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1. Introduction

Dynamic panel data models play a prominent role among
empirical tools used by applied researchers. As is well-known
from Nickell (1981), the conventional Fixed Effects (FE) estimator
suffers from a sizeable finite sample bias for small values of T. The
bias is in general more noticeable in case of persistent data, which
is bad news for most applications involving macroeconomic pan-
els. It motivated some authors to devise alternative estimation
techniques capable of overcoming the shortcomings of the FE
estimator.

In particular, we investigate the Least Squares (LS) estimators
of Choi et al. (2010) and Everaert (2013). Both papers, among
other things, establish that the corresponding estimators are
nearly (asymptotically) unbiased under stationarity, while they
are asymptotically unbiased in case of a unit root. However,
neither of the two studies investigate the asymptotic variance in
a non-stationary unit-root setup. In this paper we do exactly that.

After introducing the model in Section 2, the main results
are presented in Section 3. We show that in a model with the
autoregressive parameter equal to unity the estimator of Ever-
aert (2013) is as efficient as the Transformed Maximum Likeli-
hood (TML) estimator studied by Kruiniger (2008). Similar con-
ditions render the estimator of Choi et al. (2010) to have even a
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smaller asymptotic variance. Consequently, the backward-means
based estimators outperform the conventional (bias-corrected) FE
estimator when data are persistent.

2. The model

Consider the panel AR(1) model
Yie = 0i + Vi1 + &ie, With E[ei¢|yio, mi] =0 (1

and data observed over i = 1,...,N cross-sectional units in
t = 1,...,T time periods. We assume that idiosyncratic errors
¢i¢ are independent over i, while the initial conditions y;, are
assumed to be observed. The FE estimator is not consistent for
any T fixed in this model, where the corresponding inconsistency
is usually labelled as the “Nickell bias”.

An alternative estimator is proposed by Everaert (2013) to
mitigate the finite sample bias. In order to introduce the method,
it is useful to consider the LS estimator of ¢ from the following
augmented regression (e.g. in Mundlak 1978)

Vit = @Yie—1 +6Yi— + & (2)
with the new composite error term given by &;; = & + ni —
8¥i_ and where y;_ = T~! Zthl Yit—1. The inclusion of y;

in the regression model (while at the same time ignoring the
presence of 7;), ensures that the LS estimator, which is numerical
equivalent to the FE estimator, is consistent as T — oo.

The use of the full sample mean y; _ is not without drawbacks,
as it is correlated with all {si,t}tT;f. In particular, the sequence of
combined error terms {&;, & 1, ...} is not a Martingale Differ-
ence even for n; = 0. Following Everaert (2013), this drawback

0165-1765/© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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is easily fixed if in estimation y; _ is replaced by the backward
(recursive) mean (of y;;—1)

t—1

_ 1

yf’,[_l =7 E Yik- (3)
k=0

Unlike the full sample mean, the backward mean by construc-
tion is not correlated with the current and the future values of
8“_1 Everaert (2013) used this observation as a motivation to
estimate ¢ from the following augmented regression model

Yie = Yic—1 + 85/5},1 + & (4)

with &;; appropriately redefined. As with the standard FE esti-
mator, the LS estimator of this type is not consistent for any
fixed T but is consistent for T large if the data is stationary (see
Everaert 2013 and Juodis 2021). While the proposed estimator is
not consistent for T fixed, it has a small bias in case of an AR(1)
model as found by Everaert (2013).

From this point onward, we refer to the LS estimator of ¢
from (4) as the Orthogonal to Backward Mean (OBM) estimator
¢dopm- As argued by Juodis (2021), the related Recursive Mean
Adjustment (RMA) estimator $RMA of Choi et al. (2010) in this
setup can be seen as the restricted version of the OBM estimator
of Everaert (2013) by fixing § = 1 — ¢.

3. Main results

The use of backward means as the de-trending tool has a long
tradition in panel unit root testing, see e.g. Westerlund (2015,
2016). In many cases the use of backward means (or “recursive
de-trending”) leads to superior power properties. Motivated by
this observation, we study the OBM and RMA estimator in a unit
root setting in this section, i.e. the model in (1) with ¢y = 1.
Although we formally present results for ¢ = 1, we suspect that
our results can be useful in understanding the general behaviour
of the OBM/RMA estimator in models with persistent regressors.

