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Abstract

This supplementary material provides the proofs of the results stated in the main paper.

A.1. Auxiliary lemmas

Before we take the proofs of the main results of the paper, we report some auxiliary results

that will be key in the sequel.

Lemma A.1. Under Assumptions 2.1-2.5,
(@) 1T712viFl| = Op(1),
(i) |77 2eFmll = 0p(1),

(i) (|77, Fm| = Op(1),

(iv) [TVl = Op(N~1) + Op((NT)~?),
(v) [T~ 1] = Op(N 1),

(vi) |T"@Full = Op((NT)~/?),

(vii) |7~ @ei]| = Op(N 1) + Op((NT)~1/2).

Proof of Lemma A.1.
The proof of this lemma is a direct consequence of the results provided in Pesaran (2006). It is

therefore omitted. O
Lemma A.2. Under Assumptions 2.1-2.5,
(1) 1T7'VIEQG|| = Op(N ™) + Op((NT) /),

(i) [|T-V/EQG || = O,(N"1/2) + 0,(T~11?),
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(iii) |77 (EQGm)EQG| = Oy(N7Y),
(iv) |[T"HEQG ) Fpl|l = Op((NT)~1/2),

V) 177 (EQG ) EQG _n| = 0p(1),

(vi) [T Y (EQG,)EQG | = O,(N~1/2),

(vii) |77 efEQGm|| = Op(N~1) + Op((NT)~'/2),
(viii) [T/ EQG_mll = Op(N~V?) + O0p(T71/?),
(ix) |TV/FQG| = 0,(T1/?),

x) IT7Y(FQG)e]| = O,(T~1/?),

(xi) |T-{(FQG)EQG,,| = O,(N~1/2).

Proof of Lemma A.2.

Clearly, |QG,|| = Op(1) and |G _,,|| = O,(V/N). Also, ||(~3_yH = Op(N"V2) and | T WV/F_, | =

Op(T_l/Q), implying

|7 VEQG.| < 1T VIF ., IIC—, QG| + |77 Vi) QG

= O,(N7Y) + O,(NT) /%), (A1)
1T VEQG | <IT7VF [ |Cy QG| + |77V | QG — 1|
= O0,(N"V2) 4 0,(T7V/?), (A.2)

as required for (i) and (i), respectively. For (iii), we use |[T'F’, —yFom—yl = Op(1) and
1T~ Ty || = Op(NT)~/?), giving

T (BEQGm)EQGw| < |T'F.,, _,F oy IC— P QG| + |IT~'a'u]| QG|

—m,—y

+ 2T TF iy [ Cy QG |* = Op(N ), (A.3)

and since ||T~'F’ =0, we also have

-m,—y mH

|77 (BQGw) Funll < 1T F_ FunlllICy [1QGl| + 77 WE || QG|
= O,((NT)'/?). (A4)

We can similarly show that for (v) and (vi),

1T (BQG ) EQG || < |T7'F.,, ,Fopn y[l[C—y P QG [ + |70 QG -

"y
+ 2| T TF iy [IC—y [ QG—m* = Op(1), (A.5)
1T (BEQGm)EQG | < [T7'F,, _,Fn—y [IC—y I*|QGm [ |QG |

TG QG QG -l
+ 2T F [ Coy QG IQG || = O,(N7V/?). (A.6)



The results in (vii) and (viii) can be obtain in a similar way as in (i) and (ii), respectively. For

(ix), we use FQG = (Fun, 075 (k+1-r,,)) + EQG, which in view of || QG| = O, (V' N) implies

1T~ ViFQG]| < IT7Vi(Fm, 0r,p x(ret 1)) | + 1T VIF iy [[Cy 1 QG + [T~ viE]| QG
= 0,(T~Y?). (A7)

The results in (x) and (xi) can be obtained analogously. O

Before continuing to the next lemma, we note that by analogy to (S.29) in Karabiyik et al.
(2017), we have

T'(Mr,, — Mg)

= EQG[1"'(FQG)FQG] (EQG) + EQG[T (FQG)FQG] " (Fun. 07 (k11 -r,))’

+ (Fom, 07 (o41-r,) [T (FQG)FQG] ™ (EQG)

+ (Fon, 07y (1 =) ) ([T {FQG)FQG|™ — [T~ (FmaOT><(Ic+1—7"m))/(Fma0T><(1c+1—7“m))]_1)
X (F, 07y (kb 1—r))

EQG,(T"'F,,Fy) (EQGy) + EQG_, [T (QG_,,) EEQG_,| (EQG_p,)’
QG (T 'F/, F,,)'F, +F, (T 'F, F,) Y EQG,,)
QG(IT~'(FQG)FQG] ' - S_1)(FQGY, (A.8)

E
F

+ o+

where

S ., — ( T_IF;nFm Ormx(kJrlfrm) )
Fn — ANl
O(kt1—rm)xrm T H(QG_)EEQG

_ ( SF,, Ormx(k—i-l—rm) )
O(k+177“m)><rm Nﬁl(QG—m)/SEQG—m
with Sp,, = T~'F), F,,, Sz = NT'E'E and F}, = (F,,,EQG_,,). It is important to note
that the expansion in (A.8) implicitly assumes that k+1 > ry,. If k+1 = rp,, then G = G, =

(Cn Q)™ Y, which is tantamount to dropping all terms involving G_,,. Hence, if k + 1 = 7y,
(A.8) reduces to

T(Mp,, — Mg)
=EQG,,(T"'F, F,) Y EQG,) + EQG,.(T"'F, F,) 'F +F,(T"'F F,) ' (EQG,)
+FQG, ([T (FQGH)FQGc] ™! - S;1 ) (FQG.,) . (A.9)

Lemma A.3. Under Assumptions 2.1-2.5,

[T_l(f‘QG)/ﬁQG]_l - S;r-lk = Op(T_l/z) + Op(N_1/2).

m



Proof of Lemma A.3.
This proof makes use of Theorem 1 of Karabiyik et al. (2017), which states that if

TYFQG)FQG — Sy = 0,(T /%) + O,(N1/2) (A.10)

and
k[T (FQG)'FQG] “% rk S , (A.11)

then
[T (FQG)FQG| ! — St = 0p(T7V%) + Oy(N7172). (A.12)

The condition in (A.10) is obviously true, since
T~-Y(FQG)FQG = Sg, + T~ 'F/, EQG + T~ (EQG)'F,, + T~ (EQG)EQG

