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Chapter 4

Modelling the Leptomeningeal
Collateral Circulation

A novel model of the leptomeningeal collateral circulation is created by
combining data from multiple sources with statistical scaling laws. The extent
of the collateral circulation is varied by defining a collateral vessel probability.
Blood flow and pressure are simulated using a one-dimensional steady state
blood flow model. The leptomeningeal collateral vessels provide significant flow
during a stroke. The pressure drop over an occlusion predicted by the model
ranges between 60 and 85 mmHg depending on the extent of the collateral
circulation. The linear transport of contrast material was simulated in the
circulatory network. The time delay of peak contrast over an occlusion is
3.3 s in the model and 2.1 s (IQR 0.8 s – 4.0 s) when measured in dynamic
CTA data of acute ischaemic stroke patients. Modelling the leptomeningeal
collateral circulation could lead to better estimates of infarct volume and patient
outcome.

This chapter is based on: Padmos, R. M., Terreros, N. A., Józsa, T. I., Závodszky,
G., Marquering, H. A., Majoie, C. B. L. M., & Hoekstra, A. G. (2021). Modelling the
Leptomeningeal Collateral Circulation During Acute Ischaemic Stroke. Medical Engineering
& Physics, 91, 1–11. doi:10.1016/j.medengphy.2021.03.003
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4.1 Introduction

The cerebral collateral circulation consists of alternative pathways that provide
blood flow when the primary circulation is blocked [13]. These alternative
pathways are critical for patient outcome during and after an acute ischaemic
stroke (AIS). Brain tissue death occurs in the order of a few minutes in the
absence of flow, while treatment times are typically in the order of several hours
[86]. If brain tissue is to survive till treatment, blood flow has to be sustained.
The collateral circulation ensures sustained blood flow to brain tissue during
AIS, reducing cell death and brain tissue injury. The extent of collateral flow
is highly variable among patients [15]. Poor collateral flow is associated with
worse outcome after AIS [19]. Collateral flow is one of the most significant
predictors of patient outcome [6, 18, 19, 87].

The primary collateral circulatory system of the brain is the circle of Willis
(CoW). The CoW sits at the start of the cerebral circulation and interconnects
the starting branches of the major cerebral arteries. Various configurations
of the CoW exist, with about half the population having a complete circle
[10]. The secondary collateral circulatory system includes the leptomeningeal
collateral vessels, and is the focus of this chapter. The leptomeningeal collateral
vessels are small with a diameter below 1 mm, and generally below the resolution
of most imaging systems [12, 14, 88]. These vessels sit at the pial surface and
interconnect various branches of the major cerebral arteries (middle, anterior,
and posterior) [12].

Quantitative data on the leptomeningeal collateral vessels in humans are
lacking. Most experimental data on these vessels comes from animal experiments
[89–91]. Their existence is often disputed or thought to be too small to provide
any significant flow [12]. In addition, these vessels are believed to only become
active during a major event such as AIS [85]. Collateral flow can be observed
during an AIS and the existence of collateral vessels inferred. Predicting
penumbra and infarct volumes and patient outcome after stroke requires the
assessment of the extent of collateral flow [17, 92]. Models of the cerebral
circulation generally include multiple configurations of the CoW [36, 93, 94].
However, the secondary collateral vessels are often excluded.
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In this chapter, a computational model of the leptomeningeal collateral
circulation is presented. This model is an extension of the steady state model
presented in the previous chapter. The circulatory system is created using
a combination of (literature) data and statistical scaling laws. An explicit
representation of the pial surface network including the leptomeningeal collateral
circulation is used to capture collateral flow after stroke onset. The extent of
the leptomeningeal collateral circulation is varied by a single parameter defined
as the collateral vessel probability.

Blood flow and pressure are simulated using a one-dimensional (1D) steady
state blood flow model. Contrast transport through the circulation is also
simulated, relying on an upwind finite-difference model for linear advection.
The model is compared to dynamic computed tomography angiography (CTA)
measurements performed in AIS patients. The model is able to reproduce
the measurements in stroke patients. The leptomeningeal collateral vessels
in the model are able to provide significant flow during AIS. Simulating the
effect of stroke on brain tissue thus requires the inclusion of the leptomeningeal
collateral circulation.

