
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Ruin theory for portfolio risk modeling in banking and insurance

Delsing, G.A.

Publication date
2022
Document Version
Final published version

Link to publication

Citation for published version (APA):
Delsing, G. A. (2022). Ruin theory for portfolio risk modeling in banking and insurance.
[Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/ruin-theory-for-portfolio-risk-modeling-in-banking-and-insurance(caefaa8d-8faf-4e42-bc21-4567e6e76959).html




guusje delsing

R U I N T H E O RY F O R P O RT F O L I O R I S K
M O D E L I N G I N B A N K I N G A N D I N S U R A N C E



ISBN 978 94 6419 418 0

© G.A. Delsing: Ruin theory for portfolio risk modeling in banking and insurance,
Academisch proefschrift, 2022



R U I N T H E O RY F O R P O RT F O L I O R I S K
M O D E L I N G I N B A N K I N G A N D I N S U R A N C E

academisch proefschrift

ter verkrijging van de graad van doctor
aan de Universiteit van Amsterdam
op gezag van de Rector Magnificus

prof. dr. ir. K.I.J. Maex
ten overstaan van een door het College voor Promoties ingestelde commissie,

in het openbaar te verdedigen in de Agnietenkapel
op dinsdag 8 februari 2022, te 15.00 uur

door

Gertruda Antoinette Delsing
geboren te Roermond



P R O M O T I E C O M M I S S I E

Promotores:
prof. dr. M.R.H. Mandjes Universiteit van Amsterdam
prof. dr. P.J.C. Spreij Universiteit van Amsterdam

Copromotor:
dr. ir. E.M.M. Winands Universiteit van Amsterdam

Overige leden:
prof. dr. C.D. Constantinescu University of Liverpool
dr. J.L. Dorsnamn Universiteit van Amsterdam
dr. A. Khedher Universiteit van Amsterdam
prof. dr. ir. M.H. Vellekoop Universiteit van Amsterdam
prof. dr. A.A.J. Pelsser Universiteit van Amsterdam
prof. dr. H. Albrecher Université de Lausanne

Faculteit der Natuurwetenschappen, Wiskunde en Informatica



Do not worry too much about your difficulty in mathematics,
I can assure you that mine are still greater

— Albert Einstein





A C K N O W L E D G E M E N T S

This thesis wouldn’t have been possible without the help and support of the
people around me. First of all I would like to thank my promotores Michel
and Peter. Both of you are incredibly intelligent and very dedicated to your
work (even during the weekend and late evenings). Also, not unimportantly,
you have made our meetings fun and casual.
Michel, above all, I admire your intuition. You are able to tell whether a cer-
tain research direction will prove fruitful or not and are never short of new
research ideas. I would like to thank you for your help and support. Even
though you are a busy man, I have always felt that I could turn to you for
help. Furthermore, you are an excellent scientific writer and I would like to
think that I improved in that area because of you.
Peter, whenever I got stuck on a proof I could always count on you. By guid-
ing me into certain directions, often the right ones, I gained a lot of knowl-
edge thanks to you. Besides a great mathematician you are also very patient
and a lot of fun to talk to.

I am also very grateful to my co-promotor and boss, Erik. Thanks to him I
started at Rabobank and was able to do this PhD. Erik, you have been a great
mentor to me and I have learned a lot from you, especially when it comes
to bridging the gap between theory and practice. Furthermore, you are a
very positive person with a good sense of humor which makes you a great
presence in the office. Thank you for your confidence in me and allowing me
to pursue this PhD.

Besides Erik, I would also like to thank all my other colleagues at the Rabo-
bank who have made this all possible. The CASA team of course but also the
climate risk team. In particular, I would like to thank Martin, who showed
me the ropes of modeling economic capital. I very much appreciate and enjoy
our conversations and brainstorm sessions. Furthermore, you have allowed
me the space to grow for which I am extremely grateful.

Special thanks goes to Nathan, for his love and support. Nathan, you are
the best partner I could wish for: patient, intelligent, funny and an amazing
listener. On top of all that you are also very creative and designed the cover
for this thesis. For that I am grateful. Because of you I have grown (as) a
person. I am very happy with our little family including Charlie and the
latest addition Noa. Noa, I cannot describe how happy you make me/us.
You truly complete this family and I look forward to all the milestones yet to
come.

vii



Finally, I would like to thank my parents and sisters for their unconditional
love and support. Dad, thank you for passing on your love for science. Mom,
thank you for always taking such good care of us. Lonneke, I am grateful
that we got to experience our pregnancy together, you are an amazing mom.
Floortje, I admire how you have grown and continue to challenge yourself.

viii



C O N T E N T S

1 introduction 1
1.1 Credit risk 3
1.2 Ruin theory 6

1.2.1 Ruin theory in portfolio credit risk modeling 8
1.3 Contributions and outline 9

2 an optimization approach to adaptive multi-dimensional
capital management 13
2.1 Introduction 13
2.2 A multivariate risk model 16

2.2.1 Model under fixed parameter setting and no depen-
dence 17

2.2.2 Environmental Dependence 18
2.2.3 Optimal Capital Reserve Allocation 19

2.3 Detection of the environmental state 19
2.3.1 Bayesian calibration for time-independent environmen-

tal state 20
2.3.2 Maximum likelihood calibration approach for environ-

mental state dependence under re-sampling 22
2.4 Numerical Results 23
2.5 Conclusion and outlook 34
Appendix 2.A Arfwedson Approximation 35

3 a ruin model with a resampled environment 37
3.1 Introduction 37
3.2 Model and preliminaries 39

3.2.1 Model 40
3.2.2 Preliminaries 41

3.3 Asymptotics 42
3.3.1 Transform of X̄ 43
3.3.2 Tail asymptotics 45

3.4 Uniform bound, change-of-measure, importance sampling 48
3.5 Examples, numerics 54

3.5.1 Explicit expression for two-dimensional case 54
3.5.2 Numerical example 57

3.6 Discussion and concluding remarks 59
4 asymptotics and approximations of ruin probabilities

for multivariate risk processes in a markovian envi-
ronment 61
4.1 Introduction 61

ix



x contents

4.2 A multivariate risk model 64
4.2.1 Environmental dependence 65
4.2.2 Multivariate ruin and survival probabilities 66

4.3 Diffusion approximation 67
4.3.1 Multivariate FCLT for Markov-modulated compound

Poisson processes 67
4.3.2 First passage probabilities of multivariate Brownian mo-

tion 69
4.3.3 Diffusion approximation of the multivariate ruin prob-

ability in finite time 70
4.4 Single-switch approximation 71

4.4.1 Single-switch univariate ruin probabilities: a BM scaling
approximation 72

4.4.2 Special case: Exponential claims with environment-independent
claim sizes 74

4.5 Numerical Results 75
4.6 Conclusion and outlook 79
Appendix 4.A Proof of Theorem 4 80

5 on capital allocation for a risk measure derived from
ruin theory 87
5.1 Introduction 87
5.2 Risk model and risk measure 90

5.2.1 Risk model 90
5.2.2 Risk measure derived from ruin theory 91

5.3 A capital allocation approach 92
5.3.1 The capital allocation method and its properties 93
5.3.2 Infinite horizon 94
5.3.3 Special case: Brownian motion 99

5.4 Comparison with gradient allocation 102
5.4.1 General results 102
5.4.2 Special case: Brownian motion 108

5.5 Numerical examples 113
5.5.1 Brownian motion 113
5.5.2 Spectrally negative Lévy process 115
5.5.3 Compound Poisson with drift 116

5.6 Concluding remarks 123
Appendix 5.A Supporting results 124
Appendix 5.B Proof of Theorem 8 125

6 a transient cramér-lundberg model with applications
to credit risk 131
6.1 Introduction 131
6.2 Exact analysis 134



contents xi

6.2.1 Notation and preliminaries 134
6.2.2 Analysis 135

6.3 Asymptotics, efficient simulation, and uniform bound 139
6.3.1 Notation and preliminaries 139
6.3.2 Large-deviations asymptotics 140
6.3.3 Efficient simulation 143
6.3.4 Uniform bound 146

6.4 Extensions of the model 147
6.4.1 Non-default losses 148
6.4.2 Markov modulation 149
6.4.3 Brownian perturbations 151
6.4.4 Multiple groups 153

6.5 Numerical experiments 154
6.5.1 Exponentially distributed losses 154
6.5.2 Numerical example 157

6.6 Concluding remarks 161
7 a portfolio credit risk model and ruin theory 163

7.1 Introduction 163
7.2 The Model 165

7.2.1 The CreditRisk+ model 166
7.2.2 A time-continuous CreditRisk+ model 168

7.3 Comparison with structural models 175
7.3.1 A time-continuous structural portfolio credit risk model 175
7.3.2 Mapping the time-continuous structural model to the

time-continuous CreditRisk+ model 177
7.4 Ruin Theory 179
7.5 Numerical work 181

7.5.1 The effect of time in the CreditRisk+ model 185
7.5.2 Comparison between the structural and CreditRisk+ model 187
7.5.3 The sensitivity of the results to various parameters 190
7.5.4 Using ruin theory results 193

7.6 Concluding remarks 198

bibliography 201
summary 211
samenvatting (summary in Dutch) 215
author contributions 219





1 I N T R O D U C T I O N

The Cambridge dictionary describes risk as “the possibility of something bad
happening". An event that leads to a financial loss can thus be referred to as
a risk. In this thesis we discuss risk in the context of finance and insurance,
i.e. financial risk. Financial risk is one of the major risk types in banking and
insurance and can be classified into various types such as market risk, credit
risk and operational risk. In banking, the best known type of risk is probably
market risk, which is defined in European Union (2009) as “the risk of losses
or adverse change in the financial situation resulting from fluctuations in the
level and volatility of market prices of assets, liabilities and financial instru-
ments". The oldest and often most substantial risk for banks is credit risk, the
losses incurred due to changes in the credit quality of counterparties or oblig-
ors. Operational risk is defined in European Union (2009) as “the risk of loss
arising from inadequate or failed internal processes, personnel or systems,
or from external events". Insurance companies face the same type of risks as
banks with the addition of underwriting risk, “the risk of loss or of adverse
change in the value of insurance liabilities, due to inadequate pricing and
provisioning assumptions” (see European Union (2009)). It is estimated that
financial institutions allocate most of their capital to credit risk, followed by
market risk and operational risk, see (Meissner, 2013, pag. 252). Credit risk,
being the dominant risk type, will be particularly focused on in this thesis.

Financial business includes risk taking, which explains that financial insti-
tutions have been practicing risk management since their existence to assess,
mitigate and manage financial risks, see Dionne (2013). The financial industry
could not have survived without risk management which, over the years, has
become a lot more sophisticated. Risk management is still a rapidly evolving
discipline and a constant challenge for the financial industry. Financial risk
management really took off in the 1970s when it became a priority within
the financial sector. This was due to the growth of financial markets and the
major increase in the price fluctuations of interest rates, stock market returns
and exchange rates. The use of derivatives as instruments to manage finan-
cial risks began in the 1970s, and developed very quickly during the 1980s.
As a result, in the 1980’s the financial sector enhanced their market and credit
risk management practices. The management of other risk types, including
operational risk, emerged in the 1990s.

The importance of a stable banking and insurance industry for the general
development and stability of society can hardly be exaggerated. This has

1



2 introduction

been highlighted during various financial events and crises over the past
few decades. Because of this, international regulation of financial risks began
around the 1990s. In the banking industry, the Basel Committee of Banking
Supervision took the lead in regulating financial risks. This committee was
established in 1974 and introduced the first Basel Accord on Banking Super-
vision (Basel I) in 1988. In this accord the first international minimum capital
standards were introduced to cover potential losses. Basel I only considered
credit risk and all banks were required to have a capital reserve of 8% of their
value of risk-weighted assets, notional exposures weighted by a coefficient
representing the creditworthiness of the obligor. For banks the capital reserve
ratio serves as a solvency buffer. The focus on credit risk management inten-
sified after some major financial defaults including the bankruptcy of Enron
and the Bank of New England. The Basel I approach was rather crude and
proved not risk sensitive enough, i.e. banks were not given enough incentives
to diversify their credit portfolios.
A major reform of the Basel accord took place in 2004 with the introduction
of Basel II. The new accord extended the scope to the other risk types and
introduced more risk-sensitive capital calculations for credit risk. Banks were
now allowed to calculate their own capital needs through internal risk man-
agement models. Furthermore, it forced banks to obtain an effective overview
of their overall economic risk and adequate capital reserves, i.e. economic cap-
ital. Following the global financial crisis of 2007-08, Basel III was introduced
in 2010, adding new regulation to increase capital reserves in good economic
times to cover losses during times of recession. Under these new guidelines,
banks’ capital reserve requirements were made dependent on the size of the
bank and their overall importance to the economy. Recently, Basel IV reforms
have been agreed upon in 2017 that complement (the initial) Basel III. This
regulation limits the ability to reduce capital reserves by use of the banks’
internal models by introducing floors. As a result, capital requirements will
increase and become less risk-sensitive, at the same time increasing the bank’s
need for internal economic capital calculations.

Parallel developments have taken place in the regulation of the insurance in-
dustry. In the insurance industry, prudential regulation is there to protect the
insurance firm and its policyholders against bankruptcy of the insurance firm.
This is captured in the so-called solvency regulations focusing on (minimum)
capital buffers against financial risks including unexpected high claims levels.
The first EU directives on solvency requirements appeared in the 1970s and
formed the basis of the Solvency I framework introduced in 2002. A more
risk-based approach is introduced in Solvency II honoring the concepts from
Basel II. Internal models can then be used to measure and manage the fi-
nancial risks of insurance firms. Solvency II came into effect in 2016 in the
European Union.
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The main conclusion is that the banking and insurance industry face similar
financial risks that need to be properly managed which is often done by hold-
ing capital as a buffer for potential losses. Both areas are heavily regulated
and institutions asses their risks internally by means of (regulatory or/and
economic) capital calculations. For a more detailed overview of regulation
in the banking and insurance industry we refer the reader to (McNeil et al.,
2005, Ch. 1) and references therein.

1.1 credit risk

Credit risk, which can be considered the most critical of all risk types, will
be particularly focused on in this thesis. In this section we provide a brief
description of credit risk and an overview of common modeling practices.
Credit risk is the risk associated with any kind of expected or unexpected
changes in the credit quality of obligors or counterparties. Losses can arise,
for example, due to obligors failing to meet their contractual obligations such
as consumers failing to make a payment due on a mortgage, credit card or
other loan. If this actually happens, we speak of a default event in the context
of banking and the risk associated with this is referred to as default risk.
Credit risk also arises when the credit quality changes, including credit up-
or downgrading of a counterparty in a rating system, and results in potential
losses. In this thesis we focus on default risk.

Default risk is affected by three factors, namely the probability of default
(PD), the exposure at default (EAD), and the loss given default (LGD). The
EAD represents the value of the contract that is exposed to default risk and
is based on future cash flows. PD is the probability that the obligor or coun-
terparty will default on its contractual obligations. Finally, the LGD gives the
percentage of exposure the bank will lose in case the obligor defaults. It often
comprises the actual costs of the loss along with the economic costs (legal
costs, interest foregone, etc.) associated with the recovery process. Credit risk
models typically address all three of these components on transaction level.

In credit risk modeling there are essentially two types of models that have
emerged over the years. The first and oldest class contains structural models
which consider credit events to be determined by the value changes of the
firm. These models assume that default occurs when the firm’s value falls
below some default threshold (often linked with the liabilities of the firm).
Consequently, default is an endogenous event. As credit and default events
are modeled using the value of the firm, structural credit risk models link
credit and default events to the economic fundamentals of the firm. Struc-
tural models are based on the seminal work of Merton (1974), in which the
firm value is compared to the default threshold at some final time T (often
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associated with the maturity of debt). In a more realistic and sophisticated
structural model, the Black-Cox model as presented in Black and Cox (1976),
default can happen prior to the final time T . It is a first passage time model
assuming that default occurs at the first instant the firm value falls below a
given default threshold. Other works that deal with structural credit risk mod-
els include for example Briys and Varenne (1997), Geske (1977) and Longstaff
and Schwartz (1995).

Reduced form models do not model the firm’s value but describe default as
an exogenous jump of a stochastic process. In basic reduced form models, the
time of default is given by the first jump of a Poisson process. In this case,
default is driven by an exogenous component and not by any market observ-
ables as is the case for structural models. This can be seen as an advantage, as
it requires less knowledge about the firm’s balance sheet, as well as a disad-
vantage, as it does not explain the economic reasons for default. Among the
most prominent sources that deal with reduced form credit risk models we
mention Duffie and Singleton (1999), Lando (1998), and Jarrow and Turnbull
(1995).
A more detailed overview of credit risk modeling, including both structural
and reduced form models, is provided in e.g. Bielecki and Rutkowski (2004),
Lando (2004) and Schönbucher (2003).

The structural and reduced form models consider the credit risk of a sin-
gle counterparty or firm. Portfolio credit risk arises from the composition or
concentration of bank’s exposures to many assets and counterparties. Portfo-
lio credit risk models aim to measure and manage credit risk on a portfolio
level. Banks aim to find an efficient portfolio that maximizes the return with
respect to the risk (of losses). The goal of portfolio models is to derive the
portfolio loss distribution as in Figure 1.1 over a specified time horizon, often
taken as 1 year. This probability density function is usually asymmetric, i.e.
the probability (or frequency) of small losses is higher than the probability
(or frequency) of high losses. The expected losses over time are often already
embedded in the pricing of credit instruments and/or provisioning by the
bank as they are viewed as a cost of doing business.

According to Basel Committee on Banking Supervision (2005) “one of the
functions of bank capital is to provide a buffer to protect a bank against peak
losses that exceed expected levels” Losses that exceed the expected levels are
often referred to as unexpected losses. Unexpected losses will occur now and
then, but with a lower probability and with their severity being unknown. A
financial institution will safeguard itself from these types of losses by holding
capital as a buffer. Unexpected loss is a formal risk measure that is calculated
as the difference between the expected loss and the so-called Value-at-Risk
(VaR). The VaR is the maximum loss over a given time horizon for a given
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percentage generally referred to by regulators and practitioners as the con-
fidence level (often 99.9% for banks). This risk measure is not only used to
protect against credit losses but also other types of losses both in the banking
as well as the insurance industry including for example market risk. The con-
cept of unexpected losses in the banking industry was introduced as part of
Basel II Basel Committee on Banking Supervision (2005) and is still used to
determine regulatory as well as (internal) economic capital. More specifically,
if capital equals the level of unexpected loss, i.e. the difference between VaR
and expected loss, and if expected loss is covered by the institution, then the
probability that the financial institution stays solvent over the time horizon
equals the specified confidence level. A good overview of the modeling and
management of portfolio credit risk for practitioners, including regulatory
expectations, is provided in Anolli et al. (2013).

Figure 1.1. Loss distribution: expected and unexpected loss. Source: Basel Committee
on Banking Supervision (2005)

Assessing credit risk on portfolio level requires taking into account effects of
concentration and diversification, i.e. the (default) dependencies among the
credit assets in the portfolio. As a result, correlations play a critical role in
determining both economic and regulatory capital. Having many assets in a
credit portfolio does not assure a good risk diversification when these assets
are highly positively related to one another. Another reason for studying the
correlations has to do with the allocation of risk within a portfolio. Allocation
of risk or capital within the portfolio is of interest to many financial institu-
tions for several reasons. Firstly, it allows them to transfer the cost of holding
capital to clients. Secondly, financial reporting requires companies to allocate
expenses across sub-portfolios. And finally, allocated capital can be used as
a measure to assess and compare the performance of parts of the portfolio
when striving for an optimal performing portfolio.
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In the literature various models have been considered to capture correlations
between assets in a credit portfolio. To limit the amount of pairwise correla-
tions that have to be estimated, most of these models make use of common
systemic or environmental risk factors. These systemic factors are often latent
variables but can also link the portfolio to the macroeconomic environment
(e.g. GDP growth rate, unemployment rate, etc.). Linking every credit asset
to the common factors introduces correlation within the portfolio in a natu-
ral way. The most common approach to modeling default correlations within
structural models is by introducing common systemic factors in the asset
process driving the default of a credit asset, i.e. asset correlations. This idea,
initially conceived by Vašíček (2002), has become the foundation of many pop-
ular portfolio credit risk models including Moody’s KMV RiskFrontier (and
its predecessor, the Portfolio Manager), JP Morgan’s CreditMetrics, and the
Asymptotic Single-Risk Factor (ASRF) model used in the Basel II credit risk
capital requirements. Credit Suisse Financial Product’s CreditRisk+ model
considers a reduced form model for the default event. The number of de-
faults is modeled with a Poisson random variable where the intensity is made
stochastic and dependent on some common risk factors. In Gordy (2000), the
author shows how one can map the structural models considered in Credit-
Metrics and RiskFrontier to the CreditRisk+ model. RiskFrontier, CreditMet-
rics and CreditRisk+ are industry benchmark models predominantly used by
banks for their internal risk and capital assessment. They challenge many of
the shortcomings of the regulatory ASRF model by, for example, introduc-
ing multiple common factors instead of just one, including credit migration
risk and allowing for stochastic losses. All of the aforementioned portfolio
models however consider the credit situation/rating at the time horizon only,
underestimating the risk of intermediate defaults.

1.2 ruin theory

Credit and default risk, like for banks, is also important for insurance com-
panies. In actuarial science and the insurance industry, ruin theory has been
used to measure these types of financial risks. Originally, ruin theory is used
to quantify the solvency of an insurance company, i.e. the ability to meet its
financial obligations. It is not difficult to see that ruin theory is closely re-
lated to default risk in banking as both are concerned with the ability to meet
financial obligations. In this thesis we spend considerable attention on ruin
theory models and show how these ruin-theoretic results can also be used
in the credit context (for the banking industry). Without aiming to provide a
full overview, we first give some background on ruin theory.
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Ruin theory has been a major area of interest starting in the beginning of the
20th century with the works of Lundberg (1903, 1926) and Cramér (1930) all
the way up to today. It is traditionally considered as part of insurance math-
ematics and is still used in the insurance industry to measure risk. Moreover,
the area has achieved considerable mathematical maturity in the recent years
which makes ruin theory of both theoretical interest and practical importance.
Ruin theory focuses on the analysis of models that describe an insurer’s vul-
nerability to ruin. Technical ruin of an insurance firm occurs when the sur-
plus (i.e. the cash reserve level) of the firm drops below zero. The correspond-
ing probability of this event occurring is referred to as the ruin probability.
The surplus of an insurance firm experiences fluctuations due to amounts
claimed and premiums earned. In the classical Cramér-Lundberg model, an
insurer starts with some positive amount of money u, collects premiums at
a constant rate r > 0, and claims arrive according to a Poisson process N(t)
and are independent and identically distributed (Li)i2N. More concretely,
the surplus of the insurer at time t is given by

X(t) := u+ rt-

N(t)X

i=1

Li.

Initially, the focus of ruin theory was on the probability of ultimate ruin
 (u) := P(inft>0 X(t) < 0), i.e. the probability that the surplus ever drops
below zero given the initial reserve u. Later these results have been extended
in many ways. Without aiming to provide a complete overview, we include
a brief account of a few important branches. In the first place, the classical
model has been extended to include time-dependent ruin, i.e. ruin in finite
time (Asmussen and Albrecher, 2010, Ch. V). Secondly, the assumption of the
cumulative claim process being of compound Poisson type has been gener-
alized to that of Lévy input, see e.g. (Asmussen and Albrecher, 2010, Ch. X).
Finally, we mention the direction of research in which the effect of specific
dependence structures including multi-dimensional ruin models, is assessed,
for an overview see (Asmussen and Albrecher, 2010, Ch. XIII). We refer to
e.g. Asmussen and Albrecher (2010) and Schmidli (2017), for a more detailed
account of ruin theory in general.

The theoretical foundation of capital requirement regulation in the insurance
industry lies in actuarial science and, more specifically, in ruin theory. These
capital requirements aim to limit the probability of ruin of an insurance com-
pany to some acceptable level. This can be achieved by setting an appropri-
ate initial cash reserve level, i.e. capital buffer. In particular, Solvency II in
Europe requires insurers to determine Solvency Capital Requirements (SCR)
that reflect the level of reserves to absorb significant losses over a finite time
horizon (often 1 year). It is very similar to the VaR type of risk measures used
in the banking industry. Ruin theory methods can be employed to determine
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the probability of insolvency/ruin and corresponding capital levels, see e.g.
Devolder and Lebègue (2016) and Gerber and Loisel (2012). Properties of a
VaR type risk measure derived from ruin theory are discussed in Trufin et al.
(2011). In particular, they argue in favor of a VaR type measure based on the
ultimate ruin probability for certain applications. The aggregated claims pro-
cess in the ruin surplus model, i.e.

PN(t)
i=1 Li, has also become very popular

to model losses in general insurance practice and is often referred to as the
collective risk model. Even though ruin theory originates in actuarial science,
and is common in the insurance industry, it also has applications in oper-
ational risk modeling Kaishev et al. (2008), credit risk modeling Chen and
Panjer (2009), and related fields. The application of ruin theory for credit risk
modeling is of particular interest in this thesis.

1.2.1 Ruin theory in portfolio credit risk modeling

Originally, ruin theory has been used to quantify the risk of insolvency of an
insurance firm. In default risk modeling, the aim is similar, i.e. to quantify the
risk that a firm/obligor is unable to meet its contractual obligations and goes
into default. As a result, ruin theory methods have been successfully applied
in the field of credit risk modeling. We will now elaborate on two ways one
can benefit from ruin models in credit risk modeling on portfolio level.

First, ruin models and results can be used to model the default risk of an
individual obligor/firm in a credit portfolio. For the purpose of modeling
the default risk of an individual obligor/firm, we first point out the similari-
ties between first passage time structural credit risk models and ruin models.
First passage time structural models define default as the first event that the
firm’s (asset) value drops below a given threshold. This is very similar to
the concept of ruin, where the surplus of a firm dropping below a given
threshold initiates ruin. When the firm value process and the surplus process
are of a similar nature, e.g. both jump diffusion processes, the first passage
time structural default model can be mapped to a ruin model. In Chen and
Panjer (2009), the authors describe this mapping in more detail. As a result,
ruin theory results can be used to model the default risk of an individual
firm/obligor. To model the dependence between obligors in the portfolio,
systemic risk factor processes can be introduced. Existing literature on this
model includes Zhou (2001), in which default correlations for a correlated
Black-Cox model are compared to those in a correlated Merton model, i.e.
the Vašíček, model. As mentioned in Zhou (2001) the Merton model under-
estimates the probability of default of an individual obligor as well as the
probability of joint default by ignoring early defaults. By allowing for inter-
mediate default events, the first passage time model avoids this problem. A
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multi-dimensional implementation of this model is considered in Hull et al.
(2005) and Overbeck and Schmidt (2005) with a particular focus on the pric-
ing of CDO tranches.

A second way one can benefit from ruin theory for the purpose of assessing
credit risk on portfolio level is by using ruin models to model the cash flows
of a bank’s credit risk portfolio directly. In ruin theory, the risk of insolvency
of an insurance firm is modeled using the outgoing claim amounts and pre-
miums received. A credit portfolio of a bank experiences similar cash flow
fluctuations due to incoming cash flows such as interest rate payments and
outgoing cash flows due to defaults. For relatively small default probabili-
ties, the number of defaults in a credit portfolio can be approximated by a
Poisson process. This approximation, over a fixed time interval, is used in
the industry benchmark CreditRisk+ portfolio credit risk model. Noting the
similarities between the cash flows in a credit and insurance portfolio, the
cash surplus of a credit portfolio over time can be modeled by a classical ruin
model.

There are a few other authors who tried to bridge the gap between ruin the-
ory and credit risk modeling that are worth mentioning here. In the first place
we mention Adékambi and Essiomle (2020), where a bank’s cash reserves are
modeled by considering the arrival of new credit assets as a random pro-
cess. The size of the loan is considered an immediate cash outflow whereas
the amortization and interest payments contribute positively to the bank’s
cash reserves. Another example is the work performed in Yang (2003), where
the cash reserves are discretized in time and experience fluctuations due to
the change in portfolio value which is dependent on the firm’s credit rating
(modeled using a Markov chain).

1.3 contributions and outline

The main objective of this thesis is to measure and manage solvency and/or
default risk in the insurance and banking industry, respectively, on a portfolio
level. For this purpose ruin theory models are considered. Ruin theory is com-
monly used in the insurance industry to quantify the risk of insolvency. The
probability of ruin/insolvency of a firm can be managed by setting capital
requirements, i.e. appropriate initial cash reserve levels. For instance, firms
tune the initial reserve level u such that their maximum aggregated loss over
the period does not exceed u with a given (low) probability. As a result, risk
and capital assessments require efficient calculation of ruin probabilities, in
particular finite time ruin probabilities as risk is often quantified over a finite
time interval.
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While most of the existing ruin literature primarily considers the univari-
ate setting describing a single surplus process, in practice firms often have
multiple business lines or sub-portfolios of interest. As a consequence, it is
relevant to consider a multivariate (or multi-dimensional) risk model. Depen-
dence can be introduced through common environmental risk factors as is
common in credit risk modeling. The risk factors reflect the environmental
state which influences the parameters of the individual ruin models. This
thesis contributes to this topic by presenting different types of environmen-
tal risk factors, increasing in complexity, and considering the corresponding
ruin probabilities in finite and infinite time. Starting with a random variable
which remains constant over time, the risk factor becomes increasingly more
complex when it changes over time.

Considering a multivariate risk model also allows for the allocation of capital
reserves across various business lines and or sub-portfolios. Capital allocation
is of vital importance for good risk management practices, most importantly
as it allows for comparison between different parts of the portfolio in terms of
costs and performance. In practice, capital allocation has proven a challenge
as there are multiple ways to allocate a set amount of capital. In this thesis
we offer novel capital allocation approaches for a multivariate ruin model.

Finally, we will spend considerable attention on bridging the gap between
ruin theory and portfolio default risk modeling. Default risk shows a strong
resemblance to the risk of insolvency in the insurance industry and a main
contribution of this thesis lies in using the ruin-theoretic results found to
quantify the risk of insolvency in the credit context. A lot of default/credit
risk models consider reserve levels and/or losses at a final time T , whereas
ruin theory focuses on the exceedance before time T . We explore various ways
that ruin theory can be of use in credit risk modeling. As a result, the work
on ruin theory methods in this thesis can and will be applied to portfolio
default/credit risk modeling for the banking industry in particular.

We now give a brief description of each of the chapters in this thesis.

A multivariate ruin model is proposed in Chapter 2 where the individual
cash reserves are represented by means of classical models, such as the con-
ventional Cramér-Lundberg model. Dependence between the different com-
ponents, which can be thought of as business lines and/or sub-portfolios,
is introduced through a common environmental risk factor which does not
change over time. Methods to quantify minimum capital reserves including
allocation thereof are developed. Moreover, a novel Bayesian approach is pre-
sented to estimate the latent environmental risk factor distribution based on
observations concerning the aggregated claims/loss process.

Chapter 3 recognizes that an environmental risk factor is unlikely to remain
fixed over time and introduces a Cramér-Lundberg risk setting where the
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components of the underlying model change over time. At Poisson epochs,
the model components are resampled from a finite number of d settings.
This results in a set-up that is particularly suited to describe situations in
which the risk process (surplus in the insurance context) is affected by a
common risk factor process as in Chapter 2. The focus of this chapter lies
on the probability of ruin in this resampled model. Approximations, bounds
and efficient estimation methods for the probability of ruin are presented.

Chapter 4 considers a multivariate ruin model, where the individual risk
processes are given by a Cramér-Lundberg-type model. Dependence is again
introduced through a common environmental risk factor process, similar to
the previous two chapters, which is now modeled as a continuous Markov
process. Focus lies on quantifying the multivariate ruin probability. By dis-
tinguishing between the transition speed of the risk factor process, two ap-
proximations of the multi-dimensional ruin probability are found. For high
transition rates a diffusion approximation is proposed and for low transition
rates the so-called single-switch approximation.

In Chapter 5 the focus lies on the allocation of risk and/or capital over the
individual components in a multivariate model (such as in Chapter 2 & 4).
The dynamic value-at-risk (VaR) measure considered stems from ruin theory,
and was introduced in Trufin et al. (2011) as the minimum amount of initial
reserves (in cash, that is) necessary such that the probability of ruin is below
some given threshold. This measure can be used to set capital requirements.
Two new allocation methods are introduced in this chapter including various
desirable properties. Furthermore, the presented allocation approaches are
compared to the frequently used gradient allocation method.

As of Chapter 6 ruin theory models and methods are considered in the credit
context. In Chapter 6 the classical Cramér-Lundberg model is used to model
the cash flows in a credit portfolio, with the distinguishing feature that it cor-
responds to a finite number of obligors. The focus is on computing the ruin
probability, i.e. the probability that the cash level drops below zero. Besides an
exact analysis (in terms of transforms) of this ruin probability, also an asymp-
totic analysis is performed, including an efficient importance-sampling based
simulation approach. The base model is extended in various dimensions in-
cluding losses that do not correspond to defaults and multiple portfolios.

A time-continuous extension of the influential Credit Suisse Financial Prod-
uct’s CreditRisk+ model for portfolio credit risk modeling is presented in
Chapter 7 The original CreditRisk+ model only considers the losses at a spe-
cific time horizon, whereas the time-continuous extension models the losses
over time. A comparison is drawn between the time-continuous CreditRisk+
model and ruin theory models. As a result, ruin theory methods, in particular
those derived in previous chapters, can and will be used to determine the loss
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distribution, capital estimates and capital allocation in the time-continuous
CreditRisk+ model.

All of the chapters can be read on their own and , as such, no dedicated effort
has been spent on keeping the notation consistent through-out this thesis.



2 A N O P T I M I Z AT I O N A P P R O A C H T O A D A P T I V E
M U LT I - D I M E N S I O N A L C A P I TA L M A N A G E M E N T

This chapter considers capital management in a multi-dimensional insurance
risk model. In our set-up, the individual risk processes (or capital surplus
processes) are represented by means of classical models, such as the con-
ventional Cramér-Lundberg model. The challenge, however, lies in soundly
modeling the correlations between the individual processes. We propose a
simple yet versatile approach that allows for dependence by introducing a
common risk (or environmental) factor as a random variable which remains
constant over time. This latent environmental risk factor influences the indi-
vidual risk processes. We present a novel Bayesian approach to calibrate the
latent environmental state distribution based on observations concerning the
claim processes. The convergence of the calibration procedure towards the
true environmental state is deduced. We then point out how to determine the
optimal (initial) capital reserves of the different business lines under specific
constraints on the ruin probability of subsets of business lines. This chapter
is based on Delsing et al. (2019).

2.1 introduction

Firms should keep capital so as to be guaranteed a reasonable degree of
protection against the risks they face when conducting their business. In the
insurance industry, procedures to find the minimally needed capital level
have received a great deal of attention, reflecting the constraints imposed by
insurance regulation. For instance, the European solvency regulation. More
specifically, insurance companies should manage their capital reserve level
such that the probability of economic ruin within one year is less than a
given threshold. This risk measure, known as Value-at-Risk (VaR), can thus
be considered as the key concept when assessing insurance firms’ credit risk
vulnerability. The main objective of this chapter is to develop a strategy to
update the firm’s risk reserve and its allocation across different business lines
within the firm.

The capital surplus required to keep the credit risk of a firm sufficiently low,
studied in a branch of research known as ruin theory, depends on various
characteristics including the distribution of the claim amounts, their inter-
arrival times, and the incoming premiums. The focus of ruin theory is on the
time evolution of the capital surplus, with its inherent fluctuations due to

13
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amounts claimed and premiums earned. We remark that the capital surplus
is also a measure of the risk pertaining to a portfolio, and as a consequence
the VaR is a relevant concept in the portfolio management context too.
A traditional objective of risk theory concerns the determination of the initial
capital reserve, say u, that guarantees the insurer a sufficient level of solvency.
Initially, the focus was on the probability �(u) of ultimate ruin, i.e. the proba-
bility that the capital surplus ever drops below zero given the initial reserve u;
see the seminal contribution Lundberg (1903). Later these results have been
extended in many ways, most notably (i) ruin in finite time, (ii) more ad-
vanced claim arrival processes, (iii) asymptotics of �(u) for u large, and (iv)
more realistic premium processes (e.g. non-deterministic ones); see e.g. As-
mussen and Albrecher (2010) for a detailed account.

While most of the existing literature primarily considers a univariate setting
(focusing on a single reserve process), in practice firms often have multiple
lines of business. As a consequence, it is a relevant question how to assign
initial reserves to the individual business lines, with the objective to keep the
firm’s credit risk (now expressed in terms of the likelihood of the capital sur-
plus of one or more of the business lines dropping below zero) sufficiently
low. A multi-dimensional risk model is introduced by assigning a risk pro-
cess to each business line. The allocation of the initial reserve of the firm to
its business lines follows directly from the individual initial reserves in this
multi-dimensional risk model. A complication, however, is that the individual
capital surplus processes are typically highly correlated, as they are affected
by common environmental factors (think of the impact of the weather on
health insurance and agriculture insurance).
This chapter has several contributions. In the first place we set up a simple
yet versatile multivariate risk model, in which the components are correlated
by using a common (but unobserved) environmental factor. In the second
place, we develop a Bayesian technique which facilitates the calibration of
the environmental factor by observing the claim processes. For a changing
environmental factor, we propose a maximum likelihood calibration method.
In the third place, we point out how the above ingredients can be used to set
up a procedure for periodically adapting the capital reserves based on new
observations from the claim processes.

We proceed with a few more words on the related literature and its relation to
our work. Multivariate risk processes play a prominent role in various studies
(see e.g. the overview (Asmussen and Albrecher, 2010, Sec. XIII.9)), but cap-
turing the corresponding joint ruin probability has proven challenging (see
e.g. Cai and Li (2007); Picard et al. (2003)). Our work is inspired by earlier
work by Loisel (2004, 2007a,b), which also make use of an environmental fac-
tor. The main difference is that Loisel assumes a Markov environmental state
factor, whereas in our Bayesian set-up the objective is to track the unobserv-



2.1 introduction 15

able environmental state. As a fixed environmental state is not realistic over
longer time intervals, we point out how to adapt the calibration procedure to
detect a change in the environment. Knowing the environmental state, we can
compute (or approximate) the ruin probabilities for any given initial capital
reserve, which enables the selection of appropriate initial levels. Our pro-
cedure also includes a provably converging Bayesian calibration; recall that
the environmental state cannot be observed. In this respect we note that we
found only few contributions on this topic that also cover the calibration; an
example is Landriault et al. (2012), but the Bayesian updating approach that
is proposed there focuses on a single insurer only. When the environmental
state factor is re-sampled each time period, the calibration method has to be
adjusted to a maximum likelihood approach in order to achieve convergence
towards the distribution.
Most actuarial and financial literature on the topic of capital allocation; for
example Laeven and Goovaerts (2004), focuses on the subdivision of an ex-
ogenously given amount of capital for the entire firm over its business lines.
Our work differs from this traditional problem of capital allocation within a
firm by minimizing the sum of the initial reserves of its business lines. The
initial reserve of the firm as well as the initial reserves of its business lines,
therefore, follow directly from this multi-dimensional model and no addi-
tional capital allocation procedure is required. Again, in line with our earlier
remark, in this chapter the focus is on an insurance context, but the frame-
work developed has various other evident applications. A similar procedure
may, for example, be adopted in banking. Banks have some fixed income
streams such as interest rate payments on mortgages and loans and the out-
going claims may represent counterparty defaults. In this setting the ruin
model can be used to assess credit risk for the portfolio of a bank.

This chapter is organized as follows. Section 2.2 presents the model and pre-
liminaries. It defines the risk process for each individual business line and
characterizes the finite time probability of ruin in case the environmental
factor (and thus also the claim inter-arrival and claim-size distribution) is
known. We then present the multivariate insurance model by introducing
the environmental dependence. The section concludes by developing a proce-
dure to allocate capital to the individual business lines under a constraint on
the VaR, which is achieved by periodically adapting the capital reserves. Sec-
tion 2.3 introduces a calibration approach for the multivariate risk process
of Section 2.2, which is geared towards learning the environmental factor
based on the claim processes. A Bayesian updating approach is presented for
the environmental state factor which does not change (drastically) over time.
For an environmental state factor that is re-sampled each observation period
from a discrete distribution, we propose a maximum likelihood approach to
calibrate the distribution. Numerical examples of the capital allocation and
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calibration approach of the multi-dimensional risk process are given in Sec-
tion 2.4, including the use of Arfwedson’s approximation of the probability
of ruin in case there is no explicit solution available. Section 2.5 concludes
this chapter and discusses possible extensions of the model.

2.2 a multivariate risk model

As pointed out in the introduction, our main objective is to set up a procedure
that guarantees a business to stay solvent with a certain degree of confidence
over a time horizon T (say). This we achieve by periodically adapting the
risk reserves of the business lines. To manage the process, we therefore need
a procedure to compute the probability that, given a certain initial reserve
level, one or more of the reserve processes drops below 0 before a specified
time T . We assume no impact of insolvency of one business line on the others.
Each line of business is free of expenses, taxes and commissions. For each of
the business lines, there is some initial capital reserve, increase due to premi-
ums (that come in at a fixed rate per unit time), and decrease due to claims.
We use a multi-dimensional variant of the classical Cramér-Lundberg model
with n 2 N business lines. Let us now define the dynamics of the capital sur-
plus Xi(·) of business line i. There is a constant premium rate ri > 0 per unit
time. The number of claims arriving in [0, t], denoted by Ni(t), is a Poisson
process with parameter �i. The claim sizes C

i
k form a sequences of i.i.d. ran-

dom variables distributed as random variable C
i, with moment generating

function B̂i[s] and distribution function Fi. It means that the capital surplus
process Xi(t) for business line i is given by

Xi(t) := ui + rit-

Ni(t)X

k=1

C
i
k, (2.1)

where ui > 0 denotes the initial capital reserve. The probability of ruin of
business line i before time T is given by

�i(ui, T) := P

✓
inf

t2[0,T ]
Xi(t) < 0

��Xi(0) = ui

◆
.

In Section 2.2.1 we assume that ri, �i and Fi are given; later, in Section 2.2.2,
we introduce a mechanism in which they are randomly selected (in a specific
coordinated manner), thus rendering the processes Xi(·) dependent.
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2.2.1 Model under fixed parameter setting and no dependence

In this section, ri, �i and Fi are given. In addition, for now, the business lines
are assumed independent. Following classical ruin theory we denote

i(s) := �i

�
B̂i[s]- 1

�
- ris.

This function is strictly convex (easily deduced by the definition of a moment
generating function). Under the net profit condition  0i(0) = �iE[Ci]- ri < 0

(and a mild regularity assumption: i(s) should not jump from a value be-
low 0 to 1), it can be shown that a unique positive root �i of i(s) = 0 exists.
This root plays a crucial role in Arfwedson’s approximation of �i(ui, T) (Ar-
fwedson (1955)); see Appendix 2.A. For some specific claim size distributions,
the probability of ruin �i(ui, T) can be explicitly calculated. The proposition
below concerns the case of exponentially distributed claims.

Proposition 1. Assume Ci ⇠ exp(✓i). Then,

�i(ui, T) =

8
>>>><

>>>>:

�i

✓iri
exp

�

-

✓
✓i -

�i

ri

◆
ui

✏

-
1

⇡

Z⇡

0

f1(µ)f2(µ)

f3(µ)
dµ, for ✓iri > �i

1-
1

⇡

Z⇡

0

f1(µ)f2(µ)

f3(µ)
dµ, for ✓iri 6 �i

where

f1(µ) =
�i

✓iri
exp

�

2T

p
✓iri�i cosµ- (ri✓i + �i) T + ui✓i

✓ p
�ip
ri✓i

cosµ- 1

◆✏

,

f2(µ) = cos
✓
ui

p
✓i�ip
ri

sinµ

◆
- cos

✓
ui

p
✓i�ip
ri

sinµ+ 2µ

◆
,

f3(µ) = 1+
�i

✓iri
- 2

p
�ip
✓iri

cosµ.

Proof. The proof follows from Barndorff-Nielsen and Schmidli (1995) and the
observation that the case ✓i 6= 1 can be deduced from the case ✓i = 1 via

�i,�i,✓i(ui, T) = �i,�i/✓i,1(✓iui, ✓iT).

The case ri 6= 1 follows from

�i,�i,ri(ui, T) = �i,�i/ri,1(ui, riT).

This proves the claim.
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Denote S1 up to SM as specific subsets of the n business lines, for m 2 N.
We focus on the probability of ruin of all business lines within subset Sm. As
the business lines are (for now) assumed independent,

⇡m(u, T) := P

 

sup
i2Sm

inf
t2[0,T ]

Xi(t) < 0

���X(0) = u

!

=
Y

i2Sm

�i(ui, T). (2.2)

Likewise, we could consider the probability of at least one defaulting business
line within a subset:

⇡̄m(u, T) := 1-P

✓
inf

i2Sm

inf
t2[0,T ]

Xi(t) > 0

���X(0) = u

◆
= 1-

Y

i2Sm

(1-�i(ui, T)). (2.3)

Even though we assumed independence between the different business lines,
there can be dependence across the subsets Sm when a business line is con-
tained in multiple sets Sm.

2.2.2 Environmental Dependence

We now point out how we can make the processes Xi(·) dependent by work-
ing with a common environmental factor affecting all business lines (think,
for example, of the weather impacting the claim process of health-related
business lines, but also of business lines related to the agricultural sector).
Conditional on the state of the environment, the multivariate claim process is
modeled as the n-dimensional process X1(·), . . . ,Xn(·) defined in the previ-
ous subsection; in particular, they are conditionally independent.
In more concrete terms, our process is defined as follows. The environment
state, denoted by P, is a random variable with support A = {1, ..., J} (and cor-
responding probabilities pj, j 2 A). If P = j, then the claim arrival rate of
business line i is �ij, and the claims of business line i are distributed as a
random variable C

ij (and distribution function Fij). Conditional on the envi-
ronmental state, the Xi(·) are independent, so that Equation (2.2) becomes

⇡m(u, T) =
JX

j=1

pj

Y

i2Sm

�
j
i(ui, T),

with
�
j
i(ui, T) := P

✓
inf

t2[0,T ]
Xi(t) < 0

���Xi(0) = ui,P = j

◆
.

Here the �j
i(ui, T) are as the �i(ui, T) that we defined before, but now with

the �ij and Fij being used.
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2.2.3 Optimal Capital Reserve Allocation

In this subsection we further detail our objective: finding appropriate values
of the initial reserves u1, . . . ,un, such that a VaR-type risk measure remains
below some maximally allowed value.
For a univariate risk process, say that of business line i, the conventional set-
ting is that the minimal initial reserve ui is determined such that the probabil-
ity of ruin over a specified time horizon remains below a given � 2 (0, 1). We
now extend this to the multivariate risk setting introduced above, by consid-
ering the ruin probabilities of the specific subsets S1, ...,SM . For �m 2 (0, 1)
(with m = 1, . . . ,M) we focus on the optimization problem

min
u⌫0

nX

i=1

ui, subject to ⇡m(u, T) 6 �m, m = 1, ...,M, (2.4)

where u ⌫ 0 means that the vector u is component-wise positive. Evidently
other objectives can be chosen, such as constraints on the probability ⇡̄m or

min
u⌫0

nX

i=1

ui, subject to P

 

inf
t2[0,T ]

nX

i=1

Xi(t) < 0

���X(0) = u

!

6 �; (2.5)

these can be dealt with in a similar way.
The environmental state is not observed, so that that the calibration is not
straightforward. We develop an easy-to-implement Bayesian updating pro-
cedure that is based on the observed claim processes (corresponding to the
various business lines). For an environmental state factor that is re-sampled
each time period, we propose a maximum likelihood calibration approach.
Evidently, these procedures should be such that the estimates of the state
probabilities pj can be updated on a regular basis. The next section presents
our approaches.

2.3 detection of the environmental state

This section provides an easy-to-implement calibration approach to path-wise
track the unobservable environmental state based on observed claims. It is
assumed that the claim intensities and claim size distributions are known.
Let t0 = 0 < t1 < ... < tM and denote t̄m := tm - tm-1. The number of
claims Y

m
i := Ni(tm) -Ni(tm-1) and the sequence of claim sizes Z

m
i =

(Ci
1, ...,Ci

Ym
i
) during time interval (tm-1, tm] are observed for each business

line i. We introduce the notation Ym := {Y1, ...,Ym} and Zm := {Z1, ...,Zm},
where Y

m := (Ym
1 , ...,Ym

n ) and Z
m := (Zm

1 , ...,Zm
n ) denote the vectors con-

taining the number of claims and claim sizes for all business lines during
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time interval (tm-1, tm], respectively. With slight abuse of notation we use
the generic notation f to denote the (joint) density of any random quantity.
For instance, f(Zm,Ym) denotes the joint density of the number of observed
claims and claim sizes up to time tm.
In Section 2.3.1 we assume that the environmental state factor P is fixed over
time; later, in Section 2.3.2, we introduce a calibration approach for an envi-
ronmental state that is randomly selected each observation period.

2.3.1 Bayesian calibration for time-independent environmental state

In this section the environmental state random variable P is considered inde-
pendent of time and therefore is not subject to change over time. The environ-
mental state probabilities pj are estimated as the posterior distribution based
on the observed claims after some time tm (say):

p̂
m
j : = P(P = j|Ym,Zm)

=
p̂
0
j f(Y

m,Zm|P = j)
PJ

k=1 p̂
0
kf(Y

m,Zm|P = k)
, (2.6)

where p̂
0
j 2 (0, 1) denote the prior probabilities which can be chosen arbitrar-

ily such that
PJ

j=1 p̂
0
j = 1. If we furthermore assume that the observations in

each time period are independent, the environmental state probabilities can
be estimated iteratively using (2.6):

p̂
m
j : =

p̂
0
j f(Y

m-1,Zm-1|P = j)f(Ym,Zm|P = j)
PJ

k=1 p̂
0
kf(Y

m-1,Zm-1|P = k)f(Ym,Zm|P = k)

= p̂
m-1
j f(Ym,Zm|P = j)

PJ
l=1 p̂

0
l f(Y

m-1,Zm-1|P = l)
PJ

k=1 p̂
0
kf(Y

m-1,Zm-1|P = k)f(Ym,Zm|P = k)

= p̂
m-1
j

f(Ym,Zm|P = j)
PJ

k=1 p̂
m-1
k f(Ym,Zm|P = k)

. (2.7)

Example 1. Consider the instance in which only the arrival intensities of the
claim processes are dependent on the state of the environment. Conditional
on the environmental state, the arrival intensity is fixed, i.e. P(�i = �ij | P =
j) = 1. Note that, conditional on the environmental state, the claims processes
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are independent.
Using (2.7) we find in this case:

p̂
m
j := P(P = j|Ym) =

p̂
0
j P(Ym|P = j)

PJ
k=1 p̂

0
kP(Ym|P = k)

= p̂
m-1
j

P(Ym = y
m|P = j)

P(Ym = ym)

=
p̂
m-1
j

Qn
i=1 e

-�ijt̄m�
ym
i

ij
PJ

k=1 p̂
m-1
k

Qn
i=1 e

-�ikt̄m�
ym
i

ik

.

Next, we include the influence of the environmental state on the claim size
distribution assuming exponentially distributed claims with rate ✓i. Condi-
tional on the environmental state the rate is fixed i.e. P(✓i = ✓ij | P = j) = 1.
This gives:

p̂
m
j =

p̂
m-1
j

Qn
i=1 e

-�ijt̄m�
ym
i

ij f(Zm
i = z

m
i |Ym

i = y
m
i ,P = j)

PJ
k=1 p̂

m-1
k

Qn
i=1 e

-�ikt̄m�
ym
i

ik f(Zm
i = zmi |Ym

i = ymi ,P = k)

=p̂
m-1
j

Qn
i=1 e

-�ijt̄m(�ij✓ij)
ym
i e

-✓ij
Pymi

l=1 zmil

PJ
k=1 p̂

m-1
k

Qn
i=1 e

-�ikt̄m(�ik✓ik)
ym
i e

-✓ik
Pymi

l=1 zmil

.

Note that this procedure only requires the total claim size over a time period
for each business line, i.e.

Pym
i

l=1 z
m
il .

