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a b s t r a c t

Among the existing estimators of factor-augmented regressions, the CCE approach
is the most popular. A major reason for this popularity is the simplicity and good
small-sample performance of the approach, making it very attractive from an empirical
point of view. The main drawback is that most of the available asymptotic theory is
based on quite restrictive assumptions, such as that the common factor component
should be independent of the regressors. The present paper can be seen as a reaction to
this. The purpose is to study the asymptotic properties of the pooled CCE estimator under
more realistic conditions. In particular, the common factor component may be correlated
with the regressors, and the true number of common factors, r , can be larger than the
number of estimated factors, which in CCE is given by k + 1, where k is the number
of regressors. The main conclusion is that while the estimator is generally consistent,
asymptotic normality can fail when r > k + 1.
©2020 TheAuthors. Published by Elsevier B.V. This is an open access article under the CCBY

license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Panel data models typically include unit- and time-specific fixed effects to account for unobserved characteristics.
hile in most models these effects enter additively, in this paper they are interacted multiplicatively, leading to a

actor-augmented regression model with the time-specific effects as factors and the unit-specific effects as factor loadings.
his common factor specification contains the conventional fixed effects models as special cases, but is much more flexible
ince it allows the factors to affect each cross-section unit differently.
One of the most popular estimation approaches to factor-augmented regression models is the common correlated

ffects (CCE) approach of Pesaran (2006), which is based on taking the cross-sectional averages of the observables as
stimated factors, and applying ordinary least squares (OLS) with the estimated factors in place of their true counterparts.
wo of the reasons for the popularity of this approach are its simplicity and good small-sample performance when
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compared to the main competitor based on quasi maximum-likelihood (QML) (see, for example, Chudik et al., 2011;
Chudik and Pesaran, 2015, and Westerlund and Urbain, 2015).

But while simple and with good small-sample performance, the data generating processes (DGPs) considered in the
CE strand of the literature are often less appealing than those considered in the QML strand. One of the reasons for this
s that the loadings are typically assumed to be random coefficients that are independent of all other random elements
f the model, including the regressors, which means that, in analogy with the literature on omitted variables, the factors
an be ignored. Hence, for consistency there is no need for any augmentation by estimated factors in the first place. In
ther words, the independent loadings condition is not only unlikely to be met in practice, but it also leads to a rather
implified estimation problem. Moreover, the rate of convergence is reduced, from the usual

√
NT to

√
N , which means

hat the conventional bias terms due to the incidental parameters are asymptotically negligible. In simulations, however,
here is a clear bias effect (see, for example, Chudik and Pesaran, 2015), suggesting that the asymptotic approximation
hat ignores incidental parameter biases can be poor.

Another issue is that unlike in most existing QML studies where the regressors are given a nonparametric treatment, in
CE the regressors have to admit to a common factor representation that features the same set of factors as the dependent
ariable, which is questionable (see, for example, Moon and Weidner, 2017).
In this paper we try to combine the best of two worlds; we take the simplicity and good small-sample performance of

CE and apply it to a DGP that is similar to those considered in the QML literature. The DGP is therefore very general and
ncludes many existing models as special cases.1 In particular, unlike most existing CCE studies, the regressors are not
equired to be exogenous but may be predetermined (see Chudik and Pesaran, 2015, and Everaert and De Groote, 2016
or two exceptions). The type of factors that can be accommodated is also very general. We allow for r factors, which may
e smaller or larger than the number of observables, k + 1, provided that k + 1 ≥ rm, where rm is the number of ‘‘mean
actors’’. The main difference here is, as the name suggests, that while the mean factors affect the mean of the data, the
on-mean factors do not. This is important, because the cross-sectional averages of the observables will only be able to
apture those factors that affect the mean. Hence, we essentially allow some factors to be inestimable when using the
ross-sectional averages, which is of course always a risk in practice. Moreover, the non-mean factors are not restricted
o be strong, but could also be weak as in Chudik et al. (2011), which means that the cross-sectional dependence can
e spatial in nature. The distinction between mean and non-mean factors stands in sharp contrast to the existing CCE
iterature based on equal slopes, which supposes not only that all r factors are estimable, but also that r ≤ k + 1, a
ondition that is again not necessary in the present study.
As already mentioned, the CCE assumption that both the dependent variable and the regressors load on the same

et of factors is restrictive. In the present paper, we allow ry ≤ rm of the mean factors, henceforth referred to as
‘y-factors’’, to enter the equation for the dependent variable, while the remaining factors enter only indirectly through
he regressors. The factors that enter the equation for the regressors are therefore not necessarily the same as those that
nter the equation for the dependent variable. The main restriction is that the y-factors must be estimable based on the
ross-sectional averages, which is analogous to the QML literature.
There are two types of CCE estimators; there is the mean group CCE (CCEMG) estimator, which is obtained by taking

he cross-section average of individual time series CCE estimators, and there is the pooled CCE (CCEP) estimator. Most
esults in the literature are for the former estimator, which can be difficult to analyze, because of its construction as a
um of ratios of random variables. The main exception is when the loadings are independent of the regressors, in which
he asymptotic analysis simplifies quite substantially. In this study, we again follow the QML strand of the literature and
ocus on the CCEP estimator, which has not only certain optimality properties, but also relatively good performance in
imulations (see, for example, Pesaran, 2006; Kapetanios et al., 2011, and Westerlund and Urbain, 2015). The question
e ask is: Under what conditions will the CCEP estimator be consistent and asymptotically normal? To answer this, we
egin by deriving an asymptotic expansion of the estimator. The expansion is very general and retains all terms that are
on-negligible when the rate of convergence is

√
NT . The assumption we make is that N/T → κ ∈ (0, ∞) as N, T → ∞

jointly, which is similar to the assumptions used in, for example, Bai (2009), Moon and Weidner (2015, 2017), Karabiyik
et al. (2017), and Westerlund and Urbain (2015). As a natural second step in our analysis, the asymptotic expansion is
used to evaluate the consistency and asymptotic distribution of the CCEP estimator. In so doing, it turns out to be useful
to consider a few different specifications of k, rm and r . The results show that

√
NT -consistency and asymptotic normality

s generally possible when either k + 1 = rm, so that the number of estimated factors is equal to the number of mean
actors, or rm = r , so that all the factors are estimable using CCE. If, however, rm < min{r, k + 1}, asymptotic normality
enerally breaks down, although consistency is still there. The rate of convergence in this last case is generally given by
N , although we also list conditions that ensure that the rate is

√
NT .

In this paper we assume that both dimensions (cross-sectional and time-series) of the data are large. If the length
of time-series is limited (i.e. T fixed), then the results obtained in this paper are not directly applicable. For estimation

1 The main restriction is that the slopes of the regressors must be equal across the cross-section, which is the same as in, for example, Bai
(2009), Greenaway-McGrevy et al. (2012), and Moon and Weidner (2015, 2017). As usual with panel data models, we do not consider them unless
there is some similarity that can be exploited. The idea here is to selectively pool the information regarding the slopes, and to impose only minor
restrictions on the common factor component of the model, which will enable us to study the factor estimation problem when it matters, as it is
commonly done in the QML literature (see, for example, Bai, 2009, and Moon and Weidner, 2015, 2017).
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procedures applicable in such situations please refer to e.g. Holtz-Eakin et al. (1988), Ahn et al. (2013), Robertson and
Sarafidis (2015), and Juodis and Sarafidis (2018).

The rest of the paper is organized as follows. Section 2 introduces the DGP, the CCEP estimator (Section 2.1), and the
arious specifications of k, rm and r that we will be considering (Section 2.2). Because of the generality of the DGP, a
arge part of the section will be devoted to discussion. The main results are reported in Section 3, which are divided into
symptotic expansion (Section 3.1), consistency (Section 3.2), asymptotic distribution (Section 3.3), and implications for
nference (Section 3.4). Section 4 reports the results of a small-scale Monte Carlo study. Section 5 concludes. All proofs
re provided in the supplementary online appendix.

. Model, estimator and specifications

.1. Model and estimator

Consider the scalar panel data variable yi,t , observable for t = 1, . . . , T time series and i = 1, . . . ,N cross-sectional
units. The DGP of the T × 1 vector yi = (yi,1, . . . , yi,T )′ is given by

yi = xiβ + Fλi + εi, (2.1)

where xi = (xi,1, . . . , xi,T )′ is a T×k matrix of regressors, F = (F1, . . . , FT )′ is a T×r matrix of unobserved common factors,
λi is a r×1 vector of factor loadings, and εi = (εi,1, . . . , εi,T )′ is a T×1 vector of idiosyncratic errors.2 If the composite error
term Fλi + εi is uncorrelated with xi, then (2.1) is nothing but a static panel data regression with exogenous regressors,
which can be estimated consistently using OLS. If, however, xi is correlated with Fλi + εi, then consistency will be lost.
To allow for this possibility, we follow the existing CCE literature, and assume that

xi = FΛ′

i + vi, (2.2)

where Λi is a k×r loading matrix and vi = (vi,1, . . . , vi,T )′ is a T ×k matrix of idiosyncratic errors. However, in contrast to
ost existing studies, which assume that vi and εi are independent, in the present study xi may be predetermined, such

hat εi is uncorrelated with current and past values of xi,t but not with its future values. In particular, xi,t may contain
ags of yi,t .

xample 2.1 (The AR(1) Model). Consider the following first-order autoregressive, or AR(1), model with a single factor:

yi,t = αyi,t−1 + γift + εi,t . (2.3)

his model has attracted considerable interest in the literature (see, for example, Everaert and De Groote, 2016; Pesaran,
007, and Westerlund, 2015), and is a special case of our more general DGP. In order to appreciate this, note how

yi,t = γi(1 − αL)−1ft + (1 − αL)−1εi,t = γiα(L)ft + α(L)εi,t , (2.4)

here L is the lag operator and a(L) = (1 − aL)−1 for any constant |a| < 1. If we lag this last equation, we have a static
actor model for the regressor in (2.3), as required by (2.2). The AR(1) in (2.3) can therefore be written on the same form
s (2.1) and (2.2) with xi,t = yi,t−1, Ft = (ft , α(L)ft−1)′, λi = (γi, 0)′, Λi = (0, γi), vi,t = α(L)εi,t−1 and β = α. Hence, while

the equation for yi,t in (2.3) has only one factor, the DGP for yi and xi in (2.1) and (2.2), respectively, has r = 2 factors.

Denote by zi = (yi, xi) = (zi,1, . . . , zi,T )′ the T × (k + 1) matrix of observables. The DGP in (2.1) and (2.2) can be
rewritten as the following static factor model for zi:

zi = FCi + ui, (2.5)

where Ci = (Λ′

iβ + λi,Λ
′

i) is r × (k + 1) and ui = (viβ + εi, vi) = (ui,1, . . . ,ui,T )′ is T × (k + 1). This model is the same
as the one considered by Pesaran (2006). The estimator of the factors is also the same, and is given by F̂ = z, where
A = N−1∑N

i=1 Ai for any matrix Ai. The CCEP estimator is simply the pooled OLS estimator with F̂ in place of F, which
e may write as

β̂P =

(
N∑
i=1

x′

iMF̂xi

)−1 N∑
i=1

x′

iMF̂yi,

where MA = IT − A(A′A)+A′
= IT − PA for any T -rowed matrix A with (A′A)+ being the Moore–Penrose inverse of A′A (if

A is not of full column rank).

2 Unlike in Pesaran (2006), the DGP considered in the present paper does not contain any observed factors, which are irrelevant for the main
point. Observed factors can be accommodated simply by redefining yi , xi , F and εi as the residuals obtained by projecting on the observed factor
atrix.
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The assumptions that we will be working under are based on those of Pesaran (2006). The idea is to take the original
ssumptions of this seminal paper as a starting point, but to make a number of relaxations that will put stress on the
CEP approach. Before stating our first assumption, Assumption 2.1, it is useful to define

D =

(
1 0′

k×1
β Ik

)
nd ei,t = (εi,t , v′

i,t )
′, which means that the errors in (2.5) can be written very conveniently as ui,t = D′ei,t . Assumption 2.1

is stated in terms of the autocovariances of ei,t , which we are going to denote as

Γe,i(h) = E(ei,te′

i,t−h) =

(
E(εi,tεi,t−h) E(εi,tv′

i,t−h)
E(vi,tεi,t−h) E(vi,tv′

i,t−h)

)
=

(
Γε,i(h) Γεv,i(h)

Γεv,i(−h)′ Γv,i(h)

)
.

