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We propose a correspondence between vertex operator superalgebras and families of sigma
models in which the two structures are related by symmetry properties and a certain reflection
procedure. The existence of such a correspondence is motivated by previous work on ' = (4,4)
supersymmetric non-linear sigma models on K3 surfaces, and on a vertex operator superalgebra
with Conway group symmetry. Here we present an example of the correspondence for N = (4,4)
supersymmetric non-linear sigma models on four-tori, and compare it to the K3 case.

Subject Index B24, B37, B87

In memory of Prof. Tohru Eguchi

As students of string theory and as curious mathematicians, we needed to study various papers of
Professor Eguchi and his collaborators. A significant example is the review “Gravitation, gauge
theory and differential geometry” of almost 200 pages. As researchers, we have been seduced by
moonshine phenomena for mock modular objects, the temptation for which must be blamed on the
paper “Notes on the K3 surfaces and Mathieu group M»4.” We have been missing, and will continue
to miss, Eguchi-san and his inspiring work, as well as the unassuming, creative, and curious manner
in which he discussed and talked with us in person.

1. Introduction

The relation between sporadic finite simple groups and symmetries of K3 surfaces and K3 sigma
models has attracted a lot of attention since the pioneering work of Refs. [1,2]. For some instances
of this see Refs. [3—16]. Apart from the Mathieu groups featured in Refs. [1,2], symmetries of
N = (4,4) supersymmetric non-linear sigma models on K3 surfaces have also been related to other
groups, including the sporadic simple Conway groups [17—19] and the groups of umbral moonshine
[20,21].

The so-called twined elliptic genera play a critical role in quantifying this relation since they are
sensitive to the way that symmetries act on quantum states. Of special interest is the fact that many of
the twined elliptic genera of sigma models on K3 surfaces can be reproduced by the vertex operator
superalgebra (VOSA) V*%, which has played a prominent role in Conway moonshine [19,22,23].
(Here and in the remainder of this work we use sigma model as a shorthand for “N = (4,4)
supersymmetric non-linear sigma model.”)

© The Author(s) 2021. Published by Oxford University Press on behalf of the Physical Society of Japan.
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The analysis of Ref. [21] indicates that not all the twined K3 elliptic genera can be reproduced by
Conway group symmetries of 7*%. It is nonetheless interesting that the single VOSA V% can capture
the symmetry properties of a large family of sigma models in the K3 moduli space, especially given
that V"% is, in physical terms, a chiral theory, with central charge ¢ = 12, while the K3 sigma models
are non-chiral theories, with ¢ = ¢ = 6. Moreover, in Appendix C we explain how all but one of the
twined K3 elliptic genera may be recovered from V*? if we allow non-Conway group symmetries
(which is to say symmetries that do not preserve supersymmetry), or Conway group symmetries that
are not of the expected order.

This novel chiral/non-chiral connection between V** and K3 sigma models has been made precise
at a special (orbifold) point in the moduli space, where V*" can be retrieved as the image of the
corresponding K3 theory under reflection: a procedure explored in Ref. [19] for the specific case
of V¢ and later formerly investigated in more generality in Ref. [24]. (See also Ref. [25] for a
complementary approach).

To put this connection in a more structured context let us consider sigma models with target space
X within one connected component of the full moduli space M = M (X) of sigma models on X, and
denote the corresponding sigma models by = (X; i), for u a point in M. For instance, for X = 74
or X = K3 the moduli space consists of a single component, and takes the form

M(T*) = (SO@) x SO(4))\SO™ (4,4)/SO* (T4,
M(K3) = (SO() x 0(20))\0* (4,20)/0% (%), (L1

Here, ['“? denotes an even unimodular lattice of signature (a, b).

The chiral/non-chiral connection between V%% and K3 sigma models discussed above now motivates
the following question: Are there pairs of VOSA/sigma model family pairs (V, M (X)) such that the
following properties hold?

(i) The symmetry group of V' = V' (X) contains the symmetry groups of all of the ¥ (X; ) for
w C MX).
(ii) The twined elliptic genera of V" capture the twined elliptic genera arising from the X (X; u) for
all u € M.
(iii) There exists a particular point ©* € M such that the reflection procedure maps X (X; 1*)
to V.

We will refer to pairs (V, M) satisfying these three properties as VOSA/sigma model correspon-
dences.

As we have explained, (V*%, M(K3)) comes tantalisingly close to being an example of such a
VOSA/sigma model correspondence. However, there are (conjecturally) a handful of twined elliptic
genera of X (X; ), with i lying in certain high-codimensional subspaces of M (X), that do not
arise from V*% (see Conjectures 5 and 6, and Table 4, of Ref. [21]). As a result, Property ((2)) above
fails to hold for the (V*%, M(K3)) pair. Our main objective in this work is to illustrate a complete
example of the correspondence, where K3 surfaces are replaced by (complex) four-dimensional
tori. The counterpart to V*? in this case is the VOSA naturally associated to the Eg lattice, which
we here denote Vgg (as in Refs. [22,26]). With the K3 case in mind this is perhaps unsurprising,

given that /%% can be written as a suitable Z orbifold of Vgg [22,26], while on the orbifold locus of
M(K3) the corresponding sigma models can also be obtained as Z; orbifolds of four-torus sigma
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Fig. 1. VOSA/sigma model connections and the orbifold procedure.

models (see Fig. 1). In fact, as we will see, the VOSA/sigma model correspondence works better
in the four-torus case since it holds for all points in M (7#): the twined elliptic genera of any
¥ (T*; 1) can be reproduced by the supersymmetry-preserving twined elliptic genera of V,’;B (see
Theorem 2). So, all three properties of our proposed VOSA/sigma model correspondence, including
the one which failed for the (%, M(K3)) example, indeed hold in this case. It would be very
interesting to understand whether a complete realization of the VOSA/sigma model correspondence
might exist even for K3 surfaces. Our results can be regarded as encouraging evidence in this
direction.

The rest of the paper is organized as follows. In Sect. 2 we discuss the supersymmetry-preserving
symmetries of & (T'#; 11) across the moduli space, as well as the corresponding twined elliptic genera.
In Sect. 3 we summarize important results on the groups arising in Sect. 2. In Sect. 4 we discuss
the VOSA Vgg, naturally associated to the Ejy lattice, and show that its supersymmetry-preserving
symmetry group contains all the symmetry groups discussed in Sect. 2. Hence, we obtain that
Property ((1)) of VOSA/sigma model correspondences holds for (Vf > M(T 4)). We then prove in

Theorem 2 that the VOSA V;;S recovers all the twined elliptic general of X (T#; 11), thereby proving
Property ((2)).

In Sect. 5 we elaborate on the relation between the VOSA/sigma model correspondences for 74
and the near example for K3 via orbifolding. In particular, we prove in Proposition 3 that the diagram
in Fig. 1 commutes, for all orbifolding procedures of the theory. Then, in Sect. 6 we demonstrate
that Vf;g can be obtained as the image of ¥ (74; u*) at a particular special point u* € M(T*) under
reflection, thus establishing the final VOSA/sigma model correspondence property, Property ((3)),
for (Vfg, M(T#)). This is the content of Theorem 4.

We conclude the paper with three appendices. In the first of these we provide further informa-
tion on the supersymmetry-preserving symmetries of four-torus sigma models. In Appendix B we
recall, for the convenience of the reader, how automorphisms of a lattice lift to automorphisms of
a corresponding lattice VOSA, and detail the workings of this in the specific case of V;;S. Finally,
in Appendix C we explain how more general twinings of ¥** may be used to recover the twined
K3 elliptic genera that were not computed in Ref. [19]. We also review the relationship between
V8 [22] and 7757 [19,23], explain a sense in which the Conway group arises naturally as a group of
automorphisms of V*, and explain why they are the same as far as twinings of the K3 elliptic genus
are concerned.

2. The sigma models

In this section we set up our notation and collect important background on four-torus sigma models
and their symmetries. The exposition closely follows that in Ref. [27].

3/32

1202 1990100 6Z UO oSN WepIs)sWy UBA JISHSISAIUN Aq 2£0£6£9/20 1 880/8/1202/2101e/de)d/woo dno-oiwepeoe)/:sdiy woly pepeojumoq



PTEP 2021, 08B102 V. Anagiannis et al.

2.1. Symmetries

A sigma model on T is a supersymmetric conformal field theory defined in terms of four pairs
of left- and right-moving bosonic u(1) currents j¢ (z),]'“(é) (a = 1,...,4), four pairs of left- and
right-moving free real fermions ¥%(z), ¥%(z), and exponential (primary) fields Vj(z,Z) labelled by
vectors k = (kz, kg) € Fév’f‘m.

Let us now explain our notation. Let I'** denote an even unimodular lattice of signature (4, 4).
The real vector space

N=r**g@RR* (2.1)

admits orthogonal decompositions into positive- and negative-definite subspaces
IM1=1TII; &, I1;. (2.2)

Correspondingly, we decompose k € Il as k = (kz,0) + (0, kg), where the two summands lie
in the positive- and negative-definite subspaces respectively. The relative position of I1; and Ilg
uniquely determines each four-torus sigma model, and the corresponding Narain moduli space is
as in Eq. (1.1), where O(I'**) acts as T-dualities and we restrict to the T-dualities that moreover
preserve world-sheet parity (cf. Ref. [21]). We use F(‘,’V’f‘m to denote the lattice I'** equipped with a
choice of an orthogonal decomposition into positive- and negative-definite subspaces. This structure
is also known as the winding-momentum or Narain lattice in this context.

The chiral algebra of every four-torus sigma model contains a u(1)* algebra generated by the
currents j, as well as an s0(4); Kac—Moody algebra generated by : v %y?: (a,b = 1,...,4). It also
contains a small ' = (4, 4) superconformal algebra at central charge ¢ = ¢ = 6, whose holomorphic
part is generated by the holomorphic stress tensor 7'(z), four supercurrents G* (z), G'* (z) of weight
(3/2,0) that consist of linear combinations of terms of the form :1/%:. In particular, the fermionic
50(4)1 algebra contains an su(2); “R-symmetry” Kac-Moody algebra, generated by currents J!,
J?,J3. Since the anti-chiral discussion is completely analogous, from now on we focus just on the
chiral part.