4.2 Methods

4.2.1 Generation of the Circulatory Network

The network presented here builds upon the steady state model presented in the
previous chapter and shown in Figure 4.1a and 4.1b. In short, the vasculature
starts at the heart and includes the vessels between the heart and the CoW.
The cerebral vessels of the CoW are extended with the major cerebral vessels
taken from a publicly available data set, the BraVa data set [34]. A vessel
segmentation is randomly chosen to be added to the network from the data set.
The brain mesh was postprocessed using a publicly available model [50, 95].
Superficial perfusion territories have been identified based on vascular atlases
obtained from arterial spin labelling perfusion MRI as described in [52, 66, 96].
Different configurations of the CoW can be included by removing vessels from
the complete circle. The complete circle is used here. The circulatory network
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is then expanded by adding bifurcating trees that perfuse dedicated brain
perfusion areas, the pial network including the leptomeningeal collateral vessels,
and penetrating arteries that act as model outlets.

Each cerebral vessel outlet is mapped to the pial surface and assumed to have
its own perfusion territory. These territories are determined by the mapping
algorithm presented in chapter two [97]. A bifurcating tree is generated at each
cerebral vessel outlet, see Figure 4.1c, using Murray’s law and a length-radius
ratio of 10 [67]. Murray’s law is given by R3

i = r3
i + r3

j where R denotes the
mother branch and r the daughter branches. A symmetric bifurcating tree
is generated until the daughter vessels reach a cut-off radius of 200 µm. The
mapping algorithm assigns the surface area on the pial surface to the outlets
of the large cerebral vessels, as shown in Figure 4.1b [97]. The area assigned
to the outlet is perfused by the bifurcating tree connected to the outlet. The
outlets of the bifurcating tree are assumed to have their own perfusion territory
within the area assigned to the entire tree.

One constraint is that outlets that connect to the same mother vessel
have connected perfusion territories on the surface. This can be achieved by
iteratively dividing the surface in two, as we move downstream of the bifurcating
tree to the outlets, see Figure 4.1d. The division algorithm uses Metis (a graph
partitioning library) to divide the subgraphs into two equally sized connected
regions [98]. Finally, the node that has the smallest maximum distance to the
other nodes (minimal eccentricity) of the subgraph is taken to be the centre
of the region, and connects the outlet of the bifurcating tree to the pial vessel
network.

Little is known about the pial vessel network in humans. Most studies are
done on rats or mice [89–91]. However, assuming the vasculature of rats and
mice is similar to that of humans, the pial network can be approximated by
a hexagonal mesh or honeycomb mesh [22]. The density of hexagons or loops
is not known for humans. In measurements of mice and rats, the loop area
is about 1 mm2 [22]. However, the density of penetrating arteries also differs
between species, 1.0 per mm2 in human, 7.9 per mm2 in monkey, 8.3 per mm2

in rats and 3.9per mm2 in mice [99]. A larger loop size seems appropriate given
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the difference in penetrating artery density, otherwise the density of these loops
and the penetrating arteries would be equal. In the model, the area of each
loop is roughly 5 mm2.

The pial network is generated by taking the dual graph of the pial surface
(defined as a triangulation). The dual graph of a triangulation is a hexagonal
mesh. The size and number of the loops in the pial network can be set by
remeshing the pial surface to a uniform triangulation with a set number of
triangles. The model contains about 20.000 loops, see Figure 4.1e and 4.1f.
The outlets of the bifurcating trees are connected to the nearest node of the
pial network. Penetrating arteries are generated uniformly on the surface of the
brain with a density of 1.0 per mm2 [99]. The penetrating arteries connect to
the nearest node of the pial network. The diameters of the pial network vessels,
including those of the penetrating arteries (outlets) are set to 400 µm. The
diameter measured in human cadavers ranges from 200 to 610 µm for arteries
of the cerebrum and 180 to 543 µm for the arteries of the cerebellum [14].

