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CHAPTER 1

Introduction

In modern stock markets, most securities change hands during the day in continuous
double auctions, in which buy and sell orders are immediately matched if possible.
However, to determine opening and closing prices, call auctions are often conducted.
In a call auction, orders are aggregated for an interval of time, after which all possible
transactions are conducted against a single clearing price that maximizes trading vol-
ume. Almost two decades ago, Pagano and Schwartz (2003) already noticed that the
call auction was the least understood market mechanism. Unfortunately, today this
is probably still the case, as the call auction mechanism has received little attention
in most of the literature (where the focus is on intraday continuous trading), despite
the fact that the portion of the daily volume that is transacted in the closing call
auction increased heavily over the past years. This thesis aims to contribute to the
understanding of price formation in stock markets, especially call auctions, both from
a theoretical and empirical point of view.

The topics covered in this thesis belong to the area of finance called market microstruc-
ture, which studies the process of trading assets at the microscopic level. The focus is
on the market microstructure of European stock markets and the closing call auction in
particular. Madhavan (2000) distinguishes four main categories of market microstruc-
ture research, namely,
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1. Price formation, the study of how the demands of different market participants
lead to transactions eventually.

2. Market structure and design, dealing with the question how different market
mechanisms and their rules affect trading, in particular the price formation pro-
cess.

3. Market transparency, the study of how the trading process is affected by the
amount of information revealed to market participants.

4. Applications to other areas of finance, describing how market microstructure may
affect or even interact with other areas of finance, such as investment and corpo-
rate finance.

The content of this thesis mainly belongs to the first two categories. The research
documented in Chapter 2 is a typical example of the second category. At the outset of
2018, the European Securities and Markets Authority (ESMA) introduced a new set of
rules under which European securities are traded, the so called Markets in Financial
Instruments Directive II (MiFID II). In Chapter 2 it is studied how this change of rules
affected trading European stocks, for different market mechanisms, with a particular
focus on the closing call auction. The second part of this thesis lies closer to the first
category, as it focuses on understanding price formation in call auctions. In Chapter 3
a stochastic model of the call auction is introduced, studied and statistically validated
on closing auction data for liquid European stocks. Finally, in Chapter 4 the model is
used to explain the heavy tails of closing auction return distributions that are observed
in the data.

The current chapter serves as an introduction to the market microstructure of stock
markets and the literature and concepts relevant to the topics of this thesis. In Section
1.1 different market structures and their rules are discussed and Section 1.2 considers
the effects of changing these rules, serving as a prelude to the contents of Chapter 2.
Furthermore, Section 1.3 lists several statistical properties of financial time series and
in Section 1.4 the issue of modelling different market structures is discussed, providing
context for the work presented in Chapters 3 and 4.
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1.1 Market structures

Following Schwartz (2002), essentially three different general market structures can
be distincted: the continuous double auction, the call auction, and the quote driven
dealer market. In this section, the different mechanisms and their characteristics and
differences are described in detail. The first two mechanisms and the call auction in
particular play an important role in this thesis. The quote driven dealer market does
not, but is briefly discussed for sake of completeness.

1.1.1 The continuous double auction

The continuous double auction is the mechanism that is generally used in modern
financial markets to trade equities during the day. During continuous trading, market
participants can continuously submit orders to the market to buy or sell an asset.
Basically a market participant can submit two types of orders: limit orders and market
orders.

• A limit buy (sell) order is an order to buy (sell) a specified quantity of the asset
against a price not higher (lower) than the specified limit price.

• A market buy (sell) order is an order to buy (sell) a specified quantity of the
asset immediately against any price. Conveniently, a market buy (sell) order can
be treated as a limit order with limit price +∞ (−∞).

Orders that can be transacted against a waiting limit order are transacted immediately,
while limit orders that can not be transacted are stored in the so called limit order
book. For example, when a buy order is submitted for a price greater than or equal to
the lowest sell order in the limit order book, this buy order is executed immediately
against the sell order. If on the other hand a buy limit order is submitted that falls
below the best sell order, it is stored in the limit order book to wait for someone willing
to sell for that price.

Figure 1.1 shows an example of a snapshot of the limit order book, for a moment during
continuous trading for the stock ASML. Note that the bid and ask side of the book are
disjoint, because otherwise the book could be cleared further, by matching overlapping
buy and sell limit orders. The highest bid price in the limit order book is called the
best bid price B and the lowest ask price is the best ask price A, the difference A− B
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Figure 1.1: Snapshot of the limit order book (best 30 price levels on both sides) for the
stock ASML, traded on Euronext Amsterdam, on 2019-06-12 15:00:00.039649. The best bid
equals 175.7 and the best ask equals 175.74, implying a mid price of 175.72 and a bid-ask
spread of 0.04, which corresponds to one empty price level between the bid and ask, as the

tick size is 0.02 (all in euros).

is called the bid-ask spread and the average B
2 + A

2 is called the mid price. Note also
that possible limit order prices are constrained to a discrete price grid, with a minimal
price variation called the tick size, leading to a limit order book that contains for every
price tick a queue of orders for that particular price. This queueing process is most
often organized via price-time priority: obviously, orders for the best prices are first in
line, and per price level the earliest submitted order is executed first (first-in-first-out).
A different priority rule that is sometimes used is pro-rata priority, filling all orders
on the same price level partially, proportionally to their sizes. However, stock markets
studied in this thesis are all organized via price-time priority.

Markets differ also in transparency, i.e. the amount of information that is disclosed
to market participants during trading. On the most extreme side of the spectrum are
the so called dark pools, which are private exchanges on which liquidity is not visible
a priori. In a dark pool there is no pre-trade transparency, meaning that the limit
order book is not made visible to market participants and transaction information is
published as delayed as legally possible. In this way, a dark pool offers the opportunity
for institutional investors to transact large block trades without showing their hands
to other traders, in order to reduce adverse price impact. In contrast with this, on
the main exchanges it is common to show the current limit order book up to a certain
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depth (usually up to five or ten levels on both sides) and to publish trade information
immediately when a transaction occurs. Although the limit order book contains useful
information, it is also notoriously unreliable, as limit orders that are stored in the order
book can continuously be cancelled or modified, causing many limit orders to vanish
when the price gets close. Traders face a tradeoff between getting ahead of the queue
and revealing their intentions early, leading to an ever changing limit order book, with
orders that are submitted and cancelled continuously. Not only are limit order books
unreliable, they are incomplete as well, because exchanges offer the possibility to hide
large orders by means of so called iceberg orders. An iceberg order is a limit order with
a large volume of which only a small fraction (the “peak of the iceberg”) is visible in
the order book. When the peak volume is transacted, a next small order for the same
price automatically enters the limit order book, until the total volume of the iceberg
order is transacted. Therefore, sometimes large hidden volumes are on offer, but not
visible in the limit order book immediately, contributing to the considerable noise on
the informational value of limit order books.

1.1.2 The call auction

Although the continuous double auction is nowadays widely adopted as the most suit-
able mechanism to organize intraday trading on the main exchanges (at least, for liquid
stocks), this was not always the case. When Walras worked on his famous theory of
financial markets1, he was inspired by the Paris bourse, which was at the time orga-
nized as a periodic call auction. In a call auction (also known as batch auction or just
auction) buy and sell orders are collected over a set interval in time, after which a
clearing price X is determined to clear the maximal executable volume, transacting
all against the price X. Let us denote the total volume of sell orders below a price
x by the supply curve DA(x) and the total volume of buy orders above a price x by
the demand curve DB(x), then a clearing price X maximizes the transactable volume
whenever it satisfies the market clearing equation,

DA(X) = DB(X). (1.1)

Figure 1.2 depicts an example of an auction result, showing how overlapping buy
and sell orders lead to a clearing price. The accumulation of orders, which leads

1Walras’ famous Éléments d’ Économie Politique Pure, ou Théorie de la richesse sociale (better
known for its translation Elements of Pure Economics (Walras, 2013)) was published in 1874.



6 Chapter 1. Introduction

to overlapping supply and demand curves, is the main difference with the continuous
double auction, where orders are not accumulated but executed immediately if possible.
As all orders are used to determine the clearing price X, it can be thought of as an
equilibrium price, reflecting a sort of “average” of all the different opinions on the
asset’s value.
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Closing price

Figure 1.2: Closing auction result for the stock ASML, traded on Euronext Amsterdam,
on 2019-06-12. The supply curve DA(x)(red) shows the total volume of sell orders for a
price ≤ x, while the demand curve DB(x) (blue) shows the the total volume of buy orders
for a price ≥ x. The closing price is 175.00 EUR, the price where the supply and demand

curve intersect and transactable volume is maximized.

Although it is not the main market mechanism anymore, the call auction still has
an important function: on most stock exchanges, the call auction is used to start or
stop trading and determine daily opening or closing prices in so called opening and
closing auctions. For example, on Euronext Amsterdam, for liquid stocks an opening
auction is held daily between 8:30 am and 9:00 am to determine the opening price and
a closing auction is held daily between 5:30 pm and 5:35 pm to determine the closing
price. The call auction is considered a suitable mechanism to start and stop trading,
because it facilitates the need to focus liquidity on a single point in time (see Section
1.2.2 below for a discussion of the strengths and weaknesses of call auctions compared
to continuous double auctions). Much as for continuous trading, a market participant
can choose in these opening and closing auctions between submitting market or limit
orders. If there are more orders for the clearing price than can be transacted, orders are
executed following time priority. It is also possible that there are several prices that
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satisfy the market clearing equation (1.1), in which case additional rules are applied to
determine a single price. For example, on Euronext2 the price is in this case determined
by reference to the last automated trade, i.e. the price closest to the last transacted
price is taken (Euronext, 2019, Rule 4401/3).

While the general call auction system is rather simple, there are several variations pos-
sible depending on the amount of information that is disclosed to market participants.
The auction can be completely sealed, meaning no information is disclosed to market
participants during the accumulation phase, making the auction as non-transparent as
a dark pool. More common is to publish continuously an indicative price, indicating at
every moment what would be the clearing price, given the orders submitted up to that
moment. This is often combined with release of volume imbalance information, which
gives the sign (buy or sell) and the size of the volume imbalance for the indicative price
at that time. For instance, if there are more transactable buy than sell orders for the
indicative price, there is a positive volume imbalance, which is given by the difference
between the volume of transactable buy and sell orders for the indicative price. To
provide transparency, on Euronext both indicative price and imbalance information is
released during opening and closing auctions (see Euronext (2019)).

Even though the call auction is nowadays best known for its use to determine opening
and closing prices, there are also other applications of the call auction. For example,
for very illiquid securities, Euronext does not facilitate continuous trading, instead only
one or two call auctions are held daily. Moreover, the periodic call auction has been
proposed as an alternative to the continuous double auction, as a means to reduce
the influence of high frequency trading in modern financial markets. While theoretical
results for call auctions derived in this thesis apply in principle to every appearance of
the call auction, empirical results will focus on closing call auctions for liquid stocks
on the main exchanges, because certain minimal order volumes are necessary for a
meaningful statistical analysis of the stochastic auction model of Chapter 3.

1.1.3 Quote driven dealer markets

The third general market mechanism is the quote driven dealer market. In this market
structure, designated market makers post bid and ask prices and market participants
can only trade for these quotes. This market structure lacks transparency, but has

2Euronext is a stock exchange that operates the main exchanges in Amsterdam, Paris, Brussels,
Oslo, Dublin and Lisbon.
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the advantage that the designated market makers have an obligation to quote on both
sides of the market, which guarantees liquidity, making it a suitable market structure
for less traded assets. A dealer market is the most common market structure in over
the counter markets such as for certain bonds and many commodities.

In stock markets, often a hybrid market structure is employed, combining both order
and quote driven markets. For example, designated market makers are sometimes
added to the continuous double auction or the call auction, to guarantee liquidity at
all times. These designated market makers then often have some advantage over other
market participants, in order to ensure market making is still profitable. This is for
example the case on the Deutsche Börse, where for less liquid stocks designated market
makers guarantee liquidity and get rewarded by a negative transaction fee (Theissen
and Westheide, 2020).

1.2 Effects of changing the market structure

The market structure and its corresponding rules have significant effects on the trading
process, which is not surprising considering the differences between the market struc-
tures discussed in the previous section. There exists a large literature that studies the
effect of changing the rules on the trading process, in particular on the quality of the
market, adressing a wide range of topics. Here, we will briefly discuss some topics
relevant to the contents of this thesis.

1.2.1 Market quality

Before we discuss effects of market structure on market quality, it should be clarified
what we mean by market quality and how this concept is measured. It is hard to define
market quality, as it is a broad concept that consists of several dimensions, of which
the most important are efficiency, liquidity and volatility. For instance, Bessembinder
(2003), Chordia et al. (2011) and O’Hara and Ye (2011) measure market quality by
measures of liquidity and efficiency and interpret lower volatility as a sign of higher
efficiency, while Diether et al. (2009) solely focus on measures of liquidity and volatility
for the assessment of market quality.
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Efficiency indicates how quickly and accurately prices reflect available information.
Efficiency is measured by the extent to which future prices can be predicted by avail-
able information: in an efficient market, future prices can not be predicted by the
available information, because prices already fully reflect all the available information.
Fama (1970) distinguishes three degrees of efficiency, depending on the information set,
namely,

1. For weak form efficiency the information set consists of only historical prices.

2. For semi-strong form efficiency the information set consists of historical prices
and all public information, such as e.g. company news and earnings announce-
ments.

3. For strong form efficiency the information set concerns all available information,
also private information.

In this thesis efficiency will mostly be interpreted as weak form efficiency, meaning
that the market is efficient when future prices can not be predicted by current and
historical prices. In such an efficient market, prices should approximately behave as a
random walk (Fama, 1970), which induces several commonly used measures of efficiency
based on the assessment of how closely returns resemble a random walk. For instance,
non-zero autocorrelations of returns imply predictable prices, which violates efficiency
and makes autocorrelations of returns a proper measure of inefficiency (Fama, 1970;
Griffin et al., 2010). Another frequently used measure of inefficiency is the variance
ratio of returns, which is the ratio of return variances over different time intervals to
exploit the fact that the variance of a random walk grows linearly in time (see e.g.
Lo and MacKinlay (1988); Chordia et al. (2008); Griffin et al. (2010); O’Hara and Ye
(2011)). See Griffin et al. (2010) for a discussion of measures of (in)efficiency and their
limitations.

A closely related concept is volatility, which measures the variation in prices over time;
common volatility measures are the standard deviation of returns or the sum of squared
returns, also known as realized volatility (Barndorff-Nielsen and Shephard, 2002). A
lower volatility is a sign of a more efficient market, because short term volatility is
considered a measure of trading frictions (O’Hara and Ye, 2011). That is, if the price
is determined efficiently, this induces little price movements and thus leads to a low
volatility.
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Finally, liquidity concerns the question how easily an asset can be traded: in a very
liquid market, the asset can be traded in a small period of time without adversely
affecting the price. When the market is less liquid, there is a stronger tradeoff between
the price of an order and how quickly it can be filled. O’Hara (2004) states the market
microstructure definition of liquidity as ‘an asset is liquid if there are a large number
of ready buyers and sellers’. More rigorously, Aitken and Comerton-Forde (2003) state
that ‘A perfectly liquid market is one where any amount of a given security can be
instantaneously converted to cash and back to securities at no cost. In a less than
perfect world, a liquid market is one where the transaction costs associated with this
conversion are minimised’. Many different liquidity measures have been proposed, with
this latter notion of minimal costs for immediate transactions as a recurring central
aspect. In market microstructure literature, liquidity is most often measured by the bid-
ask spread, market depth and price impact. The bid-ask spread was first introduced as a
measure of transaction costs by Demsetz (1968) and since then it is the most employed
measure of (il)liquidity (Grossman and Miller, 1988). The bid-ask spread measures the
costs of demanding immediacy: if a trader needs to buy an asset immediately, the best
ask price is paid and the spread gives the additional costs compared to when the trader
patiently waits to buy for the best bid price. However, the trader can only buy the
available volume against the best ask price; if more volume is demanded immediately,
the price becomes higher for the remaining part as the buy order consumes sell orders
on higher price levels in the limit order book. Therefore market depth, measuring the
volume on offer in the order book, is also an important measure of liquidity, especially
for larger orders (Bacidore, 1997; Chordia et al., 2001; Goldstein and Kavajecz, 2000).
To take both effects into account one should consider price impact, which measures how
much an order impacts the price (see Goyenko et al. (2009) for a discussion of liquidity
and price impact measures). In this thesis, liquidity will be measured by spread, depth
and price impact measures and a market is considered to be more liquid when it has a
lower bid-ask spread, a higher market depth and consequently a lower price impact.

In light of the preceding, a market is considered of high quality when efficiency and
liquidity are high and (short-term) volatility is low, reflecting a market in which infor-
mation is quickly impounded into prices, which leads to accurate price formation, and
where transaction costs are low, even when immediacy is demanded or large volumes
need to be transacted.
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1.2.2 Call auction versus continuous trading

Differences between market structures and their consequences for market quality are
important topics from a regulatory point of view and are extensively studied in the
literature. For example, Amihud and Mendelson (1987) study differences between con-
tinuous trading and the call auction. At the time, the opening price on the New York
Stock Exchange was determined with a call auction, while the closing price was deter-
mined in a continuous market. By comparing close-to-close with open-to-open returns,
the authors find evidence that volatility was higher and price formation was less ef-
ficient during the opening. However, as argued by Pagano and Schwartz (2003), this
does not imply necessarily that the continuous market is superior to the call auction,
as the observations may be caused by other factors, such as less liquidity during the
opening. In 1987, the Tel Aviv Stock Exchange moved from a daily call auction to a
continuous trading environment, inviting for a more direct comparison of the two mar-
ket structures. Amihud et al. (1997) study the effects of this microstructure change
and find that liquidity and efficiency increased afterwards, while volatility decreased,
all signs of a better functioning market. Studying the same event, Kalay et al. (2002)
conclude that investors prefer the continuous market over the call auction. This reflects
the advantages of a continuous market over a call auction: while the former offers the
possibility to trade immediately during the entire trading day, the latter lacks the im-
mediacy apparently demanded by many market participants. Steil (2001) suggests that
participants with superior information on the stock’s value will demand immediacy in
the continuous market, because they face the risk of losing their informational advan-
tage. On the other hand, call auctions might be more attractive to passive investors,
as transaction costs may be reduced by executing larger orders in the auction, where
volumes are accumulated and price impact may therefore be lower (Economides and
Schwartz, 1995; Aitken et al., 2005).

Although the call auction might not be the preferred mechanism to organize intraday
trading, its properties are appreciated for other purposes. Around the year 2000, most
markets introduced call auctions to determine both opening and closing prices (before,
call auctions were already used often to determine opening prices, but closing prices
were simply determined by the last transaction in the continuous double auction).
Pagano and Schwartz (2003) study the effects of the introduction of a closing call
auction on the Paris Bourse and find that the call auction enhanced the efficiency of
price formation at the close. As pointed out by Aitken et al. (2005), using the last
price of the continuous double auction to close the market makes it easy to influence
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the price (both unintentionally and intentionally3), while the call auction facilitates a
more stable closing price formation, because the accummulation of orders makes the
price less vulnerable to small orders. Improvement of efficiency and liquidity after the
introduction of a closing call auction is reported for the Australian Stock Exchange
(Aitken et al., 2005), the Paris Bourse (Hillion and Suominen, 2004; Kandel et al.,
2012; Pagano and Schwartz, 2003), Borsa Italiana (Kandel et al., 2012) and NASDAQ
(Barclay et al., 2008; Smith, 2006; Pagano et al., 2013), in line with the intuition that
call auctions are most suitable to focus liquidity on a single point in time such as at
the market’s open or close.

1.2.3 Changing the tick size

Besides the market mechanism itself, also the rules within the same mechanism might
be subject of change, which affects the trading process and market quality. For instance,
there exists a large literature on the effects of changing the tick size in the continuous
trading environment. In 2001, the US Securities and Exchange Commission (SEC)
mandated all US stock exchanges to convert prices to a decimal system. Before, prices
were quoted in fractions of dollars and a sixteenth of a dollar was the smallest price
increment. After this decimalization, prices are quoted in decimals and $0.01 has
become the smallest price increment, providing an opportunity to study the effects of a
reduction of tick size. It was found that reduced tick sizes lead to lower bid-ask spreads,
which decreases transaction costs (and thus improves liquidity) for small orders (see
e.g. Bessembinder (2003); Chakravarty et al. (2004), among many others).

Besides these clearly positive effects, lower tick sizes may also have negative effects on
other measures of market quality. For instance, reducing the tick size may decrease
market depth, as it gets less costly to improve the price of existing limit orders (Harris,
1999; Bessembinder, 2003). Moreover, decreasing the tick size leads to lower bid-
ask spreads, which is beneficial for most market participants, but also reduces the
profitability of liquidity provision. This may harm liquidity, as it reduces the incentive
to provide liquidity to the markets (Verousis et al., 2018), especially for less traded
stocks that already suffer from a low market depth (Griffith and Roseman, 2019). In
line with these arguments, Goldstein and Kavajecz (2000) find a decrease in market

3Because the closing price is used for benchmarking portfolios and for settlement of derivatives
at expiration, there are considerable incentives to manipulate the closing price (see e.g. Aitken et al.
(2005); Comerton-Forde and Putnin, š (2011); Hillion and Suominen (2004)).
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depth after a reduction in tick size. Another potential problem with small tick sizes
is that the relatively low costs of outbidding the best bid or ask lead to more small
price changes, which may perturb the price formation process (Laruelle et al., 2018).
However, against this latter reasoning, Chordia et al. (2008) find that markets became
more efficient after decimalization.

While the early literature was overwhelmingly positive about lower tick sizes, since a
few years the possible adverse effects are also recognized (Verousis et al., 2018). For
this reason, the SEC recently launched a pilot to increase tick sizes again, mainly for
less traded stocks, in order to assess if this is beneficial for market quality. Chung et al.
(2020) study the effects of this pilot and find that increasing the tick size positively
affects liquidity for large orders and efficiency, but also negatively affects liquidity for
small orders, as a result of a larger bid-ask spread,

1.2.4 MiFID II

In 2018, the ESMA introduced a new set of rules under which securities are traded
in Europe, the so called Markets in Financial Instruments Directive II (MiFID II).
MiFID II is the successor of the original MiFID4 regulations and is introduced in order
to create fairer, safer, more efficient and more transparent markets.

Several parts of MiFID II are relevant to the market microstructure of European stock
markets. An important part of MiFID II is a new tick size regime, which sets for every
stock a minimal allowed tick size, based on its price and transacted volume. As a conse-
quence, for some stocks tick sizes increased, while for others they remained unchanged
or decreased, modifying the existing European market microstructure drastically. A
second relevant part of the MiFID II regulations is the so called double volume cap,
which limits the amount of volume that is allowed to be traded in dark pools, in or-
der to protect the transparency of the market. These regulations aim to limit market
fragmentation and to move liquidity from dark pools to lit venues, i.e. trading venues
where liquidity is visible, like the regular stock exchanges. Finally, a third part of the
MiFID II regulations that affects market microstructure is the so called best execution
rule, which mandates intermediaries to obtain the best possible price when executing
a client’s order. A similar rule already existed in the previous MiFID regulations, but

4The original MiFID regulations applied since November 2007, aiming for better protection of
investors.
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the documentation to prove fulfillment has become much more complicated, possibly
changing the way orders are executed.

Chapter 2 of this thesis contributes to the empirical literature that studies the effects of
changing market structure, by investigating how MiFID II affected trading European
stocks, for both the intraday continuous double auction and the closing call auction.
First, the effects of the new tick size regime on measures of liquidity and volatility are
investigated. While the effects of tick size changes in the continuous double auction are
extensively studied in the literature, this is not the case for tick size effects in the call
auction. The study in Chapter 2 fills this gap and shows that tick size affects liquidity
differently in the call auction than for intraday continuous trading. For continuous
trading, abovementioned existing literature is confirmed by showing that an increase in
tick size has negative effects on liquidity for smaller orders (because the bid-ask spread
increases), but positive effects on liquidity for larger orders (caused by an increase
in market depth), while in the call auction an increase in tick size has a positive
effect on liquidity, also for smaller orders. This difference is due to the absence of
a bid-ask spread in the call auction, which removes the most important advantage
of a small tick size observed in continuous trading (namely, the fact that reducing
the tick size leads to a lower bid-ask spread). Moreover, the idea that smaller tick
sizes lead to more small price changes is confirmed and the study shows a positive
relation between tick size and transacted volume, in particular in the closing auction.
That considerable differences between the two market structures exist is emphasized
once more when we consider MiFID II effects unrelated to the new tick size regime.
Post-MiFID II effects that can not be attributed to the changed tick sizes are notable
for the closing call auction, while they are fairly minimal for intraday trading. Most
remarkable, transacted volumes in the closing auction have increased greatly since
MiFID II (mainly driven by an increase in limit orders) and closing price formation
became more efficient. These observations suggest that the extra volume in the closing
auctions comes from participants that use limit orders and contribute to more efficient
price formation. This rules out the possibility that the higher auction volumes are
mainly caused by the global trend of increased passive investing, because this trend
is associated with a higher use of market orders and a lower efficiency (Ben-David
et al., 2018; Bogousslavsky and Muravyev, 2019; Wu, 2019). Moreover, it is shown
that the higher auction volumes are not explained by the restrictions on dark pools, as
no evidence is found that volume has moved from dark pools to the main exchanges
after the double volume cap. Instead, the best execution rule is proposed as a possible
explanation of the observed effects.
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1.3 Stylized facts and empirical regularities

To better understand price formation in financial markets under different market struc-
tures, good models of these market structures are useful. The quality of a model is
often measured by its ability to reproduce patterns observed in the data. By now,
the statistical analysis of financial time series has lead to a large set of so called styl-
ized facts, i.e. empirical regularities in financial data that are acknowledged to hold in
different markets, over different time periods and for different stocks. Before we will
discuss different models of stock markets in the next section, here we review several
important stylized facts that a good model should be able to reproduce (and thereafter
explain).

1.3.1 Heavy tailed return distributions

Probably the best known stylized fact of financial time series is that return distribu-
tions exhibit heavy tails. That is, the probability of extremely large price fluctuations
(e.g. of more than three standard deviations) is much higher than for a distribution
with exponentially decaying tails, such as e.g. a Gaussian distribution. Generally, the
observed heavy tails are modelled as an asymptotic power law, i.e. the distribution of
a return X over some interval satisfies5

P(X > x) ∼ L(x)x−a, as x→∞, (1.2)

for some slowly varying function6 L : R → R and exponent a > 0, called the tail
exponent, determining how heavy the tail is. This property of returns was first ad-
dressed by Mandelbrot (1963) and later shown to appear for a wide range of different
markets, with a value of the exponent a around 3 for short intraday time intervals
(see e.g. Gopikrishnan et al. (1998, 1999); Gu et al. (2008); Pagan (1996); Plerou and
Stanley (2008), among many others). The appearance of heavy tails in return dis-
tributions becomes less pronounced and return distributions appear to become closer
to normal distributions when the length of the time interval over which the returns
are measured increases. This (slow) convergence to the normal distribution is known
as aggregational Gaussianity (Cont, 2001) and appears to be stronger when interval

5Here, ∼ denotes asymptotic equivalence, defined as f ∼ g ⇔ limx→∞
f(x)
g(x) = 1.

6A function L is slowly varying iff limx→∞
L(cx)
L(x) = 1, for every c > 0.
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lengths are not measured in physical time, but in trade time, counting the number of
trades (Chakraborti et al., 2011).

Related to the heavy tails observed for return distributions, but less studied, is the fact
that distributions of limit order prices are also heavy tailed. Zovko and Farmer (2002)
and Bouchaud et al. (2002) show that empirical distributions of limit prices relative to
the mid price during continuous trading are heavy tailed, with tail exponents a ≈ 1.5
(Zovko and Farmer, 2002, for the London Stock Exchange) or a ≈ 0.6 (Bouchaud et al.,
2002, for the Paris Bourse). In Chapter 4 a link between the tail exponents for returns
and those for limit order prices is derived analytically in the model of Chapter 3, in
the context of the closing call auction.

1.3.2 Volatility clustering and efficient prices

Closely related to the appearance of heavy tailed return distributions, is the notion
of volatility clustering: large price fluctuations tend to be clustered in time, i.e. large
(small) price fluctuations are typically followed by large (small) price fluctuations of
either sign. More formally, if we assume stationarity, the time series {Vt}t of absolute
returns (or squared returns) is a (positively correlated) long memory process, i.e. the
autocorrelation function

AV (s) = E(Vt − EVt)(Vt+s − EVt+s)√
Var(Vt)Var(Vt+s)

of {Vt}t is not integrable,

lim
n→∞

n∑
s=0
|AV (s)| =∞.

This is the case when AV (s) follows a power law,

AV (s) ∼ L(s)s−γ, as s→∞, (1.3)

for some slowly varying function L : R → R and exponent γ ∈ (0, 1) that determines
how strong the long range autocorrelations are (for an introduction to long memory
processes, see Beran (1994)). The exponent γ is found to be very small for time series
of absolute stock price changes, with values documented between 0.1 and 0.4 (Liu et al.,
1997; Cont, 2001), leading to positive autocorrelations over several hours or even days,
independent of the sampling frequency.
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This sharply contrasts with the absence of autocorrelations of returns: autocorrelation
functions of returns decay to zero very quickly; only on the smallest timescales there
exist small negative autocorrelations and already after a few minutes autocorrelations
vanish (Bouchaud et al., 2009; Chakraborti et al., 2011). This means that prices do not
exhibit long memory and that historical prices can not be used to predict future prices
linearly, which implies that stock markets are remarkably close to (linear) efficiency
(as defined in Section 1.2.1).

1.3.3 Price impact and long memory of order flow

Besides the time series of absolute price changes, the time series of the signs of orders
(buy or sell) is also known to follow a long memory process (Lillo and Farmer, 2004).
This long memory of order flow is often explained as a consequence of investors splitting
up large orders into smaller orders, in order to minimize price impact. As discussed
already in Section 1.2.1, executing a large order immediately at once will lead to larger
transaction costs, because of price impact. In order to minimize this costs, investors
split up large orders in small pieces to trade the entire order incrementally over a longer
period of time, thereby hiding their intentions to not adversely move the price. This
may lead to the observed long memory of order flow, as theoretically explained by the
model of Lillo et al. (2005). One may wonder how this long memory of order flow can
coexist with the absence of autocorrelations in returns, because the fact that orders
have price impact implies at first sight that predictable order signs lead to predictable
prices. This naive argument of course only holds if all else is held constant, which seems
to be the solution to the apparently paradoxal coexistence of predictable order signs
and (linear) price efficiency. For instance, Lillo and Farmer (2004) and Farmer et al.
(2006) argue that fluctuations in order signs are corrected by fluctuations in offered
volumes, i.e. when the next order is more likely to be a buy order than a sell order,
it is also more likely that there is more volume available on the best ask than on the
best bid (see also Bouchaud et al. (2009) for an extensive discussion of the subject).
Finally, price impact follows itself an interesting empirical regularity, as many studies
show that price impact is a concave function of order size (see e.g. Donier and Bonart,
2015; Hasbrouck, 1991; Lillo et al., 2003, among many others).
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1.4 Modelling stock markets

Regarding modelling financial markets, there are essentially two different lines of work.
In the economics community, the standard approach is to consider equilibrium models
in which order arrival is governed by decisions of rational investors trying to maximize
utility. The quantitative finance community (in particular the econophysics commu-
nity), inspired by models from physics, focuses on models in which order flow is com-
pletely stochastic, sometimes referred to as zero intelligence models. As opposed to the
equilibrium models from the economics community, in this second line of work one does
not care if market participants behave rationally, as long as the aggegrate behavior of
a large group of these participants is described accurately. In fact, these models aim
to understand how prices depend on the mechanics of the market structure and the
aggregate order flow, leaving open what determines this order flow, which may well be
(rational) behaviour of individual investors. Zero intelligence models bear the advan-
tage that parameters such as the arrival rates of limit and market orders are observable
in data, as opposed to equilibrium models that contain unobservable parameters such
as utility functions of individual investors and are therefore hard to relate to real data.

Important examples of equilibrium models are the classic models of asymmetric infor-
mation in dealer markets of Kyle (1985) and Glosten and Milgrom (1985) and the limit
order book models of Glosten (1994); Seppi (1997); Parlour (1998); Foucault (1999);
Foucault et al. (2005); Goettler et al. (2005); Roşu (2009). See Parlour and Seppi
(2008) for an extensive review of this line of work. Here, the focus will be on stochastic
zero intelligence models, because the call auction model that is introduced in Chapter
3 is more closely related to these models, as order arrival is assumed to be completely
stochastic.

1.4.1 Limit order book models

With hindsight, the pioneering work of Garman (1976) (also the first user of the term
‘market microstructure’) might be classified as the first zero intelligence model of a
stock market. Garman (1976) discusses both continuous double auctions and dealer
markets, assuming that orders arrive to the market according to a Poisson process.
Although the model follows a simple setup, it is not easily analytically solved and
instead numerical solutions are proposed, thereby underlining early in the literature
the challenges of modelling stock markets. Garman (1976) also guides future research,
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as he asks for instance if empirically observed heavy tailed return distributions might
be explained by his stochastic model of the continuous double auction. In exactly this
direction of research, the large set of stylized facts discussed above has lead to a variety
of stylized limit order book models aiming to replicate and explain these observations.

Discrete time models

Maslov (2000) models a market where at every discrete time step a new participant
enters the market, either a buyer or a seller with equal probability. The market partici-
pant can either trade the stock for the current market price or submit a limit order (all
orders have the same size). The choice between these two options is made at random
(no strategic behaviour), i.e. there is some probability plo > 0, such that

• With probability 1−plo the trader submits a market order and trades against the
market price. That is, a buyer trades against the lowest sell limit order a and a
seller against the highest buy order b and the transacted limit order is removed
from the book.

• With probability plo the trader submits a limit order for a price xlo, which is
added to the limit order book. The limit price xlo is also determined at random:
for a buyer the limit price is xlo = a − ∆ and for a seller the limit price is
xlo = b + ∆, where ∆ > 0 is a random variable, independently sampled from
some distribution F .

Maslov (2000) considers only very simple choices for the valuation distribution F , such
as uniform distributions or even a deterministic ∆ = 1. Despite the very simplistic
setup, simulations show that the model is able to reproduce some of the stylized facts.
For instance, Maslov (2000) studies the histograms of price increments p(t+δt)−p(t) for
interval lengths of δt = 1, 10, 100 time steps and shows that these are non-Gaussian.
In particular, they exhibit heavy tails and log-log plots of the tails show power law
behaviour (in line with empirical evidence, cf. equation (1.2)). Also, the autocorrelation
function AV (s) of absolute price increments Vt = |p(t + δt) − p(t)| is shown to decay
as a power law, in line with the clustered volatility observed in financial time series
(cf. equation (1.3)). The fact that these stylized facts can be reproduced by this
simple model that only describes the mechanics of the market, suggests that these
phenomena might occur as consequences of the market mechanism itself. However, the
exact relation between the parameters (the distribution F and the probability plo), the
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market mechanism and these stylized facts remains unclear, because only simulation
results are reported. Also, the model fails to replicate other stylized facts, as simulation
results are for example not consistent with the absence of autocorrelations in returns.
Challet and Stinchcombe (2001) improve this model by making it possible that several
orders enter the market during one time step and by introducing that limit orders may
be cancelled.