The estimated probability distribution of the environmental factor charac-
terised by the probabilities p̂

m
j is denoted by P̂

m. After every time inter-
val (tm-1, tm] the Bayesian procedure described by formula (2.7) allows for
an update of the estimated probability distribution of P based on observed
claims during the time interval. As a result capital reserves can be recalcu-
lated based on this new estimation.
The estimation of the distribution retrieved from the Bayesian updating pro-
cedure, P̂m converges in probability towards the true distribution of P as m

goes to infinity. This result follows from Ghosal et al. (2000), Theorem 5.1. To
retrieve the true environmental state factor, it is important that the model is
identifiable, i.e. different parameter values correspond to different distribu-
tions of processes Xi. Example 3 in Section 2.4 shows what happens in case
this condition is not satisfied.
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2.3.2 Maximum likelihood calibration approach for environmental state dependence
under re-sampling

The previous subsection provided a calibration approach for an environmen-
tal state that is assumed not to be subject to change over time. In practice,
environmental influence and dependence can rarely be considered fixed over
time. The objective of this subsection is to outline a calibration procedure
to estimate the environmental state probabilities pj from observed claims in
case the environmental state factor is re-sampled each observation period at
random: during observation period (t0, t1] the environmental state is then
P1 2 A, throughout (t1, t2] the environmental state factor is P2 2 A, etc. In
this instance, the observed claims and claims sizes Y

m,Zm have a (poten-
tially) different underlying environmental state factor for different observa-
tion periods such that the Bayesian calibration approach outlined in the pre-
vious section has to be adjusted (formula (2.6) and (2.7) have to be adjusted)
in order to retrieve the distribution of the environmental state factor.

A maximum likelihood approach is adopted to retrieve an estimate of the
distribution probabilities pj. Define the maximum likelihood environmental
state over observation period t̄m as:

Ĵm : = arg max
j2{1,...,J}

f(Ym = y
m,Zm = z

m|P = j)

= arg max
j2J

nY

i=1

f(Ym
i = y

m
i ,Zm

i = z
m
i |P = j).

The probabilities p1, ..,pJ can be estimated after tm by

p̂
m
i :=

1

m

mX

k=1
Ĵk=i.

Consistency of the maximum likelihood estimates, i.e. convergence in proba-
bility of the estimates p̂

m
i towards to the true probabilities pi when m ! 1,

has been shown to hold under specific conditions. One of these conditions
concerns the identification of the model, to make sure that different param-
eter values necessarily correspond to different distributions. The remaining
conditions are more technical conditions on the probabilities pi and the like-
lihood function f(Ym = y

m,Zm = z
m|P = j) and are generally satisfied in

practice. We refer, e.g., to Section 5.5 in van der Vaart (1998) for a detailed
technical analysis of the consistency conditions.

The environmental factor distribution can be estimated iteratively:

p̂
m
i =

m- 1

m
p̂
m-1
i +

1

m Ĵm=i, 8i 2 {1, ..., J}.
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We have implemented the above calibration procedure for various examples
and obtained initial capital reserves u1, . . . ,un by solving the optimization
problems presented in Section 2.2.3. The next section presents the results.

2.4 numerical results

In this section, we do not only elaborate on the applicability of the capital
updating procedures derived in Sections 2.3.1 and 2.3.2 but also discuss pos-
sible extensions.
The examples in this section are inspired by the numerical set-up used in
Loisel (2005). We present four examples highlighting different features of the
capital updating procedure and the impact on the calibration of the envi-
ronmental state factor and optimized allocated initial capital reserves. The
examples of increasing complexity cover:

(i) the volatility and range of the calibration (and optimization) method
with respect to the simulation setting;

(ii) different parameter sets;

(iii) a changing environmental state factor; and

(iv) different claim size distributions.

All computations were done in R using an implementation (nmkb) of the
Nelder-Mead algorithm for the optimization procedure. Nelder-Mead uses
function values only, is robust and known to work well for non-differentiable
functions. Numerical integrals are evaluated using Simpson’s adaptive
quadrature method.

Example 2. (Volatility of the calibration and optimization method)

This example illustrates the volatility and range of the estimated environmen-
tal state factors as well as the allocated initial capital reserves. We do so by
simulating the process (in every run with a different simulation seed). Each
run results in a path for the estimated environmental state factor over time.
Comparing the output of the different runs, we observe that the convergence
of the calibration approach is not dependent on the simulation seed. We note
that this example is the only example in this chapter that comprises of multi-
ple simulation runs.

Similar to the setting introduced in Loisel (2005), we consider a business
model consisting of two lines of business (n = 2) and identify three differ-
ent states of the economy (J = 3). We assume the claims to be exponen-
tially distributed C

i ⇠ exp(✓i), similar to Example 1, and take premium rates
r1 = r2 = 1. In this first example of this section, the environmental state
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does not change over time. Initially, we also assume ✓i = 1 independent of
the environmental state. The influence of the environmental state factor on
the second business line, through the intensity of the claims process, is kept
constant using �21 = �22 = �23 = 0.6. The optimal allocation, therefore,
strongly depends on the claim intensity parameter of the first business line.
In the first state of the environment, �11 = 0.5 < �21, line of business 1 is
safer than line 2 by comparison of the claim intensities and therefore should
result in greater capital reserves for the second line of business. In the second
and third environmental state, business line 1 is more risky with intensities
�12 = 0.7 and �13 = 0.92, respectively. We denote this parametrization of the
claim intensities by � = (0.5, 0.6, 0.7, 0.6, 0.92, 0.6).

The environmental state factor is estimated using the Bayesian calibration
method presented in Section 2.3.1. The mean and sampled confidence interval
of the error of p̂

m with respect to the real environmental factor P = 1 (i.e.
(p1,p2,p3) = (1, 0, 0)) are presented in Figure 2.1(a) for t̄m = 1 and prior
distribution p̂

0 =
�
1
3 , 13 , 13

�
.

Figure 2.1. Mean and 95% confidence interval of absolute error of estimate environ-
mental state factor probabilities p̂

m = (p̂m1 , p̂m2 , p̂m3 ) with respect to the true envi-
ronmental state P = 1 and relative error of allocated û with µ = (1, 1, 1, 1, 1, 1) and
� = (0.5, 0.6, 0.7, 0.6, 0.92, 0.6) for 100 trials.

Reserves are allocated by solving minimization problem (2.4) using �m =
0.001|Sm| and fixed T = 1. We chose �m = 0.001, which is in the same order of
magnitude as the insurance and banking capital regulation thresholds, which
use a 0.5% and 0.1% confidence level, respectively. In Figure 2.1(b) the mean
error using the estimated environmental state probabilities (p̂1, p̂2, p̂3) has
been plotted as a fraction of the allocated capital reserves using the true
environmental state factor P = 1. We refer to this as the “error" of u. The
figure also shows the 95% confidence range of the allocated reserves (for 100
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optimization runs). As there is no influence of the environmental factor on
the reserve process of line 2, we observe no impact on the capital allocation
for this business line.

This example shows the convergence of the Bayesian calibration approach
towards the true environmental state and the convergence of the allocated
initial capital reserves towards the optimal capital reserves for both business
lines. This convergence holds for every random sample.

Example 3. (Different parameter sets) This example extends the previous ex-
ample by varying the claim arrival intensity and claim size parameters to
determine the impact of these parameters. Increased influence of the environ-
mental state factor on the claims arrival intensity and size, results in faster
convergence. Figures 2.2 and 2.3 show the estimates p̂

m and allocated initial
reserves for various sets of intensity and claim size parameters. (The same
random seed has been used for the different parameters sets to ensure for a
fair comparison.)

With respect to the previous example, the present example also includes de-
pendence of the claim size distribution on the environmental state factor. As
the graphs illustrate, this results in faster convergence. The stronger the de-
pendence of the capital reserve process on the environmental state (through
the claim intensity as well as the claim size), the more sensitive the capital
allocation. When the environmental states have the same impact on the claim
intensity and size, the environmental states are essentially indistinguishable
in the model, which can be observed in 2.2(d) and 2.3(d). This is a violation of
the identification condition for the convergence of the calibration procedure.
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Figure 2.2. Absolute error of estimate environmental process probabilities p̂
m =

(p̂m1 , p̂m2 , p̂m3 ) with respect to the true environmental state factor P = 1 for various
parameter sets.
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Figure 2.3. Relative error of allocated capital reserve û using the estimated environ-
mental state distribution p̂

m with respect to the allocated capital reserve using the
true environmental state factor P = 1 for various parameter sets.

Example 4. (Changing environmental state factor) In practical situations the en-
vironmental state factor is not necessarily constant. Therefore, we consider in
this example an instance where it changes over time. First, we introduce a sin-
gle change of the environmental state factor by switching the environmental
state from 1 to 2 after the 10th time interval. We show that the Bayesian cal-
ibration approach still converges to the true environmental state factor over
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time. Next, we introduce an environmental state factor that changes more
frequently over time by re-sampling the environmental state each observa-
tion period at random. In this case we apply the calibration method outlined
in Section 2.3.2 to find the true environmental state factor distribution. The
model set-up in this example is the same as in Example 2.

Figure 2.4 shows the results on the estimated p̂
m and allocated initial reserves

in case the environmental state factor switches from state 1 to 2 after 10 time
intervals of length 1. The Bayesian calibration approach converges towards
the new environmental state (P = 2) over time, see Figure 2.4(a).

Figure 2.4. Absolute error of estimate environmental process probabilities p̂
m =

(p̂m1 , p̂m2 , p̂m3 ) with respect to the true environmental state in case of a switch from
P = 1 to P = 2 after tm = 10 and relative error of allocated û with µ = (1, 1, 1, 1, 1, 1)
and � = (0.5, 0.6, 0.7, 0.6, 0.92, 0.6).

The objective of the calibration method might entail the fast convergence to-
wards the true environmental state or the earlier detection of a changing
environmental state. In some cases the updating procedure may have con-
verged towards the environmental state, and a change in the environmental
factor cannot be detected. Introducing a weighting function hw(·) : (0, 1) ! R

over the previous probability estimates p̂
m-1 in formula (2.7) may improve

the updating procedure. Dependent on your own objective it may increase
or decrease the convergence towards the true environmental state factor. A
straightforward example is the power-function: hw(p̂m-1

j ) = (p̂m-1
j )w for

some fixed constant w. In Figure 2.5 we show the impact of this weighting
function on the convergence of the estimated environmental state probabili-
ties p̂

m in case of a switch after 10 time intervals, as before. When choosing
w > 1, high probabilities carry more weight than in the case of no weighting.
For a time-independent environmental state this would result in faster con-
vergence towards the true state P = 1 and subsequently slower adaptation
to a potential switch in the environment. For w < 1, the convergence of the
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environmental state probabilities p̂
m towards the true state P = 1 is slower

than in case of no weighting. However, due to the slower convergence, the
new state P = 2 is recognized faster. Depending on how fast one wants to
recognize a new environment state, one might choose a specific weighting
function.

Figure 2.5. Impact of weighting function hw(p̂mj ) = (p̂mj )w on the absolute error
of estimate environmental factor probabilities and relative error of allocated capital
reserves as a function of w in case of a single switch in environmental state from
P = 1 to P = 2 at tm = 10. Parameters coincide with Figure 2.4.
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Next, we re-sample the environmental state factor each observation period
(length 1) from the true distribution p = (1/3, 1/3, 1/3). In this case the
Bayesian calibration approach cannot be applied and we make use of the
calibration approach outlined in Section 2.3.2. Figure 2.6 shows that the cali-
bration converges towards the true environmental state distribution. Further-
more, the initial capital reserves retrieved by solving optimization (2.4) differ
very little from the capital reserves allocated using the true environmental
state factor distribution.

The parameters used in the example are given by

µ =

 
1 0.65 0.4
1 0.65 0.4

!

and � =

 
0.50 0.70 0.92
0.92 0.70 0.50

!

,

where the (i, j)-th element in the matrices corresponds with µij and �ij, re-
spectively.

Figure 2.6. Estimated environmental factor probabilities p̂
m = (p̂m1 , p̂m2 , p̂m3 ) over

time and relative error of initial capital reserves û using the calibration approach in
Section 2.3.2.

Example 5. (Non-exponential claim size distributions) This example relaxes the
assumption of exponentially distributed claims by allowing for other claim
size distributions, thereby granting the model more flexibility. In the insur-
ance context the capital level has negative jumps (claims). By allowing nega-
tive claim sizes, the model could be used for firms that have uncertain incom-
ing cash flows (due to derivative investments for example). In this example
we assume a Gaussian distribution for these claim sizes, i.e. Ci ⇠ N(µi,�i).

No explicit expression exists for the finite time ruin probability for a risk pro-
cess with Gaussian distributed claims and therefore we use Arfwedson’s ap-
proximation to estimate these probabilities, see Appendix 2.A. The Bayesian
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calibration approach for the environmental state distribution outlined in for-
mula (2.7) is then given by:
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Our aim is to allocate capital reserves over 5 different business lines within
a firm when there are 5 different states of the environment. Consider ri = 1,
µi = 1, �i = 1, for all business lines i and introduce environmental state
dependence on the claim intensity by setting

� =

0

BBBBBBB@

0.709 0.544 0.609 0.536 0.580
0.611 0.537 0.588 0.541 0.725
0.730 0.601 0.636 0.620 0.691
0.639 0.605 0.638 0.713 0.591
0.637 0.615 0.600 0.623 0.740

1

CCCCCCCA

.

Figure 2.7 shows the results for the estimates p̂
m. The true environmental

state used in this example is P = 1 with observation periods of length 1 and
prior distribution p̂

0 =
�
1
5 , 15 , 15 , 15 , 15

�
. The figure shows the fast convergence

towards the true environmental state. In general, we observe faster conver-
gence of the Bayesian calibration approach when there are more business
lines due to the fact that we then have more observations each observation
period (one for each business line).
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Figure 2.7. Convergence of absolute error of estimate environmental factor probabili-
ties p̂

m = (p̂m1 , p̂m2 , p̂m3 , p̂m4 , p̂m5 ) with respect to the true environmental state P = 1.

Capital reserves are allocated by solving two different minimization prob-
lems: minimization problem (2.4) with constraints on the ruin probability of
all business lines in a subset, ⇡m as in Equation (2.2), and problem (2.4) with
constraints on the probability of ruin of at least one business line in the subset,
⇡̄m as in Equation (2.3). The results are depicted in Figure 2.8(a) and 2.8(b),
respectively. (In line with the previous example, we have used constraints
�m = 0.001|Sm|.) Constraining the probability of ruin of all business lines
in a subset, the optimal allocated initial capital reserves u (in case the envi-
ronmental state is known) are given by (20.620, 14.553, 22.507, 15.985, 15.869).
Putting a constraint on the probability of ruin of at least one business line in a
subset leads to optimal allocated initial capital reserves u of (116.173, 150.040,
, 119.690, 83.281, 108.053).
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Figure 2.8. Convergence of the relative error of allocated û using the estimated envi-
ronmental state distribution p̂

m with respect to the allocated capital reserve using the
true environmental state factor P = 1.

Remark 1. During our numerical study we have made some general obser-
vations concerning the calibration of the environmental state factor and the
optimization of the initial capital reserves. These observations include the
faster convergence when defining more business lines. This property also ap-
plied when there is a more pronounced impact of the environmental state on
the claims intensity and claim size. As shown in Example 1, assuming expo-
nentially distributed claims the Bayesian calibration procedure only requires
the total number of claims and claim sizes (sum of all claim sizes) per busi-
ness line for each observation period. We do not need the exact size or timing
of each individual claim.

Furthermore, Figure 2.9 shows that the ruin probabilities of the business lines
under each environmental state, calculated using Proposition 1, are convex
in u. By definition, we then have a convex optimization problem (2.4) and
a global minimum in u must satisfy the Karush-Kuhn-Tucker (KKT) condi-
tions.
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Figure 2.9. Ruin probabilities as a function of the initial reserve u for µ = (1, 1, 1, 1, 1, 1)
and � = (0.5, 0.6, 0.7, 0.6, 0.92, 0.6).

2.5 conclusion and outlook

A multi-dimensional insurance risk model has been introduced for the pur-
pose of allocating capital reserves across different lines of business within a
firm. The individual risk process of each business line is given by the Cramér-
Lundberg model. To model dependence between different business lines, we
have introduced a common environmental factor. Due to the unobservable na-
ture of this factor, we have presented a novel Bayesian approach to calibrate
the latent environmental state distribution based on the claim processes and
adapted the approach for an environmental state factor that is re-sampled
each observation period. The convergence of these calibration approaches
towards the true environmental state distribution has been deduced from
known results. Appropriate initial capital reserves are found by solving a
constraint optimization problem. Allocation of the capital reserves over the
business lines follows as a result from the optimization itself. Numerical ex-
amples illustrating the capital allocation technique and Bayesian calibration
of the environmental state factor have been presented. We did not only elab-
orate on the applicability of the derived capital updating procedure but also
discussed possible ways of extending the procedure. This includes the possi-
ble use of a weighting function to improve the updating procedure.

We have considered an environmental factor changing over time by re-sam-
pling the factor each observation period. While it is difficult to predict when a
change in environment might occur, the environmental state factor is unlikely
to be re-sampled (independently) each observation period. This would argue
in favor of a Markov environmental factor in which the time spent in an
environmental state is exponentially distributed. Under this assumption, the
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current set-up becomes increasingly more complicated, and one would most
likely have to resort to numerical approaches to sample the multivariate risk
process, similar to the works performed in Loisel (2004, 2007a,b). This area of
interest is marked for future research.

2.a arfwedson approximation

Proposition 2. (Arfwedson Approximation)
For ui > 0 define ↵i and �i as the solution to:
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Proof. The proof follows immediately from Arfwedson (1955) (Scheme I on
page 78) and the Cramér-Lundberg expression for infinite time ruin probabil-
ities.

In Figure 2.10 we present the performance of the Arfwedson approximation
for exponential claims with respect to the numerically evaluated integral ex-
pression presented in Proposition 1 for various parameter sets. It can be ob-
served that the Arfwedson approximation improves in accuracy whenever
the initial capital u or the time horizon tends to be large, as expected.
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Figure 2.10. Ruin Probabilities calculated using Arfwedson’s approximation and the
numerical integral of Proposition 1 for various parameter sets



3 A R U I N M O D E L W I T H A R E S A M P L E D
E N V I R O N M E N T

This chapter considers a Cramér-Lundberg risk setting similar to the previous
chapter in which the risk process is influenced by an independent risk factor
process. In particular, the components of the risk process are influenced by
the risk factor process. In the insurance context, these components could be
thought of as the claim arrival rate, the claim-size distribution, and the pre-
mium rate. The risk factor process which influences the components of the
model changes over time (with a finite number of possibilities) as opposed
to the risk factor considered in the previous chapter. At Poisson epochs, the
model components are resampled from a finite number of d settings. We
extend the classical Cramér-Lundberg approximation (asymptotically charac-
terizing the ultimate ruin probability) to this more general set-up. In addition,
we find an explicit uniform bound on the ruin probability. In passing we pro-
pose an importance-sampling algorithm facilitating efficient estimation, and
prove it has bounded relative error. In a series of numerical experiments we
assess the accuracy of the asymptotics and bounds, and illustrate that neglect-
ing the resampling can lead to substantial underestimation of the risk. This
chapter is based on Constantinescu et al. (2020).

3.1 introduction

Risk theory focuses on analyzing models that describe an insurer’s vulnera-
bility to ruin. Starting from the seminal works by Cramér (1930) and Lund-
berg (1903, 1926) a substantial research effort has been spent on determining
the ruin probability in a broad range of risk models. In the basic model, inde-
pendent and identically distributed claims are assumed to arrive according
to a Poisson process, whereas premiums arrive at a constant rate. The ruin
probability is the probability that the capital surplus drops below 0.

After the above mentioned pioneering papers, various extensions and gen-
eralizations have been considered to make the model more realistic. In this
respect, multiple directions can be distinguished. Without pursuing to pro-
vide a complete overview, we include a brief account of a few important
branches. In the first place, the classical model has been extended to include
time-dependent ruin, i.e. ruin before a specified point in time; see e.g. (As-
mussen and Albrecher, 2010, Ch. V). Secondly, the assumption of the cumu-
lative claim process being of compound Poisson type has been generalized

37



38 a ruin model with a resampled environment

to that of compound Poisson perturbed by diffusion Dufresne and Gerber
(1991); Gerber (1970), and later to that of (spectrally one-sided) Lévy input;
see e.g. (Asmussen and Albrecher, 2010, Ch. X and XI) and Kyprianou (2006).
Thirdly, returns on investment have been included, and also level-dependent
risk models have been considered; see e.g. (Asmussen and Albrecher, 2010,
Ch. VIII) and Albrecher et al. (2013). A major other branch in the literature
focuses on computing or approximating ruin probabilities for specific claim-
size distributions; see for instance Constantinescu et al. (2018) for the case
of Gamma claims and Ramsay (2003) for the case of heavy-tailed claims. Fi-
nally, we mention the direction of research in which the effect of specific
dependence structures is assessed; see e.g. Constantinescu et al. (2013) and,
for an overview, (Asmussen and Albrecher, 2010, Ch. XIII). We also refer to
Embrechts et al. (1997); Kyprianou (2013); Rolski et al. (2009) for further back-
ground on risk theory in general.

More often than not, in the models that have been considered the correspond-
ing model primitives (in terms of parameters and distributions) are fixed. For
instance in the classical Cramér-Lundberg model a specific claim arrival rate,
premium rate, and claim-size distribution are held constant, in the sense that
they cannot change over time. In reality, however, this is typically not valid:
as a consequence of various ‘external circumstances’ the model primitives
may fluctuate. In this context one could think of exogenous factors affecting
the claim arrival process, such as the state of the economy, the political situ-
ation, weather conditions, and policy regulations. Neglecting the parameter
uncertainty (by using the conventional Cramér-Lundberg model with time-
averaged parameters) could evidently lead to a substantial underestimation
of the risk.

An intuitively appealing mechanism to introduce parameter uncertainty is to
periodically resample them. A very basic example of such a model would
be an adaptation of the classical Cramér-Lundberg framework, in which (say
every day, week or month) the arrival rate is resampled from a given distri-
bution. Evidently, in principle also the other model primitives (i.e., premium
rate and claim-size distribution) can be periodically resampled. In Heemskerk
et al. (2017), for a different class of models, a similar mechanism to introduce
parameter fluctuations has been proposed.

In this chapter we consider the set-up in which the claim arrival process is
a spectrally one-sided Lévy process, thus covering the frequently used com-
pound Poisson case. The special feature concerns the resampling mechanism
described above: after exponentially distributed times, the Laplace exponent
of this driving Lévy process is resampled from a set of d 2 N possible set-
tings. There is a connection between this model and the one in which the
claim arrival process is a so-called Markov additive process (MAP), see (As-
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mussen and Albrecher, 2010, Ch. VII). Importantly, due to our specific resam-
pling mechanism that we impose in this chapter, the results we obtain are
relatively explicit (compared to their counterparts under a MAP claim arrival
process). Throughout this chapter we assume the claim-size distributions are
light-tailed (in line with what is assumed in the classical Cramér-Lundberg
framework). We refer to Albrecher et al. (2011); Jordanova et al. (2017) for
related papers, the crucial difference with our set-up being that in Albrecher
et al. (2011); Jordanova et al. (2017) the arrival rate is random but sampled
just once, whereas in our set-up in principle the full Laplace exponent of the
cumulative claim process is random and resampled on a periodic basis.

The main contributions of this chapter are the following. (i) In the first place,
for an initial capital reserve level u, we identify the exact asymptotics of the
ruin probability in the regime that u grows large. This result can be seen
as the counterpart of the Cramér-Lundberg asymptotics for our resampling
model. (ii) In the second place, restricting ourselves to the situation that
the driving Lévy processes are sums of Brownian motions and compound
Poisson processes, we find an explicit upper bound on the ruin probability
that is uniform in u > 0. This bound can be seen as an extension of Lund-
berg’s inequality. In this context it is important to note that it is not required
that the Lévy processes be spectrally one-sided. (iii) In passing we propose
an importance-sampling algorithm that facilitates the efficient estimation of
small ruin probabilities. We prove that the relative error of this procedure is
bounded. As a result, to obtain an estimation of a given precision, the number
of runs needed for this is hardly affected by the value of u. (iv) We conclude
this chapter by a series of numerical experiments, in which we systematically
assess the accuracy of the asymptotics and bounds. An important observation
is that neglecting the resampling (by using the Cramér-Lundberg model with
time-averaged parameters) typically leads to a significant underestimation of
the risk.

This chapter is organized as follows. Section 3.2 provides a formal model
description and some preliminaries. Then in Section 3.3 the exact asymptotics
are established. Section 3.4 presents the counterpart of Lundberg’s inequality,
together with the importance-sampling algorithm. Numerical examples are
provided in Section 3.5; this section also provides explicit expressions for the
asymptotics and bounds in case the number of environmental states d equals
2.

3.2 model and preliminaries

In this section we introduce our resampling model, and provide prelimi-
naries. In our model, the risk process is expressed in terms of a spectrally-
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positive Lévy process, whose characteristics are resampled at Poisson epochs.
Spectrally-positive Lévy processes are Lévy processes with only positive jumps.

3.2.1 Model

We start by constructing the net cumulative claim process X(·). To this end, we
first introduce spectrally-positive scalar-valued Lévy processes Xi(·) for i =
1, . . . ,d, where we assume that Xi(0) = 0. These processes are characterized
by their respective Laplace exponents '1(·) up to 'd(·), meaning that, for
↵ > 0,

log E exp(-↵Xi(1)) = 'i(↵);

see e.g. Kyprianou (2006). The Laplace exponent corresponding to the i-th
spectrally-positive Lévy process is necessarily of the form

'i(↵) = ↵di +
1
2↵

2
�
2
i +

Z1

0
(e-↵x - 1+↵x1{x<1})⇧i(dx);

here the first term corresponds to a deterministic drift, the second term to
a Brownian motion, and the third part to the process’ (inherently positive)
jumps. Regarding this third part, ⇧i(·) is often referred to as the Lévy mea-
sure, and satisfies

R1
0 min{x2, 1}⇧i(dx) < 1. If

R1
0 ⇧i(dx) < 1 the jump part

is of compound Poisson type. In a standard ruin-theoretic setting the pro-
cesses Xi(·) would correspond to compound Poisson processes (representing
the cumulative claim process) from which a deterministic drift is subtracted
(the incoming premiums). Observe however that the framework we consider
is significantly richer: the processes Xi(·) could contain a Brownian compo-
nent, and also increasing ‘small-jumps processes’ (such as the Gamma pro-
cess or the Inverse Gaussian process) can be included (Kyprianou, 2006, Sec-
tions 1.2.4–1.2.5).

We now construct our resampling model. Let Tn be the jump epochs of a
Poisson process with rate q > 0; we set T0 := 0. At these epochs with
probability pi 2 [0, 1] the i-th of the above-mentioned d Lévy processes is
picked, with the pi summing to 1. Let Jn 2 {1, . . . ,d} be the index of the
Lévy process that was picked between Tn and Tn+1, and set J(t) = Jn when
t 2 [Tn, Tn+1). Then we recursively define the cumulative claim process by,
for t 2 [Tn, Tn+1),

X(t) := X(Tn) +
�
XJn(t)-XJn(Tn)

�
.

In a ruin context, we let u-X(t) represent the capital surplus at time t, given
the initial reserve was u > 0. This means that the all-time ruin probability
can be expressed as the probability that X(t) > u for some t > 0. This is the
probability that we will study in this chapter.
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Define the all-time maxima

X̄ := sup
t>0

X(t), X̄d := sup
n2N0

X(Tn);

in other words, Xd is the all-time maximum, but restricted to jump epochs of
the background process. We work in the sequel with

⇡(u) := P(X̄ > u) = P(9t > 0 : X(t) > u),
⇡d(u) := P(X̄d > u) = P(9n 2 N0 : X(Tn) > u).

It is clear that X̄ > X̄d, so that ⇡(u) > ⇡d(u).

Throughout this chapter we assume a negative drift, so that the events un-
der consideration are increasingly rare as u grows large. This negative drift
assumption entails that we require

 :=
dX

i=1

pi'
0
i(0) > 0. (3.1)

In addition, in this work we assume that we are in the light-tailed setting,
meaning that for all i 2 {1, . . . ,d} the Laplace exponent 'i(↵) is finite for ↵
in an open neighbourhood of the origin. In the d = 1 case, this is in line with
what was assumed to obtain the traditional Cramér-Lundberg asymptotics.

The claim arrival processes X(·) covers a resampled compound Poisson pro-
cess as a special case. Then we can write the Laplace exponent of the i-th
Lévy process (i.e., Xi(·)) as

'i(↵) = ri↵- �i + �ibi(↵),

where ri is the deterministic drift, �i the claim arrival rate, and bi(·) the
Laplace transform of the claim sizes.

3.2.2 Preliminaries

In this chapter the focus lies in particular on the above probabilities’ exact
asymptotics (and related upper bounds) in the light-tailed domain. It is not
hard to guess what the decay rate of the tail is. In the first place, one would
expect that the logarithmic asymptotics of ⇡(u) and ⇡d(u) match (this we
later prove). Secondly, observe that (X(Tn))n2N is a random walk; the incre-
ments Yn := X(Tn)- X(Tn-1) (for n 2 N) are independent and identically
distributed (say, as a generic random variable Y). For this setting it is well-
known Korshunov (1997) that

lim
u!1

1

u
log⇡d(u) = -!?,
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with !? the unique positive root of E e!Y = 1. This means that !? solves

dX

i=1

pi

Z1

0
qe-qte'i(-!) tdt =

dX

i=1

pi
q

q-'i(-!)
= 1 (3.2)

(where it is implicit that !? is such that q > 'i(-!
?) for all i 2 {1, . . . ,d}).

The existence of the root !? is assumed; it implies that there are ↵ < 0 such
that 'i(-↵) is finite (for all i 2 {1, . . . ,d}), which means that we are in the
regime that the upward jumps of Xi(·) are light-tailed; cf. e.g. (Dȩbicki and
Mandjes, 2015, Section 8.1).

Actually, the precise asymptotics of ⇡d(u) have been identified already. Re-
calling that X(Tn) can be written as the sum of n independent and identically
distributed increments Y1 up to Yn, the exceedance probability ⇡d(u) can be
interpreted as the probability that a random walk with negative drift (cf. con-
dition (3.1)) and light-tailed increments ever exceeds level u. For this setting
in e.g. Korshunov (1997) a positive constant � is found that ⇡d(u) e!?u ! �.
As these exact asymptotics of ⇡(u) have not been identified so far, it is one
of the main objectives of this chapter to derive these; see Section 3.3. Another
objective concerns a uniform upper bound on ⇡(u); see Section 3.4.

3.3 asymptotics

In order to identify the exact asymptotics of ⇡(u), we first verify that our
model actually corresponds to the maximum value attained by a specifically
chosen Markov additive process (in the sequel abbreviated to MAP); see e.g.
(Dȩbicki and Mandjes, 2015, Section 11.4). To this end, recall that a MAP
behaves as a Lévy process Xi(·) whenever the background process J(·) (whose
transition rate matrix we denote by Q = (qij)

d
i,j=1) is in state i 2 {1, . . . ,d}.

Let us construct the matrix Q, by considering the transition rates from state
i. Observe that the process J(·) stays for an exponential amount of time (with
rate, say, q̄i) in i; after this time, it jumps to state j 6= i with probability
pj/(1- pi). The parameter q̄i can be determined by computing the Laplace-
Stieltjes transform of the time spent in state i, say ⌧i. We obtain

E e-↵⌧i =
1X

k=1

p
k-1
i (1- pi)

✓
q

q+↵

◆k

=
(1- pi)q

↵+ (1- pi)q
,

from which we conclude that ⌧i is exponentially distributed with parameter
q̄i = (1- pi)q. We thus observe that qij = q̄j · pj/(1- pi) = qpj for i 6= j,
whereas qii = -q̄i. We thus arrive at

Q = qep> - qId, (3.3)
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with e an all-ones vector and Id the d-dimensional identity matrix. The con-
clusion is that our process X(·) corresponds to a MAP with the transition rate
matrix Q given by (3.3), and state-dependent Laplace exponents 'i(·) for
i 2 {1, . . . ,d}. In the sequel, we use that X(·) has a MAP-representation (with
a specific parameter choice). In particular we make use of the fact that for
this setting the Laplace transform of X̄ is known; the fact that our Q-matrix
is the sum of a multiple of the identity matrix and a rank-one matrix turns
out to be a useful property.

3.3.1 Transform of X̄

In this subsection we provide the Laplace transform of X̄, and show how this
can be simplified, owing to the special structure of the matrix Q.

Define �(↵) := diag{'1(↵), . . . ,'d(↵)} and �̄(↵) = -qId +�(↵). We can
now introduce

M(↵) = Q+�(↵) = qep> - qId +�(↵) = qep> + �̄(↵),

which can be seen as a ‘matrix-valued Laplace exponent’ in the sense that,
for any i, j 2 {1, . . . ,d},

E
�
e-↵X(t)

1{J(t)=j} | J(0) = i
�
= (eM(↵)t)i,j,

where we have used similar notation as in Ivanovs et al. (2010). By a Perron-
Frobenius based argumentation, one can show that the eigenvalue of M(↵)
with largest real part, which we denote by µ(M(↵)), is actually real (where
we note that in our specific setting we argue below that all d eigenvalues are
real). It thus follows that

lim
t!1

1

t
log Ee↵X(t) = µ(M(↵)).

Due to the fact that this concerns a limiting logarithmic moment generating
function, we thus conclude that µ(M(↵)) is a convex function of ↵.

The Laplace transform of X̄ in ↵ can also be expressed in terms of this ma-
trix M(↵). More specifically, as can be found in e.g. (Dȩbicki and Mandjes,
2015, Eqn. (11.1)), there is the following ‘matrix counterpart’ of the celebrated
Pollaczek-Khinchine formula:

E e-↵X̄ = ↵ `> (M(↵))-1e,

for a vector ` determined in e.g. D’Auria et al. (2010); Dieker and Mandjes
(2011).
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Remark 2. In D’Auria et al. (2010) a compact representation for the vector ` is
given. We provide a brief account of this representation here. First, split the d back-
ground states as follows. Let for states i 2 {d-d

-+ 1, . . . ,d} the Lévy process Xi(·)
correspond to a decreasing subordinator; obviously, in these states the process X(·)
cannot cross the level u (if there are no states corresponding to decreasing subordina-
tors, we put d- := 0). In the other states, corresponding to i 2 {1, . . . ,d- d

-}, the
level u can be crossed.

Now consider
⌘(v) := inf{t > 0 : -X(t) > v},

as a process in v > 0. As argued in e.g. D’Auria et al. (2010), (⌘(v), J(⌘(v))v>0

is a MAP, with J(⌘(v)) attaining values in {1, . . . ,d - d
-}. Let ⇡̄ be the (d -

d
-)-dimensional invariant probability measure pertaining to the Markov process

(J(⌘(v))v>0. Then the vector ` is such that `> =  (⇡̄>, 0>), with the scalar  > 0

as in (3.1). ⇤

Interestingly, due to the fact that M(↵) is the sum of a rank-one matrix and a
diagonal matrix, one can characterize its eigenvalues by applying the follow-
ing nice (and well-known) idea. To this end, we can write

det(M(↵)- ✓Id) = det(�̄(↵)- ✓Id)det(Id + (�̄(↵)- ✓Id)
-1

qep>).

For A of dimension m⇥ n, and B of dimension n⇥m, we have det(Im -
AB) = det(In -BA). We thus conclude that

det(M(↵)- ✓Id) = det(�̄(↵)- ✓Id)det(Id + p>(�̄(↵)- ✓Id)
-1

qe)

= det(�̄(↵)- ✓Id)

 

1- pi

dX

i=1

q

q-'i(↵) + ✓

!

.

For a fixed ↵, the eigenvalues ✓1(↵), . . . , ✓d(↵) can be found as the solutions
to

1

q
=

dX

i=1

pi
1

q-'i(↵) + ✓
=:  ↵(✓).

With ⇥(↵) := diag{✓1(↵), . . . , ✓d(↵)}, using standard machinery from linear
algebra we get for a matrix S(↵) that

E e-↵X̄ = ↵`>S(↵)(⇥(↵))-1
S
-1(↵)e, (3.4)

under the familiar regularity conditions regarding the multiplicities of the
eigenvalues. In principle we have now a unique characterization of X̄, and
hence also, albeit in implicit terms, a way of computing ⇡(u). In general this
requires numerical inversion, for which there are various algorithms avail-
able; see e.g. Abate and Whitt (1995b); Den Iseger (2006). In an alternative



3.3 asymptotics 45

approach, applicable if the jump parts of the Lévy processes correspond to
compound Poisson processes with phase-type jumps, one expands (3.4) in
terms of a ratio of two polynomials in ↵, which can be expressed in terms
of a transform of a phase-type random variable by e.g. performing partial
fraction expansions; see for instance Cheung and Landriault (2009). In this
section we have another objective: we use knowledge of the transform of X̄ to
identify the corresponding tail asymptotics.

Remark 3. A standard fact from linear algebra is that the columns of S(↵) contain
the right eigenvectors of M(↵). If the eigenvalues ✓1(↵) up to ✓d(↵) have been
found, these can be easily expressed in terms of these eigenvalues. Suppose ✓ is such
an eigenvalue. Then the eigenvector x satisfies M(↵)x = ✓x, or, equivalently, for
j 2 {1, . . . ,d},

qp>x- qxj +'j(↵) xj = ✓xj.

We conclude that
xj

xi
=

q-'i(↵) + ✓

q-'j(↵) + ✓
,

so that we can pick xi = (q-'i(↵) + ✓)
-1. ⇤

3.3.2 Tail asymptotics

The idea is to rely on the Heaviside recipe (Dȩbicki and Mandjes, 2015, Recipe
8.1) to find the tail behaviour. To this end we first have to identify the right-
most pole on the negative halfline. The poles are the values of ↵ < 0 for
which one of the ✓i(↵) equals 0.

To study the behaviour of the poles, first observe that  0(0) = 1/q, so for
↵ = 0 all d roots equal 0. Now pick a negative value of ↵, and let the bijection
b(i,↵) relabel the 'i(↵) such that, with

'̄i(↵) := 'b(i,↵)(↵)- q,

the '̄i(↵) are increasing in i. Then, using the shape of  ↵(✓), it is easily
argued that one eigenvalue is larger than '̄d(↵), and that for i = 1, . . . ,d- 1

there is one of the eigenvalues ✓j(↵) in each of the intervals ('̄i(↵), '̄i+1(↵)),
as illustrated in Fig. 3.1; to this end, observe that

lim
✓"'̄i(↵)

 ↵(✓) = -1, lim
✓#'̄i(↵)

 ↵(✓) = 1,

and
lim
✓!-1

 ↵(✓) = lim
✓!1

 ↵(✓) = 0.
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✓

 ↵(✓)

Figure 3.1. For a given value of ↵, a plot of  ↵(✓) as a function of ✓. It illustrates the
statement on the locations of the eigenvalues. The red vertical lines correspond to the
poles '̄i(↵). The dotted horizontal line is at level 1/q.

In this argumentation it is tacitly assumed that the '̄i(↵) are different, but
the reasoning followed extends in an obvious way to the case that some are
equal.

Denote ✓̄(↵) := maxi=1,...,d ✓i(↵), which equals the µ(M(↵)) we introduced
earlier. As we observed above, ✓̄(0) = 0.

� First consider the case of ↵ = -✏ in the regime ✏ # 0. It is readily see
that we are faced with the equation, putting ✓ = �✏ (so that � = -✓̄ 0(0)),

1

q
=

dX

i=1

pi
1

q+ ✏' 0
i(0) + �✏+O(✏2)

=
1

q

dX

i=1

pi

✓
1-

'
0
i(0) + �

q
✏

◆
+O(✏2).

This leads to

� = -
dX

i=1

pi'
0(0),

which we know is negative due to the drift condition (3.1). Conclude
that ✓̄(↵) < 0 for small negative ↵.

� We assume 'i(↵) ! 1 as ↵ ! -1 for at least one i (to avoid trivial
cases). As we know that there is one eigenvalue larger than '̄d(↵), we
conclude that for ↵ below some negative threshold, ✓̄(↵) > 0.

� Recall that, from the interpretation of ✓̄(↵) as the limiting log moment
generating function µ(M(↵)), we know it is convex; see Figure 3.2.

As a consequence of these observations, we now conclude that the ‘rightmost
pole on the negative halfline’ is well defined, and characterized as

!
? := - sup{↵ < 0 : ✓̄(↵) = 0},
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↵

✓̄(↵)

Figure 3.2. The function ✓̄(↵) = µ(M(↵)).

which solves (3.2).

Now that we have identified the rightmost pole on the negative halfline, we
are in a position to apply the Heaviside approach. To this end, we first note
that

⇣(↵) :=

Z1

0
e
-↵u

⇡(u)du =
1

↵

�
1- E e-↵X̄

�
=

1

↵
- `>S(↵)(⇥(↵))-1

S
-1(↵)e.

We introduce
i
? := arg max

i=1,...,d
✓i(-!

?),

which is the index of the eigenvalue that corresponds to the pole in -!?.
Now define

A := lim
↵#-!?

(↵+!?) ⇣(↵).

Then the Heaviside principle entails that

⇡(u)e!
?u ! A = -`>S(-!?)

✓
lim

↵#-!?
(↵+!?)(⇥(↵))-1

◆
S
-1(-!?)e.

Denote by u the i
?-th column of S(-!?) and by v the i

?-th row of S-1(-!?).
Then

A = -
�
`>u

��
v>e

� 1

✓ 0i?(-!
?)

. (3.5)

By Remark 3, we have ui = (q-'i(-!
?))-1.

As pointed out in e.g. (Abate and Whitt, 1995a, Section 3), the Heaviside
recipe can be rigorously justified in some cases, but remains to be in oth-
ers; we refer to e.g. (Doetsch, 1974, p. 254) and (Abate et al., 1994, Sections
3 and 5) for in-depth technical discussions. Importantly, for the case of the
maximum of a spectrally-positive Lévy process (without resampling, that is),
it is argued in (Dȩbicki and Mandjes, 2015, Section 8.1) that applying the
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Heaviside recipe to the generalized Pollaczek-Khinchine formula Zolotarev
(1964) indeed yields the correct exact asymptotics; these asymptotics were
derived in e.g. Bertoin and Doney (1994), and can be seen as the extension
of the classical Cramér-Lundberg asymptotics to the case that the Lévy pro-
cess is spectrally-positive. For our model we also assume that the use of the
Heaviside recipe is justified.

The above leads to the following generalization of the classical Cramér- Lund-
berg asymptotics.

Theorem 1. As u ! 1, ⇡(u) e!?u ! A, with A given by (3.5).

Corollary 1. The probabilities ⇡(u) and ⇡d(u) are asymptotically proportional, in
that their ratio tends to a positive constant as u ! 1.

Remark 4. In the literature, results related to Thm. 1 have appeared. We refer to e.g.
(Asmussen and Albrecher, 2010, Thm. 3.7) for a setting covering the Lévy processes
being compound Poisson processes.

3.4 uniform bound, change-of-measure , importance sampling

An intrinsic drawback of the asymptotics presented in the previous section
is that they apply for large u only; in addition, no explicit error bounds are
provided. As a result, we do not know how accurate (for a given value of u)
the approximation ⇡(u) ⇡ A e-!?u is. This observation motivates the interest
in searching for an upper bound that holds uniformly in u. Here it is noted
that, with the application in ruin theory, determining the initial capital level
using an upper bound on ⇡(u) has the attractive feature that it leads to a ‘safe’
policy. The main finding of this section is an upper bound on ⇡(u) which is
proportional to e-!?u, with the constant !?

> 0 as defined before (i.e., as
the solution of E e!Y = 1). The bound can be seen as an extension of the
classical Lundberg’s inequality (Asmussen and Albrecher, 2010, Thm. IV.5.2)
to our model with resampling.

Our proof, leading to the uniform upper bound in Thm. 2, is based on a
change-of-measure argument. As a result, the reasoning also reveals in pass-
ing how importance sampling can be performed. In Thm. 3 we show that the
importance procedure proposed is endowed with bounded relative error.

In this section, we consider the situation that the driving Lévy processes
are sums of Brownian motions and compound Poisson processes (i.e., do not
include components with infinitely many ‘small jumps’); at the same time, we
lift the assumption that the processes Xi(·) be spectrally positive. In practical
terms, the fact that our Lévy processes are not allowed to have a small jumps
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part is not a real restriction. As pointed out in (Dȩbicki and Mandjes, 2015,
Ch. X), in simulation one could approximate the small jumps components by
appropriately chosen Brownian motions, based on results in e.g. Asmussen
and Rosiński (2001).

Define ⌧(u) := inf{t > 0 : X(t) > u}, such that ⇡(u) = P(⌧(u) < 1). We
proceed by analyzing this probability under a particular alternative measure
Q, defined as follows. The measure Q is constructed such that (in self-evident
notation), with Y as defined before,

EQe!Y =
E e(!+!?)Y

E e!?Y
= E e(!+!?)Y ,

where the second equality is by the definition of!?. Rewriting the right-hand
side of the previous display as

dX

i=1

pi
q

q-'i(-!?)

✓
q-'i(-!

?)

q-'i(-!?)-'i(-!-!?) +'i(-!?)

◆
,

and comparing with (3.2), we observe that we should choose, for i 2 {1, . . . ,d},

p
Q
i := pi

q

q-'i(-!?)
, q

Q
i := q-'i(-!

?), '
Q
i (·) := 'i(· -!?)-'i(-!

?),

with the superscript Q denoting that the parameters correspond to the new
measure.

We now detail how the parameters of the Brownian motions and compound
Poisson processes should be adapted under Q. We can write the Laplace
exponent of the i-th Lévy process (under the original measure) as

'i(↵) = ri↵+ 1
2�

2
i↵

2 - �i + �ibi(↵),

where ri is the deterministic drift, �2i the variance pertaining to the Brownian
motion, �i the claim arrival rate, and bi(·) the Laplace transform of the claim
sizes (where, as mentioned above, negative claims are allowed). We note that
'

Q
i (·) is (Dȩbicki and Mandjes, 2015, Section 10.2) the Laplace exponent of a

Lévy process (exponentially twisted with parameter !?, that is); actually it
is a sum of a Brownian motion and a compound Poisson process. It takes a
minor computation to verify that 'Q

i (·) = 'i(· -!?)-'i(-!
?) translates

into (in self-evident notation)

r
Q
i = ri -!

?
�
2
i , �

Q
i := �ibi(-!

?), b
Q
i (·) :=

bi(· -!?)

bi(-!?)
,

where �2i remains unchanged.
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Observe that (i) due to the definition of !? the pi s sum to 1, (ii) qQ
i > 0 for

all i 2 {1, . . . ,d} (recall that !? is such that q > 'i(-!
?)). Note that under

Q the times spent in the states 1 up to d are still exponential, but now with
a state-dependent parameter (whereas this parameter was state-independent
under P); informally, the measure Q increases the preference for states under
which ruin is relatively likely.

Due to the convexity of moment generating functions,

EQY =
d

d!
EQe!Y

����
!=0

=
d

d!
E e(!+!?)Y

E e!?Y

�����
!=0

=
d

d!
E e(!+!?)Y

����
!=0

> 0,

which implies that Q(⌧(u) < 1) = 1. In other words, we have constructed
a new measure under which the event under consideration happens almost
surely. We thus find the identity (Asmussen, 2003, Section XIII.3)

⇡(u) = P(⌧(u) < 1) = EQL,

where L is the likelihood ratio (under P, relative to Q, that is) corresponding
to the trajectory of the stochastic process X(·) until u has been reached (i.e.,
time ⌧(u)). One could write

L =
dP

dQ

�
(X(t))t2[0,⌧(u)]

�
.

The next observation is that u is (first) reached either (i) due to Brownian
motion attaining the value u in between two consecutive claim arrivals, or
(ii) due to a claim arrival. Supposing that at some point in time the back-
ground state is i, the time till either a change of the background state or
a claim arrival is exponential with parameter f

Q
i := �

Q
i + q

Q
i (which used

to be fi := �i + q under the original measure). The increment of the process
(Xt)t>0 in this interval can be written as the sum of three independent terms:

� In the first place there is the maximum attained by the Brownian motion
in the interval. This is a positive term, that is exponentially distributed
(under Q, that is) with parameter

↵
Q
i,+ :=

q
(rQ

i )
2 + 2f

Q
i �

2
i + r

Q
i

�2i

.

� In the second place there is the (negative) distance between this max-
imum and the value at the end of the interval, just prior to the claim
arrival. This is a negative term, of which the absolute value is exponen-
tially distributed (under Q) with parameter

↵
Q
i,- :=

q
(rQ

i )
2 + 2f

Q
i �

2
i - r

Q
i

�2i

.
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� In the third place there is the claim size, which is sampled from a dis-
tribution with Laplace transform b

Q
i (·).

The justification of the above decomposition (and, in particular, the indepen-
dence between the first two terms) lies in Wiener-Hopf arguments; see e.g.
(Kyprianou, 2006, Ch. VI). More specifically, we have the following expres-
sion for the Laplace transform of the value of the Brownian component of
Xi(·) after an exponentially distributed interval with mean f

-1
i under the

original measure:
Z1

0
fi e-fit E e-↵Xi(t)dt =

fi

fi -'i(↵)
=

fi

fi - ri↵- 1
2�

2
i↵

2

=
2fi

�2i

· 1

↵i,+ +↵
· 1

↵i,- -↵
,

with

↵i,+ :=

q
r2i + 2fi�

2
i + ri

�2i

, ↵i,- :=

q
r2i + 2fi�

2
i - ri

�2i

,

which are both positive numbers; an analogous reasoning applies under Q.

We now present (in self-evident notation) a pseudocode for the importance
sampling procedure that we propose. We let Bi represent i.i.d. samples from
a distribution with Laplace transform b

Q
i (·), A

+
i are i.i.d. samples from an

exponential distribution with mean 1/↵
Q
i,+, and A

-
i are i.i.d. samples from

an exponential distribution with mean 1/↵
Q
i,-. As mentioned, termination

(i.e., reaching ‘EXIT’) of the algorithm is guaranteed by EQY > 0. Each time
‘Random’ appears in the algorithm, a new (i.e., independent of all previous
ones) uniform random number is generated (on the interval [0, 1]).

Algorithm 1. X := 0; L := 1;

REPEAT

I ⇠ pQ; L := L ⇤ pI/pQ
I ;

WHILE Random < �
Q
I /f

Q(I) THEN

L := L ⇤ (fQ
I /fI) ⇤ (�I/�

Q
I );

A+ ⇠ A
+
I ; X := X+ A+; L := L ⇤ (↵I,+/↵

Q
I,+) ⇤ exp(-(↵I,+ -↵Q

I,+)A+);

IF X > u THEN RETURN L; EXIT;

A- ⇠ A
-
I ; X := X- A-; L := L ⇤ (↵I,-/↵

Q
I,-) ⇤ exp(-(↵I,- -↵Q

I,-)A-);

B ⇠ BI; X := X+ B; L := L ⇤ exp(-!?B) ⇤ bI(-!?);

IF X > u THEN RETURN L; EXIT;
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END (of ‘WHILE’);

L := L ⇤ (fQ
I /fI) ⇤ (qI/q

Q
I );

A+ ⇠ A
+
I ; X := X+ A+; L := L ⇤ (↵I,+/↵

Q
I,+) ⇤ exp(-(↵I,+ -↵Q

I,+)A+);

IF X > u THEN RETURN L; EXIT;

A- ⇠ A
-
I ; X := X- A-; L := L ⇤ (↵I,-/↵

Q
I,-) ⇤ exp(-(↵I,- -↵Q

I,-)A-);

UNTIL FALSE. ⇤

Let us now evaluate L, as resulting from Algorithm 1, in greater detail; we
do these computations to derive a uniform upper bound on ⇡(u). Define the
variable N as the number of times the background state is resampled in the
simulation until level u is reached; equivalently, u is reached in (TN-1, TN].
Now consider the contribution Ln to the likelihood ratio L due to the ran-
dom objects sampled in the interval (Tn-1, Tn], for n 2 {1, . . . ,N}; as a conse-
quence, L = L1 · · ·LN.

We state by considering n 2 {1, . . . ,N - 1}. Let there have been Kn claim
arrivals in that interval; let In be the background state in this interval. Let
(A±

i,j)j>1 be i.i.d. copies of A
±
i , and (Bi,j)j>1 i.i.d. copies of Bi. Then, in

self-evident notation,

Ln =
pIn

p
Q
In

 
KnY

j=1

�In

�
Q
In

f
Q
In

fIn
·
↵In,+

↵
Q
In,+

e-(↵In ,+-↵Q
In ,+)A+

In ,j
↵In,-

↵
Q
In,-

· e-(↵In ,--↵Q
In ,-)A-

In ,j

· e-!
?BIn ,jbIn(-!

?)

!

⇥
 
qIn

q
Q
In

f
Q
In

fIn
·
↵In,+

↵
Q
In,+

e-(↵In ,+-↵Q
In ,+)A+

In ,Kn+1
↵In,-

↵
Q
In,-

· e-(↵In ,--↵Q
In ,-)A-

In ,Kn+1

!