To describe the superconformal algebra in detail, it is convenient to define complex fermions

1._L 1, .3 1*._L 1 .3
X = ﬁw + i), X = ﬁw i),

2 LIPS 2% [P S
:— E— :— [E— J— .
x° = \/_(w +iy), x° = fop i), (2.3)

which obey the standard operator product expansions (OPEs)

i i i j* i* j 8ij
X' @x w)~0@Ez—-w), X' @x W)~ x" @x (w) ~ — (2.4)

In terms of the complex fermions, the stress tensor is given by
4 12
_ aca. _ L U P SRS L PO
T= 2;.]] : 221:(.)( ox t4:ix 9dx ), (2.5)
a= 1=
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while the R-symmetry currents are given by'
J! =i<:)(1)(2:—i—:)(1 X2 :), J2=:)(1)(2:—:X1 X2 : J3=:)(1)(1 :—i—:)(z)(2 L (2.6)

The symmetry groups occurring at different points in the moduli space of sigma models on 7*# that
preserve the N' = (4, 4) superconformal algebra were fully classified in Ref. [27]. To describe these
groups, let U (l)‘L1 and U (1);‘3 be the Lie groups generated by the zero modes jj and]'g respectively.
They describe the (independent) translations along the four-torus. Recall also that apart from the
R-symmetry su(2); algebra with the generators in Eq. (2.6), there is another copy of the su(2);
algebra in the fermionic so(4); algebra, generated by the currents

*

A :i(:x1x2 :—i—:)(1 X2:>, A2=3X1X2 :—:)(1 XZ:, A3=1X1X1 :—:)(2)(2 N

Focusing on the zero modes, we have the relation
SOM)L = (SUQ)] x SUQ)D/ (=15, 238)

where (— 1)‘4(3)/ J3 is the non-trivial central element of SU (2)21/ J, and similarly for the right-moving
side. Preserving the N = 4 superconformal algebra restricts us to the subgroup SU (2)21 which
commutes with the R-symmetry SU (2){. Moreover, identifying SO(4); with SO(I1;), we need to
. . . 44 -
consider subgroups that induce an automorphism of I'y,_,.
These considerations lead to the following specification of the symmetry groups of the four-torus

sigma models. They take the form
G = (U] x U()}).Go. (2.9)
The group Gy here is given by the intersection
_ 4 A 44
Go = (SUQ)] x SUQ2)z) N O (Tym) (2.10)

where the above identification is understood.

Notice that the groups Gy defined in Eq. (2.10) manifestly do not mix the spaces 17 and ITg, and
always contain a central Z, subgroup generated by (—1,—1) € SU (2)21 x SU (2)?}. Consider the set
of all possible groups arising as

Gy := Go/(—1,—1). (2.11)

This set turns out to be bijective to the set of subgroups of the group of even-determinant Weyl
transformations of Eg, denoted by W (Eg), that fix an Eg-sublattice of rank at least 4. See Ref. [27]
for a complete and descriptive list of all the possible groups Go. We note here that the groups Gg and
G are interesting finite groups only at certain special points in the moduli space M (T*) of sigma
models on 74, Generically, G is isomorphic to Z», and G is trivial.

! Note that this normalization for the currents, while convenient and common in the physics literature, differs
by a factor of % from the normalization that is common in the Kac—-Moody algebra context.

2 The identification between SO(4); with SO(I1;) is given by the choice of the AV = 1 supercurrent such
that its generator is proportional to Zi=1 :9j:. Different choices of the NV = 1 supercharge lead to different

isomorphisms that are related to each other by R-symmetry transformations in SU (2);.
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2.2. Twined genera

The elliptic genus of an A/ = (4, 4) superconformal theory is defined in terms of the superconformal
algebra generators as the following trace over the Ramond—Ramond (RR) sector,

¢(t,2) = Trrr [(—I)Fy"qu"_iéLO_%], gi=e"T, yi=E (2.12)

where Ly is the zero mode of the stress energy tensor 7', and the fermion number operator (— 1) will
be discussed in more detail later. It receives non-vanishing contributions only from right-moving
Bogomol’nyi-Prasad—Sommerfield (BPS) states and thus does not depend on 7. For the N = (4,4)
theories that we are considering, it is also a weak Jacobi form of weight 0 and index 1, and does
not depend on the moduli. For four-torus sigma models, we have ¢ = ¢ = 6 and the elliptic genus
is in fact identically zero due to cancelling contributions from the BPS states, which form an even-
dimensional representation of the Clifford algebra of the right-moving fermionic zero modes 26,
)26*. When the theory has additional symmetries G preserving the superconformal algebra (i.e. at
special points in the moduli space), we can also consider the elliptic genus twined by an element
g € G acting on the RR states,

89 (,2) = Trrw [g(— 1)y ghHigh 5], 2.13)

where the superscript in the notation serves to remind us about moduli dependence (through the
symmetry group G). The twined genus d)gG depends only on the conjugacy class of g in G and is a
weak Jacobi form of weight 0 and index 1 for some congruence subgroup I'y € SL(Z). Note that
the normal subgroup U (1)2 x U( 1);‘e of G as in Eq. (2.9) acts trivially on all oscillators. For this
reason we will first focus on the Gy part when computing the twined elliptic genera.

To compute the elliptic genus twined by g € Gy C SU (2)f x SU (2)?, let us first describe the
Fock space representation of the RR states in the present theory. This is built from all possible
combinations of the free fermionic X,’;, X,i*, )Z,’;, )Z,’;*, and bosonic oscillators jz,jg (a=1,...,4,
i=1,2,n € Z<_1) acting on the Fock space ground states. The latter has a convenient basis given
by

1 1
|kszR;S>a § = (S19S2;§17§2)9 51552,51952 € {57_5} (214)

Here, s is an index for the 2*-dimensional representation of the eight-dimensional Clifford algebra
generated by the fermionic zero modes x{, x¢*, X4, X4F, which correspond to the fermionic RR
ground states |s) := |0,0;s). The indices k; and kg label points in the winding-momentum lattice,
k = (kr,kg) € F;‘V’f‘m. In terms of the primary operators Vj(z,z), the ground states in Eq. (2.14) are
given by |kg, kg;s) := Vi (0,0)]s).

In this basis, the eigenvalues of the fermionic ground states under the operators Jg and ]g are given
by

Jols) = (s1+sls),  Jils) = G1+52)ls), (2.15)
and similarly
Als) = (51 —s2)ls),  Adls) = G1 —5)s), (2.16)
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while the J3 charges of the fields are given by
R S AR W Y O (2.17)

and similarly for the right-movers. In these terms, the fermion number operator is defined as (— Hff =
(_ 1)./3 +.73 .

Let~ Py denf)te the eight-dimensional representation of G on the space spanned by !, ..., ¥*
and tﬁl, el 1//4. For a given element g € Gy, choose the parametrization of the complex fermions

such that g acts as (cf. Table A3)

pp@x' =ax', @' =ail (2.18)

Since g € SU (2)2I x SU(2)4, it follows that g acts on the eight-dimensional representation Py as

pp@x' =axt,  pv@x" =%, pp@it =i, ev@x =g ' xY

~ Q%

. . . " (2.19)
py @12 =¢"%% pv@xF =ax®,  pp@it =75 e @Y = wi”,

and similarly on the bosonic currents since the superconformal algebra is preserved. Note that the
choice of parametrization in Eq. (2.18) is always possible, since by conjugations in SU (2)2’ xSU (2)1‘}
we can let g be contained in the Cartan subgroup generated by Ag and ;18.

From the preceding discussion we conclude that the twined elliptic genus of the four-torus sigma
model factors as

¢s (T.2) = 3 (1, 2)¢5 (2)py ™ (1), (2.20)

where the three factors capture the contributions from the oscillators, the fermionic ground states,
and winding momentum (i.e. primaries V), respectively. In what follows we will discuss them
separately.

The action on the ground states is given by

gls) = e 0ls) = 2 . (2.21)
Summing over the 2* ground states |s) we hence arrive at
o5 @) =y A= - 'y -1 -
=2(1 —Re(¢r) (" +y — 2Re({1)). (2.22)

From Eq. (2.19), we compute that the total contribution from the fermionic and bosonic oscillators
is

o0

(1 —cyg™ (1 — ¢ g (A =yl — ¢ v g
$O%(t,2) =
¢ 1:[1 (1= 22" (1 =g g2

. (2.23)

Notice that the contribution from the right-moving oscillators, and thus the T dependence, cancels
out completely.
Finally, the contribution from winding momentum is given by

2 k2
- L _"R
¢y ™ (T) = > kgl kr)g g (2.24)
k:(kL,kR)e(F(b?m)g
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Here, (Fé;_d'm)g is the g-fixed sublattice of Fjv’_d'm, and &, (kg, kg) are suitable phases that depend on
the choice of the lift of g from Gy to G. As discussed in Appendix B, one can always choose the
standard lift, where the phases &, (k;, kg) are trivial for all (kz, kg) € (Fé,’f‘m)g .

Notice that if g acts trivially on the right-movers, then ¢z = 1 and ¢§S = 0, and therefore ¢gG

g
vanishes. On the other hand, if both {z and ¢; are different from one, then Fév’f‘m = {0} and
¢g " = 1. Thus, determining ¢y is non-trivial only when ¢z # 1 and {; = 1. As a result, we can
rewrite

k2
g =Y &k, 0q 7, (2.25)

k=G, 00€(Ti)”
which is indeed holomorphic in t as required.

3. The symmetry groups

In this section we establish our notation and summarize some important results on the groups that
we will make use of later. In particular, we will show that the Gy, related to the total symmetry
groups of the four-torus sigma models via Eq. (2.9), are all subgroups of W™ (Eg), the group of
even-determinant Weyl transformations of £3. This fact will be crucial in Sect. 4, as it makes it
possible to equate the twined elliptic genera of the four-torus sigma models and the twined traces of
the Eg lattice VOSA.

By definition, W T (Eg) has a natural action on the Eg lattice via its unique eight-dimensional
irreducible representation and is a subgroup of SO(8). Under the inclusion map W+ (Eg) — SO(8),
the center of W (Eg) is mapped to the central Z; subgroup of SO(8), acting as —Id in the eight-
dimensional vector representation of SO(8) in the former case and in the eight-dimensional non-trivial
representation of W (Eg) in the latter case. We denote by ¢, the generator of this latter central
subgroup: (1,) = Z; < W (Eg). The corresponding central quotient is isomorphic to the finite simple
group O; (2), the group of linear transformations of the vector space Fg preserving a certain quadratic
form. (See, e.g., Ref. [28] for a discussion of this.) In other words, we have W (Eg) = <Lv).0§_ 2).

Recall that Gy, related to Gy as in Eq. (2.11), can be identified with subgroups of Wt (Eyg) that fix an
Eg sublattice of rank at least 4 [27]. Since ¢, does not preserve any subspace in the eight-dimensional
vector representation of W (Eg), we conclude that 1, ¢ Gy, and by combining the inclusion G| <
W (Eg) and the projection W (Eg) i O; (2) we obtain an injective homomorphism G — O; (2).
As a consequence, the group G| is always isomorphic to a subgroup of 0;{ (2).

To show that the discrete part of the sigma model symmetry group Gy is always a subgroup
of W (Eyg), it will be useful to consider the group Spin(8). The kernel of the spin covering map
Spin(8) 5 SO(8) is an involution (t5) = Z,. Considering W (Eg) < SO(8), the preimage of the
spin covering map is (t5).W 1 (Eg) < Spin(8). Its center can be identified with the center of Spin(8),
given by (s, ty) = Zy x Z,. We thus have that (1,). W (Es) = (5, 1,).05 (2).