Assumption 2.1 (Errors).

(i) ei,t is a stationary process that is independent across i with Γe,i(h) absolutely summable, E(ei,t ) = 0(k+1)×1,
E(∥ei,t∥4) < ∞,

Σe,i =

(
σ 2

ε,i 0′

k×1
0k×1 Σv,i

)
= Γe,i(0),

Σe = limN→∞ N−1∑N
i=1 Σe,i is positive definite, and Γe(h) = limN→∞ N−1∑N

i=1 Γe,i(h), where ∥A∥ =
√
tr (A′A) is

the Frobenius norm of A.
(ii) Γε,i(h) = 0 for all h ̸= 0.
(iii) Γεv,i(h) = 0k×1 for all h ≥ 0.
(iv) vi,t and εj,s are independent for all t , s and i ̸= j.

Assumption 2.2 (Factors).

(i) Ft is a stationary process with E(Ft ) = 0r×1, ΓF(h) = plimT→∞ T−1∑T
t=h+1 FtF

′

t−h, ΣF = ΓF(0) positive definite, and
ΓF(h) absolutely summable.

(ii) ei,t and Fs are mutually independent for all i, t and s.

The first thing to note about Assumption 2.1 is that it does not require Γεv,i(h) to be zero for h ≤ 0 (condition (iii)),
hich means that xi,t may be predetermined such that E(εi,txi,s) = 0k×1 for s ≤ t and E(εi,txi,s) ̸= 0k×1 for s > t .
ence, unlike in most other CCE studies (see, for example, Chudik et al., 2011; Karabiyik et al., 2017; Pesaran, 2006;
esterlund and Urbain, 2015, and Westerlund, 2018), here exogeneity fails not just because of the dependence among

he common components of (2.1) and (2.2), but also because the idiosyncratic errors may be correlated with future values
f the regressors. Chudik and Pesaran (2015), and Everaert and De Groote (2016) do allow for a lagged dependent variable,
nd are therefore more general in this regard. Assumption 2.1(iii) is, however, even more general, as it does not impose
ny restrictions on the nature of the predeterminedness, and is as a result applicable to a wider class of models that
enerate correlation between idiosyncratic errors and future values of the regressors (see Moon and Weidner, 2017 for a
imilar condition in case of QML estimation). For this to be possible, unlike in Pesaran (2006), we have to assume that εi,t is
serially uncorrelated (Assumption 2.1(ii)). Serial correlation can be permitted but then xi,t can no longer be predetermined.
Assumption 2.2(i) rules out non-stationary factors, which is a standard requirement in the literature (see Kapetanios et al.,
2011, and Westerlund, 2018 for two exceptions). The requirement that the factors have zero mean is without loss of
generality, as we can always (time) demean the data to ensure zero mean factors. The only difference is that in this case
Assumption 2.2 should be appropriately reformulated in terms of Ft − T−1∑T

s=1 Fs, and not in terms of Ft .

ssumption 2.3 (Asymptotics). N/T → κ as N, T → ∞ jointly with κ ∈ (0, ∞).

Assumption 2.3 bounds the relative expansion rate of N and T such that κ ̸= 0 and κ−1
̸= 0. In the QML strand of the

literature, this is a common requirement (see, for example, Bai, 2009; Moon and Weidner, 2015, 2017, and Fernández-Val
and Weidner, 2016). Pesaran (2006) considers both equal and heterogeneous slopes. In the former case, which is the one
considered here, he assumes that κ−1

= 0. However, as the Monte Carlo results of Westerlund and Urbain (2015) clearly
show, estimators constructed under this assumption are likely to suffer from poor small-sample properties. In this paper,
we assume that κ ̸= 0 and κ−1

̸= 0, which is only natural, because in many applications N and T are of similar magnitude.
As alluded to in Section 1, we would like to allow for the possibility that some of the factors that enter the equation for

xi do not enter the equation for yi, and vice verse. Assumption 2.4 allow r − ry of the factors in F not to enter the equation
for yi. Using F−y to denote these excluded factors, we may without loss of generality decompose F = (Fy, F−y), where Fy
nd F−y are T × ry and T × (r − ry), respectively. The loading matrix Ci is partitioned conformably as Ci = (C′

y,i, C
′

−y,i)
′,

here Cy,i is ry × (k + 1) and C−y,i is (r − ry) × (k + 1). The loadings in (2.1) and (2.2) are partitioned analogously as
i = (λ′

y,i, λ
′

−y,i)
′ and Λi = (Λy,i,Λ−y,i), respectively. Note that while the factors in F−y can only appear in the equation

or x , the factors in F can potentially appear in both equations. However, since the excluded factors are all in F , we
i y −y
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know that the factors in the equation for yi are given by Fy. These are the y-factors mentioned in Section 1. Assumption 2.4
ormalizes this idea. The assumption is stated in terms of a full rank (k+ 1)× (k+ 1) matrix Q = (Qy,Q−y), where Qy and
Q−y are (k + 1) × ry and (k + 1) × (k + 1 − ry), respectively.

Assumption 2.4 (Exclusion Restrictions).

(i) rk (CyQy) = ry for all N , including N → ∞.
(ii) C−yQy

a.s.
= 0(r−ry)×ry .

(iii) λ−y,i
a.s.
= 0(r−ry)×1.

The significance of Qy is that it enables us to rotate the columns of F̂ into ry columns that estimate Fy itself and k+1−ry
olumns that estimate a linear combination of both Fy and F−y. Note in particular how under Assumption 2.4(ii),

F̂Qy = FCQy + uQy = (FyCy + F−yC−y)Qy + uQy
a.s.
= FyCyQy + uQy

= FyCyQy + op(1). (2.6)

n fact, since CyQy is invertible under Assumption 2.4(i), we have

F̂Qy(CyQy)−1 p
→ Fy (2.7)

s N → ∞ with T held fixed. In other words, F̂Qy(CyQy)−1 is consistent for Fy. Of course, F̂Qy(CyQy)−1 is not really
bservable. However, sinceMF̂ = MF̂Q, for our purposes observing F̂ is as good as observing F̂Qy(CyQy)−1. Assumption 2.4(i)

and (ii) therefore ensure that F̂ is useful for estimating Fy. Assumption 2.4(iii) is needed to ensure that the y-factors are
hose that actually enters the equation for yi. The following example shows how Assumption 2.4 works in Example 2.1.

xample 2.1 (Continued). In the pure AR(1) example, λi = (γi, 0)′, and so λ−y,i = 0, as required by Assumption 2.4(iii).
ut we also have Λi = (0, γi) and β = α, which means that Ci is given by

Ci = (Λ′

iβ + λi,Λ
′

i) =

(
γi 0
αγi γi

)
. (2.8)

oreover, since r = k + 1 = 2 and ry = 1, we have Cy,i = (γi, 0) and C−y,i = (αγi, γi). It follows that

C =

(
Cy

C−y

)
=

(
γ 0
αγ γ

)
. (2.9)

onsider Q. Because Q is assumed to have full rank k+ 1, the (k+ 1)× ry matrix Qy must have full column rank ry, which
n this case means that the rank of Qy should be one. We also require that rk (CyQy) = ry and C−yQy

a.s.
= 0(r−ry)×ry . A natural

choice is to set

Q = (Qy,Q−y) = D−1
=

(
1 0

−α 1

)
, (2.10)

whose rank is obviously full with Qy = (1, −α)′ having rank one. Also, CyQy = γ and C−yQy = 0. Hence, if we assume
hat γ ̸= 0, then rk (CyQy) = rk γ = ry = 1, and so Assumption 2.4 is met. The main restrictions here are therefore that
λ−y,i = 0 and γ ̸= 0 (for all N , including N → ∞). The latter restriction makes sense, because if γ = 0, then yt would
ot load on ft , which means that its usefulness as an estimator would be lost, as we will explain in more detail later in
his section.

As Example 2.1 makes clear, models in which the factors affecting the equations for yi and xi are different arise naturally
n the presence of lagged dependent variables. It is therefore important to allow for this possibility.

emark 2.1 (The Factors in QML). The scenario that we are considering with both y-factors and non-y-factors can be
otivated by the QML literature (see, for example, Bai, 2009 and Moon and Weidner, 2015, 2017). Here it is standard

o assume that while yi admits to a factor structure, the common component of xi is essentially unrestricted. The idea
s then to use QML to estimate and control for the factors in yi only, which is again similar to our proposal. The main
difference is that because of the way that the factors are estimated using the cross-sectional averages, in the current paper
the common component of the regressors must have a factor structure.

Assumption 2.5 (Loadings).

(i) Ci is independent across i with E(∥Ci∥
2) < ∞ and E(Ci) = C = (C′

y, C′
−y)

′
= (Λ′β + λ,Λ′).

(ii) C and u are independent for all i and j.
i j
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(iii) C = RCm, where

R =

(
Iry 0ry×(rm−ry)

0(r−ry)×ry R22

)
and Cm are r × rm and rm × (k + 1), respectively, with rkR = rk Cm = rm ≥ ry.

Assumption 2.5 implies that

ry ≤ rk C = rm ≤ min{r, k + 1}. (2.11)

s we will now explain, this condition is very general and can be seen as an extension of the rank condition first introduced
y Pesaran (2006). The latter condition is by now standard in CCE studies with equal slopes (see Karabiyik et al., 2017 for
n overview), and is given by

rk C = r = rm = ry ≤ k + 1. (2.12)

o appreciate the difference between the two conditions it is useful to introduce the T × rm matrix Fm = FR, and the T × r
atrix F−m = MFmF. Note that F′

mF−m = 0rm×r , which means that the two sets of factors are orthogonal. The columns of
m are the mean factors discussed in Section 1, while those of F−m are the non-mean factors. Moreover, by making use of
ssumption 2.5, the mean factors can be decomposed as Fm = (Fy, Fm,−y), where Fm,−y = F−yR22 is T × (rm − ry). Hence,
he mean factors contain all of the y-factors in Fy plus rm − ry linear combinations of the remaining r − ry non-y-factors
n F−y. Note also that since Fy is included in Fm, F−m must have at least ry zero columns. In fact, it is not difficult to show
hat F−m = (0T×ry , F−m,−y), where F−m,−y = MFmF−y is T × (r − ry).3 Note also that if rm = r , then R has full rank and so
Fm = MF, which in turn implies F−m,−y = 0T×(r−ry). This is to be expected, because if all the factors are mean factors,

then by definition there cannot be any non-mean factors.
The definitions of Fm and F−m imply that F has the following orthogonal components representation:

F = FmH′
+ F−m, (2.13)

where H = F′Fm(F′
mFm)−1 is r × rm. Clearly, H′R = Irm , which in turn implies that F−mR = 0T×rm . By using this and

Assumption 2.5,

FC = FmH′RCm + F−mRCm = FmCm, (2.14)

which in view of (2.5) in turn implies

E(zi|F) = FE(Ci|F) + E(ui|F) = FC = FmCm. (2.15)

Hence, in expectation there are not r but rm ≤ r factors, which are identically the mean factors. As we show in (2.22), these
are the factors that can be consistently estimated using the cross-sectional averages in F̂. The remaining r − rm factors,
which are the non-mean factors, are inestimable using the cross-sectional averages. This is intuitive, because factors that
do not enter the expected value of zi cannot reasonably be expected to be well-estimated by the sample average. By
contrast, the condition in (2.12) requires that all factors are mean factors and that they can be consistently estimated.
Consistent estimation of all factors is, however, not only very demanding but also unnecessary given our purpose to just
estimate parameter β in the equation for yi. Condition (2.11) recognizes that there might be non-mean factors that only
enter the equation for xi, and that these factors might not be estimable using cross-sectional averages.