;

to understand this expression, recognize the effect of drawing the initial state,
the Kn claim arrivals (and the maxima in the corresponding intervals) before
time Tn, and the event that Tn occurs before a possible (Kn+1)-st arrival (and
the maximum in the corresponding interval). It requires some elementary
(but rather tedious) algebra to check that, for any i 2 {1, . . . ,d},

(↵i,+ -↵Q
i,+)A

+
i,j + (↵i,- -↵Q

in,-)A
-
i,j = -!?(A+

i,j -A
-
i,j);

in addition,

↵i,+↵i,- = 2
fi

�2i

, ↵
Q
i,+↵

Q
i,- = 2

f
Q
i

�2i

,
�i

�
Q
i

· bi(-!?) = 1,
pi

p
Q
i

· qi

q
Q
i

= 1.

It thus follows that, for n 2 {1, . . . ,N- 1},

Ln = exp

0

@-!?
Kn+1X

j=1

(A+
In,j -A

-
In,j)-!

?
KnX

j=1

BIn,j

1

A = e-!Yn ;
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this is not surprising, given that the change-of-measure we set up corre-
sponds to exponentially twisting the Yns (and E e!?Yn = 1).

We now shift our attention to the contribution to L due to (TN-1, TN]. Similar
to the computations performed above, we obtain the following expression
for LN. There are two scenarios. In the first place, u can be reached by a
claim arrival; say this happens due to the K̄N-th claim arrival in the interval
(TN-1, TN]. Then, with ZN(u) := X(⌧(u))-X(TN-1),

LN =
pIN

p
Q
IN

exp

0

@-!?
K̄NX

j=1

(A+
IN,j -A

-
IN,j)-!

?
K̄NX

j=1

BIN,j

1

A =
pIN

p
Q
IN

e-!
?ZN(u).

In the second place, u can be reached in between two claim arrivals; say this
happens between the K̄N-th and (K̄N+ 1)-st claim arrival in (TN-1, TN]. Now,

LN =
pIN

p
Q
IN

�IN exp

0

@-!?
K̄NX

j=1

(A+
IN,j -A

-
IN,j)-!

?
K̄NX

j=1

BIN,j -!
?
A

+
IN,K̄N+1

1

A

=
pIN

p
Q
IN

�IN e-!
?ZN(u),

with

�i :=
�i

�
Q
i

f
Q
i

fi
·
↵i,+

↵
Q
i,+

=
1

bi(-!?)
·
↵

Q
i,-
↵i,-

.

Now observe that, by definition of ⌧(u),

N-1X

n=1

Yn +ZN(u) = X(TN-1) +
�
X(⌧(u))-X(TN-1)

�
= X(⌧(u)) > u.

Define

⌦ := max
i2{1,...,d}

 
pi

p
Q
i

max{�i, 1}

!

= max
i2{1,...,d}

✓
q-'i(-!

?)

q
max{�i, 1}

◆
.

The above yields that L 6 ⌦ e-!?u almost surely. In particular, we have
derived the following Lundberg-type inequality for the resampling model.

Theorem 2. For any u > 0,

⇡(u) 6 ⌦ e-!
?u.

Remark 5. Related Lundberg-type inequalities have appeared; cf. Remark 4. We refer
to (Asmussen and Albrecher, 2010, Corollary 3.6) for a result covering the case that
the Lévy processes are of compound Poisson type.



54 a ruin model with a resampled environment

Because of the almost sure upper bound on L, we have also proven an op-
timality property of our importance sampling algorithm, namely that it has
bounded relative error. This claim follows directly from the observation that
VarQ(L) 6 EQ(L

2) 6 ⌦
2 e-2!?u. The definition of ‘bounded relative error’

is provided in e.g. (Asmussen and Glynn, 2007, Section VI.1). If an estima-
tion procedure has bounded relative error, then this effectively entails that
the number of simulations that is necessary to find an estimation of a certain
precision (e.g. 10%), is bounded in u.

Theorem 3. If ⇡(u) e!?u ! A > 0 as u ! 1, then the procedure given by
Algorithm 1 has bounded relative error.

3.5 examples , numerics

In this section we focus on examples corresponding to the case d = 2. In the
first subsection we provide explicit computations pertaining to the quantities
that play a role in our exact asymptotics, whereas in the second subsection
we present illustrative numerical examples, which in particular quantify the
potential risk due to ignoring the resampling.

3.5.1 Explicit expression for two-dimensional case

We now point out how to compute various quantities needed to evaluate the
exact asymptotics of Thm. 1. We let, as justified before, both Lévy processes
X1(·) and X2(·) be sums of Brownian motions and compound Poisson pro-
cesses.

� As a first step, we have to find the two solutions (for ✓) to the equation

1

q
=

p1

q-'1(↵) + ✓
+

p2

q-'2(↵) + ✓
,

where we assume that p1' 0
1(0) + p2'

0
2(0) > 0. After some elementary

algebra, one finds that this equation can be rewritten as

✓
2 - ✓('1(↵) +'2(↵)- q) +'1(↵)'2(↵)-'1(↵)p1 -'2(↵)p2 = 0.

With �(↵) defined as

('1(↵)-'2(↵))
2-2q('1(↵)+'2(↵))+q

2+4q('1(↵)p1+'2(↵)p2),

we thus obtain

✓k(↵) =
1
2

�
'1(↵) +'2(↵)- q

�
± 1

2

p
�(↵)



3.5 examples , numerics 55

(where we let the expression with the minus-sign correspond to k = 1,
and the expression with the plus-sign to k = 2, so that ✓̄(↵) = ✓2(↵)).
As we saw before, ✓1(↵) 2 ('̄1(↵), '̄2(↵)) and ✓2(↵) > '̄2(↵).

� We now compute the matrices S(-!?) and S
-1(-!?). From Remark 3

we know that the j-th component of the k-th eigenvector of M(↵) is
given by

Sjk(↵) =
1

q-'j(↵) + ✓k(↵)
=

2

q-'j(↵) +'3-j(↵) + (-1)k
p
�(↵)

,

for j = 1, 2 and k = 1, 2. In addition, with D(↵) := S11(↵)S22(↵) -
S21(↵)S12(↵),

S
-1(↵) =

1

D(↵)

 
S22(↵) -S12(↵)

-S21(↵) S11(↵)

!

.

� The decay rate -!? is the negative solution to the equation ✓2(↵) = 0.
By squaring '1(↵) +'2(↵)- q =

p
�(↵), this is a negative solution to

'1(↵)'2(↵)- q'1(↵)p1 - q'2(↵)p2 = 0 (3.6)

(but because of the squaring we have to verify whether we found an
admissible root).

� We obtain, using the notation in Eqn. (3.5),

u =

 
S12(-!

?)

S22(-!
?)

!

, v =
1

D(-!?)

 
-S21(-!

?)

S11(-!
?)

!

.

� To evaluate the constant A featuring in Thm. 1, we are left with com-
puting the vector `. This we do by computing the generator matrix ⇤
pertaining to the process (J(⌘(v)))v>0, as was introduced in Remark 2,
applying the results of D’Auria et al. (2010); note that in principle also
Ivanovs and Mandjes (2010) can be used, as we are dealing with a time-
reversible process X(·). One approach is to rely on the matrix integral
equation discussed in (D’Auria et al., 2010, Section 4.1), but we here
apply the more explicit characterization of (D’Auria et al., 2010, Thm.
1), as follows.

Observe that in our case d
- = 0, as there are no states corresponding to

a decreasing subordinator. For our two-dimensional setting this means
that the results of D’Auria et al. (2010) entail that we can write the tran-
sition rate matrix ⇤ can be written as -V�V

-1, where � is the diagonal
matrix with the non-negative zeroes of det(M(↵)) on the diagonal, and
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the columns of V consist of the corresponding right eigenvalues; as a
consequence of d

- = 0 we have, in the terminology of D’Auria et al.
(2010), that V = V

+.

The next step is to consider the non-negative roots of det(M(↵)). First
note that the matrix M(↵) is given by

M(↵) =

 
-qp2 +'1(↵) qp2

qp1 -qp1 +'2(↵)

!

.

The corresponding determinant can be written as, with
m1(↵) := '1(↵)'2(↵) and m2(↵) := p1'1(↵) + p2'2(↵),

m(↵) := det(M(↵)) = m1(↵)- qm2(↵) = 0.

Obviously, 0 is a root of this equation. In addition, e.g. (Ivanovs and
Mandjes, 2010, Corollary 5) states that there is precisely one positive
root, which we call ↵?. As a consequence of the facts that (i) at least one
of the 'i(↵) is positive for all ↵ > 0, (ii) m 0

1(0) = 0 and m
0
2(0) =  > 0,

and (iii) m2(↵) > 0 for all ↵ > 0 (due to the convexity of m2(·)), and (iv)
m1(↵)/m2(↵) ! 1 as ↵ ! 1, it follows that necessarily '1(↵

?) > 0

and '2(↵
?) > 0.

We thus obtain

� =

 
0 0

0 ↵
?

!

, V =

 
1 qp2

1 qp2 -'1(↵
?)

!

,

so that

⇤ =
1

'1(↵?)

 
1 qp2

1 qp2 -'1(↵
?)

! 
0 0

0 ↵
?

! 
qp2 -'1(↵

?) -qp2

-1 1

!

=
↵
?
q

'1(↵?)'2(↵?)

 
-p2'2(↵

?) p2'2(↵
?)

p1'1(↵
?) -p1'1(↵

?)

!

;

here we have used that (3.6) implies that '2(↵
?) ('1(↵

?) - qp2) =
'1(↵

?)qp1. Applying this expression for ⇤, elementary computations
thus lead to

⇡̄ =
1

p1'1(↵?) + p2'2(↵?)

 
p1'1(↵

?)

p2'2(↵
?)

!

.

(Alternatively, one could use the relation, with 1 := (1, 0)> denoting the
first unit vector,

⇡̄ =
1

v
· 1>V

-1,

with v denoting the normalizing constant 1>V
-1e.)
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Now consider more specifically the case that (for i = 1, 2) Xi(·) is the sum of
a Brownian motion and a compound Poisson process, so that we can write

'i(↵) =
1
2�

2
i ↵

2 + ri ↵+ �i (bi(↵)- 1);

here the variance coefficients �2i are positive, and in our insurance context
typically the premium rates ri as well. We have that the (negative of the)
asymptotic drift , as was defined before, equals p1(r1 + �1 b

0
1(0)) + p2(r2 +

�2 b
0
2(0)), which we have assumed to be positive.

Specializing to the case of exponentially distributed claims (such that bi(↵) =
µi/(µi +↵), for some µi > 0), we have

m(↵) =
2Y

i=1

✓
1
2�

2
i ↵

2 - ri ↵-
�i↵

µi +↵

◆
- q

2X

i=1

✓
1
2�

2
i ↵

2 - ri ↵-
�i↵

µi +↵

◆
pi = 0,

which is (after some rewriting) a polynomial equation of degree 6 that can be
solved by standard software, so as to obtain -!? and ↵?.

3.5.2 Numerical example

For the numerical results we have used a set-up that is as much as possible
in line with the one considered in Asmussen (1989).

� The environmental process has stationary distribution p =
�
2
3 , 13

�
and

the intensity q is of the form 3 · 4i, for i 2 {-2,-1, 0, 1, 2}.

� We let the premium rate, the variance coefficient of the Brownian terms,
and the claim sizes be environment-independent: the premium rates
are r = (1, 1), the Brownian motions are characterized by � = (1, 1),
and the claim sizes are exponentially distributed claims with parameter
µ = (1, 1).

� The intensities � of the claims sizes are chosen, again following As-
mussen (1989), such that �1 = ⇢/2 and �2 = 2⇢ where ⇢ denotes the
average amount of claim per unit time, i.e.,

⇢ = -
2X

i=1

pi�ib
0
i(0) =

2X

i=1

pi
�i

µi
.

The value of ⇢ is fixed at 0.9, so that we have � = (0.45, 1.8).

In Table 3.1 we present the corresponding numerical output. The column ‘Ex-
act’ is the value of ⇡(u) determined by an importance-sampling based com-
putation; the algorithm presented in Section 3.4 (which has bounded relative
error) has been used. The fact that we have used, per parameter setting, as
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many as 200 000 runs guarantees estimates with a high precision. The next
two columns present the exact asymptotics A e-!?u of Thm. 1 and the upper
bound ⌦ e-!?u of Thm. 2, respectively. The last column provides the values
of the ruin probability that one would get if the resampling were ignored;
these are obtained by considering the model in which the input process is a
(non-modulated) Lévy process with arrival rate �̄ = p1�1+p2�2, so that ⇡(u)
can be evaluated using results presented in e.g. Asmussen (2003); Dȩbicki
and Mandjes (2015). Alternatively, these values can be found by taking q

sufficiently large in the modulated model.

u = 175 Exact Thm. 1 Thm. 2 No modulation

q = 3 · 4-2 = 0.1875 9.21 · 10-3
9.21 · 10-3

1.12 · 10-2
6.26 · 10-6

q = 3 · 4-1 = 0.75 1.90 · 10-4
1.89 · 10-4

2.11 · 10-4
6.26 · 10-6

q = 3 · 40 = 3 1.86 · 10-5
1.86 · 10-5

1.98 · 10-5
6.26 · 10-6

q = 3 · 41 = 12 8.36 · 10-6
8.36 · 10-6

8.80 · 10-6
6.26 · 10-6

q = 3 · 42 = 48 6.72 · 10-6
6.72 · 10-6

7.05 · 10-6
6.26 · 10-6

Table 3.1. Numerical results varying the speed q of the background process.

The conclusions from the above table are the following.

� In the first place, a comparison between the columns ‘Exact’ and ‘No
modulation’ reveals that by ignoring resampling one potentially sub-
stantially underestimate the risk, in particular when the timescale of re-
sampling is slow relative to the timescale corresponding to (the jumps
of) the Lévy processes X1(·) and X2(·); this corresponds to the regime
of small q. In the regime that q is relatively large, we observe that the
resampling is apparently so frequent that the individual Lévy processes
can be safely replaced by their time-average counterpart; the claim ar-
rival process has become very similar to a Poisson process with the rate
�̄ that we introduced above.

� In addition, it is observed that the approximation based on Thm. 1 is
nearly exact. The upper bound based on Thm. 2 is typically rather tight
(in the table the relative error is between 5% and 20%), particularly
when q is relatively large.

� The numerical output also confirms the (intuitively clear) property that
adding the Brownian component (with � = (1, 1)) leads to a higher
ruin probability; this follows by comparing our output with that pre-
sented in Asmussen (1989), in which the claim process does not contain
a Brownian component.

In Table 3.2 we fix the environmental intensity q at 3
4 and vary the value of

u. Again, it is seen that ignoring the resampling may lead to a significant
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underestimation of the ruin probability. The other conclusions are similar to
those corresponding to Table 3.1. In this parameter setting (i) A/⌦ is approx-
imately 0.9 and (ii) the approximation based on Thm. 1 is near-exact, thus
entailing that the upper bound of Thm. 2 is about 10% off.

q = 3
4 Exact Thm. 1 Thm. 2 No modulation

u = 175 1.90 · 10-4
1.89 · 10-4

2.11 · 10-4
6.26 · 10-6

u = 162.5 3.48 · 10-4
3.47 · 10-4

3.87 · 10-4
1.47 · 10-5

u = 150 6.38 · 10-4
6.37 · 10-4

7.10 · 10-4
3.44 · 10-5

u = 137.5 1.17 · 10-3
1.17 · 10-3

1.30 · 10-3
8.07 · 10-5

u = 125 2.15 · 10-3
2.14 · 10-3

2.39 · 10-3
1.89 · 10-4

Table 3.2. Numerical results varying the initial reserve u.

3.6 discussion and concluding remarks

This chapter addresses the evaluation of ruin probabilities for a model in
which the underlying dynamics are periodically resampled. We have gener-
alized two celebrated results from the risk theory literature: we identify the
exact tail asymptotics (thus extending ‘Cramér-Lundberg’), and derived a
uniform upper bound (thus extending Lundberg’s inequality). In our proof
of the uniform upper bound, we developed an importance-sampling-based
efficient simulation algorithm which is proven to have bounded relative error.
Numerical experiments showed that neglecting the parameter uncertainty
typically leads to a significant underestimation of the ruin probability.

Various extensions can be thought of; we mention three directions for future
research. Where this chapter focuses on the probability of ultimate ruin, a first
obvious extension would relate to the finite-horizon ruin probability (i.e., ruin
before some T > 0). In the importance sampling procedure one would an-
ticipate that one should distinguish between the case in which ultimate ruin
corresponds (with high probability) with a ruin time smaller than T (such
that the change of measure of Section 3.4 can be used), and the case in which
ultimate ruin corresponds (with high probability) with a ruin time larger than
T (such that the claim arrival process should be ‘twisted’ more strongly). It is
expected that the same dichotomy appears in the exact asymptotics and the
uniform upper bound.

In the second place, one could aim at relaxing the exponentiality assump-
tions. More concretely, one could consider the model in which there is resam-
pling at phase-type (Asmussen and Albrecher, 2010, Section IX.1) distributed
times. Likewise, an interesting extension concerns generalizing the results
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for the case that the processes Xi(·) are compound Poisson (with, for each
i, exponentially distributed claim inter-arrival times) to their counterparts in
which the claim inter-arrival times are of phase-type. Though notationally
rather involved, conceptually such extensions are relatively straightforward;
see e.g. Kuhn and Mandjes (2018) for such computations in a related model.
In addition, one could consider the specific case of Gamma claims; cf. Con-
stantinescu et al. (2018).

In the third place one could consider a model involving multiple business
lines such that the individual claim arrival process react to a common envi-
ronmental process. In this setup there is correlation between the ruin events;
one could for instance aim at computing the probability of ruin of (minimally)
one of the business lines, or alternatively the probability of ruin of all of them.
A relevant related problem concerns the allocation of a firm’s capital to the
individual business lines; cf. the model considered in Chapter 2.



4 A S Y M P T O T I C S A N D A P P R O X I M AT I O N S O F R U I N
P R O B A B I L I T I E S F O R M U LT I VA R I AT E R I S K P R O C E S S E S
I N A M A R K O V I A N E N V I R O N M E N T

This chapter considers a similar multivariate risk process as in Chapter 2.
The individual risk processes are given by a Cramér-Lundberg-type model.
To model the dependence between the individual risk processes, a common
risk factor process is introduced in line with the previous two chapters. The
common risk factor process considered in this chapter is a continuous Markov
process. By distinguishing between the transition speed of the environmental
process being slow and fast, we develop approximations of the multivariate
ruin probability. In case of low transition rates, the environmental influence
and the dependence between the individual risk processes disappears; this
leads to the so-called single-switch approximation. For high transition rates
as well as high claim (or loss) arrival intensities, the centered and scaled mul-
tivariate risk process approaches a Brownian motion with drift, thus leading
to a diffusion approximation. In a series of numerical experiments we assess
the accuracy of the approximations. This chapter is based on Delsing et al.
(2020).

4.1 introduction

Ruin theory is the branch of applied probability that quantifies a firm’s vul-
nerability to insolvency and ruin. So as to control risks, regulating authorities
impose restrictions on the capital reserve that should be minimally kept. For
instance, insurance companies should manage their capital reserve level such
that the probability of ruin within one year is below a given threshold, e.g.
0.01%. The main interest in ruin theory, and the objective of this chapter, is
to develop quantitative techniques to assess ruin probabilities. Even though
ruin theory originates in actuarial science, and is common in the insurance
industry, it also has applications in operational risk modeling Kaishev et al.
(2008), credit risk modeling Chen and Panjer (2009), and related fields. This
chapter’s distinguishing feature is that we succeed in analyzing a multivari-
ate ruin problem, where the individual components are driven by a common
environmental process.

In ruin theory, technical ruin of a firm occurs when the surplus (i.e., the capi-
tal reserve level) of the firm drops below 0. The evolution of the surplus of the
firm over time experiences fluctuations due to amounts claimed and premi-
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ums earned. It depends on various characteristics including the distribution
of the claim amounts, the inter-arrival time of claims, and the incoming pre-
miums. In this chapter we study a multi-dimensional variant of the classical
Cramér-Lundberg model Lundberg (1903). Initially, the focus of ruin theory
was on the probability  (u) of ultimate ruin, i.e. the probability that the sur-
plus ever drops below zero given the initial reserve u. Later these results have
been extended in many ways, most notably (i) ruin in finite time, (ii) other
claim arrival processes than the Poisson process, and (iii) asymptotics of  (u)
for u large. We refer to e.g. Asmussen and Albrecher (2010) for a detailed ac-
count.

While most of the existing literature primarily considers the univariate set-
ting describing a single reserve process, in practice firms often have multiple
lines of business. As a consequence, it is relevant to assess the probability that
for one or more of the business lines, the surplus level drops below zero. In a
multivariate risk model the individual capital surplus processes are typically
affected by common environmental factors (think of the impact of the weather
on health insurance and agriculture insurance for example). It is noted that
such a multivariate risk model has obvious applications in related settings,
such as credit risk.
The main contributions of the chapter are the following. We work with a
simple yet versatile multivariate risk model, in which the components are
made correlated (by making them dependent on a common Markovian en-
vironmental process). The focus is on developing techniques to assess ruin
probabilities in this multivariate setting. We distinguish between two regimes,
corresponding to the speed at which the environmental process evolves. For
these regimes we derive asymptotic results for the multivariate risk process,
leading to closed-form approximations for the multivariate finite-time ruin
probability. A thorough numerical study provides us insight into the model
dynamics and the impact of its parameters.

We proceed with a few more words on the related literature, and its relation
to our work. Multivariate risk processes play a prominent role in various
studies (see e.g. the overview in (Asmussen and Albrecher, 2010, Sec. XIII.9)),
but capturing the corresponding joint ruin probability in general has proven
challenging, see Cai and Li (2007). Some works have focused on a specific
dependence structure where the risk processes are all dependent on a single
Poisson claim arrival process, see Picard et al. (2003); Gong et al. (2012). Given
the complexity of the research problem, most of the others contributions in
the literature have focused on the bivariate case (i.e., two business lines), see
e.g. Cai et al. (2017); Badescu and Chueng (2011); Avram et al. (2008). All of
the aforementioned papers work within the confines of a shared claims pro-
cess to introduce dependence between components. More closely related to
the present work is the contribution of Loisel (2007b), which also makes use
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of a Markovian environmental process to introduce dependence between the
different components. The common basic idea of these Markov-modulated
risk processes is that the arrivals and claim amounts are influenced by an
external environmental process. The main difference between Loisel’s work
and the present chapter is that the former focuses on an iterative scheme,
whereas this chapter uses asymptotic results to develop approximations for
the finite-time ruin probability. Our work includes an extensive numerical
study providing practical and theoretical insights into the model and the sug-
gested approximations.
Markov-modulated risk models have been intensively studied; for an over-
view see e.g. Asmussen (1989); Reinhard (1984); Dickson and Qazvini (2018)
and references therein. Many interesting results for the time of ruin in a
one-dimensional (i.e. a single business line) setting have been obtained by
e.g. Lu and Tsai (2007); Zhang (2008); Bäuerle (1996); D’Amico (2014). For
the univariate finite-time ruin probability in a Markovian environment no
closed-form expression is available to our knowledge (except for very spe-
cial cases) and in most cases one therefore has to resort to approximations.
The so-called diffusion approximation relies on finding a diffusion approxi-
mation for the Markov-modulated risk process and estimating the ruin prob-
ability using the properties of the corresponding Brownian motion process.
As mentioned by Pang and Zheng (2017), there are (limited) results on diffu-
sion approximations of the Markov-modulated risk processes. In Bäuerle and
Kötter (2007), a diffusion approximation is presented for classical Markov-
modulated risk reserve processes based on the fact that for small and fre-
quent claims the limit process becomes a Markov-modulated diffusion risk
reserve process. A diffusion approximation of the univariate ruin probabil-
ity for a Markov-modulated risk reserve process is provided in Asmussen
(1989) along with a comparison to some other approximations and efficient
simulation approaches. This chapter complements these works in the sense
that we now consider their multivariate counterpart and study the effect of
various parameters on the accuracy of the approximation as well as propose
a practical alternative in some cases where the diffusion approximation does
not perform well.

This chapter is organized as follows. Section 4.2 presents the model and pre-
liminaries. It defines the risk process for each individual business line, and
presents the multivariate risk model by introducing the Markovian environ-
mental process and the multivariate finite-time ruin probability.
In Sections 4.3 and 4.4, respectively, a diffusion approximation and a single-
switch approximation of the multivariate risk process are presented. The dif-
fusion approximation corresponds to a regime in which the claim arrival
process and the environmental process are sped up (but in a coordinated
manner); under this scaling weak convergence to an appropriate multivari-
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ate Brownian motion is established. For such multivariate Brownian motions
there is a considerable amount of literature on first passage probabilities; in
particular, the bivariate case even allows for an explicit calculation of the
finite-time ruin probability. Diffusion approximations tend to work well in
e.g. scenarios with a relatively large amount of outgoing claims over a finite
horizon.
The single-switch approximation considers a regime in which the background
process has either zero or one transition in the time interval considered. This
approximation is particularly accurate in case the time horizon is relatively
short in comparison with the speed of the environmental process. For ex-
ample, regulatory requirements for the insurance and banking industry are
based on a 1-year horizon while business cycles (corresponding with the en-
vironmental process) usually last multiple years (average of 8 years).
Numerical examples are provided in Section 4.5. By considering different pa-
rameter settings, the single-switch approximation turns out to perform well
in case of low environmental transition rates while the diffusion approxima-
tion is a more suitable choice when both the arrival intensities as well as the
transition rates are high. Section 4.6 concludes this chapter, and discusses
areas for future research. A number of technical results are collected in the
Appendix.

4.2 a multivariate risk model

In this section, the multivariate risk process is introduced for a firm with
multiple business lines. Each business line has its own reserve process. For
each of the business lines, there is some initial capital reserve, which increases
due to premiums (that come in at a fixed rate per unit time), and decreases
due to claims. We focus on the probability that, given certain initial reserve
levels, one or more of the reserve processes (corresponding to the business
lines) drop below zero before a specified time T > 0. We assume no impact
of insolvency of one business line on the others, and each line of business is
free of expenses, taxes, and commissions.

We model the multivariate (of dimension m 2 N) risk setting by a multi-
dimensional variant of the classical Cramér-Lundberg model. For the sake of
clarity, we first recall this ‘base model’, which later in this section will be ex-
tended so as to include dependencies between its components. The dynamics
of the m-dimensional Cramér-Lundberg reserve process X := (X1, . . . ,Xm),
with Xi := {Xi(t) : t > 0}, are as follows.

� Let ui > 0 be the initial reserve of component i 2 {1, . . . ,m}.
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� Component i grows linearly due to premiums at a constant premium
rate ri > 0 per unit time.

� Let A = (A1, ...,Am) be the m-dimensional claim arrival process, where
we assume that the arrival process Ai := {Ai(t) : t > 0} is a Poisson
process with parameter �i; the arrival times are denoted by {⌧i,k : k 2
N}.
The claim sizes of component i, {Zi,k : k 2 N}, form a sequence of i.i.d.
random variables independent of A, with finite mean µi, finite variance
�
2
i and distribution function Fi(·).

Combining the above components, the capital surplus process Xi(t) for com-
ponent i equals

Xi(t) := ui + rit-

Ai(t)X

k=1

Zi,k. (4.1)

In Section 4.2.1 we introduce Markov-modulation: the claim arrival intensities
�i and claim size distribution functions Fi(·) are not fixed in time but depend
on an underlying environmental Markov process. Importantly, this environ-
mental process is the same for all m components (and could for instance
reflect the ‘state of the economy’, or weather conditions), thus rendering the
individual risk processes Xi dependent. In Section 4.2.2 we define the ruin
probabilities that we focus on in this chapter.

4.2.1 Environmental dependence

In this subsection we point out how we make the m components Xi de-
pendent and allow for the individual claim processes to change over time
by using a Markovian environmental process. This environmental state pro-
cess, denoted by J := {J(t) : t > 0}, is a Markov process with finite support
S = {1, ..., I}. Let, as before, A = (A1, ...,Am) be the joint claim arrival process.
We let the arrival rate pertaining to Ai be �i,j when the environmental pro-
cess J is in state j. As before, the corresponding arrival times are denoted by
{⌧i,k : k 2 N}. Again we let {Zi,k : k 2 N} be the k-th claim size of component
i (i.e., arriving at ⌧i,k). If at ⌧i,k the environmental process J is in state j, the
claim size is sampled (independently of anything else) from a distribution
that has distribution function Fi,j(·); in other words,

P(Zi,k 6 x | J(⌧i,k) = j) = Fi,j(x), x > 0.

We assume that for each i 2 {1, ...,m} and j 2 S, the distribution of the claim
sizes has finite variance; let µi,j and �

2
i,j be the corresponding mean and

variance.
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The joint reserve process is again given by (4.1), but now with the components’
arrival and claim size processes affected by the common environmental pro-
cess J, in the way described above. Observe that the processes Xi are depen-
dent, but conditional on the the path of the environmental state process they
are not. The transition rate matrix governing J is denoted by Q = (qk,l)k,l2S

with qk := -qk,k =
P

l 6=k qk,l and initial environmental state distribution
denoted by p = (p1, ...,pI) where pj := P(J(0) = j). Using the same notation
as in Pang and Zheng (2017), let ⇡ := (⇡1, ...,⇡I) be the (unique) stationary
distribution of J, and assume ⇧ is a square matrix where each row is given
by the vector ⇡. The so-called fundamental matrix ⌥ = (⌥k,l)k,l=1,...,I is given
by ⌥ = (⇧-Q)-1 -⇧.

We use the notation r := (r1, ..., rm) and u := (u1, ...,um) to denote the m-
dimensional vectors of parameters corresponding to the premium rates and
initial reserve levels, respectively.

4.2.2 Multivariate ruin and survival probabilities

In this subsection we further detail the quantities we wish to analyze, namely
multivariate ruin probabilities. For a univariate risk process, say that corre-
sponding to component i, the probability of ruin before time T (starting in
environmental state j at time 0) is given by

 
j
i(ui, T) := P

✓
inf

t2[0,T ]
Xi(t) < 0

��Xi(0) = ui, J(0) = j

◆
. (4.2)

Sometimes we are also interested in the complementary probability, referred
to as the survival probability:

 ̄
j
i(ui, T) := 1- j

i(ui, T).

The univariate ruin probability in a Markov-modulated setting has been in-
tensively studied. Thus far, no explicit solution has been found (except for
special cases), but there are various in-depth accounts of available approxima-
tions (such as diffusion approximations, Segerdahl approximations, and cor-
rected diffusion approximations); for an overview we refer to e.g. Asmussen
(1989).

The multivariate ruin probability (of all m components), assuming J is in state
j at time zero, is defined by

 
j(u, T) := P

✓
inf

t2[0,T ]
X(t) � 0

��X(0) = u, J(0) = j

◆
; (4.3)

here the inequality ‘�’ and the infimum are understood to be taken in a
component-wise manner. The corresponding survival probability is defined
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in the obvious way. In addition, other performance metrics, such as the prob-
ability of ruin of a subset of components, can be defined in a similar fashion.
See, for example, Avram et al. (2008).

4.3 diffusion approximation

This section presents a diffusion limit of multivariate risk processes intro-
duced in the previous section. This asymptotic result is then used to develop
a diffusion approximation of the multivariate finite-time ruin probabilities.
The derivation of the diffusion approximation of ruin (and survival) probabil-
ities for the multivariate case follows the one-dimensional case, see Asmussen
(1987, 1989), to the extent that the (in our case multivariate) centered Markov-
modulated claims process is approximated by a (in our case multivariate)
Brownian motion; this approximation is based on the functional central limit
theorem (FCLT) presented in Section 4.3.1. Our multivariate ruin probability
 
j(u, T) can then be approximated by its Brownian counterpart, which can

be expressed in closed form relying on results for first-passage probabilities
for multivariate Brownian motion; see Sections 4.3.2–4.3.3.

4.3.1 Multivariate FCLT for Markov-modulated compound Poisson processes

Define the Markov-modulated compound Poisson process Y := (Y1, · · · , Ym)
by

Yi(t) :=

Ai(t)X

k=1

Zi,k,

where the processes Ai and Zi,k are generated by the model with environ-
mental dependence, as was introduced in Section 4.2. For the case m = 1,
Pang and Zheng (2017) prove an FCLT under appropriate scalings of the
claim arrival process, claim sizes and the underlying Markov environmen-
tal process. The main objective of this subsection is to extend this FCLT to
the multivariate case. After having introduced some notation, we present the
multivariate counterpart of Theorem 1.1 of Pang and Zheng (2017) in our
Theorem 4.

We define Dm as the space of m-vectors of càdlàg functions which is en-
dowed with the metric

d
m
B (x,y) := max

16j6m
dB(xj,yj),

where dB denotes the Billingsley metric as in Section 28.3 of Davidson (1994)
and d

m
B induces the product topology. In D the Skorokhod J1 metric is equiv-
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alent to the Billingsley metric, and the separability of (D, J1) implies both
separability of (Dm,dm

B ) and that Bm
D = BD ⇥BD ⇥ · · ·⇥BD is the Borel

field of (Dm,dm
B ). The finite-dimensional sets of Dm is the field generated

by the product of m copies of the finite-dimensional sets of D.

In our scaling, we scale both the claim sizes and the arrival rates. The scaling
parameter is n, which we let grow large.

� The claim sizes {Zn
i,k} have means µn

i and variances �ni . It assumed that
these are such that, as n ! 1, µn

i ! µi and �ni ! �i.

� Now consider the Markovian environmental process J
n. The corre-

sponding transition rates are sped up by a factor n↵, with ↵ > 0, mean-
ing that they become q

n
i,j := n

↵
qi,j. The value of ↵ indicates the speed-

ing effect of the modulating environmental process.

� For component i 2 {1, · · · ,m} the arrival rates �i := (�i,1, · · · �i,I) are
sped up (essentially) linearly. More concretely, for n ! 1, we assume

�
n
i

n
! �i.

We let Yn := (Yn
1 , ...,Yn

m) denote a sequence of Markov-modulated compound
Poisson processes corresponding to the parameters �ni,j, µ

n
i,j and �

n
i,j and

the transition rate matrix Q
n := (qn

i,j)i,j2S. Similar notation is used for the
process An.

Similar to the approach followed by Pang and Zheng (2017), we define the
diffusion-scaled (i.e., centered and normalized) process Ŷn = (Ŷn

1 , ..., Ŷn
m),

with Ŷ
n
i := {Ŷn

i (t) : t > 0} defined through

Ŷ
n
i (t) :=

1

n�

0

@Y
n
i (t)-

✓ IX

j=1

�
n
i,jµi,j⇡j

◆
t

1

A , for
1

2
6 � < 1 and t > 0.

Theorem 4 below is the multivariate version of the FCLT for univariate
Markov-modulated compound Poisson processes (as was presented by Pang
and Zheng (2017)). The full proof is given in Appendix 4.A. Before stating
the theorem, we first introduce some notation. Let

�̄i :=
IX

j=1

�i,jµi,j⇡j, m̄
2
i :=

IX

j=1

�i,jµ
2
i,j⇡j,

�̄
2
i :=

IX

j=1

�i,j�
2
i,j⇡j, and �̄i,j := 2

IX

k=1

IX

l=1

�i,k�j,lmi,kmj,l⇡k⌥k,l.

In addition, let ⌃̄1 := diag{�̄21, . . . , �̄2m}, ⌃̄2 := diag{m̄2
1, . . . , m̄2

m}, and ⌃̄3 :=
(�̄i,j)i,j2S.
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Theorem 4. Under the scaling considered, as n ! 1,

Ŷn ) Ȳ in (Dm,dm
B ),

where Ȳ is a m-dimensional Brownian motion with mean zero and covariance matrix

⌃̄ :=

8
>>><

>>>:

⌃̄
1 + ⌃̄2, if � = 1

2 , ↵ > 1,

⌃̄
1 + ⌃̄2 + ⌃̄3, if � = 1

2 , ↵ = 1,

⌃̄
3, if � = 1- ↵

2 , ↵ 2 (0, 1).

Theorem 4 shows that a centered and appropriately scaled version of the
multivariate reserve process converges to a multivariate Brownian motion.

4.3.2 First passage probabilities of multivariate Brownian motion

This subsection reviews results on first-passage probabilities corresponding
to multivariate Brownian motions (or, equivalently, the joint distribution of
the extrema of multivariate Brownian motions). We describe some of the ex-
isting results which we appeal to in the next subsection to derive a diffusion
approximation of the multivariate ruin probability  j(u, T).

In general, the problem of identifying the joint distribution of extrema of
correlated Brownian motions is highly challenging; solutions are typically of
an implicit nature.

� In a pioneering paper, Iyengar (1985) considered an analytical expres-
sion for the first passage time of a bivariate Brownian motion with zero-
drift.

� For the case of non-zero drift, as is the case in our situation, a double
integral expression for the joint cumulative distribution of the suprema
of two correlated Brownian motions was later found by (He et al., 1998,
Lemma 3).

� A summary of existing results on the first-passage problem of two-
dimensional Brownian motions was recently published by Kou and
Zhong (2016).

� For dimensions larger than 2, explicit formula for the joint distribu-
tion of extrema of Brownian motions exist only for a specific set of
correlations; see e.g. Escobar and Hernandez (2014). A multivariate ap-
proximation of the joint survival probability as a linear combination
of the bivariate survival probabilities has been developed by Wise and
Bhansali (2008).
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4.3.3 Diffusion approximation of the multivariate ruin probability in finite time

This subsection combines the asymptotic result of Subsection 4.3.1 and the
literature study presented in Subsection 4.3.2 to derive a diffusion approxi-
mation of the multivariate finite-time ruin probability.

We consider the following specific scaling (obeying the assumptions imposed
earlier). For ease we let the claim sizes {Zn

i,k} be independent of n. In addition,
we assume the arrival rates to be linear in n: �ni = n�i; define �̄ni as n�̄i.
Finally, we consider the setting � = 1

2 and ↵ = 1 (which essentially covers the
two other cases), so that qn

i,j := nqi,j.

Let Ȳ denote a m-dimensional Brownian motion with covariance matrix ⌃̄ :=
⌃̄
1 + ⌃̄2 + ⌃̄3, as defined before. Scale un =

p
nu for a component-wise

positive vector u (not depending on n), and rn = �̄n +
p
n⇢ for a vector ⇢

(not depending on n). Consider the scaled risk process Xn, defined by

Xn(t) = un + rnt- Yn(t),

and the corresponding ruin probability. Then, for any n,

P

✓
inf

t2[0,T ]
Xn(t) � 0 |Xn(0) = un

◆
= P

 

sup
t2[0,T ]

Yn(t)- rnt � un

!

= P

 

sup
t2[0,T ]

Yn(t)- �̄ntp
n

- ⇢ t � u

!

,

which, by Theorem 4 in combination with the continuous mapping theorem,
as n ! 1 converges to

P

 

sup
t2[0,T ]

Ȳ(t)- ⇢ t � u

!

.

For practical purposes the last probability can be evaluated using the results
found in the literature as summarized in the previous subsection. For the
bivariate case, the numerical work performed in Section 4.5 makes use of
Lemma 3 of He et al. (1998). Similar to the univariate case, the multivariate
diffusion approximation gains accuracy when increasing the claim arrival in-
tensities � and the transition rates Q. To explore the approximation’s accuracy,
we perform a numerical study in Section 4.5.

Remark 6. Observing that our scaling of the �i and qi,j effectively means that
we scale time by a factor n, we remark that the above scaling is equivalent
to the heavy-traffic regime in queueing theory; cf. (Asmussen and Albrecher,
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2010, Sec. 7c). To see this, recall that in such a heavy-traffic scaling, the drift
of the queueing process is some -", whereas time is blown up by a factor
1/"

2; under this scaling the queue’s workload process multiplied by ✏ weakly
converges to reflected Brownian motion as " # 0.

4.4 single-switch approximation

This section presents a single-switch approximation of a multivariate risk
process and derives the corresponding approximation of the finite-time mul-
tivariate ruin probability. The single-switch approximation corresponds to a
regime in which, with high probability, the environmental process has either
zero or one transition in the time interval considered. As a result, the approx-
imation is expected to work well in case the environmental process is slow
relative to the claim arrival process.

In the single-switch approximation of the multivariate ruin probability a cru-
cial role is played by the time ⌘, being the time of the first switch of the
environmental state. Given the initial state of the environmental process is
j, for each new state k 2 S\{j} we define the corresponding single-switch
multivariate ruin probability by

 
j,k(u,⌘, T) := P

✓
inf

t2[0,T ]
X(t) � 0

���X(0) = u, {J(t)}06t6⌘ = j, {J(t)}⌘<t6T = k

◆
;

(4.4)
the no-switch multivariate ruin probability is

 
j(u, T) := P

✓
inf

t2[0,T ]
X(t) � 0

���X(0) = u, {J(t)}06t6T = j

◆
. (4.5)

In line with notation used earlier,  j,k
i (ui,⌘, T) denotes the single-switch ruin

probability pertaining to component i, and  j
i(ui,⌘, T) is its no-switch coun-

terpart. When ⌘ > T , the environmental state k after transition can be omitted
as it does not influence the probability. Conditional on the time of the single
switch of the environmental state, the risk processes of the individual busi-
ness lines are independent.

As a result of the Markov property of the environmental state process, the
environmental state switches from starting state j to k after an exponentially
distributed time with intensity qj,k. Given the initial environmental state is
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j, the probability of at most 1 switch of the environmental state over time
horizon T is thus given by

P
j(T) : =

X

k2S\{j}

ZT

0
qj,ke

-qj⌘e
-qk(T-⌘)d⌘+ e

-qjT (4.6)

=
X

k2S\{j}

qj,k

qj - qk

⇣
e
-qkT - e

-qjT
⌘
+ e

-qjT , (4.7)

where qk as defined in Section 4.2.1. We now condition on a single switch of
the latent environmental process in the interval [0, T ]. Given the time of this
switch ⌘ and the state k to which the environmental process has transitioned
to, the ruin probability is denoted by  j,k

i (ui,⌘, T) which can (more) easily
be approximated or calculated (see Section 4.4.1). Summing and integrating
over all possible ⌘ and k and dividing by the probability of a single-switch
then gives the conditional ruin probability (given a single-switch) which, for
initial environmental state j:

�
j(u, T) :=

1

Pj(T)

X

k2S\{j}

ZT

0

mY

i=1

 
j,k
i (u,⌘, T)qj,ke

-qj⌘e
-qk(T-⌘)d⌘

+
1

Pj(T)
 
j
i(u, T)e-qjT .

The difficulty in computing the approximation lies in determining the single-
switch univariate ruin probabilities  j,k

i (ui,⌘, T); we propose an approxima-
tion in Section 4.4.1. Their no-switch counterparts  j

i(u, T) can be determined
using existing results from literature, see for example Chapter V in Asmussen
and Albrecher (2010).

4.4.1 Single-switch univariate ruin probabilities: a BM scaling approximation

In this section we propose an easy-to-implement approximation of the single-
switch univariate ruin probability  

j,k
i (u,⌘, T). The methods developed in

this section can also be applied to their no-switch counterpart  j
i(u, T) as

these can be seen as a special case of the single-switch univariate ruin prob-
ability. The approximations distinguishes between ruin occurring before the
time of the switch with probability  j

i(ui,⌘) and ruin happening during the
interval [⌘, T ] (given that ruin did not occur prior to ⌘). The probability of the
latter can be determined by conditioning on the capital surplus level at the
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time of the switch. More specifically, for business line i, starting in environ-
mental state j and transitioning to state k at time ⌘,

 
j,k
i (ui,⌘, T) : = P

✓
inf

t2[0,T ]
Xi(t) < 0

���Xi(0) = ui, {J(t)}06t6⌘ = j, {J(t)}⌘<t6T = k

◆

=  
j
i(ui,⌘) +  ̄j

i(ui,⌘)
Z1

0
 
k
i (v, T - ⌘)dGj,⌘

i,ui
(v), (4.8)

where G
j,⌘
i,ui

(·) denotes the probability distribution function of Xi(⌘) with
Xi(0) = ui conditional on no ruin having occurred up to time ⌘, i.e.,

G
j,⌘
i,ui

(v) := P

✓
Xi(⌘) 6 v

���Xi(0) = ui, {J(t)}06t6⌘ = j, inf
t2[0,⌘]

Xi(t) > 0

◆
.

Without conditioning on no ruin occurring prior to time ⌘ (i.e., the require-
ment that Xi(t) > 0 be positive for all t 2 [0,⌘]), the above probability dis-
tribution of the capital surplus could have been computed relying on cal-
culations involving compound Poisson processes; the fact that we have to
incorporate this condition complicates the analysis considerably. We propose
the following scaling factor approach as a workaround.

� We introduce a Brownian-motion based scaling factor, which helps us
approximate the conditional probability distribution G

j,⌘
i,ui

(·). To this
end, we first define

⌅
j,⌘
i,ui

(v) :=
P
⇣
Xi(⌘) 6 v

���Xi(0) = ui, {J(s)}06s6⌘ = j, infs2[0,⌘] Xi(s) > 0

⌘

P
⇣
Xi(⌘) 6 v

���Xi(0) = ui, {J(s)}06s6⌘ = j

⌘ .

(4.9)
We thus find that

G
j,⌘
i,ui

(v) = ⌅
j,⌘
i,ui

(v)⇥ P
⇣
Xi(⌘) 6 v

���Xi(0) = ui, {J(s)}06s6⌘ = j

⌘
.

Similarly we define the density of the conditional probability distribu-
tion g

j,⌘
i,ui

(v) (assumed to exist) and the density of the corresponding
scaling factor ⇠j,⌘i,ui

(v).

� The next step is to approximate the univariate risk process Xi(·) by a
Brownian motion Bi,j(·); the drift and variance coefficient are chosen
so as to match the first two moments. Conditional on {J(s)}06s6⌘ = j,
the process Xi(·) over the time interval [0,⌘] can be approximated by
a Brownian motion with drift ri - �i,jµi,j and variance �i,j(�

2
i,j + µ

2
i,j),

applying the results from e.g. Grandell (1977).
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� The scaling factor ⌅j,⌘i,ui
(v) can then be approximated by its Brownian

counterpart

⌅̂
j,⌘
i,ui

(v) :=
P
⇣
Bi,j(⌘) 6 v

���Bi,j(0) = ui, infs2[0,⌘] Bi,j(s) > 0

⌘

P
⇣
Bi,j(⌘) 6 v

���Bi,j(0) = ui

⌘ .

Given that we know, conditional on its values at times 0 and ⌘, the distri-
bution of the maximum of a Brownian motion in the interval [0,⌘] (rely-
ing on explicit Brownian-bridge calculations), we can explicitly evaluate
this expression. Along the same lines, an approximation of ⇠j,⌘i,ui

(v)) can
be found; this can be done using results for first-passage probabilities
for Brownian motion as can be found in (Joshi, 2003, Cor. 8.1 & Cor. 8.2).
We thus find

⇠̂
j,⌘
i,ui

(v) =

 

1- exp
✓
-

4ui(ui + v)

2�i,j(�
2
i,j + µ2

i,j)⌘

◆!, 

N

 
(ri - �i,jµi,j)⌘+ uiq
�i,j(�

2
i,j + µ2

i,j)⌘

!

- exp
✓
-2(ri - �i,jµi,j)ui

�i,j(�
2
i,j + µ2

i,j)

◆
N

 
-ui + (ri - �i,jµi,j)⌘q

�i,j(�
2
i,j + µ2

i,j)⌘

!!

, (4.10)

where N(·) represents the cumulative normal distribution function.

Putting all above components together, we can now determine �j(u, T) using
expression (7) with known results from the literature for the no-switch ruin
probabilities, see Chapter V of Asmussen and Albrecher (2010). The distribu-
tion G

j,⌘
i,ui

(v) can be approximated using the scaling factor approach with the
Brownian counterpart ⇠̂j,⌘i,ui

(v). In Example 6 in Section 4.5 the (numerical)
performance of the resulting single-switch approximation is investigated in
detail.

4.4.2 Special case: Exponential claims with environment-independent claim sizes

This section considers a specific instance of the risk model introduced in
Section 4.2: exponentially distributed claims without environmental influence
on the claim sizes. In other words, the claim size distribution is independent
of the environmental state j 2 S and given by Fi,j(x) = 1- exp{- x

µi
}, x 2 R.

For this special instance of the model, the single-switch ruin probability of
component i starting in environmental state j and switching to state k after
time ⌘,  j,k

i (ui,⌘, T), can be approximated with an explicit formula 1. For

1 From Delsing et al. (2020) the approximation may be, wrongly, understood as an exact formula.
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component i 2 {1, . . . ,m}, environmental states j,k 2 S and transition time
⌘ 2 (0, T ], we introduce the approximation b j,k

i (ui,⌘, T) of  j,k
i (ui,⌘, T) as

b j,k
i (ui,⌘, T) =
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>>>><

>>>>:
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(4.11)
where
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ri�
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cos ✓- 1
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f2(✓) = cos

 
ui
p
�⇤ip
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sin ✓

!

- cos

 
ui
p
�⇤ip
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sin ✓+ 2✓
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f3(✓) = 1+
�
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iµi

ri
- 2

p
�⇤iµip
ri

cos ✓

�
⇤
i =

�i,j⌘+ �i,k(T - ⌘)

T

This type of approximation using averages is also suggested in (Asmussen
and Albrecher, 2010, Sec. VII.6).

4.5 numerical results

This section serves as a numerical illustration of the diffusion and single-
switch approximations of the finite-time multivariate ruin probability, as pre-
sented in Sections 4.3 and 4.4, respectively. To this end we consider the same
set-up as used by Asmussen (1989) for the univariate Markov-modulated risk
process. We present three representative examples in which we investigate for
which parameter settings the approximations perform well. The examples as-
sess:

� the impact of correlation on the multivariate ruin probabilities for the
base parameter setting;

� the impact of the transition rates of the environmental process; and

� the impact of the claim arrival intensities on the performance of both
approximations.

All computations were performed in R using adaptive quadrature methods
for numerical integration. We have performed extensive additional experi-
mentation, but the phenomena observed there do not provide any extra in-
sights relative to those obtained from the three reported examples.
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Example 6. (Base parameter settings and impact of correlation.) This example
illustrates the performance of the diffusion and single-switch approximation
of the multivariate ruin probability as given in Equation (4.3), as a function
of the time horizon T . We consider two lines of business (i.e., m = 2) with
the same risk profile, i.e. the same parameters in the risk process. There are
two environmental states (i.e., I = 2) such that state 1 represents a state of
the environment with a low arrival rate of outgoing claims �1,1 = �2,1 =
0.45, whereas state 2 represents an environmental state with a relatively large
amount of outgoing claims �1,2 = �2,2 = 1.8. Transitions from state 1 to
state 2 of J(t) occur at rate 1, those state 2 to state 1 at rate 2. The claim size
distribution Fi,j is exponential with rate 1 independent of the environmental
process. The premium rates are given by r = (1, 1). We consider the case of
initial reserves of u = (10, 10) over a finite horizon of T = 50.

In Figure 4.1 the diffusion approximation and single-switch approximation
�
j(u, T), of the multivariate ruin probability are given as a function of the

time horizon T when starting in environmental state 1 at initiation. The diffu-
sion approximation is determined using the approach outlined in Section 3.3
(⇢ is given by r-�) where the joint distribution of the bivariate Brownian mo-
tion is numerically calculated using Lemma 3 of He et al. (1998). Due to the
high environmental transition rates Q and the relatively high claim arrival
intensities, the diffusion approximation is close to the exact (simulated) mul-
tivariate ruin probability. To indicate how close the diffusion approximation
is the right panel in Figure 4.1 shows the fraction of the diffusion approxima-
tion w.r.t. the value obtained by simulation.

To illustrate the effect of the correlation between the two business lines intro-
duced by the environmental process, we also included the multivariate ruin
probability assuming independence in the same figure. This probability is de-
termined as the product of the individual ruin probabilities calculated using
the univariate diffusion approximation (Asmussen, 1989, Eq. (30)). Due to the
high transition probabilities of the environmental process and the high claim
arrival intensities, the diffusion approximation outperforms all other approx-
imations. The correlation between the approximative diffusion processes cor-
responding to the two business lines (⌃̄12/

p
⌃̄11⌃̄22, that is) is relatively low

with 13%; this explains why in this example there is a relatively modest dif-
ference between the (bivariate) diffusion approximation and the independent
diffusion approximation.

As the claim size distribution does not depend on the state of the environ-
ment, the single-switch approximation is calculated using the results from
Section 4.4.2, i.e. Equation (4.11). The performance of the Brownian motion
scaling approach derived in Section 4.4.1 on the single-switch univariate ruin
probability  j,k

i (u,⌘, T) is shown in Figure 4.2 as a function of ⌘.
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Figure 4.1. Comparison of multivariate ruin probabilities as a function of time for the
base parameter set. The right panel shows the value of the diffusion-based approxi-
mations relative to the true values.