The kernel of the spin covering map Spin(8) LN SO(8) is naturally identified with the kernel of the
quotient map Gy — G (cf. Eq. (2.11), Table 3.2). Indeed, the preimage of G| < W (Eg) < SO(8)
in (1;).W T (Eg) < Spin(8) is precisely the group Gy = (15).G1. As we have seen in Sect. 2.2, in the
sigma models ¢, acts by flipping the sign of all the fermions in the representation py, (cf. Eq. (2.19)).

At this point it is crucial to recall that Spin(8) has a triality symmetry, i.e. an S3 outer automorphism
group. Also, it has one vector and the two spinor eight-dimensional irreducible representations, which
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we will denote by ,ofp , Ps, and p; respectively, and the action of triality on the group Spin(8) extends to
an §3 permutation action on the three representations pf/, , ps,and p3. This S5 group also permutes the
three non-trivial generators t,, L, t,,t5 Of the center of Spin(8), and in each of the three aforementioned
eight-dimensional representations one of these generators acts trivially. Triality for Spin(8) induces
an S3 group of outer automorphisms of (t;). W1 (Eg) = (i, Lv).OéF (2).

As a result, the G subgroup of (1).W T (Eg) has three representations, which we denote Pyr> Pes
and p,, corresponding to three eight-dimensional representations of Spin(8), that are permuted by
the outer automorphisms of (t;). W+ (Eg). As we have seen in Eq. (2.19), in the sigma model the
representation py, captures the action of the symmetry group Gy on the eight (left- and right-moving)
NS-NS (NS being Neveu—Schwarz) fermions x’, x*, x%, " . The other two representations, pe (resp.
Do), capture the action of Gy on the RR sector quantum states with even (resp. odd) fermion numbers.
As mentioned before, in the representation py, the central involution s acts by flipping the signs of
all fermions as well as all bosons (which has to be the case since Gg preserves the superconformal
algebra). On the other hand, in the representation p. the central element of G acts trivially, so that
only the quotient G acts faithfully on the RR ground states of even fermion numbers. This is also
the representation where G fixes a four-dimensional subspace (cf. Table A3).

Now the S3 outer automorphisms of (i, ¢,,) .O; (2) guarantee that the quotient by any of the three
generators of the central subgroup (i, ¢,) is a group isomorphic to W (Eg). In particular, since
t, € Gy and hence Gy = (1;).G1 < (1,).WT(Eg) does not contain the central involution ¢,, the
homomorphism Gy — W (Es) induced by the projection

(1) W (Eg) = (15,10).05 2) = ({t5,1).05 () /{1v) = W (Ey) 3.1

is injective. Thus we have proved the following result.

PROPOSITION 1 For any four-torus sigma model the corresponding group Gy is isomorphic to a
subgroup of W (Eg).

The discussion of this section can be summarized as follows:

/g

Spin(8) — SO(8)

J J

(1) WH(Eg) = (1, 15).0§ (2)  —> WT(Es) = (1,).05 (2)

! kg (3.2)
(15).05 (2) = W (Eg) = o7 2)

i) i)

G() — G1

4. The VOSA

In this section we discuss the VOSA side of the VOSA/sigma model correspondence in this case: the
Eg lattice VOSA Vj;s. In Sect. 4.1 we introduce the theory and set up our notation, and in Sect. 4.2
we outline the computation of the twined traces of this VOSA and prove the main theorem of the
paper, Theorem 2.

4.1. The theory

The VOSA Vgg isac = 12 chiral superconformal field theory (SCFT) with eight free chiral fermions
B?(z) and eight free chiral bosons Y?(z) (@ = 1,...,8). Moreover, it has chiral vertex operators
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V,.(z) = c(A):e*Y: corresponding to the Eg lattice. In the above, A € Eg and ¢()) is the standard
operator needed for locality [29,30]. The stress tensor is given by

8 8
1
T:—Z:BY“&Y“:—ZZ:ﬂ“Gﬁ“:, (4.1)
a=1 a=1
and an A/ = 1 structure is provided by the supercurrent Q, proportional to the combination
8
> plave. (4.2)
a=1

The 8 currents 8 Y2 form a u(1)® bosonic algebra, while the 28 currents : 3282 : generate a fermionic
Kac—Moody algebraso(8)1. Let ' be the eight-dimensional real vector space spanned by the fermions

B¢. To facilitate the comparison with the sigma models, we split F' into two four-dimensional sub-
spaces F = X @ X such that X is spanned by ¢ fora = 1,...,4 and X is spanned by S for

b=15,...,8. As usual, it is convenient to work with the complex fermions
. 1 ) ) . 1 . i .
y'i= ﬁ%’ +ipt?),  pl= EW“ +ipto,  i=12 (4.3)

The splitting of F' leads to the subalgebra so(4); @ s0(4); of the fermionic Kac—Moody algebra
50(8)1. Focusing on the first, s0(4); = su(2); x su(2);, corresponding to X C F, the two factors
of su(2); are generated by J )1(’2’3 and A)l(’z’3 respectively, completely analogous to the sigma model
case in Egs. (2.6) and (2.7) upon replacing the x s with ys.

At the level of the zero modes, we have

SOWX) = (SUQ)E x SUQY)/(—1,—1) = SO4),
SOX) = (SU@)L x SU@)%)/(=1,-1) = SO@). (4.4)

Note that all four SU (2)s above preserve the N' = 1 superconformal algebra.

Next we discuss the quantum states of the above model. We will sometimes refer to the space
of states of this VOSA as an NS sector, since the chiral fermions satisfy the antiperiodic boundary
condition. One can also construct a canonically twisted module for this VOSA, i.e. a Ramond sector
with periodic boundary conditions for the fermions. The Ramond sector contains 2%/? = 16 ground
states, forming a representation of the Clifford algebra of the fermionic zero modes. A convenient
basis for these ground states may be denoted

1
[r) i= |r1,72,73,74), F1,72,73,74 € {iz}- (4.5)
Similar to the case of the sigma models in Eq. (2.14), the Fock space ground states are then given
by |A;7) := V;.(0)|r), where A € Eg.

With the sigma model elliptic genus in Eq. (2.12) in mind we define the following twisted module
trace:

Z(1.2) = Tryy [(—1)F o "3qL°—ﬁ]. (4.6)

The action of the operator Jg( 3 on the oscillators and the ground states is completely analogous to
its counterpart in the sigma models. Namely, it acts as a number operator for the fermionic oscillators,
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counting y,{ excitations (with n < —1) as +1 and y,’,* excitations as —1, for j = 1,2, while on the
ground states in Eq. (4.5) it acts as

T3y = (4 )l (4.7)
.. . . X3, X3
Similarly, the fermion number operator is defined as (— 1) := (—1)% "%
states as

, and acts on the ground

(=D 1) = (=17 0 |y = (—1yntrabrstra, 4.8)

From this, it follows immediately that states built on the ground states |r) with opposite signs of 73
(or r4) lead to opposite contributions to the trace Z(z,z), and hence the trace vanishes. In the next
subsection we will see that, similar to the sigma models, the trace is generically not vanishing when
twined by a symmetry.

4.2. Twined traces

Recall from Proposition 1 that the symmetry groups Gg of the four-torus sigma models may be
regarded as subgroups of W (Eg). We may thus identify them with symmetry groups of Vf;g which
act on the Eg lattice by even-determinant Weyl automorphisms, according to the vector representation
py - The lattice Eg is naturally contained in F, the eight-dimensional real vector space spanned by
the fermions 8%, so we have Gy < W™ (Eg) < SO(F). As discussed in Sect. 2.1, the groups G are
contained in an SU (2)7 x SU (2)g subgroup of SO(4); x SO(4)r C SO(8), and thus they do not mix
the spaces IT; and I1z. We can further identify the vector spaces X = I1; and X = I, so that Gy is
contained in SU (2)34( x SU (2)‘;( (and commutes with SU (2)§( and SU (2)§,) when acting on the Eg
lattice of the VOSA. The action of Gy is then lifted to automorphisms of the £3 VOSA that preserve
the N' = 1 supercurrent Q. (One may choose lifts where all phases are trivial; consult Appendix B
for details.) As a result, for each g € Gy we may define the following g-twined trace in the twisted
module for the Fg VOSA:

Zg(7,2) := Triw [g(—l)FyJéquo_ﬁ]’ 4.9)

generalizing Eq. (4.6).
Analogous to the sigma models in Eq. (2.20), the above g-twined trace naturally decomposes into
three factors,

Zy(1,2) = Z3°(1,2) 28 ()22 (1), (4.10)

capturing the contribution from the oscillators, the fermionic ground states, and the Eg lattice chiral
operators, respectively.

Choosing a convenient basis for the fermions we observe that the action of g is precisely the same
as in Eq. (2.19), with x’ replaced by ¥/, x*" by y", ¥' by 7', and ¥ by 7' (i = 1,2). As a result,
the oscillators give a factor of

78 (z,2)

o0

:HU—mWM—QWWFQfWM—QVMWFQWM—QWV
il (1= ag?(1 = ¢ g = trg"? (1 = &g ' g™)?

11/32

1202 1990100 6Z UO oSN WepIs)sWy UBA JISHSISAIUN Aq 2£0£6£9/20 1 880/8/1202/2101e/de)d/woo dno-oiwepeoe)/:sdiy woly pepeojumoq



PTEP 2021, 08B102 V. Anagiannis et al.

_ 1°—°[ (1= &g (= & yg (= ay™ g (A = ¢y~ ')

5 e . (4.11)
el (I =g~ (1 =& q"
Similarly, the group action on the fermionic ground states is given by
_ 45° f)?’} _ ST 273 TS
gl =¢," &g In=¢ "L ), (4.12)
leading to the contribution
Z8 () =y (= =g A = =&
=2(1 = Re(tp) (v~ +y — 2Re(z1)). (4.13)
The contribution from the Eyg lattice is
22
ZBam = Y &MWq7, (4.14)

AE(ES)pw(g)

where (Eg)?*® is the sublattice of Eg fixed by g (which acts on the lattice according to the oy
representation of Go), and &, (1) are phases analogous to those in the sigma models of Eq. (2.24)
that can be chosen to be trivial.

We now state and prove the main result of the paper.

THEOREM 2 For every g € Gy for any of the possible groups Gy, Zy(1,z) = q)gGCc,z).

