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Abstract

This supplementary material provides the proofs of the results stated in the main paper.

A.1. Auxiliary lemmas

Before we take the proofs of the main results of the paper, we report some auxiliary results

that will be key in the sequel.

Lemma A.1. Under Assumptions 2.1–2.5,

(i) ‖T−1/2v′iFm‖ = Op(1),

(ii) ‖T−1/2ε′iFm‖ = Op(1),

(iii) ‖T−1F′mFm‖ = Op(1),

(iv) ‖T−1v′iu‖ = Op(N
−1) +Op((NT )−1/2),

(v) ‖T−1u′u‖ = Op(N
−1),

(vi) ‖T−1u′Fm‖ = Op((NT )−1/2),

(vii) ‖T−1u′εi‖ = Op(N
−1) +Op((NT )−1/2).

Proof of Lemma A.1.

The proof of this lemma is a direct consequence of the results provided in Pesaran (2006). It is

therefore omitted.

Lemma A.2. Under Assumptions 2.1–2.5,

(i) ‖T−1v′iEQGm‖ = Op(N
−1) +Op((NT )−1/2),

(ii) ‖T−1v′iEQG−m‖ = Op(N
−1/2) +Op(T

−1/2),
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(iii) ‖T−1(EQGm)′EQGm‖ = Op(N
−1),

(iv) ‖T−1(EQGm)′Fm‖ = Op((NT )−1/2),

(v) ‖T−1(EQG−m)′EQG−m‖ = Op(1),

(vi) ‖T−1(EQGm)′EQG−m‖ = Op(N
−1/2),

(vii) ‖T−1ε′iEQGm‖ = Op(N
−1) +Op((NT )−1/2),

(viii) ‖T−1ε′iEQG−m‖ = Op(N
−1/2) +Op(T

−1/2),

(ix) ‖T−1v′iF̂QG‖ = Op(T
−1/2),

(x) ‖T−1(F̂QG)′εi‖ = Op(T
−1/2),

(xi) ‖T−1(F̂QG)′EQGm‖ = Op(N
−1/2).

Proof of Lemma A.2.

Clearly, ‖QGm‖ = Op(1) and ‖G−m‖ = Op(
√
N). Also, ‖C̃−y‖ = Op(N

−1/2) and ‖T−1v′iF−m,−y‖ =

Op(T
−1/2), implying

‖T−1v′iEQGm‖ ≤ ‖T−1v′iF−m,−y‖‖C̃−y‖‖QGm‖+ ‖T−1v′iu‖‖QGm‖

= Op(N
−1) +Op((NT )−1/2), (A.1)

‖T−1v′iEQG−m‖ ≤‖T−1v′iF−m,−y‖‖C̃−y‖‖QG−m‖+ ‖T−1v′iu‖‖QG−m‖

= Op(N
−1/2) +Op(T

−1/2), (A.2)

as required for (i) and (ii), respectively. For (iii), we use ‖T−1F′−m,−yF−m,−y‖ = Op(1) and

‖T−1u′F−m,−y‖ = Op((NT )−1/2), giving

‖T−1(EQGm)′EQGm‖ ≤ ‖T−1F′−m,−yF−m,−y‖‖C̃−y‖2‖QGm‖2 + ‖T−1u′u‖‖QGm‖2

+ 2‖T−1u′F−m,−y‖‖C̃−y‖‖QGm‖2 = Op(N
−1), (A.3)

and since ‖T−1F′−m,−yFm‖ = 0, we also have

‖T−1(EQGm)′Fm‖ ≤ ‖T−1F′−m,−yFm‖‖C̃−y‖‖QGm‖+ ‖T−1u′Fm‖‖QGm‖

= Op((NT )−1/2). (A.4)

We can similarly show that for (v) and (vi),

‖T−1(EQG−m)′EQG−m‖ ≤ ‖T−1F′−m,−yF−m,−y‖‖C̃−y‖2‖QG−m‖2 + ‖T−1u′u‖‖QG−m‖2

+ 2‖T−1u′F−m,−y‖‖C̃−y‖‖QG−m‖2 = Op(1), (A.5)

‖T−1(EQGm)′EQG−m‖ ≤ ‖T−1F′−m,−yF−m,−y‖‖C̃−y‖2‖QGm‖‖QG−m‖

+ ‖T−1u′u‖‖QGm‖‖QG−m‖

+ 2‖T−1u′F−m,−y‖‖C̃−y‖‖QGm‖‖QG−m‖ = Op(N
−1/2). (A.6)
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The results in (vii) and (viii) can be obtain in a similar way as in (i) and (ii), respectively. For

(ix), we use F̂QG = (Fm,0T×(k+1−rm)) + EQG, which in view of ‖QG‖ = Op(
√
N) implies

‖T−1v′iF̂QG‖ ≤ ‖T−1v′i(Fm,0rm×(k+1−rm))‖+ ‖T−1v′iF−m,−y‖‖C̃−y‖‖QG‖+ ‖T−1v′iu‖‖QG‖

= Op(T
−1/2). (A.7)

The results in (x) and (xi) can be obtained analogously.

Before continuing to the next lemma, we note that by analogy to (S.29) in Karabiyik et al.

(2017), we have

T (MFm −M
F̂

)

= EQG[T−1(F̂QG)′F̂QG]−1(EQG)′ + EQG[T−1(F̂QG)′F̂QG]−1(Fm,0T×(k+1−rm))
′

+ (Fm,0T×(k+1−rm))[T
−1(F̂QG)′F̂QG]−1(EQG)′

+ (Fm,0T×(k+1−rm))([T
−1(F̂QG)′F̂QG]−1 − [T−1(Fm,0T×(k+1−rm))

′(Fm,0T×(k+1−rm))]
−1)

× (Fm,0T×(k+1−rm))
′

= EQGm(T−1F′mFm)−1(EQGm)′ + EQG−m[T−1(QG−m)′E
′
EQG−m]−1(EQG−m)′

+ EQGm(T−1F′mFm)−1F′m + Fm(T−1F′mFm)−1(EQGm)′

+ F̂QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(F̂QG)′, (A.8)

where

SF+
m

=

(
T−1F′mFm 0rm×(k+1−rm)

0(k+1−rm)×rm T−1(QG−m)′E
′
EQG−m

)

=

(
SFm 0rm×(k+1−rm)

0(k+1−rm)×rm N−1(QG−m)′SEQG−m

)
,

with SFm = T−1F′mFm, SE = NT−1E
′
E and F+

m = (Fm,EQG−m). It is important to note

that the expansion in (A.8) implicitly assumes that k + 1 > rm. If k + 1 = rm, then G = Gm =

(CmQm)−1, which is tantamount to dropping all terms involving G−m. Hence, if k + 1 = rm,

(A.8) reduces to

T (MFm −M
F̂

)

= EQGm(T−1F′mFm)−1(EQGm)′ + EQGm(T−1F′mFm)−1F′m + Fm(T−1F′mFm)−1(EQGm)′

+ F̂QGm([T−1(F̂QGm)′F̂QGC ]−1 − S−1Fm
)(F̂QGm)′. (A.9)

Lemma A.3. Under Assumptions 2.1–2.5,

[T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
= Op(T

−1/2) +Op(N
−1/2).
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Proof of Lemma A.3.

