows the following form:


 Ut (ct , lt )t =

1
(c
1−σ t

−


 Ut (ct , lt )t = log(ct −

1+1/ϕ

lt
)1−σ
χ(1+1/ϕ)
1+1/ϕ
lt

χ(1+1/ϕ)

if σ 6= 1;

(4.2)

) if σ = 1;

where σ > 0 is the inter-temporal elasticity of substitution.
Agents have additive inter-temporal preferences with a discount factor β > 0.
They optimize their individual consumption ct and labour supply lt streams using
P
t
inter-temporal utility criterion ∞
t=0 β U (ct , lt ). I consider a simplified set-up based on
Krueger, Mitman and Perri (2016) and Ragot (2018) where households face an idiosyncratic unemployment risk in order to create heterogeneity in wealth and consumption
decisions. At the beginning of each period, each agent faces an exogenous employment risk denoted eit . E = {e, u} denotes the set of possible employment statuses. An
agent with eit = e is considered as employed and free to choose her labour supply lti . An
agent with eit = u is considered as unemployed, cannot work and will suffer from a fixed
disutility reflecting unemployment cost.79 The history of idiosyncratic states until t is
written ei,t = (ei0 ...eit ). The employment dynamic follows a discrete Markov process
79
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from the transition matrix Mt ∈ [0, 1]2x2 . The job separation rate in t is written as
Πeu = 1 − Πee and the job finding rate is symmetrically denoted as Πue,t = 1 − Πuu,t .
Hence, the transition matrix across employment situation is


Πeu,t 
1 − Πeu,t
Mt = 
,
Πue
1 − Πue

(4.3)

with Πeu,t the probability to transition from unemployment to employment comoves
with respect to productivity shock in this fashion
p
Πeu,t = ΠSS
eu + νεt .

(4.4)

r

The productivity is following a basic a AR(1) exogenous shock eεt = eρ

p εp +ϑp
t
t−1

. This

design is similar to the empirical finding of Shimer (2005) and the search and matching
literature where the job separation rate is almost constant over time and unemployment dynamics is explained by variation in the job finding rate. Here, an increase in
productivity generates an increase in job finding.80 The total share of employed and
unemployed agent are respectively defined as Se,t and Su,t with Se,t + Su,t = 1 and at
the steady-state satisfies 1 − Πeu = Πuu =

(1−Πeu )Su
.
1−Su

We can write the budget constraint of the agents in the following fashion

cit + ait = (1 − δ + Zt )ait−1 + 1eit =e lti Wt + ∆it ,

(4.5)

where 1eit =e is a function equal to 1 when the agent is employed and 0 in the opposite
case. Thus, 1eit =e lti Wt is a notation for the expected net wage. ait is the net individual
asset holding, 0 < δ < 1 the depreciation rate and Zt is the dividend paid by the firm
in order to rent the capital from the households. ∆it is a net transfer from the risk
sharing agreement between agents with similar idiosyncratic histories after N periods.
80

This setup could be envisioned as a special case of the search and matching literature (Christoffel
and Kuester, 2008) where the matching probability is 1 and wages are flexible.
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I should note that no arbitrage condition on the financial market between risk free
bonds and capital enables me to write

E∗t

it
πt+1

= E∗t Zt+1 − δ − 1,

(4.6)

with it the nominal interest rate, πt the inflation rate and
∗={RE,AL}

rate. Et

it
E∗t πt+1

the real interest

is the expectation operator that can be rational ∗ = {RE} or follows

Recursive Least Square (RLS) learning ∗ = {AL}.
I considered now an household i ∈ . She can save in an asset that pay a dividend
Zt . She is subject to the borrowing constraint such as her asset holding should be
greater than a threshold −a = 0. In t = 0, the household chooses consumption cit ≥ 0,
labour supply lti ≥ 0 and saving plan ait ≥ 0 that maximize inter-temporal utility over
an infinite horizon, subject to a budget constraint and the previous borrowing limit. If
the household is credit constrained ait = 0, she is said to belong the set i ∈ C of credit
constrain agent. For a given ait−1 , the problem is written

max

{cit ,lti ,ait }∞
t=0

E∗t

∞
X

i,1+1/ϕ

β tU

t=0

l
cit − χ−1 t
1 + 1/ϕ

!
,

(4.7)

st. cit + ait = (1 − δ + Zt )ait−1 + 1eit =e lti Wt ,
st. ait =≥ −a,

(4.8)

β is the discount factor and vti the Lagrange multiplier of the credit constraint of agent
i.81 The first order conditions for the employed agents boiled down to
i,1+1/ϕ

U0
81

128

l
cit − χ−1 t
1 + 1/ϕ

!

"
= βE∗t

it
πt+1

i,1+1/ϕ

U0

l
cit+1 − χ−1 t+1
1 + 1/ϕ

The Lagrange multiplier is null while i is not credit constrained

!#
+ vti ,

(4.9)

4.2. The model
i,1/ϕ

lt

= χWt 1eit =e

(4.10)

and for the unemployed agents:
i,1+1/ϕ

U

l
cit − χ−1 t
1 + 1/ϕ

0

!
=

βE∗t





i,1+1/ϕ
i
−1 ς
U ct+1 − χ
+ vti ,
πt+1
1 + 1/ϕ
it

0

(4.11)

with ς the disutility implied by labour search or/and home production.
The aggregation for the model economy is straightforward: first, financial market
clearing implies that total sum of individual asset holdings equals the aggregate capital
stock
Z
i

ait `(di) = Kt ;

(4.12)

the labour is only supply by employed agents, thus aggregate labour supply Lt can be
written as
Z
i

lti `(di) = Lt ;

(4.13)

and aggregate consumption Ct is the total sum of individual consumptions
Z
i

cit `(di) = Ct .

(4.14)

Finally, using the transition matrix Mt we can express the aggregate law of motion for
the employed Se,t and unemployed Su,t agents as follow

Su,t = 1 − Se,t = Πue Se,t−1 + (1 − Πeu,t )Su,t−1 .

4.2.2

(4.15)

A truncated history model

Following Ragot (2018) and Challe et al. (2017), I generate a discrete time finite partition, HANK model based on the truncated idiosyncratic histories of households. This
method is appealing for adaptive learning implementation for two reasons: first, it enables to implement the adaptive learning algorithm in a canonical way and avoid the
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complication of working with continuous time; second, it allows for an explicit expression of expectation of each individual parts of the household partition and avoid the
creation of complex abstract state variables.
At any date t, each agent i ∈  is characterized by her personal history of idiosyncratic unemployment risk realization ei,t = (eit , eit−1 , eit−2 ...). The main intuition is to
sort agents in a finite number of bins following their idiosyncratic unemployment history. Nonetheless, agent being infinitely living, the number of idiosyncratic histories is
infinite which would lead to an infinite number of consumption bins. To overcome this
issue, I impose 1 < N < +∞, a truncation of the idiosyncratic histories considered
in the model.82 Per consequence, every history bin ~ is defined by a limited set of
idiosyncratic realisations ~ ⇔ e~,t = (e~t , e~t−1 ...e~t−N −1 )
I defined a set of bins as a partition of the idiosyncratic histories of the total
population. A partition H is a finite collection of sets of idiosyncratic histories such
that at any date t, a idiosyncratic history et , truncated after N periods, belongs to
only one element ~ of the partition H. An element ~ ∈ H will be called a history bin
and represents individual histories. In this paper, an agent belongs to ~ ∈ H at date t
if her idiosyncratic employment history et is the same that the one defining ~. When
an agent i is in bin ~ corresponding to an history ei,N in t − 1, then probability that
˜ with history i,˜eN in t is denoted by ΠEi,N i,N with
she switches to another bin ~
ẽ ,e ,t
ΠEei,N ,ẽi,N ,t = ΠE~,~,t
˜ .