=Spi + Op(T7%) + O,(N71/2), (A.13)

where Sp+ = Op(1) by Assumption 2.1 (iii) and Assumption 2.5. Moreover, since rkF =
rk (QG) = k + 1, we can show that rk[Tﬁl(f‘QG)'f‘QG] =k + 1. Next, consider rk Sp+. Since

SF; is block-diagonal,
rkSgi =1k Sk, + 1k [N QG _n)'SEQG ). (A.14)

Here, F,, = FR, where tkF = r, tk R = r,,, and r,,, < 7. This gives tk[T~Y(F,;,)'F.] = 7. We
can show also that N~1(QG _,,)’ SgQG _,, is positive definite for all finite N, including N' — oo,
from which it follows that tk [N~ (QG_,,,)'SgQG_n] = k + 1 — ry,. Hence, rk Sp+ =k +1,
which means that (A.11) is satisfied. This proves the lemma. O

The rate O, (T~2) +O,(N~/2) in Lemma A.3 is sharp if k41 > 7,,, but not if k41 = 7.
In fact, it is not difficult to show that

[T (FQGm)FQGm| ™ — Sg), = Op(NT)™'/%) + Op(N )
if k+ 1 = ry,. However, since the O,(T~/2) + O,(N~1/?) rate is sufficient for our purposes, in

this supplement we will uses this rate irrespective for both cases.

A.2. Proofs of main results

Proof of Theorem 3.1.
Letting



it is clear that

N
VNT(Bp — B) = S;'—~— > %M (e; + FA))
N
= Sgl\/]ifiT Z(VZ + FA;)/ME‘(EZ + F)\l) (Al)

=1

By using F =F,,H +F_,, and F_,,, = (OTxry, F_,,—y), the summand in the above expression
can be written as follows:
(vi + FA;)’MP:(EZ- +FX\)
= (vi + F, H'A] + F,mA()'M (e
Vi+ FnHA +F AL ) Mg(ei + FrnHX +F A y)

+ Fo H A +F_, AL yﬂ)
+ (vi+FopH' A+ F_ A ) Mf(FmH’)\i +F gy Ayi)

= (vi + F,,H'A}Y Mge; + (F_m7_yALy7i)’M§si
+ (vi + FmH’A;)’Mﬁ(FmH')\Z- +F_ gy A yi)+ (Fop— yA’_y i) Mﬁ(FmH')\i +F_ gy A_yi)
= (vi+ FmH’A;)’MFm gi — (vi + Fp H'A))'ME, € + (vi + F,, H'A]) Mge;
+ Ay F,  Mge; + (vi + Fn HA) Mg (Fro HA +F oy Ay 5)
+ (Fop — yA/_y ;)M (FmH')\i +F oy A_yi)
= v’-MFmei — (vi + F,H'A)) (Mg, — Mg)ei + (vi + FmH’A;)’MﬁFmH’)\i
+ Ay FL,, _ Mga(ei + FoHX +F_ A i)+ (vi + FmH’Ag)/Mf?F_m’_y)\_y,i, (A.2)

+F,H A +F_\)

= (
= (vi

which in turn implies

VNT(Bp — B) = S; ' (By + VNT V/?B; + VTN /?B, + B3), (A-3)
where
;X
By=— /'547
°T VNT 2 ’
N
= N Z PFmsu
1 RS
B, = E(W + P HUA) Mg F A — Z;(w +FpH'A}) (Mp,, — Mg)e;,
i= =
1 N / /
B; = \/ﬁ Z Ay F_,, _ Mg (ei + FrnH'A + Fopy —y Ay i)
i=1
T
+ \/ﬁ Z(VZ + F H A/)/M F—m yA—yZ

1

.
I



In what follows we evaluate each of the terms on the right-hand side of v/ (Bp — B). We start

with Bg. Clearly, letting

Y= lim F

1 Y 1 / 1
/ / T 2 .

N, T—o00
by a central limit theorem (CLT) for independent but heterogenous variables
- d d
By= —— ) vie; >bg=N(Opx1,> A4
0= INT ZZ; 0 (Okx1, X0) (A.4)
as N, T — oo.
Consider B1. Making use of the fact that F,,, = FR, this term can be written as
1 o 1 &
_ / o / I—1/ —1lp/1 .
B =—— ZviPFmsZ = -7 ZviFR(R T7'F'FR) 'R'F'g;
1 L - SRR R
:—TZZNZV”&SF (R'T"'F'FR)"'R'F (A.5)
t=1 s=1
By Assumption 2.2,
Sr,, = RT'F'FR = R'SpR + 0,(T"'/?), (A.6)
which in turn implies
Sp. = (R'SpR) ™! + 0,(T71/2). (A7)
Hence, letting Doy (h) = limy 0o NP 2N Ty (h), Jp = R(R'EpR) 'R/ and
Z ng tl" FF(h)JF],
we have
[T T
— > Toy(s —t)tr [Te(s — t)Ip] + 0p(1)
s=1 t=s+1
T-1 ho1
h=1
T-1 b1
h=1
=b; + Op(l), (A.8)
—h)] =tr [Fp(h)JF]

where the third equality holds, because tr [Tg(—h)Jg| = tr [JeT'r(—h)’]



Next up is Bo. We start with the first term. From F,,C,, = F— E, we obtain F,, =
(f‘ - E)Q? with Q% = Q,n(C,,Q,,)~ !, which in turn implies that

% i(vi + F,H A MGF,,, H ),
1% (F —E)Q’H'A/M4(F — E)QY H'),
T — N men o
1Y _ _
= —7 >_(vi ~ EQLH'A) MEEQ[ H'\,
=1
1N N0 1T’ A VT N0 1T/ 1N N0 I/ A N0 1/
=-7 ;(vi - EQ)HA)EQ,H'X; + — ;(vi —EQYH'A))Pp, EQY H'),
1 _ _
+ 7 > (vi— EQH'A)) (Mg, — Mg)EQ, H'X;
=1
= Ba1 + Bas + Bag, (A.9)

with obvious definitions of Bsy, Bos and Bss. Here,
N

! Z( —~EQ" H'A)EQY H' )\

|Ba1|| = T

N
< > T VBN QRN+ [H AL Q5 1717 EEI|[[H ]
1=1

= N([0p(N™) + Op((TN)~Y3)]0p(1) + Op()Op(N1)0p(1)) = Op(1),  (A.10)

and similarly for ||Bas||,

2

[Baz|| =

Z ~EQ),H'A)F,S;! F, EQ) H'\

?

