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Chapter 1

Introduction

1.1 Introduction and background

1.1.1 General overview

Consider walking on a straight line by repeatedly taking one step to the left or to the
right, say with equal probability. What are the odds that you will at sometime return to
your starting position? It turns out that this standard random walk on Z is recurrent:
with full probability, you return to your starting position infinitely many times. This
is a one dimensional random walk, but you can define the same in any dimension.
The easiest example to visualize is the two dimensional case, where the set Z2 is the
vertices of a unit square grid. Thinking of Z2 as a graph, the random walk moves from
each vertex to a uniformly chosen neighbor. It is still true that this standard random
walk on Z2 is recurrent. However, a standard random walk on the integer lattice in
dimensions 3 or higher is transient: there is a chance that the random walk returns to
its starting position only finitely many times. This result on standard random walks on
Zd is due to Pólya in 1921 in (20).

Random walks are everywhere, they describe all kinds of biological movement. A
computer can randomly walk through websites, which is basically what the Google
search algorithm does. You can also use random walks to model the stock market, or
for many other purposes. Random walks can take place on a variety of spaces and
according to many different rules. Commonly studied ones include random walks on
the real line (8), others on lattices in Rn (10), on graphs (3; 15), on curved surfaces or
Riemannian manifolds (6; 17; 22).

Certain random walks can be defined using what is called iterated function sys-
tems, IFS. Generally speaking, an IFS is a discrete dynamical system governed by a
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2 1 Introduction

collection of maps which are chosen randomly. A discrete dynamical system consists
of the study of the behavior of sequences x, f (x), f ( f (x)), . . . , where f is a map from a
space X into itself. Here X is the state space of the studied system (set of all possible
states), and f is the evolution rule which indicates the state of the system at time n+1
in terms of the state at time n. A random walk induced by an IFS generated by N
evolution maps is defined by the following process. Consider a sequence of identically
distributed independent random variables ω1,ω2,ω3, . . . from N symbols 1, . . . ,N. As-
sociated with each symbol k is an evolution map fk that governs your move. At time n,
the position of the walk starting from x0 ∈ X is given by xn = fωn ◦ fωn−1 ◦ · · ·◦ fω1(x0).
The standard random walk on Zd is given by an IFS generated by translations on Rd .

In general a random walk can be biased. For example the walker might have a pre-
ferred direction, that is the probability to go to one direction may not be the same as the
probability to go to other directions. Also, the steps of the random walk may depend on
its current position. For example, instead of randomly iterating linear maps, one can
consider nonlinear maps. Many interesting phenomena can arise when considering
nonlinear dynamics. One such phenomena is intermittency.

Intermittency refers to the alternation of dynamical behaviors between the rela-
tively “regular” laminar phase and “irregular” burst phase, during the time evolution of
a system. Well-known models of intermittency include the three types introduced by
Pomeau and Manneville in 1980 in (21). These types are distinguished by different lo-
cal bifurcations, alternating chaotic dynamics over apparently periodic behavior. In the
laminar phase, the behavior is nearly periodic, slowly drifting away from an unstable
periodic orbit and behaves chaotically once far enough from the periodic orbit. On-off
intermittency, introduced in (19), is another variety of intermittency where the system
stays near an invariant manifold for a long period of time in the “off” states. These
off states are disrupted by occasional bursts. These bursts are referred to as the “on”
states, where the system is away from the invariant manifold. Another type of intermit-
tency recently observed in an IFS is called critical intermittency, see (1). It is caused
by the presence of a critical point which is a superattracting fixed point for one map,
and is eventually mapped by another map to a common fixed point that is repelling on
average. Here, typical orbits spend a portion of its iterates with full density near the
common fixed point, but orbits do not stay near it. Diverse varieties of intermittency
have been described by other authors, see for example (2; 12). Intermittent behavior
can be observed in various real systems including: turbulent bursts over laminar flows
(11), neuronal activity (5), clustering of self driven particles (13), etc.

Nonlinear dynamics can be really complicated especially in higher dimensions.
This is even more the case for IFS and random walks. In order to still describe which
phenomena can occur, we use the rigidity of holomorphic dynamics in one complex

1.1 Introduction and background 3

variable. In this thesis, we consider various types of random dynamical systems in
real and complex variables such as random walks and IFS. We study behaviors such
as recurrent/transient and intermittency. The rest of this section consists of making
explicit the conventions already mentioned, and a short introduction of some basic
backgrounds.

1.1.2 Random dynamical systems

Dynamical systems theory studies the behavior of systems whose state evolves over
time. This evolution can occur smoothly over time or in discrete time steps. In this
thesis, we consider systems that evolve in discrete time steps, i.e., discrete dynamical
systems.

As explained before, a discrete dynamical system is composed of two parts:

• a state space X : the set of all possible states,

• an evolution rule f : X → X : a map from X into itself which describes the evo-
lution of the states.

Starting at a state x0 ∈ X at time n = 0; at time n = 1, the system gets at x1 = f (x0)
and recursively for all instants n ∈ N we have xn+1 = f (xn). The sequence of states
(xn)n≥0 is called the orbit of x0. The goal is to study the qualitative behavior of typical
orbits. The study differs according to the structure we require for (X , f ).

When modeling a dynamical system, one need to define suitable parameters for
the evolution map. It is where the distinction between a deterministic and a random
dynamical system comes. In a deterministic dynamical system, the output is com-
pletely determined by the inputs and any parameters. In a random dynamical system
we take into account the uncertainty and unpredictability of the model. Consider, for
example, a model for the future price of a company shares. The daily price change
is highly uncertain, so that it is more realistic to consider a random model that counts
this variability and unpredictability. Therefore, when it comes to modeling, it is often
appropriate to describe the system as influenced by external parameters or noise. This
leads to the concept of random dynamical systems.

A random dynamical system that we are considering in this thesis is described by
a random composition of maps. More specifically, a collection of maps F= { fω : X→
X ; ω ∈ Ω} on a state space X into itself, and some fixed probability distribution ν on
Ω are given. The evolution of the system is described by a composition of elements of
F picked independently according to ν.
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Now, the system at a state x∈ X moves by choosing ω at random from ν, and going
to fω(x). A branch orbit of an initial state x0 ∈ X is given by

x0, x1 = fω1(x0), x2 = fω2 ◦ fω1(x0), . . .

Inductively xn+1 = fωn+1(xn) where ω1,ω2, . . . are chosen independently from ν. The
orbit of x0 is the union of its branch orbits. Such systems have been introduced, and
termed iterated function systems (IFS), in (14).

The interest for IFS arose from its link with fractal theory introduced by Mandel-
brot in 1975 in (16). One definition of a fractal set is a set who possesses a certain form
of self-similarity, that is a set composed of re-scaled copies of itself. A well-known
example of a fractal set is the middle third Cantor set.

Example 1.1.1 The middle third Cantor set is obtained by recursively deleting middle
third subintervals of an interval I, as illustrated in Figure 1.1. The iteration begins
from the interval [0,1], and the Cantor set is the set of points in [0,1] that are not
deleted along this process.

Figure 1.1: Three iterations of the Cantor subdivision of the interval [0,1].

Using an IFS, we can define a fractal set as the fixed point of the operator F defined,
on compact subsets A⊂ X of the state space X , by

F(A) =
⋃
f∈F

f (A),

where F is the generator of the IFS, and is finite. In 1981, Hutchinson showed that
if the elements of F are contracting maps then, for any compact subset A ⊂ X , the
limit limn→∞ Fn(A) (using the Hausdorff metric) exists. Moreover, this limit does not
depend on the compact subset A, and it is a fractal set, see (14). This limit, which is
the fixed point of F , is also called attractor of the IFS {F; p f }.
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Example 1.1.2 The middle third Cantor set can be obtained as the invariant set C =
f1(C)∪ f2(C), which is also also the attractor of the IFS defined on [0,1] generated by
the contracting maps

f1(x) =
x
3
, f2(x) =

x
3
+

2
3
.

Remark 1.1.3 Consider the IFS generated by the maps given in Example 1.1.2, with
probability distribution p1 and p2 = 1− p1. If p1 = 1 then the orbit of any initial state
x converges to 0. Similarly, if p2 = 1 then the orbit of any initial state x converges to
1. Thus, the behavior of typical orbits depends on the choice of the probability pi. In
fact, taking distinct values of p1 and p2 affects the frequency of local visits of orbits.
It turns out that there exists a measure supported on the attractor of the IFS such that
the measure of a given set is the frequency of visits of orbits to that set.

In (14), Hutchinson showed that given an IFS generated by a finite collection of
contracting maps { fi : X → X ; i = 1, . . . ,N}, with probability distribution pi that does
not depend on the states x ∈ X ; if each pi ∈ (0,1) then the IFS admits a unique sta-
tionary probability measure whose support is the attractor of the IFS. We recall the
definition of a stationary measure for an IFS.

Definition 1.1.4 Consider an IFS generated by { f1, . . . , fN} with probability distribu-
tion pi, such that ∑

N
i=1 pi = 1. A stationary measure for the IFS is a fixed point of the

operator defined by

T : M (X)−→M (X)

m 7−→
N

∑
i=1

pi( fi)∗m,

where ( fi)∗m is the push-forward measure, i.e. ( fi)∗m(A) = m
(

f−1(A)
)
, and M (X) is

the set of probability measures on the state space X with compact support.

An IFS can also be used in other fields of mathematics. For example, the standard
random walk on Zd can be viewed as an IFS.

Example 1.1.5 Let X = Zd with d ≥ 1, and Ω = {±e1, . . . ,±ed} ⊂ Zd where e j is the
vector of Zd having input 1 on the jth entry and 0 elsewhere. Consider the collection of
maps F= { fω : X → X ; ω ∈Ω}, where fω(x) = x+ω with ω ∈Ω. The standard ran-
dom walk on Zd can be viewed as the IFS generated by F with probability distribution
pω = 1/2d.
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Remark 1.1.6 Recall that a Markov chain is positive recurrent if it is recurrent, and
if the expected value of the first return time is finite. For the standard random walk,
it is known that if the Markov chain is positive recurrent then there exists a unique
stationary distribution. Moreover, the stationary distribution is given by px = P(Xn =
x) = 1/µx where µx is the expected return time to a state x. If the Markov chain is null
recurrent or transient then there does not exist a stationary distribution.

An alternative way to describe an IFS, that we will adopt throughout this thesis, is
a skew product system.

Definition 1.1.7 A skew product system is a dynamical system generated by a map

F : Ω×X −→Ω×X

(ω,x) 7−→
(
g(ω), f (ω,x)

)
where X is the state space, and the evolution of the system is governed by the map
f . The evolution map f depends on a variable ω, which changes through g. Here Ω

is endowed with a σ-algebra B and a measure ν preserved by g. We say that f is a
random dynamical system driven by the noise process (Ω,B,ν,g). For a fix ω∈Ω, we
refer to the map f (w,x) as a fiber map.

Consider an IFS generated by F= { f1, . . . , fN}, with probability distribution {pi}N
i=1

where ∑
N
i=1 pi = 1. We use the notation IFS(F; pi). Let Ω = {1, . . . ,N}N be endowed

with the Bernoulli measure ν = {p1, . . . , pN}N. For ω = (ωi)i≥0 ∈Ω, denote by σ the
shift operator (σω)i = ωi+1 acting on Ω. A skew product system of IFS(F; pi) is the
dynamical system on Ω×X defined by the transformation

F(ω,x) =
(
σω, fω(x)

)
,

where fω(x) = fω0(x). The iterates of F are given by Fn(ω,x) =
(
σnω, f n

ω(x)
)
, where

f n
ω(x) = fωn−1 ◦ · · · ◦ fω0(x). (1.1)

Thereby, the dynamics of F highlights the random dynamics of f .

Lemma 1.1.8 A measure m is stationary for IFS(F; pi) if ν×m is invariant for F. A
stationary measure m is ergodic for IFS(F; pi) if ν×m is ergodic for F.

Example 1.1.9 Consider the random walk on the real line given by the translations

f1(x) = x+1 and f2(x) = x−1,
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where each fi is chosen randomly with probability 1/2. Let Ω = {1,2}N be the set of
all sequences of symbols 1 and 2. For ω = (ωi)i≥0 ∈Ω, denote by σ the shift operator
(σω)i = ωi+1 acting on Ω. The following skew product system provides a setting to
study all possible compositions of f1 and f2 in a single framework:

F : Ω×R−→Ω×R
(ω,x) 7−→

(
σω,x+ξ(ω)

)
,

where for ω = (ωi)i≥0 ∈Ω, ξ(ω) is defined by

ξ(ω) =

{
1 if ω0 = 1,
−1 if ω0 = 2.

The natural measure on Ω is the Bernoulli measure ν= {1/2,1/2}N. The shift operator
preserves ν and is ergodic with respect to ν.

When studying the behavior of typical orbits, we may not be able to say what hap-
pens to every orbit, so instead we are interested to know what happens on average. For
that, the ergodic theory is a useful tool. Writing an IFS in the setting of a skew product
system allows us to use tools from deterministic dynamical systems. For example, one
theorem that is central in this thesis is Birkhoff’s ergodic theorem.

Theorem 1.1.10 (Birkhoff Ergodic Theorem) Let X be a measure space, f : X →
X a measurable map and m an f -invariant probability measure. Then, for any m-
integrable function ϕ,

lim
n→∞

1
n

n−1

∑
k=0

ϕ◦ f k(x)

exists for m-almost every x. Moreover if m is ergodic then

lim
n→∞

1
n

n−1

∑
k=0

ϕ◦ f k(x) =
∫

ϕdm

for m-almost every x.

In the context of the dynamical system F defined on Ω×X , the Birkhoff Ergodic
Theorem says that if m is a stationary ergodic measure and if ϕ ∈ L1(Ω×X ,ν×m)
then for ν×m almost all (ω,x) we have

lim
n→∞

1
n

n−1

∑
k=0

ϕ◦ f k
ω(x) =

∫
ϕdm.
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Observe that the skew product system describing the one dimensional standard random
walk given in Example 1.1.9 is conjugate to a skew product system with fiber maps
defined on [0,1], as in the following example.

Example 1.1.11 Let I = [0,1], and consider the coordinate change given by the dif-
feomorphism

h : R−→ [0,1]

x 7−→ ex

1+ ex

with inverse h−1(x) = ln x
1−x . Define the skew product system G generated by the fiber

maps gi = h◦ fi ◦h−1. We have

G : Ω× I−→Ω× I
(ω,x) 7−→

(
σω,gω(x)

)
,

where gω(x) = gω0(x), with

g1(x) =
xe

x(e−1)+1
, and g2(x) =

xe−1

x(e−1−1)+1
.

The symbol space Ω is still equipped with the Bernoulli measure ν.

The stochastic aspects of a random dynamical system depend largely on their Lya-
punov exponents. Generally speaking, Lyapunov exponents are quantities associated
to orbits to describe their local stability, and the chaotic behaviour of the system. For a
deterministic dynamical system (X , f ), the Lyapunov exponent of the system at a point
x ∈ X is given by

λ(x) = lim
n→∞

1
n

ln |( f n)′(x)|= lim
n→∞

1
n

n−1

∑
k=0

ln | f ′
(

f k(x)
)
|,

in case the limit exists. By the Birkhoff Ergodic Theorem, if m is an invariant ergodic
measure then, for m-almost every x, we have

λ(x) =
∫

X
ln | f ′(x)|dm(x).

Let us translate this in the context of the skew product system given in Example
1.1.11. The Lyapunov exponent of G at a point (ω,x) ∈Ω× I is given by

λ(ω,x) = lim
n→∞

1
n

ln |(gn
ω)
′(x)|= lim

n→∞

1
n

n−1

∑
k=0

ln |g′
σk

ω

(
gk

ω(x)
)
|,
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in case the limit exists. By the Birkhoff Ergodic Theorem, if m is an ergodic stationary
measure then, for ν×m-almost all (ω,x) ∈Ω× I,

λ(ω,x) =
∫

Ω×I
ln |g′ω(x)|dν×m(ω,x).

Since 0 and 1 are fixed points of each gi, the delta measures δ0 and δ1 are stationary
measures. Note that they are also ergodic measures. Thus, for x= 0 or 1, and for almost
all ω ∈Ω

λ(ω,x) =
∫

Ω

ln |g′ω(x)|dν(ω) =
1
2

ln |g′1(x)|+
1
2

ln |g′2(x)|= 0.

Figure 1.2: Time series of a branch orbit of the skew product system defined in Example
1.1.11, with initial state x = 1/2.

From Figure 1.2, we notice the long duration of the time series near the boundaries
x = 0 and x = 1, and bursts away. This is an example of the on-off intermittency phe-
nomenon we introduced earlier. As we saw, these boundary points have zero Lyapunov
exponent.

The following is another variation of the skew product system considered in Ex-
ample 1.1.11.
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Example 1.1.12 Let I= [0,1] and consider the doubling map E2 : I→ I,

E2(y) = 2y−b2yc.

Since the shift operator σ : Ω→ Ω is topologically semi-conjugate to the doubling
map E2 : I→ I, the skew product system G given in Example 1.1.11 is topologically
semi-conjugate to

G̃ : I× I−→ I× I

(y,x) 7−→

(
E2(y),

eξ(y)x
1+(eξ(y)−1)x

)
,

with

ξ(y) =

{
1 if y ∈ [0,1/2),
−1 if y ∈ [1/2,1].

In fact, σ : Ω→Ω with ν as invariant measure is measurably isomorphic to E2 : I→ I
with Lebesgue measure.

1.1.3 Poincaré disk model of the hyperbolic plane
In Chapter 3, we consider random walks on a negatively curved space. Hyperbolic ge-
ometry is the study of geometry on spaces of constant negative curvature. We consider
the Poincaré disk model, D, of the hyperbolic plane and define different interpretations
of the standard random walk on Z2. One random walk that we are considering is de-
fined as an IFS generated by automorphisms of D. In this subsection, we recall the
most important basic properties of these maps, see for example (7; 18) for references
on this subject.

The Poincaré disk D = {z ∈ C; |z| < 1} is one model of constructing hyperbolic
geometry. The Poincaré distance between two points z,w ∈ D is given by

dD(z,w) = log
1+ρz,w

1−ρz,w
, where ρz,w =

∣∣∣ z−w
1− z̄w

∣∣∣.
The geodesics in the Poincaré disk are the diameters of D, and the arcs of circles that
intersect ∂D orthogonally.

Recall that an automorphism of a region of the complex plane is a one to one
conformal mapping of the region onto itself. The automorphisms of D have the form

f (z) = eiθ · z+a
1+ āz

,
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where θ ∈ R and a ∈ D. Remark that they map geodesics to geodesics.
Except for the identity, these mappings have two fixed points, i.e. f (z) = z, counted

with multiplicity. Based on their behavior near their fixed points, the automorphisms
of D are classified as follows.

• Elliptic automorphism: the automorphism has one fixed point p∈D with | f ′(p)|=
1. Forward iterates of an elliptic automorphism rotate around its fixed point.

• Hyperbolic automorphism: the automorphism has two distinct fixed points p,q∈
∂D, such that | f ′(p)|< 1 (attracting) and | f ′(q)|> 1 (repelling). Forward iterates
of a hyperbolic automorphism converge to its attracting fixed point along non-
tangential directions.

• Parabolic automorphism: the automorphism has a double fixed point p ∈ ∂D
with | f ′(p)|= 1. Similarly to the hyperbolic case, forward iterates of a parabolic
automorphism converge to its fixed point, but can be tangentially as well as non-
tangentially.

Figure 1.3 illustrates these three classifications.

Figure 1.3: The left figure depicts the dynamics of an elliptic automorphism whose
fixed point is the origin. The middle figure is a hyperbolic automorphism
where the blue point is its repelling fixed point, and the black point is its
attracting fixed point. The right figure is given by a parabolic automor-
phism.

Remark 1.1.13 A very useful observation about the Poincaré distance is that: if a
sequence of points in D converges to the boundary then, any other sequence, within a
fixed distance from it, converges to the boundary. As a result, if the orbit of a point
z ∈ D under a random iterations of automorphisms of D converges to the boundary
then, the orbit under the same iterations of any point w ∈ D converges to the boundary
as well.
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Remark 1.1.14 Let f be a hyperbolic automorphism of D with +1 as attracting fixed
point and −1 as repelling fixed point. Similarly, let g be a hyperbolic automorphism
of D with +i as attracting fixed point and −i as repelling fixed point. The maps f and
g together with their inverses are the natural analogues on D of the maps on Z2 (see
Example 1.1.5) that govern the two dimensional standard random walk. The explicit
form of f and g are given by

f : z ∈ D 7→ z+a
1+az

, g : z ∈ D 7→ z+ ib
1− ibz

, (1.2)

for some fix a,b ∈ (0,1).

Note that the maps f and g given in (1.2) do not commute. Thus, unlike the two
dimensional random walk, the random walk induced by the IFS generated by f ,g, f−1

and g−1 does not create a lattice on D. For this context, another interpretation of the
two dimensional random walk is considered in Chapter 3. It consists of a random
walk on a graph from a tessellation of D. We end this subsection by recalling the
generalization on D of the tessellation of R2 using regular polygons.

Figure 1.4: A (7,3)-tessellation of the Poincaré disk D.
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Recall that a regular N-gon in a hyperbolic plane is a hyperbolic polygon with N
sides, each side being a geodesic where all sides have the same length and all internal
angles are equal. We are interested in the following question: when can we tile the
hyperbolic plane using regular N-gons with M polygons meeting at each vertex? We
call that a (M,N)-tessellation of D.

Remark that the only possible tessellations of R2 are given by: (6,3),(4,4) and
(3,6). In hyperbolic geometry, there are infinitely many different tessellations by reg-
ular polygons, see (9). In fact you can tile the Poincaré disk using regular N-gons with
M polygons meeting at each vertex if and only if

M(N−2)> 2N. (1.3)

In Figure 1.4, we see an example of a tessellation of the Poincaré disk using hyper-
bolic triangles with 7 triangles meeting at each vertex.

1.1.4 Local dynamics of rational functions on the Riemann sphere
In Chapter 4, we provide a mechanism that creates critical intermittency in complex
dynamics of one variable, by considering an IFS generated by two rational maps on
the Riemann sphere. In this section, we give a brief overview of the local dynamics
of rational maps of the Riemann sphere around their fixed points. For a more detailed
introduction to this subject, the reader is referred to the books (4; 7; 18).

A rational function f : Ĉ→ Ĉ is a holomorphic function on the Riemann sphere
into itself. Such a function can be written as

f (z) =
P(z)
Q(z)

,

where P and Q are polynomials with no common factors. The degree of f is given by
d = max{degP,degQ}.

In the rest of this section, f is a rational function of degree d ≥ 2.
Given a fixed point p = f (p) of f , λ = f ′(p) is called the multiplier of p. The local

dynamics of f near p depends on the absolute value of its multiplier.

Definition 1.1.15 A fixed point of f with multiplier λ is called

• supper attracting if λ = 0,

• attracting if 0 < |λ|< 1,

• parabolic if |λ|= 1,
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• repelling if |λ|> 1.

The following theorems describe the local dynamics of rational maps around their
fixed points.

Theorem 1.1.16 (Kœnigs Linearization) Let p be a fixed point of f , with multiplier
λ. If |λ| /∈ {0,1} then, there exists a holomorphic change of coordinate w = ϕ(z) on
a neighborhood U of p such that ϕ(p) = 0 and ϕ ◦ f ◦ϕ−1(w) = λ ·w for all w ∈U.
Moreover, ϕ is unique up to multiplication by a nonzero constant.

Note that the immediate basin of every attracting periodic orbit of f contains at
least one critical point. Hence the number of attracting periodic orbits is finite, less
than or equal to the number of critical points.

Let p be a superattracting fixed point of f , and choose a local uniformizing param-
eter z so that the fixed point corresponds to z = 0. Then we have

f (z) = anzn +an+1zn+1 + . . . .

with n > 1, and n 6= 0. The integer n is called the local degree of the superattracting
fixed point.

Theorem 1.1.17 (Böttcher) With f as above, there exists a local holomorphic change
of coordinate w = ϕ(z) on a neighborhood U of 0 such that ϕ(0) = 0 and ϕ ◦ f (z) =(
ϕ(z)

)n. Moreover, ϕ is unique up to multiplication by an (n−1)st root of unity.

The only case left is the dynamics of a rational function near a parabolic fixed
point. Suppose that

f (z) = λz+azn+1 + . . . ,

with a 6= 0 and λ a root of unity. We distinguish three cases:

1. λ = 1 and n = 1,

2. λ = 1 and n > 1,

3. λm = 1 and λ 6= 1.

In the first case, we find f (z) = z+az2+ . . . with a 6= 0. Without loss of generality,
we may assume that a = 1. It can be shown that f is conjugate to the translation
z 7→ z+1 by first conjugating f to

g(z) = z+1+
b
z
+ . . . ,
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and then by conjugating g to z 7→ z+1.
In the second case, we find f (z) = z+azn+1 + . . . with a 6= 0 and n > 1. There are

n complex numbers v with navn = 1, and n complex numbers v with navn = −1. We
label these vectors as v j,0≤ v j ≤ 2n−1 with

v j = ei jπ
n v0,nav j = (−1) j.

The even indexed are called repulsion vectors for f at the fixed point 0, and the odd
indexed are called attraction vectors.

Theorem 1.1.18 With the above notation, if an orbit zn = f n(z) converges to the fixed
point 0 then either

• the sequence zn is eventually identical to zero, or

• the limit limk→∞ k
1
n zk is equal to one of the attraction vectors v j ( j odd).

Similarly, if an inverse orbit zn = f−n(z) converges to 0 then either

• the sequence zn is eventually identical to zero, or

• the limit limk→∞ k
1
n zk is equal to one of the repulsion vectors v j ( j even).

Remark 1.1.19 The local attraction and repulsion property is preserved under confor-
mal change of coordinate.

In the third case, if the multiplier is given by λ = ei 2πp
q for some rational p/q then

f has similar local dynamics as the second case.