(4.16)

The probability Π~,~,,t
˜ is the transition probability of moving from idiosyncratic history
˜ to the history e corresponding to bin ~.
ẽ corresponding to bin ~
It is important to note that partitioning the households following their idiosyncratic
histories generates a large number of bins of very heterogeneous size. The number of
82

The N = 0 case is the RANK case where there was no idiosyncratic realisation and only one
history bin exists. Thus, there is no probability for an agent to transition from one bin to another.
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bins follows a geometric progression as function of the number of the idiosyncratic
states E = {e, u} to the power of the number of periods considered N .
I now consider a partition H containing a finite set of history bin ~ ∈ H of N
periods. The size of a bin ~ ∈ H in t corresponds to the measure of agents i with a
idiosyncratic history et belonging to bin ~. Bin size ~ in t are denoted by S~,t . Bin size
S~,t boils down to
S~,t =

X

ΠE~~,t
,
˜
˜ S~,t−1

(4.17)

˜
~∈H

which simply denotes that the size of bin ~ in t is equal to the total number of house˜ in t − 1 transitioning to this bin ~ in t.
holds from other history bins ~
In order to achieve similar preference within each history bin ~ ∈ H, I assume a
pooling mechanism of wealth as a risk sharing arrangement between every members of
the same history bin - see the term ∆it in Equation 4.5.83 This wealth pooling leads to
homogeneous preferences and policy functions for the agents within the same history
bin.
83

Ragot (2018), Challe et al. (2017) and the appendix in Le Grand and Ragot (2020) offer different
justifications to achieve similar preference within history bins. As in Lucas (1975), one justification
is that the agents with the same idiosyncratic history for the last N periods belong to a family and
are located in the same island. They pool their resources and the optimal decision is taken by the
family head. The other one is just a perfect risk sharing arrangement between all members of the
same history bin.
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ei (e, e...) ∈ h̄(e,e)

ei (e, e...) ∈ h̄(e,e)

i with ei (e, u)

ei (e, u...) ∈ h̄(e,u)

ei (e, u...) ∈ h̄(e,u)

i with ei (u, e)

ei (u, e...) ∈ h̄(u,e)

ei (u, e...) ∈ h̄(u,e)

i with ei (u, u)

ei (u, u...) ∈ h̄(u,u)

ei (u, u...) ∈ h̄(u,u)

Agent i with ei (e)

Agent i

Insurance among h̄

i with ei (e, e)

Agent i with ei (u)

Steady-state with N=2

t

t+1

Transition from emp. to emp. with prob. 1 − Πeu

Transition from un. to un. with prob. 1 − Πue,t

Transition from emp. to un. with prob. Πeu

Transition from un. to emp. with prob. Πue,t

Figure 4.2: Idiosyncratic dynamics in the HANK model with N = 2

For the sake of clarity, Figure 4.2 details the internal structure of the heterogeneous
agent model in a truncated history model with N = 2. It is possible to see from
˜ are possible continuation of ~ and how the pooling
Figure 4.2 what consumption bins ~
mechanism assures homogeneity in preference. With N = 2, households in bin ~ ⇔
˜
˜ ⇔ e~,t
e~,t = (e, e) can transition in t + 1 to ~
= (u, e) with a probability Πeu and

stays in ~ ⇔ e~,t = (e, e) with a probability Πee . Symmetrically, households in bin
˜
˜ ⇔ e~,t
~ ⇔ e~,t = (u, e) can transition in t + 1 to ~
= (u, u) with a probability Πuu,t+1
ˆ
ˆ ⇔ e~,t
and transfer in ~
= (e, u) with a probability Πue,t+1 .

Finally, it is important to acknowledge the timing of the model. At the beginning
of the period, exogenous aggregate shock happens. Then the unemployment risk of
all agents is realized. Agents transition to their new history bin and pool their wealth
together. Afterwards, agents form their expectations about the future states of the
economy. Finally, the model is solved. If the model is under adaptive learning, agents
observe their forecast error and update their forecasting rule before next period. Figure
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4.3 summarizes the timing of event in the HANK model under adaptive learning.

Realisation of
idiosyncratic
risks
t+

0
6

t+

0
6

Realisation of
aggregate
shocks

0
2
t + 166

Revision of
expectation
strategy

Expectations
formation
t+

2
6

t+

3
6

Pooling
ressource within
history bins

t+

4
6

5
tt +
+ 606

t+1

Realisation of
the aggregate
economy

Figure 4.3: Intra-period timing of events in the HANK model under adaptive learning

4.2.3

The simulated model

After discussing the construction of the model and its micro-foundations, the next subsection presents the simulated model used in this paper.

The steady-state. The paper uses Le Grand and Ragot (2020) routine to computed
the parameters and the transition probability of the projected individual consumptions
bins’ equations of the model. This uses the steady-state equilibrium in the absence of
aggregate shocks of the model. Huggett (1993) following Hopenhayn and Prescott
(1992) have demonstrated that given the initial wealth and idiosyncratic shocks distribution, it is possible to characterized the steady-state wealth distribution of this model
in [−a, +∞] in the absence of aggregate shocks.
In order to achieve this distribution, the utility function is iterated through a guess
and try algorithm in order to directly obtain stable policy rules from an initial endowment grid. An exponential grid with 500 points for the initial endowment is given.
Given an interest rate it is possible to compute the steady state distribution under
idiosyncratic risk and then aggregate saving and labour supply which leads to a new
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equilibrium aggregate rate. The process is iterated until the initial interest rate generates a distribution which lead to the same interest rate
At any moment t, the beginning of the period wealth holding of agent i in ait−1 can
be seen as a function of the realisation idiosyncratic history ei,t up to date t. Thus
ait = a(ei,t−1 ) defines a mapping between an initial wealth holding, idiosyncratic history realizations and the beginning of the period wealth to unique bin ~ such that
a(et−1 ) ∈ ~. Setting an exogenous number period N in the idiosyncratic history, it is
possible to write a the model which is consistent with the above mentioned steady state
distribution as well as with the idiosyncratic shock realisation during the N periods.

The dynamic system. The model consider a finite partition of idiosyncratic histories
H84 . First the Euler equations for all bin ~ ∈ H write as follow

∀~ ∈ H \ C, ξ~ U 0 (c~,t , l~,t ) = βE∗t 

it
πt+1

X



,
ΠE~~,t+1
ξ~˜E U 0 c~,t+1
, l~,t+1
˜
˜
˜

(4.18)

˜
~∈H

where U 0 is the marginal utility, ξ~ is a coefficient correcting for consumption elasticity
levels across the distribution and the non-linearity of the utility function.85 In the end,
this function is fairly simple, households bin ~ are trying to smooth their utility over
infinite horizon. The agents are forecasting their expected utility according to their
probability to fall into the different consumption bins. The existence of unemployment
risk and poorer household generates precautionary saving in order to smooth the utility
flow. This equation is at the core of this paper. The discounted expected utility stream
depends on expected inflation, expected transitions probabilities depending on the state
of the labour market which itself a function of the productivity, expected labour supply
and expected consumptions of every consumption bins that the households in bin ~ can
84

see Le Grand and Ragot (2020) for longer discussion about the difference between the true representation of the projected model and its approximation.
85
Those coefficients are computing using the Le Grand and Ragot (2020) routine. See Le Grand
and Ragot (2020) for a discussion about the computation of this model.
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transition to. Per consequence, consumption decisions follow the expected discounted
stream of labour and consumption depending on the expected probability to transition
to different idiosyncratic states. The FOC for constrained bins reads

∀~ ∈ C, ah,t = −a.

(4.19)

For the agents subject to the borrowing constraint, considering the fact that they have
no saving, they fall into the ”hand-to-mouth” category where they will consume all their
endowment without any consideration for future consumption.86 The FOC condition
for labour supply means that it is only a function of net wage for the employed agents,

∀~ ∈ H, l~ ,t = (χWt 1e~ =e )ϕ .

(4.20)

The bin width resource is equal to total wage (for employed agents) Wt , plus the total
discounted assets at−1 and dividend Zt held in t − 1 by agents staying and transferring
to the bin ~. Resources are meant to at least be equal to total current consumption
and investment according to87

∀~ ∈ H, c~,t + a~,t = (1 − δ + Zt )

X
~∈H

ΠE~~,t−1
˜

S~,t
˜
a˜
+ 1eh =e l~,t Wt .
S~,t ~,t−1

(4.21)

Aggregation of all bins means that the total asset holdings, labour inputs and
consumptions are respectively equal to the capital stocks, aggregate labour supply and
86

The truncated histories method assumes the constrained bins are always constrained and viceversa. This is a reasonable assumption considering the fact that the model is linearised around a
steady-state and is subject to only small shocks. In the current calibration, there are no credit
constrained agents.
87
In order not to complicate the bin-width resource constraint and deal with the distribution of
price adjustment costs over the distribution of households, it is assumed that they are negligible. The
results are robust to a lump-sum cost applied to all history bins. This is not an issue considering that
the first order approximation of the prices adjustment costs in zero inflation steady state model are
always equal to zero.
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aggregate consumption. Formally we can write

Kt =

X

S~,t a~,t ,

(4.22)

S~,t l~,t ,

(4.23)

S~,t c~,t .

(4.24)

~∈H

Lt =

X
~∈H

Ct =

X
~∈H

The rest of the model follows the standard representative firm New Keynesian setup developed with the following equations. The production function is a simple CobbDouglas function with exogenous productivity and aggregate capital and aggregate
labour as inputs,
p

α
Yt = eεt Kt−1
Lt1−α .

