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Chapter 2

Static and time-resolved optical interactions

Introduction to Nonlinear Interactions
Nonlinear optics encompasses all phenomena for which the response of a material system to an applied
optical electric field depends nonlinearly on the strength of the applied field. Linear optical phenomena (like
reflection, refraction, absorption) occur when the applied electric field is relatively weak (~103 V/cm) and the
material response varies linearly with the strength of the applied field. Nonlinear effects occur when the
applied electric field is of an order comparable to the electric field in matter (which is around 109 V/cm). Such
intense fields can be generated using powerful pulsed lasers, and can cause nonlinear effects like intensitydependent refractive index leading to the Kerr effect, generation of light beams of another frequency, like
Sum Frequency Generation (SFG), Difference Frequency Generation (DFG), third harmonics; and other
effects like stimulated Raman scattering, two-photon absorption, self-phase modulation, etc. Nonlinear
optical effects were discovered in 196120 upon demonstration of Second Harmonic Generation (SHG) in a
nonlinear crystal using a ruby laser, soon after the ruby maser21 was invented in 1960.
The equation for the propagation of a light wave can be derived from Maxwell’s equations, considering a
non-magnetic medium with no free charges and no free currents, and is represented as:
𝛻2Ẽ +

𝜖 (1) 𝜕 2 Ẽ
1 𝜕2𝑃
= −
𝑐 2 𝜕𝑡 2
𝜖0 𝑐 2 𝜕𝑡 2

Eq. 2.1

where 𝜖0 is the electric permittivity in vacuum, 𝜖 (1) is the relative permittivity, c is the speed of light, Ẽ is a
time-varying electric field, and 𝑃 is the polarization. A neat derivation to Equation 1 can be found here22. The
equation is an inhomogeneous differential equation, with the polarization acting as a source term: the
polarization can serve as an appropriate representative quantity for the induced electric field in the medium.
Polarization in a medium upon interaction with an external field must obey causality; it is not induced
instantaneously. Hence, the more general form as a function of time is:
𝑡

𝑃(𝑡) = 𝜖0 ∫ 𝜒𝑒 (𝑡 − 𝑡 ′ )𝐸(𝑡 ′ )𝑑𝑡 ′
−∞

Eq. 2.2
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which says that the polarization is a convolution of the electric field at previous times with the timedependent susceptibility given by 𝜒𝑒 (∆t). A Fourier Transform of the above function gives a more convenient
frequency-dependent function:
𝑃 = 𝜖0 𝜒𝑒 (𝜔)𝐸(𝜔)

Eq. 2.3

where 𝜒𝑒 is the linear electric susceptibility. Eq. 3 holds true when the light entering a medium has a low
intensity.
When the electric field E of the incident light increases, the polarization of the medium is no longer linearlydependent, but is instead expanded in a power series. Writing E = E1cosωt, the induced Polarization becomes:
𝑃 = 𝜖0 (𝜒 (1) (𝐸1 cos 𝜔𝑡) + 𝜒 (2) (𝐸1 cos 𝜔𝑡)2 + 𝜒 (3) (𝐸1 cos 𝜔𝑡)3 + ⋯ )

Eq. 2.4

which can be written as:

𝑃 = 𝜖0

𝜒 (1) 𝐸1 cos 𝜔𝑡 +
(

𝜒 (2) 2
𝐸 (1 + cos 2𝜔𝑡) +
2 1

𝜒 (3) 3
𝐸 (3 cos 𝜔𝑡 + cos 3𝜔𝑡) + ⋯
4 1

)

Eq. 2.5

where 𝜒 (1), 𝜒 (2), 𝜒 (3) are the first, second, and third – order susceptibilities, which are associated with the
linear, second, and third – harmonic responses of the polarization. Equation 2.5 states that an intense
external electric field upon interaction with a medium causes an induced polarization in the medium, which
then emits light at twice (Second Harmonic Generation), thrice (Third Harmonic Generation), etc. the
frequency of the incident field E1. The susceptibility is a complex quantity containing optical information of
the dielectric material. The real part of the susceptibility is associated with the refractive index, and the
imaginary part to the absorption coefficient. It is easier to directly measure the absorption properties of a
material and hence the imaginary part of the susceptibility. The real part is usually indirectly inferred using
the Kramer-Kronig relations. It can be measured directly using phase-sensitive measurements utilizing a local
oscillator of known phase as a reference.
The susceptibility is a tensor because the electrons in a material, when an electric field is applied, experience
a restoring force in the direction of the field, and also additional forces from the neighbouring molecules.
Hence, Equation 4 should ideally be written incorporating forces in x, y and z directions in the Cartesian
coordinate system:
(1)

(2)

(3)

𝑃𝑖 = 𝜒𝑖𝑗 𝐸𝑗 + 𝜒𝑖𝑗𝑘 𝐸𝑗 𝐸𝑘 + 𝜒𝑖𝑗𝑘𝑙 𝐸𝑗 𝐸𝑘 𝐸𝑙 + ⋯

Eq. 2.6

where i,j,k,l each denote the x,y,z Cartesian components; and summation should be performed for the
repeated indices.
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Second Order Nonlinear Phenomena
If the incident external field is a sum of two different oscillating fields, E1 and E2, then the total incident field
can be expressed as:
𝐸 = 𝐸1 cos 𝜔1 𝑡 + 𝐸2 cos 𝜔2 𝑡
Substituting the combined E field in the second-order term of Equation 2.5:
𝑃 2 = 𝜖0 𝜒 (2) (𝐸1 cos 𝜔1 𝑡 + 𝐸2 cos 𝜔2 𝑡)2

Eq. 2.7

which gives the following four terms:
𝐸12
2
𝐸1 cos 2𝜔1 𝑡

+ 𝐸22 ;
+ 𝐸22 cos 2𝜔2 𝑡 ;
𝐸1 𝐸2 cos(𝜔1 − 𝜔2 )𝑡
;
2
𝐸1 𝐸2 cos(𝜔1 + 𝜔2 )𝑡
2

Eq. 2.8

The first term depicts the generation of a static DC field, the second terms depicts the SHG, the third and
fourth terms depict the DFG and SFG effects, respectively.