To be specific, attention is restricted to the standard model
with a common dynamic restriction imposed, i.e. n; = (1 — ¢)ui.
Then

Vit = Yie—1+ &ir (5)

for ¢ = 1. It is assumed that &;; and y; o satisfy the following set
of assumptions.

Assumption 3.1 (Sampling).

(i) & is independently and identically distributed (iid) across
both i and t with E[g; ;] = 0, E[¢?,] = 02 and E[¢f,] < oc.

(ii) yio = /C(T)y;i0 where C(T) = o(T), and E[j; o] = 0 and
E[i},‘.fo] < 00. Jji o are iid across i, independent of & ;.

Note that the second moment of the initial observation is
restricted to be of lower order than O(T), e.g. accommodating
the yio = Op(1) setup of Hahn and Kuersteiner (2002). The
next theorem summarizes the asymptotic properties of the OBM
estimator in the unit root model.

Theorem 1. Let Assumption 3.1 be satisfied. Then as N, T % 00!
~ d
T+/N(osm — 1) — N(0, 8). (6)

1 This observation can be used to motivate the use of Yieo1 — VP, ; as an
instrument for y; ;1.
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Note that we do not impose any restrictions on the relative
expansions rates of N, T. More specifically, one can easily show
that ¢opy is actually fixed T consistent. Firstly, this theorem in-
dicates that the OBM estimator is asymptotically unbiased in the
non-stationary setup. Our next result shows that this conclusion
is also applicable for the RMA estimator.

Corollary 1. Let Assumption 3.1(i) be satisfied. Then as N, T N
00!

TvV/N(@rua — 1) - N(0, 6). 7)
If also T/C(T) = o(1):
Tv/N(@osu — 1) = N(0, 6). 8)

Contrary to the stationary case (see e.g. Juodis 2021), the first
result of this corollary shows that the RMA estimator is more
efficient as long as the initial condition is bounded. However, the
second part suggests that the asymptotic equivalence (in terms
of the limiting random variable) can be restored if and only if the
initial condition is divergent.

In order to put our results into a perspective of the available
asymptotic results in the literature, it is evaluated in terms of the
FE estimator. Under the assumption of normally distributed error
terms, Hahn and Kuersteiner (2002) showed that asymptotic
variance of the FE estimator is equal to 10.2 in the unit root case.
Thus the OBM and RMA are not only more efficient than the FE
estimator asymptotically, but also, unlike the FE estimator, they
are asymptotically unbiased.

To the best of our knowledge there is only one other estimator
in the literature with the same asymptotic variance as in Theo-
rem 1. In particular, under similar assumptions Kruiniger (2008)
showed that

TvVN@na — 1) % N(0, 8), 9)

where $TML is the TML estimator of Hsiao et al. (2002) and Kru-
iniger (2008).% As a result, the OBM estimator is asymptotically
at least as efficient as the TML estimator.

Finally, in Juodis (2021) a bias-corrected OBM estimator is
proposed. The motivation for bias-correction originates from the
potentially non-negligible bias in case of stationarity. For this
estimator, the following result is established.

Proposition 1. Let Assumption 3.1 be satisfied. Then as N, T %
00:

T/N(Gogu — 1) =5 N (o, g) , (10)

where ¢opy = Posm — bn.1.

Because 2 < 8/3 « 8, the asymptotic variance of the bias-
corrected OBM estimator is substantially smaller than that of its
original counterpart.® This efficiency gain results from non-zero
asymptotic covariance between y;; and j/fft_1. It is yet another
manifestation of non-standard asymptotic behaviour of the panel
data estimators with a root close to unity.

2 Here we consider the restricted version of the TML estimator that in
estimation assumes that Ay;, is a covariance stationary process for all t. The
unrestricted version of that estimator, as studied e.g. in Kruiniger (2013), Bun
et al. (2017), and Juodis (2018a,b) in general does not have a normal asymptotic
limit.

