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Abstract. Tidal streams are highly sensitive to perturbations from passing dark matter
(DM) subhalos and thus provide a means of measuring their abundance. In a recent paper,
we analyzed the distribution of stars along the GD-1 stream with a combination of data from
the Gaia satellite and the Pan-STARRS survey, and we demonstrated that the population of
DM subhalos predicted by the cold dark matter (CDM) paradigm are necessary and sufficient
to explain the perturbations observed in the linear density of stars. In this paper, we use the
measurements of the subhalo mass function (SHMF) from the GD-1 data combined with a
similar analysis of the Pal 5 stream to provide novel constraints on alternative DM scenarios
that predict a suppression of the SHMF on scales smaller than the mass of dwarf galaxies,
marginalizing over uncertainties in the slope and normalization of the unsuppressed SHMF
and the susceptibility of DM subhalos in the inner Milky Way to tidal disruption. In partic-
ular, we derive a 95% lower limit on the mass of warm dark matter (WDM) thermal relics
mWDM > 3.6 keV from streams alone that strengthens tomWDM > 6.2 keV when adding dwarf
satellite counts. Similarly, we constrain the axion mass in ultra-light (“fuzzy”) dark matter
(FDM) models to be mFDM > 1.4× 10−21 eV from streams alone or mFDM > 2.2× 10−21 eV
when adding dwarf satellite counts. Because we make use of simple approximate forms of
the streams’ SHMF measurement, our analysis is easy to replicate with other alternative DM
models that lead to a suppression of the SHMF.
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1 Introduction

The nature of dark matter (DM) is one of the greatest outstanding mysteries in (astro)physics.
For decades now, a simple model consisting of a new particle that behaves as a cold fluid at the
onset of structure formation and only interacts significantly through the gravitational force
with itself and standard-model matter after its creation in the early Universe, can explain
essentially all cosmological and galactic data (e.g., refs. [1–5]). The distribution of DM
on small scales within galaxies is highly sensitive to the interactions and initial conditions
of DM and thus plays a crucial role in efforts to constrain the nature of DM [6, 7]. In
particular, the cold nature of DM causes it to form structure hierarchically starting from
small gravitationally-bound halos that merge together to form larger halos [8] and because
the small halos are dense and highly concentrated, many of them survive tidal stripping and
should exist as subhalos in galaxies today [9, 10]. However, if the initial conditions of DM
are warm, as is the case for example in sterile neutrino models [11], or if DM is an ultra-light
axion, then the abundance of these subhalos is significantly reduced [12, 13].

Different probes have been proposed and used in the literature to determine the abun-
dance of DM subhalos as a function of mass in the Milky Way and in external galaxies. Of
these, the most sensitive are satellite galaxy counts (e.g., ref. [14]), gravitational lensing (e.g.,
ref. [15]), and perturbations to stellar streams [16, 17]. We focus on the latter in this pa-
per. Stellar streams are elongated, almost one-dimensional structures produced by the tidal
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disruption of globular clusters or dwarf galaxies merging into the Milky Way [18–20]. The
gravitational interactions of the stars in the stream with dark and baryonic substructures can
leave a detectable imprint on the stellar density along the stream (e.g., refs. [16, 17, 21–28]).
The extreme fragility of stellar streams means that they are sensititve to DM subhalos down
to 105M� with observations possible in the next decade [27], making them one of the most
senstive probes of the nature of DM [29, 30].

In a recently published paper ([28]; henceforth B21), we presented a detailed analysis
of the distribution of stars in the GD-1 stream, making use of data from Gaia DR2 [31–33],
combined with accurate photometry from the Pan-STARRS survey, data release 1 [34]. By
analyzing the power spectrum of density fluctuations in GD-1 as first suggested by ref. [27],
we have found strong evidence for a population of low-mass DM subhalos in the Galaxy
compatible with the predictions of the cold dark matter (CDM) paradigm.

Here, we demonstrate that the evidence for this population of DM substructures sets
novel constraints on alternative DM scenarios that predict a suppression of the subhalo mass
function (SHMF) on scales smaller than the mass of dwarf galaxies. We derive in particular
a stringent lower limit on the mass of thermal warm DM relics (WDM) and on the mass of
ultra-light axion DM (fuzzy DM; FDM).

2 Measurement of the dark-matter subhalo mass function in the inner
Milky Way

In this section, we summarize the techniques used in B21 to constrain the SHMF over the
range [106, 109]M� using stellar streams. These constraints are then used in the remainder
of this paper to constrain alternative DM models.

The data is described in detail in ref. [35] and ref. [36] and the modeling framework is
described in detail in refs. [27, 29, 37] and as applied to these data in B21, but we summarize
the important aspects of the data and modeling here briefly to allow the reader to understand
the basis for our DM substructure measurement and its limitations.

2.1 The GD-1 stream

The GD-1 stream was first detected in Sloan Digital Sky Survey (SDSS) data [38]. Subse-
quent observations with the Canada-France-Hawaii-Telescope (CFHT) revealed a rich density
structure with multiple gaps and wiggles in the stream [35]. Recent work with Gaia revealed
20◦ more of the stream [39, 40]. Following ref. [41], we identified a robust sample of GD-1
member stars spanning 60◦ on the sky, and presented in B21 the linear density of stars along
the stream, excluding stars in the ‘spur’ and ‘blob’ features identified in [39] to focus on the
thin region of the stream that is most sensitive to perturbations from passing DM subhalos.