Example 2.2 (Mean and Non-mean Factors). The DGP that we will consider in this example is given by

yi,t = βxi,t + γift + εi,t , (2.16)

xi,t = πift + θigt + vi,t . (2.17)

This DGP is very similar to the production function considered by Eberhardt and Teal (2020), in which the inputs (labour
and capital stock) may depend on factors that have no direct effect the value added. Another example of a DGP of this
form is given by Cesa-Bianchi et al. (2019), where yi,t is the GDP growth and xi,t is a stock market volatility measure.
Suppose that E(γi) = γ , E(πi) = π and E(θi) = θ , and let f = (f1, . . . , fT )′, g = (g1, . . . , gT )′ and F = (f, g). In this notation,
the y- and non-y-factors are given simply by Fy = f and F−y = g, respectively, with Λi = (Λy,i,Λ−y,i) = (πi, θi) and
λi = (λy,i, λ−y,i)′ = (γi, 0)′ being the associated loading matrices. It follows that

C = (Λ′β + λ,Λ′) =

(
πβ + γ π

θβ θ

)
, (2.18)

3 The fact that F−m = (0T×ry , F−m,−y) is a direct consequence of the block-wise formula for projection matrices, which states that PFm =

+ P . It follows that F = M F = (M − P )F = (0 , F ), where F = M F .
Fy MFy Fm,−y −m Fm Fy MFy Fm,−y T×ry −m,−y −m,−y Fm −y
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whose rank depends on whether or not θ = 0. In this example, we set θ = 0, which means that

C =

(
πβ + γ π

0 0

)
, (2.19)

nd therefore ry = rm = 1 < r = k + 1 = 2. One implication of this is that R = (1, 0)′, which together with C = RCm in
ssumption 2.5(iii) in turn implies that Cm = (πβ + γ , π ). Hence, in this example, the mean and non-mean factors are
iven by Fm = FR = Fy = f and F−m = MfF = (0T×1,Mfg) = (0T×1, F−m,−y), respectively.

emark 2.2 (Strong and Weak Factors). The concepts of mean and non-mean factors are related to the concepts of strong
nd weak factors introduced by Chudik et al. (2011). The main difference is that while the former concepts are about the
ean of the loadings, the latter are about the order of the loadings themselves. In order to illustrate this difference, it is
seful to consider the following very simple DGP:

yi,t = γift + εi,t , (2.20)

here γi is independently distributed with mean E(γi) = γ . According to Definition 3.1 of Chudik et al. (2011), the factor
t is strong if plimN→∞N−1∑N

i=1 |γi| > 0, and it is weak if plimN→∞

∑N
i=1 |γi| < ∞. The first condition will be satisfied

f ft is a mean factor, because then γ
p

→ γ ̸= 0. If, on the other hand, ft is a non-mean factor, then γ = op(1), which
does not necessarily imply that

∑N
i=1 |γi| = Op(1). If, however, the factor is weak such that γi = Op(N−1), then it is also

asymptotically a non-mean factor.

As the above discussion makes clear, one of the advantages of (2.11) is that not all factors have to be estimable. Another
advantage is that r can be larger than k + 1, provided that rm ≤ k + 1. That is, the number of estimated factors may be
maller than the true number, which seems like a relevant scenario to consider, because in practice we never know how
any factors there are. Moreover, while the regressors are typically given by economic theory, in many applications theory

s not very informative about the factors (see, for example, Eberhardt et al., 2013). Therefore, the theoretically implied
alue of k+1 has typically little or nothing to do with r , and there is no reason to believe that the latter number should be
ess than or equal to the former. The fact (2.11) does not require that r ≤ k+ 1 is therefore very valuable. The case when
> k+1 has been considered by a number of papers, including Chudik et al. (2011), Chudik and Pesaran (2015), Kapetanios
t al. (2011), and Pesaran (2006). In these papers, however, the loadings are independent of the regressors, which, as
lready pointed out, means that the factors can be ignored. The number of factors is therefore irrelevant. There are some
tudies that consider DGPs with equal slopes; however, they all require that (2.12) holds (see Everaert and De Groote,
016; Karabiyik et al., 2017; Pesaran, 2006; Westerlund and Urbain, 2015, and Westerlund, 2018). As far as we are aware,
he current paper is the only one to consider a DGP with equal slopes and possibly correlated loadings without at the
ame time requiring that (2.12) holds.

.2. Specifications

One of the challenges that we face while working under (2.11) is that r may be larger than rm. This requires accounting
or the non-mean factors in F−m, which are not captured by F̂. Note in particular how

F̂ = FC + u = FmH′C + F−m(C − C) + u = FmCm + E, (2.21)

here Cm = H′C, E = F−m,−ỹC−y + u and C̃−y = C−y − C−y. The last equality makes use of the fact that F−m =

(0T×ry , F−m,−y). The presence of F−m,−ỹC−y in E is reflected in our results, which generally depend on
√
N C̃−y. That is, the

esults will in general depend on the unaccounted for non-mean factors.
While seemingly quite unproblematic when compared to the case when r > rm, another major challenge we face while

orking under (2.11) is the fact that rm may be smaller than k+ 1. In order to understand the issues involved, it is useful
to first consider the case when rm = k+ 1, in which Cm is rm × rm and invertible under Assumption 2.5(iii). Applying this
o (2.21), we obtain

F̂ C
−1
m = Fm + EC

−1
m

p
→ Fm. (2.22)

Hence, not only are we able to estimate the y-factors consistently, but we are in fact able to estimate all the mean factors.
The problem is if rm < k + 1, which means that there are k + 1 − rm columns of F̂ that do not load on Fm. Hence, since
E

p
→ 0T×(k+1) as N → ∞, some of the columns of F̂ will be degenerate, which in turn means that T−1̂F′̂F appearing in the
enominator of MF̂ is singular in the limit. In order to side-step this problem, we look for a rotated version of F̂ whose
olumns are all non-degenerate. Let us therefore decompose Q = (Qm,Q−m), where Qm and Q−m are (k + 1) × rm and
k+1)× (k+1− rm), respectively. Note that the first ry columns of Qm are given by Qy. Hence, the matrix Q conveniently
nables us to separate out both the y- and non-y-factors, and the mean and non-mean factors. Post-multiplying Cm by
his matrix, we obtain CmQ = (CmQm, CmQ−m). Under Assumption 2.5(iii), the rank of Cm is equal to rm. It is therefore
ithout loss of generality to assume that rk (CmQm) = rm. Now let

G =

(
(CmQm)−1

−
√
N(CmQm)−1CmQ−m√

)
= (Gm,G−m), (2.23)
0(k+1−rm)×rm NIk+1−rm
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where Gm is (k + 1) × rm and G−m is (k + 1) × (k + 1 − rm). By construction, CmQG = (Irm , 0rm×(k+1−rm)), from which it
follows that

F̂QG = FmCmQG + EQG = (Fm, 0T×(k+1−rm)) + EQG. (2.24)

he rotation by QG therefore rearranges the columns of F̂ such that the first rm columns of F̂QG are those that load on
m. However, this is not the only thing that QG does. In order to appreciate this, note how EQG = (EQGm, EQG−m), where

EQGm = EQm(CmQm)−1 and EQG−m =
√
NE[Q−m − Qm(CmQm)−1CmQ−m]. Hence, because of the scaling by

√
N in EQG−m,

e have

F̂QG = (Fm, EQG−m) + op(1), (2.25)

here all the columns of the first term on the right are non-degenerate. Therefore, unlike T−1̂F′̂F, T−1G′Q′̂F′̂FQG converges
o a positive definite matrix, which means that the singularity problem can be avoided. There is a problem, however, in
hat F̂QG is not only estimating Fm but also EQG−m, which will affect the asymptotic distribution in very much the same
way as the unaccounted for non-mean factors when r > rm.

As the above discussion makes clear, the results of this paper depend critically on k+ 1, rm and r . In what follows, we
istinguish between the following four specifications:

S1. k + 1 = rm = r;
S2. k + 1 > rm = r;
S3. k + 1 = rm < r;
S4. k + 1 > rm < r .

s alluded to in Section 1, there exists a substantial variation in the DGPs considered in the existing literature, which
akes it difficult to make general statements as to the generality of S1–S4. Consider S1 and S2. Similar specifications have
een considered by, for example, Pesaran (2006), Karabiyik et al. (2017), Westerlund and Urbain (2015) and Westerlund
2018). However, none of these papers allow for predetermined regressors. Everaert and De Groote (2016) do allow for a
agged dependent variable, and are therefore more general in this regard. But then their DGP is basically the same single
trong factor AR(1) as in Example 2.1, which represents a rather limited consideration. Hence, if we focus on existing
tudies that allow the loadings to be correlated with the regressors, even our simplest S1 and S2 specifications are more
eneral than those considered previously.
Our interest in S3 originates with the fact that in the previous literature it is standard not to distinguish between rm

nd r , which means that all factors are assumed to be mean factors. One exception here is the study of Chudik et al.
2011), who allow some of the factors to be weak with negligible loadings, which means that asymptotically they are
on-mean factors (see Remark 2.2). However, since the weak factors are assumed to be uncorrelated with xi,t , they can
e omitted without consequence. By contrast, as pointed out in the discussion following (2.21), the non-mean factors
onsidered here will in general affect the asymptotic distribution of the CCEP estimator.
S4 is the most challenging scenario that we consider. Here we put no restrictions on the relationship between r and

+ 1, provided that they are both larger than rm.

. Asymptotic analysis

.1. Asymptotic expansion

In this section, we provide an asymptotic expansion of
√
NT (̂βP −β), which, as already pointed out, is going to be key

n the sequel. Before stating this expansion, however, it is useful to first introduce some notation. Specifically, we define

ΣF−m,−y (h) = plim
T→∞

1
T

T∑
t=h+1

F−m,−y,tF′

−m,−y,t−h,

ΣE =
√
N C̃′

−yΣF−m,−y

√
N C̃−y + D′ΣeD,

h = ΣFJFR(R′R)−1,

JF = R(R′ΣFR)−1R′,

JE =

{
QG−m(G′

−mQ′ΣEQG−m)−1G′
−mQ′ for k + 1 > rm

0(k+1)×(k+1) for k + 1 = rm
,

ith F′
−m,−y,t being the t−th row of F−m,−y and ΣF−m,−y (0) = ΣF−m,−y . Analogous to C̃−y, we further define Λ̃−y,i =

Λ−y,i − Λ−y.

Theorem 3.1. Under Assumptions 2.1–2.5,
√
NT (̂β − β) = Σ−1(b +

√
κb + κ−1/2b + b +

√
Tb ) + o (1),
P x 0 1 2 3 4 p

332



A. Juodis, H. Karabiyik and J. Westerlund Journal of Econometrics 220 (2021) 325–348

w

√

i
o
w
c
a
b

o

c
i
f

‘

where

b0
d

→ N(0k×1,Σ0),

b1 = −

∞∑
h=1

Γεv(−h)′tr [ΓF(h)JF],

b2 = −
1
N

N∑
i=1

[(0k×1, Ik)Σe,iD − Λih(CmQm)−1′Q′

mΣE](Σ
−1
E

− JE)

× ΣEQm(CmQm)−1h′(λ′

y,i, 0
′

(r−ry)×1)
′

−
1
N

N∑
i=1

[(0k×1, Ik)Σe,iD − Λih(CmQm)−1′Q′

mΣE]JE(σ
2
ε,i, 0

′

k×1)
′

−
1
N

N∑
i=1

Λih(CmQm)−1′Q′

m(σ
2
ε,i, 0

′

k×1)
′,

b3
d
= N(0k×1,Σ3),

b4 =
1
N

N∑
i=1

(λ′

y,i ⊗ Λ̃−y,i) vec [ΣF−m,−y

√
N C̃−yJED

′ΣeDQy(CyQy)−1
],

Σx = Σv +
1
N

N∑
i=1

Λ−y,i(ΣF−m,−y − ΣF−m,−y

√
N C̃−yJE

√
N C̃′

−yΣF−m,−y )Λ
′

−y,i,

hich are all Op(1) with b0 and b3 independent, having covariance matrices

Σ0 = lim
N→∞

1
N

N∑
i=1

σ 2
ε,iΣv,i,

Σ3 = lim
N→∞

1
N

N∑
i=1

σ 2
ε,iE(Λ̃−y,iΣF−m,−yΛ̃

′

−y,i)

+

(
lim

N→∞

1
N

N∑
i=1

E[λ′

y,i(CyQy)−1′Q′

y ⊗ Λ̃−y,i]

)
∞∑

h=−∞

[D′Γe(h)D ⊗ ΓF−m,−y (h)]

×

(
lim

N→∞

1
N

N∑
i=1

E[λ′

y,i(CyQy)−1′Q′

y ⊗ Λ̃−y,i]

)′

.