N
Z T~ ViEmllISg,, 1177, E[QylH X

+ [[H AL Seo, 1T~ F7E (2] Q0 1P IH X ]
= N[OH(T )0, (1)O,((NT)~2)0,(1) + Op(1)Op((NT) 1) Op(1)]
= O0,(VNT™Y) 4+ 0,(T™1) = O,(VNT™). (A.11)

By using the expansion of Mp,, — Mg in (A.8), Bas can be written in the following fashion:

N 10

: - _

By = — >_(vi - BQYH'A)T(Mr,, — Mg)EQQHA: = > Bay,
i—1 k=1



where

N
1 — o _
Bost = 75 ), ViEQGnSg) (EQGH)EQ)H'A;,
=1

N
1 — _ . _
B = = § VIEQG_,,[N"1(QG_,,)SgQG_»] '(EQG_,,)EQ)H'\;
=1

N
1 _ I
Boss = 73 ) viEQG,.Sy! F,,EQ)H');,
i=1

N
1 o _
Bss = =3 § viF,Sg' (EQG,,)EQ),H'\;,
i=1

N
1 ~ ~ ~ o~ _
Boss = 75 ) ViFQG([T™'(FQG)FQG]™" - S.1)(FQG)EQ; H'A;,
i=1
1 _ S _ =
Boss = — 5 ) AH(CrnQm) ™ (EQm) EQG Sy (EQG,)EQ)H'X;,
i=1

N
1 = 14 = - -
Bosr =~ > AH(CrnQm)  (EQn) EQG [N (QG ) SEQG ] !
=1
x (EQG_n)EQ),H'X;,
1 N
Boss =~ > AH(CrnQm) ™ (EQn) EQG Sy, F,, EQ) H'A;,
=1
1

N
Bagg = _ﬁ Z AiH(éQO)il (EQm)/FmSI‘_‘; (EQGm)/EanH/)‘u
1=1

N
Basio = —% > AH(C,Qn) '(EQn)FQG([T ' (FQG)FQG] " - S, 1 )(FQG)EQ),H'X.
i=1

The orders of these terms can be worked out using the results of Lemmas A.1-A.3. The first five

are

N
Bt < > 1T~ ViIEQG|lISg,, 1T~ (EQG:) E|l|Qp, [IH'Xi|

=1
= N[Op(N™") + Op((TN)/2)]0p(1) Oy (N 1) 0p(1)
= Op(N™) + Op((TN)~1/2),

N
IBazzll < D IT7VIEQG - |[[N~H(QG-)'SEQG -] I 7~ (EQG—n) El[| Q7 I H' A
i=1

= N[Op(Nilp) + Op(Til/Q)}Op(l)op(Nil/Q)Op(l)
= 0p(1) + Op(VNT1/2),



N
IBassll < D IT~ViIEQGmlISg, 11T~ El| Q0 | H'Xq|
i=1

= N[OP(N_l) + Op((TN)_1/2>]Op(1)Op((NT)_l/Q)Op(l)
= O,((TN)"'?) + 0,(T7),

N
Basal| <> N7 ViFull[Sp. T~ (EQGH) || QI IH'Ai|
i=1

= NOK(T?)0,(1)0y(N1)0,(1)0(1) = Op(T1/?),

and

N
Bass|l < D IT"'ViIFQG||(T™'(FQG)FQG) ™" — S_L |7 (FQG)E[[|Qy, [[IH'Xi|
i=1

= NOH(T2)[0p(N™) + Op(TN)~/2)]0,(N1/2)0,(1)
= Op((NT)™2) + 0p(T 7).

Here, Boso dominates, with Bosy being the leading remainder. We can similarly show that

N
1= _ = =
Bazsl| < > [AH]Q0I° 1T EEQG Sk, T~ (EQGm) EQul|[H'X|
1=1

= NOP(DOP(NA)Op(l)op(Nil)Op(l) = Op(N71)7

N
IBaszll < D [AH[IQ* 1T EEQG [N (QG—n) SEQG -] |
=1

x |[TH(EQG ) E||[H'A|
= NO;D(1)Op(N_l/z)Op(l)Op(N_l/Q)Op(l) = Op(l),

N
_13=/5= _ _ —
IBass| < > IAH(QLIPIT EEQGSg, 11T~ F, Ell[H |
i=1

= NOH(1)Op(N"HOp(OR((NT)~2)0p(1) = Op(N71/2),

N
1=/ _ _ —_— —
IBasoll < Y IAH|Q0IPIIT " EFmllISEL 11T (EQG,) El|H'X|
=1

— NOY(1)O,((NT)™/3)0,(1)0,(N~1)0p(1) = Op(NT) /%),



and

N
T 1/ n - -
IBzsoll < > IAH|Q,IPITEFQG||(T7(FQG)FQG) ™ — S, |
=1

x |7~ (FQG)E| [H'X|
= NO(1)Op(NV2)[0p(N 1) + Op(TN) V)0 (N~2)0p(1)
= Op(N™1) + Op((TN)~'/?),

where Bosy dominates and Basg is the leading remainder. Hence,
By = Basy + Bagy + Op(N7V/2) + 0,(T7/?)
LS - BQUIEA) Proe |, BQUEI + 0,V %)+ 0,(17)
i=1
which in turn implies

Bs1 + Baz + Bog
= Ba; + Bagy + Bogr + O,(N~Y2) 4 0,(T7V%) + 0,(VNT™)

N
1 m, Ry —_ —
=7 > (vi — EQ)H'A)Mgqe_ EQVLH'X; + O, (N7V/2) + 0,(T1/?)
=1

+O0,(VNT™).

(A.12)

(A.13)

We now evaluate the limit of the first term on the right of the above equation. We start with

H. Since R has full column rank r,,, we have R = (R'R) 'R/ such that R/(R*)’ =1,

can be used to show that

.- This

H=FF,(F,F,) ' = T"'FFR(R'T'F'FR) ! = SpR(R'SpR) ! + 0,(T~?)

—h+ 0,(T~/?).