Proof. To begin, we note that, from the preceding discussion, it is evident that for each g € Gy we
have

gs gs
S/ A (4.15)

so we require (see Egs. (2.20), (4.10)) to show that ZgE = ¢g . Since we have ng = §s =0
whenever {p = 1, we may focus solely on the case that {p # 1. Moreover, if both ¢, (g # 1 then
Zg 8 = ¢;V'm = 1, as both lattices (Eg)”*® and (Fjv’f‘m)g are empty in this case. Therefore, we only
need to prove that whenever ¢, = 1 and {p # 1, the fixed sublattice (Eg)® is isomorphic to
(F;‘V’f‘m)g . We will achieve this by performing a case-by-case analysis. There are only four classes in
py With ¢, = 1 and ¢g # 1. In the notation explained in Appendix A, they are 24, 2F, 3E, and 44
(see Table A3).

To proceed, we note that by inspecting the character table of W (Eg) we may deduce that the
aforementioned classes are necessarily fixed by the action of any outer automorphism. Since the
representations py, and p, are related by such triality outer automorphisms (cf. Sect. 3), we deduce
that for these classes we have (Eg)”?® = (Eg)P®, the latter being the lattice fixed by (g) € Gy
in the representation p.. In Sect. 4 of Ref. [27], both lattices (Eg)”e(g) and (F;‘V’f‘m)g were described
in detail. In particular, it was shown that they are as in Table 1, from which we see that the fixed
sublattice of the winding-momentum lattice of the four-torus sigma model and the fixed sublattice
of the Ejy lattice are isomorphic in each case. This completes the proof. O
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Table 1. Lattice classes from Ref. [27].

24 2E 3E 44

(Es)pe(g) (;(E8)p¢,(g)) D4 Azlt A% D4
(Tis)® D, A% 43 D,

5. Orbifolds

In this section we investigate the extent to which the diagram in Fig. 1 commutes, or not, with
an arbitrary symmetry in place of the specific Z; action indicated. We will demonstrate that in
fact the diagram commutes for all possible choices, at least if we assume a certain claim about
orbifolds of four-torus sigma models. We regard this result, Proposition 3, as further evidence that
the VOSA/sigma model correspondence for four-torus sigma models proposed herein represents a
natural structure.

The claim about orbifold sigma models we will require to assume is the following statement: The
orbifold of a four-torus sigma model by a discrete supersymmetry-preserving symmetry is either
a sigma model with T* target or a sigma model with K3 target. This claim follows, for example,
from the conjecture that the only N' = (4,4) SCFTs with four spectral flow generators, central
charge ¢ = ¢ = 6, and discrete spectrum come from sigma models with 7% or K3 target space. This
conjecture is widely believed to be true (see, e.g., Ref. [31]) and was implicitly assumed in early
string theory literature. Here we refer to it as the uniqueness conjecture.

Alternatively, the above claim on four-torus sigma model orbifolds is supported by the following
heuristic argument which is independent of the uniqueness conjecture. Call a symmetry g of a sigma
model 7 with target X geometric if it is lifted (cf. Appendix B) from a symmetry g of the target space
X . Then the orbifold of 7" by g should be a sigma model on the orbifold of X by g. Any orbifold of
a four-torus is a singular limit of K3 surfaces, so the claim about orbifolds should hold at least for
geometric symmetries.

For more general symmetries note that it can be shown, independently of the uniqueness conjecture
(see, e.g., Ref. [31]), that the elliptic genus of an A = (4, 4) SCFT with four spectral flow generators
and ¢ = ¢ = 6 is either 0 or coincides with the K3 elliptic genus. Furthermore, if the elliptic genus
is 0 then the corresponding sigma model has T target [31]. So, if the elliptic genus of an orbifold
is 0, there is no doubt that it is a sigma model on T'%.

To handle the case that the elliptic genus of the orbifold is non-vanishing, we recall the reverse
orbifold construction: If T is a sigma model and g is a discrete supersymmetry-preserving symmetry
of 7 then the orbifold 7’ of 7 by g has a distinguished symmetry g’ with the property that the orbifold
of 7" by g’ is T. (See, e.g., Ref. [32] for an analysis of this in the vertex operator algebra (VOA)
setting.)

The supersymmetry-preserving symmetries of sigma models with K3 target have been classified
in Ref. [17], and this allows us to determine the pairs (7', g’), with 7’ a K3 sigma model and g’ a
symmetry of 77, for which the orbifold of 7’ by g’ is a sigma model on 7% (one just checks if the
elliptic genus of the orbifold vanishes or not). So, by the reverse orbifold construction we obtain a
corresponding set of pairs (7, g), with 7 a sigma model on 7* and g a symmetry of 7, for which
7 is an orbifold of a K3 sigma model 7’ and g is the corresponding distinguished symmetry such
that the orbifold of 7 by g is 7”. Finally, we can check case by case that every non-geometric four-
torus sigma model symmetry for which the corresponding orbifold elliptic genus is non-vanishing
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occurs in such a pair. So there are simply no candidates for four-torus sigma model orbifolds by
non-geometric symmetries with non-vanishing elliptic genus except for K3 sigma models.

Note that the claim above on four-torus sigma model orbifolds has a rigorous counterpart for
VOSAs. Namely, if g € Aut (V]ég) is the standard lift (cf. Appendix B) of a four-torus sigma model

symmetry g € W1 (Eg) then the orbifold of V{Ef8 by g is either isomorphic to V};S or to V%, the
latter being the unique N’ = 1 VOSA with ¢ = 12 and vanishing weight % subspace [22,23]. We
will establish this in the course of proving our next result, Proposition 3. Note that a more general
orbifolding of Vég might result in the VOSA that describes 24 free fermions (cf., e.g., Ref. [25]).

We now prove the main result of this section. For the formulation of this we assume the notation
of Eq. (2.9).

PROPOSITION 3 Let T be a four-torus sigma model and let g € Gy < W (Eg) be a symmetry of T
that preserves the N' = 4 superconformal algebra. Let & denote the standard lift of g < W (Eg) to a
symmetry of the VOSA Vgg as described in Appendix B. If we assume that any orbifold of a four-torus
sigma model by a discrete supersymmetry-preserving symmetry is either a sigma model on T* or a
sigma model on K3, then the orbifold of Vgg by g is isomorphic to Vb{g or V% according to whether
the orbifold of T by g is a sigma model on T* or a sigma model on K 3.

Proof. The orbifold of V7, by & is either ¥}, or V'*? or the VOSA associated to 24 free fermions
according to Theorem 3.1 of Ref. [25]. To tell the three possibilities apart we can simply compute the
partition function Z;_o1,(7) of the orbifold theory. It will develop that either Zz o, (T) = Z( Vég; T) or
Zsonn(T) = Z (V5% 1), where Z(V; 7) is the partition function of V. (In particular, the free fermion
model will not arise.)

Let us denote the anti-periodic and periodic boundary conditions for the fermions by 4 and P,
respectively. We are interested in the case where the fermions are in the [4, A] sector. The bosons
will always have periodic boundary condition in the current context so we will not explicitly specify
the boson boundary condition in what follows.

Let gZ f (7) denote the i-twisted, g-twined partition function of Vgg in the sector where the fermions
have [D, D] boundary conditions, with D, D € {4, P}. The orbifold partition function is then given
by

1 5
Zg-orb(f) = ﬂ Z nggk (), (5.1)
keZ/\g]

so we need to compute ngf forall k,¢ € Z/|g|. (We have |g| = |g]| for all cases except for when
g lies in the class 2F, in which case |2/E | = 2|2E| = 4. More details on this can be found in
Appendix B.)

Recall that modular transformations change the twisting and twining boundary conditions
according to

PSLy(Z) 5 y = (‘C’ b): (h, @) > (g°h, ghb). (5.2)

d
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Notice that y € PSL,(Z) implies that (4, g) and (h~!, g~!) correspond to equal partition functions,
since in our case all fields are invariant (self-conjugate) under charge conjugation C = §% = (ST)>.
Additionally, modular transformations also mix the fermionic sectors [4, 4], [4, P], [P, A], while
leaving the bosonic sector [P, P] invariant. In particular, for a holomorphic VOSA of central charge
¢, the partition functions jZ , 5 Z,47 span a three-dimensional representation p. : PSLy(Z) — GL(3)

given by
A A
4 1 4z 1 0 0
hz (—;)=pc<S> Yz @,  pe®=|0 0 1],
A A
»Z 4 01 0
1z 4z 0 e(—57) O
Fzla+n=pM |5z @, pD=[e(-%) 0 0 (5.3)
A A
pZ pZ 0 0 e(13)
Combining the above, we conclude that
A8 A g’
AZg’: 1 AZI/ a‘r—i—b
P8 _ -
Gz | @ =el)ps ((25)) [ 12 (cr—i—d) (5.4)
458" 478
PLgm PZ1

for some (gé’,) € PSL,(Z) that can be determined from Eq. (5.2), some g’ € (g), and some phase
e(a) := &2,

Let us use the fact that the VOSA Vég is the product of a (bosonic) holomorphic lattice VOA based
on the Eg lattice, and the VOSA generated by eight real (or four complex) free fermions, and that

the symmetry g acts independently on these two algebras. As a consequence, the twisted-twined

>t
partition functions 4Z%, factorize as
A% gk

45t 4et gt
Azggk = AFskng (5.5)

into the product of the twisted-twined partition functions le g,f and Bgi of the fermionic VOSA (with
[4, A] boundary conditions) and the bosonic VOA, respectively.

We will consider the fermion and boson contributions separately, and then combine the results.
Consider first the four free complex fermions, with ¢z = 4. Let us denote the partition function in
sector [D, 5] by BF . Then we have

05 (t) p 0} (1)

o) p 0, (x) _
Ao PTG

ﬁF<r>=m, PO =50 BF(1) = =0, (5.6)

where we write 0;(t,z) for the usual Jacobi theta functions and set 6;(t) := 6;(t,0). The sectors
’jF(r), iF(T), ‘}F(r) transform as in Eq. (5.3) under PSL;(Z), with ¢ = 4.

Now consider a symmetry g acting on the fermions, with eigenvalues determined by the represen-
tation py, and denoted ¢, = e(a;) and {g = e(agr), where ¢ and ¢ are as in Eq. (2.19). Then, the
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&*-twisted g¢-twined partition function in the four sectors is given by

@raz 03 (T, 6L (kT + 0) 65 (t, Gr (kT + 0)

n*(t) ’

@+a22 03 (T, L (kT + 0) 63 (z, Gr(kT + ©))
n*(t)

@aze 03 (1. 60kt + 0) 63 (1, Gr (kT + 0)

n*(t) ’

2 0% (z, 6 (kT +£)) 02 (v, ar (kT + 0))
n*(t)

N
nggk (t)=g¢q

b

At
ﬂ)ng (t)=gq

ot
féng (t)=g¢q

LFE () = g @Rk , (5.7)
where 0 < k,f < N, and &, g = arr(k) are rational numbers such that e(¢zzr) = ¢z and
—% < ark,ark < % Up to a possible redefinition ¢ < ;L_l or [ < {R_l, one can restrict
0 < ark,ark < % Notice that the expressions in Eq. (5.7) are in general not invariant under
k — k4 N and £ — ¢ 4 N, but they can change by a multiplicative constant phase (an Nth root of
unity). This phenomenon reflects an ambiguity in the definition of the phases of gF 5,5 that depends

on the choice of the action of (&) on the g*-twisted module.