A collateral vessel is defined as a vessel that crosses the perfusion do-
mains on the pial surface as determined by our mapping algorithm [97]. The
leptomeningeal collateral circulation is part of the pial network previously
generated, see Figure 4.1f. A collateral vessel probability is used to determine
whether a collateral vessel is included in the circulatory network. This probabil-
ity is defined as the chance that a vessel is included in the circulatory network.
Every leptomeningeal collateral vessel, i.e., the red vessels shown in Figure 4.1e
and 4.1f, has a chance to be included in the pial network depending only on
the collateral vessel probability.

4.2.2 Steady State Blood Flow Modelling

Blood vessels are modelled as thin elastic tubes and blood as an incompressible
viscous fluid. Every vessel segment is modelled as a resistance. The equations are
derived from those used in 1D blood flow modelling with the added assumption
that the velocity derivatives in time and space are zero. The pressure in the
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network is calculated by solving the mass balance equation given by∑
j

Gij (Pi − Pj) = Si (4.1)

with Gij , the conductance in m3

Pas (reciprocal of resistance) between nodes i and
j, and Si a source term for every node i. The conductance of a segment is
given by G = πR4

2(ζ+2)µL , where R is the radius, L is the segment length, µ is the
dynamic viscosity set to 3.5 mPas, and ζ is a unitless constant related to the
velocity profile, with 2 representing a parabolic profile, i.e. laminar flow, and 9
representing a flatter profile used in this model [77]. The larger constant is the
result of a blunt velocity profile in the vessels [42]. It is not exactly known how
the velocity profiles changes throughout the circulation. A blunt profile is still
a good description in arterioles [100].

The resulting system can be written as a linear system given by

G~P =


∑
G1j −G12 · · · −G1N

−G21
∑
G2j · · · −G2N

...
...

. . .
...

−GN1 · · · · · ·
∑
GNj




Pi
...
...
PN

 =


Si
...
...
SN

 = ~S (4.2)

Flow rate boundary conditions can be set by assigning a nonzero value to
the source term vector. Pressure boundary conditions can be set by assigning
pressure values to the source term vector and updating the rows of the conduc-
tance matrix to have a value of one on the diagonal and zero elsewhere. This
system is solved by lower-upper (LU) decomposition. The radius of each vessel
node is updated based on a pressure-area relationship that describes the elastic
response of the vessel [78]. The pressure-area relationship is given by

P = P0 +

√
πEh

A0 (1− ν2)

(√
A−

√
A0

)
(4.3)

where A is the cross-sectional area, A0 is the initial area, P is the pressure, P0

is a reference pressure set to the diastolic pressure, E is the Young’s modulus,
h is the wall thickness and ν is the Poisson ratio of the vessel wall set to 1

2 .
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The values for the large systemic arteries (i.e., from the aorta to the CoW) can
be found in chapter two. The Young’s modulus for all cerebral vessels is set to
1.6 MPa.

The conductance matrix G is updated based on the new radii. The system
is solved iteratively until a pressure tolerance, εP , of 10−6 is reached defined as

εP =

∣∣∣ ~Pi − ~Pi−1

∣∣∣∣∣∣ ~Pi

∣∣∣ (4.4)

with ~Pi and ~Pi−1 being the pressure vectors during the ith and (i − 1)th

iterations, respectively. Every vessel is discretised with a minimum of three
nodes and a maximum number of nodes set by a maximum segment length of
2.5 mm between nodes. An AIS is modelled as the complete blockage of a vessel
by setting the conductance G in segments containing an occlusion to zero.