Lemma 1.1.20 Let 0 be a parabolic fixed point of a rational function of degree d ≥
2, with multiplier λ = ei 2πp

q where p and q are coprime. Then, the number n of the
attraction vectors at 0 must be a multiple of q.

In Figure 1.5 we see the attracting petals of the parabolic fixed point 0 for the
polynomial map f : z 7→ ei 2π

3 z+0.1 · z4. The black set is the set of points that remains
bounded under iteration of f , while the points in different shades of colors converge to
the point at infinity.
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Figure 1.5: Attracting petals for the polynomial map z 7→ ei 2π

3 z+0.1 · z4.

1.2 Outline of contents

The contents of this thesis consist of one published article and two submitted articles
for peer review, inserted in separate chapters.

1. A.J. Homburg, V. Rabodonandrianandraina. On–off intermittency and chaotic
walks. Ergodic theory and dynamical systems 40 (2020), 1805-1842.

2. V. Rabodonandrianandraina. Random walk on the Poincaré disk. Submitted,
2021.

3. A.J. Homburg, H. Peters, V. Rabodonandrianandraina. Critical intermittency in
rational maps. Submitted, 2021.

The chapters of this thesis are self-contained and can be read independently. The
authors contributed equally to all works.
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Chapter 2: On–off intermittency and chaotic walks. In this chapter, we general-
ize further the skew product system given in Example 1.1.12 and will consider small
smooth perturbations of the form

Ĝ(y,x) = (E2(y), ĝy(x)) =

(
E2(y),

eξ(y)x
1+(eξ(y)−1)x

+ r(y,x)

)
,

where r(y,x) = O(x2), x→ 0 and ξ : I→ R is a smooth strictly monotone function
with

∫
I ξ(y)dy = 0. We assume that the system has zero Lyapunov exponent at 0 (i.e

λ(0) = 0), and zero or positive Lyapunov exponent at 1 (i.e λ(1) ≥ 0). We prove the
appearance of on-off intermittency:

• in the case where λ(1)> 0, we show that, given any small interval U = [ε,1]⊂
(0,1] and x ∈ (0,1), the number of iterates ĝn

y(x) in U is infinite, for Lebesgue
almost all y ∈ I, but

lim
n→∞

1
n
|{0≤ k < n; gk

y(x) ∈U}|= 0;

• in the case where λ(1) = 0, we show the same result where U = [ε,1− ε] with
ε > 0 small.

The results are proved to hold as well without requiring ξ to be strictly monotone,
if we replace the doubling map by an expanding map Em(x) = mx mod 1, for m large
enough.

Chapter 3: Random walk on the Poincaré disk. In this chapter, we study the behav-
ior of three different interpretations of the standard random walk of Z2 on a hyperbolic
space. We use the Poincaré disk model D, and investigate whether the defined ran-
dom walks are transient or recurrent. The three random walks that we study are the
following:

RW1: A random walk on D induced by an IFS generated by finitely many automor-
phisms of D. This is to interpret the IFS describing the standard random walk on
Z2.

RW2: A random walk on a graph given by a (M,N)-tessellation of D with M and N
satisfying (1.3). This is a generalization of the fact that, the standard random
walk on Z2 is a random walk on a graph, given by a (4,4)-tessellation of R2.
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RW3: The third random walk to be considered is a variation of RW1. We begging by
considering the IFS generated by the four automorphisms of D given in (1.2). To
have the property that the hyperbolic step size of the walk is some fixed constant
s > 0, we vary the parameter a and b depending on the position z so that, for any
z ∈ D,

dD
(
z, fa(z)(z)

)
= s = dD

(
z,gb(z)(z)

)
.

We prove transient behavior for RW1 and RW2. With RW3, the problem quickly be-
comes really complicated as the conditions are relaxed. We state conjectures based
on computer simulations. Further research is required to describe when a phenomena
occur and which phenomena would occur.

Chapter 4: Critical intermittency in rational maps. In this chapter, we present
a mechanism in complex dynamics that creates critical intermittency. We consider
an IFS generated by two rational functions f0 = f0,λ and f1 = f1,λ, both depending
analytically on a parameter λ ∈ D. We assume that the point 0 is fixed by both maps.
The point ∞ is assumed to be a superattracting fixed point for f0, which is eventually
mapped to 0 by f1. The Lyapunov exponent of the system at the common fixed point
0 is assumed to be positive:

p0 ln | f ′0(0)|+ p1 ln | f ′1(0)|> 0

where pi is the probability to choose fi.
We provide the conditions under which critical intermittency holds for almost every

parameter value λ, when p0 > 1/d where d is the local degree of f0 at infinity. That is,
for any ε > 0, and for Lebesgue almost any z ∈ Ĉ,

1. f n
ω(z) ∈ B(0,ε) for infinitely many n;

2. limn→∞
1
n |{0≤ k < n; f n

ω(z) ∈ B(0,ε)}|= 1,

for almost all ω. Here f n
ω is the notation for using skew product system to study the

IFS as described in (1.1).
In addition, we give an explicit example of f0 and f1 satisfying the provided con-

ditions, and where it is possible to decide for which parameter λ critical intermittency
holds.
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Chapter 2

On–off intermittency and chaotic walk

ABSTRACT. We consider a class of skew product maps of interval diffeomorphisms
over the doubling map. The interval maps fix the end points of the interval. It is as-
sumed that the system has zero fiber Lyapunov exponent at one endpoint and zero or
positive fiber Lyapunov exponent at the other endpoint. We prove the appearance of
on-off intermittency. This is done using the equivalent description of chaotic walks:
random walks driven by the doubling map. The analysis further relies on approximat-
ing the chaotic walks by Markov random walks, that are constructed using Markov
partitions for the doubling map.

2.1 Introduction

The setting of this paper is of skew product systems of interval maps over linearly
expanding interval maps

Ĝ(y,x) = (Em(y), ĝy(x))

on I× [0,1]. Here Em : I→ I, m an integer bigger than or equal to 2, is the expanding
map

Em(y) = my−bmyc,

and we use notation I = [0,1] for the base space on which Em acts. For each y ∈ I, ĝy
is a strictly monotone interval map fixing the endpoints ĝy(0) = 0 and ĝy(1) = 1. It is
assumed to be smooth jointly in (y,x). We will in particular consider the doubling map
E2 and we will limit to this now and return to stronger expanding maps later.

21
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Since each ĝy fixes the endpoints of the interval [0,1], we can conjugate the map Ĝ
on I× (0,1) to a map G on I×R, using the homeomorphism h : R→ (0,1),

h(x) =
ex

1+ ex .

That is,

G(y,x) = (E2(y),gy(x)) = (E2(y),h−1 ◦ ĝy ◦h(x)).

Observe that h−1(x) = ln(x/1− x). A small calculation shows that near −∞ we can
write

gy(x) = x+ ln(ĝ′y(0))+R(y,x)

with

|R(y,x)| ≤Ce−|x|

for some constant C > 0. A similar expansion applies near +∞.
Particular examples are given by translations on the real line driven by the doubling

map,

(y,x) 7→ (E2(y),x+ξ(y)). (2.1)

Iterates of the fiber coordinate yield the cocycle

x 7→ x+
n−1

∑
i=0

ξ(E i
2(y)).

By (5) this cocycle is recurrent precisely if∫
I
ξ(y)dy = 0. (2.2)

See (8) for central limit theorem for cocycles over interval maps such as the doubling
map. References (9; 13; 19; 20) contain further results on ergodicity and stable transi-
tivity for similar cocycles.

Conjugating (2.1) back to I× (0,1) results in the skew product system

(y,x) 7→

(
E2(y),

eξ(y)x
1+(eξ(y)−1)x

)
. (2.3)
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Figure 2.1: Time series of the x-coordinate of (y,x) 7→
(

3y mod 1, xe−1+2y

1+x(e−1+2y−1)

)
on

I× [0,1]. The multiplication by 3, instead of 2, is for computational conve-
nience. The restriction of this map to I× (0,1) is topologically conjugate
to the group extension (y,x) 7→ (3y mod 1,x− 1+ 2y) on I×R. For al-
most all initial values y, the distribution of the steps is uniform on [−1,1]
and has average zero.

Figure 2.1 shows a time series for the x-component of (2.3) for the choice ξ(y) =
−1+2y (for which (2.2) applies). Noticeable are the long durations of the time series
near x = 0 or x = 1 and the bursts away. From this perspective such skew product
systems are considered in (7, Section 6), but for statements on dynamics that paper
replaces the action of E2 by independent and identically distributed (i.i.d) noise from a
uniform distribution on I.

A broader framework for which the study of systems such as (2.3) is relevant is that
of on-off intermittency (22). On-off intermittency is associated with invariant mani-
folds with an attractor inside that is neutral or weakly repelling in transverse directions.
This can generate dynamics showing an aperiodic switching between laminar dynam-
ics near the attractor and bursts away. In (2.3), I×{0} and I×{1} play the role of the
invariant manifolds with chaotic dynamics inside and a neutral transverse direction.
A different type of system, but also with vanishing transverse Lyapunov exponents,
is considered in (12); that paper considers Pomeau-Manneville maps with a parame-
ter that is driven by the doubling map. In bifurcation studies the relevant transition is
called a blowout bifurcation, where a transverse Lyapunov exponent passes through
zero (2; 21).
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Quantitative characteristics of on-off intermittency are considered in (14). Refer-
ring to systems such as (2.1) as chaotic walks, the authors comment

Is there a setting in which to understand both the random and the chaotic driv-
ing cases? We suggest that one approach to answering this question is through
the study of ‘chaotic walks’, i.e. additive walks where the increments are cho-
sen from some chaotic process. [...] We know of no systematic studies of
chaotic walks, though they are clearly an important counterpart to the compar-
atively well-studied random walks.

Random walks in Z driven by expanding Markov maps are considered in (18),
where they are called deterministic random walks. Other authors have considered
deterministic random walks driven by irrational circle rotations instead of chaotic maps
such as the doubling map; see in particular (1; 6). In (11) the reader can find a study of
iterated function systems of interval diffeomorphisms with a neutral fixed point. This
amounts to a study of chaotic walks on the line: for instance the symmetric random
walk can be cast as a skew product setting of the form

(y,x) 7→
(

E2(y),x+ sign
(

y− 1
2

))
.

See Appendix 2.6 for comments on the relation and difference between chaotic walks
and random walks. In the same vein as (11), (3; 4) analyze iterated function systems
of logistic maps with vanishing fiber Lyapunov exponent at zero.

2.1.1 The class of skew product systems
We go beyond group extensions as in (2.1) or (2.3), and will consider small smooth
perturbations of the form

Ĝ(y,x) = (E2(y), ĝy(x)) =

(
E2(y),

eξ(y)x
1+(eξ(y)−1)x

+ r(y,x)

)
,

where r(y,x) = O(x2), x→ 0.

Definition 2.1.1 The set Ŝ consists of smooth skew product systems Ĝ : I× [0,1]→
I× [0,1],

Ĝ(y,x) = (E2(y), ĝy(x)).
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Here ĝy are strictly increasing functions,

ĝy(x) =
eξ(y)x

1+(eξ(y)−1)x
+ r(y,x)

with, for some C > 0,r0 > 0:

1.
∫
I ξ(y)dy = 0;

2. |r(y,x)| ≤Cx2, |r(y,x)| ≤C|1− x|;

3. |r(y,x)|, | ∂

∂xr(y,x)|, | ∂

∂yr(y,x)| ≤ r0.

Note that Ŝ depends on ξ and C, r0. We will occasionally write Ŝr0 to indicate de-
pendence on r0, suppressing dependence on C, ξ. We write Ĝn(y,x) = (En

2(y), ĝ
n
y(x)),

so that
ĝn

y(x) = ĝEn−1
2 (y) ◦ · · · ◦ ĝy(x).

Remark 2.1.2 Equation (2.2), noting that in addition r(y,x) = O(x2) for x→ 0, ex-
presses a vanishing fiber Lyapunov exponent at 0:

L0 :=
∫
I
ln ĝ′y(0)dy =

∫
I
ξ(y)dy = 0.

The fiber Lyapunov exponent at 1,

L1 :=
∫
I
ln ĝ′y(1)dy (2.4)

need not vanish for maps Ĝ ∈ Ŝ . Clearly L1 is small if r0 is small.

In the setting of skew product systems on I×R, Definition 2.1.1 leads to the class
of systems

S = Sr0 = {G : I×R→ I×R ; G = (id×h−1)◦ Ĝ◦ (id×h), Ĝ ∈ Ŝ}.
The set S consists of smooth skew product systems G : I×R→ I×R,

G(y,x) = (E2(y),gy(x)). (2.5)

For these systems, gy are strictly increasing functions of the form

gy(x) = x+ξ(y)+R(y,x) (2.6)

with

|R(y,x)|, |DR(y,x)| ≤Cr0,

|R(y,x)| ≤Cex,

for some C > 0. Note that the perturbation R(y,x) is exponentially flat at −∞. One can
view such a map as giving a non-homogeneous chaotic walk.
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2.1.2 Monotone displacement functions
Here we treat displacement functions ξ : I→ R that are strictly monotone functions
satisfying (2.2). Below we consider general smooth displacement functions.

Figure 2.2 shows a time series of a perturbation of the map considered in Figure 2.1,
where the perturbation is chosen to keep a zero fiber Lyapunov exponent at 0 and to get
a positive fiber Lyapunov exponent at 1. As this makes I×{1} repelling on average,
we find the phenomenon of on-off intermittency only near I×{0}.
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Figure 2.2: This plot features a perturbation of the skew product map considered
in Figure 2.1. Shown is a time series of the x-coordinate of (y,x) 7→(

3y mod 1, xe−1+2y

1+x(e−1+2y−1) +
1
5x2(x−1)

)
on I× [0,1].

We formulate two theorems expressing aspects of on-off intermittency. The results
are formulated in terms of the skew product maps Ĝ on I× [0,1]. The results can of
course be phrased for the corresponding skew product systems G on I×R, that is in
terms of chaotic walks on R.

For x, p ∈ (0,1) with x < p, define

T (y) = min{n > 0 ; ĝn
y(x)> p}.

The following result states that T has finite values almost everywhere, but the average
of the escape time T is infinite.

Theorem 2.1.3 Let ξ : I→ R be a smooth strictly monotone map satisfying (2.2). For
r0 small enough, the following holds for Ĝ ∈ Ŝr0 .
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1. T (y)< ∞ for Lebesgue almost all y ∈ I;

2.
∫
IT (y)dy = ∞.

For a subset U of I write 1U for the characteristic function of U .

Theorem 2.1.4 Let ξ : I→ R be a smooth strictly monotone map satisfying (2.2). For
r0 small enough, the following holds for Ĝ ∈ Ŝr0 .

Assume L0 = 0 and L1 > 0. Let U be a compact interval [ε,1] ⊂ (0,1] with ε > 0
small. Take x ∈ (0,1). Then for Lebesgue almost all y ∈ I, the number of iterates ĝi

y(x)
in U is infinite, but

lim
n→∞

1
n

n−1

∑
i=0

1U(ĝi
y(x)) = 0.

The results imply that the only invariant probability measures for a skew product
Ĝ ∈ Ŝ with Lebesgue measure as marginal, are the product measures of Lebesgue
measure on I and convex combinations of delta measures at 0 and 1.

A similar result can be formulated for a skew product Ĝ ∈ Ŝ with vanishing fiber
Lyapunov exponents at both boundaries, i.e. where L1 = 0 in (2.4): just replace U by
an interval [ε,1− ε] with ε > 0 small.

Theorem 2.1.5 Let ξ : I→ R be a smooth strictly monotone map satisfying (2.2). For
r0 small enough, the following holds for Ĝ ∈ Ŝr0 .

Assume that both L0 = L1 = 0. Let U be a compact interval [ε,1− ε]⊂ (0,1) with
ε > 0 small. Take x ∈ (0,1). Then for Lebesgue almost all y ∈ I, the number of iterates
ĝi

y(x) in U is infinite, but

lim
n→∞

1
n

n−1

∑
i=0

1U(ĝi
y(x)) = 0.

2.1.3 General displacement functions

The results stated above are all for monotone displacement functions ξ. The results
are proved to hold for general smooth displacement functions ξ, if we replace the
doubling map by an expanding map Em(x) = mx mod 1 for large enough m. We will
formulate the result analogous to Theorem 2.1.4. The class of skew product systems
Ĝ(y,x) = (Em(y), ĝy(x)) with fiber maps ĝy as in Definition 2.1.1, is denoted by Ŝ m

r0
.

The corresponding class of skew product systems G(y,x) = (Em(y),gy(x)) is denoted
by Sm

r0
.
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Theorem 2.1.6 Let ξ : I→ R be a smooth map, not identically zero, satisfying (2.2).
For m ∈ N large enough and r0 > 0 small enough, the following holds for Ĝ ∈ Ŝ m

r0
.

Assume L0 = 0 and L1 > 0. Let U be a compact interval [ε,1] ⊂ (0,1] with ε small.
Take x ∈ (0,1). Then for Lebesgue almost all y ∈ I, the number of iterates ĝi

y(x) in U
is infinite, but

lim
n→∞

1
n

n−1

∑
i=0

1U(ĝi
y(x)) = 0.

Above we considered interval diffeomorphisms forced by expanding maps on the
interval I. Another natural context is that of interval diffeomorphisms forced by the
(linearly) expanding circle maps. Here we are given a smooth function ξ : T→R (with
T= R/Z). This is included in Theorem 2.1.6, by taking functions ξ : I→ R that give
smooth functions on the circle T= R/Z when identifying 0 and 1. So Theorem 2.1.6
contains as a special case a statement on skew products on T× [0,1] that are forced by
sufficiently expanding circle maps.

2.1.4 Methodology

We finish the introduction with a brief account of the approach we take in this paper.
The reasoning will be in the setting of skew products with the real line as fiber. We
start with a chaotic walk

xn+1 = xn +ξ(yn)+R(yn,xn),

where yn+1 = E2(yn) and R is small, so that we have a non-homogeneous walk close
to a homogeneous walk. More specific, as the chaotic walk originates from a smooth
skew product system on I× [0,1], we have that R(y,x) is exponentially small in x for x
near −∞.

The chaotic walk driven by the doubling map is rewritten as a chaotic walk driven
by a subshift of finite type. The subshift is obtained from a Markov partition for E2. We
will consider increasingly fine Markov partitions indexed by an integer N. This yields
subshifts σ on sequence spaces ΣAN with an increasing number of symbols. Using a
measurable isomorphism of E2 with σ, the system is written as a chaotic walk

xn+1 = xn +ξ(σn
ω)+R(σn

ω,xn).

This chaotic walk is approximated by Markov random walks driven by subshifts, i.e.
by walks of the form

xn+1 = xn +ξN(ωn)+RN(ωn,xn)
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where ω = (ωi)i∈N. Specifically, the maps ξN and RN are constant in ω on cylinders of
rank one. The approximations get better for increasing N when the partition elements
get smaller diameter.

Our main results are proved using results on escape times from subintervals of the
line for the approximate Markov random walks, and carefully taking limits of increas-
ingly fine Markov partitions. The derivation of the results on Markov random walks is
contained in the appendices.

We expect that various generalizations of the results in this paper can be achieved
using the methods developed in this paper as starting point. One may think of driving
by general expanding or by hyperbolic dynamical systems, and a treatment of larger
classes of functions ξ.

2.2 Approximation by step skew products
Although Theorems 2.1.3 and 2.1.4 are formulated for Ĝ ∈ Ŝ , the analysis mostly uses
the formulation in terms of the skew product system G on I×R. We will approximate
G ∈ S with step skew product systems driven by subshifts of finite type. This is done
by using fine Markov partitions for E2 of I. Take a Markov partition PN of I given by
K = 2N partition elements

Pi =

[
i−1

K
,

i
K

]
,

1≤ i≤ K. Note that
E2(Pi) = P2i−1∪P2i,

indices taken modulo K. Consider the resulting subshift of finite type (ΣAN ,σ) with
adjacency matrix AN = (ai j)

K
i, j=1 such that ai j = 1 precisely if j = 2i− 1 or j = 2i

(modulo K). That is, ΣAN ⊂ {1, . . . ,K}N is given by

ΣAN = {ω ∈ {1, . . . ,K}N ; aωiωi+1 = 1 for all i}.
Here ω = (ωi)i∈N.

Example 2.2.1 For N = 1,

A1 =

(
1 1
1 1

)
,

which is the full shift on two symbols 1,2. For N = 2, A2 is the following 4×4-matrix:

A2 =


1 1 0 0
0 0 1 1
1 1 0 0
0 0 1 1

 .
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It induces a subshift of finite type on sequences with four symbols 1,2,3,4.

The shift σ on ΣAN is primitive and in fact

AN
N > 0

(AN
N being the matrix with 1 at every entry).
We use notation

C0,...,n−1
i0,...,in−1

= {ω ∈ ΣAN ; ω j = i j,0≤ j < n}.

Such sets are called cylinders; a cylinder with the first n entries specified is called a
cylinder of rank n.

The stochastic matrix ΠN is given by

ΠN =
1
2

AN .

Denote the corresponding Markov measure on ΣAN by νN , where νN assigns equal
measure 1/K to each cylinder of rank one C0

i (Appendix 2.7 contains more on this
material).

The following lemma contains the basic approximation result that we will use fre-
quently in the following. It starts by rewriting the skew product system on I×R to a
skew product system on ΣAN ×R. The two systems are topologically semi-conjugate
and they are measurably isomorphic, where we use Lebesgue measure on I×R and
the product of Markov measure νN and Lebesgue measure on ΣAN ×R.

Lemma 2.2.2 For any given N, a skew product system G∈ S is measurably isomorphic
to a skew product system F : ΣAN ×R→ ΣAN ×R,

F(ω,x) = (σω, fω(x)) = (σω,x+ξ(ω)+R(ω,x)) (2.7)

with ∫
ΣAN

ξ(ω)dνN(ω) = 0

and

|R(ω,x)| ≤Cex,

|R(ω,x)| ≤Cr0,

for some C > 0.
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The skew product system F can be approximated by a skew product FN : ΣAN×R→
ΣAN ×R,

FN(ω,x) = (σω, fN,ω(x)) = (σω,x+ξN(ω0)+RN(ω0,x)).

Here

min
ω∈C0

ω0

ξ(ω)≤ ξN(ω0)≤ max
ω∈C0

ω0

ξ(ω).

with ∫
ΣAN

ξN(ω)dνN(ω) = 0

and the function RN can be any function so that

|RN(ω,x)| ≤Cex,

|RN(ω,x)| ≤Cr0.

There exists C > 0 so that

|ξ(ω)−ξN(ω0)| ≤C/2N .

Remark 2.2.3 The skew product system FN is a step skew product system: the fiber
map fN,ω does not change for ω in cylinders of rank one, and hence can be written as
a function fN,ω0 .

Proof : For any N, we can map I to ΣAN by IN(x) = ω with

ωi = j if E i
2(x) ∈

[
j−1
2N ,

j
2N

)
. (2.8)

This yields the topological semi-conjugacy

σ◦ IN = IN ◦E2. (2.9)

The map HN : ΣAN → I given by

HN(ω) =
⋂
i≥0

E−i
2 (Pωi)

is νN-almost everywhere an inverse of IN . The system σ : ΣAN → ΣAN with measure
νN is therefore measurably isomorphic to E2 : I→ I with Lebesgue measure. With G
as in (2.5), let F : ΣAN ×R→ ΣAN ×R be given by

F(ω,x) = (σω, fω(x)) = (σω,gHN(ω)(x)).
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By (2.9) we have

F ◦ (IN , id) = (IN , id)◦G.

The skew product system G : I×R→ I×R (using Lebesgue measure) is hence mea-
surably isomorphic to F : ΣAN ×R→ ΣAN ×R (with measure the product of νN and
Lebesgue measure). Note that we use the term measurably isomorphic without de-
manding, as is often done, that the given measures are invariant.

Recall from (2.6) the notation gy(x) = x+ξ(y)+R(y,x). We will accordingly write,
by a slight abuse of notation,

fω(x) = x+ξ(ω)+R(ω,x).

The skew product map F is approximated by a skew product map FN : ΣAN ×R→
ΣAN ×R,

FN(ω,x) = (σω, fN,ω(x)) = (σω,x+ξN(ω)+RN(ω,x)),

where ξN(ω) and RN(ω,x) as function of ω are constant on the cylinder C0
ω0

. We
choose ξN(ω) = ξ(HN(ω̃)) for a fixed choice of ω̃ ∈C0

ω0
. We will also write ξN(ω0)

and R(ω0,x) to emphasize the dependence on ω0 alone. The function RN is a function
satisfying bounds in Lemma 2.2.2.

In the above setup we get ∫
ΣAN

ξ(ω)dνN(ω) = 0.

By shifting the values ω̃ in the cylinders C0
ω0

, we can achieve∫
ΣAN

ξN(ω)dνN(ω) = 0.

The bounds on ξ− ξN follow from the facts that ξ is C1 and the diameter of each
partition element Pi is 1/2N . 2

Phrased in different words, starting with a chaotic walk

xn+1 = xn +ξ(σn
ω)+R(σn

ω,xn)

on R, with ω ∈ ΣAN , we approximate by a Markov random walk

xn+1 = xn +ξN(ωn)+RN(ωn,xn).

Assume that ξ is a smooth strictly increasing function on I with
∫
I ξ(y)dy = 0. We

need the following lemma; see Property (2.28) in Appendix 2.8.
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Lemma 2.2.4 For r0 small enough, and any L > 0, there is ω from a set of positive
probability so that for x ∈ R, there is n ∈ N, f n

ω(x) < x− L ( f n
ω(x) > x + L) and

f i
ω(x)< x ( f i

ω(x)> x) for all 0 < i≤ n.

Proof : This is obvious from the monotonicity of ξ and
∫
I ξ(y)dy = 0. 2

2.3 Average return times
Let us make explicit the convention used already in previous parts: we use C to des-
ignate a generic constant depending only on data from the skew product system. In
particular, when considering approximations with Markov shifts driven by the shift on
ΣAN for different N, a constant C is assumed to be uniform in N.