In B21, we modeled the GD-1 stream according to the frequency-angle (Ω, θ) framework
introduced by one of us in ref. [20]. We generated and evolved mock streams assuming a
constant stripping rate from the progenitor cluster throughout its orbit.1 Episodic stripping
can in principle lead to small stellar density perturbations [43, 44], but this is unlikely to
affect the stream away from the progenitor where DM subhalo impacts are expected to leave
a detectable signature [45].

We assume that the current location of the GD-1 progenitor’s remnant corresponds to
the underdense region located at φ1 = −40◦ in the spherical coordinate system aligned with

1We made use of the Python package for galactic dynamics galpy; https://github.com/jobovy/galpy [42].
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the stream introduced by [46]. Although the actual location is currently uncertain, a progeni-
tor at φ1 = −40◦ that dissolved ∼ 500 Myr ago during the previous perigalactic pass is a very
likely scenario as shown by the suite of collisional N -body simulations of GD-1’s disruption in
ref. [40]. To guard against possible effects of episodic stripping, we conservatively exclude a
region of 12◦ around the putative progenitor remnant. In the appendix of B21, we show that
assuming that the remnant of the GD-1 progenitor is instead located at φ1 = −20◦ does not
change the inferred DM-subhalo abundance. This is essentially the case because the level of
perturbations is similar all along the well-populated part of the GD-1 stream and thus it does
not matter where we place the progenitor. We also demonstrated that decreasing the size of
the cut around the progenitor does not affect the results. We assume a fiducial dynamical
age of 3.4 Gyr, again following the detailed simulations of ref. [40], but we marginalize over
stream ages of [3,4,5,6,7] Gyr using a uniform prior when deriving constraints on the SHMF.

2.2 The Pal 5 stream

The Pal 5 stream originates from the tidal stripping of the Palomar 5 globular cluster, located
at a sky position of (α, δ) ≈ (229◦,−0◦.11) and at a distance of ≈ 23 kpc [47]. The advantage
of the Pal 5 stream is that its progenitor system is known and there is therefore no uncertainty
due to the unknown progenitor location. One disadvantage of the Pal 5 stream is that it is
more than twice as far away as GD-1, making it difficult to detect with Gaia data [48] and
Gaia data cannot be easily used to help determine the density fluctuations in the stream.
Instead, we rely on the density measurements from ref. [36]. A further disadvantage of the
Pal 5 stream is its proximity to the Galactic disk and its prograde orbit with an apocenter of
≈ 8 kpc; these properties result in the Pal 5 stream being strongly perturbed by the baryonic
substructures such as the bar [37, 49, 50], the spiral arms [37] and the giant molecular clouds
(GMCs) [37, 51]. In particular, the bar and GMCs likely perturb the Pal 5 stream as much or
more than DM substructure with the abundance expected in the standard CDM paradigm.
However, observations of the Pal 5 stream are still useful, because they place an upper limit
on the contribution from DM subhalos.

We adopt Pal 5 stream density data from ref. [36] for the trailing arm (the leading arm
is only detected over a few degree) and apply the same treatment as in ref. [27]. Ref. [36]
employs g and r-band data obtained using CFHT to determine star counts near the Pal 5
stream down to g = 24. Using a simple color-magnitude filter centered on the main-sequence
of the Pal 5 cluster, they derive star counts along the stream over the range 20 < g < 23
and we use the data shown in their figure 7. Because the data are not corrected for back-
and foreground stars, we use the CFHT photometric data to estimate a constant background
level (in good agreement with the more sophisticated analysis from ref. [52]) and subtract
this from the density data.

To remove large-scale trends in the density profile due to orbital phase variations along
the stream, possible unmodeled background variations, and unmodeled variations in the
stripping rate, we fit the density profiles of both the GD-1 and Pal 5 streams with a third
order polynomial and divide the data by this. The resulting relative density variations are the
data that we model with perturbations from baryonic and dark substructures. As was done
in ref. [27], we checked that using either a second or fourth order polynomial gives consistent
results as the fiducial third-order polynomial, demonstrating that the exact modeling of the
large-scale variations is unimportant for our derived constraints on the nature of DM.
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2.3 Baryonic substructures

Following ref. [37], we evolve mock GD-1 and Pal 5 streams in the Milky Way potential taking
into account perturbations from the known baryonic substructures such as the Galactic bar,
the spiral arms, GMCs, globular clusters (GCs), as well as (as we discuss in the next section)
DM substructures. We briefly summarize here the implementation of baryonic effects, and
refer the reader to B21 for further details:

• Bar — We model the bar with a triaxial, exponential density profile [53]. We assume
a mass of 1010 M�, a pattern speed of 39 km s−1kpc−1 [54, 55], an age of 5 Gyr, and
an angle between the bar’s major axis and our line-of-sight to the Galactic center of
27◦ [56].

• Spiral arms —We model spiral arms using the model from ref. [57], assuming four arms,
a pattern speed of 19.5 km s−1kpc−1, radial scale length of 3 kpc, and vertical scale
height of 0.3 kpc. Because GD-1 is on a retrograde orbit, the density perturbations
induced from the bar and spiral arms turn out to be negligible, but they strongly affect
the Pal 5 stream.