This proof makes use of Theorem 1 of Karabiyik et al. (2017), which states that if

T−1(F̂QG)′F̂QG− SF+
m

= Op(T
−1/2) +Op(N

−1/2) (A.10)

and

rk[T−1(F̂QG)′F̂QG]
a.s.→ rk SF+

m
, (A.11)

then

[T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
= Op(T

−1/2) +Op(N
−1/2). (A.12)

The condition in (A.10) is obviously true, since

T−1(F̂QG)′F̂QG = SFm + T−1F′mEQG + T−1(EQG)′Fm + T−1(EQG)′EQG

= SF+
m

+Op(T
−1/2) +Op(N

−1/2), (A.13)

where SF+
m

= Op(1) by Assumption 2.1 (iii) and Assumption 2.5. Moreover, since rk F̂ =

rk (QG) = k+ 1, we can show that rk[T−1(F̂QG)′F̂QG] = k+ 1. Next, consider rk SF+
m

. Since

SF+
m

is block-diagonal,

rk SF+
m

= rk SFm + rk [N−1(QG−m)′SEQG−m]. (A.14)

Here, Fm = FR, where rk F = r, rk R = rm and rm ≤ r. This gives rk[T−1(Fm)′Fm] = rm. We

can show also that N−1(QG−m)′SEQG−m is positive definite for all finite N , including N →∞,

from which it follows that rk [N−1(QG−m)′SEQG−m] = k + 1 − rm. Hence, rk SF+
m

= k + 1,

which means that (A.11) is satisfied. This proves the lemma.

The rate Op(T
−1/2) +Op(N

−1/2) in Lemma A.3 is sharp if k+ 1 > rm, but not if k+ 1 = rm.

In fact, it is not difficult to show that

[T−1(F̂QGm)′F̂QGm]−1 − S−1Fm
= Op((NT )−1/2) +Op(N

−1)

if k + 1 = rm. However, since the Op(T
−1/2) + Op(N

−1/2) rate is sufficient for our purposes, in

this supplement we will uses this rate irrespective for both cases.

A.2. Proofs of main results

Proof of Theorem 3.1.

Letting

Sx =
1

NT

N∑
i=1

x′iMF̂
xi,
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it is clear that

√
NT (β̂P − β) = S−1x

1√
NT

N∑
i=1

x′iMF̂
(εi + Fλi)

= S−1x

1√
NT

N∑
i=1

(vi + FΛ′i)
′M

F̂
(εi + Fλi). (A.1)

By using F = FmH′ + F−m and F−m = (0T×ry ,F−m,−y), the summand in the above expression

can be written as follows:

(vi + FΛ′i)
′M

F̂
(εi + Fλi)

= (vi + FmH′Λ′i + F−mΛ′i)
′M

F̂
(εi + FmH′λi + F−mλi)

= (vi + FmH′Λ′i + F−m,−yΛ
′
−y,i)

′M
F̂

(εi + FmH′λi + F−m,−yλ−y,i)

= (vi + FmH′Λ′i + F−m,−yΛ
′
−y,i)

′M
F̂
εi

+ (vi + FmH′Λ′i + F−m,−yΛ
′
−y,i)

′M
F̂

(FmH′λi + F−m,−yλ−y,i)

= (vi + FmH′Λ′i)
′M

F̂
εi + (F−m,−yΛ

′
−y,i)

′M
F̂
εi

+ (vi + FmH′Λ′i)
′M

F̂
(FmH′λi + F−m,−yλ−y,i) + (F−m,−yΛ

′
−y,i)

′M
F̂

(FmH′λi + F−m,−yλ−y,i)

= (vi + FmH′Λ′i)
′MFmεi − (vi + FmH′Λ′i)

′MFmεi + (vi + FmH′Λ′i)
′M

F̂
εi

+ Λ−y,iF
′
−m,−yMF̂

εi + (vi + FmH′Λ′i)
′M

F̂
(FmH′λi + F−m,−yλ−y,i)

+ (F−m,−yΛ
′
−y,i)

′M
F̂

(FmH′λi + F−m,−yλ−y,i)

= v′iMFmεi − (vi + FmH′Λ′i)
′(MFm −M

F̂
)εi + (vi + FmH′Λ′i)

′M
F̂
FmH′λi

+ Λ−y,iF
′
−m,−yMF̂

(εi + FmH′λi + F−m,−yλ−y,i) + (vi + FmH′Λ′i)
′M

F̂
F−m,−yλ−y,i, (A.2)

which in turn implies

√
NT (β̂P − β) = S−1x (B0 +

√
NT−1/2B1 +

√
TN−1/2B2 + B3), (A.3)

where

B0 =
1√
NT

N∑
i=1

v′iεi,

B1 = − 1

N

N∑
i=1

v′iPFmεi,

B2 =
1

T

N∑
i=1

(vi + FmH′Λ′i)
′M

F̂
FmH′λi −

1

T

N∑
i=1

(vi + FmH′Λ′i)
′(MFm −M

F̂
)εi,

B3 =
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

(εi + FmH′λi + F−m,−yλ−y,i)

+
1√
NT

N∑
i=1

(vi + FmH′Λ′i)
′M

F̂
F−m,−yλ−y,i.
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In what follows we evaluate each of the terms on the right-hand side of
√
NT (β̂P −β). We start

with B0. Clearly, letting

Σ0 = lim
N,T→∞

E

( 1√
NT

N∑
i=1

v′iεi

)(
1√
NT

N∑
i=1

v′iεi

)′ = lim
N→∞

1

N

N∑
i=1

σ2ε,iΣv,i,

by a central limit theorem (CLT) for independent but heterogenous variables,

B0 =
1√
NT

N∑
i=1

v′iεi
d→ b0

d
= N(0k×1,Σ0) (A.4)

as N, T →∞.

Consider B1. Making use of the fact that Fm = FR, this term can be written as

B1 = − 1

N

N∑
i=1

v′iPFmεi = − 1

NT

N∑
i=1

v′iFR(R′T−1F′FR)−1R′F′εi

= − 1

T

T∑
t=1

T∑
s=1

1

N

N∑
i=1

vi,tεi,sF
′
tR(R′T−1F′FR)−1R′Fs. (A.5)

By Assumption 2.2,

SFm = R′T−1F′FR = R′ΣFR +Op(T
−1/2), (A.6)

which in turn implies

S−1Fm
= (R′ΣFR)−1 +Op(T

−1/2). (A.7)

Hence, letting Γεv(h) = limN→∞N
−1∑N

i=1 Γεv,i(h), JF = R(R′ΣFR)−1R′ and

b1 = −
∞∑
h=1

Γεv(−h)′tr [ΓF(h)JF],

we have

B1 = − 1

T

T−1∑
s=1

T∑
t=s+1

Γεv(s− t)′tr [ΓF(s− t)JF] + op(1)

= −
T−1∑
h=1

(
1− h− 1

T

)
Γvε(−h)′tr [ΓF(−h)JF] + op(1)

= −
T−1∑
h=1

(
1− h− 1

T

)
Γvε(−h)′tr [ΓF(h)JF] + op(1)

= b1 + op(1), (A.8)

where the third equality holds, because tr [ΓF(−h)JF] = tr [J′FΓF(−h)′] = tr [ΓF(h)JF].
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Next up is B2. We start with the first term. From FmCm = F̂ − E, we obtain Fm =

(F̂−E)Q0
m with Q0

m = Qm(CmQm)−1, which in turn implies that

1

T

N∑
i=1

(vi + FmH′Λ′i)
′M

F̂
FmH′λi

=
1

T

N∑
i=1

[vi + (F̂−E)Q0
mH′Λ′i]

′M
F̂

(F̂−E)Q0
mH′λi

= − 1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′M
F̂
EQ0

mH′λi

= − 1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′EQ0
mH′λi +

1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′PFmEQ0
mH′λi

+
1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′(MFm −M
F̂

)EQ0
mH′λi

= B21 + B22 + B23, (A.9)

with obvious definitions of B21, B22 and B23. Here,

‖B21‖ =

∥∥∥∥∥ 1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′EQ0
mH′λi

∥∥∥∥∥
≤

N∑
i=1

[‖T−1v′iE‖‖Q0
m‖‖H′λi‖+ ‖H′Λ′i‖‖Q0

m‖2‖T−1E
′
E‖‖H′λi‖]

