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1. Introduction

This thesis deals with glasses. A glass, or noncrystalline, amorphous, or disor-
dered solid, is a solid in which the atoms vibrate about certain well defined but
disordered points in space, as opposed to a crystal in which the atoms vibrate
about the points of a lattice. Fig. 1.1 shows an example of both types of solid,
generated using a monatomic computer model.

A glass is formed when a liquid is cooled rapidly enough to avoid crystal-
lization. As the liquid is cooled below the melting point, it becomes steeply
more viscous over a small temperature range, until it ceases to flow entirely at
the glass transition temperature Tg. This is illustrated schematically in Fig. 1.2.
The glass transition is not a thermodynamic phase transition; it is simply the
point at which the liquid’s equilibration time exceeds the experimental measur-
ing time. On the timescale of the experiment, the motion of the particles stops,
except for thermal vibration. Tg is therefore, strictly speaking, cooling rate de-
pendent — an experiment employing a lower cooling rate, which takes longer,
will find a slightly lower transition temperature. Operationally Tg is often de-
fined as the point at which the viscosity reaches 1012 Pa · s. This is stunningly
viscous: emptying a cup containing such a liquid would take about 30 years.1

All liquids can in principle form a glass, but some have to be cooled very
rapidly: liquid metals can require cooling of 1014 K/s to avoid the crystallization

FIG. 1.1. There are two types of solid matter: crystals, in which the atoms are arranged
in a lattice (here, the face-centered cubic lattice is shown); and glasses, which inherit
their disordered structure from the liquid and lack long-range order.



1. Introduction

FIG. 1.2. Schematic depiction of the glass transition. If a liquid is cooled infinitely
slowly, it crystallizes at Tm. This first-order phase transition is characterized by a
discontinuous change in quantities such as the volume and enthalpy (blue line). In
practice crystallization can be avoided with a sufficiently fast cooling rate, resulting in
a liquid below Tm called a supercooled liquid. If the temperature is decreased further,
the liquid becomes steeply more viscous until it ceases to flow on the experimental
timescale at the glass transition temperature Tg. Thermodynamic quantities remain
continuous across the transition; below Tg the rates of change of the glass’ volume
and enthalpy become similar to those of the crystal, indicating that only vibrational
degrees of freedom contribute to the free energy of the glass and configurational degrees
of freedom are “frozen out”. Because the definition of the glass transition depends on
the available observation time, its precise value is protocol dependent. Shown are two
glass transitions resulting from a slow and fast cooling process, denoted by Tga and
Tgb respectively. Reprinted from Ref. [2].

process.3 Many other substances, however, are difficult to crystallize and form
a glass easily; these are ubiquitous in our everyday lives.∗

Everyone is familiar with glass objects such as window panes, bottles and jars,
which are silica-based, made by melting sand mixed with a small fraction of other
components and processing the liquid in its highly viscous form — a 5000-year-
old engineering tradition.7 Many everyday plastics and rubbers, which consist
of long chains of organic molecules, are also glasses according to the technical
definition above, and are manufactured by the same principle of working the
viscous liquid. Even some metallic glasses, with highly tuned alloy compositions

∗There exist many other disordered systems that bear similarity to glasses as defined here,
but are not the main focus of this thesis. In colloidal suspensions — such as paint, peanut
butter and shaving foam — density, rather than temperature, is the control variable of the
glass transition.4 Various crystalline systems, for example with orientational, substitutional or
magnetic disorder, exhibit some form of glass or percolation transition as well5 (in fact, half
of the 2021 Nobel Prize in Physics was awarded to G. Parisi for his work on “spin glasses”:
Ising-type spin models with quenched disorder6).
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FIG. 1.3. Examples of different types of glasses and their chemical structure. (a)
Stained glass church window,9 an example of a silicate glass. Silicates are based on the
constituent SiO2 and account for the majority of manufactured glassware.10 Colouring
is achieved by the addition of a small amount of metal oxides, for example FeO for green
or Al2CoO4 for blue.11 SiO2 is covalently bonded: the oxygen atoms (large light spheres)
form a network of tetrahedra with shared corners and a disordered relative orientation;
each oxygen tetrahedron surrounds a silicon atom (small dark spheres).12 The fourth
bond of each tetrahedron is assumed to be perpendicular to the plane and not drawn
(illustration reprinted from Ref. [13]). (b) Polyvinyl chloride (PVC) pipes.14 PVC
consists of disordered polymer chains of the repeating subunit vinyl chloride (C2H3Cl)
(illustration reprinted from Ref. [15]). The cohesion of the material is due to dipole-
induced dipole and Van der Waals-London forces. (c) Scanning electron microscope
image of a surgical blade made from a disordered ZrCuAlAgSi alloy (reprinted from
Ref. [16]). A metallic glass is a dense packing of spherical atoms bonded by their
communal electron sea (illustration reprinted from Ref. [13]).

to inhibit crystallization, can now be processed in the same way as silicates and
plastics and are finding more and more use as structural materials.8 Fig. 1.3
shows an example of these different types of glasses, along with a schematic
representation of their chemical structure.∗

A group of atoms situated in a disordered configuration — a glass — be-
haves very differently from the same group of atoms situated in a lattice. This,
in essence, is the basic theoretical problem of glass physics. For example, a crys-
talline silica window pane, besides being exceedingly difficult to manufacture,
does not insulate against cold nearly as well as a standard pane made of silica
glass. The absence of grain boundaries (interfaces between crystallites) pro-
vides metallic glasses with exceptional strength, elasticity, corrosion resistance

∗Important classes not shown in Fig. 1.3 are ionic (e.g., ZnCl2), hydrogen-bonded (e.g.,
glycerol) and molecular glasses (e.g., ortho-terphenyl).
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1. Introduction

and surface smoothness compared to conventional crystalline alloys, which is
important in specific applications such as surgical scalpels and stents17∗ (see
Fig. 1.3(c)).

A glass is by definition out of thermodynamic equilibrium, being metastable
to the crystalline ground state. In theory, this means that on a large enough
time scale glasses should flow and ultimately crystallize,19 but in practice this
does not occur: it has been calculated that a medieval cathedral glass at room
temperature flows, at most, 1 nm under its own weight in a billion years.20

Glasses’ out-of-equilibrium nature does, however, have far-reaching conse-
quences. First, it implies that glasses may slowly evolve over time. This is es-
pecially common in polymers, which have a relatively low melting temperature;
for example, the plastic polyvinyl chloride (PVC, see Fig. 1.3(b)) becomes more
brittle — more susceptible to fracture when subjected to outside forces — over
time,21 which is the limiting factor in the more-than-fifty-year service life of the
PVC pipes of the Dutch gas distribution network.22 More generally, the proper-
ties of a glass will fundamentally depend on its formation history. Many rapidly
cooled metallic glasses are ductile (able to absorb a large amount of energy by de-
forming before breaking), whereas if the same materials are cooled more slowly
(to the same final temperature) they become brittle, and show a completely
different fracture morphology,23 see Fig. 1.4. Vapor-deposited glasses, which
are synthesized layer-by-layer by the deposition of molecules directly from the
gaseous phase onto a substrate, can have a significantly higher melting temper-
ature and lower specific heat compared to chemically identical glasses created
by the cooling of the viscous liquid.24

Clearly, the behavior of glasses is very rich. But many aspects of it are not
well understood. A starting point of analysis, however, is given by the fact
that many observations are to a large degree universal across a wide variety
of glasses. Besides the general out-of-equilibrium qualities mentioned above,
low-temperature thermal properties such as the thermal conductivity and spe-
cific heat deviate from their crystalline values with a universal temperature
dependence.25–27 This universality, which is demonstrated in Fig. 1.5 and dis-
cussed in detail below, is of paramount importance. If covalent, ionic, metallic,
polymeric and Van der Waals-bonded glasses all have qualitative and even quan-
titative similarities, it must be possible to describe their behavior in terms of
only those features that are common to all of them: their disordered structure
and out-of-equilibrium nature.

This situation is a physicist’s dream, because it justifies the search for simple
models and principles that can describe reality. In particular, it justifies the
study of simplified computer models. This “computer strategy” guides all the
work in this thesis.

∗This thesis is concerned mainly with the statistical physics associated with the thermody-
namic and mechanical properties of glasses. As such, glasses’ optical and electrical properties
are not discussed, although they are incredibly important in e.g., fiber-optic communication
(the basis of the internet), computer memory and solar cells.18
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FIG. 1.4. The way glasses fail under applied force depends on preparation protocol,
reflecting their out-of-equilibrium nature which is not well understood. Shown are
scanning electron microscope images of disordered ZrTiNiCuBe alloy samples just prior
to failure in the presence of a notch (the black area). The white arrows in (b) indicate
the direction of the applied force. The sample in (a) was rapidly cooled from the
high-temperature liquid phase, whereas the sample in (b) was allowed to equilibrate
just above the glass transition temperature prior to cooling. Both samples were cooled
to room temperature. The rapidly cooled sample in (a) has a much higher fracture
toughness, a larger plastic zone near the notch root and a different fracture morphology
compared to the annealed sample in (b). Adapted from Ref. [23].

Intermezzo: research by computer simulation

It is almost always impossible to describe the behavior of systems of many in-
teracting particles exactly. The motion of just three spheres interacting with
Newton’s law of gravitation is already too complex to be expressed in a closed
mathemathical form.29 Solving the quantum-mechanical equation that governs
the ca. 1023 constituents of a liquid or solid is hopeless. Yet, many complex
systems show relatively simple behavior that is explained by the application of
statistical mechanics to simplified models, such as Debye’s model for the specific
heat of crystals or Van der Waals’ model for liquids.

However, there is no single model that can explain the various phenomena
common to glasses: their solidification via steeply increasing viscosity upon cool-
ing from the liquid state, aging behavior, and distinct mechanical and thermal
properties that can be highly history dependent. This makes it particularly
exciting to study glasses by simulation, because on the computer we can numer-
ically evolve the equations of motion of a system of many particles, providing an
idealized experimental setup where all the particles’ positions, velocities, ener-
gies, etc. are known at any time. Simulations allow us to directly test the validity
of approximate theories, measure microscopic quantities that are inaccessible in
experiment, or even come up with entirely new “computer thought experiments”
that could never be carried out in the real world, providing new empirical data
that guides the search for better models and theories.

A pleasing example of this kind of research is given in Chapter 5 of this thesis:
we measured the elastic constants of computer glasses (the “spring constants”
that define the material’s force response to deformation), ranging from a couple
of hundreds to hundreds of thousands of particles. Studying systems this tiny is

5



1. Introduction

FIG. 1.5. Glasses’ thermal properties deviate from those of their crystalline counterparts in
a remarkably universal way. (a) Thermal conductivity of SiO2 in glassy and crystalline (α-
quartz) form. The thermal conductivity of the glass follows T 1.8 at low T , reaches a plateau
at intermediate T , before increasing further and finally saturating above the plateau. This
is radically different from the well understood crystalline behavior of T 3 at low T when the
conductivity is limited by elastic wave scattering off the sample boundary, and a decrease
at higher T due to wave-wave interactions28 (see discussion in the main text below). (b)
Thermal conductivity of glasses representative of different chemical bonding types, such as
covalent (SiO2), polymeric (PMMA), metallic (ZrPd) and ionic (CaK(NO3)3). All glasses show
the same qualitative and even quantitative behavior, with values lying within approximately
one order of magnitude indicated by the vertical double arrow. (c) Specific heat of SiO2 in
glassy and crystalline form. At low T the crystal follows the Debye-law T 3 (dashed line);
the glass’ specific heat is clearly in excess of the value predicted by Debye theory and has a
linear temperature dependence at the lowest temperatures. (d) Specific heat divided by the
Debye scaling T 3 for several different glasses. In this representation, the excess over the Debye
prediction (dashed horizontal lines) is even more apparent. Again, all glasses show universal
behavior. Adapted from Refs. [26, 27].
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FIG. 1.6. The lowest-frequency normal modes in any solid — crystal or glass — are
modulations on a uniform translation, demonstrated here for a one-dimensional chain
of particles. These modulations are elastic (also known as acoustic) waves, u(x) ∼
cos(kx− ωt); the frequency ω ∼ k tends to zero in an infinite system. Reprinted from
Ref. [31].

experimentally impossible, but on a computer it is easily done. We discovered
that the distribution of elastic constants is heavy-tailed, meaning a small fraction
of glasses have anomalously low elastic constants — a fact hitherto unknown.
We then provided a theoretical explanation for this finding, and finally used
these measurements to confirm a long-standing theory by Schirmacher30 about
the relation between the distribution of elastic constants and the attenuation of
acoustic waves in glasses (see also Sect. 1.2.2 below).

1.1 Soft excitations in glasses

The explanation of glasses’ “anomalous” low-temperature thermal properties
shown in Fig. 1.5 must be sought in the nature of their low-energy (“soft”)
excitations.

Ever since Einstein developed his theory for the specific heat of solids (which
was later refined by Debye) it has been understood that a solid may be approxi-
mated as a collection of 3N independent quantized harmonic oscillators (N is the
number of particles), each corresponding to a normal mode of vibration.28 Ther-
modynamic quantities are determined by the vibrational frequencies of the oscil-
lators, which determine their energy levels εn = ~ω(n+1/2) with n = 0, 1, 2, . . . ,
so the problem reduces to finding the vibrational density of states D(ω) which
gives the fraction of normal modes with frequency between ω and ω + dω.

In crystals, it is well known that the lowest-frequency normal modes are
monochromatic plane waves of frequency ω ∝ k (k is the magnitude of the
wavevector) with D(ω) ∝ ω2 — the Debye model. This is a direct conse-
quence of the translational invariance of a solid’s interaction energy: moving
all constituents by a fixed amount does not change the interactions, and there-
fore long-wavelength modulations on a translation — plane waves — have low
frequencies.31 This is illustrated in Fig. 1.6.

The above reasoning applies to any solid, so long-wavelength elastic waves
must also be low-frequency vibrations in glasses. But these waves cannot be the
only low-energy modes, because this would imply that at the lowest temperatures
the thermal properties of glasses and crystals are equal (up to an overall rescaling
due to differing densities and sound velocities), while this is absolutely refuted
by the data in Fig. 1.5.

7



1. Introduction

FIG. 1.7. Glasses have a substantial number of low-frequency excitations in excess of
the Debye prediction. Shown is the density of states per volume D(~ω)/V for silica
glass, estimated via Eq. (1.1) using the specific heat data of Fig. 1.5(c), as well as the
Debye prediction based on the sound speeds. Adapted from Ref. [32].

A direct way to estimate the number of “extra” low-energy excitations is via
the specific heat, which in the harmonic oscillator approximation is simply the
sum of the contributions of the individual oscillators28

CV (T ) =
∫

dωD(ω)Ch.o.(T, ω).∗ (1.1)

Fig. 1.7 shows the vibrational density of states of silica glass estimated using
the specific heat data shown in Fig. 1.5(c).32 The number of excitations in ex-
cess of the Debye prediction is substantial. Furthermore, inelastic neutron and
Raman scattering experiments have independently verified that the additional
excitations are indeed harmonic oscillators as assumed,33,34† except at the very
lowest frequencies — which contribute to the T 1.8 and T regimes of the thermal
conductivity and specific heat at the lowest temperatures shown in Fig. 1.5(a,
c) — where also excitations due to thermal relaxation and quantum tunneling
exist35 (discussed further below).

∗The contribution of a single harmonic oscillator is

Ch.o.(T, ω) = kB
x2 expx

(expx− 1)2 ,

where x = ~ω/kBT .
†This is indicated by the scattering intensities, whose only temperature dependence is the

Bose-Einstein factor [exp(~ω/kBT )− 1]−1. This observation has caused the broad peak in the
specific heat divided by the Debye prediction, CV /T 3 (see Fig. 1.5(d)), and the equivalent
peak in D(ω)/ω2, to become known as the “Boson peak”, a rather obscure reference to its
harmonic origin.

8



The extra nonwavelike excitations must clearly be related to the disordered
structure and inherent frustration of glasses. But what, exactly, are they? This
thesis investigates these excitations by the computer simulation of simplified
model systems, with a particular focus on their microscopic nature, statistics,
and mechanical properties; their influence on not only the thermal, but also
the mechanical and dynamical behavior of glasses and even liquids near the
glass transition; and the development of new computational methods to reliably
extract these excitations from computer glasses. These topics have been the
focus of research for decades, but numerous open problems remain.

The rest of this introduction is structured as follows. Sect. 1.2 outlines how
the understanding of glasses’ excess excitations developed through the decades-
long effort to explain their low-temperature thermal properties. At the end of the
section, I demonstrate that a computational study carried out in this thesis pro-
vides evidence to distinguish between two competing theories of long-wavelength
wave scattering in glasses, which is a crucial factor in determining the thermal
conductivity. Sect. 1.3 discusses the analysis of the nonwavelike excitations in
computer glass models, highlighting how this thesis addresses several impor-
tant shortcomings of conventional computational methods and how this leads to
new insight into the excitations’ microscopic properties. Sect. 1.4 moves beyond
thermal properties and focuses on the important role played by soft excitations
in glasses’ mechanical behavior and history dependence, as well as supercooled
liquids’ viscous slowing down near the glass transition, emphasizing again the
contributions made in this thesis. Finally, each chapter is briefly summarized in
Sect. 1.5.

1.2 Models for the nonwavelike excitations

The origin of the universally anomalous thermal properties and excess low-energy
excitations of glasses is still a matter of active debate. There is general agreement
that a distinction has to be made between the behavior below approximately 1K,
where the specific heat scales as T and the thermal conductivity as T 1.8 and the
excitations are believed to be quantum tunneling systems; and the rest of the
temperature range — the “Boson peak” region (see footnote on page 8), roughly
1K < T < 100K — where the excitations are harmonic oscillators.5,35 Some
theories, such as the Soft Potential Model discussed below, ascribe a common
cause to these two regimes and classes of excitations. Others are concerned
only with a single regime. All either coarse-grain, have fitting parameters, or
make ad-hoc assumptions about the microscopic nature and number density of
the excitations, or about otherwise imposed sources of structural disorder; and
while the functional form of the various thermal properties is reasonably under-
stood, there is no natural explanation for the remarkable quantitative agreement
between glasses shown in e.g., Fig. 1.5(b).

The excess low-energy excitations of glasses have always been understood to
be local, i.e., to be collective motions that are predominantly concentrated on a
small group of atoms. The idea is that in a disordered solid, there are bound
to be rare local environments that allow a group of particles to make certain
motions at an unusually low energetic cost, and these soft modes can explain

9



1. Introduction

FIG. 1.8. (a) Localized excitation as imagined by Rosenstock in 1962. The glass is
pictured as a disordered network; the springs indicate bonds between particles. Rosen-
stock thought it likely that a glass contains cavities which accomodate an atom (labeled
“A”) that is weakly bound with a single bond only and can therefore oscillate at a low
frequency. (b) Model of a localized excitation in silica that quantitatively fits dynamic
structure factor measurements, proposed by Buchenau et al. in 1986. The arrows
indicate the direction of motion, which is an almost rigid relative rotation of two oxy-
gen tetrahedra (the white spheres denote oxygen atoms and the black spheres silicon
atoms). Reprinted from Refs. [34, 36].

e.g., the observed broad peak in CV /T 3 via Eq. (1.1). The first to make such a
suggestion was Rosenstock36 who, in trying to interpret the early specific heat
and scattering measurements on silica glass in the range 3K < T < 25K,37,38
speculated in 1962 that the extra excitations could be harmonic vibrations of
isolated atoms that reside in cavities in the glass structure and are “dangling
from” the rest of the glass. This idea is illustrated in Fig. 1.8(a). Rosenstock’s
proposal turned out to be false: there are no cavities in glasses large enough
to contain loose atoms. His way of thinking, however, was fruitful. In 1986
Buchenau et al. showed that in silica glass the excess harmonic vibrations must
be relative rotations of two or more oxygen tetrahedra, by fitting the dynamic
structure factor obtained from inelastic neutron scattering experiments. This
type of localized excitation is shown in Fig. 1.8(b).

The development of general theories about the excess excitations in glasses
began in earnest after the groundbreaking experimental work by Zeller and Pohl
in 1971,27 which was already shown in Fig. 1.5. Their measurements, which
covered many different glasses at lower temperatures than had been studied
before, cemented the conclusion that glasses universally deviate from the crys-
talline/continuum behavior described by Debye. Hence to explain this, a general
mechanism had to be found.
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1.2.1 The Tunneling Model at low temperature
Initially, most progress was made in understanding the anomalous scaling of the
heat capacity (∼ T ) and thermal conductivity (∼ T 1.8) below 1K. Many the-
ories were developed for this temperature range (for an overview and historical
account see Ref. [25]), but by now it is widely accepted that the “Tunneling
Model”, introduced independently by Phillips39 and Anderson, Halperin and
Varma40 in 1972, is correct. This model postulates that generally in glasses
there exist groups of atoms that have available to them two more or less equally
favorable stable configurations between which they can tunnel. This is illus-
trated in Fig. 1.9(a). These groups of atoms can therefore be described by
a double-well potential shown in Fig. 1.9(b); the lowest two energy levels are
ε± = ±

√
∆2

0 + ∆2, where ∆0 ∝ ~ω exp
[
−(V0)1/2] (V0 is the barrier height and

ω the harmonic frequency of the individual wells) and the “asymmetry” ∆ is
the energy difference between the two potential wells. If the barrier V0 is low
enough, so that quantum tunneling occurs on the timescale of the experiment,
and furthermore ε± ∼ kBT , both levels will contribute to the specific heat.
It can be shown that the contribution to the specific heat of a population of
two-level systems should indeed scale as T at the lowest temperatures, (almost)
independently of the distribution p(V0,∆), explaining the universally observed
specific heat below 1K. Similarly, the interaction between phonons and two-level
systems produces the observed T 1.8-dependence of the thermal conductivity.

1.2.2 Models at intermediate temperature
The anomalies in the intermediate temperature range 1 K < T < 100 K, such
as the plateau and subsequent rise of the thermal conductivity and the “bump”
in the specific heat divided by the Debye contribution, shown in Fig. 1.5(b, d),
are far less well understood. As discussed above, these anomalies are due to
the additional low-frequency local harmonic oscillators (vibrations) that exist
in glasses (see Fig. 1.7). But the crucial questions are the following: What
is the microscopic nature of these excess local excitations? And how do these
local excitations interact/hybridize with low-frequency elastic waves, what is the
“crossover” wavelength λco or frequency ωco at which this interaction destroys
the propagating nature of the elastic waves, and how does this influence the
observed thermal anomalies?

I will not review the many different answers that have been given to these
questions over the years (for an overview see Refs. [5, 42, 43]). But I will
briefly describe the two major classes of hypotheses, highlight some particularly
successful theories representative of each, and discuss discrepancies that exist
between them to which the computational studies carried out in this thesis are
directly relevant.

The theories for the vibrational anomalies of glasses can roughly be
grouped into two broad categories: “local oscillator” models and “coarse-grained
quenched disorder” models.44,45 The different models do not necessarily con-
tradict eachother’s assumptions (although sometimes they do), but view the
problem from different angles.

11



1. Introduction

FIG. 1.9. (a) Schematic illustration of a possible tunneling two-level system. The par-
ticles drawn with dashed lines indicate a nearby second stable configuration. Reprinted
from Ref. [41]. (b) Double-well potential that describes a two-level system. The barrier
height V0 and asymmetry ∆ (the energy difference between the two wells) need to be
small for such a system to contribute to thermal properties below 1K. (c) Harmonic
single-well potential as imagined in the Soft Potential Model, which could represent
e.g., the relative rotation of oxygen tetrahedra in silica shown in Fig. 1.8(b); these
potentials contribute to thermal properties in the range 1 K < T < 100 K. In (b) and
(c), the horizontal lines denote the first few energy levels. Panels (b) and (c) were
adapted from Ref. [35].

The Soft Potential Model (SPM)

The most successful model in the local oscillator category is the Soft Potential
Model (SPM) developed by Karpov, Klinger, Ignatiev, Il’in, Parshin, Gurevich,
Schober, Buchenau and others,35,46–50 which is an extension of the Tunneling
Model discussed above. The most important assumption is that the double-
well tunneling systems that determine the thermal properties below 1K, which
require a very small energy barrier and asymmetry (see Fig. 1.9(a)), form only
a small subset of a much larger population of local potentials with a broad
distribution of parameters. Within this population there should also exist single-
well harmonic oscillators with a small frequency ω, which are the sought-after
excess vibrations in the region 1 K < T < 100 K.∗ The model thus offers a
unified description of both the quantum tunneling systems and excess harmonic
vibrations. Both types of potential are illustrated in Fig. 1.9.

∗There also exist double-well potentials that can contribute via thermal activation in the
crossover region around 1K, but this population is not important for the overall picture.35
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The Soft Potential Model predicts, at the lowest frequencies, a universal
distribution

Dloc(ω) ∼ ω4 (1.2)

of localized harmonic excitations, which arises as a result of the continuum-
elastic interaction of many oscillators with an initially featureless frequency dis-
tribution, assuming it is sufficiently smooth and soft.49

The evidence in favor of the SPM is, in my opinion, highly convincing,
and comes from both experiment and computer simulations. The distribution
Eq. (1.2) was first validated in a computer glass model by Lerner et al. in 2016;51∗

the density of states, along with an example of a localized harmonic excitation
in the computer glass used by these authors, is shown in Fig. 1.10(a, b) (the
procedures used to obtain the vibrational excitations in computer glasses are
discussed in detail in Sect. 1.3 below). Eq. (1.2) has since been verified for many
different computer models.54

Experimentally, a direct way to test the model is via its prediction for the
specific heat C(T ). The distribution Eq. (1.2) implies that above 1K, C(T )
should scale as T 5 (via Eq. (1.1)). Together with the contributions from tunnel-
ing two-level systems and elastic waves, it should therefore follow

C(T ) = CtlsT + CDebT
3 + ClocT

5 (1.3)

at low temperature. This relation was extensively tested by Ramos for a col-
lection of silicate, borate, polymer, ionic and hydrogen-bonded glasses.55 By
treating Ctls, CDeb and Cloc as free parameters, he obtained a good fit up to
5K, which is demonstrated for a sodium oxide borate mixture in Fig. 1.10(c)
(above approximately 5K, higher-frequency excitations contribute for which
Eq. (1.2) breaks down, as discussed below). Furthermore, Ramos found that
for all glasses tested, the fitted CDeb agrees within experimental error with the
Debye prediction independently obtained via elastic constant measurements.
Finally, the SPM predicts Ctls/Cloc ∼ T 4

min, where Tmin is the temperature
at which the reduced specific heat after subtraction of the Debye contribution,
(C(T )−CDeb)/T 3, attains its minimal value (see the annotation in Fig. 1.10(c)).
Ramos showed that this relation convincingly holds over three orders of magni-
tude for the entire database of glasses, as shown in Fig. 1.10(d).

Above 5K, higher-frequency excitations become important, for which the
SPM predicts

Dloc(ω) ∼ ω. (1.4)

The crossover region between the two regimes of Eq. (1.2) and Eq. (1.4) produces
a broad maximum in D(ω)/ω2 and, equivalently, C(T )/T 3, which is known as
the “Boson peak” (see footnote on page 8). The SPM prediction is in remarkable
agreement over the whole Boson peak range with experiments on many different
glasses,49 as demonstrated in Fig. 1.11(a, b).

∗Preliminary observations regarding the validity of Eq. (1.2) were made by Schober and
Oligschleger,52 but they could not draw firm conclusions due to finite-size effects53 and insuf-
ficient statistics, both a consequence of the limited computer power in the 1990s.
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1. Introduction

FIG. 1.10. Numerical and experimental evidence for the Soft Potential Model (SPM).
(a) Vibrational density of states of a computer glass model, confirming that the distri-
bution of localized harmonic excitations follows the SPM prediction Dloc(ω) ∼ ω4 at
low frequency (note the double logarithmic scale and four-to-one triangle). The system
sizes are small enough so that elastic waves do not hybridize with the lowest-frequency
localized excitations (see discussion in Sect. 1.3.3). (b) Example of a localized excita-
tion in the same computer glass model. Only components larger than one tenth of the
excitation’s largest component are shown. Also shown are projections on the xy, xz and
yz planes. (c) Fit of the SPM prediction Eq. (1.3) to specific heat data of the sodium
oxide borate mixture (B2O3)84(Na2O)16 (solid line). The dashed lines indicate the sep-
arate contributions from two-level systems, CtlsT , and localized harmonic excitations,
ClocT

5 (see Eq. (1.3)). Tmin is the temperature at which (C(T )−CDeb)/T 3 attains its
minimal value. (d) Experimental verification of the SPM prediction Ctls/Cloc ∼ T 4

min
for a collection of twelve glasses. Panels (a) and (b) are reprinted from Ref. [51], panels
(c) and (d) from Ref. [55].
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Heterogeneous Elasticity Theory (HET)

The SPM is, however, not the only theory that can convincingly explain the
Boson peak and many features of the low-temperature behavior of glasses. As
noted above, there is a whole class of hypotheses that effectively coarse-grain
the microscopic disorder; these describe the glass as an elastic continuum with
spatially fluctuating elastic constants — the so-called Heterogeneous Elasticity
Theory (HET) developed by Schirmacher and coworkers30,43,44,56,57 — or as a
spring lattice with spatially fluctuating spring constants.58–61 By construction,
such approaches cannot explain localized quantum tunneling systems or vibra-
tions, but only treat the way in which elastic waves interact with an imposed
distribution of static disorder.