(4.25)

The representative firm minimizes wages through the following FOC,
p

α
Wt = (1 − α)eεt Kt−1
L−α
t ,

(4.26)

and the of marginal cost is,

mct =

1 Zt α Wt 1−α
) (
) ,
p(
1−α
eεt α

(4.27)

which is an inverse function of productivity shock. The representative firm sets its
prices under the constraint of quadratic adjustment menu costs. Per consequence, the
New Keynesian Phillips curve satisfies:

0 = 1 − (1 − mct ) − ψ(πt − 1)πt + ψβE∗t [(πt+1 − 1)πt+1

Yt+1
].
Yt

(4.28)

The clearing of the financial market forces a no-arbitrage condition between bonds and
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assets,

E∗t

it
πt+1

= E∗t Zt+1 − δ − 1.

The policy rate is set by the central bank and is subject to a standard Taylor Rule as
below,
π

y

it − i = φ (πt − π) + φ



Yt − Y
Y



+ εrt .

(4.29)

with εrt an AR(1) exogenous process representing shocks on the nominal rate. Finally,
it exists two exogenous stochastic AR(1) processes that shock the supply and demand
sides of the economy as
εrt = ρr εrt−1 + ϑrt .

(4.30)

εpt = ρp εpt−1 + ϑpt .

4.3

Solving the model under different expectation
operators

In order to solve the model, I perform trough Dynare (Juillard et al., 1996) a first order
linearisation of the model around the steady state. Therefore, in this paper I denote
with an [ .̂ ] the log-linearised transformation of a variable.
For the sake of clarity, I recapitulate the explicit difference between the RANK
version (see Appendix 4.A) and the HANK model with respect to expectations. From
Appendix 4.A it is possible to define x̂e,RAN K the forward looking variables in the
RANK model as
x̂e,RAN K = [Ŷt , π̂t , Ẑt , L̂t , Ĉt ].

(4.31)

On the other hand, the heterogeneity in the HANK model generated by the heteroge-
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neous Euler Equations 4.18 creates a larger forward looking variable vector x̂e,HAN K
such as
x̂e,HAN K =[Ŷt , π̂t , Ẑt , ˆlt ,
ĉ~=1,t , ĉ~=2,t

...
[...] , ĉ~=E N ,t ,

ΠE~=1~=1,t
, ΠE~=1~=2,t
,
˜
˜

...

ΠE~=2~=1,t
, ΠE~=2~=3,t
,
˜
˜

...

...
(4.32)

[...]
E
ΠE~=E N ~=E
˜ N −1,t , Π~=E N ~=E
˜ N ,t ].

In the absence of a representative consumption state variable Ĉt , the HANK model
introduces through the heterogeneous households multiple forward looking variables
for expected disaggregated utility flows. The new forward looking variables are the
set of all history bins expected consumptions ĉ~,t and expected transition probabilities
between all consumption bins ΠE~,t . All of those variables are used in the set of Equations
4.18. Per consequence, it should be clear that the heterogeneous expectations come
from the heterogeneity in households. By symmetry, the number of state variables x̂t
in the HANK model is also much larger than in the RANK version which has an impact
on the MSV size and form.

4.3.1

Rational Expectations

I present first the rational expectations solution. Following Uhlig (1995), I can collapse
the state variables vector as x̂t = [Ŷt , π̂t , ît , Ŵt , ...]. I define ẑt = [εrt , εpt ] and ût =
[ϑrt , ϑpt ] as respectively the shock processes and the exogenous variables. The state
space representation of the linearised model boils down to

A0 + A1 x̂t−1 + A2 x̂t + A2 E∗t x̂t+1 + A3 ẑt = 0.
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Then, assuming rational expectation and determinacy we can write the MSV of the
model as

x̂t = A + P x̂t−1 + Qẑt

(4.34)

I use Dynare (Juillard et al., 1996) on Matlab to automatize the computation process and deduce A, P , Q trough perturbation methods. Having deduced the model’s
solution, I can now iterate the expression one step ahead

x̂t+1 = A + P x̂t + Xzt+1 ⇔ x̂t+1 = α + P x̂t + X(ρzt + ut+1 ),
with ut the exogenous i.i.d process. Thus I write ERE
t (ut+1 ) = 0 and deduce
ERE
t x̂t+1 = A + P x̂t + Q(ρẑt + 0).
Then, with the iteration EtRE x̂t+1 and x̂t ,
2
ERE
t x̂t+1 = (I + P )A + P xt−1 + (P Q + ρ)ẑt ).

Assuming that agents form expectation for the forward looking variables of the model
denoted x̂et and by using the MSV solution 4.34, we deduce
e
ERE
t x̂t+1 = a + bx̂t−1 + czt ,

(4.35)

with:




a = (I + P )A = 0




2

b=P






c = P Q + ρ
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4.3.2

Adaptive Learning

In this section, I present how to solve the model under adaptive learning based on the
same notation as the rational expectations solution. The intuition behind this feature
is that agents know the specification of the rational expectations MSV solution but
do not know the values of the parameters. It is important to highlight that in this
paper under AL and RE, the agents observe the whole set of past state variable and
exogenous shocks realizations.88 They try to learn it from past realizations and the
feedback loop between expectations formation and realizations of the model can drive
the model out of rational expectations dynamics. Following Evans and Honkapohja
(2001), it is possible to rewrite the model MSV solution in the following way


x̂t−1 
0
x̂et = αt−1 + βt−1


ẑt

(4.36)

The subscript t − 1 means that the forecasting coefficients are subject to change following what is called in the literature the perceived law of motion with the information set
available in t − 1. I now define φ0t = (αt , βt0 ) as the beliefs matrix and Mt0 = (1, x0t−1 , zt0 )
the moments matrix available. I follow the econometric learning hypothesis, where the
law of motion of those matrices follows a constant gain Recursive Least Square (RLS)
process which is standard in the literature,

88

1
φt = φt−1 Rt−1 Mt−1 (x̂et − φ0t−1 Mt−1 )0 ,
g

(4.37)

1
0
− Rt−1 ).
Rt = Rt−1 + (Mt−1 Mt−1
g

(4.38)

It exists models such as Branch (2004a), Hommes and Zhu (2014) or Hommes, Mavromatis and
Ozden (2020) which make less assumption about the specification of the expectations solution and
the information set available under learning. In this paper I chose to stick to the textbook learning
process.
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Those equations describe the updating process of the beliefs by the model’s agents.
Here, agents minimize their forecasts’ square error based on past data. The

1
g

with a

small 0 < g means that the gain coefficient is constant and enables the learning to slowly
discount the importance of past observations over time. I implement a ridge regression
device that will trigger when near-singular moment in the variance-covariance matrix
appears which would have lead to inaccuracy in the inversion as in Slobodyan and
Wouters (2012b). I initialize the moment matrix R0 and the beliefs matrix φ0 using
variance/covariance matrix generated by the rational expectation solution.89
Finally, iterating (4.36), it is possible to write

e
EAL
t x̂t+1



0 2 x̂t−1 
0
= (I + βt−1
)αt−1 + βt−1

.
ẑt

(4.39)

Then, plugging back (4.39) into (4.33), I can simulate the model dynamic under constant gain recursive least square learning.

4.4

Model dynamics

In this section, I present the dynamic response from the model to aggregate shocks.
This section first discusses the calibration of the model and then presents supply side
shock impulse response function (IRF). IRFs for a demand/nominal rate shock is displayed in the Appendix 4.C.

4.4.1

Calibration

I choose a discount factor of β = 0.99 (Woodford, 2003) and an inter-temporal elasticity
of substitution of σ = 1.5 consistent with Smets and Wouters (2007), the Taylor rule
89
If the model is initialized at the REE solution and there is no gain in the learning, rational
expectations and adaptive learning dynamics are the same because adaptive learning agents are at
the rational expectations equilibrium.
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coefficient on inflation φπ = 1.50 and output gap φy = 0.125 are standard. The price
elasticity of demand is  = 10 (Smets and Wouters, 2007) and the menu cost ψ = 50 is
consistent with fairly flexible prices but allows for a large determinacy zone. α = 0.2
is consistent with Smets and Wouters (2007) estimate. I assume a zero inflation target
π = 1 as in Woodford (2003). The same calibration δ = 0.025 as in Smets and Wouters
(2007) is used for the depreciation rate of capital. I use ϕ = 0.5 for the Frish elasticity
which is consistent with Le Grand and Ragot (2020); Ragot (2018) and Smets and
Wouters (2007) and literature on HANK model with GHH utility function. Finally I
scale labour supply with χ = 0.04 as in Le Grand and Ragot (2020).
In order to generate large heterogeneity between agents without introducing more
idiosyncratic states, I set the unemployment rate at the steady state Su = 10%. I then
use the estimated job finding probability ΠSS
ue = 0.8 by Krueger et al. (2016) which
means that unemployed households have a 80% probability to exit unemployment every
quarter at the steady state. I define ν = 10 in the realm of the literature which
implies than any increase of 1% of productivity increase by 0.1 the probability to
exit unemployment. There are no standard calibration for the disutility generated by
unemployment, I set ς =