= N([Op(N
−1) +Op((TN)−1/2)]Op(1) +Op(1)Op(N

−1)Op(1)) = Op(1), (A.10)

and similarly for ‖B22‖,

‖B22‖ =

∥∥∥∥∥ 1

T 2

N∑
i=1

(vi −EQ0
mH′Λ′i)

′FmS−1Fm
F′mEQ0

mH′λi

∥∥∥∥∥
≤

N∑
i=1

[‖T−1v′iFm‖‖S−1Fm
‖‖T−1F′mE‖‖Q0

m‖‖H′λi‖

+ ‖H′Λ′i‖‖S−1Fm
‖‖T−1F′mE‖2‖Q0

m‖2‖H′λi‖]

= N [Op(T
−1/2)Op(1)Op((NT )−1/2)Op(1) +Op(1)Op((NT )−1)Op(1)]

= Op(
√
NT−1) +Op(T

−1) = Op(
√
NT−1). (A.11)

By using the expansion of MFm −M
F̂

in (A.8), B23 can be written in the following fashion:

B23 =
1

T 2

N∑
i=1

(vi −EQ0
mH′Λ′i)

′T (MFm −M
F̂

)EQ0
mH′λi =

10∑
k=1

B23k,
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where

B231 =
1

T 2

N∑
i=1

v′iEQGmS−1Fm
(EQGm)′EQ0

mH′λi,

B232 =
1

T 2

N∑
i=1

v′iEQG−m[N−1(QG−m)′SEQG−m]−1(EQG−m)′EQ0
mH′λi

B233 =
1

T 2

N∑
i=1

v′iEQGmS−1Fm
F′mEQ0

mH′λi,

B234 =
1

T 2

N∑
i=1

v′iFmS−1Fm
(EQGm)′EQ0

mH′λi,

B235 =
1

T 2

N∑
i=1

v′iF̂QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(F̂QG)′EQ0

mH′λi,

B236 = − 1

T 2

N∑
i=1

ΛiH(CmQm)−1(EQm)′EQGmS−1Fm
(EQGm)′EQ0

mH′λi,

B237 = − 1

T 2

N∑
i=1

ΛiH(CmQm)−1(EQm)′EQG−m[N−1(QG−m)′SEQG−m]−1

× (EQG−m)′EQ0
mH′λi,

B238 = − 1

T 2

N∑
i=1

ΛiH(CmQm)−1(EQm)′EQGmS−1Fm
F′mEQ0

mH′λi,

B239 = − 1

T 2

N∑
i=1

ΛiH(CmQm)−1(EQm)′FmS−1Fm
(EQGm)′EQ0

mH′λi,

B2310 = − 1

T 2

N∑
i=1

ΛiH(CmQm)−1(EQm)′F̂QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(F̂QG)′EQ0

mH′λi.

The orders of these terms can be worked out using the results of Lemmas A.1–A.3. The first five

are

‖B231‖ ≤
N∑
i=1

‖T−1v′iEQGm‖‖S−1Fm
‖‖T−1(EQGm)′E‖‖Q0

m‖‖H′λi‖

= N [Op(N
−1) +Op((TN)−1/2)]Op(1)Op(N

−1)Op(1)

= Op(N
−1) +Op((TN)−1/2),

‖B232‖ ≤
N∑
i=1

‖T−1v′iEQG−m‖‖[N−1(QG−m)′SEQG−m]−1‖‖T−1(EQG−m)′E‖‖Q0
m‖‖H′λi‖

= N [Op(N
−1/2) +Op(T

−1/2)]Op(1)Op(N
−1/2)Op(1)

= Op(1) +Op(
√
NT−1/2),
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‖B233‖ ≤
N∑
i=1

‖T−1v′iEQGm‖‖S−1Fm
‖‖T−1F′mE‖‖Q0

m‖‖H′λi‖

= N [Op(N
−1) +Op((TN)−1/2)]Op(1)Op((NT )−1/2)Op(1)

= Op((TN)−1/2) +Op(T
−1),

‖B234‖ ≤
N∑
i=1

‖T−1v′iFm‖‖S−1Fm
‖‖T−1(EQGm)′E‖‖Q0

m‖‖H′λi‖

= NOp(T
−1/2)Op(1)Op(N

−1)Op(1)Op(1) = Op(T
−1/2),

and

‖B235‖ ≤
N∑
i=1

‖T−1v′iF̂QG‖‖(T−1(F̂QG)′F̂QG)−1 − S−1
F+

m
‖‖T−1(F̂QG)′E‖‖Q0

m‖‖H′λi‖

= NOp(T
−1/2)[Op(N

−1) +Op((TN)−1/2)]Op(N
−1/2)Op(1)

= Op((NT )−1/2) +Op(T
−1).

Here, B232 dominates, with B234 being the leading remainder. We can similarly show that

‖B236‖ ≤
N∑
i=1

‖ΛiH‖‖Q0
m‖2‖T−1E

′
EQGm‖‖S−1Fm

‖‖T−1(EQGm)′EQm‖‖H′λi‖

= NOp(1)Op(N
−1)Op(1)Op(N

−1)Op(1) = Op(N
−1),

‖B237‖ ≤
N∑
i=1

‖ΛiH‖‖Q0
m‖2‖T−1E

′
EQG−m‖‖[N−1(QG−m)′SEQG−m]−1‖

× ‖T−1(EQG−m)′E‖‖H′λi‖

= NOp(1)Op(N
−1/2)Op(1)Op(N

−1/2)Op(1) = Op(1),

‖B238‖ ≤
N∑
i=1

‖ΛiH‖‖Q0
m‖2‖T−1E

′
EQGm‖‖S−1Fm

‖‖T−1F′mE‖‖H′λi‖

= NOp(1)Op(N
−1)Op(1)Op((NT )−1/2)Op(1) = Op(N

−1/2),

‖B239‖ ≤
N∑
i=1

‖ΛiH‖‖Q0
m‖2‖T−1E

′
Fm‖‖S−1Fm

‖‖T−1(EQGm)′E‖‖H′λi‖

= NOp(1)Op((NT )−1/2)Op(1)Op(N
−1)Op(1) = Op((NT )−1/2),
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and

‖B2310‖ ≤
N∑
i=1

‖ΛiH‖‖Q0
m‖2‖T−1E

′
F̂QG‖‖(T−1(F̂QG)′F̂QG)−1 − S−1

F+
m
‖

× ‖T−1(F̂QG)′E‖‖H′λi‖

= NOp(1)Op(N
−1/2)[Op(N

−1) +Op((TN)−1/2)]Op(N
−1/2)Op(1)

= Op(N
−1) +Op((TN)−1/2),

where B237 dominates and B238 is the leading remainder. Hence,

B23 = B232 + B237 +Op(N
−1/2) +Op(T

−1/2)

=
1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′PEQG−m
EQ0

mH′λi +Op(N
−1/2) +Op(T

−1/2), (A.12)

which in turn implies

B21 + B22 + B23

= B21 + B232 + B237 +Op(N
−1/2) +Op(T

−1/2) +Op(
√
NT−1)

= − 1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′MEQG−m
EQ0

mH′λi +Op(N
−1/2) +Op(T

−1/2)

+Op(
√
NT−1). (A.13)

We now evaluate the limit of the first term on the right of the above equation. We start with

H. Since R has full column rank rm, we have R+ = (R′R)−1R′ such that R′(R+)′ = Irm . This

can be used to show that

H = F′Fm(F′mFm)−1 = T−1F′FR(R′T−1F′FR)−1 = ΣFR(R′ΣFR)−1 +Op(T
−1/2)