• GMCs — We draw the position and velocity of GMCs with mass larger than 105 M�
from ref. [58], correcting for empty patches on the other side of the Galactic center,
and producing multiple realizations by adding random rotations as in ref. [37]. We
set GMCs on circular orbits and model their internal mass distribution as a Plummer
sphere with a scale radius equal to 1/3 of their observed radius.

• GCs — We adopt the sky and phase space coordinates, mass, and size information of
150 GCs from [59]. In order to explore the range of possible orbits of the GCs and
their effects on the stream density, we draw proper motions and line of sight velocities
from a Gaussian centered around the mean value and width equal to the observational
uncertainties. As in the case of GMCs, we model GCs as Plummer spheres. GCs do
not significantly perturb either the GD-1 or Pal 5 streams.

2.4 Dark matter substructures

Following our previous works [27, 29, 60], we consider populations of subhalos with a mass
function that follows a standard CDM SHMF in the mass range [105 − 109]M�. For our
fiducial CDM model, we adopt a mass function dN/dM ∝ M−1.9 and a radial distribution
inside the Milky Way that follows an Einasto profile [61]. The resulting normalized subhalo
profile for the Milky Way is [60](

dn

dM

)
CDM

= c0 × 2.02× 10−13 M−1
� kpc−3

(
M

m0

)−1.9
exp

{
− 2
αr

[(
r

r−2

)αr

− 1
]}

(2.1)

where c0 = 1, m0 = 2.52 × 107 M�, αr = 0.678 and r−2 = 162.4 kpc. We use this fiducial
mass function to obtain the fiducial number density of subhalos in the ranges [106, 107]M�,
[107, 108]M�, and [108, 109]M�. To measure the SHMF, we then allow these three number
densities to vary independently from each other around their fiducial values to obtain a
measurement of the SHMF in these three bins. Within each bin, we assume that the mass
function is dN/dM ∝ M−1.9, but the bins are narrow enough that this does not affect our
results. As discussed in B21, we have also performed full stream analyses using WDM models
and their results are virtually indistinguishable from the WDM constraints that we derive
below from the subhalo measurements in the three mass bins.
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Figure 1. Density power spectrum of the trailing arm of the GD-1 stream from B21 compared with
that of mock GD-1 streams of different ages perturbed only by baryonic substructures (left panel) and
by baryonic plus DM substructures (right). The data points show the median power of the observed
stream (black dots) and the 2σ scatter due to noise in the observed density (error bars). The black
dashed line represents the median power of the noise in the density. The solid lines represent the
median density power of 1,000 mock streams with age 7 Gyr (blue line) 5 Gyr (red) and 3 Gyr
(black). The blue shaded region shows the 2σ scatter of the density power for the 7 Gyr old stream.
CDM substructures are necessary and sufficient to explain the observed density fluctuations.

As discussed in detail in B21, we ignore the time evolution of the number density of
the subhalo population, and the disruption of subhalos due to the Milky Way disk and
other baryonic effects in the measurement. However, we will account for tidal disruption
in our further modeling below. We model the velocity distribution of DM subhalos as an
isotropic Gaussian with a one-dimensional velocity dispersion of 120 km s−1. We describe
the subhalos as Plummer spheres with scale radius rs = 1.62 kpc (Msub/108M�)0.5 [60].
We stress that at large angular scales, where the signal dominates noise, the density power
spectrum induced by subhalos with a Hernquist profile is identical to that of subhalos with a
Plummer profile [27]; at these large scales, the internal structure of the subhalos also does not
influence the predicted stream perturbations [27], so any changes to the concentration-mass
relation in alternative DM models are unimportant for the SHMF measurement. Random
sets of impacts are then sampled along the past orbit of the stream out to five times the
scale radius of the subhalos and their effect on the stream density is computed using the
impulse approximation using the fast frequency-angle method first described in ref. [27]. In
that paper, extensive tests of the framework against N -body simulations are described that
demonstrate that it precisely predicts the perturbation density power spectrum for a given
population of DM subhalos.
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2.5 Power spectrum analysis
Starting from the normalised linear density along the stream angle φ1 for each stream, we
compute the 1-dimensional power spectrum of the density contrast Pδδ(kφ1) = 〈δ(kφ1)2〉. For
GD-1, we show in figure 1 the square root of the power

√
Pδδ(kφ1) as a function of the inverse

of the frequency (1/kφ1), which encodes the correlation in density contrast as a function of the
angular scale. The black points with error bars correspond to the observed power spectrum
in GD-1 data. The dashed line shows the median power of the density noise. As one can see,
there is a clear excess above the noise floor in the last two bins, which correspond to angular
scales larger than 10 degrees.

We compare the observed power spectrum with the one predicted with mock realizations
of baryonic substructures (left panel) and baryonic plus DM substructures (right panel). The
blue, red and black solid lines show the median density power of 1000 mock GD-1 stream
realizations that are 7, 5 and 3 Gyr old respectively. As expected, older mock streams exhibit
larger power on almost all length scales, as they have more time to interact with substruc-
tures and consequently gets more perturbed by them. Even assuming a stream as old as 7
Gyr, however, baryonic structures alone cannot account for the observed density power of the
stream. When CDM substructures are included, mock streams exhibit a power spectrum fully
consistent with the data. We stress that the curves in the right panel of figure 1 are not a fit
to the data, but an actual prediction based on a ‘vanilla’ description of CDM substructures in
the Milky Way. We thus conclude — in the context of particle DM models — that CDM sub-
structures are necessary and sufficient to explain the density fluctuations in the GD-1 stream.