The volume flow rate in a segment, Qij , is calculated as

Qij =
(Pi − Pj)

Rij
, (4.5)

where Rij is the resistance of the segment. The velocity, vij , is calculated as

vij =
Qij

π (0.5ri + 0.5rj)
2 , (4.6)

where r is the radius of the vessel nodes.
At the start of the ascending aorta, a volumetric flow rate is set based on

stroke volume and heart rate: Qin = SV ·HR/60 and is set to 70 mL/s (SV =
70, HR = 60). At the outlets, a resistance is used that captures the pressure
drop between the outlet and the right atrium. The pressure at the right atrium
is set to Pout = 666 Pa ≈ 5 mmHg.

The resistance of the total network (before autoregulation, see below) is
calculated as RT = dp/Qin with dp, the pressure drop over the heart determined
by subtracting the mean right atrial pressure from the mean arterial pressure.
Mean arterial pressure is calculated as 1

3P sys + 2
3dia

, where Psys is the systolic
and Pdia is the diastolic pressure [46]. Psys and Pdia are 17.5 kPa and 10.0 kPa
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respectively, resulting in a mean arterial pressure of 12.5 Pa.
Most of the vasculature, such as the limbs, organs, etc, is not included in the

model, and we have to account for this with appropriate boundary conditions.
The resistance at the outlets of large systemic vessels is distributed based on
their cardiac output fraction. The cardiac output fractions of the large systemic
outlets are 0.75, 0.05, and 0.05 for the Thoracic aorta, R. Brachial, and L.
Brachial respectively [47]. The outlet resistance is determined as R = RT

COf
with

COf the cardiac output fraction. The rest of the resistance is distributed to
the external carotid arteries and cerebral vessels. If there are multiple outlets
for a specific region, the resistances are distributed based on the fraction of
cubic radii.

At the outlets on the pial surface, the resistance is adjusted to capture the
effect of autoregulation. The resistance of every penetrating artery outlet is
calculated to achieve a desired volumetric flow rate. The resistance is updated
according to

R =
(Pi − Pout)

(Qbrain / Npa)
(4.7)

There are limits on the range of autoregulation. The outlet resistance is limited
by

Rlow =
Plow

(Qbrain / Npa)
, Rupp =

Pupp
(Qbrain / Npa)

(4.8)

where Plow and Pupp set the pressure limits at which the penetrating artery
can no longer regulate flow. The outlet resistance is limited between the lower
and upper bounds. Plow, Pupp, and Qbrain are set to 10 mmHg, 100 mmHg,
and 12.5 mL/s, respectively [101, 102].

The steady state model is solved again with the updated resistance. This is
iterated until a flow rate tolerance of 10−6 is reached, defined as

εQ =

∣∣∣ ~Qi − ~Qi−1

∣∣∣∣∣∣ ~Qi

∣∣∣ (4.9)

with ~Qi being the flow rate vector during the ith iteration and ~Qi−1 being the
flow rate vector from the (i− 1)th iteration.
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4.2.3 Contrast Advection Modelling

Contrast transport is simulated as advection dominant flow of an incompressible
fluid. The 1D advection equation, assuming constant area and velocity within
the vessel, is given by

∂C

∂t
+ vx

∂C

∂x
= 0 (4.10)

At merger points, such as bifurcations, the contrast concentration is a sum of
the relative volume flowing into the system, given by

Cout =

∑
CiQi∑
Qi

=
∑

Cifi (4.11)

where the summation runs over connected nodes with the flow directed towards
that merger point. That is, the contrast concentration of a merger point assumes
uniform mixing of the contrast flowing into the merger point. The Ci and Qi
are obtained by solving the 1D advection equation, equation 4.10, and steady
state blood flow, equation 4.5, respectively.

A first-order finite-difference upwind scheme is used to discretise the equa-
tion. The resulting system of linear equations is written in matrix notation
as 

Ct+∆t
1
...
...
...

Ct+∆t
N


= B



1 0 0 · · · 0

vx∆t
∆x 1− vx∆t

∆x 0
. . .

...

0 vx∆t
∆x 1− vx∆t

∆x 0
...

...
. . . . . . . . .