We start with a proposition on escape times from compact intervals. Let G ∈ S as
in (2.5). Consider a compact interval [A,B] ⊂ R and let x ∈ [A,B]. Define the escape
time

T[A,B](y) = min{n > 0 ; gn
y(x) 6∈ [A,B]},

taking T[A,B](y) to be infinite if no such n exists.

Proposition 2.3.1 For Lebesgue almost all y ∈ I, T[A,B](y) < ∞. The average escape
time from [A,B] is finite: ∫

I
T[A,B](y)dy < ∞.

Moreover, both
pA = Leb({y ; xT[A,B](y)< A})

and 1− pA are positive.

Proof : We will make use of the topological semi-conjugacy of E2 on I to the shift
σ on Σ = ΣA1 = {1,2}N. This is by the map H : I→ Σ defined by H(y) = ω with
ω = (ωi)i∈N and

ωi =

{
1, E i

2(y)< 1/2,
2, E i

2(y)≥ 1/2.

We have σ ◦H = H ◦ E2. In fact, H provides a measurable isomorphism between
E2 : I→ I with Lebesgue measure and σ : Σ→ Σ with Bernoulli measure ν (the product
measure coming from equal probability 1/2 for both symbols 1 and 2).

Consider the topologically semi-conjugate skew product system

F(ω,x) = (σω, fω(x))
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on Σ×R. Our assumptions give the existence of ζ0, . . . ,ζn−1 so that f n
ω(B) < A if

ω ∈C0,...,n−1
ζ0,...,ζn−1

. For ν-almost every ω ∈ Σ one has a first entrance time

Tζ(ω) = min{i > 0 ; σ
i
ω ∈C0,...,n−1

ζ0,...,ζn−1
}.

It is standard that the expected entrance time is finite, see for instance (16, Sec-
tion 17.3.2) (see also (11)): ∫

Σ

Tζ(ω)dν(ω)< ∞.

Indeed this is the expected time to yield for the first time the given finite sequence of
symbols ζ0, . . . ,ζn−1 when picking two symbols i.i.d. with probability 1/2 each. It
follows that ∫

I
T[A,B](y)dy < ∞.

Analogous to the existence of ζ0, . . . ,ζn−1, there are η0, . . . ,ηm−1 with f m
η (A)> B.

Also, the expected entrance time to enter the cylinder C0,...,m−1
η0,...,ηm−1 is finite. From this it

is clear that pA and 1− pA are positive. 2

Take G∈ S and consider the chaotic walk gn
y(x). Let B∈R and x∈ (−∞,B]. Define

the escape time

TB(y) = min{n > 0 ; gn
y(x) 6∈ (−∞,B]} (2.10)

with TB(y) infinite if no such n exists. The next two propositions together prove The-
orem 2.1.3. The first proposition, Proposition 2.3.2 shows that almost surely, points
escape from (−∞,B]. The second proposition, Proposition 2.3.3, establishes that the
average escape time is infinite. In both statements, r0 will be small.

Proposition 2.3.2 For Lebesgue almost all y, TB(y)< ∞.

Proof : Apply Lemma 2.2.2 to rewrite the chaotic walk as

xn = f n
ω(x) = xn−1 +ξ(σn−1

ω)+R(σn−1
ω,xn−1), (2.11)

driven by the shift on ΣAN for some given N. In this setting, (2.10) becomes

TB(ω) = min{n > 0 ; f n
ω(x) /∈ (−∞,B]}.

We must show

νN
(
{ω ∈ ΣAN ; TB(ω)< ∞}

)
= 1.
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Divide (−∞,B] into three subintervals (−∞,A2], [A2,A1] and [A1,B]. If we start at
x ∈ [A2,B] then by Proposition 2.3.1, with probability one some iterate will have left
[A2,B]: either through the right boundary point B or through the left boundary point
A2. In the first case the iterate has escaped from (−∞,B]. In the latter case, there may
be a return to [A1,B] after which a further iterate may escape (−∞,B].

We approximate the cocycle (2.11) by Markov random walks, with different ap-
proximations on the (overlapping) intervals (−∞,A1] and [A2,B]. On [A2,B] we use an
approximation by a Markov random walk driven by the shift on ΣAN0

for a sufficiently
large but fixed N0. On (−∞,A1] we use an approximation by a Markov random walk
driven by the shift on ΣAN , using increasingly fine partitions PN for increasing N. Also
the boundary points A2 and A1 will depend on N: we will take A1,A2 so that

B−A1, A1−A2 =C1N

for a suitable C1, subject to conditions made explicit later on. Take a compact interval
[A1,A1+E] lying inside (A2,B) with E > maxω∈ΣAN

|ξ(ω)|. Without loss of generality,
we may assume x ∈ [A1,A1 +E] since x > A1 will hold for N large enough and any
starting point in [A1 +E,B] will leave (−∞,B] in a finite number of iterates if x does.

As said, on [A2,B] we use an approximation by a Markov random walk driven by
the shift on ΣAN0

for a sufficiently large but fixed N0. By Lemma 2.2.2, given ω∈ ΣAN0
,

the cocycle (2.11) is approximated by a Markov random walk

vn+1 = vn +ξN0(ωn)+RN0(ωn,vn). (2.12)

Choose the approximation so that

ξN0(ω0)+RN0(ω0,x)≤ min
ω∈C0

ω0

ξ(ω)+R(ω,x).

Then
x0,x1, . . . ,xn ∈ [A2,B] =⇒ vi ≤ xi for all 0≤ i≤ n+1.

We have
|ξ(ω)−ξN0(ω0)| ≤C/2N0

for some C > 0. Further |RN0| ≤Cr0 for some C > 0.
On (−∞,A1], applying Lemma 2.2.2, (2.11) is approximated by a Markov random

walk

vn+1 = vn +ξN(ωn)+RN(ωn,vn) (2.13)
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with

ξN(ω0)+RN(ω0,x)≤ min
ω∈C0

ω0

ξ(ω)+R(ω,x).

We have |ξ(ω)−ξN(ω0)| ≤C/2N and RN(ω,v)≤−Ce−|A1| on (−∞,A1]. Again

x0,x1, . . . ,xn ∈ (−∞,A1] =⇒ vi ≤ xi for all 0≤ i≤ n+1.

Let v0 = x ∈ [A1,A1 +E]. We can of course view the random walk driven by the
shift on ΣAN0

as a random walk driven by the shift on ΣAN . Doing so we can say that
for νN-almost all ω ∈ ΣAN , there will be a finite first escape time S1 of the random
walk (2.12) from [A2,B] (Proposition 2.3.1). If vS1 < A2, then vS1 ∈ [A2−E,A2] and
the random walk continues by following (2.13). There may be a return time T1 > S1
with vT1 > A1. Then vT1 lies in [A1,A1 +E]. After this, we repeat by continuing with
(2.12). Given v0 = x ∈ [A1,A1 +E] and ω ∈ ΣAN , we obtain a sequence of successive
escape and return values:

vS1 ∈ [A2−E,A2],

vT1 ∈ [A1,A1 +E],

vS2 ∈ [A2−E,A2],

...

stopping if either the walk starting from vsi does not return to [A1,B], or if the walk
starting from vTi has escaped from [A2,B] through the right boundary point B. Formally
T0 = 0,

Si(ω) = min{n > Ti−1 ; vn(ω) /∈ [A2,B]},
Ti(ω) = min{n > Si ; vn(ω) /∈ (−∞,A1]}.

Thus
νN
(
{ω ∈ ΣAN ; TB(ω)< ∞}

)
≥ νN

(
{ω ∈ ΣAN ; TB,v(ω)< ∞}

)
,

with
TB,v(ω) := min{n > 0 ; vn(ω) /∈ (−∞,B]}.

Let

pSi = νN
(
{vSi(ω) < A2|vωTi−1

,ωTi−1}
)
,

pTi = νN
(
{Ti(ω) = ∞|vωSi

,ωSi}
)
.
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We invoke the results in the appendices to obtain bounds on pSi and pTi . We wish to
apply Proposition 2.8.9 to get a bound on pTi . Lemma 2.9.2 and Lemma 2.9.3 ensure
bounds as required in Appendix 2.8 for the Markov random walk. The choices for
A1,A2 ensure that (2.34) holds for suitable C1. However, with B as in (2.34), A1−
A2 ≤ B ≤ A1−A2 +E is not fixed as assumed in Proposition 2.8.9. But the proof of
Proposition 2.8.9, see in particular (2.35), gives pTi ≤CN/2N +CNe−A1 . Choosing C1
appropriately we find

pTi ≤CN/2N

for some C > 0.
As A2−A1 = C1N, taking C1 ≥ 1, σTi−Si maps cylinders of rank one in ΣAN to a

union of cylinders of rank one in ΣAN0
. From Proposition 2.8.4 (after reflecting through

the origin) we infer 1− pSi ≥CαN0eCαN0 N , or equivalently,

pSi ≤ 1−CαN0eCαN0 N

for some C > 0. Here αN0 < 0 and |αN0| ≤Cr0 for some C > 0, if N0 is large enough.
Observe that TB,v(ω) = ∞ occurs if S1,T1, . . . ,Sn are bounded for some n ≥ 1,

vSi(ω) < A2 for 1≤ i≤ n and Tn(ω) = ∞. For each i≥ 1, pSi ≤ p and pTi ≤ q with:

1. p is the probability to leave [A2,B] through A2 if we start at A1;

2. q is the probability to stay in (−∞,A1] if we start at A2.

We have

p≤ 1−CαN0eCαN0N ,

q≤CN/2N .

Therefore,

νN
(
{ω ∈ ΣAN ; TB,v(ω) = ∞}

)
≤ pq

(
1+

∞

∑
i=1

pi(1−q)i

)
<

pq
1− p

. (2.14)

The right hand side of (2.14) goes to zero as N→∞. Hence TB,v(w)< ∞ for almost
all ω, and the same is true for TB(ω). 2

The following proposition states that the average return time of a point to a com-
pact interval is infinite. The arguments in the proof are reminiscent of the proof of
Proposition 2.3.2, but use an approximation by step skew product systems from above
instead of from below. A similar strategy was employed in (11, Lemma 5.2) for non-
homogeneous random walks with i.i.d. steps.
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Proposition 2.3.3 ∫
I
TB(y)dy = ∞.

Proof : Given x0 < x, with positive probability, one can find an n so that f n
y (x) < x0.

See Lemma 2.2.4. So we may have an assumption on a large enough distance B− x0
for a starting point x0. There is, for the same reason, no loss in assuming that B is a
large negative number.

We make use of this by splitting an interval (−∞,B] into parts, and considering
the random walks separately in different parts. Take points A2 < A1 < B. The mu-
tual distances between these points will be determined later. We first consider escape
of xk from [A2,B], for x0 ∈ [A1,B], and in particular escape through the boundary A2.
That will be followed by a second part of the argument treating a subsequent return to
[A1,B].

PART 1 (INITIAL POINT IN [A1,B], ESCAPE FROM [A2,B]). By Lemma 2.2.2, for a
given Markov partition PN0 , (2.7) can be written as the chaotic walk

xk+1 = xk +ξ(σk
ω)+R(σk

ω,xk) (2.15)

on ΣAN0
×R. For initial points in [A1,B], we compare (2.15) with a random walk

driven by the subshift for a given Markov partition PN0 , for some sufficiently large
N0 (conditions determining the size of N0 will be made explicit below). That is, we
compare with

wk+1 = wk +ξN0(ωk)+RN0(ωk,xk)

such that xk ≤ wk for x0 = w0, as long as wk ≤ B. It follows from Lemma 2.2.2 that we
may take RN0 so that

RN0(ωk,xk)≤ βN0 =CeB +C/2N0.

We get βN0 small by choosing B and N0 large.
Define

T[A2,B](y) = min{n > 0 ; xn /∈ [A2,B]}

and
S[A2,B](ω) = min{n > 0 ; wn /∈ [A2,B]}.

We abbreviate this as T (y) and S(ω). Write

S1 = {ω ∈ ΣAN0
; wS(ω) < A2}.
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Define pA2 = ν(S1) and qA2 = Leb{y ∈ I ; xT (y) < A2}. Then qA2 ≥ pA2 .
Proposition 2.8.4 yields a lower bound

pA2 ≥Cα1eCα1A2

with α1 = βN0 . To apply the proposition, we need a large enough distance B− x0 as
expressed by (2.29). As discussed earlier, we may assume this to hold. In the lower
bound, α1 is small if r0 is small and N0 large. Hence

qA2 ≥Cα1eCα1A2.

PART 2 (INITIAL POINT IN (−∞,A2], ESCAPE FROM (−∞,A1]). For points that end
up to the left of A2, we estimate the time it takes to return to larger values, to the right
of A1. By (2.8) for a given Markov partition PN , (2.7) can be written as the random
walk

xk+1 = xk +ξ(σk
ω)+R(σk

ω,xk) (2.16)

on ΣAN ×R. We do this for increasing values of N. Assume given an initial point
x0 < A2. Consider the first escape time

UA1(ω) = min{n > 0 ; xn(ω)> A1}.

A bound for E(UA1) is derived as in Proposition 2.8.6. Care must be taken since
the solution to the Poisson equation is unbounded in N. The random walk (2.16) is
compared with

wk+1 = wk +ξN(ωk)+RN(ωk,xk)

on ΣAN ×R, such that xk ≤ wk as long as wk ∈ (−∞,A1]. We can bound

RN(ωk,xk)≤ βN =CeA1 +C/2N .

Consider the stopping time

VA1(ω) = min{n > 0 ; wn(ω)> A1}.

Observe that UA1(ω) ≥ VA1(ω). Proposition 2.8.6 yields E(VA1) ≥ C/βN , assuming
A1−A2 ≥ G where G appears as condition (2.34) that is needed to apply Proposi-
tion 2.8.6. Lemma 2.9.2 gives that we can take G =CN for some C > 0. We therefore
take

A2 =−C2N,

A1 =−C1N
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for uniform constants C1, C2 so that A1, A2 go to −∞ as N→ ∞ and A1−A2 ≥ G. We
conclude that under these conditions, for some C > 0,

E(UA1)≥C/βN .

The constant C is uniform in N and also in ω−1.

PART 3 (COMBINING PREVIOUS PARTS). We combine the information in the previous
parts on the two random walks in (−∞,A1] and [A2,B] and let N go to ∞ to prove the
result. For x0 < B, let

T (y) = min{n > 0 ; xn > B}.

For the random walk wn+1 = wn +ξN(ωn)+RN(ωn,x), Part 1 and Part 2 above give

E(T )≥ qA2E(UA1)

≥CeCαN0A2(eCA1 +1/2N)−1.

With our choices for A1,A2, this goes to infinity as N → ∞. The proposition follows.
2

2.4 Intermittent time series: two neutral boundaries
This section contains the proof of Theorem 2.1.5.

Proof : [Proof of Theorem 2.1.5] On I×R, define a class C = Cd of differentiable
functions

Cd = {C ∈C1(I,R) ; |C′| ≤ d}.

For a skew product system of the form G0(y,x) = (E2(y),x+ξ(y)) we have

DG0(y,x) =
(

2 0
ξ′(y) 1

)
.

It follows that DG0 maps a cone field of cones {(v,u) ∈ R2 ; |u| ≤ d|v|} with d >
supy∈T |ξ′(y)|, inside itself. This property is easily seen to be robust under perturba-
tions: for small r0 the same holds true for perturbations G of G0 in Sr0 . Therefore, for
suitable d > 0, G maps the graph of a function in Cd into two curves that are both the
graph of a function in Cd .

To continue we find it convenient to use, as in the proof of Proposition 2.3.1, the
topological semi-conjugacy of E2 on I to the shift σ on Σ = ΣA1 = {1,2}N, σ ◦ I1 =
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I1 ◦E2. The space Σ is equipped with Bernoulli measure ν. We henceforth consider
functions in Dd , which are the functions D that can be written as D(ω) =C(I1(y)) for
some C ∈ Cd .

Given ω ∈ Σ and a graph D0 ∈Dd , we obtain a sequence of functions

Dn(η) = f n
ω0...ωn−1η(D0(ω0 . . .ωn−1η)),

where ω0 . . .ωn−1η stands for the concatenated sequence ω0 . . .ωn−1η0η1 . . .. We have
Dn ∈Dd for all n≥ 0. The interval U ⊂ (0,1) corresponds to an interval [−L,L]⊂ R,
with L large. Start with D0 so that graph(D0) ⊂ I× [−L,L]. Because Dn ∈ Dd for all
n ≥ 0, we can consider a sequence Dni, Dmi of curves that are first returns to [−L,L],
and respectively its complement. More precisely,

graph Dni ⊂ Σ× [−L,L],

graph Dmi ⊂ Σ× (R\ [−L,L])

and

ni+1 = min{n > mi+1 ; graph Dni+1 ⊂ Σ× [−L,L],graph Dni+1−1 6⊂ Σ× [−L,L]},
mi+1 = min{n > ni ; graph Dmi+1 6⊂ Σ× [−L,L],graph Dmi+1−1 ⊂ Σ× [−L,L]}.

Letting n0 = 0, we thus obtain a sequence

n0 < m1 < n1 < m2 < n2 < · · ·

of successive escape times. By results from the previous section, given ω ∈ Σ from a
set of full Bernoulli measure, we obtain an infinite sequence of return times ni−mi.

Let ν̄ be the normalized Bernoulli measure on C0,...,k−1
ωn,...,ωn+k−1 ,

ν̄(A) = ν(A)/ν(C0,...,k−1
ωn,...,ωn+k−1)

for Borel sets A ⊂ C0,...,k−1
ωn,...,ωn+k−1 . On the graph of Dn we can consider the measure

(id,Dn)∗ν, which we also refer to as Bernoulli measure. Then

Fk
∗ ◦ (id,Dn)∗ν̄ = (id,Dn+k)∗ν (2.17)

In words, the push forward measure, under the skew product system Fk, of normalized
Bernoulli measure on a cylinder of rank k inside the graph of Dn, equals Bernoulli
measure on Dn+k.

Let
S(ω) = min{n > 0 ; f n

ν (L)< L for all ν ∈C0,...,n−1
ω0,...,ωn−1}
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be the first return, for a cylinder, to (−L,L) starting from L. As Dmi(ω) > L and the
maps fω are monotone, the return time ni−mi of Dmi to [−L,L] is larger than or equal
to S(ω). The return time S defines a partition Q = {Qi} on Σ so that S is constant
precisely on the partition elements Qi. Each Qi is a cylinder and the union of all
cylinders has full Bernoulli measure ν.

As remarked above, if

Ti = min{n > 0 ; f n
ω(Dmi(ω))< L for all ν ∈C0,...,n−1

ω0,...,ωn−1},

then Ti(ω)≥ S(ω). The corresponding partition Ri of Σ, corresponding to cylinders on
which Ti is constant, is therefore the same as or finer than Q ; each partition element in
Q is a union of one or more partition elements of Ri.

Given a large integer M, take the partition O of Σ consisting of the cylinders Qi
from Q up to rank M and the remaining subset Q̂. Note that∫

∪iQi

S(ω)dν(ω) = ∑
i,Qi∈O

ν(Qi)Si,

where Si is the value of S on Qi ∈ O. We claim that
∫

Σ
S(ω)dν(ω) = ∞. To see this,

note that if xn(ω) < L− d, then xn(η) < L for any η ∈C0,...,n−1
ω0,...,ωn−1 . The claim follows

from this and Proposition 2.3.3. Since
∫

Σ
S(ω)dν(ω) = ∞, we find that for each C > 0

there is M so that
∑

i,Qi∈O
ν(Qi)Si >C.

Consider the following stochastic process. Pick ω0,ω1, . . . at random, indepen-
dently from two symbols 1,2 with probabilities 1/2 each. Given ω0, . . . ,ωn−1, we
have return times n0 < m1 < · · · up to the largest number nk or mk that is at most n.
To fix thoughts, assume given ω0, . . . ,ωmi−1 defining the function Dmi . Continue with
the next random variables ωmi,ωmi+1, . . .. As these are picked independently from the
previous symbols, the probability for ωmiωmi+1 · · · to end up in Qi equals ν(Qi). On
Qi we know that ni−mi ≥ Si. By (2.17), we can use this stochastic process description
and apply Kolmogorov’s strong law to get for ν-almost every ω,

lim
n→∞

1
n

n−1

∑
j=1

1Qi(ωn j) = ν(Qi).

We must also consider the escape from [−L,L], which proceeds similarly. Recall
that xn(ω)> L+d implies that xn(η)> L for all η ∈C0,...,n−1

ω0,...,ωn−1 . Consider

vn+1 = min{ fσnω(vn),L+d}
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starting at v0 = L. Let

S−L(ω) = min{n > 0 ; vn(ν)<−L for all ν ∈C0,...,n−1
ω0,...,ωn−1}.

As in Proposition 2.3.1, ∫
I
S−L(ω)dν(ω)< ∞.

Corresponding statements hold for escape through L: consider

wn+1 = max{ fσnω(wn),−L−d}

with w0 = L. For

SL(ω) = min{n > 0 ; vn(ν)> L for all ν ∈C0,...,n−1
ω0,...,ωn−1},

we have ∫
I
SL(ω)dν(ω)< ∞.

Define
S = min{S−L,SL}

and note ∫
I
S(ω)dν(ω)< ∞. (2.18)

If
Ti = min{n > 0 ; f n

ω(Dni(ω)) 6∈ [−L,L]},

then Ti(ω)≥ S(ω).
We follow previous reasoning. The function S defines a partition Q = {Qi} on Σ,

so that S is constant on each partition element Qi. Each Qi is a cylinder and the union
of all cylinders has full Bernoulli measure ν. On each curve Dmi , the escape time from
(−L,L) is larger than or equal to S. Given ω ∈ Σ from a set of full Bernoulli measure,
we obtain an infinite sequence of escape times ni−mi. Given a large integer M, take
the partition R of Σ consisting of cylinders Ri from Q up to rank M and the remaining
subset R̂.

Let Si is the value of S on Ri. By (2.18), for any ε one can find M large enough so
that ∫

Σ

S(ω)dν(ω)≤∑
i

ν(Ri)Si + ε.
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Again by Kolmogorov’s strong law, for ν-almost every ω,

lim
n→∞

1
n

n−1

∑
j=1

1Ri(ωn j) = ν(Ri).

We conclude that for almost all ω ∈ Σ,

lim
n→∞

1
n

n−1

∑
i=0

(ni−mi) = ∞

and

lim
n→∞

1
n

n−1

∑
i=0

(mi+1−ni)<C

for some C > 0. The theorem follows. 2

2.5 Intermittent time series: a neutral and a repelling
boundary

For B ∈ R and fixed x0 > B, let

TB = min{n > 0 ; xn < B}.

Denote a =
∫
I ln ĝ′y(1)dy (see (2.4)).

Proposition 2.5.1 If a > 0 then ∫
I
TB(y)dy < ∞.

Proof : We use an approximation of xn+1 = fω(xn),

vn+1 = fN0,ωn(vn) (2.19)

directed by ω∈ΣAN0
, so that xn≤ vn when x0 = v0, as long as vn >B. The condition a>

0 allows us the following formulas: on [B,∞) we can write fω(x) = x+η(ω)+S(ω,x)
with ∫

ΣAN

η(ω)dν(ω) = 0

and
lim
x→∞

R(ω,x) =−a < 0.
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Write (2.19) as
vn+1 = vn +ηN0(ωn)+SN0(ωn,vn)

driven by the shift on ΣAN0
. We can take∫

ΣAN0

ηN0(ω)dν(ω) = 0

and
lim
x→∞

SN0(ω,x) =−a < 0.

For L̃ large we thus find |SN0(ω,x)+a|< a/2 on [L̃,∞].
With L > L̃, assume z0 is in [L,∞). Let SL be the escape time of zn out of [L,∞);

SL̃(ω) = min{n > 0 ; zn < L̃}.

By Proposition 2.8.6, assuming that L− L̃ is large enough, we get

E(SL̃)≤C.

An escape out of [B,∞) is realized by a finite number of passages through [L,∞),
starting and ending with iterates in [B, L̃], followed by the escape to (−∞,B). The
expected escape times for these escapes from [B,L], through either the left or right
boundary, and from [L,∞) are bounded. Therefore, with pB bounding the probability
to leave through L, for an escape from [B,L] and starting point in [B, L̃],

E(TB)≤C
∞

∑
i=1

ipB(1− pB)
i < ∞.

2

Proof : [Proof of Theorem 2.1.4] Theorem 2.1.4 is proved in the same way as Theo-
rem 2.1.5, invoking Proposition 2.5.1. We leave the details to the reader. 2

2.6 Appendix: Chaotic walks
For ω = (ωi)i∈N in Σ = {1,2}N, denote by σ the left shift operator (σω)i = ωi+1 acting
on Σ. Consider the standard random walk xn(ω) given by

xn+1 = xn +ξ(σn
ω)
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on R, where for ω ∈ Σ the step ξ(ω) is defined by

ξ(ω) =

{
1, ω0 = 1,
−1, ω0 = 2.

Introduce the skew product system F : Σ×R→ Σ×R,

F(ω,x) = (σω,x+ξ(ω)).

Then, the fiber coordinates in R of Fn(ω,x) equal xn(ω) with initial condition x0(ω) =
x. The natural measure on Σ is the Bernoulli measure ν given probabilities 1/2,1/2
for the symbols 1,2.

Since the shift σ : Σ→ Σ is topologically semi-conjugate to the doubling map E2 :
I→ I, the skew product system F is topologically semi-conjugate to G : I×R→ I×R,

G(y,x) = (E2(y),x+ξ(y)),

where now

ξ(y) =
{

1, y ∈ [0,1/2),
−1, y ∈ [1/2,1].

In fact, σ : Σ→ Σ with ν as invariant measure is measurably isomorphic to E2 : I→ I
with Lebesgue measure. Note that

Gn(y,x) = (En
2(y),x+

n−1

∑
i=0

ξ(E i
2(y))).