= h +Op(T
−1/2). (A.14)

where h = ΣFJF(R+)′. We also need T−1
∑N

i=1 v′iEQ0
mH′λi. Here, we make use of the fact

that

E(v′iui) = E(v′iei)D = (0k×1,Σv,i)D = (0k×1, Ik)Σe,iD,

10



giving

1

T

N∑
i=1

v′iEQ0
mH′λi

=
1√
NT

N∑
i=1

v′i
√
NEQ0

mH′λi

=
1√
NT

N∑
i=1

(v′iF−m,−y
√
NC̃−y +

√
Nv′iu)Q0

mH′λi

=
1√
NT

N∑
i=1

v′iF−m,−y
√
NC̃−yQ

0
mH′λi +

1

NT

N∑
i=1

v′iuiQ
0
mH′λi +

1

NT

N∑
i=1

N∑
j 6=i

v′iujQ
0
mH′λi

=
1

NT

N∑
i=1

v′iuiQ
0
mH′λi +Op(N

−1/2) +Op(T
−1/2)

= (0k×1, Ik)
1

N

N∑
i=1

Σe,iDQ0
mH′λi +Op(N

−1/2) +Op(T
−1/2),

and we can similarly show that

1

T

N∑
i=1

v′iEQG−m[N−1(QG−m)′SEQG−m]−1(EQG−m)′EQ0
mH′λi

= (0k×1, Ik)
1

N

N∑
i=1

Σe,iDQG−m[N−1(QG−m)′SEQG−m]−1(EQG−m)′EQ0
mH′λi

+Op(N
−1/2) +Op(T

−1/2).

By inserting these results and H = h +Op(T
−1/2) into the leading term of B21 + B22 + B23, we

11



get

1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′MEQG−m
EQ0

mH′λi

=
1

T

N∑
i=1

v′iMEQG−m
EQ0

mH′λi −
1

T

N∑
i=1

ΛiHQ0′
mE
′
MEQG−m

EQ0
mH′λi

=
N∑
i=1

T−1v′iEQ0
mH′λi

−
N∑
i=1

T−1v′iEQG−m[N−1(QG−m)′SEQG−m]−1T−1(EQG−m)′EQ0
mH′λi

−
N∑
i=1

ΛiHQ0′
mT
−1E

′
EQ0

mH′λi

+
N∑
i=1

ΛiHQ0′
mT
−1E

′
EQG−m[N−1(QG−m)′SEQG−m]−1T−1(EQG−m)′EQ0

mH′λi

= (0k×1, Ik)
1

N

N∑
i=1

Σe,iDQ0
mh′λi

− (0k×1, Ik)
1

N

N∑
i=1

Σe,iDN
−1/2QG−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′SEQ0

mh′λi

− 1

N

N∑
i=1

ΛihQ0′
mSEQm(CmQm)−1h′λi

+
1

N

N∑
i=1

ΛihQ0′
mSEN

−1/2QG−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′SEQ0
mh′λi

+Op(N
−1/2) +Op(T

−1/2) +Op(
√
NT−1). (A.15)

Consider SE. Because of independence, ‖
√
NT−1F′−m,−yu‖ = ‖

√
NT−1F′MFmu‖ = Op(T

−1/2).

Making use of this, ‖
√
NC̃−y‖ = Op(1), u = eD, the definition of E, and letting SF−m,−y =

T−1F′−m,−yF−m,−y and Se = NT−1e′e, we can show that

SE = NT−1E
′
E = NT−1(F−m,−yC̃−y + u)′(F−m,−yC̃−y + u)

= T−1
√
NC̃′−yF

′
−m,−yF−m,−y

√
NC̃−y +

√
NC̃′−yT

−1√NF′−m,−yu

+ T−1
√
Nu′F−m,−y

√
NC̃−y +NT−1u′u

=
√
NC̃′−ySF−m,−y

√
NC̃−y + D′SeD +Op(T

−1/2).

Moreover, since

Se = NT−1e′e =
1

NT

N∑
i=1

e′iei +
1

NT

N∑
i=1

N∑
j 6=i

e′iej =
1

NT

N∑
i=1

e′iei +Op(T
−1/2)

= Σe + op(1), (A.16)
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we have

SE = ΣE + op(1), (A.17)

where ΣE =
√
NC̃′−yΣF−m,−y

√
NC̃−y + D′ΣeD and ΣF−m,−y = plimT→∞ T

−1F′−m,−yF−m,−y.

Thus, defining JE = QG−m[(QG−m)′ΣEQG−m]−1(QG−m)′ for k+1 > rm and JE = 0(k+1)×(k+1)

for k+ 1 = rm, where the latter reflects the fact that (A.8) simplifies under k+ 1 = rm, we have

1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′MEQG−m
EQ0

mH′λi

= (0k×1, Ik)
1

N

N∑
i=1

Σe,iD(Σ−1
E
− JE)ΣEQ0

mh′λi

− 1

N

N∑
i=1

ΛihQ0′
mΣE(Σ−1

E
− JE)ΣEQ0

mh′λi + op(1)

=
1

N

N∑
i=1

[(0k×1, Ik)Σe,iD−ΛihQ0′
mΣE](Σ−1

E
− JE)ΣEQ0

mh′λi + op(1), (A.18)

where the remainder absorbs the Op(
√
NT−1) term, which is op(1) under our assumption that

N/T = O(1). Finally, since λ−y,i
a.s.
= 0(r−ry)×1 and thus λi

a.s.
= (λ′y,i,0

′
(r−ry)×1)

′, we arrive at

B21 + B22 + B23 = − 1

N

N∑
i=1

[(0k×1, Ik)Σe,iD−ΛihQ0′
mΣE](Σ−1

E
− JE)

×ΣEQ0
mh′(λ′y,i,0

′
(r−ry)×1)

′ + op(1). (A.19)

Now onto the second term in B2. By using the fact that Fm = (F̂−E)Q0
m, this term can be

written as

1

T

N∑
i=1

(vi + FmH′Λ′i)
′(MFm −M

F̂
)εi

=
1

T

N∑
i=1

v′i(MFm −M
F̂

)εi +
1

T

N∑
i=1

ΛiHF′m(MFm −M
F̂

)εi

=
1

T

N∑
i=1

v′i(MFm −M
F̂

)εi +
1

T

N∑
i=1

ΛiHQ0′
mE
′
M

F̂
εi

=
1

T

N∑
i=1

v′i(MFm −M
F̂

)εi −
1

T

N∑
i=1

ΛiHQ0′
mE
′
(MFm −M

F̂
)εi +

1

T

N∑
i=1

ΛiHQ0′
mE
′
MFmεi

=
1

T

N∑
i=1

ΛiHQ0′
mE
′
εi −

1

T

N∑
i=1

ΛiHQ0′
mE
′
PFmεi +

1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′(MFm −M
F̂

)εi

= B24 + B25 + B26, (A.20)
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where ‖B24‖ = Op(1) can be shown by using the same steps as for ‖B21‖ above. Also,

‖B25‖ ≤
N∑
i=1

‖ΛiHQ0
m‖‖T−1E

′
Fm‖‖S−1Fm

‖‖T−1F′mεi‖

= NOp(1)Op((NT )−1/2)Op(1)Op(T
−1/2) = Op(

√
NT−1). (A.21)

Analogous to B23, B26 can be written as a sum of 10 terms, where all but two are negligible.