Example 7. (Impact environmental transition rates.) This example considers the
impact of the transition rates of the environmental process on the multivariate
ruin probability. In particular it shows that the accuracy of the single-switch
approximation increases (with respect to the previous example) when the
transition rates qi,j decrease (as expected). The same parameter settings are
used as in the previous example, except that now the environmental tran-
sition rates are scaled by a factor 1

64 . Figure 4.3 shows that the decrease in
transition rates indeed results in a more accurate single-switch approxima-
tion, independently of the remaining parameter values. When one decreases
the probability of the environmental state making at most one transition, the
performance of the single-switch approximation degrades.The single-swtich
approximation has been evaluated using the results of Section 4.4.2.
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Figure 4.2. Performance of BM scaling approach on the single switch univariate ruin
probability  1,2

1 (10,⌘, 50) as a function of time ⌘.

Figure 4.3. Comparison of multivariate ruin probabilities as a function of time for low
environmental transition rates Q. The right panel shows the value of the single-switch
approximation relative to the true value.

Example 8. (Impact claim arrival intensities.) This example studies the impact
of the claim arrival intensity � on the multivariate ruin probability. The FCLT
derived in Section 4.3.1 implies that the diffusion approximation of the risk
process X is accurate when both the transition rates of the environmental
process as well as the claim arrival intensities are high; this aligns with nu-
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merical findings reported in Asmussen (1984). When decreasing the claim
arrival intensities to �1,1 = �2,1 = 0.36 and �1,2 = �2,2 = 1.44, Figure 4.4
shows that the diffusion approximation indeed loses accuracy. The effect on
the single-switch approximation is negligible. In this instance the multivari-
ate ruin probability assuming independence is depicted in the same figure.
This probability is determined as the product of the individual ruin proba-
bilities calculated using the univariate diffusion approximation (Asmussen,
1989, Eq. (3.11)).

Figure 4.4. Comparison of multivariate ruin probabilities as a function of time for low
claim arrival intensities �.

To summarize the numerical results obtained in this section,

• with low environmental transition rates, we recommend the use of the
single-switch approximation;

• with high environmental transition rates and high arrival intensity, we
advise to use the diffusion approximation;

• in case of high environmental transition rates and low arrival inten-
sity neither the single-switch nor the diffusion approximation performs
well, and the multivariate ruin probability is best approximated assum-
ing independence between the components.

4.6 conclusion and outlook

This chapter considered a multivariate risk process where the individual risk
process of each business line is given by a Cramér-Lundberg-type model. To
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model the dependence between different business lines, a Markov environ-
mental process was introduced affecting each of the individual claims pro-
cesses. By distinguishing between the transition speed of the environmental
process being slow and fast, approximations for the multivariate ruin proba-
bility were developed. In case of low transition intensities, the environmen-
tal influence and the dependence between the different business lines dis-
appears; this insight leads to the so-called single-switch approximation. For
high transition intensities as well as high claim arrival intensities the cen-
tered and scaled multivariate risk process approaches a multivariate Brown-
ian motion with drift, thus leading to a diffusion approximation. Numerical
examples assessing the accuracy of these approximations were presented.

In case of low claim arrival intensities in a high environmental transition
regime, both the single-switch approximation and the diffusion approxima-
tion do not perform well. This setting is marked for future research. Similarly,
intermediate environmental transition rates require a different approach as
the ones presented in this chapter.

4.a proof of theorem 4

In this section we follow the same line of reasoning as the proof of Theo-
rem 1.1 of Pang and Zheng (2017). We begin by decomposing the diffusion-
scaled process into three separate processes in Lemma 1. The convergence of
each process separately towards a Brownian motion is proven in Lemma 4,
Lemma 5 and Lemma 6. These lemmas are the multivariate equivalents of
Lemmas 2.6, 2.7 and 2.8 of Pang and Zheng (2017), respectively. Finally, we
conclude the proof with the joint convergence of the processes at the end of
this section.

Lemma 1. The diffusion-scaled process Ŷn can be written as:
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For each n 2 N, define µ
n
i,⇤ := maxj2S µ

n
i,j, �

n
i,⇤ := maxj2S �

n
i,j and �

n
i,⇤ :=

maxj2S �
n
i,j. By the scaling of the parameters of Y

n, we obtain that, for all
i 2 {1, ...,m},

1

n
�
n
i,⇤ ! �i,⇤, µ

n
i,⇤ ! µi,⇤ and �ni,⇤ ! �i,⇤, (4.12)

in R as n ! 1. We can find n1 > 0 and � > 0 such that, for all i 2 {1, . . . ,m}

and any n > n1,

max
⌦
1

n
�
n
i,⇤,µn

i,⇤,�ni,⇤

↵
< �. (4.13)

The n1 and � remain fixed for the remainder of the proof. First we prove the
convergence of Ûn. For this we require the next auxiliary result, which is a
direct extension of Lemma 2.2 of Pang and Zheng (2017).

Lemma 2. Let z1,1, z1,2, ..., zn,n-1, zn,n and w1,1,w1,2, ...,wn,n-1,wn,n be com-
plex numbers of modulus 6 b. Then
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Lemma 3. The finite-dimensional distributions of Ûn = (Ûn
1 , ..., Ûn

m) converge to
those of Û, where Û := (Û1, ..., ˆUm) with

Û :=

8
<

:
B1, if � = 1

2 , ↵ > 1,

0, if � = 1- ↵
2 , ↵ 2 (0, 1);

(4.14)

here B1 = (B1
1, ...,B1

m) is a m-dimensional Brownian motion with
E
⇥
(B1(t))(B1(t))>

⇤
= ⌃̄

1
t, where ⌃̄1 has been defined in Section 4.3.1.

Proof. We need to prove

(Ûn(t1), ..., Ûn(tk)) ) (Û(t1), ..., Û(tk)) in Rm⇥k as n ! 1, (4.15)

for any 0 6 t1 6 · · · 6 tk 6 T and k > 1. We first consider the case of a single
point in time: we aim at proving that, for each t > 0,

Ûn(t) ) Û(t) 2 Rm as n ! 1.

By Lévy’s continuity theorem on Rm (Kallenberg, 1997, Thm. 4.3), it is suf-
ficient to show convergence of the characteristic function: we have to prove
that, as n ! 1,
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for every ✓ 2 Rm. By the definition of Û in (4.14),
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Let An
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Using (4.12), there is an n2 such that for any n > n2 and all i 2 {1, ...,m},
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here, the first inequality is due to the triangle inequality and the second in-
equality follows by Lemma 2 above in combination with Lemma 2.3. of Pang
and Zheng (2017). For large enough n we find using (4.13):
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As a result, for n ! 1 the first two terms in Equation (4.19) converge to 0.
For the convergence of the last term in Equation (4.19), since the sequence
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This is a result of the convergences
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as a result of the weak law of large numbers for Poisson processes, claim
(4) in Anderson et al. (2016), and the lemma on ‘random change of time’
(Billingsley, 1999, pp. 151).
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2 , we follow the same line of reasoning and prove
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As a result we obtain (4.15).
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Using the definition of Û, we find
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(✓k)>Ûn(tk)

!#

= E

2

4
lY

j=1

mY

i=1

exp

0

@i
1

n�

lX

k=j

✓
k
i

An(tj)X

h=An(tj-1)+1

⇣
Z
n
i,h(J

n(⌧ni,h))- µ
n
i,Jn(⌧ni,h)

⌘
1

A

3

5

!

8
><

>:

Ql
j=1

Qm
i=1 exp

✓
-1

2

⇣Pl
k=j ✓

k
i

⌘2
�̄
2
i (tj - tj-1)

◆
, � = 1

2 , ↵ > 1

1, � = 1- ↵
2 , ↵ 2 (0, 1),

as n ! 1, and

lY

j=1

mY

i=1

exp

 

-
1

2

 
lX

k=j

✓
k
i

!2

�̄
2
i (tj - tj-1)

!

= exp

 

-
1

2

lX

k1=1

lX

k2=1

(✓k1)>⌃̄1✓k2
�
tk1

^ tk2

�
!

.

By applying Lévy’s continuity theorem (on Rm now), one can show the con-
vergence in a similar way as in (4.17) and (4.19). This proves the final re-
sult.

Lemma 4. Ûn ) Û in Dm as n ! 1, where Û is given in (4.14).

Proof. Marginal tightness of the Ûn
i has been proven by (Pang and Zheng,

2017, Lemma 2.5) which implies joint tightness for Û (Kosorok, 2008, Lemma
7.14(i)). Together with the continuity of Û, Lemma 3, we apply Thm. 13.1 of
Billingsley (1999) to conclude the convergence of Ûn.

Lemma 5. V̂n ) V̂ in Dm as n ! 1, where V̂ is given by

V̂ :=

8
<

:
B2, if � = 1

2 , ↵ > 1,

0, if � = 1- ↵
2 , ↵ 2 (0, 1);

(4.21)
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here B2 := (B2
1, ...,B2

m) is a m-dimensional zero-mean Brownian motion with
E
⇥
(B2(t))(B2(t))T

⇤
= ⌃̄

2
t, where ⌃̄2 has been defined in Section 4.3.1.

Proof. As centered Poisson processes are R-valued martingales, i.e., for each
n 2 N and every i 2 {1, ...,m} the process

�
A

n
i (t)-

Zt

0
�
n
i,Jn(u) du : t > 0

�

is a martingale, V̂n is a Rm-valued martingale. For V̂
n
i the maximum jump

is given by µ
n
i,⇤/n

�. Using (4.12), we find the expectation of the maximum
jump asymptotically negligible, i.e., for all i 2 {1, . . . ,m}

1

n�
E
⇥
µ
n
i,⇤
⇤
! 0, as n ! 1.

For n 2 N, let {[V̂n
i , V̂n

j ](t) : t > 0} denote the process of quadratic covaria-
tion of V̂n

i and V̂
n
i . Then we have for each t by the quadratic variation of a

compound Poisson process, as n ! 1,

[V̂n
i , V̂n

j ](t) =
1

n2�

8
<

:

PAn
i

k=1(µ
n
i,Jn(⌧i,k)

)2 for i = j,

0, for i 6= j,
(4.22)

)

8
<

:
⌃̄
2
i,jt, if � = 1

2 , ↵ > 1,

0, if � = 1- ↵
2 , ↵ 2 (0, 1),

(4.23)

in Rm. Here the convergence is shown in a similar way as in (4.20). The
convergence of V̂n follows from applying Thm. 2.1 in Whitt (2007).

Lemma 6. Ŵn ) Ŵ in Dm as n ! 1, where the limit process Ŵ := {Ŵ(t) :
t > 0} is given by

Ŵ :=

8
<

:
0, if � = 1

2 , ↵ > 1,

B3, if � = 1- ↵
2 , ↵ 2 (0, 1];

(4.24)

here B3 = (B3
1, ...,B3

m) is a m-dimensional Brownian motion with
E
⇥
(B3(t))(B3(t))T

⇤
= ⌃̄

3
t, where ⌃̄3 has been defined in Section 4.3.1.

Proof. Let W̄n := (W̄n
1 , ..., W̄n

m) with, for i = 1, . . . ,m,
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By Prop. 3.2 of Anderson et al. (2016), we have, as n ! 1,

W̄n )

8
<

:
0, if � = 1

2 , ↵ > 1,

B3, if � = 1- ↵
2 , ↵ 2 (0, 1],

with B3 as defined above. This concludes the proof.

of Theorem 4. By Lemmas 1, 4, 5 and 6, we have obtained the marginal con-
vergence of Ûn ) Û, V̂n ) V̂ and Ŵn ) Ŵ. We now have to prove the
joint convergence ⇣

Ûn, V̂n,Ŵn
⌘
)
⇣
Û, V̂,Ŵ

⌘

where Û, V̂ and Ŵ are mutually independent. To this end, we first note
that Ûn and V̂n are compensated compound Poisson processes which are
martingales. Furthermore, by (Anderson et al., 2016, Lemma 3.1) the process
Ŵn is a martingale.

By (Jacod and Shiryaev, 2002, Thm. 3.12, Ch. VIII), or a slightly less extensive
version is given in (Aldous et al., 1985, Cor. 2.17, pp. 264), it suffices to show
that, for Mn := (Ûn, V̂n,Ŵn) and M := (Û, V̂,Ŵ),

[Mn,Mn] (t) )

2

664

⌃̂
1 0 0
0 ⌃̂

2 0
0 0 ⌃̂

3

3

775 t, (4.25)

where

(⌃̂1, ⌃̂2) =

8
<

:
(⌃̄1, ⌃̄2), if � = 1

2 , ↵ > 1,

(0, 0), if � = 1- ↵
2 , ↵ 2 (0, 1),

⌃̂
3 =

8
<

:
0, if � = 1

2 , ↵ > 1,

⌃̄
3, if � = 1- ↵

2 , ↵ 2 (0, 1].
.

For ↵ 2 (0,1) and � 2 [12 , 1),
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for i = j,

0, for i 6= j,

) 0 in Rm, as n ! 1.

Together with
⇥
Û

n
i , Ŵn

j

⇤
(t) = 0 and

⇥
V̂
n
i , Ŵn

j

⇤
(t) = 0 this proves (4.25). The

proof of Theorem 4 is completed by applying the continuous mapping theo-
rem.



5 O N C A P I TA L A L L O C AT I O N F O R A R I S K M E A S U R E
D E R I V E D F R O M R U I N T H E O RY

This chapter addresses allocation methodologies for a risk measure inher-
ited from ruin theory. Specifically, we consider a dynamic value-at-risk (VaR)
measure which is introduced in Trufin et al. (2011) as the minimum amount
of initial (cash) reserves necessary such that the probability of ruin is below
some given threshold. This measure can be used to set capital requirements.
We introduce an intuitively appealing, novel allocation method, with a fo-
cus on its application to capital reserves which are determined through the
dynamic value-at-risk (VaR) measure. Various desirable properties of the pre-
sented approach are derived including a limit result when considering a large
time horizon and the comparison with the frequently used gradient allocation
method. In passing, we introduce a second allocation method and discuss its
relation to the other allocation approaches. A number of examples illustrate
the applicability and performance of the allocation approaches. This chapter
is based on Delsing et al. (2021).

5.1 introduction

Ruin theory (or risk theory) focuses on analyzing models that describe a
company’s vulnerability to ruin by studying the riskiness of a firm’s reserves.
The probability of ruin, i.e. the probability that the capital reserve level of
a firm drops below zero, is often used as an insolvency measure. Starting
from the seminal works by Cramér (1930) and Lundberg (1903), a substan-
tial research effort has been spent on determining the ruin probability in a
broad range of risk models. In the basic model, the evolution of the capital
reserves of a firm over time experiences fluctuations due to losses incurred
(amounts claimed in the insurance context) and premiums earned. Initially,
the focus of ruin theory has been on the probability of ultimate ruin, i.e. the
probability that the capital reserve level ever drops below zero given the ini-
tial capital reserve u. Later these results have been extended in many ways,
most notably (i) ruin in finite time, (ii) more general loss/claim arrival pro-
cesses, and (iii) asymptotics of the ruin probability for u large. We refer to e.g.
Asmussen and Albrecher (2010) for a detailed account. Whereas most of the
existing literature primarily considers the univariate risk setting describing a
single capital reserve process, in practice firms often have multiple lines of
business. This warrants the study into multivariate risk processes, see e.g. the
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overview in Section XIII.9 of Asmussen and Albrecher (2010). Various depen-
dence structures have been considered, such as the introduction of common
environmental factors, see e.g. Loisel (2007b), or a shared claims process, see
e.g. Picard et al. (2003).
Ruin theory originating in the actuarial sciences, has become a commonly
used tool in the insurance industry. It also has applications in operational risk
(see e.g. Kaishev et al. (2008)), credit risk (see e.g. Chen and Panjer (2009)),
and various related fields.

Traditionally, a firm’s risk of insolvency is managed through the control of the
initial capital reserve. For instance, companies tune this initial capital reserve
level, say u, such that their loss within a certain period does not exceed u with
a given (low) probability. This risk measure is often referred to as the value-
at-risk (VaR). In many branches of industry, such as insurance and banking,
regulation imposes restrictions on the capital reserves: these have to be at
least equal to some appropriate VaR over a 1-year horizon. In this chapter we
work with a risk measure which is defined as the smallest amount of initial
capital needed to guarantee a certain probability of solvency over a specified
period. As this risk measure can also be seen as the VaR of the maximal
aggregate loss encountered over the period, we refer to this as the dynamic
VaR measure. This dynamic VaR risk measure, derived from actuarial ruin
theory, was first mentioned by Cheridito et al. (2006) and is based on the
infinite time ruin probability. Later, in Trufin et al. (2011) & Mitric and Trufin
(2016), various properties of this risk measure were examined.

As mentioned above, in practice there are good motives to consider the multi-
variate counterpart of the conventional univariate risk model. Indeed, many
firms want their total initial capital to be allocated over multiple business
lines. A first reason for this is that it allows them to transfer the cost of hold-
ing capital to clients. In the second place, the allocation of expenses across
business lines is a necessary activity for financial reporting purposes. Finally,
capital allocation provides a useful device for assessing and comparing the
performance of the different lines of business including the quantification of
risk.
A variety of capital allocation principles have been proposed in literature.
The study of capital allocation can be traced back to the work of LeMaire
(1984) discussing capital allocations in a game-theoretic framework. Cum-
mins (2000) provides an overview of several methods for capital allocation
in the insurance industry. One of the most important and intensively studied
capital allocation methods is the gradient allocation method, also sometimes re-
ferred to as the Euler allocation method, which has been proposed by several
authors, see Tasche (2007) for an overview. It is based on the idea of allocating
capital according to the marginal impact of each individual risk. In Tasche
(1999), the author argues that allocation based on the gradient principle is
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the only allocation method that provides the right signals for performance
measurement.

In most of the existing literature on allocation methods the risk is modeled
via the terminal value of the risk process at a given time horizon T . A chal-
lenge, however, lies in incorporating path-dependent information in the alloca-
tion method (e.g. considering the event of capital reserves dropping below 0

before T ), being of interest specifically when focusing on ruin-based risk mea-
sures. As mentioned by Assa et al. (2016), it is particularly difficult to apply
existing allocation methods to ruin-based risk measures such as the dynamic
VaR measure. Although scarce, ruin-based allocation methods have been pro-
posed in literature, see e.g. Dhaene et al. (2003), Frostig and Denuit (2009), Li
et al. (2015) and Cai et al. (2017). In these works the authors minimize certain
multivariate ruin probabilities to obtain the optimal capital allocation across
the risk processes or business lines. An alternative approach was followed by
Assa et al. (2016) in which the authors develop a risk measure specifically for
capital allocation purposes in the ruin context.

In this chapter we first propose a novel capital allocation method when the
underlying risk process is of multivariate Lévy type. This capital allocation
is based on the contribution (at the time of ruin, that is) of each of the in-
dividual risk processes to the change in the total aggregated capital reserve
level. It thus yields an intuitive way of allocating capital taking into account
the path-dependent information, and does not require any optimization to
be performed. Several other desirable properties of the method will be high-
lighted. The special case of a multivariate Brownian motion, for which an
explicit allocation is found, is dealt with separately. Furthermore, we pro-
vide, under certain conditions, an asymptotic result for the allocation in the
specific case that ruin over an infinitely long time interval is considered.
Secondly, we show that for some particular cases (including multivariate
scaled Brownian motions with drift) that our new allocation method gives the
same capital allocations as the well-known gradient capital allocation method
applied to the dynamic VaR measure. To our knowledge, this is the first time
in literature that the gradient allocation method is applied to the dynamic
version of the VaR measure. In passing we present a second new allocation
method, which, when properly defined, is shown to give the same allocations
as the first new allocation method when considering an infinite time horizon.
The second allocation method is based on the contribution, at the time the
supremum of the total aggregated risk process is attained, of each of the indi-
vidual risk processes to the total aggregated capital reserve level (conditional
on the level of the supremum of the total aggregated risk process). We con-
clude this chapter by a series of numerical experiments highlighting some of
the differences between the new allocation methods.
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This chapter is organized as follows. Section 2 provides a formal model de-
scription and some preliminaries including the dynamic VaR measure. Then
in Section 3 we propose our novel capital allocation approach, including treat-
ments of (i) the special case of a multivariate Brownian motion, and (ii) the
setting in which the time horizon T is infinite. Section 4 establishes the rela-
tion with the gradient capital allocation method and presents an alternative
new allocation method. Numerical examples are provided in Section 5.

5.2 risk model and risk measure

In this section we introduce our risk model and the risk measure which we
focus on throughout this chapter. In our setup the risk process is a multidi-
mensional process, whereas the risk measure is defined in terms of the sum
of these processes.

5.2.1 Risk model

We start by constructing the aggregated risk (or loss) process S(·). To this
end, consider the d-dimensional real-valued Lévy process {S(t), t > 0} on the
probability space (⌦,F, P), where S(t) = (S1(t), . . . ,Sd(t))>. We take d > 2

and assume Si(0) = 0 for all i. The process can be characterized by its Lévy
exponent S(·), which is given for # := (#1, . . . , #d)> 2 Rd by

E
h
e
h#,S(t)i

i
= e

tS(#);

see e.g. Sato (1999) or Bertoin (1996). The notation h·, ·i denotes the usual inner
product and the domain of the Lévy exponents includes imaginary numbers.
The Lévy exponent of the process S(·) is necessarily of the form

S(#) = hc,#i+ 1

2
h#,⌃#i+

Z

Rd

⇣
e
h#,yi - 1- h#,yi D(y)

⌘
⇧(dy),

where c := (c1, . . . , cd)> 2 Rd, ⌃ := (⌃ij))i,j2{1,...,d a symmetric non-neg-
ative definite matrix on Rd and D := {y : |y| 6 1} the closed unit ball.
One refers to (c,⌃,⇧) as the characteristic triplet. The first term corresponds
to a deterministic drift, the second term to a diffusion part, and the third
term to the process’ jumps. Regarding this third part, ⇧(·) is often referred
to as the Lévy measure on Rd - {0}, and satisfies ⇧((0, . . . , 0)) = 0 andR

Rd

�
|y|2 ^ 1

�
⇧(dy) < 1. In this chapter we often introduce assumptions

of the form E
⇥��S(t)

��⇤ < 1 for all t. As a consequence of Theorem 25.3
in Sato (1999) (as highlighted in Example 25.12 in Sato (1999)) this condi-
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tion holds true if and only if
R
|x|>1 |x|⇧(dx) < 1. As a result, the condition

E
⇥��S(t)

��⇤ < 1 for all t is also equivalent to E
⇥��S(1)

��⇤ < 1.

We define the aggregated risk process by

S(·) :=
dX

i=1

Si(·),

which by Proposition 11.10 of Sato (1999) is again a Lévy process, whose Lévy
exponent is denoted by (·). In a ruin context, we let u- S(t) represent the
capital surplus at time t of the entire firm (defined as the sum of its separate
lines of business), given that the initial capital reserve level was u > 0. This
means that the probability of ruin over some time horizon can be expressed
as the probability that the risk/loss process S(·) exceeds the level u at some
point over the time horizon, i.e.

 (u, T) : = P (⌧(u) 6 T) = P

 

sup
t2[0,T ]

S(t) > u

!

,

 (u,1) : = P (⌧(u) < 1) = P

 

sup
t2[0,1)

S(t) > u

!

,

where the time of ruin is then defined as

⌧(u) := inf{t > 0 : S(t) > u}.

In this chapter we focus on techniques pertaining to the determination of an
appropriate initial capital reserve level u for the aggregated risk process S(·)
by imposing a bound on the probability of ruin, and subsequently allocating
the capital u over the individual risk processes.

5.2.2 Risk measure derived from ruin theory

In this subsection we present the dynamic value-at-risk (VaR) measure for the
aggregated risk process {S(t)}t2[0,T) to determine capital reserves. This risk
measure has been derived from ruin theory and was introduced by Trufin
et al. (2011). The dynamic VaR measure is defined as the minimum initial cap-
ital reserve level u such that the probability of ruin is below a given threshold.
In other words, for (typically small) ↵ 2 [0, 1], aggregated risk process S(·),
and time horizon T > 0,

VaR↵(S, T) := inf{u > 0 | (u, T) 6 ↵}. (5.1)
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In the remainder of this chapter special attention will be paid to the allocation
of capital when the capital reserve level has been determined by this dynamic
VaR measure.

Desirable properties of risk measures have been extensively analyzed in lit-
erature. For a more extensive account of risk measures and their properties
we refer to, e.g. the original works by Artzner et al. (1997, 1999). These works
coin the concept of a coherent risk measure by introducing a list of four ax-
ioms. In the context of the infinite time ruin probability, VaR↵(S,1) and its
properties have been studied by Trufin et al. (2011). In line with those results,
the dynamic VaR measure with a finite time horizon satisfies the following
axioms:

axiom 1 (Translation Invariance) For � 2 R, VaR↵(S+ �, T) = VaR↵(S, T) + �.

axiom 2 (Positive Homogeneity) For every � > 0, VaR↵(�S, T) = �VaR↵(S, T).

axiom 3 (Monotonicity) For S1(t) 6 S2(t) a.s. for all t 2 [0, T) then VaR↵(S1, T) 6
VaR↵(S2, T).

Note that in this context S(·) is referred to as a ‘loss’. The remaining axiom
(generally not satisfied by VaR-type risk measures) for a coherent risk mea-
sure is sub-additivity, i.e.

axiom 4 (Sub Additivity) VaR↵(S1 + S2, T) 6 VaR↵(S1, T) + VaR↵(S2, T).

In case the risk processes are scaled Brownian motions with drift, the risk
measure VaR↵(S,1) is also sub-additive. This is explicitly shown in Sec-
tion 5.4.2.

5.3 a capital allocation approach

In this section we focus on the allocation of capital of the aggregated risk
process S(·) over the individual risk processes Si(·). More specifically, we in-
troduce an intuitively appealing novel method to allocate the (initial) capital
reserve level of the aggregated risk process u to capital reserves for the indi-
vidual risk processes ui based on the risk contribution of the processes at the
time of ruin. Special focus is given to its application to capital reserves which
are determined through the dynamic VaR measure. In addition to presenting
some nice properties of the proposed allocation method, in particular over an
infinite time horizon, we also find an explicit expression for the special case
of scaled Brownian motions with drift.
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5.3.1 The capital allocation method and its properties

As mentioned in Section 5.2.2, an intuitive way to determine the (initial) cap-
ital level u for the aggregated risk process S(·) =

Pd
i=1 Si(·) is by use of the

dynamic VaR measure. In other words, by determining the minimum reserve
level needed to ensure that the probability of ruin is below some threshold ↵,
i.e. P (S(⌧(u)) > u) 6 ↵. A natural way to determine the contribution of risk
process Si(·) (or business line i) to u, is to consider its contribution to S(⌧(u)).
Given the capital reserve level u for the aggregated process {S(t)}t2[0,T ], we
propose to allocation Ki(u,S, T) to the i

th risk process Si(·), where

Ki(u,S, T) := ci(u,S, T)u, ci(u,S, T) :=
E[Si(⌧(u)) | ⌧(u) 6 T ]

E[S(⌧(u)) | ⌧(u) 6 T ]
. (5.2)

For the infinite time horizon we consider the allocation

Ki(u,S,1) := ci(u,S,1)u, ci(u,S,1) :=
E[Si(⌧(u))|⌧(u) < 1]

E[S(⌧(u))|⌧(u) < 1]
.

The ci(u,S, T) add up to 1 (but are not necessarily positive), entailing that for
ui := Ki(u,S, T) we have

Pd
i=1 ui = u. This is known as the full allocation

principle, which evidently is a desirable property for an allocation method.
More properties of this allocation method are discussed below. To ensure
that the allocation method is properly defined we assume from this point
onward that P(⌧(u) 6 T) > 0.

Remark 7. When the capital level u is determined using the dynamic VaR
measure presented in Equation (5.1), the proposed capital allocation method
gives, for risk process i,

AVaR↵i (S, T) := Ki(VaR↵(S, T),S, T).

Various desirable properties of allocation methods can be found in literature,
see for example, Denault (2001) for an introduction into coherent allocation
principles. We now present some properties of the allocation Ki(u,S, T).

Property 1. The allocation Ki(u,S, T) possesses the following properties:

(i) The allocated risk measure Ki(u,S, T) is positively homogeneous, that is,
Ki (u,�Si, T) = �Ki(u,S, T) for any constant � > 0.

(ii) The allocation satisfies the full allocation principle, that is,
Pd

i=1 Ki(u,S, T) =
u.

(iii) If E[S(⌧(u))|⌧(u) < T ] = u, then the allocated risk is deterministic when the
marginal risk is deterministic, i.e. Ki(u,S, T) = si if Si(·) ⌘ si is determinis-
tic.
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Proof. All properties follow directly from definition (5.2).

5.3.2 Infinite horizon

In this subsection we are interested in the properties of the allocation method
as given by (5.2) when considering an infinite time horizon, i.e. the case T =
1. In line with Asmussen and Albrecher (2010) and to avoid trivialities, we
assume from this point onwards that S(·) is a Lévy process with negative
drift, i.e.  0(0) < 0. Furthermore, we assume that it is not the negative of
a subordinator (this would give  (u,1) = 0 for all u > 0). Suppose we
are in the light-tailed regime, in the sense that the equation (#) = 0 has a
real positive solution. This root, typically referred to as the ‘Cramér root’, we
denote by #⇤ 2 (0,1).

We apply now an exponential change of measure. Following (Kyprianou,
2006, Section 3.3) we introduce the alternative measure Q defined on F :=
�(S(t), t > 0). The restrictions of Q and P to the �-algebras Ft := �(S(u),u >
t), conveniently denoted Qt and Pt, are assumed to be mutually absolutely
continuous with likelihood ratio process Z = {Zt, t > 0}, a martingale under
P, taking the form (recall (#⇤) = 0)

Zt = e
#⇤S(t)-(#⇤)t = e

#⇤S(t).

For a stopping time ⌧, we will use that the measures Q and P restricted to the
�-algebra F⌧, these restrictions denoted Q⌧ and P⌧, are also mutually abso-
lutely continuous, with likelihood ratio Z⌧ on the set {⌧ < 1}, see (Jacod and
Shiryaev, 2002, Section III.3) for further details on measure transformations.
Below we apply this to ⌧ = ⌧(u).

Furthermore, with S(t) := (S1(t), . . . ,Sd(t))> having a density function
f

P
S(t)(x) under P for x = (x1, . . . xd)> 2 Rd, under Q the density becomes

f
Q
S(t)(x) = f

P
S(t)(x) e

#⇤
P

i xi .

For a more comprehensive overview of this exponential change of measure,
often referred to as exponential tilting, we refer the reader to section 3.3 in
Kyprianou (2006).

Under the exponential change of measure, the process S(·) is still a Lévy pro-
cess (see Theorem 3.9 in Kyprianou (2006)). Concretely, under the alternative
measure Q the Lévy exponent of the multivariate process S is given by


Q
S(#) := S(#+ #⇤1)- S(#

⇤1),

where 1 denotes the unit vector of dimension d. Similarly, Q(#) = (#+#⇤)-
(#⇤) denotes the Lévy exponents of the process S(·) under the new measure.
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As a result, we find EQ[S(1)] = (Q) 0(0) = 
0(#⇤) > 0 (which follows from

the fact that (#) ! 1 as # ! 1, the convexity of (·) and (0) = 0), which
gives Q(⌧(u) < 1) = 1. We find,

EQ[Si(t)] = E
h
Si(t)e

#⇤S(t)
i
=

@

@#i
E
h
e
h#,S(t)i

i �����
#=#⇤1

= tmi, (5.3)

with

m :=
dX

i=1

mi, mi :=
@

@#i
E
h
e
h#,S(1)i

i �����
#=#⇤1

= e
S(#

⇤1) @S(#)

@#i

�����
#=#⇤1

.

Here it has been used that, in case it exists, the mean of the position of a Lévy
process at time t is linear in t (and that the exponentially twisted version of
a Lévy process is again a Lévy process).

Remark 8. Note that in case there is a positive drift, i.e. E[S(1)] = 
0(0) > 0,

then we find that P(⌧(u) < 1) = 1 and a change of measure is not necessary
to ensure that the time of ruin is finite.

We first present a Lemma that is needed in the proof of the main result of
this section, Theorem 5.

Lemma 7. Suppose that EQ
⇥
|Si(1)|

p⇤
< 1 for all i and p > 1. Then under the

probability measure Q, for i = 1, . . . ,d,

(i)
Si(⌧(u))

u
-

mi

m

a.s.��! 0 as u ! 1;

(ii) �����
Si(⌧(u))

u
-

mi

m

����
p

,u > 1

�
is uniformly integrable;

(iii)

EQ

����
Si(⌧(u))

u
-

mi

m

����
p

! 0 as u ! 1.

Proof. (i) Follows directly from Theorem 5.1 from Gut (1996).

(ii) We use a similar approach as in Gut (1975). Note that by the definition of a
Lévy process for integer n > 1, S(n) =

Pn
k=1 S(k)- S(k- 1) is a sum of i.i.d.

random variables. For the finite stopping time ⌧(u) under the filtration FQ



96 on capital allocation for a risk measure derived from ruin theory

we define the positive, integer valued stopping time ⌧ 0(u) (under the same
filtration) as follows:

⌧
0(u) = 1 for 0 6 ⌧(u) 6 1 and ⌧

0(u) = n for n- 1 < ⌧(u) 6 n. (5.4)

The integer valued stopping time ⌧ 0(u) can be seen as the stopping of the
random walk S(n) with i.i.d. random variables. Next, let

Ui(n) := sup
n-16s6n

|Si(s)- Si(n- 1)|.

Then {Ui(n),n > 1} is a i.i.d. sequence of random variables with finite expec-
tation under Q due to EQ |Si(1)| < 1, i.e.

EQ [Ui(n)
p] = EQ [Ui(1)

p] = EQ

"

sup
06s61

|Si(s)|
p

#

< 1. (5.5)

The last inequality follows from Lemma 2.3 of Gut (1975) (see also Section 3
in Gut (1975) for a similar application). Furthermore,

��Si(⌧(u))- Si(⌧
0(u))

�� 6 2Ui(⌧
0(u)).

For all i = 1, . . . ,d we then get for u > 0,
����
Si(⌧(u))

u

����
p

6 2
p-1

����
Si(⌧(u))- Si(⌧

0(u))

u

����
p

+ 2
p-1

����
Si(⌧

0(u))

u

����
p

6 2
p-1

✓
2Ui(⌧

0(u))

u

◆p

+ 2
p-1

����
Si(⌧

0(u))

u

����
p

, (5.6)

where the first inequality follows from a combination of triangle inequality
and Jenssen’s inequality.

As a result of Theorem 3.7.1 of Gut (2009) we know that
�✓

⌧
0(u)

u

◆p

,u > 1

�
is uniformly integrable.

By Theorem 1.6.1 of Gut (2009) we then get that
⌦���Si(⌧

0(u))
u

���
p

,u > 1

↵
is uni-

formly integrable and
⌦⇣

Ui(⌧
0(u))
u

⌘p
,u > 1

↵
is uniformly integrable using

(5.5). As a result of Lemma A.1.3 of Gut (2009) together with (5.6) we get that⌦���Si(⌧(u))
u

���
p

,u > 1

↵
is uniformly integrable and the final result follows.

(iii) This follows from Theorem A.1.1 of Gut (2009) together using the results
of (i) and (ii).
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Theorem 5. Let EQ [|Si(1)|] < 1 for all i = 1, . . . ,m. Then the limiting allocated
proportion of capital is given by

lim
u!1

c
i(u,S,1) =

mi

m
, with m :=

dX

i=1

mi and mi :=
@

@#i
E
h
e
h#,S(1)i

i �����
#=#⇤1

(5.7)

Proof. Using expression (5.3) and Lemma 2.3 Gut (1996), which gives
E[S(⌧(u))|⌧(u) < 1] = u+ o(u) as u ! 1, we need to prove that

lim
u!1

E[Si(⌧(u))|⌧(u) < 1]

u
=

EQ[Si(1)]

EQ[S(1)]
. (5.8)

First we note that

E[Si(⌧(u))|⌧(u) < 1]

u
=

EQ
h
Si(⌧(u))e

-#⇤S(⌧(u))
i

u (u,1)
(5.9)

= EQ

"✓
Si(⌧(u))

u
-

mi

m

◆
e
-#⇤S(⌧(u))

 (u,1)

#

+
mi

m
. (5.10)

Here it should be borne in mind that Q(⌧(u) < 1) = 1 and that consequently
the likelihood ratio dP⌧

dQ⌧
on F⌧(u) equals Z

-1
⌧(u) = e

-#⇤S(⌧(u)), Q-a.s. The

equality (5.10) follows from the fact that EQ
h
e-#⇤S(⌧(u))

 (u,1)

i
= 1.

We are left to prove

lim
u!1

EQ

�����

✓
Si(⌧(u))

u
-

mi

m

◆
e
-#⇤S(⌧(u))

 (u,1)

����� = 0. (5.11)

due to the ’Cramér-Lundberg’ result for Lévy process, see Bertoin and Doney
(1994), there is a positive constant C such that  (u,1)e#

⇤u ! C as u ! 1;
actually, C = limu!1 e

#⇤uEQ
h
e
-#⇤S(⌧(u))

i
. Furthermore, S(⌧(u)) > u > 0

gives 0 6 e-#⇤S(⌧(u))

 (u,1) 6 e-#⇤u

 (u,1) < 1 and implies that C 2 (0, 1]. Notice that
for � 2 (0,C) and u sufficiently large,

EQ

�����

✓
Si(⌧(u))

u
-

mi

m

◆
e
-#⇤S(⌧(u))

 (u,1)

����� 6
e
-#⇤u

 (u,1)
EQ

����
Si(⌧(u))

u
-

mi

m

����

6 e
-#⇤u

(C- �)e-#⇤u
EQ

����
Si(⌧(u))

u
-

mi

m

���� =
1

(C- �)
EQ

����
Si(⌧(u))

u
-

mi

m

����

We obtain by Lemma 7, for u ! 1

EQ

����
Si(⌧(u))

u
-

mi

m

����! 0.
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This proves the result.

In the special case that the aggregated process S(·) is a spectrally negative
Lévy process, i.e. a process which does not contain positive jumps and the
Lévy measure has support on (-1, 0] only, Theorem 5 holds true for all u > 0.
This statement is formalized in Theorem 6. It is a result of the fact that the
lack of positive jumps of the spectrally negative Lévy process allows us to
write S(⌧(u)) = u on {⌧(u) < 1} (see Section 8.1 in Kyprianou (2006)). For a
more extensive overview of spectrally negative Lévy processes, we refer the
reader to Chapter VII in Bertoin (1996) or Chapter 8 in Kyprianou (2006).

Theorem 6. For a spectrally negative Lévy process S(·), suppose that for every t > 0

and for all i = 1, . . . ,d, EQ
⇥��Si(t)

��⇤ < 1. Then, if m > 0 and any u > 0,

ci(u,S,1) =
mi

m
. (5.12)

Proof. By the definition of ci(u,S,1) and the relation between P and Q,

ci(u,S,1) =
E[Si(⌧(u)) | ⌧(u) < 1]

E[S(⌧(u)) | ⌧(u) < 1]

=
EQ

h
Si(⌧(u))e

-#⇤S(⌧(u))
i

EQ
⇥
S(⌧(u))e-#⇤S(⌧(u))

⇤ =
EQ [Si(⌧(u))]

EQ [S(⌧(u))]
, (5.13)

where the last equality follows from the spectral negativity of S(·) which
allows us to write S(⌧(u)) = u on {⌧(u) < 1} (see Section 8.1 in Kyprianou
(2006)). As a result of Theorem 3.1 of Gut (1975) and by the assumption that
EQ[|S(1)|] < 1 we have EQ[⌧(u)] < 1. By Wald’s equation in continuous
time, as stated on page 380 of Doob (1990), we thus have that EQ[Si(⌧(u))]
and EQ[S(⌧(u))] exist and are given by

EQ[Si(⌧(u))] = EQ[Si(1)]EQ[⌧(u)] < 1,

EQ[S(⌧(u))] = EQ[S(1)]EQ[⌧(u)] < 1.

Substituting this into Equation (5.13) gives the final result. Note that this is
properly defined due to the fact that EQ[S(1)] = m > 0 as derived before.

Remark 9. In Corollary 1 of Hall (1970) more general conditions are given to
guarantee the existence of EQ [Si(⌧(u))] and EQ [S(⌧(u))]. We will now briefly
mention them. If either (i) there exists a real #i > 0 such that
EQ

h
e
-#iSi(1)

i
6 1, or (ii) EQ [Si(1)] = 0, then EQ [Si(⌧(u))] exists and is

given by EQ[Si(⌧(u))] = EQ[Si(1)]EQ[⌧(u)]. To derive the latter, we have
made use of the fact that limt!1 Si(t)/t = EQ[Si(1)] almost surely under
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the Q-measure by Theorem 36.5 of Sato (1999). With Q
i (·) denoting the Lévy

exponent of the process Si(·), condition (i) above is equivalent to the existence
of a real #i < 0 such that Q

i (#i) 6 0. The same reasoning also applies to
EQ [S(⌧(u))].

Under the conditions of Theorems 5 & 6, the allocation fraction over an infi-
nite time horizon does not depend on the capital level u. This is an attractive
property as it reflects robustness of the allocation with respect to u.

5.3.3 Special case: Brownian motion

In this subsection we simplify the risk model of Section 5.2 by considering
only the diffusion part of the Lévy process. We assume that the processes Si(·)
are scaled Brownian motions with drift. Due to the fact that these processes
are continuous and obey various convenient properties, the proposed capital
allocation method (5.2) can be made explicit.

Concretely, the risk processes in this subsection are assumed to be of the form
Si(·) := rit + Bi(t), where B(t) := (B1(t), . . . ,Bd(t))

> is a d-dimensional
Brownian motion with zero drift and covariance matrix

E[B(t)B(t)>] = ⌃ t,

such that ⌃ := (�2i,j)i,j2{1,...,d} with �2i,j = �
2
j,i = ⇢i,j�i,i�j,j for correlations

⇢i,j 2 [-1, 1]. In this case S(t) :=
Pd

i=1 Si(t) is also a Brownian motion with
drift r :=

Pd
i=1 ri and variance coefficient �2 :=

Pd
i,j=1 �

2
i,j (assumed to

be strictly positive, to rule out trivial cases). Note that this is a spectrally
negative Lévy process and due to the continuous sample paths of Brownian
processes, there is no overshoot at the first passage time, i.e. S (⌧(u)) = u, and
its supremum equals its maximum. As a result, Theorem 6 can be applied to
scaled Brownian motions with drift.

In the next theorem we present an explicit expression for the proposed allo-
cation method (5.2). It considers the case of a finite time horizon. Below, �(·)
denotes the cumulative distribution function of a standard normal random
variable.

Theorem 7. For the multivariate scaled Brownian motion with drift the allocated
initial reserve of component i 2 {1, . . . ,d} is given by

Ki(u,S, T) = E [Si(⌧(u)) | ⌧(u) 6 T ]

= E [⌧(u) | ⌧(u) 6 T ]

 

ri -

Pd
j=1 �

2
i,j

�2
r

!

+

Pd
j=1 �

2
i,j

�2
u, (5.14)
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where

E [⌧(u) | ⌧(u) 6 T ] =
u

r
⇥
�

⇣
-u+rT
�
p
T

⌘
- e

2ur
�2 �

⇣
-u-rT
�
p
T

⌘

�

⇣
-u+rT
�
p
T

⌘
+ e

2ur
�2 �

⇣
-u-rT
�
p
T

⌘ .

Proof. First note that the denominator in ci(u,S, T) equals u due to the fact
that S(·) has continuous sample paths. This gives

Ki(u,S, T) = E [Si(⌧(u)) | ⌧(u) 6 T ] .

By introducing the notation f⌧(u)(✓) as the probability density function of
the first passage time ⌧(u) and f⌧(u),Si(⌧(u)) (✓, s) as the joint density of the
first passage time and Si(⌧(u)), we can write

E [Si(⌧(u)) | ⌧(u) 6 T ] =
1

P (⌧(u) 6 T)

ZT

0

Z1

-1
sf⌧(u),Si(⌧(u)) (✓, s)dsd✓.

The next step is to obtain the density f⌧(u),Si(⌧(u)) (✓, s) from Proposition 5.1
of Chuang (1996) as

f⌧(u),Si(⌧(u)) (✓, s) = f⌧(u) (✓) fSi(✓) |S(✓) (s |u) ,

where fSi(✓) |S(✓) (s |u) denotes the conditional density of Si(✓) given S(✓).
This is the result of first conditioning on �(S(t), t 6 ✓) (i.e. the path of
S(t)t2[0,✓]) and then making use of the Markov property for correlated Brow-
nian motions as given in Theorem 4.1 of Chuang (1996). Substituting this
into the equation above and using the distributional properties of bivariate
Brownian motions we obtain,

E [Si(⌧(u)) | ⌧(u) 6 T ] =

ZT

0
E [Si(✓) |S(✓) = u]

f⌧(u) (✓)

P (⌧(u) 6 T)
d✓

=

ZT

0

✓✓
ri -

Cov (Si(✓),S(✓))
Cov (S(✓),S(✓))

r

◆
✓+

Cov (Si(✓),S(✓))
Cov (S(✓),S(✓))

u

◆
f⌧(u) (✓)

P (⌧(u) 6 T)
d✓

=

 

ri -

Pd
j=1 �

2
i,j

�2
r

! ZT

0

✓f⌧(u) (✓)

P (⌧(u) 6 T)
d✓+

Pd
j=1 �

2
i,j

�2
u

=

 

ri -

Pd
j=1 �

2
i,j

�2
r

!

E [⌧(u) | ⌧(u) 6 T ] +

Pd
j=1 �

2
i,j

�2
u,

where we have used that

E [⌧(u) | ⌧(u) 6 T ] =

RT
0 ✓f⌧(u) (✓)d✓
P (⌧(u) 6 T)

. (5.15)
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For the denominator in the equation above we note that (see e.g. Theorem 2.1
of He et al. (1998)),

P (⌧(u) 6 T) = P

 

sup
06t6T

S(t) > u

!

= �

✓
-u+ rT

�
p
T

◆
+ e

2ur
�2 �

✓
-u- rT

�
p
T

◆
.

(5.16)
The density f⌧(u) (✓) can be derived from the above expression by differenti-
ation with respect to T . The numerator in (5.15) is then given by

ZT

✓=0
✓f⌧(u) (✓)d✓ =

ZT

✓=0

u

�
p
2⇡✓

e
- (u-r✓)2

2�2✓ d✓

=
u

r

✓
�

✓
-u+ rT

�
p
T

◆
- e

2ur
�2 �

✓
-u- rT

�
p
T

◆◆
. (5.17)

The final result follows by substituting Equations (5.16) & (5.17) into (5.15).

To see that Theorem 7 gives the same result as Theorem 6 in the infinite time
horizon regime, we consider the cases r < 0 and r > 0 separately.

• When r < 0, letting T ! 1 in (5.14) gives

Ki(u,S,1) = -
u

r

 

ri -

Pd
j=1 �

2
i,j

�2
r

!

+

Pd
j=1 �

2
i,j

�2
u

= u

 
2
Pd

j=1 �
2
i,j

�2
-

ri

r

!

. (5.18)

For r < 0, the supremum of a Brownian motion over an infinite time
horizon is exponentially distributed with rate -2r/�

2 (see Section 6.8
of Resnick (2002)), and thus

P (⌧(u) < 1) = P

 

sup
t2[0,1)

S(t) > u

!

= e
2r
�2

u
< 1.

In this case the existence of #⇤, as the positive solution to log E
h
e
#S(t)

i
=

(#r+ 1
2#

2
�
2)t = 0, is guaranteed and given by #⇤ = -2r/�

2. By taking
the derivative, we obtain

mi =
@

@#i
e

Pd
j=1 #jrj+

1
2

Pd
j,k=1 #j#k�

2
j,k

����
#=#⇤1

= ri -
2r

�2

dX

j=1

�
2
j,i,

m =
dX

i=1

mi = -r.
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This also gives

Ki(u,S,1) = u

 
2
Pd

j=1 �
2
i,j

�2
-

ri

r

!

.

• In case r > 0, letting T ! 1 in (5.14) gives

Ki(u,S,1) =
u

r

 

ri -

Pd
j=1 �

2
i,j

�2
r

!

+

Pd
j=1 �

2
i,j

�2
u = u

ri

r
.

When r > 0, we are in the trivial case where P (⌧(u) < 1) = 1 and we
do not have to do a change of measure (effectively implying that #⇤ > 0

does not exist). In this case we can apply Wald’s identity under the P-
measure. The existence of the Wald identity for the Brownian case is
explicitly mentioned in Hall (1970). As a result, we find

u = E [S(⌧(u)) | ⌧(u) < 1] = E [S(⌧(u))] = E [S(1)]E [⌧(u)] = rE [⌧(u)] ,

which gives E [⌧(u)] = u
r . By similar reasoning we find

Ki(u,S,1) = E [Si(⌧(u)) | ⌧(u) < 1] = riE [⌧(u)] = u
ri

r
,

which coincides with limiting result of (5.14) when T ! 1.

Note that in both cases, the allocation fractions over an infinite time horizon
ci(u,S,1) do not depend on the capital level u. This gives rise to a stable,
robust allocation method. Note however that this property only holds when
considering an infinite time horizon: for finite T there evidently is a depen-
dence on u.

5.4 comparison with gradient allocation

In this section we analyze a well-known allocation method, namely the gradi-
ent allocation. We start by presenting a number of general results, and then
provide explicit results for the Brownian case.

5.4.1 General results

The gradient allocation method considers the marginal impact of each risk
process to the risk measure. In this subsection we will present the gradient al-
location for capital determined by the dynamic VaR measure defined in (5.1).
Under certain conditions, this gradient capital allocation can be expressed
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as a function of the location of the supremum of the aggregated risk pro-
cess. This gives rise to a new allocation method. We show that for some risk
processes, the AVaR↵ capital allocation method, as defined in the previous
section, coincides with the gradient capital allocation for capital determined
by the dynamic VaR measure.

We proceed with a few words on the existing literature in relation to our
work. The gradient allocation approach is also referred to as the Euler alloca-
tion method due to its relation with Euler’s theorem on homogeneous func-
tions of degree 1. As mentioned, the gradient allocation method considers the
marginal impact of each risk process to the risk measure. Several papers have
been written on the topic, highlighting the importance and practical use of
the gradient allocation method; see e.g. Tasche (1999, 2007). In Tasche (1999)
the author derives an expression for the gradient allocation method applied
to the quantile-based risk measure value-at-risk (VaR) for random variables
under some smoothness conditions. This VaR risk measure considers the dis-
tribution of the sum of random variables, i.e.

inf

�

x > 0

�����P

 
dX

i=1

Xi > x

!

6 ↵

✏

,

and should not be confused with the dynamic VaR presented in Section 5.2.2.
The dynamic VaR considers the probability of ruin over time of an aggregated
risk process. The additional time component inherent in the ruin probability
complicates matters significantly. We will follow a similar logic as used in
Tasche (1999) to find an expression for the gradient allocation applied to the
dynamic VaR measure under some smoothness conditions.

To properly define the gradient allocation method for the dynamic VaR mea-
sure, it is useful to introduce the weight variables x = (x1, . . . , xd)> 2 Rd

with Zi,T (xi) := supt2[0,T ]
Pd

j6=i Sj(t) + xiSi(t) and the function

qVaR↵i,T
(xi) := VaR↵

0

@
dX

j6=i

Sj + xiSi, T

1

A = VaR↵
�
Zi,T (xi), T

�
,

where VaR↵ is as defined in Equation (5.1). When qVaR↵i,T
(xi) is differentiable

(in xi), the gradient allocation method applied to the dynamic VaR type mea-
sure is defined by

GVaR↵i (S, T) :=
@qVaR↵i,T

(xi)

@xi

�����
xi=1

.

However, in general the quantile function qVaR↵i,T
(xi) will not be differentiable

in xi. By the implicit function theorem, as stated in Appendix 5.A, the quan-
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tile function is differentiable in xi = 1 when the following three conditions
hold:

1. P
⇣
Zi,T (xi) 6 qVaR↵i,T

(xi)
⌘
= ↵ in a neighboorhood of xi = 1.

2. P
�
Zi,T (xi) 6 y

�
is continuously differentiable in y in an open interval

around qVaR↵i,T
(xi).

3. P
�
Zi,T (xi) 6 y

�
differentiable in xi in an open interval around xi = 1.

Under these conditions the gradient allocation method applied the dynamic
VaR measure can be computed as

GVaR↵i (S, T) = -
@P
�
Zi,T (xi) 6 y

�
/@xi

@P
�
Zi,T (xi) 6 y

�
/@y

�����
xi=1,y=qVaR↵i,T

(xi)

. (5.19)

In Theorem 8 we show that under some smoothness assumptions on the mul-
tivariate stochastic process S(·) = (S1(·), . . . ,Sd(·))> , this gradient capital
allocation exists and can be expressed in terms of the location of the supre-
mum of aggregated the risk process S(·). For this purpose we introduce the
set of times at which the supremum is reached:

A
⇤
i,T (xi) :=

8
<

:t 2 [0, T ] :
dX

j 6=i

Sj(t) + xiSi(t) = sup
s2[0,T ]

dX

j6=i

Sj(s) + xiSi(s)

9
=

; ,

with t
⇤
i,T (xi) as the minimum of A

⇤
i,T (xi) in case it is non-empty. When

A
⇤
i,T (xi) is empty we set t

⇤
i,T (xi) = 1. Over an infinite horizon (T = 1)

we use similar notation: A⇤
i,1(xi) and t

⇤
i,1(xi), respectively. We often omit

the dependence on i and xi when xi = 1, i.e.