Going the other direction, also for other maps ξ : I→ R, one can identify G on
I×R with a skew product system F on Σ×R. Typically the steps ξ(ω) will depend on
the entire sequence ω. Following (14) we refer to a cocycle

x 7→ x+
n−1

∑
i=0

ξ(E i
2(y)),

i.e. the fiber coordinate of Gn(y,x), as a chaotic walk. We refer to (23) for lecture notes
on cocycles driven by ergodic transformations.

2.7 Appendix: Markov random walks
This appendix and the next develop material for random walks driven by subshifts of
finite type. Appendix 2.9 will specialize to subshifts coming from Markov partitions
for doubling maps.
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Write Ω for the finite set of symbols {1, . . . ,K}. Let A = (ai j)
K
i, j=1 be a matrix with

ai j ∈ {0,1}. Associated to A is the set ΣA of bilateral sequences ω = (ωn)
∞
0 composed

of symbols in Ω and with adjacency matrix A :

aωnωn+1 = 1

for all n ∈ N. Let (ΣA ,σ) be the subshift of finite type on ΣA . The map σ shifts every
sequence ω ∈ ΣA one step to the left, (σω)i = ωi+1. The space ΣA will be endowed
with the product topology. We assume that A is primitive, i.e.

there exists n0 ∈ N such that for all i, j ∈Ω (An0)i j > 0.

This implies that the subshift σ is topologically mixing.
Let Π = (πi j)

K
i, j=1 be a right stochastic matrix, i.e. πi j ≥ 0 and ∑

K
j=1 πi j = 1, such

that πi j = 0 precisely if ai j = 0. By the Perron-Frobenius theorem for stochastic ma-
trices, there exists a unique positive left eigenvector p = (p1, ..., pK) for Π that corre-
sponds to the eigenvalue 1; i.e.

K

∑
i=1

piπi j = p j,

for all j∈Ω. We assume that p is normalized so that it is a probability vector, ∑
K
i=1 pi =

1. The distribution p is the stationary distribution on Ω.
For a finite word ωk1...ωkn , ki ∈ Z, the cylinder Ck1,...,kn

ωk1 ,...,ωkn
(we will also use the

notation Ck1,...,kn
ω ) is the set

Ck1,...,kn
ωk1 ,...,ωkn

= {ω′ ∈ ΣA ; ω
′
ki
= ωki, ∀1≤ i≤ n}.

As cylinders form a countable base of the topology on ΣA , Borel measures on ΣA are
determined by their values on the cylinders. A Borel measure ν on ΣA is called a
Markov measure constructed from the distribution p and the transition probabilities
πi j, if for every ω ∈ ΣA and k ≤ l,

ν(Ck,...,l
ω ) = pωk

l−1

∏
i=k

πωiωi+1.

The measure ν is invariant under the shift map σ, it is ergodic and supp(ν) = ΣA . From
now on, we consider a fixed ergodic Markov measure ν on ΣA .
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2.7.1 Poisson equation
The Poisson equation is a means to calculate stopping times for Markov random walks.
See (17, Chapter 17) and also (10).

Consider a random walk on R,

wn+1 = wn +ξ(σn
ω),

driven by ω = (ωn)n≥0 from ΣA . In the setting here, ξ(σnω) is a function of ωn alone.
Write Fk for the σ-algebra on ΣA generated by cylinders C0,...,k−1

ω0,...,ωk−1 of rank k. Observe
that a F1-measurable function φ : ΣA → R is constant on cylinders of rank one.

Introduce expectation operators, for integrable functions h : ΣA → R,

Ph = E(h◦σ|F1)

and
Pνh = E(h).

Thus
Ph(ω) =

1
pω0

∫
C0

ω0

h(σω)dν(ω)

(recall pω0 = ν(C0
ω0
)) and

Pνh =
∫

ΣA
h(ω)dν(ω).

Lemma 2.7.1 There is a unique F1-measurable function ∆ : ΣA → R that solves

P∆(ω)−∆(ω) = Pξ(ω)−Pνξ (2.20)

and satisfies

Pν∆ = 0.

Proof : This is a special case of the theory developed in (17, Chapter 17). We identify
a F1-measurable function h with the vector in RK of its values on cylinders C0

i , i =
1, . . . ,K. We denote this vector also by h = (hi)

K
i=1. Then Ph(ω), for ω ∈C0

i , equals
∑

K
j=1 πi jh j. Now (2.20) becomes

Π∆−∆ = Πξ−Pνξ, (2.21)

to be solved for the vector ∆ = (∆i)
K
i=1 (here Pνξ = ∑

K
i=1 piξi).

By the Perron-Frobenius theorem, Π− id has a one dimensional kernel and a
codimension one invariant space {h|Pνh = 0} on which Π− id acts invertible. Hence
(2.21) can be solved since Pν(Pξ−Pνξ) = 0. The demand Pν∆ = 0 brings uniqueness
of the solution. 2
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Define

un = wn−nPνξ−∆(σn−1
ω)+∆(ω).

We get that
un+1 = un +ξ(σn

ω)−Pνξ−∆(σn
ω)+∆(σn−1

ω)

is cohomologous to yn+1 = yn +ξ(σnω)−Pνξ.

Lemma 2.7.2 un is a martingale with respect to Fn.

Proof : Calculate

E(un+1|Fn) = E(un +ξ(σn
ω)−Pνξ−∆(σn

ω)+∆(σn−1
ω)|Fn)

= un +Pξ(σn−1
ω)−Pνξ−P∆(σn−1

ω)+∆(σn−1
ω)

= un,

by Lemma 2.7.1. 2

Example 2.7.3 Consider the topological Markov chain given by

A =

(
1 1
1 0

)
and the probability matrix

Π =

(
1/2 1/2
1 0

)
.

For this,

p =

(
2/3
1/3

)
satisfies pT = pT Π. Consider the displacement vector

ξ =

(
−1
2

)
.

A solution ∆ of Π∆−∆ = Πξ is given by

∆ =

(
−1/3
2/3

)
.

With xn+1 = xn+ξn and un = xn−∆(σn−1ω)+∆(ω), and hence, un+1 = un+ξn−
∆(σnω)+∆(σn−1ω), we find
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• if ωn−1 = 1,ωn = 1: xn+1 = xn−1 and un+1 = un−1;

• if ωn−1 = 1,ωn = 2: xn+1 = xn +2 and un+1 = un +1;

• if ωn−1 = 2,ωn = 1: xn+1 = xn−1 and un+1 = un;

the possibility ωn−1 = 2,ωn = 2 being forbidden.

2.8 Appendix: Stopping times
Using the material from Appendix 2.7, we state and prove various bounds on stopping
times for Markov random walks. We focus on bounds that are needed in the main text.
References (10; 15) also deal with stopping times for Markov random walks, but from
a different angle. As in (10) we construct martingales by making use of the Poisson
equation.

Deviating slightly from the notation in the previous appendix, we consider a ran-
dom walk

wn+1 = wn +ξ(σn
ω)+α

with ω ∈ ΣA and
Pνξ = 0.

In this setup, α is the average drift. The reader can think of α being small. We write

vn = wn−∆(σn−1
ω)+∆(ω) (2.22)

and find

vn+1 = vn +ξ(σn
ω)−∆(σn

ω)+∆(σn−1
ω)+α.

Note that

vn = v0 +
n−1

∑
i=0

ξ(σi
ω)−∆(σn−1

ω)+∆(ω)+nα.

We introduce notation ξ(ωn)= ξ(σnω), ∆(ωn)=∆(σnω) and ζ(ωn−1,ωn)= ξ(ωn)−
∆(ωn)+∆(ωn−1). Thus

vn+1 = vn +ζ(ωn−1,ωn)+α. (2.23)
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Let also un = vn− nα so that un+1 = un + ζ(ωn−1,ωn). By Lemma 2.7.1, for each
ωk−1,

K

∑
i=1

πωk−1iζ(ωk−1, i) = 0. (2.24)

Let G be such that

|∆(i)−∆( j)| ≤ G (2.25)

for all i, j. We also assume explicit bounds: there are positive constants V−,V+,D so
that for all i, j with πi j > 0,

|ζ(i, j)| ≤ D (2.26)

and for all i,

V− <
K

∑
j=1

πi jζ
2(i, j)<V+. (2.27)

Throughout, we assume a recurrence property: for any L > 0 (L < 0) there exist
ω ∈ ΣA and M ∈ N so that, with w0 = 0,

wM > L (wM < L). (2.28)

Together with An0 > 0 for some n0 ≥ 0, we find the existence of periodic symbol
sequences (ω0, . . . ,ωk−1)

∞ ∈ ΣA for which wk > w0 (or wk < w0). A condition of this
type is needed to avoid examples of the following type.

Example 2.8.1 Let

Π =

 1/2 1/2 0
0 0 1

1/2 1/2 0

 , ξ =

 0
1
−1

 .

Note that the associated adjacency matrix A is primitive with A3 > 0, but wn ∈ {0,1}
for all n > 0, ω ∈ ΣA if w0 = 0.

As a consequence of condition (2.28), the probability to escape from a compact
interval [A,B] is always one. We state this in the following lemma. Consider a compact
interval [A,B] and define for w0 ∈ [A,B],

T[A,B] = min{n > 0 ; wn 6∈ [A,B]}.
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Lemma 2.8.2 For ν almost all ω ∈ ΣA , T[A,B] < ∞.

Proof : This is immediate from the observation that property (2.28) implies the exis-
tence of a finite symbol sequence for which any point in [A,B] is mapped outside the
interval. The corresponding cylinder has positive ν measure. By ergodicity of σ, for ν

almost all ω ∈ ΣA , its positive orbit has points in this cylinder. 2

We will discuss escape times from bounded and unbounded intervals for differ-
ent signs of the average drift α. The principal technique is Doob’s optional stopping
theorem for which we refer to e.g. (24, Theorems VII.2.1 and VII.2.2). We state the
theorem under conditions relevant to our setting.

Theorem 2.8.3 (Doob’s optional stopping theorem) Let un be a martingale (or sub-
martingale); E(un+1|Fn) = un (or≥ un). Let T be a stopping time. Suppose that either

1. |un+1−un| is uniformly bounded and E(T )< ∞, or;

2. |un| is uniformly bounded.

Then
E(uT ) = E(u0) (or≥ E(u0)).

The following subsections 2.8.1, 2.8.2, 2.8.3 treat expected escape times and proba-
bilities of escape for positive, zero, and negative drift α respectively. One may consider
different initial distributions for ω0. We will take ω0 from the stationary distribution,
or assume ω−1 is given and ω0 is from the distribution that gives probability πω−1ω0 of
picking ω0. The formulations of the results then apply to both settings without change.
That is, the derived bounds for expected escape times and probabilities of escape in-
volve constants depending on G from (2.25), D from (2.26) and V−,V+ from (2.27),
but not on the initial distribution for ω0.

2.8.1 Positive drift α > 0

We start with escape from bounded intervals [A,B]. For definiteness we assume A < 0,
B > 0 and w0 = 0. By conjugating with a translation one may reduce to this situation.

Recall that
T[A,B] = min{n > 0 | wn 6∈ [A,B]}.

Given an initial distribution for ω0, let pA be the probability to escape through the left
boundary A. For ω0 chosen from the stationary distribution,

pA = ν{ω ; wT[A,B](ω) < A}.
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We assume

|A|,B > G, (2.29)

where G is given in (2.25).

Proposition 2.8.4 With probability one, T[A,B] < ∞.
There is α0 > 0 so that for 0 < α < α0, the following holds. There exist c1,c2, such

that
c1αe(2/V−)αA ≤ pA ≤ c2αe(2/V+)αA

if B is bounded and |A| is large. There exists C, such that

E(T |wT[A,B] < A)≤C
1
α

e(−2/V−)αA.

Remark 2.8.5 If we replace (2.27) by a one-sided bound

K

∑
j=1

πi jζ(i, j)2 ≤V+, (2.30)

we retain the estimate
pA ≤ c2αe(2/V+)αA.

For this we only need to assume |A|> G and not B > G as in (2.29), since decreasing
B also decreases pA.

Proof : For notational convenience we will write T for T[A,B] in this proof. That the
escape time is finite for almost all ω ∈ ΣA was established in Lemma 2.8.2 as a conse-
quence of (2.28).

For r 6= 0 and recalling (2.23) consider

zn = ervn.

Denote vn+1 = vn +ζn +α and calculate

E(zn+1|Fn) = E(er(ζn+α)|Fn)zn.

We wish to find r so that zn is a submartingale for which

E(zn+1|Fn)≥ zn.

For this we need
E(er(ζn+α)|Fn)≥ 1.
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That is,

K

∑
i=1

πωn−1ier(ζ(ωn−1,i)+α) ≥ 1.

For r small, we may develop the exponential function in a Taylor series (this is justified
since ζ(i, j) are bounded by (2.26)). Doing so yields

K

∑
i=1

πωn−1i

(
1+ r(ζ(ωn−1, i)+α)+

1
2

r2(ζ(ωn−1, i)+α)2 +O(r3)

)
≥ 1

which, using (2.24), is equivalent to

rα+
1
2

r2V +O(r3)≥ 0

with variance

V =V (ωn−1) =
K

∑
i=1

πωn−1i(ζ(ωn−1, i)+α)2.

By (2.27), this is solved for an r− < 0 with

r− ≤ −2
V−

α

for α small.
Now we can use this to calculate probabilities to escape through the left or right

boundary of [A,B]. Doob’s optional stopping theorem yields

E(zT )≥ E(z0) = 1. (2.31)

Recall that D bounds the stepsize, see (2.26). If wT < A then wT ∈ (A−D,A) and
thus, by (2.22) and (2.25), we have vT ∈ (A−G−D,A+G). Likewise if wT > B then
wT ∈ (B,B+D), and thus vT ∈ (B−G,B+G+D).

From (2.31) we get pAer−(A−cA)+(1− pA)er−(B+cB)≥ 1 for some cA,cB ∈ [−G,G+
D]. Note that, since we assumed |A|,B > G, we have A− cA < 0 and B+ cB > 0. So

pAer−Ae−r−cA +(1− pA)er−Ber−cB ≥ 1,

and hence
pA(er−Ae−r−cA− er−Ber−cB)≥ 1− er−Ber−cB.
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Therefore,

pA ≥
1− er−Ber−cB

er−Ae−r−cA− er−Ber−cB
. (2.32)

For B fixed and |A| large we find

pA ≥−cr−e−r−A

for some constant c.
A similar calculation gives that ervn is a supermartingale for an r+ < 0 with

r+ ≥ −2
V+

α

for α small. Using the supermartingale er+vn instead, one finds instead of (2.32) the
similar inequality

pA ≤
1− er+Ber+cB

er+Ae−r+cA− er+Ber+cB
.

For B fixed and |A| large we find

pA ≤−cr+e−r+A

for some constant c.
Having estimated the probabilities of escape through the left and right boundary,

we can now estimate escape times. Let zn = vn−nα. Thus zn+1 = zn + ζn and zn is a
martingale by (2.24):

E(zn+1|Fn) = vn−nα+E(ζn|Fn)

= zn.

By Doob’s optional stopping theorem,

E(zT ) = E(z0) = 0.

This gives pA(A− cA)+(1− pA)(B+ cB)−E(T )α = 0, so that

E(T ) =
1
α
(pA(A− cA)+(1− pA)(B+ cB)) . (2.33)

For B fixed and |A| large, we get E(T )≤ c for some constant c.
For the expected time to escape conditioned by escaping through the left boundary,

E(T |vT < A)≤ E(T )/pA

implies the given bound. 2
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We continue with a result on escape from an unbounded interval (−∞,B]. Take
w0 = 0, assume

B > G, (2.34)

and define
TB = min{n > 0 ; wn 6∈ (−∞,B]}.

The following proposition uses only an upper bound (2.30) as in Remark 2.8.5.

Proposition 2.8.6 With probability one, TB < ∞. For some c1,c2,

c1

α
≤ E(TB)≤

c2

α
.

Proof : Again we write T as shorthand for TB inside this proof. Let un = vn− nα.
As noted earlier, un is a martingale. Making |A| bigger in Proposition 2.8.4 gives an
increasing subset of ΣA that leads to an escape through B. In particular, pA goes to 0
as |A| → ∞. If we let |A| → ∞ in Proposition 2.8.4, we get T < ∞ almost everywhere.
By monotone convergence and (2.33), we get E(T )< ∞. By Doob’s optional stopping
theorem,

E(uT ) = E(u0).

We find B+c−E(T )α= v0 for some c∈ [−G,D+G]. The proposition follows (noting
v0−B− c 6= 0). 2

2.8.2 Zero drift α = 0

Again we first treat escape from a compact interval [A,B] with A< 0, B> 0, and v0 = 0.
Notation is as in the previous part treating α > 0. We assume (2.29) to hold.

Proposition 2.8.7 With probability one, T[A,B] < ∞.
There is α0 > 0 so that for 0 < α < α0, the following holds. There exist c1,c2, such

that
c1/|A| ≤ pA ≤ c2/|A|

if B is bounded and |A| is large. There exists c > 0, such that

E(T |vT[A,B] < A)≤ cA2

if |A| is large.
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Proof : As earlier we write T for T[A,B] inside this proof. Note that with α = 0, vn is
a martingale. Doob’s optional stopping theorem gives E(vT ) = E(v0) = 0. Therefore
pAA+(1− pA)B is constant and the bounds on pA follow.

To estimate the stopping time conditional to an escape through the left boundary A,
we introduce un = v2

n−nV−. Then

E(un+1|Fn) = E((vn +ζ)2− (n+1)V−|Fn)

≥ v2
n−nV−

= un,

so that un is a submartingale. Likewise a supermartingale can be created, replacing V−

with V+. Then E(uT )≥ E(u0) = 0 by Doob’s optional stopping theorem, giving

pAA2 +(1− pA)B2−E(T )V− ≥ 0.

We get E(T ) ≤ cA, for a constant c > 0. Likewise, calculating with the supermartin-
gale, E(T )≥ cA for a constant c > 0. So E(T |vT < A)≤ cA2 for some constant c > 0.

2

The next proposition treats escape from (−∞,B] for v0 < B.

Proposition 2.8.8 With probability one, TB < ∞. The expected escape time is infinite:

E(TB) = ∞.

Proof : This follows from Proposition 2.8.6, letting α go to zero. 2

2.8.3 Negative drift α < 0

For compact intervals this case is similar to the case α > 0. We just consider the prob-
ability of escape from an unbounded interval (−∞,B]. We assume w0 = 0 and (2.34).
Write pB for the probability to never escape. For ω0 from the stationary distribution,
pB = ν({ω ; vn < B for all n ∈ N}).

Proposition 2.8.9 There is α0 < 0 so that for α0 < α < 0,

c|α| ≤ pB ≤C|α|

for some positive constants c <C.
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Proof : Consider escape from an interval [A,B] with B fixed and |A| large. As in the
proof of Proposition 2.8.4, we get for the probability pA of escape through A,

pAer−(A−cA)+(1− pA)er−(B+cB) ≥ 1,

where r− ≥ (−2/V−)α for |α| small. From this we obtain

pA

(
er−Ae−r−cA− er−Ber−cB

)
≥ 1− er−Ber−cB ,

and thus

pA ≤
er−Ber−cB−1

er−Ber−cB− er−Ae−r−cA
,

compare (2.32). With r− > 0, er−Ae−r−cA goes to zero as A→−∞. Hence, from

pA ≤
1− e−r−Ber−cB

1− e−r−Be−r−cBer−Ae−r−cA
, (2.35)

we find pA ≤ C|α| for a constant C independent of A. When taking |A| larger, for
increasing subsets of ΣA , orbits escape through B. Therefore, letting A go to −∞

proves the upper bound on pB.
The lower bound is proved similarly using a lower bound for pA, as in the proof of

Proposition 2.8.4. 2

2.9 Appendix: Doubling maps
The previous appendices considered general subshifts with a primitive adjacency ma-
trix. The results on the stopping times in Appendix 2.8 rely on bounds for the solution
of the Poisson equation. Here we specialize to subshifts corresponding to Markov
partitions for doubling maps, and derive the bounds for this case.

Recall the setting from Section 2.2: given is the subshift σ on ΣAN ⊂ {1, . . . ,K}N,
K = 2N , with adjacency matrix AN = (ai j)

K
i, j=1 satisfying ai j = 1 precisely if j = 2i−1

or j = 2i modulo K. We start with a remark on subshifts on ΣAN for different values of
N. There is a natural topological conjugacy between the shifts σ on ΣAN0

and ΣAN1
for

different N0,N1, given by a homeomorphism ΘN0,N1 ,

σ|ΣAN0
= (ΘN0,N1)

−1 ◦σ|ΣAN1
◦ΘN0,N1.
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Given the product measures νN0,νN1 on the spaces ΣAN0
and ΣAN1

, we have

(ΘN0,N1)∗νN0 = νN1.

The topological conjugacy ΘN0,N1 between the shift operators on these spaces thus
provides a measurable isomorphism. For N1 > N0, σN1−N0 maps a cylinder of rank one
in ΣAN0

, one-to-one, to a cylinder of rank one in ΣAN1
.

Consider a Markov random walk

xn+1 = xn +ξN(σ
n
ω)

with ω ∈ ΣAN . In our setting, the steps ξN come from discretizing a smooth function
ξ : I→ R. Assume

PνξN = 0

(see Appendix 2.7). Lemma 2.7.1 and Lemma 2.7.2 give the existence of a function
∆N : ΣAN → R so that

un = xn−nPνξN−∆N(σ
n−1

ω)+∆N(ω)

is a martingale with respect to Fn. We recall

un+1 = un +ξN(σ
n
ω)−∆N(σ

n
ω)+∆N(σ

n−1
ω)

= un +ζN(ωn−1,ωn).

The following example treats the symmetric random walk in this setup. The steps
are ±1 and do not originate from discretizing a smooth function ξ.

Example 2.9.1 [The symmetric random walk] The symmetric random walk with steps
±1 is given by the stochastic matrix Π1 and vector ξ1,

Π1 =

(
1/2 1/2
1/2 1/2

)
, ξ1 =

(
1
−1

)
.

Here, of course,

∆1 =

(
0
0

)
.

A refined partition is made from 2-tuples of consecutive symbols (ω0ω1). For this
refined Markov partition on four symbols 1,2,3,4, we get to consider

Π2 =
1
2


1 1 0 0
0 0 1 1
1 1 0 0
0 0 1 1

 , ξ2 =


1
1
−1
−1

 .
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Here (Π2− id)∆2 = Π2ξ2 is solved by

∆2 =


−1
1
−1
1

 .

Continuing the previous examples, one consider N-tuples of consecutive symbols
(ω0 · · ·ωN−1). As there are 2N such N-tuples, one obtains 2N × 2N-matrices ΠN and
2N dimensional vectors ξN . That is, for ΠN = (πi j)1≤i, j≤2N and giving the N-tuples the
lexicographical order, we find

πi j =

{
1/2, j ∈ {2i−1,2i} mod 2N ,
0, otherwise.

For ξN , the value is 1 for the first 2N−1 indices, for the other indices the value is −1.
One can characterize ∆N as

∆N(i) = ξN(i)+ |ξN(i)|
(
]{0≤ j ≤ N−1 ; ω j = 2}− ]{0≤ j ≤ N−1 ; ω j = 1}

)
if i corresponds to the N-tuple (ω0 · · ·ωN−1). Figure 2.3 illustrates graphically the
solution ∆N for N = 10.

The following two lemmas provide the bounds for solutions of Poisson equations
needed in Appendix 2.8 (see (2.25)–(2.27)), discussing dependence on N. The first
lemma assumes a smooth function ξ and does not require ξ to be strictly monotone.

Lemma 2.9.2 Assume that ξ : [0,1]→ R is a smooth function with
∫ 1

0 ξ(y)dy = 0.
There are uniform (i.e. independent of N) positive constants C,D,V+, with

|∆N | ≤CN,

for all admissible i, j,

|ζN(i, j)| ≤ D

and

K

∑
j=1

πi jζN(i, j)2 ≤V+. (2.36)
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Figure 2.3: This figure illustrates the solution of the Poisson equation for a fine Markov
partition coming from the symmetric random walk in Example 2.9.1. De-
picted is the solution ∆N for the Poisson equation for N = 10, i.e. for a
Markov partition with 1024 elements. The horizontal axis contains the in-
dices 1 to 1024, the vertical axis contains the corresponding value of ∆N .
The values are connected by line pieces.

Proof : We know
(ΠN− id)∆N = ΠNξN .

Since here
Π

N
NξN = 0,

we find

∆N = (ΠN + · · ·+Π
N−1
N )ξN . (2.37)

Powers of ΠN are given by(
Π

M
N
)

i j =

{
1/2M, j ∈ [2M(i−1)+1,2M] mod K,
0, otherwise.

(2.38)

Since ξN is bounded, we get that |Π j
NξN | is bounded and thus the first bound stating

|∆N | ≤CN, for some C > 0, follows.
Since ξ is smooth, we get

|(Π j
NξN)k− (Π

j
NξN)k+1| ≤C/2N− j (2.39)
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for some C > 0. Combining (2.37), (2.38) and (2.39) proves a bound

|∆N(2i)−∆N(2i−1)| ≤C (2.40)

for some C > 0. Note that this bound holds uniformly in N. Lemma 2.7.1 yields (with
indices modulo K)

ζN(i,2i−1)+ζN(i,2i) = ξN(2i−1)−∆N(2i−1)+∆N(i)

+ξN(2i)−∆N(2i)+∆N(i)

= 0.

We conclude that |ζN(i, j)| (where j = 2i−1 or j = 2i modulo K) is uniformly bounded:

|ζN(i, j)| ≤ max
1≤k≤K

|ξN(k)|+C/2,

with C coming from (2.40). The bound (2.36) follows. 2

-10
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Figure 2.4: This figure illustrates the solution of the Poisson equation when discretiz-
ing the function ξ(y) = −1+ 2y using a fine Markov partition. Depicted
is the solution ∆N for the Poisson equation for N = 10, i.e. for a Markov
partition with 1024 elements. The horizontal axis contains the indices 1
to 1024, the vertical axis the corresponding value of ∆N . The values are
connected by line pieces.