...
0 · · · 0 vx∆t

∆x 1− vx∆t
∆x





Ct1
...
...
...
Ct1


(4.12)

where B is a merging point matrix with elements Bij = fj if flow at node i is
directed away from the merger point and flow at node j is directed towards the
same merger point, otherwise Bii = 1 and Bij = 0. Contrast transport over
time is calculated by iterative matrix multiplication.

At the inlet vessel, i.e. the heart, a short segment is added such that the
next time step can be calculated only by matrix multiplication. Alternatively,
the contrast vector at time t can be updated at every time step. A bolus of
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contrast injected into the system is modelled as a sharp Gaussian function
(arbitrary units) with height 10 and variance 125. The function is shifted
such that the peak appears at the inlet after 1 second. Contrast transport is
simulated for 40 seconds. The time delay in peak contrast over the occlusion is
calculated as the time difference in peak contrast between the merger points at
the proximal and distal ends of the blocked vessel, see Figure 4.2c and 4.2d.

4.2.4 Time Delay Over an Occlusion Measured in AIS Patients

The time delay over the occlusion is the time that contrast (blood) spends
travelling from the beginning to the end of the occlusion. These times are
measured in dynamic CTA data of 49 AIS patients from the Amsterdam
University Medical Center and the Dutch acute stroke trial (DUST) [75]. These
patients had a single large vessel occlusion in the middle cerebral artery (MCA).
From the dynamic CTA data, the contrast arrival along the occluded vessel is
observed by measuring the time attenuation curves. The time delay between
the beginning and the end of the occlusion is computed using cross-correlation.

4.3 Results

4.3.1 Circulatory network

The various parts of the model are shown in Figure 4.1. The model includes
the large arteries starting at the heart, the CoW, the major cerebral branches,
smaller cerebral vessels represented as bifurcating trees, pial network vessels
including the leptomeningeal collateral vessels and the vessels leading to the
penetrating arteries. The network contains around 600.000 nodes, and 187.000
vessels (the exact number depends on the number of collateral vessels).
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(a) (b)

(c) (d)

(e) (f)
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Figure 4.1: (a) The large arteries used in the model, starting at the heart and
ending at the major cerebral arteries. (b) The surface mapping on the surface
of the brain. Each colour denotes the perfusion territory of a single outlet of
the large arteries in (a). Shown is the right side of the brain. (c) At the outlets
of the large cerebral arteries in (a), a bifurcating tree is generated. (d) The
bifurcating trees are mapped on the surface by iterative division of the perfusion
territories in (b). Shown is the right side of the brain. (e) The pial vessel
network model of the brain. Shown is the bottom side of the brain. Vessels are
shown in black with the leptomeningeal collateral vessels in red. (f) Close up
view on the pial surface in (d). Each polygon represents one penetrating artery
outlet with the colours indicating different major cerebral regions.

The red coloured vessels in Figure 4.1e and 4.1f show the location of variability
of the collateral circulation in the model. The variability is set by assigning a
collateral vessel probability between the major cerebral regions, i.e. cerebellum,
brain stem, and left and right middle, anterior, and posterior regions. The
collateral vessel probability independently determines for each collateral vessel
(i.e. the red coloured vessels in Figure 4.1e and 4.1f) if it is included in the
network.

4.3.2 Blood flow and Contrast Transport Modelling

Blood flow velocity and pressure are simulated using a 1D steady state blood
flow model and contrast advection is simulated using a linear advection model,
see Figure 4.2. Figure 4.3 shows the flow rate to the penetrating arteries during
a stroke for various collateral vessel probabilities. The occlusion is located
in the right MCA. Generation of the network, blood flow simulation, and
contrast advection take approximately 20, 10 and 10 minutes, respectively, per
simulation on an AMD Ryzen 7 3700X 8-core processor (3.60 GHz) with 16
GB RAM. The blood flow simulations typically converge in ten iterations.
Injection of a contrast bolus into the venous system is simulated as starting
from the heart. Figure 4.4, shows the time of peak contrast arrival on the
pial surface and Figure 4.5, shows the pressure drop over the occlusion and
intra-thrombus blood transit time for various collateral vessel probabilities.
The intra-thrombus blood transit time in the model reaches a minimum of 3.3
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(a) (b)