Continuous time models

In a further step towards a more realistic model, Smith et al. (2003) consider a similar
limit order book model, but in continuous time, as opposed to the discrete event time
of Maslov (2000) and Challet and Stinchcombe (2001). In the model, market and limit
orders arrive according to independent homogeneous Poisson processes with respective
rates that we denote by µ > 0 for market orders and λ > 0 for limit orders. All orders
have the same size (denoted σ) and arrive at the bid or ask side of the market with
equal probability. To include the possibility that limit orders are cancelled, a third
independent Poisson process with parameter θ > 0 is introduced that removes limit
orders. As in the model of Maslov (2000), prices of limit orders are independently
sampled from a uniform distribution over a discrete price grid. Simulations, dimen-
sional analysis and mean-field approximations then lead to predictions for the relation
between order flow and important market quantities such as bid-ask spread, volatility
and price impact. For instance, the bid-ask spread s scales as s ∝ µ/λ and has mean
value

s = µ

λ
L(σθ/µ), (1.4)

where L is an increasing slowly varying function. This scaling makes sense as it pre-
dicts that the spread increases when the intensity of market orders increases, while it
decreases when more limit orders are submitted. Moreover, Smith et al. (2003) also
provide a scaling relation for the volatility, expressed in terms of the diffusion rate D
(when we assume the price process follows a random walk, the variance of the random
walk after time t, is Dt, meaning the volatility is proportional to

√
D),

D = C
µ5/2θ1/2

λ2σ1/2 , (1.5)
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for a constant C > 0. Again, this scaling seems reasonable as it predicts for example
that the volatility increases whenever more orders are removed (either by market orders
or cancellations) and decreases whenever more limit orders are submitted. Farmer et al.
(2005) test the relations in equations (1.4) and (1.5) against real data and conclude
that the model predicts the bid-ask spread very well and the volatility acceptably.
Finally, the model produces the concave price impact functions observed empirically,
especially in a regime with a low accumulation of orders around the best bid and ask
price. This shows that, despite its simplifying assumptions, the model performs well
for some aspects of real markets, such as spread, volatility and price impact. However,
the model is inconsistent with other stylized facts, as it is for instance not able to
generate heavy tailed return distributions.

In the models discussed so far, the independent order flow and the uniform valuation
distributions are examples of pure zero intelligence assumptions that lack realism. To
describe real market behaviour more accurately, Mike and Farmer (2008) propose a
model with a similar setup as the model of Smith et al. (2003), but where the ingredients
are modified to reflect empirical regularities. That is, order signs, limit order prices and
order cancellations follow empirically observed regularities. More particularly, order
signs are assumed to follow a long memory process (cf. Section 1.3.3), as opposed to the
independent equiprobable arrival of buy and sell orders in the models of Maslov (2000)
and Smith et al. (2003). Second, as opposed to the uniform order placement in previous
models, limit order prices are placed following a (heavy tailed) Student distribution
with 1.3 degrees of freedom, in line with empirical evidence (cf. Section 1.3.1). Finally,
the way in which cancellations are modelled is also modified: in the model of Smith
et al. (2003) cancellations are modelled through a Poisson process, which implies that
the lifetimes of limit orders are exponentially distributed. Mike and Farmer (2008) show
that this is inconsistent with empirical evidence, as the empirical lifetime distribution
is heavy tailed. Instead, they propose a mechanism of cancellations that leads to
a heavy tailed distribution of lifetimes that closely resembles the observed empirical
distribution. With these three ingredients modified to reflect empirical results, the
model is simulated and it is shown that predicted distributions for spread and volatility
are close to their actual empirical distributions. In particular, the model is able to
produce the heavy tailed return distributions observed in stock markets and the results
suggest that heavy tails are a consequence of the empirically observed long memory of
order flow and heavy tailed limit order placement distributions.

Despite the realistic setup, the model still suffers from some drawbacks. For instance,
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the long memory of order flow is simulated as an exogenous long memory process, which
causes also long memory in returns, at odds with the empirically observed vanishing
autocorrelation functions of returns. More importantly, the results are solely based on
simulations, leading to a lack of interpretability. For instance, while the model makes
clear there is a relation between the heavy tails of return distributions and the heavy
tails of limit order placement distributions, the exact relation remains unclear. In
Chapter 4 we provide such an exact relation in the model of Chapter 3, in the context
of the call auction.

1.4.2 Markovian order book models

The order book models discussed so far mainly rely on simulation based analysis, which
may complicate interpretation of results. Next, we will discuss models that take a more
mathematical perspective and use results from Markov theory and queueing theory to
derive (semi-)analytical results.

A full order book model

Cont et al. (2010) study a similar model as Smith et al. (2003), but place the problem
of modelling limit order books in the context of Markov processes, allowing them to
derive semi-analytical solutions, using Laplace transforms. In the model of Cont et al.
(2010), limit orders are placed on a discrete price grid {1, . . . , n} representing price
ticks. The evolution of the limit order book is then modelled as a continuous time
stochastic process L = {L(t)}t≥0 , defined as

L(t) = (L1(t), L2(t), . . . , Ln(t)) ∈ Zn,

where Li(t) gives the volume in the limit order book on price i, set negative for buy
limit orders and positive for sell limit orders. That is, if Li(t) < 0 there are −Li(t) buy
orders in the order book for price i at time t, if Li(t) > 0 there are Li(t) sell orders
in the order book for price i at time t. For an order book L(t) at time t, the best bid
price xB(t) is defined by

xB(t) = sup{i ∈ {1, . . . , n} : Li(t) < 0} ∨ 0
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and the best ask price xA(t) is defined by

xA(t) = inf{i ∈ {1, . . . , n} : Li(t) > 0} ∧ (n+ 1).

As in Smith et al. (2003), order flows (market orders, limit orders and cancellations)
arrive according to independent Poisson processes. In particular, both buy and sell
market orders arrive according to Poisson processes with rates µ, while buy and sell
limit orders arrive on a distance of i ≥ 1 ticks from the opposite best price according
to Poisson processes with rates λ(i). Finally, cancellations on a distance of i ticks from
the opposite best price occur proportionally to the number of orders: if there are l limit
orders on a distance of i ticks from the opposite best price, then cancellations arrive
for this position at rate θ(i)l. All Poisson processes are assumed to be independent
and all orders (as well as cancellations) have unit size. Note that order placement
involves a price dependent rate λ : {1, . . . , n} → [0,∞), as a function of the distance
to the opposite best price. In this setting, uniform order placement as in the models of
Maslov (2000) and Smith et al. (2003) would correspond to a constant function λ. To
better describe properties of real order placement, Cont et al. (2010) propose a power
law,

λ(i) = Ci−a,

for parameters C, a > 0 that are fitted on data (in accordance with empirical observa-
tions, cf. Section 1.3.1).

Due to the independent Poisson order flow, the order book process L is a continuous
time Markov process, with state space Zn. To consider the dynamics of this Markov
process, suppose that the order book is in state l ∈ Zn with best bid price xB and
best ask price xA and denote 1i = (0, . . . , 1, . . . , 0) ∈ Zn, where the 1 is on position i.
Transition rates of the Markov process L are then as follows,

• l→ l + 1i at rate λ(i− xB) for i > xB (arrival of a sell limit order at price i).

• l→ l − 1i at rate λ(xA − i) for i < xA (arrival of buy limit order at price i).

• l→ l + 1xB at rate µ (arrival of a sell market order).

• l→ l − 1xA at rate µ (arrival of a buy market order).

• l→ l− 1i at rate θ(i− xB)li for i > xB (cancellation of a sell limit order at price
i).
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• l → l + 1i at rate θ(xA − i)|li| for i < xA (cancellation of a buy limit order at
price i).

This tractable structure allows Cont et al. (2010) to provide semi-analytical computa-
tions (based on Laplace transforms) for several probabilities. Where Smith et al. (2003)
focus on steady-state distributions, Cont et al. (2010) consider conditional probabilities
(conditional on the state of the order book) of practically relevant events such as the
direction of the next mid-price move. Because all parameters (market and limit order
flow intensities and proportion of cancellations) are observable, the model is easily cal-
ibrated to the data and model implied conditional distributions appear to be close to
observed empirical distributions.

A reduced order book model

Motivated by the fact that price dynamics are solely determined by what happens on
the best bid and ask prices, Cont and de Larrard (2013) propose a similar model, where
they only keep track of the volumes on the best bid and ask, which reduces the state
space of the Markov process considerably. Denote by (xBt , xAt ) the best bid and ask
price at time t and by (lBt , lAt ) the volumes on the best bid and ask in the order book
at time t and assume that the bid-ask spread is always 1 tick size. Then the state of
the order book at time t is described by the value of the triplet L(t) = (lBt , lAt , xBt ).
When the queue lBt empties, the best ask price moves down and the volumes at the
new best prices are independently sampled from a distribution F on N2. Similarly,
when lAt hits 0, the best bid price moves up and the volumes at the new best prices
are independently sampled from a distribution F̃ on N2. This reduces the state space
of the Markov process L to N2 × δN, where δ > 0 is the tick size of the price axis.

Suppose again that both buy and sell market orders arrive following Poisson processes
with parameter µ, while both buy and sell limit orders arrive according to Poisson
processes with parameter λ (a constant, meaning uniform order placement) and can-
cellations follow Poisson processes with parameter θ on both sides. Again, all Poisson
processes are independent and all orders and cancellations have unit size. While the
more extensive model of Cont et al. (2010) leads to semi-analytical results based on
Laplace transforms, Cont and de Larrard (2013) show that conditional probabilities of
several interesting events can in the reduced model be derived analytically, at the cost
of more restrictive assumptions.
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More interestingly from a theoretical perspective, Cont and de Larrard (2013) provide
the continuous time limit of the price process (when the number of order book events n
tends to infinity) and show that it is a Brownian motion with variance that decreases if
market depth increases (Cont and de Larrard, 2013, Theorem 1). In more detail, under
the condition that λ = µ+ θ and F̃ = F (with density f such that f(x, y) = f(y, x)),
it holds that7 {

xBtn logn√
n

}
t≥0
⇒ {σWt}t≥0, as n→∞

where {Wt}t≥0 denotes a standard Brownian motion and the asymptotic variance is
given by

σ2 = δ2πλ

D(f) , (1.6)

where
D(f) =

n∑
i=1

n∑
j=1

ijf(i, j).

Recall that F is the distribution of the volumes on the best bid and ask just after a price
change and hence D(f) provides some measure of average market depth. This result
links the microstructure of continuous double auction markets to the use of diffusive
processes for modelling stock prices on larger time scales. In particular, equation (1.6)
implies that volatility scales as

√
λ/D(f), which Cont and de Larrard (2013) show to

hold true approximately for real data (recall that λ = µ+ θ, explaining why volatility
should increase with λ).

Limit order book asymptotics

In the same direction of this last result, a branch of the mathematical finance literature
has emerged recently, focusing on the asymptotics of limit order book processes. The
aim of this line of work is to link limit order book events on the microscopic scale to
price (or entire order book) dynamics on the macroscopic scale. This line of work is
of a more technical nature than the models discussed so far and is less directly related
to the contents of this thesis, but will be discussed briefly to complete this overview of
limit order book models. An early example is the work of Abergel and Jedidi (2013),

7Here,⇒ denotes weak convergence in the space of cadlag functions, equipped with the Skorokhod
metric (see Billingsley, 1968, Chapter 3).
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who study a very general setup, where the limit order book is modelled as a multi-
dimensional continuous time Markov process with Poisson order flow (much as in Cont
et al. (2010)), and show that the order book process is ergodic under certain conditions
on the arrival of cancellations. Moreover, when the number of order book events tends
to infinity, (a rescaled version of) the corresponding price process converges towards a
Brownian motion with a constant volatility. In a later work (Abergel and Jedidi, 2015),
the same authors relax the Poisson order flow assumption, by replacing the independent
Poisson processes that govern the arrival of orders by a multidimensional self-exciting
point process (a so called Hawkes process8) that better reflects properties of real order
flow, such as the fact that orders are clustered in time. In this more realistic setting,
the authors again provide conditions for ergodicity of the order book process and show
that the rescaled price process converges towards a Brownian motion, with a different
asymptotic volatility.

While Abergel and Jedidi (2013, 2015) focus on the limit process on macroscopic time
scale (where the number of order book events tends to infinity), Lakner et al. (2016)
study a somewhat different regime (referred to by the authors as the “high frequency
regime”) in which the number of market and limit order arrivals grows large, while
limit orders are placed close to the best price. Lakner et al. (2016) model only one
side of the order book (the ask side), which they study as a measure valued process,
allowing them to provide limit theorems for both the price process and the whole order
book process. Under the assumption that limit orders are on average placed above
the best ask price, the limiting price process is an increasing process, with a rate of
increase that is inversely related to the volumes in the order book. This formalizes
the intuition that high order book volumes may obstruct the price process and is in
qualitative agreement with the limiting process of Cont and de Larrard (2013). Using
the same model, Lakner et al. (2017) study the complemental case where orders are
more frequently placed in the spread, using a coupling with a branching random walk
(as proposed by Simatos (2014)) to study the limiting behaviour of the order book.

8A d-dimensional Hawkes process (N1, . . . Nd) is a point process with intensities λi(t) = µi +∑d
j=1

∫ t

0 φi,j(t− s)dN j
s for 0 ≤ i ≤ d, where µi describes the fixed part of the intensity, while the non-

negative kernels φi,j control the influence of the number of past events on the current intensity, often
taken exponentially decaying in time (see e.g. Bacry et al. (2015) for a review on Hawkes processes in
finance).
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1.4.3 Call auction models

As the above (certainly not exhaustive) summary makes clear, the issue of modelling
price formation in continuous markets has been studied extensively. Unfortunately,
the call auction has received less attention, but notable exceptions are by Mendelson
(1982) and Muni Toke (2015a). Mendelson (1982) models a call auction in which all
orders have size one and are uniformly distributed over some price interval, while buy
and sell orders arrive conform a homogeneous Poisson process. The distribution of
transacted volume is derived, together with the clearing price expectation. Muni Toke
(2015a) gives the full solution of Mendelson’s call auction model, deriving distributions
for transacted volume and clearing prices.

The Mendelson-Muni Toke model

In the Mendelson-Muni Toke model, buy and sell orders arrive according to indepen-
dent Poisson processes with different parameters. Both buy and sell order prices are
modelled as i.i.d. samples from a continuous distribution F . The assumption that
buy and sell order prices follow the same distribution is necessary for the analysis of
Muni Toke (2015a), which is based on the theory of order statistics. Suppose NB buy
orders B1, . . . , Bn and NA sell orders A1, . . . , Am are submitted to the auction and
denote (in our notation) the number of sell orders below a price x by

DA(x) :=
NA∑
i=1

1{Ai≤x}

and the number of buy orders above a price x by

DB(x) :=
NB∑
j=1

1{Bj>x}.

Then a clearing price X maximizes the transactable volume whenever it satisfies the
market clearing equation (1.1) (see also figure 1.2). Note that NA and NB are ran-
dom variables and that under the Poisson order flow assumption of Mendelson (1982);
Muni Toke (2015a),

(NA, NB) ∼ Poisson(λAT )× Poisson(λBT ),
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where λA is the arrival rate of sell orders, λB the arrival rate of buy orders and T the
duration of the auction (in units of time). Suppose that NB = n and NA = m and
note that as both the buy and the sell order samples are independent i.i.d. samples
from F , together these samples form one i.i.d. sample from F of size n + m. Let us
denote this sample by {xi}n+m

i=1 such that x1 < · · · < xn+m. The analysis of Muni Toke
(2015a) then hinges on the observation that, conditional on NB = n,NA = m, a price
X satisfies equation (1.1) if and only if X ∈ (xn, xn+1). That is, the lowest possible
clearing price is distributed as the nth order statistic of an i.i.d. sample from F of
size n + m. Similarly, the highest possible clearing price is in distribution equal to
the (n + 1)th order statistic of an i.i.d. sample from F of size n + m. This is seen as
follows: suppose there are k buy orders among the highest m prices {xn+1, . . . , xn+m},
then there are n− k buy orders and k sell orders among {x1, . . . , xn}. Hence,

DA(x) = k = DB(x), for x ∈ (xn, xn+1).

Moreover, note that DA is monotone increasing and DB is monotone decreasing, im-
plying that (xn, xn+1) is the only possible interval where DA(x) = DB(x).

This immediately gives the conditional distributions of these lower and upper clearing
prices, because the distributions of order statistics of an i.i.d. sample are known in
analytical form in terms of F and corresponding density f . For instance, the nth order
statistic X(n) of an i.i.d. sample X1, . . . , Xn+m from F has density,

g(x) = (n+m)!
(n− 1)!m!F (x)n−1(1− F (x))mf(x),

which is thus the density of the lower clearing price conditional on NB = n,NA =
m. The assumption that both buy and sell order prices are sampled from the same
distribution F is crucial to the argument, but unfortunately also restrictive and lacking
realism, as it is in this setting impossible to consider different valuation by buyers and
sellers.

Towards a more realistic call auction model

The call auction model introduced in Chapter 3 is technically related to the Mendelson-
Muni Toke model, but generalizes it in several ways. Most importantly, we assume buy
and sell orders are sampled from different valuation distributions FB (for buy orders)
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and FA (for sell orders), to incorporate that buyers and sellers value the stock differently
(in a statistical sense over both populations). This makes the above argument based
on order statistics inapplicable (as already pointed out by Muni Toke (2015a)) and
a different method is proposed instead. Moreover, we relax the Poisson distributed
order flow assumption of Mendelson (1982) and Muni Toke (2015a) and consider more
realistic alternatives. We make no assumptions on the shape of the distributions FA
and FB and the distribution of (NA, NB), which permits great modelling freedom and
makes it possible to consider both parametric examples and empirical fits. Finally, we
introduce the notion of excess liquidity to the model, which is defined as any sort of
liquidity that plays a role in the auction, but does not originate from the placement of
limit orders according to FA and FB. This excess liquidity can be either deterministic
or stochastic. An example of the former is the inclusion of a standing limit order
book, an example of the latter is the inclusion of market orders in the auction. This
second example is an important contribution, because it makes it possible to consider
the effects of market orders in call auctions and to compare auctions with and without
market orders, which is used in Chapter 4.

In Chapter 3 the model is introduced and analytical expressions are provided for dis-
tributions of price and volume. By considering simple examples, the influence of the
model’s parameters on these distributions is examined. Also, it is shown that the
model produces some of the stylized facts discussed in Section 1.3. For example, the
clearing price distribution is shown to approach a normal distribution in the limit of
infinite orders, in line with empirically observed aggregational Gaussianity (cf. Section
1.3.1). More particularly, if we denote the total number of orders by N = NA+NB and
the order flow imbalance by α = NA/N , the clearing price distribution converges to a
normal distribution as N tends to infinity, at a convergence rate

√
N . This limiting

normal distribution centers around the equilibrium price xE defined by,

αFA(xE) = (1− α)(1− FB(xE)),

which is the non-stochastic equivalent of equation (1.1). Also, if we denote the densities
of FA and FB by fA and fB, the asymptotic variance is inversely proportional to
αfA(xE) + (1 − α)fB(xE), implying that the clearing price variance goes down in
price ranges where orders are concentrated. Including properly scaled excess liquidity
shifts the limiting clearing price distribution away from the equilibrium price xE and
this shift is also inversely proportional to αfA(xE) + (1 − α)fB(xE), implying price
impact is higher if less orders are concentrated around the price xE (see theorem 3.9
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and the discussion in Section 3.3). Furthermore, modelling the arrival of an extra
market order as excess liquidity makes it possible to study the price impact of market
orders in call auctions. Remarkably, the model produces the empirically observed
concave price impact functions (cf. Section 1.3.3), especially in a regime with few orders
around the clearing price. Finally, to verify the validity of the model statistically, we
predict a year’s worth of daily closing price distributions for 5 liquid European stocks,
with estimators for FA and FB based on intraday transaction data. Kolmogorov-
Smirnov statistics and QQ-plots demonstrate with ample statistical significance that
the model predicts closing price distributions accurately, and compares favourably with
alternative methods of prediction.

In Chapter 4 the model is applied to explain the heavy tails of closing price return
distributions. Analytical expressions are derived for the relation between the tails of
the order placement distributions and the tails of the closing price return distribution.
In a version of the model without market orders, the tails of the closing price dis-
tribution behave as the product of the tails of the order placement distributions FA
and FB. When market orders are incorporated, this relation changes, depending on a
proportionality relation between market order and limit order imbalances. Empirical
analysis shows that the model’s predicted relations are satisfied for a sample of 100
liquid European stocks. Counter-intuitively, the empirical analysis indicates that large
closing price fluctuations are typically not caused by large market orders, instead tails
become heavier when market orders are removed. Theoretically, for the right tail, this
empirical fact can only arise whenever

0 < MB −MA

NA −NB

≤ aA
aB
, (1.7)

under the assumption that FB and FA have heavy right tails with tail exponents aB and
aA satisfying aB > aA > 0. Here, NA is the sell limit order volume, NB the buy limit
order volume andMA andMB denote the sell and buy market order volume. Equation
(1.7) is indeed satisfied on average empirically, which is explained by the observation
that limit orders are submitted so as to counter existing market order imbalance,
providing a theoretical explanation of the observations. The results suggest that large
closing price fluctuations are not caused by large market orders (at least, not directly),
instead placement of limit orders seems to be the primary cause of the observed heavy
tails. Moreover, the results suggest that heavy tails are market microstructure effects
and that tail exponents vary between different stocks and different market mechanisms.
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The analyses in Chapters 3 and 4 show that the proposed call auction model is suitable
to model both the bulk of the data (as in Chapter 3) and more extreme events (as in
Chapter 4), which is a noteworthy advantage of the model, as models are often designed
to only describe ‘generic’ situations well. Furthermore, the approach in Chapters 3
and 4 distinguishes itself from the existing literature by providing a combination of
analytical rigor and extensive testing against real data, while the models of stock
markets discussed in the current section mostly focus on one of these two aspects.
For instance, the simulation based models discussed in Section 1.4.1 are extensively
linked to real data, but do not lead to closed form solutions, while the more theoretical
approaches described in Section 1.4.2, as well as the work of Mendelson (1982) and
Muni Toke (2015a), require more restrictive assumptions and are only briefly linked to
real data. In contrast, in Chapter 3 and especially in Chapter 4, analytical solutions are
provided and extensively tested against real data, benefiting from the simple structure
of the call auction.

1.5 Outline

The remainder of this thesis is organized as follows. Every chapter is based on a
separate paper and preceded by its own short introduction relating it to the relevant
literature and the rest of the thesis. Moreover, every chapter is followed by its own
appendices containing additional material or proofs of the mathematical theory pre-
sented in the chapter. Chapter 2 contains an empirical study of the effects of MiFID
II on European stock markets, Chapter 3 presents and studies the stochastic call auc-
tion model and in Chapter 4 the model is used to explain large price fluctuations in
closing call auctions. The chapters are written to be mostly self-contained, which has
the advantage that the reader can focus on a single chapter if desired, although it is
advisable to read Chapters 3 and 4 jointly. Naturally, it also causes that the reader
might experience a certain level of repetition between the chapters (especially between
Chapters 3 and 4), which has been tried to be limited to a minimum level.
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CHAPTER 2

Effects of MiFID II on stock price formation

The contents of this chapter are based on Derksen et al. (2020b).

2.1 Introduction

At the outset of the year 2018, the new regulations for European financial markets,
called the Markets in Financial Instruments Directive II (MiFID II), came into force.
MiFID II is the successor of the original MiFID1 regulations and is introduced in order
to create fairer, safer, more efficient and more transparent markets. In this chapter
the effects of MiFID II on trading stocks belonging to the STOXX Europe 600 index2

(hereafter referred to as the STOXX600), are examined. We study the effects of the
new tick size regime and also report significant effects that are not related to the tick
size regulations, especially in the closing auction.

1The original MiFID regulations applied since November 2007, aiming for better protection of
investors.

2The STOXX Europe 600 index has 600 components from 17 different European countries, it
represents European small, mid and large cap stocks.
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Several parts of MiFID II are relevant to stock trading and market microstructure. An
important part of the regulations is a new tick size regime3. During the last decade,
exchanges have reduced their tick sizes in order to create tighter bid-ask spreads. How-
ever, since a few years it is recognized that this has had a negative effect on the quality
of the market. That is why with MiFID II a new tick size regime was introduced,
setting a minimum tick size for every traded instrument on every exchange in Europe,
taking into account the price and liquidity of the instrument. Other relevant parts of
MiFID II include the double volume cap (DVC) and the best execution rule. The DVC
limits the volume that is allowed to be traded in the so called dark pools (private ex-
changes in which liquidity is not visible a priori), in order to protect the transparency
of the market4. The best execution rule mandates intermediaries to obtain the best
possible price when executing a client’s order5. A similar rule already existed in the
previous MiFID regulations, but the obligation to prove fulfillment has become much
more urgent, possibly changing the way orders are executed.

In the first part of this chapter, the effects of the new tick size regime are studied.
The French regulator did a first examination of the effects of the new tick size regime
and concluded the regime had positive effects on liquidity and market stability, see
AMF (2018). There already exists a large body of literature on the effects of changes
in tick size, most of it based on the change to decimal pricing in the US in 2001 (see
e.g. Bessembinder (2003); Chakravarty et al. (2004, 2005) and many others), but also
on other moments in time and other exchanges (see e.g. Anderson and Peng (2014);
Bacidore (1997); Ronen and Weaver (2001)). See Verousis et al. (2018) for a very recent
and exhaustive review of the literature on tick sizes. Most of the existing literature on
this subject is relatively old (before the rise of high frequency trading) and/or based
on only trade- and best bid/ask-data. However, very recently a new line of studies
emerged that investigate stocks that were subject to the tick size pilot in the US6 (see
for example Chung et al. (2020) and Griffith and Roseman (2019), among others).

All of the abovementioned studies focus on the effects of tick size changes on intraday
3The new tick size regime is introduced in Article 49 of MiFID II, see https://www.esma.europa.

eu/databases-library/interactive-single-rulebook/mifid-ii/article-49
4Only 8% of the total transacted volume (over all trading venues) in a stock is allowed to be

carried out in dark pools, and only 4% of the total transacted volume is allowed to be carried out
in a single dark pool. This is stated in Article 5 of MiFIR, see https://www.esma.europa.eu/
databases-library/interactive-single-rulebook/mifir/article-5

5This is stated in Article 27 of MiFID II, see https://www.esma.europa.eu/databases-library/
interactive-single-rulebook/mifid-ii/article-27

6In 2016 the US Securities and Exchange Commission launched the Tick Size Pilot Program as an
experiment to assess the effects of an increase in tick size, for illiquid stocks mainly.

https://www.esma.europa.eu/databases-library/interactive-single-rulebook/mifid-ii/article-49
https://www.esma.europa.eu/databases-library/interactive-single-rulebook/mifid-ii/article-49
https://www.esma.europa.eu/databases-library/interactive-single-rulebook/mifir/article-5
https://www.esma.europa.eu/databases-library/interactive-single-rulebook/mifir/article-5
https://www.esma.europa.eu/databases-library/interactive-single-rulebook/mifid-ii/article-27
https://www.esma.europa.eu/databases-library/interactive-single-rulebook/mifid-ii/article-27
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continuous trading, but none of them studies the effects of tick size on trading in the
closing call auction. The current study fills this gap by examining the effects of the
new tick size regime on both intraday continuous trading and trading in the closing
auction. It is investigated how liquidity, transacted volumes, volatility and trading
activity are affected by a change in tick size, for both intraday trading and in the
closing auction. It is found that the increase in depth after an increase in tick size
can not offset the contemporaneous increase in bid-ask spread (except for very large
orders), implying that intraday liquidity for small orders is negatively affected by an
increase in tick size, while it is positively affected by a decrease in tick size (in line with
for example Goldstein and Kavajecz (2000)). In the closing auction there is no bid-
ask spread, but depth still increases, leading to improved liquidity in closing auctions
after an increase in tick size. Furthermore, an increase (decrease) in tick size leads to
a moderate increase (decrease) in intraday transacted volumes and a strong increase
(decrease) in transacted volumes in the closing auction. Finally, it is shown that an
increase in tick size leads to a more reliable order book, reflected by a lower amount
of bid-ask price updates and (small) trades, a higher average trade size and higher
volumes in the order book.

Moreover, significant post-MiFID II effects are observed that can not be attributed
to the tick size regime, especially in the closing auction. Since the introduction of
MiFID II an increasing part of the daily transacted volume is transacted in the closing
auction, mainly driven by an increase in limit order volume, not market order volume.
Along with the increase in volumes, price deviations in the closing auction increased.
Pre-MiFID II a high absolute return in the closing auction was followed by a correction
the next day, but post-MiFID II this mean reversion has vanished. These observations
suggest that the extra volume in the closing auctions contributes to price formation and
makes closing prices more efficient, ruling out the possibility that the extra volume is
caused by the increase in passive investing. No evidence is found that the DVC rule has
caused volume to move from dark pools to the regular exchanges (in line with Johann
et al. (2019)) and the best execution rule is proposed as an alternative possibility to
explain the observed effects.

This study constitutes a first large scale examination of the effects of MiFID II on
European equity trading, documenting both expected and unexpected consequences
of this regulatory intervention, which are of interest to academics, policy makers and
market practitioners. Particular focus goes to tick size effects, especially regarding
the influence of tick sizes in the closing call auction (rather than intraday continuous
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trading, which has been the exclusive focus of most existing literature). Finally, this
study contributes to the literature on call auctions, by studying tick size effects and
the efficiency of price formation in the closing auction.

The remainder of this chapter is organized as follows. In Section 2.2 several testable
hypotheses are formulated, on how the new tick size regime can affect trading in the
intraday continuous market and in the closing auction. In Section 2.3 the used data
is discussed and the method is explained. In Sections 2.4 and 2.5 the effects of the
new tick size regime are examined. Section 2.6 concerns post-MiFID II effects that
can not be attributed to the new tick size regime. Finally, in Section 2.7 the results
are summarized and concluding remarks are made. In Appendix 2.A information on
different closing auction mechanisms can be found and Appendix 2.B reports results
on the effects of the DVC rule.

2.2 Hypotheses development

In this section we will formulate testable hypotheses for the effects of the new tick size
regime on intraday continuous trading and on trading in the closing auction.

2.2.1 Liquidity, trading costs and transacted volume

There exists a large empirical literature on the relation between tick size and liquidity.
Generally, the focus is on the bid-ask spread (defined as the difference between the
lowest ask price and the highest bid price) and market depth (the volume that is
accumulated in the order book). The literature unanimously shows that a higher
(lower) minimum tick size leads to a higher (lower) bid-ask spread and higher (lower)
volumes at the best bid and ask (see e.g. Alampieski and Lepone (2009); Ap Gwilym
et al. (2005); Biais et al. (2010); Bollen and Whaley (1998); Chung et al. (2005); Hsieh
et al. (2008); Van Ness et al. (2000), among others). An increase (decrease) in spread
after an increase (decrease) in tick size, is generally explained by the extent to which
the tick size is a binding constraint for the spread: if the spread is oftentimes only one
tick, an increase in tick size will mechanically increase the spread, while a decrease
in tick size will offer the opportunity to quote lower spreads. Even if the tick size is
not binding the spread, market participants can place limit orders at tighter prices
when the tick size is lower. Reflecting this second argument, Bessembinder (2000)
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finds that spread and tick size are also positively related when the tick size is non-
binding. Furthermore, a positive relation between depth and tick size is explained by
the following arguments. Volumes at the best bid and ask will be higher when the tick
size is higher, because a coarser price grid will cause volume to concentrate more on the
same price level. Also, the cost of front running increases with the tick size, making
it more likely a market participant decides to join the queue, instead of crossing or
tightening the spread. Following Goldstein and Kavajecz (2000), a decrease in spread
is associated with improved liquidity for smaller orders, while increased depth suggests
improved liquidity for larger orders. The tradeoff between spread and depth is studied
by investigating the cost of round trip trades of increasing size. The first hypothesis
thus is as follows.

Intraday Hypothesis 1 After an increase (decrease) in tick size, the bid-ask spread
and market depth will increase (decrease). Consequently, the trading costs for small
trades increase (decrease) with an increase (decrease) in tick size, while trading costs
for large trades decrease (increase).

In the closing call auction there is no bid-ask spread, because bid and ask quotes overlap
during the accumulation phase of the auction. Therefore, the concept of liquidity
needs to be studied differently. Here, closing auction liquidity means how sensitive the
auction’s clearing price is to the arrival of an extra order: in a very liquid auction,
a very large order would be needed to move the price (see also Kehr et al. (2001)).
Because of the absence of a bid-ask spread, the channel through which a higher tick
size negatively affects liquidity does not play a role in the context of the closing auction.
On the other hand, similar to the case of intraday trading, we expect tick size and depth
to be positively related, because a higher tick size causes volume to concentrate more
on the same price level. This suggests that a tick size increase should have a positive
effect on closing auction liquidity. Moreover, in a sense one can see the closing auction
as a single very large trade, implying that Intraday Hypothesis 1 would also suggest
a positive relation between closing auction liquidity and tick size. In light of these
arguments, the following hypothesis is proposed.

Closing Auction Hypothesis 1 An increase (decrease) in tick size will have a
positive (negative) effect on closing auction liquidity.

As we have seen, the relation between tick size and intraday liquidity is rather complex
(basically a tradeoff between spread and depth), which raises the question how this
affects transacted volume. The relation between tick size and transacted volume (if it
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exists) is not well understood in the literature. Niemeyer and Sandås (1994) find (some)
evidence that tick size and transacted volume are negatively related, a relation that is
also predicted by the theoretical work of Harris (1994) and Goettler et al. (2005). This
negative relation is supported by the compelling argument that lower tick sizes lead
to lower spreads, causing market participants to trade more. On the other hand, the
zero intelligence model (where traders make decisions exogenously) of Chiarella and
Iori (2002) predicts that transacted volume and tick size are positively related. Indeed,
if traders do not alter their decisions based on the changing tick size, a larger tick size
will cause more orders to be rounded to the same price, making matching of buy and
sell orders more likely. In line with this argument, Chakravarty et al. (2004) find that
transacted volumes decrease after a decrease in tick size. However, Ahn et al. (1996,
2007), Anderson and Peng (2014), Bacidore (1997), Gerace et al. (2012) and Ke et al.
(2004) do not find evidence of effects of tick size reduction on transacted volumes. More
recently, O’Hara et al. (2018) also find that total transacted volume is not affected by
the tick size and the AMF (2018) finds that transacted volumes are not impacted by
the new tick size regime. Clearly, there is no consensus on the relation between tick
size and transacted volume, but most empirical evidence (and importantly, very recent
evidence) suggests that there is no significant relation between tick size and transacted
volume. Based on this, the hypothesis on the relation between tick size and intraday
transacted volume is as follows.

Intraday Hypothesis 2 A change in tick size will not affect the intraday transacted
volume.

As discussed, in the closing auction there is no bid-ask spread, ruling out the channel
through which a decrease in tick size may have a positive effect on transacted volume.
On the other hand, a larger tick size will cause more orders to be rounded to the same
price level, making matching of buy and sell orders more likely (in line with Chiarella
and Iori (2002)), especially in the closing auction, where buy and sell orders overlap. To
illustrate this argument, consider the following exaggerated example. Suppose the tick
size is EUR 0.10 and buy orders are on prices EUR 99.9 and EUR 100.0, sell orders on
EUR 100.0, EUR 100.1 (all for one share). This would induce only one transaction for
an auction price of 100.0. When the tick size would increase to EUR 0.50 and market
participants round their orders to the nearest tick, there would be two buy orders
on EUR 100.0 and two sell orders on EUR 100.0, leading to two transactions. With
this mechanical argument and the absence of a bid-ask spread in mind, the following
hypothesis is adopted.
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Closing Auction Hypothesis 2 An increase (decrease) in tick size will have a
positive (negative) effect on transacted volume in the closing auction.