(A.14)

where h = ZpJp(R*). We also need T-' SN  vVEQY H'A;. Here, we make use of the fact

that

E(viw)) = E(vie;)D = (0gx1, Ev,i)D = (0441, 1) Xe ; D,

10



giving
1 N
- Z vIEQY H'\;
—— ) viVNEQ)H')
\/> m
f

viIF_,, _,VNC_,Q%H'\; + 57 Zv w Q) H'\; + i Z Zv w; Q) H'\;

=1 j#i

N
Z
N
ZvF,m _,VWNC_, + VNVa) QY H'\
N
2

1
NT Z viw QL H'A; + O,(N~V2) + 0,(T71/?)
i—1
L X
= (Ogx1, Ik)ﬁ Z ¥ DQYH'A; + O,(N~V2) + 0,(T~/?),

=1

and we can similarly show that
1L - _ _
= > VviEQG_ [N QG _,,)'SgQG | (EQG_,) EQ), H',
i=1

= (Ole) Ik)% Z Ee,iDQG—m[N_I(QG—m),SEQG—m]_I(EQG—m)IEanH/Ai
=1
+Op(NTV2) 4 0p(T7112).

By inserting these results and H = h + Op(T_l/Q) into the leading term of Bo; + Bos + Boag, we

11



N
1 _ _
T > (vi—EQ)H'A)Mgqe  EQ)LH'A;
=1
1Y 1Y _ _
= > ViMgoe  EQ)HN, — 7 > AHQYEMgoe  EQ)HN

i=1 i=1

N
=> T 'VEQ)HX
=1

N
) T7'ViEQG [N QG _,)'SgQG ] 'T (EQG_,) EQ),H'\,

=1
N
— > AHQYT'E'EQ) H A
=1
N
+Y AHQYT'EEQG [N QG 1) SgQG | 'T (EQG_,)EQ) H'A;

=1

N
1
= (0k><17Ik)N E .. DQYh'\;
i1

N
1 _ _ A
= (011 1) 1 D BeiDN2QG_ [N QG ) SgQG -] "N~ V*(QG_m)'SpQpb'A;
i=1

N
1 — _
— 5 2 AhQYSEQn(CrnQm) 'h'A;
=1

N
1
+ 5 > AhQYSEN QG [N THQG _,,)SgQG ] ' NTV2(QG ) SEQI WA,
i=1
+ Op(N"V2) 4 0,(T7Y?) + O,(VNT™Y). (A.15)
Consider Sg. Because of independence, \|\/]VT_1F’,m7,yﬁ|] = [|[VNT-'F'Mp, 1| = O,(T~1/?).
Making use of this, ||\/N(~3,y|| = Op(1), U = €D, the definition of E, and letting Sgp_,, _, =
T*IFLmﬁyF_m_y and Sg = NT~'€’e, we can show that
Sg=NT'EE=NT"'(F_,,_,C_, +0)(F_,_,C_, +10)
=7 'WNC_JF_,, _F_,_ ,VNC_,+VNC_T'VNF_, 4
+ T 'VNWF_,,_,VNC_, + NT~'w'u

=VNC_,Sr_,,_,VNC_, +D'SgD + 0,(T~'/%).

Moreover, since

| X | NN | X
Se = NT 'de= ~T Ze;ei +NT Z Ze;ej = 57 Ze;ei +0,(T71/?%)
=1 =1 j#i =1
— e+ 0y(1), (A.16)

12



we have
SE: 2E+Op(1), (Al?)

where X5 = VNC_,Zp_,,_ ,VNC_, + D'E.D and Ep_,, _, = plimy_, . T 'F_, _F_, ..

Ly
Thus, defining Jg = QG_,[(QG 1) EgQG ] 1 (QG_p)' for k+1 > ryy and I = Oy 1) (1)
for k +1 = rp,, where the latter reflects the fact that (A.8) simplifies under k + 1 = r,,,, we have

1 — _
- > (vi — EQ)H'A)Mgqe  EQ)LHA,
1 _

= (O, 1) Y T DG - I5)TgQ) b\

N
> AWQYEE(E! - J5)TEQ0 N A; + 0,(1)
1 N
=5 Z[(o,m, I;)Te;D — AihQ) Sg|(22' — J5)SgQ)h' A + 0,(1), (A.18)

where the remainder absorbs the O,(v/ NT~!) term, which is 0,(1) under our assumption that

N/T = O(1). Finally, since A_, ; = O(T ry)x1 and thus A E(N 7ny)xl)’, we arrive at

Y51 (
| N
Bo; +Bo +Baz = N Z 0rx1,11)ZeiD — AhQY S ](25 -Jg)
X EEQO (X5, 00,y yx1) + 0p(1). (A.19)

Now onto the second term in Bs. By using the fact that F,,, = (F E)QY,, this term can be

written as

N

1

n > (vi+ FnH'A)) (MF,, — Mg)e;
i=1

N N
1Y 1 Y -
== Z vi(MF,, — Mg)e; + T > AHQYE Mge;
i =1
R _,
— Z vi(Mp,, — Z AHQYE (Mp,, — Mg)e; + 7 z; AHQYE Mg, ¢;
= % Z AHQYE's; - % Z AHQ)E Py, € + % Z(vi ~EQ),H'A})) (Mp,, — Mp)e;

= Bos + Bays + Bog, (A.QO)

13



where ||Ba4|| = Op(1) can be shown by using the same steps as for |Bg;| above. Also,

N
1=/ — —
1Bas|| < ) | AHQY T EF||ISe) 1T Feill
i=1

= NOy(1)Op((NT) ™) 0p(1)Op(T7'/%) = Op(VNT ). (A.21)

Analogous to Bas, Baog can be written as a sum of 10 terms, where all but two are negligible.

Specifically,
1 N
By = — > _(vi— EQ)H'A)Pgog i+ Op(VNT ) + 0,(T1/?),

T 4
=1

This implies

Bas + Bas + Bog

N N

1 - 1 -

== > AHQYE's; + 7 > (vi—EQ)H'A) Pyoe i+ Op(VNT ) + 0, (T /%)
=1 =1

N N
1 1 -
== ViPgqe_,&it 5 D AHQ)EMgqg i+ Op(VNT )+ 0,(T71/?)

=1 i=1

N
=Y T 'VEQG_u[N"HQG_1)'SgQG_n| 'T H(EQG_p)'s;
=1

N N
+Y AHQYE's; - Y AHQYEEQG [N H(QG_1)SgQG | 'T (EQG_n)'e;
=1 =1

+ O0,(VNT™1) + 0,(T~Y/?). (A.22)
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Further use of E(eu;) = (aii, 0,.,) and E(viu;) = (Opx1,I;)Xe ;D gives
B4 + Bas + Bag

N
1
= (O, T) 3 D Be DN QG [N (QG 1) SgQG ] !