(c) (d)

Figure 4.2: Results from the steady state blood flow model and contrast
advection model in the large systemic arteries to the cerebral arteries. (a)
Blood pressure for a healthy patient. (b) Blood flow velocity for a healthy
patient. (c) Arrival time of peak contrast during a stroke. The occlusion is
located in the right MCA as indicated by the red dot. The simulated network
has a collateral probability of one. (d) Contrast profiles over time at the
proximal and distal ends of the vessel, i.e. right MCA, containing an occlusion.
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(a) (b)

(c) (d)

Figure 4.3: Flow rate at the penetrating artery outlets on the pial surface.
Shown is the right side of the brain with the region affected by an occlusion
in the right MCA. The collateral vessel probabilities are (a) 0.01, (b) 0.10, (c)
0.40 and (d) 1.0 in order from left to right.
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seconds. The median intra-thrombus blood transit time measured on dynamic
CTA data of acute ischaemic stroke patients is 2.10 s (IQR 0.8 s – 4.0 s). The
pressure drop over the occlusion in the model ranges between 60 and 85 mmHg
and decreases as the collateral vessel probability increases.

(a) (b)

(c) (d)

Figure 4.4: Arrival time of peak contrast at the penetrating arteries on the
pial surface. Shown is the right side of the brain with the region affected by an
occlusion in the right MCA. The collateral vessel probabilities are (a) 0.01, (b)
0.10, (c) 0.40 and (d) 1.0 in order from left to right.

4.3.3 Measurements in AIS Patients

Figure 4.6 shows the measurements of the contrast time delay over the occlusion
in AIS patients. Table 4.1 lists the measured and modelled results for the time
delays and pressure drop over the occlusion. The simulation results are in
satisfactory agreement with clinical time delay and pressure drop measurements.
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(a) (b)

Figure 4.5: (a) Time delay in peak contrast over the occlusion as a function of
the collateral vessel probability. The error bars show the standard deviation over
five simulations. The orange line shows minimal time delay in the model. (b)
Pressure drop over the occlusion as a function of the collateral vessel probability.
The error bars show the standard deviation over five simulations. The orange
line shows a fit to a power law based on multiple parallel resistances.

Table 4.1: Measured vs modelled values.

Variable Name Measured Simulated

Time delay over
the occlusion [s]

2.1 (0.8 - 4.0) median (IQR) [75]

1.3 (0.1 – 3.7) median (IQR)
(Anterograde flow)
3.8 (1.5 – 6.5) median (IQR)
(Retrograde flow)

[103]
3.3

Pressure drop
over the occlusion
[mmHg]

56.7±18.0 (mean±SD, mRS: 0-2)
63.1±19.1 (mean±SD, mRS: 3-6)

[76] 60 - 85

SD: Standard deviation
IQR: interquartile range
mRs: modified Rankin scale
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(a)
(b)

(c) (d)

Figure 4.6: (a) Example of a dynamic CTA scan of an AIS patient with a left
MCA occlusion. Markers are placed proximal, in, and distal to the thrombus
in red, green, and blue, respectively. (b) Close-up of the region selected in (a)
showing the occlusion location and the placed markers. (c) Example of time
attenuation curves in Hounsfield units extracted from the placed markers. Each
line shows the time attenuation curve of a single placed marker. (d) Boxplot of
the performed measurements for 49 AIS patients.
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4.4 Discussion

Constructing a model of the leptomeningeal collateral circulation requires
combining data from multiple sources. The complete vessel network, shown in
Figure 4.1, includes the large arteries to the brain, the large cerebral arteries,
the smaller cerebral arteries that connect to the pial network, the pial network
and the penetrating arteries as the outlets. The leptomeningeal collateral
vessels are part of the pial network.