2.2.2 Volatility, order book stability and trading activity

Most of the relevant empirical literature suggests that a higher (lower) tick size leads
to higher (lower) volatility (see e.g. Hau (2006); Ke et al. (2004); Ronen and Weaver
(2001)). This is also in line with Intraday Hypothesis 1 on bid-ask spreads, as higher
spreads are associated with higher volatility (see e.g. Ke et al. (2004)). Furthermore, a
positive relation between tick size and volatility is also supported by theoretical results
of Chiarella and Iori (2002), who argue that an increase in minimal price change will
lead to a linear increase in price deviations. So the hypothesis concerning volatility
reads as follows.

Intraday Hypothesis 3 Volatility will increase (decrease) after an increase (de-
crease) in tick size.

Concerning the closing auction, the quantity of interest is the absolute deviation of
the closing price with respect to the price just before the auction, as a measure of the
auction’s volatility. Again, it is expected that a higher tick size will lead to larger
price deviations, because the minimal price change is larger. Therefore, the following
hypothesis is proposed.

Closing Auction Hypothesis 3 Absolute auction returns will increase (decrease)
after an increase (decrease) in tick size.

Finally, we will address limit order book stability and trading activity. The AMF
(2018) states that the trend of decreasing tick sizes over the years before MiFID II
has had negative effects on the quality of the market, as it lead to negligible and
unnecessary price improvements. Too small tick sizes make the costs of outbidding the
best bid or ask negligible, which leads to many small price changes that may disturb
price formation and cause unstable limit order books (Laruelle et al., 2018). To reduce
this limit order book noise, a lower number of bid-ask price changes and a lower number
of (small) trades, combined with a higher trade size are desired (AMF, 2018). A larger
tick size will increase the cost of front running and the cost of crossing the spread, which
leads to less small price movements, and will increase order book depth, allowing for
larger transactions. This naturally leads to the following hypothesis.
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Intraday Hypothesis 4 An increase (decrease) in tick size will lead to a decrease
(increase) in the number of best bid-ask price updates and the number of (small) trades
and to an increase in the average trade size, all contributing to a more reliable limit
order book.

Similarly, in the closing auction less small price changes would mean that the indication
price is updated less often during the auction, reflecting a more stable price formation
and a more reliable indication price.7 The corresponding hypothesis is as follows.

Closing Auction Hypothesis 4 An increase (decrease) in tick size will be followed
by a decrease (increase) in the number of indication price updates.

2.3 Data and method

Two years (2017 and 2018, before and after the new regulations) of intraday order
book data (minimal 5 levels deep on both sides) and transaction data is obtained for
all constituents of the STOXX600 index. The STOXX600 consists of 600 components,
representing 17 countries in Europe8. Some stocks in the STOXX600 are traded on
several exchanges and in different currencies, we only consider trading on their Eu-
ropean primary exchanges9. The stocks are divided into three groups, based on the
market capitalization of the stock, which leads to 200 small cap stocks, 200 mid cap
stocks and 200 large cap stocks. Stocks that were not in the STOXX600 index for one
of the years are excluded.

To examine the effects of the new tick size regime, the stocks are divided into groups
based on the way their tick size is affected by this new regime: a group of which the
tick size increased (ts↑), a group of which the tick size decreased (ts↓) and a group of
which the tick size remained unchanged (ts↔). The last group acts as a control group
for the other two groups. Because tick sizes can (as well in the old as in the new tick

7During the closing auction, indication price and volume are released continuously, indicating the
price and volume if the auction would be cleared at that time. See Appendix 2.A for more information
on auction mechanisms and rules.

8Those are: Austria, Belgium, Denmark, Finland, France, Germany, Ireland, Italy, Luxembourg,
the Netherlands, Norway, Poland, Portugal, Spain, Sweden, Switzerland and the United Kingdom.
Around 75% of the index is listed on Euronext (Amsterdam, Paris, Brussels, London, Oslo, Dublin,
Lisbon), XETRA, SIX or Borsa Italiana.

9Some companies have multiple European primary exchanges (e.g. Unilever is listed in both Ams-
terdam and London), in that case we choose the one with the highest trading volume (on average).
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size regime) also change during a calendar year due to changes in the stock price, the
groups have the following definitions.

• ts↑: every stock whose average tick size over 2018 is a factor10 1.5 higher than
its average tick size over 2017. This group contains 179 stocks, of which 64 small
caps, 68 mid caps and 47 large caps.

• ts↓: every stock whose average tick size over 2017 is a factor 1.5 higher than its
average tick size over 2018. This group contains 144 stocks, of which 42 small
caps, 43 mid caps and 59 large caps.

• ts↔: all other stocks. This group contains 220 stocks, of which 80 small caps,
70 mid caps and 70 large caps.

In table 2.1 the average tick size change and the average market capitalization of the
groups is shown. In this chapter a couple of quantities is considered in order to asses

Small cap stocks Mid cap stocks Large cap stocks
∆tick size market cap ∆tick size market cap ∆tick size market cap

ts↑ +132.2% 3.85 +111.8% 8.94 +137.3% 42.1
ts↓ −56.6% 3.80 -53.2% 8.45 -55.5% 44.1
ts↔ −5.4% 3.85 -7.22% 8.96 -10.6% 46.6

Table 2.1: The average percentual change in tick size (∆tick size) and the average market
capitalization in billions of euros, of the nine defined groups.

the influence of the MiFID II tick size regime. Every quantity is computed as a per day
average for every stock, after which it is averaged over the year to find the average per
stock per year. Then the percentual change in the value of the quantity in 2018 (after
the introduction of the MiFID II tick size regime) relative to the value of the quantity in
2017 (before the introduction of MiFID II) is computed for every stock and this is also
averaged over the different groups. This is the level on which statistical significance is
assessed: a standard t-test and a Wilcoxon signed rank test11 are conducted to test the
null-hypothesis that the mean percentual change of the considered group (ts↑ or ts↓)
equals the mean percentual change of the control group (ts↔) versus the alternative
hypothesis that the mean percentual changes of the both groups differ. Furthermore, a
panel regression including stock fixed effects is performed to complement the pairwise
comparison of the pre- and post-MiFID II periods. That is, for a certain dependent

10All the results discussed in this chapter are robust with respect to a reasonable choice of the factor
1.5.

11The Wilcoxon signed rank test is added because it does not assume normality of the samples.
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variable of interest DepVar, the following regression is estimated,

DepVari,t = β0 + β11+(i)1M(t) + β21−(i)1M(t) + β31+(i) + β41−(i) + β51M(t)
+ Control Varsi,t + SFi + εi,t, (2.1)

where the subscript i, t indicates stock i on day t (running over all trading days in
2017 and 2018). Here, 1M(t) equals 1 when t is after MiFID II (i.e. t is in 2018)
and 0 otherwise and 1+(i) (1−(i)) equals 1 when stock i is in the group of which
the tick size was increased (decreased), and 0 otherwise. Furthermore, Control Vars
denotes a set of control variables. Following Harris (1994), market capitalization and
daily transacted volume (both in log-scale), stock price (measured on the close) and
volatility (measured as the daily sum of squared one minute mid price returns) are
included as control variables. Finally, SFi denotes the stock fixed effect of stock i. For
all reported results, standard errors are clustered by day and stock. We are primarily
interested in (the sign of) the coefficients β1 and β2, because these capture the effects
of an increase or decrease in tick size post-MiFID II. Furthermore, β5 is interesting as
it captures effects that are observed since the introduction of MiFID II that can not
be attributed to the new tick size regime, neither to one of the control variables, nor
to stock fixed effects. These are (indirect) effects of other MiFID II regulations, which
are discussed in Section 2.6.

Transacted volume in closing auctions
Day Small cap stocks Mid cap stocks Large cap stocks
Third friday 6.64 12.41 50.85
End of month 6.59 13.50 46.74
‘Normal’ day 3.21 6.61 24.93

Table 2.2: Average transacted volumes in closing auctions (measured in millions of
euros), for special days (third friday and last trading day of the month) versus normal

days.

Finally, it is known that price formation in closing auctions is highly influenced by
calendar effects. Firstly, transacted volume in closing auctions is significantly higher
on the third friday of the month, when options expire and indices are reweighted. Also,
transacted volume in closing auctions is higher on the last trading day of the month,
when MSCI indices are reweighted and window dressing effects can be expected. See
table 2.2 for an illustration of these effects. For those reasons, third fridays and last
trading days of the month are excluded from the analysis, to only take ‘normal’ market
conditions into account.
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2.4 Effects of tick size on liquidity and transacted
volume

In this section the effects of the new tick size regime on liquidity and transacted volume
are discussed. In particular, it is tested whether Intraday Hypotheses 1 and 2 and
Closing Auction Hypotheses 1 and 2 hold true.

2.4.1 Liquidity measures

First, the different used liquidity measures will be discussed, starting with intraday
liquidity measures. The quoted bid-ask spread at time t is defined as

Bid-ask spread = BAt −BBt

MPt
,

where BAt and BBt are the best ask and best bid price in the book at time t and
MPt = 1

2(BAt +BBt). The effective spread for a trade T at time t is given by

Effective spread = 2IT (PT −MPt)
MPt

,

where PT is the price of trade T and IT is an indicator equal to ±1 if the trade T is
buyer/seller initiated12. Furthermore, bid-ask vol1 denotes the total volume (in euros)
on the best bid and ask, and bid-ask vol3 (bid-ask vol5 ) denotes the total volume in
euros on the first 3 levels (5 levels) on both sides of the limit order book. To measure
spread and depth jointly, the variable of interest is the theoretical price impact of a
market order, measured by the cost of a round trip trade (CRT). The CRT x of an
order of size x (in euros) on time t is defined as

CRT x = (Axt −MPt) + (MPt −Bx
t )

MPt
, (2.2)

where Axt is the lowest ask price in the order book such that the cumulative ask volume
(in euros) for a price lower than or equal to Axt is greater than or equal to x and Bx

t is
the highest bid price in the order book such that the cumulative bid volume (in euros)

12Following for example Bessembinder (2003) and Chakravarty et al. (2004), the effective spread is
included because the quoted bid-ask spread does not account for transactions that occur inside the
spread.
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for a price greater than or equal to Bx
t is greater than or equal to x. This variable

measures the price deviation that a market order of size x would cause (in fact, the
sum of the price impact of a buy and a sell market order). Note that for x = 0 it
is equal to the bid-ask spread, so for low values of x this measure is mainly driven
by the bid-ask spread, while for higher values of x the volume in the order book is
more important13. All quantities are measured every minute and averaged over the
day, except the effective spread, which is measured for every trade and turned into a
daily trade size weighted average.

To investigate liquidity in the closing auction, we need a different measure. By the very
nature of the call auction mechanism, there is no bid-ask spread (as bid and ask prices
overlap during the auction). One would ideally want to compute the price impact
of submitting an extra market order to the auction, similar to the CRT measure for
intraday trading (following Kehr et al. (2001)). However, to determine the theoretical
price impact of submitting an extra market order to the auction, one would need the
whole overlapping order book of the auction, which is not observable in our data.
Instead we employ Amihud’s illiquidity ratio (Amihud, 2002), defined as the absolute
return divided by the transacted volume. In order to use this measure for the closing
auction, the closing auction return RCA

t on day t is defined by

RCA
t = logXCA

t − log X̄t, (2.3)

where XCA
t denotes the auction’s closing price on day t and X̄t is the volume weighted

average price (VWAP) over the last five minutes of continuous trading. Furthermore,
we denote by TV CA

t the transacted volume (in millions of euros) in the closing auction
for day t. Then the closing auction illiquidity ratio on day t equals,

Closing auction illiquidity = |R
CA
t |

TV CA
t

. (2.4)

Note that this quantity measures the price change per unit of transacted volume, and
thus is a measure of illiquidity. We use this measure to quantify price impact in closing
auctions, which is justified by results of Goyenko et al. (2009), who find that the
illiquidity ratio is a proper measure of price impact.

13This measure is essentially equal to the cost of a round trip trade as defined in Domowitz et al.
(2005) and Irvine et al. (2000), however we choose to measure a market order in euros instead of in
number of shares, because share prices vary a lot within our sample.
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To be able to compare liquidity effects for the closing auction and intraday trading ac-
curately, we also consider the illiquidity ratio for intraday trading, which complements
the CRT as an intraday price impact measure. Therefore, the intraday illiquidity ratio
on day t is defined as,

Intraday illiquidity = |R
ID
t |

TV ID
t

, (2.5)

where TV ID
t is the transacted volume (in millions of euros) during intraday continuous

trading (i.e. we explicitly omit opening and closing auction volumes) and RID
t is the

intraday return on day t,

RID
t = log X̄t − logXO

t , (2.6)

where XO
t denotes the opening price on day t (note that this is the intraday return

until the last five minutes of continuous trading, just before the start of the closing
auction, to explicitly distinguish intraday and closing auction returns).

2.4.2 Results for liquidity

Table 2.3 shows the intraday liquidity measures for every group pre- and post-MiFID
II and the average increase of the measure per group. The results suggest that an
increase (decrease) in tick size leads to an increase (decrease) in bid-ask spread (both
quoted and effective) and an increase in the volumes in the limit order book (confirmed
up to 5 levels deep). This observation is confirmed by the regression results, which are
shown in table 2.4. The coefficient β1 for an increase in tick size (β2 for a decrease in
tick size) is found to be significantly positive (negative) for bid-ask spread, effective
spread and order book volumes for all market cap groups. To check if an increase
in depth can offset the increase in spread, we look at the cost of a round trip trade
(CRT). The coefficients β1 (corresponding to an increase in tick size) in table 2.4 for
CRTs are significantly positive for market orders up to 50,000 euros for large caps and
mid caps and up to 10,000 euros for small caps, while the coefficients β2 for CRTs are
all significantly negative. This indicates that the increase in depth after an increase in
tick size is not able to offset the contemporaneous increase in bid-ask spread completely
(only for larger orders). The results for the intraday illiquidity ratio are in line with
this latter observation, as for all market cap groups significantly positive values for β1

are reported, showing that intraday price impact rose after an increase in tick size and
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hence liquidity was negatively affected. On the other hand, intraday illiquidity ratios
are not affected significantly by a decrease in tick size, as is shown by the insignificant
coefficients β2. It is concluded that an increase (decrease) in tick size has a negative
(positive) effect on intraday liquidity, except for large orders. This implies that Intraday
Hypothesis 1 is confirmed for the most part. However, no decrease in liquidity for large
orders is found after a tick size reduction and illiquidity ratios are unaffected, hence
the decrease in spread compensates for the decrease in depth in this case.

Results are different when liquidity in the closing auction is considered. In table 2.5
descriptive statistics and in table 2.6 regression results for the closing auction liquid-
ity measures are shown. Also in case of auction trading, volumes in the order book
increase (decrease) following an increase (decrease) in tick size, as can be seen from
the significantly positive values for β1 (and significantly negative β2) in table 2.6 for
all market cap groups. The fact that depth strongly increases with an increase in tick
size, while there is no bid-ask spread, suggests that price impact decreases (and thus
liquidity improves) when the tick size increases. This is confirmed by the results for
the illiquidity ratio: for large, mid and small cap stocks β1 is significantly negative, in
sharp contrast to the significantly positive values for β1 for the intraday illiquidity ratio
reported in table 2.4. This shows that an increase in tick size positively affects closing
auction liquidity, as opposed to the negative effects observed for intraday liquidity.
For large and mid caps, β2 is not significantly different from zero, indicating that the
decrease in depth following a tick size decrease did not harm closing auction liquid-
ity. However, for small caps the β2 for illiquidity is significant and positive, showing
a decrease in tick size negatively affected closing auction liquidity. We conclude that
Closing Auction Hypothesis 1 holds true for the most part: indeed depth is positively
(negatively) affected by an increase (decrease) in tick size. This leads to an improve-
ment in closing auction liquidity after an increase in tick size, but negative effects of a
decrease in tick size are only observed for small cap stocks.
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Statistics intraday liquidity and volume

Variable ts↔(control group) ts↑ ts↓

2017 2018 avg incr. 2017 2018 avg incr. 2017 2018 avg incr.

Large cap stocks

Bid-Ask spread 3.87 3.89 3.62% 4.83 6.75 52.66%∗+ 6.75 4.25 −35.96%∗+

Effective spread 4.16 4.15 4.75% 4.18 6.31 48.74%∗+ 7.07 4.39 −36.88%∗+

Bid-Ask Vol1 0.277 0.181 −21.55% 0.0784 0.134 93.47%∗+ 0.967 0.253 −67.45%∗+

Bid-Ask Vol3 0.9807 0.7160 −18.87% 0.2037 0.3753 138.3%∗+ 1.657 0.5993 −64.55%∗+

Bid-Ask Vol5 2.625 1.794 −23.20% 0.7308 1.220 118.5%∗+ 7.435 2.300 −64.53%∗+

CRT 10k 4.48 4.62 5.53% 6.78 8.74 38.40%∗+ 7.02 4.78 −30.75%∗+

CRT 20k 5.18 5.46 7.26% 8.26 10.22 32.97%∗+ 7.44 5.54 −25.37%∗+

CRT 50k 6.90 7.76 12.88% 12.04 14.02 30.16%∗+ 8.71 7.56 −14.92%∗+

CRT 100k 9.32 11.04 18.36% 17.28 19.06 29.61%∗+ 10.72 10.32 −6.79%∗+

Intraday illiquidity 1.501 1.656 14.32% 4.815 5.113 18.63% 1.721 1.963 15.12%
Transacted volume 88.61 94.35 7.43% 36.38 41.67 16.04%∗+ 161.09 147.40 −0.492%∗+

Mid cap stocks

Bid-Ask spread 7.01 7.34 8.49% 6.88 9.32 43.93%∗+ 8.30 6.06 −26.07%∗+

Effective spread 6.44 7.54 16.93% 6.23 8.37 40.51%∗+ 8.10 5.98 −24.90%∗+

Bid-Ask Vol1 0.203 0.149 −16.96% 0.0469 0.0752 76.56%∗+ 0.323 0.124 −60.14%∗+

Bid-Ask Vol3 1.453 0.9534 −25.20% 0.3827 0.6454 122.5%∗+ 4.396 1.222 −68.08%∗+

Bid-Ask Vol5 1.856 1.396 −15.88% 0.4072 0.7842 157.7%∗+ 3.011 1.173 −60.91%∗+

CRT 10k 8.64 9.14 10.71% 10.08 12.18 30.51%∗+ 9.51 7.88 −16.20%∗+

CRT 20k 10.54 11.20 12.66% 13.24 15.29 27.36%∗+ 10.94 9.86 −9.50%∗+

CRT 50k 14.80 16.16 16.32% 20.84 23.20 25.46%+ 14.86 14.72 −1.10%∗+

Intraday illiquidity 8.302 7.974 10.42% 12.11 13.00 19.57%+ 6.178 6.304 10.96%
Transacted volume 39.56 45.73 18.32% 14.16 17.50 18.10% 58.38 52.54 8.89%+

Small cap stocks

Bid-Ask spread 8.77 9.43 10.60% 10.58 12.95 35.38%∗+ 11.1 8.86 −14.02%∗+

Effective spread 7.86 9.36 20.87% 9.46 12.75 43.33%∗+ 10.13 8.43 −14.01%∗+

Bid-Ask Vol1 0.0840 0.0684 −10.76% 0.0532 0.0984 96.29%∗+ 0.233 0.0919 −56.72%∗+

Bid-Ask Vol3 0.4028 0.3101 −15.47% 0.2118 0.4506 191.9%∗+ 1.095 0.3973 −63.96%∗+

Bid-Ask Vol5 0.7954 0.6307 −13.11% 0.4446 0.9322 216.0%∗+ 2.031 0.7970 −61.59%∗+

CRT 10k 12.68 13.38 13.18% 15.78 17.04 20.58%+ 13.48 13.16 1.23%∗+

CRT 20k 16.58 18.66 15.75% 21.20 21.74 16.50% 16.46 17.38 6.26%+

CRT 50k 25.90 29.52 17.85% 32.58 33.48 15.43% 23.96 26.56 9.34%
Intraday illiquidity 17.49 17.21 11.09% 20.54 21.14 16.61% 13.77 15.00 12.41%
Transacted volume 15.36 19.65 18.73% 9.73 13.94 35.46%+ 38.99 35.97 9.70%

Table 2.3: Descriptive statistics for the effects of tick size on intraday liquidity and
transacted volume. Variables of interest are the quoted bid-ask spread and the effective
bid-ask spread (both relative to the mid-price, measured in bps), the volume on the best
bid and ask (Bid-Ask Vol1, measured in millions of euros), the volume on the first 3 and
5 levels of the order book (Bid-Ask Vol3/5, measured in millions of euros), the cost of a
round trip trade of a given size (CRT x, for x = EUR 10k, 20k, 50k and also 100k for large
cap stocks, as defined in equation (2.2), measured in basis points), the intraday illiquidity
ratio (as defined in equation (2.5), in bps) and the transacted volume (measured in millions
of euros). Note that the last columns of the three blocks contain the average increase from
2017 to 2018 (i.e. for every stock an increase from 2017 to 2018 is calculated and this is
averaged over all stocks), not the increase in the reported averages over the stocks, see also

the explanation in Section 2.3.
* significantly different from the average increase in the control group ‘ts↔’ of the same row(p <

0.05, t-test).
+ significantly different from the average increase of the control group ‘ts↔’ of the same row(p <

0.05, Wilcoxon test).
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Regression results intraday liquidity and volume

Variable β1 (ts↑, post-MiFID II) β2(ts↓, post-MiFID II) β5 Post-MiFID II

Large cap stocks

Bid-Ask spread 2.251∗∗ −2.589∗∗ 0.001663
Effective spread 2.111∗∗ −2.602∗∗ −0.215∗
Bid-Ask Vol1 0.825∗∗ −0.936∗∗ −0.243
Bid-Ask Vol3 1.011∗∗ −0.925∗∗ −0.282∗∗
Bid-Ask Vol5 0.962∗∗ −0.820∗∗ −0.221∗∗
CRT 10k 0.911∗∗ −1.181∗∗ −0.00148
CRT 20k 0.826∗∗ −1.094∗∗ 0.0388∗∗
CRT 50k 0.36∗∗ −0.986∗∗ 0.267∗∗
CRT 100k −0.00180 −1.00∗∗ 0.605∗∗
Intraday illiquidity 0.0902∗∗ 0.00774 0.122∗∗
Transacted volume 0.0470∗∗ −0.0935∗∗ 0.0161∗∗

Mid cap stocks

Bid-Ask spread 2.113∗∗ −2.769∗∗ 0.03715∗∗
Effective spread 1.033∗∗ −3.185∗∗ 0.675∗∗
Bid-Ask Vol1 0.692∗∗ −0.772∗∗ −0.171∗∗
Bid-Ask Vol3 0.966∗∗ −0.858∗∗ −0.202∗∗
Bid-Ask Vol5 0.974∗∗ −0.791∗∗ −0.128∗∗
CRT 10k 0.796∗∗ −1.051∗∗ −0.0249
CRT 20k 0.689∗∗ −0.839∗∗ 0.00986
CRT 50k 0.498∗∗ −0.769∗∗ 0.232∗∗
Intraday illiquidity 0.108∗∗ −0.0168 0.0661∗∗
Transacted volume -0.00588 −0.0753∗∗ 0.0637∗∗

Small cap stocks

Bid-Ask spread 2.360∗∗ −3.122∗∗ 0.06397∗∗
Effective spread 1.762∗∗ −3.208∗∗ 0.988∗∗
Bid-Ask Vol1 0.729∗∗ −0.749∗∗ −0.127∗∗
Bid-Ask Vol3 1.080∗∗ −0.898∗∗ −0.175∗∗
Bid-Ask Vol5 1.084∗∗ −0.895∗∗ −0.0919∗∗
CRT 10k 0.188∗∗ −0.825∗∗ 0.279∗∗
CRT 20k −0.581∗∗ −0.612∗∗ 0.521∗∗
CRT 50k −1.072∗∗ −0.570∗∗ 0.925∗∗
Intraday illiquidity 0.0885∗∗ 0.0143 0.0684∗∗
Transacted volume 0.132∗∗ −0.0937∗∗ 0.0462∗∗

Table 2.4: Results of the panel regression as specified in equation (2.1) for the following
dependent variables: the quoted bid-ask spread and the effective spread (both relative
to the mid-price, measured in bps), the volume on the best bid and ask (Bid-Ask Vol1,
measured in euros, in log-scale), the volume on the first 3 and 5 levels of the order book
(Bid-Ask Vol3/5, measured in euros, in log-scale), the cost of a round trip trade of a given
size (CRT x, for x = EUR 10k, 20k, 50k and also 100k for large cap stocks, as defined
in equation (2.2), measured in basis points), the intraday illiquidity ratio (as defined in
equation (2.5), in log-scale) and the transacted volume (measured in euros, in log-scale).

* the regression coefficient is significant on the 0.05-level.
** the regression coefficient is significant on the 0.01-level.
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Statistics closing auction liquidity and volume

Variable ts↔(control group) ts↑ ts↓

2017 2018 avg
incr.

2017 2018 avg
incr.

2017 2018 avg
incr.

Large cap stocks

Bid-Ask Vol1 1.271 1.259 3.03% 0.705 1.037 57.37%∗+ 1.561 0.979 −67.45%∗+
Bid-Ask Vol3 3.355 3.246 −2.06% 1.827 2.856 64.56%∗+ 5.093 2.516 −46.16%∗+
Bid-Ask Vol5 5.730 5.497 −2.71% 3.008 5.033 75.88%∗+ 8.456 4.277 −43.64%∗+
Auction illiquidity 0.531 0.491 −2.74% 3.074 1.861 −10.02%∗+ 0.852 0.663 −7.62%
Transacted volume 26.70 33.03 25.41% 16.12 23.34 51.70%+ 19.51 23.38 29.07%

Mid cap stocks

Bid-Ask Vol1 0.476 0.488 7.73% 0.305 0.489 77.89%∗+ 0.697 0.436 −32.47%∗+
Bid-Ask Vol3 1.392 1.344 −2.65% 0.803 1.362 91.95%∗+ 2.375 1.205 −44.47%∗+
Bid-Ask Vol5 2.438 2.330 4.13% 1.311 2.362 104.22%∗+ 4.203 2.089 −43.55%∗+
Auction illiquidity 3.352 2.586 −11.25% 6.751 3.977 −25.05%∗+ 2.259 1.875 −7.08%
Transacted volume 5.86 7.48 35.04% 4.63 6.64 67.03%∗+ 6.30 7.50 27.16%+

Small cap stocks

Bid-Ask Vol1 0.285 0.289 4.23% 0.176 0.280 72.42%∗+ 0.428 0.266 −31.83%∗+
Bid-Ask Vol3 0.819 0.786 −1.06% 0.479 0.843 95.07%∗+ 1.366 0.698 −41.96%∗+
Bid-Ask Vol5 1.404 1.345 0.689% 0.788 1.478 109.62%∗+ 2.478 1.177 −44.23%∗+
Auction illiquidity 8.812 6.497 −8.73% 11.31 7.923 −19.57%∗+ 5.597 5.407 15.95%∗+
Transacted volume 2.89 3.73 41.83% 2.17 3.11 50.24% 3.43 3.56 16.01%+

Table 2.5: Descriptive statistics for the effects of tick size on closing auction liquidity
and transacted volume. Variables of interest are the volume on the best bid and ask just
after clearing (Bid-Ask Vol1, measured in millions of euros), the volume on the first 3 and 5
levels of the order book just after clearing (Bid-Ask Vol3/5, measured in millions of euros),
the auction illiquidity ratio (as defined in equation (2.4), in bps) and the transacted volume
(measured in millions of euros). Note that the last columns of the three blocks contain the
average increase from 2017 to 2018 (i.e. for every stock an increase from 2017 to 2018 is
calculated and this is averaged over all stocks), not the increase in the reported averages

over the stocks, see also the explanation in Section 2.3.
* significantly different from the average increase in the control group ‘ts↔’ of the same row(p <

0.05, t-test).
+ significantly different from the average increase of the control group ‘ts↔’ of the same row(p <

0.05, Wilcoxon test).
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Regression results closing auction liquidity and volume

Variable β1 (ts↑, post-MiFID II) β2(ts↓, post-MiFID II) β5 Post-MiFID II

Large cap stocks

Bid-Ask Vol1 0.503∗∗ −0.517∗∗ −0.0667∗∗
Bid-Ask Vol3 0.539∗∗ −0.675∗∗ −0.0620∗∗
Bid-Ask Vol5 0.595∗∗ −0.622∗∗ −0.0602∗∗
Auction illiquidity −0.0551∗ −0.0206 −0.0790∗∗
Transacted volume 0.102∗∗ −0.0729∗∗ 0.229∗∗

Mid cap stocks

Bid-Ask Vol1 0.561∗∗ −0.564∗∗ −0.0241∗∗
Bid-Ask Vol3 0.594∗∗ −0.666∗∗ −0.0221∗∗
Bid-Ask Vol5 0.631∗∗ −0.650∗∗ −0.0123∗∗
Auction illiquidity −0.201∗∗ 0.0473 −0.123∗∗
Transacted volume 0.225∗∗ −0.0968∗∗ 0.263∗∗

Small cap stocks

Bid-Ask Vol1 0.593∗∗ −0.403∗∗ −0.0835∗∗
Bid-Ask Vol3 0.659∗∗ −0.549∗∗ −0.0657∗∗
Bid-Ask Vol5 0.700∗∗ −0.624∗∗ −0.0378∗∗
Auction illiquidity −0.140∗∗ 0.280∗∗ −0.107∗∗
Transacted volume 0.164∗∗∗ −0.195∗∗ 0.309∗∗

Table 2.6: Results of the panel regression as specified in equation (2.1) for the following
dependent variables: the volume on the best bid and ask just after clearing (Bid-Ask Vol1,
measured in euros, in log-scale), the volume on the first 3 and 5 levels of the order book
just after clearing (Bid-Ask Vol3/5, measured in euros, in log-scale), the auction illiquidity
ratio (as defined in equation (2.4), in log-scale) and the transacted volume (measured in

euros, in log-scale).
* the regression coefficient is significant on the 0.05-level.
** the regression coefficient is significant on the 0.01-level.
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2.4.3 Results for transacted volume

The results in table 2.4 on transacted volume show that an increase (decrease) of the
minimum tick size has a positive (negative) effect on the intraday transacted volume.
For all market cap groups the coefficient β2 for a decrease in tick size is significantly
negative and for small and large caps the coefficient β1 for an increase in tick size is
significantly positive. This shows that intraday transacted volume increases with an
increase in tick size, and vice versa, so Intraday Hypothesis 2 is rejected. A possible
explanation of this observation is that the higher transacted volumes are caused by
high frequency traders (HFT). Several studies (see e.g. Hagströmer and Nordén (2013);
O’Hara et al. (2018); Yao and Ye (2018)) show that a higher tick size is more attractive
for HFT-strategies, as it implies a higher bid-ask spread and increases the importancy
of time priority. This possibly caused a shift of HFT activity towards stocks with a high
tick size in the new regime. Another explanation is the simple mechanical argument
by Chiarella and Iori (2002), who argue that a higher tick size causes more orders to
collapse into the same price level, leading to higher transacted volumes.

As already discussed in Section 2.2, this latter argument is more appealing in case of the
call auction mechanism, where less interaction is possible and this type of mechanical
effects should be stronger. Indeed, an increase (decrease) in tick size is associated
with an increase (decrease) in transacted volume in the closing auction, as is shown by
the significantly positive values for β1 and significantly negative values for β2 in table
2.6, for transacted volume. Also, the effect is stronger in the closing auction than for
intraday continuous trading (as is seen from the coefficients that are higher in absolute
value for the closing auction). It is thus concluded that Closing Auction Hypothesis
2 holds true. Finally, it is noteworthy that the post-MiFID II coefficient β5 in table
2.6 is highly positive and significant for transacted volume in closing auctions, showing
that auction volumes increased heavily since MiFID II, independent of the new tick
size regime, a fact that is investigated in more depth in Section 2.6.

2.5 Effects of tick size on volatility and order book
stability

This section concerns the effects of the new tick size regime on volatility, limit or-
der book stability and trading activity, in particular it is examined whether Intraday
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Hypotheses 3 and 4 and Closing Auction Hypotheses 3 and 4 hold true.

2.5.1 Results for volatility

In panel A of table 2.7 intraday volatility and order book stability measures are shown.
Here, volatility is measured as the daily sum of squared one minute mid price returns.
The values suggest a positive relation between volatility and tick size. This is partially
confirmed by the regression results that are shown in panel A of table 2.8: for large
cap stocks the coefficient β1 (associated with an increased tick size) is significantly
positive and β2 (for a decrease in tick size) is significantly negative, indicating that
tick size and volatility are indeed positively related. However, for mid cap stocks this
relation is only significant for a decrease in tick size and for small cap stocks only for
an increase in tick size. Moreover, although the coefficients are statistically significant,
they are not economically: for example, an increase in tick size is for large cap stocks
only associated with a 4.5 basis points increase in daily volatility. It is thus concluded
that Intraday Hypothesis 3 holds true for large cap stocks and only partially for mid
and small cap stocks, but that observed effects are minimal.

Similar effects are observed when we consider the closing auction. To measure price
deviations in the closing auction, we look at the absolute value of the closing auction
return (as defined in equation (2.3)). The absolute auction return is weakly affected
by the new tick size regime: the results in panel B of table 2.8 show that higher (lower)
tick sizes lead to higher (lower) absolute auction returns, indicated by positive values
for β1 and negative values for β2 in table 2.8, for all market cap groups. However,
β1 is only significant for large cap stocks and β2 only for large and mid cap stocks.
This implies that Closing Auction Hypothesis 3 only holds true for large caps and that
observed effects are rather weak. Noteworthy, the values for β5 for absolute auction
returns in panel B of tabel 2.8 are all highly positive and significant, indicating closing
price deviations have increased substantially since MiFID II, a fact that is investigated
more thoroughly in Section 2.6.

2.5.2 Results for order book stability and trading activity

To facilitate a more stable limit order book (which is one of the goals of the new tick
size regime (AMF, 2018)), a lower number of bid-ask price changes and a lower number
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of (small) trades, combined with a higher trade size are desired. The results in panel
A of table 2.7 indicate that for small, mid and large cap stocks an increase (decrease)
in tick size has a negative (positive) effect on the number of best bid-ask price changes.
This is confirmed by the regression results in panel A of table 2.8, where it is shown that
the β1 for the number of bid-ask price updates is significantly negative for all market
cap groups and the β2 is significantly positive. A similar effect is observed for the
closing auction, where the number of indication price updates significantly decreases
(increases) with an increase (decrease) in tick size, as is seen from the negative and
significant coefficients β1 (and the positive and significant coefficients β2), for all market
cap groups in panel B of table 2.8.

Another important metric to measure the activity in the market, is the number of
intraday trades. We document a negative relationship between tick size and the number
of trades, as the coefficient β1 for the number of trades in table 2.8 is negative and
significant for all market cap groups, while β2 is positive and significant. This does
not imply a negative relationship between tick size and transacted volume (cf. Section
2.4). It just means that the average size of trades increases with an increase of the
minimum tick size, as becomes clear from the average trade size values in panel A of
table 2.7 and the regression coefficients in panel A of table 2.8 that are significantly
positive (negative) for an increase (decrease) in tick size. These results confirm that
higher tick sizes lead to more reliable order books that undergo less changes and contain
higher order volumes, allowing for larger trades. This increase in viscosity may also
have less beneficial effects for other measures of market quality, e.g. one may argue
that a high number of price changes reflects an efficient price formation process that
quickly incorporates information into prices (this latter view is for instance supported
by results of Chordia et al. (2008)). In light of the discussed results, it is concluded
that Intraday Hypothesis 4 and Closing Auction Hypothesis 4 both hold true.
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Panel A: Statistics intraday volatility and activity

Variable ts↔(control group) ts↑ ts↓

2017 2018 avg incr. 2017 2018 avg incr. 2017 2018 avg incr.