The expansion in Theorem 3.1 requires some discussion. Consider the numerator, which comprises five terms, b0,
κb1, κ−1/2b2, b3 and

√
Tb4.4 The first term is normal with mean zero, and will in many cases drive the asymptotic

distribution of the estimator as a whole. The remaining terms are manifestations of the well-known ‘‘incidental parameters
problem’’ (Neyman and Scott, 1948), which arises because of the need to account for the nuisance parameters in
(C1, . . . , CN ) and (F1, . . . , FT ), whose number is increasing in N and T , respectively. Consider

√
κb1. This is an asymptot-

cally non-random term representing a bias in the asymptotic distribution of the numerator of
√
NT (̂βP − β). The source

f this term is the bias coming from the estimation of (C1, . . . , CN ) when T is fixed and the regressors are predetermined,
hich is a reflection of the ‘‘Nickell bias’’ (Nickell, 1981). The absolute magnitude of this bias depends on the specification
onsidered. Note in particular that if r = rm, as in S1 and S2, then R is rm × rm and invertible, which means that JF = Σ

−1
F

nd therefore b1 = −
∑

∞

h=1 Γεv(−h)′tr [ΓF(h)Σ−1
F ]. If the regressors are exogenous, then Γεv(h)′ = 0k×1, which means that

1 is zero, too. Similarly, if the factors are serially uncorrelated, then ΓF(h) = 0r×r , and so b1 is again zero.
Because of the dependence on κ , the effect of

√
κb1 is going to be less pronounced the larger is T relative to N . The

pposite is true for κ−1/2b2, which arises because of the need to account for F. The fact that this term depends on
√
N C̃−y

through ΣE (and hence also JE) means that it is generally random even in the limit as N → ∞, and that it may therefore
ontribute to both the mean and variance of the asymptotic distribution of

√
NT (̂βP − β). An important consideration

n this regard is whether k + 1 = rm or k + 1 > rm. As alluded to in Section 2.2, the reason for this is the redundant
actor estimates when k + 1 > rm, which affect the asymptotic behavior of

√
NT (̂βP − β) in very much the same way as

4 Consider the matrix product A−1B in which A and B are conformable matrices. In this paper, we refer to B as the ‘‘numerator’’ and A as the
‘denominator’’ even if their dimension is greater than one.
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redundant deterministic constant and trend terms do in unit root testing. If, however, k + 1 = rm (as in S1 and S3), then
E = 0(k+1)×(k+1), and so b2 reduces to

b2 = −
1
N

N∑
i=1

[(0k×1, Ik)Σe,iD − Λih(CmQm)−1′Q′

mΣE]

× Qm(CmQm)−1h′(λ′

y,i, 0
′

(r−ry)×1)
′
−

1
N

N∑
i=1

Λih(CmQm)−1′Q′

m(σ
2
ε,i, 0

′

k×1)
′

= −
1
N

N∑
i=1

[(0k×1, Ik)Σe,iD − ΛihC−1′
m ΣE]C

−1
m h′(λ′

y,i, 0
′

(r−ry)×1)
′

−
1
N

N∑
i=1

ΛihC−1′
m (σ 2

ε,i, 0
′

k×1)
′, (3.1)

here the second equality holds, because Cm and Qm are both rm × rm and invertible under k + 1 = rm. Without further
estrictions, this expression is nonzero.5 Hence, b2 is there even in our most restrictive S1 specification, as to be expected,
ecause of the estimated factors, which are always included. Note also how b2 depends on

√
N C̃−y through ΣE. It is

therefore random, as opposed to b1. However, there are cases when this randomness goes away. One is when r = rm, as
n S1 and S2, in which case F−m,−y = 0T×(r−ry) and therefore ΣE = D′ΣeD. Another instance when b2 is non-random is in
S3.

Proposition 3.1. Suppose that the conditions of Theorem 3.1 hold. Then, under S3,

b2 = −
1
N

N∑
i=1

[(0k×1, Ik)Σe,i − ΛihC−1′
m D′Σe]DC−1

m h′(λ′

y,i, 0
′

(r−ry)×1)
′

−
1
N

N∑
i=1

ΛihC−1′
m (σ 2

ε,i, 0
′

k×1)
′.

Note that the expression given in Proposition 3.1 does not depend on
√
N C̃−y. It follows that while generally random

in S4, in S1–S3 b2 is deterministic. This is going to be important in Section 3.3 where we study the asymptotic distribution
of

√
NT (̂βP − β).

The last two terms in the numerator, b3 and
√
Tb4, are zero in S1 and S2, as in these specifications r = rm, and so

ΣF−m,−y = 0(r−ry)×(r−ry). The reason for the presence of these terms in S3 and S4 is the non-mean factors, which are not
captured by F̂ and that can be seen as omitted variables. In S3, these omitted variables are asymptotically uncorrelated
with both xi and F̂. This implies that JE = 0(k+1)×(k+1), and therefore b4 = 0k×1. In S4, however, the redundant factor
estimates are correlated with the omitted factors, which causes the effect to increase and to become rather serious. In
particular, since b4 = Op(1),

√
Tb4 is divergent and therefore so is

√
NT (̂βP − β).

As with the numerator, the exact form of the denominator depends on the specification considered. Note in particular
hat while in S1 and S2 Σx = Σv, in S3 and S4 there are additional terms that depend on whether k + 1 > rm and/or
> rm. Note in particular how Σx generally depend on

√
N C̃−y.

Remark 3.1 (Comparison with the QML Bias). Theorem 3.1 bears many similarities to the results obtained by Bai (2009),
and Moon and Weidner (2015, 2017) for their QML estimator. Note in particular how b1, the Nickell bias, is present also
in the asymptotic representation of this other estimator. However, since the QML estimator is only concerned with those
factors that actually enter the equation for yi, the resulting bias only depends on Fy. The comparison of the other terms is
less straightforward (see Westerlund and Urbain, 2015). However, we note that unlike in CCE, which does not make use
of the information regarding the covariance structure of εi, the non-Nickell part of the bias of the QML estimator is zero
in absence of cross-sectional and time series heteroscedasticity in εi.

The asymptotic expansion of
√
NT (̂βP − β) simplifies considerably if a specific DGP can be assumed. This is illustrated

in the following examples.

Example 2.1 (Continued). Suppose that the AR(1) given earlier in this example holds, that σ 2
ε,i = σ 2

ε for all i, and
hat ft = φft−1 + ηt with ηt being mean zero and independent of εi,s for all t , i and s. Under these assumptions,
εv(−h)′ = αh−1σ 2

ε and Ft = (ft , α(L)ft−1)′ has the following first-order vector autoregressive, or VAR(1), representation:

Ft =

(
φ 0
1 α

)
Ft−1 +

(
1
0

)
ηt . (3.2)

5 Below we provide an example of a situation in which b = 0 .
2 k×1
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The fact that Ft admits to a VAR(1) representation implies that

ΓF(h) =

(
φ 0
1 α

)h

ΓF(0), (3.3)

rom which it follows that tr [ΓF(h)JF] = φh
+ αh. Direct insertion into b1 now yields

b1 = −

∞∑
h=1

Γεv(−h)′tr [ΓF(h)JF] = −σ 2
ε

(
φ

1 − αφ
+

α

1 − α2

)
. (3.4)

his differs from the bias of the infeasible OLS estimator obtained by taking ft as known, which is given by −σ 2
ε φ(1−αφ)−1.

hus, since in many empirically relevant cases, both α and φ are expected to be positive, the bias of the CCEP estimator is
going to be larger than that of the infeasible OLS estimator. The CCEP bias is also going to be larger than the corresponding
QML bias, which is identical to the infeasible OLS bias, see Moon and Weidner (2017).

Example 2.1 (Continued). Let us now drop the AR(1) specification for ft and go back to the original AR(1) model for yi,t .
n this model, ry = 1 and rm = r = k + 1 = 2. Making use of the fact that rm = r , we obtain ΣE = D′ΣeD. Also,
C = (λ,Λ′)D = γD. Insertion into (3.1) yields

b2 = −
1
N

N∑
i=1

[(0, 1)Σe,i − γ −1ΛiΣe]γ
−1(λy,i, 0)′ −

1
N

N∑
i=1

γ −1ΛiD−1′(σ 2
ε,i, 0)

′. (3.5)

We also have Λi = γi(0, 1), λy,i = γi, and

D−1
=

(
1 0

−α 1

)
, (3.6)

where the latter implies (0, 1)D−1′(1, 0)′ = 0. Similarly, because Σe,i and Σe are both diagonal, we have (0, 1)Σe,i(1, 0)′ =

(0, 1)Σe(1, 0)′ = 0. It follows that

b2 = −
1
N

N∑
i=1

[(0, 1)Σe,i − γ −1γi(0, 1)Σe]γ
−1(γi, 0)′ −

1
N

N∑
i=1

γ −1γi(0, 1)D−1′(σ 2
ε,i, 0)

′
= 0. (3.7)

Moreover, since b3 and b4 are clearly zero, we have that in the particular AR(1) model considered here there is only the
Nickell bias. One can similarly show that the same conclusion applies to VAR(p) models of the type considered by Chudik
and Pesaran (2015).

3.2. Consistency

Theorem 3.1 has obvious implications for consistency. These are summarized in Corollaries 3.1 and 3.2. We begin by
considering the results for S1–S3, which are given in Corollary 3.1. This corollary is a simple consequence of the fact that
κ , κ−1 and b0–b3 are all Op(1), and that b4 = 0k×1 in S1–S3.

Corollary 3.1. Suppose that the conditions of Theorem 3.1 hold. Then, under S1–S3,
√
NT (̂βP − β) = Op(1).

Corollary 3.1 states that the CCEP estimator is consistent and that the rate of convergence is given by
√
NT . This

esult is in line with previous results for DGPs with equal slopes (see, for example, Pesaran, 2006; Karabiyik et al., 2017;
esterlund and Urbain, 2015, and Westerlund, 2018), many of which were derived under more restrictive conditions than

he ones considered here. Note in particular how these existing results assume that (2.12) holds, and that the regressors
re exogenous. Corollary 3.1 is more general in this regard and can therefore be seen an extension of previous works.
As for S4, according to Theorem 3.1, we have

√
N (̂βP − β) = Σ−1

x b4 + Op(T−1/2). (3.8)

he next corollary is a direct consequence of this.

orollary 3.2. Suppose that the conditions of Theorem 3.1 hold. Then, under S4,
√
N (̂βP − β) = Op(1).

According to Corollaries 3.1 and 3.2, while when at most one of r > rm and k + 1 > rm are entertained (as in S1–S3)
the rate of convergence is

√
NT , when both are entertained the rate is only

√
N . Note also that while Corollary 3.2 makes
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use of Assumption 2.3,
√
N/T → 0 is actually enough for

√
N-consistency under S4. Without restrictions on the relative

xpansion rate of N and T , we have the following result:√
min{N, T }(̂βP − β) = Op(1). (3.9)

he only condition here is therefore that min{N, T } → ∞.
While under the conditions of Theorem 3.1 the rate of convergence in S4 is

√
N , there are exceptions when the rate of

convergence is
√
NT . In what follows, we will consider four such exceptions, which are given in Assumption 3.1(i)–(iv).

Assumption 3.1 (Extra Loading Restrictions). One of the following conditions hold:

(i) E(Λ̃−y,iλy,i) = 0k×1;
(ii) Λ̃−y,i = Op(N−1/4) and Λ̃−y = Op(N−3/4);
(iii)

√
N C̃−yQ = Op(N−1/2);

(iv)
√
N C̃−yQ−m = Op(N−1/2) and CmQ−m = Op(N−1/2).

According to Assumption 3.1(i), one exception from the
√
N-rate of convergence in S4 is when Λ−y,i and λy,i are

uncorrelated. This is intuitive, as the cause of the reduced convergence rate in S4 is the non-y-factors, which are not fully
captured in the estimation. The y-factors are unobserved, but we know that they can be consistently estimated using F̂
(or rather F̂Qy(CyQy)−1). Hence, asymptotically having F̂ is just as good as having Fy itself. The factors included in the
odel are therefore correlated with those not captured in xi, leading to an ‘‘omitted variables bias’’, as represented by
−1
x b4 in (3.8). By assuming that the loadings of the y-factors in (2.1) are uncorrelated with the non-y-factor loadings in
2.2), we obtain N−1∑N

i=1(λ
′

y,i ⊗ Λ̃−y,i) = Op(N−1/2), implying that b4 is of the same order. Hence, in view of (3.8) and
ssumption 2.3, it is easy to see that

√
NT (̂βP − β) = Op(

√
TN−1/2) + Op(1) = Op(1). (3.10)

n other words, by assuming that λy,i and Λ−y,i are uncorrelated, the size of the bias is reduced and, as a result,
√
NT -

consistency is restored. Westerlund and Urbain (2013) recognize the importance of having uncorrelated loadings when
k + 1 < r . However, they assume that the whole of Λi and λi are uncorrelated (as do Chudik et al., 2011; Kapetanios
et al., 2011, and Pesaran, 2006), which in the current context is too restrictive. In fact, if Λi and λi are uncorrelated, even
simple fixed effects OLS is consistent, and so there is really no need to use CCE.