X N71/2(QG—W) ( 5170k><1 N ZA hQOI( 5170k><1)
=1

N
—%ZAihQ%SEN_l/QQG,m[N_l(QGfm)'SEQG— [TINTVHQG ) (024, 0)y)

i=1

+ Op(VNT ™) + 0, (T7?) + Oy (N71/2)

kalaIk‘ Zze ZDJ 57,’0k;><1 ZA hQO, Ez’Ok;Xl)

=2

1
— = 2 AMQYERIg (02, 0] 1) + 0p(1)
1

=

1

[(Okx1, 15)Be D — AhQY S| I5(02,, 041)

I
2|

.
Il
—

+ AhQY (02 ,00,1) + 0p(1). (A.23)

2|~

Il
—

(2

Hence, by adding the results,
Bs = B2 + B + Bag — Bay — Bas — Bog = b + 0,(1), (A.24)

where

N
1 _
—N§j (0kx1,15)Ze,; D — AhQY Sg] (B2 — Ig) SgQnh (A}, 00, 11)'

N
Z Orx1, T5) Be D — Aih QY EglIg(02;, 04 1) — NZA hQY (021, 0jx1)'-
i=1 =1

= \

a.

i

Let us now consider B3. The last term is simplest. Indeed, since A_, ; O(r—r,)x1, we have

N
1
Wi > (Vi FpHA)MeF oy A_yi = Opcr. (A.25)
=1

Although the same result can be applied also to the first term, here it is more convenient to write

F,HX +F_,, A, ; =F\ =F,\,;, where the last equality is due to A_,; = O(r—ry)x1- It
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follows that

N
1 Z
\/ﬁ i=1 A_y’iF/_mv—ny?(ei + Fn X+ Fom oy Ay)
1=

N N
_ \/11\77 ; Ay F. . Mge + \/]1\77 ; A F . MgF A (A26)
Consider the second term on the right. By using é,yQy = O(—r,)xr, and the positive definite-
ness of C,Qy, letting Qg = Q,(C,Q,) !, we obtain
FQ) = (FC +w)Q) = (F,C, + F_,C_,)Q) + uQ) = F, + uQ), (A.27)
from which it follows that

/ a.s. /

=-F, _,uQ) +F _ PzuQ). (A.28)

(F-a)Q) = -F_, _ ,MzuQ)

-—m,—y

By using this and the fact that ¥, _ Mg, =F"  _  we can show that

N
1
Bs=———)) A_;F._ Ma(e; +F,,HXN, +F_,, _,A_,i)+o0,(1
3 /NT; Y, m,—y F( ? m 7 m,—y yﬂ) P()

N N
1 1
= \/ﬁ E Afyﬂl'F,_m’_ny‘Ei + \/ﬁ E A7y7iF,_m’_ny‘FyAy’i + Op(].)
=1 =1

Mse

N N

1 1 _

- /NT Z; A—WFLmﬁy Fei INT Z; A—yﬂFLm,—nyrqu)‘y,i +0p(1)
1= 1=

N N
1 1
= UNT D AyiF i - WE Ay F o T(Mg,, —Mg)e;
i=1 =1

N
1 —N0
- 2 Ay F L AQA,
1=

N

1
te> A, F T(Mp, — Mp)uQjA,,; + op(1) (A.29)
VN &
Since F_,,, _, = Mg, F_, with F,,, = FR, we have that F_,, _, is orthogonal to all the columns
of C, including A. Hence, A_,;F", _ = ./NX_y’Z-F’_m_y, which in turn implies

N

N
1 x 1
By=——3 Ay F , e~ ———0> A yF ,  T(Mp, —Mpe;
’ \/ﬁ; v m,—y=t \/NT?)/Q ; Yy m,—yY ( Fn F) 7

N
1 ~ , — 0
1=

N
1 —
TN D AyiF,  T(Mp, — Mg)uQyXy,; + op(1)
=1

= B31 — B2 — B3z + B3a + 0p(1). (A.30)
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Consider Bgs. Because it is a vector, we have

N
Bys= ——— Z vec (A—y,iF/_m7_yﬁQ2>\yﬂ;)

:

N N
1 ~ 1
=< Z[( OXyi) @ Ay i]vec < N Z ZF_m7_y7tu§’t> : (A.31)

which is clearly mean zero. Conditional on factors the covariance matrix of the vectorized term

is given by

1 N T 1 N T /
E |vec | — F_,, _,.u vee | —— F_,, ., F

=1 t=1 i=1 t=1
1 N N T T
= NT DYDY Elvec(Fom,—ypuly)(vee (Fop,—y suf,))[F] (A.32)
i=1 j=1 t=1 s=1
1 N T T
- ﬁ Z Z Z E[uivsu;,t] ® F*m, y,tFl_m —y,s
i=1 t=1 s=1
> DTe(-h)D@Tr_, _,(h) +o0p(1), (A.33)
h=—o00

where in the second equality is due to the cross-sectional independence assumption, while the
. . —1 T

last equality makes use of I'p_,, _, (h) = plimp_, . T >, F_m:—y,tF/—m,—y,t—h' Hence, by

a suitable CLT,

N

_ d
Bgs = —— > A, ;F  UQIA,; > N (01, Zz3) (A.34)
NT =1

as N, T — oo, where

g3 = lim —ZE (CyQ,) Q@ Ayl Z D'Te(-h)D®@Tr_, _ (h)

h=—o00
!

il YU
(]&13; ZE {CyQy) Q@Am)

Similarly, Bs1 is mean zero and with covariance matrix

N N T T

1 ~ -
E(B3nBjy) = NT Z Z Z Z B(A—yiF o yiseisF oy AL 5)
i=1 j=1 t=1 s=1

1

N
= NT D BA i F el Fl AL ). (A.35)
i=1 t=1

17



Hence, by the same CLT arguments as for Bss,

N
1 ~ d
By = Nis > Ay F, ei > N(Opx1, Ba1), (A.36)
i=1
where
| X
— o E 2 A A
M1 = J\}I—Igo N < 7 o BE(A—yiZr_,, _,AL,;).
1=

As for the covariance between B3 and Bsg, we have conditional on F

E[ngBél |F] = E[Vec (Ffm»fy’tu”i,t)gj:sF/_my_y75K/_y7j

|F]

NE
M=
N
B

.
Il
—

<
Il
—_
-
Il
—
»
Il

1

E [VeC (F—ma—yvtug,t)Ei,SF/—m7—y,sA/—y,i ’F]

-
Il
—
~
I
—
vl
I
—

I
- 5~ g
1= 17]= L
(]~ 11+~
(4~ L0]~

= NT Elvec (F_m,—yt )ei F, ) [FIE(A_y;) = Opup, (A.37)

1

Il
—
-
Il
—
»
Il
—_

where the last equality holds, because A; is independent of F_,;, _, ;, u;; and €; ;. Thus, B3; and
B33 are asymptotically uncorrelated, and hence asymptotically independent by joint normality.