The pial network vessels connect to the penetrating arteries that penetrate
the white and grey matter of the brain [23]. The outlets of the model at the pial
surface do not penetrate the surface. There are two reasons for this. Firstly,
the penetrating arteries can be regarded as perfusing their own independent
tissue column (although there is some overlap between neighbours) and we
can regard each outlet as a unit of tissue [104]. Secondly, simulating the
entire microcirculation of the brain as individual vessels is very demanding and
computational expensive. In addition, the cellular nature of blood becomes
increasingly important and requires a different model. In the future, the model
presented here will be extended with a continuous tissue model for the micro
circulation [69]. Our final aim is to create a model that is able to provide
an estimate of the infarct volume after a stroke. Our proposed model for the
leptomeningeal collateral circulation will be a very relevant feature of this
overall model. When looking at the leptomeningeal collateral circulation, the
microcirculation and venous circulation do not have to be explicitly simulated
if proper boundary conditions are used.

An alternative approach by Phan et al. [105], is to model the leptomeningeal
collaterals as connections between the major cerebral vessels. However, this
can lead to an overestimation of their size as there is likely not a direct (single)
connection between the vessels. Instead, the leptomeningeal collaterals likely
function through multiple parallel pathways for collateral flow. In addition, we
aim to create a model that is able to provide an estimate of the infarct volume
after an AIS. The model therefore has to include the vessels to the white and
grey matter of the brain.

The results should be interpreted within the limits of the model. Firstly,
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the model is created from data of different sources and patients. As a result,
the circulatory network does not belong to, and likely differs significantly from,
any real patient. However, we believe that the general findings will not differ
significantly. We aim to show that the leptomeningeal collateral circulation can
explain at least some of the variability in collateral flow observed between AIS
patients. Secondly, many of the model parameters are assumed to be constant
to keep the model tractable. Lastly, the generated vessels are not optimised to
achieve uniform pressure on the surface. A zero-pressure gradient at the pial
surface could explain why the leptomeningeal collateral vessels appear to be
dormant in healthy patients. These limitations could be overcome by creating
high-resolution data sets including the correlations of all relevant parameters.

Blood flow through the vasculature is modelled using a steady state approach,
see Figure 4.2. The steady state approach is chosen for its simplicity and more
importantly, the time scale of interest, i.e. tissue infarction, which is much
longer than the cardiac cycle. All simulated strokes are right MCA strokes
as these are the most common type of large vessel occlusions [86]. Figure
4.3 shows the flow rate at the pial surface during an AIS. Variation of the
leptomeningeal collateral circulation causes large differences in pressure and
flow rate at the pial surface during a stroke. Increasing the number of collateral
vessels increases blood flow to the affected region. Better collateral flow is a
result of higher throughput through the collateral vessels to the affected tissue.

Cerebral autoregulation is the process by which the brain is able to maintain
constant blood flow by vessel dilation and constriction [106, 107]. This is an
important effect that the model should capture. Cerebral autoregulation in
this model ensures uniform flow rates to the brain in the healthy scenario. The
assumption is that we are in the valid pressure range for autoregulation. The
resistance of every penetrating artery outlet is set to achieve a desired flow
rate. The resistance is limited to an upper and lower bound: at high pressures,
the vessel is forced open; at low pressure, the vessel is maximally dilated. The
pressure used to define the resistance limits are defined at the entrance of the
penetrating artery. Therefore, these values are lower than the arterial pressure
normally reported for autoregulation limits [106, 108].
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As brain tissue dies, pericytes die off, which causes vessels to constrict
[74]. This increases the resistance to the flow of the penetrating arteries and
causes the flow to decrease. This effect is not included in the model. The
simulation therefore only represents the brain at the instantaneous moment of
vessel occlusion, i.e., stroke onset. Over time, the resistance of the penetrating
arteries (model outlets) is expected to increase due to pericyte death, resulting
in decreased flow and growth of the infarct core. The collateral vessels affect the
growth of the infarct core by allowing tissue to survive longer. The collateral
vessels are small, i.e., 200 µm in the model, with relative high resistance with
respect to the large arteries. The path of least resistance in the model during a
stroke is therefore that of retrograde flow through the large vessels of the major
cerebral arteries. If the thrombus is permeable or only partially occluding the
vessel, the path of least resistance can be through the (partially) occluded
vessel, resulting in anterograde flow.