Another exception from the relatively low rate of convergence in S4 is when the variation in Λ−y,i is local-to-zero.
Assumption 3.1(ii) requires that Λ̃−y,i = Op(N−1/4) and Λ̃−y = N−1∑N

i=1 Λ̃−y,i = Op(N−3/4), which will be the case if
Λ−y,i = N−1/4Λ̃∗

−y,i, where Λ∗

−y,i satisfies the conditions previously placed on Λ−y,i. This is similar to the weak factor case
discussed in Remark 2.2, but is less restrictive, as Λ−y does not have to be shrinking to zero. In order to appreciate the
effect of this assumption, note that by Assumption 2.4(iii), C̃−y = (Λ̃′

−yβ+λ̃−y, Λ̃
′
−y)

a.s.
= (Λ̃′

−yβ, Λ̃′
−y), which is clearly of the

same order as Λ̃−y. Hence, because of the way that b4 depends on both Λ̃−y,i and
√
N C̃−y, we have that b4 = Op(N−1/2),

which means that
√
NT -consistency is again restored.

Assumption 3.1(i) and (ii) are useful because they give easy-to-interpret conditions under which
√
NT -consistency

holds. The main drawback is that they apply directly to Λ−y,i and λy,i, which can be restrictive. Another possibility is to
ut restrictions not on the loadings themselves but on their rotated versions. As already pointed out, the reason for the
ow convergence rate in S4 is the presence of b4. The point that we would like to make here is that if we are not willing
o restrict Λ−y,i or λy,i, then we have to restrict

√
N C̃−yJE =

√
N C̃−yQN−1/2G−m(N−1/2G′

−mQ
′ΣEQN

−1/2G−m)−1N−1/2G′

−mQ. (3.11)

ince (N−1/2G′
−mQ′ΣEQN−1/2G−m)−1 and N−1/2G′

−mQ are both Op(1), we focus on
√
N C̃−yQN−1/2G−m =

√
N C̃−yQ−m −

√
N C̃−yQm(CmQm)−1CmQ−m. (3.12)

f this matrix is zero, then C̃−yJE and hence b4 will be zero, too. Of course, zero restrictions are quite strong, and so we
nstead restrict the probabilistic order of

√
N C̃−yQN−1/2G−m. Two possibilities arise.

One possibility is to assume that
√
N C̃−yQ = Op(N−1/2), as in Assumption 3.1(iii), which is a restriction on the variance

of some of the loadings. Specifically, the assumption states that the variance of the non-y-factor loadings in
√
N C̃−y is

egligible after rotation by Q. This makes sense, because it is exactly the unaccounted for non-y-factors in xi that cause
he problem. By assuming that the variance of the loadings goes to zero, the effect of these factors is reduced. Note that
n contrast to the local-to-zero Λ̃−y,i scenario, here Λ̃−y,i is not necessarily negligible just because

√
N C̃−yQ is, which

xplains the relatively high rate of shrinking in the current scenario.
Alternatively, we may assume that

√
N C̃−yQ−m and

√
NCmQ−m are Op(N−1/2), as in Assumption 3.1(iv). This imposes

fewer variance restrictions, at the cost of additional restrictions on Cm. Specifically, it is assumed that those columns of
z Q that are not useful for estimating the mean factors in F have negligible loadings. The logic here is similar to before;
i m
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the y-factors in (2.1) are also mean factors, which are correlated with the unaccounted for non-mean factors in (2.2), and
the negligible loading restriction reduces the effect of these non-mean factors.

Proposition 3.2 shows that the rate of convergence under Assumption 3.1 is indeed given by
√
NT .

Proposition 3.2. Suppose that the conditions of Corollary 3.2 hold. If in addition Assumption 3.1 is met, then
√
NT (̂βP − β) = Op(1).

Example 2.2 (Continued). In this example, we illustrate the implications of Assumption 3.1 for the DGP considered in
Example 2.2, where ry = rm = 1 < r = k + 1 = 2, which means that S4 holds. Our starting point is the following much
simplified expression for b4:

b4 = −
(N−1∑N

i=1 θiγi)(plimT→∞ T−1g′Mfg)
√
Nθπσ 2

ε

γ [γ 2Σv + γ 2(
√
Nθ )2(plimT→∞ T−1g′Mfg) + π2σ 2

ε ]
, (3.13)

hich has been obtained by direct substitution into the general formula given in Theorem 3.1. This expression is Op(1)
without further assumptions, which in view of (3.8) means that

√
N (̂βP − β) is of the same order. One possibility in

rder to bring the order of b4 down is to assume that Λ−y,i = θi and λy,i = γi are uncorrelated, as required by
ssumption 3.1(i). This means that N−1∑N

i=1 θiγi = Op(N−1/2), such that b4 = Op(N−1/2). Insertion into (3.8) yields
√
N (̂βP − β) = Op(N−1/2) + Op(T−1/2), which under Assumption 2.3 is equivalent to

√
NT (̂βP − β) = Op(1). Another way

to achieve the same goal is to assume that θi = Op(N−1/4), such that θi is local-to-zero. This is Assumption 3.1(ii). For
Assumption 3.1(iii), we note that C̃−yQ = (θβ, θ ) and, analogously to Example 2.1,

Q = (Qm,Q−m) = D−1
=

(
1 0

−β 1

)
, (3.14)

implying that C̃−yQ = (0, θ ). Hence, for condition (iii) to be met we require θ = Op(N−1), which again means that
4 = Op(N−1/2), and so

√
NT (̂βP − β) = Op(1). One way to satisfy (iii) is to set θi = N−1/2θ∗

i with θ∗

i mean zero and
independent across i, which is similar to (ii) but in this particular example more restrictive, as the rate of shrinking is
relatively higher. One of the requirements of Assumption 3.1(iv) is that C̃−yQ−m = Op(N−1/2). Since Qm = (0, 1)′, we have
C−yQ−m = θ , which is Op(N−1/2) if θ is. But we already know that b4 = Op(N−1/2) under this condition. Hence, in this
GP the second requirement of (iv), CmQ−m = Op(N−1/2), is redundant. However, we note that Cm = H′C, which under

θ = Op(N−1) is asymptotically proportional to Cy, the first row of C, and therefore CmQ−m is asymptotically proportional
to π . One way to satisfy the second requirement of (iv) is therefore to assume that π = Op(N−1/2).

As we just pointed out, in the DGP considered in the above example Assumption 3.1(iv) is stronger than necessary.
In supplementary online appendix we provide a set of less restrictive high-level assumptions, which ensure that the
rate of convergence in S4 is

√
NT . In terms of Example 2.2, these high-level assumptions are tantamount to requiring

π = Op(N−1/2), which will be the case if π = 0, and we have already seen that this is enough to ensure that
b4 = Op(N−1/2). Hence, quite surprisingly, while the model to be estimated is the one in (2.1) for yi,t , under S4 it is
the loadings of the regressors in (2.2) that need to be restricted. This is true in the simple example considered here. With
more than one regressor it is necessary to also restrict JE, and this is when the high-level assumptions come in.

Remark 3.2 (Reduced Rate of Convergence in the QML Case). Consistent with our Proposition 3.2, Moon and Weidner (2015)
show that the rate of convergence of the QML estimator can be reduced from

√
NT to

√
min{N, T } whenever r > ry. This

eduction can be avoided, but then at the expense of additional assumptions on the errors and regressors, such as that
i is normally distributed and that xi has certain high-order moments. Both estimation approaches therefore require

additional assumptions to ensure
√
NT -consistency under S4. The restrictions are not the same, though, and are in fact

not comparable, at least not in general.

3.3. Asymptotic distribution

As we pointed out in the previous section, the limiting behavior of
√
NT (̂βP −β) generally depends on

√
N C̃−y, which

enters through ΣE in b2 and Σx. However, not in S1 and S2, as in these specifications ΣF−m,−y = 0(r−ry)×(r−ry), and so
b3 = b4 = 0k×1 and Σx = Σv. The dependence on

√
N C̃−y in b2 is gone too, as ΣE = D′ΣeD. This means that in S1 and

2 b1 and b2 are constant vectors. Hence, in view of Theorem 3.1, it is clear that
√
NT (̂βP − β) − Σ−1

v (
√

κb1 + κ−1/2b2) = Σ−1
v b0 + op(1), (3.15)

hose asymptotic distribution is given in the next corollary to Theorem 3.1.

orollary 3.3. Suppose that the conditions of Theorem 3.1 hold. Then, under S1 and S2,
√
NT (̂βP − β) − Σ−1

v (
√

κb1 + κ−1/2b2)
d

→ N(0k×1,Σ
−1
v Σ0Σ

−1
v ).
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Table 1
Consistency and asymptotic distribution.
Specification Assumptions Rate Asymptotic distribution

S1 2.1–2.5
√
NT Normal

S2 2.1–2.5
√
NT Normal

S3 2.1–2.5
√
NT Normal

S4 2.1–2.5
√
N Nonstandard

S4 2.1–2.5 and 3.1
√
NT Nonstandard

Notes: ‘‘S1’’–‘‘S4’’ refer to the specifications with k + 1 = rm = r , k + 1 > rm = r ,
k+ 1 = rm < r and k+ 1 > rm < r , respectively. The assumptions are given in Section 2.

Corollary 3.3 shows that under S1 and S2 the CCEP estimator is asymptotically normal. However, while normal, the
asymptotic distribution of

√
NT (̂βP − β) is not centered at zero, as to be expected given the presence of incidental

parameters. In Section 3.4, we discuss the implications of this miscentering for inference.

Remark 3.3 (Dynamics in the Heterogeneous Slope Case). Chudik and Pesaran (2015) allow for a lagged dependent variable
n a DGP with heterogeneous slopes. According to their results, the heterogeneity of the slopes makes yi,t dependent not
only on Ft , but also on all its lags. This greatly complicates both the estimation and the underlying theory, calling for a
finite-order approximation of an infinite-dimensional model. It also creates a dependence on the order of approximation,
which is likely to have a substantial effect in small samples (see Chudik and Pesaran, 2015, and Chudik et al., 2017).
Corollary 3.3 does not require any approximations of this kind. The reason for this much simplified theory is the equal
slope assumption.

In S3, JE = 0(k+1)×(k+1), which means that while b4 = 0k×1, and b2 is given by Proposition 3.1. Hence, just as in S1 and
2, b1 and b2 are constant vectors. Also,

Σx = Σv +
1
N

N∑
i=1

Λ−y,iΣF−m,−yΛ
′

−y,i, (3.16)

hich in view of Theorem 3.1 in turn implies
√
NT (̂βP − β) − Σ−1

x (
√

κb1 + κ−1/2b2) = Σ−1
x (b0 + b3) + op(1). (3.17)

he asymptotic distribution of
√
NT (̂βP − β) − Σ−1

x (
√

κb1 + κ−1/2b2) is given in Corollary 3.4.

orollary 3.4. Suppose that the conditions of Theorem 3.1 hold. Then, under S3,
√
NT (̂βP − β) − Σ−1

x (
√

κb1 + κ−1/2b2)
d

→ N(0k×1,Σ
−1
x (Σ0 + Σ3)Σ−1

x ).

The fact that
√
NT (̂βP − β) is asymptotically normal not only in S1 and S2 but also in S3 is important, because the

revious literature (based on equal slopes) has not considered the case when r > rm. Another interesting observation is
hat while the unaccounted for non-mean factors in S3 do not interfere with asymptotic normality, since Σ3 is positive
emidefinite, they do contribute to the asymptotic variance of the CCEP estimator.
In S4, the asymptotic behavior of

√
N (̂βP −β) is governed by Σ−1

x b4, as shown in (3.8). This term depends on
√
N C̃−y,

which enters through both the numerator and the denominator. The fact that ΣE is quadratic in
√
N C̃−y means that the

asymptotic distribution of
√
NT (̂βP − β) in S4 is generally not going to be normal. This is noteworthy, because it is the

first time in the literature that the asymptotic distribution of the CCEP estimator has been shown to be nonstandard. It
follows that, while consistent in all four specifications, asymptotic normality in general is only possible in S1–S3. Table 1
summarizes the results reported thus far on consistency and asymptotic distribution.