Next, we consider four free complex bosons on the Eg torus, with cg = 8. The bosons naturally
have periodic boundary conditions on both cycles of the torus. The corresponding partition function
is

. ®E8(T)
B(7) := OF (5.8)
where
1
Oy (1) = 5 (62(0)® + 03(0)® + 04(1)®) = Eu(2) (5.9)

is the theta series of the Eg lattice, equal to the Eisenstein series of weight 4. Under modular
transformations the partition function transforms according to

B(-1)=BGk), Bx+D=¢(-13)B®. (5.10)

A symmetry g acts on the four complex bosons in the same way as for the fermions, leaving
invariant the supersymmetry of the Eg VOSA. The corresponding untwisted g”-twined partition
function is thus given by

() ‘élo_ol( 1 )2 1 2( : )2 LYo, 6
T) = o (1), (5.
1 q ke 1_§£qk l_é.[‘—nqk l—fqu l_é.R—nqk A&

where © , zn (7) is the theta series of the sublattice fixed by g” (except for the case that g is of class 2E,

and n = 2, wherein © ,;» takes a slightly different meaning, as explained below). When ¢/, &g # 1,
one has ® ,z» = 1 and the above may be conveniently written as

n(r)*

Bgn _ % . *% 2 %_ 7% 2 .
1 (=0 =8 ) — & )Qf(f,naL)Q%(TanaR)

(5.12)
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Table 2. Fixed sublattices of Es in py,, by powers of conjugacy classes of W (Es).

24 2E 3E 44 —44 3E 6BC
D, 4 A4 Dy — —  —
Es 4 D, D, A @ —
_ D,

0Q> 0Q> 0Q>
W ]

The cases for which ® s () is not identically 1 are summarized in Table 2, so that © ,;» is the
theta series of the Dy lattice, for example, when g is of class 24 or 44 and n = 1. As hinted above,
the case that g belongs to 2F and n = 2 is a bit more subtle. This is because g2 is non-trivial, even
though g has order 2. We have

&> () = (=1)*eWp, (5.13)

and the result of this is that ® AZ2 should be interpreted as Of (1) = 9? (r)Gf (1), rather than just
the theta series in Eq. (5.9) of Eg, when g is of class 2F.

5t
The whole set of bosonic twisted-twined partition functions ng can be recovered from the

untwisted ones B‘%’n using the analog of Eq. (5.4) for the bosonic case, namely

gn o g/ a'[—|—b
B,(v) = e(ap)B; <a - d), (5.14)

for some phases e(ap) 1= e>7%5,

We need to have some control over the phases e(«p) in Ex. (5.14). For orbifolds of holomorphic
VOAs by cyclic groups, these phases were discussed in Ref. [36]. More precisely, if V' is a simple,
rational, C;-cofinite, self-contragredient vertex operator algebra and g is an automorphism of V' of
order N then the phases are governed by a 2-cocycle representing a class in H>(Zy, Zy) = Zy.
According to Proposition 5.10 of Ref. [36], the cohomology class depends on 2N?p; mod N, where
p1 is the conformal weight of the irreducible g-twisted V'-modules V' (g). Different cocycles in the
same class correspond to different choices for the action of (g) on the twisted sectors.

It turns out that, upon combining the fermions and bosons into the full twisted twined partition
functions gZié,f = gF 5: Bgﬁ, the phases e(ap) always cancel against the analogous phases for the
fermionic contribution, so that the phases e(«) in Eq. (5.4) are trivial.

For example, when ¢/, {g # 1, where n = ged(k, £), one obtains

! N R R 20 SRy S ey E n(z)*
BS (1) = (¢2 — ¢ 2 2,72 (@7 +apk , 5.15
p@ = =6 ) G =G ) 03 (t,ar (kT + £)07 (r,ar(kT + 0)) G139
where 0 < &z, &g < 1/2, so that, combining the fermions and bosons, we obtain

ARt b b s 5203t an kT + 0)03(r arkT +0)

iZy =0 =6 ) (G &) 5 2 >

g 07 (z,ap(kt + £))07 (v, ar(kt + £))

P _ 4 b 520 (an(kt + 0)67(z,ar(kT + £))

aZs =7 =) (R — &) 3 2 ’

g 07 (t,ar(kt + £))0; (t,ar(kt + £))

5 no _ngyon 0 502(n,ap (kT + £)02(t, ar(kT + £))
225 = -6 ) (G -2 2 2 . (5.16)

g 07 (t,ar(kt 4+ £)0; (t,ar(kt 4 £))
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Using the modular properties of Jacobi theta functions, it is easy to verify that Eq. (5.4) holds with
pe given by Eq. (5.3) with ¢ = 12 and with trivial phases e(«). An analogous result holds when
¢/ =1lor¢g =1,n = ged(k, £), although the formulae in Eq. (5.16) are not valid in this case.
Combining the above, we may verify case by case that Z; o (t) = Z (Vf '8; 7) whenever the g-
orbifold of the four-torus sigma model is again a four-torus sigma model, and Z;_1,(7) = Z V58 1)
whenever the g-orbifold of the four-torus sigma model is a K3 sigma model, which is what we were
required to show. (]

6. Reflection

The procedure of reflection on a non-chiral theory entails mapping all right-movers to left-movers,
resulting in a holomorphic theory that may or may not be consistent. In Ref. [24] such a procedure
was used to show that the K3 sigma model with Zg : Mpg symmetry can be consistently reflected to
give the Conway moonshine module VOSA V'*%. Moreover, the necessary and sufficient conditions
that allow for reflection in a general theory were studied in detail.

In this section we demonstrate that a similar reflection relation holds between a specific four-torus
sigma model and the VOSA Vj;g . In other words, we verify that Property ((3)) of VOSA/sigma model
correspondences holds for Vgs and four-torus sigma models. To formulate this result precisely we first
note that, according to Ref. [27], there exists a unique point 1* € M(T*) such that the corresponding
sigma model =(T%; u*) has Gy = Tp4 X 3 Tra, Where T4 is the tetrahedral group. Now we may
state the main result of this section.

THEOREM 4 The image of =(T*; u*) under the reflection operation is a VOSA isomorphic to Vgg.

For the proof of Theorem 4 it will be convenient to use a quaternionic description of the relevant
lattices. Let H be the space of quaternions, and write i, j, k for the imaginary units satisfying the
usual quaternionic multiplication rule. Then ¢ € H can be written as ¢ = q1 + ¢2i + q3j + g4k,
where ¢1,92,93,94 € R. We will often denote an element ¢ € H in terms of its components
(91,92,93,94) € R*, and write q = (91,92, 93, q94). We use the following norm on H:

4
lgl* =) 4t (6.1)
i=1

and the following notation for elements of H? and H!!:

H? 3 (| q) = (1,p2,03.14 | 41,92, 93-44),
H"' 5 (p;9) := (P1,P2,P3.P4 391,92, 43, 44), (6.2)

where the corresponding norms are given by

4 4
W@l ol =) pi+a. @l =) pi—dqi. (6.3)
i=1 i=1
The following lemma details a quaternionic realization of the Eg lattice.
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LEMMA 5 The eight-dimensional lattice defined by

4

1

s = {E(a | b) |ai,bi € Z, Y by € 2Z, a; — by =a; —byjmod 2V i, € {1,2,3,4}} (6.4)
i=1

is a copy of the Eg lattice.

Proof. Recall that the Hurwitz quaternions are defined by

1 4
H={CIGHI(Q1,Q2,Q3,Q4)€Z4U<Z+§) } C H. (6.5)
Then, according to Sect. 2.6 of Ref. [37], for example, we obtain a copy of the Eg lattice in H? by
considering
AEgz{i<2|0>+i<1—i|1—i> p,qu}, (6.6)
V2 V2

where we write ¢'(p | q¢) := (¢'p | ¢'q). In this realization the 240 roots of Eg are expressed as

1
16 roots of the form —(+£2,0,0,01]0,0,0,0),

V2
1
32 roots of the form —(x1,+1,4+1,£1]0,0,0,0),
V2
1
192 roots of the form ﬁ(:tl,:tl,0,0 | £1,£1,0,0), 6.7)

where in the first line the =2 can be in any position, in the second line the four factors of =1 can be
either all at the left or all at the right, and in the last line the pair of £1 at the right can either be at
the same positions as the pair at the left or at complementary positions.

We claim that the sets defined by Eqgs. (6.6) and (6.4) are the same. For this, note that in terms of
components we have

p210)+q(1—i|l—1i)=2(p1,p2,p3,p410)
+(q1 +q2,—q1 + 92,93 — q4,93 + qa | q1 + q2, —q1 + 42,93 — q4,93 + q4), (6.8)

and it follows that Ag, C l"ffv_m. To check that Ff,gv_m C Agg, we define, for every \/iz(a | b) e T'8

W-m>
pii=a; — b, ie€{l1,2,3,4}, (6.9)
and
1 1 ,
G2i-1 = 5 (boi1 = b2i), G2 1= 5 (bai—1 + b2i), i €{1,2}. (6.10)

Then, the condition a@; — b; = a; — b; mod 2 guarantees that (p1,p2,p3,p4) € 74U (Z + %)4, and

the condition Z?:l b; € 27 guarantees that (q1,42,¢3,q4) € Z* U (Z + %)4. This completes the
proof. O
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Now we are ready to prove Theorem 4.

Proof of Theorem 4. Recall that = (T*; 1) has a simple description in terms of Fock space oscillators
and vertex operators based on the winding-momentum lattice I'y.; (1) corresponding to the point
w € M(T*). Since all right-moving oscillators are straightforwardly reflected to left-moving ones,
the only non-trivial part of the proof is to show that the reflection of the winding-momentum lattice
Iw-m(u™) is isomorphic to the Ey lattice.

At the moduli point ©* of the four-torus sigma model labelled by A p,, where the symmetry group
is given by Go = Tp4 X ¢; 724 in the notation of Ref. [27], the even unimodular winding-momentum
lattice is given in quaternionic language by

€
/2

4
Tt = (a;b)|aibi € Z, Y a; €27, a;— b =a;—bjmod 2V i,j € {1,2,3,4}}.

i=1

(6.11)
Reflecting F;‘V’f‘m amounts to changing the signature from (4, 4) to (8, 0), by sending (a; b) — (a | b)
8

for all lattice vectors. This results precisely in the lattice 'y,

which according to Lemma 5 is
simply the Ejg lattice. This completes the proof. (]

It is interesting to note that Go = 74 X ¢; 724 is the largest possible group of symmetries for 7' 4
sigma models [27]. This is similar to what happens for K3 sigma models: the VOSA V* can be
obtained by applying the reflection procedure to the K3 sigma model with the largest possible group
of symmetries [24].