Nonlinear optical media and Phase-Matching
The generation of these nonlinear fields requires an effective medium. This can be elaborated by considering
the incoming laser beam to be a monochromatic plane wave at frequency ω 1 and with a wave vector k1,
hence having an electric field 𝐸(𝑟, 𝑡) = 𝐸0 cos(𝑘1 𝑟 − 𝜔1 𝑡), and inducing a second-order polarization at the
modulated frequency 2𝜔1 or 𝜔1 + 𝜔2. The macroscopic second-harmonic wave produces a large intensity
only when the phase-velocities of the incoming waves and the outgoing wave are synchronized. The phase
velocity in a medium is characterized by the index of refraction n(ω):
𝑣𝑝ℎ =

𝜔
𝑐
=
𝑘 𝑛(𝜔)

The phase-matching condition is fulfilled when:
𝑘3 (𝜔3 ) = 𝑘1 (𝜔1 ) + 𝑘2 (𝜔2 )
or
∆𝑘 = 𝑘3 (𝜔3 ) − 𝑘1 (𝜔1 ) − 𝑘2 (𝜔2 ) = 0
Since the wave vector k is related to photon momentum 𝑝 =

ℎ
2𝜋

Eq. 2.9

𝑘, the condition simply states that the law

of conservation of momentum is obeyed when three photons participate in the process of frequency mixing.
When all the beams are collinear, the condition can be replaced by:
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𝑛3 𝜔3 = 𝑛1 𝜔1 + 𝑛2 𝜔2

Eq. 2.10

For the SHG process, 𝜔1 = 𝜔2 , and 𝜔3 = 2𝜔1 , hence Equation 2.10 takes the form 𝑛(2𝜔1 ) = 𝑛(𝜔1 ). This
would imply that SHG may only be efficiently generated when the index of refraction at 2𝜔1 equals that at
𝜔1. This is typically not possible because dispersion dictates that waves of different wavelengths do not
experience the same indices of refraction.

Figure 2.1: Phase-matching direction in a negative uniaxial crystal; 𝑛1 is refractive index of the fundamental, and 𝑛2 of the
second harmonic.

However, birefringent crystals are often used to make the condition hold true, utilizing their orientation- and
polarization-dependent refractive indices. Many anisotropic crystals that have an optical axis (including
calcite, quartz, ice, etc.) are birefringent, meaning that the light beam undergoing refraction divides into two
rays: the ordinary and the extraordinary ray, both of them being linearly polarized in planes perpendicular to
each other. The ordinary beam is polarized orthogonal to the optical axis of the material, and propagates
along the same direction, regardless of crystal orientation. The extraordinary beam, however, propagates at
a different velocity as it takes a different propagation upon crystal rotation, depending on the angle between
the polarization direction to the optical axis of the material. Thus for the ordinary beam, the index of
refraction no is independent of the direction of propagation (θ), in contrast to the extraordinary index of
refraction ne, whose value changes from the maximum equal to no, and minimum when the direction of beam
propagation is perpendicular to the optical axis23. The following equation describes the dependency of ne on
the angle θ which the beam propagation makes with the optical axis z:
𝑛𝑒 (𝜃) =

𝑛𝑜 𝑛𝑒
[(𝑛𝑜 )2 𝑠𝑖𝑛2 𝜃

1⁄ .
2

+ (𝑛𝑒 )2 𝑐𝑜𝑠 2 𝜃]

Eq. 2.11

Static and time-resolved optical interactions

23

Figure 2.1 shows the cross sections of the refractive indices for the fundamental and second harmonic in a
negative uniaxial crystal. There are certain directions of propagation in the crystal where the fundamental
and second harmonic have the same refractive index, along θm. Propagation of the laser beam along this
direction hence leads to the fulfillment of the phase-matching condition.

Centro-symmetry effects
Second-order nonlinear effects, by theory, only occur in non-centrosymmetric media. The following is the
proof for the statement24. In a centrosymmetric media, forces are balanced in all directions, and the value of
(2)
𝜒𝑖𝑗𝑘 for two opposing directions must be equal, that is:
(2)

(2)

𝜒𝑖𝑗𝑘 = 𝜒−𝑖−𝑗−𝑘

Eq. 2.12

(2)

However, as 𝜒𝑖𝑗𝑘 is a third-rank tensor, changing signs of the three subscripts must lead to reversing the axis
system. Therefore,
(2)

(2)

𝜒𝑖𝑗𝑘 = −𝜒−𝑖−𝑗−𝑘

Eq. 2.13
(2)

Equations 2.12 and 2.13 can both together only hold true when 𝜒𝑖𝑗𝑘 = 0. Hence, second-order effects are
forbidden in centrosymmetric media. However, at an interface, the bulk-like behaviour terminates and
therefore surfaces are second-order active. Hence, planar isotropic surfaces, symmetric about the surface
normal, having a C∞ rotation axis (shown in figure 2.2), are good candidates for second-order nonlinear
effects.

Figure 2.2: A planar surface symmetric about the surface normal
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From this symmetry, z ≠ -z, but x ≡ -x and y ≡ -y. Reversal of an axis would imply a negative sign on 𝜒 (2)
according to Equation 2.13. Hence, the symmetry conditions for the C∞ plane along with application of
Equation 2.13 leaves only zzz and quadratic x or y terms from the 27 tensor elements of 𝜒 (2) being non-zero.
Such terms are mentioned below:
(2)

(2)

(2)

(2)

(2)

(2)

(2)

𝜒𝑧𝑥𝑥 = 𝜒𝑧𝑦𝑦 ; 𝜒𝑥𝑥𝑧 = 𝜒𝑦𝑦𝑧 ; 𝜒𝑥𝑧𝑥 = 𝜒𝑦𝑧𝑦 ; 𝜒𝑧𝑧𝑧

Basic principle of Sum Frequency Generation, influence of
Fresnel factors
SFG is a second-order process, and, therefore, surface-specific, as discussed in the previous section. Since
work in this thesis focuses on SFG, a more detailed theoretical framework on it is presented.
A general equation of the SFG process can be represented as:
𝑃 (2) = 𝜖0 𝜒 (2)𝐸𝑉𝑖𝑠 𝐸𝐼𝑅

Eq. 2.14

where the two beams of different, infrared (IR) and visible (Vis), frequencies overlap on the sample in space
and in time to generate a subsequent SFG beam. The IR beam is broadband, can be tuned and is overlapped
in the resonant-frequency range of the sample; the visible beam is narrow in frequency, kept fixed and used
for upconversion of the IR absorption signal to get an outgoing SFG beam in the near-visible frequency range.
The addition of the visible beam hence makes the signal second-order and hence surface-specific, and also
makes signal detection easy. The angle of the SFG beam to the surface normal follows the phase-matching
condition.