3 Here the lower bound of 2 corresponds to the variance of the Pooled OLS
estimator.
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4. Concluding remarks

In this note we studied the asymptotic properties of the panel
data estimators of Choi et al. (2010) and Everaert (2013). In
a model with the autoregressive parameter equal to unity we
showed that both estimators have a substantially smaller asymp-
totic variance than the FE estimator. These results are comple-
mentary to those provided in Choi et al. (2010), Everaert (2013),
and Juodis (2021) who study asymptotic and finite sample results
under stationarity.

Appendix. Proofs

Proof of Theorem 1. For now assume that y; o = 0, Vi. Later we
relax this assumption. Denote by 8 = (¢, p), with p = 8§ — 1 and
Bo = (1,0). The scaled and centered version of the estimator
takes a usual form

TVN (BOBM - .30) = Ay dyr, (A.1)

where Ay and dyr are of order 2 x 2 and 2 x 1 respectively. Each
element of the corresponding matrix/vector can be expressed as
a weighted cross-sectional average, e.g.

11) ZA(H ’ dg\ll'; _ Zd(l)

To streamline the derivations, observe that

T 1
1 k k -1 1 -1

E th = dx + O(T =——40(T). A2
Thk+1 — ](;x X T k+1 T (A2)

At first consider

T
1
By = 3B = e
2

1
:agf xdx—l—O(T‘)— 5 +o(r™h.
0

Regarding the off-diagonal element

T T I
1 b 1 1
2 ; Elyie1yic ]l = T2 Z 7 ; E[Yie—1Yis—1]

E[A(l 2

I
qu
NE

]~
—
/e
T =
w
|
—_
S—"

1 1
ong x(/ ydy) dx+o(T™1)
0 0

2 1 2
- 0—8/ xdx+oT ) =2 o).
2 /o 4

The remaining diagonal A(z'z) term requires a bit more care, i.e.

T2 Z t2 ZZE[Vzk 1Yis—1]

t=1 s=1 k=
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+ o(T™

1 1] 1
=%2f X[/ 2y2dy+/ ]dx+o( h
0 0 0
1 1 1
:crff x[f( fyz)d]dijO T™hH
0 0 2
0_2 1
=i/ x[3—1]dx+o(T—1)=—8+0(T—1).
6 Jo 6
Combining all results

6 3
12 3 2 )

where the conclusion holds using Kolmogorov’s Strong Law of
Large Numbers for iid data. Similarly, if one considers trans-
formed variables, i.e. Vi 1 = Yir_1 —j/f”tq rather than y;,_1, this
matrix is of the form

plim Anr =

N,T—o0

. o (2 1

Next, consider dyr, where djy = T~ Zt 16 As both y,[ 1
and y; . are independent of &;,, vector &, = (Vi 1,y,t 1) &t
forms a martingale difference sequence (in the time-series di-
mension for each i), such that E[dyy] = 0,. The variance-
covariance matrix of d;r follows from the expressions for E[A;ir].
In particular,

T T
1
E[(d}))) = ﬁ Z Z Eleiceinyie—1Vik-1]
t=1 k=1
1 T
= ﬁ Z E[éic&iclit—1Yit—1]
t=1
T T
ZZ [&ic&ikYit—1Yik—1]
t=1 k>
4
=of (/ xdx) +o(TH=2 40T,
0
and

ToT
1 _ _
E[(d2)] = = E E Elei i1 —1Vri1)

t=1 k=1

T
1 2 b =b
= T2 Z El&f Yie—1Yie1]

t=1

T T
1 R
+ T2 ZZE[Ei.té‘i,ky,‘,[_ly,',k_l]

t=1 k>t
4

Gs -1
= —=40(T ).
6+( )

Analogously, E[d\d'?] = % + O(T~"). This is enough to show

sequential convergence where N — oo first, followed by T — oo.