2.6 Sufficient summaries of the Pal 5 and GD-1 stream analyses
In B21, we used the formalism described in this section to fully forward model stream density
fluctuations of the Pal 5 and GD-1 streams in the presence of baryonic substructure and DM
subhalos in a variety of models. For example, in the context of CDM, we determined the
amplitude of the SHMF for a standard CDM power-law mass-function by directly comparing
models with different mass-function amplitudes to the stream density data. However, such
an analysis is expensive and difficult to repeat for different DM models. To be able to
easily constrain different DM models, we use here the intermediate level summary of the B21
constraints on the abundance of DM subhalos that is their abundance in two mass ranges
where the abundance is well constrained: [107, 108]M� and [108, 109]M�. In the range
[106, 107]M�, B21 only found an upper limit that is not very informative and we do not use
here, although we do include it for reference in figures 3, 6, and 8.

As discussed in B21, the posterior distribution functions from combining both streams
for the subhalo abundance in these mass ranges relative to that predicted by the fiducial
CDM model from equation (2.1), can be approximated as follows: for [107, 108]M�

ln p(r = log10[nsub/nsub,CDM]) = −|r + 0.5|2.5
2× 0.52 , (2.2)

and for [108, 109]M�

ln p(r = log10[nsub/nsub,CDM])

= −|r + 0.7|2
2× 0.32 (r < −0.7) (2.3)

= −|r + 0.7|2
2× 0.62 (r ≥ −0.7) . (2.4)
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Constraints on the mass of a thermal relic WDM particle from just using these two measure-
ments are almost exactly the same as those derived using full forward modeling of the streams
data. Therefore, for the purpose of constraining the nature of DM using the observed SHMF,
these two constraints are essentially sufficient statistics of the full streams data. Using only
these two measurements, it is easy to repeat the analysis in this paper for other models for
the WDM mass function and for other DM models. Therefore, we only rely on these two
streams SHMF measurements in this paper.

3 Alternative dark matter models

We consider two popular alternative DM models: warm and fuzzy DM. In both of these
models, the SHMF can be written as a suppression of the fiducial CDM mass function from
equation (2.1) in a way that only depends on a single parameter, which in both cases is the
mass of the DM particle. For WDM, the suppression is a simple multiplicative factor, but in
the case of FDM, there is an additional term that does not multiply the CDM mass function.
Thus, in both cases, we can write the SHMF as(

dn

dM

)
= S(M ;mDM)

(
dn

dM

)
CDM

+ T (M ;mDM) , (3.1)

where T (M ;mDM) = 0 for WDM.
The mass functions obtained using standard prescriptions for S(M ;mDM) and

T (M ;mDM) do not account for the tidal disruption of subhalos by the presence of a baryonic
disk and bulge in the Milky Way. The presence of the baryonic components in the Milky
Way leads to additional disruption of DM subhalos and, thus, a lowering of the expected
subhalo abundance in all DM models [62–65]. This subhalo depletion is highest for DM
subhalos with orbits that bring them close to the disk and, therefore, the expected depletion
varies with radius, from little depletion at radii beyond 100 kpc and an increasing depletion
as one approaches the center. To account for this, we multiply the mass function dn/dM of
subhalos in the inner Milky Way where the streams are orbiting by a factor fsurvive.

All of the models below therefore have four parameters: the amplitude c0 of the unsup-
pressed mass function from equation (2.1) and its logarithmic slope α, the fraction fsurvive of
subhalos in the inner Milky Way that survive tidal disruption by the baryonic component,
and the DM mass mDM. We allow the overall subhalo normalization c0 to vary by a factor of
100 smaller and larger than the fiducial value given below equation (2.1) and fsurvive between
0.01% and 50%; in both cases we use logarithmic priors. To account for uncertainty in the log-
arithmic slope of the CDM mass function [61], we allow α to vary in the range [−1.95,−1.85]
with a uniform prior. We consider various priors for the DM mass discussed below.

3.1 Warm dark matter

We model WDM as a thermal relic whose properties are determined by its particle mass.
Similar to other subgalactic constraints on the mass of thermal relic WDM [15, 66], we
adopt the mass function from ref. [67] that provides an accurate description of the WDM
subhalos population of a Milky-Way-like galaxy observed in the Aquarius simulation [61] (cf.
equation (3.1)) (

dn

dM

)
WDM

=
(

1 + γ
Mhm
M

)−β ( dn

dM

)
CDM

, (3.2)
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where γ = 2.7 and β = 0.99. The half-mode mass Mhm, which parameterises the subhalo
mass below which the mass function is strongly suppressed, is given by

Mhm = 4πΩmρcrit
3

(
λhm

2

)3
(3.3)

and is thus equal to the mean mass contained within a radius of half-mode wavelength
λhm = 2παcutoff(2ν/5−1)−1/2ν , with ν = 1.12 [68] where Ωm is the matter density parameter,
ρcrit is the critical density, and