Example 3.1 (Non-normality). Consider the following DGP:

yi,t = βxi,t + γiF1,t + εi,t , (3.18)

xi,t = π′

iFt + vi,t , (3.19)

here πi = (γi, πi), Ft = (F1,t , F2,t )′ and β = 0. Note that the y-factor F1,t enters with the same loading in both equations.
uppose in addition that (F′

t , εi,t , vi,t )′ ∼ N(04×1, I4) and (γi, πi)′ ∼ N((1, 0)′,Ω), where

Ω =

(
1 ρ/

√
1 + ρ2

ρ/
√
1 + ρ2 1

)
. (3.20)

wo values of ρ are considered; ρ = 0 and ρ = 0.8. If ρ = 0, γi and πi are uncorrelated, whereas if ρ = 0.8, the
orrelation between γ and π is ≈ 0.62. Note that while F can be well approximated by cross-sectional averages of y
i i 1,t i,t
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Fig. 1. Simulated small-sample distribution of
√
N (̂βP − β) in S4.

and/or xi,t , F2,t cannot. Under these assumptions,

b4 = −
(N−1∑N

i=1 γiπi)
√
Nπ

(
√
Nπ )2 + 2

. (3.21)

f ρ = 0, then N−1∑N
i=1 γiπi is Op(N−1/2) and therefore so is b4. Hence, in this case

√
NT (̂βP − β) = Op(1). Moreover,

nder normality N−1/2∑N
i=1 γiπi is asymptotically independent of

√
Nπ , which means that the asymptotic distribution

f
√
NT (̂βP − β) is going to be mixed normal. This is true if ρ = 0. If ρ ̸= 0, then N−1∑N

i=1 γiπi and hence also b4

re Op(1), and the asymptotic distribution of
√
N (̂βP − β) is not mixed normal, but is instead a non-linear function

f
√
Nπ ∼ N(0, 1). This is illustrated in Fig. 1, which reports histograms representing the simulated distribution of√

N (̂βP − β) when N = T = 200. We see that while normal when ρ = 0, when ρ = 0.8 the simulated distribution
xhibits marked deviations from normality.

.4. Implications for inference

The distributional results reported in Sections 3.2 and 3.3 are important not only in their own right but also for their
mplications for inference. In particular, as pointed out in Section 3.3, while generally nonstandard in S4, the asymptotic
istribution of the CCEP estimator in S1–S3 is normal. Of course, since the mean is not zero, valid inference relies on the
vailability of suitable corrections for the biases in b1 and b2. Consider b1, the Nickell bias. One possibility here is to employ
he analytical approach of Moon and Weidner (2017), which is based on long-run variance estimation. Unfortunately,
his approach only works in the most restrictive S1 specification. Another possibility is to use the split-panel jackknife
SPJ) of Dhaene and Jochmans (2015). This approach has been shown to be very effective in mitigating bias (see, for
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example, Chudik and Pesaran, 2015; Galvao and Kato, 2014, and Fernández-Val and Weidner, 2016), and it is expected to
work well also in the current context.

The expression for b2 depends on inestimable quantities such as JE, which means that analytical correction as suggested
y Westerlund and Urbain (2015) will generally not work, not even in S2. The SPJ is an option. However, unlike with b1,
PJ of b2 requires dividing the cross-sectional dimension of the panel in two, which is problematic because there is no
atural ordering of the cross-sectional units.6 An alternative here is the leave-one-out jackknife (LOOJ) of Hahn and Newey
2004), which is based on N sub-samples with N − 1 cross-sectional units in each. The LOOJ generally requires stronger
ssumptions than the SPJ (see Fernández-Val and Weidner, 2016), but is still expected to work, at least in S1–S3. The
alidity of this approach in S4 is more questionable, as in this specification the bias (and variance) will in general depend
n the partition being considered. Jackknife correction is therefore only expected to work in S1–S3 when b4 = 0k×1.
Of course, unless one of the two bias terms are known to be zero, valid inference in S1–S3 requires dealing with b1 and

2 not separately, but jointly. Two possibilities here are to follow either Fernández-Val and Weidner (2016), who suggest
double SPJ correction, or Cruz-Gonzalez et al. (2017), who propose combining the SPJ with the LOOJ. In Section 4, we
se Monte Carlo simulation as a means to evaluate the effectiveness of these various bias correction approaches.

. Monte Carlo study

.1. Setup

In this section, we investigate the small-sample accuracy of our asymptotic results by means of Monte Carlo
imulations. The DGP used for this purpose can be seen as an extended version of the one used in Example 3.1, and
s given by

yi,t = βxi,t + γiF1,t + εi,t , (4.1)

xi,t = π′

iFt + vi,t (4.2)

here πi = (π1,i, π2,i, π3,i)′, Ft = (F1,t , F2,t , F3,t )′ and β = 2. We generate yi,t and xi,t for t = −50, . . . , T time periods
nd discard the first 51 observations to attenuate the effect of the initialization. The idiosyncratic errors are generated as
ollows:

vi,t = δϵi,t + ζi,t , (4.3)

ϵi,t = αϵi,t−1 + εi,t−1, (4.4)

here ϵi,−50 = εi,−50 = 0 and (εi,t , ζi,t )′ ∼ N(02×1, diag(1, 1 − δ2/(1 − α2))). The variance of ζi,t is chosen so as to ensure
hat vi,t has unit variance. To also ensure that the variance of ζi,t exists, we set α = δ = 0.65. This means that xi,t is
redetermined.
Consider Ft . According to Assumption 2.2, this vector should be stationary. In order to make sure that this is indeed

he case, Ft is generated from the following VAR(1):

Ft = BFt−1 + wt , (4.5)

here wt ∼ N(03×1,Σw) with vecΣw = (I9 − B ⊗ B)vec I3 such that ΣF = I3. Note that when B = 03×3, the factors are
ncorrelated over time, and so there is no Nickell bias. The DGP considered here is more interesting and sets

B =

(0.4 0.1 0.1
0.1 0.4 0.1
0.1 0.1 0.4

)
, (4.6)

uch that the eigenvalues of B are bounded away from unity.
Four DGPs, henceforth denoted DGP1–DGP4, are considered, one for each of our four specifications. The difference

etween the four DGPs lies in how we generate the loadings. The assumption we make is that (γi, π
′

i)
′
∼ N(µ,Ω), where

= (µ1, µ2, µ3, µ4)′ and

Ω =

⎛⎜⎝ 1 0.2 Ω13 Ω14
0.2 1 0 0
Ω13 0 Ω33 0
Ω14 0 0 Ω44

⎞⎟⎠ . (4.7)

e allow some of the off-diagonal elements of Ω to be nonzero, as we believe it to be unrealistic to assume that the
actor loadings in yi,t and xi,t are uncorrelated. The parameterizations of µ and Ω that we consider are summarized in
able 2.
The mean of the loadings determine the rank of C, and by setting both the mean and variance to zero we can also

xclude factors. Hence, by setting µ and Ω, we can control rm and r . The number of observables is always given by

6 As a solution, Fernández-Val and Weidner (2016) recommend using multiple partitions.
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Table 2
Monte Carlo DGPs.
DGP Specification µ1 µ2 µ3 µ4 Ω33 Ω13 Ω44 Ω14 rm r

DGP1 S1 1 0 1 0 1 0.5 0 0 2 2
DGP2 S2 1 1 0 0 0 0 0 0 1 1
DGP3 S3 1 1 1 1 1 0.5 1 0.5 2 3
DGP4 S4 1 1 0 0 1 0.5 0 0 1 2

Notes: (µ1, . . . , µ4)′ refers to the mean of (γi, π
′

i)
′ , while Ω33 , Ω13 , Ω44 and Ω14 refer to the elements

of the covariance matrix of this vector.

k + 1 = 2 and since the mean of γi is one, ry = 1. In other words, by determining rm and r , we also determine the
pecification to be considered. In DGP1, we set µ2 = µ4 = Ω44 = Ω14 = 0. The fact that µ4 = Ω44 = 0 means that
3,i = 0 for all i. This eliminates F3,t from the system, and therefore r = 2. Moreover, since

C =

(
µ2β + µ1 µ2

µ3β µ3

)
=

(
1 0
2 1

)
(4.8)

as full rank, we have that rm = rk C = 2. This is intuitive, because µ2 = µ4 = 0, which means that only F1,t and F2,t are
permitted to affect the mean of the data. Hence, rm = r = k + 1 = 2, which means that we are in S1. In DGP2, all mean
and variance parameters but µ1 and µ2 are zero, which means that now there is just one factor (r = 1), F1,t , that enters
the mean of both yi,t and xi,t . Hence, since

C = (µ2β + µ1, µ2) = (3, 1), (4.9)

we have rm = r = 1 < k + 1 = 2. This DGP is therefore an example of S2. In DGP3, µ = (1, . . . , 1)′ and all the variance
parameters are positive. All three factors are included (r = 3) but only two affect the mean of the data, as

C =

(
µ2β + µ1 µ2

µ3β µ3
µ4β µ4

)
=

(3 1
2 1
2 1

)
(4.10)

has rank rm = 2. Hence, rm = k + 1 = 2 < r = 3, and so we are in S3. DGP4 is similar to DGP2 in that C is the
same, and so rm = 1. In this case, however, Ω33 = 1, which means that there are r = 2 factors present. If follows that,
rm = 1 < k + 1 = r = 2, which means that we are in S4.

As discussed in Section 3.3, while consistent, valid inference based on the CCEP estimator requires bias correction. Some
of the available approaches include analytical correction, SPJ and LOOJ. In this section, we consider no less than seven
estimation approaches, whose only difference lies in the treatment of the bias, as described in Table 3. The effectiveness
of these approaches varies, from the standard uncorrected NN approach, which is not expected to perform well in any
of the specifications, to the jackknife-based SL and SS approaches that are expected to work well in S1–S3. None of
the approaches are expected to work in S4, but we will still consider this specification, as in practice the DGP is never
known. In addition to the bias correction, valid inference requires a consistent estimator of the asymptotic covariance
matrix of the CCEP estimator. One possibility here is to follow Pesaran (2006), who proposes a simple plug-in estimator.
However, this approach is only expected to work in S1 and S2. In this section, we therefore follow, for example, Galvao and
Kato (2014), and Gonçalves and Kaffo (2015), and employ the cross-sectional bootstrap of Kapetanios (2008) to construct
(equal-tailed) percentile confidence intervals. Kapetanios (2008) supposes that the cross-sectional units are independent,
but he argues that the bootstrap should be valid also under dependence, provided that the estimator is valid, and his
Monte Carlo results for the CCEP and CCEMG estimators confirm this. Based on this and the results reported in Section 3,
we expect the bootstrap to perform well in S1–S3, although the performance in S4 is an open issue.

4.2. Results

We report bias, standard deviation and 5% size results over 10,000 Monte Carlo replications, where the size results are
based on 499 bootstrap draws. Both the bias and the standard deviation are scaled by

√
NT .

We begin by discussing the results for DGP1 reported in Tables 4–6. According to Table 4, the bias of the standard
CCEP estimator (NN) can be quite substantial. As expected, while the bias is roughly constant as N = T increases, when
N ̸= T the bias depends critically on the relative size of the two indices. The fact that bias generally increases (in absolute
value) with N and decreases with T suggests that it is

√
κb1, the Nickell bias, that dominates the behavior. Consistent

with this we see that SPJ correction of this bias only (SN) seems to work quite well, especially among the smaller values
of T , and that the effectiveness of the correction increases with N . The same is true when using analytical correction (AN).
Interestingly, while smaller than for NN, the (absolute) bias of the SN and AN approaches has a tendency to grow with
increases in T , which we take as a reflection of κ−1/2b2, the non-Nickell bias. The correction for

√
κb1 therefore unmasks

he effect of κ−1/2b2, which is otherwise dwarfed by the effect of the former bias. Among the approaches that correct for
both biases, those that use SPJ correction of

√
κb (SA, SL and SS) work best in terms of bias.
1
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Table 3
CCEP estimators.
Abbreviation Bias correction

√
κb1 κ−1/2b2

NN None None
SN SPJ None
SA SPJ Analytical
SL SPJ LOOJ
AN Analytical None
AA Analytical Analytical
SS SPJ SPJ

Notes: ‘‘SPJ’’ and ‘‘LOOJ’’ refer to the split-panel jackknife of Dhaene and Jochmans
(2015) and the leave-one-out jackknife of Hahn and Newey (2004), respectively. For the
analytical corrections of

√
κb1 and κ−1/2b2 we use the formulas suggested by Moon and

Weidner (2017), and Westerlund and Urbain (2015), respectively. All estimators use the
cross-sectional bootstrap of Kapetanios (2008) to conduct inference.