Note that the left- and right-moving stress energy tensors of the 7 sigma model are mapped, under
reflection, to two vectors of conformal weight 2 whose modes generate two commuting Virasoro
algebras at central charge ¢ = 6. It is straightforward to verify that the conformal vector of Vgg is
the sum of these two.

The reflection map determines a splitting F = X @ X of the space of free fermions in %A » where
X and X are generated by the images of, respectively, the four left-moving free fermions y!, ..., y*
and the four right-moving free fermions 1/71, e, 1/74 in ©(T%; w*). The currents J)"( and J)’i( in Vés
are the images of the operators of conformal weight 1 in, respectively, the left- and the right-moving
N = 4 superconformal algebra in the 7% sigma model.

It follows that the diagonal su(2), algebra generated by the operators J )’( +J )’i(, i =1,2,3, together

with the N' = 1 superVirasoro operators in 1A ,» generate an N = 4 superconformal algebra at
¢ = 12. This is the image, under reflection, of the diagonal of the N’ = (4,4) algebra of the 7%
sigma model.

An N = 4 superconformal algebra at ¢ = 12 can be defined in a similar way for every choice of
splitting F = X @ X. Moreover, by construction, this A" = 4 algebra at ¢ = 12 is preserved by the
action of Gy.
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Table A3. Cyclic symmetry subgroups of four-torus sigma models.

Non-trivial eigenvalues Eigenvalues in py

Class p, in p, Class py (twice each) o(g) orb (Eg)P®
14 — - = = 14 1 1 1 1 1 ¢ tk>4
—14 — —_ = — —14 -1 -1 -1 -1 2 K3 rtk>4
2B — — -1 -1 2.2C e(%) e(%) e(%) e(%) 4 K3 rk>4
s e ) O o) o) o)) o) 3 K3 k>4
34— o) ) 3B o)) o) e() o) 6 K3 k>4
24 -1 -1 -1 -1 24 1 1 -1 -1 2 T* D,
—24 -1 -1 -1 -1 24 -1 -1 1 1 2 T Dy
2F -1 -1 -1 -1 2F 1 1 -1 -1 2 T At
—2E -1 -1 -1 -1 2F -1 -1 1 1 2 T At
e o) o) o)) o) 3E 1 1 o) () 3 1 8
s () o) o) o) () o) 11 3 14
SE o) o) o) o) 3E -1 -1 e() <) 6 K 4
e o)) o) o) () 3E el) o) -1 -1 6 K34
s o) () el) o) 44 11 e) <) 4 T D
o) () o) o) 41 el) o) 1 1 4 T D
cadel) o) e() e() a1 1 -1 e() o) 4 K3 D
catol) () o) ()~ el) () -1 -1 4 K3 D,
€ o) () -1 -1 8 e() o) <) () 8 K3 Ay
aCel) o) -1 o1 a1 o) o) e() () 8 K3 A
st e(l) o) () () sBC el) o)) e() o) 5 K3 o4
st ol) o) o}) () B o(}) o) o) o) 5 K3 a4
Ssa o) el) ol) o) -sBC e(d) e(d) olk) o) 10 K34
st el) e(f) o) e) —SBC o) 3) e(d) e(d) 10 K3 4
o o)) ef) -1 -1 e ol) () o) <) 6 K3 D
code(l) o) -1 -1 eBC el) o) e() () 6 K3 D
6D e(l) e() -1 -1  12BC e(i) e(d) e(3) (L) 12 K3 A4,
—6D e(3) e(3) -1 -1 —12BC" e(3) e(L) e(s) e(B) 12 K3 44
Funding

Open Access funding: SCOAP?.

Appendix A. Sigma model symmetries

In this appendix we record the cyclic symmetry subgroups of four-torus sigma models (see Table A3).
Given that G| < Og’ (2) and Gy < W1 (Eg), we need to consider the lifts of relevant classes X of
0; (2) to WT(Eg) (see Eq. (3.2)). If there are two classes in the lift, they are denoted =X . We use
the notation 2.2C to refer to the lift of the class 2C C O; (2) to Wt (Eg), which is a single class of
order 4 rather than two classes +2C. We follow Ref. [28] for the naming of the classes.

Note that the set of possible G;s is bijective to the set of subgroups of W™ (Eg) which fix an
Eg-sublattice of rank at least four, since there is always a rank-four subspace in the representation pe
in Gy. The column “non-trivial eigenvalues in p¢” records the non-trivial eigenvalues in each case.
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Correspondingly, the W (Eg) classes X in the columns “Class p.” denote the preimage of the
class X C 0; (2) under the projection 7’ of Eq. (3.2).

In Sect. 3 we learned that this is not the only way to obtain a lift of a class of 0; (2) in the context of
four-torus sigma models. In the column “Class py,” we record the preimage of the class X C 08+ 2)
under the projection 7" in Eq. (3.2). Note that “Class py,” and “Class p.” are of course related by
a triality transformation which exchanges «; and +,, and correspondingly py and pe. By Eq. (2.19),
each eigenvalue appears twice in py, and we therefore group the eight eigenvalues in four pairs (of
identical values) and record just representative eigenvalues for each of these pairs. In the notation of
Eq. (2.19), the first two eigenvalues are ¢ and ¢, !, while the last two are ¢z and ik ! The notation
+X’ is a reminder that the same W™ (Eg) class can act differently on a four-torus sigma model by
exchanging left- and right-movers.

In the last part of Table A3 we write o(g) for the order of the element in Gy (i.e. in the faithful
representation py, ), while the order in G; = Go/Z (i.e. in the unfaithful representation p.) can be
read off from the symbol of the class, since G| < O; (2). We also indicate whether the orbifold by
g is a sigma model on T* or K 3. Finally, we indicate the p.(g)-fixed sublattice of Eg if it has rank
four, in which case the symmetry g is non-geometric and appears only at a single point in the moduli
space characterized by the fixed sublattice, which we record. If the rank is larger than four then the
symmetry is geometric and it occurs in some family of models.

Appendix B. Cocycles and lifts

In this appendix we review some well-known results about the OPE of vertex operators in toroidal
sigma models and in lattice vertex operator algebras, with a particular focus on the so-called “cocycle
factors.” Some early references on the subject are Refs. [29,33] in the VOA literature and Ref. [34]
in string theory; further references include Refs. [30,35,36]. Here we adopt the language of two-
dimensional conformal field theory: the lattice VOA version of our statements can be easily derived
from the particular case of chiral CFTs.

Let us consider a (bosonic) toroidal conformal field theory, describing d chiral and d_ anti-chiral
compact free bosons, whose discrete winding-momentum (Narain) lattice is an even unimodular
lattice L of dimension d = d + d_, whose bilinear form (-, -) : L X L — Z has signature (dy,d_).
Note that such a lattice exists only when dy — d_ = 0 mod 8. If d_ = 0, then the conformal
field theory is chiral, and it can be described as a lattice vertex operator algebra based on the even
unimodular lattice L. On the opposite extreme, if d = d_ = d/2, the CFT can be interpreted
as a sigma model on a torus 7%/2. The supersymmetric versions of these models are obtained by
adjoining d™ chiral and d~ anti-chiral free fermions. The properties we are going to discuss do not
depend on whether the toroidal CFT is bosonic or supersymmetric, so we will focus on the bosonic
case for simplicity. As discussed in Sect. 2.1, for a given unimodular lattice L, there is a whole
moduli space of toroidal models based on L, whose points correspond to different decompositions
L®R = I @ Ig into a positive definite subspace 17 and a negative definite one I1g. Every vector
v € L ® R can be decomposed accordingly as v = (vz, vg). We can define positive definite scalar
products on I1; and on [Ty that are uniquely determined by the condition

(A, ) = AL - L — AR - R (B.1)
forall A\, u € L®R.
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The CFT contains the vertex operators V), (z,z), for each A € L, with OPE satisfying
Vi@ 2)Vu(w, W) = €0, 1) (2 = wYHHEE = WEIRY) Ly () 4 -+ (B.2)

where the - - - are subleading (but potentially still singular) terms. In the chiral (d— = 0) case, one
can simply set A = A and Ag = 0, and similarly with w. Here, € : L x L — U (1) must satisfy

et ) = (=DH*Me(u, 1), (B.3)
eA, )eA+ u,v) =e(d, u+v)e(u,v) (cocycle condition) (B.4)

in order for the OPE to be local and associative. Given a solution € (A, ) to these conditions, any
other solution is given by

b(M)b(w)

€A, pn) = 6(/\,M)b(A 0

(B.5)

for an arbitrary b : L — U(1). This change corresponds to a redefinition of the fields Vy: if V) (z,z)
obey the OPE in Eq. (B.2) with cocyle ¢, then the operators 7 (z,z) = b(1)V5.(z,Z) obey Eq. (B.2)
with the cocycle €. Notice that if b(A + u) = b(A)b(u) for all A,u € L (ie. if b : L — U(1)
is a homomorphism of Abelian groups) then € is unchanged, and the transformation V) (z,z) —
b(M) V) (z,z) is a symmetry of the CFT, which is part of the U( 4 group generated by the zero
modes of the currents.

One can show that € (A, ) satisfying the conditions in Egs. (B.3) and (B.4) can be chosen to take
values in {#1}. Furthermore, one can use the freedom in redefining V), to set

€0, =e,00=1 Vrel, (B.6)

so that Vy(z,z) = 1. Cocycles satisfying this condition are sometimes called normalized. Finally,
one can choose € such that?

€eA4+2v,u) =€e(A, u+2v) =€(A, 1) YA, uveL. (B.7)

If we require all these conditions, then € determines a well-defined function L/2L x L/2L — {£1}.