Large cap stocks

Volatility 0.0109 0.0135 17.3% 0.0111 0.0138 22.4% 0.0116 0.0134 13.3%∗+

Nr. B-A updates 8603 11829 78.42% 7939 6386 −21.89%∗+ 3293 10998 281.3%∗+

Nr. trades 8111 8546 5.4% 5539 5178 −7.5%∗+ 6570 7904 24.5%∗+

Trade size 13249 12816 −1.0% 8297 9880 26.5%∗+ 25973 20241 −19.9%∗+

Mid cap stocks

Volatility 0.00998 0.0116 25.40% 0.00964 0.0117 24.9% 0.0110 0.0124 17.1%∗+

Nr. B-A updates 2730 4230 69.70% 4465 3619 −17.28%∗+ 2043 5717 211%∗+

Nr. trades 3094 3486 12.70% 2989 2585 −10.1%∗+ 3307 4047 29.0%∗+

Trade size 12423 12404 3.3% 4929 6391 30.9%∗+ 13642 11526 −16.2%∗+

Small cap stocks

Volatility 0.0122 0.0152 25.3% 0.0117 0.0148 27.7% 0.0138 0.0167 21.7%
Nr. B-A updates 2582 3740 62.7% 2589 2109 −17.9%∗+ 2107 5510 239%∗+

Nr. trades 2373 2447 8.89% 1640 1586 1.0% 2888 3279 27.9%∗+

Trade size 6716 7190 7.1% 6363 8468 34.6%∗+ 11326 9709 −15.4%∗+

Panel B: Statistics closing auction volatility and activity

Variable ts↔(control group) ts↑ ts↓

2017 2018 avg incr. 2017 2018 avg incr. 2017 2018 avg incr.

Large cap stocks

Abs. auc return 12.39 15.05 23.2% 12.91 15.93 24.2% 14.37 14.99 9.2%∗+

Nr. ip updates 163 198 21.8% 108 111 3.1%∗+ 118 182 61.3%∗+

Mid cap stocks

Abs. auc return 13.44 16.48 25.2% 13.96 16.98 22.8% 14.26 15.96 15.6%∗+

Nr. ip updates 84 89 8.1% 66 64 0.04%∗+ 83 106 32.4%∗+

Small cap stocks

Abs. auc return 14.09 17.58 28.8% 14.52 18.10 26.2% 14.39 17.78 25.3%
Nr. ip updates 67 70 7.2% 57 54 −3.6%∗+ 72 80 11.9%

Table 2.7: Descriptive statistics for the effects of tick size on volatility, order book
stability and trading activity. Variables of interest for intraday trading (panel A) are daily
volatility (measured as the daily sum of 1 minute mid price returns), the average daily
number of best bid- or ask-price updates, the average daily number of trades and the
average trade size (in euros). Variables of interest for the closing auction (panel B) are the
absolute auction return (the absolute value of the return in equation (2.3), measured in
bps) and the average number of indication price updates in the closing auction. Note that
the last columns of the three blocks contain the average increase from 2017 to 2018 (i.e.
for every stock an increase from 2017 to 2018 is calculated and this is averaged over all
stocks), not the increase in the reported averages over the stocks, see also the explanation

in Section 2.3.
* significantly different from the average increase in the control group ‘ts↔’ of the same row

(p < 0.05, t-test).
+ significantly different from the average increase of the control group ‘ts↔’ of the same row

(p < 0.05, Wilcoxon test).
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Panel A: Regression results intraday volatility and activity

Variable β1 (ts↑, post-MiFID II) β2(ts↓, post-MiFID II) β5 Post-MiFID II

Large cap stocks

Volatility 0.000451∗∗ −0.000344∗∗ 0.00159∗∗
Nr. bid-ask updates −5774∗∗ 4432∗∗ 3176∗∗
Nr. trades −1078∗∗ 1279∗∗ 22.75
Trade size 1621.73∗∗ −4982.52∗∗ −555.29∗∗

Mid cap stocks

Volatility 3.56 ∗ 10−5 −0.000797∗∗ 0.00259∗∗
Nr. bid-ask updates −2403∗∗ 2213∗∗ 1175∗∗
Nr. trades −805∗∗ 505∗∗ 1.62
Trade size 1505.04∗∗ −1835.80∗∗ −369.48∗

Small cap stocks

Volatility 0.000344∗∗ 4.92 ∗ 10−5 0.00284∗∗
Nr. bid-ask updates −1826∗∗ 2304∗∗ 900∗∗
Nr. trades −396∗∗ 435∗∗ −171
Trade size 1118.27∗∗ −1887.02∗∗ −356.29∗∗

Panel B: Regression results closing auction volatility and activity

Variable β1 (ts↑, post-MiFID II) β2(ts↓, post-MiFID II) β5 Post-MiFID II

Large cap stocks

Absolute auc return 0.571∗ −2.091∗∗ 2.801∗∗
Nr. ip updates −37.51∗∗ 29.33∗∗ 34.31∗∗

Mid cap stocks

Absolute auc return 0.284 −1.419∗∗ 3.192∗∗
Nr. ip updates −7.64∗∗ 18.34∗∗ 4.72∗∗

Small cap stocks

Absolute auc return 0.276 −0.0107 3.473∗∗
Nr. ip updates −7.29∗∗ 6.25∗∗ 2.19∗∗

Table 2.8: Results of the panel regression as specified in equation (2.1) for the following
dependent variables: volatility (measured as the daily sum of 1 minute mid price returns),
the average daily number of best bid- or ask-price updates, the average daily number of
trades and the average trade size (in euros), the absolute auction return (the absolute value
of the return in equation (2.3), measured in bps) and the average number of indication price

updates in the closing auction.
* the regression coefficient is significant on the 0.05-level.
** the regression coefficient is significant on the 0.01-level.
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2.6 MiFID II effects beyond the new tick size regime

In this section post-MiFID II effects that can not be attributed to the new tick size
regime are discussed. To detect those effects, we consider the values for β5 in tables
2.4, 2.6 and 2.8, because the coefficient β5 is associated with post-MiFID II effects
that are not explained by the new tick size regime, stock fixed effects or one of the
control variables. Although some of the values for β5 for intraday quantities in table
2.4 and panel A of table 2.8 are statistically significant, none of them is relatively
large (compared to values of β1 and β2, or to average values in tables 2.3 and 2.7),
indicating that MiFID II effects not caused by the tick size regime are minimal for
intraday continuous trading. On the other hand, both statistically and economically
significant effects are observed in the closing auction, which is indicated by relatively
high values for β5 in table 2.6 and panel B of table 2.8. Most remarkable, transacted
volumes and liquidity in the closing auction increased heavily, as well as closing price
deviations. This suggests that the closing auction is more heavily affected by the other
MiFID II regulations than intraday continuous trading.

2.6.1 Transacted volume in the closing auction

The last column of table 2.6 shows that the β5 coefficient is both statistically and
economically significant for transacted volume in the closing auction. For example, for
large cap stocks β5 equals 0.229, indicating an additional increase in auction volume
of 22.9% since MiFID II that can not be explained by tick size effects, stock fixed
effects or control variables such as volatility. For mid and small cap stocks even higher
values for β5 are reported. While auction volume has increased strongly since MiFID
II, intraday volume has only increased slightly, as can be seen from the lower values for
β5 of transacted volume in table 2.4. These two effects together lead to a significant
increase in the fraction of total volume that is transacted in the closing auction. In
figure 2.1 it is illustrated that this increase in importance of the closing auction already
started before 2018, but was amplified after the introduction of MiFID II (the vertical
black line in the figure).

There are a few possible explanations for this observation. In particular there are
two parts of MiFID II that seem reasonable causes of this shift towards the closing
auction: the restrictions on dark pools (DVC rule) and the best execution rule. As
trading in the closing auction is far more similar to dark pool trading than continuous
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Figure 2.1: How the closing auction volume/total transacted volume-ratio increased in
2018 with respect to 2017. The vertical black line denotes the introduction of MiFID II on

January 3rd 2018.

trading, a reasonable explanation of the observed effect would be that volume moved
from dark pools to closing auctions. However, our analysis in Appendix 2.B shows
that there is no evidence that this is the case, in line with Johann et al. (2019).
Alternatively, the best execution rule may attract volume to the closing auction via
several channels. The rule concerned, documented in Article 27 of MiFID II, states
inter alia that “Member States shall require that investment firms take all sufficient
steps to obtain, when executing orders, the best possible result for their clients taking
into account price, costs, speed, likelihood of execution and settlement, size, nature or
any other consideration relevant to the execution of the order. (...) For the purposes of
delivering best possible result in accordance with the first subparagraph where there is
more than one competing venue to execute an order for a financial instrument, in order
to assess and compare the results for the client that would be achieved by executing the
order on each of the execution venues listed in the investment firm’s order execution
policy that is capable of executing that order, the investment firm’s own commissions
and the costs for executing the order on each of the eligible execution venues shall be
taken into account in that assessment. (...) The order execution policy shall include,
in respect of each class of financial instruments, information on the different venues
where the investment firm executes its client orders and the factors affecting the choice
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of execution venue. It shall at least include those venues that enable the investment
firm to obtain on a consistent basis the best possible result for the execution of client
orders." That is, intermediaries are obliged to execute a client’s order against the
best possible price and to compare different appropiate trading venues in the process.
Moreover, their obligations to report the details of the execution to their clients have
increased strongly. Interestingly, trading in the closing auction makes fulfillment of
this reporting obligation a lot easier, since the closing auction offers a single closing
price against which all transactions are executed. Also, this closing price is determined
exclusively on the main exchanges, which relieves intermediaries from the duty to
compare prices of several trading venues for best execution. Finally, during the closing
auction there are no transactions, so it is unclear what the best price is on the main
exchange. As it is impossible for market participants to determine a solid reference
price for the assessment of execution quality, they might refrain from trading (on other
venues) during the closing auction and instead wait to trade against the closing price.

Independent of MiFID II, the increase of volumes in the closing auction is already going
on for some time and is related to the increase of passive investing in the past years and
the growing use of exchange traded funds (ETFs) in particular. The increase in passive
investing is associated with a higher amount of market-on-close orders, consistent with
an aim for minimal tracking errors14 (see Bogousslavsky and Muravyev (2019) and Wu
(2019)). So, if the increase in closing auction volume is mainly caused by the increase in
passive investing, it should be driven by an increase in market order volume. However,
figure 2.2 shows this is not the case: the increase in volume is mainly driven by an
increase in executed limit order volume. Note that market-on-close volume does not
contribute to price formation much, as market orders on both sides of the market are
executed against each other without affecting the price formation process. This is in
line with Bogousslavsky and Muravyev (2019) and Wu (2019), who show that increased
passive investing and the associated market-on-close volume lead to inefficient closing
prices. Also, in the setting of continuous trading, Ben-David et al. (2018) show that
high ETF ownership is associated with less efficient prices. In the next subsections the
efficiency of price formation in the closing auction is examined, pre- and post-MiFID
II, in order to find out if the observed extra volume contributes to more efficient price
formation.

14A market-on-close order is a market order that is executed in the closing auction, it thus auto-
matically serves for the need of minimal tracking error, as the order is for sure executed against the
benchmarking closing price.
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Figure 2.2: How the transacted volume (in euros) and the executed market- and limit-
order volumes (in euros) increased since the introduction of MiFID II (the solid black line
denotes the introduction of MiFID II). The figure shows moving averages computed over
all STOXX600 constituents traded on Euronext. Clearly, the increase in auction volume

is mainly driven by an increase in executed limit order volume

2.6.2 Efficiency of the price formation process

It was already highlighted in Section 2.5.1 that absolute auction returns have increased
since MiFID II, as pointed out by the significant and positive values of the post-MiFID
II coefficient β5 for absolute auction returns in panel B of table 2.8. For all market
cap groups, the coefficient β5 is around 3 basis points (bps), indicating a post-MiFID
II increase in closing price deviations by 3 bps, that can not be explained by the tick
size regime, stock fixed effects or intraday volatility. From this, one could at first sight
naively conclude that price formation in closing auctions has become less efficient.
Indeed, higher absolute returns could indicate more noise in the closing prices and
hence a less efficient price formation process. However, if the higher returns were
generally in the right direction (that is, towards the ‘efficient price’), it would actually
mean that price formation in closing auctions became more efficient. In order to decide
which of the two is the case, we look at the mean reversion the day after an auction
with a high absolute return (higher than 10 bps)15. If the next day a correction takes

15Reported results do not substantially change if this boundary is changed to e.g. 5 bps or 30 bps,
but we want to exclude auctions with very low returns, as reversion is not well-defined when a return
close to 0 is made in the auction.
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place, this is a sign that the closing price was not efficient. To make this rigorous,
define the overnight return Rt,t+1 from day t to day t+ 1 by

Rt,t+1 = log X̄t+1 − logXCA
t , (2.7)

where XCA
t denotes the closing price on day t and X̄t+1 is the volume weighted average

price over the last five minutes of continuous trading on day t + 1. Note that this is
the return made from the closing price on day t to the last five minutes of continuous
trading before the closing auction on day t+116. The following simple linear regression
model is estimated,

Rt,t+1 = c+ bRCA
t + εt, (2.8)

for all days t with an absolute auction return |RCA
t | above 10 bps, where the auction

return RCA
t is defined as in equation (2.3). The quantity of interest is the coefficient

b, which measures if overnight mean reversion takes place: if b is significantly below
zero, it means that the returns made in the closing auction are (partially) reverted
the next trading day. If b is not significantly different from zero, it means that there
is no linear correlation between the closing auction return and the following overnight
return. In the first column of table 2.9 the estimated values of b are displayed, over 2017
and 2018, for small, mid and large cap stocks. The results make clear that over 2017
closing auction returns and following overnight returns were significantly negatively
correlated, meaning that large absolute returns in the closing auction were partially
corrected the next day. However, this effect completely vanished in 2018, as it is seen
that the mean reversion coefficient b is not significantly different from zero for small,
mid and large caps. It is thus concluded that closing prices have become efficient in
2018, while they where significantly inefficient in 2017. The other columns in table 2.9
show the results when we double sort the stocks for tick size groups, making clear that
the observed effects are not related to the new tick size regime.

16This definition differs slightly from other studies, where the overnight return is measured from
close on day t to open on day t+ 1 (see e.g. Lou et al. (2019) or Hendershott et al. (2020)), because
the opening auction is not comparable to the closing auction at all in terms of transacted volume.
In the closing auction on average around 30% of the daily volume is transacted, while the opening
auction accounts for less than 1% on average. Results are similar but less distinctive, when instead
the overnight return is measured until open.
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Mean reversion coefficients

All ts↔(control group) ts↑ ts↓

2017 2018 2017 2018 2017 2018 2017 2018

Large caps −0.297∗∗ 0.0265 −0.141∗∗ 0.0092 −0.402∗∗ 0.0129 −0.329∗∗ 0.125
Mid caps −0.286∗∗ −0.00996 −0.175∗∗ 0.0120 −0.449∗∗ 0.000212 −0.230∗∗ 0.119
Small caps −0.203∗∗ 0.0658 −0.149∗∗ 0.1416 −0.367∗ −0.171∗∗ −0.137∗∗ 0.250∗∗

Table 2.9: How the mean reversion coefficient b of the model in equation (2.8), changed
in 2018 compared to 2017, for auctions with absolute returns higher than 10 bps.

* the mean reversion coefficient is significant on the 0.05-level.
** the mean reversion coefficient is significant on the 0.01-level.

2.6.3 Volume and efficiency

In the previous subsections it was shown that along with the increased volumes in
2018, the price deviations in the closing auctions have increased, while mean reversion
on the next day vanished. Usually higher transacted volumes are associated with more
efficient price formation. Here, it is investigated to which extent the two effects are
related. To do so, for both years the following regression model is estimated,

Rt,t+1 = c1 + c21Q1 + c31Q4 + b1R
CA
t + b2R

CA
t 1Q1 + b31Q4R

CA
t + εt, (2.9)

where 1Qi, i = 1, 4 denotes if a day is in the lowest (Q1) or highest (Q4) quartile of
closing auction volumes for the particular stock and year. The coefficients of interest
are again the parameters bi, i = 1, 2, 3. Now b1 denotes the mean reversion coefficient
for days with median volumes (i.e. all days that fall in the second and third quar-
tile of closing auction volumes for the particular stock). Furthermore, b2 denotes the
additional mean reversion that is observed for days with low volumes, meaning the
corresponding mean reversion coefficient equals b1 + b2. Similarly, b1 + b3 is the mean
reversion coefficient for days with high volumes. In table 2.10 the results of this regres-
sion are summarized. The reported values are the mean reversion coefficients for the
three groups, i.e. b1 + b2 for Q1, b1 for Q2,3 and b1 + b3 for Q4. It is seen from table
2.10 that there exists some relation between volume and efficiency: in 2017 the high
(low) volume days are associated with less (more) overnight mean reversion, although
the differences are not all statistically significant. Importantly, the mean reversion
coefficient is (except for small cap stocks) still below 0 for the high volume days in
2017. This in contrast to the results for 2018 in table 2.10: there is no significant mean
reversion after a high auction return for any of the groups (Q1, Q2,3 or Q4). This



62 Chapter 2. Effects of MiFID II on stock price formation

implies that the vanishing of the mean reversion in 2018 can not be fully explained by
the increase in transacted volumes.

Mean reversion coefficient for high and low volume days
Small cap stocks Mid cap stocks Large cap stocks

Q4 Q2,3 Q1 Q4 Q2,3 Q1 Q4 Q2,3 Q1
2017 0.0629+ -0.323∗ -0.422∗ -0.206∗ -0.299∗ -0.452∗ -0.095∗+ -0.367∗ -0.497∗
2018 0.109 0.0488 0.0286 -0.0845 0.0647 0.172 -0.0513 0.149 -0.0495

Table 2.10: How the mean reversion coefficient of the model in equation (2.9), changed
in 2018 compared to 2017. The mean reversion coefficient b1 is the value reported under
Q2,3, the value reported under Q4 is b1 + b3 and the value under Q1 is b1 + b2, as b2 and
b3 give the difference in mean reversion coefficient between Q2,3 and Q1, Q4 respectively.
* The mean reversion coefficient (b1 for Q2,3, b1 + b2 for Q1, b1 + b3 for Q4) is significantly different

from 0 on the 0.05-level.
+ The mean reversion coefficient b1 + bi, i = 2, 3 is significantly different from the mean reversion
coefficient b1 belonging to the Q2,3 group in the same year and market cap, on the 0.05-level.

To summarize, there exists a positive relation between auction volume and closing
price efficiency, but this is not strong enough to account for the remarkable differences
between 2017 and 2018. This indicates that the extra volume that has come to the
closing auctions since MiFID II is of a different nature, coming from market participants
that primarily use limit orders and contribute to more efficient price formation. The
results are consistent with the conjecture that MiFID II regulations (possibly by means
of the best execution rule) attract professionals to the closing auction on Europe’s
primary exchanges. On the other hand, results are at odds with an explanation that
links the increased volume to the increased passive investing.

2.6.4 MiFID II or other factors: checking the S&P500

As a robustness check for the above arguments linking MiFID II and the closing auction
effects, it should be verified that observed effects do not appear outside of the MiFID
II purview. For this purpose, closing auction data of 250 randomly selected stocks
belonging to the S&P500 is obtained, for the years 2017 and 2018. In table 2.11 the
average transacted volume in closing auctions is shown, as well as the average absolute
return made in the closing auctions, where the closing auction return is again defined
as in equation (2.3). Clearly, we see a significant increase in the closing auction’s
transacted volume and along with this increase in volume, a similarly sized increase in
the average absolute returns. This increase in volumes and deviations is linked to the
increase in passive investing (Bogousslavsky and Muravyev, 2019; Wu, 2019).
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Closing auction statistics in the US

Variable 2017 2018 increase

Transacted volume 23.92 37.18 55.43%∗
Absolute auc return 3.87 6.04 56.07%∗
Mean reversion coeff. b (10 bps) −1.25∗∗ −0.693∗∗ −
Mean reversion coeff. b (30 bps) −1.28∗∗ −1.54∗∗ −

Table 2.11: Results on closing auction trading of 250 randomly selected stocks belonging
to the S&P500. Reported variables are the transacted volume in the closing auction (in
millions of dollars), the absolute value of the auction return (as defined in equation (2.3),
measured in bps) and the mean reversion coefficient b resulting from the regression in
equation (2.8), when auctions with absolute returns above 10 bps and 30 bps are considered.

* The average over 2018 is significantly different from the average over 2017, p < 0.05.
** The mean reversion coefficient b is significant on the 0.01-level.

To check how closing prices behave for American stocks, we again estimate the model
of equation (2.8). In the third and fourth row of table 2.11 the resulting mean reversion
coefficients are shown. Clearly, the mean reversion coefficients are for American stocks
in 2017 far more negative than for European stocks in 2017. This can have several
reasons. Firstly, the closing auctions in the US are less important in terms of fraction of
the total transacted volume (for S&P500 stocks around 7% of total transacted volume
is transacted in the closing auction, while this is around 30% for European stocks).
Secondly, this can be explained by the differences in the auction mechanisms. As can be
read in Appendix 2.A, on NASDAQ/NYSE it is harder to act on new information than
on Euronext, making closing prices possibly more efficient on Euronext (this reasoning
is supported by the results of Comerton-Forde and Rydge (2006), who find that price
formation is enhanced when more information is released). More important, the mean
reversion coefficient for American stocks is in 2018 still significantly negative. It is thus
observed that closing prices in the US are in 2018 still far from efficient, supporting
the evidence that MiFID II triggered the observed effects in Europe.

2.7 Conclusions

In this chapter, effects of MiFID II on trading the constituents of the STOXX Europe
600 index are examined by comparing the years 2017 and 2018. The influence of the
new tick size regime on liquidity, transacted volume, volatility and order book stability
is investigated. While prior research only focuses on intraday continuous trading, here
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also tick size effects in the closing auction are studied. It is shown that intraday
liquidity is negatively (positively) affected by an increase (decrease) in tick size, except
for very large orders. Interestingly, an increase in tick size improves liquidity in the
closing auction, where there is no bid-ask spread, which rules out the adverse effects of
an increase in tick size. Furthermore, an increase (decrease) in tick size leads to higher
(lower) transacted volume, an effect that is in particular strong in the closing auction.
Moreover, it is shown that an increase (decrease) in tick size leads to a lower amount
of bid-ask price updates and (small) trades, while the volumes in the order book and
the average trade size increase, contributing to a more reliable order book.

Significant effects of MiFID II that can not be attributed to the new tick size regime, are
also reported. Most remarkable, transacted volumes in the closing auction significantly
increased since MiFID II, mainly driven by an increase in limit order volume. Along
with this increase in volume, closing price deviations relative to the last minutes of
continuous trading increased sharply. Remarkably, before MiFID II these closing price
deviations consequently reverted overnight, but this overnight reversion completely
vanished post-MiFID II, showing closing prices became more efficient. This implies
that the extra volume in the closing auctions contributes to price formation and makes
closing prices more efficient. These observations are not in line with an explanation
based on the global trend of increasing passive investing, a reasoning that is supported
by the fact that overnight reversion did not vanish in the US. No evidence is found
that the extra volume is caused by the introduced limits on dark pool trading or the
new tick size regime, leaving open which exact part of MiFID II attracted volume to
the closing auctions. An explanation based on the best execution rule is proposed.
This rule possibly forces market participants to trade in the closing auction, where
every transaction is executed against a single price, making reporting obligations less
cumbersome. The results of this chapter show MiFID II has had significant effects on
European stock markets (both expected and unexpected indirect consequences), that
should be of interest to academics, policy makers and market practitioners.

2.A Different Closing Auction Mechanisms

Here we will discuss the mechanisms of the closing auctions in Europe and the US and
their differences. As can be read below in more detail, the most important difference
is the possibility of cancellations and modifications of pending orders based on new
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information, which is possible on Euronext, but not on NASDAQ, and on NYSE only
through floor brokers. Not all constituents of the STOXX600 index are traded on
Euronext, but closing auction mechanisms are very similar on the other important
European exchanges (LSE, XETRA, SIX), so we will look at Euronext as an example.

Euronext17

On Euronext, the call phase of the closing auction starts at 5:30 pm, and lasts until
a random time between 5:35:00 pm and 5:35:30 pm. During this call phase orders
are accumulated without giving rise to transactions. Orders can be entered, modified
and cancelled during this call phase, while during this whole period indicative price
information is being published continuously. The indicative price at a given time is
the price that would be the auction price if the auction stopped at that time, given
the current order book. After the call phase has ended, the system will determine the
closing price, which is determined as the price that maximizes the transacted volume.
If there are several prices with equal transactable volume, the price that is closest to
the last automated trade is taken. After the closing price is set and the order book is
cleared (where all transactions are made against the closing price and market orders
are ranked based on time-priority and have priority over limit orders, which are then
ranked based on price-time priority), a phase of Trading-At-Last starts, which basically
means that orders can be entered for execution at the closing price and for that price
only.

NASDAQ/NYSE18

On NASDAQ, orders for the closing auction can be entered the whole day, until the
start of the auction at 3:55 pm. Two types of orders can be entered all day, market-on-
close (MOC) orders and limit-on-close orders (LOC). MOC orders are executed against
the closing price, whatever that price is, LOC orders are entered with a limit and are
only executed if the closing price is equal or better than the limit price. At 3:55 pm
NASDAQ starts to display the net order imbalance information. Between 3:55 pm and

17The rules of the Euronext auctions can be found in the harmonized rule book (Euronext, 2019,
section 4303).

18For the auction rules on NASDAQ, see e.g. https://www.nasdaqtrader.com/content/
ProductsServices/Trading/Crosses/openclose_faqs.pdf, for the auction rules on NYSE
see e.g. https://www.nyse.com/publicdocs/nyse/markets/nyse/NYSE_Opening_and_Closing_
Auctions_Fact_Sheet.pdf

https://www.nasdaqtrader.com/content/ProductsServices/Trading/Crosses/openclose_faqs.pdf
https://www.nasdaqtrader.com/content/ProductsServices/Trading/Crosses/openclose_faqs.pdf
https://www.nyse.com/publicdocs/nyse/markets/nyse/NYSE_Opening_and_Closing_Auctions_Fact_Sheet.pdf
https://www.nyse.com/publicdocs/nyse/markets/nyse/NYSE_Opening_and_Closing_Auctions_Fact_Sheet.pdf
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3:58 pm it is not allowed to cancel or modify pending orders anymore, but participants
can still enter LOC orders (as long as they are not more aggresive than the reference
price at 3:55 PM, otherwise they are capped on this reference price). Then after 3:58,
until the closing of the market at 4:00 pm, only imbalance orders (IO) can be entered,
which are orders that can only be entered against the order imbalance. At 4:00 pm
the closing price is determined by the system. The system determines the price that
maximizes the transacted volume. If this does not give a single closing price, the system
determines the price that minimizes the order imbalance. If this still does not lead to
a single price, the system takes the price that is closest to the NASDAQ inside bid-ask
midpoint. For execution, MOC orders are executed with time priority, then (if still
possible) LOC orders are executed with price-time priority. The NYSE closing auction
is very similar to the one on NASDAQ. However, on NYSE there are floor brokers
that have priority, adding extra complexity to the system. The biggest difference with
NASDAQ is the existence of so called D-quotes, which can only be used by floor brokers
and can be entered, modified and cancelled until 3:59:25 pm, regardless of their side of
the order imbalance. Also, they are hidden from the imbalance information until 3:55
pm. At 4:00 pm, the closing price is determined in a similar way as on NASDAQ.

2.B Dark Pool Suspensions

As already mentioned in the introduction of this chapter, an important part of MiFID
II is the DVC mechanism which allows only 4% of a stock’s yearly transacted volume
to be transacted in a single dark pool, and only 8% in all dark pools together. When
these limits are violated for a particular stock, this stock gets suspended, meaning that
this stock can not be traded in a dark pool anymore for a certain period of time. The
European Securities and Markets Authority (ESMA) published the first suspensions
on March 3, 2018. The list of suspended stocks can be used to test whether volume
moved from dark pools to the regular exchanges for these suspended stocks. We split
the stocks in the STOXX600 index in 2 groups: a group consisting of suspended stocks
and a group consisting of stocks that are not suspended. The second group acts as
a control group for the first group. In table 2.12 the change in transacted volume
on the main exchanges from before March 3, 2018 to after this date is shown for the
two groups, again separated for small, mid and large cap stocks. If volume was
moved from dark pools to the main exchanges after the suspensions, one would expect
an increase in transacted volumes on the main exchanges for the suspended stocks,
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Average increase from pre to post in transacted closing auction volume
Small cap stocks Mid cap stocks Large cap stocks

Suspended 31.03% 21.28% 23.82%
Not suspended 25.88% 15.68% 34.89%

Average increase from pre to post in transacted intraday volume
Small cap stocks Mid cap stocks Large cap stocks

Suspended 14.47% 11.61% −1.579%
Not suspended 17.18% 4.227% 4.525%

Table 2.12: How the transacted volume in closing auctions and intraday changed after
the first DVC-suspensions, for suspended and not suspended stocks. None of the increases
for the suspended stocks is significantly higher than the increases for the not suspended

stocks, all p-values> 0.15.

Results panel regression dark pool suspensions

Variable Small cap stocks Mid cap stocks Large cap stocks
β6 intraday volume 0.0168∗∗ 0.0268∗∗ −0.0188∗∗
β6 closing auction volume 0.0128∗∗ 0.0226∗∗ −0.0351∗∗

Table 2.13: Results of the panel regression in equation (2.1), with the added dark pool
suspension term in equation (2.10), for intraday transacted volume and transacted volume

in the closing auction (both in log-scale).
** The regression coefficient β6 is significant on the 0.01-level.

significantly higher than the increase in transacted volumes for the not suspended
stocks. However, the results in table 2.12 suggest that this is not the case. Although
volumes in the closing auction did increase significantly, this is also the case for not
suspended stocks, and the increase is not significantly higher for suspended stocks
(all p-values > 0.15). The same holds intraday: for small and mid cap stocks, the
intraday transacted volumes increased, but again not significantly more for suspended
stocks. For large cap stocks the intraday transacted volumes even slightly decreased
for suspended stocks. To complement this pairwise comparison, we also run again a
panel regression, including stock fixed effects. To be more precise, we add a term

β61S(i, t) (2.10)

to the regression in equation (2.1), where 1S is an indicator that equals 1 if the stock
i is suspended on day t. We run the regression for transacted volume, intraday and
in the closing auction. If suspension of dark pool trading caused volume to move to
the main exchanges, we should find large positive and significant values for β6. In
table 2.13 the results are shown, indicating that the dark pool suspensions did not
cause significant volume to move to the main exchanges. Although β6 is significantly
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positive for small and mid cap stocks, it is not economically significant. For instance,
dark pool suspensions are only associated with an increase in closing auction volume in
2.26% for mid caps. Furthermore, β6 is even significantly negative for large cap stocks.
We conclude that the DVC regulations did not lead to the desired result: there is no
evidence that significant volume did move from dark pools to the main exchanges after
suspensions of stocks. This is in line with results by Johann et al. (2019), who also
find that little volume from dark pools returned to the main exchanges after MiFID
II. Instead, volumes probably moved to systems more similar to dark pools, such as
periodic auction mechanisms and systematic internalisers19.

19 The definition of which is given by MiFID II, Article 4, which states “systematic internaliser
means an investment firm which, on an organised, frequent systematic and substantial basis, deals on
own account when executing client orders outside a regulated market, an MTF or an OTF without
operating a multilateral system "
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CHAPTER 3

Clearing price distributions in call auctions

The contents of this chapter are based on Derksen et al. (2020a).

3.1 Introduction

In modern financial markets most securities are traded in continuous double auctions.
During the trading day a sell (buy) order for a price lower (higher) than or equal to
the best bid (ask) price is immediately executed versus the limit order book on the bid
(ask) side. If a sell (buy) order has a price higher (lower) than the best bid (ask), it
is added to the limit order book on the ask (bid) side. To start and stop trading and
determine daily opening and closing prices, standard call auctions are conducted for
most securities. In these opening and closing auctions buy and sell orders are collected
over a set interval in time, after which a clearing price X is determined to clear the
maximal executable volume (Euronext, 2019), transacting all against the price X.

A large part of the market microstructure literature focuses on detailed modelling of
continuous double auctions and the limit order book. There are essentially two differ-
ent lines of work: equilibrium models in which order arrival is governed by decisions of
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individual agents trying to maximize utility and stochastic limit order book models in
which order arrival is completely stochastic (cf. Section 1.4). The standard call auction
has received less attention: Mendelson (1982) models a call auction in which all orders
have size one and are uniformly distributed over some price interval, while buy and sell
orders arrive conform a homogeneous Poisson process. The distribution of transacted
volume is derived, together with the clearing price expectation. Technically, the model
proposed in this chapter is related to the work of Muni Toke (2015a), who gives the
full solution of Mendelson’s call auction model, deriving distributions for transacted
volume, and lower/upper clearing prices, as well as asymptotic distributions in very
liquid call auctions. At the conceptual level, the approach in this chapter is related to
the seminal paper by Smith et al. (2003), who consider a statistical model for continu-
ous double auctions assuming i.i.d. random order flow, modelled through independent,
homogeneous Poisson processes for market orders, limit orders and cancellations with
random order-prices from a single, uniform valuation distribution. Simulations, di-
mensional analysis and mean-field approximations then lead to predictions for price
volatility, market depth, price-impact function, bid-ask spread and probability/time to
fill a limit order.

In this chapter a model is proposed for price formation in financial markets with a
bid/ask equilibrium equation at its core, that sets the clearing price such as to lead
to maximal transacted volume, based on fixed numbers NA, NB of unit-sized sell and
buy orders forming i.i.d. samples from distinct valuation distributions FA and FB.
Due to the randomness in the orders, the equilibrium gives rise to a distribution for
X|NA, NB, the clearing price conditional on NA, NB. The shape of the valuation dis-
tributions FA, FB and the distribution of the pair (NA, NB) remain unspecified; while
the former models order density, the latter permits great freedom of modelling order
flow conditions, including auctions in which extreme or skewed liquidity-conditions dis-
turb equilibria and distort clearing prices. Closed-form expressions for distributions of
clearing prices are derived, jointly with transacted volumes.

Such mechanisms have direct application in the modelling of opening and closing auc-
tions as demonstrated with data from intraday transactions to predict closing price
distributions of several constituents of the Eurostoxx 50 index (roughly speaking, this
index consists of the 50 main Eurozone companies) in Section 3.6. Extending the ar-
gument more informally, one could argue that the model applies also in continuous
trading: if buy/sell orders are accrued over a period of time (and liquidity providers
trade with a more-or-less neutral combined inventory) then, at the aggregate level, the
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detailed process of trading during the period can be interpreted as market-clearing at
a price X with a distribution that depends on valuation distributions FA, FB and the
distribution of the pair (NA, NB) that reflects order flow conditions during the inter-
val. If liquidity providers do not trade neutrally, or if a limit order book is taken into
account, the equilibrium between newly accrued buy and sell orders is perturbed by
so called excess liquidity, which can be taken into account in full generality and lies at
the heart of many interesting properties associated with real-world phenomena.