αcutoff = 0.047
(
mWDM

keV

)−1.11 ( Ωc

0.2589

)0.11 ( h

0.6774

)1.22
h−1Mpc, (3.4)

where mWDM is the WDM particle mass and Ωc is DM density parameter [69]. We have
assumed here that all of the DM is warm, i.e., ΩWDM = Ωc

Finding and resolving low-mass subhalos in N -body simulations is complex [70, 71],
especially in WDM simulations, and the abundance of WDM subhalos for a given WDM mass
is therefore still debated. Recently, ref. [72] has suggested that the effect of tidal stripping
of WDM subhalos is such that the abundance of WDM subhalos in the inner ≈ 40 kpc is
significantly less suppressed than equation (3.2) with γ = 2.7 and β = 0.99 would suggest. In
particular, for mWDM = 3.3 keV they find that subhalos in the range [107, 108]M� are three
times more abundant, while those in the range [108, 109]M� are 1.75 times more abundant
than equation (3.2) would predict, albeit with strong halo-to-halo scatter. Using the form
of equation (3.2), we find that setting γ = 1.5 and β = 0.7 approximately matches these
modified abundances for mWDM = 3.3 keV. To explore the effect of a less strong suppression
in the inner Milky Way, below we perform fits with these values of β and γ as well.

3.2 Fuzzy dark matter
Detailed numerical simulations of the SHMF in FDM models have not yet been performed
because of the difficulty in achieving the necessary resolution to resolve the quantum effects
near the de Broglie wavelength in a cosmological simulation. In the absence of these, we follow
the same approach as taken by ref. [73] and use the results from extended Press-Schechter cal-
culations combined with prescriptions for tidal stripping of DM subhalos. These calculations
were performed in ref. [74] using galacticus [75]. The resulting SHMF is given by

(
dn

dM

)
FDM

=

1 +
(

M

2m−1.6
22 × 108M�

)−0.72
−13.9 (

dn

dM

)
CDM

+ 0.014m1.5
22

M
exp

−(ln
{

M

4.7m−1.5
22 × 108M�

})2

/1.4

 ,
(3.5)

where m22 = mFDM/10−22 eV. Compared to WDM, the cut-off in the FDM SHMF is much
sharper, essentially because the transfer function for FDM has a much sharper cut-off than
the WDM transfer function. DM subhalos are the only form of DM substructure that
we assume in FDM models for our analysis here. That means that we ignore the density
fluctuations arising from wave interference in the evolving DM distribution on scales of the
de Broglie wavelength λ ≈ 600 pc/m22 [13]. These density fluctuations themselves perturb
tidal streams in a way that mimics CDM [30]. However, we will see that our constraints are
at m22 ≈ 20, where the density fluctuations are far less important [76], such that we can
ignore them and focus on the SHMF.
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Figure 2. Posterior PDF for the thermal WDM particle mass using density fluctuations in the Pal
5 and GD-1 streams alone (blue curves) and combining this with classical-satellite counts (orange
curves). The 95% lower bounds of both PDFs are indicated with the labels and dashed vertical lines.

4 Constraints on warm dark matter

4.1 Constraints from streams alone

The evidence for CDM substructures obtained in B21 can be used to constrain any particle
DM that leads to a substantial suppression of the DM SHMF on sub-dwarf scales, and thus
of the linear density contrast power spectrum of streams. We start here with the case of
thermal WDM candidates. Following ref. [15], we use a uniform prior on log10Mhm/M� over
the range [4.8, 10]. This corresponds to a range of mWDM of approximately 1 to 50 keV. The
lower bound of Mhm = 104.8M� is well below the sensitivity of our stream analysis method.
Here, we use only the subhalo abundance constraints derived from the streams data alone and
we fit the entire model for the SHMF that varies the slope α over the range [−1.95,−1.85], the
amplitude c0 and fsurvive within their wide ranges discussed in section 3, and the warm DM
mass. Because we only use streams in the inner Milky Way, the amplitude c0 and fsurvive are
fully degenerate, but we nevertheless marginalize over them. The resulting posterior, shown
in figure 2, sets a lower bound of mWDM > 3.6 keV at 95% confidence. The PDF plateaus for
mWDM & 10 keV indicating masses above that are equally preferred by the GD-1 and Pal 5
stream. The constraint of mWDM > 3.6 keV is the same as the one we obtained in B21 from
fully forward modeling of the stream data using the WDM mass function, demonstrating
that using the sufficient statistics of the streams SHMF measurements as we do in this paper
captures all of the relevant information about the streams measurement. We do note that
we found in B21 that the Pal 5 stream has a very weak preference for small WDM masses,
weakening the combined constraint compared to one that only uses the GD-1 data. Using
GD-1 alone, we found in B21 that mWDM > 4.6 keV at 95% confidence.
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Figure 3. SHMF in the mass range 106−109M� reconstructed from the analysis of the perturbations
induced on the GD-1 and Pal 5 streams. Red data points show the observed classical Milky Way
satellites out to 300 kpc. The blue downward arrow and data points show the 68% upper bound, and
the measurement and 68% error, respectively, in 3 mass bins below the scale of dwarfs, as obtained in
B21 and extrapolated out to 300 kpc to place them on the same SHMF as the red points. The shaded
area show the CDM mass function taking into account the baryonic disruption of the subhalos. The
orange lines show the predicted mass function for thermal WDM candidates of different mass, taking
into account the expected subhalo depletion due to baryonic disruption for the low-mass (M < 109M�)
measurements from the inner Milky Way.