Table 4
Bias ×

√
NT for DGP1.

T N NN SN SA SL AN AA SS

20 20 −0.62 0.19 −0.13 −0.05 −0.09 −0.41 −0.03
50 20 −0.22 0.30 −0.07 −0.05 0.17 −0.21 −0.02

100 20 0.09 0.47 −0.01 −0.04 0.38 −0.10 0.00
200 20 0.40 0.68 0.04 −0.02 0.61 −0.02 0.07

20 50 −1.23 0.09 −0.12 −0.06 −0.33 −0.54 −0.06
50 50 −0.67 0.16 −0.09 −0.06 −0.01 −0.26 −0.07

100 50 −0.34 0.26 −0.05 −0.04 0.15 −0.16 −0.05
200 50 −0.02 0.41 −0.01 −0.02 0.34 −0.09 −0.03

20 100 −1.83 0.01 −0.13 −0.08 −0.53 −0.67 −0.09
50 100 −1.09 0.09 −0.09 −0.07 −0.14 −0.31 −0.07

100 100 −0.68 0.17 −0.05 −0.04 0.03 −0.19 −0.04
200 100 −0.36 0.26 −0.04 −0.04 0.16 −0.14 −0.05

20 200 −2.69 −0.04 −0.14 −0.11 −0.81 −0.91 −0.11
50 200 −1.66 0.00 −0.12 −0.10 −0.29 −0.42 −0.10

100 200 −1.08 0.11 −0.05 −0.03 −0.06 −0.22 −0.03
200 200 −0.68 0.19 −0.02 −0.01 0.07 −0.14 −0.01

Notes: See Table 2 for an explanation of DGP1–DGP4, and Table 3 for a description of the estimators considered.

Table 5
Standard deviation ×

√
NT for DGP1.

T N NN SN SA SL AN AA SS

20 20 1.33 1.45 1.54 1.58 1.26 1.35 1.67
50 20 1.21 1.23 1.22 1.27 1.19 1.18 1.40

100 20 1.28 1.28 1.16 1.19 1.26 1.13 1.41
200 20 1.48 1.47 1.15 1.19 1.47 1.13 1.55

20 50 1.49 1.60 1.64 1.65 1.31 1.37 1.68
50 50 1.14 1.14 1.16 1.17 1.09 1.12 1.21

100 50 1.08 1.09 1.10 1.10 1.07 1.07 1.15
200 50 1.09 1.10 1.07 1.07 1.09 1.06 1.14

20 100 1.71 1.84 1.86 1.87 1.38 1.42 1.88
50 100 1.19 1.17 1.18 1.19 1.11 1.13 1.20

100 100 1.07 1.06 1.07 1.07 1.04 1.06 1.09
200 100 1.04 1.04 1.05 1.05 1.03 1.04 1.07

20 200 2.12 2.26 2.27 2.27 1.58 1.61 2.28
50 200 1.30 1.22 1.23 1.23 1.15 1.17 1.24

100 200 1.11 1.07 1.08 1.08 1.06 1.07 1.09
200 200 1.03 1.02 1.03 1.03 1.02 1.03 1.04

Notes: See Table 4 for an explanation.

According to Table 5, there are no major differences in terms of standard deviation, except that some estimation
approaches (NN, SN, AN and SS) tend to suffer when N = 20, especially when T is large. However, we also see that these
ifferences tend to disappear with increases in N , and that the standard deviations seem to be converging, as expected
iven the

√
NT -rate of convergence in S1, and the fact that the results are scaled by

√
NT . Similarly, when we look at

Table 6, we see that, except for NN, which tend to be outperformed by the competition, the performance in terms of
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Table 6
5% size for DGP1.
T N NN SN SA SL AN AA SS

20 20 5.0 4.2 3.6 2.8 3.5 3.9 1.9
50 20 2.4 4.8 2.2 1.8 4.4 2.4 1.1

100 20 3.4 4.7 2.0 1.3 4.4 1.7 0.3
200 20 2.9 3.9 1.5 1.0 3.5 1.2 0.2

20 50 13.3 7.0 6.8 7.3 5.5 6.1 6.5
50 50 4.3 4.2 3.2 3.6 4.4 3.9 2.6

100 50 3.6 5.5 4.3 3.8 4.7 3.9 2.2
200 50 2.9 6.6 3.5 3.5 6.4 3.3 1.4

20 100 30.2 10.8 9.9 10.3 10.1 11.2 9.5
50 100 12.2 5.4 5.3 5.3 5.7 5.6 5.1

100 100 6.0 6.2 5.2 5.1 4.8 4.6 4.4
200 100 5.2 6.8 4.9 4.9 6.1 5.3 4.0

20 200 48.0 18.2 18.7 18.5 13.8 15.2 18.2
50 200 26.5 7.0 7.2 7.1 6.1 6.4 6.8

100 200 14.2 5.8 6.0 5.8 6.2 6.1 5.6
200 200 5.9 6.0 5.0 5.2 5.9 5.1 4.7

Notes: See Table 4 for an explanation.

Table 7
Bias ×

√
NT for DGP2.

T N NN SN SA SL AN AA SS

20 20 −0.42 0.07 −0.03 0.07 −0.12 −0.23 0.07
50 20 −0.18 0.15 −0.01 0.05 0.05 −0.11 0.05

100 20 −0.03 0.21 −0.01 0.03 0.14 −0.08 0.03
200 20 0.13 0.30 −0.01 0.01 0.25 −0.06 0.01

20 50 −0.69 0.05 0.02 0.05 −0.22 −0.25 0.05
50 50 −0.41 0.05 −0.04 −0.01 −0.05 −0.14 −0.01

100 50 −0.21 0.13 −0.01 0.02 0.06 −0.08 0.01
200 50 −0.05 0.20 0.00 0.02 0.15 −0.04 0.02

20 100 −0.98 0.03 0.02 0.01 −0.30 −0.31 0.02
50 100 −0.61 0.02 −0.02 −0.02 −0.11 −0.15 −0.02

100 100 −0.38 0.08 0.00 0.00 0.00 −0.09 0.00
200 100 −0.22 0.12 −0.01 −0.01 0.06 −0.07 −0.01

20 200 −1.35 0.05 0.10 0.04 −0.41 −0.36 0.04
50 200 −0.90 −0.02 −0.03 −0.06 −0.19 −0.19 −0.05

100 200 −0.61 0.04 −0.01 −0.02 −0.07 −0.11 −0.02
200 200 −0.37 0.10 0.02 0.01 0.03 −0.06 0.01

Notes: See Table 4 for an explanation.

size accuracy is very similar across estimation approaches. As expected, size accuracy is not perfect, and there are some
distortions. Note in particular how the distortions have a tendency to accumulate and to increase with N . However, except
for NN, this tendency is mainly among the smaller values of T , and there is a marked improvement in size accuracy as
T increases. Note in particular how SA, SL and SS tend to perform well with only minor distortions for all panels with N
and T larger than 20. Things improve also for NN, but only very slowly, which is to be expected given its relatively large
bias.

Let us now consider the results reported in Tables 7–9 for DGP2. Because the variances of γiF1,t + εi,t and xi,t are
allowed to vary across DGPs, the results for DGP2 are not really comparable to those reported in Tables 4–6 for DGP1.
What we can say, however, is that since the asymptotic results for S1 and S2 are very similar, the relative performance of
the various estimation approaches should also be similar, and this is exactly what we see when we compare the results
for DGP1 and DGP2. Note in particular how the bias of SA, SL and SS tend to be relatively small (in absolute value). One
difference when compared to the results reported for DGP1 is that the standard deviations of those approaches that either
disregard the issue of bias completely (NN) or correct only for the Nickell bias (SN and AN) tend to be slightly smaller
than the standard deviations of the other approaches, except when T = 20. Bias correction can therefore lead to increased
variance, which is in agreement with the results reported by Fernández-Val and Weidner (2016), and Westerlund (2018).

The first thing to note about the results reported in Tables 10–12 for DGP3 is that the relative ranking of the estimation
approaches in terms of bias is the same as in DGP1 and DGP2 with SA, SL and SS leading to the best performance. This
accords with our a priori expectations, because bias correction should work not only in S1 and S2 but also in S3. As in
DGP1 and DGP2, the difference in terms of standard deviation is small, although we see that the double bias corrected
approaches (SA, SL, AA and SS) tend to perform slightly worse than the approaches based on at most one correction (NN,
SN and AN). Because the relative performance in terms of bias and standard deviation is so similar to before, it is not
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Table 8
Standard deviation ×

√
NT for DGP2.

T N NN SN SA SL AN AA SS

20 20 1.28 1.37 1.65 1.77 1.23 1.52 1.68
50 20 1.18 1.20 1.26 1.31 1.16 1.22 1.39

100 20 1.23 1.23 1.16 1.19 1.22 1.14 1.39
200 20 1.36 1.37 1.12 1.15 1.36 1.11 1.46

20 50 1.35 1.45 1.77 1.93 1.20 1.59 1.72
50 50 1.12 1.13 1.23 1.27 1.08 1.20 1.26

100 50 1.07 1.08 1.12 1.13 1.06 1.10 1.16
200 50 1.08 1.08 1.07 1.08 1.07 1.06 1.13

20 100 1.56 1.64 2.08 2.31 1.28 1.83 1.97
50 100 1.15 1.14 1.25 1.31 1.07 1.22 1.25

100 100 1.07 1.07 1.12 1.14 1.05 1.11 1.14
200 100 1.04 1.04 1.06 1.07 1.03 1.05 1.08

20 200 1.90 1.95 2.55 2.90 1.41 2.20 2.37
50 200 1.23 1.18 1.34 1.42 1.09 1.30 1.31

100 200 1.08 1.06 1.11 1.14 1.04 1.11 1.12
200 200 1.03 1.03 1.05 1.06 1.02 1.04 1.06

Notes: See Table 4 for an explanation.

Table 9
5% size for DGP2.
T N NN SN SA SL AN AA SS

20 20 3.9 1.9 1.0 0.3 2.8 1.4 0.4
50 20 3.6 4.9 2.3 1.8 4.6 2.1 0.6

100 20 3.8 5.2 2.4 1.3 4.7 2.6 0.5
200 20 4.7 7.0 2.1 0.6 6.9 1.6 0.0

20 50 10.1 1.6 1.7 0.9 3.5 3.2 0.8
50 50 7.3 3.7 3.0 1.9 3.9 4.2 1.6

100 50 4.5 7.4 3.9 3.4 5.9 3.9 2.6
200 50 4.5 8.8 4.0 4.6 8.3 3.8 2.0

20 100 22.0 2.1 3.0 1.2 4.7 5.9 0.9
50 100 14.2 3.8 3.5 1.9 3.6 5.0 1.8

100 100 7.5 4.4 3.4 3.4 4.9 4.7 2.8
200 100 4.9 7.9 5.4 4.8 6.9 5.0 4.1

20 200 38.8 2.2 3.9 1.7 7.3 10.4 1.6
50 200 30.3 3.6 5.9 2.3 4.7 10.2 2.1

100 200 15.0 4.3 4.7 2.9 4.3 6.1 2.5
200 200 7.2 4.9 4.2 3.4 3.7 4.7 3.0

Notes: See Table 4 for an explanation.

surprising to see that conclusions regarding the size results are largely the same. The fact that the size distortions tend to
disappear with increases in T is consistent with the asymptotic normality of Corollary 3.4 suggesting that asymptotically
ize accuracy should be perfect.
In DGP4, due to the presence of

√
Tb4, the rate of convergence is reduced from

√
NT to

√
N . This is reflected in the

esults reported in Tables 13–15. Note in particular how the standard deviations of all the estimation approaches have a
endency to increase (in absolute terms) with T , which is to be expected given the

√
N-rate of convergence and the scaling

by
√
NT . In order isolate the effect of

√
Tb4, we look at the panel constellations where N = T . We see that a doubling

f the sample size generally leads to a less-than-double increase in standard deviation, which is in agreement with the
T -rate of divergence in this case. In terms of bias, SA is not performing as well as before, which is not unexpected as the

analytical correction is no longer addressing the dominating bias term. SL and SS are also not addressing the dominating
bias term, but unlike analytical correction, these approaches do not make any assumptions regarding the exact form of
the bias, and it seems as that they are quite effective in mopping up the bias also in S4.