Figure 2.3: Illustration depicting SFG generation from incident Vis and IR beams; also showing parallel and perpendicular
electric field coordinates.
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Eq. 2.14 is a rather simplified version of the overall SFG phenomenon. The presence of 𝜒 (2), which is a thirdrank tensor, implies 27 different directions have to be considered. This can be represented by utilizing
Cartesian coordinates for the induced polarization, and both the incident fields, which brings us to the
following equation:
𝑥,𝑦,𝑧
(2)

𝑥,𝑦,𝑧 𝑥,𝑦,𝑧 𝑥,𝑦,𝑧
(2)

(2)

𝑃𝑆𝐹 = ∑ 𝑃𝑖,𝑆𝐹 = 𝜖0 ∑ ∑ ∑ 𝜒𝑖𝑗𝑘 𝐸𝑗,𝑉𝑖𝑠 𝐸𝑘,𝐼𝑅
𝑖

𝑖

𝑗

𝑘

Eq. 2.15

For example, a polarization induced in the x direction by the E fields in the x and z axes, can be represented
by:
(2)

(2)

𝑃𝑥,𝑆𝐹 = 𝜖0 𝜒𝑥,𝑥,𝑧 𝐸𝑥,𝑉𝑖𝑠 𝐸𝑧,𝐼𝑅

Eq. 2.16

Which accounts only for 1/27th of the total contributions of the SF signal from the surface given by Equation
15.
From figure 2.3, s (perpendicular to the z-x plane) and p (parallel to the z-x plane) polarizations of an incident
electric field can be split into the Cartesian components by general trigonometric relations:
𝐸𝑥𝐼 = ±𝐸𝑝𝐼 cos 𝜃𝐼 ; 𝐸𝑦𝐼 = 𝐸𝑠𝐼 ; 𝐸𝑧𝐼 = 𝐸𝑝𝐼 sin 𝜃𝐼
Under the electric dipole approximation, the nonlinear polarization generated in media 1 and 2 with
refractive indices n1 and n2 must vanish due to inversion symmetry, and the sum frequency intensity in the
reflected direction from the interfacial polarization sheet is given by25:
𝐼(𝜔) =

2
8𝜋 3 𝜔𝑆𝐹𝐺
𝑠𝑒𝑐2 𝛽𝑆𝐹𝐺
(2) 2
|𝜒 | 𝐼(𝜔𝑉𝑖𝑠 )𝐼(𝜔𝐼𝑅 )
𝑐 3 𝑛1 (𝜔𝑆𝐹𝐺 )𝑛1 (𝜔𝑉𝑖𝑠 )𝑛1 (𝜔𝐼𝑅 ) 𝑒𝑓𝑓

Eq. 2.17
where ni is the refractive index of medium i, 𝛽𝑆𝐹𝐺 is the reflection angle of the SF field.
The local electric field is determined by the Fresnel coefficients which take into account the frequencydependent refractive indices of the interfacial and bulk media. As mentioned above, assuming an azimuthal
isotropic interfacial geometry, only 4 out of 27 independent, non-vanishing 𝛘(2) tensor components remain.
(2)
(2)
If z is along the interface normal, and x in the incidence plane, these tensor components are: χ𝑥𝑥𝑧 =χ𝑦𝑦𝑧 ,
(2)

(2)

(2)

(2)

(2)

χ𝑥𝑧𝑥 =χ𝑦𝑧𝑦 , χ𝑧𝑥𝑥 =χ𝑧𝑦𝑦 , and χ𝑧𝑧𝑧 . For SFG measured in SSP and PPP polarization combinations, these translate
into25:
(2)

χeff,SSP = 𝐿𝑦𝑦 (𝜔𝑆𝐹𝐺 )𝐿𝑦𝑦 (𝜔𝑉𝑖𝑠 )𝐿𝑧𝑧 (𝜔𝐼𝑅 ) sin 𝛽𝐼𝑅 𝜒𝑦𝑦𝑧

Eq. 2.18

(2)

χeff,PPP = −𝐿𝑥𝑥 (𝜔𝑆𝐹𝐺 )𝐿𝑥𝑥 (𝜔𝑉𝑖𝑠 )𝐿𝑧𝑧 (𝜔𝐼𝑅 ) cos 𝛽𝑆𝐹𝐺 cos 𝛽𝑉𝑖𝑠 sin 𝛽𝐼𝑅 𝜒𝑦𝑦𝑧
−𝐿𝑥𝑥 (𝜔𝑆𝐹𝐺 )𝐿𝑧𝑧 (𝜔𝑉𝑖𝑠 )𝐿𝑥𝑥 (𝜔𝐼𝑅 ) cos 𝛽𝑆𝐹𝐺 sin 𝛽𝑉𝑖𝑠 cos 𝛽𝐼𝑅 𝜒𝑥𝑧𝑥
+𝐿𝑧𝑧 (𝜔𝑆𝐹𝐺 )𝐿𝑥𝑥 (𝜔𝑉𝑖𝑠 )𝐿𝑥𝑥 (𝜔𝐼𝑅 ) sin 𝛽𝑆𝐹𝐺 cos 𝛽𝑉𝑖𝑠 cos 𝛽𝐼𝑅 𝜒𝑧𝑥𝑥
−𝐿𝑧𝑧 (𝜔𝑆𝐹𝐺 )𝐿𝑧𝑧 (𝜔𝑉𝑖𝑠 )𝐿𝑧𝑧 (𝜔𝐼𝑅 ) sin 𝛽𝑆𝐹𝐺 sin 𝛽𝑉𝑖𝑠 sin 𝛽𝐼𝑅 𝜒𝑧𝑧𝑧

Eq. 2.19
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(2)

(2)

𝜔𝑆𝐹𝐺 , 𝜔𝑉𝑖𝑠 , and 𝜔𝐼𝑅 correspond to SFG, Visible and IR frequencies. χ𝑥𝑧𝑥 and χ𝑧𝑥𝑥 are neglected considering
their approximately equal and small magnitude, and the opposite signs of their respective equations, that is
lines 2 and 3 of equation 2.19.
𝐿𝑥𝑥 (Ω), 𝐿𝑦𝑦 (Ω), 𝐿𝑧𝑧 (Ω) are the diagonal elements of 𝐿(Ω), and are defined as:
𝐿𝑥𝑥 (𝛺) =
𝐿𝑦𝑦 (𝛺) =
𝐿𝑧𝑧 (𝛺) =