Figure 2.4 shows the solution of the Poisson equation for a discretization of ξ =
−1+2y, the function that features in Figures 2.1 and 2.2. The material in Appendix 2.8
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assumes for some results, in addition to the bounds from Lemma 2.9.2, a positive
lower bound on ∑

K
j=1 πi jζN(i, j)2 (expressed by (2.27)). See also Lemma 2.10.2 for a

corresponding statement on skew product systems over stronger expanding maps Em.

Lemma 2.9.3 Assume that ξ : [0,1]→ R is a smooth strictly monotone function with∫ 1
0 ξ(y)dy = 0. Then there is a positive constant V− so that, for all N larger than some

N0,

V− ≤
K

∑
j=1

πi jζN(i, j)2.

Proof : Assume for definiteness that ξ is strictly increasing. The proof of Lemma 2.9.2
provided a bound

∆N(2i)−∆N(2i−1)≤C

for some C > 0. Recall

∆N = (ΠN + · · ·+Π
N−1
N )ξN

and (
Π

M
N
)

i j =

{
1/2M, j ∈ [2M(i−1)+1,2M] mod K,
0 otherwise.

From these identities and the fact that ξ is strictly increasing, we find

0 < c≤ ∆N(2i)−∆N(2i−1) (2.41)

for some c > 0. Indeed, it follows that ∆N(2i)−∆N(2i−1) is a sum of positive values,
where Π

N−1
N ξN(2i)−Π

N−1
N ξN(2i−1) is uniformly bounded from below. The bounds

c therefore holds uniformly in N.
We conclude that

|ζN(i, j)| ≥ c/2− max
1≤i≤K

(ξN(2i)−ξN(2i−1))/2,

with c coming from (2.41) (where j = 2i−1 or j = 2i modulo K). For N large enough,
ξN(2i)−ξN(2i−1) are close and therefore |ζN(i, j)| is uniformly bounded from below.

2

The uniform bounds D,V−,V+ mean that the propositions in Appendix 2.8 can be
applied uniformly in N. The bound |∆N | ≤CN in Lemma 2.9.2 implies conditions on
the size of the considered intervals, see e.g. (2.29) for Proposition 2.8.4.
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2.10 Appendix: General displacement functions
In this section we show how to prove Theorem 2.1.6, with the methods used for Theo-
rem 2.1.4. For an integer m≥ 2, consider skew product maps

(y,x) 7→ (Em(y),gy(x))

from Sm
r0

on I×R.
The following lemma substitutes Lemma 2.2.4, that was formulated for monotone

functions on I. Notation is copied from there. Suppose that ξ is a smooth function on
I with

∫
I ξ(x)dx = 0.

Lemma 2.10.1 For m large enough, the following property holds. For r0 small enough,
and any L > 0, there is ω from a set of positive probability so that for x ∈ R, there is
n∈N, with f n

ω(x)< x−L ( f n
ω(x)> x+L) and f i

ω(x)< x ( f i
ω(x)> x) for all 0 < i≤ n.

Proof : Since ξ is not identically zero and
∫
T ξ(y)dy = 0, we have two open intervals

A and B in the circle such that ξ|A < 0 and ξ|B > 0. We know that Em has a unique
fixed point in each interval of the form Im,k = [ k

m ,
k+1

m ],k = 0, . . . ,m− 1. It follows
that, for m large enough, A and B each contain a fixed point of Em. So let us consider
such m, and denote the fixed point of Em in A by yA and the one in B by yB. We have
ξ(yA)< 0 < ξ(yB).

For each n ∈ N we have that for y close enough to yA,

xn+1 = x0 +ξ(y)+ξ(Emy)+ · · ·+ξ(En−1
m y)+ξ(En

my)

with ξ(E j
my)< 0 for each 0≤ j ≤ n. So

xn+1 < xn < · · ·< x0.

A similar statement applies to points near yB. Taking n large enough, and thus taking
smaller neighborhood of the fixed points, gives the lemma for the cocycle xn+1 =
xn +ξn.

Now, if we consider the perturbed skew product then the result still follows for r0
small enough so that ξmax

y,n +Cr0 < 0 and ξmin
y,n −Cr0 > 0, where

ξ
max
y,n = max

0≤i≤n
ξ(E i

my),

and

ξ
min
y,n = min

0≤i≤n
ξ(E i

my).

2

2.10 Appendix: General displacement functions 65

Lemma 2.9.3 gets replaced by the following lemma. We keep the notation from
the previous section, except that the doubling map is replaced by Em. The adjacency
matrix AN = (ai j)

K
i, j=1 with K = mN is now given by ai j = 1 precisely if j = mi+ k

modulo K, for −m < k ≤ 0. The stochastic matrix ΠN equals 1
mAN . The following

lemma yields lower bounds for ζN . Its proof is an adapted version of the proof of
Lemma 2.9.3.

Lemma 2.10.2 There exists m > 0 so that the following holds. There exists V− > 0 so
that for N larger than some N0,

V− ≤
K

∑
j=1

πi jζN(i, j)2.

Proof : All the indices in the proof are taken modulo mN . Note that

ΠN =



1
m · · ·

1
m 0 · · ·0 · · · 0 · · ·0

0 · · ·0 1
m · · ·

1
m 0 · · ·0 · · ·

... . . . . . . ...
0 · · ·0 · · · 0 · · ·0 1

m · · ·
1
m

...
...

...
...

1
m · · ·

1
m 0 · · ·0 · · · 0 · · ·0

0 · · ·0 1
m · · ·

1
m 0 · · ·0 · · ·

... . . . . . . ...
0 · · ·0 · · · 0 · · ·0 1

m · · ·
1
m


where 1

m · · ·
1
m and 0 · · ·0 stand for sequences of m identical numbers. For fixed i ∈

{1, . . . ,mN} let Ii = {m(i−1)+1, . . . ,mi}, and note that

K

∑
j=1

πi jζN(i, j)2 =
1
m ∑

j∈Ii

ζN(i, j)2.

We will show that

max
j1, j2∈Ii

|ζN(i, j1)−ζN(i, j2)|> c

for some c > 0, which implies that

1
m ∑

j∈Ii

ζN(i, j)2 >C
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for some C > 0 (depending on m).
We have

|ζN(i, j1)−ζN(i, j2)|= |ξN( j1)−∆N( j1)−ξN( j2)+∆N( j2)|
≥ |∆N( j1)−∆N( j2)|− |ξN( j1)−ξN( j2)|.

As ξ is assumed to be smooth, we have |ξ′| ≤C2 for some C2 > 0. Now each ξN( j) is
a representative of {ξ(x)}x∈Pj where |Pj|= 1/mN . Thus for each i, the different values
of ξN( j), j ∈ Ii, are in m consecutive partition elements whose union is an interval of
length 1/mN−1. Hence

|ξN( j1)−ξN( j2)| ≤
C2

mN−1 .

It follows that

max
j1, j2∈Ii

|ζN(i, j1)−ζN(i, j2)| ≥ max
j1, j2∈Ii

|∆N( j1)−∆N( j2)|−
C2

mN−1 . (2.42)

Since ΠN
NξN = 0, we have

∆N = ΠNξN + · · ·+Π
N−1
N ξN .

For k ∈ {1, . . . ,N−1}, let Bk = Πk
NξN . We have

|∆N( j1)−∆N( j2)| ≥ |BN−1( j1)−BN−1( j2)|−
N−2

∑
k=1
|Bk( j1)−Bk( j2)|.

As ξ 6= 0 and
∫
T ξ(y)dy = 0, for m large enough, there exists C1 > 0 so that

C1 <
{
−min

j∈Ii
BN−1( j),max

j∈Ii
BN−1( j)

}
.

Thus

max
j1, j2∈Ii

|∆N( j1)−∆N( j2)| ≥ 2C1− max
j1, j2∈Ii

N−2

∑
k=1
|Bk( j1)−Bk( j2)|. (2.43)

For each k, we have

Bk( j) =
1

mk

mk j

∑
l=mk( j−1)+1

ξN(l).
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Thus

|Bk( j1)−Bk( j2)|=
1

mk

∣∣∣∣ mk j1

∑
i=mk( j1−1)+1

ξN(i)−
mk j2

∑
i=mk( j2−1)+1

ξN(i)
∣∣∣∣

=
1

mk

∣∣∣∣ mk

∑
j=1

(ξN(mk( j1−1)+ j)−ξN(mk( j2−1)+ j))
∣∣∣∣

≤ 1
mk

mk

∑
j=1

∣∣∣ξN(mk( j1−1)+ j)−ξN(mk( j2−1)+ j)
∣∣∣.

The different values of ξN(mk( j1−1)+ j) and ξN(mk( j2−1)+ j) are within a block
of length mk+1, thus

|Bk( j1)−Bk( j2)| ≤
C2

mN−k−1 .

Hence

max
j1, j2∈Ii

N−2

∑
k=1
|Bk( j1)−Bk( j2)| ≤

C2

mN−1

N−2

∑
k=1

mk ≤ C2

m−1
. (2.44)

Combining (2.42), (2.43) and (2.44) gives

max
j1, j2∈Ii

|ζN(i, j1)−ζN(i, j2)| ≥ 2C1−
C2

m−1
− C2

mN−1 .

Therefore for m and N large enough, max j1, j2∈Ii |ζN(i, j1)− ζN(i, j2)| > c > 0. This
ends the proof. 2

Proof : [Proof of Theorem 2.1.6] Choose m such that Lemma 2.10.2 applies. Now the
arguments to prove Theorem 2.1.4 apply to conclude Theorem 2.1.6. 2
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Chapter 3

Random walk on the Poincaré disk

ABSTRACT. We consider three interpretations of the standard random walk of Z2 on
hyperbolic space. We will consider the hyperbolic disk model, and we study properties
such as transient behavior, synchronicity and properties of the stationary measure.

3.1 Introduction

Random walks are one of the basic objects studied in probability theory. The moti-
vation comes from observations of various random motions in physical and biological
sciences. A random walk on a space X is a random process which describes a path in
X from a succession of random steps (ξn)n≥1.

An elementary example of a random walk is the standard random walk on Z, where
the random steps take values in {−1,+1}. Starting at some point X0 ∈ Z, if we denote
by Xn the position of the walk at time n≥ 1 then at each time the walk chooses a step
ξn ∈ {−1,+1}, independently of the previous step and with probability P(ξn =−1) =
1/2 = P(ξn = +1), and adds ξn to its current position to get Xn. Thus the position at
time n is given by

Xn = Xn−1 +ξn = X0 +ξ1 + · · ·+ξn.

One can go to higher dimension and define the standard random walk on Zd , d ≥ 2,
similarly by taking the random steps in {±e1, . . . ,±ed}with e j =(0, . . . ,0,1,0, . . . ,0)∈
Zd , where 1 appears at the jth position. Each step is chosen independently of the pre-
vious one and with probability 1/2d .

Recall that a random walk (Xn)n is said to be recurrent if, with probability one,
Xn = X0 for infinitely many n. If, with probability one, Xn = X0 for only finitely many
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n then we say that (Xn)n is transient. We have the following well known result, see
(21).

Theorem 3.1.1 The standard random walk on Zd is recurrent for d = 1,2 and tran-
sient for d ≥ 3.

The goal of this paper is to study transience and recurrence for different interpre-
tations of the standard random walk of Z2 on hyperbolic space. We will consider the
hyperbolic disk model. Random walks on the Poincaré disk D have been studied in
different contexts, see for example (24; 5).

To define the random walks on D, we will consider the following properties of the
standard random walk of Z2.

P1 : It is induced by an Iterated Function System (IFS).

P2 : The maps that generate the IFS are distance preserving maps of Z2 to itself.

P3 : It has constant step size, that is dZ2(Xn−1,Xn) = dZ2(Xm−1,Xm) for all m,n.

P4 : The set of all possible positions forms a lattice.

Inspired by the above properties, we propose three interpretations of the standard
random walk of Z2 on D.

1. Random walk on D induced by an IFS generated by distance preserving maps.

2. Random walk on a tessellation of D.

3. Random walk on D induced by an IFS generated by maps having constant hy-
perbolic step size.

In all of these three interpretations, we say that a random walk (Xn)n on D is recur-
rent if, with probability one, (Xn)n visits a ball B(X0,r)⊂ D infinitely many times, for
any r > 0. Otherwise, we say that (Xn)n is transient.

Remark 3.1.2 It is clear that the first and the third interpretations satisfy P1. As we
will see later on, they do not satisfy P4. Their difference is that (1) satisfies P2 but not
P3, while (3) satisfies P3 and not P2. The second interpretation satisfies P3 and P4 but
not P1 and P2.

The rest of the introduction is devoted to describe in more details the settings of
these three random walks on D. We will mention what is already known in the literature
and state the main results.
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3.1.1 Random walk on D induced by an IFS generated by hyper-
bolic distance preserving maps.

Fix a and b in (0,1) and consider

f : z ∈ D 7→ z+a
1+az

, g : z ∈ D 7→ z+ ib
1− ibz

(3.1)

and their inverses.
Each of these maps preserves the hyperbolic distance and has two fixed points on

the boundary ∂D: one attracting and one repelling, (25). The attracting fixed point of
f is +1 and its repelling fixed point is−1. Those of g are +i and−i respectively. Like
the four maps that induce the standard random walk on Z2 we can think of f ,g, f−1

and g−1 as going “right”, “up”, “left” and “down” respectively.
Using these maps, we define a random walk on D as follows: starting at some point

X0 ∈ D, at each time n≥ 1, choose a function ϕn ∈ { f ,g, f−1,g−1}, independently of
ϕn−1 where ϕ0 = id, with probability

P(ϕn = f ) = P(ϕn = g) = P(ϕn = f−1) = P(ϕn = g−1) =
1
4

and apply the function ϕn to the current position of the random walk. In other words,
the position at time n of the random walk is given by

Xn = ϕn(Xn−1) = ϕn ◦ϕn−1 ◦ · · · ◦ϕ1(X0). (3.2)

As we can see, the setting is reduced to study random iterations of maps, also known
as Iterated Function System. Given a collection of maps F the IFS generated by F,
IFS(F), is given by iterates ϕn ◦ · · · ◦ϕ1 where ϕi ∈ F is selected from a probability
distribution.

The first motivation of studying IFS was their role in the study of fractals (12; 16),
when the functions considered are contracting. Since then, many works have been
done and not only by considering contracting map, see for example (2; 8). For the
study of random iteration of isometries, see for example (1; 3).

To study the above setting, we will take a probabilistic approach by considering a
skew product system over the shift operator. For a connection to skew product systems
we refer to (15; 10).

In (17), M. Jacques and I. Short studied a similar setting with a purely determin-
istic approach by studying the action of the semigroup generated by a collection F
of finitely many Möbius transformations each mapping the unit disk strictly inside it-
self. By means of a directed graph, the authors give necessary and sufficient condition,
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for
⋂

n f1 ◦ · · · ◦ fn(D) to be a closed disk where fi ∈ F . They also proved results on
convergence of the sequence ( f1 ◦ · · · ◦ fn)n.

As we will see in section 3.2, knowing what happens in the unit circle helps to
understand the orbits in D. So one can relate the above setting to the study of random
iteration of circle homeomorphism. This topic has been studied, for the probabilistic
approach we refer to (23; 18; 20) and for the purely deterministic approach we refer to
(26).

Going back to our setting, the random walk defined in (3.2) is transient. This
follows from the following theorem, which is the main result of this first setting.

Theorem 3.1.3 Let F = { f j}N
j=1 be a finite collection of automorphisms of D. Con-

sider the Iterated Function System generated by F with some distribution 0 < p j < 1
such that ∑

N
j=1 p j = 1. Assume that the f j’s do not have a common fixed point and

do not have a common 2-periodic cycle. Let z ∈ D. Then with probability one,
zn = ϕn ◦ϕn−1 ◦ · · · ◦ϕ1(z) converges to the boundary ∂D and the density 1

n ∑
n−1
j=0 δz j

converges to a unique stationary measure m.

In 1998, A. Ambroladze and H. Wallin already proved the result on the convergence
to the boundary of Theorem 3.1.3 for a more general setting, see (4). They proved the
following theorem.

Theorem 3.1.4 Let µ be a probability measure on the set of Möbius transformations
mapping the upper half-plane H= {Imz > 0} onto itself. Assume that the transforma-
tions in the support of µ have no common fixed point in H and no common invariant
hyperbolic line in H. Let {Fn}n be iid random variables with distribution µ. Then, for
any initial point Z0 ∈ H, the orbit Zn = Zn(Z0) = Fn ◦Fn−1 ◦ · · · ◦F1(Z0),n ≥ 1, tends
to R almost surely.

In (4), the authors reduce the random compositions of Möbius transformations into
random products of matrices by considering the matrix representation M f ∈ SL(2,R)
of a Möbius transformation f . The proof of Theorem 3.1.4 is based on Furstenberg’s
Theorem, (14) regarding the exponential growth of the norm of random products of
matrices.

In section 3.2, we present a different proof of the convergence to the boundary by
first showing synchronization of the system on the unit circle, then we use the fact that
the generators of the IFS preserve the hyperbolic distance to deduce the convergence.
We treat also the case where all the f j’s do have a common fixed point.
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3.1.2 Random walk on a tessellation of D
A random walk that satisfies the property P4 can be seen as a random walk on an infinite
graph. Recall that a simple random walk on a graph G = (V,E) is a random sequence
(Xn)n≥0 in the vertex set V such that at each step the walk moves to a uniformly chosen
neighbor. That is, for any n ≥ 0, the pair (Xn−1,Xn) forms an edge of the graph G.
Moreover the probability of Xn depends only on Xn−1.

Now, we define a graph in the Poincaré disk by tiling D with regular hyperbolic
polygons. For that, we need the following definitions.

Definition 3.1.5 An hyperbolic tessellation of the Poincaré disk D is a subdivision of
D into regular hyperbolic polygons, called tiles, which satisfy the following properties:

1. each tile has the same number of sides,

2. the intersection ti∩ t j of two distinct tiles ti and t j is either empty, a single point
in D or a common side,

3.
⋃
i

ti = D.

Definition 3.1.6 Let M and N ∈ N be such that

M(N−2)> 2N. (3.3)

We say that an infinite planar graph GM,N = (V,E) is an (M,N)-tessellation of D if
GM,N is a tessellation of D into hyperbolic regular N-gons such that each vertex x ∈V
is the intersection of M tiles.

In this setting, we are considering a random walk on such a graph. Note that the
lattice that we obtain from the standard symmetric random walk in Z2 is a (4,4)-
tessellation of R2. In Euclidean geometry there are only three possible values of the
pair (M,N) and the size of the tiles has infinitely many possibilities for each of the
possible pairs. However, in hyperbolic geometry there are infinitely many possible
values of the pair (M,N) but the size of the tiles is uniquely determined by the pair
(M,N), see (11). In fact any pair (M,N) that satisfies (3.3) determines a (M,N)-
tessellation of D, where the side length s of a tile is given by

coshs =
2cos(2π

N )+1+ cos(2π

M )

1− cos(2π

M )
(3.4)

In Figure 3.1, we see examples of a (M,N)-tessellation of the unit disk. Note that
there is no unique drawing of a (M,N)-tessellation of D.
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Figure 3.1: The left figure is a (4,5)-tessellation of D and the right figure is a (5,4)-
tessellation of D.

We prove in section 3.3 that the simple random walk on a (M,N)-tessellation of D
is transient. The case where N = 3 is a particular case of a result due to O. Angle, T.
Hutchroft, A. Nachmias and G. Ray:

Theorem 3.1.7 Let (G,ρ) be a circle-packing hyperbolic unimodular random planar
triangulation with E[deg2(ρ)]< ∞ and let C be a circle packing of G in the unit disk.
Consider a random walk (Xn) on G started from ρ. The following hold conditional on
(G,ρ) almost surely:

1. the random walk Xn almost surely has a limit point X∞ ∈ ∂D;

2. the law of X∞ has full support and no atoms;

3. ∂D is a realization of the Poisson-Furstenberg boundary of G.

For more details, we refer the reader to (5).

3.1.3 Random walk on D induced by an IFS generated by maps
having constant hyperbolic step size

This setting resembles the Iterated Function System generated by f ,g, in (3.1), and
their inverses. Recall that when defining f and g, we fixed two parameters a,b ∈
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(0,1). Now the idea is to change the value of these two parameters depending on the
position of the walk, so that the step size is always constant with respect to the Poincaré
distance. More precisely we consider

F(z) =
z+a(z)

1+a(z)z
and G(z) =

z+ ib(z)
1− ib(z)z

with their inverses, where a and b take values in (0,1) and such that

dD(F(z),z) = s = dD(G(z),z).

Now, the iterated function system IFS({F,G,F−1,G−1; 1
4 ,

1
4 ,

1
4 ,

1
4}) defines a symmet-

ric random walk on D with constant step size. The fact that a and b are no longer fixed
complicates the setting. We will present preliminary observations and conclude with
conjectures based on computer simulations.

The next three sections treat each of the three random walks we have just defined.

Acknowledgment. The author is keenly grateful to Han Peters for suggesting the
problems and helping throughout the preparation of the present paper, and also to
Ale Jan Homburg for fruitful discussions and for careful reading which tremendously
improved the paper.

3.2 Random walk on D induced by an IFS generated
by distance preserving maps

3.2.1 Setting and results

Let F= { f1, . . . , fN} be a finite collection of automorphisms of D. We consider random
compositions of the elements of F chosen with independent probabilities p1, . . . , pN
with ∑

N
j=1 p j = 1. This corresponds to the framework of a step skew product system

F : Ω×D→Ω×D
(ω,z) 7→ (σω, fω1(z))

where Ω = {1, . . . ,N}N and σ : Ω→ Ω is the left shift operator. The space Ω is en-
dowed with the product topology generated by cylinders

Ck+1,...,k+n
ω1,...,ωn = {ω′ ∈Ω ; ω

′
k+ j = ω j ∀ j = 1, . . . ,n}.
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Since the elements of F extend continuously to the boundary of D, we can extend
F to Ω×∂D.

We endow Ω with the Borel σ-algebra, denoted by B . The independent probabil-
ities p1, . . . , pN induce a Bernoulli measure ν on Ω which is determined by its values
on the cylinders:

ν(Ck+1,...,k+n
ω1,...,ωn ) =

n

∏
j=1

pω j .

The measure ν is invariant and ergodic for the shift operator.
Given ω ∈Ω, we define f n

ω by

f 0
ω = Id and f n

ω = fωn ◦ f n−1
ω for n≥ 1. (3.5)

Given z ∈ D, a branch orbit of z is the sequence ( f n
ω(z))n≥0, ω ∈ Ω. We are interested

in describing the dynamics of such sequences.

Definition 3.2.1 We say that z ∈ D is a fixed point of F if

f j(z) = z, ∀ j ∈ {1, . . . ,N}.

A point z ∈ D is called a periodic point of F if the orbit of z under the semigroup
generated by F is finite, the size of its orbit is the period of z.

If F has two distinct fixed points, then without loss of generality, we can assume
that the fixed points are ±1. Note that the elements of F preserve the Poincaré metric
so the branch orbit of one point determines the behavior of all other points. In this
respect, the step skew product F can be restricted to Ω× [−1,1] which is similar to
the step skew product studied in (15). The authors show that various phenomena can
occur, and the sign of the Lyapunov exponent at the two fixed points is sufficient to
determine the behavior of typical orbits.

Definition 3.2.2 Let z ∈ D be a fixed point of F. The Lyapunov exponent of F at z is

L(z) =
N

∑
j=1

p j log | f ′j(z)|.

For more details about Lyapunov exponent, we refer the reader to (6).
Transient behavior cannot occur in the case where F has a fixed point in D as all

orbits will then rotate around that fixed point.
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If F has one boundary fixed point then moving to the upper half plane model is
more helpful. We can conjugate the elements of F to automorphisms of the upper half
plane H so that the fixed point is the point at infinity. For each j, let g j be the conjugate
of f j, thus

g j : H→H
z 7→ a jz+b j

where a j > 0 and b j ∈ R.
Let

G : Ω×H→Ω×H
(ω,z) 7→ (σω,gω1(z))

and define gn
ω as in (3.5).

Given z = x+ iy ∈H, the dynamics of gn
ω(z) can be derived from the dynamics of

xn
ω(z) = Re(gn

ω(z)) and of yn
ω(z) = Im(gn

ω(z)). The evolution of xn
ω and yn

ω are respec-
tively defined by

R : Ω×R→Ω×R
(ω,x) 7→ (σω,aω1x+bω1),

and

I : Ω×R→Ω×R
(ω,y) 7→ (σω,aω1y).

Therefore the setting for the case where F has a boundary fixed point can be reduced
to the study of random iteration of affine maps, see (9).

The last case is when F does not have a fixed point.

Theorem 3.2.3 Let F = { f j}N
j=1 be a finite collection of automorphisms of D. Con-

sider the Iterated Function System IFS(F;{p j} j) such that ∑ j p j = 1. Assume that F
does not have a fixed point and does not have 2-periodic points. Let z ∈ D. Then, for
ν-almost all ω, zn = f n

ω(z) converges to the boundary ∂D and the density 1
n ∑

n−1
j=0 δz j

converges to a unique stationary measure.

After the proof of Theorem 3.2.3, we will discuss the geometry of the support of
the stationary measure.
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3.2.2 Proof of Theorem 3.2.3
The main tool that we are going to use in the proof is Baxendale’s Theorem for stochas-
tic skew products. Before stating this theorem, let us first recall some definitions.

Definition 3.2.4 Let P be the set of probability measure on D, define the map T : P →
P by m 7→ ∑

N
j=1 p j f j∗m, where f j∗m is the push forward measure. We say that m is a

stationary measure for F , if m is fixed by T .

Given a stationary probability measure m, the probability measure ν×m is F-
invariant (15, Lemma 2.A.3.). We say that m is ergodic if ν×m is F-ergodic. By
the Krylov-Bogoliubov Theorem and using the Krein-Milman Theorem, an ergodic
stationary measure always exists.

Definition 3.2.5 Let m be a stationary measure on D. The Lyapunov exponent of F at
a point (ω,z) ∈Ω×D is defined by

λ(ω,z) = lim
n→∞

1
n

log |( f n
ω)
′(z)|.