HET is widely acknowledged to be the most general and successful theory in
this class. At low frequency, it predicts an excess density of states of

Dexc(ω) ∼ ωd̄+1, (1.5)

with d̄ the spatial dimension, corresponding to Rayleigh scattering of the elastic
waves, where the scattering rate increases rapidly as Γ(ω) ∼ ωd̄+1. This type of
scattering arises generically in the presence of disorder;62–64 the low-frequency
excitations, in this picture, are thus “noisy” waves. At some higher frequency the
waves are so strongly scattered that their frequency becomes roughly equal to the
scattering rate, at which point the excitations lose their wavelike character and
are described by random matrix eigenstates which follow Wigner’s Semicircle
Law65,66

D(ω) ∼ ω
√

1− ω4. (1.6)

In three dimensions, d̄ = 3, Eq. (1.5) is equal to the SPM prediction Eq. (1.2).
Above the Boson peak frequency (the frequency at which D(ω)/ω2 is largest),
the HET and SPM predictions also match, since Eq. (1.6) scales as ω in the
middle of the semicircle.65 It is therefore not surprising that HET accounts for
the shape of D(ω)/ω2, as demonstrated in Fig. 1.11(c) for a computer glass
model; it also naturally explains the specific heat and thermal conductivity data
(except below 1K where quantum tunneling dominates), as well as various other
properties such as the frequency dependence of the elastic moduli and wave
speeds.30,56,57

Comparing the SPM and HET

It is unclear which of the two theories, if any, gives the appropriate explanation
of each of the anomalous thermal properties of glasses discussed so far. It is
clear, however, that HET has several major drawbacks compared to the SPM.
First, HET has to impose, by hand, a spatial distribution of elastic constants.
Often a Gaussian distribution is assumed, but it has long been known that this
choice fails to capture the height of the Boson peak in e.g., silica;45 other distri-
butions such as the log-normal distribution are then employed to fit the data,67
but lack a physical basis. Second, if the imposed distribution of elastic constants
is too broad, the system becomes unstable and the results unphysical.44 HET’s
interpretation is that the properties of real glasses are “precursor phenomena”
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FIG. 1.11. Comparison of numerical and experimental evidence for the Soft Potential Model
(SPM) and Heterogeneous Elasticity Theory (HET). (a) Reduced density of states of silica,
B2O3 and ethanol glasses from neutron and Raman scattering experiments. The solid line is a
fit to the SPM prediction and the dashed line a lattice simulation of the SPM. The vertical and
horizontal axes are rescaled to align the maxima of D(ω)/ω2. (b) Reduced density of states of
silica for the three temperatures indicated. The solid line has slope −1.1, so that D(ω) ∼ ω0.9

on the right side of the Boson peak, providing evidence for the SPM prediction Eq. (1.6). (c)
Reduced density of states of a computer glass model at three different temperatures well below
Tg; T = 5 ·10−5 (◦), 5 ·10−4 (M) and 5 ·10−3 (�) in the units of the model. The solid blue line
is a fit to the HET prediction, assuming Gaussian shear modulus fluctuations. (d) Transverse
elastic wave scattering rate in a two-dimensional computer glass model studied in Chapter 5
of this thesis. The scattering rate in the original glass (δ = 0) decreases by almost two orders
of magnitude when the parameter δ is tuned, which artifically reduces the internal stresses by
a factor (1− δ) and greatly diminishes the shear modulus fluctuations. The solid lines indicate
the HET prediction Γ(ω) ∼ ωd̄+1 = ω3 for d̄ = 2; the prefactor, which is proportional to the
variance of the shear modulus distribution, was independently determined for each ensemble
of glasses. The Γ(ω) ∼ ω2 regime at higher frequencies is also predicted by HET. Note that
the SPM predicts Γ(ω) ∼ ω4 at the lowest frequencies, based on the distribution of localized
harmonic excitations (Eq. (1.2)), and not the observed ω3. Panels (a) and (b) reprinted from
Ref. [49], (c) from Ref. [57] and (d) from Chapter 5 of this thesis.
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of this instability.57 In contrast, in the SPM the inherent instabilities in the
potential energy landscape of glasses are accounted for by stabilizing anhar-
monic interactions and are precisely the reason for the predictions of Eqs. (1.2)
and (1.4).

Nevertheless, work in this thesis indicates that elastic wave scattering in
glasses follows the prediction by HET, and not the SPM, indicating that coarse-
graining is indeed a necessary ingredient to describe some glass behavior. The
SPM ascribes wave scattering to the resonant interaction between waves and
localized excitations68 and therefore predicts, at the lowest frequencies,

Γ(ω) ∼ ω4, (1.7)

which is a direct consequence of Eq. (1.2). In Chapter 2 of this thesis it is estab-
lished that the distribution of localized excitations follows Eq. (1.2) in two, three
and four spatial dimensions, strongly suggesting that it is dimension-independent
(see also Refs. [69, 70]). This means that according to the SPM, Eq. (1.7) is
dimension-independent as well; whereas according to HET the wave scatter-
ing rate should follow the dimension-dependent Rayleigh law Γ(ω) ∼ ωd̄+1. In
d̄ = 3 the functional dependence is the same, but extensive computer simula-
tions in d̄ = 2, presented in Chapter 5, establish that Γ(ω) ∼ ω3, demonstrating
that HET’s Rayleigh scattering hypothesis is correct. Furthermore, by directly
measuring the shear modulus fluctuations, we verify that HET quantitatively
predicts the wave scattering rate. This is shown in Fig. 1.11(d). En passant,
we discovered that the local shear modulus distribution in glasses universally
features a heavy tail extending to −∞, with an exponent directly related to the
universal distribution of localized excitations Eq. (1.2) predicted by the SPM.
This result explains why HET’s assumption of Gaussian disorder falls short and
provides the input for a more physically motivated theory.

1.3 Soft localized excitations in computer glasses

The discussion at the end of the last section makes clear that although a lot of
progress has been made in understanding the low-energy excitations in glasses,
many open questions remain. What is the microscopic nature of the localized
excitations postulated by the SPM? Why is the probability distribution of soft
potentials apparently so similar across many different glasses, as manifested
in e.g., the thermal conductivity data shown in Fig. 1.5(b)? Are the SPM’s
assumptions about this distribution correct? In describing glasses’ disordered
structure, when is it appropriate to coarse-grain and when must microscopic
details be taken into account?

As demonstrated above, computer simulations can study these questions in
ways that real experiments cannot. In this section, I first show how to simulate
a liquid that forms a glass on the computer. Next, I explain the method that
is traditionally used to obtain a solid’s harmonic vibrational modes. Then, I
discuss important shortcomings of this method when it comes to analyzing the
relevant localized excitations in a glass, and outline an alternative framework
that overcomes these problems. Finally, I show that this novel framework, which
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was introduced by Lerner and Gartner71–73 and is significantly expanded in this
thesis, leads to considerable progress on some of the questions posed above.

1.3.1 Simplified model of a glassforming system
As we have seen, many properties of glasses are universal. We therefore expect
that a model containing only the most general features of condensed matter
systems will already capture the essence of a glass. In preparing the computer
experiments in this thesis, we consequently take the simplest possible approach,
leaving away many details of real materials.

We envision a system of N point particles of equal mass m enclosed in a
d̄-dimensional box of volume Ld̄ with periodic boundary conditions. Most of the
time, we will set d̄ = 3, but for the purpose of visualization we will work with
d̄ = 2 (“flatland”) below (many glass properties turn out to be insensitive to
the spatial dimension, which we use to our advantage in many situations). The
potential energy of the system is

V (r) =
∑
〈ij〉

ϕ(rij), (1.8)

where r = (r1, . . . , rN ) denotes the Nd̄-dimensional vector of all the particles’
coordinates, the sum runs over all particle pairs 〈ij〉, and ϕ(rij) is the pairwise
interaction energy that only depends on rij = |ri − rj |, the distance between
particle i and j. In principle, many-particle systems have three-body and higher
terms in their potential energy, but they are often well-approximated by the
pairwise interaction only.74 Consistent with the strategy of making as many
simplifications as possible, we define the pairwise interaction ϕ to be purely re-
pulsive. We therefore neglect the weaker, longer-ranged attractive forces present
in real materials, but for many systems this does not change the structure and
dynamics in the relevant part of the phase diagram.75–77 We add a single com-
plicating factor: we take our system to consist of two types of particles — A and
B — in a one to one ratio. If we make it energetically favorable for A and B par-
ticles to be close (relative to the AA and BB interactions) this greatly inhibits
crystallization — the system “wants” to stay disordered — and facilitates our
study of the glassforming process. The pairwise interaction potential becomes

ϕ(rij) = ε

(
σij
rij

)n
, (1.9)

with n = 10 (a rather inconsequential and arbitrary choice, as long as n is large
in accordance with atoms’ harsh repulsion at short distances). ε is the unit of
energy, and the effective interaction radius σij determines the difference between
the AA, AB, and BB interactions.71

The above choice of interaction potential, along with an appropriate choice of
condensed-phase density ρ, defines our model system. We simulate this system
on the computer by numerically integrating Newton’s second law, modified in
such a way to keep the particles’ velocities consistent with the temperature of
an imaginary thermal reservoir.78 We start at high temperature, in the liquid
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(a) computer glass (b) transverse wave (c) localized mode

FIG. 1.12. (a) A computer glass, i.e., a reference configuration for which the net force
on every particle is zero. Particles of type A and B are shown in green and purple,
and are sized in proportion to their interaction radius. (b) The longest-wavelength
(lowest-frequency) transverse wave of the system. (c) A soft localized mode.

phase, and gradually cool the system down until it solidifies into a glass. Now,
the particles are wiggling around fixed positions, never escaping the “cages”
formed by their neighbors. To perform a vibrational mode analysis of this glass,
we need to find the reference configuration r0 at which the net force on every
particle is zero — in other words, the nearest local minimum of V (r). This task is
easy to perform with standard methods.79,80 The result is shown in Fig. 1.12(a).

1.3.2 Vibrational mode analysis
The vibrational modes of this glass — the Nd̄ orthogonal Nd̄-dimensional dis-
placement directions in configuration space along which the system can oscillate
independently about the reference configuration r0 in the quadratic approxima-
tion of the potential energy — are found as follows. We expand the potential
energy about the reference configuration as

V (r)− V (r0) = 1
2

N∑
i,j

d̄∑
α,β

Mαβ
ij δr

α
i δr

β
j +O(|δr|3), (1.10)

where δr = r − r0, roman indices enumerate particles, greek indices enumerate
cartesian components, and the Hessian matrix is defined as

M = ∂2V

∂r2

∣∣∣∣
r0

. (1.11)

Note that in Eq. (1.10) the first-order term vanishes because the net force on
each particle is zero. The vibrational modes ψ̂` and corresponding frequencies
ω` (` = 1, . . . , Nd̄) are the solutions of the eigenvalue equation

Mψ̂` = mω2
` ψ̂`. (1.12)
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By numerically solving Eq. (1.12) we obtain the modes of our model glass;81
the two lowest-frequency modes∗ are shown in Fig. 1.12(b, c). As expected
from the theory of lattices and continuum elasticity82 discussed in Sect. 1.1,
we observe the longest-wavelength transverse wave that is commensurate with
the finite linear size L of the system. But at an even lower frequency — the
very lowest frequency of the system, in this case — we find a localized mode as
anticipated.† Its spatial structure consists of a disordered core of a few tens to
hundreds of particles, dressed by a quadrupolar far-field that decays as r−(d̄−1) at
a distance r from the core,51 consistent with the theoretical far-field response of
an isotropic homogeneous medium to a local region that undergoes deformation
that is predominantly shear-like, i.e., volume-preserving, in nature.83–85

1.3.3 Hybridization and nonlinear excitation analysis
In the example in the previous section, we were able to cleanly observe both a
localized excitation and an elastic wave as eigenvectors of the Hessian matrix.
In general, however, this is not possible. The Nd̄ normal modes, termed “linear”
modes because of the linear nature of Eq. (1.12), have an orthogonalization con-
straint — a well known property of eigenvalue problems. Since elastic waves and
localized excitations are by their nature not completely orthogonal (cf. Fig. 1.12),
this means that no wavelike mode will be fully wavelike (it will feature “impuri-
ties” due to localized modes) and no localized mode will be fully localized (it will
feature a wavelike background or partially hybridize with other nearby localized
excitations). In the extreme case, when the frequencies of two (or more) modes
are nearly equal, they completely hybridize. This is demonstrated in Fig. 1.13(a,
c).

Hybridization impedes the observation of localized excitions, except those
below the frequency of the system’s longest-wavelength transverse waves. In
small systems, localized excitations can therefore be detected in a limited fre-
quency window (cf. Fig. 1.10(a)), but in large systems the hybridization with
elastic waves makes their clean identification impossible.86

An important part of this thesis focuses on alternative, nonlinear approaches
to detecting localized excitations, that overcome the problem of hybridization. In
the nonlinear framework, introduced by Lerner and Gartner in 2016,71–73 local-
ized excitations are indifferent to hybridization. This is illustrated in Fig. 1.13(b,
d), which shows that the nonlinear counterparts of the hybridized linear modes
in panels (a, c) are perfectly dehybridized.

The essence of the nonlinear framework is that localized modes are found
by minimizing appropriate cost functions; these cost functions favor low stiff-
ness excitations but, importantly, also penalize wavelike and other delocalized
fields. Chapter 3 of this thesis establishes that nonlinear excitations are the

∗We exclude the d̄ zero-frequency translations that follow directly from the translational
invariance of the potential energy.

†Finding a localized mode with a lower frequency than the lowest elastic wave is not guar-
anteed, since the localized modes’ frequencies are power-law distributed according to Eq. (1.2).
What is guaranteed is that we will eventually find one if we repeat the experiment often enough;
I of course hand-selected an appropriate example glass.
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FIG. 1.13. Nonlinear excitations are indifferent to hybridization. (a) Linear mode
(i.e., a solution of Eq. (1.12)) that consists of two hybridized localized excitations of
similar frequency. (b) The hybridized linear mode of panel (a), cleanly separated into
two nonlinear excitations (shown in black and green). (c) Linear mode that is the
hybridization of a localized excitation and an elastic wave of similar frequency. (d)
Dehybridized nonlinear counterpart of the localized excitation of panel (c). For clarity,
in panels (a) and (b) only the largest 0.1% of components of each mode is shown.
Reprinted from Chapter 3 of this thesis.

true representatives of soft spots in glasses, in the sense that they possess the
frequency and structure of the idealized localized excitation in the absence of
hybridization, as evidenced by the data in Fig. 1.14.

Direct access to the unhybridized structure of the softest localized excita-
tions enabled us, for the first time, to test certain crucial assumptions of the
Soft Potential Model (SPM) about the parameters of soft potentials in glasses.
Within the SPM, soft potentials are described by quartic polynomials

V (x) ∝ 1
2ω

2x2 + 1
6τx

3 + 1
24χx

4, (1.13)

which can represent either double-well or single-well excitations, depending on
the parameters ω, τ and χ (see Fig. 1.9). The quartic term acts to stabilize any
soft local potential, modelling the stiff surrounding glass; hence χ is taken to be
large, positive and approximately constant. The central physical input to the
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FIG. 1.14. Every localized linear mode has a
nonlinear counterpart that possesses the fre-
quency and structure of the idealized excita-
tion in the absence of hybridization. Shown
are the localization (roughly, the number
of participating particles) and harmonic fre-
quency of the softest linear mode and the cor-
responding nonlinear excitation of many iden-
tically prepared computer glasses. Far below
the frequency of the lowest-frequency elastic
waves (indicated by the vertical gray line), hy-
bridization is almost absent and the structure
and frequency of linear and nonlinear excita-
tions converges. Reprinted from Chapter 3 of
this thesis.

SPM is therefore the joint distribution P (ω, τ), which, significantly, is assumed
to factorize due to the statistical independence of ω and τ .35,87

In Chapter 3 we demonstrate that ω and τ are not uncorrelated, but scale
as τ ∼ ω, as shown in Fig. 1.15. This surprising correlation enables us to make
a universal prediction for the distribution of potential energy barriers of the soft
potentials in glasses, p(V0) ∼ V 4

0 (cf. Fig. 1.9), as well as a prediction for the
distribution of local strain thresholds to plastic instability (discussed below).
There currently exists no theoretical explanation for this finding.

1.4 The glass transition, preparation protocol
dependence and plastic deformation

As discussed in Sect. 1.2, the understanding of the low-energy excitations in
glasses developed mainly through the efforts to elucidate their low-temperature
thermal anomalies. Computer experiments formed an important part of this
endeavor. Since the 1980s, they have been used to confirm various aspects of by
now widely accepted premises of glass physics, such as the localized nature of the
excess soft vibrations89–91 and their influence on the specific heat52 and thermal
conductivity,92 as well as the existence of double-well tunneling systems93,94 and
thermally activated aging dynamics.95–97

Gradually, it has become clear that soft localized excitations are important
not just in explaining the thermal properties of glasses, but also other charac-
teristic behavior such as their history dependent mechanical response (shown
e.g., in Fig. 1.4) and viscous slowing down near the glass transition. This sec-
tion discusses these topics, which are at the centre of the scientific challenge
of understanding glasses’ out-of-equilibrium nature, in the context of computer
simulations and the contributions made in this thesis.

1.4.1 The glass transition
The nature of the glass transition is what Nobel laureate Philip W. Ander-
son called “the deepest and most interesting unsolved problem in solid state

22



fast

intermediate

slow

FIG. 1.15. Soft localized excitations’ parameters, as defined in the nonlinear analysis
framework described in this thesis, are not uncorrelated as assumed in the Soft Potential
Model (SPM), but follow τ2 ∼ ω2χ (see Eq. (1.13)). This finding is independent of
the cooling rate with which the glass was formed (indicated in the legend). Since χ
is independent of ω, this implies τ ∼ ω, which leads to universal predictions about
the potential energy landscape of glasses. The black dash-dotted line marks τ2 =
(8/3)ω2χ, below which the excitation, in the fourth-order expansion of the potential
energy, is a single well. The solid gray line marks τ2 = 3ω2χ; between the two bounds
the excitation has two wells, but the second well has a higher potential energy (see
illustrations). In Ref. [88] it is postulated that excitations in glasses respect the bound
given by the gray line, meaning the system always finds the lowest of two nearby wells.
The data indicate that this bound is almost satisfied for slowly quenched systems. Note
that the vast majority of excitations represent a single-well potential within the quartic
approximation, as assumed in the SPM.35 Reprinted from Chapter 3 of this thesis.

theory.”100 A central open question is what determines the apparent activation
barrier ∆E(T ) that controls supercooled liquids’ rapidly increasing viscosity
η(T ) with decreasing temperature via the Arrhenius-like relation

η(T ) ∝ exp(∆E(T )/T ), (1.14)

where ∆E(T ) usually increases upon cooling, in a few cases stays nearly con-
stant, and never decreases,1,2,98 as demonstrated in Fig. 1.16.

A closely related problem is that viscous liquids generally display highly
hetereogenous dynamics, meaning that some microscopic regions relax orders
of magnitude faster than others.101,102 This is illustrated using the computer
model introduced in Sect. 1.3.1 in Fig. 1.17(a). It is unknown what physical
process sets the size distribution of these heterogeneities and the distribution of
activation energies that control the local relaxation times.

A viscous liquid behaves like “a solid that flows”,1 i.e., most of time the
particles vibrate around their equilibrium positions, but once in a while a local
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1. Introduction

FIG. 1.16. Angell plot98 of viscosity vs. inverse temperature normalized to 1 at Tg,
where Tg is defined as the temperature at which the viscosity reaches 1012 Pa · s. This
representation is chosen to test the Arrhenius-like relation Eq. (1.14) for many different
liquids. Some liquids, such as the tetrahedral network oxides SiO2 and GeO2, have a
nearly constant activation energy ∆E, indicated by a straight line. This behavior is
called “strong”. In other liquids (mainly ionic and molecular), ∆E can vary by up to
a factor of 3.5;99 the viscosity data in this representation is then strongly curved and
the liquid is called “fragile”. Reprinted from Ref. [98].

structural rearrangement occurs. It is therefore natural to try to relate the
activation energy ∆E(T ) and the heterogeneous dynamics of the viscous liquid
to the low-energy localized excitations of the glass.

Schober et al.95–97,106 and later Widmer-Cooper et al.107,108 studied the glass
that is obtained by instantaneously minimizing the potential energy of the vis-
cous liquid configuration and found that the loci of the lowest-frequency vibra-
tional modes correlate very well with the regions in the liquid that flow the
fastest. This is demonstrated in Fig. 1.17(a), where the loci of the softest local-
ized excitations are denoted by circles.

In Chapter 6 of this thesis, the connection between soft excitations and vis-
cous liquid dynamics is placed on a quantitative footing by associating the elastic
energy scale characteristic of soft excitations to the activation barrier of the liq-
uid ∆E(T ). It is difficult to estimate the soft excitations’ characteristic energy
directly, but Lerner and Bouchbinder demonstrated that it is faithfully captured
by κ, the energy of the system’s typical response to local force dipoles.109,110
These “dipole responses”, which on average have a high stiffness, are structurally
similar to the softest localized excitations, as shown in Fig. 1.18.
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(a) viscous liquid (b) sheared glass

0 0.2 0.4 0.6 0.8

avg. displacement (t ≈ τα/25)

0 0.75 1.5

deviation from affine deformation

FIG. 1.17. Soft localized excitations play an important role in the heterogeneous dy-
namics of viscous liquids and glasses’ plastic flow under deformation. (a) Particle
displacement after a time t≈ τα/25 (τα is the primary relaxation time that determines
the decorrelation of the whole liquid’s structure, and is proportional to the viscosity),
averaged over different initial particle velocities sampled from the Maxwell-Boltzmann
distribution103 corresponding to a temperature at which the liquid is very viscous.
The circles denote the loci of soft localized excitations (it is presently not possible to
find all excitations, so only a subset is shown; for more details, see Chapter 6). (b)
The same glass as panel (a), subjected to a 2% simple shear deformation (in the limit
of zero temperature and zero shear rate104). The particles are colored according to
their deviation from affine deformation, using the measure Dmin proposed by Falk and
Langer;105 i.e., at large values the displacement of a particle relative to its neighbors
cannot be described by an affine transformation, indicating that an irreversible struc-
tural rearrangement has occurred there. Again, the circles denote the loci of a subset
of soft localized excitations. Note that not all excitations couple to this particular de-
formation. The unsheared frame is indicated by the dashed square. For visual clarity,
the system is shown at a shear deformation of 4% instead of the simulated 2%.

Fig. 1.19 shows that the proposed relation

∆E(T ) ∝ κ(T ) (1.15)

holds remarkably well for the three-dimensional version of the inverse-power-law
model of Sect. 1.3.1. Here, κ(T ) represents the mean dipole response energy of
the glass that was instantaneously quenched from the viscous liquid at tempera-
ture T . In Chapter 6 we find that Eq. (1.15) is valid for systems where repulsive
forces dominate the pairwise interactions (which is typically the case77), suggest-
ing that in this situation (of which the inverse-power-law model is an idealized
example), the soft localized excitations capture the relevant energy barriers for
structural relaxation. Curiously however, in models where attractive forces dom-
inate, Eq. (1.15), as well as the microscopic correlation between relaxation and
soft excitations shown in Fig. 1.17, breaks down. We further show that liquids
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(a) soft excitation (b) dipole response

FIG. 1.18. A soft localized excitation (a) and the response to a local force dipole (b) are
structurally similar. The energy scale of the system’s response to a typical force dipole
faithfully represents the characteristic energy of the softest localized excitations.109,110

The applied force dipole is shown in red. Reprinted from Chapter 6 of this thesis.
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FIG. 1.19. Structural relaxation in the supercooled liquid is controlled by κ(T ), the
mean stiffness of the underlying glass’ response to local force dipoles, in an inverse-
power-law model. (a) Relative change of κ and shear modulus G as a function of 1/Tp
(Tp is the temperature of the “parent” liquid from which the glass was instantaneously
quenched). The relative increase of κ is substantially greater than that of G. (b)
Primary relaxation time τα rescaled by an attempt frequency t0 vs. 1/T . (c) Fit to
Eq. (1.15) demonstrating that the supercooled liquid’s Arrhenius activation energy
∆E(T ) ∝ κ(T ). Adapted from Chapter 6 of this thesis.

with strong attractive forces feature highly granular potential energy landscapes,
where many minima separated by low activation barriers exist. In such liquids,
it appears that the minima do not properly represent the landscape properties
relevant for structural relaxation. Additional research is needed to clarify these
findings.
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1.4.2 Plastic deformation and preparation protocol
dependence

Another basic problem in glass physics concerns plastic (irreversible) flow upon
deformation. It has been demonstrated by experiments on disordered bubble
rafts,111 colloidal glasses112 (suspensions of small solid particles in a liquid, e.g.,
silica or plastic spheres, which can be visualized with confocal microscopy4),
and computer simulations105 that plastic flow in glasses proceeds via the stress-
induced rearrangements of small groups of particles, called shear transformation
zones, whose collective dynamics and interaction produce macroscopic behavior
such as shear bands (band-like zones of plastic deformation) and fracture113
(see Fig. 1.4). The existence of shear transformation zones is demonstrated in
Fig. 1.17(b) in the same computer glass that was used to analyze the viscous
liquid in panel (a). Evidently, the shear transformation zones — structurally
weak entities that were postulated long ago,105,114 but whose microscopic nature,
much like the soft potentials in the Soft Potential Model, remain unspecified —
are nothing more than (a subset of) the soft localized excitations. This was
demonstrated by Maloney and Lemaître,104 Tanguy et al.,115,116 Manning and
Liu,117 and Lerner et al.71–73

The variable way in which glasses fail under external loading thus depends
intricately on the initial distribution of soft excitations and how it evolves dur-
ing deformation. The number density and typical frequency of the softest ex-
citations, as manifested in the prefactor Ag of their universal distribution (see
Sect. 1.2.2)

D(ω) ∼ Agω
4, (1.16)

can be highly dependent on preparation protocol of the glass. This is shown
in Fig. 1.20, which compares the density of states of computer glasses formed
by instantaneously minimizing the potential energy of liquid configurations at
various temperatures, ranging from very hot (nonviscous) to deeply supercooled
(viscous). In the glasses quenched from the viscous liquid configurations, local-
ized excitations are much more rare, as demonstrated by a decrease of Ag of
almost two orders of magnitude.

Although much is still unknown about the precise collective dynamics of the
population of localized excitations under deformation,118 Ref. [119] has shown
that the remarkable crossover from ductile-like to brittle-like failure as a function
of the cooling rate, as seen in Fig. 1.4 for a metallic glass, is controlled by the
depletion of the number of soft excitations. The results of this computational
study are displayed in Fig. 1.21.
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FIG. 1.20. The number and frequency of the softest localized excitations are very sen-
sitive the preparation protocol of the glass. This is demonstrated by comparing the
density of states D(ω) of glasses prepared by instantaneously quenching from liquid
configurations at various temperatures, ranging from hot (nonviscous) to cold (vis-
cous). The prefactor Ag of the universal distribution D(ω)∼Agω

4 decreases by almost
two orders of magnitude upon lowering the temperature of the parent liquid. D(ω) and
ω are made dimensionless by rescaling with ω0 = cT(ρ/m)1/3, which accounts for the
general frequency increase of all modes due to the increase in transverse sound speed
cT (of about 17%) with decreasing parent liquid temperature (without rescaling, the
decrease of Ag would be even more dramatic). The vertical dashed line marks the fre-
quency of the longest-wavelength transverse wave commensurate with the system size.
The data is from a three-dimensional computer model similar to the one introduced
above.110
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FIG. 1.21. The crossover from ductile-like failure, which is gradual and accompanied
by a large zone of plastic deformation, and brittle-like failure, which is more abrupt
and accompanied by a small plastic zone, is controlled by the number of soft localized
excitations. (a) Schematic illustration of the fracture test in the presence of a diamond-
shaped crack. The gray square represents the undeformed state, with the initial crack
shown in white. The white rectangle represents the deformed state, which is a pure
uniaxial extension, i.e., the boundaries perpendicular to the tensile axis are held fixed
(the out-of-plane direction is not shown). This particular deformation is chosen to
eliminate transverse contraction, which influences the fraction of localized excitations
that can participate in plastic activity. The fracture test is performed by computer
simulation in the athermal quasistatic limit (see caption of Fig. 1.17). (b) Density of
states of two glasses with a large difference in the number of soft localized excitations,
captured by the prefactor Ag. (c, d) Snapshots of the two glasses at a strain of 15%.
The particles are colored according to their deviation from affine deformation (see
Fig. 1.17). Glass (c), which contained a large number soft localized excitations in
the undeformed state, failed in a ductile-like way, evidenced by the large plastic zone
near the crack. Glass (d) contained a much smaller number of soft excitations in the
undeformed state and failed in a brittle-like way (cf. Fig. 1.4). Adapted from Ref. [119].
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1.5 Overview

The main message that I hoped to convey in this introduction is that soft lo-
calized excitations are of fundamental importance in many aspects of glass be-
havior: their preparation protocol dependent thermal and mechanical properties
that are markedly different from those of crystals, yet display a striking degree
of universality; their aging dynamics; and their highly heterogeneous and non-
Arrhenius solidification upon cooling from the liquid state. Understanding this
population of excitations and its dependence on formation history could very
well be the key to a unified understanding of the nature of glass. This thesis
represents a small step towards that goal.

The subject matter of this thesis is approximately divided as follows: Chap-
ters 2 and 3 address the statistical and mechanical properties of the soft ex-
citations; Chapters 3 and 4 develop new computational methods that improve
the characterization and analysis of these excitations in computer glasses; and
Chapters 5 and 6 apply the results of the previous chapters to open problems in
glass physics.

Chapter 2 establishes that the distribution of soft localized excitations
D(ω) ∼ ω4 is universal across spatial dimension, by studying a simple com-
puter glass in two, three and four dimensions.

Chapter 3 investigates nonlinear formulations of soft excitations that go
beyond the conventional linear mode analysis (see also Sect. 1.3.3). It is shown
that nonlinear excitations are the true representatives of soft spots in glasses,
in the sense that they possess the frequency and structure of idealized localized
excitations in the absence of hybridization. We perform a statistical analysis of
the mechanical properties of nonlinear excitations, which results in a universal
prediction for the distribution of potential energy barriers of the soft potentials
in glasses, as well as a prediction for the distribution of local strain thresholds
to plastic instability.

Chapter 4 introduces a new definition of nonlinear excitations, that is more
broadly applicable because it does not rely on higher-order derivatives of the
potential energy. This definition is used to investigate (among others) hard
spheres, tetrahedral glasses, and bulk metallic glasses for which the framework
of Chapter 3 is either very difficult or impossible to apply.