1
l
2

to be equal to half the steady state labour supply of

employed agent. This calibration enables the model to avoid negative consumption for
poor unemployed agents and reasonable level of aggregate capital and investment. I
set the borrowing constrain to −a = 0 as in Ragot (2018) to avoid agent with negative
wealth and have a one to one mapping between aggregate savings and capital stock.
In order for the model to yield realistic dynamic, I calibrate the shock processes with
p
r
p
{σ(ϑR
t ), ρ , σ(ϑt ), ρ } = {0.01, 0.8, 0.01, 0.8} which are values within the boundaries of

the literature. Results are robust to different calibration, especially shock calibrations.
I truncate the idiosyncratic history after 2 quarters N = 2. This leads to the
creation of a partition H of 4 different history bins ~ with ~(e,e) = {et , et−1 } and
~(u,u) = {ut , ut−1 } being respectively the richest and poorest bins. At the steady-state,
~(e,e) and ~(u,e) respectively include 82% and 8% of the households. Those history bins
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can be considered as representative of the employed and unemployed agents populations. The number N before truncation is motivated by the trade-off between the
need to have enriched dynamics, tractability, computational speed and the accuracy
problems encountered while inverting the very large variance-covariance matrix of the
state variables during the learning process. The results are robust to larger N but less
tractable.
Finally, I set g = 0.01 which is within the bound of the literature (Williams, 2010).
This value allows us to display relatively large variation between the RE and AL
economy without a high risk of loosing stability. Results are robust within the bounds
of the literature.

4.4.2

Impulse response functions from a supply shock

In this model, household heterogeneity and the endogenous dynamic of the unemployment risk make the supply shock propagation richer. Indeed when productivity
decreases, the job finding probability decreases and unemployment rate and duration
increase. I present here the dynamic of the HANK model with respect to the RANK
counterpart under adaptive learning i.e in the absence of idiosyncratic risk (see Appendix 4.A for the detailed equations of the RANK model). The HANK model is
simulated under rational expectations and adaptive learning in order to disentangle
the effect generated by the learning, the heterogeneity and the interaction between
both features.
Figure 4.4 presents the IRFs of the HANK and RANK models under rational expectations and adaptive learning to a negative supply side shock represented by −1%
productivity AR(1) process. Demand sided shocks have fairly similar propagation.
IRFs of a nominal rate shocks are displayed in Appendix 4.C. In the RANK model,
with this calibration, and under this fairly small gain, there is only small difference
between the rational expectations and adaptive learning simulations. Therefore, the
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RANK-RE responses are not displayed.
In order to be exhaustive, the panels j, k, l and m in Figure 4.4 present the consumption behaviours of all history bins. ~(e,e) and ~(e,u) are the employed households
history bins and respectively include at the steady-state, 82% and 8% of the households. ~(u,e) and ~(u,u) are the unemployed households history bins and respectively
include at the steady-state, 8% and 2% of the households. For the sake of clarity, in
Figures 4.5, I present under RE and AL the expectations contribution to consumption
of ~(e,e) which include 80% of the total households population and 88% of the employed
population.90
The RANK AL model presents the standard response to a negative supply shock.
The decrease in productivity creates a drop in supply and increases the marginal cost
while demand is relatively steady. Thus, the representative firm increases its price
in order to equilibrate the supply and demand sides (Figure 4.4-a). The change in
expected inflation decreases the real rate (Figure 4.4-f). Reacting to the surge in
inflation the CB increases nominal rate (Figure 4.4-a). This rate hike depresses demand
and tempers down the prices hike by the supply side Figure 4.4-c). Per consequence,
the representative household cuts down on saving (Figure 4.4-e), consumption (Figure
4.4 c) and labour (Figure 4.4-g) until the productivity level is back to its steady state.
To sum up, a negative supply shock in a RANK model is inflationary even though it
creates output drop.
The HANK model under rational expectations presents already a different dynamic.
First of all, the decrease in productivity implies a lower job finding rate and thus a
higher unemployment (Figure 4.4 h) and lower aggregate labour supply by households
(Figure 4.4 g). Even though initially the supply side effects are the same, the aggregate
demand behaves very differently (Figure 4.4-f). First, the consumption drop twice as
much and the aggregate saving by household does not drop as much (Figure 4.4 e
and f). This is due to the precautionary saving implied in the households’ FOCs
90
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In Appendix 4.B, I display expectations contribution to the representative household consumption.
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(see Equation 4.18). Indeed, the increased probability and duration of unemployment
triggers precautionary saving in order to smooth future utility flows. Precautionary
saving and demand contraction appear to be larger for richer households than the richer
ones (Figure 4.4 k and m). This is logical because richer households’ income is less a
function of dividends and saving and more a function of wages and labour which are
adversely affected by the shock. Moreover being richer, it is easier for them to allocate
part of their income into future utility/saving.
Looking at Figure 4.5b , it is possible to observe that the main driver of consumption drop for employed agents is an expected drop in their individual consumption
(in purple) through an expected drop of consumption in case of unemployment and
employment. Another phenomenon is the effect of expected labour condition (in red)
which initially generates an increase in consumption (less poor agents find employment
and join the consumption bin) and then a decrease due to the longer expected unemployment duration. The expected labour supply (in blue), drive consumption up due
to the construction of the GHH utility function.
The HANK model under adaptive learning broadly exhibits on the short run the
same responses than its rational expectations counterpart. Nonetheless, the aggregate
consumption drops more (see Figure 4.4-f) while labour supply are comparable (see
Figure 4.4 g) which leads to a large increase in individual saving and aggregate capital
(see Figure 4.4-e). This drop in consumption w.r.t to the RE counterpart is the most
important within the employed agent bin (see Figure 4.4 m). Figure 4.5a displays
the consumption of ~(e,e) , the history bin which represents 80% of the households and
88.88% of the employed households at the steady state. It can be consider as a good
proxy for employed agents behavior.
Figure 4.5a shows that employed agents under AL initially struggle to learn their
level of consumption. On the medium run, it is possible to observe after 20 quarters a
negative contribution from expected labour supply which is higher than the RE counterpart (see Figure 4.5b). This higher expected labour supply is more than compensate
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on the longer run by an higher than the steady state expected consumption. Looking
at the consumption of ~(u,e) (Figure 4.4-k)), the history bin which represents 8% of
the households and 88.88% of the unemployed households at the steady state. It is
possible to see the same phenomenon.
On the medium run and at the aggregate level, expectations loose their anchorage
to the rational expectations path and drift toward a disinflationary transient state that
can last a very long time (see Figure 4.4-a). The model eventually converges back to
its steady state after over 800 periods. What happens in the model is that the lower
consumption expectations generates a lower aggregate consumption that leads to excess
aggregate capital accumulation (see Figure 4.4-e). This pushes down marginal cost and
wage and pushes up labour supply (see Figure 4.4-g). All those aggregate effects are
disinflationary.

4.5

Monetary policy implications

After describing the implications of supply side shocks in a HANK model under adaptive learning, the purpose of this section is to investigate the monetary policy consequences of those modelling choices and the change with respect to a HANK model
under rational expectations and a RANK model under adaptive learning.
Primarily, it is important to observe the models statistical moments under a standard inflation targeting (IT) regime. The first column of Table 4.1 presents the business
cycle statistics of the HANK-AL model with respect to the RANK-AL and HANKRE models with a standard calibration of the CB’s reaction function. Relative to the
RANK-AL model, both HANK models exhibit higher volatility in output, aggregate
consumption and aggregate capital. Those effects come from the fact that households
from the HANK models use capital as a way to smooth their consumption and insured
themselves again expected idiosyncratic future drop in income due to unemployment
risk. Per consequence, contrary to the RANK household which uses its capital as
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Monetary policy regime:
Calibration

Standard IT
φπ = 1.5 φy = 0.125

Hawkish IT
φπ = 2.50 φy = 0

Dovish IT
φπ = 1 φy = 1

PLT
φp = 0.25 φy = 1

Inflation Variance var (π̂t ):
RANK-AL
9.6906 (0.0151)
HANK-RE
8.8518 (0.0127)
HANK-AL
9.3797 (0.0141)
 
Output Gap Variance var Ŷt :

1.1679 (0.0018)
1.1303 (0.0017)
1.1379 (0.0018)

356.5283 (0.3770)
31.2210 (0.0386)
34.2460 (0.0446)