2 𝑛1 (𝛺) cos 𝛽2

;

𝑛1 (𝛺) cos 𝛽2 + 𝑛2 (𝛺) cos 𝛽
2 𝑛1 (𝛺) cos 𝛽
𝑛1 (𝛺) cos 𝛽 + 𝑛2 (𝛺) cos 𝛽2

;

2 𝑛2 (𝛺) cos 𝛽
𝑛1 (𝛺) cos 𝛽2 + 𝑛2 (𝛺) cos 𝛽

(

𝑛1 (𝛺) 2
𝑛′ (𝛺)

)

Eq. 2.20

where Ω is the corresponding SFG (𝜔), Vis (𝜔1) or IR (𝜔2 ) frequency; and 𝑛′ is the refractive index of the
𝑛2 + 𝑛2 +4

1
2
interface, often defined25 as: 𝑛′ = √ −2
2(𝑛 + 𝑛−2 +1)
1

2

𝛽 and 𝛽2 are the beam angles in medium 1 and 2.

Macroscopic Averaging
𝜒 (2) represents a macroscopic average of the molecular quantity 𝛽, the hyperpolarizability, of the molecules
at the surface. Molecular hyperpolarizabilities use a molecular-bound coordinate system, and to represent a
macroscopic 𝜒 (2), one employs Euler’s identity rules to relate the coordinate and the molecular-bound
systems.
The sum of hyperpolarizabilities of all adsorbed molecules in a given volume gives 𝜒 (2) :
(2)

𝜒𝑖𝑗𝑘 =

𝑁
∑〈𝑅(𝜓)𝑅(𝜃)𝑅(𝜑)𝛽𝛼𝛽𝛾 〉
𝜖0
𝛼𝛽𝛾

Eq. 2.21

where 𝑅(𝜓)𝑅(𝜃)𝑅(𝜑) is the product of three rotation matrices using all three Euler angles to convert from
the molecular to the surface coordinate system; the ⟨⟩ brackets indicate the orientational averages and N is
the number of molecules per unit volume.
The equation below is a general expression for 𝛽𝛼𝛽𝛾
𝛽𝛼𝛽𝛾 =

𝑀𝛼𝛽 𝐴𝛾
1
2ħ (𝜔𝜐 − 𝜔𝐼𝑅 − 𝑖𝛤)

Eq. 2.22

where 𝜔𝐼𝑅 is the tuneable IR frequency, 𝜔𝜐 is the vibrational resonance frequency, 𝛤 is the dephasing time
of the vibrational resonance. 𝑀𝛼𝛽 and 𝐴𝛾 are the Raman and IR transition moments, respectively. The above
equation lays down the selection rules of an SF-active vibration: the vibration has to be both IR and Raman
active.
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Interpretation of SFG using density matrices, and Feynman
diagrams
General introduction to eigenstates, coherences and emitted field:
Light-molecule interaction is treated semi-classically: the time-dependent electric field is treated classically,
and the vibrational states of a molecule quantum mechanically. Considering a gas-phase molecule with only
one vibrational mode, the energy of interaction between the molecule's dipole and an external electrostatic
̂ (𝑡) = 𝜇̂ 𝐸(𝑡). The total Hamiltonian then is 𝐻
̂=𝐻
̂𝑜 + 𝑊
̂ (𝑡) where 𝐻
̂ 𝑜 is the Hamiltonian
field is given by: 𝑊
̂ 𝑜 is time-independent in the absence of a laser pulse, however the coefficients
for an isolated molecule. 𝐻
themselves are time-dependent during interaction with the laser pulse, as the laser field is coupling the
molecular eigenstates. Keeping all that into account, for a two-level system with a ground state and an
excited state, two coupled equations as a solution to the time-dependent equations are obtained26:
∂
𝑖
𝑐 (𝑡) = + 𝑐0 (𝑡)𝑒 −𝑖𝜔01𝑡 ⟨1|𝜇̂ |0⟩𝐸(𝑡)
∂t 1
ℎ
∂
𝑖
𝑐 (𝑡) = + 𝑐1 (𝑡)𝑒 +𝑖𝜔01𝑡 ⟨0|𝜇̂ |1⟩𝐸(𝑡)
∂t 0
ℎ
Eq. 2.23
𝑑𝜇
where ⟨𝑛|𝜇̂ |𝑚⟩ = ⟨𝑛|𝑥̂|𝑚⟩ is defined as the transition dipole moment, having two terms, d𝜇/dx which
𝑑𝑥
gives the transition dipole strength, and the second term that gives the selection rules; x is the coordinate of
the vibrating bond. After solving the above coupled equations for a two-level system, after interaction with
the laser pulse, the molecule is in a linear combination of eigenstates of |0⟩ and |1⟩
|𝜓(𝑡)⟩ = 𝑐0 𝑒 −𝑖𝐸0 𝑡/ℎ |0⟩ + 𝑖𝑐1 𝑒 −𝐸1 𝑡/ℎ |1⟩

Eq. 2.24

where cn includes the transition dipole and other factors. This equation implies that the laser pulse creates a
coherent linear superposition of states, in other words a wavepacket. The time dependence of this
wavepacket is defined by the intrinsic time-dependence of the molecular Hamiltonian, and is known as the
molecular response, R(t). This state is equivalent to the laser pulse pulling and pushing the charges to get the
molecules vibrating27.
The macroscopic polarization P(t) is measured by detecting the emission field created by the oscillating
charges following Maxwell's equations. P(t) is calculated as the expectation value of the transition dipole27:
𝑃(𝑡) = ⟨𝜇⟩ = ⟨𝜓(𝑡)|𝜇̂ |𝜓(𝑡)⟩
= (𝑐0 𝑒 𝑖𝐸0 𝑡/ℎ ⟨0| − 𝑖𝑐1 𝑒 𝑖𝐸1 𝑡/ℎ ⟨1|)̂
𝜇 (𝑐0 𝑒 −𝑖𝐸0 𝑡/ℎ |0⟩ + 𝑖𝑐1 𝑒 −𝑖𝐸1 𝑡/ℎ |1⟩)
= 𝑐0 𝑐1 ⟨0|𝜇̂ |1⟩ sin(𝜔01 𝑡) + 𝑐02 ⟨0|𝜇̂ |0⟩ + 𝑐12 ⟨1|𝜇̂ |1⟩