Chapter 5 concerns the attenuation of elastic waves in glasses, which is a
crucial limiting factor in the thermal conductivity. This chapter demonstrates
that the degree of wave attenuation in glasses is controlled by the spatial fluc-
tuations of the shear modulus, as predicted by Fluctuating Elasticity Theory
developed by Schirmacher and coworkers (see also Sect. 1.2.2). It further shows
that these fluctuations, in turn, are controlled by the distribution of soft localized
excitations and are therefore likewise power-law-distributed.

Chapter 6 is about viscous-liquid dynamics and the nature of the glass tran-
sition. This chapter proposes that ∆E(T ) — the apparent activation barrier that
controls supercooled liquids’ viscosity — is set by an elastic stiffness κ(T ), which
characterizes the typical frequency and length scales of soft localized excitations
(see also Sect. 1.4.1). We present numerical evidence that ∆E(T )∼ κ(T ) holds
remarkably well in computer models where repulsive forces dominate the pair-
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wise interactions, suggesting that for these models, the soft localized excitations
capture the relevant energy barriers for structural relaxation. In models where
attractive forces dominate, the proposed relation breaks down. We further show
that liquids with strong attractive forces feature highly granular potential energy
landscapes, where many minima separated by low activation barriers exist. In
such liquids, it appears that the minima do not properly represent the landscape
properties relevant for structural relaxation.
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2. Universal Nonphononic
Density of States in 2D, 3D,
and 4D Glasses

Abstract. It is now well established that structural glasses possess disorder-
and frustration-induced soft quasilocalized excitations, which play key roles in
various glassy phenomena. Recent work has established that in model glass-
formers in three dimensions, these non-phononic soft excitations may assume
the form of quasilocalized, harmonic vibrational modes whose frequency follows
a universal density of states D(ω) ∼ ω4, independently of microscopic details,
and for a broad range of glass preparation protocols. Here we further estab-
lish the universality of the non-phononic density of vibrational modes by direct
measurements in model structural glasses in two dimensions and four dimen-
sions. We also investigate their degree of localization, which is generally weaker
in lower spatial dimensions, giving rise to a pronounced system-size dependence
of the non-phononic density of states in two dimensions, but not in higher di-
mensions. Finally, we identify a fundamental glassy frequency scale ωc above
which the universal ω4 law breaks down.

Reference. G. Kapteijns, E. Bouchbinder, and E. Lerner, Phys. Rev. Lett.
121, 055501 (2018).

2.1 Introduction

Understanding the statistical and structural properties of low-frequency ex-
citations in disordered solids is a long-lasting challenge in condensed matter
physics.30,49,51,60,61,86,91,120–127 It is generally accepted that in addition to the
well-understood long-wavelength phonons that dwell at low frequencies, other
soft excitations that stem from different aspects of the microstructure and/or
the disorder may emerge. These excitations have been argued to play an impor-
tant role in determining transport,30,60,121 static128,129 and thermodynamic60,120
properties of disordered solids, as well as to control relaxation patterns in equi-
librium supercooled liquids,107,108,130,131 and plastic flow rates in externally-
deformed glasses.117,132

One of the origins of the non-phononic low-frequency vibrational modes is
related to the degree of connectedness of the underlying network of (strong)
interactions formed between the constituent particles of a disordered solid.
Upon decreasing the connectedness of the aformentioned network, which can
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FIG. 2.1. Visualizations of soft quasilocalized vibrational modes in (a) 2D (b) 3D and
(c) a 3D projection of a 4D mode. We plot the largest 3%, 0.1% and 0.01% components,
that amount to approximately 70%, 92% and 87% of the displayed modes’ weights in
2D, 3D and 4D, respectively. The modes displayed have frequencies of roughly half the
respective longest wavelength transverse phonon frequency or less, and were calculated
in a generic model glass of purely repulsive spheres interacting via a r−10 pairwise
potential, see text for details. (d) Symbols represent the spatial decay of the squared
magnitude (see Ref. [71] for details) of the modes shown in panels (a)-(c), as a function
of the distance r away from the modes’ respective cores.

occur e.g., by carefully decompressing packings of soft repulsive spheres,122 the
rigidity of a glass becomes gradually compromised, a phenomenon known as
“unjamming”,133,134 and is accompanied by the appearance of low-frequency
non-phononic vibrational modes whose characteristic frequency vanishes when
rigidity is completely lost. This emergence of soft vibrational modes, as well
as many other aspects of the unjamming phenomenology, are well-captured by
variational arguments135,136 and mean-field theories.60,61,126,127

In a broad class of glass-forming models, referred to in what follows as
“generic” glass-forming models,∗ the unjamming phenomenology is often irrel-
evant, as these systems dwell far away from the critical unjamming point.138
Notwithstanding, generic model glasses still feature soft non-phononic excita-
tions; examples of such excitations are presented in Fig. 2.1. Recent investiga-
tions of generic glass forming models in three dimensions (3D) have established
the following general observations:

∗One prominent example of a generic glass-forming model is the Kob-Andersen Binary
Lennard-Jones model,137 which is arguably the most widespread model in contemporary nu-
merical studies of glass physics.
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(1) The softest non-phononic excitations in generic glass models are quasilo-
calized: they feature a spatial structure consisting of a disordered core of size ξ
(on the order of 10 particle diameters), decorated by a power-law decay ∼ r−2

at distances r away from the core,51,71,73 as demonstrated in Fig. 2.1.
(2) Due to strong hybridizations with long-wavelength phonons (elastic

waves), soft quasilocalized excitations may only assume the form of harmonic
vibrational modes (i.e., eigenfunctions of the dynamical matrix, see definition
below) when (i) systems are made small enough to suppress the occurrence of
phonons at very low frequencies,51,73,139 but still larger in linear size than the
core size ξ, or (ii) system sizes are employed for which a coexistence frequency
window of non-phononic quasilocalized vibrational modes and phonons opens.
Within this coexistence frequency window, which has been shown in Ref. [86]
to vanish in the thermodynamic limit, quasilocalized excitations can assume the
form of harmonic vibrations if their frequencies fall in the gaps between neighbor-
ing phonon bands, as observed in Refs. [140, 141]. The proximity of phonons with
similar frequencies to quasilocalized vibrational modes’ frequencies can alter the
latter’s far-field structure, which may feature a phononic background140,142,143
instead of a power-law decay away from their cores. We note that the effect
of quasilocalized modes on various phenomena in glasses is not expected to de-
pend on their observability as harmonic vibrational modes, as discussed e.g., in
Refs. [120, 132].

(3) The existence of soft quasilocalized excitations depends crucially on the
presence of frustration-induced internal stresses,139,140 which are a generic fea-
ture of structural glasses.144

(4) When soft quasilocalized excitations are realized as harmonic vibrational
modes, their frequencies follow a universal non-phononic distribution D(ω) ∼
ω4,51 which persists over a broad range of glass preparation protocols.109,139,145
Several theoretical frameworks predicted this universal distribution.49,120,121

While important progress in elucidating the degree of universality of
the non-phononic vibrational density of states (vDOS) has been recently
made,51,73,86,139,145,146 several fundamental questions remain open. (i) Is the
ω4 law universal across spatial dimensions? (ii) Are there clear signatures of
dimension-dependent finite-size effects on the non-phononic vDOS, and, if so,
what is their origin? (iii) Does a frequency scale exist above which the universal
ω4 law breaks down?

In this chapter we address these pressing questions; we show that the form of
the non-phononic vDOS D(ω) ∼ ω4, which has been previously observed only in
3D models, persists in two dimensional (2D) and four dimensional (4D) model
glasses as well, firmly establishing its universality. We also directly demonstrate
the quasilocalized nature of these non-phononic modes. These results cast doubt
on the claims that the effective medium theory60 and the infinite-dimensional
mean-field theory,126 which predict a different scaling, are relevant to realistic
dimensions away from unjamming.147 We further demonstrate that the degree of
localization of QLVM is weaker in lower dimensions, giving rise to a pronounced
system-size dependence of the non-phononic vDOS in 2D. Finally, by exploiting
the scaling of phonon frequencies and the stronger localization of QLVM in 4D,
our analysis reveals an emergent cutoff frequency ωc above which the ω4 law

35
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2D 3D 4D

N 196 400 786 1600 1K 2K 4K 5K 10K 20K
ensemble size 1M 490K 250K 122.5K 50K 50K 100K 4K 2K 1K

TABLE 2.1. System and ensemble sizes of glassy samples generated.

breaks down. We speculate about the implications of ωc and mention future
research directions.

2.2 Model glass and methods

We employ a well-studied glass-forming model that consists of a 50:50 mixture
of “large” and “small” particles of mass m in 2D, 3D and 4D. N particles are
enclosed in a d̄-dimensional hypercube of edge length L with periodic boundary
conditions, and interact via a radially-symmetric purely repulsive pairwise en-
ergy that varies with the distance r between particles proportionally to ε(λ/r)10,
with λ and ε denoting our microscopic units of length and energy, respectively. A
complete description of the model can be found e.g., in Ref. [109]. In what follows
all observables should be understood as expressed in terms of the appropriate
microscopic units. We choose the densities ρ ≡ mN/Ld̄ to be 0.86, 0.82, and 0.80
in 2D, 3D and 4D, respectively, such that the first peak of the radial distribution
function g(r) is approximately aligned across dimensions. Glassy samples in all
dimensions were created by equilibrating the fluid phase at T = 1.0 and then
cooling systems deep into the glassy phase (down to T = 0.1) at a constant rate
of Ṫ = 10−3. Residual heat was then removed by performing an energy mini-
mization. The number of glassy samples generated for each ensemble is detailed
in Table 2.1. Vibrational modes were calculated by a partial diagonalization of
the dynamical matrix M ≡ ∂2U

∂~x∂~x , where ~x denotes particles’ coordinates. The
Debye frequencies (defined e.g., in Ref. [28]) are found to be ωD ≈ 20.2, 17.3,
and 23.3 in 2D, 3D and 4D, respectively.

2.3 Results

Fig. 2.2 displays our main result; in panels (a), (b), and (c) we display the
ensemble-average vDOS D(ω) measured in our 2D, 3D, and 4D glassy samples,
respectively. At low frequencies we find

D(ω) ∼ ω−5
g ω4, (2.1)

in all spatial dimensions studied, firmly establishing the universality and fun-
damentality of this emergent law. We further find that ωg = ωg(N ; d̄) is a
dimension- and system-size-dependent prefactor.∗ Noticeably, the dependence
of ωg on N is much stronger in 2D compared to 3D and 4D.

∗ωg also depends on the preparation protocol of the glass, as discussed at length in
Ref. [109].
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FIG. 2.2. Sample-to-sample average of the density of vibrational modes D(ω), in
(a) 2D, (b) 3D, and (c) 4D glasses, for a variety of system sizes as indicated by the
legends. We find D(ω) ∼ ω4 in all spatial dimensions. The intrusion of phonons into
the ω4 scaling regime upon increasing system size is clearly observed in our 2D data.
Noticeably, the prefactor of the ω4 scaling appears to be system-size independent in
3D and 4D, but not so in 2D, where it grows with increasing system size, see text
for discussion. The frequency axes are rescaled by ω0 = 1.0, 1.6, 2.8 for 2D, 3D and
4D, respectively, for visualization purposes. The vertical axes are rescaled such that
D(ω) ∼ 1 for the lowest frequencies measured.

Where does the pronounced system-size dependence of the vDOS in 2D em-
anate from? In Fig. 2.1 we show examples of vibrational modes that populate the
ω4 tails of the vDOS across all investigated spatial dimensions. Consistent with
previous observations in 2D and 3D,51,71,73 we find that these modes feature a
disordered core of linear size on the order of 10 particle diameters, decorated by
a power-law decay ∼ r−(d̄−1) at distances r away from the core. These power-
law spatial decays lead us to expect that the characteristic frequency scales of
QLVM should feature an N and d̄ dependence, that would in turn translate to
N - and d̄-dependent prefactors ω−5

g of the ω4 vDOS.
To estimate ωg(N ; d̄) we consider similar objects — the linear displacement

response fields to local force dipoles;109,148 such responses feature similar spatial
structures to those of QLVM,109 and in particular their far fields also scale
as r−(d̄−1) at distances r away from the force dipole, just as seen for QLVM
in Fig. 2.1. The stiffness (frequency squared) associated with these fields was
derived in Ref. [109] using the elastic Green’s function in d̄ dimensions; the result
reads

ωg(N ; d) ∼
{

(logN)−1/2 d̄ = 2,
ωg,∞ +AN−(d̄−2)/d̄ d̄ > 2.

(2.2)

This result predicts that the prefactor of the non-phononic vDOS grows without
bound as ω−5

g ∼ (logN)5/2 in 2D, but converges to a constant for large N in
d̄ > 2, in qualitative agreement with our observations.

We next turn to a statistical analysis of the degree of localization of QLVM
across dimensions and system sizes. To this aim we consider the participation
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ē

 

 

N = 20000
N = 10000
N = 5000

(a)

2D

(b) (c)

3D 4D

FIG. 2.3. Running averages ē of the participation ratio e (see text for definition) of
low-frequency vibrational modes measured in (a) 2D, (b) 3D, and (c) 4D glasses, scaled
by the system size N , binned over and plotted against frequency ω. For visualization
purposes the frequency axes are rescaled by the same scales ω0 as reported in the
caption of Fig. 2.2. The peaks of ē correspond to the lowest frequency phonons.86

ratio e of a general field ~z, defined as

e ≡
(∑

i ~zi · ~zi
)2

N
∑
i(~zi · ~zi)2 , (2.3)

where ~zi denotes the d̄-dimensional Cartesian components of ~z pertaining to
the ith particle. The participation ratio is a general indicator of the degree of
localization of a field: extended fields feature participation ratios of order unity,
whereas e ∼ N−1 for localized fields.

Fig. 2.3 presents the running averages ē of the participation ratio e of vibra-
tional modes, representing here ~z, binned over their frequencies ω and multiplied
by the system size N . Panels (b) and (c) show data for 3D and 4D respectively,
and demonstrate that the participation ratio of QLVM that populate the ω4 tails
of the vDOS follow e ∼ N−1, while the 2D data displayed in panel (a) clearly
show e � N−1. Building again on the observation that QLVM feature a r−(d̄−1)

spatial decay beyond a scale ξ, we estimate to leading order e ∼ N−1 for d̄ ≥ 3,
but e ∼ (logN)2/N in 2D, in qualitative consistence with our observations.

2.4 The cutoff frequency ωc

In addition to firmly establishing the universality of the non-phononic ω4 vDOS,
the study of QLVM in 4D reveals an important frequency scale ωc above which
the ω4 scaling breaks down, that is difficult to observe cleanly in lower dimen-
sions. As opposed to observations in 2D and 3D, where the lowest frequency
phonons overlap the ω4 scaling regime, the breaking down of the universal ω4

scaling in 4D is not the result of the intrusion of phonons, but instead is seen as
an intrinsic, N -independent, emergent property of the vDOS.

The emergence of ωc is demonstrated in detail in Fig. 2.4, where we plot the
cumulative distributions C(ω) ≡

∫ ω
0 D(ω′)dω′ rescaled by ω5, see caption for
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FIG. 2.4. Cumulative distributions C(ω) ≡
∫ ω

0 D(ω′)dω′, divided by ω5 for (a) 3D
systems and (b) 4D systems. The frequency axes are rescaled by ω0 = 3.3 (2.8) in 3D
(4D) for visualization purposes. The vertical lines indicate the estimated position of the
first phonon band, i.e., they follow 2π

√
G/ρ/L with G the athermal shear modulus.

The cutoff frequency scale ωc is marked by the vertical arrows, at the frequency at
which C(ω)/ω5 dips downwards from the low-frequency plateau, the latter reflecting
the ω4 scaling of D(ω).

further details. Fig. 2.4(b) presents data calculated for 4D glasses, and clearly
shows the emergence of the cutoff frequency ωc — the frequency above which the
plateau of C(ω)/ω5 ends, marked by the vertical arrow. Our 4D data indicate
that ωc is independent of system size. In the 3D data displayed in Fig. 2.4(a),
the cutoff frequency ωc can be only seen for N = 1000; for N = 2000 the first
phonon band marked by the dashed horizontal line comes too close to ωc and
obstructs its visibility. We find ωc/ωD ≈ 0.05 for both 3D and 4D.

2.5 Summary and discussion

In this chapter we showed that the non-phononic vDOS in structural glasses
follows an ω4 law in 2D, 3D and 4D, firmly establishing its universality. We
further demonstrated that the degree of localization of the modes that populate
the ω4 tails of the vDOS is weak in 2D, giving rise to a pronounced system-
size dependence of the prefactors of ω4 scaling of the vDOS, and to a scaling
e � N−1 of the participation ratio e of low-frequency quasilocalized vibrational
modes, whereas e ∼ N−1 is found in 3D and 4D. Finally, we showed that by
employing simulations in 4D we are able to cleanly identify a frequency scale ωc
above which the ω4 scaling of the vDOS breaks down.

Our estimate ωc/ωD ≈ 0.05 may have interesting implications; if we take
TD ≈ 200 K as a rough estimate of the Debye temperature of many structural
glasses, then ωc translates into a temperature scale of 10 K. This temperature
scale appears to coincide with the temperature at which the specific heat of many
structural glasses, when normalized by T 3 (Debye model’s prediction), exhibits
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a maximum.55,149 It remains to be seen whether the similar magnitude of these
two temperatures is deep or a mere coincidence. The robustness of ωc should
also be tested in the nonlinear excitations framework put forward in Refs. [71,
73].

The observed persistence of the ω4 law across spatial dimensions rules out the
scenario proposed in Ref. [30] that the non-phononic vDOS followsD(ω) ∼ ωd̄+1,
and stands in contrast to mean-field approaches60,126 that predict a dimension-
independent non-phononic vDOS that follows D(ω) ∼ ω2. It remains to be seen
whether for d̄ > 4 deviations from the ω4 law are observed. Finally, we note
that recent computational advances support that the ω4 law persists in deeply
annealed glasses,150 albeit with a strongly suppressed prefactor ω−5

g . This obser-
vation is consistent with experiments on vapor-deposited glasses151 suggesting
the depletion of tunneling two-level systems, which are believed to be intimately
related to quasilocalized excitations.120,146
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3. Nonlinear Quasilocalized
Excitations in Glasses: True
Representatives of Soft
Spots

Abstract. Structural glasses formed by quenching a melt possess a population
of soft quasilocalized excitations — often called “soft spots” — that are believed
to play a key role in various thermodynamic, transport and mechanical phenom-
ena. Under a narrow set of circumstances, quasilocalized excitations assume the
form of vibrational (normal) modes, that are readily obtained by a harmonic
analysis of the multi-dimensional potential energy. In general, however, direct
access to the population of quasilocalized modes via harmonic analysis is hin-
dered by hybridizations with other low-energy excitations, e.g., phonons. In
this chapter we re-introduce and investigate the statistical-mechanical prop-
erties of a class of low-energy quasilocalized modes — coined here nonlinear
quasilocalized excitations (NQEs) — that are defined via an anharmonic (non-
linear) analysis of the potential energy landscape of a glass, and do not hybridize
with other low-energy excitations. We review the theoretical framework that
embeds a micromechanical definition of NQEs, and demonstrate how harmonic
quasilocalized modes hybridize with other soft excitations, whereas NQEs prop-
erly represent soft spots without hybridization. We show that NQEs’ energies
converge to the energies of the softest, non-hybridized harmonic quasilocalized
modes, cementing their status as true representatives of soft spots in structural
glasses. Finally, we perform a statistical analysis of the mechanical properties
of NQEs, which results in a prediction for the distribution of potential energy
barriers that surround typical inherent states of structural glasses, as well as a
prediction for the distribution of local strain thresholds to plastic instability.

Reference. G. Kapteijns, D. Richard, and E. Lerner, Phys. Rev. E 101,
032130 (2020).

3.1 Introduction

A major goal in the past and current investigations of structural glasses
is revealing and understanding the statistical-mechanical properties of low-
energy excitations,49,51,52,60,61,73,90,95,110,120–123,140,143,145,150,152,153 and the role
these excitations play in various thermodynamic,27,39,40 mechanical,72,154
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transport27,155,156 and yielding phenomena,71,116,117,157,158 as well as their con-
nection to dynamics in the viscous supercooled liquid state.97,107,108

It is now well-accepted that, at the lowest energies, glasses feature two types
of excitations. Firstly, there are elastic waves (phonons), that must emerge
due to the translational invariance of the potential energy,31 and are predicted
within (linear) continuum elasticity theory. While phonons in glasses are imper-
fect due to the structural and mechanical disorder,86 the density of phonons of
frequency ω nevertheless follows the Debye prediction D(ω) ∼ ωd̄−1 in d̄ spatial
dimensions.28

Secondly, glasses feature a population of soft, non-phononic quasilocalized
modes (QLMs) that arises due to glasses’ microscopic disorder and mechanical
frustration, as established decades ago using computer simulations,52,90,95 and
also argued for on theoretical grounds.49,120,121 In computer glasses, these excita-
tions are cleanly revealed as harmonic vibrational (normal) modes (see definition
below) either below51 or between73,140 phonon bands, namely in the absence of
strong hybridizations. In these circumstances, the non-phononic modes follow
a universal gapless density of states D(ω) ∼ ω4 in the limit ω → 0,51,140 and
are quasilocalized — they consist of a localized, disordered core, dressed by an
Eshelby-like algebraic decay away from the core.51 The universal law D(ω) ∼ ω4

was shown to be independent of spatial dimension,153 microscopic details,51 and
glass preparation protocol (e.g., cooling rate).53,145 The universal distribution
even persists in the most deeply supercooled computer glasses.110,150

It is precisely this population of soft QLMs, and their interaction with
phonons, that is thought to influence various unexplained universal phenom-
ena that are specific to structural glasses.27,39,40,156 Furthermore, a subset of
QLMs were shown to represent the carriers of plasticity in externally-loaded
glasses,71,132,158 and might be key in determining relaxation patterns in super-
cooled liquids.97,107,108 Therefore, knowledge of their full distribution is crucial
for advancing our fundamental understanding of many glassy phenomena.

However, as noted above, in a normal mode analysis, localized soft spots
assume the form of harmonic vibrational modes only when hybridizations with
other low-frequency excitations — in particular with phonons143 — do not occur.
It has been shown in Ref. [86] that, in the thermodynamic limit, phonons domi-
nate glasses’ low-frequency spectra, and hybridizations of QLMs and phonons is
inevitable. This makes it impossible to cleanly observe QLMs assuming the form
of harmonic modes in that limit, which is a severe limitation of the harmonic
analysis as a useful investigative tool of soft QLMs. We emphasize that the
existence of QLMs — as anomously soft spots in the glass — and their effect on
various physical phenomena, is not dependent on whether they can be realized
as harmonic modes or not (as shown e.g., in Ref. [132]).

Recently, a theoretical framework was introduced73 (which will be summa-
rized in Sect. 3.3 below) that formulates quasilocalized excitations in a nonlinear
way — outside of the normal (linear) mode analysis — such that they are indif-
ferent to hybridizations with phonons or with other quasilocalized excitations of
nearby frequencies. The robustness of these nonlinear quasilocalized excitations
(NQEs) against hybridizations is demonstrated in Fig. 3.1; in the left panels
we show low-frequency harmonic modes measured in generic computer glasses,
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FIG. 3.1. NQEs are indifferent to hybridization with excitations of nearby frequencies.
Panel (a) shows a normal mode that consists of two hybridized quasilocalized excita-
tions of similar frequency. In panel (b), we show that these excitations are cleanly
separated as two NQEs. Panel (c) shows a normal mode that is a mixture of a quasilo-
calized excitation and a nearby phononic excitation; panel (d) shows the dehybridized
NQE. In panels (a) and (b), only the largest 0.1% of components of each mode is
shown. For visual purposes, the modes are scaled so that the largest component of the
NQE is the same size as the corresponding component of the harmonic mode.

which consist of two hybridized localized soft spots [panel (a)], and a localized
soft spot hybridized with a phonon [panel (c)]. In panel (b) we show that each
of the hybridized soft spots from panel (a) is represented by a different NQE,
while panel (d) shows that the soft spot that is hybridized with a phonon in
panel (c) is represented by a single NQE, with no wave-like background (see
Appendix 3.B for details about the calculation of normal modes and NQEs).

In this chapter we present a comprehensive study of the statistical, mechani-
cal, and statistical-mechanical properties of NQEs, together with a new method-
ological framework that enables the calculation of NQEs in generic computer
glasses. We also extensively discuss the implications of our findings towards un-
derstanding some of the aforementioned fundamental and unresolved problems
in glass physics.

In Sect. 3.3 we re-introduce — in simple, physically transparent terms —
the theoretical framework from which a micromechanical definition of NQEs
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emerges. We then demonstrate in Sect. 3.4 that NQEs are true representatives
of soft spots in structural glasses: we show that NQEs disentangle localized
soft spots from hybridized harmonic modes, and discuss in detail the energetic
properties of NQEs compared to their harmonic counterparts. In Sect. 3.5,
we put forward several key observations regarding the mechanical properties of
NQEs, which enable important predictions about two fundamental properties
of structural glasses: (i) glasses’ destabilization under externally-imposed defor-
mations, and (ii) the form of the distribution of potential-energy barriers that
surround typical inherent states (local minima of the potential U) of a generic
glass. Finally, in Sect. 3.6 we discuss several avenues for future investigations.
Our notation conventions are explained in Appendix 3.A, and we describe in
detail how NQEs are calculated in Appendix 3.B.

3.2 Computer glass models

In this chapter, we employ two different glass-forming models. For most of the
results reported below (and when not reported otherwise), data is shown for
the inverse-power-law model, which we refer to as the IPL model from now on.
It is a 50:50 binary mixture of “large” and “small” particles interacting with a
pairwise potential U(r) ∼ r−10. The full details of this model, including micro-
scopic units, elastic properties, cutoff radius and additional smoothing terms, are
provided in Ref. [159]. In 3D, we create glassy samples by performing an instan-
taneous quench from equilibrium liquid configurations at T = 2.0, which is 2.5
times larger than the temperature at which the athermal shear modulus of the
underlying inherent states starts to saturate. We also study 2D and 4D glasses,
prepared with the protocol described in Ref. [153]. We report the number of
generated samples for each system size and spatial dimension in Table 3.1.

To study the effect of preparation protocol, we additionally employ a highly
polydisperse inverse-power-law model,160 that is optimized so that it can be
extremely efficiently equilibrated with the Swap Monte Carlo algorithm,161–163
while remaining robust against crystallisation. We use a slightly modified version
of the model presented in Ref. [160], the details of which are given in Ref. [159],
which we refer to as the POLY model. We prepare glassy samples by performing
an instantaneous quench from equilibrium liquid configurations at three different
temperatures: T = 0.35 (deeply supercooled), T = 0.5 (moderately supercooled)
and T = 1.3 (high temperature), which corresponds to approximately 40%,
56%, and 145% of the temperature at which the athermal shear modulus of
the underlying inherent states saturates.∗ For each temperature, we create 10K
samples of N = 2000, and 1K samples of N = 8000.

All quantities in this chapter are reported in dimensionless microscopic units:
lengths are rescaled by a0 ≡ (V/N)1/d̄, and times (frequencies) are rescaled by
τ0 ≡ a0/cT (ω0 ≡ cT/a0), where cT =

√
G(Tp =∞)/ρ denotes the transverse

wave speed, G(Tp =∞) the saturated (high-parent-temperature) athermal shear
modulus,159 and ρ the mass density. The values of ρ and G(Tp = ∞) for each
model are reported in Table 3.2.

∗In the units of the model presented in Ref. [160], this corresponds approximately to
T = 0.06, T = 0.083, and T = 0.22.
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2D IPL 3D IPL 4D IPL

N 400 1600 6400 25600 2048 8192 32768 10000
Ensemble size 10K 10K 10K 10K 320K 80K 20K 2K

TABLE 3.1. Ensemble size for each system size N for the 2D IPL, 3D IPL, and 4D
IPL models.

2D IPL 3D IPL 4D IPL 3D POLY

G(Tp =∞) 15.8 12.4 10.9 9.22
ρ 0.86 0.82 0.80 0.65

TABLE 3.2. High-parent-temperature athermal shear modulus and mass density for
the models employed in this chapter.

3.3 Theoretical framework

We consider a disordered system of N particles in d̄ spatial dimensions, enclosed
in a fixed volume V ≡ Ld̄, and interacting via a potential U(x), where x denotes
the Nd̄-dimensional vector of all particles’ coordinates. We assume all particle
masses to be unity. For all analyses, we study the system in the zero-temperature
limit, meaning that it resides in a local minimum x0 of the potential energy (also
called an inherent state), so that all particles are in mechanical equilibrium —
the net force on each particle is zero.

In a conventional normal mode analysis, one expands the potential energy
to second order in the displacement z ≡ x− x0 from this reference state as

U(x)− U(x0) ' 1
2M : zz, (3.1)

where
M ≡ ∂2U

∂x∂x

∣∣∣∣
x0

(3.2)

is the Hessian matrix of the potential U . Conventionally, the Nd̄ eigenvectors
ψ̂` of M are referred to as normal modes (also as vibrational modes or harmonic
modes), with real eigenvalues ω2

` ≥ 0 (because x0 represents a local minimum
of U). The eigenvectors ψ̂` represent orthogonal displacement directions along
which the system can perform harmonic oscillatory motion with frequency ω`.

As mentioned above, structural glasses are known to feature soft quasilo-
calized excitations, which are displacement fields that consist of a localized,
disordered core dressed by an algebraically-decaying field away from the core.73
These excitations may be approximately realized as normal modes if there ex-
ist no other modes with similar frequency in the system. However, as soon as
this is no longer the case, quasilocalized excitations are manifested as hybridized
normal modes, that mix a quasilocalized excitation with phonons or with other
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quasilocalized excitations, as demonstrated in Fig. 3.1, and discussed at length
in Ref. [73] and further below. Hybridization in the normal mode analysis can be
understood as a direct consequence of the orthogonalization constraint on eigen-
modes ψ̂`: quasilocalized excitations are not perfectly orthogonal to phonons or
other quasilocalized excitations, meaning that both phonons and quasilocalized
excitations cannot be exact eigenmodes of the Hessian matrix, but must always
be, to some extent, hybridized with each other.