The remainder of this chapter is structured as follows. In Section 3.2, the model is
introduced, probability distributions for clearing price and volume are derived and sev-
eral proposals for the order flow distributions are made. Section 3.3 concerns auctions
in which the number of incoming orders is very large. Asymptotically the clearing price
has a normal distribution, which implies that if we approximate continuous trading by
a periodically cleared market, the resulting discrete price process follows a Brownian
path. This is roughly in support of general pricing models based on the efficient market
hypothesis, with mean and variance of the return distribution expressed in terms of the
distributions of supply, demand and order flow. In Section 3.4 it is explored how chang-
ing supply and demand distributions affect the joint distribution of clearing price and
transacted volume, leading to a distinction between two different types of auction price
variance; one occuring when transacted volumes are high, the other one when these are
low. Section 3.5 gives the model’s perspective on the price impact of market orders.
Remarkably, the model reproduces the concave price impact functions observed em-
pirically (Hasbrouck, 1991; Lillo et al., 2003; Donier and Bonart, 2015) and explained
theoretically (Smith et al., 2003; Donier et al., 2015; Benzaquen and Bouchaud, 2018).
In Section 3.6 the model is applied to estimate the distribution of the clearing price
of a closing auction, based on the day’s transaction data. For 5 (randomly selected)
constituents of the Eurostoxx 50 index, it is shown that the model predicts the proba-
bility distribution of the closing price with precision, through assessment of QQ-plots
and Kolmogorov-Smirnov statistics. For comparison, a more crude alternative method
of estimation is assessed on the same basis. It is shown that the market clearing model
provides significantly better estimates for clearing price distributions than this more
straightforward method. Most important results are summarized in the concluding
Section 3.7. Proofs of the theoretical results of Sections 3.2 and 3.3 as well as notation
and additional figures are collected in Appendix 3.A, while Appendix 3.B provides the
theoretical background of statistical methods used in Section 3.6.
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3.2 Stochastic market clearing

In this section, the model is introduced and expressions are derived for the distributions
of central quantities in the clearing process.

3.2.1 Supply/demand equilibrium

Let us consider a standard call auction for a given asset. In the auction, buy and sell
orders are matched to transact at a clearing price X, determined in such a way that the
total transacted volume is maximal. Suppose that NA sell orders are submitted, as well
as NB buy orders and that every order has equal size (set to one). It is assumed that
participants on both sides of the market formulate their orders independently of each
other, according to certain valuation distributions (or order placement distributions).
That is, the ask prices are modelled as an i.i.d. sample (A1, . . . ANA) from a supply (or
ask) distribution FA and the bid prices as an i.i.d. sample (B1, . . . , BNB) from a demand
(or bid) distribution FB. The interpretation of FA is as follows: the probability that a
randomly selected seller is willing to sell the asset for an ask price A ≤ x, is given by
FA(x), for all x ∈ R. Similarly, if we randomly select a buyer, the probability that he is
willing to buy the asset for a bid price B ≤ x is given by FB(x). For reasons of technical
feasibility, it is assumed that buyers and sellers formulate their quotes independently,
i.e. bid- and ask-samples are independent i.i.d. samples1. Denote by FB and FA the
empirical distribution functions associated with the bid- and ask-samples (B1, . . . , BNB)
and (A1, . . . , ANA), that is,

FB(x) = 1
NB

NB∑
j=1

1{Bj≤x}, FA(x) = 1
NA

NA∑
i=1

1{Ai≤x}.

For every x ∈ R, denote the number of submitted sell orders with a price less than or
equal to x by DA(x) and the number of submitted buy orders with a price greater than
x by DB(x). As discussed above, the clearing price X is obtained by maximizing the
total transacted volume. In terms of the above defined quantities, that implies X is

1Of course these independence assumptions are not realistic: especially when prices fluctuate a
lot, it is likely that market participants on both sides of the market react on each other’s decisions
and hence their quotes are far from independent. However, despite these simplifying assumptions,
the model can still be interpreted as a reasonable description of price formation in auctions, as is
confirmed by the results in Section 3.6.
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defined as a solution of the market clearing equation DA(X) = DB(X), or,

NAFA(X) = NB

(
1− FB(X)

)
, (3.1)

which expresses that the transacted volume is maximized at any price X where the
supply curve DA and the demand curve DB intersect. Consider the following definition.

Definition 3.1 For a given sell order sample (A1, . . . ANA) from FA and a buy order
sample (B1, . . . , BNB) from FB, the corresponding clearing price X is defined by

X = inf{x ∈ R : DA(x) ≥ DB(x)}.

Remark 3.2 It should be noted that there are issues with existence and uniqueness
of solutions to (3.1). Firstly, when the bid- and ask-samples are such that,

B1 ≤ · · · ≤ BNB < A1 ≤ · · · ≤ ANA

there is no solution where DA and DB intersect. Secondly, it is possible that there is an
interval [X,X) of possible clearing prices for which DA = DB, ruining uniqueness. Both
issues are addressed in definition 3.1, much in the same way quantiles of a distribution
are defined (see figure 3.1 for an illustration, compare also to figure 1.2).

In subsequent subsections, closed-form expressions are provided for the probability
distributions (conditional, given (NA, NB)) of the clearing price X and the transacted
volume V .

While this stochastic model of price formation is based on the mechanism of a call
auction, the clearing price also has an interpretation for continuous trading. To appre-
ciate the relation, the process of continuous bidding and transacting (with matching
of orders as an instantaneous but momentary form of clearing) should be viewed in an
aggregated form over an interval of time I. During any such interval the numbers of
buyers and sellers must still be equal, and that is exactly what equation (3.1) expresses.
Then, at the aggregate level, the detailed, step-by-step process of trading during the
interval may be modelled equivalently (or in close approximation) as market clearing
at a clearing price X associated with the interval I.

For both the auction and the continuous trading interpretations, the following applies:
if FA, FB and the distribution of (NA, NB) are chosen in an appropriate way, the
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Figure 3.1: Three possible examples of the supply curve DA(·) (the increasing (red) step
function) and the demand curve DB(·) (the decreasing (blue) step function). Left upper
panel: a situation in which there is no unique point of intersection, note the position of X
at the left of the interval [X,X) where DA = DB. Right upper panel: a situation in which
there is a unique intersection point, but DA(X) > DB(X). Lower panel: A situation in
which no transactions are possible, note the position of X at the highest placed buy order.
Note also the position of the transacted volume (V ) after clearing (this quantity is defined

later on).

clearing price X can be interpreted as a true, underlying price for the asset, associated
not with any specific point in time but with the whole interval I (to relate such an
interval-price to timed market prices, one may think of X loosely as the price at a
time T randomly sampled from I). To justify the fixed distributions FA, FB and the
independence assumptions on the order samples, I must not be too long due to possible
non-stationarity but long enough statistically, aggregating a sufficiently large numbers
of orders. Furthermore, the stochastic behaviour of FA and FB (that is, the randomness
these quantities represent) must reflect the uncertainty in the incoming orders on the
respective sides of the market during the time interval I with some accuracy. Similarly
the distribution chosen for liquidity (NA, NB) must reflect the uncertainty in actual
market liquidity conditions during the interval I. If these conditions are met, the
model will provide an accurate reflection of the stochastic aspects of market clearing,
and thereby, of price formation.
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In the setting of continuous trading, it makes sense to measure time in terms of market
events rather than physical time, in particular regarding the interval I. Combining
with the interpretation of X as a true, underlying price for the interval I, we can fix
N = NA +NB and interpret the resulting clearing price X as a true, underlying asset
price associated with the interval spanned by the next N orders.

The unrestricted freedom in the choices for FA, FB and the distribution of (NA, NB)
enables use of empirical fits for these distributions from previous intervals. It is also
possible to make definite, default choices for these quantities: for instance, choosing
independent Poisson distributions for NA and NB would correspond to the assumption
of Poisson order flow, which is omnipresent in the literature (see, among many others,
Smith et al. 2003; Cont et al. 2010; Abergel and Jedidi 2013; Cont and de Larrard 2013;
Muni Toke 2015b for examples in context of continuous double auctions and Mendelson
1982; Muni Toke 2015a for examples in the standard call auction). In Section 3.2.4
we consider further possible choices for the distribution of (NA, NB) and the model
properties implied.

3.2.2 Distribution of clearing price and volume

In this subsection we derive the probability distributions of price and price-volume,
resulting from the equilibrium equation (3.1), without and with a limit order book.
We concentrate on the marginal distribution of the clearing price X only first, given
by the following theorem (proved in Appendix 3.A).

Theorem 3.3 (Clearing price distribution) The distribution of the clearing price X,
conditional on NA and NB, is given by,

P(X ≤ x|NA, NB)

=
NA∑
k=0

NB∧k∑
l=0

(
NA

k

)
FA(x)k(1− FA(x))NA−k

(
NB

l

)
(1− FB(x))lFB(x)NB−l.

However, it is also possible to derive the joint distribution of clearing price and trans-
acted volume, which is defined next.

Definition 3.4 The transacted volume V corresponding to the clearing price X, is
defined by V = DA(X).



76 Chapter 3. Clearing price distributions in call auctions

Remark 3.5 The quantity V = DA(X) should be interpreted as the maximal number
of orders that can be matched in clearing. In the context of a call auction, it is the total
volume that is transacted. If FA and FB are continuous distributions, there is almost
surely a unique point where DA and DB intersect, hence V = DA(X) = DB(X). In
the case of a discrete price-axis it is possible that DA(X) > DB(X), which means that
the volume DA(X) is not completely matched (see the upper right panel of figure 3.1).
As a convention, we neglect such discretization effects and continue with definition 3.4
(compare with the resolution to the ambiguity for X, as an infimum, see remark 3.2).

In the next theorem (proved in Appendix 3.A), an explicit expression for the joint
distribution of X and V is provided. It is assumed that the price-axis X is a discrete
set, X := {x0, x0 + δ, . . . }, where δ is the tick size.

Theorem 3.6 (Joint clearing price/transacted volume distribution) The joint distri-
bution of clearing price X and transacted volume V , conditional on NA and NB, is
given by,

P(X ≤ x, V ≤ v|NA, NB)

=
v∑

u=0

u∑
k=0

k∑
l=0

[(
NB

l

)(
NA

k, u− k,NA − u

)
(1− FB(x))lFB(x)NB−l

× FA(x)k(FA(x+ δ)− FA(x))u−k(1− FA(x+ δ))NA−u
]

+
∑

y∈X ,y≤x

NA∑
u=v+1

u∑
k=0

k∑
l=0

[(
NB

l

)(
NA

k, u− k,NA − u

)
(1− FB(y))lFB(y)NB−l

× FA(y)k(FA(y + δ)− FA(y))u−k(1− FA(y + δ))NA−u
]

−
∑
y≤x

NB∑
l=0

NA∑
k=l∨v+1

(
NA

k

)
FA(y)k(1− FA(y))NA−k

(
NB

l

)
FB(y)NB−l(1− FB(y))l.

(3.2)

3.2.3 Excess liquidity

There are several variations possible on the definition of the clearing price X as given
above: to start with, during continuous trading, exchanges often offer an open limit
order book, which contains all visible limit orders on ask-side and bid-side. Denote by
LA(x) the total volume on the ask-side of the limit order book for a price less than or
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equal to x. Similarly, denote by LB(x) the total volume on the bid-side of the limit
order book for a price above x. Then definition 3.1 of the clearing price X is adapted
to,

X = inf{x ∈ R : DA(x) + LA(x) ≥ DB(x) + LB(x)},

corresponding to an adapted market clearing equation that takes the limit order book
into account:

NAFA(X) + LA(X) = NB

(
1− FB(X)

)
+ LB(X), (3.3)

Note that x 7→ LA(x) and x 7→ LB(x) are non-stochastic quantities and that for any x,
either LA(x) or LB(x) is equal to zero (as, otherwise, the book could be cleared further
by matching the overlapping orders).

To generalize, excess liquidity is included as any sort of liquidity that plays a role in
the clearing process, but does not originate from the quoting process as described by
FA and FB. As such, excess liquidity is viewed as an external influence.

Definition 3.7 If the clearing price X is defined by the equation,

NAFA(X) = NB

(
1− FB(X)

)
+ ∆(X), (3.4)

where ∆ : X → Z is a right-continuous, non-increasing function, then ∆ is called the
excess liquidity.

Excess liquidity takes the market out of the ‘pure’ equilibrium given by DA(X) =
DB(X). For example, inclusion of the limit order book is possible through ∆(x) =
LB(x)− LA(x). Positive values of ∆(x) correspond to an excess demand and negative
values of ∆(x) mean an excess supply. Another example of excess liquidity is the arrival
of a market order. A sell market order of size ω ∈ N corresponds to the constant
function ∆ = −ω1X , while a buy market order is described by the function ∆ = ω1X .
Similarly, a buy limit order with limit price b can be described by ∆ = ω1[x0,b] and a
sell limit order with limit price a by ∆ = −ω1[a,∞).

Lemma 3.13 can be re-derived with excess liquidity, in order to obtain the equivalence
X ≤ x⇔ DA(x) ≥ DB(x) + ∆(x). Exactly like in the proof of theorem 3.3, this leads
to the distribution of the clearing price, conditional on NA and NB, as stated in the
next proposition.

Proposition 3.8 (Clearing price distribution in case of excess liquidity) When excess
liquidity x 7→ ∆(x) plays a role, the clearing price distribution conditional on NA, NB,
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is given by

P(X ≤ x|NA, NB)

=
NA∑
k=0

U(k,x)∑
l=0

(
NA

k

)
FA(x)k(1− FA(x))NA−k

(
NB

l

)
(1− FB(x))lFB(x)NB−l,

where U(k, x) = (k −∆(x)) ∧NB.

Note that the limit order book makes an appearance only in the summation bound,
leaving the binomial character of the equilibrium distribution intact.

3.2.4 Order flow distributions

All the distributions derived in the previous subsections, are conditional on the pair
(NA, NB). In this subsection we discuss some possibilities for the distribution of
(NA, NB) (the so called order flow distribution) and their consequences for clearing
price distributions. The common assumption in the (early) literature is what is called
Poisson order flow: for continuous double auctions (Smith et al., 2003; Cont et al.,
2010; Abergel and Jedidi, 2013; Cont and de Larrard, 2013; Muni Toke, 2015b) and
call auctions (Mendelson, 1982; Muni Toke, 2015a), Poisson order flow follows from
assumed independent Poisson processes for the arrival of buy and sell orders. Here, we
would take,

(NA, NB) ∼ Pois(µAT )× Pois(µBT ),

for Poisson rates µA, µB and a given interval duration T to achieve the same.

However, in this setting it makes sense to consider more general models for order
flow. Assume again that we consider an interval in which N new orders arrive. Fix
NA + NB =: N ∈ N and leave the distribution of NA open for choice. A reasonable
choice would be to choose NA according to binomial order flow, i.e.

NA ∼ Bin(N, p),

for some p ∈ (0, 1) representing order flow imbalance. Taking,

(NA, NB) ∼ Pois(µA)× Pois(µB),
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is equivalent to,

N = NA +NB ∼ Pois(µA + µB), NA|N ∼ Bin(N, p),

for p = µA/(µA + µB).

Both Poisson and binomial proposals express the conviction that order flow imbalance
α := NA/N does not display great stochastic fluctuation and lies close to its expectation
p, especially for greater values of N due to the central limit theorem. This makes
it difficult to capture market phenomena that are due to fat tails in the order flow
distribution, to describe more extreme, yet common market conditions. Hence a third
proposal: consider beta order flow imbalance,

NA = αN, α ∼ Beta(β1, β2).

Choice of the parameters β1, β2 permits great modelling freedom. For instance, if we
expect the order flow on the bid- and ask-side to be roughly balanced, it is appropriate
to set β1 = β2. If we expect the market to be out of balance (e.g. while trending),
we may choose β1 > β2 when we expect more supply than demand, and vice versa.
Perhaps most interesting is the scale of the betas: if β1, β2 < 1 we induce the fat tails
not seen in Poisson or binomial order flow, while β1, β2 � 1 will lower the variance and
bring α close to its expectation β1/(β1 + β2).

To shed more light on the influence of the order flow distribution on the clearing
price distribution, we consider a simple example. To focus on order flow, we make
the trivial choices for the other parameters: FA(·) = FB(·) = Φµ,σ(·) for µ = 10
and σ = 0.1. To appreciate the effects of order flow on clearing price distributions,
consider figure 3.2, the probability density fX of the clearing price is plotted for various
balanced (left panel) and unbalanced (right panel) choices of the order flow distribution.
As expected, fX centers around 10 in all balanced cases and around a lower location
for the unbalanced cases. It is seen that Poisson order flow leaves little room for
variation in the values of NA and NB, causing the density to peak relatively sharply.
By contrast, beta order flow imbalance leads to more liquidity-driven uncertainty in
the clearing price.
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Figure 3.2: Clearing price density fX , for FA = FB = Φ10,0.1 and various balanced (left
panel) and unbalanced (right panel) choices for the order flow distribution. The solid black
line is the density for Poisson order flow, while the dashed blue line and the dashed green

line correspond to beta order flow imbalance, for fixed N = 100.

3.3 The high-liquidity limit

In this section, we provide the asymptotic clearing price distribution in limit of infinite
liquidity. To be more precise, denote N = NA + NB, let NA = αN , NB = (1 − α)N
for some constant 0 < α < 1 we refer to as order flow imbalance and consider the
limit N → ∞. We take a continuous price-axis X = [x0,∞) and assume that the
distribution functions FA and FB are strictly increasing, describing measures that are
absolutely continuous with respect to the Lebesgue measure, with densities denoted
fA and fB. Let X denote a solution to NAFA(X) = NB(1 − FB(X)) + ∆(X), with
possibly non-zero excess liquidity ∆. Denote by xE the real equilibrium price which is
the (non-random) price uniquely defined by the equilibrium equation,

αFA(xE) = (1− α)(1− FB(xE)). (3.5)

According to the following theorem (the proof of which can be found in Appendix
3.A), the clearing price X is in the limit distributed according to a normal distribution
centred on xE with variance that depends on fA and fB.

Theorem 3.9 (High-liquidity clearing price distribution) Let X be the clearing price
in case of possible excess liquidity ∆. Assume that FA and FB are strictly increasing
and absolutely continuous with respect to the Lebesgue measure with densities fA and
fB. Additionally, assume that excess liquidity scales with N as ∆(·) =

√
ND(·), for

some continuous and bounded function D : X → R. Then, as N →∞,

√
N(X − xE) w.−→N(µ(xE), σ2(xE)), (3.6)



3.3. The high-liquidity limit 81

where the asymptotic mean and standard deviation are given by,

µ(xE) = D(xE)
αfA(xE) + (1− α)fB(xE) , σ(xE) = τ(xE)

αfA(xE) + (1− α)fB(xE) ,

for
τ 2(xE) = αFA(xE)

(
1− FA(xE)

)
+ (1− α)FB(xE)

(
1− FB(xE)

)
,

and xE is the real equilibrium price.

Consider a standard call auction in which the number of orders collected is very large.
The clearing price distribution is then closely concentrated around xE and has a width
proportional to 1/

√
N . So the model confirms the intuition that large auction volumes

lead to accurate price formation (in line with the empirical results of the previous chap-
ter, in particular Section 2.6.3) and adds that this accuracy is inversely proportional
to the square root of the number of orders. Non-zero excess liquidity of order

√
N

biases X away from xE, however, this bias is also proportional to 1/
√
N . So the model

says that in highly liquid auctions or markets, external influence in the form of excess
liquidity ∆ must be of order larger than

√
N to force (the distribution of) the clearing

price away from the real equilibrium price xE. Furthermore, the shift caused by the
excess liquidity is inversely proportional to a convex combination of fA and fB, hence
price impact will be larger if the density of orders around the equilibrium price is low.

Next consider the case of continuous trading of a stock in an interval, during which
supply and demand are described by the distributions FA and FB, and by order flow
imbalance α ∈ (0, 1). Assume that the number of incoming orders during the interval
is very large, so that the limit of theorem 3.9 forms a good approximation for the
clearing price distribution. In the absence of excess liquidity, the distribution of the
clearing price associated with the interval is a sharply peaked normal distribution cen-
tred at the real equilibrium price. If we repeat this argument for consecutive intervals
(possibly with changing FA, FB and α) and approximate continuous trading by a peri-
odically cleared market, the price process becomes a discrete Brownian path (possibly
trending if we add excess liquidity). In many stochastic models for pricing, this type of
stochastic process is postulated; by contrast, here, the Brownian path emerges from the
central limit (in the form of Donsker’s theorem, see the proof of theorem 3.9) and the
parameters of this Brownian path have an interpretation in terms of supply, demand
and order flow imbalance.

As argued after definition 3.7, the model invites the interpretation of the limit book
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as excess liquidity, in a market made around the equilibrium price xE of many new
orders. Think, for instance, of a situation where new orders originate from liquidity
providers primarily; if the location of their equilibrium price distribution undergoes
a small but quick jump (for example because of a sudden change in the price of a
hedging index future), the result of theorem 3.9 suggests that the limit book obstructs
immediate market correction: if we consider a limit book of order greater than N1/2

over an interval of order N orders, the location of the clearing price distribution is
expected to differ from the liquidity providers’ new xE on scales larger than N−1/2. To
re-phrase that slightly and more crudely, the model suggests that a limit book offering
total liquidity of order L stabilizes the market price versus fluctuations in valuation
distributions or order flow imbalance, if those fluctuations vary quickly enough to
neutralize over a duration of order L2 (where time is measured in volume offered) 2.

Finally, note that the variance in (3.6) is not only dependent on τ 2(xE) in the way one
might expect, but like the location in (3.6), it is inversely proportional to a liquidity-
weighted convex combination of fA and fB, evaluated at the real equilibrium price. So
the volatility of the Brownian path (as well as the influence of excess liquidity) goes
down in ranges where orders are concentrated and goes up in ranges where orders are
sparse. Consequently, the Brownian path has long occupation times in ranges where
orders are dense.

Remark 3.10 Muni Toke (2015a) derives a normal asymptotic distribution of the
clearing price in a similar setting, under the assumption of Poisson order flow (i.e.
N ∼ Pois(λT ), where λT → ∞, NA ∼ Bin(N,α)) and FA = FB = F . The Poisson
order flow with λT →∞ represents a fixed randomization of the deterministic N →∞
discussed here. However in the proof he firstly considers (in our notation) fixed N and
NA = αN and finds an asymptotic normal distribution forX, with mean F−1(1−α) and
standard deviation

√
α(1− α)f(F−1(1− α))−1. Setting FA = FB = F and D = 0, the

solution to (3.5) is xE = F−1(1−α), τ 2(xE) = α(1−α) and σ(xE) =
√
α(1− α)f(xE)−1.

3.4 Supply-demand distributions, price and volume

In theorem 3.6 the joint distribution of the clearing price X and the corresponding
transacted volume V was derived, given supply and demand distributions FA, FB and

2Note that these
√
N scales originate from the central limit (more specifically, Donsker’s theorem)

and that is it a topic of further research to verify these exact scales empirically.
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volumes NA, NB. In this section we explore the dependence of the distribution of
(X, V ) on FA and FB. We shall fix NA and NB as equal constants (NA = NB = 50 in
the examples below). It is also recalled that the distribution for (X, V ) was derived in
a setting with a discrete price axis X with tick size δ > 0 (below, we take δ = 0.01),
normal distributions are discretized accordingly.

3.4.1 Varying consensus between bid- and ask-side

The supply and demand valuation distributions FA, FB express a difference of opinion
concerning the valuation of the asset. We first consider how shifts of locations for
FA, FB influence the joint distribution of clearing price and volume.

We consider three different choices of the supply and demand distributions, denoted
FA, FB, F̄A, F̄B and F̃A, F̃B:

FA = Φ10.1,0.1, FB = Φ9.9,0.1, F̄A = Φ10.05,0.1, F̄B = Φ9.95,0.1,

F̃A = F̃B = Φ10,0.1.

The first case represents a relatively large difference between the locations of supply
and demand distributions, while the second case represents a small difference, and the
third complete consensus. In all three cases, the real equilibrium price is xE = 10,
however, as can be seen from the left panel of figure 3.3,

FA(xE) < F̄A(xE) < F̃A(xE). (3.7)
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Figure 3.3: Left panel: distribution functions of supply/demand. Solid lines FA, FB;
dashed lines F̄A, F̄B; dashed-dotted lines F̃A, F̃B. Right panel: sums of densities of sup-

ply/demand. Solid line fA + fB; dashed line f̄A + f̄B; dashed-dotted line f̃A + f̃B.
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(a) Density for (X,V ) with valuation distri-
butions FA = Φ10.1,0.1, FB = Φ9.9,0.1.
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(b) Density for (X,V ) with valuation distri-
butions F̄A = Φ10.05,0.1, F̄B = Φ9.95,0.1.
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(c) Density for (X,V ) with valuation distributions F̃A = F̃B = Φ10,0.1.

Figure 3.4: The influence of consensus between bid- and ask-side of the market on the
distribution of (X,V ). Note: as the locations of supply and demand distributions diverge,

transacted volume drops, while price uncertainty increases.

Figure 3.4 shows the distributions of price-volume in these three cases and suggests
the following, intuitively reasonable mechanism: as the locations of supply and demand
distributions diverge, marginally the transacted volume drops, while the width of the
price marginal increases. Note that the location on the price-axis does not change, as
all three (X, V )-distributions are centred around xE = 10. Referring to theorem 3.9,
the result reflects the ordering expressed by (3.7): in the high-liquidity limit, X lies
close to xE and V = NAFA(X) (respectively, V̄ = NAF̄A(X), Ṽ = NAF̃A(X)) lies close
to NAFA(xE) (respectively, NAF̄A(xE), NAF̃A(xE)). Similar arguments regarding the
ordering of densities (see also the right panel of figure 3.3),

fA(xE) + fB(xE) < f̄A(xE) + f̄B(xE) < f̃A(xE) + f̃B(xE),

provide an asymptotic explanation for the observed increase in price uncertainty (cf.
the denominator of the variance in (3.6); the numerator is bounded and plays no
role here). To re-phrase and summarize: when consensus between bid- and ask-sides
increases, transacted volume increases and price uncertainty decreases.
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3.4.2 Increased uncertainty among market participants

Here we investigate the influence of valuation uncertainty among market participants
on the distribution of clearing price and transacted volume: we consider three different
choices of the supply and demand distributions, denoted FA, FB, F̄A, F̄B, F̃A, F̃B,

FA = Φ10.1,0.1, FB = Φ9.9,0.1, F̄A = Φ10.1,0.2, F̄B = Φ9.9,0.2,

F̃A = Φ10.1,0.3, F̃B = Φ9.9,0.3.

The locations of supply and demand distributions are maintained, while their variances
are increased, reflecting growing uncertainty in valuation among individual market
participants. Again, in all three cases, the real equilibrium price is xE = 10 and (3.7)
continues to hold (see the left panel of figure 3.5).
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Figure 3.5: Left panel: distribution functions of supply/demand. Solid lines FA, FB;
dashed lines F̄A, F̄B; dashed-dotted lines F̃A, F̃B. Right panel: sums of densities of sup-
ply/demand. Solid line fA + fB; dashed line f̄A + f̄B; dashed-dotted line f̃A + f̃B; dotted

line
¯
fA +

¯
fB.

Panels (B), (C) and (D) of figure 3.6 show the distributions of price-volume in these
three cases and suggests the following, reasonable-sounding (but incomplete, see below)
rule: as the variance of the valuation distributions increases, marginally both transacted
volume and price uncertainty increase. Note that the location on the price-axis does
not change, as all three (X, V )-distributions have marginals centred around xE = 10.
The asymptotic argument for the observed ordering V < V̄ < Ṽ continues to hold.
Note in the right panel of figure 3.5, however, that with locations and variances as
chosen,

fA(xE) + fB(xE) > f̄A(xE) + f̄B(xE) > f̃A(xE) + f̃B(xE),

so that asymptotic variance of the clearing price increases when valuations become
more widely spread (referring again to the variance in (3.6)).
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(a) Density for (X,V ) with valuation distri-
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(b) Density for (X,V ) with valuation distri-
butions FA = Φ10.1,0.1, FB = Φ9.9,0.1.
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(c) Density for (X,V ) with valuation distri-
butions F̄A = Φ10.1,0.2, F̄B = Φ9.9,0.2.
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(d) Density for (X,V ) with valuation distri-
butions F̃A = Φ10.1,0.3, F̃B = Φ9.9,0.3.

Figure 3.6: The influence of valuation uncertainty among market participants on the
distribution of (X,V ).

But this explains only half of the mechanism that the model ascribes to the relation
between valuation uncertainty and auction price variance. To appreciate the other half,
consider a fourth different pair

¯
FA, ¯

FB of supply and demand distributions that reflects
less valuation uncertainty among market participants, defined by

¯
FA = Φ10.1,0.075, ¯

FB = Φ9.9,0.075.

As can be seen from the right panel of figure 3.5, this choice of valuation distributions
satisfies

¯
fA(xE) +

¯
fB(xE) < fA(xE) + fB(xE),

which implies that the asymptotic variance of the clearing price also increases when
we lower the variance of the valuation distributions. This is also confirmed by panel
(A) of figure 3.6, where the distribution of price-volume for

¯
FA, ¯

FB is shown. To
explain this observed inversion, consider FA and FB that are two normal distributions
of equal variance σ2 > 0, located at µ1, µ2 ∈ R. Reasoning again asymptotically, the
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denominator of the expression for the variance in (3.6) equals,

fA(xE) + fB(xE) =
√

2
π

1
σ

exp
(
−1

2
(µ1 − µ2)2

σ2

)
. (3.8)

As a function of σ, (3.8) has a maximum at σ = 1
2 |µ1 − µ2| (see figure 3.7 for an

example), which means that asymptotic variance of the clearing price is minimal at
said level of valuation uncertainty σ. When σ rises above 1

2 |µ1 − µ2|, as in figure 3.6,
panels (C) and (D), auction price variance increases; perhaps somewhat surprisingly,
when σ decreases below 1

2 |µ1 − µ2|, as in figure 3.6 panel (A), auction price variance
also increases. The heuristic reason for this inversion is as follows: when consensus
between the bid- and ask-side of market is very low (large |µ1 − µ2|) and valuation
uncertainty among market participants is minimal (small σ), orders around xE are
very scarce, so that clearing prices are based on small numbers of matchable orders,
therefore displaying high variance; as the uncertainty in order prices on both sides
increases, more orders appear around xE, lowering the variance of the clearing price.
The added valuation uncertainty ‘unlocks’ an otherwise illiquid market, in which buyers
and sellers rarely cross. So in a market with illiquidity-driven price movements, raised
valuation uncertainty aids accurate price discovery.
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Figure 3.7: fA(xE) + fB(xE) as a function of σ, for fA = φµ1,σ, fB = φµ2,σ, where µ1 =
10.1, µ2 = 9.9 and xE = 10. Note this function attains its maximum at σ = 1

2 |µ1−µ2| = 0.1,
implying that the asymptotic clearing price variance of equation (3.6) attains its minimum

at this σ.

Combination with the previous subsection invites the following, intuitively reasonable
conclusion: observation of high levels of price variance can be driven by illiquidity or
by valuation uncertainty among market participants; observation of the price and its
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fluctuations alone does not distinguish between those cases. To differentiate one must
involve transacted volume, which is moderate when price variance is minimal, low in
illiquid markets and high in markets with valuation uncertainty-driven price variance.

3.5 Impact of market orders

In definition 3.7 the clearing price in the presence of excess liquidity ∆ is defined and
its distribution is provided in proposition 3.8. Modelling the arrival of market orders as
excess liquidity, this section compares clearing prices with and without market orders.
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Figure 3.8: Clearing price densities, when market orders of sizes |ω| are placed (negative
ω for sell orders, positive for buy orders). The supply and demand distributions are equal
and normal, FA = FB = Φµ,σ, for µ = 10, σ = 0.1, while (NA, NB) ∼ Pois(50)2. Note
that orders of size |ω| = 2 do not significantly influence the price distribution, but orders

of sizes |ω| = 10 or 20 shift the clearing price distribution noticeably.

Differences between clearing price distributions form the model’s perspective on the
price impact of market orders, a subject that has received quite some attention in
the literature (see e.g. Hasbrouck, 1991; Lillo et al., 2003; Smith et al., 2003; Donier
and Bonart, 2015; Donier et al., 2015; Benzaquen and Bouchaud, 2018, and references
therein). Consider again the case that FA = FB = Φµ,σ, for µ = 10, σ = 0.1 and
(NA, NB) ∼ Pois(50)2. Departing from the case that this market is in equilibrium,
next suppose that a market order of size |ω| arrives: as in equation (3.4), we add an
excess liquidity term to model this, in the form of constant functions ∆(x) = ω, where
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ω > 0 corresponds to a buy order and ω < 0 represents a sell order. In figure 3.8 the
resulting clearing price distributions are plotted for various ω.
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Figure 3.9: Price impact δp as a function of the size ω of the market order, for various
supply and demand distributions FA, FB. In all cases N = 100, NA = αN , α ∼ Beta(2, 2).

The common definition of the price impact function δp(ω) is the size of the shift in
market price when a market order of size ω arrives. Empirical studies (see e.g. Donier
and Bonart, 2015; Hasbrouck, 1991; Lillo et al., 2003, among many others) have shown
that, in the situation of a continuous double auction, the price impact function is
concave, and certain models confirm this concavity (see e.g. the seminal paper by Smith
et al. (2003), or more recent work in this area (Benzaquen and Bouchaud, 2018; Donier
et al., 2015)). To consider the matter in our model, we define the price impact function
δp(ω) as the shift in expectation of X when a buy market order of size ω > 0 arrives.
Figure 3.9 shows price impact functions for various supply and demand distributions
that display the expected concavity. Furthermore, the picture shows that price impact
becomes less concave as supply and demand distributions are shifted together, with
the case FA = FB almost linear. This difference is explained by the number of orders
that can be expected around EX. In the case FA = FB, EX lies around xE = 10
and all orders lie around 10. In cases where the locations of FA and FB differ, EX
lies between them, while buy orders concentrate around a lower price and sell orders
around a higher one. In that situation fewer orders lie around EX and consequently
the clearing price is impacted more significantly in such regions; by contrast, in regions
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where orders are more concentrated, the clearing price is less easily moved. Comparing
with Smith et al. (2003), their model produces an almost linear price impact function
for a situation in which there is a large accumulation of orders near the market price
and a very concave price impact function with lower levels of accumulation near the
market price.

3.6 Prediction of the closing price distribution

For a quantitative model, a convincing statistical demonstration of applicability is ul-
timately the only possible proof of relevance. Below this statistical exploration is per-
formed: we consider the statistical quality of the model’s clearing price distributions
in daily closing auctions for five (randomly selected) Eurostoxx 50 index constituents
with the Kolmogorov-Smirnov goodness-of-fit test, and find that they explain the ran-
domness in observed closing prices well. More specifically, we use a day’s transactions
to estimate clearing price distributions for daily closing auctions of five shares over the
course of the trading year 2017. We assume that we have observed the market until
5 pm and then want to predict the closing price distribution3. To assess performance,
we keep track of the estimated clearing price distribution functions, evaluated in the
realized closing prices: if the estimates are accurate (and approximately independent),
these probabilities form an approximate i.i.d. sample from the uniform distribution
on [0, 1]. The match is assessed graphically, through QQ-plots (see Section 3.B.1 in
Appendix 3.B for a discussion), and tested with the Kolmogorov-Smirnov statistic (cf.
Section 3.B.2 in Appendix 3.B). As a simple benchmark, the results are compared with
results from a log-normal model.