If ∫
Ω×D

log | f ′ω(z)| dν×m(ω,z)< ∞

then λ(ω,z) is well defined ν×m almost everywhere and the Lyapunov exponent of m
is

λ(m) =
∫

Ω×D
λ(ω,z) dν×m(ω,z).

If in addition the measure m is ergodic, then λ(ω,x) is constant and is equal to∫
Ω×D

log | f ′ω(x)| dν×m(ω,x).

In such case we have

λ(m) =
∫

Ω×D
log | f ′ω(z)| dν×m(ω,z).

We state the theorem by Baxendale (Theorem 7.1 in (7)) in our setting. Given a
compact manifold M and an iterated function system IFS(F; p f ) generated by a finite
collection F of diffeomorphism of M with distribution p f , we refer to

(
M, IFS(F; p f )

)
as a stochastic skew product.
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Theorem 3.2.6 Consider the stochastic skew product
(
∂D, IFS(F;{p j} j)

)
. Assume

that
N

∑
j=1

p j log
(

sup
z∈∂D
| f ′ω(z)|

)
< ∞.

Then at least one of the following options is true

(i) there exists an ergodic stationary measure m with λ(m)< 0;

(ii) there exists a measure invariant with respect to all f j.

Remark 3.2.7 The second option in Theorem 3.2.6 can occur only if F has a fixed
point or 2-periodic points.

By Theorem 3.2.6 and Remark 3.2.7, F has an ergodic stationary measure having
negative Lyapunov exponent and whose support is contained in ∂D.

Now we can proceed to the proof of Theorem 3.2.3, which is done in three steps.
STEP 1: CONVERGENCE TO THE BOUNDARY.

Lemma 3.2.8 Let m be an ergodic stationary measure for F such that λ(m)< 0. For m-
almost all z∈ ∂D, and for ν-almost all ω∈Ω, there is an open neighborhood Cω ⊂ ∂D
of z such that

diam
(

f n
ω(Cω)

)
−−−→
n→∞

0.

If we denote by Dω the intersection with D of the circle normal to ∂D at the bound-
ary points of Cω, then it follows from Lemma 3.2.8 that diam( f n

ω(Dω)) converges to
zero as n goes to infinity. Thus, for ν-almost all ω ∈ Ω,

(
f n
ω(z)

)
n converges to the

boundary provided z ∈ Dω. Since each f j preserves the hyperbolic distance the same
is true for all z ∈ D.

A consequence of Lemma 3.2.8 is that we have synchronization.

Corollary 3.2.9 [Synchronization] For ν-almost all ω ∈Ω, for all z,w ∈ D:

lim
n→∞
| f n

ω(z)− f n
ω(w)|= 0.

Proof : [Proof of Lemma 3.2.8] We follow the argument in (10, Lemma A.1).
Given ε > 0,z ∈ ∂D,ω ∈Ω and k ∈ N, write

aε(ω,z,k) = log
(
| f ′ωk

(
f k−1
ω (z)

)
|+ ε

)
and An,ε(ω,z) =

n

∑
k=1

aε(ω,z,k).
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By Birkhoff’s Ergodic Theorem applied to the function ϕε : (ω,z) 7→ log
(
| f ′ω(z)|+ε

)
,

lim
n→∞

1
n

An,ε(ω,z) =
∫

Ω×∂D
log
(
| f ′ω(z)|+ ε

)
dν×m, (3.6)

for ν×m-almost all (ω,z) ∈ Ω× ∂D. By Fubini’s Theorem, there is a subset C ⊂ ∂D
of full m-measure such that for each z ∈C there is a set Ωz ⊂ Ω of full ν-measure so
that (3.6) holds for all ω ∈Ωz. Moreover,

0 > λ(m) =
∫

Ω×∂D
log | f ′ω(z)| dν×m =

∫
Ω×∂D

lim
ε→0

log
(
| f ′ω(z)|+ ε

)
dν×m

= lim
ε→0

∫
Ω×∂D

log
(
| f ′ω(z)|+ ε

)
dν×m.

Therefore we can choose ε sufficiently small, say ε < ε∗, so that∫
Ω×∂D

log
(
| f ′ω(z)|+ ε

)
dν×m < 0.

Take z0 ∈C,ω∈Ωz0 and ε< ε∗, it follows that limn→∞ An,ε(ω,z0)=−∞, and Aε(ω,z0)=
max{0,maxn≥1 An,ε(ω,z0)} exists.

Since f ′j is continuous for all j, there exists δ > 0 so that, for all j ∈ {1, . . . ,N},

|z−w|< δ =⇒ | f ′j(z)|< | f ′j(w)|+ ε.

Let ρ = δe−A(ω,z0) ≤ δ and let Cω ⊂ ∂D be a ρ-neighborhood of z0. By the mean value
theorem, for any z ∈Cω there exists wz ∈Cω with

| fω1(z)− fω1(z0)|< | f ′ω1
(wz)| · |z− z0|.

Since |wz− z0|< δ, we find | f ′ω1
(wz)|< | f ′ω1

(z0)|+ ε and

| fω(z)− fω(z0)|< eaε(ω,z0,1) · |z− z0|.

Note that | fω(z)− fω(z0)| < δeaε(ω,z0,1)−A(ω,z0) < δ, so with a similar reasoning as
above,

| f 2
ω(z)− f 2

ω(z0)|< eaε(ω,z0,2) · | fω(z)− fω(z0)|.

By induction, we find

| f n
ω(z)− f n

ω(z0)|< eaε(ω,z0,n) · | f n−1
ω (z)− f n−1

ω (z0)|,∀n ∈ N.

Hence | f n
ω(z)− f n

ω(z0)|< eAn,ε(ω,z0)|z− z0|. Letting n tend to infinity proves that

diam( f n
ω(Cω))−−−→

n→∞
0.

2
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STEP 2: UNIQUENESS OF THE STATIONARY MEASURE.

Lemma 3.2.10 The measure m is the unique ergodic stationary measure with negative
Lyapunov exponent whose support is contained in suppm.

Proof : [Proof of Lemma 3.2.10] We argue by contradiction. Assume that there is
another ergodic stationary measure m̃ for F with λ(m̃)< 0 and supp m̃⊂ suppm.

Take a continuous function ϕ : D→ R. By Birkhoff’s Ergodic Theorem

lim
n→∞

1
n

n−1

∑
k=0

ϕ◦ f k
ω(z) =

∫
D

ϕ dm, (3.7)

for ν×m-almost all (ω,z) ∈ Ω×D. By Fubini’s Theorem, there is a subset D⊂ D of
full m-measure such that for each z ∈D, there is a set Ωz ⊂Ω of full ν-measure so that
(3.7) holds for all ω ∈Ωz.

Similarly, there is a subset D̃⊂D of full m̃-measure such that for each z ∈ D̃, there
is a set Ω̃z ⊂Ω of full ν-measure so that

lim
n→∞

1
n

n−1

∑
k=0

ϕ◦ f k
ω(z) =

∫
D

ϕ dm̃, (3.8)

for all ω ∈ Ω̃z.
By applying Lemma 3.2.8 to m̃, there is a subset C ⊂ ∂D, of full m̃-measure such

that for each z ∈C, there is a set Ω(z) ⊂ Ω of full ν-measure so that for all w ∈ Ω(z),
there is an open neighborhood Cω of z such that

lim
n→∞

diam
(

f n
ω(Cω)

)
= 0.

From supp m̃⊂ suppm and m̃(D̃) = 1 = m̃(C), we have m̃(suppm∩ D̃∩C) = 1.
Take z ∈ suppm∩ D̃∩C and let ε > 0, then there exists δ > 0 such that the set

Ω(δ) = {ω ∈Ω(z); diam(Cω)> δ}

satisfies ν
(
Ω(δ)

)
> 1− ε.

Let Nδ be a δ-neighborhood of z. Since z ∈ suppm and m(D) = 1, we find that
Nδ∩D 6= /0.

Take w ∈ Nδ∩D, then ν
(
Ω̃z∩Ωw∩Ω(δ)

)
> 0. Let ω ∈ Ω̃z∩Ωw∩Ω(δ). Note that

the pairs (w,ω) and (z,ω) satisfy the equations (3.7) and (3.8) respectively. Moreover
Nδ ⊂Cω thus

lim
n→∞
| f n

ω(z)− f n
ω(w)|= 0.
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Since ϕ is continuous, for any ζ > 0 there exists N ∈ N such that for all k ≥ N larger

|ϕ◦ f k
ω(z)−ϕ◦ f k

ω(w)|< ζ.

We find that for n large enough∣∣∣∣1n n−1

∑
k=0

ϕ◦ f k
ω(z)−

1
n

n−1

∑
k=0

ϕ◦ f k
ω(w)

∣∣∣∣≤ 1
n

(N−1

∑
k=0

∣∣ϕ◦ f k
ω(z)−ϕ◦ f k

ω(w)
∣∣+ n−1

∑
k=N

ζ

)
=

1
n

N−1

∑
k=0

∣∣ϕ◦ f k
ω(z)−ϕ◦ f k

ω(w)
∣∣+ζ− N

n
ζ.

By (3.7) and (3.8), it follows that,∣∣∣∣∫Dϕ dm̃−
∫
D

ϕ dm
∣∣∣∣= lim

n→∞

∣∣∣∣1n n−1

∑
k=0

ϕ◦ f k
ω(z)−

1
n

n−1

∑
k=0

ϕ◦ f k
ω(w)

∣∣∣∣= 0.

We conclude that
∫
Dϕdm̃ =

∫
Dϕdm. Since ϕ was chosen arbitrarily, we have m̃ = m.

2

STEP 3: CONVERGENCE OF THE DENSITY MEASURE.

Lemma 3.2.11 Let m be the unique ergodic stationary measure m for F with λ(m)< 0.
Then for any z ∈ ∂D and for ν-almost all ω ∈Ω, the sequence of probability measures
1
n ∑

n−1
k=0 δ f k

ω(z)
weakly converges to m.

Proof : The statement follows from Birkhoff’s ergodic theorem, see for example (13).
2

3.2.3 Geometry of the support of the stationary measure.
Let m be the unique ergodic stationary measure for F with λ(m) < 0. Since m is
stationary we have

suppm =
N⋃

j=1

f j(suppm). (3.9)

Thus f j(suppm) ⊂ suppm for all j, we say that suppm is invariant for F. Moreover,
suppm is closed and non empty. It follows that if the only closed invariant sets for F
are the empty set and ∂D then suppm = ∂D, see (20).
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In what follows, we will see that when F is composed of only two maps and if there
exists a nonempty closed invariant interval I ( ∂D then the support of m is either the
whole interval I or a Cantor set. For |F| ≥ 3 there can be cases where the support of
m is still perfect but not totally disconnected. We observe the similarity to the Julia set
of quadratic polynomials, which is either connected or homeomorphic to a Cantor set,
while for polynomials of degree greater or equal than 3 there can be cases where the
Julia set consists of infinitely many components but is not a Cantor set, see (27).

Lemma 3.2.12 Assume that F= { f1, f2} and let I ( ∂D be a non empty closed interval
with f j(I)⊂ I for all j and

diam
(

f n
ω(I)

)
−−−→
n→∞

0, ∀ω ∈Ω. (3.10)

If f1(I)∪ f2(I) = I, then suppm = I, otherwise suppm is a Cantor set.

Proof : We will prove first that suppm⊂ I, that is m(I) = 1. Assume by contradiction
that m(∂D\ I)> 0, it follows from Lemma 3.2.11 that, for all z ∈ ∂D and for ν-almost
all ω,

(
f n
ω(z)

)
n visits ∂D\I infinitely many times. Since f j(I)⊂ I for all j,

(
f n
ω(z)

)
n⊂ I

for z ∈ I and for all ω ∈Ω which is a contradiction. Hence m(I) = 1 and suppm⊂ I.
Since suppm⊂ I, by (3.9) we find that suppm⊂ f1(I)∪ f2(I). In particular

suppm⊂
⋃

ω∈Ω

f n
ω(I),∀n≥ 1.

For each n≥ 1 write In =
⋃

ω∈Ω f n
ω(I).

Note that In = f1(In−1)∪ f2(In−1) for all n ≥ 1, where I0 = I. Since f j(I) ⊂ I we
find I1 ⊂ I, and by induction In+1 ⊂ In for all n≥ 1.

Let I∞ =
⋂

n≥1 In; suppm⊂ I∞ since suppm⊂ In for all n≥ 1.
Now, we show that suppm = I∞. Let z ∈ I∞. Then, for all n ≥ 1 there exists

ω(n) ∈Ω such that z ∈ f n
ω(n)(I). Let Nz be a neighborhood of z. By (3.10) there exists

n large enough so that f n
ω(n)(I)⊂ Nz. Thus m(Nz)≥ m

(
f n
ω(n)(I)

)
.

Since m is stationary, we find

m
(

f n
ω(n)(I)

)
≥ pω(n)n . . . pω(n)1m(I)> 0.

As a consequence, any neighborhood of z ∈ I∞ has positive measure. Hence

I∞ = suppm.

If I1 = I then I∞ = I.
We will prove that if I1 6= I then I∞ is totally disconnected and perfect.
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If I1 6= I then f1(I)∩ f2(I) = /0, and by induction In is a disjoint union of 2n closed
subintervals of In−1:

In =
⋃

ω∈Ω
i=1,2

f n−1
ω

(
fi(I)

)
for all n≥ 1.

By 3.10, diam f n−1
ω

(
fi(I)

)
−−−→
n→∞

0 for i = 1,2 and for all ω ∈Ω. It follows that I∞

cannot contain intervals. Hence I∞ is totally disconnected.
To see that I∞ is a perfect set, note that any endpoint of the closed interval f n

ω

(
fi(I)

)
is an element of I∞. Let z ∈ I∞, for all n≥ 1, there exist ω(n) ∈Ω and in ∈ {1,2} such
that z ∈ f n

ω(n)

(
fin(I)

)
. Thus z = limn→∞ f n

ω(n)(zin), where zin ∈ ∂ fin(I). Thus, z is an
accumulation point of elements of I∞. Hence I∞ is perfect. 2

Remark 3.2.13 Let F = { f1, . . . , fN} and let us use the hypotheses of Lemma 3.2.12
and the same notation defined in its proof. If I1 = I then the same reasoning proves that
the support of m is the whole interval I. However when I1 6= I, we do not necessarily
have that In is a disjoint union of 3n closed subintervals of In−1 which was one of the
ingredients we used to prove that I∞ is totally disconnected. As an example, let us take
N = 3. Assume that f1(I)∩ f2(I) 6= /0 and

(
f1(I)∪ f2(I)

)
∩ f3(I) = /0. If there is a

subset S ⊆ f1(I)∪ f2(I) such that f1(S)∪ f2(S) = S then In contains S and the image
of S under iterates of f3, for all n. Hence I∞ is not totally disconnected. The same
reasoning in the proof of Lemma 3.2.12 proves that I∞ is perfect. So in such case, the
support of m consists of infinitely many components but it is not a Cantor set. Similar
constructions can be done for F= { f1, . . . , fN} with N bigger than 3.

Recall that a subset C⊂ ∂D is invariant by F if f (C)⊆C for all f ∈ F. It is already
known, see for example Theorem 2.1.1 in (26), that if we consider the setting of group
actions of circle homeomorphisms Homeo+(S1) instead of random walks then only
one of the following cases occurs:

1. there exists z ∈ S1 whose orbit is finite,

2. the orbit of any point z ∈ S1 is dense in S1,

3. there exists a unique minimal invariant compact set which is homeomorphic to
the Cantor set.

Note that the hypotheses of Theorem 3.1.3 excludes case (1). The second case case
corresponds to the case where ∂D is the only non empty closed invariant set for F. The
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last corresponds to Lemma 3.2.12. As example, if we consider the group generated by
F= { f , f−1,g,g−1}, where

f (z) =
z+a
1+az

and g(z) =
z+ ia

1− iaz
, a ∈ (0,1),

then suppm is either equal to ∂D or a Cantor set. The histograms in figure 3.2 illustrate
that fact.

(a) a=0.16 (b) a=0.4

(a) a=0.6 (b) a=0.75

Figure 3.2: For different values of a ∈ (0,1), these histograms represent the distribu-
tion of the argument of f n

ω(0) for m numbers of ω ∈ Ω, for m = 2 · 105

and n = 1000. Since g(ei π

2 z) = ei π

2 f (z), by dividing by π

2 and taking the
values modulo 1 these plots only show the distribution on [0, π

2 ] and the
distribution in ∂D is just four copies of what we see.

The histogram on the bottom right illustrates the case where the support of the
stationary measure is a Cantor set.

From the histogram on the left bottom, we can see that the stationary measure is not
the Lebesgue measure. In fact, this is the case for any a ∈ (0,1). Indeed the Lebesgue
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measure is stationary for F= { f , f−1,g,g−1} if

4 ·Leb(I) = Leb
(

f−1(I)
)
+Leb

(
f (I)

)
+Leb

(
g−1(I)

)
+Leb

(
g(I)

)
=

∫
I

(
|( f−1)′(z)|+ | f ′(z)|+ |(g−1)′(z)|+ |g′(z)|

)
dz,

for any open interval I ⊂ ∂D.
We have

|( f−1)′(1)|+ | f ′(1)|+ |(g−1)′(1)|+ |g′(1)|= 4 · 1+a4

1−a4 > 4.

By continuity of the derivative of the elements of F, it follows that∫
I

(
|( f−1)′(z)|+ | f ′(z)|+ |(g−1)′(z)|+ |g′(z)|

)
dz > 4 ·Leb(I),

for some small neighborhood of 1. Therefore, the Lebesgue measure is not a stationary
measure for F.

From two histograms on the top, it seems that as a decreases, the stationary measure
approaches the Lebesgue measure.

3.3 Random walk on a tessellation of D
Throughout this section GM,N = (V,E) is an (M,N)-tessellation of D where the pair
(M,N) satisfies the relation (3.3).

A random walk on GM,N is a random sequence (xn)n≥0 in the vertex set V such
that at each step the walker moves to a chosen neighbor, independently of the previous
steps, with probability pxnxn+1 = 1/M. We are interested in the long term behavior of
(xn)n.

Recall that synchronization occurs for the random walk on D considered in section
3.2. As a result of this property, the starting point of the random walk in that setting
did not influence the long term behavior of the random walk.

In the present setting it is unclear how to define synchronization. However, if we
fix x0 and x′0 in V then the two rooted graphs (GM,N ,x0) and (GM,N ,x′0) are isomorphic.
Therefore the probabilistic behavior of the random walk is independent of the initial
point.

From now on, we fix x0 ∈ V . Consider the set of random sequences of the vertex
set

X = {(x0,x1, . . .) ∈VN ; xi ∼ xi+1 ∀i≥ 0},
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where xi ∼ xi+1 denotes that xi and xi+1 are neighbors.
We endow X with the σ-algebra Σ, generated by cylinders of the form

C0,1,...,n
v0,v1,...,vn

= {x ∈ X ; xi = vi, ∀i = 0, . . . ,n}.

The probabilities pxnxn+1 = 1/M induce a Bernoulli measure ν on X , which is deter-
mined by its values on the cylinders:

ν(C0,1,...,n
v0,v1,...,vn

) = pv0v1 . . . pvn−1vn =
1

Mn .

Recall that any connected graph can be made into a metric space by defining the dis-
tance dG(x,y) between two vertices x and y to be the minimal length of paths joining x
and y, see (22).

The following result implies that a simple random walk on GM,N is transient.

Theorem 3.3.1 Let (xn)n be a simple random walk on GM,N starting from x0. Then

lim
n→∞

dG(x0,xn) = ∞,

with probability one.

Recall from Kingman’s Subadditive Ergodic Theorem, (19), that if T is an ergodic
measure preserving transformation on a probability space (X ,Σ,ν), and (dn)n is a se-
quence of integrable functions satisfying

dn+m(x)≤ dn(x)+dm(T nx), ∀x ∈ X ,

then

lim
n→∞

dn(x)
n

= inf
n≥1

Edn

n
,

with probability one.
To apply Kingman’s Theorem to our setting, let T be the shift map on X , that is

T : (xn)n≥0 ∈ X 7→ (xn+1)n≥0.

For each n≥ 1 and for a given x = (xn)n≥0 ∈ X let dn(x) = dG(x0,xn). By the triangular
inequality we have

dG(x0,xn+m)≤ dG(x0,xn)+dG(xn,xn+m) = dG(x0,xn)+dG((T nx)0,(T nx)m).



90 3 Random walk on the Poincaré disk

Thus dn+m(x)≤ dn(x)+dm ◦T n(x). Moreover, the shift map T is ergodic and measure
preserving. Thus by Kingman’s Subadditive Ergodic Theorem,

lim
n→∞

1
n

dG(x0,xn) = lim
n→∞

1
n

dn(x) = inf
n≥1

1
n
Edn(x),

with probability one. Therefore Theorem 3.3.1 is a consequence of the following
proposition.

Proposition 3.3.2 Let x = (xn)n be a simple random walk on GM,N starting from x0.
Then there exists c ∈ (0,1) such that

Edn(x)≥ cn, ∀n≥ 1.

Notation. Let GM,N = (V,E) be an (M,N)-tessellation of D and let x0 ∈V .

1. Given v∈V and n≥ 1 we denote by Cn(v) the circle in GM,N of radius n centered
at v, that is

Cn(v) = {u ∈V ; dG(u,v) = n}.

For v = x0, we will simply write Cn instead of Cn(x0).

2. Given v ∈Cn for n≥ 1, write

E−v = |C1(v)∩Cn−1|, Ev = |C1(v)∩Cn| and E+
v = |C1(v)∩Cn+1|.

Lemma 3.3.3 For any n≥ 1 and v ∈Cn we have the following

1. If N = 3 then

E−v ≤ 2 and E+
v ≥ 3. (3.11)

2. If N > 3 then

E−v ≤ 2 and E+
v ≥M−2. (3.12)

3. If M = 4 and E−v = 2 then

E−w = 1 ∀w ∈C1(v). (3.13)

We first prove Proposition 3.3.2 using this lemma and prove Lemma 3.3.3 after-
wards.
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Proof : [Proof of Proposition 3.3.2] Let x = (xn)n be a simple random walk on GM,N
starting from x0. Recall that ξ j is the step from x j−1 to x j and Edn(x) = ∑

n
j=1Eξ j.

Given j ≥ 1, we have

Eξ j = ∑
v∈V

(
P(ξ j = 1|x j−1 = v)−P(ξ j =−1|x j−1 = v)

)
·P(x j−1 = v)

=
1
M ∑

v∈V
(E+

v −E−v ) ·P(x j−1 = v).

By (3.11) and (3.12) if M > 4 then E+
v −E−v ≥ 1 for all v ∈V . Hence Eξ j ≥ 1/M for

all j ≥ 1.
Therefore the proposition follows for M > 4 by taking c = 1/M.
For M = 4, we claim that there exists c′ > 0 such that

E
(
dn+2(x)−dn(x)

)
≥ c′, ∀n. (3.14)

The proposition follows from (3.14) by taking c = c′/2. To prove (3.14), note that

E
(
dn+2(x)−dn(x)

)
= Eξn+2 +Eξn+1

=
1
M ∑

w∈V
(E+

w −E−w ) ·P(xn+1 = w)+
1
M ∑

v∈V
(E+

v −E−v ) ·P(xn = v)

=
1
M ∑

v∈V

(
1
M ∑

w∼v
(E+

w −E−w )+(E+
v −E−v )

)
·P(xn = v).

By (3.13) ∑w∼v(E+
w −E−w ) and E+

v −E−v cannot be both equal to zero. Moreover,
the one that is nonzero has to be at least one. Hence (3.14) follows by taking c′ = 1/M.

Similar computation gives that for M = 3

E
(
dn+3(x)−dn(x)

)
≥ 1

M2 , ∀n.

Hence the proposition holds for M = 3 as well. 2

3.3.1 Proof of Lemma 3.3.3

We give the detailed proof of (3.11), then we present the idea of the proof of (3.12),
separating N even and N odd.

We first recall a definition and introduce few notations that will be used later on in
the proof.
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Definition 3.3.4 Let P⊂D be a hyperbolic polygon and let z∈ P. Given an edge e∈ P
let ge be the geodesic containing e and let Ie be the connected component of D\ge that
contains the points of P in a neighborhood of any interior point of e. We say that P is
hyperbolically star shaped from z if

z ∈
⋂
e∈P

Ie.

Notation.

1. Given S⊂V we denote by GM,N [S] the subgraph of GM,N induced by the vertex
set S.

2. Given a closed path γ in GM,N let U(γ) be the unbounded connected component
of D\ γ. We denote D\U(γ) by B(γ).

3. Given v ∈V Cv refers to the hyperbolic circle centered at v with radius s where s
is given in (3.4). That is

Cv = {u ∈ D; dD(u,v) = s}.

4. When two vertices u and v are vertices of the same polygon, we use the notation
u∼pol v.

PROOF OF: if N = 3 then for any n≥ 1 and v ∈Cn, E−v ≤ 2 and E+
v ≥ 3.

We will prove by induction on n that for any v ∈Cn

|C1(v)∩Cn−1| ≤ 2 and |C1(v)∩Cn|= 2. (3.15)

Since M ≥ 7 when N = 3, (3.15) implies that E−v ≤ 2 and E+
v ≥ 3 for any v ∈Cn

for all n≥ 1.

Let v ∈ C1. Since C0 = {x0}, v has only one neighbor in C0. If u is a neighbor
of v in C1 then {x0,u,v} forms one of the triangles of the tessellation. It follows that
the number of neighbors of v in C1 is equal to the number of triangles intersecting at
(x0,v). Since an edge of GM,3 is the intersection of exactly two triangles, v has exactly
two neighbors in C1. Hence (3.15) is true for n = 1.

Denote the elements of C1 by v1(1), . . . ,vt1(1) where vi−1(1) ∼ vi(1) for all i ∈
{1, . . . , t1} with v0(1) = vt1(1).