15.6856 (0.0116)
9.1640 (0.0070)
9.3199 (0.0070)

RANK-AL
HANK-RE
HANK-AL

6.4486 (0.0118)
18.1107 (0.0353)
20.5742 (0.0445)
 
Aggregate Consumption Variance var Ĉt :

6.5042 (0.0122)
16.9978 (0.0308)
20.5339 (0.0491)

3.9548 (0.0050)
7.0714 (0.0069)
7.0660 (0.0069)

6.8125 (0.0014)
8.3490 (0.0104)
9.9830 (0.0154)

RANK-AL
HANK-RE
HANK-AL

2.3378 (0.0070)
8.7402 (0.0022)
14.8344 (0.0408)

34.6332 (0.0359)
5.9171 (0.0011)
4.3015 (0.0108)

2.0657 (0.0074)
2.7393 (0.001)
2.3605 (0.0073)

8.5259 (0.0224)
14.4165 (0.0383)

5.2813 (0.0088)
4.0961 (0.008)

2.7210 (0.0099)
2.5191 (0.0064)


Unemployed Consumption Variance var ĉ~(ue),t :
HANK-RE
22.8162 (0.0563)
HANK-AL
33.2964 (0.0914)
 
Capital Variance var K̂t :

19.1556 (0.0415)
47.2806 (0.2435)

4.2169 (0.008)
3.9644 (0.0076)

4.3296 (0.0098)
17.3357 (0.0848)

RANK-AL
HANK-RE
HANK-AL

6.8444 (0.0255)
15.5756 (0.0642)
43.5664 (0.3444)

5.7805 (0.0013)
67.7670 (0.1215)
70.1603 (0.1274)

9.2484 (0.0038)
43.9973 (0.1184)
64.5969 (0.2671)

Excess forecast Error HANK, AL w.r.t RE :
Excess error EAL C~(ee),t+1
+0.3151%

+0.6419%

+ 0.7129%

+0.4959%

Excess error EAL C~(ue),t+1

+0.2841%

+0.2158%

+0.2914%

3.4068 (0.0077)
12.3378 (0.0371)
16.6570 (0.0486)

Employed Consumption Variance var ĉ~(eu),t :
HANK-RE
12.0004 (0.0370)
HANK-AL
16.3411 (0.0477)

6.9852 (0.0279)
41.8095 (0.1750)
64.8356 (0.3333)

+0.8922%

Notes: Every moments of the table is the result of 10,000 Monte-Carlo simulations over 400 periods. No crashes happens
in any simulations. Excess errors are the differences between the average absolute forecast error over each Monte-Carlo
simulation for the forecast of the different consumption bin.

Table 4.1: Moments under different CB’s reaction function calibrations

the adjustment variable of the resource constraint, HANK households keep a buffer
of capital as an insurance mechanism against idiosyncratic risk which is evolving over
time. For the sake of clarity, I include in the table the consumptions ~(e,e) 91 and ~(u,e) 92
variances and their excess forecast error. Unemployed agents’ consumption volatility
is higher than employed due to their lower saving buffer and income (only dividends)
which doesn’t allow them to smooth their consumption as much as employed agents.
With respect to the HANK under rational expectations, the HANK under adaptive
learning exhibits a higher volatility in all its state variables. The most striking ones,
91
This history bin represents 80% of the households and 88.88% of the employed households at the
steady state. It is a good proxy for employed agents behaviour.
92
This history bin represents 8% of the households and 88.88% of the unemployed households at
the steady state. It is a good proxy for unemployed agents behaviour.
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are the ones driven by the households sides where the variance in capital stock is
almost 50% as big as in the rational expectations counterpart. This excess variance in
aggregate capital is due to the excess volatility in de-aggregated consumptions.
This excess volatility of is driven by the learning dynamic. Both unemployed and
employed agents are subject to a 50% increase consumption variances. On the last
two lines of the tables, we can observe that average consumption forecasts errors are
larger under learning than under rational expectations. The excess error is larger for
unemployed agent which explain its larger increase in volatility.

4.5.1

The ambiguous effects of monetary policy

In Figure 4.6 a and b, I observe the evolutions of the output and inflation variances over
the parameter space of the Taylor rule. In Appendix 4.D, it is possible to observe the
excess volatility of the HANK-AL model w.r.t the other models. It is obvious that in
all models, there exist trades-offs between inflation and output gap stabilization i.e the
higher/lower the reaction to inflation φπ /output φy the more stable inflation is and the
more volatile output gap is. Nonetheless, in the HANK-RE and HANK-AL, it is crucial
to remark that the top left hand zones of both maps i.e where the monetary policy
reacts aggressively to the output gap and lightly to inflation; is not the high volatility
inflation unstable zone like the RANK-AL and RANK-RE model. It is striking to note
that a dovish monetary policy stance appears to be a viable low volatility scenario.
Moreover, it is the zone where the HANK-AL variances are the closest to the HANKRE scenario (see Figure 4.6, third column of Table 4.1 and Appendix 4.D) and excess
forecast error from the HANK-AL model is the smallest.
On the contrary, the RANK-AL model yields, in Figure 4.6 e and f, the standard
result that only an aggressive monetary policy relative to the inflation generates low
inflation variance. This result is in line with Orphanides and Williams (2008), Ascari
et al. (2017) and Eusepi and Preston (2018) analysis where a conservative CB should be
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preferred under adaptive learning in a RANK model.93 The trade-off between output
and inflation stabilization is very strong in the RANK adaptive learning model and low
volatility from the output gap means an very high volatility of inflation; and volatile
inflation is hard to learn due the self referential nature of the New Keynesian Phillips
Curve.
In the second and third columns of Table 4.1, I present two cases of non standard
calibration for monetary policy. The first one is name hawkish with {φπ , φy } = {2.5, 0},
a harsh response to inflation deviation and the other one is dovish with {φπ , φy } =
{1, 1} a strong reaction to output gap. Figure 4.6 summarizes the results for the whole
monetary policy space of the different models. In the hawkish case, the change in all
three models are fairly similar. The inflation is less volatile in the same magnitude.
Output is more relatively unchanged even though the difference between the HANKRE and HANK-AL models increases. The gap between the HANK-RE and HANK-AL
(see appendix 4.D and column 2 of Table 4.1). Output (+70%) and especially aggregate
capital variances (+186%) are very different. It can be explained by the fact that the
increase in the volatility of the nominal rate makes the complex expected utility streams
of Equations 4.18 harder to be forecasted. In Table 4.1, it is possible to observe a large
increase in forecast error for employed agent in the HANK-AL model with respect to
the HANK-RE. The decrease in forecast error by the unemployed agents is due to
stabler dividend streams generated by a stable real rate.
On the other hand, the dovish policy creates a large difference between the HANKs
and RANK-AL models. Inflation in the RANK-AL model explodes w.r.t to the standard Taylor rule calibration case. The only large difference between the HANK-AL and
HANK-RE is the aggregate capital and consumption decisions’ variances. Nonetheless
those ones are similar in magnitude to the standard calibration scenario which make
up for the case that a more dovish monetary policy is not harder to learn for hetero93

The inflation/output gap stabilization sacrifice ratio is said to be larger in the RANK-AL than in
the RANK-RE model.
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geneous households. From the last lines of Table 4.1, it is possible to observe that the
dovish policy seems easier to forecast under adaptive learning for richer households
and harder for the poorer ones. Yet, rich households make for larger parts of aggregate
capital and consumption. Thus, thanks to the feedback loop, this has a stabilizing
effect. Nonetheless those results make-up for the case that stability in HANK models
is driven through the stability of expected consumption channel and not through the
fast adjustment of the discounting process.94 Per consequence, it explains also why
the discrepancy between the HANK-RE and HANK-AL is so small. Indeed stabler
expected consumptions and discounting process ease the complex learning dynamic of
heterogeneous consumption bins. Finally, it is noteworthy to point that the overall and
desegregated volatilities of consumption in the HANK-AL are smaller than under RE.
This puzzling data-point might be generated by a drift from the RE perceived law of
motion to a less volatile one under learning.

4.5.2

A price level targeting experiment

Despite some promising results, the alternative policy does not appear to solve the
slow convergence issue. Hawkish policies while avoiding long disinflation increase the
magnitude of large precautionary saving and low consumption periods after a supply
shock under learning. In the meanwhile, dovish policy despite smaller difference between the rational case creates large precautionary saving, high variance in inflation
and deflation on the short run due to monetary easing.
A burgeoning strand of the literature (see e.g Honkapohja and Mitra, 2019; Williams,
2010) has been developed in order to analysis possible ways to escape deflationary trap
at the Effective Lower Bound (ELB) through PLT when agents are learning. PLT
appears to be an efficient way to drive expectations out of those sunspots driven liquidity traps. Despite this paper’s model not including the ELB, it can still generate
94
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Kaplan et al. (2018) reach the same conclusion with a different HANK implementation.
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disinflationary episodes and PLT appears to be a promising policy treatment to avoid
those.
I introduce a PLT reaction function instead of the canonical IT rule. Based on the
definition of inflation πt =

Pt
,
Pt−1

it is possible to write:

Pt = πt Pt−1 .