Eq. 2.25

the last two terms of the equation represent the molecule’s static dipoles in its ground and first excited
states, and these being time-independent, do not contribute to the emission of the electric field. Also, the
coefficient c1 is proportional to their transition dipoles, as can be seen from equation 2.23, so P(t) becomes:
𝑃(𝑡) ≡ 𝑐0 𝑐1 𝜇01 sin(𝜔01 𝑡)
2
∝ +𝜇01
sin(𝜔01 𝑡)

Eq. 2.26
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As per Maxwell's equations, oscillating charges create an electromagnetic wave which is 90° phase-shifted
2
with respect to the macroscopic polarization26,27. Hence, P(t) = 𝜇01
sin(𝜔01 𝑡) will create and emitted electric
2
field proportional to −𝜇01
cos(𝜔01 𝑡), which is at the fundamental frequency between |0⟩ and |1⟩.

Brief introduction to density matrix formalism
For molecules in a condensed state where the vibrational frequencies of each molecule are slightly different
from one another, statistical treatment of the quantum mechanical description is required. The density
matrix provides one way of doing that. The density matrix replaces the wave function, and repackages
information from the time-dependent Schrödinger equation, enabling one to do relatively simple calculations
of the time dependence of expectation values.
Considering a 2-level system, where the laser pulse interacts only with the |0⟩ and |1⟩ quantum states, the
density matrix is defined as27:
𝜌00
𝜌 = (𝜌
10

𝜌01
⟨𝑐0 (𝑡)𝑐0∗ (𝑡)⟩ ⟨𝑐0 (𝑡)𝑐1∗ (𝑡)⟩
𝜌11 ) = (⟨𝑐1 (𝑡)𝑐0∗ (𝑡)⟩ ⟨𝑐1 (𝑡)𝑐1∗ (𝑡)⟩)

Eq. 2.27

The diagonal terms are the populations, the off-diagonal elements are the coherences and are ultimately the
source of the emitted field.
When dephasing and population relaxation are considered to be absent, the time evolution of the density
matrix elements is described as26:
𝜌00 (𝑡) = 𝑐02 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝜌11 (𝑡) = 𝑐12 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝜌01 (𝑡) = −𝑖𝑐0 𝑐1 𝑒 +𝑖𝜔01𝑡
𝜌10 (𝑡) = 𝑖𝑐0 𝑐1 𝑒 −𝑖𝜔01 𝑡

Eq. 2.28

Homogeneous dephasing is a result of the time decay of the off-diagonal elements, described27 utilizing a
homogeneous dephasing time T2:
𝜌01 (𝑡) = −𝑖𝑐0 𝑐1 𝑒 +𝑖𝜔01 𝑡 𝑒 −𝑡/𝑇2
𝜌10 (𝑡) = 𝑖𝑐0 𝑐1 𝑒 −𝑖𝜔01𝑡 𝑒 −𝑡/𝑇2

Eq. 2.29

Also, population relaxation results in the decay of 𝜌11 with a time constant T1, together with refilling of the
ground state 𝜌00.
𝜌11 (𝑡) = 𝜌11 (0) 𝑒 −𝑡/𝑇1
𝜌00 (𝑡) = 1 − 𝜌11 (𝑡)

Eq. 2.30

Homogeneous dephasing T2 and population relaxation T1 are related by:
1
1
1
=
+
𝑇2 2𝑇1 𝑇2∗
𝑇2∗ , which is the pure dephasing time is caused by the fluctuations of the environment.

Eq. 2.31
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The density matrix can also be expressed using quantum mechanical operators: ρ = |𝜓⟩⟨𝜓|. Its matrix
elements are found by expanding the wavefunction in an eigenstate basis:
|𝜓 𝑠 ⟩ = ∑𝑛 𝑐𝑛𝑠 |𝑛⟩ and for its conjugate complex: ⟨𝜓 𝑠 | = ∑𝑛 𝑐𝑛𝑠 ⟨𝑛| where s is a molecule in the system. Taking
∗ ⟩
an ensemble average over all molecules, we get: 𝜌̂𝑛𝑚 = ⟨𝑐𝑛 𝑐𝑚
|𝑛⟩⟨𝑚| which means that the matrix
∗
⟩ of the density operator are related to a coherence |𝑛⟩⟨𝑚| between states |𝑛⟩ and ⟨𝑚|. The
elements ⟨𝑐𝑛 𝑐𝑚
polarization is calculated by:
∗
⟨𝜇⟩ = ∑⟨𝑐𝑛 𝑐𝑚
⟩𝜇𝑚𝑛 = ∑ 𝜌𝑛𝑚 𝜇𝑚𝑛
𝑛𝑚

𝑛𝑚

Eq. 2.32

The right side of the equation above is called the trace of 𝜌𝜇
⟨𝜇⟩ = 𝑇𝑟(𝜌𝜇) = ⟨𝜌𝜇⟩