3.6.1 Estimation of the closing price distribution

To obtain the daily estimator for the clearing price distribution, we first need estimators
for the supply- and demand-distributions FA and FB. As we want to predict the closing
price distribution FX before the start of the closing auction, it is not an option to use

3The choice of the prediction time of 5 pm is not completely arbitrary. We have found empirically
that around 90% of the closing prices falls within a range of 30bps of the last mid-price, and that
the closing price is generally very close to the last mid-price. Hence, there is not much to predict
when we wait until the closing auction starts, as the last mid-price is then more informative than
our prediction. Of course we could start prediction already before 5 pm, but then the quality of the
estimators will get worse, as less transaction data is observed.
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quote data from the closing auction itself. Instead, intraday transaction data is used:
throughout the trading day, all transactions are recorded in a book that aggregates
total volume traded for any price tick in the daily price range. In fact, two such books
are kept, distinguished by the side of the market that initiated the trade. Half an
hour before market close these books are normalized and converted into histogram-
like estimators for the densities fA and fB. Expressed cumulatively, this leads to
empirical distribution functions F̂A(·) and F̂B(·) that serve as estimators for FA and
FB. Essentially we use a volume-weighted version of the day’s transacted orders to
estimate market participants’ valuations. This leads to reasonable estimators, based
on the idea that the intraday valuations of market participants will be reflected in their
valuations in the closing auction.

For any choice of NA, NB, these daily estimators can be used to estimate the distribu-
tion for X|NA, NB, that day’s clearing price given order flow NA, NB. Because F̂A(·)
and F̂B(·) are supported on the range of prices visited that day, the clearing price dis-
tribution is supported on that range too. This causes a disadvantage of the proposed
method: regardless of the order flow, the model does not predict anything outside the
daily price range and the estimator should be viewed as a ‘windowed’ or conditioned
device, relevant only conditional on auction prices that fall inside the daily price range.
To model order flow, we convolute with an order flow marginal in which N is fixed and
NA = αN , with α distributed according to a Beta-distribution. Because we have no
reason to assume asymmetry, only the scale β > 0 in α ∼ Beta(β, β) varies. To not
exclude the possibility of fairly extreme, one-sided order flow (where NA � NB or vice
versa with high probability), we keep β < 1 (this is empirically verified, see remark
3.12 below).

Definition 3.11 The daily estimated clearing price distribution is the distribution F̂X
that results from theorem 3.3 with empirical supply and demand FA = F̂A, FB = F̂B,
convoluted with the order flow distribution.

In all examples below, we choose N = 100 and β = 0.75 and note that these choices
appear to work well for the five Eurostoxx 50 index constituents considered below.

Remark 3.12 It is important to note that the model is robust with respect to these
choices. The choice of N is not very important: at first sight N has a very clear
interpretation as the number of orders in the auction, however it should be noted
that the size of orders is not modelled, hence changing N could also be interpreted as
changing the order size. As long as N is taken sufficiently large to allow for enough
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diversification in the orders (already for N > 50) the choice of N does not really
affect the result, as the large liquidity limit starts to do its work4. These claims are
supported by figure 3.13 in Appendix 3.A. The choice of β has more influence on the
results, as it determines how many mass is shifted into the tails of the distribution.
But still, the model is robust with respect to small variations in β, which is expressed
by figure 3.14 in Appendix 3.A. Estimation of the parameter β is also interesting: one
can take the n previous closing auctions of the stock and compute the ratio NA

NA+NB ,
i.e. the total volume of all sell orders in the closing auction, divided by the total
volume of all orders5. Then one obtains a sample of n order flow imbalances, which
can be treated as an i.i.d. sample to find the parameter of the Beta-distribution, by
computing moment estimators. We did this analysis for three of the five Eurostoxx 50
index constituents considered below6. For Airbus SE we found β̂ = 0.8057, for Engie
SA we found β̂ = 0.8219 and for Anheuser Busch Inbev NV we found β̂ = 0.6988,
empirically justifying the observation that β should be picked around 0.75.
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Figure 3.10: Estimation of the closing price distribution, based on daily transaction
data. Left panel: ING stock price during a trading day in 2017. Right panel: the estimated
distribution of the closing price X, where the distributions of supply and demand are taken
to be the empirical estimators of FA and FB (based on the data until 5 pm) and where

N = 100, NA = αN , α ∼ Beta(0.75, 0.75).

As an example, consider figure 3.10, an (arbitrarily selected) day’s trading in ING
stocks and the estimate of the closing price distribution F̂X (based on FA, FB that

4There is also an easy way to estimate N : around 28% of the daily total transacted volume is
transacted in the closing auction (in 2017, nowadays it is more), so one could take the total transacted
volume until 5 pm and turn this into an estimator for N using this ratio. However, figure 3.13 shows
that this analysis is not worthwile, as a different choice of N does not impact the results.

5In fact, the order book contains a lot of irrelevant volume far from the eventual closing price.
This volume does not contribute to the determination of the closing price and should not be counted
in the estimation. Instead, we only counted orders within ten levels of the closing price.

6One needs full order book data to do the estimation, which is provided for the stocks traded on
Euronext, but not for the German stocks Bayer AG and Deutsche Telekom AG.
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are estimated from daily transaction data until 5 pm). Note the inhomogeneity of the
estimated density. The following statistical analysis shows that this detailed shape with
peaks and troughs is informative for the realized closing price, meaning that the closing
price is more likely to be realized on prices where the estimated density is higher, which
is nicely illustrated in the above example by the closing price that realizes on one of
the peaks in the estimated density.

3.6.2 Kolmogorov-Smirnov goodness-of-fit test

To assess performance, we predict closing price distributions for the approximately
250 trading days in 2017. Because the model’s predictions only concern the daily trad-
ing range, we do not include those trading days on which the stock’s closing price lays
outside the daily trading range. After removing the days where the price closed outside
the daily trading range, this leads to samples of 200-230 trading days for the selected
five stocks. As the valuation distributions FA, FB differ from day to day, there is no
straightforward way to assess the accuracy of the sample of estimated clearing price
distributions F̂X . For that, we need a standard, distribution-free argument based on
the observation that if X ∼ FX , then FX(X) ∼ U [0, 1]: if F̂X approximates FX well
on any trading day, F̂X(X) has a distribution approximating U [0, 1]. In our statis-
tical experiment we have a sequence of predictions F̂i for closing prices Xi (assumed
independent) with true marginal closing price distributions Fi (which are possibly very
different as the day i varies). If the estimators F̂i approximate the Fi well, the re-
sulting sequence of probabilities ξ̂i = F̂i(Xi) is distributed approximately as an i.i.d.
sample from the uniform distribution on [0, 1]. Below, this degree of approximation
is assessed graphically through QQ-plots and tested with statistical significance us-
ing the Kolmogorov-Smirnov(KS) statistic. This statistical assessment is not just a
technically convenient choice, what is assessed in this way is highly relevant to daily
market practice: good QQ-plots and KS-statistics indicate that clearing price distribu-
tion estimators provide an accurate picture of the relation between quoted price and
probability of execution in the auction (conditional on a closing price inside the price
range seen during the day). For example, from a trader’s perspective, the quantiles of
the estimated clearing price distribution could give rise to a trading strategy that goes
long/short when the market price lies in the low/high quantiles half an hour before the
market closes. From an investor’s point of view, the pth percentile of the clearing price
distribution answers the question at which price to quote in the auction to be for p%
sure that the order gets transacted.
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To have a simple benchmark for comparison we also consider an alternative: we include
a benchmark model that assumes that the daily log-return is normally distributed, with
mean and variance estimated by (volume-weighted) average and variance of log-prices
of transactions during the day. The resulting estimated closing price distribution F̃i is
truncated to that day’s trading range. This leads to samples of 200− 230 probabilities
ξ̃i = F̃i(Xi), subject to the same requirement of similarity to an i.i.d. sample from the
U [0, 1]-distribution. The two samples ξ̂i (resulting from the market clearing model)
and ξ̃i (resulting from the log-normal model) are assessed for uniformity by QQ-plots
in figure 3.11.

Stock Model KS-statistic p-value
1. Engie SA Market clearing 0.0392 0.905

Log-normal 0.147 2.04*10−4

2. Airbus SE Market clearing 0.0320 0.988
Log-normal 0.164 3.76*10−5

3. Bayer AG Market clearing 0.0326 0.983
Log-normal 0.139 6.96*10−4

4. Anheuser Busch Inbev NV Market clearing 0.104 0.0198
Log-normal 0.175 4.61*10−6

5. Deutsche Telekom AG Market clearing 0.0304 0.989
Log-normal 0.0837 0.0969

Table 3.1: Kolmogorov-Smirnov statistics and corresponding p-values for the samples of
probabilities ξ̂i (resulting from the clearing model) and ξ̃i (resulting from the log-normal

model) for five (randomly selected) constituents of the Eurostoxx 50 index.

Table 3.1 reports the associated KS-statistics and p-values. (Note that the KS-test
does not fall within the standard Neyman-Pearson framework of statistical testing,
basically because one seeks to confirm the null-hypothesis. This changes the usual
interpretation of p-values: if a model has a low p-value in this context, the hypothesis
that it is correct is rejected based on the data with high statistical significance. By
contrast, a model with a high p-value requires a high degree of relaxation of significance
criteria before the correctness hypothesis is rejected based on the data, see also Section
3.B.2 in Appendix 3.B.)

The model of log-normal daily returns proves wholly inadequate as an explanation of
the randomness observed in actual closing prices: only in the example of Deutsche
Telekom is it possible to argue that (truncated) log-normal distributions for the daily
returns form a prediction that is informative about closing prices at the distributional,
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(b) Engie SA, log-normal
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(c) Airbus SE, market clearing
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(d) Airbus SE, log-normal
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(e) Bayer AG, market clearing
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(f) Bayer AG, log-normal
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(g) AB Inbev NV, market clearing
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(h) AB Inbev NV, log-normal

0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

(i) Deutsche Telekom AG, market
clearing
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Figure 3.11: QQ-plots of the samples of probabilities that the clearing price is lower
than the realized closing price (vertical axis) against theoretical U [0, 1]-quantiles(horizontal
axis), for the market clearing model and the log-normal model, for 5 Eurostoxx 50 index

constituents.
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predictive level. Furthermore, figure 3.11 shows that the log-normal model underesti-
mates the tail of the closing price distributions in all five examples. By contrast, the
QQ-plots for the market clearing model show a very decent match for uniformity, indi-
cating that the model is a good representation of the randomness in observed closing
prices. Estimated clearing price distributions provide an accurate picture of the rela-
tion between quoted price and probability of execution (conditional on an auction price
that falls within the daily trading range). This is confirmed by associated KS-statistics
and their p-values in table 3.1: four out of five samples show exceptionally straight
lines in their QQ-plots, confirmed by the exceptionally high p-values in Table 3.1. The
exception (recall, these five stocks have been selected randomly from the Eurostoxx
50 index) is the Anheuser Busch Inbev NV stock, with a KS-statistic that indicates
evidence (p = 0.0198) to reject the null-hypothesis and visual inspection through the
QQ-plot reveals underestimation of the up-side tail.
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Figure 3.12: QQ-plot of the sample of probabilities that the clearing price is lower
than the realized closing price, for Airbus SE (vertical axis), against theoretical U [0, 1]-
quantiles(horizontal axis), for the market clearing model with (NA, NB) ∼ Pois(50) ×

Pois(50).

One could wonder how the market clearing model performs if the extreme beta dis-
tribution for order flow imbalance is replaced by Poisson order flow (this essentially
corresponds to the call auction model of Muni Toke (2015a)). To investigate this option,
we performed exactly the same analysis using the estimated clearing price distribution
(as in definition 3.11) to obtain a sample of probabilities, but now with Poisson order
flow: (NA, NB) ∼ Pois(50) × Pois(50). Figure 3.12 shows the corresponding QQ-plot
for one of the stocks (Airbus SE), similar results are obtained for the other stocks. The
Poisson order flow, expressing the conviction that the orderflow imbalance α does not
display great stochastic fluctuation around α = 1

2 , leads to a clearing price distribution
that extremely underestimates the tails (even worse than the log-normal model). It
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turns out that the extreme order flow distributions are necessary to capture the tails
of closing price distributions, underlining the limitations of Poisson order flow.

We conclude that the detailed shape of estimated clearing price distributions from the
market clearing model (with peaks and troughs as in the right panel of figure 3.10)
is informative for the relation between the price of an order and the corresponding
execution probability, while uni-modal shapes like those of the log-normal distribution
are not. Furthermore, we conclude that Poisson order flow does not display enough
stochastic fluctuation to capture the tails of the observed randomness in closing prices
(at least, with the current estimators for FA and FB), emphasizing the relevance of
extreme order flow distributions.

3.7 Conclusions

In this chapter a stochastic model for standard call auctions is proposed, based on a
balance between two samples of random orders. The model assumes i.i.d. samples of
buy- and sell-orders, placed following demand- and supply-side valuation distributions.
An equilibrium equation (fixing the clearing price by requiring that the number of
buyers equals the number of sellers) then leads to a distribution for clearing price and
transacted volume. Bid- and ask-side volumes are left as free parameters (order flow);
a choice for the distribution of these parameters (possibly heavy-tailed or very skewed)
leads to distributions for clearing prices and transacted volumes, with or without a
limit order book.

In the highly liquid auctions of Section 3.3, the clearing price distribution converges to
a normal central limit, with mean and variance in terms of supply/demand-valuation
distributions and order flow imbalance. Most importantly, the variance of the limiting
normal distribution at real equilibrium price xE is inversely proportional to the density
of orders around xE. The interpretation is in regions on the price axis where price
variance is suppressed due to density of orders.

In Section 3.2.4, the influence of order flow on clearing price distributions is consid-
ered. Restriction to models involving Poisson or binomial assumptions concerning the
amount of liquidity on offer is hard to justify. As confirmed empirically in Section 3.6,
extreme or skewed order flow conditions are equally important. Section 3.4 explores
the influence of valuation distributions with some illustrative simulations: for example,
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bringing valuation distributions closer together increases transacted volume and de-
creases price variance. Closer inspection of the price/volume distribution reveals that
there are two fundamentally different types of price variance, one driven by illiquidity
and the other by valuation uncertainty among market participants. To differentiate,
one must involve transacted volume, which is moderate when auction price variance is
minimal, low in illiquid markets and high in markets with valuation uncertainty-driven
price variance.

In Section 3.5, the model’s description of price impact is analysed. Remarkably, the
model produces a concave price impact function, especially when the valuation distri-
butions are widely separated, reflecting a market in which the consensus is low. This is
in line with empirical results (Hasbrouck, 1991; Lillo et al., 2003; Donier and Bonart,
2015) and with the theoretical results of Smith et al. (2003).

To statistically verify the validity of the model and estimates of the daily closing
price distributions in Section 3.6, a year’s worth of daily closing-price distributions
is predicted for five constituents of the Eurostoxx 50 index. Kolmogorov-Smirnov
statistics and QQ-plots demonstrate with ample statistical significance that the model
predicts closing price distributions accurately, and compares favourably with a simpler,
log-normal, alternative method of prediction. It is concluded that the model’s predicted
clearing price distributions explain the observed randomness in closing prices well,
confirming that the proposed model provides a proper description of price formation
in call auctions.

3.A Notation, proofs and additional figures

3.A.1 Notation and conventions

We denote the multinomial coefficient for n ≥ 3 by(
n

k1, . . . , kn

)
:= n!

k1! . . . kn! .

The binomial distribution with parameters n and p is denoted Bin(n, p), the Poisson
distribution with parameter λ is denoted by Pois(λ), the uniform distribution on [0, 1]
is denoted by U [0, 1] and the normal distribution with mean µ and variance σ2 is
denoted by N(µ, σ2) with cumulative distribution function Φµ,σ(·). Convergence in
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distribution is denoted w.−→ . Let X ⊂ R be the price-axis which can be either discrete
or continuous. The lowest possible price is denoted by x0 := inf X . The valuation
distributions for supply and demand prices, denoted FA and FB, are assumed to be
distributions on the price-axis.

3.A.2 Proofs

The expressions we derive for price and price-volume distributions hinge on the fol-
lowing two lemmas, which convert finding a solution to equation (3.1) into a question
involving binomial distributions.

Lemma 3.13 For any x ∈ R, we have the equivalence: X ≤ x⇔ DA(x) ≥ DB(x).

Proof. The left implication follows immediately from the definition of X, so suppose
X ≤ x. Note that x 7→ DA(x) is non-decreasing and x 7→ DB(X) is non-increasing.
So the set {y ∈ R : DA(y) ≥ DB(y)} is of the form (a,∞) or [a,∞), for some a ∈ R.
Through their definitions, DA and DB are right-continuous, so we can write,

DA(a) = lim
z↓a

DA(z) ≥ lim
z↓a

DB(z) = DB(a).

Therefore {y ∈ R : DA(y) ≥ DB(y)} = [a,∞), which implies that a = inf{y ∈ R :
DA(y) ≥ DB(y)} ≤ x. Hence x ∈ [a,∞) = {y ∈ R : DA(y) ≥ DB(y)}, which proves the
result.

The independence assumption for (A1, . . . , ANA) and (B1, . . . , BNB) directly implies the
content of the following lemma.

Lemma 3.14 For every x ∈ X , (DA(x),DB(x)) is a pair of independent, binomially
distributed random variables,

(DA(x),DB(x)) ∼ Bin(NA, FA(x))× Bin(NB, 1− FB(x)). (3.9)

These two lemmas imply the following explicit expression for the clearing price distri-
bution in terms of the distributions of supply and demand, FA and FB, conditional on
NA and NB.
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Theorem 3.3 (Clearing price distribution) The distribution of the clearing price X,
conditional on NA and NB, is given by,

P(X ≤ x|NA, NB)

=
NA∑
k=0

NB∧k∑
l=0

(
NA

k

)
FA(x)k(1− FA(x))NA−k

(
NB

l

)
(1− FB(x))lFB(x)NB−l.

Proof. From lemma 3.13 and the independence of DA(x) and DB(x) it follows that,

P(X ≤ x) = P(DA(x) ≥ DB(x)) =
NA∑
k=0

P(DB(x) ≤ k|DA(x) = k)P(DA(x) = k)

=
NA∑
k=0

NB∧k∑
l=0

P(DB(x) = l)P(DA(x) = k),

where conditioning on NA, NB has been omitted for ease of notation. The result follows
from lemma 3.14.

Similarly, we derive the joint distribution of (X, V ) from equation (3.1). Recall that
the price-axis X is a discrete set, X := {x0, x0 + δ, . . . }, for some δ > 0.

Theorem 3.6 (Joint clearing price/transacted volume distribution) The joint distri-
bution of clearing price X and transacted volume V , conditional on NA and NB, is
given by,

P(X ≤ x, V ≤ v|NA, NB)

=
v∑

u=0

u∑
k=0

k∑
l=0

[(
NB

l

)(
NA

k, u− k,NA − u

)
(1− FB(x))lFB(x)NB−l

× FA(x)k(FA(x+ δ)− FA(x))u−k(1− FA(x+ δ))NA−u
]

+
∑

y∈X ,y≤x

NA∑
u=v+1

u∑
k=0

k∑
l=0

[(
NB

l

)(
NA

k, u− k,NA − u

)
(1− FB(y))lFB(y)NB−l

× FA(y)k(FA(y + δ)− FA(y))u−k(1− FA(y + δ))NA−u
]

−
∑
y≤x

NB∑
l=0

NA∑
k=l∨v+1

(
NA

k

)
FA(y)k(1− FA(y))NA−k

(
NB

l

)
FB(y)NB−l(1− FB(y))l.

(3.2)
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Proof. In order to characterize the transacted volume V in a similar sense as the
clearing price in Lemma 3.13, define the generalized inverses D−1

A and D−1
B of DA and

DB by

D−1
A (v) := F−1

A (v/NA) = inf{x ≥ 0 : DA(x) ≥ v},
D−1
B (v) := F−1

B (1− v/NB) = inf{x ≥ 0 : DB(x) ≤ v},

where F−1
A ,F−1

B are the generalized inverses of the empirical cumulative distribution
functions FA,FB (for a distribution function F , its generalized inverse is defined as
F−1(p) = inf{x ∈ R : F (x) ≥ p}, for p ∈ [0, 1], see e.g. Van der Vaart (1998), Chapter
21). For a given distribution function F , its generalized inverse satisfies

F−1(p) ≤ x⇔ p ≤ F (x),

which implies

D−1
A (v) ≤ x⇔ v ≤ DA(x), D−1

B (v) ≤ x⇔ v ≥ DB(x). (3.10)

It follows from equation (3.10) that V is characterized by the following equivalences.

V ≤ v ⇔ DA(X) < v + 1⇔ X < D−1
A (v + 1)⇔ X ≤ D−1

A (v + 1)− δ, (3.11)

which leads to
X ≤ x, V ≤ v ⇔ X ≤ min(x,D−1

A (v + 1)− δ).

So we can write

P(X ≤ x,V ≤ v)
= P(X ≤ min(x,D−1

A (v + 1)− δ))
= P(X ≤ x,D−1

A (v + 1)− δ > x)
+ P(X ≤ D−1

A (v + 1)− δ,D−1
A (v + 1)− δ ≤ x)

= P(X ≤ x,D−1
A (v + 1) > x+ δ) +

∑
y∈X ,y≤x

P(X ≤ y,D−1
A (v + 1) = y + δ).

(3.12)

Here, and in remainder of the proof, we have omitted the conditioning on NA, NB in
the notation, for convenience. We start with the first term in this expression. From



102 Chapter 3. Clearing price distributions in call auctions

lemma 3.13 and (3.10) it follows that

P(X ≤ x,D−1
A (v + 1) > x+ δ) = P(DA(x) ≥ DB(x),DA(x+ δ) < v + 1)

=
v∑

u=0
P(DA(x) ≥ DB(x),DA(x+ δ) = u),

where, by independence of the bid- and ask-samples,

P(DA(x) ≥ DB(x),DA(x+ δ) = u)

=
u∑
k=0

P(DB(x) ≤ k)P(DA(x) = k,DA(x+ δ) = u)

=
u∑
k=0

k∑
l=0

[(
NB

l

)
(1− FB(x))lFB(x)NB−l × NA!

k!(u− k)!(NA − u)!FA(x)k

× (FA(x+ δ)− FA(x))u−k(1− FA(x+ δ))NA−u
]
,

(3.13)

which gives the first term of the solution in equation (3.2).

Now we turn to the second term in equation (3.12), for which we write
∑

y∈X ,y≤x
P(X ≤ y,D−1

A (v + 1) = y + δ)

=
∑

y∈X ,y≤x
P(X ≤ y,D−1

A (v + 1) ≤ y + δ)−
∑

y∈X ,y≤x
P(X ≤ y,D−1

A (v + 1) ≤ y)

=
∑

y∈X ,y≤x
P(DA(y) ≥ DB(y),DA(y + δ) ≥ v + 1)

−
∑

y∈X ,y≤x
P(DA(y) ≥ DB(y),DA(y) ≥ v + 1),

(3.14)

where the last line follows by Lemma 3.13 and equation (3.10).

The first term of this expression equals

∑
y∈X ,y≤x

P(DA(y) ≥ DB(y),DA(y + δ) ≥ v + 1)

=
∑

y∈X ,y≤x

NA∑
u=v+1

P(DA(y) ≥ DB(y),DA(y + δ) = u)
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and its expression follows from equation (3.13), by substituting y for x. This gives
the second term of the solution in equation (3.2). Finally, consider the second term in
equation (3.14), which equals

∑
y∈X ,y≤x

P(DA(y) ≥ DB(y),DA(y) ≥ v + 1)

=
∑

y∈X ,y≤x

NB∑
l=0

P(DA(y) ≥ max(l, v + 1))P(DB(y) = l),

by independence of the bid- and ask-samples. Using the binomial distributions of DA(y)
and DB(y) once more, we see that this equals the last term in the solution of equation
(3.2), which concludes the proof.

Theorem 3.9 (High-liquidity clearing price distribution) Let X be the clearing price
in case of possible excess liquidity ∆. Assume that FA and FB are strictly increasing
and absolutely continuous with respect to the Lebesgue measure with densities fA and
fB. Additionally, assume that excess liquidity scales with N as ∆(·) =

√
ND(·), for

some continuous and bounded function D : X → R. Then, as N →∞,

√
N(X − xE) w.−→N(µ(xE), σ2(xE)), (3.6)

where the asymptotic mean and standard deviation are given by,

µ(xE) = D(xE)
αfA(xE) + (1− α)fB(xE) , σ(xE) = τ(xE)

αfA(xE) + (1− α)fB(xE) ,

for
τ 2(xE) = αFA(xE)

(
1− FA(xE)

)
+ (1− α)FB(xE)

(
1− FB(xE)

)
,

and xE is the real equilibrium price.

Proof. The assumption that FA and FB are continuous implies that the steps of DA

and DB all have size 1, almost surely. So we have, almost surely,

NAFA(X) = NB(1− FB(X)) + ∆(X).

Combination with (3.5) yields,

NA(FA(X)− FA(xE)) = −NB(FB(X)− FB(xE)) + ∆(X),
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which, after introduction of FA(X) and FB(X), reads,
√
NA

NB

(FA(X)− FA(X)) +
√
NA

NB

(FA(X)− FA(xE))

= −
√
NB

NA

(FB(X)− FB(X))−
√
NB

NA

(FB(X)− FB(xE)) + ∆(X)√
NANB

.

(3.15)

Now denote

ZA,NA(x) =
√
NA(FA(x)− FA(x)), ZB,NB(x) =

√
NB(FB(x)− FB(x)).

By Donsker’s theorem (see theorem 3.20 and the discussion in Section 3.B.3) and
independence of the bid- and ask-samples, it holds that

(ZA,NA(x), ZB,NB(x)) w.−→N
(
0, FA(x)(1− FA(x))

)
×N

(
0, FB(x)(1− FB(x))

)
,

as NA, NB → ∞, uniformly over x ∈ R (and hence for every random X). Using
NA = αN,NB = (1− α)N and D(x) = ∆(x)/

√
N , we can rewrite (3.15) as follows,

√
α

1− α(FA(X)− FA(xE)) +
√

1− α
α

(FB(X)− FB(xE))

= − 1√
N(1− α)

ZA,NA(X)− 1√
αN

ZB,NB(X) + D(X)√
N(1− α)α

.

Hence, we obtain the following weak limit,
√
N

τ(X)

(
α(FA(X)−FA(xE)) + (1−α)(FB(X)−FB(xE))

)
− D(X)
τ(X)

w.−→N(0, 1), (3.16)

where the asymptotic variance τ 2(X) is given by,

τ 2(X) = αFA(X)(1− FA(X)) + (1− α)FB(X)(1− FB(X)).

With the help of the distribution function FR, defined by the convex combination,

FR(·) = αFA(·) + (1− α)FB(·),
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we rewrite equation (3.16) as follows,

1
τ(X)

(√
N(FR(X)− FR(xE))−D(X)

)
w.−→N(0, 1).

Since 0 < τ(X) < 1 and D is bounded, we conclude that FR(X) converges to FR(xE)
in probability. The assumptions on FA and FB ensure that FR has a Lebesgue density
fR and that FR is invertible with continuous inverse F−1

R : [0, 1] → R, so it follows
that X converges to xE in probability. By continuity it follows that τ(X) converges
in probability to τ(xE) and D(X) to D(xE). By Slutsky’s Lemma (see e.g. Van der
Vaart, 1998, Lemma 2.8), we arrive at,

√
N(FR(X)− FR(xE)) w.−→N(D(xE), τ 2(xE)).

The Delta-method (see e.g. Van der Vaart, 1998, Theorem 3.1) then leads to,

√
N(X − xE) w.−→ (F−1

R )′(FR(xE))N(D(xE), τ 2(xE)),

where, according to the inverse function theorem,

(F−1
R )′(FR(xE)) = 1

fR(xE) .
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3.A.3 Additional Figures
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N = 50, β = 0.75

0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

N = 100, β = 0.75

0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

N = 500, β = 0.75

0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

N = 1000, β = 0.75

Figure 3.13: How the choice of N affects the results of Section 3.6, for the case of
Deutsche Telekom AG (similar effects are observed for the other stocks). It is seen that the
choice of N does not really impact the results, as long as N is sufficiently large (N > 50).
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Figure 3.14: How the choice of β affects the results reported in Section 3.6, for the case
of Deutsche Telekom AG (similar effects are observed for the other stocks). It is seen that

the results are robust with respect to the choice of β ∈ (0.65, 0.85).

3.B Statistical methods

This appendix provides (theoretical) details of the statistical methods used in Section
3.6.

3.B.1 QQ-plots

AQQ-plot is a graphical method to compare empirical quantiles of a sample (X1, . . . , Xn)
with theoretical quantiles of some distribution F , in order to assess if (X1, . . . , Xn) is
possibly an i.i.d. sample from F .
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Definition 3.15 A QQ-plot of a sample (X1, . . . , Xn) against a distribution function
F is a graph of points,

{(
F−1(i/n+ 1), X(i)

)
: i = 1, . . . , n

}
,

where X(i) denotes the ith order statistic of the sample (X1, . . . , Xn). When the points
lie close to the line x = y, this indicates that it is likely that (X1, . . . , Xn) is an i.i.d.
sample from F .

QQ-plots are most often used for comparison with the theoretical quantiles of a stan-
dard normal distribution. However, in Section 3.6 we use a distribution-free argument,
changing the usual interpretation of QQ-plots. If X ∼ F , then F (X) ∼ U [0, 1], so in
order to test if Xi ∼ Fi, i = 1, . . . , n, it is sufficient to test if F1(X1), . . . , Fn(Xn) is an
i.i.d. sample from a U [0, 1]-distribution.

To illustrate how this transformation changes the usual interpretation of QQ-plots, we
consider a simple example. Let (X1, . . . , Xn) be an i.i.d. sample from the standard
normal distribution and let (Y1, . . . Yn) be an i.i.d. sample from the (heavy tailed)
Student’s t-distribution with 2 degrees of freedom, denoted t(2). Figure 3.15 shows
QQ-plots against theoretical N(0, 1)-quantiles of these samples for n = 200. The QQ-
plot of the sample (X1, . . . , Xn) in panel (A) shows a pretty straight line, indicating
that it is likely the sample follows a standard normal distribution. Moreover, the
QQ-plot of the sample (Y1, . . . , Yn) in panel (B) clearly shows that (Y1, . . . , Yn) is not
normally distributed: points fall on a line in the centre of the plot, but deflect from the
line x = y in the extremes, which is a typical QQ-plot for a sample from a distribution
with heavier tails than the tested distribution.

To appreciate the effect of the distribution-free transformation on the interpretation
of QQ-plots, figure 3.16 depicts QQ-plots of the samples (Φ(X1), . . . ,Φ(Xn)) and
(Φ(Y1), . . . ,Φ(Yn)) against theoretical U [0, 1]-quantiles7. The QQ-plot for the sam-
ple (Φ(X1), . . . ,Φ(Xn)) in panel (A) shows a very straight line, indicating that it is
likely that (Φ(X1), . . . ,Φ(Xn)) is an i.i.d. sample from the U [0, 1]-distribution. The
S-shape of the QQ-plot for the sample (Φ(Y1), . . . ,Φ(Yn)) in panel (B) shows that it is
unlikely that the sample is an i.i.d. sample from the U [0, 1]-distribution. Compare this
to panel (B) of figure 3.15, to see how the distribution-free transformation changes the
usual interpretation of the QQ-plot. While in the usual interpretation heavier tails are
represented by points following approximately vertical lines in the extremes, they are

7Here, Φ denotes the standard normal distribution function.
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(a) Standard normal sample (X1, . . . , Xn).
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(b) t(2)-distributed sample (Y1, . . . , Yn).

Figure 3.15: QQ-plots of two samples against theoretical standard normal quantiles.
Horizontal axes show theoretical standard normal quantiles, vertical axes show empirical

sample quantiles.
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(a) Transformed sample (Φ(X1), . . . ,Φ(Xn)).
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(b) Transformed sample (Φ(Y1), . . . ,Φ(Yn)).

Figure 3.16: QQ-plots of two samples against theoretical U [0, 1]-quantiles. Horizontal
axes show theoretical U [0, 1]-quantiles, vertical axes show empirical sample quantiles.

now represented by points that approach horizontal lines in the extremes. Because the
tails of the normal distribution are too thin to explain the extreme values of the sample
(Y1, . . . , Yn), the transformation Yi 7→ Φ(Yi) produces relatively more values close to 0
and 1, leading to the observed S-shape.

3.B.2 Kolmogorov-Smirnov

The Kolmogorov-Smirnov test is a non-parametric test to assess if a sample of i.i.d.
observations (X1, . . . , Xn) is sampled from a distribution function F . The involved
Kolmogorov-Smirnov statistic quantifies the distance between the distribution function
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F , and the empirical distribution function Fn corresponding to the sample, as in the
following definition.

Definition 3.16 The Kolmogorov-Smirnov (KS) statistic for a distribution function
F and a sample (X1, . . . , Xn) is defined by

sup
x
|F (x)− Fn(x)|,

where Fn denotes the empirical distribution function corresponding to the sample
(X1, . . . , Xn),

Fn(x) = 1
n

n∑
i=1

1{Xi≤x}.

The KS-statistic can be used to construct a non-parametric goodness of fit test to test
the null-hypothesis that the sample is an i.i.d. sample from F against the alternative
hypothesis that it is not. Under the null-hypothesis it holds that,

sup
x

√
n|F (x)− Fn(x)| w.−→ sup

x
|BF (x)|, as n→∞, (3.17)

where B = {Bt : t ∈ [0, 1]} is a Brownian bridge, which is a Brownian motion pinned to
0 at time 1 (this is formalized in definition 3.19 below). The convergence in distribution
of equation (3.17) is a direct consequence of theorem 3.20 below (known as Donsker’s
theorem, originally stated by Donsker (1952)) and the distribution of the limiting
random variable M := supx |BF (x)| does not depend on the distribution function F ,
and is known in closed form (originally derived by Kolmogorov (1933), see Dudley
(1989), Chapter 12, for a proof),

P(M > x) = 2
∞∑
i=1

(−1)i+1e−2i2x2
.

This result can be used to define the Kolmogorov-Smirnov test as follows.

Definition 3.17 The Kolmogorov-Smirnov test rejects the null-hypothesis that the
sample (X1, . . . , Xn) is an i.i.d. sample from F at level α, whenever

√
n sup

x
|F (x)− Fn(x)| > ξα,

where ξα is such that P(M > ξα) = α.

In light of equation (3.17) this test is asymptotically valid, as n→∞.
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3.B.3 Donsker’s theorem

If (X1, . . . , Xn) is an i.i.d. sample from F with corresponding empirical distribution
function Fn, it follows from the central limit theorem that

√
n(F (x)− Fn(x)) w.−→N(0, F (x)(1− F (x))), (3.18)

for every x ∈ R. The extension of this pointwise result to a uniform result, considering
x 7→ Fn(x) as a random function instead of separately for every x, is known as Donsker’s
theorem. First, consider the following definitions.

Definition 3.18 ByD[−∞,∞] we denote the set of all cadlag functions F : [−∞,∞]→
R, equipped with the norm ‖ · ‖∞, defined as ‖F‖∞ = supx |F (x)|, for F ∈ D[−∞,∞].

Definition 3.19 A stochastic process B := {Bt : t ∈ [0, 1]} is called a Brownian bridge
if its probability distribution is the conditional distribution of a Brownian motion
{Wt : t ∈ [0, 1]}, conditional on W1 = 0. A stochastic process BF := {BF (x) :
x ∈ [−∞,∞]} is called an F -Brownian bridge, where B is a Brownian bridge and
F ∈ D[−∞,∞]. The Brownian bridge is the Gaussian process with mean 0 and
covariances EBsBt = s(1− t), s < t.

Now we can formulate Donsker’s theorem as follows.

Theorem 3.20 (Donsker) If (X1, . . . , Xn) is an i.i.d. sample from a distribution func-
tion F . Then the sequence of stochastic processes

√
n(F−Fn) converges in distribution

in the space D[−∞,∞] to an F -Brownian bridge BF .