3.3.1 Nonlinear quasilocalized excitations (NQE)
We now present an alternative way to define quasilocalized excitations outside of
the conventional harmonic analysis of the potential energy. Consider a glass at
zero temperature and at mechanical equilibrium, whose particles are subjected
to an imposed displacement about the mechanical equilibrium state, of the form
δx = sẑ, i.e., particles are displaced a distance s in a general direction ẑ on the
multidimensional potential energy landscape. Since the initial state considered
was a state of mechanical equilibrium, the system will respond to an imposed
displacement with a restoring force, denoted here by f ẑ(s). A third-order Taylor
expansion of this force is written as

f ẑ(s) ' f1(ẑ)s+ f2(ẑ)s2 + f3(ẑ)s3, (3.3)

where the coefficients of the expansion are given by

f1(ẑ) = − ∂2U

∂x∂x
· ẑ = −M · ẑ, (3.4)

f2(ẑ) = −1
2

∂3U

∂x∂x∂x
: ẑẑ ≡ −1

2U
(3) : ẑẑ, (3.5)

f3(ẑ) = −1
6

∂4U

∂x∂x∂x∂x
:· ẑẑẑ ≡ −1

6U
(4) :· ẑẑẑ. (3.6)

Once the expansion of the force response f ẑ(s) is spelled out, a mechanical inter-
pretation of the definition of normal modes emerges; normal modes are collective
displacement directions ψ̂ for which f1(ψ̂) ∝ −ψ̂, i.e., they are directions ψ̂ for
which the linear force response f1(ψ̂) is parallel to −ψ̂ itself, implying that

M · ψ̂ = c2ψ̂, (3.7)

with c2 a scalar, for which by definition we must have c2 = ω2. The subscript
“2” refers to the fact the modes ψ̂ arise from a harmonic, i.e., second-order
expansion of the potential energy, in analogy with what follows.

What do we find if we instead consider collective displacement directions π̂4
whose linear force response f1(π̂4) is parallel to the third-order force response
f3(π̂4), i.e., f1(π̂4) ∝ f3(π̂4)? This would imply

M · π̂4 = c4U
(4) :· π̂4π̂4π̂4. (3.8)
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We coin these displacement directions π̂4 quartic modes, because they arise from
a fourth-order expansion of the potential energy.∗ By contracting both sides of
Eq. (3.8) with π̂4, the proportionality constant c4 is found to be

c4 = κ(π̂4)
χ(π̂4) , (3.9)

where we have defined the quartic expansion coefficient

χ(z) ≡ U
(4) :: zzzz
(z · z)2 , (3.10)

and the stiffness κ associated with a mode z as

κ(z) ≡ M : zz
z · z

. (3.11)

We note that for harmonic modes ψ̂`, the stiffness κ(ψ̂`) = ω2
` .

We next assert that solutions π̂4 to Eq. (3.8), are, in fact, quasilocalized
excitations. To see this, consider the energy defined as†

E4(z) = κ(z)2/χ(z), (3.12)

which is a function of a displacement field z; local minima of this energy are
precisely quartic modes π̂4 by virtue of Eq. (3.8), namely‡

∂E4
∂z

∣∣∣∣
z=π̂4

= 0. (3.13)

The energy function E4 has no straightforward physical interpretation; never-
theless, local minima of E4 are soft, quasilocalized excitations, since they tend
to have (i) a small stiffness κ (because it appears in the enumerator), and (ii)
a large quartic expansion coefficient χ (because it appears in the denominator),
which, as we show now, means the mode is localized.

To demonstrate how χ(π̂4) is correlated with the localization of π̂4, we scat-
ter plot in Fig. 3.2 χ4 ≡ χ(π̂4) vs.Ne4 (with e4 ≡ e(π̂4)), where the participation
ratio e is defined as

e(z) ≡
(∑

i zi · zi
)2

N
∑
i (zi · zi)2 . (3.14)

Here, zi denotes the d̄-dimensional coordinate vector of the ith particle. The
participation ratio of a field is a measure of its degree of localization: delocalized,
extended modes feature e ∼ O(1), whereas localized modes feature e ∼ O(1/N).
We find that χ4 ∼ (Ne4)−1, as has also been shown in Ref. [73]. Remarkably, χ4

∗A similar equation for cubic modes may be derived by requiring f2(π̂3) ∝ f1(π̂3). We
will discuss cubic modes extensively in Sect. 3.5 of this chapter.

†in Ref. [73], the square of the energy E4 was called the “cost function” G4.
‡Because E4 does not depend on the vector norm of its argument — in consistence with the

fact that modes z represent directions in the potential energy landscape — we can properly
take the partial derivative with respect to each component of z.
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FIG. 3.2. The quartic expansion coefficients χ4 are primarily sensitive to the localiza-
tion Ne4 of the associated NQEs, independent of preparation protocol or system size
of the glass.

appears to be only sensitive to the degree of localization of π̂4, and is completely
blind to the degree of annealing of the glass in which π̂4 is embedded. We present
a rationalization for this general scaling relation in Appendix 3.C.

The formulation of quartic modes, or quartic NQEs, as local minima of an
energy E4, allows for their numerical computation with standard minimization
methods, as described in detail in Ref. [73] and in Appendix 3.B of this chapter.

3.4 NQEs are true representatives of soft spots

We will now establish that the NQEs defined in the previous section are true
representatives of soft spots in model structural glasses. We show that NQEs
do not hybridize with other low-energy excitations, and maintain their universal
structure — a disordered core dressed by an algebraically decaying far-field.∗
The central piece of evidence supporting our claim is the fact that in the limit
ω → 0 — in the absence of hybridization — harmonic QLMs converge to their
corresponding NQEs both energetically and structurally. In this section, we
quantitatively explain the observed convergence behaviour as a consequence of
normal mode hybridization. A description of our protocol for finding the lowest
harmonic QLM and NQE for each system is given in Appendix 3.B.

We first visually demonstrate the convergence of harmonic QLMs and NQEs
in Fig. 3.3, by comparing side-by-side the lowest-frequency quartic NQE of our

∗We note that it may be possible to design other cost functions that — similar in spirit
to E4 in Eq. (3.12) — simultaneously minimize stiffness and maximize localization, and whose
solutions also disentangle quasilocalized excitations from other low-energy excitations (see
discussion in Appendix 3.C). We will not focus on this possibility in the present chapter.
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entire ensemble of solids, together with its harmonic counterpart. We confirm
that when hybridization is weak, the harmonic and quartic modes are nearly
indistinguishable. In Fig. 3.4, we show that this holds for our entire ensemble
of solids: every harmonic QLM has a nonlinear counterpart of very similar fre-
quency and participation. In fact, because a harmonic QLM (below the first
phonon band) by definition represents the direction of lowest energy of the sys-
tem, the corresponding NQE always has a slightly higher energy, and — because
it is not hybridized — a lower participation ratio. Fig. 3.5(a, e) shows that in
the limit ω → 0, the relative difference in energy of these excitations scales as

(ω2
4 − ω2

2)/ω2
4 ∼ f(L)ω2

4 , (3.15)

both in 2D and 3D. Here, ω2 and ω4 denote the frequency of the harmonic
and quartic excitations, respectively. We use the notation ω4 ≡

√
κ(π̂4) even

though, strictly speaking, ω4 is not a vibrational frequency. f(L) captures the
L-dependence of the prefactor, which will be discussed further below; it increases
weakly with L in 3D, but strongly with L in 2D. Fig. 3.5(b, f) shows that the
structural convergence of the QLMs and NQEs — measured by the difference of
their overlaps from unity — scales as

1− |π̂4 · ψ̂| ∼ g(L)ω4
4 , (3.16)

in 2D and 3D, where g(L) again captures the L-dependence.
The ω4-dependence of the relations Eq. (3.15) and Eq. (3.16) was shown in

Ref. [73], but no interpretation was given. In the following section, we quan-
titatively explain these scaling relations — including their L-dependence — as
a consequence of harmonic QLMs’ residual hybridization, even at very small
frequencies, with other low-energy excitations in the system. We thus demon-
strate that NQEs are true quasilocalized soft spots, whereas harmonic QLMs
in favorable circumstances approximate the NQEs, but are always to some de-
gree “polluted” by other excitations due to the orthogonalization constraint of
normal modes.

3.4.1 Scaling argument for the convergence of QLMs and
NQEs

In this section, we present an argument quantitatively explaining the observed
scaling relations Eq. (3.15) and Eq. (3.16). Crucial to the discussion is the fact
that any two non-degenerate normal modes must by definition be orthogonal,
ψ̂i · ψ̂j = 0. At low frequencies, excitations in the glass are either phonons
or quasilocalized; an unhybridized quasilocalized excitation, which consists of a
disordered core with an algebraically decaying far-field, is not perfectly orthogo-
nal to a phononic excitation or to other quasilocalized excitations. We conclude
that in the normal mode analysis, both quasilocalized excitations and phonons
cannot be perfectly represented, but must always be, to however small an extent,
hybridized with each other.

For the analysis that follows, we assume the lowest harmonic mode of the
system is a QLM, and its vibrational frequency is significantly lower than all
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FIG. 3.3. Harmonic QLM ψ̂ and quartic NQE π̂4 converge energetically and struc-
turally in the limit of low frequencies. Panels (a) and (c) show the softest harmonic
QLM in the entire ensemble of solids of the IPL model in 3D and 2D. Panels (b) and (d)
show their quartic nonlinear counterparts. The relative difference in energy between
the harmonic and quartic excitations (ω2

4 −ω2
2)/ω2

4 is 0.15% in 3D and 2.1% in 2D; the
structural difference 1− |ψ̂ · π̂4| is 3.6× 10−6 in 3D and 2.4× 10−4 in 2D.

other frequencies of the system, so that hybridization with other modes is weak.
The central observable that we use to quantify the convergence of the harmonic
QLM to its nonlinear counterpart is the difference vector ∆ ≡ π̂4− ψ̂, which to
first order in |∆| is given by

∆ ' ω2
4
∑
`

ψ̂` ⊗ ψ̂`
ω2
` − ω2

2

(
U (4) :· π̂4π̂4π̂4

χ4
− π̂4

)
, (3.17)

where the sum runs over all normal modes ψ̂` except the lowest harmonic QLM
ψ̂. We derive this expression in Appendix 3.D. Since the magnitude of the
field

(
U (4) :· π̂4π̂4π̂4

)
/χ4 is O(1), independent of ω4 [see Fig. 3.9(a) in Ap-

pendix 3.E], and the difference ω2
` −ω2

2 is always large by assumption, it follows
from this result that

|∆| ∼ ω2
4 . (3.18)
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FIG. 3.4. Every harmonic QLM ψ̂ has a corresponding quartic NQE π̂4 of similar
frequency and participation in 3D [panel (a)] and 2D [panel (b)]. Because the harmonic
QLM represents the direction of lowest stiffness in the entire system, the frequency of
the NQE is always slightly higher, whereas the NQE — which is free of hybridization
— has a slightly lower participation ratio. When the QLM’s frequency approaches the
frequency of the first phonon band, hybridization becomes stronger. This is reflected
in a higher participation Ne (and see also Fig. 3.1(c)).

FIG. 3.5. Harmonic QLM ψ̂ and quartic NQE π̂4 converge energetically and struc-
turally in the limit of low frequencies. Panels (a) and (e) show the energetic conver-
gence (Eq. (3.15)) in 3D and 2D. Panels (b) and (f) show the structural convergence
(Eq. (3.16)) in 3D and 2D. Panels (c) and (d) show that the prefactors f(L) and g(L)
of the energetic and structural convergence are weakly L-dependent in 3D, whereas
panels (g) and (h) show they follow f(L) ∼ L2 and g(L) ∼ L4 in 2D. For panels (a, b,
e, f), the data points represent the running median.
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3. Nonlinear Quasilocalized Excitations in Glasses

3.4.1.1 Structural convergence

We now focus on the structural convergence of the harmonic QLM ψ̂ to the
quartic NQE π̂4. Using Eq. (3.18), we write

∆ ·∆
2 = 1− π̂4 · ψ̂ ∼ ω4

4 , (3.19)

which gives the correct ω4-dependence of the empirically observed Eq. (3.16).
How can the L-dependence of the prefactor g(L) be understood? In Fig. 3.5(h,
d), we show that

g(L) ∼ L4 (3.20)

in 2D, whereas the dependence on L is much weaker in 3D. To gain intuition
for why the L-dependence is so strongly dimension-dependent, we visualize in
Fig. 3.6 representative fields ∆ in 2D and 3D. ∆ always contains the disordered
core of the soft quasilocalized excitation; however, it is precisely the far-field of ∆
that contains physically interesting information, as it reveals which excitations
are hybridized with the harmonic QLM. In 2D, the concentration of QLMs below
the lowest phonon band is lower than in 3D,∗ and therefore the hybridization
with the lowest QLM is dominated by the phonons in the first phonon band, as
the field ∆ in Fig. 3.6(b) clearly shows. This implies that the sum in Eq. (3.17)
is dominated by the first phonon band, whose frequency scales as ωph ∼ L−1,
from which it follows that 1/(ω2

ph − ω2
2) ∼ L2. Hence,

∆ ∼ ω2
4L

2
[
ψ̂ph ·

(
U (4) :· π̂4π̂4π̂4/χ4 − π̂4

)]
ψ̂ph. (3.21)

To obtain the full L-dependence of ∆, we next consider the overlap ψ̂ph ·(
U (4) :· π̂4π̂4π̂4/χ4 − π̂4

)
. The triple contraction

(
U (4) :· π̂4π̂4π̂4

)
/χ4 decays

as r−3d̄ away from the core of the NQE,73 and so its overlap with a phonon —
an extended field — is small. The overlap with π̂4, which has a far-field decay
of r1−d̄, therefore dominates. Furthermore, the decay r1−d̄ implies that — be-
cause the surface of a sphere in d̄ dimensions scales as rd̄−1 — the contraction of
π̂4 with an extended field is system-size independent. These considerations to-
gether lead to the prediction that, if hybridization is due to the lowest phonons,
|∆| ∼ L2ω2

4 . Together with Eq. (3.19) this explains Eq. (3.20), and we conclude
that in 2D, hybridization is indeed dominated by the lowest phonons.

Turning to the 3D case, we observe that typical fields ∆ are not wavelike,
but instead mainly feature other QLMs in the far-field, as shown in Fig. 3.6(a).
This means that the sum in Eq. (3.17) is dominated by other QLMs below
the lowest phonon band. In the overlap between these QLMs and the field(
U (4) :· π̂4π̂4π̂4/χ4 − π̂4

)
, the term π̂4 again dominates. π̂4 couples only to

∗Since QLMs’ frequencies are independently distributed according to D(ω) ∼ ω4, a Weibul-
lian scaling argument predicts that the frequency of the lowest QLM in a system of linear size
L follows 〈ωmin〉(L) ∼ L−d̄/5.51 The lowest phonon frequency scales as L−1, independent of
dimension, explaining why — all else being equal — QLMs less frequently fall below the lowest
phonon band in 2D than in 3D.
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FIG. 3.6. Representative examples of fields ∆ ≡ π̂4− ψ̂ (see Eq. (3.17) and discussion
in text) in (a) 3D and (b) 2D are shown in black. Shown in green are the corresponding
NQEs π̂4. The magnitude of ∆ is much smaller than 1, so for visual purposes it has
been scaled so that the size of the largest component of the core of ∆ matches the
corresponding component of π̂4. For visualisation purposes, we show only the largest
2% of components of ∆ and π̂4 in 3D, and the largest 1.4% of π̂4 in 2D.

QLMs in the vicinity, since these objects decay as r1−d̄ from their core; the fre-
quency difference between the lowest QLM with the second-lowest, third-lowest,
etc. with non-negligible overlap is therefore only weakly dependent on L.∗ Con-
sequently, we expect g(L) to be weakly L-dependent also, as we indeed observe.

3.4.1.2 Energetic convergence

Finally, we focus on the energetic convergence between the harmonic QLM ψ̂
and the corresponding NQE π̂4, given by Eq. (3.15). The energy of π̂4 = ψ̂+∆
is written as

ω2
4 ≡M : π̂4π̂4 = ω2

2 + M : ∆∆ + 2M : ψ̂∆. (3.22)

To rewrite the third term, we use the fact that M·ψ̂ = ω2
2ψ̂, and the result from

the previous discussion ψ̂ ·∆ = −|∆|2/2 (cf. Eq. (3.19)). After rearranging, we
obtain

ω2
4 − ω2

2 = |∆|2M : ∆̂∆̂− |∆|3ω2
2 . (3.23)

M : ∆̂∆̂ represents the typical stiffness of the hybridized excitations, which by
assumption is much larger than ω2

2 . We can thus safely neglect the O(|∆|3)
term. As we discussed above, |∆| scales inversely proportional to the stiffness of
the typical harmonic modes that hybridize with the lowest QLM, owing to the

∗The scaling argument discussed in the previous footnote also applies to the second-lowest,
third-lowest, etc. frequency. Since QLMs have non-negligible overlap only with other QLMs
in their vicinity, the frequency difference between the lowest QLM and the next-lowest in its
vicinity is expected to depend very weakly on L.
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3. Nonlinear Quasilocalized Excitations in Glasses

factor (ω2
` − ω2

2)−1 ∼ (M : ∆̂∆̂)−1 in the sum in Eq. (3.17). Using Eq. (3.18),
we obtain

ω2
4 − ω2

2
ω2

4
∼ ω2

4

M : ∆̂∆̂
. (3.24)

In 2D, where hybridization is dominated by the lowest phonons, M : ∆̂∆̂ ∼
ω2
ph ∼ L−2, so that

f(L) ∼ L2, (3.25)
which is validated numerically in Fig. 3.5(g). In 3D, hybridization is dominated
by nearby QLMs below the lowest phonon band, so that f(L) scales weakly with
L (see Footnote ∗). This is validated in Fig. 3.5(c).

In conclusion, we have quantitatively predicted the convergence of harmonic
QLMs to their quartic counterparts as a consequence of the unavoidable hy-
bridization of harmonic modes — with phonons and/or other QLMs of similar
frequencies — strongly reinforcing our claim that quartic NQEs are true repre-
sentatives of quasilocalized soft excitations in glasses.

3.5 NQEs reveal universal properties of the potential
energy landscape

In the previous sections we focused on NQEs that are represented by solutions
π̂4 to Eq. (3.8), referred to as quartic modes. In Sect. 3.3, quartic modes where
defined as displacement directions for which the linear force response is parallel
to the third-order force response, f1(π̂4) ∝ f3(π̂4). However, another impor-
tant class of NQEs is that of displacement directions π̂3 for which the linear
force response is parallel to the second-order force response, f1(π̂3) ∝ f2(π̂3).
Analogously to Eq. (3.8), this implies

M · π̂3 = c3U
(3) : π̂3π̂3. (3.26)

We refer to these modes as cubic modes, because their definition requires a third-
order expansion of the potential energy. By contracting both sides of Eq. (3.26)
with π̂3, we find

c3 = κ(π̂3)
τ(π̂3) , (3.27)

where we have defined the cubic expansion coefficient

τ(z) ≡ U
(3) :· zzz

(z · z)3/2 . (3.28)

Cubic modes were first introduced in Ref. [71], where they were shown to
be very accurate representatives of the loci and geometry of imminent plastic
instabilities that occur in sheared athermal glasses. In addition, the stiffnesses
κ3 ≡ κ(π̂3) associated with cubic modes were shown to follow a simple dynamics
with imposed shear strain γ, namely72

dκ3
dγ ' −

τ3ν3
κ3

, (3.29)
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FIG. 3.7. Difference between cubic and quartic NQEs. Panel (a) shows that the relative
energy difference between cubic and quartic modes is approximately 30%, independent
of frequency, corresponding to a relative frequency difference of about 14%. Panel (b)
shows that the third-order coefficients τ3, τ4, which are a measure of the asymmetry of
the energy landscape along the mode, are highly sensitive to the modes’ structure, as
quantified by the difference from unity of their overlap, 1− |π̂3 · π̂4|. Panel (c) shows
that the fourth-order coefficients χ3, χ4 are insensitive to small changes in the modes’
structure, consistent with the fact that χ scales inversely with the participation ratio
(see Fig. 3.2), which is a global, geometric measure. We emphasize that in panel (b),
the data span almost five orders of magnitude, whereas in panel (c), the data span less
than one. All data are reported as 2D histograms, with the bin counts given by the
color of the bin.

which becomes exact in the limit of small κ3. Here ν3 ≡ ∂2U
∂γ∂x · π̂3 is the shear-

strain-coupling parameter associated with the cubic mode π̂3. These properties
of cubic modes suggest that they are promising candidates to represent the Shear
Transformation Zones envisioned by Falk and Langer in their seminal work on
plastic deformation in glasses,105 as discussed in detail in Ref. [72].

In this section we first discuss the energetic and statistical properties of
cubic modes, and explain their differences and similarities compared to quartic
modes. To this end, we study an ensemble of pairs of cubic and quartic modes
that represent the same soft spot in each of our computer glasses. The details of
these calculations are presented in Appendix 3.B. Finally, based on the unique
mechanical properties of cubic modes, we make predictions about the universal
statistical properties of generic computer glasses’ potential energy landscape,
and about their destabilization under shear.

3.5.1 Cubic modes’ energetics
In Fig. 3.7(a) we plot the relative increase of cubic modes’ stiffnesses ω2

3 over
quartic modes stiffnesses ω2

4 (in our data, cubic modes’ stiffnesses are larger
than quartic modes’ stiffnesses in over 99.5% of cases). We find that cubic
modes’ stiffnesses are typically approximately 30% higher than those of quartic
modes that represent the same soft spots (corresponding to frequencies that are
typically 14% higher), independent of the frequency associated with those soft
spots. In other words, we find that the relative increase in frequency of cubic
modes compared to quartic modes is constant, and independent of frequency.
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3. Nonlinear Quasilocalized Excitations in Glasses

Since the distribution of quartic modes is expected to followD(ω4) ∼ ω4
4 for small

frequencies — owing to their convergence to harmonic modes, which feature
D(ω2) ∼ ω4

2 in the absence of strong hybridization51,53,110,140,153 — this means
that the distribution of cubic modes is also expected to follow

D(ω3) ∼ ω4
3 as ω3 → 0, (3.30)

which will be key to additional results derived in what follows.
In order to understand why the frequency of a cubic mode is generally higher

than that of the quartic mode that represents the same soft spot, we plot in
Fig. 3.7(b) the absolute magnitude of the ratio of the third-order coefficients as-
sociated with cubic modes, to the third-order coefficients associated with quartic
modes, |τ3/τ4|, against the difference from unity of their overlap 1 − |π̂3 · π̂4|.
These data indicate that very minute differences in the modes’ structure can lead
to very large — up to several orders of magnitude — changes in their third-order
coefficients.

In contrast, the data presented in Fig. 3.7(c) indicate that fourth-order co-
efficients χ3, χ4 are quite indifferent to small changes in modes’ structure. This
is expected, since we demonstrated in Fig. 3.2 that fourth-order coefficients are
primarily sensitive to the degree of localization of their associated modes, which
is a purely geometric measure. As discussed in Sect. 3.3, quartic modes are de-
fined by collective displacements that feature both small stiffnesses κ4 ≡ ω2

4 , and
large fourth-order coefficients χ4, as can be deduced from the “quartic energy”
function (Eq. (3.12)), of which modes π̂4 are local minima. Having established
that the coefficients χ4 associated with quartic modes are insensitive to details
in the mode’s structure, we conclude that maximizing χ4 does not impose large
constraints on minimizing ω4.

For cubic modes, a similar “cubic energy” is given by∗

E3(z) ≡ κ(z)3

τ(z)2 . (3.31)

Analogously to the scenario for quartic modes, cubic modes — being local min-
ima of E3 — tend to have small stiffnesses κ3, and large third-order coefficients
τ3. Since the coefficients τ3 are very sensitive to fine details of cubic modes’
structure, as we have shown in Fig. 3.7(b), we expect that maximizing τ3 im-
poses large constraints on cubic modes’ frequencies ω3, which, in turn, explains
why they are generally larger than quartic modes’ frequencies.

3.5.2 Cubic modes’ stability
Within the Soft Potential Model,120,121 a stability argument is spelled out, ac-
cording to which the the expansion coefficients κ, τ, χ associated with soft QLMs
satisfy the soft inequality

τ2 ≤ 3κχ, (3.32)
∗in Ref. [73], E3 was called the “cost function” G3, and in Refs. [71, 72] it was called the

“barrier function” b.
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FIG. 3.8. The ensemble of cubic modes follows τ2
3 ∼ κ3χ3, independent of glass

stability. The continuous line marks the bound given by Eq. (3.32), at which the mode
— in the fourth-order expansion of the potential energy — is a symmetric double-well
potential. Modes that fall below this bound are either single-well potentials, or have a
second minimum that has a higher energy than the inherent state. Modes that exceed
this bound have a second minimum with a lower energy than the inherent state (see
illustrations). In our ensemble of solids, only 6.6% (Tp = 1.30), 4.6% (Tp = 0.50), and
0.5% (Tp = 0.35) of cubic modes exceeds this bound. In Fig. 3.9(c) (in Appendix 3.E),
we demonstrate that χ3 is independent of κ3, which together with the data in this
figure demonstrates that τ3 ∼

√
κ3 ∼ ω3, which is central to the predictions that

follow in the next section.

independent of glass stability. This soft inequality implies that, within a quartic
expansion of the potential energy along a soft QLM, if a second minimum exists
— meaning that the expansion represents a double-well potential — the energy
of the second potential well is necessarily larger than the minimum in which the
system resides.

Based on the sensitivity of NQEs’ third-order coefficients τ to the fine details
of NQEs’ structure, as demonstrated in the previous subsection [see Fig. 3.7(b)],
we argue that inequality (3.32) can only be meaningfully tested with cubic
modes, since cubic modes’ third-order coefficients τ3 are maximal, while still
maintaining approximately the same frequencies as the softest NQEs — the
quartic modes — as shown in Fig. 3.7(a). In other words, we assert that the
third-order coefficients of quartic modes (τ4) or of harmonic QLMs (τ2) do not
represent the true asymmetry of soft spots, but, crucially, that τ3 does.

We therefore scatter plot in Fig. 3.8 the third-order coefficients τ3 of cubic
modes vs. the product κ3χ3, calculated for low-lying cubic modes in very stable
(blue circles), intermediately stable (green circles) and very unstable (red circles)
glasses of N = 8000 particles. We find that while the inequality (3.32) is not
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3. Nonlinear Quasilocalized Excitations in Glasses

strictly satisfied — and less so for less stable glasses — the entire set of cubic
modes follows

τ2
3 ∼ κ3χ3, (3.33)

independent of glass stability. This is one of the key results of this chapter.
Since χ3 is independent of frequency, as demonstrated in Fig. 3.9(c) in Ap-

pendix 3.E, we conclude that cubic modes universally follow

τ3 ∼ ω3, (3.34)

independent of spatial dimension, glass preparation protocol, or microscopic
details.

We demonstrate in Fig. 3.9(d) of Appendix 3.E that indeed Eq. (3.33) holds
in 2D, 3D, and 4D. Finally, we reinforce our statement that only cubic modes
accurately capture the third-order coefficient of soft spots in Fig. 3.9(e), by
demonstrating that the ensemble of quartic modes does not follow the relation
τ2
4 ∼ κ4χ4.

3.5.3 Implications on the statistical properties of the
potential energy landscape

The universal linear scaling between τ3 and ω3 (see Eq. (3.34), Fig. 3.8,
Fig. 3.9(c), and discussion in preceding subsection) has two major implications,
spelled out here. We focus the discussion exclusively on cubic modes, and there-
fore omit the subscript “3” in what follows.

3.5.3.1 Potential energy barrier distribution

In the limit ω → 0, the magnitude VB of potential energy barriers that surround
a glassy inherent state scales with the coefficients of the NQEs associated with
those barriers as71

VB ∼ κ3/τ2 ∼ ω4, (3.35)

where we have used Eq. (3.34). We further recall that the distribution of cubic
modes’ frequencies was argued in Sect. 3.5.1 to follow the universal D(ω) ∼ ω4

law. Combining these two statements, we obtain a prediction for the distribution
of potential energy barriers in the limit VB → 0 by a simple transformation of
variables, that reads

p(VB) ∼ V 1/4
B . (3.36)

The universality of Eq. (3.34) and of the form of D(ω) imply that the distribution
of potential energy barriers should universally follow the V 1/4

B law in any model
glass, independent of dimension, microscopic details or preparation protocol∗ —
as long as the glasses considered are quenched from a melt.† We are currently

∗The assumptions leading to Eq. (3.36) have been validated in 2D, 3D, and 4D (see
Ref. [153] for the universality of D(ω) ∼ ω4, and Fig. 3.9(d) for the universality of Eq. (3.33)).
Preliminary evidence suggests that the universal form of D(ω) persists in even higher
dimensions,164 and we speculate that this might also be the case for Eq. (3.36).

†A counterexample are the glasses discussed in Ref. [165] which are not quenched from a
melt, and feature a gapped D(ω), and therefore presumably also a gapped p(VB)
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unaware of numerical data that confirms or refutes our prediction Eq. (3.36). We
note that methods to find energy barriers between inherent states do exist,166–170
but they are computationally expensive and not exhaustive.