Eq. 2.33

Density matrix for the SFG process
To take into account the interaction of a laser pulse with a molecule, 𝜌 is multiplied by 𝜇, from both the bra
and ket sides. This procedure, upon interaction of one pulse gives:
𝜌 (1) = 𝑖(𝜇(0)𝜌(−∞) − 𝜌(−∞)𝜇(0)), where 𝜌 (1) is a first-order term in the Taylor expansion of the density
matrix.
The macroscopic polarization evolves as per the molecular response, and is obtained by taking the trace
⟨𝜇(𝑡1 )𝜌(1) ⟩ to get the linear response function or the first-order response function27:
𝑅 (1) (𝑡1 ) = 𝑖⟨𝜇(𝑡1 )𝜇(0)𝜌(−∞)⟩ − 𝑖⟨𝜌(−∞)𝜇(0)𝜇(𝑡1 )⟩ which is slightly rearranged using invariance of the
trace under cyclic permutation
𝑅 (1) is the first term of the perturbative expansion of the molecular wavefunctions to incorporate interaction
with the light field.
Depending on which side the μ acts on the density matrix, we can have different pathways to how an
interaction proceeds. When a dipole operator acts from its left side on a density matrix in its ground state,
0 1
1 0
0 0
𝑖𝜇(0)𝜌(−∞) = 𝑖 (
) (
)= (
) there is coherence generated in the (10) state. If the dipole
1 0
0 0
𝑖 0
operator however acts from its right side on the density matrix in its ground state 𝑖𝜌(−∞)𝜇(0) =
1 0
0 1
0 𝑖
𝑖(
) (
)= (
) then the coherence is generated in the (01) state.
0 0
1 0
0 0
There are two pathways to the interaction of a single laser pulse, these are called the Liouville pathways or
Feynman pathways:
(𝜌00 → 𝜌01 → 𝜌00 ) ≡ (|0⟩⟨0| → |0⟩⟨1| → |0⟩⟨0|) and
(𝜌00 → 𝜌10 → 𝜌00 ) ≡ (|0⟩⟨0| → |1⟩⟨0| → |0⟩⟨0|)
To incorporate the effect of the electric field of the external pulse in the macroscopic polarization generation
in the medium, ideally, the time-dependent Schrödinger equations should be solved for each of the
molecules comprising the system, which is not realistic. Hence, the linear response theory is used wherein it
is assumed that the laser pulse is weak. Under the linear response theory, the first-order response function
is convoluted with the laser pulse. The electric field of the laser pulse is formally described as two terms with
positive and negative frequencies. This is applied for the rotating wave approximation, wherein, upon
convolution, when 𝜇 operates on the ket (left), it is 𝐸(𝑡) that creates the coherence, and we obtain for the
∞
linear polarization: 𝑃 (1) (𝑡) = ∫0 𝑑𝑡1 𝐸(𝑡 − 𝑡1 )𝑅 (1) (𝑡1 ) where 𝐸(𝑡) ∝ 𝑒 −𝑖𝜔𝑡 ; whereas when 𝜇 operates on
∗ (𝑡)
the bra (right) side, the 𝐸
which is ∝ 𝑒 +𝑖𝜔𝑡 creates the coherence.
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Finally, the macroscopic polarization can be represented rather well and compactly with Feynman diagrams.
In the double-sided Feynman diagrams below, time runs from the bottom to the top; two vertical lines are
used to represent evolution of the bra (right) and ket (left) sides of the density matrix. Interactions with the
dipole operator at a given time are represented by arrows, and the corresponding matrix element to denote
a coherence or population state is noted between two vertical lines.
For the linear response, there are two pathways, as explained before, each pathway having two possibilities
because of interaction with the electric field with positive frequencies, 𝐸(𝑡) ∝ 𝑒 −𝑖𝜔𝑡 , or negative
frequencies, 𝐸 ∗ (𝑡) ∝ 𝑒 +𝑖𝜔𝑡 . This creates four Feynman diagrams as in Figure 2.4.

Figure 2.4: Feynman diagrams for the static SFG process

In the Feynman diagrams, 𝐸(𝑡) ∝ 𝑒 −𝑖𝜔𝑡 is depicted by an arrow pointing right, and 𝐸 ∗ (𝑡) ∝ 𝑒 +𝑖𝜔𝑡 by an
arrow pointing to the left. As explained before, figure b does not survive the RWA for the left term of the
linear response where μ acts on the ket side of the density matrix (shown by a |1⟩⟨0| coherence in figures a
and b). Similarly, figure d also dissolves under the RWA for the second terms of the first-order linear response.

Probing vibrational dynamics of interfacial systems
The following section will look into using SFG in a time-resolved manner, to capture the ultrafast dynamics
of vibrational motion of molecular systems. Optoelectronic systems used for photon detection as of yet do
not have the resolution to measure phenomena occurring at a femtosecond level. The most efficient systems
are capable of a few picoseconds, which is too slow for the field of femto-chemistry28,29. To probe dynamics
at the femtosecond timescale, a pump-probe scheme is implemented where the time resolution of the
measurement becomes independent of the resolution of the electronic devices. Some other techniques like
photon echo, or CARS, etc. are also well-developed techniques, however this thesis would focus on pumpprobe SFG spectroscopy, applied for surface-specific vibrational measurements.

Pump-Probe SFG
In a pump-probe SFG experiment, the time resolution is obtained by implementing a variable time-delay
between the pump beam – which excites the sample of interest, and the probe beam (a probe pair here –
visible and IR beams together) which probes the sample after excitation, progressively in time. The vibrational
spectra thus acquired at multiple time points after excitation by the pump, provides information on reaction
intermediates, vibrational couplings, spectral diffusion, and vibrational relaxation time constants. This

Static and time-resolved optical interactions

31

information is useful for understanding general reaction mechanisms, especially on interfaces, with
applications in atmospheric sciences, electrochemistry, biological reactions, etc.
An excitation-level diagram for the pump-probe scheme for SFG experiments is depicted in Figure 2.5, where
the pump and probe pulses cover the same frequency region. The pump pulse strikes the sample, and due
to its high intensity, causes a certain number of oscillators to be excited from the ν = 0 to ν = 1 state
(represented in lightly shaded circles). This excitation of oscillators requires two interactions with the
electromagnetic field: the first interaction with the electromagnetic field causes a coherence state, and the
second interaction causes the actual excitation of the oscillator. The excited state now has fewer oscillators
in its ground state, such that the probe-pair when incident on the sample, generates a less-intense SFG signal
compared to the unpumped situation. Both the pumped and unpumped signals are independently recorded
in a pump-probe experiment. The relative decrease in intensity of the generated SFG signal is what is known
as ‘bleach’ and is represented as a difference or ratio of the pumped and unpumped SFG signals. The
presence of excited-state oscillators in the ν = 1 state when the probe-pair interacts with the sample, leads
to an additional two signals: the excited state absorption (ESA), which probes the absorption of oscillators
from the ν = 1 to ν = 2 vibrational states; and stimulated emission (SE) which causes relaxation of excitedstate oscillators in ν = 1 to ν = 0.