A
⇤
T :=

�

t 2 [0, T ] :
dX

i=1

Si(t) = sup
s2[0,T ]

dX

i=1

Sj(s)

✏

,

with t
⇤
T as the minimum of A⇤

T . Over an infinite time horizon we adopt the
notation A

⇤
1 and t

⇤
1. In the case of Lévy processes excluding compound

Poisson processes, the supremum over a finite horizon is obtained at a unique
point in time almost surely, i.e. when A

⇤
i,T (xi,!) is non-empty it is a singleton

a.s. (see page 171 in Kyprianou (2006)). Before proceeding with the stochastic
case we first introduce a lemma concerning the differentiability of functions.
In view of the applications in Section 5.5, we content ourselves with functions
and processes that have continuous paths (as in the Brownian case) and those
that have upward jumps with drift (as in the Compound Poisson case with
drift).
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Lemma 8. Let f : [0, T ]⇥ R>0 7! R with f(t, x) := p(t) + xq(t) and assume that
for all positive x the maximum of t 7! f(t, x) over 0 6 t 6 T equals the supremum
and is uniquely attained in tx with value f̄(x) := f(tx, x). If one of the following two
assumptions is satisfied:

1. p(t) and q(t) are continuous functions of t,

2. p(t) and q(t) are functions for which the location of the maximum lies within
a finite set of points for all positive x, i.e. for all positive x we have tx 2 T for
a finite set T := {T1, . . . , Tn}. The time points Ti 2 [0, T ] are independent of x.

Then
@

@x
f̄(x) = q(tx).

Proof. We will treat the two assumptions separately, starting with the first
assumption. Under assumption 1, the functions f(t, x) and @f(t, x)/@x = q(t)
are continuous in both t and x. We may now apply Danskin’s Min-Max The-
orem (see Theorem 1 in Danskin (1966)). According to this theorem, the right
derivative of f̄(x) in x is given by q(tx), where we have used that the location
of the maximum is uniquely obtained in tx. The left derivative is minus the
directional derivative in the direction of the -x axis, which also gives q(tx)
by the unique location of the maximum. The final result now follows.

We now proceed with a proof of the result under assumption 2. Following
the proof of Proposition 2.1 in Oyama and Takenawa (2018) we have

f(tx, x+ z)- f(tx, x) 6 f̄(x+ z)- f̄(x) 6 f(tx+z, x+ z)- f(tx+z, x),

which can be rewritten as

p(tx) + (x+ z)q(tx)- (p(tx) + xq(tx)) 6 f̄(x+ z)- f̄(x)

6 p(tx+z) + (x+ z)q(tx+z)- (p(tx+z) + xq(tx+z)) ,

i.e.
zq(tx) 6 f̄(x+ z)- f̄(x) 6 zq(tx+z).

This gives, 8
<

:
q(tx) 6 f̄(x+z)-f̄(x)

z 6 q(tx+z), for z > 0

q(tx+z) 6 f̄(x+z)-f̄(x)
z 6 q(tx), for z < 0.

The final result follows when q(tx+z) ! q(tx) for z ! 0. We will now show
this holds true under assumption 2. Under this assumption, the maximum
of f(t, x) is obtained in one of the finite number of points T := {T1, . . . , Tn},
i.e. tx 2 T. As the maximum is considered to be uniquely obtained, f̄(x)-
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f(t, x) > 0 for all t 2 T \ {tx}. We now consider the function f(t, x+ z) and its
unique maximum tx+z 2 T. We set

� = min
t2Tq

����
f̄(x)- f(t, x)
q(tx)- q(t)

����, Tq = {t 2 T \ {tx} : q(t) 6= q(tx)}.

In case Tq is empty, we set � = 1. For small |z| 6 � and all t 2 T \ {tx}, we
have f̄(x) > f(t, x) and

f(tx, x+ z)- f(t, x+ z) = f̄(x)- f(t, x) + z(q(tx)- q(t)) > 0.

In other words, for small |z|, the maximum of f(t, x+ z) is obtained in tx+z =
tx and thus q(tx+z) = q(tx).

Lévy processes Si(t) with sample paths of the types q(t (or similarly p(t)) as
specified in Lemma 8 include continuous Lévy processes, i.e. scaled Brownian
motions with drift, and compound Poisson processes with non-zero drift.
These processes are used in the examples in Section 5.5. The proof of the next
theorem can be found in Appendix 5.B.

Theorem 8. Consider multivariate Lévy processes S(·) = (S1(·), . . . ,Sd(·)) on the
probability space (⌦,F, P). For small �, �̄ > 0 and xi 2 [1 - �, 1 + �], assume
that the individual processes Si(·) and the aggregated process

Pd
j6=i Sj(·) + xiSi(·)

are either continuous, i.e. scaled Brownian motions with drift, or compound Poisson
processes with negative drift and positive jumps. Denote yi ! fi,xi

(yi) as the
density of the random variable Zi,T (xi) := supt2[0,T ]

Pd
j6=i Sj(t) + xiSi(t) at the

point yi 2 [qVaR↵i,T
(xi)- �̄,qVaR↵i,T

(xi) + �̄] which we assume exists. Furthermore,
if the following conditions hold,

(i) The density fi,xi
(yi) < 1 is continuous in yi, xi for all xi 2 [1- �, 1+ �]

and yi 2 [qVaR↵i,T
(xi)- �̄,qVaR↵i,T

(xi) + �̄].

(ii) For each xi, fi,xi
(qVaR↵i,T

(xi)) > 0.

(iii) E
h
Si(t

⇤
i,T (xi))

��Zi,T (xi) = yi

i
and E

h
|Si(t

⇤
i,T (xi))|

��Zi,T (xi) = yi

i
exist

and are continuous in yi, xi for all xi 2 [1- �, 1+ �] and yi 2 [qVaR↵i,T
(xi)-

�̄,qVaR↵i,T
(xi) + �̄].

(iv) E
h
supt2[0,T ]

��Si(t)
��
i
< 1.

then the gradient allocation method applied to the dynamic VaR type risk measure,
i.e. gradient capital allocation, exists and is given by

GVaR↵i (S, T) = E

"

Si(t
⇤
T )

���� sup
t2[0,T ]

S(t) = VaR↵(S, T)

#

. (5.20)
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Especially when one cannot analytically determine the gradient capital al-
location by differentiation as in (5.19), and one has to resort to simulation,
the above result provides a practical way to determine the gradient capital
allocation. Numerical evaluation of the gradient capital allocation (5.19) can
be computationally expensive due to the derivatives. For the Gaussian case,
without the additional time component in the determination of capital, a sim-
ilar result has been derived (see Tasche (1999), and Gourieroux et al. (2000))
and has found broad application in practice. In fact, expression (5.20) can be
seen as the extension of the results found in Tasche (1999) (Lemma 5.3 and Re-
mark 5.4) and Gourieroux et al. (2000) with respect to time. Note that there is
a similarity between assumptions (i)-(iii) in Theorem 8 and the assumptions
imposed in Tasche (1999).

Remark 10. We note that the scope of Theorem 8 could be extended to mul-
tivariate stochastic processes in a natural way whenever the sample paths of
the processes are of the types specified in Lemma 8. This includes for ex-
ample Markov-modulated Brownian motions. Furthermore, we note that the
negative drift assumption for compound Poisson processes can be replaced
by positive drift as well by noting that for positive drifts the supremum can
be reached in the time points of the jumps of the Poison process or at the
final time horizon T .

Expression (5.20) suggests yet another allocation method for the allocation of
the capital reserve level u:

Ki(u,S, T) := E[Si(t
⇤
T ) |S(t

⇤
T ) = u, t⇤T 6 T ], ci(u,S, T) :=

Ki(u,S, T)
u

. (5.21)

As before, for the infinite time horizon we define

Ki(u,S,1) := E[Si(t
⇤
1) |S(t⇤1) = u, t⇤1 < 1], c(u,S,1) :=

Ki(u,S,1)

u
.

Note that this allocation method cannot be evaluated when t
⇤
T = 1 almost

surely, i.e. when A
⇤
T is empty. When it can be evaluated, the allocation method

also satisfies the properties highlighted in Section 5.3.1, i.e. the allocated risk
measure is positively homogeneous, deterministic when the marginal risk is
deterministic and admits the full allocation principle.

When the capital level u is determined using the dynamic VaR measure, this
allocation method gives for component i,

AVaR↵i (S, T) := Ki (VaR↵(S, T),S, T) .

Whenever the conditions of Theorem 8 are satisfied, we find GVaR↵i (S, T) =
AVaR↵i (S, T).
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5.4.2 Special case: Brownian motion

In this subsection we show the implications of the results presented in the
previous subsection for the special case of scaled Brownian motion with drift.
Throughout we use the same notation as introduced in Section 5.3.3. We start
by deriving an explicit expression for the new allocation method (5.21) in the
theorem below.

Theorem 9. For the multivariate scaled Brownian motion with drift and finite time
horizon T , the allocated capital reserve of component i 2 {1, . . . ,d} is given by

Ki(u,S, T) = E [Si (t
⇤
T ) |S(t

⇤
T ) = u]

= E [t⇤T |S(t⇤T ) = u]

 

ri -

Pd
j=1 �

2
i,j

�2
r

!

+

Pd
j=1 �

2
i,j

�2
u,

where

E [t⇤T |S(t⇤T ) = u] = u

0

@-r+
�e

- (u+rT)2

2�2T

p
2⇡T�

⇣
-u-rT
�
p
T

⌘

1

A

-1

.

Proof. For Brownian processes considered over a finite time horizon T , A⇤
T is

non-empty and t
⇤
T is thus properly defined due to the fact that for Brownian

motions the supremum is actually attained (i.e. it is equal to the maximum).
In fact, t⇤T is finite and almost surely unique for finite T (see page 158 in
Kyprianou (2006), or Lemma 49.4 in Sato (1999)). As a result, we find

Ki(u,S, T) = E [Si (t
⇤
T ) |S(t

⇤
T ) = u] .

We introduce the notation fS(t⇤T ),t⇤T
(x, ✓), ft⇤T |S(t⇤T )

(✓ | x), and fS(t⇤T )
(x) to de-

note the joint probability density function of S(t⇤T ) and t
⇤
T , the conditional

density function of t⇤T conditional on S(t⇤T ), and the density function of the
maximum of the process S(·), respectively, which are properly defined for
0 6 x < 1 and 0 6 ✓ 6 T . By conditioning on the location of the maxi-
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mum t
⇤
T and using standard results for the conditional mean of a bivariate

Brownian motion, we obtain

E [Si(t
⇤
T ) |S(t

⇤
T ) = u] =

ZT

✓=0
E [Si(✓) |S(✓) = u] ft⇤T |S(t⇤T ) (✓ |u)d✓

=

ZT

✓=0

✓✓
ri -

Cov (Si(✓),S(✓))
Cov (S(✓),S(✓))

r

◆
✓+

Cov (Si(✓),S(✓))
Cov (S(✓),S(✓))

u

◆
ft⇤T |S(t⇤T ) (✓ |u)d✓

=

 

ri -

Pd
j=1 �

2
i,j

�2
r

! ZT

✓=0
✓ft⇤T |S(t⇤T ) (✓ |u)d✓

+

Pd
j=1 �

2
i,j

�2
u

ZT

✓=0
ft⇤T |S(t⇤T ) (✓ |u)d✓

=

 

ri -

Pd
j=1 �

2
i,j

�2
r

!

E [t⇤T |S(t⇤T ) = u] +

Pd
j=1 �

2
i,j

�2
u.

For the conditional expectation we have

E [t⇤T |S(t⇤T ) = u] =

RT
0 ✓fS(t⇤T ),t⇤T

(u, ✓)d✓
fS(t⇤T )

(u)
. (5.22)

The density function fS(t⇤T )
(u) can be derived from its cumulative distribu-

tion function as presented in e.g. He et al. (1998), i.e.

fS(t⇤T )(u) =
1

�
p
T
�

✓
u- rT

�
p
T

◆
-

2r

�2
e

2ur
�2 �

✓
-u- rT

�
p
T

◆
+

1

�
p
T
e

2ur
�2 �

✓
-u- rT

�
p
T

◆
,

(5.23)
where �(·) and �(·) represent the probability density function and the cu-
mulative distribution function of a standard normal random variable, respec-
tively. We now focus on finding an expression for

RT
0 ✓ft⇤T ,S(t⇤T )

(✓,u)d✓. The
joint density ft⇤T ,S(t⇤T )

(✓,u) is known: as given in Shepp (1979),

ft⇤T ,S(t⇤T )
(✓,u) =

Zu

-1

1

⇡�4

u(u- x)

✓3/2(T - ✓)3/2
e

✓
-u2

2✓-
(u-x)2

2(T-✓) +rx- r2T
2

◆
�-2

dx.
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This gives

ZT

0
✓ft⇤T ,S(t⇤T )

(✓,u)d✓

=

Zu

-1

ZT

0

1

⇡�4

u(u- x)

✓1/2(T - ✓)3/2
e

✓
-u2

2✓-
(u-x)2

2(T-✓) +rx- r2T
2

◆
�-2

d✓dx

=

Zu

-1

p
2u

�3
p
⇡T

e

✓
- (2u-x)2

2T +rx- r2T
2

◆
�-2

dx

=
2u

�2
e

2ur
�2

Zu

-1

1

�
p
2⇡T

e

-(x-2u-rT)2

2�2T dx

=
2u

�2
e

2ur
�2 �

✓
-u- rT

�
p
T

◆
, (5.24)

where we have made use of the identity, for a > 0, b > 0,

ZT

0

ab

⇡✓1/2(T - ✓)3/2
e
-a2

2✓-
b2

2(T-✓) d✓ =
2ap
2⇡T

e
- (a+b)2

2T .

This identity is easy to check by taking the Laplace transforms (with respect
to T , that is) of both sides using (5.28) and (5.30) on page 41 of Oberhettinger
and Badii (1973). Substituting (5.23) and (5.24) into (5.22) gives the final result.

The above theorem only considers a finite time horizon as this guarantees
that the maximum of the process is almost surely attained. For an infinite
time horizon, we separately consider the two instances r > 0 and r < 0. In the
first instance we have limt!1 S(t) = 1 and the supremum of the Brownian
process S(·) is infinite and thus not attained at a finite point in time. In other
words, t⇤1 = 1. In the second instance, as pointed out in Section 5.3.3, the
maximum of the process S(·) is an exponentially distributed random variable.
Taking the limit of Theorem 9 with respect to T ! 1 for r < 0, we find
E [t⇤1 |S(t⇤1) = u, t⇤1 < 1] = -u/r and subsequently

E [Si (t
⇤
1) |S(t⇤1) = u, t⇤1 < 1] = u

 
2
Pd

j=1 �
2
i,j

�2
-

ri

r

!

.

Note that this result coincides with the allocation method presented in Sec-
tion 5.3, i.e. Equation (5.18). This connection is a consequence of the fact that
E [t⇤1 |S(t⇤1) = u, t⇤1 < 1] = E [⌧(u) | ⌧(u) < 1]. As we are in the continuous
case, note that S(⌧(u)) = u. Furthermore, conditional on S(t⇤T ) = u, the loca-
tion of the maximum, t⇤T , is the same as the first passage time of the level u,
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⌧(u) conditioned on sup⌧(u)6t6T S(t) = u. At the first time the supremum
is attained we assume S(t⇤T ) = u and thus S(⌧(u)) ⇧ u. As a result we find

E [t⇤T |S(t⇤T ) = u, t⇤T 6 T ] = E

"

⌧(u)

����� ⌧(u) 6 T , sup
⌧(u)6t6T

S(t) = u

#

.

For finite T , the random variable sup⌧(u)6t6T S(t) is dependent on ⌧(u) as it
impacts the length of the time horizon over which the supremum is consid-
ered. Considering an infinite time horizon (T = 1), the equality becomes

E [t⇤1 |S(t⇤1) = u, t⇤T < 1] = E

"

⌧(u)

����� ⌧(u) < 1, sup
⌧(u)6t<1

S(t) = u

#

.

(5.25)
The random variable sup⌧(u)6t<1 S(t) is independent of ⌧(u) and is there-
fore redundant in the latter conditional expectation.

Theorem 8 points out the relationship between the gradient capital allocation
method and the allocation method K(u,S, T) as introduced in (5.21). We will
now show, by easy computation, that for scaled Brownian motions with drift,
the conditions (i)-(iv) of Theorem 8 are satisfied. As a result, the gradient
capital allocation is given by (5.20) and Theorem 9 can be used to make this
explicit. We use the same numbering as in Theorem 8.

(i) First note that, for fixed T , the drift and variance of the random variable

Zi,T (xi) := sup
t2[0,T ]

dX

j6=i

Sj(t) + xiSi(t)

are given by

r(xi) = r+ (xi - 1)ri, �
2(xi) = �

2 + 2(xi - 1)
dX

j=1

�
2
j,i + (xi - 1)2�2i,i.

Both are continuous functions in xi. The density of the supremum pro-
cess of a scaled Brownian motion with drift r and variance parameter
�
2 was given in (5.23), which can be seen to be a continuous function

of r and �2. As a result, the density fi,xi
(·) is also continuous in xi. Fur-

thermore, the density is finite for finite u, r(xi) and finite �(xi), T > 0.

(ii) The density, as mentioned in the item above, is also greater than zero
for finite u, r(xi) and finite �(xi), T > 0.

(iii) The conditional expectation E
h
Si(t

⇤
i,T (xi)) |Zi,T (xi) = yi

i
can be made

explicit by use of Theorem 9 and can be seen to be continuous in xi
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and yi. Using a similar approach as in Theorem 9, the conditional ex-
pectation E

h
|Si(t

⇤
i,T (xi))|

��Zi,T (xi) = yi

i
can be derived explicitly by

conditioning on the location of the maximum and using Lemma 9. The
resulting expression is continuous in both xi and yi due to the continu-
ity of all the functions involved.

(iv) Note that

E

"

sup
t2[0,T ]

��Si(t)
��
#

6 |ri|T + �iE

"

sup
t2[0,T ]

��B(t)
��
#

,

where B(t) is a standard Brownian motion. For a standard Brownian
motion it can be derived that

E

"

sup
t2[0,T ]

��B(t)
��
#

=

r
⇡

2
;

this follows by integrating the tail probabilities of supt2[0,T ]
��B(t)

��
which can be found in (Borodin and Salminen, 2002, Part II, Chapter
3, Formula 1.1.4). As a result, supt2[0,T ]

��Si(t)
�� has a finite mean when

|ri|,�i < 1.

It should be pointed out that in the Brownian case, the gradient allocation
method applied to the dynamic VaR measure can also be derived explicitly
by straightforward differentiation of the dynamic VaR measure. Considering
an infinite horizon (T = 1) and r < 0, the supremum is exponentially dis-
tributed with parameter -2r/�

2. More specifically, we find VaR↵(S,1) =
�2

2r log(↵). Furthermore, by differentiation the gradient capital allocation can
be determined as

GVaR↵i (S,1) = log(↵)
2r

2Pd
j=1 �

2
j,i - rir�

2

2r3
,

GVaR↵i (S,1)

VaR↵(S,1)
=

2
Pd

j=1 �
2
j,i

�2
-

ri

r
,

which is in line with the results obtained before.

We conclude this section by briefly mentioning an appealing property of the
gradient allocation method for Brownian risk processes. Consider two Brow-
nian risk processes S1(·) and S2(·), we find, by an elementary computation,
VaR↵(S1,1) + VaR↵(S2,1) > VaR↵(S1 + S2,1). This is known as the sub-
additivity property, see Axiom 4 in Section 5.2.2. By Theorem 3.1 of Buch and
Dorfleitner (2008) it then follows that the so-called ‘no undercut’ property is
satisfied for the gradient allocation of this risk measure, i.e.

X

i2N

GVaR↵i (S,1) 6 VaR↵
 
X

i2N

Si,1

!

for all subsets N of {1, . . . ,d}.
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5.5 numerical examples

In this section we present a series of illustrative examples featuring the allo-
cation methods presented in the previous sections.

5.5.1 Brownian motion

This example considers the multivariate Brownian motion process as in Sec-
tions 5.3.3 and 5.4.2, adopting the same notation. In those sections we have
derived explicit expressions for the two proposed capital allocation methods,
Ki(u,S, T) and Ki(u,S, T). In particular, we considered the instance where
capital u is determined by the dynamic VaR measure and its correspond-
ing allocations AVaR↵i (S, T) and AVaR↵i (S, T). The AVaR↵i (S, T) allocation has
been shown to coincide with the gradient allocation method GVaR↵i (S, T) in
Section 5.4.2. The same section also illustrates that the two newly proposed
allocation methods coincide when considering an infinite time horizon, i.e.
AVaR↵i (S,1) = AVaR↵i (S,1). These capital allocation fractions, when con-
sidering an infinite time horizon, do not depend on the capital level u (or ↵
when using the dynamic VaR measure to determine capital). In this subsec-
tion we assess the difference between the two new allocation methods over a
finite time horizon and their sensitivities towards the capital reserve level u.

We consider a simplified setting with two risk processes S1(·) and S2(·). Both
processes have unit variance �1,1 = �2,2 = 1 and the correlation between
the Brownian motions is given by ⇢ = 0.5. We set r = (-2,-1) as the drift
vector, ensuring that the negative drift assumption is satisfied. For the infi-
nite time horizon we obtain the allocation fractions m1/m = c1(u,S,1) =
c1(u,S,1) = 1

3 and m2/m = 2
3 . In Figure 5.1 we have plotted the allocation

fraction of the first risk process S1(·) for the newly proposed allocation meth-
ods, i.e. AVaR↵1 (S, T)/VaR↵1 (S, T) and AVaR↵1 (S, T)/VaR↵(S, T) as a function
of the time horizon T for various values of ↵. Lower values of ↵ correspond
to higher values of VaR↵(S, T) and vice versa. The figure illustrates that the
allocation methods align for very short time horizons (for which the risk is di-
vided equally) and converge to the same limit, 1

3 for the first risk process (or
business line), over a long time horizon. For the intermediate time horizons,
the two allocation methods differ and the difference becomes more substan-
tial when ↵ increases.

In Figure 5.2 we have again plotted, for the first risk process (or business
line), the two newly proposed allocation fractions but now allocating general
capital reserve level u instead of VaR↵(S, T). The left panel shows c1(u,S, T)
and c1(u,S, T) as a function of u for various time horizons T . The allocations
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become less sensitive to the capital level u as the time horizon T increases.
The right panel of Figure 5.2 illustrates the allocation fraction as a function
of the time horizon for positive drift r = (2, 1). In this case, the allocation
fraction c1(u,S, T) converges towards r1

r = 2
3 when T ! 1, as has been

pointed out in Section 5.3.3. The allocation c1(u,S, T), however, does not. As
discussed in Section 5.4.2, this allocation method is not properly defined for
an infinite time horizon in case of positive drifts. When u is large relative to
the time horizon (and the other parameters), the two allocation methods are
comparable. This is a result of the fact that for relatively large u, both the
expectations E

⇥
t
⇤
T |S(t⇤T ) = u

⇤
and E [⌧(u) | ⌧(u) 6 T ] approach T in case of

positive drifts.

Figure 5.1. Allocation fractions of the first risk process. The figure shows (solid lines)
AVaR↵1 (S, T)/VaR↵(S, T) = c1(VaR↵(S, T),S, T) and (dashed lines)
GVaR↵1 (S, T)/VaR↵(S, T) = c1(VaR↵(S, T),S, T) as a function of the time horizon T for
multiple values of ↵.
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Figure 5.2. Left panel: Allocation fractions of the first risk process, c1(u,S, T) and
c1(u,S, T), as functions of u for multiple values of T . Right panel: Allocation fractions
of the first risk process c1(u,S, T) and c1(u,S, T), as functions of T for multiple values
of u in case of positive drift parameters r = (2, 1).

5.5.2 Spectrally negative Lévy process

Consider a spectrally negative multivariate Lévy process
S(·) := (S1(·), . . . ,Sd(·))>. This means that the process does not contain pos-
itive jumps, i.e. the Lévy measure has support on (-1, 0] only. For more
general properties of spectrally negative Lévy processes we refer the reader
to Chapter VII in Bertoin (1996) or Chapter 8 in Kyprianou (2006). The ag-
gregated process S(·) is also a spectrally negative Lévy process. Equivalently,
the paths are skip-free upwards and ruin can only be caused by the drift and
diffusion parts. Due to the absence of upwards jumps, we have S(⌧(u)) = u

almost surely (given that ⌧(u) < 1). In this example the focus lies on the
first proposed allocation method Ki(u,S, T) and its quantification according
to Theorem 6 and Remark 9.

In the spectrally negative case, it is known that the exponential moments of
the Lévy process are finite for all real # > 0: for # > 0 we have E[e#S(t)] <
1. As a result, for # > 0, the function (#) is the Laplace exponent which
is strictly convex by Holder’s inequality and lim#!1 (#) = 1. As before,
we will assume a negative drift E[S(1)] = 

0(0) < 0 (i.e. default can only
be caused by the diffusion part), so as to rule out the situation of almost
sure ruin. It then follows that (#) has a real positive zero #⇤ > 0. See also
(Asmussen and Albrecher, 2010, Theorem XI.2.3).
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By similar reasoning there exists a real # > 0 such that Q(-#) = (-# +

#
⇤) 6 0 and thus EQ

h
e
-✓S(1)

i
= e

(-✓+#⇤) 6 1. By Remark 9, EQ [S(⌧(u))]

exists and is given by

EQ [S(⌧(u))] = EQ [S(1)]EQ [⌧(u)] .

The existence of EQ [Si(⌧(u))] follows when: 1) EQ [|Si(1)|] < 1 (result by
Doob (1990) page 380, also used in Theorem 6), or, 2) there exists a real # < 0

such that Q
i (#) = S(#ei + #

⇤1)- S(#
⇤1) 6 0. Here we have used the no-

tation ei to denote the vector of dimension d with all entries 0 except for
the i-th entry which is 1. Note that in the special case where the Lévy pro-
cesses S1(·), . . . ,Sd(·) are independent of each other, condition 2) is satisfied
when the individual risk process has a positive drift under the Q-measure,
i.e. EQ[Si(1)] = 

0
i(#

⇤) > 0.

In case EQ [Si(⌧(u))] has been proven to exist, it is given by

EQ[Si(⌧(u))] = EQ[Si(1)]EQ[⌧(u)].

When both EQ[S(⌧(u))] and EQ[Si(⌧(u))] exist, expression (5.12) for an infi-
nite time horizon holds true.

In the infinite time horizon case, it is also possible to derive an expression
for the dynamic VaR measure and by differentiation obtain an expression for
the gradient capital allocation. By (Asmussen and Albrecher, 2010, Theorem
XI.2.3), the infinite time ruin probability is of an exponential form:  (u,1) =
e
-#⇤u. The dynamic VaR measure is then determined as

VaR↵(S,1) = -(1/#⇤) log(↵).

Whenever the gradient allocation is properly defined, it is given by

1

(#⇤)2
@#

⇤(xi)

@xi

��
xi=1,

where #⇤(xi) denotes the ‘Cramér root’ of the process
P

j 6=i Sj(·) + xiSi(·).

5.5.3 Compound Poisson with drift

This subsection models the risk process by a compound Poisson model with
drift as is popular in insurance risk modeling (the well known Cramér-Lund-
berg model). We assume that the jumps of the individual processes are in-
dependent and identically exponentially distributed. The focus lies on find-
ing expressions for the proposed capital allocation methods AVaR↵i (S,1)
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and AVaR↵i (S,1) over an infinite time horizon. Furthermore, we compare
these new capital allocation methods to the gradient allocation method when
applied to the dynamic VaR measure, i.e. GVaR↵i (S,1). Finally, we present
some numerical work.

We start by specifying the model in more detail. Risk process i is independent
of the other risk processes and defined as

Si(t) := -rit+

Ni(t)X

k=1

Zi,k,

where the Poisson arrival process Ni(·) is independent of the jump sizes
Zi,k and has rate �i, respectively. For risk process i, the jump sizes Zi,k are
i.i.d. and exponentially distributed with parameter ✓ and moment generating
function F̂Z(#) = ✓/(✓-#) which are the same for all i. The Poisson processes
Ni(·) and jump size sequences (Zi,k)k are independent across i. For risk
process i the Lévy exponent is given by

i(#) := -#ri +�i

�
F̂Z(#)- 1

�
= -#ri +�i

#

✓- #
.

By evaluation of the moment generating function, we will show that the ag-
gregated risk process S(t) :=

Pd
i=1 Si(t) has constant fees r :=

Pd
i=1 ri, com-

pound Poisson jumps with arrival rate � :=
Pd

i=1 �i, and i.i.d. exponentially
distributed jump sizes Z with parameter ✓ (and m.g.f. F̂Z(·)), i.e.

E [exp (#S(t))] =
dY

i=1

exp
�
-rit+�it(F̂Z(#)- 1)

�
= exp

�
-#rt+ �t(F̂Z(#)- 1)

�
.

This gives the Lévy exponent of the aggregated risk process S(·) as (#) =
-#r+ �#/(✓- #). By a similar argumentation we also find

E [exp (h#,S(t)i)] = exp (tS(#)) = exp

 

-
dX

i=1

#irit+ �t

 
dX

i=1

�i

�
F̂Z (#i)- 1

!!

.

To rule out the trivial situation where the ultimate ruin probability equals 1,
we assume a negative drift, i.e. r > �

✓ . The negative drift assumption implies
S(t) ! -1 and sup06t<1 S(t) < 1 almost surely. Under this assumption
the change of measure (to the Q-measure) that was presented in Section 5.3
can be applied. To this end, we take #⇤ as the positive solution to (#) = 0

which gives #⇤ = ✓- �
r and find

mi =
@

@#i
E
h
e
h#,S(1)i

i �����
#=#⇤1

= -ri +�i
✓

(✓- #⇤)2
= -ri +�i✓

r
2

�2
,
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such that m =
Pd

i=1mi = -r + ✓r2

� . By Theorem 5, limu!1 ci(,S,1) =
mi/m whenever EQ [|Si(1)|] < 1 for all i.

Under the Q-measure, we find, analogous to the computations in Section IV.4
of Asmussen and Albrecher (2010) that the jump size Z is again exponentially
distributed with rate ✓Q = ✓ - #⇤ = �

r and that the jump arrivals are still
Poisson distributed with parameter �Q

i = �i
✓

✓-#⇤ = �i
� ✓r. As a consequence

we also find �Q = ✓r.

For the aggregated risk process S(·) with exponential jump sizes, the infinite
time ruin probability is known and given by, see (Asmussen and Albrecher,
2010, Ch. IV, Sec. 5)):

 (u,1) =
�

✓r
e
-#⇤u =

�

✓r
e
-(✓-�/r)u. (5.26)

From this we can extract the value at ruin, i.e.

VaR↵(S,1) = -
1

#⇤
log
✓
↵✓r

�

◆
.

In the remainder of this section we will consider the three allocation methods
discussed in this chapter, i.e.

1. AVaR↵i (S,1) (through Ki(u,S,1)), and,

2. AVaR↵i (S,1) (through Ki(u,S,1)),

3. GVaR↵i (S,1).

To derive an expression for ci(u,S,1) and Ki(u,S,1) (and subsequently
AVaR↵i (S,1)) for general u we, unfortunately, cannot use Wald’s first iden-
tity as in Theorem 6. In order to derive an expression for these allocation
quantities we will condition on the deficit at ruin and the time or ruin. For
the numerator in the expression of ci(u,S,1), as given in (5.2), we then find

E
⇥
Si(⌧(u))

�� ⌧(u) < 1
⇤
=

1

 (u,1)
EQ

h
e
-#⇤S(⌧(u))

Si(⌧(u))
i

=
1

 (u,1)

Z1

0

Z1

u
e
-#⇤xEQ [Si(t) |S(t) = x, ⌧(u) = t] fQ

⌧(u),S(⌧(u))(t, x)dxdt,

with f
Q
⌧(u),S(⌧(u))(t, x) the joint density function of ⌧(u) and S(⌧(u)). The

value of the process at the time of ruin can be written as S(⌧(u)) = u +
⇠(u), with overshoot ⇠(u). The overshoot is exponentially distributed with
parameter ✓ (or ✓Q under Q) and independent of the time of ruin, see also
(Asmussen and Albrecher, 2010, Prop. V.1.1). As a result we find

E
⇥
Si(⌧(u))

�� ⌧(u) < 1
⇤
=

1

 (u,1)

Z1

0

Z1

u
e
-#⇤xEQ [Si(t) |S(t) = x] fQ

⌧(u)(t)f
Q
S(⌧(u))(x)dxdt, (5.27)
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where f
Q
⌧(u)(t) denotes the probability density function of the time of ruin

⌧(u) and f
Q
S(⌧(u))(x) denotes the probability density function of S(⌧(u)). Next,

we find that the conditional expectation EQ [Si(t) |S(t) = x] can be derived
explicitly by noting that, for fixed ni and nk,

EQ

2

4
niX

j1=1

Zi,j1

�����

niX

j1=1

Zi,j1 +
nkX

j2=1

Zk,j2 = y

3

5 =
ni

ni +nk
y.

After some tedious but straightforward calculations this gives

EQ [Si(t) |S(t) = x] =
�

Q
iPd

j=1 �
Q
j

(x+ rt)- rit.

By substituting this result into Equation (5.27), we find

E
⇥
Si(⌧(u))

�� ⌧(u) < 1
⇤
=

1

 (u,1)

�
Q
iPd

j=1 �
Q
j

Z1

u

Z1

0
e
-#⇤x

xf
Q
⌧(u)(t)f

Q
S(⌧(u))(x)dtdx

+
1

 (u,1)

0

@ �
Q
iPd

j=1 �
Q
j

r- ri

1

A
Z1

u

Z1

0
e
-#⇤x

tf
Q
⌧(u)(t)f

Q
S(⌧(u))(x)dtdx (5.28)

We will now discuss the two double integrals separately. The first double
integral can be written as

EQ
h
S(⌧(u))e-#

⇤S(⌧(u))
i
= -

@

@#⇤
EQ

h
e
-#⇤S(⌧(u))

i
= -

@

@#⇤
e
-#⇤u ✓

Q

✓Q + #⇤

= e
-#⇤u ✓

Q

✓Q + #⇤

✓
u+

1

✓Q + #⇤

◆
, (5.29)

where we have used that S(⌧(u)) = u + ⇠(u), with overshoot ⇠(u) expo-
nentially distributed with parameter ✓Q under Q and Laplace transform
EQ

h
e
-#⇤⇠(⌧(u))

i
= ✓

Q
/(✓Q + #⇤).

The second double integral can be written as

EQ
h
⌧(u)e-#

⇤S(⌧(u))
i
= e

-#⇤uEQ [⌧(u)]EQ
h
e
-#⇤⇠(u)

i

= EQ [⌧(u)] e-#
⇤u ✓

Q

✓Q + #⇤
. (5.30)

As a consequence of Wald’s identity we furthermore have that

EQ [⌧(u)] =
EQ [S(⌧(u))]

EQ [S(1)]
=

u+ 1/✓
Q

m
. (5.31)
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Substituting (5.29), (5.30) and (5.31) back into equation (5.28) gives

E
⇥
Si(⌧(u))

�� ⌧(u) < 1
⇤
=

e
-#⇤u

 (u,1)

✓
Q

✓Q + #⇤

 
�

Q
iPd

j=1 �
Q
j

✓
u+

1

✓Q + #⇤

◆

+

 
�

Q
iPd

j=1 �
Q
j

r- ri

!
u+ 1/✓

Q

m

!

.

Substituting the known expression for the ultimate ruin probability (5.26), we
finally find

E
⇥
Si(⌧(u))

�� ⌧(u) < 1
⇤
=

�
Q
iPd

j=1 �
Q
j

✓
u+

1

✓Q + #⇤

◆
+

0

@ �
Q
iPd

j=1 �
Q
j

r- ri

1

A u+ 1/✓
Q

m
.

By summation over i we get E
⇥
S(⌧(u))

�� ⌧(u) < 1
⇤
= u + 1/✓ and by the

definition of ci(u,S,1) we find Ki(u,S,1) = ci(u,S,1)u with

ci(u,S,1) =
�

Q
iPd

j=1 �
Q
j

+

 
�

Q
iPd

j=1 �
Q
j

r- ri

!
u+ 1/✓

Q

m(u+ 1/✓)
.

For u ! 1 this expression coincides with mi/m as has been proven in The-
orem 5.

By similar argumentation we can also derive an expression for the alloca-
tions Ki(u,S,1) given in Equation (5.21). By the negative drift assumption,
the supremum of the process S(·) is almost surely finite. Analogue to the
derivation of (5.25), we can rewrite the expression of Ki(u,S,1) which is
dependent on t

⇤
1 in terms of ⌧(u), i.e.

Ki(u,S,1) =E
⇥
Si(t

⇤
1)
��S(t⇤1) = u, t⇤1 < 1

⇤

=E

"

Si(⌧(u))

����S(⌧(u)) = u, ⌧(u) < 1, sup
⌧(u)6t<1

S(t) = u

#

=E
⇥
Si(⌧(u))

��S(⌧(u)) = u, ⌧(u) < 1
⇤

=

R1
0 xe

-#⇤u
f

Q
Si(⌧(u)),S(⌧(u))(x,u)dx

e-#
⇤uf

Q
S(⌧(u))(u)

= EQ
⇥
Si(⌧(u))

��S(⌧(u)) = u
⇤

=

Z1

0
EQ [Si(t) |S(t) = u, ⌧(u) = t] fQ

⌧(u) |S(⌧(u))(t |u)dt

=

Z1

0
EQ [Si(t) |S(t) = u] fQ

⌧(u)(t)dt

=
�

Q
iPd

j=1 �
Q
j

u+

0

@ �
Q
iPd

j=1 �
Q
j

r- ri

1

A
Z1

0
t f

Q
⌧(u)(t)dt

=
�

Q
iPd

j=1 �
Q
j

u+

0

@ �
Q
iPd

j=1 �
Q
j

r- ri

1

A u+ 1/✓
Q

m
,
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where f
Q
Si(⌧(u)),S(⌧(u))(x,y) denotes the joint probability density function of

Si(⌧(u)) and S(⌧(u)).

Unlike Ki(u,S,1), the allocations Ki(u,S,1) do sum up to u as expected.
One should also note that ci(u,S,1) converges to ci(u,S,1) (or equivalently
mi/m) for u ! 1.

The gradient capital allocations can be derived by differentiation of the ruin
probability as mentioned in Section 5.4 or by use of Theorem 8. With re-
spect to the former, note that the aggregated process

Pd
j6=i Sj(t) + xiSi(t)

no longer has exponential claims but phase-type PH(�,M(xi)) distributed
claims, where we have used the same notation as in Drekic et al. (2004) with

� = (�1, . . . ,�d) =
✓
�1

�
, . . . ,

�d

�

◆
, M(xi) = diag{-✓, . . . ,-✓/xi, . . . ,-✓}.

The infinite time ruin probability can be found by performing a number of
matrix operations (see Chapter IX, Section 3 in Asmussen and Albrecher
(2010)), i.e.

P

0

@ sup
t2[0,1)

dX

j6=i

Sj(t) + xiSi(t) > u

1

A = �+(xi)e
(M(xi)-M(xi)e�+)ue, (5.32)

where �+(xi) = -�/r⇥ �M(xi)
-1 and e is the column vector of length d

with all components equal to one. By differentiation of (5.32) (as mentioned
in Section 5.4), the gradient allocations GVaR↵i (S,1) can be found.

We note that this example is also captured under Theorem 8. In the next
numerical section, we show that the gradient allocation method coincides
with AVaR↵i (S, T) (the result of Theorem 8) even on an infinite time horizon.

5.5.3.1 Numerical Example

For the numerical results and comparison between the different allocation
methods we consider the two-dimensional case (d = 2) and use a setup that
aligns with the one considered in Asmussen (1984).

� We consider the case that the jump sizes are exponentially distributed
with parameter ✓ = 1.

� The drift rates are given by r1,2 ⌘ r = 1.

� The individual jump intensities are given by �1 = 0.85 and �2 = 0.95.

With these parameter settings, the negative drift assumption of the aggre-
gated risk process S(·) is satisfied. In Figure 5.3(b) we present the allocation
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fractions GVaR↵1 (S,1)/VaR↵(S,1), AVaR↵1 (S,1)/VaR↵(S,1),
and AVaR↵1 (S,1)/VaR↵(S,1) for the first risk process (or business line) S1(·)
as a function of u. The allocation fraction c1(u,S,1) can be seen to converge
to c1(u,S,1) (and thus also mi/m) as u becomes large. Figure 5.3(a) shows
the same convergence for ↵! 0 when considering the allocation of the mea-
sure VaR↵(S,1). This figure also illustrates that, similar to the Brownian case,
GVaR↵1 (S,1)/VaR↵(S,1) and AVaR↵1 (S,1)/VaR↵(S,1) coincide.

Figure 5.3. Allocation fractions of the first risk process as a function of ↵ and
u for �1 = 0.85,�2 = 0.95, ✓ = 1, r1 = 1, r2 = 1. Panel (a), on the left:
GVaR↵1 (S,1)/VaR↵(S,1), AVaR↵1 (S,1)/VaR↵(S,1), and AVaR↵1 (S,1)/VaR↵(S,1)
as functions of ↵. Panel (b), on the right: c1(u,S,1) and c1(u,S,1) as a function of
u.

Figure 5.4 presents the allocation fractions GVaR↵1 (S,1)/VaR↵(S,1),
AVaR↵1 (S,1)/VaR↵(S,1) and AVaR↵1 (S,1)/VaR↵(S,1), and their sensitiv-
ity towards some of the underlying parameters. When both risk processes
become less risky (see Figure 5.4(a)), the allocation fractions move towards
a more even risk distribution. The current parameter setup also shows a rel-
atively high impact of a change in the jump intensities. In Figure 5.4(c), the
jump intensities are adjusted favorably for the first risk process resulting in
negative risk/capital allocations.
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Figure 5.4. Allocation fractions of the first risk process AVaR↵1 (S,1)/VaR↵(S,1),
AVaR↵1 (S,1)/VaR↵(S,1) and GVaR↵1 (S,1)/VaR↵(S,1) as a function of ↵. Panel
(a), on the left: �1 = 0.85,�2 = 0.95, ✓ = 1, r1 = 1.5, r2 = 1.5. Panel (b), on the right:
�1 = 0.8,�2 = 1, ✓ = 1, r1 = 1, r2 = 1.

5.6 concluding remarks

This chapter has addressed methodologies to allocate capital reserves to mul-
tiple risk process (to be thought of as e.g. business lines). We introduced an
intuitively appealing, novel allocation method, with a focus on its application
to capital reserves which are determined through a dynamic VaR type mea-
sure. Various desirable properties of the presented approach were derived
including a limit result when considering a large time horizon and the com-
parison with the frequently used gradient allocation method. In passing we
introduced a second allocation method, and discussed its relation to the other
allocation approaches. A number of examples illustrated the applicability and
performance of the allocation approaches.

Theorem 8, featuring the gradient allocation method applied to the dynamic
VaR measure, has been tailored to our needs and captures the examples given
in Section 5.5.1 & 5.5.3. One could further investigate whether an extension
or adjustment of Theorem 8 can be made to include more risk processes.
This requires a different approach as the current result and proof require the
maximum of the aggregated process to be obtained. Furthermore, the current
proof relies on the differentiability (with respect to an individual risk process)
of the sample path of the maximum aggregated process.

Follow-up research could also relate to necessary and sufficient conditions
for diversification and concentration properties of the allocated risk measures.
Examples include the ‘no undercut’ property, which has been established for
the Brownian case when considering an infinite time horizon. For a finite
time horizon and other risk processes these types of properties have not been
dealt with in this chapter.
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5.a supporting results

The following result is Theorem 9.4 in Loomis and Sternberg (1990). Note that
it is a slightly different version of the classical Implicit Function Theorem.

Theorem 10. (Implicit Function Theorem) Let X⇥ P be an open subset of R ⇥R

and let f : X⇥ P ! R be differentiable. Suppose the derivative Dxf of f with respect
to x is continuous on X⇥ P. Assume that Dxf(x,p) is invertible where the point
(x,p) in the interior of X⇥ P. Let

y = f(x,p).

Then there are neighborhoods U ⇢ X and W ⇢ P of x and p on which f(x,p) = y

uniquely defines x as a function of p. That is, there is a function ⇠ : W ! U such
that:

a. f(⇠(p),p) = y for all p 2 W.

a. For each p 2 W, ✏(p) is the unique solution to f(x,p) = y lying in U. In
particular, then

⇠(p) = x.

a. ⇠ is differentiable on W, and

@⇠

@p
= -

✓
@f

@x

◆-1
@f

@p

Lemma 9. Consider the bivariate normal distribution
 
X1

X2

!

⇠ N

  
µ1

µ2

!

,

 
�
2
1 ⇢�1�2

⇢�1�2 �
2
2

!!

.

The conditional distribution of |X1| given X2 = x2 is

E
⇥
|X1|

��X2 = x2

⇤
=

✓
µ1 + ⇢

�1

�2
(x2 - µ2)

◆
(1- 2� (c)) + 2�1

p
1- ⇢2� (c) ,

where c =
-µ1-⇢

�1
�2

(x2-µ2)

�1

p
1-⇢2

.

Proof. First note that we can write X1 = µ1 + �1
⇣
⇢
X2-µ2
�2

+
p

1- ⇢2Z
⌘

,
where Z is a standard normal random variable independent of X2. This gives

E
⇥
|X1|

��X2 = x2

⇤
= E

����µ1 + �1

✓
⇢
x2 - µ2

�2
+
p
1- ⇢2Z

◆ ����

�
.
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Conditioning on the events X1 > 0 and X1 6 0 we find

E
⇥
|X1|

��X2 = x2

⇤
=

✓
µ1 + ⇢

�1

�2
(x2 - µ2)

◆
(P(Z > c)- P(Z 6 c))

+ �1

q
1- ⇢2

�
E
⇥
Z
��Z > c

⇤
P(Z > c)- E

⇥
Z
��Z 6 c

⇤
P(Z 6 c)

�

=

✓
µ1 + ⇢

�1

�2
(x2 - µ2)

◆
(1- 2�(c)) + 2�1

q
1- ⇢2�(c)

where we have used that

E
⇥
Z
��Z 6 c

⇤
P(Z 6 c) =

Zc

-1
z�(z)dz = -

Zc

-1
�

0(z)dz = -�(c)

and similarly E
⇥
Z
��Z > c

⇤
P(Z > c) = �(c).

5.b proof of theorem 8

Proof. Without loss of generality we will prove the result for i = 1. We de-
fine the function F1(y1, x1) for x1 2 (1 - �, 1 + �) and y1 2 (qVaR↵1,T

(x1) -

�̄/2,qVaR↵1,T
(x1) + �̄/2) by

F1(y1, x1) := P(Z(x1) 6 y1) = E
h

Z(x1)6y1

i
,

where we have omitted the dependence of Z1,T (x1) on 1, T .

First, we show that the function F1(y1, x1) is: 1) continuously differentiable in
y1, and, 2) differentiable in x1 for x1 2 (1- �, 1+ �) and y1 2 (qVaR↵1,T

(x1)-

�̄/2,qVaR↵1,T
(x1) + �̄/2).

1) To prove the continuous differentiability with respect to y1 we note that
@F1
@y1

(y1, x1) = f1,x1
(y1), which is assumed to be continuous in x1 and

y1 in the given interval by assumption (i). Furthermore, by the same
assumption, it is continuous on a closed bounded interval and thereby
finite.

1) To prove the differentiability of F1(y1, x1) with respect to x1 we will ap-
proximate the discontinuous indicator function with a smoother func-
tion g, which for ✏ small enough such that 0 < ✏ 6 �̄/2, is given by

g✏,y1(z) =

8
>>><

>>>:

1, for y1 - z > ✏

1
2 + y1-z

2✏ , -✏ 6 y1 - z 6 ✏

0, for y1 - z < -✏

.
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Note that the derivative is given by

g
0
✏,y1

(z) =

8
<

:
0, for |y1 - z| > ✏

- 1
2✏ , for |y1 - z| < ✏

,

where the derivative does not exist when |y1- z| = ✏. For the interval of
z where then derivative exists and is non-zero we have (y1-✏,y1+✏) ✓
(qVaR↵1,T

(x1)- �̄,qVaR↵1,T
(x1) + �̄). As a result of the continuity of Z(x1),

as in (i), the probability that |y1 - Z(x1)| = ✏ is zero. We will focus
on showing that E[g✏,y1(Z(x1))] is differentiable in x1 and that its
derivatives may be computed by taking the derivative inside the ex-
pectation. To prove this we invoke the dominated convergence theorem.
To this end, we first establish the differentiability of the sample paths
of g✏,y1(Z(x1)). Using similar notation as in Bertoin (1996) and Sato
(1999), we note that @

@x1
g✏,y1(Z(x1,!)) for fixed ! 2 ⌦ exists almost

everywhere (except when |Z(x1,!)- y1| = ✏ but this event is of proba-
bility zero). Furthermore, when the derivative exists it is given by

@

@x1
g✏,y1(Z(x1,!)) = g

0
✏,y1

(Z(x1,!))
@

@x1
Z(x1,!).

The differentiability of Z(x1,!) w.r.t. x1 can be obtained using Lemma 8.
Lévy processes excluding compound Poisson processes (without drift),
almost surely obtain the supremum over a finite time horizon at a
unique point in time (see page 171 in Kyprianou (2006)). Continuous
Lévy processes as well as compound Poisson processes with non-zero
drift and positive jumps both attain their supremum, i.e. the supre-
mum is in fact a maximum. As a result, we have A

⇤
1,T (x1,!) non-empty

and a singleton. In other words, the supremum is uniquely attained in
t
⇤
1,T (x1,!). We will now show that Z(x1,!) is differentiable w.r.t. x1

with @
@x1

Z(x1,!) = S1(t
⇤
1,T (x1),!) by making use of Lemma 8 and con-

sidering the two instances of Si(·) separately: 1) continuous processes,
and, 2) compound Poisson processes with negative drift and positive
jumps. First note that, the function Z(x1,!) maximizes over is of the
form p(t) + x1q(t), where p(t) =

Pd
j6=1 Sj(t,!) and q(t) = S1(t,!).

a) In case the processes Si(·) have continuous sample paths then
p(t) and q(t) are continuous functions and by Lemma 8 we have
@
@x1

Z(x1,!) = S1(t
⇤
1,T (x1),!).

b) For compound Poisson processes it is well-known that over a fi-
nite interval the number of jumps is also almost surely finite, this
property is often referred to as finite activity. As a result, the com-
pound Poisson process

Pd
j6=1 Sj(·) + x1S1(·) with negative drift
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and positive jumps can only attain its maximum at a finite number
of time points almost surely. These time points coincide with the
jump times of the individual compound Poisson processes Si(·).
As these jump times do not depend on x1, we have @

@x1
Z(x1,!) =

S1(t
⇤
1,T (x1),!) by Lemma 8.

We conclude that @
@x1

Z(x1,!) = S1(t
⇤
1,T (x1),!) almost surely and

almost everywhere (excluding the points where |Z(x1,!) - y1| = ✏),
g
0
✏,y1

(Z(x1,!)) = - 1
2✏ |Z(x1,!)-y1|6✏. This gives almost surely,

@

@x1
g✏,y1(Z(x1)) = -

1

2✏
|Z(x1)-y1|<✏S1(t

⇤
1,T (x1)).

Note that we always have
����
g✏,y1(Z(x1 + h,!))- g✏,y1(Z(x1,!))

h

���� 6
1

2✏
sup

06t6T

��S1(t,!)
��,

where the majorizing function does not depend on x1 and its expecta-
tion E

h
1
2✏ sup06t6T

��S1(t)
��
i

is finite by assumption (iv) and the fact
that ✏ > 0. Hence, using the dominated convergence theorem to inter-
change the expectation and the limit, we have

@

@x1
E[g✏,y1(Z(x1))] = lim

h!0
E


g✏,y1(Z(x1 + h,!))- g✏,y1(Z(x1,!))

h

�

= E


lim
h!0

g✏,y1(Z(x1 + h,!))- g✏,y1(Z(x1,!))

h

�

= E


@

@x1
g✏,y1(Z(x1))

�
.