3.5.3.2 Strain intervals before the first plastic instability

Much attention has been devoted to understanding the statistics of strain inter-
vals between subsequent plastic instabilities that occur during athermal, qua-
sistatic deformation of computer glasses.104,171–179 In particular, the distribution
p(x) ∼ xθ of local relative strain thresholds x, its finite-size manifestations, and
its evolution with shear strain, have been recently debated.175,176

Here we recall a result put forward in Ref. [72], that states that the additional
local shear deformation x necessary to destabilize a strain-coupled cubic mode
follows

x ∼ ω4

τν
, (3.37)

where ν is the same shear-strain-coupling parameter associated with the NQE
π̂ as defined after Eq. (3.29). In Fig. 3.9(b) of Appendix 3.E we show that the
statistics of the shear-strain-coupling parameter are independent of frequency;
therefore, based on Eq. (3.34) and Eq. (3.37) we expect x ∼ ω3. Together with
Eq. (3.34) and the universal distribution D(ω) ∼ ω4 of cubic modes, we predict
that for as-quenched, isotropic configurations, the distribution of local relative
deformation thresholds should follow

p(x) ∼ x2/3, (3.38)

i.e., we predict that θ = 2/3, independent of spatial dimension, microscopic
details, or glass preparation protocol. We note that the mean-field theory put
forward in Ref. [176] predicts θ = 1/2 for as-quenched, isotropic configurations,
while elasto-plastic models feature θ ≈ 0.6 in 2D, and θ ≈ 0.4 in 3D.174

The strain interval up to a first plastic instability in a system of size N is
now straightforwardly predicted by assuming that it is controlled by the minimal
member xmin out of a population of size ∝ N of strain thresholds x, namely (see
also Footnote ∗)

xmin ∼ N−
1

1+θ ∼ N− 3
5 , (3.39)

in good agreement with Ref. [172] where a dimension-independent exponent of
-0.62 was measured for the N dependence of xmin, and in excellent agreement
with Ref. [178] where an exponent of approximately −0.6 was found for 2D
computer glasses. Other numerical results in 3D feature protocol-dependent
exponents ranging between 0.3 and 0.6.180 We note that xmin(N) is expected
to exhibit strong finite-size effects in stable glasses, because small samples do
not feature enough soft quasilocalized excitations for the extreme-value scaling
argument Eq. (3.39) to hold, as discussed at length in Ref. [178]. In addition to
this, there is another independent finite-size effect that can affect the exponent
θ, and therefore the scaling of xmin(N). in Ref. [53], it was shown that when
the system size is too small (smaller than the typical core size of QLMs), the
density of states of quasilocalized excitations follows

D(ω) ∼ ωβ , (3.40)
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with β slightly smaller than 4. This effect is especially noticeable in poorly
quenched glasses, which possess quasilocalized excitations with relatively larger
disordered cores. In this case, we predict

θ = (β − 2)/3 (3.41)

(cf. Eq. (3.38)), and
xmin ∼ N−3/(1+β), (3.42)

i.e., we predict a decay slightly stronger than Eq. (3.39) for smaller systems.

3.6 Discussion and outlook

In this chapter, we have shown that NQEs are true representatives of soft spots in
glasses, unlike the widely used harmonic modes, that — due to their orthogonal-
ity constraint — always feature a degree of hybridization with other low-energy
excitations. We have further shown that a particular class of NQE, termed cu-
bic NQE, reveals universal properties of the potential energy landscape, from
which we derive a prediction for the distribution of the lowest energy barriers
separating inherent states, and a prediction for the distribution of local strain
thresholds to plastic instability.

The practical utility of the nonlinear formulation of soft spots depends cru-
cially on whether all (or most) of the low-energy solutions to the defining equa-
tions (Eq. (3.8) for quartic and Eq. (3.26) for cubic modes) can be found. This
is a computational challenge that we take up in part II of this work, where we
present a method to find the vast majority of low-lying NQEs — and, hence,
an approximation to the full distribution of soft spots.∗ This opens up several
avenues of research to further our understanding of fundamental problems in
glass physics, such as the anomalous thermodynamic and transport properties
of glasses, yielding, and dynamics in the viscous liquid regime (see citations in
the introduction), some of which will be extensively discussed in the next papers
in this series.

Another important future research direction is the study of the properties and
statistics of NQEs near the unjamming transition.122,133,134,181 This transition
marks the loss of rigidity of the system upon decreasing the degree of connect-
edness (measured by the excess coordination δz) of the underlying network of
strong interactions below a critical value (δz = 0), which can, for example, be
achieved by decompressing a packing of repulsive soft spheres. Near this tran-
sition, the potential energy landscape becomes highly rugged and hierarchical,
and the displacement directions that connect nearby energy minima become
delocalized;182,183 in contrast, the systems studied in this chapter are far from
unjamming, and feature simpler energy landscapes, with localized “hopping”
between energy minima.183 We expect that NQEs will still properly represent
soft harmonic QLMs near the unjamming transition. This would imply that the
size of their disordered core will diverge as 1/

√
δz,184 and their characteristic

∗In preparation.
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frequency scale — which is expected to follow the bulk average of the frequency
of the system’s response to a local force dipole109,110 — will scale as δz.136

It is important to stress that our prediction for the distribution of local strain
thresholds to a plastic instability p(x) ∼ xθ, with θ = 2/3, only holds in the
isotropic state, i.e., shear strain γ = 0, where the relations τ3 ∼ ω3 and D(ω) ∼
ω4 hold. At finite γ the relation τ3 ∼ ω3 must break down, because destabilizing
cubic modes’ third-order coefficients τ3 were shown to remain constant upon
approaching the instability strain,72 whereas their frequency vanishes. Moreover,
it was recently shown that under shear, D(ω) ∼ ω4 does not always hold, but
instead an exponent smaller than 4 is observed for well-annealed glasses.180

This is consistent with recent numerical investigations which have highlighted
a non-monotonic behavior of θ as a function of γ. In particular, it was shown that
θ first decreases as a function of γ, before increasing again upon approaching the
yielding transition, and finally reaching a plateau value θ ≈ 1/2 in the steady
state regime.172,175,180 Furthermore, it was reported that the decrease of θ at
intermediate strain is protocol-dependent and is significantly stronger for better-
annealed glasses.175,179 Directly measuring the evolution of D(ω) and the joint
distribution P (ω3, τ3) under shear, for various degrees of annealing, is therefore
a highly promising direction of future research.
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Appendices

3.A Tensorial notation

To aid readability, in this chapter we omit particle indices (denoted here by ro-
man letters, e.g., i = 1, . . . , N) and Cartesian (spatial) indices (denoted here by
greek letters, e.g., α = x, y, z) from all tensorial and vectorial quantities. For
example, the Nd̄-dimensional vector x should be understood as xαi , and the ten-
sor U (4) ≡ ∂U

∂x∂x∂x∂x should be understood as ∂U

∂xα
i
∂xβ
j
∂xγ
k
∂xδ
l

. We denote single,
double, triple and quadruple contractions by ·, :, :· and ::, respectively. For ex-
ample, the expression U (4) :· zzz should be understood as ∂U

∂xα
i
∂xβ
j
∂xγ
k
∂xδ
l

zαi z
β
j z

γ
k ,

where the summation convention applies.

3.B NQE analysis

For all models used, we obtain a collection of low-energy harmonic QLM and
corresponding quartic and cubic modes as follows. For each system, we first find
the lowest eigenvalue and eigenmode of the Hessian matrix (not including the
d̄ translational modes) using ARPACK.81 Then, we use the lowest eigenmode
as an initial vector to locally minimize the quartic energy function (Eq. (3.12))
to obtain the corresponding quartic NQE. Finally, we use the quartic mode as
an initial vector to locally minimize the cubic energy function (Eq. (3.31)) to
obtain the corresponding cubic mode. This procedure results in one harmonic,
one quartic and one cubic mode for each system.

For the 3D POLY model, we apply an additional procedure to find a low-
energy cubic NQE in each system. Besides the quartic NQE, we consider as
initial vectors the six non-affine velocities185 that result from imposing a simple
and pure shear deformation in the XY-, XZ-, and YZ-plane. From these seven
initial guesses, we select the cubic NQE with the lowest stiffness.

To minimize the cubic and quartic energy functions, we use the macopt
conjugate-gradient minimizer,186 modified such that the variable vector z is
always kept normalized.

The two quartic modes shown in Fig. 3.1(b) were found as follows. The first
quartic mode, shown in black, was found by using the harmonic double-core
QLM ψ̂ [see panel (a)] as an initial condition to minimize the quartic energy
function. The second quartic mode, shown in green, was found by using the
difference between ψ̂ and the first quartic mode as an initial condition.

3.C Scaling relation between participation and
fourth-order expansion coefficient

In this Appendix we explain the scaling relation χ4 ∼ (Ne4)−1, that holds
independently of system size and glass preparation protocol, as shown in Fig. 3.2.
Here, χ4 ≡ χ(π̂4) is the fourth-order expansion coefficient (Eq. (3.10)), and
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e4 ≡ e(π̂4) is the participation ratio (Eq. (3.14)), associated with quartic modes
π̂4.

First, observe that for any normalized mode, we have

1
Ne(ẑ) =

N∑
i

(ẑi · ẑi)2
. (3.43)

We now argue that χ(ẑ) ≡ U (4) :: ẑẑẑẑ has a similar structure. For example,
for radially-symmetric pairwise potentials, we have

χ(ẑ) =
∑
〈ij〉

(
ϕ′′′′
ij

r4
ij
− 6ϕ′′′

ij

r5
ij

+ 15ϕ′′
ij

r6
ij
− 15ϕ′

ij

r7
ij

)
(xij · ẑij)4

+ 6
∑
〈ij〉

(
ϕ′′′
ij

r3
ij
− 3ϕ′′

ij

r4
ij

+ 3ϕ′
ij

r5
ij

)
(xij · ẑij)2(ẑij · ẑij)

+ 3
∑
〈ij〉

(
ϕ′′
ij

r2
ij
− ϕ′

ij

r3
ij

)
(ẑij · ẑij)2, (3.44)

where the sums run over O(N) interacting pairs 〈ij〉. Here, xij ≡ xj − xi
and ẑij ≡ ẑj − ẑi. Aside from prefactors and contractions with xij , every
term scales as |ẑij |4. So χ(ẑ) ∼

∑
〈ij〉 |ẑij |4 functions rather like 1/Ne(ẑ), ex-

cept that ẑi is replaced by ẑij (cf. Eq. (3.43)), which explains the observed
scaling χ4 ∼ (Ne4)−1. Furthermore, it explains why quartic modes, in addi-
tion to having a low participation, so effectively disentangle localized soft spots
from a phonon background: terms that scale as |ẑij |4 are extremely small for
phonon-like fields, meaning that those fields are suppressed in the minima of
the associated nonlinear cost function (cf. Eq. (3.12)).∗ This suggests that min-
ima of a cost function in which χ(ẑ) is replaced by the purely geometric factor∑
〈ij〉(ẑij · ẑij)2, i.e.,

C(z) = (M : zz)2∑
〈ij〉(zij · zij)2 , (3.45)

will be similar to quartic modes.

3.D Derivation of the expression for ∆

In this Appendix, we present a derivation of Eq. (3.17) for the difference vector
of the quartic NQE (of stiffness ω2

4) and the harmonic QLM (of stiffness ω2
2),

denoted by ∆ ≡ π̂ − ψ̂. This derivation is very similar to the one presented in
Ref. [72] for the difference between the cubic NQE and the destabilizing harmonic
mode near a plastic instability under an imposed shear deformation.

Recall that the stiffness associated with a particular displacement field z is
defined as

κ(z) = M : zz
z · z

. (3.46)

∗The same argument holds for cubic modes, whose cost function features the third-order
coefficient τ , which contains terms that scale as |zij |3.
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3. Nonlinear Quasilocalized Excitations in Glasses

For the analysis that follows, we require the first and second derivatives

∂κ

∂z
= 2
z · z

(M · z − κ(z)z) , (3.47)

∂2κ

∂z2 = 2
(z · z)2

[
(z · z)M− 4(M · z)⊗ z (3.48)

− (M : zz)I + 4κ(z)z ⊗ z
]
.

Here, I denotes the identity matrix. We will now leverage the fact that the har-
monic QLM represents the system’s displacement direction of smallest stiffness,
so that

∂κ

∂z

∣∣∣∣
ψ̂

= 0. (3.49)

We write down the first-order Taylor expansion of the function ∂κ
∂z around z = ψ̂

to approximate
∂κ

∂z

∣∣∣∣
π̂

' ∂2κ

∂z2

∣∣∣∣
ψ̂

·∆. (3.50)

Inverting in favor of ∆, and using Eq. (3.8) to simplify yields

∆ ' ω2
4
(
M− ω2

2I
)−1

(
U (4) :· π̂4π̂4π̂4

χ4
− π̂4

)
, (3.51)

which, once
(
M− ω2

2I
)−1 is written in diagonalized form, is equal to Eq. (3.17).

3.E Supporting data

In Fig. 3.9, we have collected data that supports various claims made in the
main text.
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FIG. 3.9. (a) The magnitude of the field U (4) :· π̂4π̂4π̂4/χ4 is of order O(1), indepen-
dent of ω4. (b) The shear-strain-coupling parameter ν3 ≡ ∂2U

∂γ∂x
· π̂3 associated with

cubic modes π̂3 is independent of ω3. (c) The fourth-order coefficient of cubic modes
χ3 is independent of ω3. (d) The entire ensemble of cubic modes follows the relation
τ2
3 ∼ κ3χ3 in 2D, 3D, and 4D. (e) The ensemble of quartic modes does not follow this
relation. (f) The fourth-order coefficient of quartic modes χ4 is independent of ω4.
In panels (a, e, f), the data is presented as a 2D histogram, where each bin is colored
according to the number of hits in that bin (the color-coding is the same as in Fig. 3.7).
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4. Simple and Broadly
Applicable Definition of
Shear Transformation Zones

Abstract. Plastic deformation in amorphous solids is known to be carried by
stress-induced localized rearrangements of a few tens of particles, accompanied
by the conversion of elastic energy to heat. Despite their central role in de-
termining how glasses yield and break, the search for a simple and generally
applicable definition of the precursors of those plastic rearrangements — the
so-called shear transformation zones (STZs) — is still ongoing. Here we present
a simple definition of STZs — based solely on the harmonic approximation of
a glass’ energy. We explain why and demonstrate directly that our proposed
definition of plasticity carriers in amorphous solids is more broadly applica-
ble compared to anharmonic definitions put forward previously. Finally, we
offer an open-source library that analyzes low-lying STZs in computer glasses
and in laboratory materials such as dense colloidal suspensions for which the
harmonic approximation is accessible. Our results constitute a physically moti-
vated methodological advancement towards characterizing mechanical disorder
in glasses, and understanding how they yield.

Reference. D. Richard, G. Kapteijns, J. A. Giannini, M. L. Manning, and
E. Lerner, Phys. Rev. Lett. 126, 015501 (2021).

4.1 Introduction

It has been known since the seminal works of Spaepen and Argon in the
late 1970s114,187 that plastic flow in amorphous solids proceeds via stress-
induced localized rearrangements of small clusters of particles. Those re-
arrangements, their collective dissipative dynamics and spatiotemporal cor-
relations give rise to many emergent phenomena such as plastic strain
localization,188–191 shear banding,165,192,193 system spanning avalanches of plas-
tic activity,104,171,173,177,194–197 and macroscopic yielding.113,198,199

A first-principles understanding of these emergent phenomena calls for the
identification and statistical quantification of the microstructural entities that
constitute the precursors of stress-induced dissipative rearrangements in amor-
phous solids. Those precursors and their micromechanical nature were envi-
sioned by Falk and Langer two decades ago,105 and subsequently coined Shear
Transformation Zones (STZs). Phenomenological theories105,190,200–202 and sev-
eral variants of elastoplastic lattice models192,196,203,204 were since put forward,



4. Definition of Shear Transformation Zones

building on the premise that a population of STZs is encoded in a glass’s struc-
ture, and serves as the key vehicle for plastic deformation and macroscopic yield-
ing.

Substantial computational research efforts have been dedicated to the search
for structural indicators that serve as faithful representatives of STZs, see
Ref. [118] for an extensive review of those efforts. In parallel, micromechani-
cal theories of elastoplastic instabilities, formulated within the potential energy
landscape picture,205 have been put forward, both in the harmonic104,154,206
and anharmonic72,207,208 regimes. In these formulations, STZs are represented
by destabilizing modes (putative displacement fields about the mechanical equi-
librium state) whose associated energies vanish continuously upon approaching
the onset of elastoplastic instabilities under external deformation.72 Using har-
monic modes to detect STZs is a natural starting point, as they are simple and
efficient to calculate.

One clear limitation of the harmonic formulation of elastoplastic instabili-
ties is the tendency of soft, quasilocalized vibrational modes — that destabilize
under external deformations — to hybridize with other low-frequency modes,
primarily phononic,72,73,86 but also quasilocalized.208 Consequently, the utility
of harmonic analyses in exposing quantitative information regarding plastic in-
stabilities is system-size dependent; in particular, only at strains of order . L−4

away from plastic instabilities (in systems of linear size L), does quantitative mi-
cromechanical information regarding the imminent instability become available
by studying the lowest vibrational mode of a glass.72 At larger strains away from
instabilities, hybridizations spoil said information, as demonstrated in Fig. 4.1
below.

A potential solution to some of the obstacles posed by hybridization issues
seen in harmonic frameworks was recently put forward, in the form of a nonlinear
micromechanical framework.71–73,208 Within this framework, the microstructural
entities that constitute the precursors of elastoplastic instabilities are (normal-
ized) displacement fields π3, coined plastic modes or cubic modes, which are
defined as solutions to the algebraic equation

∂2U

∂x∂x
· π3 =

∂2U
∂x∂x : π3π3
∂3U

∂x∂x∂x
:·π3π3π3

∂3U

∂x∂x∂x
: π3π3, (4.1)

where U(x) is the potential energy that depends on coordinates x, and :, : ·
represent double and triple contractions, respectively. Cubic modes π3 were
shown to feature nontrivial statistical208 and micromechanical72 properties, and
can be considered as one of the most informative representatives of STZs, as
discussed in more detail in Appendix 4.C.

In parallel to the apparent utility (see, e.g., Refs. [109, 110, 208]) of the
nonlinear micromechanical framework within which cubic modes are defined,
its general applicability to computer glass models is limited: in several well-
studied models, higher-order (≥ 3rd) spatial derivatives of the potential energy
— necessary for the computation of cubic modes, as evident by Eq. (4.1) —
are either impossible to evaluate, e.g., in hard sphere glasses, cumbersome to
evaluate, e.g., in the Stillinger-Weber model209 that features a 3-body interaction
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FIG. 4.1. Pseudo-harmonic modes represent STZs in glasses, ranging from ultra-
stable (Tp = 0.2, panels (a)-(d)) to poorly-annealed (Tp = 0.7, panels (e)-(h)). (a)
The squared frequencies of a destabilizing PHM π (solid red line), cubic mode π3
(solid purple line), and vibrational mode ψ (solid black line) of an ultrastable glass
of N = 10K particles in two dimensions, subjected to athermal quasistatic shear (see
details in Appendix 4.A). The horizontal dashed line indicates the first shear wave fre-
quency ωph = 2πcs/L, with L and cs(Tp) denoting the box length and (glass-history-
dependent) shear-wave speed, respectively. Panels (b)-(d) show ψ (top row), π and
π3 (2nd row) at the strains indicated in panel (a), corresponding to strain differences
away from the instability of ∆γ = 10−1, 10−2, and 10−5, from left to right. These
data show that the firstly-activated STZ under shear is present in the as-cast glass, in
the form of a PHM. Panels (e)-(h) are the same as (a)-(d), but measured in a poorly
annealed glass of N = 40K particles, with ∆γ = 8 × 10−4, 2 × 10−4, and 10−5, from
left to right.
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4. Definition of Shear Transformation Zones

term, or singular by construction, e.g., in Hertzian spheres near the unjamming
point.122,133,134

Here we introduce a simple, alternative definition of soft, quasilocalized
modes — referred to in what follows as pseudo-harmonic modes (PHMs) —
and directly demonstrate that they faithfully represent STZs. A key feature of
PHMs’ is that their definition relies solely on the availability of the harmonic
approximation of the potential (or free) energy — in the form of the Hessian
matrix H ≡ ∂2U/∂x∂x— and not on higher order derivatives, as some previous
definitions of STZs do.71,73,132,158,208 As demonstrated below, the PHM frame-
work is broadly applicable, straightforward, and computationally efficient. We
further provide physical arguments that motivate our definition of PHMs, and
show that in the zero frequency limit, the frequencies associated with PHMs
converge to those associated with the softest nonphononic vibrational modes.
Finally, we offer a software library210 that calculates low-energy STZs via the
presented framework, for any given Hessian of a glass in mechanical equilibrium.

4.2 Pseudo-harmonic modes

PHMs are putative displacement fields π about a mechanical equilibrium state,
for which the cost function208

C(z) =
(
H : zz

)2∑
〈i, j〉

(
zij · zij

)2 , (4.2)

assumes local minima, i.e., they solve

∂C
∂z

∣∣∣∣
z=π

= 0. (4.3)

Here zij ≡ zj−zi, and the sum in Eq. (4.2) runs over all pairs 〈i, j〉 of interacting
particles.∗ It is apparent by examining Eq. (4.2) that PHMs are accessible in
any system whose Hessian matrix H is available, which is a major strength of
our approach, demonstrated further below.

Why do PHMs π — for which the cost function C(z) given by Eq. (4.2)
assumes local minima — constitute faithful descriptors of STZs? This point is
demonstrated explicitly in Fig. 4.1, but can be argued for as follows; when eval-
uated at local minima π of the cost function C(z), C(π)’s numerator is expected
to be small, and its denominator – large. The numerator of C(z) describes
the square of (twice) the energy associated with z (assuming harmonicity),
therefore π will generally represent a low-frequency mode. C(z)’s denomina-
tor

∑
〈i, j〉(zij · zij)2 can be argued to (i) scale as k4 for waves of wave number

k – and therefore strongly suppress long wavelength phononic modes, and (ii)
be inversely proportional to z’s participation ratio e(z) ≡ (N

∑
i (zi · zi)

2)−1

∗In models in which pairs of interacting particles are not well-defined, a Voronoi tesselation
can be used to define pairs. We have checked that this modification does not significantly alter
the solutions π or their energetic or structural properties.
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(demonstrated in Appendix 4.B) – and is therefore larger (smaller) for more
(less) localized modes. These features of C(z) explain why PHMs π that rep-
resent its local minima are generally both soft and quasilocalized modes, as
required in order to constitute STZs.

Solutions π to Eq. (4.3) can be readily obtained in two ways described next.

1. Starting with an initial guess π(0), repeatedly apply the mapping

F(π) = H−1 · ζ(π)√
ζ(π) ·H−2 · ζ(π)

, (4.4)

where
ζk(π) ≡

∑
〈i, j〉

(δjk − δik)(πij · πij)πij , (4.5)

until F(π) ' π, which can be shown to be equivalent to Eq. (4.3).

2. Starting with an initial guess π(0), minimize the cost function C(z) given
by Eq. (4.2) to obtain a PHM π.

The iterative scheme (1) has the advantage of being parameter free, and only
requires solving a set of linear equations (at each iteration). The minimization
scheme (2) is computationally more efficient, however it inherits the disadvan-
tage of nonlinear minimization algorithms, which require the choice of problem-
dependent parameters.

An example of a PHM calculated in a two-dimensional computer glass sub-
jected to athermal, quasistatic (AQS) shear deformation is shown in Fig. 4.1.
We show that the harmonic and nonlinear descriptions of the elastoplastic insta-
bility agree as the shear strain γ approaches the instability strain γc. At strains
& L−4 away from γc, the harmonic description breaks down due to phonon
hybridizations,72 while the nonlinear description persists to reflect the geometry
and locus of the imminent instability, up to large ∆γ = γc − γ ' 7% (in the
example of Fig. 4.1). Moreover, PHMs closely resemble cubic modes along the
whole elastic branch. Cubic modes have a higher stiffness because the third-
order coefficient of the expansion of the potential energy is very sensitive to the
structure of the mode, as discussed in detail in Ref. [208].

4.3 General applicability of PHMs

In Fig. 4.2 we present PHMs calculated for various computer glass models (see
Appendix 4.A) for which extracting soft, quasilocalized modes using the an-
harmonic micromechanical framework presented in Refs. [71, 73, 208] is either
very difficult or impossible. In particular, we show a PHM found in as-cast
(not deformed) glasses of (a) hard spheres, (b) Hertzian soft spheres, (c) the
Stillinger-Weber model,209 and finally (d) a Copper-Zirconium bulk metallic
glass (BMG) model.211 Details about the models and calculations are presented
in Appendix 4.A.
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4. Definition of Shear Transformation Zones

FIG. 4.2. Pseudo Harmonic Modes (PHMs) in various computer glasses: (a) a hard-
disk glass, (b) a glass of Hertzian soft spheres, (c) a Stillinger-Weber tetrahedral glass
with 3-body interactions,209 and (d) a CuZr Bulk Metallic Glass.211

4.4 Convergence to nonphononic harmonic modes

A stringent benchmark for various definitions of soft, quasilocalized modes is
the degree of agreement between their structural and energetic properties, to
those associated with nonphononic harmonic (vibrational) modes representing
the same soft spots in the material. Detailed discussions regarding this bench-
marking, and its implications, can be found in Ref. [208].

Here we build an ensemble of PHMs, one for each glassy sample (see Ap-
pendix 4.A); we do this by setting π(0) to be the softest harmonic mode ψ
in a given glass, which has an energy ω2

ψ (setting units such that all masses
are unity). We then map π(0) = ψ to a PHM π with energy ω2

π using either
of the two methods described above (the result is independent of this choice).
In Fig. 4.3(a) we compare the obtained solutions π with low-frequency har-
monic modes by scatter-plotting each mode’s localization — as captured by
the scaled participation ratio Ne — versus its associated frequency. We see
that PHMs remain localized irrespectively of their frequency, whereas harmonic
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FIG. 4.3. Pseudo Harmonic Modes (PHMs) versus harmonic vibrational modes: (a)
Scaled participation ratio Ne as a function of frequency ω, calculated in an ensem-
ble of computer glasses in three dimensions (see Appendix 4.A). The convergence of
the energy (panel (b)) and structure (panel (c)) of PHMs to those of their ancestral
harmonic modes. In every panel the dashed line indicates the lowest phonon frequency.

modes show a strong hybridization with plane waves above the lowest phonon-
frequency ωph = 2πcs/L,86,140 where cs denotes the shear wave speed. Finally,
we show in Fig. 4.3(b)-(c) the average relative energy differences (ω2

π − ω2
ψ)/ω2

ψ

and the average overlaps 1 − |π · ψ|, as a function of the harmonic modes’ fre-
quencies ωψ, and binned over those same frequencies. We find that as ωψ → 0
solutions π converge both energetically and structurally to harmonic modes ψ.
The implications of this convergence are discussed below.

To further demonstrate the veracity of PHMs as true plastic defects medi-
ating STZs, we compare the map of the residual strength — local yield stress
— measured with the frozen matrix method212,213 with the location of PHMs
at various plastic events. Here, we map at each shear transformation the trig-
gering critical mode π(0) = ψc to a PHM π computed from the as-cast (γ = 0)
cost function. Surprisingly, we find that all plastic events can be traceback to
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FIG. 4.4. Residual plastic strength map of a well-annealed Lennard-Jones binary glass
at zero strain γ = 0 (details about the model can be found in Ref. [213]). Black
circles indicate the loci of the 10 first plastic instabilities. PHMs are extracted from
the as-cast configurations by mapping the critical mode at each plastic event.

PHMs at zero strain. This result firmly establishes that regions with low residual
strength emanate from the presence of soft quasi-localized excitations.

4.5 Summary and outlook

Revealing the micromechanical entities that carry plastic flow in amorphous
solids — the shear transformation zones (STZs) — are key to understanding
these materials’ failure mechanisms. To this aim, various methods designed to
identify a population of STZs in glassy solids via a harmonic analysis of their po-
tential energy have been put forward.107,116,117,157,214,215 These methods feature
appreciable degrees of success in predicting plastic flow,118 including in exper-
imental setups.216 However, they typically do not provide a micromechanical
characterization of a single, isolated STZ, in terms of its energy, orientation,
and coupling to external loads, and are further hindered by hybridizations that
typically occur between different vibrational modes.

In this chapter we have introduced a simple and generally-applicable mi-
cromechanical definition of STZs. These objects are referred to here as pseudo-
harmonic modes (PHMs) because they depend solely on the harmonic approxi-
mation of the potential (or free) energy (in the form of its Hessian matrix). We
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show that PHMs can be calculated in a variety of model systems in which other
soft, nonlinear excitations are either inaccessible or cumbersome to obtain. We
demonstrate that PHMs are good indicators of elastoplastic instabilities in the
athermal, quasistatic limit, and show that their associated energies in as-cast
glassy samples converge to nonphononic, harmonic modes’ energies, in the low-
energy limit. Finally, an open-source library is offered,210 that calculates PHMs
given a glass’s Hessian matrix.

The convergence of the spatial structure and energies of PHMs and of low-
frequency, nonphononic harmonic modes, suggests that the formers’ frequency
distribution follows the same asymptotic ∼ ω4 law, which is universally fea-
tured by the nonphononic density of states of structural glasses quenched from
a melt.51,54,153

The ability to extract the precise displacement field associated with a single
STZ, including very far (in strain) from its eventual instability, and exclusively
using the harmonic approximation of the energy, opens up a wide range of new
analyses in computer glasses and some experimental systems. For example, our
method could be used to systematically quantify the properties of STZs in a
wide variety of glass models (available e.g., in lammps217), as a function of
composition or material preparation.218 In addition, our method could be used
to quantify the orientation and density of STZs, and study their evolution as
a function of applied shear strain,219 which would place strong constraints on
continuum models for plasticity in amorphous solids.105,190,200–202

We note finally that while some interesting insights into glass physics have
been obtained109,110,208 by investigating soft anharmonic excitations using ex-
isting frameworks,73,208 an algorithm to detect all such excitations in a given
glassy sample is still under development.220 The ideas presented here might also
find utility in saddle-point search algorithms such as the activation-relaxation
technique,221 or in searches for two-level system in computer glasses.222

A readily usable Python package to detect soft spots in structural glasses is
available in Ref. [210]. It includes documentation and a minimal example.
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Appendices

4.A Computer glass models

4.A.1 Inverse Power Law
The results shown in Figs. 4.1 and 4.3 in the main text are for polydisperse
soft spheres in two and three dimensions, respectively, interacting via an in-
verse power law potential. A detailed description of this model is provided in
Ref. [156]. We utilize SWAP Monte Carlo160,223 (MC) to prepare glasses with
various degrees of stability. The later is controlled by the parent temperature Tp
of the equilibrium states from which our glasses were instantaneously quenched.
Finally, we quench our configurations to zero temperature via an energy mini-
mization using a conjugate gradient algorithm.186

Athermal quasistatic shear deformation206 is performed using Lees-Edwards
periodic boundary conditions78 with a strain step δγ = 10−5, which is at least
one order of magnitude lower than the typical strain between subsequent plastic
instabilities.