The first thing to note about the size results reported in Table 15 is that all estimators are size distorted, and that
here is generally no improvement as N and T increase. The bootstrap is therefore unable to cope with DGP4, which is
partly expected given that the asymptotic distribution of the CCEP estimator is non-normal in S4, and the requirement
of Kapetanios (2008) that the estimator should be valid. However, we also see that, unlike in DGP1–DGP3 where the
estimators are generally oversized, in DGP4 the distortions go in the other direction, leading to conservative tests. This is
true not only in the particular DGP considered here, but in all simulations under S4 that we performed. Focusing again
on the best-performing SL and SS approaches, we see that the sizes reported in Table 15 range from 0.3% to 1.8%. If this
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Table 10
Bias ×

√
NT for DGP3.

T N NN SN SA SL AN AA SS

20 20 −0.58 −0.18 −0.09 −0.03 −0.32 −0.23 −0.06
50 20 −0.52 −0.25 −0.10 −0.03 −0.32 −0.17 −0.07

100 20 −0.51 −0.32 −0.08 −0.01 −0.37 −0.13 −0.07
200 20 −0.59 −0.45 −0.11 −0.01 −0.48 −0.14 −0.11

20 50 −0.77 −0.12 −0.04 −0.01 −0.33 −0.26 −0.01
50 50 −0.58 −0.17 −0.04 −0.02 −0.25 −0.13 −0.02

100 50 −0.52 −0.21 −0.03 0.00 −0.27 −0.09 −0.01
200 50 −0.51 −0.29 −0.03 0.00 −0.33 −0.07 0.01

20 100 −1.02 −0.12 −0.07 −0.05 −0.39 −0.34 −0.05
50 100 −0.72 −0.13 −0.04 −0.03 −0.25 −0.16 −0.02

100 100 −0.59 −0.16 −0.03 −0.01 −0.23 −0.10 −0.01
200 100 −0.50 −0.19 −0.01 0.01 −0.24 −0.06 0.01

20 200 −1.37 −0.13 −0.10 −0.08 −0.48 −0.45 −0.08
50 200 −0.96 −0.13 −0.06 −0.05 −0.29 −0.22 −0.05

100 200 −0.72 −0.12 −0.03 −0.02 −0.22 −0.12 −0.02
200 200 −0.58 −0.15 −0.02 −0.01 −0.22 −0.08 −0.01

Notes: See Table 4 for an explanation.

Table 11
Standard deviation ×

√
NT for DGP3.

T N NN SN SA SL AN AA SS

20 20 1.27 1.37 1.51 1.55 1.22 1.39 1.57
50 20 1.14 1.16 1.21 1.23 1.12 1.17 1.30

100 20 1.11 1.12 1.12 1.14 1.11 1.11 1.24
200 20 1.14 1.15 1.10 1.11 1.14 1.09 1.24

20 50 1.37 1.47 1.64 1.66 1.23 1.45 1.61
50 50 1.12 1.13 1.18 1.20 1.09 1.15 1.21

100 50 1.06 1.07 1.09 1.10 1.04 1.07 1.12
200 50 1.05 1.06 1.06 1.07 1.05 1.06 1.10

20 100 1.54 1.64 1.87 1.88 1.29 1.60 1.78
50 100 1.14 1.12 1.18 1.20 1.08 1.15 1.18

100 100 1.07 1.07 1.09 1.10 1.05 1.08 1.11
200 100 1.04 1.04 1.05 1.05 1.03 1.04 1.07

20 200 1.86 1.95 2.25 2.25 1.42 1.87 2.10
50 200 1.21 1.16 1.24 1.25 1.10 1.20 1.22

100 200 1.07 1.06 1.09 1.09 1.04 1.07 1.09
200 200 1.03 1.03 1.04 1.04 1.02 1.03 1.04

Notes: See Table 4 for an explanation.

degree of size distortion is acceptable, then it would appear as that the CCEP estimator can be used not only for estimation
but also for inference.

All-in-all, we find that the asymptotic theory provided in this paper provides an accurate guide to the small-sample
behavior of the CCEP estimator. The main finding is that if we want to entertain the possibility that some of the factors
might not be estimable (rm < r), then the usefulness of the estimator depends on whether k + 1 = rm or k + 1 > rm. On
he one hand, if k + 1 = rm, so that the number of estimated factors (cross-section averages) is equal to the number of
ean factors, then it is possible to correct for bias and to conduct accurate inference, provided that T is not too small. If,
n the other hand, k + 1 > rm, so that the number of mean factors is overspecified, although double correction based on
PJ and LOOJ seems to work quite well in eliminating the bias, (bootstrap) inference do tend to lead to conservative tests.

. Concluding remarks

This paper studies the properties of the CCEP estimator when the standard rank condition of Pesaran (2006) for
√
NT -

consistency and asymptotic normality, k + 1 ≥ r , is violated. As a starting point we take a DGP that is very general,
and that includes many existing DGPs as special cases. In particular, the rank condition that we consider is quite general
and allows for r factors, out of which rm are estimable when using the cross-sectional averages of the observables. The
assumption we make is that rm ≤ min{r, k + 1}, which allows r to be larger than k + 1, provided that k + 1 ≥ rm. This
eems reasonable. Indeed, while economic theory is often suggestive of only a small number of important factors (see,
or example, Eberhardt et al., 2013), we cannot rule out the possibility that there are also other, less important factors,
hose number might exceed the number of observables.
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Table 12
5% size for DGP3.
T N NN SN SA SL AN AA SS

20 20 10.6 5.2 4.9 4.3 6.2 5.5 2.9
50 20 9.3 5.5 3.8 3.1 6.3 5.0 1.7

100 20 6.8 4.6 3.0 2.7 5.5 2.6 1.0
200 20 6.9 5.1 2.4 1.8 5.4 2.7 0.7

20 50 24.1 8.6 7.7 7.5 10.1 9.1 6.9
50 50 15.3 7.2 6.6 6.7 9.0 7.8 5.9

100 50 12.7 6.7 4.6 4.1 8.2 5.8 3.3
200 50 13.3 7.3 5.0 4.9 8.4 5.5 2.7

20 100 31.6 12.3 11.3 11.2 12.5 11.7 10.1
50 100 22.6 6.4 5.7 5.7 9.6 7.1 5.3

100 100 17.6 7.4 6.6 6.4 9.4 7.7 5.8
200 100 15.8 8.1 6.1 5.8 9.0 6.9 4.9

20 200 46.1 18.0 17.7 17.8 15.2 14.8 17.6
50 200 32.4 7.2 7.1 7.0 8.8 8.4 6.5

100 200 21.6 7.2 5.8 5.6 8.4 7.1 5.5
200 200 18.5 7.0 5.5 5.2 8.0 6.1 4.5

Notes: See Table 4 for an explanation.

Table 13
Bias ×

√
NT for DGP4.

T N NN SN SA SL AN AA SS

20 20 −0.16 0.15 −0.07 0.03 0.04 −0.17 0.04
50 20 0.02 0.22 0.00 0.00 0.17 −0.05 0.01

100 20 0.19 0.33 0.07 0.01 0.30 0.04 0.02
200 20 0.35 0.46 0.14 −0.01 0.44 0.12 0.02

20 50 −0.38 0.08 −0.16 0.00 −0.06 −0.29 0.00
50 50 −0.15 0.15 −0.07 −0.01 0.09 −0.13 0.00

100 50 −0.01 0.21 0.01 0.01 0.17 −0.03 0.01
200 50 0.14 0.30 0.06 0.00 0.27 0.03 0.00

20 100 −0.61 0.01 −0.28 −0.06 −0.16 −0.45 −0.04
50 100 −0.33 0.08 −0.13 −0.02 0.01 −0.21 −0.02

100 100 −0.16 0.14 −0.06 −0.01 0.09 −0.11 0.00
200 100 −0.02 0.20 −0.02 −0.03 0.16 −0.06 −0.03

20 200 −0.90 −0.02 −0.39 −0.09 −0.26 −0.63 −0.07
50 200 −0.53 0.04 −0.22 −0.03 −0.05 −0.31 −0.02

100 200 −0.32 0.10 −0.11 −0.01 0.04 −0.17 −0.01
200 200 −0.16 0.14 −0.04 0.01 0.10 −0.09 0.00

Notes: See Table 4 for an explanation.

Table 14
Standard deviation ×

√
NT for DGP4.

T N NN SN SA SL AN AA SS

20 20 1.08 1.15 1.45 1.47 1.05 1.39 1.40
50 20 1.17 1.20 1.40 1.45 1.18 1.39 1.44

100 20 1.42 1.45 1.59 1.65 1.44 1.59 1.68
200 20 1.84 1.86 1.97 2.06 1.86 1.97 2.15

20 50 1.13 1.13 1.48 1.49 1.01 1.42 1.34
50 50 1.12 1.11 1.32 1.36 1.10 1.32 1.28

100 50 1.27 1.29 1.46 1.53 1.28 1.46 1.45
200 50 1.63 1.65 1.79 1.90 1.64 1.79 1.83

20 100 1.31 1.21 1.62 1.62 1.05 1.55 1.42
50 100 1.15 1.09 1.33 1.38 1.07 1.33 1.26

100 100 1.27 1.26 1.45 1.53 1.26 1.45 1.43
200 100 1.57 1.58 1.74 1.87 1.58 1.75 1.76

20 200 1.60 1.36 1.86 1.86 1.11 1.77 1.60
50 200 1.26 1.10 1.36 1.41 1.08 1.38 1.27

100 200 1.28 1.23 1.41 1.49 1.22 1.42 1.37
200 200 1.57 1.55 1.72 1.86 1.56 1.72 1.73

Notes: See Table 4 for an explanation.
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Table 15
Rejection frequencies for DGP4.
T N NN SN SA SL AN AA SS

20 20 3.0 2.3 1.2 0.8 1.8 1.1 0.6
50 20 2.3 3.8 1.3 0.4 3.8 0.8 0.2

100 20 3.5 4.2 1.9 0.6 4.3 1.8 0.5
200 20 3.2 4.2 1.8 0.3 3.7 1.5 0.3

20 50 3.4 2.5 1.5 0.9 2.7 1.5 0.8
50 50 2.9 4.3 1.6 0.9 3.9 2.0 0.8

100 50 3.2 3.3 2.0 0.9 3.4 2.2 0.9
200 50 3.0 3.8 2.6 1.0 3.9 2.4 0.9

20 100 6.6 1.8 0.9 0.8 3.9 1.9 0.7
50 100 3.7 3.1 1.6 1.2 3.2 1.4 1.0

100 100 3.1 3.7 2.4 1.8 3.6 2.6 1.5
200 100 2.8 4.5 3.4 1.5 4.1 2.8 1.6

20 200 8.4 1.2 0.7 0.8 4.3 2.2 1.1
50 200 4.2 2.5 1.4 1.2 4.7 2.3 1.3

100 200 2.8 1.9 2.0 1.8 4.9 2.6 1.4
200 200 1.7 1.2 2.2 1.5 5.2 3.4 1.2

Notes: See Table 4 for an explanation.

We find that the consistency of the CCEP estimator seem quite robust to violations of the standard rank condition. In
particular, while consistency holds generally under the new condition, for asymptotic normality to be possible we have
to assume that either k+ 1 = rm, so that the number of estimated factors is equal to the true number of mean factors, or
rm = r , so that all the factors are estimable. The small-sample implications of these asymptotic results are investigated
by means of Monte Carlo simulation. The main conclusion is that the stated conditions on k, rm and r are important in
determining the small-sample performance of the various (bias corrected) versions of the CCEP estimator that we consider,
and hence that they cannot be ignored. The case when rm < min{r, k+1} turns out to be particularly problematic, which
s just as expected given the non-normality of the estimator. However, the size distortions do go in the ‘‘right’’ direction,
eading to conservative tests (at least for the setups we consider). Hence, if such tests are deemed acceptable, the CCEP
stimator can be used for estimation and inference in general under the new rank condition.
On the other hand, if the conservative tests are unacceptable, then it is important to be able to rule out the case when

m < min{r, k+1}. One possibility here is to subject the CCEP residuals to a test for cross-sectional correlation, e.g. the CD
est of Pesaran (2004). However, as shown recently by Juodis and Reese (2018), while intuitively appealing, this approach
uffers from the incidental parameters problem that cannot be easily fixed by means of simple bias-correction. Given the
omplexity of the aforementioned problem, we leave it to be investigated in the future.

ppendix A. Supplementary material

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2020.06.002.
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