Proof. See e.g. Van der Vaart (1998), theorem 19.3.

Donsker’s theorem provides a functional central limit theorem, which implies that
equation (3.18) in fact holds uniformly over all x, as

BF (x)
D= N(0, F (x)(1− F (x)).
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CHAPTER 4

Heavy tailed distributions in closing auctions

The contents of this chapter are based on Derksen et al. (2020c).

4.1 Introduction

Nowadays it is widely recognized that distributions of (stock) price changes exhibit
heavy tails: extreme price changes (of e.g. more than three standard deviations) are
much more likely than in a Gaussian model or other models with exponentially decaying
tails. This issue was first adressed by Mandelbrot (1963) in his analysis of cotton prices,
where he proposed Lévy stable distributions to model price fluctuations. It is generally
assumed that the tails follow a power law asymptotically. That is, the distribution of
a return X over some time interval satisfies1,

P(X > x) ∼ Cx−a, as x→∞, (4.1)

where C > 0 is a constant (sometimes also replaced by a slowly varying factor L(x))
and a > 0 is the tail exponent, determining how heavy the tail is. In early work

1Here, ∼ denotes asymptotic equivalence, defined as f ∼ g ⇔ limx→∞
f(x)
g(x) = 1.
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(Fama, 1965), the exponent a was believed to be below 2 for stock prices (in line
with the stable distributions of Mandelbrot (1963)). However, subsequent analyses
have shown that the exponent is more likely to be around 3 on intraday time scales
(see e.g. Gopikrishnan et al. (1998, 1999); Gu et al. (2008); Pagan (1996); Plerou and
Stanley (2008), among many others). Although it is generally accepted to model the
tails as power laws, the exact functional form is also subject of debate. For example,
Malevergne et al. (2005) conclude that the tails decay slower than stretched exponential
distributions, but somewhat faster than power laws. In this chapter, we do not aim
to answer this question, but use power laws because they describe the tails in enough
detail for our analysis. Theoretically, the functional form in equation (4.1) is justified
by extreme value theory, in the Fréchet (heavy tailed) case (see e.g. Embrechts et al.
(2003)).

Although most part of the relevant literature focuses on description of the tails of
stock price return distributions, some effort has gone towards explanations of this tail
behaviour. Gabaix et al. (2003, 2006) argue that large price fluctuations are due to
large orders submitted by large market participants. However, Farmer et al. (2004)
and Weber and Rosenow (2006) study the issue on the microscopic level and find that
large returns are not due to large transactions, but instead are caused by big gaps
in the order book, i.e. fluctuations in liquidity. Mike and Farmer (2008) propose a
simulation based model for continuous trading, which suggests heavy tails in return
distributions are caused by market microstructure effects, such as heavy tails in limit
order placement and long memory in order flow. More theoretically, Bak et al. (1997)
and Cont and Bouchaud (2000) propose models linking heavy tails to herd behaviour.

4.1.1 Main results

In this chapter, we use the model of Chapter 3 to study the distribution of returns in
the closing auction. Recall that in the model, limit orders are submitted to the auction
randomly, with a limit price that is sampled from an order placement distribution
FA (for sell orders) or FB (for buy orders). We study the closing auctions of liquid
European stocks listed on Euronext exchanges and find that both return distributions
and order placement distributions exhibit heavy tails, with different tail exponents.
Zovko and Farmer (2002) conclude ‘It seems that the power law for price fluctuations
should be related to that of relative limit prices, but the precise nature and the cause
of this relationship is not clear.’ Here, we solve this problem in the context of the
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closing auction: we provide analytical relations between the tails of order placement
distributions and the tails of the closing price return distribution. In a version of
the model without market orders, the tails of the closing price distribution behave
as the product of the tails of the order placement distributions FA and FB. When
market orders are incorporated, this relation changes, depending on a proportionality
relation between market order and limit order imbalances. The relations between tail
exponents of order placement and auction return distributions predicted by the model
are empirically verified.

In theory, large market orders are a possible cause of large price fluctuations. How-
ever, the empirical study shows that this is typically not the case in closing auctions,
which is the second important result. Somewhat counter-intuitively, the study shows
that closing auction return distributions would have heavier tails if market orders are
removed, suggesting that market orders have a stabilizing effect on price formation
in closing auctions. Theoretically, for the right tail, this (initially perhaps somewhat
puzzling) empirical fact can only arise whenever

0 < MB −MA

NA −NB

≤ aA
aB
, (4.2)

under the assumption that FB and FA have heavy right tails with tail exponents aB
and aA satisfying aB > aA > 0. Here, NA is the sell limit order volume, NB the buy
limit order volume and MA and MB denote the sell and buy market order volume.
This equation poses two conditions that should be fulfilled to make it theoretically
possible that tails of closing auction return distributions are heavier without market
orders. First, limit order imbalance and market order imbalance should be of opposite
signs (when MB > MA, it should hold that NA > NB and vice versa) and limit order
imbalance NA − NB should be larger in absolute value than market order imbalance
MB − MA, meaning that limit orders overcompensate for market order imbalance.
Second, aB should not be too large, i.e. the right tail of the buy limit order placement
distribution needs to be sufficiently heavy. Equation (4.2) is indeed satisfied on average
empirically, which is explained by the chronology of the closing auction: most of the
market orders are submitted in the first seconds, revealing early in the auction the
market order imbalance. This leads to strategic behaviour in which limit orders are
placed against the direction of the market order imbalance: when there are more
buy than sell market orders, one can submit a (possibly large) sell order without
adversely impacting the price. The results of this chapter suggest that large closing
price fluctuations are not caused by large market orders (at least, not directly), but
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by placement of limit orders, in accordance with the intraday results of Farmer et al.
(2004) and Weber and Rosenow (2006). Also, the results suggest that heavy tails are
market microstructure effects and that the tail exponents vary between different stocks
and different market mechanisms, in line with the view of Mike and Farmer (2008).

The remainder of this chapter is structured as follows. In Section 4.2 the model is
described and theoretical results are derived. Then in Section 4.3 the empirical results
are presented and the relations that are predicted by the model are verified. Concluding
remarks are made in Section 4.4 and proofs of the mathematical theory are collected
in Appendix 4.A.

4.2 Theoretical results

In this section we first briefly recall the auction model of Chapter 3 and then derive
analytical expressions for the tail behaviour of the return distribution, given the tails
of order placement distributions.

4.2.1 A stochastic model of the call auction

We use the call auction model mostly as laid out in Section 3.2, with some appropriate
modifications. For convenience we consider the log return axis instead of the real
price axis. We assume there is some reference price x0 (for example the last traded
price before the auction starts or a volume weighted averaged version thereof) and all
prices are expressed as log returns relative to this reference price. So FA and FB are
distributions on (−∞,∞) and FA(x) or FB(x) denotes the probability that a sell or
buy order price is below x0e

x. Recall from Section 3.2 the definitions of the (monotone
increasing) supply curve DA(x) = NAFA(x) and the (monotone decreasing) demand
curve DB(x) = NB(1− FB(x)). In the current setting of log returns, the supply curve
denotes for every x ∈ R the number of sell orders below x0e

x, the demand curve gives
for every x ∈ R the number of buy orders above x0e

x. Recall that the clearing price X
is defined as a solution to the market clearing equation (3.1). As discussed in Section
3.2, this definition of X may give rise to problems with uniqueness and existence of
solutions to equation (3.1). In Chapter 3 these issues were solved by simply taking
X equal to the lowest possible clearing price, but here it is necessary to take a more
detailed perspective.
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Definition 4.1 For given supply curve DA and demand curve DB, the lower clearing
price is defined by

X = inf{x ∈ R : DA(x) ≥ DB(x))} (4.3)

and the upper clearing price is defined by

X = sup{x ∈ R : DA(x) ≤ DB(x)}
= inf{x ∈ R : DA(x) > DB(x))}. (4.4)

The interval [X,X) is the interval of all possible clearing prices.
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Figure 4.1: Two examples of the supply curve DA(·) (the increasing (red) step function)
and the demand curve DB(·) (the decreasing (blue) step function). Left panel: a situation
in which there is no unique point of intersection, but an interval [X,X) of possible clearing

prices. Right panel: a situation in which there is a unique intersection point X = X.

Remark 4.2 Recall that in Chapter 3 onlyX = X was considered as the clearing price.
Here, we should be more careful: while X and X are very close in usual circumstances,
the extreme events studied in this chapter require more detail2, see figure 4.1 for an
illustration (compare also to figure 3.1). Euronext’s closing auction rules say that when
there are more possible clearing prices, the price closest to the last traded price is taken
(Euronext, 2019, Rule 4401/3). This means that when there is a large positive return,
the closing price is equal to the lower clearing price X. So in order to study the right
tail of the closing price return distribution, we should study X. The same reasoning
implies that for the left tail we should consider X. Note that the model is symmetric
when the roles of X and X and the sides of the market are interchanged. That is, the

2Consider for instance an auction where no orders can be matched, then X equals the highest buy
order, while X equals the lowest sell order and both can have very different distributions (especially
in the tails).
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left tail of the distribution of X behaves the same as the right tail of the distribution
of X, when FA and FB and NA and NB are interchanged. So without loss of generality
we focus on the right tail of X.

The distribution of the lower clearing price, conditional on (NA, NB), has an analyti-
cally tractable distribution function,

P(X > M |NA, NB)

=
NA∑
k=0

NB∑
l=k+1

(
NA

k

)(
NB

l

)
(1− FA(M))NA−kFA(M)k(1− FB(M))lFB(M)NB−l, (4.5)

following directly from theorem 3.3. In the situation described above, only limit orders
are submitted to the auction. However, market participants also have the possibility to
submit market orders. We define the (possibly stochastic) market order imbalance by
∆ = MB −MA, where MB is the number of buy market orders and MA is the number
of sell market orders. Note that market orders only play a role through ∆, as matching
market orders are executed against each other without affecting the price formation
process. When market order imbalance ∆ is taken into account, the market clearing
equation (3.1) becomes

DA(X) = DB(X) + ∆

and the definitions of X and X change accordingly (note that market order imbalance
is a special case of excess liquidity introduced in definition 3.7). A positive (negative)
value of ∆ means there is more buy (sell) market order volume than sell (buy) market
order volume, possibly pushing the price up (down). Proposition 3.8 implies that the
market order imbalance alters the lower clearing price distribution as follows,

P(X > M |NA, NB,∆)

=
NA∑
k=0

NB∑
l=L(k,∆)

(
NA

k

)(
NB

l

)
(1− FA(M))NA−kFA(M)k(1− FB(M))lFB(M)NB−l,

(4.6)

where the lower bound of the second sum equals L(k,∆) = max(k −∆ + 1, 0).
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4.2.2 Limit order auctions

Next we concentrate on the right tail of the lower clearing price return distribution, as
a function of the tails of the order placement distributions FA and FB, initially without
market orders. We make the following assumption on the tails of FA and FB.

Assumption 4.3 Assume FA has a heavier right tail than FB. That is, there exists
functions TA, TB such that

1− FA(M) ∼ TA(M), 1− FB(M) ∼ TB(M), as M →∞

and

lim
M→∞

TB(M)
TA(M) = 0.

This assumption is intuitively reasonable and empirically verified in Section 4.3.1. Fur-
thermore, we will assume that (NA, NB) follows a distribution PNA,NB on

N = {1, . . . , N} × {1, . . . , N},

for some N ∈ N, with probability mass function pNA,NB assigning positive probability
to any point in N (we exclude the possibilities that NA = 0 or NB = 0, which describe
failing auctions in which clearing prices do not exist).

In the following proposition we first derive an expression for the right tail of the lower
clearing price distribution, conditional on (NA, NB). Finding an expression for the tail
of the clearing price distribution amounts to finding the slowest decaying term in the
double sum in equation (4.5). This is made formal in the following proposition, the
proof of which is found in Appendix 4.A.

Proposition 4.4 Under assumption 4.3, we have

P(X > M |NA, NB) ∼ NBTB(M)TA(M)NA , as M →∞. (4.7)

Remark 4.5 The proof of proposition 4.4 reveals the event that corresponds to the
slowest decaying term in the double sum of equation (4.5), namely l = 1, k = 0,
corresponding to the event that DA(M) = 0, DB(M) = 1, meaning all sell orders, but
only one buy order, are above M . This is interpreted as an auction in which there is
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little consensus between both sides of the market (buy and sell orders do not overlap),
but there is a very aggressive buyer willing to pay a high price.

When the conditional result of proposition 4.4 is summed with respect to the distri-
bution of (NA, NB), the unconditional tail of X is discovered again by selecting the
slowest decaying term. This leads to the main result of this subsection, a relation
between the tail of the closing price return distribution and the tail of the order place-
ment distributions in a setting without market orders (its proof is again postponed to
Appendix 4.A).

Theorem 4.6 (Right tail of the lower clearing price distribution) Under assumption
4.3 we have

P(X > M) ∼ CTA(M)TB(M), as M →∞,

where C = ∑N
n=1 npNA,NB(1, n) = E[NB1{NA=1}] > 0.

The constant C indicates that the slowest decaying term in the sum corresponds to the
event that NA = 1: large positive returns are possible if there are only few sell orders.

4.2.3 Market orders

In this subsection we incorporate market orders in the derivation of Subsection 4.2.2.
First consider the following assumption for the market order imbalance ∆.

Assumption 4.7 We assume that ∆ ∈ (−NB, NA) with probability one.

This assumption is necessary, because otherwise the clearing prices attain the values
±∞ with non-zero probability. Under this assumption, the right tail of the conditional
lower clearing price distribution is given by the next proposition (the proof is again
postponed to Appendix 4.A and x+ = max(x, 0) and x− = max(−x, 0) denote the
positive and negative part of x ∈ R).

Proposition 4.8 Under assumptions 4.3 and 4.7, we have

P(X > M |NA, NB,∆) ∼ K(NA, NB,∆− 1)TB(M)(∆−1)−TA(M)NA−(∆−1)+ , (4.8)

as M →∞, where

K(NA, NB,∆) =


(
NA
∆

)
if ∆ > 0(

NB
−∆

)
if ∆ ≤ 0

.
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This proposition shows that market orders potentially influence the tails heavily: if
∆ is positive and large (close to NA) the influence of the faster decaying term TB(M)
is erased and only the slower decaying term TA(M) is left, possibly leading to very
heavy tails. On the other hand, if ∆ is negative, the influence of the faster decaying
term TB grows, leading to less heavy tails. However, which combinations are possible
depends on the joint distribution of (NA, NB,∆). Until now, the tails TA and TB were
unspecified and few assumptions were made on the distribution of (NA, NB). To work
towards an empirically testable theory, we will make the following assumptions on the
distribution of (NA, NB,∆) and the tails of FA, FB. Empirically, these assumptions are
verified in Section 4.3.

Assumption 4.9 Assume (NA, NB,∆) follows a distribution P on

{1, . . . , N} × {1, . . . , N} × {−N, . . . , N},

with probability mass function denoted by p, for some N ∈ N. Furthermore, assume
that market order imbalanceMB−MA is proportional to limit order imbalance NA−NB

(in the opposed direction), that is,

∆ = MB −MA = c(NA −NB), (4.9)

almost surely for some c ∈ (0, 1) and P (∆ = 0) = 0 (as the case ∆ = 0 is already
considered in Subsection 4.2.2). Finally, assume that all possible combinations have
positive probability, i.e.

p(n,m, d) > 0, for all n,m ∈ {1, . . . , N}, d ∈ ±{1, . . . , N} such that d = c(n−m).

Equation (4.9) states that limit order imbalance points in the opposed direction of
market order imbalance, which resembles that limit order submitters adjust their orders
to the market order imbalance. This relation ensures assumption 4.7 holds and is
empirically verified in Section 4.3.3.

Assumption 4.10 Assume FA, FB both have power law right tails, that is,

1− FA(M) ∼ TA = LA(M)M−aA , 1− FB(M) ∼ TB(M) = LB(M)M−aB , as M →∞,

for tail exponents aB > aA > 0 and slowly varying functions LA, LB : R→ [0,∞).

Under assumptions 4.9 and 4.10, the following theorem (which is proved in Appendix
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4.A) describes the tail behaviour of the clearing price distribution in terms of the
parameters c (controlling the relation between market and limit order imbalance) and
aA and aB (controlling the heaviness of the tails of the buy and sell limit order placement
distribution).

Theorem 4.11 (Right tail of the lower clearing price distribution with market orders)
Under assumptions 4.9 and 4.10, there exists a slowly varying function L : R→ [0,∞),
such that

P(X > M) ∼ L(M)M−a, as M →∞,

where

a = min
(

(c+ 1)aA
c

, aA + 2aB
)
. (4.10)

Note that without market order imbalance ∆ we have by theorem 4.6 a = aA + aB.
This theorem makes testable predictions about the relation between the tails of the
closing price return distribution, the tails of the limit order placement distributions
and the limit and market order imbalance. In the next section we will investigate this
relation empirically.

4.3 Empirical results

In this section we investigate empirically the relation between the tails of the closing
auction return distributions and the tails of the limit order placement distributions.
In order to do so, we obtain detailed order-by-order data over 2018 and 2019, for 100
liquid European stocks (with market capitalization above EUR 1 bn) listed on Euronext
exchanges in Amsterdam, Paris, Brussels or Lisbon.

Estimating the tails of a distribution comes with a couple of problems. First, the
power law of equation (4.1) is not assumed to hold for all values of x, but only for
the tail. This necessarily involves a starting point xmin such that the power law holds
for all x > xmin (see Newman (2005) for a discussion). Unfortunately, the eventual
estimate for the tail exponent will depend on this cut-off point: if xmin is taken too
small, the bulk instead of the tail will determine the estimates. The cut-off is often
made through visual inspection of a double logarithmic plot. Then the second problem
arises, because the cut-off eliminates most of the available data, leaving only a small
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fraction of the data available for estimation. Finally, models are often designed to
describe only ‘generic’ situations well and are not intended to explain extreme events.
It is a noteworthy advantage of the call auction model of Chapter 3 that it is suitable
to model both the bulk of the data (as in Chapter 3) and extreme events, as in the
current chapter.

Concerning the amount of data relevant for the tails, in every closing auction a large
amount of orders is submitted, so the tails of order placement distributions can be
studied per stock. Unfortunately, this is not possible for the closing auction return
distribution: per stock, we have only around 500 trading days (two years of around
250 trading days per stock) and thus only that many closing auction returns, which is
far insufficient to examine the tails. For example, if we take the 0.05-quantile for the
cut-off point xmin, only about 25 data points reside in the tail, which is too few for
meaningful statistical analysis. So to investigate the tails of the closing auction return
distribution, we merge together the closing auction returns of all stocks in the sample.

In the entire section, the reference price x0 will be the volume weighted average price
over the last five minutes of continuous trading. Closing auction returns will be mea-
sured in log returns with respect to x0. Following Bouchaud et al. (2002) and Zovko
and Farmer (2002), limit order prices are measured in the number of ticks a limit order
is placed away from the reference price x0.

4.3.1 Tails of order placement distributions

The mechanism of the call auction makes it possible to study both tails of both order
placement distributions. In figure 4.2, both tails of the sell limit order distribution FA
and the buy limit order distribution FB are shown in log-log plots, for four stocks that
are representative for the sample.

Let us first focus on the right tails, i.e. the upper panels (A) and (B) of figure 4.2. The
plots of the right tails of FA show apparent power law behaviour in the range between
10 and 1000 ticks above the reference price. After approximately 1000 ticks the tails
decay faster for a while, but starting around 5000 ticks a new part of the distribution
seems to start. The plot is cut-off at 10 000 ticks, but some even reach until 100 000
ticks. These extremes do not contribute to price formation in the auction at all. We
focus on the interval of the price axis where price formation occurs: the intersection
of the supports of FA and FB. For the right tail that means FB provides the effective
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(b) Right tail of FB.

102 103

10 7

10 6

10 5

10 4

10 3

10 2

10 1

                                                        
                                                        
                                                        
                                                        

x

C
D
F

ASML left tail FA
SAINT GOBAIN
SIGNIFY
UBISOFT

(c) Left tail of FA.
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(d) Left tail of FB.

Figure 4.2: Log-log plots of the tails of the order placement distributions for 4 selected
stocks (ASML Holding NV, Compagnie de Saint Gobain SA, Signify NV, Ubisoft Enter-
tainment SA ). The x-axes show the number of ticks above (for the right tail) or below

(for the left tail) the reference price x0.

upper bound (note that the closing price can never take a value above the highest buy
order). The support of FB ranges until around 1000-2000 ticks above the reference
price so that is the region we use in our analysis, roughly in line with the intraday
results from Zovko and Farmer (2002)3. Power law behaviour is less clear for FB, but
in the range of 100 until 1000 ticks power law behaviour can be recognized for the liquid
stocks ASML and Saint Gobain. For the less liquid stocks Signify and Ubisoft it stops
earlier around 500 ticks, but this can also be due to smaller volumes of available data.
The lower panels (C) and (D) of figure 4.2 show the left tails of the order placement
distributions. These are very similar to the right tails, when the roles of FA and FB

are switched. Also, on the left side there is a real cut-off point, corresponding to price
0, which is found somewhere between 2000 and 10 000 ticks. In figure 4.3 we zoom in
on the right tails of FB and FA until around 1000 tick sizes above the reference price

3The sell orders (far) above this region can be thought of as coming from another distribution
describing patient sellers not relevant to the auction result. To sketch how irrelevant those orders are:
the tick size of a stock is normally between 1 and 5 basis points. Assuming a tick size of 2.5 basis
points, 2000 ticks correspond to a return of 50%, while a closing auction return in the order of 1% is
already high.
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Figure 4.3: Log-log plots of the right tails of the order placement distributions for 4 stocks
(ASML Holding NV, Compagnie de Saint Gobain SA, Signify NV, Ubisoft Entertainment
SA). The x-axes show the number of tick sizes above the reference price x0. Linear fits are
also plotted, fitted on the 0.05-quantile of FB until the 0.001-quantile of FB, to estimate

aB and aA

and provide linear fits as estimators for the values of aA and aB (the tail exponents of
FA and FB as in assumption 4.10). We perform linear least square fits on the log-log
plots of the tails of FB, starting at its 0.05-quantile. Visual inspection shows that in
the extreme tails, available data points are too sparse to form a coherent picture. So
we stop the fit at the 0.001-quantile of FB, which seems reasonable when inspecting
the plots and we make fits for FA on the same interval4. For example for ASML, we
obtain aA ≈ 1.07, aB ≈ 2.37, fitted on the interval of 168 until 862 tick sizes. For
all four stocks, FA shows a straight, slowly decaying line, resembling a power law with
exponents around or even below 1. Furthermore, the tails of FB decay faster than the
tails of FA, with exponents between 2 and 4 (more results are discussed in Section
4.3.4).

4These choices are somewhat arbitrary, but cut-off choices need to be made in any practical tail
analysis (see Newman (2005)) and moreover, results do not change substantially when we extend the
fit to e.g. the 0.0001-quantile, or e.g. start the fit at the 0.01-quantile.
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4.3.2 Tails of closing auction return distributions

For every stock i and day 1 ≤ d ≤ n we have a closing auction return Xi,d, defined as

Xi,d = log(Ci,d)− log(xi,d0 ),

where Ci,d is the closing price of stock i on day d and xi,d0 is the reference price of stock
i on day d.
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Figure 4.4: Log-log plot of the tails of the closing auction return distribution for all 100
stocks in our sample. Blue dots show the right tail, that is P (X > x), red squares the left
tail, that is P (X < −x), the x-axis is in standardized returns. Linear fits are also plotted,

giving a tail exponent of a = 4.74 for the right tail and a = 5.28 for the left tail.

Following e.g. Gopikrishnan et al. (1998) we standardize the returns per stock. That
is, we divide for every stock i the return sample {Xi,d : 1 ≤ d ≤ n} by its standard
deviation and obtain a sample of standardized returns of size n ≈ 500. These samples
are all merged together into one large sample to study the tails of the closing auction
return distributions. In figure 4.4 the right and left tails of the return distribution are
shown in log-log plots, showing clear power law behaviour from 2 up to 10 standard
deviations for both tails. Linear least square fits are also shown (starting the fit at 2
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standard deviations), giving tail exponents a = 5.28 for the left tail and a = 4.74 for
the right tail.

This suggests closing auction returns are less heavy tailed than intraday returns over
short time intervals, for which a tail exponent a ≈ 3 is widely supported in the literature
(see e.g. Gopikrishnan et al. (1998)). This difference might be explained in qualitative
terms by the large transacted volumes in the closing auctions. It is known that tails of
return distributions become thinner when longer time intervals are considered, an effect
that is known as aggregational Gaussianity (the empirical fact that return distributions
converge to normal distributions when the interval length increases, see Section 1.3.1).
This is theoretically supported by our auction model: the clearing price distribution
approaches a normal distribution, when the number of orders tends to infinity (cf.
theorem 3.9). Moreover, the empirical effect is known to be stronger if time intervals
are measured in trade time (Chakraborti et al., 2011). In Europe nowadays around
30% of the daily volume is transacted in the closing auction, which makes the duration
of the closing auction in trade time similar to approximately half a day of continuous
trading5.

4.3.3 The effect of market orders

Before we study the influence of market orders on the tail behaviour of closing auc-
tion return distributions, we first investigate the relation between the market order
imbalance and the limit order imbalance. In figure 4.5 the market order imbalance
∆ = MB −MA in every closing auction is plotted against the limit order imbalance
NA −NB in that closing auction, for the four stocks that were also studied in Section
4.3.1. The figure shows that the proportionality relation between ∆ and NA − NB

introduced in equation (4.9) holds approximately, with values of c in the range 0.2-0.4,
estimated using linear least square regression. This means that limit order imbalance is
generally in the opposite direction of market order imbalance. An explanation for this
lies in the chronology of the closing auction. We observe in auction data that the vast
majority of market orders is submitted in the first seconds of the closing auction, re-
vealing the market order imbalance early in the auction (during the accumulation phase
of the auction, information on the imbalance and an indicative price is released, so it
is possible to act on this information). Subsequently, limit orders are placed against

5The fraction of daily transacted volume that is transacted in closing auctions has increased greatly
over the past years, especially since the introduction of MiFID II, see Chapter 2.
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the direction of the market order imbalance, reflecting strategic behaviour: when there
is a large positive market order imbalance (more buy market orders than sell market
orders), one can submit a (possibly large) sell order without adversely affecting the
price.
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Figure 4.5: The difference NA − NB plotted against the market order imbalance ∆,
showing limit order imbalance goes against the direction of market order imbalance. The
dashed red line is the result of linear least square regression, to estimate the value of c
in equation (4.9), which is the slope of the dashed red line (outliers of more than four

standard deviations away from the mean are removed).

Next, we will investigate the effect of market orders on the tail exponents. Consider
figure 4.6, where two auction results are shown. Supply and demand curves are rep-
resented by the solid lines and the point of intersection is the closing price, indicated
by the black star. When market orders are removed, translated supply and demand
curves (plotted by the dashed lines) lead to an alternative closing price, represented by
the black square. The upper panel shows a situation in which a large positive closing
auction return is caused by a high market order imbalance. When the market order
imbalance would be removed, the closing price would be much lower (black square).
The lower panel shows a very different situation: a small positive closing auction re-
turn, but a strongly negative market order imbalance. If in this case the market order
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(a) Closing auction ASML, 2018-03-16.

2.55 2.60 2.65 2.70 2.75 2.80 2.85 2.90

0.0

0.2

0.4

0.6

0.8

1.0
1e7

                               
                                   
                                               
                                               
                                                
                                       
                                                                   

Price

Vo
lu
m
e

DA(x) +MA
DB(x) +MB
DA(x)
DB(x)
Reference price x0
Closing price
Alternative closing price

(b) Closing auction KPN, 2018-02-07.

Figure 4.6: Two closing auction results. Solid lines are the supply (red) and demand
(blue) curves of the particular closing auction, including market orders (for convenience
sell (buy) market orders are placed just below (above) the lowest sell (highest buy) limit
order). Dashed lines show the supply and demand curves without market orders. The
black dot denotes the reference price x0, the black star denotes the closing price and the

black square denotes the alternative price when only limit orders are considered.
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imbalance would be removed, the closing auction return would get much higher (black
square).

The two scenarios presented in figure 4.6 raise the question which is more common:
are large closing auction returns caused by large market order imbalances or is this
potential effect cancelled by limit order imbalance and are limit orders usually the
driver of large returns? To answer this question, we also investigate the tails of the
return distribution of the alternative closing price, defined as the intersection point
of the supply and demand curves when the market orders are removed (black squares
in figure 4.6). So, for every stock i and day d we have an alternative closing auction
return X̃i,d, defined as

X̃i,d = log(C̃i,d)− log(xi,d0 ),

where C̃i,d is the alternative closing price of stock i on day d. We again standardize these
returns per stock, giving for every stock around 500 alternative closing auction returns,
which are merged to study the tails. In figure 4.7 the tails of the alternative closing
price return distribution are shown, together with the tails of the real closing price
return distribution from figure 4.4. The figure shows that the tails become heavier
when market orders are removed. For the right tail we document a tail exponent
a = 3.75 without market orders, compared to a = 4.74 with market orders. For the left
tail, the tail exponent becomes a = 3.9 when market orders are removed, compared to
the value a = 5.28 when market orders are included.

It is thus concluded that large closing price fluctuations are in general not caused by a
large market order imbalance (at least, not directly). The explanation for this counter-
intuitive result lies in the chronology of the auction and the placement of limit orders:
when the market order imbalance is positive (negative), there are more sell (buy) limit
orders submitted (cf. figure 4.5). Theorems 4.6 and 4.11 give the model’s view on the
matter and state that without market orders the tail exponent is equal to aA + aB and
with market orders it is equal to min( (c+1)aA

c
, aA + 2aB). This means that tails get

heavier without market orders, whenever

c ≤ aA
aB
. (4.11)

This equation in fact resembles two conditions that should be fulfilled to make it
possible that tails are heavier without market orders (see also equation (4.2)). First,
c should be small and positive, reflecting that the abovementioned strategic behaviour
is strong: when there is a large market order imbalance, in general the limit order
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(a) Right tail return distribution, P (X > x)
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Figure 4.7: Log-log plot of the tails of the closing auction return distribution for all
100 stocks in the sample. Blue dots show the tails for the real closing auction return
distribution, red dots the tails for the alternative closing auction returns that emerge when

market orders are removed.

difference overcompensates for this. Second, aB should not be too large compared to aA.
This is a condition on the right tail of the buy limit order distribution. Without market
orders, the highest buy limit order serves as an upper bound for the closing price. So
to obtain heavier tails without market orders, the right tail of FB should be sufficiently
heavy (small aB). It turns out that condition (4.11) is indeed satisfied for most of
the stocks: for example, for ASML we obtained estimators aB ≈ 2.37, aA ≈ 1.07,
c ≈ 0.329 (cf. figures 4.3 and 4.5), satisfying the condition in equation (4.11). Indeed,
theorems 4.6 and 4.11 imply that the tail exponent for closing auction returns of ASML
is aA +aB = 3.44 without market orders and (c+1)aA

c
= 4.32 with market orders. In the

next subsection we will verify the theoretical results on the whole sample consisting of
100 stocks.

4.3.4 Model-predicted and realized tail exponents compared

In this subsection the relations predicted by the model are tested over the whole sample
of 100 stocks. For every stock we estimate the tail exponents of the order placement
distributions (aA and aB) and the value of the parameter c (as in equation (4.9)). The
results are shown in table 4.2 (for 50 stocks with the lower market capitalizations)
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and table 4.3 (for 50 stocks with the higher market capitalizations). To estimate the
parameter c, we use linear least squares regression and to estimate the values of aA
and aB we use the method described in Section 4.3.1: for every stock, we make linear
least square fits on double logarithmic plots as in figure 4.3, on the interval between
the 0.05- and 0.001-quantiles of FB. The absolute values of the resulting slopes are the
estimators for aA and aB. For example, for ASML we obtain in this way estimators
aB ≈ 2.37, aA ≈ 1.07 and for Ubisoft we find aB ≈ 3.63, aA ≈ 0.58, cf. figure 4.3. In
tables 4.2 and 4.3 the results are shown for all stocks in the sample, the columns aB(r)
and aA(r) give the estimated tail exponents for the right tails of FB and FA. For the
left tails, the same method applies when the roles of FB and FA are interchanged. On
the left side, FB has a heavier tail and FA provides the effective lower bound.
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Figure 4.8: Log-log plots of the left tails of the order placement distributions for ASML
Holding NV and Ubisoft Entertainment SA. The x-axis shows the number of tick sizes
above the reference price x0. Linear fits are also plotted, fitted on the 0.05-quantile of FA

until the 0.001-quantile of FA, to estimate aB and aA

In figure 4.8 the left tails of the order placement distributions are shown for ASML
and Ubisoft, as well as the linear least square fits, showing that for the left tails
aA ≈ 2.50, aB ≈ 1.17 for ASML and aA ≈ 2.81, aB ≈ 0.87 for Ubisoft. In tables
4.2 and 4.3 the columns aB(l) and aA(l) give the estimated tail exponents for the left
tails of FB and FA. Estimates for aA, aB and c give rise to an estimate for the tail
exponent a for the return distribution of that particular stock. With market orders
a = min( (c+1)aA

c
, aA + 2aB) (cf. theorem 4.11) and without market orders a = aA + aB

(cf. theorem 4.6)6. Ideally, we would test these predictions against the realized tail
exponents of the return distribution for every stock. However, as noted in Section
4.3.2, this is not possible, because we only have around 500 closing auction returns
per stock. Instead, we can verify the predictions over groups of stocks, by comparing
estimated tail coefficients with the model’s average predicted values.

6Note that for the left tails the roles of aA and aB need to be interchanged (see also remark 4.2).
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(a) Small caps, right tail return distribution.
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(b) Small caps, left tail return distribution.
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(c) Large caps, right tail return distribution.
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(d) Large caps, left tail return distribution.

Figure 4.9: Log-log plots of the tails of the closing auction return distributions for the
50 small cap stocks of table 4.2 (upper panel) and 50 large cap stocks of table 4.3 (lower
panel). Blue dots show the tails for the real closing auction return distribution, red dots
the tails for the alternative closing auction returns that emerge when market orders are

removed.



134 Chapter 4. Heavy tailed distributions in closing auctions

First, consider the whole sample of 100 stocks. In figure 4.7 it was shown that the right
tail of the closing price return distribution has an estimated tail exponent of a = 4.74,
which changes to a = 3.75 if market orders are removed. If we take the average of the
model’s predictions over all 100 stocks, we find an average predicted tail exponent of
4.89 with market orders (column ‘a(r) MO’ in tables 4.2 and 4.3) and 3.89 without
market orders (column ‘a(r) no MO’ in tables 4.2 and 4.3). Furthermore, figure 4.7
shows that the left tail of the closing price return distribution has an estimated tail
exponent of a = 5.28, which changes to a = 3.90 if the market orders are removed.
For the left tail, the average predicted tail exponent over all 100 stocks equals 5.01
with market orders (column ‘a(l) MO’ in tables 4.2 and 4.3) and 3.72 without market
orders (column ‘a(l) no MO’ in tables 4.2 and 4.3). The predicted tail exponents vary
a lot between the different stocks, suggesting that the heaviness of the tails depends
on the stock. To additionally test if these per stock predictions give information about
the real tail exponents, we split our sample into 50 stocks with the lower market caps
(those in table 4.2) and 50 stocks with the higher market caps (table 4.3). In that way,
the groups are kept large enough to examine the tails of the closing auction return
distributions.