Figure 2.5: Excitation-level diagram for the pump-probe SFG process

Feynman diagrams for Pump-probe SFG
Pump-probe SFG being a 4th order technique, will have a fourth-order response that can be represented
compactly as following:
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𝑅 (4)(𝑡4 , 𝑡3 , 𝑡2 , 𝑡1 ) ∝ 𝑖⟨𝜇(𝑡4 + 𝑡3 + 𝑡2
+ 𝑡1 ) [𝜇(𝑡3 + 𝑡2 + 𝑡1 ), [𝜇(𝑡2 + 𝑡1 ), [𝜇(𝑡1 ), [𝜇(0), 𝜌(−∞)]]]]⟩
= 𝑖 ⟨𝜇4 [𝜇3 , [𝜇2 , [𝜇1 , [𝜇0 , 𝜌(−∞)]]]]⟩

Eq. 2.34

Since the visible interaction with a non-resonant or virtual level is very short-lived (~1 fs) when compared to
the IR response (hundreds of fs to ps), it can be approximated as δ-shaped in the time-domain30. Under this
assumption, the integral over the Visible field collapses, and the expression for 𝑃 (4) simplifies to an integral
over the 3 IR fields. 𝑃 (4) looks very similar then to 𝑃 (3) except for the polarizability (𝛼) that enters the
equation.
𝑅 (4) (𝑡4 , 𝑡3 , 𝑡2 , 𝑡1 ) = 𝑅 (3) (𝑡3 , 𝑡2 , 𝑡1 ). 𝛿(𝑡4 )
∞
∞
∞
𝑖 4
𝑃 (4)(𝑡) ∝ ( ) 𝛼𝐸4,𝑉𝑖𝑠 (𝑡) ∫ 𝑑𝑡3 ∫ 𝑑𝑡2 ∫ 𝑑𝑡1
ℎ
0
0
0
𝜇3 𝐸3 (𝑡 − 𝑡3 ) 𝜇2 𝐸2 (𝑡 − 𝑡3 − 𝑡2 ) 𝜇1 𝐸1 (𝑡 − 𝑡3 − 𝑡2 − 𝑡1 ) 𝑅 (3) (𝑡3 , 𝑡2 , 𝑡1 )

Eq. 2.35

The equation above for 𝑃 (4) takes into account only the real-valued electric fields. Applying the RWA,
particular Feynman diagrams are created by either 𝐸(𝑡) ∝ 𝑒 −𝑖𝜔𝑡 or 𝐸 ∗ (𝑡) ∝ 𝑒 +𝑖𝜔𝑡 only for each of the three
laser pulses, indicated by the directionality of the field interactions in the Feynman diagrams. The electric
field also contains information on the wavevector and the phase, so the RWA selects not just the frequency
𝑒 −𝑖𝜔𝑡 or 𝑒 +𝑖𝜔𝑡 , but also determines the phase and wavevector. These prefactors can be used to discriminate
between the pathways, and select particular ones for detection. For the pump-probe experiments, the
generated 4th order polarization is detected in exactly the same direction as the probe, i.e. 𝑘𝑝𝑟 . To fulfill the
phase matching conditions, this geometry comes with the consequence that the pump pulse interacts twice27
with the sample with wave vectors +𝑘𝑝𝑢 and −𝑘𝑝𝑢 , from the same pump field, as illustrated in Figure 2.6.

Fig 2.6: phase-matching condition for the pump-probe experiments, the outgoing field is generated in the same direction
as the probe.

For a 3-level system, the 6 Feynman diagrams that survive the RWA and the aforementioned phase-matching
condition, are displayed in Figure 2.6, assuming that the probe pulse interacts after the first two interactions
of the pump.
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Since the visible pulse is for upconversion purposes31, the quantum state of the system is preserved, and the
Feynman diagrams for the 𝑃 (3) process, can be used, added with the visible field interaction towards the
end.
The diagrams in Figure 2.7 represent the three processes to be taken into account in a pump-probe
measurement. The following points are to be noted:
1. Diagrams on the top and bottom are different in just the ordering of the two pump interactions, but
lead to the same response function.
2. Considering the diagrams at the top, at t=0, a 𝜌10 off-diagonal matrix element of the density matrix
is generated for all 3 processes, with a probability proportional to transition dipole moment 𝜇10.

Figure 2.7: Feynman diagrams for the Pump-probe SFG process

3.

4.
5.

Evolution of this off-diagonal element into relaxation or dephasing is neglected, so t1 is short
considering the second interaction from the pump pulse almost takes place instantaneously. The
second interaction generates a diagonal density matrix 𝜌11 for SE and ESA, with a probability
2
proportional to 𝜇10
. For the bleach process, the matrix element 𝜌00 is generated. However, since we
assumed nothing happening during this time, the response for the GSB is the same as the SE diagram.
2
The diagonal elements of the density matrix stay constant in time, so 𝜌11 (𝑡2) ∝ 𝜇10
.
With the third interaction, 𝜌10 matrix element is generated again for the SE and GSB processes,
3 −𝑖𝜔(𝑡3−𝑡1) . For the ESA however, the third
which develops as a function of time t3: 𝜌10 (𝑡3) ∝ 𝜇10
𝑒
interaction generates a 𝜌21 coherence with probability 𝜇21.
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6.

The signs of the SE and GSE process are the same, due to an even number of interactions on the ket
side, ESA is negative due to an odd number of interactions on the ket side.