(4.40)

The PLT rule is then implemented. The reaction function reads as:

it − i = φ

p



Pt − P
P



y

+φ



Yt − Y
Y



+ εrt ,

(4.41)

with {φp , φy } = {0.25, 1} in line with previous works under learning by Williams (2010)
or Honkapohja and Mitra (2019). The intuition behind PLT is that the CB commits to make-up for the past under/overshoot of inflation by generating a symmetric
over/undershoot. In a zero inflation steady state model like this one, this implies
keeping the price level at an arbitrary level (here P = 100).
The last column of Table 4.1 presents the main statistical moments of this policy
experiment and Figures 4.7 displays the results for a large range of the parameters
space. First we can observe that PLT reduces inflation’s variance in the HANK cases
but not in the RANK (w.r.t to the benchmark calibration). This effect is due to the
fact that prices adjustment by the representative firm become pointless if output is
stable enough. In fact, they will trigger a symmetric price adjustment in the opposite
direction. Yet in all cases and model, regarding inflation, it is less efficient than the
hawkish calibration.
The PLT treatment increases the volatility of output in the RANK-AL (and thus
inflation) but not in the HANK models. As seen in Figure 4.7e and Figure 4.7f,
in the RANK-AL model, the trade-off between inflation and output stabilization is
stronger. Per consequence, the current PLT calibration trades output stability for
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price/inflation volatility. In the HANK models, inflation is more driven by the output
volatility and the trade-off is less clear. This why a decline in the output volatility is
possible. This due to the same effect discussed previously: in a same fashion as the
dovish policy, PLT generates a stabler future discounted expected utility flow and thus
decreases precautionary saving and consumption variances. PLT by averaging inflation
over time smooths expected utility streams much more than the IT framework. By
smoothing utility stream the model is able to reduce precautionary saving by generating
a symmetric boom after a bust. Finally, PLT dramatically reduces excess forecast error
for unemployed agent while the employed ones stays around the benchmark level.
Observing, Figure 4.8 the most striking fact is the change in the policy rate reaction.
While under IT the reaction function leads to a tightening, PLT eases which is very
inflationary and then quickly deflationary for a dozen of quarters. Nonetheless, the
decrease in nominal and real rate boost consumption for employed agent (see Figure
4.8 j and l). It seems that unemployed consumptions decisions tend to drift less from
the rational expectations solution under PLT (see Figure 4.8 j and l). This is due to
the smoother and stabler dynamic implied by the more aggressive policy generated in
case of deflationary trap. It seems that those stabler dynamics are also much easier
to learn for unemployed agent and their excess forecast errors implied by the adaptive
learning are greatly reduced relative to all the other policy scenarios (see Table 4.1).
In Figure 4.8 we can see than after the initial productivity shock and following policy
rate cut, aggregate consumption and saving converge much faster to their steady state.
Consumption in the HANK-AL model under PLT converges back to the steady state
in about 200 periods. It is a long time but much shorter than the HANK-AL under
IT and the deviation is smaller. Poorer households appear to be better anchored in
their saving and consumption decisions thanks to smoother expected utility streams.
Richer employed households are better guided by the expected change in the real rate
which allows for less drift in the PLM and ALM.
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4.6

Conclusion

In the wake of the Covid-19 Crisis, I investigate the implication of supply shocks when
heterogeneous households are subject to an imperfect unemployment insurance market
and form their expectations through learning. This paper is built on a HANK model
based on the truncated idiosyncratic histories of heterogeneous households. Expectations are explicitly modelled through an adaptive learning system based on the RLS
algorithm.
The model shows that negative supply shocks can trigger very long disinflationary
episodes characterized by excess precautionary saving and depressed consumption. On
one hand, monetary policy focused on inflation tends to increase the difference between
the adaptive learning model and its counterpart. On the other hand, Taylor rules
with more emphasis on output gap deviation decrease the discrepancy between the
rational and the learning model. Those results are not in line with the literature
with representative agent models under learning which favours more inflation oriented
policies. PLT appears to be a policy that increases speed of convergence, limits the
forecast errors generated by the AL and enhances expected consumption anchorage to
the RE solution at the disaggregated level.
This insight from the model points toward a disinflationary episode in the medium
run following the Covid shock. Commitment to very loose monetary policy and some
kind of PLT or average inflation targeting might help to lessen the aftermath of the
shock. Considering the existence of this model, future work more grounded in empirical
macroeconomics and expectations data could lead to interesting development in forecasting and business cycle analysis. Deviating from the canonical RLS learning toward
more complex form of learning such as sample autocorrelation or restricted perceptions
learning could also yield interesting results in such model where the MSV solution and
the number of state variables are so large.
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are in level.

Figure 4.4: Deflationary episode in the HANK model under learning (in blue) after a −1%
productivity shock
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(a) Expectations contribution to ĉ~(e,e),t under AL in the HANK after a −1% productivity shock
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(b) Expectations contribution to ĉ~(e,e),t under RE in the HANK after a −1% productivity shock
Notes: Ĉ~(e,e),t is the consumption of ~(e, e), the history bin with agents employed in the last two periods. At the
steady states 82% of the agents are in this bin.

Figure 4.5: Expectation contribution of the employed agents’ consumption after a −1%
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(a) Variance in inflation HANK AL

(b) Variance in output HANK AL

(c) Variance in inflation HANK RE

(d) Variance in output HANK RE

(e) Variance in inflation RANK AL

(f ) Variance in output RANK AL

Notes: Every data points of the map is the mean result of 100 Monte-Carlo simulations (800,000 total) over 200
periods. The red zone is where respectively the probability of the time series to crash is over 20% in the adaptive
learning models and indeterminate zone in the rational expectations model. In the RANK model, the red zone is
also where inflation o’ output variances are over 150 (in order to keep the same legend). A crash is defined when
the standard deviation of output or inflation is more than 4 times its rational expectations counterpart. For the
adaptive learning models, the noise from the map is filtered out by taking for a point x[i, j] the median value between
f ilter(x[i, j]) = median{x[i, j], x[i−1, j], x[i−1, j−1], x[i, j−1], x[i+1, j], x[i+1, j+1], x[i, j+1], x[i−1, j+1], x[i+1, j−1]}
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Figure 4.6: Policy trade-off over the monetary policy space in the HANK-AL, HANK-RE
and RANK-AL models under IT
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(a) Variance in inflation HANK AL

(b) Variance in output HANK AL

(c) Variance in inflation HANK RE

(d) Variance in output HANK RE

(e) Variance in inflation RANK AL

(f ) Variance in output RANK AL

Notes: Every data points of the map is the mean result of 100 Monte-Carlo simulations (200,000 total) over 200 periods.
The red zone is where respectively the probability of the time series to crash is over 10% in the adaptive learning
models and indeterminate zone in the rational expectations model. In the RANK model, the red zone is also where
inflation or output variance is over 50 (in order to keep the same legend). A crash is defined when the standard
deviation of output or inflation is more than 4 times its rational expectations counterpart. For the adaptive learning
models, the noise from the map is filtered out by taking for a point x[i, j] the median value between f ilter(x[i, j]) =
median{x[i, j], x[i − 1, j], x[i − 1, j − 1], x[i, j − 1], x[i + 1, j], x[i + 1, j + 1], x[i, j + 1], x[i − 1, j + 1], x[i + 1, j − 1]}
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Figure 4.7: Policy trade-off over the monetary policy space in the HANK-AL, HANK-RE
and RANK-AL models under PLT
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Figure 4.8: Convergence after a −1% productivity shock under PLT (in green)
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(a) Expectations contribution to ĉ~(e,e),t under AL in the HANK after a −1% productivity shock under PLT
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(b) Expectations contribution to ĉ~(e,e),t under RE in the HANK after a −1% productivity shock under PLT
Notes: Ĉ~(e,e),t is the consumption of ~(e, e), the history bin with agents employed in the last two periods. At the
steady states 82% of the agents are in this bin.

Figure 4.9: Expectation contribution of the employed agents’ consumption after a −1%
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Appendix 4.A

The RANK model

In this appendix, the equations describing the RANK model are displayed.