Conditioning on the supremum process then gives

@

@x1
E [g✏,y1(Z(x1))] = -

Zy1+✏

y1-✏

1

2✏
E
h
S1(t

⇤
1,T (x1))|Z(x1) = z

i
f1,x1

(z)dz

✏!0���! -E
h
S1(t

⇤
1,T (x1))|Z(x1) = y1

i
f1,x1

(y1),

where the limit follows from the fundamental theorem of calculus by
noting that the expression inside the integral is continuous in by as-
sumptions (i) and (iii).

Introducing l(x1) := -E
h
S1(t

⇤
1,T (x1))|Z(x1) = y1

i
f1,x1

(y1), we will

continue to show that @F1(y1,x1)
@x1

= l(x1). Using the new notation we

have already shown that @
@x1

E
⇥
g✏,y1(Z(x1))

⇤ ✏!0���! l(x1). By integra-
tion (of x1) we would like to retrieve an expression for E

⇥
g✏,y1(Z(x1))

⇤
.
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In order to do so, we will interchange the integral (from 0 to x1) and
the limit (✏! 0). To this end, note that

�����
@

@x1
E
⇥
g✏,y1(Z(x1))

⇤
����� 6 E

����
@

@x1
g✏,y1(Z(x1))

����

�

=

Zy1+✏

y1-✏

1

2✏
E

��S1(t⇤1,T (x1))
��
����Z(x1) = z

�
f1,x1

(z)dz

6 M1M2 < 1.

Here we have used that by the continuity of f1,x1
(z) on the bounded

interval x1 2 [1- �, 1+ �] and z 2 [qVaR↵1,T
(x1)- �̄,qVaR↵1,T

(x1)+ �̄] by as-
sumption (i), there exists some finite M1 independent of x1 and z such
that f1,x1

(z) 6 M1 on the same interval. Similarly we find M2 (also
independent of x1 and z) as a bound for E

h
|S1(t

⇤
1,T (x1))|

��Z(x1) = z

i
by

assumption (iii). As a result, we have shown that
�� @
@x1

E
⇥
g✏,y1(Z(x1))

⇤ ��
is dominated by some finite constant M1M2 independent of ✏. Invok-
ing the dominated convergence theorem, we interchange the integral
(from 0 to x1) and the limit (✏! 0) and find for some constant c,

E
⇥
g✏,y1(Z(x1))

⇤ ✏!0���! c+

Zx1

0
l(x)dx.

As E
⇥
g✏,y1(Z(x1))

⇤ ✏!0���! F1(y1, x1), we have

F1(y1, x1) = c+

Zx1

0
l(z)dz.

We can then consider the integrand in the point x1, l(x1), as the deriva-
tive of F1(y1, x1) w.r.t. x1, i.e.

@

@x1
F1(y1, x1) = -E


S1(t

⇤
1,T (x1))

����Z(x1) = y1

�
f1,x1

(y1) ,

which is finite-valued by assumptions (i) and (iii) for all x1 2 (1- �, 1+
�) and y1 2 (qVaR↵1,T

(x1)- �̄/2,qVaR↵1,T
(x1) + �̄/2).

We have now shown that the function F1(y1, x1) is: 1) continuously differ-
entiable in y1, and, 2) differentiable in x1 for x1 2 (1 - �, 1 + �) and y1 2
(qVaR↵1,T

(x1)- �̄/2,qVaR↵1,T
(x1) + �̄/2).

From the continuity of f1,x1
(y1) w.r.t. y1 at y1 = qVaR↵1,T

(x1) for all x1 2
(1- �, 1+ �) by assumption (i), we obtain,

F1(qVaR↵1,T
(x1), x1) = 1-↵.
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By the Implicit Function Theorem 10 and the differentiabilities derived in
items 1) & 2) above, qVaR↵1,T

(x1) is a differentiable function of x1 2 (1- �, 1+
�) with

@qVaR↵1,T
(x1)

@x1
=-

⇣
f1,x1

⇣
qVaR↵1,T

(x1)
⌘⌘-1 @

@x1
F(y1, x1)

����
y1=qVaR↵1,T

(x1)

=E
h
S1(t

⇤
1,T (x1))

��Z(x1) = qVaR↵1,T
(x1)

i
.

The final result follows by setting x1 = 1.





6 A T R A N S I E N T C R A M É R - L U N D B E R G M O D E L W I T H
A P P L I C AT I O N S T O C R E D I T R I S K

This chapter considers a variant of the classical Cramér-Lundberg model that
is particularly appropriate in the credit context, with the distinguishing fea-
ture that it corresponds to a finite number of obligors. The focus is on comput-
ing the ruin probability, i.e. the probability that the cash reserve level drops
below zero. This probability can also be used to quantify default risk on
portfolio level in the banking industry. Besides an exact analysis (in terms of
transforms) of this ruin probability, also an asymptotic analysis is performed,
including an efficient importance-sampling based simulation approach. We
extend the base model in multiple dimensions: (i) we consider a model in
which there may, in addition, be losses that do not correspond to defaults,
(ii) then we analyze a model in which the individual obligors are coupled
through a regime-switching mechanism, (iii) then we extend the model such
that between the losses the reserve process behaves as a Brownian motion
rather than a deterministic drift, and (iv) we finally consider a set-up with
multiple groups of statistically identical obligors. This chapter is based on
Delsing and Mandjes (2021).

6.1 introduction

In insurance and risk, a pivotal role is played by the classical Cramér-Lundberg
model (also known as the compound Poisson model). In this model indepen-
dent and identically distributed claims arrive according to a Poisson process,
whereas premiums are earned at a constant rate. This means that if the initial
reserve is given by u > 0, then the reserve level at time t > 0 is given by

Xt := u+ rt-
NtX

i=1

Li, (6.1)

with r > 0 the premium rate, (Nt)t>0 a Poisson process with intensity � > 0,
and (Li)i2N a sequence of i.i.d. random variables. The key quantity of interest
is the (finite-horizon) ruin probability P(9s 2 [0, t] : Xs < 0) and its infinite-
horizon counterpart P(9s > 0 : Xs < 0). A broad set of techniques has been
developed to analyze this quantity, for the Cramér-Lundberg model itself as
well as for more advanced variants; we refer to Asmussen and Albrecher
(2010) for an exhaustive overview. With the random variable L denoting a
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generic claim, often the net profit condition E (Xt - X0) = rt- ENt EL > 0 is
imposed. Under this condition, which effectively means that r > �EL, it is
guaranteed that ruin is rare. A practically relevant objective is to select the
initial reserve u such that the (finite or infinite-horizon) ruin probability is
below some threshold ".

Essentially the same modeling framework can be applied in the context of
credit risk as well. Then the claim arrival process describes the default epochs,
the premiums correspond to the interest received from the obligors, and the
claims are the corresponding losses. One may wonder, however, whether in
this setting the assumption of Poisson arrivals is any realistic: whereas in the
insurance context the number of claims issued can in principle exceed any
bound, it is obvious that in the credit context the number of defaults cannot
exceed the number of obligors. More concretely, as soon as an obligor goes
into default, it effectively leaves the system. Motivated by this observation,
we study in this chapter the ruin probability in a transient variant of the
Cramér-Lundberg model. We do so by defining for each obligor a random
variable (e.g. exponentially distributed) corresponding to the time-to-default,
where after the default the obligor can neither cause any new default nor
generates any interest anymore.

Model. We proceed by providing a more formal description of our transient
variant of the classical Cramér-Lundberg model. Here we state the main
model, which we will generalize in various directions later in the chapter.

We consider a setting in which there are initially n 2 N obligors, each of
which goes into default after some random amount of time. The correspond-
ing n times-to-default are assumed to be i.i.d. non-negative random variables,
characterized by the density f(·). In the credit context, risk is quantified over
a finite time horizon justifying the use of a model in which clients eventu-
ally all go into default. Let the loss-at-default, per obligor, be distributed as
a non-negative random variable L, and let these losses be i.i.d., each with
Laplace transform `(·). It is natural to assume that the income per unit of
time is proportional to the number of obligors that have not gone into de-
fault yet. In other words, the surplus process increases at a rate ri per unit
of time, for some r > 0, when there are i obligors that have not defaulted
yet, for i 2 {0, . . . ,n}. The company has an initial reserve level u > 0. Because
of the similarity with insurance and risk models, throughout this chapter we
sometimes refer to losses as claims.

The primary objective of this chapter is to evaluate pn(u, t), defined as the
ruin probability of the company before time t, given there are n obligors at
time 0 and that the initial reserve is u. Being able to compute pn(u, t), one
can pick u such that this ruin probability remains below an acceptable level
" > 0. In addition, when a new obligor wishes to get a loan, knowledge of
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pn(u, t) allows one to decide if (and, if yes, by how much) the initial level
should be adjusted.

Contributions. For the main model, we provide a procedure by which, for any
n, the double transform (in space and time, that is) of pn(u, t) can be de-
termined. More specifically, we develop a recursive relation by which these
transforms can be determined. While this means that one can evaluate the
finite-horizon ruin probability pn(u, t) by numerical inversion, we in addi-
tion point out how to efficiently estimate this rare-event probability relying
on importance sampling simulations; the procedure proposed has provable
optimality properties. In addition we provide the logarithmic asymptotics of
pn(nu, t) as n grows large (i.e., in this setting the initial reserve u is scaled
by the number of obligors n).

Besides the base model, four generalizations are dealt with in this chapter.
One could argue that the assumption of the times-to-default being indepen-
dent is not realistic, as in reality defaults tend to cluster. To resolve this issue,
in one of the generalizations we allow a regime switching mechanism (also fre-
quently referred to as Markov modulation) that induces dependence between
the obligors. The regime could be thought of as the ‘state of the economy’,
wherein every state of the economy the dynamics of the reserve level are de-
scribed by a specific Cramér-Lundberg model. In a second generalization, we
consider a model in which some loss events correspond to defaults (reducing
the number of obligors by one) while others do not (leaving the number of
obligors unchanged). Another unrealistic feature of the main model is that the
obligors are homogeneous: their times-to-default (losses, respectively) stem
from the same distribution. To remedy this, we also analyze a model vari-
ant corresponding to heterogenous obligors: there are multiple groups, each
of them consisting of statistically identical obligors. This extension offers an
important additional flexibility as one can cluster obligors based on the loss
distribution, which is often deterministic in the credit context, and consider
classes of obligors that do not go into default or have a class-specific income
rate. A last extension that we discuss in this chapter concerns a model in
which between loss events the reserve level behaves as a Brownian motion
(rather than as a deterministic drift).

Related literature. Starting from the pioneering papers by Cramér (1930) and
Lundberg (1903, 1926), focusing on the classical compound Poisson model
(6.1), a broad range of risk models has been analyzed. Without attempting
to provide a complete overview, we proceed by discussing a few important
branches; we refer to Embrechts et al. (1997); Kyprianou (2013); Rolski et al.
(2009) for general accounts of risk theory. In the first place, the assumption of
the cumulative claim process being of compound Poisson type has been lifted,
thus allowing a compound Poisson claim process perturbed by a diffusion
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Dufresne and Gerber (1991); Gerber (1970), and even a (spectrally one-sided)
Lévy claim process; see e.g. (Asmussen and Albrecher, 2010, Ch. X and XI)
and Dȩbicki and Mandjes (2015); Kyprianou (2006). In addition, some mod-
els incorporate returns on investment, while in other models the dynamics
of the reserve process are level-dependent; see e.g. (Asmussen and Albrecher,
2010, Ch. VIII) and Albrecher et al. (2013); Boxma and Mandjes (2021). Finally,
there is a substantial body of papers exploring the effect of specific depen-
dence structures; see e.g. Constantinescu et al. (2013) and, for an overview,
(Asmussen and Albrecher, 2010, Ch. XIII). More specifically, the effect of pa-
rameter uncertainty can be analyzed through the resampling model recently
proposed in Constantinescu et al. (2020).

Organization. Section 6.2 provides an explicit analysis, in terms of transforms,
for the base model introduced above. A large deviations analysis of the tail
probability is presented in Section 6.3, together with an importance-sampling
based simulation approach and a uniform upper bound. The four extensions
of the base model are presented by Section 6.4. The final section contains a
series of numerical experiments.

6.2 exact analysis

In this section we analyze the base model that was described in the introduc-
tion. We start by defining the key quantities of this base model, pertaining to
the case that each of the obligors has a time-to-default that is exponentially
distributed. We then present our analysis yielding a recursion for the double
transform of the ruin probability.

6.2.1 Notation and preliminaries

Per obligor the rate of going into default is � > 0. This means that if there are
still i obligors left (i.e., being not in default), the time till the next default is
exponentially distributed with mean (�i)-1.

Recall that pn(u, t) is the probability of ruin before time t, starting with n

obligors at time 0, given the initial reserve level is u. In our approach we
(uniquely) characterize pn(u, t) through its double transform

 n(�) :=

Z1

0
e
-�u

Z1

0
#e

-#t
pn(u, t)dtdu =

Z1

0
e
-�u

pn(u)du,

where pn(u) can be interpreted as the probability of ruin before an expo-
nentially distributed clock with mean #-1 (which is sampled independently
from anything else). The case of t = 1 corresponds with # # 0. The main
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result of this section is an expression (recursive in n) for  n(�): we express
 n(·) in terms of  n-1(·). Observe that we can equivalently write pn(u) as
P(Zn > u), where Zn is the maximum of the net cumulative loss process
(the net cumulative claim process, in the insurance context) over the above-
mentioned exponentially distributed amount of time (with mean #

-1, that
is).

In practical settings, one typically has that r > -�` 0(0) = �EL, so that at any
point in time ruin is rare, in the sense that the expected reserve increases as a
function of time; to this end, realize that when there are i 2 {0, . . . ,n} obligors
left, the ‘local drift’ of the reserve process is ri+ �i ` 0(0) > 0.

6.2.2 Analysis

In this subsection we present a recursive scheme to evaluate  n(�). The main
idea is to condition on the first event, being either the first default (which
happens after an exponentially distributed time with mean (�n)-1) or the
expiration of the exponential clock (which happens after an exponentially
distributed time with mean #-1). If the former event happens to apply first,
then we can still reach ruin, but now with n - 1 obligors and an adapted
initial reserve. If the latter events occurs first, then we won’t be facing ruin
before the exponential clock expires. These ideas can be translated into math-
ematical terms as

pn(u) =

Z1

0
�ne

-(�n+#)t P(Zn-1 + L > u+ rnt)dt; (6.2)

use that the time till the first event is exponentially distributed with mean
(�n+ #)-1, and that the first event is a default with probability �n/(�n+ #).

We proceed by analyzing  n(�) using the relation (6.2), with the objective
to express it in terms of  n-1(·). By a change-of-variable v := u+ rnt, we
obtain

 n(�) =

Z1

0
e
-�u

Z1

0
�ne

-(�n+#)t P(Zn-1 + L > u+ rnt)dtdu

=
1

rn

Z1

0
e
-�u

Z1

u
�ne

-(�n+#)(v-u)/(rn) P(Zn-1 + L > v)dvdu.

The next step is to swap the order of the integrals, exploiting the fact that the
integral over u allows an elementary solution:

1

rn

Z1

0

✓Zv

0
e
-�u

e
(�n+#)u/(rn) du

◆
�ne

-(�n+#)v/(rn) P(Zn-1 + L > v)dv

=
�n

�rn- �n- #

Z1

0

�
e
-(�n+#)v/(rn) - e

-�v
�
P(Zn-1 + L > v) dv.
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In the last expression, we see an object that resembles a Laplace transform,
but observe that it features a complementary cumulative distribution function
rather than a density. Recall however the standard identity

Z1

0
e
-�uP(X > u)du =

1

�
-

1

�

Z1

0
e
-�uP(X 2 du) =

1- E e
-�X

�
. (6.3)

In addition, using integration by parts, for the non-negative random variable
Zn-1,

Ee
-�Zn-1 =

Z1

0
e
-�xP(Zn-1 2 dx) = 1- �

Z1

0
P(Zn-1 > x)e-�xdx

= 1- � n-1(�). (6.4)

By the identity (6.3), and using the independence between the random vari-
ables Zn-1 and L, we obtain, for any � > 0, with dn := (�n+ #)/(rn),

 n(�) =
�n

�rn- �n- #

⇣
rn

�n+ #

⇣
1- E e

-(�n+#)/(rn) (Zn-1+L)
⌘

-
1

�

⇣
1- E e

-� (Zn-1+L)
⌘⌘

=
�n

�n+ #

1

�
+

�n

�rn- �n- #

✓
E e

-�Zn-1`(�)

�
-

E e
-dnZn-1`(dn)

dn

◆
,

which, by applying (6.4) and a few elementary algebraic steps, equals

�n

�n+ #

1

�
+

�n

�n+ #- �rn

✓
B

✓
�n+ #

rn
, n-1

✓
�n+ #

rn

◆◆
-B (�, n-1(�))

◆
,

where we define
B(x,y) := `(x)

✓
1

x
- y

◆
.

Conclude that we have expressed  n(·) in terms of  n-1(·), so that we would
obtain a recursion if we would have an explicit expression for  0(·). Recall
that  0(·) corresponds to ruin in the scenario without any obligor left. Obvi-
ously p0(u, t) ⌘ 0 for any u and t, entailing that  0(�) ⌘ 0 for any value of
�. It means that we can thus recursively compute  n(�). The theorem below
summarizes the findings so far.

Theorem 11. For any � > 0 and n 2 N, we have the recursion

 n(�) =
�n

�n+ #

1

�
+

�n

�n+ #- �rn

 

B

✓
�n+ #

rn
, n-1

✓
�n+ #

rn

◆◆

-B (�, n-1(�))

!

,

where  0(�) ⌘ 0.
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Remark 11. Interestingly, one could interpret the departure of an obligor
as a time change: the default arrival rate drops from �n to �(n - 1), and
simultaneously the aggregate income per time unit drops from rn to r(n- 1).
As a consequence, in the infinite-horizon setting (# = 0, that is) the recursion
in Theorem 11 greatly simplifies.

Remark 12. Upon inspecting the above proof, it is readily checked that it has
not been used that the income rate is proportional to the number of obligors
present; similarly, it is not crucial that the time till the next default when
there are still i obligors is exponential with parameter �i. This effectively
means that we can work with an income rate ri (rather than ri) and a default
rate �i (rather than �i) during times that there are i obligors left. We thus
obtain the recursion

 n(�) =
�n

�n + #

1

�
+

�n

�n + #- �rn

 

B

✓
�n + #

rn
, n-1

✓
�n + #

rn

◆◆

-B (�, n-1(�))

!

,

where  0(�) ⌘ 0. It is also remarked that one can make the loss distribution
dependent on the number of obligors in the system, by working with the
transform �i(·) when there are still i obligors that have not gone into default
yet.

Remark 13. An interesting special case relates to the situation in which rn = r

and �n = �, i.e., the conventional Cramér-Lundberg model. Sending n ! 1,
one should recover the (transient version of the) Pollaczek-Khinchine formula.
As an illustration, we show this computation for # = 0, writing a for �/r and
assuming that -a`

0(0) < 1. We obtain the relation, with the limit of  n(·)
being denoted by  (·),

 (�) =
1

�
+

a

a- �

�
B(a, (a))-B(�, (�)

�
.

It yields, after some elementary algebra, that

1- � (�) =
�

�- a+ a`(�)
`(a)(1- a (a)).

The constant `(a)(1-a (a)) can be identified by observing that the left-hand
side goes to 1 as � # 0; hence, an application of Hôpital’s rule yields that

`(a)(1- a (a)) = lim
�#0

�- a+ a`(�)

�
= 1+ a`

0(0).
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We conclude
 (�) =

1

�
-

1+ a`
0(0)

�- a+ a`(�)
,

which directly corresponds to the Pollaczek-Khinchine formula Asmussen
and Albrecher (2010); Dȩbicki and Mandjes (2015). Our new results can be
thus be seen as a true generalization of the classical results from ruin theory.

Remark 14. The recursion featuring in Theorem 11 can be made more explicit
when working with its generating function. To demonstrate this, we focus on
the case of # = 0, rn = rn, and �n = �n. We have, again with a = �/r,

 n(�) =
1

�
+

a

a- �

✓
`(a)

✓
1

a
- n-1(a)

◆
- `(�)

✓
1

�
- n-1(�)

◆◆
.

We thus obtain that, using that  0(�) = 0,

 (z,�) :=
1X

n=1

z
n
 n(�)

=
1X

n=1

z
n 1

�
+ z

a

a- �

1X

n=1

z
n-1

✓
`(a)

✓
1

a
- n-1(a)

◆
- `(�)

✓
1

�
 n-1(�)

◆◆

=
z

1- z

1

�
+ z

a

a- �

✓
`(a)

✓
1

a(1- z)
- (z,a)

◆
- `(�)

✓
1

�(1- z)
- (z,�)

◆◆
.

We conclude that

 (z,�) =
1

a- �- za `(�)

 
z

1- z

a- �

�
+ za `(a)

✓
1

a(1- z)
- (z,a)

◆

-
z

1- z

a `(�)

�

!

.

We are thus left with determining  (z,a). For a and z fixed there is a unique
positive � ⌘ �(z,a) for which the denominator equals 0 (as follows from the
fact that ⌫(�) := a - � - za `(�) is concave with ⌫(0) = a(1 - z) > 0 and
⌫(�) ! -1 as � ! 1). We therefore have that in � ⌘ �(z,a) the numerator
should equal 0 as well. This leads to

 (z,a) =
1

a(1- z)
+

1

1- z

1

�(z,a) `(a)

✓
a- �(z,a)

a
- `(�(z,a))

◆

=
1

a(1- z)
+

a- �(z,a)- a `(�(z,a))
(1- z)a�(z,a) `(a)

.

Combining the above, we have thus identified

 (z,�) =
z

1- z

1

a- �- za `(�)

✓
a- �- a `(�)

�
-

a- �(z,a)- a `(�(z,a))
�(z,a)

◆
.
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By multiplying with (1- z), we obtain the transform at a geometrically dis-
tributed time with success probability z. Sending z " 1, and realizing that
�(1,a) = 0, we recover the stationary result discussed in Remark 13.

6.3 asymptotics , efficient simulation, and uniform bound

The previous section provides us with a way of computing pn(u, t). Here one
should realize that  n(�) is a (double) transform, so that numerical Laplace
inversion needs to be applied in order to evaluate pn(u, t). Over the past
decades significant progress has been made in the domain of Laplace inver-
sion; see for instance the fast, accurate, and generally applicable algorithms
described in Abate and Whitt (1995b); Den Iseger (2006). If one wishes to
avoid numerical inversion, two frequently used alternatives are (i) asymp-
totic techniques, and (ii) simulated-based estimation. In approach (i), one
scales one or more of the model parameters, and aims at finding an explicit
expression for the quantity under study (in our case the ruin probability) in
the regime that this scaling parameter grows large. Approach (ii) has the in-
trinsic drawback that, in order to obtain reliable estimates in the domain of
small ruin probabilities, many runs are needed. These issues can be reme-
died by simulating under a suitably chosen alternative measure rather than
the actual one, and correcting the simulation output by likelihood ratios; this
method is known as importance sampling.

In this section we present a series of results that help to quantify the ruin
probability pn(u, t) without the need to resort to numerical inversion. Our
findings come in three flavors. In the first place we find, for a given u and t,
the asymptotics of pn(nu, t) as n grows large; i.e., we scale the initial capital
level by the initial number of obligors. Secondly, we derive a uniform up-
per bound on pn(u, t), comparable to the well-known Lundberg inequality
for the conventional Cramér-Lundberg model. Finally, we develop a prov-
ably efficient importance-sampling based simulation algorithm. Importantly,
in this section we can lift the assumption of exponentially distributed time-
to-defaults.

6.3.1 Notation and preliminaries

Throughout this entire section we let the times-to-default T1, . . . , Tn be non-
negative i.i.d. random variables, with density f(·) and distribution function
F(·), distributed as a generic random variable T . Let Zn(t) be the net cumula-
tive loss amount at time t > 0, given that at time 0 there are n 2 N obligors
present. We denote, for i = 1, . . . ,n and t > 0, by Wi(t) the net cumulative
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loss amount of the i-th obligor at time t. By distinguishing between the sce-
nario that obligor i has gone into default at time t and its complement, we
can write Wi(t) as

Wi(t) := 1{Ti6t}Li - rmin{Ti, t}. (6.5)

We define the moment generating function E e
↵L of the loss L by ¯̀(↵) :=

`(-↵). Then, due to fact that the obligors are statistically identical,

E e
↵Zn(t) =

⇣
E e

↵W1(t)
⌘n

.

In addition, we can compute the moment generating function of the net loss
amount of a single obligor at time t. By conditioning on the time-to-default,
using (6.5),

!t(↵) := E e
↵W1(t) = ¯̀(↵)

Zt

0
f(s)e-r↵sds+ e

-r↵t
Z1

t
f(s)ds

= ¯̀(↵)
Zt

0
f(s)e-r↵sds+ e

-r↵t(1- F(t)).

For instance, in the special case that the time-to-defaults are exponentially
distributed with mean �-1, we have

!t(↵) =
⇣
1- e

-(�+r↵)t
⌘

�

�+ r↵

¯̀(↵) + e
-(�+r↵)t.

6.3.2 Large-deviations asymptotics

The goal of this subsection is to establish a limit theorem for our ruin prob-
ability, given that we start with n obligors and an initial capital reserve level
nu > 0, as n grows large. In other words, we analyze how the probability

qn(t) : = pn(nu, t) = P (9s 2 [0, t] : Zn(s) > nu)

= P

 

9s 2 [0, t] :
nX

i=1

Wi(s) > nu

!

(6.6)

behaves as n ! 1. We do so under the evident ‘rarity condition’ that, for all
t > 0, EZn(t) is smaller than nu, or, equivalently,

sup
t>0

�
P(T 6 t)EL- rE min{T , t}

�
< u,

where we use that EW1(t) = !
0
t(0) = P(T 6 t)EL- rE min{T , t}. We start by

establishing a lower bound. The underlying principle is that the probability



6.3 asymptotics , efficient simulation, and uniform bound 141

of a union of events is bounded from below by the probability of the most
likely event among them. This entails that, for any s 2 [0, t] we have that
qn(t) > q̌n(s), where

q̌n(s) := P

 
nX

i=1

Wi(s) > nu

!

.

Define the Legendre transform pertaining to W1(s):

I(s) := sup
↵

(↵u- log!s(↵)) .

Because of the rarity condition ! 0
s(0) < u for all s > 0, we can restrict our-

selves to maximizing over ↵ > 0 only; we define

↵
?(s) := arg sup

↵
(↵u- log!s(↵)) .

By Cramér’s theorem Dembo and Zeitouni (1998), we immediately have that,
for any s 2 [0, t],

lim inf
n!1

1

n
logqn(t) > lim inf

n!1
1

n
log q̌n(s) = -↵?(s)u+ log!s(↵

?(s)) = -I(s).
(6.7)

We also define
t
? := arg inf

s2[0,t]
I(s),

which has the informal interpretation of the most likely time Zn(·) exceeds
nu. From the fact that the lower bound (6.7) applies for any s 2 [0, t], we thus
obtain that

lim inf
n!1

1

n
logqn(t) > - inf

s2[0,t]
I(s) = -I(t?).

We proceed by proving that -I(t?) is also an upper bound on the decay rate
of qn(t). The first step is to realize that ruin occurs at the default time of one
of the n obligors. As a consequence, we can rewrite qn in terms of the union
of n events:

qn(t) = P

 

9j 2 {1, . . . ,n} : Tj 2 [0, t],
nX

i=1

Wi(Tj) > nu

!

,

instead of the union of uncountable many events featuring in the represen-
tation (6.6). By the union bound, we obtain that this probability qn(t) is ma-
jorized by nq̂n(t), where

q̂n(t) := P

 

T1 2 [0, t],
nX

i=1

Wi(T1) > nu

!

.
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As n
-1 logn ! 0, it suffices to prove that lim supn!1 n

-1 log q̂n(t) 6
-I(t?). To this end, by conditioning on T1,

q̂n(t) =

Zt

0
f(s)P

 
nX

i=2

Wi(s) + L1 - rs > nu

!

ds.

Then observe that the Wi(T1) are dependent, but once conditioned on T1 = s

they have become independent. The next step is to apply the Markov inequal-
ity: for any ↵ > 0, with L1 being independent from W2(s), . . . ,Wn(s),

P

 
nX

i=2

Wi(s) + L1 - rs > nu

!

= P

 

exp

 

↵

nX

i=2

Wi(s) +↵L1

!

> exp(↵(nu+ rs))

!

6 (ws(↵))
n-1 ¯̀(↵) e-↵(nu+rs)

6 (ws(↵))
n-1 ¯̀(↵) e-↵(n-1)u.

Upon combining the above, we have thus found that for any ↵(·) > 0,

lim sup
n!1

1

n
log q̂n(t) 6 lim sup

n!1

1

n
log

Zt

0
f(s) (ws(↵(s)))

n-1 ¯̀(↵(s)) e-↵(s) (n-1)uds.

Recall that, for any t > 0, I(t) = ↵
?(t)u- log!t(↵?(t)). Plugging in ↵(·) =

↵
?(·), we thus obtain, in the second inequality using the definition of t?,

lim sup
n!1

1

n
log q̂n(t) 6 lim sup

n!1

1

n
log

Zt

0
f(s) ¯̀(↵?(s)) e-(n-1)I(s)ds

6 lim sup
n!1

1

n
log

Zt

0
f(s) ¯̀(↵?(s)) e-(n-1)I(t?)ds

= -I(t?) + lim sup
n!1

1

n
log

Zt

0
f(s) ¯̀(↵?(s))ds. (6.8)

Observe that we are done if we succeed in proving that the second term in
(6.8) is 0, for which it suffices to prove that the integral appearing in this term
is finite. To this end, first observe that, with ⌧(↵) := E e

↵T ,

lim
t!1

!t(↵) = ¯̀(↵)⌧(-r↵) =: �(↵),

so that ↵?(1) solves � 0(↵)/�(↵) = u.

Assumption 1. The function ↵?(·) is bounded on [0, t].

Under Assumption 1, we have sups2[0,t] ↵
?(s) 6 M for some finite M. Note

that this holds whenever the function ↵
?(·) is continuous, whereas in case

t = 1 we additionally require ↵?(1) < 1. With this assumption in place
and using that ↵ 7! ¯̀(↵) is increasing, we conclude that

Zt

0
f(s) ¯̀(↵?(s))ds 6 ¯̀(M)

Zt

0
f(s)ds 6 ¯̀(M) < 1.
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Summarizing, we have shown

lim sup
n!1

1

n
logqn(t) 6 -I(t?).

We have arrived at the following result.

Theorem 12. As n ! 1, under Assumption 1,

1

n
logqn(t) ! -I(t?).

6.3.3 Efficient simulation

As the above theorem only provides us with the logarithmic asymptotics of
qn, it is inherently imprecise. For instance, if the true asymptotic shape of qn

is n
↵ exp(-nI(t?)) for some ↵ 2 R, or exp(n⌘) exp(-nI(t?)) for some ⌘ 2

(0, 1), the effect of the ↵ and ⌘ is not visible. One can get accurate estimates in
an efficient way, however, applying importance sampling. Below we present
an importance sampling algorithm, which we prove to be logarithmically
efficient.

The key idea is that we decompose our rare-event probability qn into n rare-
event probabilities, which we will be dealing with separately. We write

qn(t) =
nX

j=1

qnj(t), (6.9)

where

qnj(t) : = P
�
Fj

�
, Fj := Ej \

j-1\

i=1

E c
i ,

Ej : =

8
<

:Tj 2 [0, t],
X

i6=j

Wi(Tj) + Lj - rTj > nu

9
=

; ;

the validity of (6.9) is due to the events Fj being (by construction) disjoint,
while the union of the Ej equals the union of the Fj. The problem of effi-
ciently estimating qn(t) thus reduces to the problem of efficiently estimating
each of the qnj(t) (and adding up all the resulting estimates).

Fix a j 2 {1, . . . ,n} and focus on the estimation of qnj. We now define an
importance sampling probability measure Q.

� Under Q the density of Tj remains f(·).
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� Conditionally on Tj = s, the moment generating function of Lj becomes

¯̀Q(↵) =
¯̀(↵+↵?(s)

¯̀(↵?(s))
.

Sampling Lj from Q amounts to sampling from an exponentially
twisted version of the actual distribution. This is a standard proce-
dure in applied probability; for many frequently used distributions the
twisted distribution remains within the same class of distributions, but
with different parameters. For instance, the ↵-twisted version of an ex-
ponentially distributed random variable with parameter µ corresponds
to an exponentially distributed random variable with parameter µ- ↵
(requiring that ↵ 2 [0,µ)).

� Conditionally on Tj = s, the moment generating function of Wi(s) (for
i 6= j) becomes

!
Q
s (↵) :=

!s(↵+↵?(s))

!s(↵?(s))
. (6.10)

To decide whether the event Fj applies, we have to sample the default
times Ti and (if Ti < t) the losses Li, for i 6= j, in accordance with (6.10).
This can be done as follows. By (6.10), the exponentially twisted version
of Wi(s) has the moment generating function

!
Q
s (↵) =

1

!s(↵?(s))

✓Zs

0
f(v) e-(↵+↵?(s)) rv ¯̀(↵+↵?(s))dv

+

Z1

s
f(v) e-(↵+↵?(s)) rsdv

◆
.

From this identity we observe that the Li can be sampled from a distri-
bution with moment generating function ¯̀Q(·), as defined above,
whereas the density f

Q(·) of the Ti (for i 6= j) becomes

f
Q(v) =

1

!s(↵?(s))
f(v)

⇣
e
-↵?(s) rv ¯̀(↵?(s))1{v6s} + e

-↵?(s) rs
1{v>s}

⌘
.

We proceed by detailing the importance-sampling based simulation proce-
dure, and establishing its asymptotic efficiency. To this end, we first observe
that a generic sample of the likelihood ratio, say Lj, has the form

f(Tj)

fQ(Tj)
· e-↵

?(Tj)Lj · ¯̀(↵?(Tj))
Y

i6=j

⇣
e
-↵?(Tj)Wi(Tj) ·!Tj(↵

?(Tj))
⌘

.
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Recall that on the event Fj we have
P

i 6=jWi(Tj) + Lj - rTj > nu. As a con-
sequence, on the event Fj the likelihood ratio Lj is majorized by

e
-↵?(Tj)(nu+rTj) · ¯̀(↵?(Tj)) ·

�
!Tj(↵

?(Tj))
�n-1

6 e
-↵?(Tj)(n-1)u · ¯̀(↵?(Tj)) ·

�
!Tj(↵

?(Tj))
�n-1

= ¯̀(↵?(Tj)) e
-(n-1) I(Tj) 6 ¯̀(M) e-(n-1) I(Tj)

6 ¯̀(M) e-(n-1) I(t?),

with M as defined in Section 6.3.2 (where we let Assumption 1 be in force).
We thus find that, with Ij denoting the indicator function of Fj, the almost-
sure inequality Lj Ij 6 ¯̀(M) e-(n-1) I(t?), and therefore

nX

j=1

Lj Ij 6 n ¯̀(M) e-(n-1) I(t?).

Evidently, to obtain an estimator with good precision, we have to repeat the
above experiment sufficiently often. Suppose, for each j 2 {1, . . . ,n}, we per-
form N 2 N independent trials. The corresponding likelihood ratios are de-
noted by Lj,k, and the indicator functions are Ij,k, with j 2 {1, . . . ,n} and
k 2 {1, . . . ,N}. Our estimator thus becomes

⇠N :=
1

N

NX

k=1

nX

j=1

Lj,k Ij,k,

which is (by construction) unbiased. The next step is to analyze the perfor-
mance of this estimator. To this end, we observe in relation to its second
moment that

EQ

0

B@

0

@
nX

j=1

Lj Ij

1

A
2
1

CA 6 n
2 (¯̀(M))2 e-2(n-1) I(t?),

with EQ(·) denoting expectation under Q. We find the following upper bound
for the second moment:

lim sup
n!1

1

n
log EQ

0

B@

0

@
nX

j=1

Lj Ij

1

A
2
1

CA 6 -2I(t?).
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By Theorem 12, and in addition using that variances are non-negative, we
also have the corresponding lower bound:

lim inf
n!1

1

n
log EQ

0

B@

0

@
nX

j=1

Lj Ij

1

A
2
1

CA > lim inf
n!1

2

n
log EQ

0

@
nX

j=1

Lj Ij

1

A

= lim inf
n!1

2

n
logqn(t) = -2I(t?).

The above bounds lead to the following conclusion, which in practical terms
entails that the number of runs needed to obtain an estimate of a given rela-
tive precision, grows sub-exponentially in n. For the definition of logarithmic
efficiency, and related performance notions in rare-event simulation, we refer
to (Asmussen and Glynn, 2007, Ch. VI).

Theorem 13. Under Assumption 1, the estimator ⇠N is logarithmically efficient as
N ! 1.

6.3.4 Uniform bound

Intrinsic drawbacks of the large-deviations asymptotics is that they only kick
in for large n, and they provide us with the decay rate only. This motivates
the search for a uniform upper bound on the ruin probability pn(u, t). The
result is a Lundberg-type inequality derived along the same lines was done in
(Asmussen and Albrecher, 2010, Section XIII.5a) for the conventional Cramér-
Lundberg model in which claims (or losses in the credit context) arrive ac-
cording to a fixed-intensity Poisson process. We focus on the situation that
when there are n obligors the time to the first default is exponentially dis-
tributed with mean �

-1
n and the income rate is rn. Let �n be the positive

solution for � in
¯̀(�)

�n

�n + �rn
= 1.

Theorem 14. Suppose that �n is non-increasing in n. Then

pn(u, t) 6 pn(u,1) 6 e
-�nu.

Proof. It is evident that pn(u, t) 6 pn(u,1). Let Yn be distributed as L -
rn T1, where T1 is assumed exponentially distributed with mean �-1

n (inde-
pendent of L). Conditioning on Yn immediately yields

pn(u,1) = P(Yn > u) +

Zu

-1
pn-1(u- y,1)P(Yn 2 dy).
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We claim that this implies pn(u,1) 6 e
-�nu. The proof is by induction.

First note that the claim holds true for n = 0 as p0(u,1) = 0 for all u > 0.
Assuming the inequality holds true for n- 1,

pn(u,1) 6 P(Yn > u) +

Zu

-1
e
-�n-1(u-y) P(Yn 2 dy)

6 P(Yn > u) +

Zu

-1
e
-�n(u-y) P(Yn 2 dy)

6 e
-�nu

Z1

u
e
�ny P(Yn 2 dy) +

Zu

-1
e
-�n(u-x) P(Yn 2 dy)

= e
-�nu E e

�nYn = e
-�nu ¯̀(�n)

�n

�n + �nrn
= e

-�nu,

where in the second inequality it has been used that that �n is non-increasing
in n.

Remark 15. In the special case the default arrival intensity �n and the income
rates rn are linear in the number of obligors n, it is readily checked that �n
does not depend on n. As a consequence, also the upper bound derived above
does not depend on n.

6.4 extensions of the model

In this section we consider four important extensions of our base model.

� In the first extension there are both losses due to defaults (reducing
the number of obligors by one) and losses that do not correspond to
defaults (leaving the number of obligors unchanged).

� Then we consider a model in which the dynamics are affected by a
Markovian background process, thus creating dependence between the
individual obligors.

� We proceed by analyzing a model in which the cumulative process be-
tween jumps behaves as a Brownian motion (rather than being linear).

� Finally we discuss an extension that allows heterogeneous obligors (by
working with multiple groups).

Note that, as opposed to the analysis presented in the previous section, in
this section we let the default times be exponentially distributed. In princi-
ple, the four generalizations introduced above can be combined, but to keep
the presentation as transparent as possible we have decided to discuss them
separately.
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6.4.1 Non-default losses

In this subsection we consider the following extension of the model analyzed
in Section 6.2 (or, actually, the more general one featured in Remark 12). Next
to losses due to defaults (happening at a Poisson rate �n with the losses
having Laplace transform `(·) when n obligors are present) there are losses
that do not correspond to defaults (happening at a Poisson rate ��n with the
losses having Laplace transform `

�(·) when n obligors are present).

We again start our derivations by conditioning on the first event, being the
first default, the first loss (not leading to default), or the expiration of the
exponential clock. If a default happens first, then we can still reach ruin, but
now with n- 1 obligors and an adapted initial reserve. In case the first event
is a loss which does not correspond to a default, then we can still reach ruin
with n obligors but an adapted initial reserve. If the exponential clock expires,
then we will not be facing ruin.

This idea can be formalized as follows. With L
� denoting a generic random

variable corresponding with a non-default loss, we obtain the relation

pn(u) =

Z1

0
e
-(�̄n+#)t

⇣
�n P(Zn-1 + L > u+ rnt) + �

�
n P(Zn + L

� > u+ rnt)
⌘

dt.

Going through the same type of computations as those relied on in Sec-
tion 6.2, we end up with a relation between  n(·) and  n-1(·). More specifi-
cally, for any � > 0, using the notation �̄n = �n + ��n, we find that

 n(�) =
�̄n

�̄n + #

1

�
+

�n

�̄n + #- �rn

✓
B

✓
�̄n + #

rn
, n-1

✓
�̄n + #

rn

◆◆
-B (�, n-1(�))

◆
+

�
�
n

�̄n + #- �rn

✓
B
�
✓
�̄n + #

rn
, n

✓
�̄n + #

rn

◆◆
-B

� (�, n(�))

◆
, (6.11)

where B
�(·, ·) is defined as B(·, ·) but with `(·) replaced by `�(·). Unfortunately,

this relation between  n(·) and  n-1(·) cannot be directly written in terms
of an explicit recursion (as opposed to the model without non-default losses;
see Theorem 11). The  n(·), however, can still be found recursively, using the
following procedure.

To this end, we start by defining the (yet unknown) constants

An := B
�
✓
�̄n + #

rn
, n

✓
�̄n + #

rn

◆◆
.
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Then, using that  0(·) ⌘ 0, observe that  1(�) obeys

 1(�) =
�̄1

�̄1 + #

1

�
+

�1

�̄1 + #- �r1

✓
r1

�̄1 + #
`

✓
�̄1 + #

r1

◆
-
`(�)

�

◆
+

�
�
1

�̄1 + #- �r1

✓
B
�
✓
�̄1 + #

r1
, 1

✓
�̄1 + #

r1

◆◆
-B

� (�, 1(�))

◆
.

(6.12)

We can rewrite (6.12), for a known function F(·), as

 1(�) = F(�) +
�
�
1

�̄1 + #- �r1

✓
A1 - `�(�)

✓
1

�
- 1(�)

◆◆
,

which can be rearranged to

1- � 1(�) = 1-
�F(�)(�̄1 + #- �r1) + ��

�
1A1 - ��1`

�(�)

�̄1 - ��1`
�(�) + #- �r1

.

As we know that 1- � 1(�) is a Laplace transform, its value should be be-
tween 0 and 1 for any � > 0. Hence, any zero of the denominator is necessar-
ily also a zero of the numerator. It is standard to verify that the numerator
has a single positive zero, say �̄. Then it follows that

A1 =
`
�(�̄)

�̄
- F(�̄)

�̄1 + #- �̄r1
��1

.

Now that we have found A1 and hence  1(�), we can identify A2 and  2(�)
along the same lines: we first express  2(�) in terms of A2 using (6.11), and
then identify A2 using that the zero of the denominator (which we know to
equal �̄2 - ��2`

�(�) + #- �r2) is a zero of the numerator as well. Continuing
this procedure, all  n(�) (and constants An) can be found.

6.4.2 Markov modulation

In the models discussed so far the individual obligors are independent. In
reality they may be affected by common external factors, to be thought of
as the ‘state of the economy’, and hence behave dependently. In this sub-
section we consider a model in which a particular dependence structure is
incorporated, through the mechanism of Markov modulation (also known as
regime-switching).

We start by describing the model. Let (J(t))t>0 be an irreducible continuous-
time Markov process living on {1, . . . ,d}. We denote by qjk > 0 (for j 6= k)
the transition rate from state j to state k, and qj := -qjj =

P
k6=j qjk. Let rnj
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be the rate at which the surplus process increases when there are n obligors
and the background process is in state j, let �nj be the corresponding hazard
rate of the time to the next default, and let `j(·) be the Laplace transform of
the loss (with the associated generic random variable being denoted by Lj).

Let Tn be the minimum of the time of the first default and the expiration of
an exponential clock of rate #. Denote by

R(Tn) :=

ZTn

0
rnJ(t)dt

the increase of the surplus process till Tn. We start by analyzing the distribu-
tion of R(Tn) through the object

Fi,j,n(x) := Pi(R(Tn) > x, J(Tn) = j) := P(R(Tn) > x, J(Tn) = j | J(0) = i).

Using the standard ‘Markovian reasoning’, i.e., by distinguishing between all
possible events in a (small) time interval of length � and using the memory-
less property, we obtain the relation, as � # 0,

Fi,j,n(x) =
X

k 6=j

Fi,k,n(x)qkj�+ Fi,j,n(x- rj�)
�
1- (qj + �nj + #)

�
+ o(�).

Subsequently subtracting Fi,j,n(x- rj�) from both sides, dividing by � and
taking the limit � # 0, we end up with a system of linear differential equa-
tions:

F
0
i,j,n(x) =

dX

k=1

Fi,k,n(x)qkj + Fi,j,n(x) (�nj + #).

For given i and n, this is a system of d coupled linear differential equations,
that can be solved in the standard manner; the resulting structure depends on
the multiplicities of the eigenvalues. In the sequel we assume that its solution
is such that the corresponding density obeys

Pi(R(Tn) 2 dx, J(Tn) = j) =
dX

k=1

⇠i,j,k,ne
-⇣k,nx,

but a similar analysis can be done if the terms in the right-hand side of the
previous display also involve polynomial factors (as a consequence of the
multiplicities of some of the eigenvalues being larger than one).
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The key observation is the identity

Pi(Zn > u) =
dX

j=1

�nj

�nj + #

Z1

0
Pj(Zn-1 2 dz)Pi(Lj > R(Tn) + u- z, J(Tn) = j)

=
dX

j=1

�nj

�nj + #

Z1

0

Z1

0
Pj(Zn-1 2 dz)P(Lj > x+ u- z)

dX

k=1

⇠i,j,k,ne
-⇣k,nx dx

=
dX

j=1

�nj

�nj + #

Z1

0
Pj(Zn-1 + Lj > x+ u)

dX

k=1

⇠i,j,k,ne
-⇣k,nx dx

Therefore, using the by now familiar steps concerning a change-of-variables
and swapping the order of integration,

 ni(�) :=

Z1

0
e
-�uPi(Zn > u)du

=
dX

j=1

�nj

�nj + #

Z1

0

Z1

0
e
-�uPj(Zn-1 + Lj > x+ u)

dX

k=1

⇠i,j,k,ne
-⇣k,nx dxdu

=
dX

j=1

�nj

�nj + #

Z1

0

Z1

u
e
-�uPj(Zn-1 + Lj > v)

dX

k=1

⇠i,j,k,ne
-⇣k,n(v-u) dvdu

=
dX

j=1

�nj

�nj + #

Z1

0

dX

k=1

⇠i,j,k,n

✓Zv

0
e
-�u

e
⇣k,nu du

◆
Pj(Zn-1 + Lj > v)e-⇣k,nv dv

=
dX

j=1

�nj

�nj + #

Z1

0

dX

k=1

⇠i,j,k,n
e
-⇣k,nv - e

-�v

�- ⇣k,n
Pj(Zn-1 + Lj > v)dv.

From now on we can follow the approach presented in Section 6.2: the last
expression in the previous display can be expressed in terms of  n-1,j(·), for
j = 1, . . . ,d. We thus end up with a vector-valued recursion. As the derivation
is fully analogous to the one corresponding to the non-modulated case, we
omit the details.

6.4.3 Brownian perturbations

We proceed by making the model more realistic by allowing the process to
evolve, between defaults, as Brownian motion rather than a deterministic
drift. The parameters of this Brownian motion depend on the number of
obligors that have not gone in default yet, say with drift coefficient ri and
variance coefficient �2i when there are i obligors left. In this section the time
between the i-th and (i+ 1)-st default is exponentially distributed with mean
�
-1
i .
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Considering a Brownian motion with parameters r and �
2 over an inter-

val with exponentially distributed length with mean �
-1, it is known from

Wiener-Hopf theory, that

� the maximum value M
+ achieved is exponentially distributed with the

parameter

⌫
+ ⌘ ⌫

+(r,�2, �) :=
p
r2 + 2��2

�2
-

r

�2
.

� the (absolute value of the) amount by which the process goes down after
the maximum is achieved until the end of the exponentially distributed
interval, say M

-, is exponentially distributed with the parameter

⌫
- ⌘ ⌫

-(r,�2, �) :=
p
r2 + 2��2

�2
+

r

�2
.

� the random variables M
+ and M

- are independent. The rates ⌫+ and
⌫
- are the roots of the equation �+ r↵- 1

2↵
2
�
2 = 0.

Now define ⌫±n := ⌫
±(-rn,�2n, �n + #); note that the first parameter is -rn

rather than rn, as we consider the event of the cumulative claim process
exceeding the value u (i.e., the reserve level dropping below 0). As before,
we set up a relation between  n(·) and  n-1(·). Realize that, due to the
Brownian term, ruin can occur before the exponential clock (with parameter
#) expires; this happens with probability e

-⌫+
nu. Following the approach we

have been using in the case without the Brownian term, we thus obtain the
relation

pn(u) = e
-⌫+

nu + In(u, #),
where

In(u, #) :=
Zu

0

Z1

0
⌫
+
ne

-⌫+
nv
⌫
-
ne

-⌫-
nw �n

�n + #
P(Zn-1 + L > u- v+w)dwdv

=
�n

�n + #

Zu

0

Z1

u-v
⌫
+
ne

-⌫+
nv
⌫
-
ne

-⌫-
n(z-u+v) P(Zn-1 + L > z)dzdv.

The next step is to evaluate  n(�), by multiplying pn(u) by e
-�u and in-

tegrating over u 2 [0,1). We obtain that, interchanging the order of the
integrals such that the ‘easy’ integration (over u, that is) can be done first,
Z1

0
e
-�u

In(u, #)du

=
�n

�n + #

Z1

0

Z1

0

Zz+v

v
e
-�u

⌫
+
ne

-⌫+
nv
⌫
-
ne

-⌫-
n (z-u+v) P(Zn-1 + L > z)dudvdz

=
�n

�n + #

Z1

0

Z1

0
⌫
-
ne

-�v e
-⌫-

nz - e
-�z

�- ⌫-n
⌫
+
ne

-⌫+
nv P(Zn-1 + L > z)dvdz

=
�n

�n + #

⌫
-
n⌫

+
n

(�- ⌫-n)(�+ ⌫+n)

Z1

0

�
e
-⌫-

nz - e
-�z�P(Zn-1 + L > z)dz.
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Performing the same steps as in the proof of Theorem 11, as before relying
on the identities (6.3) and (6.4) in combination with the independence of L

and Zn-1, we find after some standard algebra the following result.

Theorem 15. For any � > 0 and n 2 N, we have the recursion,

 n(�) =
1

�+ ⌫+n
+

�n

�n + #

1

�+ ⌫+n

⌫
+
n

�

-
�n

�n + #

⌫
-
n⌫

+
n

(�- ⌫-n)(�+ ⌫+n)

�
B(⌫-n , n-1(⌫

-
n))-B(�, n-1(�))

�
,

where  0(�) ⌘ 0.

Remark 16. In Theorem 15 we can simplify

�n

�n + #

⌫
-
n⌫

+
n

(�- ⌫-n)(�+ ⌫+n)
=

�n

�n + #+ rn�- 1
2�

2�2n

,

using that ⌫+n and ⌫-n solve (�n + #) + rn↵- 1
2↵

2
�
2
n = 0.

6.4.4 Multiple groups

To make the model more realistic, one could work with multiple (hetero-
geneous) groups of obligors. Suppose there are G 2 N groups of obligors
with initially nj obligors in group j 2 {1, . . . ,G}; write n = (n1, . . . ,nG). We
consider the multi-group counterpart of the base model of Section 6.2: each
obligor in group j has a time-to-default that is exponentially distributed with
rate �j. The losses at default per obligor in group j are i.i.d. random vari-
ables with Laplace transform `j(·); in addition these per-group sequences are
assumed independent. The income per unit time for this group is rji when
there are i 2 {1, . . . ,nj} obligors that have not gone into default yet.

The company’s capital reserve is given by the sum of the reserves of the
individual groups; its initial level is u > 0. Let  n(�) denote the double
transform of the probability of ruin over an exponentially distributed interval
(with, as usual, mean #-1), given there n

j obligors in group j that have not
gone into default yet. Then by the same argumentation as before we find, for
n component-wise at least equal to 1, and with ej the j-th unit vector,

 n(�) =
GX

j=1

�jnjPG
k=1 �knk + #

1

�
+

GX

j=1

�jnjPG
k=1 �knk + #- �rjnj

⇥
 

Bj

✓
�j + #/nj

rj
, n-ej

✓
�j + #/nj

rj

◆◆
-Bj

⇣
�, n-ej(�

⌘!