4.2 Constraints from stellar streams and dwarf galaxy counts

In B21, we obtained a measurement of the SHMF in the mass range 106 − 109M� using a
joint analysis of the GD-1 and Pal 5 streams using the modeling described above. To extend
the observed range of the SHMF and better constrain its amplitude in the unsuppressed
regime, we add measurements from the counts of classical Milky Way satellites. For these
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Figure 4. Posterior PDFs for the WDM SHMF parameters when using constraints on the Milky
Way’s SHMF from both streams and classical-satellite counts. Made using corner [77].

classical-satellite counts, we use the compilation of properties of the classical satellites (with
stellar mass > 105M�) within 300 kpc from ref. [64] and we assign dark-halo masses for all of
these satellites using the stellar-mass vs. halo-mass relation for satellites given in ref. [7]. In
figure 3, we then display the Milky Way’s observed SHMF of subhalos within 300 kpc, where
we have extrapolated the SHMF at M < 109M� measured using streams within 23 kpc
to 300 kpc using the assumed Einasto profile of the subhalo distribution from section 2.4.
However, because these M < 109M� SHMF measurements are actually made within 23
kpc, we expect them to be affected by baryonic tidal disruption and we account for this
using the fsurvive parameter in our analysis. The shaded region in figure 3 shows the range
fsurvive = [0.1, 0.5]. Note that we only perform the extrapolation discussed here for plotting
purposes, in our actual fits we do not extrapolate. In this figure, we also use c0 = 1.6, because
we will find this to be the best fit below.

Figure 3 also includes a number of representative thermal WDM SHMFs (orange lines).
These take into account the expected subhalo depletion by ≈ 80 % due to baryonic disruption
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WDM mass function Prior on mWDM 95% lower bound on mWDM

Lovell et al. 2014 [67] flat in 1/mWDM 4.9 keV
Lovell et al. 2014 [67] flat in logMhm 6.2 keV
Lovell et al. 2021 [72] flat in 1/mWDM 2.1 keV
Lovell et al. 2021 [72] flat in logMhm 3.8 keV

Table 1. Constraint on the mass of a thermal WDM candidate arising from the comparison of the
predicted mass function with the one inferred from the analysis of GD-1 and Pal 5 perturbations and
from the counts of classical Milky Way satellites. The different rows show combinations of different
priors on the WDM mass and different assumed forms of the WDM SHMF.

for the low-mass, M < 109M� measurements from the inner Milky Way (in practice, we use
fsurvive = 0.22, the geometric mean of the bounds of the shaded region). It is clear that
the SHMF measurements at low mass allows us to set a stringent lower limit on the particle
mass mWDM.

We fit our full model using a prior that is flat in logMhm as in the previous subsection
and obtain the posterior distribution shown in figure 4. The amplitude of the SHMF, c0, is
quite well constrained and the survival fraction fsurvive is as well, with a posterior mean that is
almost exactly at the geometric mean of the bounds of the shaded region in figure 3. The loga-
rithmic slope of the SHMF is only poorly constrained within its narrow prior range. Lastly, we
clearly rule out high values of Mhm and obtain a stringent upper limit. Translated to a lower
limit on mWDM (PDF shown in figure 2), we find that mWDM > 6.2 keV at 95% confidence.
The disadvantage of the prior that is flat in logMhm is that it is improper without a cut-off at
low masses (which we placed at log10Mhm = 4.8). To avoid this, we can also run with a prior
that is uniform in 1/mWDM. In this case, we find that mWDM > 4.9 keV. It is unsurprising
that the limit in this case is less strong, because there is more prior weight given to regions of
lowWDMmass, so they are more difficult to rule out. Because the prior that is flat in logMhm
is the standard assumption in the literaure (e.g., ref. [15]), we consider this our primary result.

As discussed in section 3.1, recent WDM simulation work has indicated that the WDM
mass function as probed by stellar streams may be less suppressed relative to CDM for a
given WDM mass, because the inner regions of WDM halos may be primarily populated by
tidally-stripped remnants of higher-mass subhalos (that are unsuppressed relative to CDM).
As argued in section 3.1, we can approximately model this by changing the γ and β parameters
in the WDM SHMF from equation (3.2). Running our fits using γ = 1.5 and β = 0.7, we find
that mWDM > 3.8 keV and mWDM > 2.1 keV for priors that are flat in logMhm or 1/mWDM,
respectively. As expected, the less strong suppression of the WDM mass function leads to a
less stringent lower bound on the WDM mass. However, for the standard prior that is flat
in logMhm, we still rule out the canonical 3.3 keV model at better than 95% confidence. We
summarize all of these constraints in table 1.

5 Constraints on fuzzy dark matter

We now apply the same formalism that we applied to constrain the WDM mass to fuzzy DM.

5.1 Constraints from streams alone
As in section 4.1, we start by considering the constraint on the FDM mass that we obtain
from considering the Pal 5 and GD-1 stream data on its own. We again fit the four parameter
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Prior on mFDM 95% lower bound on m22 = mFDM/10−22 eV
flat in 1/mFDM 12
flat in logmFDM 22

Table 2. Constraint on the FDM mass arising from the comparison of the predicted mass function
with the one inferred from the analysis of GD-1 and Pal 5 perturbations and from the counts of
classical Milky Way satellites. The different rows show different priors on the FDM mass.

model, which now uses the FDM mass in addition to the amplitude c0 and logarithmic slope
α of the base SHMF, and the factor fsurvive. Using a prior that is flat in log10m22 between
m22 = 1 and 1000, we obtain the PDF displayed in figure 5. The 95% confidence lower bound
on m22 is 14.