More formally (see, for example, Ref. [29]), the cocycle € represents a class in the cohomology
group H%(L,7Z./27), where the lattice L is simply regarded as an Abelian group. These cohomology
classes are in one-to-one correspondence with isomorphism classes of central extensions 1 —
727 — L — L — 1 of the Abelian group L by Z/27. The specific cohomology class that
is relevant for the toroidal CFT is uniquely determined by the condition in Eq. (B.3). Using this
formalism, the CFT can alternatively be defined by introducing a vertex operator V3 for each element
A € L in this central extension. Then, the OPE of V; (z,2)V;(w, w) is analogous to Eq. (B.2), with
€ (X, 1) Vi, replaced by Vi.,l (here, A- it denotes the composition law in the extension L, which is
possibly non-Abelian). Our previous description of the CFT can be recovered by choosing a section
e:L— Land defining the vertex operators Vy := V,(;) for each A € L. This leads to the OPE in

3 One further condition that is usually imposed is €(—A,A) = 1 for all A € L. With this choice the general
relation (V)" = e (x, —A)V_, simplifies as (V)" = V_,. Another common choice is € (—A, 1) = (—1)**/2. We
will not impose any of these conditions.
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Eq. (B.2), where the particular cocycle representative € depends on the choice of the section e via

e(Me(n) = €(r, we + ).
An automorphism g € O(L) can be lifted (non-uniquely) to a symmetry g of the CFT such that

gVi(z,2)) = W)V (2,2), (B.8)
where & : L — U(1) must satisfy

Eg(M)ég (1) _ €(d, 1)
E b+ e(g),g(w)

(B.9)

As shown below, &, satisfying this condition always exists, and any two such &g, ég are related by
§g (A) = p(g)&g (1), where p : L — U(1) is a homomorphism. Furthermore, one can always find &,
taking values in {1} such that

§(0) =1, (B.10)
Eg(A+2u) =85(2)  VaA,puelL (B.11)

With these conditions, &, induces a well-defined map &, : L/2L — {£1}.
A constructive proof of these statements is as follows (see Ref. [30]). Choose a basis e, ...,e;
for L. Define an algebra of operators y; = y,,, i = 1,....d, satisfying®

V=1,  yy=EDEDyy, (B.12)

and for every A = Y7 a;e; € L, set

yo=yt gl (B.13)
Then, the following properties hold:
w=1  vim=vn =Dy (B.14)
Definee : L x L — {£1} by
iVu = E()\'a M)VA—HU (B15)

and, for every g € O(L), define & : L — {£1} by

Ve = EeMVg(er) " Vaton) (B.16)

It is easy to verify that € and &, satisfy all the properties mentioned above. In particular, this choice
of &, 1s such that &g (e;) = 1 for all the basis elements e;. It is clear that y,, and therefore also € and
&g, depend on A only mod 2L.

* A slightly modified definition sets y,? = (—1)4/2. With the latter choice, one obtains €(A, —1) = (—1)**/?
forall » € L, and y, depends on A mod 4L rather than 2L. However, both € and &, are still well defined on
L/2L.
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The constraints that we imposed on &, still leave some freedom in the choice of the lift. There are
two further conditions that one might want to impose:

(A) One might require g to have the same order N = |g| < oo as g. Notice that if g is a lift ofa g
of order N, then

N (V1) = £ (gM) - (& Vi, (B.17)
so that gV = 1 if and only if
Ee(ME (W) & TG =1 Viel (B.18)
(B) Alternatively, one might want £, (A) to be trivial whenever A is g-fixed,
E.(A) =1 VelLs, (B.19)

or, equivalently,
g =V, Viels. (B.20)
Lifts satisfying this property are usually called standard lifts.

PROPOSITION 6 Every g € O(L) admits a standard lift g, i.e. such that g(V,) =V, for all . € LS.

€ (g(?x),g()u))
€t
a homomorphism L8 — {%1}, and it is trivial if and only if it is trivial on all elements of a basis of

Proof. Forall A, u € L8, one obviously has = 1. Therefore, the restriction of &, to L is
L#. By the construction described above, one can always find a lift g such that &, is trivial for all the
elements of a given basis of L. Choose a basis of L8 since L8 is primitive in L, this can be completed
to a basis of L. By choosing &, to be trivial on the elements of this basis, we obtain a lift g satisfying
condition (B). O

Standard lifts are not unique, but they are all conjugate to each other within the symmetry group
of the CFT, as the following proposition shows. (The following two propositions are proved in
Ref. [36].)

PROPOSITION 7 Let g € O(L) and g, &' be two lifis of g with associated functions &g, &, : L — {£1}.
Suppose &; = Eg/ on the fixed-point sublattice L8. Then g and g’ are conjugate in the group of
symmetries of the CF'T.

Since the order and the twined genus of a lift ¢ depends only on its conjugacy class within the group
of symmetries, this proposition then tells us that these quantities only depend on the restriction of &,
on the fixed sublattice L. In particular, when g fixes no sublattice of L, all its lifts g are conjugate
to each other.

The following result gives, for the standard lifts (i.e. for & = 1 on Lf), the order of g and the

action of every power g on the corresponding g¥-fixed sublattice L& g
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PROPOSITION 8 Let g € O(L) and g be a standard lift (i.e. £,(\) = 1 for all A € L8). Then:

(i) If g has odd order N, then g5(V,) = Vi _for all € 18" In particular, g has order N.
(ii) If g has even order N, then for all A € Lgk,

Vs for k odd,

ke
g =
(—1)()"gk/20‘)) V. fork even.

(B.21)

In particular. & has order N if (A, gN 12())) is even forall & € L and order 2N otherwise.

For practical applications of this proposition it is important to have an easy way to determine if
(A, gN /2(1)) is even for all A € L. Consider g of order 2 (these are the important cases, since gN /2
is always of order 2). One has

1 5 1+g  \°
(h,g() = SO +g()* = 2(7()‘)) mod 2. (B.22)

Since # is the projector onto the g-invariant subspace L8 @ R of L ® R, by self-duality of L,
one has 1JrTg(L) = (L8)*. Therefore, the existence of A € L with (A, g(1)) odd is equivalent to the

existence of v € (L%)* with half-integral square norm v?

€ % + Z. This condition is quite easy to
check, once the lattice L& is known. When the fixed sublattice L8 is positive definite, the order of
the standard lift can also be related to properties of the lattice theta series 67¢(7) = ), /¢ qxz/ 2,
This is well known to be a modular form of weight /2, where r is the rank of L8, for a congruence
subgroup of SLy(Z). Its S-transform 672 (—1/7) is proportional to the theta series 6(z¢)«(t) of the

dual lattice (L8)*. If (L&)* contains a vector v with half-integral square norm V2 e % + 7Z, then the
2

g-series of Oze)(1) = ZVG(Lg)* qu contains some powers ¢” with n € %Z. As a consequence,
the standard lift of g of order 2 has order 2 if and only if the theta series 8;¢(7) is a modular form
for a subgroup of level 2, while it has order 4 if it is only modular under a subgroup of SL,(Z)
of level 4.

When g has even order N and its standard lift g has order 2V, it is sometimes convenient to choose
a non-standard lift g with the same order N as g. The next proposition shows that for N = 2 such a
lift always exists.

PROPOSITION 9 Let g € O(L) have order 2, then there is a lift & of g of order 2.

Proof. Letg’ be astandard lift of g. If (A, g(1)) is even for all A € L, then by the previous proposition
&’ has order 2 and we can just set ¢ = g’. Suppose that (1,g(%)) is odd for some A € L. One has

Otg(h)? (r+g(h)?

(=H*8W) = (—1)" 2 ,andthemap A+g(A) — (—1)" 2 — isahomomorphism (1 +g)L —

Otg())?

{£1}. Thus, there is w € ((1 + g)L)* such that (—1)" 2~ = (—1)""*+&®) for all A € L. Notice
that (1 + g)L C L&, so that (L8)* C ((1 + g)L)*. On the other hand, it is easy to see that w € (L8)*,
i.e. that (v,w) € Z for all v € L8. Indeed, if v € L&, then either v € (1 + g)L (in which case,
(v,w) € Z is obvious) or 2v € (1 + g)L (because 2v = v + g(v) for v € L8). In the latter case one

has (—1)@W) = (—1)(2%) = 1, so that (2v, w) must be even, and therefore (v,w) € Z. Finally,
by self-duality of L, for every w € (L8)* there always exist w € L such that (w,v) = (w,v) for all
v € L8. In particular, (—1)WA+g) = (—1)*8M) for all A € L. Then, we can define the lift g
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by &(1) = éé()»)(—l)(w’k), where éé’, is the function corresponding to a standard lift. Thus, for all
AEL,

€(2,g(A)
€(g(h), 1)
= 5L+ g (=) PHHED ()t = (B.23)

22 () = E(ME (Ui = £+ (W) ==V},

where we used the condition in Eq. (B.9), and the fact that Sé, A+g) =1,sincer +gr) € L8
and g’ is a standard lift. We conclude that g has order 2. d

B.1. Applications

Letus now apply the results described in the previous section to the cases we are interested in, namely
the sigma model on 7% and the SVOA based on the Eg lattice. As explained in the article, there is
a correspondence between automorphisms g of the lattice I'** lifting to symmetries that preserve
the N' = (4,4) superconformal algebra, and certain automorphisms of the lattice £g. One needs
to choose a lift of these lattice automorphisms to symmetries of the corresponding conformal field
theory or SVOA. As explained above, a lift is determined, up to conjugation by CFT symmetries, by
the restriction of the function &, to the g-fixed sublattice. The most obvious choice is to consider the
standard lift both for the sigma model and for the SVOA, so that &, is trivial on the fixed sublattices. In
general, the order of the standard lift is either the same or twice the order of the lattice automorphism.
Therefore, it is not obvious a priori that the standard lifts in the sigma model and in the SVOA have
the same order; we will show now that this is always true in the present case.

Let g be an automorphism of the lattice '**. We denote any such automorphism by the class of
Py as in Table A3. Using Propositions 7 and 8, the orders of the standard lifts are as follows.

Classes of odd order N (14, 3BC, 3E, 3E’, 5BC, 5BC"): Since N is odd, the standard lift also has
order N. This conclusion also holds for the lift of the corresponding automorphisms of the Eg
lattice.

Class —14: An automorphism g in this class flips the sign of all vectors in ['**. Therefore, it acts
trivially on 4 / 2I'**, 50 that one can set Es(A) = 1 forall A € '*#, and this lift obviously has
order 2. Since g fixes no sublattice, any other lift of g is conjugate to the lift above and has order 2.

This also implies that any lift  of a lattice automorphism g of even order N, and such that g"V/?

is in class —14, has order N. Indeed, §"/? is a lift of a symmetry in class —14, so that it must
have order 2. This argument applies to all g in the classes 2.2C, —3BC, —3E, —3E’, 84, —84,
—5BC, —5BC’, 12BC, —12BC’. Analogous reasoning holds for the automorphism of the lattice
Eg corresponding to class — 14, which flips the sign of all vectors in £g. This automorphism has
no fixed sublattice and acts trivially on Eg/2Eg, so that one can take &, to be trivial. The same
reasoning as for the sigma model case shows that all lifts of this symmetry are conjugate to each
other and have order N = 2. More generally, all automorphisms of £3 in the classes 2.2C, —3BC,
—3E, —3E’, 84, —84, —5BC, —5BC’, 12BC, —12BC(’ lift to symmetries of the SVOA of the
same order.

Classes 24 and 24’: The fixed sublattice is isomorphic to the root lattice Dy, and its dual Dj is an
integral lattice. In particular, D} contains no vector of half-integral square norm, and therefore
the standard lift has order 2. Furthermore, for any g of even order N such that g¥/2 is in class 24

or 24, one has that (X, gN /2(3)) is even for all A, so that a standard lift has the same order N.