,
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where
Bj(x,y) := `j(x)

✓
1

x
- y

◆
.

We have thus expressed  n(�) as a linear function of  n-e1(�) up to
 n-eG(�). A similar recursive relation be found if some of the entries of n
equal 0. Given that  0(�) = 0, with 0 denoting the G-dimensional all-zeroes
vector, we have thus devised a procedure to identify  n(�).

Remark 17. The above model extension with multiple classes offers an im-
portant additional flexibility. In the first place, one could cluster the obligors
in terms of the loss distributions. Per class this loss can even be deterministic;
this is a useful property, as in the credit context the losses of some obligors
may be a priori known. In addition, we could work with some classes in
which the obligors do not go bankrupt and some classes in which they do.
Also, one could work with a class-specific income rate.

6.5 numerical experiments

In this section we focus on issues concerning the numerical evaluation of
the ruin probability. In the first subsection, we specialize to the case that
the losses are exponentially distributed, where some of the quantities that
feature in the numerical analysis allow closed-form analysis. In the second
subsection, we present a couple of illustrative examples. These in particular
quantify the effect of the size of the obligor population.

6.5.1 Exponentially distributed losses

In Section 6.2.2 the focus was on finding an expression for the double trans-
form  n(�), which can then be inverted numerically. In Section 6.3 we pre-
sented a couple of other approaches: asymptotics, an efficient importance
sampling algorithm, and bounds. In this section we present an alternative
technique, namely an iterative procedure that directly provides the ruin prob-
abilities pn(u, t) themselves. We consider the model variant in which the de-
fault rate and the income rate are �i and ri, respectively, during time periods
in which there are i obligors left.
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As in Section 6.2.2, the idea is to condition on the first default. We thus obtain,
with W(·) as introduced in Section 6.3, the following recursive relation:

pn(u, t) =
Zt

0
�ne

-�nsP

 

sup
06v6t-s

n-1X

i=1

Wi(v) + L > u+ rns

!

ds

=

Zt

0
�ne

-�ns ds-
Zt

0
�ne

-�nsP

 

sup
06v6t-s

n-1X

i=1

Wi(v) + L 6 u+ rns

!

ds

= 1- e
-�nt -

Zt

0

Zu+rns

0
�ne

-�ns (1- pn-1(u+ rns- x, t- s))P(L 2 dx)ds.

(6.13)

When there is only one obligor left, there is only one scenario leading to
ruin: default should take place before the exponential clock (with mean #-1)
expires and the loss should be sufficiently large. In other words,

p1(u, t) =
Zt

0

Z1

u+r1s
�1e

-�1sP(L 2 dx)ds =
Zt

0
�1e

-�1sP(L > u+ r1s)ds

From this point on we focus on the case of exponentially distributed claims
with mean µ

-1, i.e., P(L > x) = e
-µx. We readily obtain

p1(u, t) =
Zt

0
�1e

-�1se
-µ(u+r1s) ds =

�1e
-µu

�1 + µr1

⇣
1- e

-(�1+µr1)t
⌘

.

We can thus obtain p2(u, t) applying numerical integration to (6.13) with
n = 2. Continuing along these lines, pn(u, t) can be numerically evaluated
for higher values of n.

We now point out how to evaluate the large-deviations asymptotics that were
presented in Section 6.3.2, in the case of exponentially distributed claims. The
moment generating function of W1(s) is for ↵ < µ given by

!s(↵) =
⇣
1- e

-(�+r↵)s
⌘

�

�+ r↵

µ

µ-↵
+ e

-(�+r↵)s,

whereas for ↵ > µ the moment generating function is infinite. We continue by
computing the mean net loss corresponding to a single obligor (as a function
of time):

m(s) := EW1(s) =
1

µ
(1- e

-�s)- r

Zs

0
u �e

-�vdv- rs

Z1

s
�e

-�vdv

=

✓
1

µ
-

r

�

◆
(1- e

-�s).

In the sequel we will assume u > m(1), or equivalently �- rµ < �µu, to
make sure the event under consideration is rare.
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The Legendre transform pertaining to W1(s) reads

I(s) := sup
0<↵<µ

(↵u- log!s(↵)) ;

we can rule out ↵ > µ as !s(↵) = 1 for these ↵. Because the first-order
condition does not allow an explicit solution, one cannot write I(s) in closed
form. Two boundary cases can be dealt with explicitly, though. It is first ob-
served that, denoting by ! 0

s,1(↵) the derivative of !s(↵) with respect to ↵,
and by ! 0

s,2(↵) the derivative of !s(↵) with respect to s,

I
0(s) =

d
ds

(↵?(s)u- log!s(↵
?(s))) (6.14)

=
d↵?(s)

ds

 

u-
!

0
s,1(↵

?(s))

!s(↵?(s))

!

-
!

0
s,2(↵

?(s))

!s(↵?(s))
= -

!
0
s,2(↵

?(s))

!s(↵?(s))
, (6.15)

where the last equality is due to the definition of ↵?(s). By an elementary
computation,

!
0
s,2(↵) =

✓
�µ

µ-↵
- (�+ r↵)

◆
e
-(�+r↵)s =

r↵
2 + �↵- rµ↵

µ-↵
e
-(�+r↵)s.

(6.16)
We observe that the Legendre transform I(s) is decreasing in s whenever
↵
⇤(s) > µ- �/r.

� For s = 0, we immediately see that!0(↵) = 1 for all ↵, so that ↵?(0) = µ

and I(0) = µu. In addition, we obtain by some straightforward algebra
that

I
0(0) = - lim

↵"µ

!
0
0,2(↵)

!0(↵)
= -1.

� For s = 1,

I(s) = sup
0<↵<µ

(↵), (↵) := ↵u- log(�µ) + log(�+ r↵) + log(µ-↵).

Observe that (·) is concave, with 
0(0) > 0 (under the assumption

u > m(1)) and (↵) ! -1 as ↵ " µ. In other words, (·) attains a
maximum in (0,µ). The first order condition, determining ↵?(1), is

u =
1

µ-↵
-

r

�+ r↵
,

or equivalently

ru↵
2 +

�
(�- rµ)u+ 2r

�
↵- �µ

�
u-m(1)

�
= 0.
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As �µ(u-m(1)) > 0, this equation has a positive and negative root.
Consequently, ↵?(1) is the positive root, i.e.,

↵
?(1) =

-2r- �u+ rµu+
p

4r2 + �2u2 + 2r�µu2 + r2µ2u2

2ru
,

so that I(1) = (↵?(1)). Next, we want to find the sign of I(s) in
the regime that s ! 1. Based on (6.15) and (6.16), this is the sign
of -r↵

?(1)- �+ rµ. Using the explicit solution of ↵?(1), it requires
some straightforward calculus to verify that this leads to a negative
sign, i.e. I(s) is decreasing in the regime that s ! 1, if and only if
�- rµ > -�µu.

6.5.2 Numerical example

For the numerical results we have used a setup that aligns with the one con-
sidered in Asmussen (1984).

� We consider the case that both the income rates ri and the default in-
tensity �i are linear in the number of obligors i that have not gone into
default yet. We let the proportionality constants be r = 1 and � = 0.9,
respectively. In other words, when there are i obligors in the system
that have not gone into default yet, the income rate is given by i and
the default intensity rate by 0.9 i.

� The losses are exponentially distributed with parameter µ = 1.

With these parameter settings the rarity condition m(1) < u is satisfied for
all u > 0, as we have that 0.9- 1 = -0.1 < 0 < 0.9u.

First, we focus on the evaluation of the large-deviation asymptotics. For s !
1 we have that the Legendre transform I(s) is decreasing (increasing) if u >
1
9 (if u <

1
9 , respectively). For illustrational purposes we have plotted the

functions ↵?(s) and I(s) in Figure 6.1, as a function of time s, for u = 5 as
well as u = 0.1. In the first instance, with u = 5, the function I(·) is decreasing,
so that the optimal t? = 1, whereas for u = 0.1 we see that I(·) attains a
minimal value at t? = 2.3.

In Figure 6.2 we present, for different values of the initial number of obligors
n and u = 5, the ruin probabilities as a function of time. This has been
done relying on the iterative approach presented of Section 6.5.1. The double
integral involved has been evaluated analytically for n = 1, 2 while numerical
integration methods have been employed for n > 2. We do observe that the
ruin probability increases in the length of the time interval, as desired. The
upper bound (as derived in Section 6.3.4) in this instance is given by 0.6065,
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Figure 6.1. The Legendre transform I(s) and the underlying optimal ↵?(s) parameter
as a function of time s (for s 2 [0, 5]). In the top panels we took for u = 5, whereas in
the bottom panels we took u = 0.1.
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Figure 6.2. Ruin probabilities over time: pn(u, t) as a function of t, for n = 1 (bottom
line) to n = 10 (top line), with u = 5.

and is independent of the number of obligors n. As can be observed, this
upper bound is rather conservative, in particular when there are only a few
obligors in the system.

In a next experiment we study the performance of the importance sampling
technique that was presented Section 6.3.3. The top panel of Figure 6.3 shows,
for the initial capital reserve u being equal to 5, the estimates of the ruin prob-
ability as a function of time, obtained by simulation, using our importance
sampling algorithm. The values nearly coincide with what is obtained by ap-
plying the naïve, direct simulation approach (i.e., without a change of mea-
sure); from Figure 6.2 we in addition observe that there is a highly accurate
match with the values computed using the iterative approach of Section 6.5.1.
Regarding the importance sampling simulations it is noted that we let the
events Ej correspond to the event where the net cumulative loss process ex-
ceeds the initial level u (instead of nu), as u in this example corresponds to
the unscaled initial capital level. The fact that we have used as many as 10

6

runs guarantees estimates with a high precision. The importance sampling
based approach substantially outperforms direct simulation, in that it greatly
reduces the variance of the estimator, as can be observed in the bottom panels
of Figure 6.3.
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Figure 6.3. Top panel: ruin probabilities, as simulated by importance sampling:
pn(u, t) as a function of time t. Bottom left panel: variance of the estimator under
direct simulation as a function of t. Bottom right panel: variance of the estimator
under importance sampling as a function of t. In all experiments we took u = 5.
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6.6 concluding remarks

Motivated by applications in credit risk, we have analyzed in this chapter
a transient counterpart of the classical Cramér-Lundberg model. We have
presented a broad range of results: exact analysis in terms of transforms,
asymptotic analysis including an efficient rare-event simulation algorithm,
and four model variants (viz. a setup that also includes non-default losses,
one with Markov modulation to make the obligors dependent, one in which
the linear drifts are replaced by Brownian motions, and a last one in which
there are multiple groups of obligors).

Follow-up research could relate to the next steps to make this model oper-
ational. A main challenge concerns dealing with the heterogeneity between
the obligors. When there are relatively few groups (with homogeneity within
these groups) the approach of Section 6.4.4 can be relied upon, but when
effectively all obligors have a specific time-to-default and loss distribution,
an alternative approach needs to be developed. Another topic for future re-
search could concern procedures to on-the-fly adjust the capital level given
realizations of the defaults; cf. e.g. the approach proposed in Chapter 2.





7 A P O RT F O L I O C R E D I T R I S K M O D E L A N D R U I N
T H E O RY

This chapter presents a time-continuous extension of the influential Credit
Suisse Financial Product’s CreditRisk+ model for portfolio credit risk model-
ing. The model allows for random losses and incoming cash flows by includ-
ing a positive compensating function representing, for example, interest rate
premiums or (expected) losses that are already accounted for. We present a
risk measure for capital calculations based on the maximum loss over the
time interval in line with the previous chapters. As the original CreditRisk+
model only considers losses at a certain point in time, the original CreditRisk+
model underestimates the risk. The effect of this underestimation is illus-
trated in a series of numerical experiments. Moreover, the time-continuous
CreditRisk+ model is compared to a time-continuous structural model and
it is shown that, despite differences on the surface, the underlying mathe-
matical structures are similar. Finally, a comparison is drawn between the
time-continuous CreditRisk+ model and ruin theory models showing that ex-
isting ruin theory methods can be employed. We focus particularly on the
ruin theory methods derived in previous chapters to determine loss distribu-
tions, capital estimates and capital allocations.

7.1 introduction

Over the past couple of decades, financial institutions have developed and
implemented models for assessing credit losses in lending portfolios. Most
often, we define default risk and credit risk as the risk of losses due to de-
faults on loans to obligors/borrowers. Credit portfolio models are meant to
analyze credit risk on a portfolio basis and therefore have applications in
the quantification and management of credit risk including risk concentra-
tion. J.P. Morgan published their credit portfolio model CreditMetrics in 1997,
and later on in the same year Credit Suisse Financial Products introduced its
CreditRisk+ model. Both models turned out to become industry benchmark
models and played a significant role in the development of the Basel Capital
Accords. To obtain a more economic view on their credit risk, banks often
make use of these models internally as well. The original CreditRisk+ model
is based on insurance industry models of event risk in which default is the
main source of credit risk and modeled using a Bernoulli distribution. The
model only requires a few inputs - most importantly the default probabil-
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ity for each loan instrument. Dependence between obligors/instruments is
introduced through background macroeconomic risk factors influencing the
default probabilities of the obligors/instruments. For a more comprehensive
overview of the CreditRisk+ model and various extensions that have been
proposed throughout the years we refer the reader to Gundlach and Lehrbass
(2004).

The original CreditRisk+ model, convenient in its simplicity, considers the
credit loss distribution at the end of a fixed period. In practice, one would
also like to analyze the loss process during a certain period. In this context,
the loss and the common risk factors become processes. Especially when the
loss process is not increasing over time, only considering its value at the end
of a fixed interval can be an underestimation of the real risk, i.e. the maxi-
mum loss over the time interval. A situation where the loss process is not
simply increasing occurs naturally when considering, in addition to the out-
going cash-flows, also some compensating effects, e.g. incoming cash flows.
Examples include interest rate premiums received or (expected) losses that
are already accounted for. In this chapter we propose a time-continuous ex-
tension of the CreditRisk+ model including a function over time which ac-
counts for these compensating effects. We refer to this as the compensating
function throughout this chapter.

A time-continuous CreditRisk+ model shares a lot of characteristics with ex-
isting ruin theory models. Ruin theory (or risk theory) focuses on analyzing
models that describe a firm’s cash reserves. The evolution of the cash reserves
experiences fluctuations due to amounts claimed and premiums earned. Ini-
tially, the focus of ruin theory was on the probability �(u) of ultimate ruin, i.e.
the probability that the cash reserves ever drop below zero given the initial
reserve u. Later these results have been extended in many ways, most notably
(i) ruin theory in finite time, and (ii) other claim arrival processes than the
Poisson process. Ruin theory methods can be employed to determine the dis-
tribution of the maximum of losses in a time-continuous CreditRisk+ model.
We refer to e.g. Asmussen and Albrecher (2010) for a detailed account of ruin
theory.

In this chapter we first propose a time-continuous CreditRisk+ model. This
generalization includes a compensating function to account for incoming
cash flows such as interest rate premiums or (expected) losses already ac-
counted for. Particular attention is paid to capital calculations for which a
risk measure is presented based on the maximum losses over the specified
time interval. It is shown that the static or original CreditRisk+ model may
give an underestimation of the risk compared to the time-continuous gener-
alization. Moreover, we compare the time-continuous CreditRisk+ model to a
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time-continuous structural model by mapping the latter into the framework
of the time-continuous CreditRisk+ model.

The resemblance between the time-continuous CreditRisk+ model and ruin
theory models is shown with a particular focus on capital calculations.
Known ruin theory methods and the results from previous Chapters 2-6 can
then be used in the context of credit risk modeling. In particular we focus on
the loss distribution, capital estimates and capital allocations. We conclude
this chapter with a series of simulation experiments to highlight the various
features of the time-continuous CreditRisk+ model and the use of ruin theory
results, in particular those derived in previous chapters. Moreover, we show
some instances where the original CreditRisk+ model is an underestimation
of the credit risk in the portfolio.

This chapter is organized as follows. Section 7.2 provides a brief description
of the original CreditRisk+ model and presents the time-continuous exten-
sion. In Section 7.3 a time-continuous structural model is presented which
is then compared to the time-continuous CreditRisk+ model. The former is
mapped to the framework of the latter. Section 7.4 elaborates on the use
of ruin theory methods for determining the loss distribution in the time-
continuous CreditRisk+ model. Numerical work is presented in Section 7.5.
Section 7.6 concludes this chapter and discusses areas for future research.

7.2 the model

In this section we introduce our model and explain its relevance for default
and credit risk modeling purposes. The object of interest is the distribution
of the (default) loss in a credit portfolio and capital calculations based on
this distribution. The model we consider is derived from Credit Suisse Fi-
nancial Product’s CreditRisk+ model for default risk and is extended to a
time-continuous model including some time dependent compensation of the
losses (default events). The latter can represent, for example, the income/in-
terest received over the credit assets over time or expected losses that are
already accounted for. We start with a brief introduction of the original Cred-
itRisk+ model of default risk. Afterwards, in Section 7.2.2, we present our
model and discuss its underlying assumptions in relation to the literature.
We also elaborate on the incorporation of rating migration risk in both the
original as the extended time-continuous CreditRisk+ model. We use similar
notation as is used in Gordy (2000).
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7.2.1 The CreditRisk+ model

In the original CreditRisk+ model, each obligor in the credit portfolio is con-
sidered to have only two possible states, default and non-default. In case
obligor i defaults, a loss is suffered of a fixed size ai. This potential loss is
often calculated as the product of the exposure to an obligor and the loss
given default percentage. The event of default of obligor i up to the fixed
time maturity T is denoted by Di,T and it’s indicator function is given by
Di,T . The default event can be written in terms of the default time ⌧i, i.e.

Di,T = {⌧i 6 T }. The default indicator is Bernoulli distributed with success
parameter the probability of default, i.e.

pi,T := P( Di,T = 1) = P(⌧i 6 T).

The time of default is considered as the first jump of a (homogeneous) Pois-
son process and is exponentially distributed. In the original CreditRisk+
framework, the default event is modeled as a Poisson random variable with
rate pi,T rather than a Bernoulli random variable. The intuition behind this
is that, “as long as pi,T is small, we can ignore the constraint that a single
obligor can default only once” as stated in Gordy (2000).

Consider a portfolio of n obligors with the same potential fixed loss zi ⌘ z,
constructed by grouping together losses of similar sizes. The portfolio loss up
to a fixed time T is then given by

LT :=
nX

i=1

zi Di,T = z

nX

i=1

Di,T .

Default correlations between obligors are introduced by the risk factor X :=
(X1, . . . ,XK). The Xi are often assumed to be (independently) gamma dis-
tributed. Conditional on X, the default events of obligors are independent
and Bernoulli distributed. The default probability of obligor i now becomes
a random variable, which in CreditRisk+ is specified as

p
X
i,T := pi,T

 
KX

k=1

wi,kXk

!

,

where wi,k represent factor loadings measuring the sensitivity of obligor i

to each of the risk factors. The risk factor and corresponding weights are
such that E[pXi,T ] = pi,T for all obligors. By examination of the probability
generating function, conditional on X, the sum of the number of obligor de-
faults can be approximated by a Poisson random variable NT with parameter
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µ
X
T :=

Pn
i=1 p

X
i,T , see Gordy (2000). In other words, the portfolio loss is ap-

proximated by

L̂T =
NTX

j=1

z = zNT .

Traditionally, a bank’s credit risk is managed by considering their losses over
a certain period [0, T ] and making sure these do not exceed a certain (high)
level with a given (low) probability ↵. This risk measure is often referred to
as the Value-at-Risk (VaR). More specifically, for losses LT

VaR↵(T) := inf {u > 0|P(LT > u) 6 ↵} . (7.1)

Typical values for the time horizon and threshold are one year (T = 1) and
↵ = 0.01%. In practice, the losses are only considered at the end of the time
horizon, at time T . Although it is impossible to know the a bank’s credit losses
over a particular time interval in advance, an expectation of the losses can be
made. These losses are referred to as expected losses. The expected losses over
time are often already embedded in the pricing of credit instruments and/or
provisioning by the financial firm as they are viewed as a cost of doing busi-
ness. A bank’s capital is meant to provide a buffer against losses that exceed
expected levels. These losses are referred to as unexpected losses and are the
gap between the expected losses and VaR. This approach of setting capital, as
provided by the regulator Basel Committee on Banking Supervision (2005), is
illustrated in Figure 1.1. The solid line in this figure describes the likelihood
of losses of a certain magnitude.

The CreditRisk+ model has been celebrated for its simplicity as it allows
for an expression of the distribution of portfolio loss. We refer the reader
to Gundlach and Lehrbass (2004) for a more comprehensive overview of the
original CreditRisk+ model, various extensions and applications. These exten-
sions of the framework include, among others, the integration of migration
risk and variable default severity. The former we will now briefly elaborate
on by considering the extension of the CreditRisk+ model that includes rat-
ing migration risk, i.e. possible profits and losses due to rating changes. As
mentioned in Binnenhei (2004), various authors have attempted to incorpo-
rate rating migrations in the original CreditRisk+ framework, most notably
by Bröker and Schweizer (2004). In this article, the authors consider all pos-
sible rating states of each credit asset. The value changes of the credit asset
and corresponding migration rates can then be used as input for the original
CreditRisk+ model. The total portfolio distribution is obtained by convolving
the distributions of the separate portfolio’s of migration losses. Although it
is easy to implement the approach outlined in Bröker and Schweizer (2004),
it has some shortcomings. For example, in theory, an obligor could be as-
signed multiple rating states at the end of the time horizon in this model. In
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Binnenhei (2004), the author therefore proposes a more accurate multi-state
model by considering the various rating states simultaneously. For the analyt-
ical distribution of the changes in portfolio value, a 2-dimensional recursion
algorithm is proposed.

7.2.2 A time-continuous CreditRisk+ model

In the original CreditRisk+, as well as most generalizations, only the loss
at a certain time horizon is studied. We will often refer to this as the static
CreditRisk+ model. As mentioned in Reis (2004) it is also relevant to consider
credit risk over time. Especially when considering not only the outgoing cash
flows due to defaults but generalizing the model to include also some posi-
tive cash flows such as interest rate premiums received or (expected) losses
that are already accounted for. The maximum loss over the time horizon, in
this case, may occur prior to the end of the time horizon, whereas the origi-
nal CreditRisk+ model only considers the loss at the end of the time horizon.
In this section we propose an extension of the CreditRisk+ by adjusting the
model on a few fronts which results in a dynamic, time-continuous portfo-
lio loss process. We start with a brief overview of the changes made to the
original CreditRisk+ model:

1. Allow for random losses Zi instead of fixed losses a. The random losses
are i.i.d. non-negative and independent of the Poisson process.

2. Include a compensating non-negative increasing real function t 7! h(t)
defined on R.

3. Allow for risk factors to be random processes instead of random vari-
ables, i.e. X(t) := (X1(t), . . . ,XK(t)). Let X(t) = �(X(s) : 0 6 s 6 t)
denote the filtration generated by the multivariate risk factor process.

4. For obligor i, instead of the Poisson random variable Ni,t consider
the inhomogeneous conditional Poisson process Ni(t) with intensity
parameter �Xi (t) which depends on the risk factor process X(s) up to
time t (i.e. X(t)). Analogous to the original CreditRisk+ model, for the
number of defaults in the credit portfolio up to time t, conditional
on X(t), we take the Poisson process N(t) with intensity parameter
µ
X(t) :=

Pn
i=1 �

X
i (t).

As a result, the loss over a credit portfolio up to time t is modeled as the
random process

L̂(t) :=

N(t)X

i=1

Zi - h(t). (7.2)
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The quantity of interest is the maximum loss over a specified time horizon.
More specifically, for risk and capital calculations, we are interested in the
probability of large losses over the time interval. This is given by

 (u, T) = P

 

sup
06t6T

L̂(t) > u

!

.

In many cases it is often easiest to first determine the conditional (on X(t))
probability and later on integrate or simulate out the risk factor processes.

For capital calculations we consider the following risk measure

⇢
↵(T) := inf{u > 0| (u, T) 6 ↵}. (7.3)

When expected losses are not compensated for in the loss process L̂(t), the
risk measure ⇢↵(T) can be seen as the (dynamic) Value-at-Risk discussed in
Chapter 5. In case the expected losses are accounted for in h(t), the loss pro-
cess L̂(t) represents the unexpected losses and the corresponding risk mea-
sure ⇢↵(T) can be seen as the capital estimation for credit risk. A similar risk
measure is considered in Boudoukh et al. (2004) where instead of the value
at the time horizon, as is considered in the original VaR measure (7.1), the
maximum or minimum value before the time horizon is used.

We proceed by further elaborating on the above extensions and their rela-
tion to the existing literature in separate sections below. To stress the depen-
dence on time, from this point on, we adopt the notation pi(t),pXi (t) in the
time-continuous model as equivalents of pi,t,pXi,t in the original CreditRisk+
model.

7.2.2.1 Random losses

The extension to random losses is often linked to collateral risk inherent in
portfolios with exposures in the retail and the middle market loan segments
that are, to a high degree, secured by pledged real estate or other illiquid
assets. For the CreditRisk+ model random losses have been considered in
Akkaya et al. (2004). Note that the model set-up still allows for constant losses
as well.

7.2.2.2 Compensating function h(t)

By including a non-negative function h(t), the model allows for compensat-
ing effects such as interest income or adjusting for expected losses.

Banks receive interest income on their credit assets from clients/obligors.
This flow of income reduces the credit risk of the bank and can thus be seen
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as a form of risk premium. For a more economic view on credit risk one
may consider the income produced from the credit assets. While the original
CreditRisk+ model or the regulatory asymptotic single factor model do not
take this into account many other market practice models do consider this
aspect to some extent. Examples include CreditMetrics and Moody’s KMV,
both models have a valuation module. In Schlottman et al. (2004) the return
on credit assets is considered separately from the CreditRisk+ model for the
purpose of assessing the risk versus return, where risk is quantified by the
Value-at-Risk measure (see Section 7.2.1). The portfolio credit risk model first
proposed in Quagrain (2013), later further analyzed in Adékambi and Es-
siomle (2020), contains a constant income component referred to as the risk
premium. Their model differs as it considers the bank’s balance process to
be generated by all deals that have arrived in a time interval. The arrival of
deals is modeled via a Poisson process.

By setting h(t) as the expected losses E
hPN(t)

i=1 Zi

i
over time, the loss process

L̂(t) represents the unexpected loss process. The model then allows for a di-
rect computation of capital reserve levels that capture the largest unexpected
loss over the time interval.

7.2.2.3 Risk factor processes

The common risk factors representing the systematic component upon which
obligors are dependent are often associated with the state of the environ-
ment/economy which is changing over time. In Reis (2004), the author also
considers a time-continuous version of the original CreditRisk+ model and
introduces a geometric Brownian motion to model the risk factor processes.
Another common way to introduce dependence is via Markov-modulation,
i.e. introducing a Markov environmental process with finite state space that
influences the parameters of the model (i.e. the intensity of the Poisson pro-
cess). We refer the reader to the next section on inhomogeneous Poisson pro-
cess for more details. Note that our model set-up still allows for piece-wise
constant processes such that the risk factors can also be modeled via random
variables.

Risk factor processes can also be found in structural portfolio credit risk mod-
els, which we will elaborate on in Section 7.3. An example of this is given in
Mcleish and Metzler (2011) where the systematic risk is modeled via a pair
of processes.
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7.2.2.4 Inhomogeneous Poisson process

The inhomogeneous Poisson process is the natural extension to continuous
time of the original CreditRisk+ model. Under the assumption of an inhomo-
geneous Poisson process, the default time of obligor i is the first time jump
of an inhomogeneous Poisson process with time dependent intensity. Models
in which the default time is given by the first jump of a Poisson process fall
under the so-called reduced form or intensity models, and are particularly
popular in counterparty credit risk modeling. We refer the reader to Chapter
8 in Bielecki and Rutkowski (2004) for an overview of the literature on inten-
sity models. In a portfolio context, a Poisson process to model the number
of defaults within a portfolio over time has been suggested before, see for
example (Reis, 2004, Sec. 13.2). In this article the author points out that the
original CreditRisk+ model only studies the loss at a certain time horizon but
in many cases a time-continuous model is more appropriate.

We now briefly describe some dependence/correlation structures, i.e. options
for the intensity of the Poisson process �X(t), that we considered in previous
chapters or have encountered in literature. Furthermore, we reflect on their
advantages and disadvantages. Each dependence structure results in a dif-
ferent distribution of the loss process L̂(t) and corresponding maximum loss
distribution  (u, T). In Section 7.5, all of the following correlation structures
are implemented for the time-continuous CreditRisk+ model.

1. In case p
X
i (t) is known and differentiable with respect to time, the in-

tensity function can be set as �Xi (t) = @p
X
i (t)/@t. In this case, for fixed t,

the default event can be modeled with a Poisson random variable with
parameter pXi (t), in line with the original CreditRisk+ model methodol-
ogy. An example where p

X
i (t) is known, from a time-continuous struc-

tural model, is given in Section 7.3.2, and implemented in Section 7.5
as the “Structural" dependence structure for the time-continuous Cred-
itRisk+ model. By imposing very little conditions on the intensity �Xi (t),
this dependence structure allows for a lot of flexibility and dependence
may change over time. On the other hand, as will become clear in Sec-
tion 7.4 and its implementation in Section 7.5, calculations involving
an inhomogeneous Poisson process can become complicated and time
consuming.

2. In the industry, one often makes use of credit ratings to model the credit
risk in consumer or corporate loan portfolios. In addition to the credit
ratings supplied by rating agencies, such as Standard & Poor’s and
Moody’s, banks also create their own internal rating models. It is com-
mon to model these ratings as a Markov process with transition proba-
bilities describing the transition of an obligor from one state to another
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over a specified time horizon. To be able to determine the transition
probability for multiple time horizons in a consistent way, a continuous
time Markov model is considered, see Berd (2005). The rating transi-
tions for obligor i are then driven by a transition intensity matrix ⇤i

such that the transition probability matrix over time horizon t is given
by the exponential matrix e

⇤it. When considering a two-state model, i.e.
default and non-default, with an absorbing default state, the transition
intensity matrix is of the form

 
-ci ci

0 0

!

,

where ci > 0 a constant. As a result, the survival probability of obligor
i over time t is given by e

-cit (and corresponding default probabil-
ity 1 - e

-cit). Note that this coincides with the survival probability,
over fixed time horizon t, when default is considered to be the first
jump of a homogeneous Poisson process with fixed intensity rate ci. In
other words, a Poisson process with constant intensity rate ci is a logi-
cal choice when considering a default/non-default rating environment
with absorbing defaults modeled by a continuous time Markov model.
Using the approximation 1 - e

-ci ⇡ ci for ci ⇡ 0, the intensity con-
stant ci can be set to the 1-year probability of default pi(1) when this
probability is small.

Dependence between obligors can be introduced as in the regular Cred-
itRisk+ framework by setting the common risk factor k as Xk(t) = Xk

constant for all t, where Xk is a random variable. More specifically,
�
X
i (t) = ci

⇣PK
k=1wi,kXk

⌘
, where the factor weights wi,k and random

variables Xk are such that E[
PK

k=1wi,kXk] = 1. As a result, conditional
on the common risk factors Xk, the process N(t) is a homogeneous Pois-
son process. A popular choice for the Xk in the original CreditRisk+
framework are independent gamma variables. Other options include
a discrete distribution with a finite number of states as introduced in
Chapter 2. More specifically, there is only one common stochastic risk
factor X which takes values xj with corresponding probabilities pj for
j 2 {1, . . . , J} and finite J. In Section 7.5, the dependence structure with
both the gamma and discrete risk factor has been implemented, referred
to as “Gamma" and “Discrete", respectively. In both cases, condition-
ing on the random variables Xk, gives a homogeneous Poisson process
which is much easier to work with than an inhomogeneous Poisson pro-
cess. The downside is that the risk factors do not change over time as
dependence structures and environmental processes often do in prac-
tice.
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3. In Section 13.2 in Reis (2004), a continuous time extension of the origi-
nal CreditRisk+ is suggested by considering a Poisson process. The de-
fault intensity of the Poisson process of obligor i is set as the one-year
probability of default pi(1) which is assumed to be small, see the previ-
ous bullet for more details. Dependence between obligors is introduced
through factor processes Xk(t), k 2 {1, . . . ,K} that are assumed to be
geometric Brownian motions characterized by the following stochastic
differential equation:

dXk(t) = µXk
Xk(t)dt+ �Xk

Xk(t)dWXk
(t),

where the WXk
(t) are standard Brownian motions. Furthermore, it is

assumed that

Xk(0) = 1, E[Xk(t)] = 1, E[logXk(t) logXl(t)] = ⌃k,lt,

where ⌃ the covariance matrix of logX(t). The default intensity of obligor
i in Reis (2004) is now a stochastic process given by

�
X
i (t) = pi(1)

 
KX

k=1

wi,kXk(t)

!

,

where the factor weights are such that
PK

k=1wi,k = 1 for each obligor
i. For a single risk factor process (K = 1) this dependence structure has
been implemented in Section 7.5 as “Geometric BM". The advantage
of this dependence structure is that the risk factor changes over time.
The disadvantage of this approach is that (inhomogeneous) Poisson pro-
cesses with intensities that change over time are sometimes difficult to
deal with in practice, as is the case in ruin theory.

4. In Chapter 4, Markov-modulation is introduced as a source of depen-
dence between obligors. The Markov process is of finite state and rep-
resents the state of the environment that influences the intensity of the
Poisson process. In other words, the Markov risk process X(t) gives de-
fault arrival intensity �Xi (t) = �i,j when X(t) = j, where �i,j is fixed. See,
for example, Chapter 4 and (Asmussen and Albrecher, 2010, Ch. VII).
Like the previous dependence structures, this approach is also imple-
mented in Section 7.5, i.e. the “Markov" dependence structure. Markov
processes allow for the risk process to change randomly over time but
reduces the complexity by limiting the amount of potential outcomes.
Markov-modulation is a popular method to introduce uncertainty or
dependence in models, including ruin theory models. Despite this, one
still has to resort to numerical approximations in order to determine the
loss distribution over a finite time interval. In Section 7.4 we elaborate
further on these approximations originating in ruin theory.
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The functions h(t) and µ
X(t) are time but not default level dependent. In

some cases, it would make sense to let these functions dependent on the num-
ber of defaults as well. For example, when h(t) incorporates incoming cash
flows resulting from interest payments. In practice, after an obligor defaults,
the interest income of this obligor will stop. In other words, for a portfolio
consisting of a constant number of obligors, the interest rate will decrease
after each default event. A similar argument can be made for the (default)
arrival rate, i.e. the intensity rate of the Poisson process. A model where the
income rate and Poisson intensity are dependent on the number of surviving
obligors in the system is investigated in Chapter 6. We note that also in ruin
theory, models with level-dependent dynamics have been investigated, see
(Asmussen and Albrecher, 2010, Ch. VIII).

The model given by (7.2), is of interest when defaulted credit assets/oblig-
ors are replenished by similar credit assets and obligors with the same credit
quality. As banks are continuously trying to maintain or grow their portfolio
size, this is not an unrealistic assumption. Furthermore, when the number
of defaults is small in comparison with the total number of obligors in the
portfolio, the decrease in the interest income (and default arrival rate) is neg-
ligible and a model with constant rates gives a good estimate.

The final model, as given in Equation (7.2), is common in the field of ruin
theory. We will elaborate on this in Section 7.4 and show how the results
derived in ruin theory could be used to determine the distribution of losses.
Before we end this section we briefly mention the complexity of incorporating
rating migration risk in the time-continuous model.
To incorporate rating migration risk in the time-continuous model, one has to
keep track of the rating of each obligor over time. The size of the loss of the
obligor will be dependent on its rating and is therefore also time dependent.
This has a significant impact on the complexity of the model and the methods
to derive the distribution of losses.
One way to consider rating changes is by considering the value process of
the portfolio wherein each credit asset value is dependent on the rating state.
More concretely, let Ri(t) denote the rating state which is correlated with the
risk factor process X(t). Furthermore, let Ai(t,Ri(t)) be the credit asset value
of obligor i at time t taking into account the credit and default risk from time
t until the end of the contract. The value process of the portfolio can then be
written

V(t) =
nX

i=1

Ai(t,Ri(t))(1- Di,t).

Losses can be determined from the value process in relation to the nominal
value or expected value, for example. This set-up differs significantly from
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the proposed time-continuous CreditRisk+ model and requires a different
approach.

7.3 comparison with structural models

To model default events, two approaches have emerged over the years,

• Structural/firm value models, based on the work of Merton (1974), in
which default is triggered by the value of the firm dropping below the
debt level.

• Reduced form/intensity models in which default is described through
an exogenous jump process.

As mentioned in Gordy (2000), structural and reduced form models are most
often used to measure and manage the same type of risk. By using differ-
ent modeling assumptions, the models will, in general, give different results.
The model presented in the previous subsection is an extension of the Cred-
itRisk+ model; default is modeled with a reduced form/intensity model. In
this section we consider a generalized structural default model with a contin-
uous time structure with the intent to compare and map it to the extended
CreditRisk+ model presented in Section 7.2.2. We start with a brief descrip-
tion of the time-continuous structural model in Section 7.3.1, which can be
seen as an extension of the Vašíček, default model (see Vašíček (2002)) which
is the basis for regulatory credit risk capital requirements. The default event
is based on the Black-Cox model (see Black and Cox (1976)) instead of the
Merton model to allow for defaults prior to the end of the time horizon. We
compare this time-continuous structural model with some industry bench-
mark structural models such as Moody’s KMV and J.P. Morgan’s CreditMet-
rics. In Section 7.3.2 we map the time-continuous structural model into the
time-continuous CreditRisk+ framework presented in the previous section.

7.3.1 A time-continuous structural portfolio credit risk model

The loss over a credit portfolio up to time t, is a random process given by

L(t) :=
nX

i=1

Zi Di,t - h(t),

where we have used the same notation Zi, and h(t) for the random losses and
non-negative compensating function, respectively. The default event Di,t in
the structural model is driven by the asset value of the obligor. More specifi-
cally, we assume that an obligor defaults upon first passage of its assets below
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a constant default barrier (often associated with the level of debt). Using the
notation ⌧i for the first passage time of the asset process Ai(t) below a con-
stant default barrier Bi, i.e. ⌧i := inf{t > 0 : Ai(t) < Bi}. The asset value
process is a Geometric Brownian motion such that the log return of the asset
value is a Brownian motion with constant drift µi and volatility �i. The un-
conditional probability of default of obligor i under this structural Black-Cox
first passage time model, is given by

pi(t) : = P( Di,t) = P( ⌧i6t) = P

✓
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0<s6t
Ai(s) < Bi

◆
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(7.4)

where Wi(t) denotes a standard Brownian motion. Similar to the CreditMet-
rics and KMV structural models, we introduce dependence through com-
mon risk factor processes X(t) := (X1(t), . . . ,XK(t)) (with factor loadings
wi := (wi,1, . . . ,wi,K)) driving the asset values of the obligor. More con-
cretely,

Wi(t) =
KX

k=1

wi,kXk(t) + ⌘i✏i(t),

where ✏i(t) (with weight ⌘i) denotes an idiosyncratic process independent of
the common risk factor processes. The process X(t) is a K-dimensional Brown-
ian motion with mean zero and covariance matrix E[X(t)X(t)T ] = ⌃t with all
ones on the diagonal. The idiosyncratic risk processes ✏1(t), . . . , ✏K(t) are mu-
tually independent standard Brownian motions. Without loss of generality, it
is imposed that Wi(t) has variance E[Wi(t)Wi(t)

T ] = t (i.e. wT
i ⌃wi+⌘

2
i = 1).

Analogous to the notation used in Section 7.2 we adopt the notation X(t) to
denote the filtration generated by the multivariate risk factor process X(t).

7.3.1.1 Relation to industry benchmark models and incorporating rating migra-
tions

We now briefly mention the relation between the presented time-continuous
structural model and influential industry benchmark structural models used
to model portfolio credit risk such as Moody’s KMV model and J.P. Mor-
gan’s CreditMetrics. The original default model proposed in Vašíček (2002)
only considers default risk. Moody’s KMV and J.P. Morgan’s CreditMetrics
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are based on the same Merton model for default event but additionally in-
corporate rating migration risk and model market value changes instead of
book value losses. This is often done in a similar manner as mentioned at
the end of Section 7.2.2, i.e. by considering the value of the portfolio which
is dependent on the ratings of the obligors. As these structural models only
consider the portfolio value and loss at the end of the time horizon, these
models only consider the ratings at the end of the time horizon. In order
to compare these structural models with the CreditRisk+ intensity model, a
restricted version of the CreditMetrics (and KMV) model was presented in
Gordy (2000). In the restricted CM2S (CreditMetrics two-state) model, the set
of outcomes for obligors is restricted to two states: default and non-default.
Furthermore, losses due to default in CM2S are assumed fixed, resulting in
a model for book value losses, in stead of changes in market value which
incorporate rating changes like the original CreditMetrics model. The CM2S
model (nor CreditMetrics and KMV) does not incorporate any compensat-
ing effects such as income from interest rate payments. In terms of modeling
the default event, our time-continuous structural model considers default as
a first passage time under the Black-Cox model whereas CM2S (and also
CreditMetrics and KMV) assumes the Merton model for default. A notable
difference between the Black-Cox first passage time model and the original
Merton model for default is that the Merton model of default assumes that
default can only happen at the end of the time horizon T instead of at any
point during the time interval. As a result, default is driven by a latent normal
random variable instead of a Brownian motion process.

7.3.2 Mapping the time-continuous structural model to the time-continuous Cred-
itRisk+ model

We have presented a time-continuous version of the CreditRisk+ model in
Section 7.2 and a time-continuous structural portfolio credit risk model in
Section 7.3.1. The default time in both models is essentially a first passage
time. In the structural model, default occurs at the first instance that the
asset value drops below a default barrier. In the CreditRisk+ model, the de-
fault time is the first time a (inhomogeneous) Poisson process jumps. In this
section, similar to the work in Gordy (2000), we map the time-continuous
structural model into the mathematical framework of the time-continuous
CreditRisk+ model. As the compensating function h(t) and the loss size dis-
tribution in both models can be set equal, we focus on the default events and
number of defaults in the portfolio.
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To map the time-continuous structural model into the time-continuous Cred-
itRisk+ framework, we first derive the implied conditional default probability
function (up to time t) of obligor i in the structural model:

Fi(t) := P

 

inf
0<s6t

µis+ �i

KX

k=1

wi,kXk(s) + �i⌘i✏i(s) < log
Bi

Ai(0)

����X(t)

!

.

The equivalent unconditional default probability, over fixed time horizon t, is
given by pi(t) = E[Fi(t)]. For some special risk factor processes X(t), the con-
ditional probability Fi(t) can be made more explicit. In many cases, however,
one has to resort to numerical methods in order to derive the conditional
default probability. In this respect, we now mention one such method. It is
known, from (Peskir and Shiryaev, 2006, Th. 14.3), that Fi(t) solves the fol-
lowing Volterra equation of the first kind

�
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Fi(ds), (7.5)

where we have assumed that Fi(t) is increasing in t and

gi(s) :=
µis+ �i

PK
k=1wi,kXk(s)- log Bi

Ai(0)

�i⌘i
.

The original CreditRisk+ methodology can now be applied in a straightfor-
ward manner to map this structural model to the CreditRisk+ model. More
concretely, for obligor i with small default probability pi(t) up to time t, de-
fault can be approximated as the first jump of an inhomogeneous Poisson
process with intensity parameter @pi(t)/@t. Conditional on X(t), the default
events up to time t are independent across obligors. The sum of the number
of obligor defaults up to fixed time t, conditional on X(t), can then approx-
imated with a Poisson distribution with parameter

PK
i=1 Fi(t). In the con-

tinuous time setting of Section 7.2, the Poisson process, conditioned on X(t),
has intensity parameter

Pn
i=1

@Fi(t)
@t , where we have assumed that Fi(t) is

differentiable with positive derivative. One can numerically approximate this
intensity by solving the Volterra equation (7.5) through discretization as in
Section 4.1 of Mcleish and Metzler (2011). In Section 7.5 this Poisson inten-
sity is implemented for the time-continuous CreditRisk+ model as the “Struc-
tural" dependence structure. Eventually, one still has to integrate or, as we
choose to do in Section 7.5, use simulation of the risk factor process X(t).
More details on this simulation approach are given in Section 7.5.
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7.4 ruin theory

In the previous sections we have presented a portfolio model for default (or
credit) losses, discussed its assumptions in more detail and considered its re-
lation with known literature and structural credit risk models. The resulting
model (7.2), conditional on X(t), has been considered before in ruin theory
for modeling an insurer’s cash reserves. In this section we will discuss how
results from ruin theory can be used in determining the (conditional) distri-
bution of losses and capital reserves for the model specified in Section 7.2.2.
In particular, we will also highlight the applicability of results derived in our
previous Chapters 2-5 concerning insurance risk models.

In classical ruin theory and in the classical Cramér-Lundberg model, the evo-
lution of cash reserves of an insurance firm experience fluctuations due to
the claim amounts (Zi), the arrival of claims (N(t)) and the incoming premi-
ums (h(t)). Ruin theory primarily focuses on determining the probability of
ruin, i.e. the probability that the maximum/supremum of aggregated losses
(due to claims minus the received income) over time exceed the initial capital
reserves. More concretely, the probability of ruin over infinite and finite time
horizon are given by

 (u) : = P(⌧(u) < 1) = P( sup
06t<1

S(t) > u),

 (u, T) : = P(⌧(u) 6 T) = P( sup
06t6T

S(t) > u),

where S(t) denotes the aggregate loss (or risk) process, u the initial reserve
level and ⌧(u) := inf{t > 0 : S(t) > u} the time of ruin. Note that the finite
time ruin probability coincides with the probabilities of interest  (u, T) given
in Section 7.2 when S(t) = L̂(t).

Without aiming to provide a full overview, we proceed by describing some
results from ruin theory literature which are applicable in determining the
distribution of L̂(t), i.e.  (u, T). As previously mentioned, in most cases it is
easiest to first condition on the common risk factor process X(t) and derive
the conditional ruin probabilities. We refer to Asmussen and Albrecher (2010)
for an extensive overview of ruin theory.

In case the (conditional) loss arrival process N(t) is a homogeneous Poisson
process and the compensating function is a linear function of time h(t) = rt

for fixed r > 0, the (conditional) loss process L̂(t) as given in (7.2) is the
classical Cramér-Lundberg model from ruin theory. We will now briefly dis-
cuss when and why assuming a linear function of time for the compensating
function is appropriate. In case the incoming cash flows represent the premi-
ums or interest rate received, it is industry practice to model them using a
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linear function of time. A linear function of time is also a logical choice in
case the compensating function h(t) represents the expected losses. When,
conditional on X(t), the loss arrival process N(t) is a homogeneous Poisson
process with fixed conditional intensity parameter �X 2 R+, the correspond-
ing conditional expected losses at time t are given by �

X
tE[Zi] which is a

linear function of time. Note that the Zi represent the random losses as de-
fined in Section 7.2.2. Thus, conditional on X(t), when h(t) represents the
expected loss over time, we have h(t) = rt with r = �

XE[Zi] 2 R.

The classical Cramér-Lundberg model is a well-studied standard model and
analytic formulas for the finite and infinite time ruin probability have been
found for a few special cases depending on the distribution of the loss sizes
(or claim sizes in the context of insurance modeling). This is the case when
losses/claims are assumed to be exponentially distributed. In most cases,
however, one has to resort to numerical or analytic approximations to cal-
culate the probability of ruin, especially in finite time. These approximations
are validated and in general very accurate.

Another special instance occurs when the risk factor process is a Markov pro-
cess that drives the parameters (intensity and possibly the loss size distribu-
tion) of the classical Cramér-Lundberg model, as mentioned in Section 7.2.2.4.
In other words, the Markov risk factor process X(t) gives default arrival inten-
sity �Xi (t) = �i,j when X(t) = j. This Markov-modulation model is fairly com-
mon in ruin theory, see for example (Asmussen and Albrecher, 2010, Ch. VII)
and Dickson and Qazvini (2018). To determine the probabilities of ruin, espe-
cially in finite time, one has to resort to numerical or analytic approximations.
Markov-modulation has also been introduced as a source of dependence be-
tween obligors in Chapter 4. In this chapter we found two analytical approx-
imations for the ruin probability: a diffusion approximation that works well
for large transition intensities (or large time horizons) of the Markov pro-
cess and a single-switch approximation that works well for slowly changing
Markov process (or short time horizons). This single-switch approximation
determines the ruin probability under the assumption that there is only at
most one switch in the time interval.

In Chapter 2 we considered a simplified version of the Markov risk factor pro-
cess by assuming it is fixed over time. In other words, dependence between
obligors is introduced through a discrete random variable representing the
environmental state that influences the default arrival intensity (and possibly
the loss size distribution). In Chapter 2, special attention is paid to the estima-
tion of the distribution of this risk factor by considering a Bayesian approach.
A special instance of Markov-modulation is considered in Chapter 3 where
the risk factor process is re-sampled periodically. The results from Chapters



7.5 numerical work 181

2-4 can be used in the credit risk context when considering the model in
Section 7.2 with Markov risk factor processes.

For more general inhomogeneous premium and arrival mechanisms, we re-
fer the reader to Lefèvre and Loisel (2009) or (Asmussen and Albrecher, 2010,
Sec. VII.6) (predominantly focuses on periodic risk processes). These refer-
ences consider the classical Cramér-Lundberg model with non-constant pre-
mium process h(t) and where the arrival process N(t) is an inhomogeneous
Poisson process as specified in (7.2). This results in independent but not nec-
essarily stationary increments of the risk process and introduces significant
complexity in determining ruin probabilities. To our knowledge, no explicit
analytic formulas have been found for the finite time ruin probability for this
model. Analytic and numerical approximations include 1) an averaged model
as in Asmussen and Albrecher (2010) (by considering the classical Cramér-
Lundberg with averaged parameters), 2) recursion formulas as in Lefèvre
and Loisel (2009).

We have discussed how the model in Section 7.2.2 relates to popular ruin
theory models and how results from ruin theory for the calculation of ruin
probabilities (including those derived in Chapters 2-4) can be used to deter-
mine the distribution of losses L̂(t). Next, we focus on capital calculations
in the banking sector to manage credit/default risk. In Section 7.2.2, it is
described that, for the time-continuous CreditRisk+ model, capital can be cal-
culated through a (dynamic) VaR measure. This risk measure, in the context
of ruin theory, is the topic of interest in Chapter 5. In particular, this chapter
focuses on the allocation capital over multiple sub-portfolios or business lines.
Allocation of capital is desired to transfer the cost of holding capital to clients,
for financial reporting purposes, and provides a useful device for assessing
and comparing the performance of sub-portfolios. The allocation methods
presented in Chapter 5 can be applied to our time-continuous CreditRisk+
(7.2) in a straightforward manner.

7.5 numerical work

This section studies the time-continuous CreditRisk+ model and its relation
to the original CreditRisk+ and the time-continuous structural model us-
ing comparative simulations. The main purpose of this section is fourfold,
namely to show:

(i) The effect of time in the CreditRisk+ model.

(i) The comparison between the time-continuous CreditRisk+ and struc-
tural model.
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(i) The sensitivity of the results to various parameters and correlation struc-
tures.

(i) The accuracy of using ruin theory results instead of simulations.

We consider a homogeneous portfolio consisting of 500 obligors with similar
risk characteristics and equal size in the portfolio as it allows us to better
demonstrate the various features of the models as opposed to more hetero-
geneous portfolios (in terms of the probability of default and size distribu-
tion). The credit quality of these obligors is characterized by the S&P rating
grade BBB, with a corresponding unconditional annual default probability
pi(1) of 0.18% (CreditMetrics technical document (Gupton et al., 2007, Table
6.9)). Similar to the numerical work in Gordy (2000), we assume that the loss
given default is a fixed proportion 30% of the book value. The losses in the
CreditRisk+ model (original/static and time-continuous) are then given by
zi = Zi ⌘ 0.3⇥ 1

500 for a portfolio with total book value of 1. Unless stated
otherwise, we assume the compensating function to be given by h(t) = rt

with r = 0.3⇥ 0.18% = 0.00054. Note that this corresponds with the expected
loss of the portfolio over 1 year, i.e. E

⇥
L̂(1)

⇤
. Furthermore, we consider a

time horizon of one year in all numerical experiments, in line with regula-
tory banking requirements.