It follows that
d d
B3i — Bss — by = N(0px1, X3) (A.38)

as N, T — oo, where 33 = X3; + X33. We can similarly show that, as long as factors are
mean zero, bg is asymptotically uncorrelated with bg, and hence asymptotically independent by

normality.
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Next up is Bsg. From (A.8),

F/_m yT(MFm — Mf‘QG)ﬁ
=F EQG,.Sy (EQG,)'u

—m,—y

+F.,, ,EQG_ [N 1(QG_,)'SgQG | ' (EQG_,,)u
+¥ . ,EQG,S; F, u+F ,  F.S:! (EQG,)u
+F_, _ FQG(I Y (FQG)FQG] ™ - )(FQG)’ﬁ
_FLm yF—m -y —yQG S (F—m -y —yQG )

+F  F oy —yQG Sg (uQG Yu

+F. ., 0QG,S;! (F_n,C_,QG,)u+F ,  1QG,Sy (AQG,)
+F—Fon—yCy QG [N (QG-1)'SgQG ] ' (F_y—,C—,QG )T
+F.,, _,0QG_,[N QG _,,)'SgQG 1] (F_m,—,C_yQG_,,)'T
+F , _F o _yC QG [N QG 1) SgQG ] ' (UQG_,) T

+F,, _,0QG_,[N"(QG_,)SgQG_ ] ' (WQG_,)u

+F . F o yC,QG,S; F,u+F , _ 1QG,Sy F,u
+F_,._ FQG(T ' (FQG)FQG| ™' - s;jn)(ﬁQG)'ﬁ, (A.39)
which uses the fact that F’_ m,—yFm = 0, )xr,,- Note also how the last term can be written as

F.,,_,FQG(T ' (FQG)FQG]| ' - 8.1 )(FQG)u
=F (P, Orr1,)) QG (T (FQG)FQG] ™" — S 1 )(QG) (Fin, Or(r,.)) W
+F  y(Fi, 0rsr,))QG(T ™ (FQG)FQG] ™ — 8.1 )(QG)EW

+F.,, ,EQG(T7 (FQG)FQG]™" —S_1)(QG) (Fm,0rx(r—,)'u
+F_,,_,EQG(I ' (FQG)FQG] ' - S.1)(QG)Ew

=F., _Fn-yCyQG(T ' (FQG)FQG] " ~ S 1)(QG) (Fn,0r(r )T
+F., _,uQG(T(FQG)FQG]| ' - 8.1 )(QG) (F, 0Tx<r_rm)>’ﬁ

+F_,, _F . ,C,QG(T (FQG)FQG]' -8 )(QG) A AN

+F.,, _,uQG(T"(FQG)FQG] " - 8,1 )(QG)C F_, ,u

+F, yF_m,_yé_yQG([T—l(J?“QG)’FQG]— £1)(QG)u

+F_,,_,4QG(T ' (FQG)FQG] " - )(QG)’ o (A.40)
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Insertion and simplification yield

VNT?¥F.,, _ T(Mg,, —Mgqc)u

VNC_,QG.Sg! (QG,,)VNC_ VNT'?F' &

= N7 1/28p y

——
+N7'Sp_,,_,VNC_,QG»S;! (QG,,)'Sq

+T7WNT'V2F | 4QG,Sg! (QG.,)VNC_ VNT V¥ | _ 4

+ NITTV2/NTTYRE 9QG, Sy (QGHy) Se

+ 17728 C_,QG_n[N"HQG_,,)'S5QG ) L (QG_,) C_,VNTV?F_,, &
+ T WNTV2F | GQN Y26, [NTHQG ) SEQG ) !

x (QG_p,)C_,VNTV?*F_ _ @

+8r_,,,CyQG [N (QG_)S5gQG ] "N *(QG_)'Su
+TV2Y/NTV2F. GQN Y26, [N THQG ) SEQG ] "N V3(QG ) Su
+(NT)"**Sp_,, _,VNC_,QG,,Sp VNT '/?F,

+ NTV2TWNTRER,  uQG,, Sy VNTVPF),

+VNTV28p_  VNC_,NV2QG(T 1 (FQG)FQG]| ™! — Spt)

x N"VX(QG)VNT V2 (B, Orrr,,))' T

+VNTWNTV2F, | aN~2QG (11 (FQG)FQG] ! - s;i)

x NV(QG)YVNTV2(Fp, 07, (p—1,,)) T

+ 7728, C_,QG([I"Y(FQG)FQG] ! — s;i)(QG)’é’_yx/NT—WF’_ oy
+TWNT™V2F.,, _ aN QG (T H(FQG)FQG] ™ — Spt)

x (QG)C_,VNT'?*F_ _ 4

+Sr_,._,C,QG(T (FQG)FQG] ' - S_ 1 )N /*(QG)'Sq
+T7V2YNTV?F., _ aN~2QG([T (FQG)FQG] ! - S;;)N‘l/Q(QG)’Sﬁ

=Sr_,, ,C_,QG_,[N"HQG_)SEQG_,n] 'N"V2(QG_,)'Sx + Op(N~V2) + 0,(T~1/?)

=Sp ., VNC_,J5Zq + 0,(1). (A.41)
By using this and the fact that A_,;F", _ = K,y,iF’_mv_y, we obtain
| X
T71V/?Byy = N > Ay NVNTF.,,  ,T(Mg, —MgJuQ)A,; = by + 0,(1), (A.42)
i=1
where

N
1 _ -
by = N Z.l A—yvizF_m,—y\/NC—yJED/ZeDQg)‘yvi'
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Hence, ||B34|| = O,(V/T), which means that \/ﬁ(,@p — 3) is of the same order. This is true in
S4 when k+1 > ry, <. If, however, r = 1y, as in S1 and S2, then F_,, _,, = Oy () in which
case Bg is zero altogether. Another possibility is if kK + 1 = r,, as in S3, which is tantamount
to dropping all terms involving G, and to set G, (Fpm, Oy (r—y,,)) and Sg+ equal to Gy, Fyy,
and S, , respectively. Direct insertion into the above expression for v NT~2F’ m,—yl (MF,, —