This applies to all g in the classes 44, 44', —4A4, —4A4’, 6BC, 6BC’. For automorphisms of the Eg
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lattice in classes 24 and 24, the fixed sublattice is also isomorphic to Dy, so the standard lift has
the same order N = 2. The same reasoning holds for the standard lifts of automorphisms in the
classes 44, 44', —4A4, —44', 6BC, 6BC’.

Classes 2E and 2E’: The fixed sublattice is A‘l‘, and its dual (A‘l‘)* contains vectors of square length
1/2. Thus, the standard lift has order 2N = 4. The corresponding automorphism of the Eg lattice
also fixes a sublattice isomorphic to A%, so its standard lift has order 4.

The conclusion of this analysis is that, both for toroidal sigma models and for the £35 SVOA, the
only case where the standard lift has twice the order of the corresponding lattice automorphism is
for the class 2F.

If g is in class 2F, the twined genus for the standard lift (which has order 4) involves the theta
series of the A‘l‘ lattice,

©,44(7) = 63 2n)*. (B.24)

This theta series (and the corresponding twined genus) is a modular form of level 4. This is consistent
with the analysis above.

One canalso focus on a (non-standard) lift of order 2, with £, (1) = (— 1))‘2 /2 forall A € (14g)I'4,
For any g of order 2, one has (1 + g)F4’4 = 2((I'*"%)*; in particular, for g in class 2E or 2E’, one
has (T44)¢ = 4%, so that (1 +g)I'** = 2(4H)* = 4} = I'¢. For this lift, the twining genus involves
the theta series with characteristics

3272, \A2)2 1 4 4
O 436, (1) = Z4q G =®A§(r+§) =632t + D* = 6,20)", (B.25)
AEA]

which is modular (with multipliers) for ['g(2) (its S-transform is proportional to 64(t /2)*). As for the
Eg SVOA, since the sublattice fixed by the automorphism is also isomorphic to 44, one can choose
an analogous (non-standard) lift with the same &, on the fixed sublattice, which is also of order 2.

For a general class, it is difficult to define a reasonable correspondence between non-standard lifts
in the sigma model and the £F3 SVOA, since the fixed sublattices are, in general, not isomorphic.

Appendix C. The K3 case revisited

In Ref. [19] it was shown that the Conway group action on 7*% may be used to recover many of the
weak Jacobi forms that arise as twined elliptic genera of K3 sigma models. It was also conjectured
that all twined K3 elliptic genera arise in this way, but the analysis of Ref. [20] subsequently showed
that there are four exceptions. In Sect. C.1 we explain how all but one of these exceptional cases may
be recovered if we allow non-supersymmetry-preserving automorphisms of ¥*, and the remaining
one too if we allow linear combinations of supersymmetry-preserving automorphisms of ¥*% with
higher than expected order.

VOSAs V7% and V*% are studied in Refs. [22] and [19,23], respectively, in connection with moon-
shine for the Conway group. In Sect. C.2 we briefly review the relationship between these objects,
and explain a sense in which the Conway group Coyg, see Eq. (C.3), arises naturally as a group of auto-
morphisms of the latter. Specifically, we introduce the notion of Ramond (sector) A = 1 structure,
show that 5% admits such a structure, and demonstrate that Coy is the full group of automorphisms
of this structure. We also explain why /7% and 7*? are the same as far as twinings of the K3 elliptic
genus are concerned.
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C.1. Twined elliptic genera

We begin by reviewing the exceptional forms identified in Ref. [20]. Three of them actually arise in
Mathieu moonshine, as the weak Jacobi forms associated to the conjugacy classes 3B, 4C, and 68 of
M>4. (As before, we adopt the notation of Ref. [28] for conjugacy classes.) According to Ref. [38],
for example, these forms are given respectively by

6
Z33(7,2) = 2:((3?)2 $-2,1(7,2),
4 2 2
Z4|4(T,Z) = 2%¢—2,1(T72)9
2 2 2 3 2
Zgo(z,2) = 210 "n((gr))z"( V(2. (C.1)

where ¢p_» 1 = —91277_6 is the unique weak Jacobi form of weight —2 and index 1 for SL,(Z) such

that _51(7,z) =y~ — 2+ + O(q) for ¢ = €*™* and y = *" . The subscripts n|4 in Eq. (C.1)
encode the characters (i.e. multiplier systems) of the respective forms; see Egs. (1.9) and (3.8) of
Ref. [38], for example, for the details of this. We denote the remaining exceptional form Zg4. It is
given explicitly by

n(27)*n4r)?
n(81)?

Next, we recall that in Sect. 9 of Ref. [19] a holomorphic function ¢¢(7,z): H x C — Cis
associated to each element g of the Conway group

Zgja(t,2z) =2 $-21(7,2). (C.2)

Cop := Aut(A) (C.3)

such that the space of g-fixed points in A ®7 C ~ C?* is at least four-dimensional. In Eq. (C.3)
we write A for the Leech lattice (cf., e.g., Refs. [28,37]). Now the full automorphism group of the
VOSA structure on V*% is a Z, quotient of the Lie group Spin,,(C), and we observe here that the
construction of Ref. [19] works equally well for any element of Spin,, (C) whose image in SO24(C)
fixes a 4-space in A ®z C. For example, consider an orthogonal transformation x € SO4(C) with
Frame shape 77, = 28.42 (so that the characteristic polynomial of x is (1 — x2)8(1 — x*)?). Then we
have C_; = D, = 0 in the notation of Ref. [19], and a computation reveals that ¢ = Z44. Similarly,
we recover Zg|g and Zgj4 by taking m, to be 26.6% and 2%.82, respectively.

The Frame shapes 28.42, 26.62, and 2*.82 are not represented by elements of the Conway group,
and the Conway group is distinguished in that it arises as the stabilizer of any N/ = 1 structure on
V51 (cf. Sect. C.2), so such symmetries of ¥*9 do not preserve supersymmetry; it is notable, however,
that we can recover three of the four exceptional twined K3 elliptic genera by allowing these more
general twinings on the VOSA side.

Another interesting coincidence is the fact that Z44 = ¢, for g € Cog with Frame shape 7, =
24474 8% (For this we take Dy = 16 in the notation of Ref. [19].) The surprising part is that g has
order 8, rather than 4. We have not found a way to recover the last remaining form, Z33, directly
from an element of Spin,,(C), but we have

1

2
Z3;3 = 2¢g — 3% — 3% (C4)

29/32

1202 1990100 6Z UO oSN WepIs)sWy UBA JISHSISAIUN Aq 2£0£6£9/20 1 880/8/1202/2101e/de)d/woo dno-oiwepeoe)/:sdiy woly pepeojumoq



PTEP 2021, 08B102 V. Anagiannis et al.

for g € Cog with Frame shape 7, = 13.372.93 (take D, = 9 for the computation of ¢, here), which
may be regarded as an analog.

C.2. Conway modules

Both Refs. [22] and [23] are concerned with moonshine for the Conway group, but the former
focusses on V7%, whereas the latter puts a spotlight on V5%, As explained in Ref. [23], these two
objects are isomorphic as VOSAs, but inequivalent as representations of Cog. Indeed, the action of
Cop on V57 is faithful, whereas the action of Cog on ¥/? factors through its center to the (sporadic)
simple group Coj := Cog/(3) (cf., e.g., Ref. [28]). Here, 3 denotes the unique non-trivial central
element of Cog, which is realized by —/ as an automorphism of A (cf. Eq. (C.3)).

To make our discussion explicit and concrete, let 4 denote the VOSA of 24 free fermions, and
let Ay be an irreducible canonically twisted module for 4. Then A := 4 @ Ay admits a structure
(A,Y,w,v) of intertwining operator algebra, and the spin group Spin,,(C) is the automorphism
group of this structure. Now, according to the construction of Ref. [22] there exists a vector T € Ay
with the property thatif Y (z,z) = ), _ 1z 7,z~"~! then the operators 7, forn € %Z generate actions
of the NS and Ramond Lie superalgebras (cf., e.g., Ref. [39]) on A. Thus it is natural to consider
the subgroup of Spin,,(C) = Aut(A) that fixes 7. It follows from the results of Ref. [22] that this
fixing group is none other than the Conway group, Coy.

Now let 4 = A% @ A' and Ay, = 42, @ 4], be the eigenspace decompositions for the action of
the central element 3 € Cog on A and Ay, respectively, so that 3 acts as (—/)F on A% @ A{‘W for
k € {0, 1}. Then the intertwining operator algebra (IOA) structure on A restricts to VOSA structures
on A% @ 4%, and 4° @ 4., and the distinguished vector t lies in 4%, and generates a representation
of the NS Lie superalgebra on 4° @ 49, .

Now, as VOSAs with Cop-module structure we have V7% = 4% @ 42, and V"% = 4° @ 4}, Both
VOSAs admit (non-faithful) actions of Spin,,(C) by automorphisms, but we can naturally isolate
an action of the Conway group in the case of /% as follows. Recall that an A = 1 structure on
a VOSA V is a choice of vector in V' for which the modes of the corresponding vertex operator
generate a representation of the NS superalgebra on V. Then, according to the discussion above, t
defines an A/ = 1 structure on V/%, and Co; = Cog/(3) is the subgroup of Aut(V/7) that preserves
this structure.

How about for 77*%? Well, it is no less natural to consider the subgroup of Aut(¥*?) that fixes ,
which is precisely Cog. Since T does not belong to V*% it does not define an N = 1 structure on ¥*% in
the sense of Ref. [22], but it does belong to the canonically twisted ¥**-module th,E =A'@4),,and,
according to our discussion, the modes of suitable corresponding intertwining operators generate
representations of the NS and Ramond superalgebras on V*% @ V&E. With this in mind we make the
following definition. For ¥ a VOSA, define a Ramond sector N = 1 structure for V to be a choice of
vector T € Vi, for a canonically twisted /'-module V4, with the property that the modes attached
to T by some intertwining operator on V' @ Vi, generate representations of the NS and Ramond
superalgebras on V' @ Viy. Then we have shown that T defines a Ramond sector N = 1 structure for
V5%, and Coy arises as the automorphism group of this structure.

Finally, we comment on the question of what happens when we take V7% in place of V'*! in the
setup of Ref. [19]. The question makes sense because the construction of Sect. 9 of Ref. [19] applies
equally well to /% as it does to V%, but actually there is no difference in the Jacobi forms that
one obtains. This is because if G is any subgroup of Cop = Aut(A), or the orthogonal group
SO(A ®7 C) = SO»4(C) for that matter, that fixes a vector in A ®7 R, then it fixes an orthonormal
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vector v in the space A ®z C, which is naturally identified with A} /2 Now the zero mode v(0) of the

associated vertex operator A ® Awy — Atw((z%)) defines an isomorphism of G-modules A% — Atlw,

tw

since G fixes v by assumption. So V{;ﬂ =A'@ 4}, and thf, = A' @ 4, are the same as G-modules,

and so the twinings of the K3 elliptic genus that we can recover from V{;E and thf, coincide.
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