Specifically,

B26 =
1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′PEQG−m
εi +Op(

√
NT−1) +Op(T

−1/2),

This implies

B24 + B25 + B26

=
1

T

N∑
i=1

ΛiHQ0′
mE
′
εi +

1

T

N∑
i=1

(vi −EQ0
mH′Λ′i)

′PEQG−m
εi +Op(

√
NT−1) +Op(T

−1/2)

=
1

T

N∑
i=1

v′iPEQG−m
εi +

1

T

N∑
i=1

ΛiHQ0′
mE
′
MEQG−m

εi +Op(
√
NT−1) +Op(T

−1/2)

=

N∑
i=1

T−1v′iEQG−m[N−1(QG−m)′SEQG−m]−1T−1(EQG−m)′εi

+
N∑
i=1

ΛiHQ0′
mE
′
εi −

N∑
i=1

ΛiHQ0′
mE
′
EQG−m[N−1(QG−m)′SEQG−m]−1T−1(EQG−m)′εi

+Op(
√
NT−1) +Op(T

−1/2). (A.22)

14



Further use of E(ε′iui) = (σ2ε,i,0
′
k×1) and E(v′iui) = (0k×1, Ik)Σe,iD gives

B24 + B25 + B26

= (0k×1, Ik)
1

N

N∑
i=1

Σe,iDN
−1/2QG−m[N−1(QG−m)′SEQG−m]−1

×N−1/2(QG−m)′(σ2ε,i,0
′
k×1)

′ +
1

N

N∑
i=1

ΛihQ0′
m(σ2ε,i,0

′
k×1)

′

− 1

N

N∑
i=1

ΛihQ0′
mSEN

−1/2QG−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′(σ2ε,i,0
′
k×1)

′

+Op(
√
NT−1) +Op(T

−1/2) +Op(N
−1/2)

= (0k×1, Ik)
1

N

N∑
i=1

Σe,iDJE(σ2ε,i,0
′
k×1)

′ +
1

N

N∑
i=1

ΛihQ0′
m(σ2ε,i,0

′
k×1)

′

− 1

N

N∑
i=1

ΛihQ0′
mΣEJE(σ2ε,i,0

′
k×1)

′ + op(1)

=
1

N

N∑
i=1

[(0k×1, Ik)Σe,iD−ΛihQ0′
mΣE]JE(σ2ε,i,0

′
k×1)

′

+
1

N

N∑
i=1

ΛihQ0′
m(σ2ε,i,0

′
k×1)

′ + op(1). (A.23)

Hence, by adding the results,

B2 = B21 + B22 + B23 −B24 −B25 −B26 = b2 + op(1), (A.24)

where

b2 = − 1

N

N∑
i=1

[(0k×1, Ik)Σe,iD−ΛihQ0′
mΣE](Σ−1

E
− JE)ΣEQ0

mh′(λ′y,i,0
′
(r−ry)×1)

′

− 1

N

N∑
i=1

[(0k×1, Ik)Σe,iD−ΛihQ0′
mΣE]JE(σ2ε,i,0

′
k×1)

′ − 1

N

N∑
i=1

ΛihQ0′
m(σ2ε,i,0

′
k×1)

′.

Let us now consider B3. The last term is simplest. Indeed, since λ−y,i
a.s.
= 0(r−ry)×1, we have

1√
NT

N∑
i=1

(vi + FmH′Λ′i)
′M

F̂
F−m,−yλ−y,i

a.s.
= 0k×1. (A.25)

Although the same result can be applied also to the first term, here it is more convenient to write

FmH′λi + F−m,−yλ−y,i = Fλi = Fyλy,i, where the last equality is due to λ−y,i
a.s.
= 0(r−ry)×1. It
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follows that

1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

(εi + FmH′λi + F−m,−yλ−y,i)

=
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

εi +
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

Fyλy,i. (A.26)

Consider the second term on the right. By using C−yQy
a.s.
= 0(r−ry)×ry and the positive definite-

ness of CyQy, letting Q0
y = Qy(CyQy)−1, we obtain

F̂Q0
y = (FC + u)Q0

y = (FyCy + F−yC−y)Q0
y + uQ0

y
a.s.
= Fy + uQ0

y, (A.27)

from which it follows that

F′−m,−yMF̂
Fy

a.s.
= F′−m,−yMF̂

(F̂− u)Q0
y = −F′−m,−yMF̂

uQ0
y

= −F′−m,−yuQ0
y + F′−m,−yPF̂

uQ0
y. (A.28)

By using this and the fact that F′−m,−yMFm = F′−m,−y, we can show that

B3 =
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

(εi + FmH′λi + F−m,−yλ−y,i) + op(1)

=
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

εi +
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

Fyλy,i + op(1)

=
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

εi −
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

uQ0
yλy,i + op(1)

=
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yεi −

1√
NT 3/2

N∑
i=1

Λ−y,iF
′
−m,−yT (MFm −M

F̂
)εi

− 1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yuQ0

yλy,i

+
1√

NT 3/2

N∑
i=1

Λ−y,iF
′
−m,−yT (MFm −M

F̂
)uQ0

yλy,i + op(1) (A.29)

Since F−m,−y = MFmF−y with Fm = FR, we have that F−m,−y is orthogonal to all the columns

of C, including Λ. Hence, Λ−y,iF
′
−m,−y = Λ̃−y,iF

′
−m,−y, which in turn implies

B3 =
1√
NT

N∑
i=1

Λ̃−y,iF
′
−m,−yεi −

1√
NT 3/2

N∑
i=1

Λ−y,iF
′
−m,−yT (MFm −M

F̂
)εi

− 1√
NT

N∑
i=1

Λ̃−y,iF
′
−m,−yuQ0

yλy,i

+
1√

NT 3/2

N∑
i=1

Λ−y,iF
′
−m,−yT (MFm −M

F̂
)uQ0

yλy,i + op(1)

= B31 −B32 −B33 + B34 + op(1). (A.30)
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Consider B33. Because it is a vector, we have

B33 = − 1√
NT

N∑
i=1

vec (Λ̃−y,iF
′
−m,−yuQ0

yλy,i)

=
1

N

N∑
i=1

[(Q0
yλy,i)

′ ⊗ Λ̃−y,i]vec [(NT )−1/2F′−m,−yu]

=
1

N

N∑
i=1

[(Q0
yλy,i)

′ ⊗ Λ̃−y,i]vec

(
1√
NT

N∑
i=1

T∑
t=1

F−m,−y,tu
′
i,t

)
, (A.31)

which is clearly mean zero. Conditional on factors the covariance matrix of the vectorized term

is given by

E

vec

(
1√
NT

N∑
i=1

T∑
t=1

F−m,−y,tu
′
i,t

)(
vec

(
1√
NT

N∑
i=1

T∑
t=1

F−m,−y,tu
′
i,t

))′
|F


=

1

NT

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E[vec (F−m,−y,tu
′
i,t)(vec (F−m,−y,su

′
j,s))

′|F] (A.32)

=
1

NT

N∑
i=1

T∑
t=1

T∑
s=1

E[ui,su
′
i,t]⊗ F−m,−y,tF

′
−m,−y,s

=

∞∑
h=−∞

D′Γe(−h)D⊗ ΓF−m,−y(h) + op(1), (A.33)

where in the second equality is due to the cross-sectional independence assumption, while the

last equality makes use of ΓF−m,−y(h) = plimT→∞ T
−1∑T

t=h+1 F−m,−y,tF
′
−m,−y,t−h. Hence, by

a suitable CLT,

B33 =
1√
NT

N∑
i=1

Λ−y,iF
′
−m,−yuQ0

yλy,i
d→ N(0k×1,Σ33) (A.34)

as N, T →∞, where

Σ33 = lim
N→∞

1

N

N∑
i=1

E[λ′y,i(CyQy)−1′Q′y ⊗ Λ̃−y,i]
∞∑

h=−∞
D′Γe(−h)D⊗ ΓF−m,−y(h)

×

(
lim

N→∞

1

N

N∑
i=1

E[λ′y,i(CyQy)−1′Q′y ⊗ Λ̃−y,i]

)′
,

Similarly, B31 is mean zero and with covariance matrix

E(B311B
′
311) =

1

NT

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E(Λ̃−y,iF−m,−y,tεi,tεi,sF
′
−m,−y,sΛ̃

′
−y,j)

=
1

NT

N∑
i=1

T∑
t=1

E(Λ̃−y,iF−m,−y,tε
2
i,tF
′
−m,−y,tΛ̃

′
−y,i). (A.35)

17



Hence, by the same CLT arguments as for B33,

B31 =
1√
NT

N∑
i=1

Λ̃−y,iF
′
−m,−yεi

d→ N(0k×1,Σ31), (A.36)

where

Σ31 = lim
N→∞

1

N

N∑
i=1

σ2ε,iE(Λ̃−y,iΣF−m,−yΛ̃
′
−y,i).