In figure 4.9 the tails of the closing auction return distribution for the 50 small caps
and the 50 large caps are shown in double logarithmic plots, again with and without
market orders (similar to figure 4.7). The linear fits to the double logarithmic plots are
the realized tail exponents for the both groups, which can again be compared to the
average predicted values in tables 4.2 and 4.3. The results are summarized in table 4.1,
showing first of all that the model’s predicted exponents are quite close to the realized
exponents. Given that estimation of tails (and tail exponents in particular) is generally
thought of as a difficult statistical problem, the congruence is quite remarkable. Second,
based on the modelling assumption in equation (4.9), the model predicts correctly that
the tails get heavier if market orders are removed, and by how much. The theoretical
predictions are especially accurate for the case without market orders, which is not
surprising: theorem 4.6 holds very generally and follows directly from the mechanics of
the closing auction. For the case with market orders, more assumptions were made (see
assumption 4.9). Most importantly, we assumed equation (4.9) holds true, which of
course in reality holds only approximately (see also figure 4.5). When looking at tables
4.2 and 4.3, the predictions for the case with market orders vary strongly between the
stocks. We do not claim that the most extreme values that are predicted are close to
reality, but we have shown that, on average, model predicted and realized tail exponents
match remarkably well.
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Left tails Right tails
MO No MO MO No MO

Predicted Realized Predicted Realized Predicted Realized Predicted Realized
All stocks 5.01 5.28 3.72 3.90 4.89 4.74 3.89 3.75
Small caps 5.76 5.26 4.14 4.11 5.19 4.95 4.17 4.10
Large caps 4.25 5.39 3.29 3.75 4.59 4.60 3.61 3.48

Table 4.1: Average predicted tail exponents compared to realized tail exponents. Pre-
dicted exponents are averages over tables 4.2 and 4.3, realized exponents are the results of
the linear fits in figures 4.7 (all stocks) and 4.9 (small and large caps), for the cases with

(MO) and without (No MO) market orders.

4.3.5 Heavy tails and limit order volume: effects of MiFID II

In Chapter 2 it was shown that transacted volumes in closing auctions increased
strongly after the introduction of MiFID II in 2018, driven by an increase in limit
order volume and leading to more efficient prices. One may wonder how this increase
in limit order volume and enhanced efficiency relates to the tail behaviour of closing
auction return distributions. The results in the current chapter may provide insight
into the relation between the number of limit orders and the tail exponents of the clos-
ing auction return distribution. For instance, the conditional results of propositions
4.4 and 4.8 already confirm the intuition that the right tail of the closing auction re-
turn distribution becomes less heavy if more sell limit orders are submitted to suppress
extremely large returns. Accordingly, the high liquidity limit of theorem 3.9 implies
that the heavy tails of the closing auction return distribution vanish when the number
of limit orders approaches infinity.

To compare tail exponents pre- and post-MiFID II, figure 4.10 depicts double logarith-
mic plots of boths tails of the closing auction return distribution for 2017 and 2018
(using the same method as for figure 4.4, again for the 100 stocks investigated in this
section, which is a subset of the stocks investigated in Chapter 2). Linear fits esti-
mate the left tail exponent over 2017 as a17(l) ≈ 3.64 and over 2018 as a18(l) ≈ 4.54,
while the right tail exponent over 2017 is estimated as a17(r) ≈ 3.92 and over 2018 as
a18(l) ≈ 4.98, showing that the tails of the closing auction return distribution became
less heavy after MiFID II triggered an increase in limit order volume.

Theorem 4.11 provides the model’s more detailed view on the matter as it induces
a relation between the tail exponent of the closing auction return distribution and
the number of limit orders via the parameter c, which might be able to explain this
observation. Let us assume that (the tails of) FA, FB and the strategic behaviour of
limit order submitters as in equation (4.9) are in 2017 the same as in 2018. In this



136 Chapter 4. Heavy tailed distributions in closing auctions

1013 × 100 4 × 100 6 × 100

10 5

10 4

10 3

                                             
                                                                
                                             
                                             

x

C
D
F

Left tail 2017
Linear fit, slope= −3.64
Left tail 2018
Linear fit, slope= −4.54

(a) Left tails return distribution.
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(b) Right tails return distribution.

Figure 4.10: Log-log plot of the tails of the closing auction return distribution for all
100 stocks in our sample, for 2017 (pre-MiFID II) and 2018 (post-MiFID II). The x-axis

is in standardized returns and linear fits are also plotted.

case, the observed increase of approximately 30% in limit order volume (NA and NB) in
2018, while market order volume (MA and MB) did not change (cf. figure 2.2), implies
that

c17 ≈ 1.3c18

in order for equation (4.9) still to hold in 2017 (here, c17 and c18 denote the values
of c for 2017 and 2018 respectively). If we consider again averages over the values in
tables 4.2 and 4.3, we find that aA(r) ≈ 1.03, aB(r) ≈ 2.87, while c18 ≈ 0.25, implying
c17 ≈ 0.325. For these average values, the tail exponents for the right tail as provided
by theorem 4.11 are given by

a17 = min
(

(c17 + 1)aA
c17

, aA + 2aB
)
≈ 4.2

over 2017 and
a18 = min

(
(c18 + 1)aA

c18
, aA + 2aB

)
≈ 5.15

over 2018. So the model states that an increase in limit order volume by 30% causes tail
exponents to increase by roughly 1 (all other parameters held equal) and thus tails to
become less heavy, providing a model based explanation of the empirical observations
of figure 4.10.
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Of course, this explanation based on limit order volume addresses only one of the
aspects of the relation between tail exponents and limit order flow. It might for example
also be the case that limit order placement as modelled by FA and FB changed after
MiFID II or that the strategic behaviour of limit order submitters as in equation (4.9)
was different pre-MiFID II. These are interesting topics of further research, which
unfortunately can not be addressed with the current data (to examine FA and FB as
in figure 4.3 or to consider the relation between market and limit order imbalance as
in figure 4.5 one needs order-by-order data, which we only have for 2018 and 2019,
post-MiFID II).

4.4 Conclusions

In this chapter we study the tails of closing auction return distributions, both from
a theoretical and empirical point of view, focusing on large closing price fluctuations.
Using the stochastic call auction model of Chapter 3, we relate tail exponents of order
placement distributions and tail exponents of the return distribution. Empirical anal-
ysis supports the model’s predictions. In theory, large market orders could be a cause
of large closing price fluctuations, but this potential effect is cancelled by limit orders
that are submitted against the direction of the market order imbalance. Instead, limit
order placement appears to be the primary cause of observed heavy tails in closing
auction return distributions.
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Stock Exch. Mcap aA(l) aB(l) aA(r) aB(r) c a(l)
no MO

a(l)
MO

a(r)
no MO

a(r)
MO

ASM INTL AMS 6.7 3.312 1.154 0.717 3.377 0.127 4.466 7.778 4.094 6.357

AALBERTS AMS 3.8 3.178 0.763 1.207 3.301 0.174 3.941 5.135 4.508 7.808

WDP REIT BRU 5.2 3.142 3.279 1.739 3.032 0.113 6.421 9.562 4.771 7.804

REXEL PAR 3.2 2.105 1.782 1.465 2.626 0.184 3.887 5.992 4.091 6.718

EURONEXT PAR 6.8 3.319 1.943 1.918 3.229 0.164 5.262 8.582 5.146 8.375

IMCD GROUP AMS 6.0 3.328 0.972 1.859 3.016 0.158 4.300 7.118 4.875 7.892

SIGNIFY AMS 4.6 3.485 1.181 0.888 3.690 0.252 4.666 5.866 4.579 4.413

ALTEN PAR 2.8 3.443 1.476 1.017 2.420 0.137 4.919 8.362 3.437 5.857

BIC PAR 1.9 3.025 1.644 0.916 3.820 0.324 4.669 6.720 4.736 3.746

EUTELSAT COM PAR 1.9 2.969 0.993 0.677 3.752 0.201 3.962 5.972 4.429 4.068

INGENICO GROUP PAR 8.5 1.534 0.970 0.740 2.996 0.129 2.504 4.038 3.735 6.461

EURAZEO PAR 3.3 4.512 1.953 1.536 3.928 0.134 6.464 10.976 5.464 9.393

AEGON AMS 5.0 1.552 0.801 0.421 2.561 0.15 2.353 3.905 2.982 3.220

KPN KON AMS 10.0 2.363 1.011 0.584 3.942 0.207 3.373 5.736 4.526 3.413

RANDSTAD AMS 8.4 3.071 1.130 0.939 3.603 0.291 4.201 5.016 4.541 4.166

KLEPIERRE REIT PAR 3.5 3.242 1.016 0.503 3.317 0.371 4.259 3.754 3.820 1.858

SUEZ PAR 9.9 1.416 0.866 0.724 2.588 0.250 2.281 3.697 3.312 3.613

GALP ENERGIA LIS 6.8 4.467 2.173 1.438 3.977 0.484 6.640 6.663 5.415 4.410

ARKEMA PAR 7.2 4.292 1.231 1.354 4.441 0.278 5.522 5.659 5.795 6.225

COVIVIO PAR 5.2 3.400 3.485 2.230 3.279 0.304 6.884 10.284 5.509 8.788

ICADE REIT PAR 3.4 4.179 1.649 1.371 3.499 0.231 5.828 8.798 4.870 7.314

IPSEN PAR 6.5 2.515 1.463 0.844 2.594 0.200 3.978 6.493 3.439 5.072

ORPEA PAR 5.9 1.605 0.786 0.987 1.683 0.126 2.391 3.997 2.671 4.354

SCOR PAR 4.5 3.363 1.475 0.941 3.944 0.378 4.837 5.372 4.885 3.427

GETLINK PAR 6.4 1.910 1.341 1.166 3.294 0.148 3.251 5.161 4.460 7.753

J.MARTINS SGPS LIS 9.2 4.043 1.022 1.027 3.621 0.276 5.065 4.730 4.648 4.752

DASSAULT AVIAT PAR 6.3 4.021 1.155 0.764 4.088 0.282 5.176 5.247 4.852 3.471

EDENRED PAR 10.1 3.832 2.070 2.352 3.763 0.282 5.902 9.419 6.115 9.879

PUBLICIS GROUPE PAR 7.6 2.600 1.251 0.704 3.221 0.390 3.851 4.462 3.925 2.509

ATOS PAR 7.5 2.323 0.834 0.499 2.449 0.267 3.157 3.959 2.948 2.368

JCDECAUX PAR 2.9 3.682 1.578 1.177 3.845 0.229 5.260 8.482 5.022 6.323

EIFFAGE PAR 6.9 4.086 1.324 1.785 4.083 0.248 5.410 6.656 5.868 8.973

GECINA PAR 7.8 2.988 2.394 2.004 2.928 0.321 5.382 8.370 4.932 7.860

NATIXIS PAR 6.5 0.763 0.513 0.524 1.672 0.155 1.276 2.040 2.196 3.868

SES FDR PAR 3.0 3.138 0.649 0.905 3.218 0.186 3.786 4.132 4.123 5.768

SEB PAR 7.6 3.998 1.284 0.998 3.807 0.215 5.282 7.246 4.805 5.629

UBISOFT PAR 10.2 2.814 0.870 0.578 3.635 0.204 3.684 5.136 4.213 3.409

ALSTOM PAR 9.4 1.988 0.715 0.866 2.955 0.279 2.703 3.280 3.821 3.975

TECHNIPFMC PAR 2.6 1.113 0.729 0.552 2.478 0.217 1.842 2.955 3.029 3.097

ACCOR PAR 5.9 2.384 0.677 0.645 3.079 0.251 3.061 3.374 3.724 3.215

VEOLIA PAR 9.8 1.476 0.838 0.484 2.598 0.267 2.314 3.791 3.083 2.296

COLRUYT BRU 7.3 3.340 1.373 1.245 3.390 0.318 4.713 5.689 4.635 5.159

AGEAS BRU 6.7 2.408 1.115 1.254 2.735 0.321 3.524 4.585 3.989 5.155

SOLVAY BRU 8.0 1.866 0.856 0.440 1.241 0.193 2.722 4.589 1.681 2.725

UMICORE BRU 8.9 2.428 0.834 0.486 2.003 0.314 3.262 3.490 2.489 2.033

PROXIMUS BRU 5.2 2.618 0.845 0.666 2.820 0.271 3.463 3.964 3.486 3.126

ABN AMRO BANK AMS 6.9 1.989 1.216 0.627 3.004 0.195 3.205 5.194 3.631 3.838

CNP ASSURANCES PAR 7.3 3.899 1.615 2.046 2.756 0.381 5.514 5.855 4.802 7.418

UNIBAIL RODAMCO AMS 5.7 1.983 1.368 1.052 1.947 0.390 3.351 4.876 2.999 3.750

SODEXO PAR 8.8 3.559 1.852 1.696 3.668 0.245 5.411 8.970 5.364 8.629

Average - 6.4 2.84 1.30 1.06 3.12 0.24 4.14 5.76 4.17 5.19

Table 4.2: Table of results, for the 50 stocks in our sample with the lower market
cap. The column Exch. displays the exchange the stock is traded on (Amsterdam, Paris,
Brussels or Lisbon) and the column Mcap shows the market capitalization of the stock in
billions of euros (in October 2020). Then, aA and aB are the estimated tail exponents of
sell and buy limit order distributions, for the left (l) and right (r) tail. c is the estimator
for the constant in equation (4.9) and a = aA + aB without market orders (no MO), and
a = min( (c+1)aA

c , aA + 2aB) with market orders (MO), both displayed for left (l) and right
(r) tails.
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Stock Exch. Mcap aA(l) aB(l) aA(r) aB(r) c a(l)
no MO

a(l)
MO

a(r)
no MO

a(r)
MO

AMUNDI PAR 12.3 2.066 1.544 0.816 2.496 0.110 3.610 5.676 3.311 5.807

BIOMERIEUX ORD PAR 16.4 2.815 1.595 2.294 3.312 0.247 4.410 7.225 5.606 8.917

NN GROUP AMS 10.9 3.187 1.051 1.010 3.797 0.376 4.238 3.847 4.807 3.698

SARTORIUS PAR 28.9 2.928 1.069 1.449 2.474 0.280 3.997 4.892 3.923 6.397

WORLDLINE PAR 13.2 2.386 1.001 1.131 2.902 0.241 3.386 5.146 4.034 5.819

EDP LIS 18.0 3.236 0.710 1.043 3.683 0.341 3.946 2.793 4.727 4.106

TELEPERFORMANCE PAR 16.1 3.869 1.862 1.256 4.010 0.134 5.731 9.601 5.266 9.276

BOUYGUES PAR 11.7 2.302 1.124 0.953 2.452 0.331 3.425 4.518 3.405 3.833

AHOLD DEL AMS 26.6 1.334 0.727 0.875 2.234 0.326 2.061 2.960 3.108 3.562

AKZO NOBEL AMS 17.7 2.678 1.921 1.190 2.669 0.292 4.599 7.276 3.859 5.268

ASML HOLDING AMS 138.3 2.497 1.165 2.369 1.073 0.329 3.662 4.704 3.442 4.334

DSM KON AMS 24.9 3.283 1.333 1.158 3.381 0.312 4.616 5.601 4.539 4.866

HEINEKEN AMS 45.4 3.917 1.101 1.146 3.833 0.270 5.018 5.177 4.979 5.391

ING GROEP AMS 24.7 1.344 1.067 0.419 2.333 0.139 2.411 3.755 2.752 3.428

PHILIPS KON AMS 37.5 3.129 0.498 0.884 3.566 0.318 3.626 2.063 4.450 3.666

UNILEVER AMS 138.7 2.929 0.619 1.417 2.879 0.322 3.548 2.543 4.297 5.818

WOLTERS KLUWER AMS 19.3 3.473 1.417 1.823 2.997 0.244 4.891 7.235 4.820 7.817

DANONE PAR 34.6 2.195 1.112 0.761 2.312 0.404 3.307 3.862 3.073 2.642

BNP PARIBAS ACT.A PAR 40.2 1.326 0.771 0.636 2.133 0.223 2.098 3.424 2.769 3.496

AXA PAR 36.1 0.740 0.698 0.548 1.878 0.321 1.438 2.178 2.426 2.253

SOCIETE GENERALE PAR 10.2 0.815 0.923 0.383 2.051 0.160 1.738 2.553 2.434 2.777

L’OREAL PAR 163.0 3.201 0.685 1.209 2.552 0.270 3.886 3.222 3.760 5.683

SANOFI PAR 108.1 1.245 0.741 0.790 2.080 0.411 1.986 2.544 2.869 2.712

SAINT GOBAIN PAR 20.0 1.242 0.936 0.402 2.014 0.237 2.178 3.420 2.416 2.099

LEGRAND PAR 18.6 4.179 1.304 1.790 3.851 0.328 5.482 5.283 5.641 7.254

TOTAL PAR 74.8 0.592 0.632 0.549 0.534 0.308 1.224 1.816 1.082 1.616

HEINEKEN HOLDING AMS 20.2 3.198 1.244 2.004 3.506 0.333 4.442 4.982 5.509 8.025

ESSILORLUXOTTICA PAR 50.8 2.433 0.555 1.040 2.691 0.347 2.988 2.155 3.731 4.037

AB INBEV BRU 93.5 1.800 0.809 0.499 2.441 0.210 2.610 4.410 2.940 2.879

DASSAULT SYSTEM PAR 41.4 3.381 1.439 1.144 2.779 0.341 4.819 5.653 3.923 4.495

CHRISTIAN DIOR SE PAR 74.0 3.482 1.585 1.860 4.092 0.095 5.068 8.550 5.952 10.044

ARCELORMITTAL AMS 13.4 0.450 0.610 0.566 2.015 0.138 1.060 1.511 2.580 4.595

SAFRAN PAR 38.7 2.944 1.467 1.154 2.380 0.386 4.411 5.267 3.534 4.141

ENGIE PAR 28.3 0.485 0.652 0.269 1.846 0.138 1.136 1.621 2.114 2.220

EDF PAR 31.9 0.789 0.872 0.906 2.429 0.234 1.662 2.451 3.335 4.780

CREDIT AGRICOLE PAR 21.2 0.642 0.780 0.670 1.729 0.193 1.422 2.065 2.399 4.128

CAPGEMINI PAR 18.5 2.622 0.754 0.747 2.987 0.256 3.377 3.701 3.735 3.667

AIRBUS PAR 50.4 2.921 1.232 1.320 3.268 0.116 4.153 7.075 4.588 7.856

ORANGE PAR 25.3 0.480 0.925 0.515 2.162 0.250 1.405 1.885 2.676 2.577

THALES PAR 13.9 2.656 1.241 0.865 2.351 0.317 3.897 5.161 3.216 3.598

MICHELIN PAR 16.6 2.360 0.740 0.416 2.724 0.320 3.100 3.050 3.139 1.713

KERING PAR 73.7 2.572 0.864 0.684 2.463 0.332 3.436 3.466 3.146 2.742

PERNOD RICARD PAR 37.1 2.740 1.090 1.153 2.256 0.297 3.829 4.761 3.409 5.036

SCHNEIDER ELECTRIC PAR 58.2 2.644 1.534 1.058 2.594 0.326 4.178 6.240 3.652 4.304

PEUGEOT PAR 14.2 1.725 0.888 0.805 2.248 0.128 2.613 4.339 3.053 5.301

ROYAL DUTCH SHELL AMS 83.0 0.677 0.529 0.350 0.753 0.137 1.206 1.883 1.103 1.856

GBL BRU 11.9 2.952 1.323 1.095 2.457 0.194 4.275 7.227 3.552 6.009

KBC BRU 18.5 2.124 0.702 0.716 2.881 0.217 2.826 3.944 3.597 4.018

UCB BRU 17.9 2.607 0.760 1.136 3.077 0.228 3.367 4.101 4.213 6.126

VIVENDI PAR 27.9 1.968 0.936 0.733 2.806 0.318 2.904 3.874 3.539 3.033

Average - 39.7 2.27 1.02 1.00 2.61 0.26 3.29 4.25 3.61 4.59

Table 4.3: Table of results, for the 50 stocks in our sample with the higher market
cap. The column Exch. displays the exchange the stock is traded on (Amsterdam, Paris,
Brussels or Lisbon) and the column Mcap shows the market capitalization of the stock in
billions of euros (in October 2020). Then, aA and aB are the estimated tail exponents of
sell and buy limit order distributions, for the left (l) and right (r) tail. c is the estimator
for the constant in equation (4.9) and a = aA + aB without market orders (no MO), and
a = min( (c+1)aA

c , aA + 2aB) with market orders (MO), both displayed for left (l) and right
(r) tails.
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4.A Proofs

Proposition 4.4 Under assumption 4.3, we have

P(X > M |NA, NB) ∼ NBTB(M)TA(M)NA , as M →∞. (4.7)

Proof. The expression for the conditional distribution of X in equation (4.5), implies

lim
M→∞

P(X > M |NA, NB)
TB(M)TA(M)NA

=
NA∑
k=0

NB∑
l=k+1

lim
M→∞

(
NA

k

)(
NB

l

)(
1− FA(M)
TA(M)

)NA
(1− FA(M))−k

×
(

1− FB(M)
TB(M)

)
(1− FB(M))l−1

=
NA∑
k=0

NB∑
l=k+1

lim
M→∞

(
NA

k

)(
NB

l

)(
1− FB(M)
1− FA(M)

)k
(1− FB(M))l−1−k

=
NA∑
k=0

NB∑
l=k+1

lim
M→∞

(
NA

k

)(
NB

l

)(
TB(M)
TA(M)

)k
(1− FB(M))l−1−k

= NB,

where we exchange limit and sum by dominated convergence, and the last line follows
because all terms are 0, except when l = 1, k = 0.

Theorem 4.6 (Right tail of the lower clearing price distribution) Under assumption
4.3 we have

P(X > M) ∼ CTA(M)TB(M), as M →∞,

where C = ∑N
n=1 npNA,NB(1, n) = E[NB1{NA=1}] > 0.
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Proof. The result of proposition 4.4 implies

lim
M→∞

P(X > M)
CTA(M)TB(M) = lim

M→∞

ENBTB(M)TA(M)NA
CTA(M)TB(M)

= lim
M→∞

∑N
i=1

∑N
j=1 pNA,NB(i, j)jTB(M)TA(M)i

CTA(M)TB(M)

=
N∑
i=1

N∑
j=1

jpNA,NB(i, j)
C

lim
M→∞

TA(M)i−1

=
∑N
j=1 jpNA,NB(1, j)

C
= 1,

where sum and limit are exchanged by dominated convergence and the last line follows
by the fact that all terms in the sum are 0, except for i = 1.

Proposition 4.8 Under assumptions 4.3 and 4.7, we have

P(X > M |NA, NB,∆) ∼ K(NA, NB,∆− 1)TB(M)(∆−1)−TA(M)NA−(∆−1)+ , (4.8)

as M →∞, where

K(NA, NB,∆) =


(
NA
∆

)
if ∆ > 0(

NB
−∆

)
if ∆ ≤ 0

.

Proof. Suppose first that ∆− 1 > 0. Then equation (4.6) implies

lim
M→∞

P(X > M |NA, NB,∆)
TA(M)NA−(∆−1)

=
NA∑
k=0

NB∑
l=max(k−∆+1,0)

lim
M→∞

(
NA

k

)(
NB

l

)(
1− FA(M)
TA(M)

)NA−(∆−1)

× (1− FA(M))∆−1−k(1− FB(M))l

=
NA∑
k=0

NB∑
l=max(k−∆+1,0)

lim
M→∞

(
NA

k

)(
NB

l

)
TB(M)l

TA(M)k−∆+1

=
(
NA

∆− 1

)
,

where the last line follows because all terms are 0, except when k = ∆− 1, l = 0.
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Now let ∆− 1 < 0, then

lim
M→∞

P(X > M |NA, NB,∆)
TA(M)NATB(M)1−∆

=
NA∑
k=0

NB∑
l=k+1−∆

lim
M→∞

(
NA

k

)(
NB

l

)(
1− FA(M)
TA(M)

)NA−k

× TA(M)−k
(

1− FB(M)
TB(M)

)l
TB(M)l+∆−1

=
NA∑
k=0

NB∑
l=k+1−∆

lim
M→∞

(
NA

k

)(
NB

l

)
TB(M)l+∆−1

TA(M)k

=
(
NB

1−∆

)
,

where the last line follows because all terms are 0, except when k = 0, l = 1−∆.

Theorem 4.11 (Right tail of the lower clearing price distribution with market orders)
Under assumptions 4.9 and 4.10, there exists a slowly varying function L : R→ [0,∞),
such that

P(X > M) ∼ L(M)M−a, as M →∞,

where

a = min
(

(c+ 1)aA
c

, aA + 2aB
)
. (4.10)

Proof. Under assumptions 4.9 and 4.10, proposition 4.8 transforms into,

P(X > M) ∼
N∑
n=1

N∑
m=1

N∑
d=−N

[
K(n,m, d− 1)LB(M)(d−1)−LA(M)n−(d−1)+

M−(aA(n−d+1)+(aB−aA) max(−d+1,0))p(n,m, d)
]
,

as M → ∞. Here, we used that max(−x, 0) − max(x, 0) = −x, for all x ∈ R. By
noting that K(n,m, d) is bounded from above and below (by

(
N
N/2

)
and 1) and that

LB(M)(d−1)−LA(M)n−(d−1)+ is slowly varying for every possible combination of n, d, we
see that the statement of the theorem holds true, for

a = min
n,d: p(n,d)>0

(aA(n− d+ 1)− (d− 1)(aB − aA)1{d<1}),
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where the minimum is taken over all n, d such that p(n, d) = ∑
m p(n,m, d) > 0. Now

note that the function F (n, d) := aA(n−d+1)− (d−1)(aB−aA)1{d<1} is increasing in
n, for every d. So the minimum is attained for the lowest n with positive probability.
Recall that we assumed ∆ = c(NA − NB) and NB ∈ {1, . . . , N}, so p(n, d) = 0 for
n < d

c
+ 1, so the lowest n with positive probability is n̂(d) = max(d

c
+ 1, 1), for given

d. Inserting into F leads to

F (n̂(d), d) =

aA − (d− 1)aB if d ≤ −1
aA((1

c
− 1)d+ 2) if d ≥ 1

,

which is minimal for d = ±1, proving that

a = min
(
aA

(1
c

+ 1
)
, aA + 2aB

)
= min

(
(c+ 1)aA

c
, aA + 2aB

)
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Summary: price formation in call auctions

In modern financial markets, most stock exchanges facilitate intraday continuous trading,
where incoming buy and sell orders are immediately matched if possible. However, to start
and stop trading and determine opening and closing prices, a standard call auction is usually
conducted. In a call auction, orders are aggregated for a period of time without immediately
giving rise to transactions, after which all possible transactions are executed against a single
clearing price, which is the price that maximizes volume. This thesis is concerned with the
study of price formation in these call auctions, aiming to shed light on the question how supply
and demand of market participants eventually lead to clearing prices and transactions, both
theoretically and empirically.

In 2018, the European Securities and Markets Authority introduced new rules under which
European securities are traded, the so called Markets in Financial Instruments Directive
II (MiFID II). MiFID II was introduced to create fairer, safer, more efficient and more
transparent markets. Chapter 2 contains an empirical study of the effects of MiFID II on
the microstructure of European stock markets, with a special focus on the consequences for
closing call auctions. From the market microstructure point of view, an important part of
MiFID II is a new tick size regime, setting for every asset a minimal allowed tick size (the tick
size is the smallest possible price variation). The first part of the chapter studies the effects of
the new tick size regime and it is shown that an increase (decrease) in tick size is associated
with a decrease (increase) in intraday liquidity, but a more (less) stable market. Interestingly,
in the absence of a bid-ask spread, in the closing call auction an increase in tick size has a
positive effect on liquidity. Moreover, a positive relationship between tick size and transacted
volume is reported, in particular in the closing auction. Finally, unrelated to the new tick
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size regime, closing auction volumes increased heavily since MiFID II (mainly driven by an
increase in limit orders, not market orders) and price formation in closing auctions became
more efficient. The study shows there exists a positive relation between auction volume and
closing price efficiency, but this relation is not strong enough to fully explain the observations.
This indicates that the extra volume that has come to the closing auctions since MiFID II
is of a different nature, coming from market participants that primarily use limit orders and
contribute to more efficient price formation.

Chapter 3 takes a more theoretical point of view, by introducing a stochastic model of the
call auction. In the model, buy and sell orders arrive randomly according to certain order
placement distributions. An equilibrium equation (fixing the clearing price by requiring that
the number of buyers equals the number of sellers) then leads to a distribution for clearing
price and transacted volume. Bid and ask volumes are left as free parameters, which permits
possibly heavy tailed or very skewed order flow. It is shown that, in the limit of infinite orders,
the clearing price distribution approaches a normal distribution with interpretable parameters
in terms of order placement distributions and order flow. For instance, the variance of the
limiting clearing price distribution is inversely proportional to the density of buy and sell
orders around the price, which implies that the price moves more easily in regions with less
orders. To verify the model statistically, it is used to predict closing price distributions for five
liquid European stocks. The model predicts closing price distributions accurately, implying
that the model provides a reasonable description of price formation in call auctions.

By now, it is widely acknowledged that distributions of (stock) price changes exhibit heavy
tails, i.e. extreme events are much more likely than for a normal distribution. The exact
cause of these heavy tails remains however unclear. In Chapter 4 the model of Chapter 3
is used to study the issue in the context of the closing auction. Analytical expressions are
derived for the relation between the tails of the order placement distributions and the tails
of the closing price return distribution. Empirical analysis shows that the model’s predicted
relations are satisfied for a sample of 100 liquid European stocks. Counter-intuitively, the
analysis indicates that large closing price fluctuations are typically not caused by large market
orders, instead tails become heavier when market orders are removed. The model explains
this by the observation that limit orders are submitted so as to counter existing market order
imbalance. The results suggest that large closing price fluctuations are not caused by large
market orders (at least, not directly), but by properties of limit order placement. Also, the
model implies that tails of closing auction return distributions become less heavy when the
limit order volume increases, which is indeed observed after MiFID II triggered an increase
in limit order volume. The study suggests that heavy tails are market microstructure effects
and that the tail exponents of stock price return distributions vary between different stocks
and different market mechanisms.
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Samenvatting: prijsvorming in veilingen

In moderne financiële markten faciliteren de meeste aandelenbeurzen continue intradag han-
del, waar inkomende koop- en verkoop-orders direct verhandeld worden wanneer mogelijk.
Om de handelsdag te openen en te sluiten wordt er echter meestal een veiling gehouden. In een
veiling worden koop- en verkoop-orders een tijdje geaggregeerd zonder direct tot transacties
te leiden, waarna alle mogelijke transacties worden uitgevoerd tegen een enkele clearing prijs,
de prijs die het uitvoerbare volume maximaliseert. Dit proefschrift bestudeert prijsvorming
in deze veilingen, met als doel licht te werpen op de vraag hoe vraag en aanbod van verschil-
lende markt participanten uiteindelijk leiden tot prijzen en transacties, zowel theoretisch als
empirisch.

In 2018 voerde de Europese markt autoriteit (de European Securities and Markets Author-
ity) nieuwe regels in voor de Europese effectenhandel, de zogenaamde Markets in Financial
Instruments Directive II (MiFID II). MiFID II werd ingevoerd om eerlijkere, veiligere, ef-
ficiëntere en transparantere markten te creeëren. Een belangrijk onderdeel van MiFID II
vanuit het perspectief van de microstructuur van de markt, is een nieuw tick size regime, dat
voor elk aandeel een minimale toegestane tick size oplegt (de tick size is de grootte van de
minimale prijsverandering). Hoofdstuk 2 bevat een empirisch onderzoek naar de effecten van
MiFID II op de microstructuur van Europese aandelenmarkten, met een speciale focus op de
gevolgen voor slotveilingen. Het eerste gedeelte van het hoofdstuk bestudeert de effecten van
het nieuwe tick size regime. Het wordt aangetoond dat een toename (afname) van de tick size
samengaat met een afname (toename) van de liquiditeit gedurende de intradag handel, maar
ook met een stabielere (minder stabiele) markt. In de veiling heeft een toenemende tick size
juist een positief effect op liquiditeit, in de absentie van een bied-laat spread. Verder wordt
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er een positieve relatie tussen tick size en verhandeld volume gevonden, in het bijzonder in de
veiling. Tot slot zijn de verhandelde volumes in de slotveiling stevig toegenomen sinds MiFID
II (vooral veroorzaakt door een toename van het aantal limiet orders, niet bestens orders)
en is prijsvorming in de slotveilingen efficiënter geworden, onafhankelijk van het nieuwe tick
size regime. Er bestaat een positieve relatie tussen het veiling volume en de efficiëntie van
de slotprijs, maar deze relatie is niet sterk genoeg om de observaties geheel te verklaren. Dit
impliceert dat het extra volume dat naar de slotveilingen is gekomen sinds MiFID II van
een andere aard is, komend van deelnemers die vooral gebruik maken van limiet orders en
bijdragen aan efficiëntere prijsvorming.

Hoofdstuk 3 bestudeert veilingen vanuit een meer theoretisch perspectief, het introduceert
namelijk een stochastisch model voor de veiling. In het model arriveren koop- en verkoop-
orders willekeurig, getrokken uit zekere order placement verdelingen. Een evenwichtsverge-
lijking (die de clearing prijs bepaalt door te stellen dat het aantal koop-orders voor die prijs
gelijk moet zijn aan het aantal verkoop-orders) leidt dan tot een kansverdeling voor de clear-
ing prijs en het verhandelde volume. Koop- en verkoop-volumes zijn vrije parameters in het
model, wat de mogelijkheid biedt tot assymetrische order flow of order flow verdelingen met
zware staarten. In de limiet van een oneindig aantal orders benadert de clearing prijs verdel-
ing een normale verdeling met interpreteerbare parameters uitgedrukt in termen van order
placement en order flow verdelingen. De variantie van de limiet verdeling van de prijs is bij-
voorbeeld omgekeerd evenredig met de dichtheid van koop- en verkoop-orders rond de prijs,
wat impliceert dat de prijs makkelijker beweegt in gebieden op de prijs-as met minder orders.
Om het model statistisch te verifiëren, gebruiken we het om de slotprijsverdelingen van vijf
liquide Europese aandelen te voorspellen. Het model voorspelt de slotprijs verdelingen accu-
raat, wat impliceert dat het model een redelijke stochastische beschrijving van prijsvorming
in veilingen geeft.

Het is tegenwoordig algemeen erkend dat kansverdelingen van (aandelen)prijs veranderin-
gen zware staarten hebben, zodat extreme prijsbewegingen veel waarschijnlijker zijn dan in
een normale verdeling. De exacte oorzaak van deze zware staarten blijft vooralsnog echter
onduidelijk. In hoofdstuk 4 wordt het model van hoofdstuk 3 gebruikt om dit probleem te
bestuderen in de context van de slotveiling. We leiden analytische uitdrukkingen af voor de
relatie tussen de staarten van de order placement verdelingen en de staarten van de slot-
prijs verdeling. Empirische analyse toont aan dat de relaties die worden voorspeld door
het model gelden voor een sample van 100 liquide Europese aandelen. De analyse toont
(enigszins contra-intuïtief) aan dat grote slotprijs fluctuaties normaal gesproken niet wor-
den veroorzaakt door bestens orders, in plaats daarvan worden de staarten zwaarder als de
bestens orders worden genegeerd. Het model verklaart dit door de observatie dat limiet orders
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ingestuurd worden tegen de richting van de bestens order onbalans in. De resultaten sug-
gereren dat grote slotprijs fluctuaties niet veroorzaakt worden door bestens orders (althans
niet direct), maar door de plaatsing van limiet orders. Ook suggereert de studie dat zware
staarten een gevolg zijn van effecten op het niveau van de microstructuur van de markt en
dat de zwaarte van de staarten varieert tussen verschillende aandelen en verschillende markt
mechanismen.
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