The Feynman diagrams for a pump-probe experiment help elaborate easily three different processes taking
place in a progressive step-by-step manner, which was not possible with the vibrational level diagrams. With
this information, it is possible now to calculate the macroscopic polarizations of the 𝑃 (2) and 𝑃 (4) states.
(2)
𝑃 (2) = 𝑃𝑢𝑛𝑝𝑢𝑚𝑝𝑒𝑑 ∝ −𝜇01 𝛼01 𝐸𝑉𝑖𝑠 𝐸𝐼𝑅 , where 𝜇01 is the transition dipole moment between vibrational
ground state |0⟩ and excited state ⟨1|; 𝛼01 = 𝜇𝑉𝑖𝑠 𝜇𝑆𝐹𝐺 is a combined term describing the interaction of Vis
and SFG, and is called the transition polarizability; and 𝐸𝑉𝑖𝑠 and 𝐸𝐼𝑅 are the electric fields of the Visible and
IR pulses. 𝑃 (4) can be described as a summation of the 3 pump-probe polarizations and the static SFG
polarization, as shown in the Feynman diagrams before:
(4)
(4)
(4)
(4)
(2)
𝑃𝑝𝑢𝑚𝑝 ∝ 𝑃𝐺𝑆𝐵 + 𝑃𝑆𝐸 + 𝑃𝐸𝑆𝐴 + 𝑃𝑢𝑛𝑝𝑢𝑚𝑝𝑒𝑑
From the Feynman diagrams, it was shown that the polarization for the GSB and SE is the same, that is,
(4)
(4)
2
2
2
2
𝑃𝐺𝑆𝐵 = 𝑃𝑆𝐸 ∝ 𝜇01
𝐸𝑝𝑢𝑚𝑝
𝜇01 𝛼01 𝐸𝑉𝑖𝑠 𝐸𝐼𝑅 , where 𝜇01
𝐸𝑝𝑢𝑚𝑝
is due to the two pump interactions.
(4)
2
2
For ESA: 𝑃𝐸𝑆𝐴 ∝ 𝜇01 𝐸𝑝𝑢𝑚𝑝 𝜇12 𝛼12 𝐸𝑉𝑖𝑠 𝐸𝐼𝑅 , where 𝜇12 and 𝛼12 are the IR transition dipole moment and the
electronic transition polarizability, respectively, for the transition between states 1 and 2.
Due to anharmonicity, the sum of the pump-probe processes does not actually cancel out (because 𝜇12 =
√2𝜇01 and the same for the transition polarizability), but just causes a shift in frequency of the ESA to the
red side.
(2)

(4)

(4)

2

To evaluate intensities, the 𝑃𝑢𝑛𝑝𝑢𝑚𝑝𝑒𝑑 and the 𝑃𝑝𝑢𝑚𝑝 are squared; the |𝑃𝑝𝑢𝑚𝑝 | term upon expansion leads
to many cross-terms and four square terms. The anharmonicity is used again here to simplify the 𝐼𝑆𝐹𝐺,𝑝𝑢𝑚𝑝 ,
as all cross-terms containing transitions 0-1 and 1-2 are assumed to be zero because of their separation in
(4) (2)
frequency. Also 𝑃𝐸𝑆𝐴 𝑃𝑢𝑛𝑝𝑢𝑚𝑝𝑒𝑑 = 0, and the difference in signal intensity with the pump on and pump off
can be written as:
∆𝐼𝑆𝐹𝐺 = 𝐼𝑆𝐹𝐺,𝑝𝑢𝑚𝑝 − 𝐼𝑆𝐹𝐺,𝑢𝑛𝑝𝑢𝑚𝑝𝑒𝑑 :
(4) 2

(4) 2

(4)

(2)

∆𝐼𝑆𝐹𝐺 ∝ |𝑃𝐸𝑆𝐴 | + 4|𝑃𝐺𝑆𝐵 | + 4𝑃𝐺𝑆𝐵 𝑃𝑢𝑛𝑝𝑢𝑚𝑝𝑒𝑑
The ratio between GSB+SE and ESA is 9:1, and thus peaks corresponding to decrease of the 0-1 transition
dominate the intensity spectrum32. ∆𝐼𝑆𝐹𝐺 is the differential SFG signal; for the analysis 𝑅𝑎𝑡𝑖𝑜𝑆𝐹𝐺 is also used
for a normalized SFG signal by: 𝐼𝑆𝐹𝐺,𝑝𝑢𝑚𝑝 /𝐼𝑆𝐹𝐺,𝑢𝑛𝑝𝑢𝑚𝑝𝑒𝑑 .

Analysis of Pump-probe measurements
For the pump-probe measurement, an SFG signal is detected individually for the unpumped and the pumped
states, for different time-delay points, along with background signals at each time point. The setup is
described in chapter 3. The spectra are background-subtracted, and 𝑅𝑎𝑡𝑖𝑜𝑆𝐹𝐺 is obtained at each time-point
by dividing the unpumped spectrum by the pumped spectrum. The 𝑅𝑎𝑡𝑖𝑜𝑆𝐹𝐺 spectra can be plotted as a
function of time, to obtain contour plots, to observe changes in the SFG intensity as a function of time and
frequency. An example of such a contour plot is shown below, with a variation of colors representing negative
or positive changes in the intensity.
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Figure 2.8: a) contour plot for ice pumped at 3050 cm-1; b) an example of a Ground State Bleach (GSB) trace obtained by
integrating specific spectral regions from plot a. The ‘bleach’ process in the trace displayed here is represented by the
sharp decrease in the intensity ratio around time zero.

From such contour plots, different frequency regions can be picked for intensity integration to obtain ‘traces’
representing the processes of GSB (plus SE), and ESA, as described above. The obtained traces (example
shown in Figure 2.8b) are fitted using a 4-level model, describing populations in different states. This is a
model typically used for fitting dynamics of aqueous systems33.

Figure 2.9: 4-level model typically used for water in a pump-probe experiment

The pump pulse excites a fraction of oscillators from the ground state v=0 to the excited state v=1. The
excited molecules stay in state v=1 for an average lifetime of τ1 and decay via an intermediate state v=2 to
the heated ground state v=3. The absorption of the highly intense pump beam causes the temperature of
the system to change, and a heated ground state is accounted for as the temperature cools down at a much
slower rate than the experiment resolution. The model can be described by a system of coupled first-order
linear differential equations as described below, where N is the total number of oscillators and Ni(t) denotes
the corresponding number of oscillators in state i at time t.
𝑁0 (𝑡) = 𝑁 − 𝑁1 (𝑡) − 𝑁2 (𝑡) − 𝑁3 (𝑡)
𝑑𝑁1 (𝑡)
= 𝑆(𝑡) − 𝑁1 (𝑡)/𝜏1
𝑑𝑡
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𝑑𝑁2 (𝑡) 𝑁1 (𝑡)
=
− 𝑁2 (𝑡)/𝜏2
𝑑𝑡
𝜏1
𝑑𝑁3 (𝑡)
= 𝑁2 (𝑡)/𝜏2
𝑑𝑡
The source term 𝑆(𝑡) is represented by a Gaussian function, with a temporal width equalling that of the
instrument response function. The instrument response is obtained by performing a cross-correlation scan
by recording the integrated intensity of the pump-probe-visible signal as a function of delay-points between
the pump and the probe. The width of the obtained spectrum is used to estimate for the instrument response
function, and describes the temporal width of the system. This is because the pulse duration of the individual
pulses is complicated to measure, and of interest is the time dependency of the convolution of the pump
pulse with the SFG signal.