As for the covariance between B31 and B33, we have conditional on F

E[B33B
′
31|F] =

1

NT

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E[vec (F−m,−y,tu
′
i,t)εj,sF

′
−m,−y,sΛ̃

′
−y,j |F]

=
1

NT

N∑
i=1

T∑
t=1

T∑
s=1

E[vec (F−m,−y,tu
′
i,t)εi,sF

′
−m,−y,sΛ̂

′
−y,i|F]

=
1

NT

N∑
i=1

T∑
t=1

T∑
s=1

E[vec (F−m,−y,tu
′
i,t)εi,sF

′
−m,−y,s|F]E(Λ̃−y,i)

′ = 0k×k, (A.37)

where the last equality holds, because Λi is independent of F−m,−y,t, ui,t and εi,t. Thus, B31 and

B33 are asymptotically uncorrelated, and hence asymptotically independent by joint normality.

It follows that

B31 −B33
d→ b3

d
= N(0k×1,Σ3) (A.38)

as N, T → ∞, where Σ3 = Σ31 + Σ33. We can similarly show that, as long as factors are

mean zero, b3 is asymptotically uncorrelated with b0, and hence asymptotically independent by

normality.
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Next up is B34. From (A.8),

F′−m,−yT (MFm −M
F̂QG

)u

= F′−m,−yEQGmS−1Fm
(EQGm)′u

+ F′−m,−yEQG−m[N−1(QG−m)′SEQG−m]−1(EQG−m)′u

+ F′−m,−yEQGmS−1Fm
F′mu + F′−m,−yFmS−1Fm

(EQGm)′u

+ F′−m,−yF̂QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(F̂QG)′u

= F′−m,−yF−m,−yC̃−yQGmS−1Fm
(F−m,−yC̃−yQGm)′u

+ F′−m,−yF−m,−yC̃−yQGmS−1Fm
(uQGm)′u

+ F′−m,−yuQGmS−1Fm
(F−m,−yC̃−yQGm)′u + F′−m,−yuQGmS−1Fm

(uQGm)′u

+ F′−m,−yF−m,−yC̃−yQG−m[N−1(QG−m)′SEQG−m]−1(F−m,−yC̃−yQG−m)′u

+ F′−m,−yuQG−m[N−1(QG−m)′SEQG−m]−1(F−m,−yC̃−yQG−m)′u

+ F′−m,−yF−m,−yC̃−yQG−m[N−1(QG−m)′SEQG−m]−1(uQG−m)′u

+ F′−m,−yuQG−m[N−1(QG−m)′SEQG−m]−1(uQG−m)′u

+ F′−m,−yF−m,−yC̃−yQGmS−1Fm
F′mu + F′−m,−yuQGmS−1Fm

F′mu

+ F′−m,−yF̂QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(F̂QG)′u, (A.39)

which uses the fact that F′−m,−yFm = 0(r−ry)×rm . Note also how the last term can be written as

F′−m,−yF̂QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(F̂QG)′u

= F′−m,−y(Fm,0T×(r−rm))QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′(Fm,0T×(r−rm))

′u

+ F′−m,−y(Fm,0T×(r−rm))QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′E

′
u

+ F′−m,−yEQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′(Fm,0T×(r−rm))

′u

+ F′−m,−yEQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′E

′
u

= F′−m,−yF−m,−yC̃−yQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′(Fm,0T×(r−rm))

′u

+ F′−m,−yuQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′(Fm,0T×(r−rm))

′u

+ F′−m,−yF−m,−yC̃−yQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′C̃′−yF

′
−m,−yu

+ F′−m,−yuQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′C̃′−yF

′
−m,−yu

+ F′−m,−yF−m,−yC̃−yQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′u′u

+ F′−m,−yuQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′u′u. (A.40)
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Insertion and simplification yield

√
NT−2F′−m,−yT (MFm −M

F̂QG
)u

= N−1T−1/2SF−m,−y

√
NC̃−yQGmS−1Fm

(QGm)′
√
NC̃′−y

√
NT−1/2F′−m,−yu

+N−1SF−m,−y

√
NC̃−yQGmS−1Fm

(QGm)′Su

+ T−1
√
NT−1/2F′−m,−yuQGmS−1Fm

(QGm)′
√
NC̃′−y

√
NT−1/2F′−m,−yu

+N−1T−1/2
√
NT−1/2F′−m,−yuQGmS−1Fm

(QGm)′Su

+ T−1/2SF−m,−yC̃−yQG−m[N−1(QG−m)′SEQG−m]−1(QG−m)′C̃′−y
√
NT−1/2F−m,−yu

+ T−1
√
NT−1/2F′−m,−yuQN−1/2G−m[N−1(QG−m)′SEQG−m]−1

× (QG−m)′C̃′−y
√
NT−1/2F′−m,−yu

+ SF−m,−yC̃−yQG−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′Su

+ T−1/2
√
NT−1/2F′−m,−yuQN−1/2G−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′Su

+ (NT )−1/2SF−m,−y

√
NC̃−yQGmS−1Fm

√
NT−1/2F′mu

+N−1/2T−1
√
NT−1/2F′−m,−yuQGmS−1Fm

√
NT−1/2F′mu

+
√
NT−1/2SF−m,−y

√
NC̃−yN

−1/2QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)

×N−1/2(QG)′
√
NT−1/2(Fm,0T×(r−rm))

′u

+
√
NT−1

√
NT−1/2F′−m,−yuN

−1/2QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)

×N−1/2(QG)′
√
NT−1/2(Fm,0T×(r−rm))

′u

+ T−1/2SF−m,−yC̃−yQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)(QG)′C̃′−y

√
NT−1/2F′−m,−yu

+ T−1
√
NT−1/2F′−m,−yuN

−1/2QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)

× (QG)′C̃′−y
√
NT−1/2F′−m,−yu

+ SF−m,−yC̃−yQG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)N−1/2(QG)′Su

+ T−1/2
√
NT−1/2F′−m,−yuN

−1/2QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)N−1/2(QG)′Su

= SF−m,−yC̃−yQG−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′Su +Op(N
−1/2) +Op(T

−1/2)

= ΣF−m,−y

√
NC̃−yJEΣu + op(1). (A.41)

By using this and the fact that Λ−y,iF
′
−m,−y = Λ̃−y,iF

′
−m,−y, we obtain

T−1/2B34 =
1

N

N∑
i=1

Λ−y,i
√
NT−2F′−m,−yT (MFm −M

F̂
)uQ0

yλy,i = b4 + op(1), (A.42)

where

b4 =
1

N

N∑
i=1

Λ̃−y,iΣF−m,−y

√
NC̃−yJED′ΣeDQ0

yλy,i.
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Hence, ‖B34‖ = Op(
√
T ), which means that

√
NT (β̂P − β) is of the same order. This is true in

S4 when k+ 1 > rm < r. If, however, r = rm as in S1 and S2, then F−m,−y = 0T×(r−ry) in which

case B3 is zero altogether. Another possibility is if k + 1 = rm as in S3, which is tantamount

to dropping all terms involving G−m, and to set G, (Fm,0T×(r−rm)) and SF+
m

equal to Gm, Fm

and SFm , respectively. Direct insertion into the above expression for
√
NT−2F′−m,−yT (MFm −