The uniform integrability condition sufficient for joint conver-

gence can be verified analogously to Phillips and Moon (1999).
Combination of the above results yields

TN (Bosw — Bo) — N (02, X) , (A4)

j
as N, T — oo, where

-1
8 —12
g =o0; lim A = . A5
B (NpT‘)Oc NT) <_—12 24 ) ( )
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Hence the marginal distribution of the autoregressive parameter
corresponds with

~ d
TV/N (¢osm — 1) — N (0, 8). (A6)
Next, we allow for a non-zero initial condition. Observe how

Yit—1 and J_’ﬁcq can be expressed as

t-2
Yit—1 =VYio+ Z Eit—1-j

j=0

t—1 k=2

ylt 1=Yio+ — ZZE"‘ 1—j-

k=2 j=0
In turn, the elements of A;r are

E[Al V] = o + L Ep2 4+ o
T2 T Vio ’

o2 1
ELAG ™) = 4 + S Elol + O(T7"),

2 1
E[AE%Z)]—G + BVl + 0T 7).

Under our assumptions E[yi,o] = o(T), such that all terms involv-
ing yﬁo are asymptotically negligible. O

Proof of Corollary 1. From (A.3) in the proof of Theorem 1 we
know that

o2 (2 1
lim Ay = —% .
NpTLoo N ]2 ( 1 2 )

As the RMA estimator has only one regressor, namely y;; | =
Vit—1 yl ¢—1- it is straightforward to conclude that the variance of
this estimator is simply given by the inverse of the first diagonal
element of plimy ;_, o, Anr, i.e. 02(plimy _, o, Anr,11)"' = 6.

The second part follows from Theorem 1. For non-zero value
of y;.0 we have (1, = (1, 1))

2
. Y 6 3 .
lim Axy = —% + 1,1, lim
NI?THOO N 12 ( 3 2 > 2 2T—>oo
In this case the estimator is not invariant to the initial condition.
However, for 8 the previous matrix is of the form

2 2
. _ o 2 1 0 0 . E i,O]
N‘?}Eﬂ‘,f”‘ﬁ(l 2>+<0 1)#‘330 T

Hence the convergence rate of § is determined by E[y%o]. E.g. for

E ,-2,0]
T (A7)

(A.8)

Ely;o] = O(C(T)) = O(T)
TW(%BM—U
1 21\ o
2. n]o6 1—<1+11%0T§> . O (A9)

Proof of Proposition 1. Here, we use matrix notation for an
easier comparison with a more general model. Let

~ 1 11 ~
byr = — Nt ¥ "My, x NTXPXB (v — xdosm) .

where vectors y and x are defined to be of order NT x 1. Anal-
ogously, one can stack observatlons in x, . to obtain xp. Further-
more, let Py, = Xg(X,x5)"'X; and My, = Inr — Py,, respectively.

To prove the claim of this proposition, the bias-corrected
estimator is rewritten as

~ R
TVN (¢osu — 1) = (1 — (NTZXMXB ) (Nsz PxBx))
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X T\/N ($OBM — ])

1 1
+ (NTZXMXB> <fopxﬂ> (110

Using (A.3) gives

lxMx 082+0(1)
NT2 g T

On the other hand,

(A.11)

%
NT?2
Plugging in the asymptotic approximations for all unknown quan-
tities gives

L pgx—o? [~ (2 o + 1)+ (1)
— === 0
NT2" R c\12\12) 12712 F

1 1 0'2

2 £
g, — + + op(1 — + 1).
¢ <24 12) P( ) 8 OP( )

1 o - 1
Pyx = Wx Py,x + WX Xp.

(A12)
As a result, the term in front of T+/N (aosiw — 1) is op(1), i.e.

1 1 M, X o ! xP = 1
—(Wx x) (W* xBx) — op(1).

Since T\/N ($OBM — ]) = Op(]),

1 -1 1 R
(1 (NTZXMXB ) <NT2XP”B )) TVN (¢osm — 1) = 0p(1).

(A.14)

(A.13)

Plugging this expression back into (A.10) gives

-1
Tf(¢OBM_1) (N;"Z XM, i) (T\]/N'A?'Px,ge)—i-op(l).

Only the asymptotic variance of fx PXB remains to be
evaluated, which can be easily shown to be equal to
o? 4
plim —x Py, X = (A.15)
N,T—o0 NT 24

where the 02/24 terms stems from the decomposition in (A.12).
Combining all these results we conclude that

TN @OBM - 1) N (0, g) ,

where 8/3 = 8 x 247!

(A.16)

x 8. 0O
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