4.A.2 Hard disks
We prepare dense equilibrium polydisperse hard-disk configurations with N =
1600 particles using SWAP MC. We choose the same continuous polydispersity
as proposed in Ref. [223] with diameter distribution P (σ) ∼ σ−3 from σm = 1 to
σM = 2.2. This choice results in a high polydispersity ∆ =

√
σ2 − σ2/σ ' 22%

and as a result one avoids crystallization. Throughout our simulations lengths
are in units of σ. Initial configurations are prepared via minimization of har-
monic soft spheres at a high packing fraction φ ' 0.82 − 0.84. We then per-
form a MC run in the NPT ensemble where the box edge is allowed to fluc-
tuate by around 3% of its length. In Fig. 4.5(a), we show the compressibil-
ity Z = P/(ρkBT ) as a function of the packing fraction φ. As previously
demonstrated,223 SWAP MC enables the preparation of equilibrium configu-
rations far above the glass transition packing fraction φg ' 0.7.

Having generated equilibrium dense hard-disk configurations, we performMC
simulations in the NVT ensemble to compute the positions covariance matrix

Cij = 〈ui(t)uj(t)〉T , (4.6)

with the particle displacement vector ui = xi − 〈xi〉 from its average position.
Note that during this procedure we have removed possible drift due to the motion
of the center of mass of the simulation box. The Hessian matrix of the system
follows from the equality224

Hij = kBTC−1
ij , (4.7)

with kB the Boltzman constant and where particle masses are equal and set
to unity. Full diagonalizations are performed using the lapack library. In
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Fig. 4.5(b), we show a typical phonon found in deeply equilibrated hard-disk
glasses. Furthermore, we have generated an ensemble of 128 configurations
for Z ' 35 and computed the density of states D(ω) with frequency ω [see
Fig. 4.5(c)]. As discussed in depth in Ref. [86], we observe a finite size regime at
low-frequencies with distinct phonon bands followed by a continuous “phonon
sea” at higher frequencies. Consistent with the degeneracy level of phonon bands,
we have found four modes in both the first and second bands.

The extraction of PHMs requires the contact network of pairs {ij} to be able
to compute the denominator of the cost function defined in Eq. (4.2) of the main
text. As contacts are not accessible in hard particles, we have chosen the six
closest neighbors of each particle (first peak of the radial distribution function).
We have checked that the energy and structure of the modes are not affected in
any appreciable manner by this choice.

4.A.3 Other models
A complete description of the Hertzian, Stillinger-Weber, and CuZr BMGmodels
can be found in Ref. [54]. The Lennard-Jones configuration used in the main
text for the residual palstic strength map is the same one as shown in Ref. [212].

4.B Cost function denominator

In Fig. 4.6 we present data that demonstrates that the denominator of the
cost function C(z) (see Eq. (4.2) in the main text) follows

∑
〈i, j〉(zij · zij)2 ∼

1/
(
Ne(z)), where e(z) ≡ (N

∑
i (zi · zi)

2)−1 is the conventional participation
ratio, N is the system size, and z denotes a normalized (z · z = 1) putative dis-
placement field. This means that the denominator of the cost function C(z) is
larger (smaller) for more (less) localized modes, therefore promoting localization
of its minima π (the PHMs). In Fig. 4.6 we vary both the system size, and the
degree of modes’ localization – the latter is known to be affected by the degree
of supercooling, captured by their parent temperature Tp.110

4.C Cubic versus pseudo harmonic modes

We provide below an energetic and structural comparison between cubic and
PHMs. We find that cubic modes are nearly always slightly stiffer than PHMs,
see Fig. 4.7(a). We expect the structural deviation from cubic and PHMs to
scale as ∼ ω4 (the same as obserbed between PHMs and harmonic modes),
which we demonstrate in Fig. 4.7(b). As discussed in Ref. [72], cubic modes are
the most informative objects from a micromechanics point of view. The reason
is that they maximize the asymmetric third-order coefficient τ = ∂3U

∂x∂x∂x
:·πππ,

resulting in a better direction to cross the nearby barrier in the energy landscape.
As shown Ref. [208], cubic modes also display the asymptotic scaling τ ∼ ω
(for ω → 0), which combined with the gapless density of states D(ω) ∼ ω4

at low frequencies, gives the prediction that the pseudogap exponent θ of the
distribution of thresholds P (x) ∼ xθ is equal to 2/3, where x is the distance of a
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4. Definition of Shear Transformation Zones

FIG. 4.5. (a) Compressibility Z = P/(ρkBT ) as a function of the packing fraction
φ. The solid line is the equation of state taken from Ref. [225], empty black symbols
are Molecular Dynamics results from Ref. [226] , and red empty squares are SWAP
Monte Carlo simulations performed in the NPT ensemble. (b) Typical low-frequency
transverse phonon. (c) Density of states in hard-disk glasses with N = 1600 prepared
at Z = 35. The vertical dashed lines indicate the frequencies of the first and second
shear waves.
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FIG. 4.6. (a) The demoninator of the cost function C(z), evaluated for PHMs π, and
plotted against the scaled participation ratio Ne, measured for glassy samples of N =
2000 particles of a polydispersed soft spheres model.110 Here the degree of localization
is varied by considering glasses quenched from different parent temperatures Tp as
indicated by the legend. (b) Same as panel (a), this time for a single parent temperature
Tp = 0.55 (in simulation units), but different system sizes.

mode to the next plastic instability. As shown in Fig. 4.7(c), this relation does
not hold for PHMs.
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4. Definition of Shear Transformation Zones

FIG. 4.7. (a) Cubic mode frequencies versus PHM frequencies for 1000 different modes
in ductile polydisperse glasses (Tp = 0.7). (b) Convergence of the structure of cu-
bic and pseudo harmonic modes. (c) Relation between the potential energy expansion
coefficients. The fourth order coefficient χ = ∂4U

∂x∂x∂x∂x
:: ππππ is found to be indepen-

dent of the frequency, indicating a linear relation between the asymmetric third-order
coefficient τ and the frequency ω for cubic modes. This relation does not hold for
PHMs.
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5. Elastic Moduli Fluctuations
Predict Wave Attenuation
Rates in Glasses

Abstract. The disorder-induced attenuation of elastic waves is central to the
universal low-temperature properties of glasses. Recent literature offers con-
flicting views on both the scaling of the wave attenuation rate Γ(ω) in the
low-frequency limit (ω → 0), and on its dependence on glass history and prop-
erties. A theoretical framework — termed Fluctuating Elasticity Theory (FET)
— predicts low-frequency Rayleigh scattering scaling in d̄ spatial dimensions,
Γ(ω) ∼ γωd̄+1, where γ = γ(Vc) quantifies the coarse-grained spatial fluctua-
tions of elastic moduli, involving a correlation volume Vc that remains debated.
Here, using extensive computer simulations, we show that Γ(ω) ∼ γω3 is asymp-
totically satisfied in two dimensions (d̄ = 2) once γ is interpreted in terms of
ensemble — rather than spatial — averages, where Vc is replaced by the sys-
tem size. In so doing, we also establish that the finite-size ensemble-statistics
of elastic moduli is anomalous and related to the universal ω4 density of states
of soft quasilocalized modes. These results not only strongly support FET, but
also constitute a strict benchmark for the statistics produced by coarse-graining
approaches to the spatial distribution of elastic moduli.

Reference. G. Kapteijns, D. Richard, E. Bouchbinder, and E. Lerner,
J. Chem. Phys. 154, 081101 (2021).

5.1 Introduction

It is well-established that the spatio-mechanical disorder featured by structural
glasses leads to the attenuation of long-wavelength pure elastic waves, even
if nonlinearities and anharmonicities are entirely neglected.155,156,227–230 The
physics behind this harmonic-regime attenuation is simple: in the presence of
glassy structural disorder, pure waves generally do not constitute eigenstates of
an amorphous solid’s Hamiltonian. Instead, pure waves of frequency ω project
on a subset of “dirty” (disordered) phonons,86 whose spectral width about ω
determines the pure waves’ attenuation rate Γ(ω).227

Resolving how the wave attenuation rate Γ(ω) in structural glasses de-
pends on wave frequency ω, and on glass formation history, is key to
understanding glassy heat transport, which is known to feature univer-
sal low-temperature anomalies.25–27 Despite substantial experimental,27,231–243
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theoretical,57,60,121,230 and simulational155,156,227–229 efforts to shed light on the
physics of wave attenuation in structural glasses, many aspects of the phe-
nomenon itself,156,227,244,245 and its statistical-mechanical origin,57,60,121,155,246
remain controversial.

One prominent theoretical framework — the Fluctuating Elasticity Theory
(FET)∗ developed by Schirmacher and coworkers30,56,57 — predicts that, in
the low-frequency/long wavelength limit, the transverse wave attenuation rate
obeys Rayleigh scattering scaling,62

Γ(ω)/ω0 ∝ γ(Vc)(ω/ω0)d̄+1, (5.1)

where ω0 is a characteristic (elastic) frequency scale, and d̄ is the spatial dimen-
sion. The dimensionless prefactor γ(Vc) of the Rayleigh scaling — coined the
disorder parameter56 — is defined as

γ(Vc) ≡
(

∆µ(Vc)
µ

)2
Vc
ad̄0
, (5.2)

where µ denotes the macroscopic shear modulus, ∆µ(Vc) denotes the standard
deviation of spatial fluctuations of the shear modulus field — coarse-grained on
the correlation volume Vc —, and a0 is an interparticle length.†

Eqs. (5.1) and (5.2)) have been recently tested using numerical simulations in
two and three dimensions (2D and 3D) in Refs. [227–229, 244, 246], all of which
deemed them either incorrect or incomplete. In Ref. [227] it was claimed, based
on simulational and some experimental data, that the low-frequency form of the
attenuation rate follows ωd̄+1 log(ω0/ω) instead of the generic ωd̄+1 Rayleigh
scaling, as a result of long-range spatial correlations in some combinations of
first and second order elastic moduli fields. This claim was recently further sub-
stantiated by a mean-field theory230 that predicts that a logarithmic correction
arises whenever long-range correlations in either the elastic constants or internal
stresses exist.

Some doubts were, however, raised in Ref. [229] regarding the possibility
that correlations in coarse-grained elastic moduli fields give rise to the anoma-
lous, log-corrected scaling, and see also Refs. [155, 156]. In Ref. [229], it was
also shown that a FET framework that neglects disorder-induced non-affine mo-
tions underestimates the wave attenuation rate by two orders of magnitude. In
Ref. [228], some evidence for Rayleigh scaling of Γ(ω) at low frequencies was
put forward (see discussion in Ref. [156]); in the same work, however, it was
also concluded that FET is not quantitatively predictive, based on the apparent
failure of Eq. (5.2) to account for thermal-annealing-induced variations in Γ(ω).
Similar claims were made in Refs. [244, 246].

∗FET is sometimes referred to as Heterogeneous Elasticity Theory, see e.g., Ref. [57].
†In most glasses, the relative fluctuations of the shear modulus dominate those of the

bulk modulus; therefore the version of FET that is most often employed simply assumes that
the bulk modulus fluctuations are zero, see e.g., Ref. [247] and the discussion in Ref. [57].
The inverse-power-law model employed in this chapter has bulk modulus fluctuations that are
nearly identically zero.159 Accordingly, we only consider the transverse wave attenuation in
the present chapter.
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In this chapter, we provide strong evidence that FET is, in fact, quantita-
tively predictive of long-wavelength wave attenuation rates in structural glasses.
Our conclusion is based on the key assumption that coarse-grained local elastic
moduli fields do not feature long-range (power-law) correlations, as previously
shown using computer simulations in Refs. [246, 248, 249] (see, however, claims
in Ref. [227]). Under this assumption, we replace spatial averages with ensem-
ble averages in the definition of γ (cf. Eq. (5.2)). By doing so, we circumvent
the long-standing conundrum of how elastic moduli fields should be defined and
coarse-grained,246,248–251 and how their correlation volume is identified. Our re-
sults also establish that finite systems follow non-Gaussian elastic moduli statis-
tics, featuring anomalous power-law tails. The latter echo the universal form of
the density of states of soft, quasilocalized modes,49,51,54,120,153 providing an in-
teresting link between micro- and macro-elastic observables. Finally, our results
provide a strict benchmark for formulating coarse-graining approaches to elastic
moduli fields.

5.2 Computer glass model

We employ a generic 50:50 binary mixture 2D glass-forming model, in which
pairs i, j of particles at distance rij from each other interact via a spherically-
symmetric, purely repulsive potential ϕij(rij) (thus ϕ′ij < 0 for all pairs i, j),
such that the total potential energy reads U =

∑
i<j ϕij . Details about the

model can be found in Ref. [109]. We measure Γ(ω) in the harmonic approxi-
mation at zero temperature, as done e.g., in Refs. [156, 227], using the Hessian
matrix M ≡ ∂2U

∂x∂x of the potential energy U(x) that depends on particle coor-
dinates x.

In order to explore glassy systems with different degrees of mechanical dis-
order, we parameterize the Hessian M(δ) of our glasses by a dimensionless
parameter δ ∈ [0, 1]; the parameterization reads60,139

M(δ) ≡M′′ + (1− δ)M′, (5.3)

where
M′′ ≡

∑
i<j

ϕ′′ij
∂rij
∂x

∂rij
∂x

and M′ ≡
∑
i<j

ϕ′ij
∂2rij
∂x∂x

(5.4)

are the stiffness- and internal-force-related terms of the nonparameterized Hes-
sian, respectively. For δ = 0, M(δ) identifies with the Hessian of the as-cast
glasses, while increasing δ leads to a suppression of the force term M′. This
procedure has been shown139,156 to yield (the harmonic approximation of) glassy
solids whose micro- and macro-elastic linear-response properties resemble those
of glasses created by quenching deeply supercooled liquids to their underlying
inherent states.109,110,159 More specifically, increasing δ mimics deeper super-
cooling of glasses’ ancestral equilibrium configurations, which, in turn, results
in the reduction of mechanical inhomogeneities,110,159 as is also shown below.

In order to access the broadest possible range of mechanical disorder/noise,
our original, as-cast glasses are quenched from high-temperature liquid states,
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above the so-called onset temperature.252,253 Anticipating a comparison with the
FET predictions of Eqs. (5.1) and (5.2), in what follows we express all frequencies
and rates in terms of the (δ-dependent) characteristic frequency scale ω0 ≡ cs/a0.
Here cs is the zero-frequency shear wave speed and the interparticle length a0
is given in terms of the number of particles (system’s size) N and the system’s
volume V as a0 ≡

√
V/N .

5.3 The 2D transverse wave attenuation rate

We measure Γ(ω) for our glasses under variations of the dimensionless parameter
δ and the system size N , while carefully excluding large wavelengths that suffer
finite-size effects, as discussed at length in Ref. [156]. The results are presented
in Fig. 5.1; we observe a robust Rayleigh scaling Γ ∼ ω3 at low frequencies for
large glasses and all δ values, and not the log-modified scaling ∼ ω3 log(ω0/ω),
even for the as-cast δ = 0 glasses. The continuous lines represent the FET
prediction, obtained as explained in what follows. To appreciate the variability
of Γ(ω) at low frequencies, we plot in the inset of Fig. 5.1 the predicted prefactor
of the Rayleigh regime vs. δ, finding a variation of nearly two decades. This
large variation surpasses that seen in Ref. [228] for glasses stabilized by deep
supercooling using the SWAP algorithm,160 motivating our choice of glass model
and δ-procedure.

5.4 Shear modulus fluctuations

In order to test the FET predictions for Γ(ω), as spelled out in Eqs. (5.1)
and (5.2), one would need — in principle — to measure coarse-grained mod-
uli fields in computer glasses and assess their spatial fluctuations. According
to Eq. (5.2), one expects that if elastic moduli fields are coarse-grained over a
volume VCG that is sufficiently larger than the moduli’s spatial correlation vol-
ume Vc, then ∆µ(VCG) scales as 1/

√
VCG. Consequently, γ(VCG) is expected

to plateau above some correlation volume Vc, therefore it can be equivalently
assessed by any coarse-graining volume satisfying VCG > Vc.

The conclusion above suggests that, in the absence of long-range spatial
correlations of elastic moduli, one can abandon the coarse-graining program
altogether, eliminating any resulting uncontrolled artefacts. Instead, one can
consider ensemble — rather than spatial — statistics of moduli to assess γ,
where the sample size N ∼ V would play the role of the coarse-graining volume
in Eq. (5.2). How do sample-to-sample statistics of elastic moduli behave? In
Fig. 5.2(a) we show the ensemble-distributions of µ for as-cast glasses, varying
the system size as indicated in the figure legend. The distributions become
sharply peaked with increasing N , as expected. The fat tails towards −∞,
however, are non-Gaussian, as shown by the inset of Fig. 5.2(a) and explained
next.

To shed light on the functional form of the leftward tails of the µ ensemble
distributions, we plot in Fig. 5.2(b) the same distributions against (〈µ〉−µ)/〈µ〉
(here 〈◦〉 denotes an ensemble average), on logarithmic axes. This representation,
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FIG. 5.1. The dimensionless transverse attenuation rate Γ vs. the dimensionless wave
frequency ω, for various δ and N (see legend). The low-frequency Rayleigh-scaling
predictions of Eq. (5.1), ∼ ωd̄+1 (for d̄ = 2), are represented by the solid lines, see
text for discussion. Also marked is the ∼ ω2 high frequency regime.30,60 Inset: the
predicted variation of the Rayleigh-scaling prefactor with δ.

together with the inset of Fig. 5.2(b), suggest that

P (µ;N) ∼ N−3/2(〈µ〉 − µ)−7/2, (5.5)

for µ . 〈µ〉 − ∆µ. To understand this anomalous distribution, consider the
(athermal) shear modulus, which consists of a difference between two dis-
tinct physical contributions: µ = µBH − µrel. Here µBH is the Born-Huang
contribution,254 which is normally-distributed and exists also in ordered sys-
tems, and µrel is the “relaxation” contribution that is associated with parti-
cles’ non-affine motions in the presence of disorder.154,255 The latter takes the
form154,255

V µrel = ∂2U

∂ε∂x
·M−1 · ∂

2U

∂x∂ε
=
∑
`

(
ψ` · ∂

2U
∂x∂ε

)2
ω2
`

, (5.6)

where ε is a shear strain parameter and ψ` is the `th eigenfunction of M that
is associated with the eigenvalue ω2

` (all masses are set to unity).
The form of µrel indicates that low-frequency nonphononic modes can lead to

large (negative) contributions to µ (it is, however, not the case for low-frequency
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FIG. 5.2. (a) The sample-to-sample shear modulus distribution P (µ;N) of 10,000 as-
cast glasses (δ = 0), for different system sizes N as indicated by the legend. Inset:
cumulative distribution function (CDF) of µ, superimposed with Gaussian fits (solid
lines), showing that P (µ;N) features an anomalous tail. (b) Plotting P (µ;N) vs. the
relative deviation (〈µ〉−µ)/ 〈µ〉 on log-axes reveals the anomalous tails’ scaling, which
echoes the universal ω4 distribution of QLMs’ frequencies. The inset shows the pref-
actor of the tails vs. N . (c) P (µ;N = 1600) for various δs. The inset shows how the
anomalous tail gradually disappears for δ > 0.

phonons∗). It is now well-established that structural glasses embed a popula-
tion of soft, quasilocalized modes (QLMs), whose frequencies follow a universal
density of states that grows from zero frequency as D(ω) ∼ ω4 (see Refs. [49,
51, 54, 120, 153]). Since the deformation couplings ψ` · ∂

2U
∂x∂ε have been shown

in Refs. [208, 256] to be uncorrelated with the frequencies ω`, and as QLMs’ fre-
quencies are largely independent of each other,† µrel of Eq. (5.6) can be viewed
as the average ȳ of O(N) independent random variables y ∼ 1/ω2 that are
drawn from a power-law distribution p(y) ∼ D

(
ω(y)

)
|dω/dy| ∼ y−7/2. The

heavy-tailed random-walk statistics of ȳ has been derived in Ref. [257], precisely
mirroring the asymptotic scaling form given by Eq. (5.5); namely, a distribution
P (ȳ;N) ∼ N−3/2ȳ−7/2 at large ȳ, quantitatively accounting for the anomalous
features of P (µ;N).

Despite P (ȳ;N)’s fat, anomalous power-law tail, we have verified that the
standard deviation ∆ȳ of ȳ exhibits conventional large-numbers scaling∼ N−1/2,
with no observable finite-size corrections, and thus (∆ȳ(N)/〈ȳ〉)2N ∼ const., in
analogy with the disorder parameter γ(VCG) for VCG > Vc. These results are
relevant for as-cast glasses, corresponding to δ = 0. Once δ > 0, a gap ∼

√
δ

is formed in the quasilocalized modes’ density of states, as shown in Ref. [139],
leading in turn to the suppression of the power-law tail of P (µ;N), and to
reduced ensemble-fluctuations of µ, as demonstrated in Fig. 5.2(c).

∗In the case of phonons ψ` · ∂
2U

∂x∂ε
∼ ω`,128 thus they do not feature large contributions to

µrel.
†In Ref. [51] it was shown that the statistics of the minimal vibrational frequency in

finite-size glasses is Weibullian, similar to the extreme value statistics of independent random
variables.
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FIG. 5.3. (a) Sample-to-sample disorder parameter γ(N) (cf. Eq. (5.7)) vs. N for
different values of δ, represented with the same color code as in Fig. 5.1. The colored
regions are 95% confidence intervals of our estimation for γ in the large-N limit. We
employed the Bootstrap Method258,259 to estimate the confidence intervals on the large-
N limit of γ(N), and the error bars on the wave attenuation rate Γ(ω). (b) Reduced
transverse wave attenuation rate Γ/ω3 (scaled by cΓ = 3.77) vs. dimensionless wave
frequency ω. Different symbols represent different Ns as in Fig. 5.1. The intersection
of the dashed line with Γ/ω3 occurs at the Ioffe-Regel frequency ωIR (see text for
definition). The dotted line represents the expected high-frequency scaling of Γ/ω3

(see Refs. [30, 60]).

5.5 Testing the Fluctuating Elasticity Theory

We are now in the position to test the FET predictions, having substituted
spatial fluctuations of elastic moduli with their sample-to-sample fluctuations,
in the definition of the disorder parameter γ. In practice, we define the N -
dependent sample-to-sample disorder parameter

γ(N) ≡
(

∆µ(N)
〈µ〉

)2
N, (5.7)

where ∆µ(N) denotes the sample-to-sample standard deviation of the shear
modulus µ of glasses of size N . Our measurements of γ(N) are displayed in
Fig. 5.3(a), for various values of the parameter δ as indicated by the legend of
Fig. 5.1, increasing from top to bottom.

We note that, according to the simple random-walk model for the sample-
to-sample statistics of µ proposed above — which assumes only that µ is self-
averaging and short-range correlated — we do not expect γ(N) to feature an
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N dependence so long that N > Vc/a
2
0. While we do not attempt to assess

Vc here, various previous observations246,248,249 indicate a very safe estimation
of the form Vc/a

2
0 . 103 (in 2D). We nevertheless observe that the lowest-δ’s

γ(N) features a weak N -dependence up to N ∼ 105, which might stem from the
tendency of small, highly disordered glassy samples to embed softer excitations
than expected,53,145 leading in turn to larger relative ensemble-fluctuations of µ
at small N .

At large N , however, γ(N) convincingly plateaus for all δ values, such that
the asymptotes provide a prediction for the amplitude of Γ(ω), which is tested
next. In Fig. 5.3(b) we plot the measured reduced wave attenuation rate Γ/ω3

(scaled by a numerical proportionality constant cΓ = 3.77) against ω. We find
a striking agreement between the low-frequency reduced wave scattering rate,
and the disorder parameter γ, as predicted by FET (up to replacing γ(Vc) with
γ(N →∞), cf. Eqs. (5.2) and (5.7)), and discussions above). That is,

Γ/ω3 ∼ γ(N →∞) (5.8)

over the entire range of δ ∈ [0, 0.5], which spans nearly two decades in γ and
Γ/ω3.

5.6 Summary and discussion

In this chapter we have shown that the long-wavelength, transverse wave atten-
uation rate Γ(ω) in 2D glasses follows Rayleigh scaling ∝ ω3, with a prefactor
proportional to the disorder parameter γ (cf. Eq. (5.7)) that quantifies sample-
to-sample shear modulus fluctuations. Under a key assumption — discussed
above and further below — our results support the Fluctuating Elasticity The-
ory (FET) prediction for long-wavelength attenuation rates, at odds with several
recent claims.227–229,244,246 In order to stringently test the FET predictions, we
employed a computer glass in which Γ(ω) at fixed low (dimensionless) frequency
can be varied over nearly two decades, by tuning a dimensionless parameter δ
(cf. Eq. (5.3)).

A key assumption we made — supported by Refs. [246, 248, 249] — is that
coarse-grained elastic moduli fields do not feature long-range spatial correlations,
and therefore their spatial fluctuations can be equivalently assessed via sample-
to-sample fluctuations. Our analysis shows that the sample-to-sample distribu-
tion of the shear modulus µ is non-Gaussian, with an N -dependent power-law
tail towards negative values, whose exponent echoes the universal ω4 density
of states of soft, quasilocalized modes.49,51,54,120,153 These anomalies stand at
odds with a recent theory of glass elasticity,260 and can be explained via a sim-
ple, random-walk model. We stress that any spatial coarse-graining approach to
elastic moduli should result in the same anomalous statistics shown here, when
the coarse-graining volume is replaced by the system size.

Several interesting questions emerge from our work. First, the success of FET
to predict Γ(ω) over a very broad range of mechanical disorder (as allowed by our
2D glass model) suggests that it should also be predictive in more realistically-
formed computer glasses, such as those created with the SWAP algorithm.160

88



This important issue will be addressed in a separate report. Second, to solidify
our results, it is crucial to establish whether the proportionality coefficient cΓ

between the disorder parameter γ and the reduced attenuation rate Γ/ωd̄+1 is
universal across models, and to resolve its d̄-dependence.

Finally, Γ(ω) reported in Figs. 5.1 and 5.3 appears to be largely independent
of the degree of mechanical disorder in the high-frequency Γ ∼ ω2 regime (i.e.,
above the Ioffe-Regel frequency ωIR defined via πΓ(ωIR) = ωIR, see Fig. 5.3),
consistent with Effective Medium calculations60 and with the simulation data
of Ref. [228]. This implies that the reduced rate Γ/ω3 of our maximally-
disordered (δ = 0) glasses must decrease from the Rayleigh amplitude γ to
the approximately-γ-independent Γ/ω3 ∼ 1/ω at ω & ωIR, giving rise to an ap-
parent log-corrected scaling Γ/ω3 ∼ log(ω0/ω) observed first in Ref. [227], and
later also in Refs. [156, 230].

Clearly, for more stable glasses featuring substantially smaller disorder pa-
rameters γ, Γ/ω3 will no longer decrease by any appreciable degree from the
Rayleigh regime towards the ω2 regime, ruling out the plausibility of the log-
corrected scaling. In addition, we point out that, for the δ = 0 glasses, ωIR is
merely a factor of ≈ 3 higher than the onset of the Rayleigh regime (similar
and smaller factors are observed in 3D156). All of these issues cast consider-
able doubt on whether the intermediate frequency regime — above the Rayleigh
regime and below the Ioffe-Regel limit — can be meaningfully considered as
anything other than a crossover between the Rayleigh ∼ ωd̄+1 scaling and the
disorder-independent, high-frequency ∼ ω2 scaling of the wave attenuation rate.
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6. Does Mesoscopic Elasticity
Control Viscous Slowing
Down in Glassforming
Liquids?

Abstract. The dramatic slowing down of relaxation dynamics of liquids ap-
proaching the glass transition remains a highly debated problem, where the crux
of the puzzle resides in the elusive increase of the activation barrier ∆E(T ) with
decreasing temperature T . A class of theoretical frameworks — known as elas-
tic models — attribute this temperature dependence to the variations of the
liquid’s macroscopic elasticity, quantified by the high-frequency shear modulus
G∞(T ). While elastic models find some support in a number of experimental
studies, these models do not take into account the spatial structures, length
scales, and heterogeneity associated with structural relaxation in supercooled
liquids. Here, we propose and test the possibility that viscous slowing down is
controlled by a mesoscopic elastic stiffness κ(T ), defined as the characteristic
stiffness of response fields to local dipole forces in the liquid’s underlying in-
herent structures. First, we show that κ(T ) — which is intimately related to
the energy and length scales characterizing quasilocalized, nonphononic excita-
tions in glasses — increases more strongly with decreasing T than the macro-
scopic inherent structure shear modulus G(T ) (the glass counterpart of liquids’
G∞(T )) in several computer liquids. Second, we show that the simple relation
∆E(T ) ∝ κ(T ) holds remarkably well for some computer liquids, suggesting
a direct connection between the liquid’s underlying mesoscopic elasticity and
enthalpic energy barriers. On the other hand, we show that for other computer
liquids, the above relation fails. Finally, we provide strong evidence that what
distinguishes computer liquids in which the ∆E(T ) ∝ κ(T ) relation holds, from
those in which it does not, is that the latter feature highly fragmented/granular
potential energy landscapes, where many sub-basins separated by low activa-
tion barriers exist. Under such conditions, it appears that the sub-basins do not
properly represent the landscape properties relevant for structural relaxation.