Ut0 (Ct , Lt ) = βE∗t [

it
πt+1

0
(Ct+1 , Lt+1 )],
Ut+1

(4.42)

Lt = (χWt )ϕ ,
Ct + Kt = Yt + (1 − δ)Kt−1 −

(4.43)
ψ
(πt − 1)2 ,
2

0 = 1 − (1 − mct ) − ψ(πt − 1)πt + ψβE∗t ({πt+1 − 1)πt+1
p

Yt+1
},
Yt

(4.45)

α
Wt = (1 − α)eεt Kt−1
L−α
t ,

(4.46)

α
Yj,t = Kt−1
L1−α
,
t

(4.47)

Zt α Wt 1−α
) (
) ,
α
1−α

(4.48)

= E∗t Zt+1 − δ − 1,

(4.49)

s

mct = eεt (
E∗t

it
πt+1

it − i = φπ (πt − π) + φy (

160

(4.44)

Yt − Y
) + εrt ,
Y

(4.50)

εrt = ρr εrt−1 + ϑrt ,

(4.51)

εpt = ρp εpt−1 + ϑpt .

(4.52)

4.A. The RANK model
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Appendix 4.B

Expectation contribution to the RANK
consumption after a productivity shock
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(a) Expectations contribution to Ĉt under AL in the RANK after a
−1% productivity shock
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(b) Expectations contribution to Ĉt under RE in the RANK after a
−1% productivity shock

Figure 4.10: Expectation contribution of the representative agent’ consumption after a
−1% productivity shock
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4.B. Expectation contribution to the RANK consumption after a productivity shock
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Appendix 4.C

Nominal rate shock IRFs
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Notes: Results are in percentage point of the log deviation from the steady states. Price level and unemployment rate
are in level.

Figure 4.11: Aggregate response to a +1% nominal rate shock
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(a) Expectations contribution to Ĉt under AL in the RANK after +1% nominal rate shock
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(b) Expectations contribution to Ĉt under RE in the RANK after +1% nominal rate shock

Figure 4.12: Expectation contribution of the representative agent’ consumption after
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(a) Expectations contribution to ĉ~(e,e),t under AL in the HANK after a +1% nominal rate
shock
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(b) Expectations contribution to ĉ~(e,e),t under RE in the HANK after +1% nominal rate
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shock

Notes: Ĉ~(e,e),t is the consumption of ~(e, e), the history bin with agents employed in the last two periods. At the
steady states 82% of the agents are in this bin.

4.D. Excess variances of the HANK AL

Appendix 4.D

Excess variances of the HANK AL

(a) Excess variance in inflation w.r.t HANK RE

(b) Excess variance in output w.r.t HANK RE

(c) Excess variance in inflation w.r.t RANK AL

(d) Excess variance in output w.r.t RANK AL

Notes: The data is the absolute difference between the models and the HANK adaptive learning model. See Figure 4.6
for more detail.

Figure 4.14: Excess output and inflation variances of the HANK-AL model w.r.t the other
models under IT
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(a) Excess variance in inflation w.r.t HANK RE

(b) Excess variance in output w.r.t HANK RE

(c) Excess variance in inflation w.r.t RANK AL

(d) Excess variance in output w.r.t RANK AL

Notes: The data is the absolute difference between the models and the HANK adaptive learning model. See Figure 4.6
for more detail.

Figure 4.15: Excess output and inflation variances of the HANK-AL model w.r.t other
models under PLT
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Chapter 5
Non technical summary
5.1

Summary in English

The Great Recession and the following monetary policy easing have given rise to a ‘new
normal’ in the US and Europe where the interest rate have been ’low for long’. Yet,
no substantial changes in inflation have been observed, neither during the downturn
nor during the following unexpectedly slow recovery.
Inflation remaining consistently below target and the Great Recession depth have
challenged conventional macroeconomic modelling in the form of the New Keynesian
model and its main feature: the New Keynesian Phillips curve. In this context, nominal
rates are stuck at the effective lower bound so real interest rates are entirely determined
by inflation expectations. As a result, expectations have become increasingly more
important for central banks as well as for economists.
The goal of this dissertation is to discuss various deviations from the standard
hypothesis used in the classic New Keynesian model in order to address the recent
macroeconomic events and some known shortcomings of the canonical model. This
thesis focuses on three assumptions, the rational expectation hypothesis, the representative agent hypothesis and the New Keynesian Phillips curve.
Chapter 2 develops a New Keynesian model that jointly accounts for the missing
169
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disinflation in the wake of the Great Recession and the subsequently observed inflationless recovery which is an empirical challenge for rational expectations models. The key
mechanism works through heterogeneous expectations modelled by an evolutionary
learning algorithm that may durably lose their anchorage to the central bank’s target
and coordinate on particularly persistent below-target paths. The model is brought
to the data and can reproduce up to ten stylized facts from macroeconomic and expectations survey data. In this model, business cycles are driven by the endogenous
dynamics of the expectations. This set-up is more stable at the effective lower bound
than previous models using simpler adaptive learning algorithms. The welfare cost
associated with persistent low inflation may be reduced if the central bank announces
to the agents its target or its own inflation forecasts, as communication helps coordinate expectations. However, the central bank may lose its credibility whenever its
announcements become decoupled from actual inflation.
In Chapter 3, a New Keynesian model with endogenous price setting frequency is
introduced. Whether a firm updates its price in a given period depends on an analysis
of expected costs and benefits modelled by a discrete choice process. A firm decides
to update the price when expected benefit outweigh expected cost and then resets the
price optimally. As markups are countercyclical, the model predicts that prices are
more flexible during expansions and less flexible during recessions. Our quantitative
analysis shows that contrary to the standard New Keynesian model, the assumed price
setting behaviour is consistent with micro data on price setting frequency. Moreover, it
gives rise to an accelerating Phillips curve that is steeper during expansions and flatter
during recessions. This enables us to explains shifts in the Phillips curve associated
with different historical episodes without relying on implausible high cost-push shocks
and nominal rigidities. In this model, inflation volatility is mainly driven by demand
shocks.
Chapter 4 revisits monetary policy in a heterogeneous agents New Keynesian model
where agents use an adaptive learning strategy through recursive least square learn170
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ing in order to form their expectations. Due to the households’ finite heterogeneity
triggered by idiosyncratic unemployment risk, the model is subject to micro-founded
heterogeneous expectations that are not necessarily anchored to their rational expectations solutions. Households experience different histories, which has non trivial consequences on their individual adaptive learning processes. In this model, supply shocks
generate precautionary saving and possible long-lasting deflationary traps associated
with excess saving. Dovish policies focused on closing the output gap dampen those
effects which is in contradiction with previously established representative agent results under learning. Departing from the standard inflation targeting framework, price
level targeting appears to resolve most of the problem by better anchoring long run
expectations of future utility flows.

5.2

Samenvatting (Summary in Dutch)