Mf‘QG)ﬁ yields, after first dropping all terms that are o,(1) when scaled by /7,

VNT#PF.,, _ T(Mg,, — Mzgg)u
=Sr_,._,CyQG_[N"HQG_,,)'SgQG_]| 1 (QG_,,)'C_ VNT V?F_,, _,u
+VTSk_,, ,C QG [N 1(QG_)SEQG ] "N *(QG_,)'Su
+VNTVPF. | aQN Y G, [NTHQG_,)SEQG 1] "N V*(QG 1) Su
+VNSp_,, ,VNC_,NT2QG(T"'(FQG)FQG]|™" — Spt)

x N7(QG)VNTV2(Fr, 01,y |

+VTSr_, ,C_,QG(T"FQG)FQG| ™! - S;T}Z)N*IN(QG)’SH + O0,(NY2) 4 0,(T7/?)
=N"Y28p_, _ VNC_,QGn(T ' (FQG,)FQG,] ' — S5 )(QG.,) VNTV/?F,

+VTN7'Sp_,, _,VNC_,QGum ([T (FQGH)FQGn] ' — S5 )(QGn)'Sa

+ Oy (N7V2) 4 0, (T7Y/?)

= O0,(N7Y2) 4 0,(T7Y?) + 0,(VTN™Y), (A.43)
implying
1 N
IBsall < & S IAlllVNT3PF.,,  T(Mg,, — Mg)ul|Q)Ay.l
=1
= O0,(N"Y2) 4 0,(T7V?) + 0,(VTN™Y). (A.44)

Hence, while in S4 || Bsy|| = Op(v/T), in S1-S3 ||Bas|| = 0,(1).

Let us now consider B3o. By using steps similar to those used above when analysing Bss,
N
T1/?Bg, = v > A, iVNT?F,, ,T(Mp, — Mg)e;
1 z;l i
=~ > A yZr_, ,VNC_,JgNT 't + 0p(1)
i=1

N
1 —~
= N z :A_y)izFfm,fy NC_yJE(U§7’L7 ?{,‘Xl)/ + Op(l) <A45)
=1

Moreover, since F_,, _, = My, F_, with F,,, = FR, we have that F_,, _, is orthogonal to all
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the columns of C, including A. Hence, Ay ;¥p_, = Kfy,iEF,my,yy which in turn implies

N
1
NZA_%Z'EF \/70—3;'] (aw k><1)/

N™/2 = O0,(N~Y/2). (A.46)

aw

N
Z \/>C J (sz’ kxl)/

Hence,
1T/ Bas|| = Op(N71/2) + Op(T~1/?), (A.47)

or || Bsz|| = Op(1). Again, this is true in the most general S4 specification, but then ||Bay|| =
Op(\/T) and so Bsy is dominating anyways. Analogous to B3y, Bso = Qg if 7 = rp,. Moreover,

by using the same steps as in the above, we can show that if £k + 1 = r,,, then

IBsa|| = Op(N7V2) + O (T 7). (A.48)
Hence, ||Bs2|| = 0p(1) regardless of the specification considered.
By adding the results,
B; =B3; — B3y — B33 +Bss + Op(l) =bs + \/Tb4 + Op(l). <A49)

Strictly speaking, because B3y = v/Tby + Op(1), the order of the remainder under S4 is not
really o,(1) but rather O,(1). However, since in this case v/Th, dominates, for simplicity we
drop the O,(1) term.

Let us now consider Sx. Making use of the fact that F,,, = (f‘ —E)QY,, we have

Mf‘xi = Mf, (Vz’ + FAl) = Mf, (Vi + FmH/AZ' + F_mAl) = Mf‘(vl + FmH/Al + F—m,—yA—y,i)
= Mf (Vi - EanH/Az + F—m,—yA—y,i)7 (A50)
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which we can use to show that

Sy = ZXM X;

ﬁ
1 N
— .
= N7 ;(Vz‘ ~EQLHA + F_y Ay ) Mpqg(vi — EQUHA; + F_y,A_,))
1 N 1
_ 0 l 0
_NT; ZV F,,Vi+ TE;(EQ YH'A;)Mp, EQY H'A;
1 N
— .
- NT > (vi — EQ),H'A;) (Mp,, — Mz)(v; — EQ;, H'A))
1 & _
+ 7 2 AmyFl Mg (vi — BQ)HA))
=1
1 N
— /
1
~7 Z Ay ¥, MgF_, AL .. (A.51)

We begin by noting now
NTZVVz 3y +op(1),

H Zv Py, v

< *ZIIT ViFuISg, 1T, vill = Op(T7),

and
1 N
— EQ'H'A,)Mr EQ° H'A
1 N
< NZ[IIQ0 H' AT EE| + |QLH A || T EF, |2 [E=l

= O0p(N™) + Op((NT)™1) = Op(N 7).

We can similarly show that the remaining right-hand side terms are o,(1), except for the last,
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which is given by
NT ZA Yt —m ny‘F*m,*yA/—y,z
ZA_% —-m, yF—m y y»i NT Z A y —m,—y FF—mv—yALy,z
1 /
g N Z jx_yﬂ:zf‘_m7 yA*y,
1 ]; ~ ~
- > AiySr_, (VNC_)Jg(VNC_))Sk_,, A, +0p(1). (A.52)
i=1
It follows that if we let

_,VNC_JgVNC_ Sp_, A,

_y’ —-—m,—y -

Y =2y + lim
N—oo

||M2

then
Sx = Xx + 0p(1). (A.53)
Putting everything together,

VNT(Bp — B) = S [Bo + VNT /2B, + VTN ~'/?B, + By
¥ [bo + Vkby + £ %by 4 by + VThy] 4 0,(1). (A.54)

This completes the proof of the theorem. O

Proof of Proposition 3.1.
We start with the non-simplified version of by, which in view of the definition of ¥ can be

written as follows:

N
1 —
by = N 2‘1 [(kal,lk)ze,iD — Aih(CrQm) UQI’”ZE]

N
1 _
X Qm(CrmQm)~ 1h/(>‘;/z7 (r— ry)xl)/ o NZAih(CQO) 1/Q;n(g€27i’0;€><1)/
=1

I
WE

Aih(CQO)_ll(é—me)/zF,m,,yé—me(CQO) 1h/()‘§/zv (r— ry)xl)/

-.
Il

|
=~ 7
.MZ

@
I
—

[(kalaIk)Ee,i_Aih(CQO)_lngnDlze]DQm(CQO) lh/()‘;zv (r— ry)xl)/

A(CnQum) Q) (02, 0%,1)" (A.55)

|
2=

@
I
—
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Consider the first term on the right. Note that (! ;, 0/ )Xl)’ = (L., ,0 ) Ay,i- Let now