M
F̂QG

)u yields, after first dropping all terms that are op(1) when scaled by
√
T ,

√
NT−3/2F′−m,−yT (MFm −M

F̂QG
)u

= SF−m,−yC̃−yQG−m[N−1(QG−m)′SEQG−m]−1(QG−m)′C̃′−y
√
NT−1/2F−m,−yu

+
√
TSF−m,−yC̃−yQG−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′Su

+
√
NT−1/2F′−m,−yuQN−1/2G−m[N−1(QG−m)′SEQG−m]−1N−1/2(QG−m)′Su

+
√
NSF−m,−y

√
NC̃−yN

−1/2QG([T−1(F̂QG)′F̂QG]−1 − S−1
F+

m
)

×N−1/2(QG)′
√
NT−1/2(Fm,0T×(r−rm))

′u

+
√
TSF−m,−yC̃−yQG([T−1(F̂QG)′F̂QG]−1 − S−1

F+
m

)N−1/2(QG)′Su +Op(N
−1/2) +Op(T

−1/2)

= N−1/2SF−m,−y

√
NC̃−yQGm([T−1(F̂QGm)′F̂QGm]−1 − S−1Fm

)(QGm)′
√
NT−1/2F′mu

+
√
TN−1SF−m,−y

√
NC̃−yQGm([T−1(F̂QGm)′F̂QGm]−1 − S−1Fm

)(QGm)′Su

+Op(N
−1/2) +Op(T

−1/2)

= Op(N
−1/2) +Op(T

−1/2) +Op(
√
TN−1), (A.43)

implying

‖B34‖ ≤
1

N

N∑
i=1

‖Λ−y,i‖‖
√
NT−3/2F′−m,−yT (MFm −M

F̂
)u‖‖Q0

yλy,i‖

= Op(N
−1/2) +Op(T

−1/2) +Op(
√
TN−1). (A.44)

Hence, while in S4 ‖B34‖ = Op(
√
T ), in S1–S3 ‖B34‖ = op(1).

Let us now consider B32. By using steps similar to those used above when analysing B32,

T−1/2B32 =
1

N

N∑
i=1

Λ−y,i
√
NT−2F′−m,−yT (MFm −M

F̂
)εi

=
1

N

N∑
i=1

Λ−y,iΣF−m,−y

√
NC̃−yJENT

−1u′εi + op(1)

=
1

N

N∑
i=1

Λ−y,iΣF−m,−y

√
NC̃−yJE(σ2ε,i,0

′
k×1)

′ + op(1). (A.45)

Moreover, since F−m,−y = MFmF−y with Fm = FR, we have that F−m,−y is orthogonal to all
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the columns of C, including Λ. Hence, Λ−y,iΣF−m,−y = Λ̃−y,iΣF−m,−y , which in turn implies∥∥∥∥∥ 1

N

N∑
i=1

Λ−y,iΣF−m,−y

√
NC̃−yJE(σ2ε,i,0

′
k×1)

′

∥∥∥∥∥
= N−1/2

∥∥∥∥∥ 1√
N

N∑
i=1

Λ̃−y,iΣF−m,−y

√
NC̃−yJE(σ2ε,i,0

′
k×1)

′

∥∥∥∥∥ = Op(N
−1/2). (A.46)

Hence,

‖T−1/2B32‖ = Op(N
−1/2) +Op(T

−1/2), (A.47)

or ‖B32‖ = Op(1). Again, this is true in the most general S4 specification, but then ‖B34‖ =

Op(
√
T ) and so B34 is dominating anyways. Analogous to B34, B32 = 0k×1 if r = rm. Moreover,

by using the same steps as in the above, we can show that if k + 1 = rm, then

‖B32‖ = Op(N
−1/2) +Op(T

−1/2). (A.48)

Hence, ‖B32‖ = op(1) regardless of the specification considered.

By adding the results,

B3 = B31 −B32 −B33 + B34 + op(1) = b3 +
√
Tb4 + op(1). (A.49)

Strictly speaking, because B34 =
√
Tb4 + Op(1), the order of the remainder under S4 is not

really op(1) but rather Op(1). However, since in this case
√
Tb4 dominates, for simplicity we

drop the Op(1) term.

Let us now consider Sx. Making use of the fact that Fm = (F̂−E)Q0
m, we have

M
F̂
xi = M

F̂
(vi + FΛi) = M

F̂
(vi + FmH′Λi + F−mΛi) = M

F̂
(vi + FmH′Λi + F−m,−yΛ−y,i)

= M
F̂

(vi −EQ0
mH′Λi + F−m,−yΛ−y,i), (A.50)
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which we can use to show that

Sx =
1

NT

N∑
i=1

x′iMF̂
xi

=
1

NT

N∑
i=1

(vi −EQ0
mH′Λi + F−m,−yΛ−y,i)

′M
F̂QG

(vi −EQ0
mH′Λi + F−m,−yΛ−y,i)

=
1

NT

N∑
i=1

v′ivi −
1

NT

N∑
i=1

v′iPFmvi +
1

NT

N∑
i=1

(EQ0
mH′Λi)

′MFmEQ0
mH′Λi

− 1

NT

N∑
i=1

(vi −EQ0
mH′Λi)

′(MFm −M
F̂

)(vi −EQ0
mH′Λi)

+
1

NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

(vi −EQ0
mH′Λi)

+
1

NT

N∑
i=1

(vi −EQ0
mH′Λ−y,i)

′M
F̂
F−m,−yΛ

′
−y,i

+
1

NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

F−m,−yΛ
′
−y,i. (A.51)

We begin by noting now

1

NT

N∑
i=1

v′ivi = Σv + op(1),∥∥∥∥∥ 1

NT

N∑
i=1

v′iPFmvi

∥∥∥∥∥ ≤ 1

N

N∑
i=1

‖T−1v′iFm‖‖S−1Fm
‖‖T−1F′mvi‖ = Op(T

−1),

and ∥∥∥∥∥ 1

NT

N∑
i=1

(EQ0
mH′Λi)

′MFmEQ0
mH′Λi

∥∥∥∥∥
≤ 1

N

N∑
i=1

[‖Q0
mH′Λi‖2‖T−1E

′
E‖+ ‖Q0

mH′Λi‖2‖T−1E
′
Fm‖2‖S−1Fm

‖]

= Op(N
−1) +Op((NT )−1) = Op(N

−1).

We can similarly show that the remaining right-hand side terms are op(1), except for the last,
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which is given by

1

NT

N∑
i=1

Λ−y,iF
′
−m,−yMF̂

F−m,−yΛ
′
−y,i

=
1

NT

N∑
i=1

Λ−y,iF
′
−m,−yF−m,−yΛ

′
−y,i −

1

NT

N∑
i=1

Λi−yF
′
−m,−yPF̂

F−m,−yΛ
′
−y,i

=
1

N

N∑
i=1

Λ−y,iΣF−m,−yΛ
′
−y,i

− 1

N

N∑
i=1

Λi−yΣF−m,−y(
√
NC̃−y)JE(

√
NC̃−y)′ΣF−m,−yΛ

′
−y,i + op(1). (A.52)

It follows that if we let

Σx = Σv + lim
N→∞

1

N

N∑
i=1

Λ−y,i(ΣF−m,−y −ΣF−m,−y

√
NC̃−yJE

√
NC̃′−yΣF−m,−y)Λ′−y,i.

then

Sx = Σx + op(1). (A.53)

Putting everything together,

√
NT (β̂P − β) = S−1x [B0 +

√
NT−1/2B1 +

√
TN−1/2B2 + B3]

= Σ−1x [b0 +
√
κb1 + κ−1/2b2 + b3 +

√
Tb4] + op(1). (A.54)

This completes the proof of the theorem.

Proof of Proposition 3.1.