5.2 Constraints from stellar streams and dwarf galaxy counts

To improve the constraint on the FDM mass coming from the observed SHMF, we again add
measurements of the SHMF at higher masses using counts of classical satellites of the Milky
Way in the same way as in section 4.2. Figure 6 compares the observed SHMF out to 300 kpc
(obtained using extrapolation in the way described in section 4.2) with FDM models with a
range of values of m22. Comparing the FDM SHMFs in this figure to the WDM SHMFs in
figure 3, we see that the suppression at low masses is much stronger in FDM. This means
that the stream SHMF determinations on their own more strongly constrain m22 than is the
case for WDM, because there is a large difference in the predicted FDM SHMF between the
two mass bins with stream measurements for relevant FDM models.

We fit the full model for the FDM SHMF to the stream and classical-dwarf data and
the PDF for all of the parameters when using a prior that is flat in logm22 is shown in
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figure 7. Comparing this figure to figure 4 for WDM, we see that the posterior distribution
of the SHMF parameters c0, α, and fsurvive is almost exactly the same as for WDM. This
is unsurprising, given that good fits to the data are models that are close to CDM in both
cases. We summarize the lower bound on m22 at 95% confidence resulting from this analysis
in table 2: using a prior that is flat in logm22, we find that m22 > 22, whereas with one that
is flat in 1/m22, we find that m22 > 12.

6 Discussion and conclusions

In B21, we found evidence for density perturbations on angular scales larger than 10◦ in the
observed linear density of the GD-1 stream, and we showed that a population of canonical
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Figure 7. Posterior PDFs for the FDM SHMF parameters when using constraints on the Milky
Way’s SHMF from both streams and classical-satellite counts. Made using corner [77].

CDM subhalos are necessary and sufficient to explain those perturbations and similar per-
turbations in the Pal 5 stream. Here, we have studied the impact of these findings on two
popular alternative DM models: a thermal relic warm DM model and ultra-light axion DM
(“fuzzy DM”). To better constrain the amplitude of the SHMF where it is relatively unsup-
pressed compared to the standard CDM expectation, we added constraints from counts of
classical satellites. To sum up, we compare the limits that we derived to those obtained using
other methods and we conclude with a more general discussion of how SHMF measurements
can be used to constrain a large variety of DM models.

WDM has long been a popular DM candidate and traditionally it has largely been
constrained using observations of the fluctuations in the Lyman-α forest (e.g., ref. [78] finds
mWDM > 3.3 keV at 95% confidence; all limits below are also at 95% confidence). The most
recent constraint coming from such an analysis finds that mWDM > 5.3 keV [79]. Lyman-α
forest constraints on WDM are unlikely to improve significantly in the future, because (bary-
onic) pressure smoothing of the intergalactic medium means that WDM acts like CDM for
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higher WDMmasses as far as the Lyman-α forest is concerned. Equally or more stringent con-
straints have therefore more recently been obtained using SHMF measurements in elliptical
galaxies from flux-ratio anomalies in strong gravitational lenses (ref. [15]: mWDM > 5.2 keV;
ref. [80]: mWDM > 5.6 keV) and detailed modeling of the satellite population in the Milky
Way (ref. [66]: mWDM > 6.5 keV). A combined analysis of lensing and satellite constraints
finds the most stringent constraint yet: mWDM > 9.7 keV [81]; another joint analysis that
also include Ly-α forest constraints finds a weaker constraint: mWDM > 6 keV [82]. With
the fiducial WDM mass function from ref. [67], our constraint is mWDM > 6.2 keV when
using the same or a similar prior as the other SHMF constraints and the constraint from
stellar streams is therefore on par with those of other SHMF measurements. However, if
the abundance of WDM subhalos is less suppressed in the inner Milky Way because of tidal
stripping as recently claimed by ref. [72], our constraint weakens to mWDM > 3.8 keV. While
the strong-lensing constraint is largely unaffected by the tidal-stripping effect, the satellite
constraint from ref. [66] likely is weakened similar to ours, although likely not as much.

Of the three SHMF methods to constrain WDM, stellar streams most directly measure
the masses of three-dimensional DM subhalos. Using the abundance of Milky-Way satellites
below the classical-satellite regime requires intricate modeling of the relation between stellar
and DM halo mass, while strong lensing flux-ratio anomalies only measure projected mass
and only in the aggregate. As such, lensing has a hard time distinguishing between a less
abundant population of more concentrated subhalos and a more abundant population with
lower concentration [83]. Perturbations to stellar streams, on the other hand, are not that
sensitive to the internal structure of the DM subhalos [27] and are mainly sensitive to their
masses. Going forward, both the stellar streams and strong lensing measurements will be
able to directly constrain lower subhalo masses by at least an order of magnitude, through
using more streams and more detailed maps of them in the case of streams and by using
more systems, mid-infrared flux ratios [84], and detailed imaging [85] for strong lenses.