Figure 4.4 shows the time of peak contrast arrival on the pial surface.
Having better collateral circulation decreases the arrival time of peak contrast
across the pial surface. The magnitude of peak arrival time is similar to
those measured by CT perfusion imaging [109]. Figure 4.5 shows the effect of
increasing the collateral vessel probability on the time delay and pressure drop
over the occlusion. The time delay in the model ranges between 19.6 and 3.3
seconds, and depends on the extent of the collateral circulation. The time delay
decays exponentially towards a minimum of 3.3 seconds. Note that a collateral
vessel probability of zero will result in an infinite delay. The contrast time delay
over the occlusion observed in AIS patients, see Figure 4.6, is between 0.8 and
4.0 seconds (interquartile range) with a median of 2.1 seconds. The time delays
in the model are of the same order of magnitude as measured in AIS patients.

The pressure drop over the occlusion decreases as the collateral vessel
probability increases. One explanation for the found relationship is that the
addition of collateral vessels results in additional pathways to the network,
similar to adding parallel resistances to an electrical circuit. The orange line in
Figure 4.5 shows a fitted curve of similar form as that for resistors in parallel.
Note that in this circulatory network, the resistances are not equal and the
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equation is changed to a power law. The pressure drop over the occlusion ranges
between 60 and 85 mmHg in the model. The pressure drop over the occlusion
measured in AIS patients varies between 56.7±18.0 mmHg and 63.1±19.1
mmHg (mean±SD) depending on the modified Rankin scale [76]. The model is
able to reproduce a pressure drop in this range.

The thrombus is simulated as a complete blockage of flow and pressure; a
real thrombus could result in a partial occlusion of the vessel. These partial
occlusions can lead to anterograde flow through the thrombus. Anterograde
flow results in a lower time delay of 1.3 s (IQR 0.1 s – 3.7 s) versus 3.8 s (IQR
1.5 s – 6.5 s) [103]. Note that these values include different occlusion locations.
Table 4.1 shows an overview of the measurements in AIS patients and values
derived from the model. Whether the flow through a permeable thrombus or
partial occlusion is able to significantly affect infarct volume is not known.

A lower collateral vessel probability results in increased variance in the time
delay, as shown by the increased standard deviation in Figure 5a. The location
and number of leptomeningeal collateral vessels determine the velocity and
flow patterns of collateral flow. As the collateral vessel probability decreases,
the effect of spatial variation of the collateral vessels becomes significant. The
pressure at the distal end of the occlusion also varies more, but as the collateral
vessel probability decreases, the pressure at the proximal end becomes dominant.
As the collateral vessel probability decreases, the time delay becomes infinite
while the pressure at the distal end approaches the venous pressure.

AIS patients likely vary significantly in the extent of their collateral circula-
tion. Moreover, there are likely other pathways that contribute to the measured
time delay and pressure drop over the occlusion that are not present in the
model. Patient-specific parameters, such as vessel radii, Young’s moduli, dias-
tolic and systolic blood pressures, etc, will affect the observed time delay and
pressure drop over the occlusion. The extent of the collateral circulation could
be estimated in AIS patients, e.g., by measuring the pressure drop over the
occlusion, for inclusion in predictive models. As the leptomeningeal collateral
circulation is responsible for significant flow to affected regions, it should be
included in models of stroke.
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4.5 Conclusion

A blood flow model with contrast transport of the cerebral circulation including
the leptomeningeal collateral vessels is proposed. Variability of the collateral
circulation leads to variability in collateral flow to tissue at risk during an acute
ischaemic stroke. The model is able to capture this variability in collateral flow
including the effect of retrograde flow. The time delay and pressure drop over
an occlusion predicted by the model match those measured in AIS patients.
The leptomeningeal collateral circulation plays an important role in predictions
of infarct volume and patient outcome, and should be included in models of
stroke and the cerebral circulation.