We start with the non-simplified version of b2, which in view of the definition of ΣE can be

written as follows:

b2 = − 1

N

N∑
i=1

[(0k×1, Ik)Σe,iD−Λih(CmQm)−1′Q′mΣE]

×Qm(CmQm)−1h′(λ′y,i,0
′
(r−ry)×1)

′ − 1

N

N∑
i=1

Λih(CmQm)−1′Q′m(σ2ε,i,0
′
k×1)

′

=
N∑
i=1

Λih(CmQm)−1′(C̃−yQm)′ΣF−m,−yC̃−yQm(CmQm)−1h′(λ′y,i,0
′
(r−ry)×1)

′

− 1

N

N∑
i=1

[(0k×1, Ik)Σe,i −Λih(CmQm)−1′Q′mD′Σe]DQm(CmQm)−1h′(λ′y,i,0
′
(r−ry)×1)

′

− 1

N

N∑
i=1

Λih(CmQm)−1′Q′m(σ2ε,i,0
′
k×1)

′. (A.55)
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Consider the first term on the right. Note that (λ′y,i,0
′
(r−ry)×1)

′ = (Iry ,0
′
(r−ry)×ry)′λy,i. Let now

use decompose R as

R =

(
Iry 0ry×(rm−ry)

0(r−ry)×ry R22

)
= (R1, R2), (A.56)

with obvious definitions of R1 and R2. It follows that (λ′y,i,0
′
(r−ry)×1)

′ = R1λy,i. Moving on to

h, by using the definition of JF, it is clear that

h = ΣFJFR(R′R)−1 = ΣFR(R′ΣFR)−1R′R(R′R)−1 = ΣFR(R′ΣFR)−1. (A.57)

Hence, h′R = Irm , and therefore

h′R1 =

(
Iry

0(rm−ry)×ry

)
. (A.58)

Next up is (C̃−yQm)′ΣF−m,−yC̃−yQm. The first ry columns of Qm are given by Qy. Let us

therefore write Qm = (Qy,Qm,−y), where Qm,−y is (k + 1)× (rm − ry). Making use of this and

Assumption 2.4 (ii), which implies that C̃−yQy
a.s.
= 0(r−ry)×ry , we get

(C̃−yQm)′ΣF−m,−yC̃−yQm

=

(
(C̃−yQy)′ΣF−m,−yC̃−yQy (C̃−yQy)′ΣF−m,−yC̃−yQm,−y

(C̃−yQm,−y)′ΣF−m,−yC̃−yQy (C̃−yQm,−y)′ΣF−m,−yC̃−yQm,−y

)

a.s.
=

(
0ry×ry 0ry×(rm−ry)

0(rm−ry)×ry (C̃−yQm,−y)′ΣF−m,−yC̃−yQm,−y

)
. (A.59)

Consider R+ = (R′R)−1R′. Direct substitution using the definition of R and letting R+
22 =

(R′22R22)
−1R′22, we get

R+ =

(
Iry 0ry×(r−ry)

0(rm−ry)×ry R+
22

)
. (A.60)

Hence, since by Assumption 2.5 (ii) C = RCm, we have R+C = Cm. By using this, Assumption

2.4 (ii) and the above expression for R+,

CmQm = R+CQm = R+

(
CyQy CyQm,−y

C−yQy C−yQm,−y

)
a.s.
= R+

(
CyQy CyQm,−y

0(r−ry)×ry C−yQm,−y

)

=

(
CyQy CyQm,−y

0(rm−ry)×ry R+
22C−yQm,−y

)
(A.61)

Note that while CyQy is positive definite by Assumption 2.4 (i), the (rm−ry)× (rm−ry) matrix

R+
22C−yQm,−y need not be. This means that we cannot rely on the conventional formula for
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the inverse of partitioned matrices to compute (CmQm)−1. However, by Theorem 1 of Meyer

(1970), we have that the generalized inverse (CmQm)− of CmQm is given by

(CmQm)−
a.s.
=

(
(CyQy)−1 −(CyQy)−1CyQm,−y(R+

22C−yQm,−y)−

0(rm−ry)×ry (R+
22C−yQm,−y)−

)
. (A.62)

But (CmQm)− = (CmQm)−1, which we can use together with positive definiteness of Q to show

that

(CmQm)−1′Q′mC̃′−yΣF−m,−yC̃−yQm(CmQm)−1
a.s.
=

(
0ry×ry

0(k+1−ry)×ry

0ry×(r−ry)

(R+
22C−yQm,−y)−′(C̃−yQm,−y)′ΣF−m,−yC̃−yQm,−y(R+

22C−yQm,−y)−

)
. (A.63)

By using this and the fact that h′R1 = (Iry ,0
′
(rm−ry)×ry)′, we can show that

(CmQm)−1′Q′mC̃′−yΣF−m,−yC̃−yQm(CmQm)−1h′(λ′y,i,0
′
(r−ry)×1)

′ a.s.= 0r×1, (A.64)

and so we obtain

b2 = − 1

N

N∑
i=1

[(0k×1, Ik)Σe,i −Λih(CmQm)−1′Q′mD′Σe]DQm(CmQm)−1h′(λ′y,i,0
′
(r−ry)×1)

′

− 1

N

N∑
i=1

Λih(CmQm)−1′Q′m(σ2ε,i,0
′
k×1)

′

= − 1

N

N∑
i=1

[(0k×1, Ik)Σe,i −ΛihC−1′m D′Σe]DC−1m h′(λ′y,i,0
′
(r−ry)×1)

′

− 1

N

N∑
i=1

ΛihC−1′m (σ2ε,i,0
′
k×1)

′, (A.65)

as required.

The proofs of Corollaries 3.1–3.4 and Proposition 3.2 are obvious given Theorem 3.1 and the

arguments given in the text. They are therefore omitted.

Remark A.1 (High-level conditions). In the discussion following Example 2.2, we pointed to

the fact that π1 = 0 is enough to ensure
√
NT -consistency. This is true in the particular DGP

considered in Example 2.2. With more than one regressor it is necessary to also restrict JE. In

this remark we provide a set of high-level conditions that ensures that b4 = 0k×1 in general.

In so doing, it is useful to denote by Cm,i the summand of Cm, whose dimension is given by

rm × (k + 1). Let us further define

Di =

(
Dy,m,i Dy,−m,i

D−y,m,i D−y,−m,i

)
= Cm,iQ, (A.66)
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with Dy,m,i, Dy,−m,i, D−y,m,i and D−y,−m,i being ry × rm, ry × (k+ 1− rm), (rm− ry)× rm and

(rm − ry) × (k + 1 − rm), respectively. We similarly decompose Q′ei,t = (e′i,tQm, e
′
i,tQ−m)′ =

(e′m,i,t, e
′
−m,i,t), where em,i,t and e−m,i,t are rm× 1 and (k+ 1− rm)× 1, respectively, and where

the first ry elements of em,i,t are given by ey,i,t = Q′yei,t. The assumption that we need to ensure
√
NT -consistency in S4 is that one of the following conditions holds (for all i):

(HL1) E(Dy,−m,i) = 0ry×(k+1−rm) and D−y,−m,i
a.s.
= 0(rm−ry)×(k+1−rm).

(HL2) E(Dy,−m,i) = 0ry×(k+1−rm), E(D−y,−m,i) = 0(rm−ry)×(k+1−rm) and E(ey,i,te
′
−m,i,t) =

0ry×(k+1−rm).

The way that the above conditions work is to ensure that the upper rm × (k + 1− rm) block of
√
NC̃−yQN

−1/2G−m is Op(N
−1/2), that the off-diagonal blocks of (N−1G′−mQ′ΣEQG−m)−1

are Op(T
−1/2)+Op(N

−1/2), and that the lower (k+1−rm)×ry block of N−1/2G′−mQ′D′ΣeDQy

is Op(T
−1/2) +Op(N

−1/2). This implies that

√
NC̃−yJED′ΣeDQy

=
√
NC̃−yQN

−1/2G−m(N−1G′−mQ′ΣEQG−m)−1N−1/2G′−mQ′D′ΣeDQy

= Op(T
−1/2) +Op(N

−1/2), (A.67)

which means that b4 is of the same order.
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