Remark 3.3.5 Remark that (GM,N ,x0) and (GM,N ,v) are isomorphic for any v ∈ V .
Thus GM,N [C1(v)] is also a single closed path for any v ∈ V for N = 3. Furthermore
if three vertices u,v,w form a triangle where u ∈Ck−1 and v ∈Ck then w ∈Ck ∪Ck−1.
It follows that if v ∈ Ck satisfies (3.15) and {v1,v2} = C1(v)∩Ck then the two paths
p1, p2 in GM,3[C1(v)] joining v1 and v2 are such that
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1. p1 is composed of all the neighbors of v in Ck−1 together with v1 and v2,

2. p2 is composed of all the neighbors of v in Ck+1 together with v1 and v2.

We refer to Figure 3.3 for the illustration of this remark.

Figure 3.3: Since v∈Ck satisfying (3.15) has one or two neighbors in Ck−1, by Remark
3.3.5 there are two possibilities of GM,3

[
C1(v)

]
. These two possibilities are

shown in this figure for M = 7 where the green vertices are the neighbors
of v in Ck−1. The black vertices are the neighbors of v in Ck and the red
ones are its neighbors in Ck+1.

By Remark 3.3.5, for all i ∈ {1, . . . , t1} there exists

{vi,1(2), . . . ,vi,M−3(2)} ⊂C1
(
vi(1)

)
∩C2,

such that

vi−1(1)∼ vi,1(2)∼ ·· · ∼ vi,M−3(2)∼ vi+1(1).

Since N = 3 we find vi−1,M−3(2) = vi,1(2) for all i ∈ {1, . . . , t1}. As example, in
Figure 3.4 we see GM,3

[
C1∪C1

(
v1
(
1)
)]

for M = 7.
It follows that we can denote the elements of C2 by v1(2), . . . ,vt2(2) where{

vi(2)∼ vi+1(2) ∀i ∈ {1, . . . , t2},
vt2+1(2) = v1(2) = v1,1(2).

Consequently any vi(2) ∈C2 has two neighbors in C2 and has one or two neighbors in
C1.
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Figure 3.4: Note that t1 = M.

For n = 1,2 let Bn = B
(
GM,3[Cn]

)
.

Claim: B2 is hyperbolically star shaped from x0.
The claim implies that the vi(2)’s are pairwise distinct. This in turn implies that

each element of C2 satisfies (3.15).

Proof : [Proof of the claim.] Let u be in C2 with neighbors u1,u2 ∈ C2. For i = 1,2
denote the edge (u,ui) by ei. We will prove that

x0 ∈ Su = Ie1 ∩ Ie2. (3.16)

Note that if u = vi,1(2) for some i∈ {1, . . . , t1} then vi−1(1) and vi(1) are neighbors
of u in C1, we will refer to them as the interior neighbors of u between u1 and u2.
If u = vi, j(2) for some i ∈ {1, . . . , t1} and 1 < j < ki then vi(1) is the only interior
neighbor of u between u1 and u2.

For i = 1,2 denote the other neighbor of ui in C2 by u′i. If u has two interior
neighbors between u1 and u2 then each ui has one interior neighbor between u and u′i.
Otherwise the interior neighbors of u will have only 2 neighbors in C2, contradicting
the fact that E+

v ≥ 3 for any v ∈ C1. Moreover Sui ⊂ Iei for i = 1,2, thus if x0 ∈ Sui

for i = 1,2 then x0 ∈ Su. Hence without loss of generality we may assume that u has
only one interior neighbor between u1 and u2. To simplify notation, let us denote the
interior neighbor of u by v.

To obtain a nice geometric shape of Su we assume without loss of generality, by
use of a Möbius transformation, that the graph GM,3 is such that

u = 0,u1 = a and u2 = ae
4π

M ,
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with a = (es− 1)/(es + 1) where s is the hyperbolic length of each edge of the graph
GM,3. Then v = ae

2π

M .

Figure 3.5: (7,3)-tessellation.

Let v1 and v2 be the neighbors of v in C1. Since B1 is hyperbolically convex and
x0 ∈ B1, B1 is hyperbolically star shaped from x0. It follows that x0 ∈ Sv ∩ Sv1 ∩ Sv2 .
Thus (3.16) holds if

Sv∩Sv1 ∩Sv2 ⊂ Su. (3.17)

To prove (3.17) we need to show that D∩∂
(
Sv∩Sv1 ∩Sv2

)
⊂ Su.

As illustrated in Figure 3.5, if we denote the other neighbor of vi in C1 by v′i then

D∩∂
(
Sv∩Sv1 ∩Sv2

)
=

⋃
i=1,2

[v,vi]∪R(vi,v′i)

where

• [v,vi] is the geodesic segment joining v and vi.

• R(vi,v′i) is the two geodesic ray from vi through v′i.
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Proof of [v,vi] ⊂ Su. Note that Bv = B
(
GM,3[C1(v)]

)
is an hyperbolic convex polygon

and ei is among its edges for i = 1,2. Thus Bv ⊂ Su. Since [v,vi]⊂ Bv we find [v,vi]⊂
Su.

Proof of R(vi,v′i)⊂ Su. Denote the euclidean ray from 0 to vi by Ri. Since v1,v2 ∈ Su,
we find that R1 and R2 are contained in Su.

If v′i ∈ Ri then R(vi,v′i) = Ri ⊂ Su. Now assume that v′i /∈ Ri and let S be the sector
of D formed by R1 and R2 such that S⊂ Su. We will show that R(vi,v′i)⊂ S.

Note that R(vi,v′i) is the arc in D, starting from vi, of the circle Ci passing through
{vi,v′i,zi} where zi ∈ Ri∩C\D. Since Ri∩Ci = {vi,zi} and zi /∈ D, we find that

R(vi,v′i)⊂ S ⇐⇒ v′i ∈ S.

To see that v′i ∈ S recall that v′i ∈ C1(x0) and x0 ∈ S by Remark 3.3.5 since x0 is the
interior neighbor of v.

Observe that Ri ∩ Cvi is a hyperbolic diameter of Cvi which cuts Cvi into halves
where one is contained in S. Denote such half circle by Avi . Since M ≥ 7, Avi must
contain at least three elements of C1(vi). Thus if v /∈ S then v′i ∈ S otherwise x0 will
be the only element of C1(vi) contained in Avi . Now assume that v ∈ S and let z =
C1(vi)∩C1(v)∩C2. Note that z is a vertex of the hyperbolic convex polygon Bv. It
follows that z /∈ S otherwise the intersection of geodesic through u and vi with Bv will
have more than one connected component. As a result v′i ∈ S otherwise v and x0 will
be the only elements of C1(vi) contained in Avi .

Hence R(vi,v′i)⊂ S for i = 1,2 so that R(vi,v′i)⊂ Su for i = 1,2.

This ends the proof of the claim. 2

The same recursive reasoning proves that (3.15) holds for any v ∈Cn for all n.

PROOF OF: if N > 3 then for any n≥ 1 and v ∈Cn, E−v ≤ 2 and E+
v ≥M−2.

Let N > 3. We will prove by induction on n that for any v ∈Cn we have

|C1(v)∩Cn−1| ≤ 2 and C1(v)∩Cn = /0 if N is even, and (3.18a)
|C1(v)∩ (Cn−1∪Cn)| ≤ 2 if N is odd. (3.18b)

Observe that (3.18a) and (3.18b) imply that E−v ≤ 2 and E+
v ≥M− 2 for any v ∈Cn

for all n≥ 1.

Since C0 = {x0} any v ∈C1 has only one neighbor in C0. Since N 6= 3 any v ∈C1
has no neighbor in C1. Thus (3.18a) and (3.18b) hold for n = 1.

Denote the elements of C1 by v1(1), . . . ,vt1(1) where vi−1(1) ∼pol vi(1) for all i ∈
{1, . . . , t1} with v0(1) = vt1(1).
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Remark 3.3.6 For k≥ 1 denote by Vk the bounded connected component of GM,N [V \
Ck]. Observe that

Vk =C0∪·· ·∪Ck−1. (3.20)

If v∈Ck satisfies (3.18a) or (3.18b) and {v1,v2}=C1(v)∩Ck−1 then v has no neighbor
in Ck. It follows by (3.20) that the shortest arc of Cv joining v1 and v2 is disjoint from
Ck+1. Consequently we have v1 ∼pol v2.
Alternatively, if v ∈ Ck satisfies (3.18b) and {u} = C1(v)∩Ck then v has only one
neighbor in Ck−1, denote it by w. By (3.20) the shortest arc of Cv joining u and w is
disjoint from Ck+1. Consequently we have u∼pol w.

Since v ∈ Ck satisfying (3.18a) has one or two neighbors in Ck−1, Remark 3.3.6
says that if N is even then there are two possibilities of GM,N [C1(v)]. As example,
we see these two possibilities for (M,N) = (5,4) in Figure 3.6. On the other hand, if
v∈Ck satisfies (3.18b) then there are three possibilities of GM,N [C1(v)], see Figure 3.7.

Figure 3.6: G5,4
[
C1(v)

]
for v∈Ck for some k≥ 1. The green vertices are the neighbors

of v in Ck−1 and the red ones are its neighbors in Ck+1.

By Remark 3.3.6 for each i ∈ {1, . . . , t1} there exists ki ≥ 2 and

{vi,1(2), . . . ,vi,ki(2)} ⊂C2∩C1
(
vi(1)

)
,

such that

vi−1(1)∼pol vi,1(2)∼pol · · · ∼pol vi,ki(2)∼pol vi+1(1).
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Figure 3.7: G4,5
[
C1(v)

]
for v∈Ck for some k≥ 1. The green vertices are the neighbors

of v in Ck−1, the black and the red ones are its neighbors in Ck and Ck+1
respectively.

Figure 3.8: G5,4

[
C1∪C1

(
v1
(
1)
)]

.

To get more insight of this enumeration, we refer to Figure 3.8 and Figure 3.9 for
the illustration of {v1,1(2), . . . ,v1,k1(2)} for G5,4 and G4,5.

Remark 3.3.7 Note that if N is even then there exists IN,k ⊂ {1, . . . , tk} such that for
all j ∈ JN,k

v j−1,k j−1(k+1) = v j,1(k+1).

Similarly if N is odd then there exist IN,k,JN,k ⊂ {1, . . . , tk} such that

v j−1,k j−1(k+1) = v j,1(k+1) ∀ j ∈ IN,k
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and

v j−1,k j−1(k+1)∼ v j,1(k+1) ∀ j ∈ IN,k.

For example we have I4,1 = {1, . . . , t1} for the graph G5,4; I5,1 = /0 and J5,1 = {1, . . . , t1}
for the graph G4,5.

Figure 3.9: G5,4

[
C1∪C1

(
v1
(
1)
)]

.

Now we can write C2 =
{

v1(2), . . . ,vt2(2)
}

where{
vi(2)∼pol vi+1(2) ∀i ∈ {1, . . . , t2},
vt2+1(2) = v1(2) = v1,1(2).

By Remark 3.3.7 if vi(2) = v j,1(2) for some j ∈ JN,1 then vi(2) has two neighbors
in C1 otherwise it has one neighbor in C1. Moreover if N is even then each vi(2) does
not have a neighbor in C2. On the other hand if N > 3 is odd and vi(2) = v j,1 or
vi(2) = v j−1,k j−1 for some j ∈ JN,k then vi(2) has one neighbor in C2. Observe that
vi(2) cannot have a neighbor in C2 if it has two neighbors in C1 since N 6= 3.

Hence the elements of C2 satisfy (3.18a) and (3.18b) if the vi(2)’s are pairwise
distinct. The same reasoning as the proof of the claim in the case where N = 3 proves
that B2 = B(c2) is hyperbolically star shaped from x0, where c2 is the closed path
formed by the geodesic segments joining vi−1(2) and vi(2) for each i ∈ {1, . . . , t2}.
Therefore vi(2) 6= v j(2) for i 6= j. Hence (3.18a) and (3.18b) are true for any v ∈C2,
which ends the proof of the case N > 3. The same recursive reasoning proves that
(3.18a) and (3.18b) hold for any v ∈Cn for all n.
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PROOF OF: if M = 4 and E−v = 2 then E−w = 1 for any w ∈C1(v).

Let v ∈Cn such that E−v = 2. Assume by contradiction that there exists u ∈C1(v)
such that E−u = 2. Without loss of generality we may assume that u∈Cn−1. By Remark
3.3.6 and 3.3.7 one of the polygons intersecting at v contains the two neighbors of v
in Cn−1, denote it by pv. Similarly, let pu be the polygon containing u and its two
neighbors in Cn−2.

By Remark 3.3.6 and 3.3.7 and by the recursive construction of the circles Ck, one
of the neighbors of u in Cn−1 belongs to pv. Denote such vertex by w, thus pv∩ pu is
the edge (u,w).

Since M = 4, w has 3 more neighbors. One of these neighbors must be in pu
and another one in pv, denote them by wu and by wv respectively. Denote the fourth
neighbor of w by w′, see Figure 3.10.

Figure 3.10: G5,4

[
C1∪C1

(
v1
(
1)
)]

.

Since M = 4, we find that N ≥ 5. By Remark 3.3.6 and 3.3.7, it follows that
wv ∈ Cn−3 ∪Cn−2 and wu ∈ Cn−3. Consequently, by (3.18a) and (3.18b), the fourth
neighbor w′ of w must be in Cn−1, which is impossible since G4,N is a planar graph and
pu∩ pv = (v,w).
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3.4 Random walk on D induced by an IFS generated
by maps having constant hyperbolic step size.

In this section we are considering the iterated function system generated by

F(z) =
z+a(z)

1+a(z)z
and G(z) =

z+ ib(z)
1− ib(z)z

and their inverses, where a : z 7→ a(z) and b : z 7→ b(z) are positive real valued functions
such that dD(F(z),z) = s = dD(G(z),z) for some positive value s.

Lemma 3.4.1 Given some constant s > 0, we have dD(z,F(z)) = s = dD(z,G(z)), for
all z = x+ iy ∈ D, provided

a(z) =
t(1−|z|2)√

(1−|z|2)2 +4y2(1− t2)
and b(z) = a(iz),

where t = es−1
es+1 .

Proof : Recall that

dD(z,F(z)) = log
1+ρ

1−ρ
, where ρ =

∣∣∣ z−F(z)
1− zF(z)

∣∣∣.
Thus

dD(z,F(z)) = s⇔ log
1+ρ

1−ρ
= s⇔ ρ = t.

Computation gives

ρ = t⇔ a(z)2((1−|z|2)2 +4y2(1− t2)
)
= t2(1−|z|2)2.

Therefore

a(z) =
t(1−|z|2)√

(1−|z|2)2 +4y2(1− t2)
.

The same reasoning proves that b(z) = a(iz). 2

Remark 3.4.2 From the explicit form of a and b, we find that a(z) = a(z) = a(−z) and
b(z) = b(z) = b(−z). Moreover, given 1 > y1 > y2 > 0, we have a(iy1)< a(iy2).
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The next two lemmas are properties of the functions a,b and the maps F,G.

Lemma 3.4.3 Given z ∈D, a : z 7→ a(z) is constant along {Fn(z)}n and b : z 7→ b(z) is
constant along {Gn(z)}n.

Proof : Since b(z) = a(iz), it is sufficient to prove the lemma for a only. Consider

fα(z) =
z+α

1+αz
, 0 < α < 1. (3.21)

Let z be in D, we will show that dD
(

F(z), fa(z)
(
F(z)

))
= s. It follows that a(z) =

a
(
F(z)

)
.

Since fa(z) preserves the Poincaré distance, we find

dD
(

F(z), fa(z)
(
F(z)

))
= dD

(
fa(z)(z), fa(z)

(
F(z)

))
= dD

(
z,F(z)

)
= s.

2

Remark 3.4.4 Using Remark 3.4.2 we have the following

• F(iz) = iG−1(z) and G(iz) = iF(z)

• F−1(z) =−F(−z) and G−1(z) =−G(−z)

• F(z̄) = F(z) and G(−z̄) =−G(z)

Lemma 3.4.5 We have the following

1. Neither F nor G is holomorphic.

2. F and G extend continuously to D.

3. F and G do not preserve the Poincaré distance.

It follows that the results given in section 3.2 cannot be applied for the IFS generated
by F,G and their inverses.

Proof : [Proof of Lemma 3.4.5] Since G is a rotation of F , we do the proof only for F .

(1) We will show that ∂F/∂z is not identically zero. We have

∂F(z)
∂z

=
(1+ za(z))∂a

∂z − z∂a
∂z (z+a(z))

(1+ za(z))2 =
(1− z2)

(1+ za(z))2
∂a(z)

∂z
,
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with

∂a(z)
∂z

=
−tz(|1− z2|2−4y2t2)+ t(1−|z2|)(z(1− z2)+2iyt2)

(|1− z2|2−4y2t2)
3
2

.

When x = 0, we have

1− z2

(1+ za(z))2 =
1+ y2

(1+ iya(iy))2 , and
∂a
∂z

=
i2ty(y2t2−1)(

(1+ y2)2−4y2t2
) 3

2
.

Both are nonzero for any y ∈ (−1,1)\{0}.
(2) Define the extension, F̂ , of F in ∂D\{±1} as follows: for any z ∈ ∂D\{±1}, let
(zn)n ⊂ D such that zn −−−→

n→∞
z. We define F̂(z) = fa(z), where a = limn→∞ a(zn). This

is well defined since a is independent of the choice of the sequence (zn)n, in fact a = 0.
By the definition of F̂ , F̂ is continuous and F̂|∂D = id∂D.

(3) Let z ∈ D\ (−1,1), we will show that

dD
(
Fn(0),Fn(z)

)
−−−→
n→∞

∞.

We have F(0) = ft(0) and F(z) = ft ′(z), for some 0 < t ′ < t, where ft and ft ′ are as
in (3.21). From Lemma 3.4.3, Fn(0) = f n

t (0) and Fn(z) = f n
t ′ (z). By the triangular

inequality, we have

dD(Fn(0),Fn(z))≥ dD(Fn(0), f n
t ′ (0))−dD(Fn(z), f n

t ′ (0))
= dD(0,Fn(0))−dD(0, f n

t ′ (0))−dD( f n
t ′ (z), f n

t ′ (0))
= dD(0,Fn(0))−dD(0, f n

t ′ (0))−dD(z,0).

Moreover

dD(0,Fn(0)) =
n

∑
k=1

dD(Fk−1(0),Fk(0)) = ndD(0,F(0)) = ns

and

dD(0, f n
t ′ (0)) = ndD(0, ft ′(0)) = n log

1+ t ′

1− t ′
.

Thus

dD(Fn(0),Fn(z))≥ n
(

s− log
1+ t ′

1− t ′

)
−dD(0,z).

Since t ′ < t, we have s− log 1+t ′
1−t ′ > 0 hence dD

(
Fn(0),Fn(z)

)
−−−→
n→∞

∞. 2
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In section 3.2 the fact that the generator maps preserve the hyperbolic distance
guarantees that for any ω ∈Ω and for any z,w ∈ D

f n
ω(z)−−−→n→∞

∂D⇔ f n
ω(w)−−−→n→∞

∂D.

In this section, we lose that situation. To see that, we will consider the composition
H = G−1 ◦F−1 ◦G◦F .

To study the dynamics of H, let’s first find the fixed points of H. Using remark
3.4.4, if F(z) = iz then

G◦F(z) = G(iz) = iF(z) =−z,

F−1 ◦G◦F(z) = F−1(−z) =−F(z) =−iz,

H(z) = G−1(−iz) =−G(iz) =−iF(z) = z.

Thus finding a fixed point of H is reduced to finding z ∈ D such that F(z) = iz. For
that let us consider a point in the negative diagonal line, that is z =−x(1+ i) ∈D with
x ∈ (0,1/

√
2).

From the construction of F , F(z) = iz if d(z, iz) = s that is if∣∣∣ z− iz
1− iz̄z

∣∣∣= t, where t =
es−1
es +1

.

We have ∣∣∣ z− iz
1− iz̄z

∣∣∣= ∣∣∣ −2x
1− (x+ ix)2

∣∣∣= 2x
|1−2ix2|

=
2x√

1+4x4
.

Thus F(z) = iz if
2x = t

√
1+4x4. (3.22)

Let X = x2, a solution to t2X2−X + t2/4 = 0 in (0,1/2) is given by

X =
1−
√

1− t4

t2 .

Therefore x =
√

X belongs to (0,1/
√

2) and satisfies the equality in (3.22).
Hence p =−x− ix where

x =

√
1−
√

1− t4

t2 , with t =
es−1
es +1

, (3.23)

is a fixed point of H.

Notation and terminology.
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• Given z ∈ D let

Hz = C (−1,z,1)∩D and Vz = C (−i,z, i)∩D

where C (−1,z,1) and C (−i,z, i) are the circles through {−1,z,1} and {−i,z, i}
respectively.

• Given z ∈ D, let yz = Hz∩ y-axis and xz =Vz∩ x-axis.

• Given z and w in D, we say that w is above Hz if yw > yz, and w is below Hz if
yw < yz. Similarly we say that w is to the right of Vz if xw > xz and to the left of
Vz if xw < xz.

Lemma 3.4.6 Any z ∈ Hp∪Vp is fixed by H where p is given in (3.23).

Proof : We will prove the Lemma only for points in Hp. We get the result for points
in Vp using rotation by an angle π

2 .
We will prove first that given a point z in Hp, G(z) = z. Let z ∈ Hp, we have

z = fα(p) for some α ∈ (−1,1) where

fα(z) =
z+α

1+αz
.

Since fα preserves dD, we have

s = dD(p, p̄) = dD( fα(p), fα(p̄)) = dD(z, fα(p)) = dD(z, z̄).

Since G(z) must lie on A(−i,z,+i) and z ∈ A(−i,z,+i), we have G(z) = z.
Using Remark 3.4.4, since G(z) = z we find

H(z) = G−1 ◦F−1(F(z)) = G−1 ◦F−1(F(z)) = G−1(z) = z.

2

The four regions in D divided by Hp and Vp are H-invariant. Under iteration by
H, the dynamics of the points in each of these regions is described in the following
proposition.

Proposition 3.4.7 On the unit disk, we have the following

(i) If z is above Hp then H(z) lies to the right of Vz while if z is below Hp then H(z)
lies to the left of Vz.
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(ii) If z is to the left of Vp then H(z) lies above Hz while if z is to the right of Vp then
H(z) lies below Hz.

To prove Proposition 3.4.7 we use the following Lemma. After the statement of
the lemma, we go on to the proof of the proposition and prove the lemma afterwards.

Lemma 3.4.8 In the upper half plane, let L and L′ be two rays that start at 0. Let
Cy1 and Cy2 be the intersection with H of the circle passing through +1 and −1 and
centered at iy1 and iy2 respectively where y2 > y1 ≥ 0. Let

z =Cy1 ∩L z′ =Cy1 ∩L′

w =Cy2 ∩L w′ =Cy2 ∩L′

If L and L′ are not symmetric with respect to the imaginary axis then d(w,w′)> d(z,z′).

Proof : [Proof of Proposition 3.4.7]
(i) Let z be above Hp. Denote z′ = F(z),w′ = G(z′) and w =Vz∩Hw′ .

We will show that d(w,w′) > d(z,z′) . This implies that F−1(w′) is to the right of
Vw, therefore H(z) is to the right of Vz.

First, we map D to H through the Möbius transformation

ψ : z ∈ D 7→ 1− iz
z− i

.

For some y′ > y , we have

ψ(Hz) =Cy and ψ(Hw′) =Cy′.

Moreover L = ψ(Vz) and L′ = ψ(Vz′) are two rays that starts at 0 which are not sym-
metric with respect to the imaginary axis since F(Vp) =Vip. Note that

ψ(z) =Cy∩L, ψ(z′) =Cy∩L′,

ψ(w) =Cy′ ∩L, ψ(w′) =Cy′ ∩L′.
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Note also that y ≥ 0 if and only if Im(z) ≥ 0. It follows from Lemma 3.4.8 that if
Im(z)≥ 0 then

d(ψ(w),ψ(w′))> d(ψ(z),ψ(z′)).

Hence d(w,w′)> d(z,z′).
Given that d(z,z′) = d(z,z′), we can consider ψ(z),ψ(z′) instead of ψ(z),ψ(z′) for

the case where Im(z)< 0.
The same reasoning proves that if z is below Hp then d(w,w′)< d(z,z′). It follows

that d(w,w′)< d(z,z′) that is F−1(w′) is to the left of Vw. Therefore H(z) is to the left
of Vz.

(ii) Consider h : z ∈ D 7→ −iz. Statement (ii) follows from (i) by applying statement
(i) to h◦H(z) and then using the equality F−1 ◦h−1 ◦H ◦h◦F = H. 2

Proof : [Proof of Lemma 3.4.8] Let gzz′ be the geodesic segment in H from z to z′.
Denote by xzz′ the Euclidean center of gzz′ and by rzz′ its Euclidean radius. We define
gww′,xww′ and rww′ similarly. We have

d(z,z′) =
∫

gzz′
ds, and d(w,w′) =

∫
gww′

ds,

where ds = |dz|
Im(z) . Given a point Z ∈ gzz′ , let WZ be the intersection of gww′ with the ray,

LZ , that starts at 0 and passes through Z. We have

d(w,w′) =
∫

gzz′

|dwZ|
Im(wZ)

.

To prove the lemma, it is sufficient to show that for any Z ∈ gzz′ ,
|dwZ |

Im(wZ)
> |dZ|

Im(Z) , that is

dθWZ

sinθWZ

>
dθZ

sinθZ
, (3.24)
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where θWZ and θZ are the arguments of WZ and Z respectively.
If we translate both gz and gw so that their centers lie on the origin then the two

angles θZ and θWZ are preserved.
By projecting Z and WZ to the upper unit circle, we can express tanθZ and sinθZ

as function of sinθWZ and cosθWZ as follows.

tanθZ =
sinθWZ

cosθWZ − x
, sinθZ =

sinθWZ√
sin2

θWZ +(cosθWZ − x)2

for some x 6= 0.
Note that x = 0 only if xww′ = xzz′ = 0 which only occur when L and L′ are sym-

metric with respect to the imaginary axis.
We have

dθZ

dθWZ

=
d

dθWZ

(
arctan

sinθWZ

cosθWZ − x

)
=

1− xcosθWZ

(cosθWZ − x)2 + sin2
θWZ

.