Y0 T (r—ry Tys M (r—ry)Xry

use decompose R as
I 07“ T —T
R = ( ’ yxre ) ) = (Ri, R), (A.56)
O(T—Ty)XTy Ra2

with obvious definitions of Ry and Rs. It follows that (Agm" Ol(r—ry)m), = RiAy,i. Moving on to

h, by using the definition of Jg, it is clear that
h=XpJrR(R'R)"! = ZxR(R'SrR) 'R'R(R'R)™! = ZxR(R'ZrR) L. (A.57)

Hence, h'R =1, , and therefore
/ ITy
WR, = . (A.58)
(Pm—ry) X1y

Next up is ((NJ,me)’Epfmﬁy(NLme. The first r, columns of Q,, are given by Q,. Let us
therefore write Qm, = (Qy, Qm,—y), Where Qu, —y is (k+ 1) x (7, — ry). Making use of this and
Assumption 2.4 (ii), which implies that é_yQy = O(r—r,)xr,> We get

(é_me)/EF—m,—yé_me
:< (é—yQy)/EF—m,-yé—yQy (é—yQy)le_m,—yé—mery >
(nyQm,fy)/EFfm,fnyyQy (nyQm,fy)/EFfm,fynyQm,fy

( Oryxry _ Oryx(rm—ry)~ ) i (A.59)
O(Tmfry)xry (C—mev—y)/ZF—m,—y CoyQm—y

a

w0

Consider RT = (R'R)"!R/. Direct substitution using the definition of R and letting RJ, =
(R Raz) " Ry, we get

R = ( I, O, x(r-r,) > . (A.60)
O(Tm*Ty) XTy RQ‘Q
Hence, since by Assumption 2.5 (ii) C = RC,,, we have RTC = C,,. By using this, Assumption

2.4 (ii) and the above expression for RT,

C,Q, C,Qum_, >: - ( C,Q, C,Qun_y )

CyQy CyQm—y 0

_ ( ) CyQy CyQun—y ) (A.61)
(

+
Tm—Ty)XTy R22C—me7_y

CQO = R+CQm = R+ (
r—Ty)XTy C—me,—y

Note that while C,Q, is positive definite by Assumption 2.4 (i), the (ry, —ry) x (ry, —ry) matrix

R$,C_,Qn,—y need not be. This means that we cannot rely on the conventional formula for
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-1

the inverse of partitioned matrices to compute (C,,Q,,)”". However, by Theorem 1 of Meyer

(1970), we have that the generalized inverse (C,, Q) of C,,,Qyy, is given by
(C0,)- ( (C,Q) ™" —~(CyQy) ' CyQu,—y(REC Q)" )
O(rm—ry)xry (R;2C*me,*y)_

But (C,Qm)~ = (CnQyn) !, which we can use together with positive definiteness of Q to show
that

(A.62)

C ~ a.s. 0, xr
(CQOrl/lecLyEF—m,—yC—me<CQO)71 B ( o

O(k:Jrlfry)Xry

_ Oryxr=ry) _ > . (A.63)
(R32C—yQm—y) " (C—yQum—y)'ZF_,, -, C—yQun,—y(RHC—y Qun,—y)
By using this and the fact that h'R; = (I, Osz_ry)XT ), we can show that
(CQO)_llQ'Im(ﬂj/—yzFfm,fy6—me(CQO) 1h/(>‘;za (r— ry)Xl)/ = 07‘><1’ (A64)

and so we obtain

:_72 OkXIaIk ez_Aih(CQO)_1/Q;nDlze}DQm(CQO) lh/(A;w (r ry)xl)/

N
1
N Z CnQm)~ Qm(”?,ivoﬁcxl)/
1_ N
= > (041, k) Ee ;s — AihC, VDS DC, W (X, 0], Cryxt)
i=1
1 -
N Z Aihcmll(ag,b ;qxl)/? (A.65)
i=1
as required. O

The proofs of Corollaries 3.1-3.4 and Proposition 3.2 are obvious given Theorem 3.1 and the

arguments given in the text. They are therefore omitted.

Remark A.1 (High-level conditions). In the discussion following Example 2.2, we pointed to

the fact that 71 = 0 is enough to ensure v/ NT-consistency. This is true in the particular DGP

considered in Example 2.2. With more than one regressor it is necessary to also restrict J¢. In

this remark we provide a set of high-level conditions that ensures that by = Oy in general.

In so doing, it is useful to denote by C,,; the summand of C,,, whose dimension is given by
X (k4 1). Let us further define

D m,i D —m,i
D; = o s = Cm,iQ7 (A'66)
D—y,m,i D—y,—mﬂl
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with Dy i, Dy —m.i» D_ym: and D_y _,; being 1y X ryy, 7y X (k+1—=1p,), (rm —1ry) X 7py and
(rm —ry) X (kK +1 —7p), respectively. We similarly decompose Q'e;; = (€] ,Qm, €}, Q-m) =
(e;mm7 e’_mmt)7 where e, ;; and €_, ;¢ are 1, x 1 and (k+ 1 —r,,) X 1, respectively, and where

the first r, elements of e, ; ; are given by e, ; ; = Q;ei,t. The assumption that we need to ensure

v/ NT-consistency in S4 is that one of the following conditions holds (for all 7):

NT i in S4 is th f the followi diti holds (for all 4

(HL1) E(Dy,mi) = 0y s (htimrm) a0d Dy i S 00 oy ht1—rn)-

(HL2) E(Dy,—m,i> = Oryx(k-i—l—rm)a E(D—y,—m,i) = O(Tm—Ty)X(k‘-‘rl—Tm) and E(ey,i,te/—m,i,t) =
Oryx(k+1frm)‘

The way that the above conditions work is to ensure that the upper r,,, x (k 4+ 1 — r,,) block of
VNC_,QN~Y2G_,, is O,(N~1/2), that the off-diagonal blocks of (N71G,,Q'ZQG_,,) !
are O,(T~Y2)+0,(N~1/2), and that the lower (k+1—ry,) x r, block of N"Y/2G" Q'D'E.DQ,
is Op(T~Y/2) + O,(N~1/2). This implies that

VNC_,JzD'E.DQ,
= V/NC_,QNY2G_,,(N"'G,,Q'ZzQG_,) " 'N"2G.,,Q'D'E.DQ,
= 0p(T7/?) + O, (N71/?), (A.67)

which means that by is of the same order.
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