Because systematics and degeneracies in the different SHMF-based methods are largely
different, combinations of constraints will remain highly informative. For example, combining
our own fiducial constraint with that of the joint lensing+satellites analysis of ref. [81] gives
mWDM & 11 keV simply from multiplying the marginalized PDFs for Mhm (for this, we
approximate the PDF from ref. [81] as p(log10Mhm) ∝ exp

[
−(log10Mhm − 4.5)2.35/5.7

]
over

the range log10Mhm ∈ [5, 9]). Because the satellites part of the constraint from ref. [81]
involves the same Milky Way SHMF as our constraint, a full joint analysis would likely lead
to an even stronger constraint (as we use the classical satellites, there is of course some
double-counting of the data, but because ref. [81] largely depend on satellites with masses
below those that we consider, this likely does not have a big effect).

FDM models with masses & 10−23 eV have similarly been constrained using the SHMF
and the Ly-α forest data. Ref. [73] translated the stream measurements from B21 and the
strong-lensing constraints from ref. [15] to a constraint on the FDM mass, finding m22 > 21.
This was similar to existing Ly-α forest constraints: m22 & 21 [88–90]. Ref. [76] constrained
m22 > 1.5 from the absence of heating due to the expected wave-interference density fluc-
tuations in low-mass FDM models. Recently, ref. [66] used constraints from the Milky Way
satellite population to set a slightly more stringent lower bound of m22 > 29, but a recent
re-analysis of the Ly-α forest data gives m22 > 200, a much tighter constraint than that
coming from the SHMF. Our own constraint (m22 > 22) is similar to the existing SHMF
constraints, but falls far short of the Ly-α constraint. In our FDM modeling, we have also
only included DM substructure in the form of subhalos, but FDM halos contain a fluctu-
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Figure 8. SHMF of the Milky Way out to 300 kpc compared to different alternative DM models
to illustrate the stringent bounds that the observed SHMF sets on deviations from the canonical
CDM scenario. We include SHMF measurements from the GD-1 and Pal 5 streams, corrected for
the effect of baryonic disruption; from counts of classical satellites in the Milky Way; and from
strong-lensing measurements in external galaxies (these have been translated to Milky-Way SHMF
constraints as discussed in the text). We include models that acts as the canonical CDM model:
WIMP CDM, primordial black holes, and the QCD axion (black curve), as well as models that lead
to a suppression of the SHMF on small scales (WDM and FDM at the limit derived in this paper
and an “atomic SIDM” model that acts like WDM from ref. [86]) or a higher abundance (the large-
misalignment axion DM model from ref. [87]). The observed SHMF strongly constrains models that
predict different abundances of low-mass DM subhalos than the canonical CDM model.

ating pattern of density fluctuations due to wave interference, which itself may heat and
perturb stellar streams [30, 51] and affect strong-lensing flux-ratio anomalies [91]. While this
effect should be small at m22 & 10, a full analysis is nevertheless necessary to fully trust the
constraint arising from density perturbations of stellar streams.

Measurements of the SHMF in the Milky Way and external galaxies provide strong
constraints on wide classes of DM models beyond those that we have considered in this paper.
To illustrate the power of SHMF measurements from streams, dwarf satellites, and strong
lensing, we present in figure 8 a version of figures 3 and 6 where we have included constraints
from strong lensing [92]. To remove the effect of baryonic disruption on the streams-based
SHMF, we have corrected the streams-based SHMF measurement by multiplying them by the
inverse of fsurvive = 0.22. We have included the lensing measurements simply by interpreting
their constraints on the abundance of DM subhalos relative to the CDM prediction (in their
more massive host halos) as constraints on the abundance of DM subhalos in the Milky Way
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relative to the CDM expectation. We stress that this is not the proper way of combining
constraints from lensing in external galaxies with measurements of the Milky Way’s SHMF,
but we do this simply to illustrate the complementarity and consistency of the strong-lensing
and Milky-Way measurements. We also indicate where a variety of DM models lie in this
space. Models that act like the canonical CDM model on the mass scales probed by the
SHMF include the standard WIMP model [93, 94], primordial black holes [95], and the QCD
axion [96–98]. Models that predict a suppression of the SHMF at small scales include the
thermal-relic WDM and FDM models that we considered in this paper, but also non-thermal
WDM such as sterile neutrinos [99] or certain self-interacting DM (SIDM) models with DM
that acts like hydrogen [86, 100] and are effectively warm (“Atomic SIDM” in the figure,
a model with mDM = 50 GeV, a dark electron 160 times lighter, and dark fine structure
constant of 1/40 [86]). Finally, some DM models predict more structure on small scales than
that predicted by the canonical CDM model; as an example of this class of models we include
axion DM produced through the large-misalignment mechanism [87] (the predicted SHMF
in this scenario is an estimate using the transfer function and extended Press-Schechter
calculations; Dalal & Van Tilburg, private communication).

It is clear that the SHMF measurements considered in this paper and those arising from
strong lensing strongly constrain a wide range of non-CDM models. To encourage particle
physicists working on alternative DM models to take into account constraints from the SHMF
on their models, we release a jupyter notebook that reproduces all of the analysis in this
paper and that is easily adapted to other SHMF models at:

https://github.com/jobovy/dark-matter-constraints-from-stellar-streams,
and further archived at

https://zenodo.org/record/5234377#.YSLwUlNKgb0.
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