We will first focus on the original and time-continuous CreditRisk+ model.
Dependence between obligors in the portfolio is introduced through common
risk factor processes (or variables in case of the original CreditRisk+ model)
in the intensity of the default (Poisson) process. In Section 7.2.2.4 we gath-
ered several dependence structures used in previous chapters and/or found
in the literature including their advantages and disadvantages. All these de-
pendence structures will be considered in our numerical (simulation) experi-
ments and result in different loss distributions. We briefly elaborate on each
one and highlight how they have been calibrated. All dependence structures
assume a single stochastic risk factor process X(t).

discrete We assume a singe risk factor process X(t) plus obligor-specific id-
iosyncratic risk. This can be parametrized as a two-factor model where
the first risk factor equals one (i.e. it has zero volatility), see also Gordy
(2000) and (Credit Suisse Financial Products, 1997, Sec. A12.3). More
specifically, we get �Xi (t) = pi(1) (1-w+wX(t)). For the discrete ex-
ample we make use of a discrete and constant common risk variable,
i.e. X(t) = X for all t. This is in line with the approach taken in Chap-
ter 2. The common risk variable X is a discrete random variable with
two possible states x1 and x2 with corresponding probabilities q and
1 - q. The values x1, x2 and the corresponding probabilities are cali-
brated such that E[X] = 1 and V[X] = ⇠

2. The volatility ⇠ is derived
from Gordy (2000), where three possible values are considered (1.0, 1.5,
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4). We take ⇠ = 1.5, q = 121/130, x1 = 13/22 and x2 = 13/2. The
weight w is derived similarly as in Gordy (2000) by matching historical
and model variances of the default probability of a single BBB obligor
VBBB. More concretely, for the normalized volatility

p
VBBB/pi(1), his-

torical figures give a value of 0.4, see Section 3.2 (Table 2) in Gordy
(2000) for more details. In the model with a constant factor variable, we
find

VBBB = V

"Z1

0
�
X
i (t)dt

#

= pi(1)
2
w

2V[X],

where we have used the notation V[X] to denote the variance the ran-
dom variable X. Given V[X] = ⇠

2 = 1.52, the weight w is uniquely
determined as 0.267.

gamma We consider �Xi (t) = pi(1) (1-w+wX(t)) with X(t) = X constant
over time. Similar to the original CreditRisk+ model, the risk factor X

is now assumed to be gamma distributed with shape and scale param-
eters k, ✓ > 0. The model is calibrated in the same way as the discrete
example above by setting E[X] = 1 and V[X] = ⇠

2 = 1.52. This gives
w = 0.267 as before, ✓ = 2.25 and k = 1/✓.

geometric bm We consider �Xi (t) = pi(1) (1-w+wX(t)), where the com-
mon factor process X(t) is given by a geometric Brownian motion

X(t) = X(0) exp

  

µX -
�
2
X

2

!

t+ �XW(t)

!

,

where W(t) a standard Brownian motion and µX, �X denote the drift
and volatility parameter, respectively. Furthermore, X(0) = 1 and
E[X(t)] = 1 for all t > 0, as described in Section 7.2.2.4 (example 3).
These restrictions give µX = 0. We calibrate the rest of the model pa-
rameters in a similar fashion as in the discrete and gamma case by set-
ting V

hR1
0 X(t)dt

i
= ⇠

2 = 1.52 which gives w = 0.267 and �X = 1.6777.
Where the latter follows from

V
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which has been derived by straightforward calculations.

markov We again consider �Xi (t) = pi(1) (1-w+wX(t)) but now assume
that the common factor process X(t) is driven by a Markov environ-
mental process J := {J(t) : t > 0} with support {1, 2}. This type of de-
pendence structure is also used in Chapter 4. More concretely, if at time
t the environmental process J is in state j, the common factor takes
on value xj > 0. The transition rate matrix governing J is denoted by
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Q = (qk,l)k,l2{1,2}. Similar to what is used in Chapter 4 (inspired by
Asmussen (1989)), we assume that transitions 1 ! 2 of J occur at rate
q1,2 = ⇢, those 2 ! 1 at rate q2,1 = 2⇢. We furthermore assume that
the initial environmental is in state 1. The parameters of the model, i.e.
x1, x2 > 0 and ⇢, are calibrated such that

E

"Z1

0
X(t)dt

#

= 1, and V

"Z1

0
X(t)dt

#

= ⇠
2 = 1.52. (7.6)

This gives w = 0.267. Let T1 denote the occupation time of environmen-
tal state 1, i.e. T1 :=

R1
0 J(t)=1dt. We may now write the expectation

and variance of the integral over the factor process as

E

"Z1

0
X(t)dt

#

= (x1-x2)E[T1]+x2, V

"Z1

0
X(t)dt

#

= (x1-x2)
2V[T1].

Using (7.6), this gives

x1 = x2 + (1- x2)/E[T1], x2 = ⇠E[T1]
p
1/V[T1] + 1.

Expressions for E[T1] and V[T1] can be obtained from the probability
distribution function which can be found in (Yoon et al., 2011, Eq. (6)).
Finally, we set ⇢ = 1/2, x1 = 0.0848 and x2 = 5.7801.

structural To determine the distribution of portfolio losses L̂(1) under
the time-continuous structural dependence structure presented in Sec-
tion 7.3.1, we follow the mapping mentioned in Section 7.3.2. Recall
that the factor process X(t) is given by a standard Brownian motion.
Conditioning on this factor process, the default probability of obligor
i at time t, i.e. Fi(t), can be numerically determined as described in
Section 7.3.2. The intensity function, conditioned on X(t), is assumed
to be given by @Fi(t)/@t. The latter is also determined numerically. The
drift and volatility of the time-continuous structural model are set at
µi = 0.05 and �i = 0.3 for all i, conform the numerical experiments
performed in Zhou (2001). Analogous to the static structural model (as
in Gordy (2000)), the default threshold logBi/Ai(0) is set so that the un-
conditional annual default probability pi(1) = 0.18%, where the mod-
eled default probability pi(1) is calculated according to (7.4). This gives
logBi/Ai(0) = -0.8907. The dependence parameter w, is determined
such that

⇠
2 =P

✓
inf

t2[0,1]
µ1t+ �1W1(t) < log

B1

A1(0)
, inf
t2[0,1]

µ2t+ �2W2(t) < log
B2

A2(0)

◆

- pi(1)
2,

where the Brownian motions W1 and W2 are correlated through
E[W1(t)W2(t)] = w

2
t. An expression for the above probability, to be
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evaluated numerically, can be found in He et al. (1998). We find w =
0.1227, which does not differ much from the systemic risk weight in the
static structural model as found in (Gordy, 2000, Table 2).

All evaluations presented below are retrieved by simulation using Python.
Quantiles of a distribution are determined using linear interpolation where
necessary. To ensure accuracy we have performed 2 million simulations (1
million for the structural dependency due to numerical complexity) using a
time discretization step of 0.005 year.

7.5.1 The effect of time in the CreditRisk+ model

As mentioned, the original CreditRisk+ model only considers the loss dis-
tribution at a certain point in time (the end of the time horizon). In other
words, it considers the distribution of L̂(1). We refer to this as the static Cred-
itRisk+ model. In practice, however, the maximum loss is often not attained
at the end of the interval but prior to that, see the sample paths of L̂(t) in the
CreditRisk+ model in Figure 7.1. In the time-continuous CreditRisk+ model
we therefore consider the distribution of supt2[0,1] L̂(t) instead. In this sec-
tion we investigate the difference between these two distributions and result-
ing capital estimates, i.e. we investigate the effect of time in the CreditRisk+
model.

In Figure 7.2, the cumulative distribution functions of the two variables L̂(1)
(static) and supt2[0,1] L̂(t) (time-continuous) are compared assuming a gam-
ma dependence structure. Note that what we refer to as the static Cred-
itRisk+ model is in fact the original CreditRisk+ model in this case with a
gamma factor variable. The static distribution is piece-wise linear, whereas
the time-continuous CreditRisk+ model gives a smoother cumulative distri-
bution function due to the effect of the compensating function h(t). As the
maximum can be reached at any time prior to the end of the time interval in
the time-continuous case, the compensating function can take on any value
in the ranch [0,0.00054]. In the static case, the compensating function is only
considered at the end of the time interval (t = 1).

The time-continuous CreditRisk+ distribution obtains higher values than its
static counterpart, as one would expect. As a result, not considering the in-
termediate path (i.e. the highest loss over the time interval as opposed to the
final loss) may lead to a severe underestimation of the risk in certain cases.
The difference between the static and time-continuous CreditRisk+ distribu-
tions is less pronounced for large tail percentiles/quantiles of the distribution.
This can also be observed from some distributional statistics in Table 7.1 & 7.2.
Considering the gamma dependence structure, the 75% quantile differs by a
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factor 10, whereas the 99% quantile only differs by 8% and the 99.9% quan-
tile differs only by 2.6%. For the lower quantiles we note that the static L̂(1)
can also obtain negative values corresponding to losses smaller than expected
losses (which are already accounted for). The supremum function, however, is
naturally floored at 0. This effect is most pronounced in the (relatively) lower
tail percentiles of the distribution where there are fewer defaults/jumps. The
further one moves into the high tail of the distribution, where the amount
of defaults/jumps increases, the difference between the maximum value and
the value at the one-year horizon decreases. This can also be observed in
Figure 7.1, the paths with the most amount of defaults show the smallest
difference between the maximum and final value.

The quantiles of the loss distribution are often used to determine capital (re-
quirements), see equation (7.3) for the time-continuous case and (7.1) for the
original CreditRisk+ or static case.

Figure 7.1. CreditRisk+ sample paths in
continuous time.

Figure 7.2. Comparison static and time-
continuous distributions with gamma
dependence.

Discrete Gamma Geometric BM Markov Structural

Mean -1.5510e-7 -1.5510e-7 -3.9000e-9 -2.4633e-6 -3.0420e-7
Std Dev 6.0845e-4 6.0882e-4 6.0776e-4 6.0670e-4 6.0794e-4

Skew 1.3851 1.3689 1.7437 1.3002 1.2790
Kurtosis 5.7517 5.7343 13.6025 5.1048 5.0151

0.5 6.0000e-5 6.0000e-5 6.0000e-5 6.0000e-5 6.0000e-5
0.75 6.0000e-5 6.0000e-5 6.0000e-5 6.0000e-5 6.0000e-5
0.99 1.8600e-3 1.8600e-3 1.8600e-3 1.8600e-3 1.8600e-3

0.999 3.0600e-3 3.0600e-3 3.0600e-3 3.0600e-3 3.0600e-3

Table 7.1. Comparison of static CreditRisk+ distribution L̂(1) with different depen-
dence structures.
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Discrete Gamma Geometric BM Markov Structural

Mean 3.6020e-4 3.6000e-4 3.6129e-4 3.5184e-4 2.6908e-4
Std Dev 4.8264e-4 4.8172e-4 4.8370e-4 4.7518e-4 4.4165e-4

Skew 1.9733 1.9589 2.6152 1.8873 2.3773
Kurtosis 8.5744 8.6248 25.8038 7.6605 10.0109

0.5 1.7340e-4 1.7340e-4 1.8420-4 1.5720e-4 8.4300e-5
0.75 5.5950e-4 5.5950e-4 5.6220e-4 5.5410e-4 2.5710e-4
0.99 2.0193-3 2.0112e-3 1.9815e-3 1.9896e-3 1.8897e-3

0.999 3.1518e-3 3.1410e-3 3.1950e-3 3.0924e-3 3.0654e-3

Table 7.2. Comparison of time-continuous CreditRisk+ distribution supt2[0,1] L̂(t)
with different dependence structures.

7.5.2 Comparison between the structural and CreditRisk+ model

The mapping introduced in Section 7.3.2 shows that a default/non-default
time-continuous structural model can be mapped to the time-continuous
CreditRisk+ model. In Gordy (2000), the author has shown that this is also
the case for the original (static) CreditRisk+ model and how well the map-
ping performs for some numerical examples. In this section we compare the
structural model with its mapping to the CreditRisk+ model for both the
static L̂(1) as well as the time-continuous supt2[0,1] L̂(t) distribution. A good
mapping will result in a similar distribution.

In Figure 7.3 and corresponding Table 7.3 the difference between the pre-
sented structural and CreditRisk+ model are given for the static distribution
L̂(1) and the time-continuous distribution supt2[0,1] L̂(t). The quantiles from
the static distribution L̂(1) more or less coincide with figures obtained from
the structural (CM2S) model presented in Gordy (2000).
The relative difference between the structural model and the CreditRisk+
model with structural dependence is no more than 0.1% and decreases for
higher quantiles, similar to the decrease in difference between the static and
time-continuous CreditRisk+ models observed previously. We conclude that
for this example, the CreditRisk+ model with structural dependence works
very well especially when estimating high quantiles.

The derivation of the CreditRisk+ model, however, assumes small probabil-
ities of default. To see how the CreditRisk+ model (with structural depen-
dence) compares to the structural model for higher probabilities of default,
we have constructed a similar homogeneous portfolio consisting of CCC-
rated obligors. The corresponding annual default probability of these oblig-
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Figure 7.3. CDF difference time-continuous structural and CreditRisk+ with structural
dependence.

ors is pi(1) = 19.14%. The parameters are calibrated in the same manner as
before, which gives logBi/Ai(0) = -0.3561 and w = 0.2852. Furthermore,
the expected one-year loss is now given by r = 0.3⇥ 19.14% = 0.05742.

As to be expected, the difference between the CreditRisk+ and structural
model becomes larger for a portfolio with higher default probabilities. The
difference, however, still remains under 0.3%, see Figure 7.4 & Table 7.4.
Again, the difference decreases for large quantiles. We conclude that even
for large default probabilities, the CreditRisk+ model can approximate the
structural model when considering a structural dependence structure.

In Table 7.5 the distributional results of the other CreditRisk+ dependence
structures are presented for this CCC-rated portfolio. The effect of the dif-
ferent dependence structures is magnified by the higher default probability
leading to larger differences across the different dependence structures for
the CCC-rated portfolio (both static and time-continuous). For the BBB-rated
portfolio, the effect of the different dependence structures on the static distri-
bution L̂(1) is almost negligible. The Markov dependence structure seems to
best align with the structural dependence structure especially for the higher
tail percentiles which is due to the relatively small skew and kurtosis in both
the Markov and structural dependence structure.



7.5 numerical work 189

CreditRisk+ Structural

Static TC Static TC

Mean -3.4200e-7 2.6908e-4 -9.5580e-7 2.6835-4
Std Dev 6.0794e-4 4.4416e-4 6.08656e-4 4.4034e-4

Skew 1.2790 2.3773 1.2780 2.3814
Kurtosis 5.0151 10.0109 5.0227 10.0567

0.5 6e-5 8.4300e-5 6e-5 8.16e-5
0.75 6e-5 2.5710e-4 6e-5 2.5440e-4
0.99 1.8600e-3 1.8897e-3 1.8600e-3 1.8897e-3
0.999 3.060e-3 3.0654e-3 3.0600e-3 3.0654e-3

Table 7.3. Comparison between the time continuous (TC) structural model and Cred-
itRisk+ with structural dependence.

CreditRisk+ Structural

Static TC Static TC

Mean -3.2284e-5 1.0229e-2 -2.5357e-5 1.0180e-2
Std Dev 2.3055e-2 1.5625e-2 2.2884e-2 1.5470e-2

Skew 6.9685e-1 1.9509 6.7515e-1 1.9239
Kurtosis 3.5673 7.2140 3.5021 7.0403

0.5 -2.8200e-3 7.9650e-4 -2.8200e-3 8.6730e-4
0.75 1.3800e-2 1.6077e-2 1.3800e-2 1.6077e-2
0.99 6.4980e-2 6.5841e-2 6.3780e-2 6.4952e-2
0.999 9.1380e-2 9.2241e-2 8.9580e-2 9.0780e-2

Table 7.4. Comparison between time-continuous structural and CreditRisk+ with
structural dependence for CCC-rated homogeneous portfolio.
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Figure 7.4. CDF difference time-continuous structural and CreditRisk+ with structural
dependence for CCC-rated homogeneous portfolio.

7.5.3 The sensitivity of the results to various parameters

We have considered a portfolio with high default probabilities to demonstrate
the effect of the quality of the portfolio, in particular on the difference be-
tween the structural and CreditRisk+ model. We will now demonstrate the
effect of some of the other parameters in the models, such as the systemic
volatility ⇠, the rate r and the number of obligors in the portfolio.

The systemic volatility ⇠ controls the shape of the distribution of
R1
0 X(t)dt

and tail probabilities are quite sensitive to the choice of ⇠. In the original
CreditRisk+, see Section A7.3 in Credit Suisse Financial Products (1997), one
argues for a value of one for ⇠. This is based on historical experience and
a single-factor model (i.e. w = 1). For our homogeneous portfolio of BBB-
rated obligors, this would yield ⇠ = 0.4 and w = 1. To illustrate the sen-
sitivity of the systemic volatility ⇠, simulation results of the tail of the dis-
tribution with gamma dependence are presented in Table 7.6. For ⇠ = 0.4,
the static L̂(1) and time-continuous supt2[0,1] L̂(t) distributions seem most
aligned. Furthermore, the distributions are closest to the distributions ob-
tained using the structural dependence (see Tables 7.1 & 7.2). However, as
⇠ increases, the CreditRisk+ distribution (both static and time-continuous)
shows heavier tails. While the standard deviations do not change much, the
tail percentile values (99.9%) increase substantially as a result. This effect was
also observed in Gordy (2000) for the original CreditRisk+ model. As the
static distribution remains rather stable over time, due to its piece-wise lin-
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Static Discrete Gamma Geometric BM Markov Structural

Mean -1.3581e-5 -2.4087e-6 -2.3235-6 -1.7899e-4 -3.2284e-5
Std Dev 2.3674e-2 2.3718e-2 2.3669e-2 2.3515e-2 2.3055e-2

Skew 3.1633 2.8134 12.4299 1.4976 6.9685e-1
Kurtosis 11.8876 15.5303 870.6942 4.3232 3.5673

0.5 -5.8200e-3 -7.6200e-3 -4.6200e-3 -1.0020e-2 -2.8200e-3
0.75 -1.6200e-3 5.5800e-3 3.1800e-3 7.9800e-3 1.3800e-2
0.99 9.3780e-2 9.4380e-2 8.4780e-2 7.0980e-2 6.4980e-2

0.999 1.0458e-1 1.6698e-1 2.4258e-1 8.3580e-2 9.1380e-2

TC Discrete Gamma Geometric BM Markov Structural

Mean 7.7341e-3 9.0995e-3 8.1873e-3 1.0266e-2 1.0229e-2
Std Dev 2.1151e-2 1.9263e-3 2.0984e-2 1.8113e-2 1.5625e-2

Skew 3.4118 3.9974 10.9667 1.9592 1.9509
Kurtosis 12.9816 25.8627 1378.2151 5.8971 7.2140

0.5 1.5612e-3 1.5387e-3 2.9901e-3 1.0677e-3 7.9650e-4
0.75 3.5451e-3 7.5513e-3 7.4157e-3 1.0980e-2 1.6077e-2
0.99 9.4067e-2 9.4380e-2 8.5067e-2 7.1267e-2 6.5841e-2

0.999 1.0458e-1 1.6458e-1 2.4258e-1 8.3867e-2 9.2241e-2

Table 7.5. Static L̂(1) (top table) and time-continuous (TC) supt2[0,1] L̂(t) (bottom
table) CreditRisk+ with different dependence structures for CCC-rated homogeneous
portfolio.

ear form, the difference between the static and time-continuous distribution
also generally increases if the systemic volatility increases. Although Table 7.6
only illustrates the effect for gamma dependence structures, the same results
are obtained for the other dependence structures (discrete, geometric BM
and Markov). For our portfolio, the Markov dependence structure seems to
be the least sensitive to the value of the systemic volatility most likely due to
the fact that it has the smallest skew and kurtosis. As mentioned in Gordy
(2000), the difficulty of calibrating ⇠ should not be interpreted as a disadvan-
tage to the CreditRisk+ model relative to the structural model, because the
structural model simply does not allow for this additional flexibility. In as-
suming a Brownian motion risk factor process, the structural model imposes
very strong restrictions on the shape of the distribution tail.

In case the negative slope of the sample paths increases, i.e. higher value of
r, the difference between the supremum supt2[0,1] L̂(t) and the final value at
the end of the time horizon L̂(1) will increase also. This effect is showcased
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⇠ = 0.4 ⇠ = 1 ⇠ = 2 ⇠ = 4

Static TC Static TC Static TC Static TC

Mean 3.5070e-7 3.6111e-4 4.1130e-7 3.6106e-4 5.6640e-7 3.6039e-4 8.0550e-7 3.5896e-4
Std Dev 6.0869e-4 4.8067e-4 6.0871e-4 4.8195e-4 6.0893e-4 4.8394e-4 6.0860e-4 4.8439e-4

Skew 1.2694 1.8082 1.3171 1.8938 1.4037 2.0474 1.5708 2.3221
Kurtosis 4.9387 7.2058 5.2925 7.9592 6.0540 9.6494 8.0444 13.7018

0.5 6.0000e-5 1.6800e-4 6.0000e-5 1.7070e-4 6.0000e-5 1.7340e-4 6.0000e-5 1.7880e-4
0.75 6.0000e-5 5.6490e-4 6.0000e-5 5.6220e-4 6.0000e-5 5.5950e-4 6.0000e-5 5.5680e-4
0.99 1.8600e-3 1.9977e-3 1.8600e-3 2.0058e-3 1.8600e-3 2.0112e-3 1.8600e-3 2.0031e-3

0.999 3.0600e-3 3.0843e-3 3.0600e-3 3.1194e-3 3.0600e-3 3.1869e-3 3.6600e-3 3.6816e-3

Table 7.6. The effect of the systemic volatility on the tail distribution of static and
time-continuous (TC) CreditRisk+ with gamma dependence.

in Figure 7.5, where the 99% and 99.9% quantiles are given for the static L̂(1)
and the time-continuous supt2[0,1] L̂(t) CreditRisk+ model under a gamma
dependence structure for various values of r. When the value of r increases,
the static and time-continuous CreditRisk+ tail percentiles diverge and the
static model results in a substantial underestimation of the risk for higher
values of r. The relative difference between the static and time-continuous
CreditRisk+ model for the 99% quantile is 8% when r = E

⇥
L̂(1)

⇤
= 0.00054,

the difference increases up to 25% when r = 2E
⇥
L̂(1)

⇤
and up to 75% for

r = 3E
⇥
L̂(1)

⇤
. Here we have used the notation E

⇥
L̂(1)

⇤
to denote the expected

loss as before. The difference is less pronounced for higher tail percentiles as
we concluded before.

Figure 7.5. The 99% and 99.9% quantile of the static and time-continuous CreditRisk+
model with h(t) = rt as a function of r.
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Finally, we also change the number of obligors in the portfolio. The original
portfolio contained only 500 obligors and as a result the static cumulative
distribution function is discrete with a relative few amount of possible val-
ues in practice. Due to this discrete distribution for the static model, the dif-
ference between the static and time-continuous CreditRisk+ model is quite
large. In Table 7.7 we present the results for the gamma dependence Cred-
itRisk+ model with portfolio sizes of 1000, 5000 and 10,000 obligors. The
distribution of these portfolios has a larger number of attainable values for
the static case and as a result the static and time-continuous model results are
more aligned, especially for the high tail percentiles such as 99.9%. In other
words, a small portfolio size may lead to a large difference between the static
and time-continuous CreditRisk+ distributions. Furthermore, as observed in
Gordy (2000), risk is reduced significantly when increasing the number of
obligors. Specifically, the standard deviation of the portfolio with 10,000 oblig-
ors is roughly 80% smaller than that of the portfolio with 1000 obligors, and
the 99.9% quantile values drop by about 50%. Only the results of the gamma
dependence structure are presented her,e but the same pattern is observed
for the other dependence structures.

# obligors=1000 # obligors=5000 # obligors =10,000

Static TC Static TC Static TC

Mean 2.7105e-7 2.7970e-4 5.5800e-7 1.5360e-4 -3.5175e-7 1.2287e-4
Std Dev 4.5715e-4 3.4689e-4 2.8138e-4 2.1163e-4 2.5068e-4 1.9353e-4

Skew 1.2660 2.0864 1.8300 3.1757 2.2116 3.6280
Kurtosis 5.9022 10.0676 9.6803 19.2324 11.8204 23.2423

0.5 6.0000e-5 1.8120e-4 -6.0000e-5 8.4600e-5 -6.0000e-5 5.5200e-5
0.75 3.6000e-4 4.245-e-4 1.2000e-4 1.9950e-4 9.0000e-5 1.4430e-4
0.99 1.5600e-3 1.5681e-3 1.0200e-3 1.0227e-3 9.3000e-4 9.4620e-4

0.999 2.4600e-3 2.4708e-3 1.7400e-3 1.7508e-3 1.6500e-3 1.6527e-3

Table 7.7. The effect of the number of obligors on the distribution of static and time-
continuous (TC) CreditRisk+ with gamma dependence.

7.5.4 Using ruin theory results

Section 7.4 elaborates on the use of ruin theory methods for determining
the distribution of losses in the time-continuous CreditRisk+ model. In this
section we implement some of these methods to show their workings and ac-
curacy in comparison with the simulation approaches applied so far. We first
consider general ruin theory methods to obtain a more exact distribution of
maximum losses over time supt2[0,1] L̂(t). In Section 7.5.4.2, we consider the
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single-switch approximation presented in Chapter 4 to derive the distribu-
tion of maximum losses over time in case of a Markov dependence structure.
Finally, we also illustrate the use of the capital allocation methods presented
in Chapter 5 in Section 7.5.4.3.

7.5.4.1 General methods

When conditioning on the factor process X(t), the distribution of maximum
losses over time supt2[0,1] L̂(t) can be derived from ruin probabilities. In fact,
for discrete and gamma dependence, conditional on the factor process, the
losses L̂(t) take on a classical Cramér-Lundberg model with constant claims.
In Picard and Lefèvre (1997), the authors derived a recursive formula to
compute the finite time ruin probability for the classical Cramér-Lundberg
model with constant claims. We will make use of an alternative exact recur-
sive formula presented in (Rullière and Loisel, 2004, Th. 2.6) and consider
the time-continuous CreditRisk+ model with discrete dependence structure.
In Figure 7.6 we present the difference in cumulative distribution function
of simulation driven results and the distribution obtained by using the ex-
act recursive formula for ruin probabilities. In the corresponding Table 7.8
we present some of the corresponding tail percentiles. Simulations perform
quite well given the high number of simulations and granular time steps,
especially for the high tail percentiles.

Figure 7.6. CDF difference between
simulation and exact results for time-
continuous CreditRisk+ with discrete de-
pendence.

Simulation Exact

0.5 1.73e-4 1.75e-4
0.75 5.60e-4 5.59e-04
0.99 2.019e-3 2.024e-3

0.999 3.152e-3 3.156e-3

Table 7.8. Quantile comparison of simula-
tion and exact results for time-continuous
CreditRisk+ with discrete dependence
structure.

7.5.4.2 Using ruin theory results: the single-switch approximation

The time-continuous CreditRisk+ model with Markov dependence structure
is also considered in Chapter 4 within the context of ruin theory, as men-
tioned in Section 7.4. In the chapter a single-switch approximation is pro-
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posed for the finite-time ruin probability by assuming there is at most a
single switch of the Markov process during the time interval, and condi-
tioning on the time of the first switch. Conditioned on the time of the first
and only switch, we can approximate the finite time ruin probability by con-
sidering a time-averaged intensity rate in the Cramér-Lundberg model with
constant claims. More specifically, conditioned on the time of the first switch
T1 6 1, we can approximate the finite time ruin probability using the Cramér-
Lundberg model with claim intensity rate pi(1)(1-w+w(T1x1 + (1- T1)x2)
which can be evaluated with the recursive formula found in (Rullière and
Loisel, 2004, Th. 2.6). The single-switch approximation works well for slowly
changing Markov processes and/or short time horizons. With a one-year time
horizon and a relatively slow changing Markov factor process, the approxi-
mation works quite well as can be observed in Figure 7.7 and corresponding
Table 7.9. The figure demonstrates the difference in the cumulative proba-
bilities using the single-switch approximations and simulations. The table
presents some of the corresponding tail percentiles.

Figure 7.7. CDF difference between sim-
ulation and single-switch approximation
for time-continuous CreditRisk+ with
Markov dependence structure.

Simulation Single-switch

0.5 1.57e-4 1.45e-4
0.75 5.54e-4 5.39e-4
0.99 1.990e-3 1.982e-3

0.999 3.092e-3 3.087e-3

Table 7.9. Quantile comparison of simula-
tion and single-switch approximation for
the time-continuous CreditRisk+ model
with Markov dependence structure.

7.5.4.3 Using ruin theory results: capital allocation methods

In this section we consider a more heterogeneous portfolio for the purpose of
risk and capital allocation using methods outlined in Chapter 5. The portfolio
consists of 500 obligors of which half are BBB-rated and the other half have
an A-rating with an annual default probability of pi(1) = 0.06%. The expo-
sure is also divided equally over the two types of obligors, and losses remain
constant zi = 0.3/500 as before. We may now consider L̂1(t) and L̂2(t) to
be two time-continuous loss processes for the A-rated sub-portfolio and the
BBB-rated sub-portfolio, respectively. The aggregation of these two loss pro-
cesses L̂(t) = L̂1(t) + L̂2(t) is the loss process of the entire portfolio. Depen-
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dence is introduced as before by considering one common factor process X(t)
(impacting both sub-portfolios) and taking �i(t)X = pi(1)(1-wi +wiX(t))
for obligor i. For the BBB-rated obligors we found wi = 0.267 and for the
A-rated obligors we obtain in a similar fashion wi = 0.8 (as a result ofp
VA/pi(1) = 1.2, see Table 2 in Gordy (2000)). The compensating functions

of the individual loss processes are given by h1(t) = r1t and h2(t) = r2t

where r1 = 0.3⇥ 0.5⇥ 0.06% = 0.00009 and r2 = 0.3⇥ 0.5⇥ 0.18% = 0.00027
are the annual expected losses (E

⇥
L̂(1)

⇤
).

Capital for the entire portfolio can be calculated similar as before by consid-
ering the quantile of the loss distributions L̂(1) and supt2[0,1] L̂(t) for the
static and time-continuous case, respectively. We shall denote capital by u

↵

for significance level ↵ (calculated using (7.3) in the time-continuous case and
(7.1) in the original CreditRisk+/static case). To allocate capital we use the ap-
proaches outlined in Chapter 5. For the static case, the capital allocation to
sub-portfolio i over time horizon T is given by

K
ST
i (u↵, T) := E

⇥
L̂i(T)

��L̂(T) = u
↵
⇤

. (7.7)

For the time-continuous case we consider two different allocation methods,
both presented in Chapter 5: a maximum allocation and a first passage time
allocation. The maximum allocation for sub-portfolio i over time horizon T is
given by

K
MAX
i (u↵, T) := E

⇥
L̂i(t

⇤
T )
��L̂(t⇤T ) = u

↵
⇤

, (7.8)

where

A
⇤
T :=

�

t 2 [0, T ] : L̂(t) = sup
s2[0,T ]

L̂(s)

✏

,

and t
⇤
T is the minimum of A⇤

T . When A
⇤
T is empty we set t⇤T = 1. In other

words, (t⇤T is the first time the supremum of L̂(t) is reached in the interval
[0, T ]. We again consider a one year time horizon, i.e. T = 1. It has been
pointed out in Chapter 5 (proof of Theorem 8), that in the time-continuous
CreditRisk+ model with r > 0, the supremum over a finite time horizon T is
attained, i.e. the supremum is in fact a maximum with A

⇤
1 non-empty, and

that this supremum is almost surely obtained at a unique point in time t
⇤
1.

Calculating the conditional expectation (7.8) when using simulations proves
difficult as the exact value u

↵ will not be reached (often). Therefore, in the
simulation we amend the formula slightly to consider a range of possible
values around u

↵. More specifically, we consider

E
⇥
L̂i(t

⇤
1)
��u↵ - ✏ 6 L̂(t⇤1) 6 u

↵ + ✏
⇤

,

where ✏ small enough to ensure accuracy but large enough to result in a
stable estimation of the capital allocations. We choose ✏ = 0.00001. The first
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passage time (FPT) allocation method considers the individual risk processes
at time ⌧(u↵) when the aggregate process L̂(t) first passes the level u↵. More
concretely,

K
FPT
i (u↵, T) :=

E
⇥
L̂i (⌧(u

↵))
��⌧(u↵) 6 T

⇤

E
⇥
L̂ (⌧(u↵))

��⌧(u↵) 6 T
⇤ , (7.9)

where ⌧(u↵) := inf{t > 0 : L̂(t) > u
↵}. In Table 7.10 the simulation results are

presented for the static and the time-continuous case for all of the presented
allocation methods. We have used the 99% quantile to determine capital and a
gamma dependence structure. Allocation percentiles are given instead of the
absolute capital allocations for sub-portfolios 1 and 2, respectively. Due to the
higher probability of default of the obligors in sub-portfolio 2, the allocation
of risk and capital is generally higher for this sub-portfolio. In case there is
no correlation between obligors and sub-portfolios, i.e. there is no common
factor process, all three capital allocation approaches give a 25%-75% divide
over sub-portfolio 1 and 2, respectively.

As before, the capital estimates are higher in the time-continuous model as
opposed to the static case ranging between 20%-90% depending on the size
of r = r1 + r2. The allocation fractions, however, seem to show less deviation,
especially the maximum allocation method seems to align with the static al-
location quite well. The FPT allocation slightly differs, especially for lower
values of r. Compared to the static and maximum allocation, the FPT alloca-
tion also considers paths and time points that exceed the capital estimate, i.e.
L̂(⌧(u↵)) may (significantly) exceed capital u↵.

Increasing r1 and r2 results in higher allocation fractions of the first A-rated
portfolio. This holds true for all three allocation methods. While r1 and r2

increase, they have a higher (decreasing) impact value on the loss processes
and corresponding capital estimates especially r2 as it is three times higher
in value than r1.

Static L̂(1) time-continuous

r1, r2 Capital Allocation % (7.7) Capital Max Allocation % (7.8) FPT Allocation % (7.9)

E
⇥
L̂(1)

⇤
1.4400e-3 (0.3349, 0.6651) 1.7280e-3 (0.3400, 0.6600) (0.3914,0.6086)

2E
⇥
L̂(1)

⇤
1.0800e-3 (0.3632, 0.6368) 1.6560e-3 (0.3673, 0.6327) (0.4115,0.5885)

3E
⇥
L̂(1)

⇤
7.2000e-4 (0.4198, 0.5802) 1.3740e-3 (0.3960, 0.6040) (0.4210,0.5790)

Table 7.10. Capital and its allocations based on 99% quantile for static and time-
continuous CreditRisk+ model with gamma dependence structure and different r.

To summarize the numerical results obtained in this Section 7.5,

– The static (final time point) distribution may underestimate the risk and
corresponding capital over the entire time interval. Differences between
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the static and time-continuous CreditRisk+ model become smaller in
the high tail percentiles of the distribution.

– High values of systemic volatility ⇠ and/or a high positive compensat-
ing function h(t) result in a large difference between the static and time-
continuous CreditRisk+ model outcomes. Moreover, a small amount of
obligors in the portfolio will also have an increasing effect.

– Different dependence structures lead to different distributions, most
notably for high default portfolios. The dependence structures, however,
do not significantly impact the difference between the static and time-
continuous results.

– Using a structural dependence structure in the time-continuous Cred-
itRisk+ model results in a loss distribution which is very close to the
loss distribution of the actual time-continuous structural model itself.
This is the case even for large default portfolios.

– General ruin theory methods should be employed where possible to
obtain more accurate loss distributions in the (time-continuous) Cred-
itRisk+ model. The single-switch approximation in case of Markov de-
pendence is quite accurate especially for short time intervals and high
tail percentiles.

– The allocation methods presented in Chapter 5 are very well equipped
to allocate capital in the (time-continuous) CreditRisk+ models. While
capital figures significantly decrease when increasing the slope of the
linear compensating function r, capital allocation fractions for the Cred-
itRisk+ model are less sensitive. The static and maximum capital al-
location methods are quite aligned. The first passage time allocation
method for the continuous time model differs more, especially in case
of lower values for r.

7.6 concluding remarks

This chapter extended the original CreditRisk+ model to a time-continuous
version allowing for a description of credit/default losses in continuous time
instead of at a certain time horizon only. The extension considers not only out-
going cash flows due to defaults but generalizes the model to include a posi-
tive compensating function representing, for example, interest rate premiums
or (expected) losses that are already accounted for. As a result, the maximum
loss over the time interval may occur prior to the end of the interval and the
static/original CreditRisk+ model may significantly underestimate the risk
(and capital) compared to the time-continuous model. Increasing systemic
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volatility and/or a higher compensating function increases the difference be-
tween the two models as was shown in a series of numerical experiments.

A time-continuous version of a common structural model was presented in
order to compare it to the appropriately calibrated time-continuous Cred-
itRisk+ model. The structural model can very well be approximated with the
time-continuous CreditRisk+ model even for large default portfolios.

Finally, a comparison was made between the time-continuous CreditRisk+
model and existing ruin theory models. Appropriate ruin theory methods
were presented and applied to determine the distribution of losses, capital
estimates and capital allocations. Most notably, the applicability of results
obtained in the previous chapters was highlighted. The use of ruin theory
methods results in a more accurate and in some cases more efficient estimate
of the loss distribution. The single-switch approximation presented in Chap-
ter 4, for example, was shown to give very accurate results in our numerical
set-up. Furthermore, the allocation methods presented in Chapter 5 are very
well equipped to allocate capital in the (time-continuous) CreditRisk+ models
and the effect of time seems less pronounced in capital allocation fractions as
opposed to absolute capital estimates.

Dependence between obligors in the time-continuous CreditRisk+ model is
introduced through a common risk factor process. This risk factor process in-
fluences the intensity of the number of defaults over time. Possible extensions
include making the (random) loss sizes Zi and/or the compensating function
h(t) dependent on the risk factor process as well. This setting is marked for
future research.
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S U M M A RY

ruin theory for portfolio risk modeling in banking and
insurance

The main objective of this thesis is to measure and manage risk in the in-
surance and banking industry on a portfolio level. For this purpose, new
multivariate risk models are proposed and studied, and capital reserves are
introduced as a measure of risk. A main contribution of this thesis lies in the
use of ruin theory in both the insurance and banking context. Ruin theory has
been used in the insurance industry for quite some time to quantify the risk
of insolvency of a firm, i.e. the ability to meet its long-term debt and finan-
cial obligations. A similar concept is known in the banking industry, namely
default (or credit) risk, i.e. the risk resulting from obligors that fail to meet
their contractual obligations. Default risk shows a strong resemblance to the
risk of insolvency in the insurance industry and as a result ruin theory can
also be used to model default risk in the banking industry.

The first part of this thesis, Chapters 2-5, focuses on ruin theory models in
a multivariate setting for the purpose of portfolio risk modeling. The pro-
posed multivariate models incorporate dependence through common envi-
ronmental risk factors as often used in credit risk modeling. Quantities such
as the ruin probability, i.e. the probability of insolvency, and capital reserves
are of interest. Chapters 2, 3 and 4 propose multivariate ruin models with
increasingly complex dependence structures, i.e. environmental risk factors.
Chapter 5 introduces a novel approach to risk allocation in a multivariate
ruin model. Finally, Chapters 6-7 bridge the gap between ruin theory and
portfolio credit risk modeling in the banking industry.

In Chapter 2 we introduce a multivariate ruin model which is particularly
suited to model the risk in different portfolios and or business lines within
a firm. The individual (cash) reserves are represented by classical ruin mod-
els, such as the conventional Cramér-Lundberg model. Dependence between
the individual reserve processes is introduced through a common (but un-
observed) environmental risk factor which remains constant over time. The
risk factor impacts the parameters of the individual reserve processes and
is particularly suited to describe the impact of external factors such as the
state of the economy. We highlight how capital estimates can be derived in
this multivariate model. Moreover, we present a novel Bayesian approach to
calibrate the latent risk factor distribution.
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In Chapter 3 we recognize that an environmental risk factor process is un-
likely to remain fixed over time, as was considered in Chapter 2, and intro-
duce a risk factor process that changes over time. Specifically, we still con-
sider a Cramér-Lundberg risk model but allow for a spectrally one-sided
Lévy process for the claim arrival process. Furthermore, we assume that the
model, in particular its parameters, is resampled from a finite number of set-
tings at Poisson epochs. The focus of this chapter lies on the calculation of
the ruin probability in this resampled model. The classical Cramér-Lundberg
approximation (asymptotically characterizing the all-time ruin probability) is
extended to this more general set-up. In addition, we find an explicit uniform
bound for the ruin probability for specific instances of the model, which can
be viewed as an extension of Lundberg’s inequality. In passing we propose
an importance-sampling algorithm facilitating efficient estimation of the ruin
probability and prove it has bounded relative error.

Chapter 4 again considers a multivariate ruin model, where the individual
reserve processes are given by a Cramér-Lundberg-type model. As before, de-
pendence is introduced through a common environmental risk factor which
in this case is modeled as a continuous Markov process. This is an even more
complex dependence structure as was considered in Chapters 2 and 3. The
aim of this chapter is to determine the multivariate ruin probability, espe-
cially for a finite time horizon. For this purpose, we subsequently consider a
regime in which the claim arrival intensity and transition rates of the environ-
mental process are jointly sped up, and one in which there is maximally one
transition of the environmental process in the time interval considered. In the
first situation, with high transition rates, we find a diffusion approximation
for the multivariate ruin probability. For low transition rates, corresponding
to a high probability of a single switch of the environment, we propose a
so-called single-switch approximation.

Like the previous chapters, Chapter 5 considers a multivariate ruin model
but focuses on the allocation of risk over the individual components. Risk al-
location is of vital importance for good risk management as it allows for com-
parison between different parts of the portfolio in terms of performance. To
quantify the risk, we consider a dynamic value-at-risk (VaR) measure which
is introduced in Trufin et al. (2011) as the minimum amount of initial (cash) re-
serves necessary such that the probability of ruin is below some given thresh-
old. This measure can be used to estimate capital requirements. In this chap-
ter we introduce an intuitively appealing, novel allocation method. Various
desirable properties of the presented approach are derived including a limit
result when considering a large time horizon. Furthermore, we compare the
approach to the frequently used gradient allocation method and in passing
introduce a second allocation method.
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Chapter 6 bridges the gap between ruin theory and credit risk modeling
by considering a variant of the classical Cramér-Lundberg ruin model that
is particularly appropriate in the credit context. In particular, premiums in
the original ruin model correspond to incoming cash flows such as interest
received from obligors and the claims represent the losses due to defaults.
Whereas in the insurance context the number of claims issued can in principle
exceed any bound, in the credit context the number of defaults cannot exceed
the number of obligors. Motivated by this observation, the ruin model has
been adjusted such that it corresponds to a finite number of obligors. We
perform an exact and asymptotic analysis of the ruin probability in this model
including an efficient importance-sampling based simulation approach. The
base model is extended in multiple dimensions.

Finally, in Chapter 7 we consider the influential Credit Suisse Financial Prod-
uct’s CreditRisk+ model to model credit/default risk on portfolio level. The
original model only considers losses at a specified time horizon. In this chap-
ter we propose a time-continuous extension of the CreditRisk+ model which
models the losses over time. The quantity of interest in this extended model is
the maximum loss over a time interval. Unlike the model proposed in Chap-
ter 6, the time-continuous CreditRisk+ model does not bound the number
of defaults and is appropriate for modeling the risk in very large portfolios
and portfolios that will not run down but are replenished once obligors leave.
We point out the similarities between the time-continuous CreditRisk+ model
and ruin theory models showing that we can leverage from existing ruin the-
oretic results. We particularly focus on the ruin theory methods derived in
previous chapters to determine loss distributions and capital estimates.
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S A M E N VAT T I N G ( S U M M A RY I N D U T C H )

ruïneringstheorie voor het modelleren van portefeuille ri-
sico voor banken en verzekeraars

Het primaire doel van deze dissertatie is het kwantificeren en managen van
risico in de banken- en verzekeringssector op portefeuilleniveau. Hiertoe wor-
den nieuwe multidimensionale risicomodellen geïntroduceerd en bestudeerd.
Kapitaalsreserves worden daarbij beschouwd als een risicomaatstaaf. Een van
de grootste bijdrages van deze dissertatie aan de huidige literatuur is het ge-
bruik van ruïneringstheorie in zowel de verzekerings- als de bankencontext.
Ruïneringstheorie wordt al lange tijd gebruikt in de verzekeringssector voor
het kwantificeren van solvabiliteitsrisico, d.w.z. het risico dat niet aan lange-
termijnschuld en financiële verplichtingen voldaan kan worden. Een soortge-
lijk risico doet zich voor in de bankensector, namelijk default- (of krediet-)
risico, d.w.z. het risico dat voortvloeit uit debiteuren die niet in staat zijn hun
contractuele verplichtingen na te komen. Default risico vertoont een sterke ge-
lijkenis met solvabiliteitsrisico in de verzekeringssector met als resultaat dat
ruïneringstheorie ook gebruikt kan worden voor het modelleren van default
risico in the bankensector.

Het eerste deel van deze dissertatie, Hoofdstukken 2-5, focust zich op ru-
ineringstheoriemodellen in een multidimensionale setting met als doel om
solvabiliteits- en kredietrisico in kaart te brengen op portefeuilleniveau. De
geïntroduceerde multidimensionale modellen incorporeren afhankelijkheid
door middel van gemeenschappelijke omgevingsrisicofactoren zoals veelal
gebruikt worden voor het modelleren van kredietrisico. Risicomaatstaven zo-
als kapitaalsreserves en de kans op ruïnering, m.a.w. de kans op insolvabili-
teit, worden in detail bekeken. Hoofdstukken 2, 3 en 4 beschouwen multidi-
mensionale ruïneringsmodellen met steeds complexere afhankelijkheidsstruc-
turen die gemodelleerd worden via omgevingsrisicofactoren. Hoofdstuk 5
introduceert een nieuwe benadering voor de allocatie van het risico in een
multidimensionaal ruïneringsmodel. Tenslotte overbruggen hoofdstukken 6-
7 de kloof tussen de ruïneringstheorie en het modelleren van kredietrisico op
portefeuilleniveau in de bankensector.

In Hoofdstuk 2 introduceren we een multidimensionaal ruïneringsmodel dat
bijzonder geschikt is om het risico in verschillende portefeuilles en/of on-
derdelen binnen een bedrijf te modelleren. De individuele (financiële) reser-
ves worden weergegeven door middel van klassieke ruïneringsmodellen, zo-
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als het conventionele Cramér-Lundberg model. Afhankelijkheid tussen de
afzonderlijke reserveprocessen wordt geïntroduceerd door een gemeenschap-
pelijke (latente) omgevingsrisicofactor die constant blijft in de tijd. Deze risi-
cofactor beïnvloedt de parameters van de individuele reserve processen en
is bijzonder geschikt om de impact van externe factoren, zoals de toestand
van de economie, te beschrijven. We illustreren hoe kapitaalsreserves kunnen
worden bepaald in dit multidimensionale model. Bovendien presenteren we
een nieuwe Bayesiaanse methode om de verdeling van de latente risicofactor
te achterhalen.

In Hoofdstuk 3 erkennen we dat het onwaarschijnlijk is dat het proces van
de omgevingsrisicofactor in de loop van de tijd constant blijft, zoals werd
aangenomen in Hoofdstuk 2. Daarom introduceren we in Hoofdstuk 3 een
omgevingsrisicofactorproces dat veranderd over tijd. We beschouwen nog
steeds het Cramér-Lundberg risicomodel maar laten ook een spectraal eenzij-
dig Lévy-proces toe. Verder nemen we aan dat het model, in het bijzonder de
parameters, opnieuw wordt getrokken op Poisson tijdstippen uit een eindige
set aan mogelijkheden. De focus van dit hoofdstuk ligt op de berekening van
de kans op ruïnering. De klassieke Cramér-Lundberg approximatie (asympto-
tische kans op ultieme ruïnering) wordt uitgebreid naar deze meer generieke
opzet. Bovendien vinden we een expliciete uniforme grens voor de kans op
ruïnering voor specifieke gevallen van het model, wat kan worden gezien
als een uitbreiding van de ongelijkheid van Lundberg. Terloops stellen we
een importance-sampling algoritme voor dat tot een efficiënte schatting van
de kans op ruïnering leidt en bewijzen we dat deze een begrensde relatieve
foutmarge heeft.

Hoofdstuk 4 bekijkt opnieuw een multidimensionaal ruïneringsmodel, waar-
bij de individuele reserveprocessen worden gegeven door een Cramér-Lund-
berg-type model. Als voorheen wordt afhankelijkheid geïntroduceerd door
een gemeenschappelijke omgevingsrisicofactor die in dit geval wordt gemo-
delleerd als een continu Markov-proces. Dit is een nog complexere afhan-
kelijkheidsstructuur dan in hoofdstukken 2 en 3. Het primaire doel van dit
hoofdstuk is om de kans op multidimensionale ruïnering te bepalen, met
name voor een eindige tijdshorizon. Daartoe beschouwen we achtereenvol-
gend een regime waarin de aankomstintensiteit van claims en transitiesnel-
heden van het omgevingsrisicofactorproces gezamenlijk worden versneld, en
een regime waarin er (met hoge waarschijnlijkheid) maximaal één transitie
plaatsvindt van het omgevingsproces in het tijdsinterval. In het eerste ge-
val, met hoge transitiesnelheden, vinden we een diffusiebenadering voor de
kans op multidimensionale ruïnering. Voor lage transitiesnelheden, overeen-
komend met een grote kans op een enkele verandering van de omgevingsfac-
tor, presenteren we een zogenaamde single-switch benadering.
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In lijn met de vorige hoofdstukken, beschouwt Hoofdstuk 5 een multidimen-
sionaal ruïneringsmodel, maar focust zich op de allocatie van het risico over
de individuele componenten. Risicoallocatie is van cruciaal belang voor goed
risicomanagement, omdat het men in staat stelt om de prestaties van ver-
schillende onderdelen van de portefeuille met elkaar te vergelijken. Om het
risico te kwantificeren beschouwen we de dynamische Value-at-Risk (VaR)
risicomaatstaf die is gedefinieerd als de kleinste initiële (financiële) reserve
die nodig is om ervoor te zorgen dat de kans op ruïnering kleiner is dan een
gegeven drempelwaarde. Deze maatstaf kan worden gebruikt om kapitaals-
reserves te bepalen. In dit hoofdstuk introduceren we een nieuwe intuïtief
aansprekende allocatiemethode. Verscheidene eigenschappen van de gepre-
senteerde methode worden afgeleid, waaronder een limietresultaat wanneer
we kijken naar een lange tijdshorizon. Verder vergelijken we de allocatieme-
thode met de veelal gebruikte gradiënt allocatiemethode en introduceren we
nog een tweede allocatiemethode.

In Hoofdstuk 6 wordt voor het eerst gekeken naar een ruïneringsmodel in
de context van kredietrisico, die weer een variant van het klassieke Cramér-
Lundberg ruïneringsmodel is. De premies in het oorspronkelijke ruïnerings-
model komen overeen met inkomende kasstromen zoals ontvangen rente van
debiteuren. De claims vertegenwoordigen de verliezen ten gevolge van de-
faults. Terwijl in de verzekeringscontext het aantal uitgegeven claims in prin-
cipe elke grens kan overschrijden, kan in de kredietcontext het aantal defaults
het aantal debiteuren niet overschrijden. Gemotiveerd door deze observatie is
het ruïneringsmodel zo aangepast dat het overeenkomt met een eindig aantal
debiteuren. We bekijken zowel de exacte als de asymptotische kans op ruïne-
ring in dit model. Tevens vinden we een efficiënte, op importance-sampling
gebaseerde, simulatiemethode om de kans op ruïnering te berekenen. Het
basismodel is vervolgens uitgebreid in meerdere dimensies.

Ten slotte beschouwen we in Hoofdstuk 7 het invloedrijke CreditRisk+ mo-
del van Credit Suisse Financial Products om het krediet/default risico op
portefeuilleniveau te modelleren. Het oorspronkelijke model houdt alleen re-
kening met verliezen op een bepaald tijdstip. In dit hoofdstuk stellen we een
tijds-continue uitbreiding voor van het CreditRisk+ model dat de verliezen
over tijd modelleert. In dit uitgebreide model zijn we geïnteresseerd naar het
maximum verlies over een tijdsinterval. In tegenstelling tot het model dat
wordt voorgesteld in Hoofdstuk 6, is het tijds-continue CreditRisk+ model
niet gebonden aan het aantal defaults en daarmee uitermate geschikt voor
het modelleren van het risico in zeer grote portefeuilles en portefeuilles die
niet aflopen maar worden aangevuld zodra debiteuren de portefeuille verla-
ten. We laten zien hoe het tijds-continue CreditRisk+ model en ruïnerings-
theoriemodellen overeenkomen zodat we kunnen profiteren van bestaande
resultaten uit de ruïneringstheorie. We richten ons in het bijzonder op de
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ruïneringstheoriemethoden die in de voorgaande hoofdstukken zijn afgeleid
voor het bepalen van verliesverdelingen en kapitaalreserves.
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