Reference. G. Kapteijns, D. Richard, E. Bouchbinder, T. B. Schrøder, J. C.
Dyre, and E. Lerner, J. Chem. Phys. 155, 074502 (2021).



6. Does Mesoscopic Elasticity Control Viscous Slowing Down?

6.1 Introduction

Despite enormous research efforts over several decades, there is still no consen-
sus regarding the mechanism that governs the stupendous increase in viscosity
of supercooled liquids upon cooling toward their glass transition temperature
Tg.261–267 That the relaxation time increases upon supercooling is not a mystery
in itself; the challenge that this phenomenon presents is to explain why the liquid
dynamics slows down so dramatically upon supercooling — in most cases, the
relaxation time or viscosity vary by 14 orders of magnitude over a reduction of
less than 50% in temperature.1,268

Solving the glass transition riddle amounts to understanding the temperature
dependence of the activation energy ∆E(T ) that enters a Arrhenius-like relation
for the primary structural relaxation time τα or the shear viscosity η of a liquid,
of the form

τα(T ) ∼ η(T ) ∼ exp
(
∆E(T )/kBT

)
. (6.1)

The activation energy usually increases upon cooling, in a few cases stays
nearly constant, and never decreases. One distinguishes between “fragile” and
“strong” glassforming liquids by the relative variation of the activation energy
∆E(T ) throughout the relevant temperature range (approximately [Tg, 2Tg]),
with fragile (strong) systems featuring a larger (smaller) relative variation.
The analysis of experimental and simulational data shows that in the most
fragile systems the activation energy varies by nearly a factor of four across
the relevant temperature range.99,269 Theoretical approaches that offer an ex-
planation for the huge slowing-down of structural relaxation dynamics of su-
percooled liquids put forward throughout the years include Mode Coupling
Theory,270,271 thermodynamic approaches,272,273 Random First Order Theory
(RFOT),274 Frustration-Limited Domains,275 locally-favored structures,276,277
kinetically constrained frameworks,102,278–280 and many others described in sev-
eral excellent reviews.281–288

Another set of approaches to the glass transition problem — coined “elas-
tic models” — attribute the slowing-down of supercooled liquids’ dynamics to
changes in their elastic properties that occur upon supercooling.1,130,131,289–294
A subset of elastic models link the activation energy to atomistic elastic observ-
ables such as high frequency vibrational mechanics292 or the stability of soft
modes pertaining to metastable states of the free energy.130,131

Of relevance to our discussion here is a class of elastic models1,261,289–291 that
adopts a continuum-elastic viewpoint. The so-called shoving model proposes
that relaxation events in supercooled liquids require an isotropic local volume
expansion, regarding for simplicity the surrounding liquid as a homogeneous
medium described by standard continuum elasticity theory. Since the associated
strain field outside a local isotropic expansion is exclusively volume-conserving,
shear-like in nature,82 and occurs over a short, elastic time scale, the shoving-
model barrier toward structural relaxation is governed by the macroscopic high-
frequency shear modulus G∞ (see the related discussion in Refs. [295, 296]),
i.e.,

∆E(T ) ∝ G∞(T )Vc. (6.2)
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Here Vc is a characteristic volume, which for simplicity is assumed to be
temperature-independent. While some experiments support Eq. (6.2),261,262 the
shoving model lacks a concrete connection with the geometry, atomistic nature
and mesoscopic spatial extent of relaxation events. In particular, the model does
not take into account the spatially varying elastic properties of any supercooled
liquid.

Which micromechanical observables do bear structural and geometrical sim-
ilarities with structural relaxation events? Previous simulations97,107,108,297
demonstrated that low-frequency, quasilocalized vibrational modes strongly cor-
relate with the spatial organization and loci of relaxational flow events in super-
cooled liquids. Those observations suggest that the elastic stiffness relevant for
structural relaxation events in supercooled liquids is that associated with soft,
quasilocalized modes (QLMs) rather than macroscopic elastic moduli. Recently,
there has been considerable progress in understanding the statistical, structural
and energetic properties of QLMs in structural glasses.51,54,109,110,140,150,153 It
is now well-established that QLMs generically populate the low-frequency vi-
brational spectra of structural glasses. These modes’ frequencies ω follow a
universal distribution that grows from zero as ω4, independently of micro-
scopic details,51,54 spatial dimension,153 or glass preparation history,109,110,150
in agreement with some previous theoretical predictions,49,120 but at odds with
others.30,60,126,155

Since the energy distribution of soft QLMs is scale-free,51,54,153 it is not
possible to sharply determine their characteristic energy from the vibrational
spectrum alone, as discussed at length in Refs. [109, 110]. While anharmonic
frameworks that embed definitions of QLMs have been put forward,73,208,298
it is currently impossible to detect the full population of soft excitations in a
glass. Instead, in Refs. [109, 110] it was proposed that a good proxy for QLMs’
characteristic energy can be obtained by considering the energy associated with
a glass’ typical response to local force dipoles, referred to in what follows as
the dipole stiffness κ. As we shall show below, κ is highly sensitive to the
formation history of the glass, and increases significantly more with annealing
at low temperatures compared to the athermal shear modulus G.

Let us briefly review and illustrate the key ideas of Refs. [109, 110] that are
relevant to our discussion; Fig. 6.1 demonstrates the similarity between a soft
QLM — a rare mechanical fluctuation — and a typical response of the same
glass to a local force dipole. Fig. 6.2 shows that the spatial map of motion-
propensity103 in a viscous computer liquid is highly correlated with the spatial
map of κ measured in the inherent structure (IHS) underlying the initial liquid
configuration. Importantly, Fig. 6.2 further shows (see circles and figure caption)
that soft dipole stiffnesses are correlated with the loci of soft QLMs.300 Finally
and of particular relevance here, Fig. 6.3 demonstrates the sensitivity of themean
dipole stiffness κ(Tp) to thermal annealing, quantified by the parent temperature
Tp from which glasses were instantaneously quenched: the variation of κ(Tp) is
almost 100% over the range accessible with molecular dynamics simulations,
compared to a variation of only 26% of G.

The above line of reasoning — i.e., that the characteristic stiffness of QLMs
may control the structural relaxation rate, and that this highly annealing-
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6. Does Mesoscopic Elasticity Control Viscous Slowing Down?

FIG. 6.1. Structural similarity between a soft quasilocalized excitation (left) and a nor-
malized response to a local force dipole (right) in a two-dimensional computer glass.109

The applied force dipole is shown in red.

0 0.5 1

displacement (t ≈ τα/6)

100 101

κ

FIG. 6.2. Propensity for motion103 in the viscous liquid is highly correlated with the
local dipole stiffness in a two-dimensional computer liquid.109 (left) Isoconfigurational
average of the neighbor-relative displacement299 after t ≈ τα/6. (right) Local κ-field.
The color of each bond represents the stiffness of the response to the force dipole be-
tween the two particles that constitute the bond, and bonds between all interacting
pairs are shown (see Appendix 6.A). Circles denote the loci of soft QLMs, demon-
strating that soft local dipole stiffnesses are correlated with soft QLMs (measured as
described in Appendix 6.B).
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FIG. 6.3. Relative change of the mean dipole stiffness κ and athermal shear modulus
G in the 3DIPL model,109 as a function of the parent temperature Tp from which the
glass samples were instantaneously quenched.

dependent stiffness is faithfully captured by the characteristic (mean) dipole
stiffness κ(Tp) — naturally leads to the hypothesis that the energy scale ∆E(T )
of Eq. (6.1) should be proportional to κ(T ) ≡ κ(Tp = T ). We emphasize that
this hypothesis rests crucially on the simplifying assumption that upon lowering
the temperature, the relevant energy barriers for relaxation in the viscous liquid
are homogeneously rescaled by the single curvature κ, representing a character-
istic energy scale of the glass.

In this chapter, we find that the relation ∆E(T ) ∝ κ(T ) holds remarkably
well in two canonical glassforming computer liquids (see details below), from the
mildly supercooled liquid regime to the most deeply supercooled regime currently
accessible with Graphical Processing Unit (GPU) simulations. These observa-
tions suggest that for some liquids there exists a direct connection between the
liquid’s underlying mesoscopic elasticity and energy barriers, and that the latter
are enthalpic in nature. However, we also identify and study two other glassform-
ing computer liquids for which ∆E(T ) appears to grow faster than κ(T ) upon
supercooling. We provide strong evidence that what distinguishes the two pairs
of liquids is that the latter two feature a much more fragmented/granular po-
tential energy landscape, characterized by many sub-basins separated by minute
energy barriers. These are crossed at timescales much smaller than the typical
vibrational timescale of the supercooled liquid. Under such physical conditions,
one does not expect κ(T ) — which probes the mesoscopic elasticity of sub-basins
— to properly capture the landscape properties relevant for crossing the barrier
∆E(T ) associated with slow structural relaxation.

Finally, we perform a microscopic analysis of inherent structure mesoelastic
properties (“mesoelastic” hereafter refers to mesoscopic elasticity), and show
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that, in models that follow ∆E(T ) ∝ κ(T ), the local κ field correlates well
with local particle mobility, consistent with previous work.97,107,108,297 These
local, spatial correlations put the relation ∆E(T ) ∝ κ(T ) on firmer, causal
grounds. In contrast, we find that in models that do not obey ∆E(T ) ∝ κ(T ),
local correlations between the κ-field and local particle mobility deteriorate and
disappear.

The presentation of our results is organized as follows. In Sect. 6.2 we de-
scribe the computer glassforming models and physical observables studied in this
chapter. In Sect. 6.3 we present our results for all models, starting with a test
of the hypothesis ∆E ∝ κ(T ), followed by an analysis of the complexity of the
potential energy landscapes of the different models that reveals the origin of the
observed differences between the models, and finally presenting a microscopic
spatial-correlation analysis between mobility and the local stiffness. Sect. 6.4
summarizes and discusses future research directions.

6.2 Models and methods

6.2.1 Models
We employ four different glassforming models in three dimensions. We describe
each model briefly, and refer the reader elsewhere for detailed descriptions.

Inverse-power-law (IPL) — The IPL model is a 50:50 binary mixture of
particles interacting with a pairwise potential U(r) ∼ r−10.109 We also employ
the two-dimensional version of this model for illustrative purposes in Fig. 6.1
and Fig. 6.2.

Modified binary Lennard-Jones (mBLJ)—This model is a modification of the
Kob-Andersen 80:20 binary mixture137 that is more resistant to crystallization
due to the decreased strength of the AA and BB interactions.301

Sticky Spheres (SS)—The SS model is a 50:50 binary mixture with a pairwise
potential that is piecewise defined; the repulsive part is identical to that of the
Lennard-Jones potential, whereas the attractive part is much stronger and is
cut off at a shorter range.302 We use the model with a dimensionless cutoff
xc = 21/6 × 1.2 referred to as the CSS model in Ref. [85].

Stillinger-Weber (SW) — The SW model209 is a network glassformer with
a three-body term in the potential energy that favors local tetrahedral geome-
try. We chose all parameters equal to the original silicon model, except for the
strength of the three-body term, which we put to λ = 18.75. This choice was
found to optimize glassforming ability.303 A detailed description, including the
expression for the Hessian matrix (defined in Appendix 6.A), may be found in
Ref. [54].

6.2.2 Simulation details
Simulations were performed∗ in the NV T -ensemble using the Nosé–Hoover
thermostat.306 The density ρ, system size N , integration time step δt, and Nosé-

∗We employed the molecular dynamics software packages rumd304 for the mBLJ model,
hoomd-blue305 for the IPL and SS models, and lammps217 for the SW model.
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IPL mBLJ SS SW(a)

ρ 0.82 1.2 0.6 0.52
N 2000 8000 3000 8000
δt 0.005 0.005 0.005 0.065
τNH 0.2 0.2 0.2 6.5
qmax 6.35 7.25 5.47 6.28

TABLE 6.1. Density ρ, system size N , integration time step δt, coupling time of the
Nosé-Hoover thermostat τNH, and the position of the first peak of the static structure
factor of the largest particle species qmax in microscopic units for all models studied.
(a) For a conversion to SI units based on the original parametrization of crystalline
silicon, see Ref. [209].

Hoover coupling time τNH for each model are given in Table 6.1. At each temper-
ature, we thermalized the liquid until the mean squared displacement (MSD) and
the self-part of the intermediate scattering function5 Fs(t; qmax) became time-
translationally invariant.∗ The correlators Fs and MSD are always understood
to pertain to the largest particle species, and qmax corresponds to the position of
the first peak of the static structure factor of the largest particle species, unless
noted otherwise. The value of qmax for each model is given in Table 6.1.

After thermalization, we performed equilibrium measurements and regu-
larly performed instantaneous quenches using either the fire algorithm80 or
conjugate-gradient minimization to create ensembles of inherent structures,
which are labeled by the parent temperature Tp from which they were quenched.
We define the structural relaxation time τα according to Fs(τα; qmax) = 0.2. The
elastic quantities G and κ are calculated in the ensembles of inherent structures;
this procedure, including the statistics needed to obtain ensemble averages, is
described in Appendix 6.A.

6.2.3 Units
All particles in all models have mass m, and we work in units in which m =
kB = 1. To facilitate comparison between models, all quantities are reported in
units of length a0 ≡ (V/N)1/3 and time t0 ≡ a0/

√
T (except temperature and

density, which are unity in these units, and are reported in microscopic units
instead). This choice of units guarantees a collapse of the MSD in the regime
of ballistic motion, which ends at approximately t/t0 ≈ 0.1 for all models, see
Sect. 6.D.1.

∗All correlators were calculated with the atooms-postprocessing package307 and the
rumd analysis tools.304
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6.3 Results

6.3.1 The relation between activation energy and the
characteristic dipole stiffness in supercooled liquids

We start by testing the proposition that the activation energy of supercooled liq-
uids is proportional to the characteristic glass dipole stiffness κ(T ). Specifically,
we test a functional relation of the form

log
(
τα
t0

)
∼ κ(T )

T
, (6.3)

which is hereafter referred to as the mesoelastic model. We present results for all
four glassforming models side-by-side in Fig. 6.4. Panels (a1-d1) show the self-
part of the intermediate scattering function for all temperatures studied, from
which the structural relaxation is extracted as Fs(τα; qmax) = 0.2 (see Sect. 6.2).
Panels (a2-d2) show the structural relaxation time τα vs. 1/T . Panels (a3-d3)
show the relative change of κ and G as a function 1/Tp, demonstrating that κ
is more sensitive to annealing than G for all models studied (see Fig. 6.3).

Finally, panels (a4-d4) of Fig. 6.4 show the fit to Eq. (6.3), and constitute
the main result of this chapter. Remarkably, for the IPL and mBLJ models, the
functional form is valid from the very start of the activated regime — around
t/t0 ≈ 10, which is around 100 times the duration of the ballistic regime of
the MSD (see Sect. 6.D.1) — demonstrating that the activation energy in these
supercooled liquids is determined by κ(T ). This observation suggests that the
activation energy barrier ∆E(T ) is enthalpic in nature, as no entropic considera-
tions have been invoked. The fit to Eq. (6.3) involves the dimensionless time and
length (t̃, ˜̀), defined according to log(τα/t0) = (˜̀a0)2κ(T )/T + log t̃. We find
that (t̃, ˜̀) are (0.1, 0.4) for the IPL model and (0.02, 0.4) for the mBLJ model,
comparable in magnitude to the physical reduced scales of the duration of the
ballistic regime and the particle diameter.

Intriguingly, in the cases of the SS and SW systems, the mesoelastic model
of Eq. (6.3) breaks down — the tentative range of validity is too small or nonex-
istent, and the tentative value of t̃ is many orders of magnitude smaller than any
reduced timescale intrinsic to the system. What is the origin of the breakdown
of the mesoelastic model in some cases and not in others? In the next Subsec-
tion, we propose that dramatic changes in the properties of the potential energy
landscape (PEL) between the different glassformers studied here are responsible
for the observed breakdown of the mesoelastic model in the SS and SW systems.

6.3.2 Fragmentation/Granularity of the potential energy
landscape

What distinguishes the respective PELs of the IPL and mBLJ models, whose
relaxational dynamics are well-predicted by the mesoelastic model, from the SS
and SW models, for which the mesoelastic model fails? Here we show that
the potential energy landscape of the SS and SW models is much more frag-
mented/granular, meaning that the configuration-space volume (basin) associ-
ated (e.g., by steepest descent dynamics308) with any single inherent structure
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FIG. 6.4. Structural relaxation in the supercooled liquid is controlled by κ(T ) —
the mean stiffness of the underlying glass’ response to local force dipoles — in the
IPL and mBLJ models, but not in the SS and SW models. (a1-d1) Self-part of the
intermediate scattering function Fs(t; qmax) vs. t/t0. The structural relaxation time
τα is defined as F (τα; qmax) = 0.2; the threshold 0.2 is shown with a dashed line.
(a2-d2) τα/t0 vs. 1/T . (a3-d3) Relative change of κ and G as a function of 1/Tp;
for each model, the relative increase of κ is greater than that of G. (a4-d4) Fit to
the mesoelastic model Eq. (6.3) [where t̃ and ˜̀ are defined according to log(τα/t0) =
(˜̀a0)2κ(T )/T + log t̃], demonstrating that the activation energy of the supercooled
liquid is given by κ calculated in the glass in the IPL and mBLJ models (row one and
two), but not in the SS and SW models (row three and four).
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FIG. 6.5. The potential energy landscape of the SS and SW models is more frag-
mented/granular than that of the mBLJ and IPL models. (a) Inherent structure
potential energy UIHS (with respect to an arbitrary reference value) rescaled by the
temperature T , vs. reduced time Nt/(N0tballistic) (see discussion in text). (b) Reduced
inherent structure transition rate. Panels (c) and (d) show the same analysis for the SS
model at three different densities, demonstrating that the fragmentation/granularity of
the potential energy landscape decreases substantially with increasing density in this
computer liquid. Error bars represent the 90% confidence interval obtained with the
Bootstrap method258 (using the software package scikits-bootstrap259). Except for
the IPL model, error bars are smaller than the symbol size.

(local minimum of the PEL) is much smaller. As a result, when considering
the inherent structure trajectories that underlie a supercooled liquid dynamical
trajectory, one observes very frequent transitions between nearby minima on the
PEL, over timescales much smaller than any of the system’s intrinsic timescales.
We note that this phenomenon was already observed in Ref. [309] for the ex-
tended simple point charge model of water.310 To perform a quantitative assess-
ment of the PEL fragmentation/granularity of the glass forming models under
consideration, we inspect short-time inherent structure trajectories, as done e.g.,
in Ref. [252]. To meaningfully compare between different models, we used state
points of comparably high viscosity, see further details in Sect. 6.D.2.

In Fig. 6.5(a), a representative trajectory of the inherent structure potential
energy UIHS (relative to an arbitrary reference value) rescaled by the temperature
T is plotted vs. the reduced time Nt/(N0tballistic) for each model. We have made
energy and time dimensionless to be able to assess all models on the same footing.
The unit of time tballisticN0/N is explained as follows. First, tballistic represents
the duration of the regime of ballistic motion, which is approximately 0.1t0 for
all models (see Sect. 6.D.1). Second, since transitions on the potential energy
landscape consist of local molecular rearrangements, the number of inherent
structure jumps per unit time is expected to scale with the system size N .281
We set N0 = 1000 arbitrarily, so that by counting the number of jumps in
UIHS in this unit of time, we are effectively measuring the number of transitions
a system of 1000 particles would make per ballistic timescale tballistic. Note
that we measure the extensive potential energy differences, since the potential
energy difference between subsequent inherent structures is expected to be N -
independent.281
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FIG. 6.6. The local correlation between dipole stiffness κ and mobility is high in the
SS model at high density, but decreases significantly as the density is lowered. (a1-3)
Fit to the mesoelastic model of Eq. (6.3) (cf. Fig. 6.4). (b1-3) Distribution of local κ
rescaled by the bulk average P (κ/ 〈κ〉) for the mobile, immobile and total population
(see definitions in text). (c1-3) Rank distribution of local κ for the mobile and immobile
population (0 and 1 represent the lowest and highest value of the configuration).
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The contrast between different models is striking; in the IPL and mBLJ
models, the system resides in a single inherent structure for a substantial period
of time. In the SS and SW models however, the system makes transitions at
a rate far higher than the inverse of any intrinsic microscopic timescale. To
quantify this observation, we plot the reduced inherent structure transition rate
ΓtballisticN0/N for each model in Fig. 6.5(b), which was averaged over ten tra-
jectories with different initial equilibrium configurations.∗ There is at least an
order of magnitude difference between the transition rates of the two pairs of
models. Remarkably, the IPL and mBLJ models are also separated by an order
of magnitude difference, indicating that in the mBLJ model — where a 1000-
particle system at a viscous state point transitions between different basins of
the PEL once every ballistic time — the potential energy landscape is already
appreciably more intricate than in the IPL model. We include movies of rep-
resentative inherent structure trajectories for all models in the Supplementary
Material.311

Can the fragmentation/granularity of a glassformer’s PEL be altered by vary-
ing a single external parameter? To address this question, we consider the SS
model, and study its dynamics and landscape granularity under variations of
the density ρ. We select the three densities 0.6, 0.7 and 0.95 (see Appendix 6.C
for simulation details), and focus our analysis on state points of similarly high
viscosity (see Sect. 6.D.2). We note that across all three densities, we observe no
difference in the degree of dynamical heterogeneity, see Fig. 6.11(c) in Sect. 6.D.2.
In Fig. 6.5(c) we present characteristic inherent structure potential energy trajec-
tories for supercooled dynamics of the SS model at the aforementioned densities.
As with the four models discussed above, we find that the inherent structure tra-
jectory becomes increasingly less erratic as the density is increased, signaling an
associated reduction of the degree of PEL granularity. In Fig. 6.5(d) we report
the PEL interbasin transition rate; we find that increasing ρ in the SS model
results in a decrease of this rate by over two decades, similar to the variation
observed between the four glassformers discussed above.

The dramatic decrease upon compression of the PEL interbasin transition
rate in the SS model suggests that mesoelastic properties of the glasses underly-
ing the denser states should be predictive of those states’ supercooled relaxation
dynamics. This suggestion is corroborated in Fig. 6.6(a1-3), in which we show
that the mesoelastic model is predictive of the dense [ρ = 0.95, panel (a3)] SS
liquid dynamics. However, as expected, it fails as the density is decreased [see
panels (a1) and (a2)], as the liquids’ PEL becomes more granular.

∗In principle, back-and-forth inherent structure transitions can occur in arbitrary small
time windows ∆t, causing an undercount of the true number of transitions. Furthermore, we
omit from our count transitions that occur between two states with identical UIHS, since we
measure transitions as jumps ∆UIHS > ε with ε = 10−5 (we verified that changing ε over several
orders of magnitude does not change the results). We chose an integration time step equal
to the molecular dynamics time step for the IPL and mBLJ models, and equal to one-tenth
the molecular dynamics time step for the SS and SW models, so that the undercounting effect
of back-and-forth transitions is expected to be small. The undercounting effect of transitions
with ∆UIHS = 0 is also expected to be small.
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6.3.3 Local correlations between dipole stiffness and mobility
Until this point, we have presented and discussed evidence for a relation — or
lack thereof — between the mean mesoscopic dipole stiffness κ and the mean
primary structural relaxation time τα. In order to establish that this observed
relation between mesoscopic elasticity and dynamics is causal, in this final section
we investigate the correlation between local dipole stiffness fields and local fields
of particle mobility. We focus on the SS model under variations of the density
ρ, as explained above. In Sect. 6.3.2 we pointed out that, at ρ = 0.6 (“low
density”), the mesoelastic model of Eq. (6.3) is not predictive, and hence we
expect there to be weak or no correlation between local dipole stiffness fields
and local particle mobility; at sufficiently high densities, we have seen that the
dynamics are predicted by the mesoelastic model, and therefore expect to find
local correlations between the κ-field and particle mobility.

To test these expectations, we define the particle mobility, or propen-
sity of motion, as the particle’s average displacement in the isoconfigurational
ensemble103 after a time τα/10. For each density, we collected 240 indepen-
dent inherent structures from which we started 20 independent simulations with
velocities drawn from the Maxwell-Boltzmann distribution. For each initial con-
figuration, we then determined the most mobile and least mobile particles of the
large species∗ in each spherical region of radius rBBcut (the cutoff radius of the
large-large interaction†), and selected from this subset the 5 most mobile and
5 least mobile particles. With this procedure, we thus obtain a population of
240× 5 = 1200 large particles at the mobile and immobile extremes. We define
the local κi for particle i as the arithmetic mean of κij (see Eq. (6.7)) over the
set of interacting pairs ij. In Fig. 6.6(b1-3), we report the distribution of local κ
(rescaled by the bulk average) P (κ/ 〈κ〉) for the mobile, immobile and total pop-
ulation. As expected, for the highest density [see Fig. 6.6(b3)] the mobile and
immobile distributions are well separated, with mobile and immobile particles
featuring significantly below- and above-average κ, respectively. Upon lower-
ing the density [see Fig. 6.6(b1-2)], the separation decreases and finally almost
vanishes.

To quantify the degree of correlation, for each initial inherent structure we
rank the local κ-field on a per-species basis, with 0 and 1 representing the lowest
and highest values. Fig. 6.6(c1-3) shows the distribution of ranks of the mo-
bile and immobile population for each density. For the highest density, the most
mobile and immobile particles are overwhelmingly also the particles with respec-
tively the lowest and highest κ. In accordance with the data in panels (c1-3), at
intermediate and low density this correlation becomes significantly smaller. It
is noteworthy however, that even for the lowest density the immobile particles
have a relatively high probability to have a very large κ, whereas the correlation
between high mobility and small κ breaks down almost completely. We further
comment on this observation in Sect. 6.4.

∗All results in this section hold also for the small particle species. Correlations involving
mobility have to be calculated on a per-species basis however, because the expected mobility
of small particles is higher than that of large particles.

†We confirmed that the results are not dependend upon reasonable changes in this cutoff
length.

103



6. Does Mesoscopic Elasticity Control Viscous Slowing Down?

To visualize these correlations, in Fig. 6.7 we show side-by-side particle maps
of the κ and mobility rankings for a representative configuration at each density.
Finally, we calculate Spearman’s rank correlation coefficient Cs — the correlation
coefficient between the rankings of the inverse of κ and the mobility — of the
total particle population on a per-species basis. For each density, we report the
ensemble average of the species-averaged Cs in Fig. 6.7, once again confirming
that the degree of correlation decreases significantly as the density is lowered.∗

6.4 Discussion

In this chapter, we put forward and tested the hypothesis that the activation
energy ∆E that controls structural relaxation in supercooled liquids is propor-
tional to the characteristic stiffness scale κ of the underlying glass’ response to
local force dipoles. We find that the proposed relation ∆E ∝ κ holds remarkably
well in two canonical glassforming models (IPL and mBLJ), which also suggests
that activation barriers against structural relaxation in these systems are pre-
dominantly enthalpic in nature.1,263 This suggestion stands at odds with recent
claims of Ref. [314], in which it is argued that the activation barriers in a similar
glassformer are predominantly entropic, at least in the moderately supercooled
regime. Further research is needed to reconcile the results of this work with
ours.

We further highlighted the existence of correlations between local κ-fields
in inherent structures that underlie equilibrium states and particle mobility in
the ancestral supercooled liquid. These correlations reinforce the causality of
the observed relation between bulk mesoscopic elasticity and supercooled liquid
dynamics. We also show that ∆E ∝ κ breaks down for two other well stud-
ied glassforming models, namely the SS and SW models. We have shown that
this breakdown correlates with a dramatic increase in the degree of fragmenta-
tion/granularity of these respective models’ PELs, as illustrated by the cartoon
in Fig. 6.8. Finally, we established that on the local (particle) level, the spatial
correlation between low-κ regions — indicative of the loci of soft quasilocalized
excitations — and high-mobility regions gradually deteriorates as the degree of
PEL fragmentation/granularity is increased.

We stress that we tested a hypothesis that may be deemed as excessively
simple; inspired by the shoving model,1 we posited that upon lowering the tem-
perature, the relevant energy barriers for relaxation in the viscous liquid are
proportional to the characteristic curvature κ of QLMs. We agree with Gold-
stein’s assertion in his seminal paper on the potential energy barrier picture of
viscous liquids205 that “[t]here is every reason to think that the viscosity of a
liquid is a property sensitive to fine details of the laws of force between the in-
dividual molecules of the liquid, as well as to the presence or absence of internal
molecular degrees of freedom. No theory [. . .] with a major stress laid on one or
another thermodynamic property, itself a gross average over all the complexities

∗We note that the reported values for Cs increase if the local κ and mobility fields are spa-
tially coarse-grained, as was done in Ref. [267], but that the decreasing trend with decreasing
density remains the same.
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ρ = 0.60 Cs = 0.13

ρ = 0.70 Cs = 0.18

ρ = 0.95 Cs = 0.43

0 0.5 1

mobility rank

0 0.5 1

κ rank

FIG. 6.7. Local κ and mobility rankings for a representative configuration at each
density ρ, demonstrating that that the correlation Cs decreases significantly as the
glass’s PEL granularity is increased by lowering the density. See text for definitions
and additional discussion.
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FIG. 6.8. The cartoons illustrate the difference between the PELs of “simple” glass
forming models [panel (a), schematically representing e.g., the IPL and mBLJ models],
whose supercooled dynamics appear to be controlled by mesoelastic properties, and
highly granular PELs [panel (b), schematically representing e.g., the SW and SS mod-
els], associated with models in which dynamics appear to be indifferent to underlying
inherent structure elastic properties. Similar illustrations can be found in previous
literature.263,281,312,313

of molecular interaction and shape, is going to be anything better than semi-
quantitative in character”. He added, however, that there exists “an extremely
useful role for crude theories of viscosity: those that are found to be successful
may suggest directions for more theoretically oriented and rigorous approaches
to follow.” Judged by this standard, we have exceeded expectations by identify-
ing a bulk-average quantity that quantitatively predicts the structural relaxation
over the entire (simulationally accessible) viscous range in two commonly studied
glassformers.