De Grote Recessie en de daaropvolgende versoepeling van het monetair beleid hebben
geleid tot een ’nieuw normaal’ in de VS en Europa, waar de rente al ‘lang laag’ is
geweest.95 Toch zijn er geen substantiële veranderingen in de inflatie waargenomen,
noch tijdens de neergang, noch tijdens het daaropvolgende onverwacht trage herstel.
De inflatie die consequent onder de doelstelling blijft en de diepte van de Grote
Recessie hebben de conventionele macro-economische modellering in de vorm van het
Nieuw Keynesiaans model en het belangrijkste kenmerk ervan, de Nieuw Keynesiaanse
Phillips curve, op de proef gesteld. In deze context zitten de nominale rentetarieven
klem op de effectieve ondergrens, zodat de reële rentetarieven volledig worden bepaald
door de inflatieverwachtingen. Als gevolg hiervan zijn deze verwachtingen zowel voor
centrale banken als voor economen steeds belangrijker geworden.
Het doel van dit proefschrift is het bespreken van verschillende afwijkingen van de
95
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standaardhypothesen die in het klassieke Nieuw Keynesiaans model worden gebruikt
om de recente macro-economische gebeurtenissen en enkele bekende tekortkomingen
van het canonieke model addresseren. Dit proefschrift richt zich op drie aannames:
de rationele verwachtingshypothese, de representatieve agenthypothese en de Nieuw
Keynesiaanse Phillips-curve.
Hoofdstuk 2 ontwikkelt een Nieuw Keynesiaans model dat zowel de ontbrekende
desinflatie in de nasleep van de Grote Recessie als het vervolgens waargenomen inflatieloze herstel, wat een empirische uitdaging vormt voor rationele verwachtingsmodellen,
verklaart. Het sleutelmechanisme werkt door middel van heterogene verwachtingen,
gemodelleerd door een evolutionair leeralgoritme, die langdurig hun verankering aan
het doel van de centrale bank kunnen verliezen en coördineren op bijzonder hardnekkige paden onder het doel. Het model wordt naar de data gebracht en kan tot tien
gestileerde feiten reproduceren uit macro-economische en verwachtingen-enquete data.
In dit model worden conjunctuurcycli gestuurd door de endogene dynamiek van de
verwachtingen. Deze opstelling is stabieler op de effectieve ondergrens dan eerdere
modellen met eenvoudiger adaptieve leeralgoritmen. De welvaartskosten die gepaard
gaan met aanhoudend lage inflatie kunnen worden verlaagd als de centrale bank haar
doelstelling of haar eigen inflatieprognoses aan de agenten bekendmaakt, aangezien
communicatie helpt om de verwachtingen te coördineren. De centrale bank kan echter
haar geloofwaardigheid verliezen wanneer haar aankondigingen losgekoppeld raken van
de feitelijke inflatie.
In Hoofdstuk 3 wordt een Nieuw Keynesiaans model geı̈ntroduceerd met een endogene prijszettingsfrequentie. Of een bedrijf zijn prijs in een bepaalde periode bijwerkt,
hangt af van een analyse van de verwachte kosten en baten, gemodelleerd door een
discreet keuzeproces. Een bedrijf besluit de prijs bij te werken wanneer de verwachte
voordelen opwegen tegen de verwachte kosten en stelt de prijs vervolgens optimaal
opnieuw in. Aangezien markups anticyclisch zijn, voorspelt het model dat prijzen
flexibeler zijn tijdens uitbreidingen en minder flexibel tijdens recessies. Onze kwanti172
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tatieve analyse toont aan dat, in tegenstelling tot het standaard Nieuw Keynesiaanse
model, het veronderstelde prijszettingsgedrag consistent is met microgegevens over de
frequentie van prijszetting. Bovendien geeft het aanleiding tot een versnellende Phillipscurve die steiler is tijdens expansies en vlakker tijdens recessies. Dit stelt ons in
staat om verschuivingen in de Phillipscurve die verband houden met verschillende historische episodes te verklaren zonder te vertrouwen op onwaarschijnlijke hoge cost push
schokken en nominale rigiditeiten. In dit model wordt de volatiliteit van de inflatie
voornamelijk gedreven door vraagschokken.
Hoofdstuk 4 herziet monetair beleid in een Nieuw Keynesiaans model met heterogene agenten waarin agenten een adaptieve leerstrategie gebruiken, recursief kleinstekwadratenleer genaamd, om hun verwachtingen te vormen. Vanwege de eindige heterogeniteit van huishoudens die wordt veroorzaakt door idiosyncratisch werkloosheidsrisico, is het model onderhevig aan micro-gefundeerde heterogene verwachtingen die niet
noodzakelijk verankerd zijn in hun rationele verwachtingenoplossingen. Huishoudens
ervaren verschillende geschiedenissen die niet-triviale gevolgen hebben voor hun individuele adaptieve leerprocessen. In dit model zorgen aanbodschokken voor besparingen
uit voorzorg en mogelijk langdurige deflatoire vallen in verband met overtollige besparingen. Matig beleid gericht op het dichten van de output gap dempt die effecten ,
wat in tegenspraak is met eerder vastgestelde representatieve agentresultaten wanneer
er wordt geleerd. Afwijkend van het standaard kader voor inflatie, lijkt targeting op
prijsniveau het grootste deel van het probleem op te lossen door de langetermijnverwachtingen van toekomstige nutsstromen beter te verankeren.

5.3

Sintesi (Summary in Italian)

La Grande Recessione e il successivo allentamento della politica monetaria hanno dato
luogo a una ’nuova normalità’ negli Stati Uniti e in Europa, dove il tasso di interesse è
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rimasto basso per molto tempo.96 Tuttavia, non sono state osservate variazioni sostanziali dell’inflazione, né durante la recessione né durante la successiva, inaspettatamente
lenta ripresa.
L’inflazione che si è mantenuta costantemente al di sotto dell’obiettivo e la profondità della Grande Recessione hanno sfidato i modelli macroeconomici convenzionali
appartenenti alla Nuova Economia Keynesiana e, in particolare, la loro caratteristica
principale : la Nuova curva keynesiana di Phillips. In questo contesto, i tassi nominali
sono bloccati al limite inferiore effettivo, quindi i tassi di interesse reali sono interamente determinati dalle aspettative di inflazione. Di conseguenza, le aspettative sono
diventate sempre più importanti per le banche centrali cosı̀ come per gli economisti.
L’obiettivo di questa dissertazione è quello di discutere varie deviazioni dalle ipotesi standard utilizzate nel modello classico Nuovo Keynesiano al fine di affrontare i
recenti eventi macroeconomici e alcune note carenze del modello canonico. Questa tesi
si concentra su tre ipotesi : l’ipotesi delle aspettative razionali, l’ipotesi dell’agente
rappresentativo e la Nuova curva keynesiana di Phillips
Il Capitolo 2 sviluppa un modello Nuovo Keynesiano che spiega congiuntamente la
mancata disinflazione sulla in seguito alla Grande Recessione e la ripresa senza inflazione osservata successivamente, che è una sfida empirica ; per i modelli di aspettative
razionali. Il meccanismo chiave opera attraverso le aspettative eterogenee modellate da
un algoritmo di apprendimento evolutivo che può perdere durevolmente il loro ancoraggio all’obiettivo della banca centrale e coordinarsi su percorsi al di sotto dell’obiettivo
per periodi di tempo particolarmente lunghi. Il modello viene confrontato con i dati e
può riprodurre fino a dieci fatti stilizzati dai dati dell’indagine macroeconomica e delle
aspettative. In questo modello, i cicli economici sono guidati dalle dinamiche endogene
delle aspettative. Questa configurazione rende il modello più stabile quando l’economia
si trova al limite inferiore effettivo rispetto alle versioni precedenti che utilizzano algo96
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ritmi precedente utilizzando algoritmi di apprendimento adattivo più semplici. Il costo
del benessere associato alla persistente bassa inflazione può essere ridotto se la banca
centrale annuncia agli agenti il proprio obiettivo o le proprie previsioni di inflazione,
poiché la comunicazione aiuta a coordinare le aspettative. Tuttavia, la banca centrale
può perdere la sua credibilità ogni qual volta che i suoi annunci risultano disaccoppiati
dall’inflazione effettiva.
Nel Capitolo 3 viene introdotto un modello Nuovo Keynesiano con frequenza di
fissazione dei prezzi endogena. La possibilità che un’azienda aggiorni il suo prezzo in
un dato periodo dipende da un’analisi dei costi e benefici attesi modellata da un processo di scelta discreto. Un’azienda decide di aggiornare il prezzo quando i benefici
attesi superano il costo previsto e quindi reimposta il prezzo in modo ottimale. Poiché
i markup sono anticiclici, il modello prevede che i prezzi siano più flessibili durante le
espansioni e meno flessibili durante le recessioni. La nostra analisi quantitativa mostra
che, contrariamente al modello standard New Keynesian, il comportamento di fissazione del prezzo assunto è coerente con i dati micro sulla frequenza di fissazione del
prezzo. Inoltre, esso dà origine ad una curva di Phillips in accelerazione che è più ripida
durante le espansioni e più piatta durante le recessioni. Questo ci consente di spiegare
i cambiamenti nella curva di Phillips associati a diversi episodi storici senza fare affidamento a implausibili shock ‘cost-push’ e rigidità nominali. Infine , In questo modello,
la volatilità dell’inflazione è guidata principalmente dagli shock della domanda.
Il Capitolo 4 rivisita la politica monetaria in un modello Nuovo Keynesiano ad agenti
eterogenei in cui gli agenti utilizzano una strategia di apprendimento adattivo chiamata
‘’apprendimento ricorsivo dei minimi quadrati” per formare le loro aspettative. A causa
della limitata eterogeneità delle famiglie innescata dal rischio di disoccupazione idiosincratico, il modello è soggetto ad aspettative eterogenee microfondate che non sono
necessariamente ancorate alle loro soluzioni di aspettative razionali. Le famiglie sperimentano prestazioni diverse che hanno conseguenze non banali sui loro processi di
apprendimento adattivo individuale. In questo modello, gli shock dell’offerta generano
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risparmi precauzionali e possibili trappole deflazionistiche di lunga durata associate al
risparmio in eccesso. Le politiche accomodanti incentrate sulla chiusura dell’output gap
attenuano questi effetti che sono in contraddizione con i risultati degli agenti rappresentativi precedentemente stabiliti in fase di apprendimento. Allontanandoci da quadro
standard di riferimento per l’inflazione, il livello di prezzo obiettivo sembra risolvere la
maggior parte del problema ancorando meglio le aspettative di lungo periodo ai flussi
futuri di utilità.
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