Our results for models that obey ∆E ∝ κ reinforce the hypothesis — es-
tablished by the early findings of Refs. [97, 107, 108, 297] — that mesoscopic
elasticity and soft quasilocalized excitations should play an important role in
future theories of viscosity, dynamical heterogeneity and facilitation. This idea
is strengthened by the work of Ref. [315], which demonstrates that dynamical
facilitation is elastically mediated. Combined, these results suggest QLMs’ mu-
tual interaction may be the underlying mechanism of dynamical facilitation, in
analogy to how QLMs’ collective dynamics determine plastic flow under shear
deformation.71,117,154,204 These important questions underline the necessity of
reliably extracting the full field of soft QLMs (a study that is currently under-
way). Furthermore, it would be interesting to correlate local particle mobility
with micromechanical properties of soft QLMs such as their stiffness and anhar-
monicity of their associated local energies,208 especially under shear. Finally,
the connection between mesoscopic elasticity and structural relaxation should
be verified out of equilibrium (below Tg).

Our results for the models that do not obey ∆E ∝ κ make clear that the
connection between soft excitations in the inherent structure and structural re-
laxation in the supercooled liquid is not universal. In fact, these models’ ex-
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tremely high transition rate between inherent structures raises doubts about the
assumption that a single inherent structure is representative of the glass phase.
Future research should aim to understand the nature of these rapid transitions,
and determine if a distinction can be made between transitions that contribute
to relaxation and those that do not.

An important future research direction is the determination of the causal
factors affecting the degree of granularity of glassformers’ PELs, and a more
robust theoretical connection between PEL granularity and liquid dynamics. As
a first step, we demonstrate a clear correlation between high PEL fragmenta-
tion/granularity and dominance of attractive forces, as made evident by over-
lapping our models’ pair correlation functions with their pairwise potentials, see
Fig. 6.12 of Sect. 6.D.3. This correlation raises the question whether in the
models where attractive forces dominate, there exists a separate bond-breaking
energy scale that may cause the correlation between mesoscopic elasticity and
viscous dynamics to break down. We note, however, that the introduction of a
bond-breaking energy scale has been shown to lead to strong (i.e., Arrhenius)
dynamic behavior — in contrast to the models where ∆E ∼ κ fails, which remain
highly fragile. A further question is whether it is possible to relate a liquid’s PEL
granularity to mechanical inannealability313 — the strong suppression of low-
temperature thermal annealing-induced stiffening of G and κ [as demonstrated
in Fig. 6.4(c3, d3)] — since both phenomena seem to emerge in systems fea-
turing strong attractive interactions. Such interactions have also been shown to
induce the stiffening and depletion of QLMs, accompanied by changes in QLMs’
destabilization mechanisms and in their spatial structure and geometry.85 Fu-
ture research will have to determine why the connection between soft QLMs and
structural relaxation can break down under the influence of attractive interac-
tions, and what role, if any, soft QLMs play in structural relaxation in this class
of systems.

Another important topic for future study is the relation between soft QLMs,
the stiffness κ and structural relaxation near the unjamming transition,122,133,134
which marks the point at which purely repulsive systems lose their rigidity as
the degree of connectedness of the underlying network of strong interactions
is reduced below a critical value. Near this transition, the potential energy
landscape becomes hierarchical and complex, and inherent structure transitions
can be both localized and delocalized,183 suggesting that the simple picture
∆E ∼ κ might not be valid in this case. Interestingly, both repulsive liquids
near the unjamming transition and low-density liquids with strong attractive
interactions feature a complex energy landscape; the differences and similarities
between these two situations warrants further research. Furthermore, the limit
of extreme stickiness is characterized by unusual, non-two-step relaxation in the
viscous regime,316 which presents another striking similarity to the unjamming
transition (we emphasize that the attraction-dominated models studied in this
chapter do not approach this extremely sticky limit, as they feature conventional
two-step decay of correlation functions).

A further promising future research direction is the connection between the
stiffness κ and “softness”, a machine-learned quantity that represents the dis-
tance to the hyperplane that optimally separates mobile and immobile particles
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in a high-dimensional space of local-structure-descriptors.317–319 The probabil-
ity for a particle to rearrange has been shown to be Arrhenius in the softness,
and the structural relaxation time to be a function of the average softness of the
system,320 both in conventional models and in a network glassformer.321 It would
be especially interesting to use the softness to assess the predictive power of in-
herent structure configurations in systems with a high inter-inherent-structure
transition rate.

We have shown that even in the models with highly fragmented PELs, im-
mobile particles in supercooled states correlate well with regions of large local κ-
fields, even though mobile particles do not correlate with low-κ regions. It would
therefore be natural to search for correlations between high-κ regions in the un-
derlying glasses and locally favored structures (LFSs). Finally, in Ref. [322]
the authors argued that the correlation between LFSs with mobility is strongly
system-dependent and typically very poor for constituents interacting with softer
repulsion potentials (e.g., harmonic spheres). Thus, determining how the κ-field
correlates with mobility in this class of glassformers is a logical next step.
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Appendices

6.A Elastic observables

6.A.1 Definitions
We measure elastic properties in ensembles of inherent structures that underlie
equilibrium liquid configurations, and generally depend on the parent (equi-
librium) temperature Tp from which they were quenched. We focus on two
observables: the macroscopic athermal shear modulus G, defined as185,255

G ≡ 1
V
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(6.4)

where x are the particles’ coordinates, M ≡ ∂2U
∂x∂x

∣∣∣
x=x0

is the Hessian matrix
of the potential energy in the inherent structure x0, γ is a strain parameter that
enters the imposed affine deformation x→H(γ)x with H(γ) = I + γ î⊗ ĵ, and
ε ≡ 1

2 (HTH − I) is the strain tensor. We emphasize that in the second and
fourth part of the equation the derivatives are taken under the constraint that
the net forces remain zero, and (. . . )

∣∣
γ=0 means that the expression is evaluated

at γ = 0 (and similarly for (. . . )
∣∣
ε=0). Here and in what follows, M−1 denotes

the inverse of the Hessian matrix in the (N − 1)d̄-dimensional positive-definite
subspace that excludes the d̄ translational zero modes. This notation is justified
because M−1 is always applied to a translation-free vector. Equations of the
form x = M−1y are solved with the Conjugate Gradient Method.323

The second elastic observable we focus on is the typical stiffness κ associated
with the mesoscopic response of a glass to a local force dipole (see Fig. 6.1). The
normalized dipolar force d̂

ij
acting on the i, j pair of interacting particles is

d̂
ij
≡ 1√

2
∂rij
∂x

. (6.5)

The linear response of a glass to this force is

zij = M−1 · d̂
ij
. (6.6)

The stiffness associated with the response zij is then

κij = zij ·M · zij

zij · zij
= d̂

ij
·M−1 · d̂

ij

d̂
ij
·M−2 · d̂

ij
. (6.7)

We note that the form of Eq. (6.7) implies that κij is sensitive to nearby soft
QLMs, as described in Ref. [300].
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Model IPL mBLJ SW SS

Density 0.6 0.7 0.95

Ensemble size 10000 128 200 238 49 93
# dipole stiffnesses 2M 164K 80K 476K 98K 186K

TABLE 6.2. Ensemble size and number of dipole stiffnesses κij (Eq. (6.7)) calculated
per parent temperature, for each model.

6.A.2 Ensembles of inherent structures
Throughout the main text, we denote by κ(Tp) the average of stiffnesses κij
(Eq. (6.7)) over randomly selected interactions i, j in each glass of the ensemble
with parent temperature Tp. In Table 6.2, we list for each model the minimum
ensemble size and number of dipole stiffnesses κij calculated per temperature.
In some models we used significantly larger ensembles — and therefore calcu-
lated significantly more dipole stiffnesses — for the higher temperatures, than
listed in Table 6.2. This was required because the distribution P (κij) features a
power-law tail for small κij , related to the universal distribution of soft quasilo-
calized excitations D(ω) ∼ ω4,300 the prefactor of which can be significantly
higher for poorly annealed ensembles, and varies from model to model.85,313 In
each case, we validated that the 90% confidence interval calculated with the
Bootstrap method258 (using the software package scikits-bootstrap259) was
smaller than the symbol size used in Fig. 6.4.

We denote by G(Tp) the ensemble average of the athermal shear modulus as
defined in Eq. (6.4).

6.B Extraction of soft quasilocalized excitations

In Fig. 6.2 we show the loci of soft QLMs in the 2DIPL model109 at a viscous
state point (T = 0.48). It is currently not possible to extract the full population
of soft QLMs, but we are able to find a subset with the following method: for each
interacting pair of particles ij we calculate the dipole response ẑij (Eq. (6.6)),
which we use as an initial condition to minimize the cost function described
in Ref. [298] to obtain a pseudoharmonic mode π̂. A pseudoharmonic mode
accurately represents quasilocalized excitations, since it does not hybridize with
phononic modes.208 We show the twelve excitations with the smallest stiffness
λ(π̂) = π̂ ·M · π̂.

6.C Simulation details of the SS model at different
densities

In Table 6.3 we report the simulation details for the NVT simulations of the SS
model at the three different densities 0.6, 0.7 and 0.95.
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ρ 0.6 0.7 0.95

N 3000 4000 4000
δt 0.005 0.003 0.002
τNH 0.2 0.2 0.2
qmax 5.47 5.87 6.40

TABLE 6.3. System size N , integration time step δt, coupling time of the Nosé-Hoover
thermostat τNH, and the position of the first peak of the static structure factor of the
largest particle species qmax in microscopic units for the SS model at various densities
ρ.
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FIG. 6.9. (a1-a4) Mean squared displacement (MSD) vs. time in reduced units a0 and t0
(see text for definitions). In all models, the ballistic regime ends approximately at 0.1t0.
(b1-b4) Diffusion coefficient D vs. relaxation time τα in reduced units, demonstrating
Stokes-Einstein breakdown with an exponent in the range 0.74-0.79 for all models.

6.D Additional data

6.D.1 Short-time collapse of the MSD
Rescaling distance and time by a0 and t0 trivially guarantees that in equilibrium,
MSD/a2

0 = 3(t/t0)2 in the regime of ballistic motion (in units where m = kB =
1). In Fig. 6.9(a1-4) we show that for all models, the ballistic regime ends around
0.1t0, which we refer to as tballistic. In Fig. 6.9(b1-4) we show the breakdown of
the Stokes-Einstein relation324,325 by plotting the rescaled diffusion coefficient
Dt0/a

2
0 vs. τα/t0. The breakdown exponent is in the range 0.74-0.79 for all

models.
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FIG. 6.10. State points of similar viscosity across models, as determined by a collapse
in the species-averaged MSD [panel (a)] and Fs [panel (b)] in reduced units. The deeply
supercooled temperature we selected for each model is given in the legend of panel (a).

6.D.2 Selection of state points of similar viscosity across
models

In order to compare high-viscosity state points across models, we selected for
each model a deeply supercooled temperature so that the species-averaged mean
squared displacement and self-intermediate scattering function in reduced units
approximately collapse. We report this collapse in Fig. 6.10(a, b).

We follow the same procedure in selecting state points of similar viscosity in
the SS model at different densities, the result of which is shown in Fig. 6.11(a,
b). Additionally, Fig. 6.11(c) shows the distribution of particle displacements
(in reduced units) after a time interval ∆t = τα/10, demonstrating that the
dynamical heterogeneity is almost completely insensitive to density.

6.D.3 Correlation between PEL fragmentation/granularity
and presence of attractive interactions

In this Appendix, we show that in the models that obey the relation ∆E ∝ κ
and feature a generic/nongranular PEL (IPL and mBLJ), hard-core repulsive in-
teractions are dominant; in contrast, in the models that do not obey the relation
∆E ∝ κ and feature a highly granular PEL (SS and SW), attractive interactions
are dominant.

To demonstrate this, in Fig. 6.12 we plot the radial distribution function
g(r), and overlay the pairwise potential U(r) for all models. For each model,
we selected a state point of comparably high viscosity to perform the g(r) mea-
surement, see Sect. 6.D.2. In the IPL model, shown in panel (a), all interactions
are by definition repulsive. The mBLJ model, shown in panel (b), does feature
an attractive part. At the simulated density, the most common AA interaction
(accounting for 64% of the weight of the total radial distribution function) is
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FIG. 6.11. State points of similar viscosity in the SS model at different densities, as
determined by a collapse in the species-averaged MSD [panel (a)] and Fs [panel (b)] in
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1.0 1.5 2.0

r/σi j

0

2

4

6

8

g
(r

)

U(r)

(a)

IPL

AA

AB

BB

AA

AB

BB

1.0 1.5 2.0

r/σi j

0

3

6

9

12

g
(r

)

U(r)

(b)

mBLJ

liquid

glass

liquid

glass

1.0 1.5 2.0

r/σi j

0

2

4

6

8

g
(r

)

U(r)

(c)

SS

1.0 1.5 2.0

r/σi j

0

2

4

6

8

g
(r

)

U(r)

(d)

SW

0

1

−1.4

0.0

1.4

−1

0

1

−1

0

1

FIG. 6.12. Interactions are dominated by hard-core repulsion in the IPL and mBLJ
models, whereas in the SS and SW models, attractive interactions dominate. Solid
lines denote the radial distribution function g(r) in the liquid, dotted lines in the glass
(left y-axes). The dashed lines denote the pairwise potential (right y-axes). In the
mBLJ model, the potential is not a single function of r/σij for all pairs of species;
therefore we only show the AA- and AB-distributions (accounting for 64% and 32% of
the total radial distibution function, respectively). The SW model has only a single
particle species.

dominantly repulsive, whereas the less common AB interaction (accounting for
32% of the total) is dominantly attractive. For the SS and SW models shown in
panels (b) and (c), the situation is very different. In the SS model, a significant
portion of interactions utilize the very strong attractive part of the potential. In
the SW model, this is the case for virtually all interactions.
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Conclusion and Outlook

We investigated low-energy (“soft”) localized excitations in glasses by computer
simulation of simplified model systems. The contributions of this thesis fall
into three broad categories: (1) the study of the statistical and mechanical
properties of soft localized excitations; (2) the development of new computational
methods to reliably extract these excitations from computer glasses and more
fully characterize and analyze them; (3) the application of these analyses to open
problems in glass physics.

In Chapter 2 we established that the harmonic frequency distribution of soft
localized excitations has the universal form D(ω) ∼ ω4 in a simple model glass
in two, three, and four dimensions. This observation, together with the fact that
this distribution arises irrespective of the type of microscopic interaction54 or
preparation protocol110 employed, indicates that it is caused by a very general
mechanism, consistent with the prediction by Gurevich et al.49 on the basis
of a three-dimensional mean-field model of soft anharmonic oscillators weakly
interacting through a continuous medium (the Soft Potential Model). More
recently, Bouchbinder et al.69,70 extended the results of Gurevich et al. to an
infinite-dimensional lattice model, for which they also developed a complete
understanding of the nonuniversal prefactor of the ω4-law. In real (structural,
three-dimensional) glasses, the dependence of this prefactor on formation history
is not understood, yet it is fundamental for many aspects of glass behavior.
Understanding the minimal conditions for soft localized excitations with the ω4-
distribution to arise (possibly through the study of this type of lattice models)
and crucially, understanding how these conditions (e.g., the interaction strength
between the excitations) are affected by the glassforming process, are important
subjects for future work.

In Chapter 3 we investigated soft localized excitations in a nonlinear frame-
work and found that the nonlinear excitations — in contrast to the conventional
linear ones — are the true representatives of soft spots in glasses, in the sense
that they possess the frequency and mode structure in the idealized case of
complete absence of hybridization with other modes. Using this framework, we
performed a statistical analysis of the mechanical properties of nonlinear ex-
citations, resulting in universal predictions for glasses’ distribution of barriers
separating adjacent minima of the potential energy landscape and distribution
of local strain thresholds to plastic instability.

The most important limitation of the nonlinear framework is that finding all
relevant (low-frequency) solutions to the defining equations is not always fea-
sible or possible. Preliminary results indicate that it is possible to extend the
framework to overcome this limitation to a large degree, so that obtaining all
(or most) relevant localized excitations may be achievable in the future, even
for large systems. This would be a significant methodological advancement,
which would open up many research directions. It would enable the study of
the number density, spatial correlations and mutual interactions of soft localized
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excitations, and how these factors influence irreversible plastic deformation un-
der stress — all fundamental properties that, when understood, could improve
elastoplastic models.204 It would allow the investigation of localized excitations’
formation, interaction and temporal evolution during the glassforming process,
as well as their full frequency distribution, beyond the ω4-regime visible in small-
sized computer glasses. Further topics for future research that arise as a result
of the work in this chapter are the unexpected correlation between a nonlinear
excitation’s frequency and cubic expansion coefficient (Fig. 3.8), and the verifica-
tion of our predictions for glasses’ distribution of local potential energy barriers
and strain thresholds.

We continued our study of nonlinear excitations in Chapter 4, where we
introduced a new definition that does not rely on higher-order derivatives of
the potential energy and is therefore more broadly applicable. We investigated
(among others) hard spheres, tetrahedral glasses, and bulk metallic glasses, for
which the old definitions are either very difficult or impossible to apply. We
hope that in the future, our new method will also be applied to experimental
systems such as colloidal glasses.

We applied our knowledge of the statistics of soft localized excitations to
the physics of wave attenuation in Chapter 5. We demonstrated that the low-
frequency wave attenuation rate in two-dimensional glasses is controlled by the
spatial fluctuations of the shear modulus, as predicted by Fluctuating Elasticity
Theory.30 In order to do this, we assessed the sample-to-sample shear modulus
distribution as a function of the system size N , establishing that it features
a power-law tail extending to −∞, directly related to the universal frequency
distribution D(ω)∼ ω4 of soft localized excitations.

In our analysis, we substituted spatial fluctuations of the shear modulus
in very large systems with sample-to-sample fluctuations in smaller ones. The
two are generally assumed to be equal, yet previous approaches to directly ex-
tract (coarse-grained) spatial fluctuations have failed to reproduce the anomalous
statistics reported in this chapter, casting doubt on their validity. An important
direction for future research is therefore the development of a coarse-graining
method that properly captures the spatial fluctuations of elastic constants; this
would enable the study of the full form of the elastic constant correlation func-
tion, which is inaccessible with the method presented in this chapter.

Our study required glasses with a large variation in mechanical disorder and a
large (linear) system size, which necessitated us to work in two spatial dimensions
and employ an unphysical preparation protocol. It is crucial to evaluate if our
results extend to three-dimensional physically quenched glasses. Of particular
relevance is the question of whether Fluctuating Elasticity Theory should be
extended to incorporate a “resonating” contribution from low-frequency localized
excitations as proposed in Refs. [45, 68], although our results indicate that this
is not necessary.

Finally, it has long been known that not only glasses, but also various types of
disordered crystals feature anomalous transport properties, to which the wave
attenuation rate is the central input.26 Future work should explore whether
our findings regarding the interplay of soft localized excitations, shear modulus
fluctuations and wave attenuation — including the distribution D(ω) ∼ ω4 and
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the related heavy-tailed distribution of the shear modulus — hold in disordered
crystals as well.

In Chapter 6 we studied the role of soft localized excitations in the viscous
slowing down of glassforming liquids. We proposed that a mesoscopic elastic
stiffness κ(T ) — defined as the characteristic stiffness of the response to local
dipole forces in the liquid’s underlying inherent structures, and intimately related
to the energy and length scales of soft localized excitations — controls viscous
slowing down through the relation ∆E(T ) ∼ κ(T ), where ∆E is the activation
energy that defines the liquid’s viscosity via an Arrhenius equation. We found
that this relation holds remarkably well in some liquids, but not others. We
demonstrated that what distinguishes computer liquids in which the relation
holds from those in which it does not, is that the latter feature highly fragmented
potential energy landscapes, where many sub-basins separated by low activation
barriers exist.

The work in this chapter raises many questions to which no good answers
currently exist. Why, upon lowering the temperature in several canonical com-
puter liquids, are all relevant energy barriers apparently homogeneously rescaled
by the single stiffness κ(T )? How should we characterize the highly fragmented
energy landscapes of the liquids in which this is not the case? Why are liquids
with fragmented energy landscapes dominated by strongly attractive (“sticky”)
interactions, and how is this related to other thermal and mechanical anoma-
lies of sticky glassformers?85,313 We believe these questions may be effectively
pursued using the framework of nonlinear localized excitations studied in this
thesis.

In conclusion, soft localized excitations are of fundamental importance in
many aspects of glass behavior and are key in the search for a unified theory
of glass. Computer simulations have played a major role in bringing about this
understanding, and will continue to improve it for the foreseeable future.
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Summary
Soft Localized Excitations in Computer Glasses

Glasses, also known as amorphous or disordered solids, are solids in which the
atoms vibrate about disordered points in space, as opposed to crystals in which
the atoms vibrate about the points of a lattice.

A glass is formed when a liquid is cooled rapidly enough to avoid crystalliza-
tion. As the liquid is cooled below the melting point, it becomes steeply more
viscous over a small temperature range, until it ceases to flow entirely at the
glass transition temperature.

The overarching question in glass physics is this: why do atoms situated in a
disordered configuration behave very differently from those same atoms situated
in a lattice?

That there should be any difference at all is not trivial. The central premise
of continuum mechanics is that a solid’s microstructure does not matter, because
its mechanical response and thermodynamic properties are determined by the
average of the atomic interactions over long distances. To put it another way,
all low-energy excitations of a solid are supposed to be long-wavelength waves.

In glasses however, there exist rare local environments that allow small groups
of particles to vibrate at an unusually low frequency and energetic cost, some-
times even reaching a different atomic configuration through quantum tunneling
or thermal activation. We call those motions low-energy (or “soft”) localized ex-
citations. These excitations are of fundamental importance in many aspects of
the distinct behavior of glasses: their highly heterogeneous and non-Arrhenius
solidification upon cooling from the liquid state; their slow evolution with time
(“aging”); and their history-dependent mechanical and thermal properties that
are markedly different from those of crystals, yet display a striking degree of
universality.

This thesis investigates soft localized excitations in glasses by computer sim-
ulation of simplified model systems. My contributions fall into three broad cate-
gories: (1) the study of the statistical and mechanical properties of soft localized
excitations; (2) the development of new computational methods to reliably ex-
tract these excitations from computer glasses and more fully characterize and
analyze them; (3) the application of these analyses to open problems in glass
physics.

Chapter 2 establishes that the harmonic frequency distribution of soft local-
ized excitations has the universal form D(ω)∼ω4 in a simple model glass in two,
three, and four dimensions.

In Chapter 3 we investigate soft localized excitations in a nonlinear frame-
work and find that the nonlinear excitations — in contrast to the conventional
linear normal modes of vibration — are the true representatives of soft spots
in glasses, in the sense that they possess the frequency and mode structure in



the idealized case of complete absence of hybridization with other modes. Using
this framework, we perform a statistical analysis of the mechanical properties of
nonlinear excitations, resulting in universal predictions for glasses’ distribution
of barriers separating adjacent minima of the potential energy landscape and
distribution of local strain thresholds to plastic instability.

Chapter 4 introduces a new definition of nonlinear excitations, that is more
broadly applicable because it does not rely on higher-order derivatives of the
potential energy. This definition is used to investigate (among others) hard
spheres, tetrahedral glasses, and bulk metallic glasses for which the framework
of Chapter 3 is either very difficult or impossible to apply.

In Chapter 5, we apply our knowledge of the statistics of soft localized excita-
tions to the physics of wave attenuation. We demonstrate that the low-frequency
wave attenuation rate in two-dimensional glasses is controlled by the spatial fluc-
tuations of the shear modulus, as predicted by Fluctuating Elasticity Theory.
In order to do this, we assess the sample-to-sample shear modulus distribution
as a function of the system size N , establishing that it features a power-law
tail extending to −∞, directly related to the universal frequency distribution
D(ω)∼ ω4 of soft localized excitations.

Finally, Chapter 6 investigates the role of soft localized excitations in the
viscous slowing down of glassforming liquids. We propose that a mesoscopic
elastic energy κ(T ) — defined as the characteristic energy of the response to
local dipole forces in the liquid’s underlying inherent structures, and intimately
related to the energy and length scales of soft localized excitations — controls
viscous slowing down through the relation ∆E(T ) ∼ κ(T ), where ∆E is the
activation energy that defines the liquid’s viscosity via an Arrhenius equation.
We find that this relation holds remarkably well in some liquids, but not others.
We demonstrate that what distinguishes computer liquids in which the relation
holds from those in which it does not, is that the latter feature highly fragmented
potential energy landscapes, where many sub-basins separated by low activation
barriers exist.
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Samenvatting
Zachte Gelokaliseerde Excitaties in Computerglassen

Glassen zijn vaste stoffen waarin de atomen zich in een wanordelijke configuratie
bevinden, in tegenstelling tot kristallen waarin de atomen zijn gerangschikt in
een rooster.

Een glas ontstaat als een vloeistof zó snel wordt afgekoeld dat de atomen niet
voldoende tijd krijgen om zich te ordenen in een kristalstructuur. Als de vloeistof
gekoeld wordt onder het kristallisatiepunt neemt de viscositeit (stroperigheid)
van de vloeistof enorm toe, totdat de vloeistof uiteindelijk helemaal stolt op het
glaspunt.

De overkoepelende vraag in de natuurkunde van glassen is: waarom gedragen
atomen in een wanordelijke configuratie zich totaal anders dan dezelfde atomen
in een kristalrooster?

Dat er grote verschillen bestaan tussen glassen en kristallen is niet eenvou-
dig te verklaren. De basisaanname van de continuümmechanica is namelijk dat
de microstructuur van een vaste stof niet van belang is, omdat de mechani-
sche en thermodynamische eigenschappen bepaald worden door de gemiddelde
interacties tussen de atomen over lange afstanden. Anders gezegd, er wordt aan-
genomen dat in vaste stoffen alle laagenergetische eigentrillingen staande golven
met lange golflengte zijn.

In glassen bestaan er echter kleine groepen deeltjes die laagenergetische tril-
lingen uitvoeren en soms zelfs wisselen van atoomconfiguratie door kwantum-
tunneling of thermische schommelingen. Deze bewegingen heten laagenergeti-
sche (of “zachte”) gelokaliseerde excitaties en zijn van fundamenteel belang bij
het verklaren van het kenmerkende gedrag van glassen: de heterogene en niet-
Arrhenius stolling rond het glaspunt; de langzame (niet-equilibrium) evolutie
van fysieke grootheden; en de padafhankelijke mechanische en thermodynami-
sche eigenschappen die verschillen van die van kristallen, maar tegelijkertijd voor
alle glassen overeenkomen.

In dit proefschrift onderzoek ik zachte gelokaliseerde excitaties in glassen door
het simuleren van versimpelde modelsystemen op de computer. Mijn bijdragen
zijn grofweg te verdelen in drie categorieën: (1) studies naar de statistische
en mechanische eigenschappen van zachte gelokaliseerde excitaties; (2) nieuwe
computationele methoden om deze excitaties te karakteriseren en kwantificeren
in computerglassen; (3) toepassingen van bovenstaande analyses in onopgeloste
problemen in de glasfysica.

Hoofdstuk 2 laat zien dat de harmonische-frequentieverdeling van zachte ge-
lokaliseerde excitaties de universele vorm D(ω)∼ ω4 heeft in een simpel model-
systeem in twee, drie en vier dimensies.

In hoofdstuk 3 onderzoek ik zachte gelokaliseerde excitaties in een niet-linear
raamwerk en concludeer ik dat de niet-lineaire excitaties — in tegenstelling tot de



conventionele, lineaire normaalmodes — de echte vertegenwoordigers van zachte
excitaties in glassen zijn, omdat ze de frequentie en structuur bezitten van geï-
dealiseerde excitaties die niet gehybridiseerd zijn met andere excitaties. Ik maak
een statistische analyse van de mechanische eigenschappen van niet-lineaire ex-
citaties, die leidt tot universeel geldende voorspellingen voor de kansverdeling
van potentiaalbarrières tussen naburige glasconfiguraties en de kansverdeling
van lokale plastische-deformatiedrempels.

Hoofdstuk 4 introduceert een nieuwe, algemener toepasbare definitie van niet-
lineaire excitaties, waarin geen gebruik wordt gemaakt van hogere afgeleiden
van de potentiële energie. Deze definitie wordt gebruikt om onder andere een
harde-bollenglas, een glas met een tetraëdrische structuur en een metaalglas te
analyseren, waarvoor het raamwerk uit hoofdstuk 3 ontoereikend is.

Hoofdstuk 5 past de kennis van de statistische eigenschappen van zachte
gelokaliseerde excitaties toe in de fysica van golfverstrooiing. Ik toon aan dat de
verstrooiing van golven met lage frequentie in tweedimensionale glassen bepaald
wordt door de spatiële schommelingen van de schuifmodulus, zoals voorspeld
door de schommelende-elasticiteitstheorie. Om deze conclusie te kunnen trekken,
meet ik de kansverdeling van de schuifmodulus als functie van de systeemgrootte
N en laat ik zien dat deze verdeling in de limiet naar −∞ gegeven wordt door
een machtsfunctie, die direct gerelateerd is aan de universele frequentieverdeling
D(ω)∼ ω4 van zachte gelokaliseerde excitaties.

Ten slotte onderzoek ik in hoofdstuk 6 de rol van zachte gelokaliseerde ex-
citaties in de stolling van vloeistoffen rond het glaspunt. Ik vooronderstel dat
een mesoscopische elastische energie κ(T ) — gedefinieerd als de karakteristieke
energie behorende bij de lokale deformatie van het systeem als gevolg van een
dipoolkracht, die nauw verwant is met de energie en grootte van zachte geloka-
liseerde excitaties — de viscositeit van de onderkoelde vloeistof bepaalt via de
relatie ∆E(T ) ∼ κ(T ), waar ∆E de Arrhenius-achtige activeringsenergie is. Ik
concludeer dat deze relatie juist is voor sommige vloeistoffen, maar niet voor
andere. Ik laat zien dat de vloeistoffen waarin de relatie niet geldig is, zich
onderscheiden door een zeer gefragmenteerd potentiaallandschap met veel lage
barrières tussen naburige glasconfiguraties.
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