Since x2 cos2 θWZ < x2, we have

1−2xcosθWZ + x2 cos2
θWZ < 1−2xcosθWZ + x2.

Thus

(1− xcosθWZ)
2 < (cosθWZ − x)2 + sin2

θWZ ,

which implies that

1− xcosθWZ

(cosθWZ − x)2 + sin2
θWZ

<
1√

(cosθWZ − x)2 + sin2
θWZ

.

It follows that
dθZ

dθWZ

<
sinθZ

sinθWZ

,

hence the inequality (3.24).
Since Z was taken arbitrarily on gzz′ , (3.24) is true for all Z on gzz′ , therefore

d(w,w′)> d(z,z′). 2

From Proposition 3.4.7 and computer simulation, we conclude the following con-
jecture.
Conjecture. On the unit disk, let Uul(p) be the set of points in D that are above Hp
and to the left of Vp. Define Uur(p),Udr(p) and Udl(p) likewise. Then under iterates
of H
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(i) points on Uul(p) converge to +i.

(ii) points on Uur(p) converge to +1.

(iii) points on Udr(p) converge to −i.

(iv) points on Udl(p) converge to −1.

The above conjecture displays the existence of points whose orbit under H con-
verges to the boundary, while Lemma 3.4.6 show the existence of points remaining in
D under iteration by H. Hence the existence of a sequence ω ∈ Ω and z,w ∈ D such
that f n

ω(z) converge to the boundary while f n
ω(w) doesn’t. In the following theorem we

present another example of this divergence without using the Conjecture.

Theorem 3.4.9 Let z0 be in Uul(p) and w0 be in Udl(p), there exists a sequence of
maps chosen from {F,F−1,G,G−1} under which the orbit of z0 converges to i while
the orbit of w0 remains in Udl(p).

Proof : Fix z0 ∈Uul(p). Given ε > 0, consider the strip Sz0,ε ⊂Uul(p) defined by

Sz0,ε = {z ∈ D ; yz ≥ yz0 and xz ≥ xz0− ε}.

Given z ∈Uul(p), write

z− = A(−1,yz,1)∩A(−i,xz0− ε, i), and
z+ = A(−1,yz,1)∩A(−i,xz0, i).

Assume that ε is big enough so that dD(z−0 ,z0) = s, where s is the step size of the walk.
We will construct a sequence ω ∈ {F,F−1,G,G−1}N so that

zn = ωn ◦ωn−1 ◦ · · · ◦ω1(z0)−−−→
n→∞

i.

By Proposition 3.4.7, there exist n1 > 0 and ωn1 , . . . ,ω1 ∈ {F,F−1,G,G−1} such that
zn1 /∈ Sz0,ε.

By Lemma 3.4.8, we have dD(z−n1
,z+n1

)> dD(z−0 ,z
+
0 ) = s, so there exists ñ > 0 with

F−ñ(zn1) ∈ Sz0,ε. Let m1 = n1 + ñ and ωn1+ j = F−1 for all j = 1, . . . , ñ, it follows that
zm1 ∈ Sz0,ε.

By repeating the same process, we get a sequence of escape, (zn j)
∞
j=1, from Sz0,ε

and a sequence of return, (zm j)
∞
j=1, to Sz0,ε. Now, let us consider the sequence ω ∈

{F,F−1,G,G−1}N defined by

ω : H . . . H︸ ︷︷ ︸
n1 times

F−1 . . . F−1︸ ︷︷ ︸
m1−n1 times

H . . . H︸ ︷︷ ︸
n2−m1 times

. . .
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Since H and F−1 leave Udl invariant, ωn ◦ωn−1 ◦ · · · ◦ω0(w0) ∈Udl for all n.
We now prove that the sequence (zn)n converges to i by contradiction. Assume

that this is not the case, then (zm j) j does not converge to i. Thus the sequence (zm j) j
is contained in a compact subset, K, of Sz0,ε. It follows that (zm j) j has a convergent
subsequence in K. Consequently there exists a convergent subsequence, {y j} j, of the
yzm j

.
Now, consider the continuous function ϕ : K→ R defined by

ϕ(z) = yH(z)− yz.

Since a continuous function attains a minimum on a compact set, there exists z̃ ∈
K such that infϕ(K) = ϕ(z̃). It follows that y j+1− y j ≥ ϕ(z̃) > 0 for all j which
contradicts the convergence of {y j} j. Therefore (zm j) j, and hence also (zn)n, must
converge to i. 2

We conclude this article by discussing the difference between the results obtained
from the study of the three different settings of random walk.
By Corollary 3.2.9, the random walk studied in section 3.2 displays the synchroniza-
tion phenomena. Note that the synchronization in the context of Corollary 3.2.9 is not
well defined for the random walk on a tessellation of D. For the random walk induced
by F,G,F−1,G−1, numerical simulations suggest that synchronization does not occur,
see Figure 3.11. This might be due to the fact that the strength of each generator map
depends on the current position of the walk. For example, after n steps f n

ω(z) and
f n
ω(w) might be close. If f n

ω(z) is in the real axis and f n
ω(w) is not then applying F−1

often enough increases the hyperbolic distance between the iterates f n
ω(z) and those of

f n
ω(w).

In section 3.2 and 3.3 we proved that the first two interpretations of the standard
random walk of Z2 on D are transient. Based on the time series presented in Figure
3.12 below, this may not be the case for the third interpretation. Further research is
required to rigorously determine the probabilistic nature of the dynamics for this last
setting.
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Figure 3.11: Plot of the Euclidean distance | f n
ω(i0.5)− f n

ω(−i0.5)| for m numbers of
ω ∈Ω, for m = 1000 and n = 10000.

Figure 3.12: Time series of the iterated function system generated by F,G and their
inverses.
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Chapter 4

Critical intermittency in rational maps

ABSTRACT. Intermittent dynamics is characterized by long periods of different types
of dynamical characteristics, for instance almost periodic dynamics alternated by chaotic
dynamics. Critical intermittency is intermittent dynamics that can occur in iterated
function systems, and involves a superattracting periodic orbit.

This paper will provide and study examples of iterated function systems by two
rational maps on the Riemann sphere that give rise to critical intermittency. The main
ingredient for this is a superattracting fixed point for one map that is mapped onto a
common repelling fixed point by the other map. We include a study of topological
properties such as topological transitivity.

4.1 Introduction
This paper will provide and study examples of iterated function systems by two rational
maps on the Riemann sphere that give rise to intermittent time series. The central
example of the paper is intermittency of a type that we call critical intermittency, where
the main ingredient is a superattracting fixed point for one map that is mapped by the
other map onto a common repelling fixed point. We consider a topological description
of the dynamics for which we study density of orbits of the semi group generated by
the iterated function system. We also consider a metrical description by looking at
statistical properties of the intermittent time series.

In dynamical systems theory, intermittency stands for time series that alternate
between different characteristics. It in particular indicates times series that appear
stationary over long periods of time and are interrupted by bursts of nonstationary dy-
namics. These are called the laminar phase and relaminarization. Explanations for the
occurrence of intermittent time series were given by Pomeau and Manneville (13), see
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also (3). They offered explanations using bifurcation theory, and distinguished differ-
ent types of intermittency caused by different local bifurcations. Later research added
to the list of mechanisms giving intermittency, including crisis induced intermittency,
homoclinic intermittency, on-off intermittency and in-out intermittency.

4.1.1 Critical intermittency in iterated function systems of logistic
maps

The type of dynamics we consider in this paper is related to the following example
from interval dynamics.

Denote ga(x) = ax(1−x) for the logistic map on the interval [0,1], with 0 < a≤ 4.
Consider the iterated function system generated by the two maps f0 = g2 and f1 = g4.
This defines a semi-group 〈 f0, f1〉 of compositions of f0 and f1. For each iterate we
pick i ∈ {0,1} at random, i.i.d., with probabilities p0 and p1 = 1− p0, and then iterate
using fi. Note that this defines a Markov process and recall that a stationary measure
for the Markov process is a measure m satisfying

m = p0 f0m+ p1 f1m.

Here fim, i = 0,1, stands for the push forward fim(A) = m( f−1
i (A)). Carlsson (4)

observed that the only stationary measure for this iterated function system is the delta
measure at 0 if p0 > 1/2. This was further investigated in (1) where σ-finite stationary
measures were constructed for p0 > 1/2, and in (9) that studied stationary measures
for all values of p0.

We summarize results on this iterated function system in the theorem below. Write
Σ = {0,1}N and endow Σ with the product topology and the Borel σ-algebra. Further
write ω = (ωi)i∈N for elements of Σ. We denote

f n
ω(x) = fωn−1 ◦ · · · ◦ fω0(x).

On Σ we consider the Bernoulli measure νp0,p1 given the probabilities p0, p1.

Theorem 4.1.1 (see (1)) Consider the iterated function system 〈 f0, f1〉 on [0,1] given
with probabilities p0, p1.

Assume p1 ≥ 1/2. Then the delta measure δ0 at 0 is the unique stationary prob-
ability measure. There is an absolutely continuous σ-finite stationary measure with
support equal to [0,1]. For any ε > 0 and for Lebesgue almost any x ∈ [0,1],

1. f n
ω(x) 6∈ (0,ε) for infinitely many n;
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2. limN→∞
1
N |{0≤ n < N : f n

ω(x) ∈ (0,ε)}|= 1,

for almost all ω ∈ Σ.

The theorem expresses the occurrence of intermittent time series; orbits spend most
time near 0, but there are infrequent but repeated bursts away from 0. Under the con-
ditions of the theorem, the only stationary probability measure is δ0, even though 0 is
repelling for both maps f0, f1. The explanation lies in the existence of a superattract-
ing fixed point 1/2 for f0, which will be mapped onto the repelling fixed point 0 after
iterating under f1. Iterates of f0 bring a point superexponentially close to 1/2, after
iterating f1 the point will get superexponentially close to 0, after which many iterates
are needed to escape neighborhoods of 0.

The bound p1 ≥ 1/2 is optimal: it is shown in (9) that for p1 < 1/2 there does exist
an absolutely continuous stationary probability measure.

Other examples of this phenomenon, which we call critical intermittency, are pos-
sible (9). In section 2 we will introduce conditions on pairs of complex 1-parameter
families of rational functions that guarantee critical intermittency. Two key assump-
tions are the existence of a joint fixed point, which is attracting for the first map, and
repelling for the second. In order for critical intermittency to occur, we assume the
common fixed point is repelling on average. The first map will moreover have a super-
attracting fixed point, which is mapped back to the common fixed point by the second
map. The proof of intermittency is aided by proving the density of semigroup orbits,
which is shown for parameter values for which the common fixed point is not resonant.

In section 3 we introduce an explicit pair of 1-parameter rational maps of degree 2
that satisfy the conditions that imply critical intermittency for non-resonant parameter
values. We moreover show that density of orbits still frequently occurs for parameter
values where the common fixed point is resonant. In section 4 we will treat another
explicit example, where the common fixed point is on average neutral instead of re-
pelling. We show that intermittency can still occur, just as for real interval maps.

4.2 Iterated function systems on the Riemann sphere
In this section we will cover key assumptions that cause critical intermittency for ra-
tional iterated function systems on the Riemann sphere. We will work with a pair of
1-parameter families of rational functions, and show that critical intermittency holds
for almost every parameter value. In later sections we will discuss explicit pairs of
rational functions where it is possible to decide more precisely when critical intermit-
tency holds.
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Key assumptions. Throughout this section let f0 = f0,λ and f1 = f1,λ be rational
functions, both depending analytically on a parameter λ ∈ D. We will stipulate the
behavior of f0 and f1 on two marked points in Ĉ. Without loss of generality we may
assume that these two points are 0 and ∞.

We assume that 0 is a fixed point for each f0 and f1. We assume it to be repelling
for each f0 and attracting for each f1. The point ∞ is assumed to be a superattracting
fixed point of f0, and mapped to the fixed point 0 by f1. We will write d ≥ 2 for the
local degree of f0 at infinity, so that f0 is locally conjugate to z 7→ zd . Finally, we
assume that each function f0 is hyperbolic, and that all the other attracting fixed or
periodic points of f0 are mapped into the immediate basin of ∞ for f0 by some iterate
f k
1 . Note that by hyperbolicity, the attracting periodic points vary holomorphically with

λ, hence the iterate k only depends on the choice of attracting periodic point, not on
the value of λ.

For each fixed λ we write 〈 f0, f1〉 for the iterated function system generated by
the functions f0 and f1. We iterate by picking the maps at random, i.i.d., with prob-
abilities p0, p1 for f0, f1. We write µ(λ) = f ′0(0) and ν(λ) = f ′1(0), where |µ(λ)| > 1
and |ν(λ)| < 1 for each λ. The Lyapunov exponent at 0 is the average p0 ln | f ′0(0)|+
p1 ln | f ′1(0)| and we assume this to be positive:

p0 ln |µ(λ)|+ p1 ln |ν(λ)|> 0. (4.1)

This makes the common fixed point 0 repelling on average.

4.2.1 Dense semigroup orbits.
Recall that the action of the semi-group G = Gλ = 〈 f0, f1〉 is said to be topologically
transitive if for every non-empty and open U,V ⊂ Ĉ there exists g∈G with g(U)∩V 6=
/0.

Given an invariant set S = f0(S)∪ f1(S), the action of G is said to be minimal on
S if for all z ∈ S the G-orbit of z is dense in S. We are interested in G-orbits that are
dense in Ĉ. As this can not hold for all points, it can for instance not hold for z = 0,∞,
the best that we can hope for is that G-orbits of all but finitely many points are dense.

We start with a result on topological transitivity.

Lemma 4.2.1 For each λ∈D the action of the semi-group G is topologically transitive.

Proof : Consider an open set U ⊂ Ĉ. By hyperbolicity of f0 the set U must intersect
the attracting basin of some attracting fixed point or periodic cycle. Let V ⊂U be an
open connected subset contained in this basin. Then for some large n the set f n

0 (V ) is
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contained in a small neighborhood of an attracting periodic point x of f0. Let k be such
that f k

1 (x) lies in a small neighborhood of ∞. Then f k
1 ◦ f n

0 (V ) is contained in a small
neighborhood of the point ∞.

Recall that near ∞ the map f0 is holomorphically conjugate to a map z 7→ zd , for
d ≥ 2. It follows that for large ` the set f `0 ◦ f k

1 ◦ f n
0 (U) contains an annulus around the

point ∞. Moreover, by increasing ` if necessary we can guarantee that the modulus of
this annulus is arbitrarily large.

It follows that f1 ◦ f `0 ◦ f k
1 ◦ f n

0 (U) contains a small annulus of arbitrarily large
modulus around the point 0. Since the repelling fixed point 0 is a non-isolated point
of the Julia set of f0, and since f0 acts in local coordinates as multiplication by the
multiplier at the fixed point, it follows that a small annulus around 0 of sufficiently large
modulus must contain a point on the Julia set of f0, and thus also an open neighborhood
of such a point. It follows that⋃

m∈N
f m
0 ◦ f1 ◦ f `0 ◦ f k

1 ◦ f n
0 (U)⊃ Ĉ\E f0,

where E f0 is the exceptional set of f0, which contains at most 2 points. This completes
the proof. 2

Remark 4.2.2 One can verify that the exceptional set of f0 is in fact empty. By com-
pactness of Ĉ it follows that there exist integers n,k, `, and m such that

f m
0 ◦ f1 ◦ f `0 ◦ f k

1 ◦ f n
0 (U) = Ĉ.

Theorem 4.2.3 Let λ be such that the set

S = Sλ := {µ(λ)n ·ν(λ)m : n,m ∈ N}

coincides with C. Then there exists an r > 0 such that for all z ∈ Br(0) \ {0} the
Gλ-orbit of z is dense in Ĉ.

Remark 4.2.4 For ν(λ) ∈ B(0,1) one of the following must be satisfied:

1. S = C.

2. S is a finite union of rays of the form {reiθ : r ≥ 0}.

3. S is a discrete union of concentric circles.

4. S is discrete.
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It is possible that case (2), (3), or (4) occurs persistently for all λ, in which case we say
that G is persistently resonant. If Gλ is not persistently resonant, the equality S = C
will hold for almost every λ∈D. Indeed, the parameters λ for which cases (2), (3), and
(4) hold are given by countably many real analytic equations in λ. Each such equation
either holds throughout, in which case Gλ is persistently resonant, or is satisfied in a
real analytic subvariety of real dimension 1.

Proof : [Proof of Theorem 4.2.3] We will consider semi-group orbits that remain in
Br(0), and accumulate on a small annulus around the origin of arbitrarily large mod-
ulus. The argument that concludes the proof of 4.2.1 can then be used to determine
density of the orbit in all of Ĉ.

Since we will remain in Br(0), we may assume that r > 0 is sufficiently small so
that we can use linearizing coordinates for the map f0, i.e. f0(z) = µ(λ)z. Since the
multiplier is preserved under conjugation we obtain f1(z) = ν(λ)z+O(z2). Let us
denote the local linearization map of this function by ϕ = ϕλ, which is unique once we
demand that ϕ(z) = z+O(z2). Thus ϕ◦ f1 ◦ϕ−1 : z 7→ ν(λ)z on Br(0), by shrinking r
if necessary.

Consider diverging sequences (m j) and (n j) for which µ(λ)m j ·ν(λ)n j converges to
w ∈ Br(0)\{0}. Then

f m j
0 ◦ f n j

1 = µm jϕ
−1(νn jϕ(z0))→ w ·ϕ(z0).

It follows that the semi-group orbit of z accumulates on a small annulus around 0 of
arbitrarily large modulus, which completes the proof. 2

Remark 4.2.5 Theorem 4.2.3 implies the density of the G-orbit G(z0) of z0 for an
arbitrary initial value z0 whenever some element in G(z0) lies in a small punctured
neighborhood of the origin, which is of course a necessary condition. It is also clear
that this condition is not always satisfied. For example, if z equals one of the attracting
periodic points of f0 and is mapped exactly onto ∞ by f1, then the orbit G(z) is finite.
In general there could be different subsets in the Julia set of f0 that are invariant under
both f0 and f1, which we exclude in the Lemma below. We will later discuss explicit
examples of the functions f0 and f1 for which we can deduce that there are no non-
trivial invariant subsets, and as a result we obtain density for all but finitely many initial
values z0 ∈ Ĉ. In those examples we can moreover deduce that density also occurs for
most resonant parameters λ, where S satisfies case (ii), (iii), or (iv). In the resonant
setting more precise knowledge of the higher order terms is required to deduce density
of local orbits near the origin.

Theorem 4.2.3 and Remark 4.2.5 yield the following result.
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Lemma 4.2.6 Suppose that the hypotheses of Theorem 4.2.3 are satisfied. Moreover,
assume that none of the attracting fixed or periodic points of f0 are mapped exactly
to ∞ under iteration by f1. In addition, assume that for any z0 ∈ Ĉ \ {0,∞} there is
g ∈ Gλ so that g(z0) lies in the immediate basin of attraction of ∞ for f0. Then for
z ∈ Ĉ\{0,∞} the Gλ-orbit of z is dense in Ĉ.

4.2.2 Critical Intermittency
As in the real setting we write Σ = {0,1}N and endow Σ with the product topology and
the Borel σ-algebra. We write ω = (ωi)i∈N for elements of Σ. The iterated function
system 〈 f0, f1〉 defines a skew product system F : Σ× Ĉ→ Σ× Ĉ given by

F(ω,z) = (σω, fω0(z)).

Here σ is the left shift operator. Denote

Fn(ω,z) = (σn
ω, f n

ω(z)).

We write [i0 . . . ik] for the cylinder {ω ∈ Σ : ω0 = i0, . . . ,ωk = ik}. On Σ we consider
the Bernoulli measure νp0,p1 for the probabilities p0, p1, which is invariant under σ.
A stationary measure m for the iterated function system defines an invariant measure
νp0,p1×m for F .

Theorem 4.2.7 Consider the iterated function system 〈 f0, f1〉 given with probabilities
p0, p1. Suppose that the key assumptions and the additional hypotheses of Lemma 4.2.6
hold. Assume

p0 >
1
d
.

Then the delta measure δ0 is the only finite stationary measure. Moreover, for any
ε > 0, and for Lebesgue almost any z ∈ Ĉ,

1. f n
ω(z) 6∈ B(0,ε) for infinitely many n;

2. limN→∞
1
N |{0≤ n < N : f n

ω(z) ∈ B(0,ε)}|= 1,

for almost all ω ∈ Σ.

In the proof we use Kac̆ theorem. We recall a version we use. Consider a mea-
surable map f : X → X with a finite invariant measure µ. Let E ⊂ X with µ(E) > 0.
Define the first return time R : E→ N∪{∞} by

R(x) = min{i > 0 : f i(x) ∈ E}.

We use the statement that the average first return time to E is finite.
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Theorem 4.2.8 (Kac̆ theorem, see (14)) Let f : X → X be a measurable map with a
finite invariant measure µ. Let E ⊂ X with µ(E)> 0.

Then ∫
E

R(x)dµ(x)< ∞.

If µ is an ergodic invariant measure, then
∫

E R(x)dµ(x) = µ(X)/µ(E).

Proof : [Proof of Theorem 4.2.7] Assume there is a finite stationary measure m that
assigns zero measure to {0,∞}. By Lemma 4.2.6 the support of m is all of Ĉ. Then
νp0,p1 ×m is a finite invariant measure for F . (We may assume that νp0,p1 ×m is
ergodic.) Given a set A ⊂ Σ× Ĉ of positive measure νp0,p1 ×m(A) > 0, Kac̆ theorem
yields finite average return time. We will derive a contradiction by providing a set A of
positive measure and with infinite average return time.

For A we take the product set A = [0]×A where A is an annulus around 0 between
a small circle C(0,δ) around 0 and f0

(
C(0,δ)

)
. Take A so that it includes [0]×C(0,δ)

but excludes [0]× f0
(
C(0,δ)

)
. Since the support of m is all of Ĉ and νp0,p1 ×m is a

product measure, we find νp0,p1×m(A)> 0. Then Kac̆ theorem yields∫
A

R(ω,z)dνp0,p1×m(ω,z)< ∞

for the first return time R to A.
Since ∞ is a superattracting fixed point for f0 and f1(∞) = 0, it follows that for

every z ∈ Ĉ with |z| ≥ R we have f1 ◦ f N
0 (z) ∈ B(0,δ) for large enough R and N larger

than some N0.
A calculation in the spirit of (4; 1) establishes infinite average return time to A for

p0 > 1/d. Recall that the local degree of f0 at infinity is d. Thus for given z ∈ C with
|z| ≥ R we have | f1 ◦ f N

0 (z)| ≤ c/|z|dN
for some c > 0. Each iterate maps a point in

B(0,δ) at most a constant factor further away from 0. Therefore for a given ω ∈ Σ,
f M
ω ◦ f1 ◦ f N

0 (z) may enter A only if M >CdN for some C > 0 and∫
A

Rdνp0,p1×m≥ ∑
i≥N0

∫
[0i1]×A

Rdνp0,p1×m≥C ∑
n≥N0

pn
0dn

for some C > 0. Hence
∫

A Rdνp0,p1×m = ∞ if p0 > 1/d.
Consequently the only stationary probability measure is the delta measure δ0. Item (1)

follows from (4.1), which implies that for z ∈ B(0,ε), with probability one the orbit
f n
ω(z) leaves B(0,ε).

We continue with item (2). We follow reasoning from (2) which is also used in (1).
Instead of using B(0,ε) we find it convenient to replace it with the union W of B(0,ε)
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and a small disc {z ∈ C : |z| > r}∪ {∞} in Ĉ around ∞. We will establish that for
almost all ω, f n

ω(z) spends on average a bounded number of iterates between leaving
and re-entering W . Item (2) in the formulation of the theorem will be deduced from
this, and it gives in fact additional information on the duration of the relaminarization.

Given ε> 0, there is a finite partition {Qi} of Ĉ\W so that for Qi there is a cylinder
Bi of uniformly bounded depth Ki ≤ K, so that f Ki

ω (z) ∈W for (ω,z) ∈ Bi×Qi. As
νp0,p1(Bi) is bounded from below, it follows that the expected first hitting time for
z ∈ Ĉ\W to enter W is finite: if U(ω,z) = min{i > 0 : f i

ω(z) ∈W}, then U(ω,z)< ∞

almost surely and ∫
Σ

U(ω,z)dνp0,p1 < ∞

uniformly in z.
Take an orbit zn = f n

ω(z0) with for definiteness z0 ∈W . Also assume that z0 is not
in the inverse orbit of 0. Define subsequent escape times from W and Ĉ \W : T0 = 0
and

T2k+1 = inf{n ∈ N | n > T2k and zn 6∈W},
T2k = inf{n ∈ N | n > T2k−1 and zn ∈W}.

Note that such a sequence of escape times exists almost surely. Write ηk = T2k−1−
T2k−2 and ξk = T2k−T2k−1 for the duration of the orbit pieces in W and Ĉ\W . Define
for n ∈ [T2k,T2k+1),

Nη(n) = k, Nξ(n) = k

and η̃(n) = n+1−T2k, ξ̃(n) = 0, so that η̃ counts the number of iterates from T2k on
where zn ∈W . Likewise define for n ∈ [T2k+1,T2k+2),

Nη(n) = k+1, Nξ(n) = k

and η̃(n) = 0, ξ̃(n) = n+1−T2k+1, so that ξ̃ counts the number of iterates from T2k+1
on where zn 6∈W .

Finally calculate

1
n

n−1

∑
i=0

1W ( f i
ω(x0)) =

1
n

(
Nη(n−1)

∑
k=1

ηk + η̃(n−1)

)

=

(
Nη(n−1)

∑
k=1

ηk + η̃(n−1)

)/Nη(n−1)

∑
k=1

ηk + η̃(n−1)+
Nξ(n−1)

∑
k=1

ξk + ξ̃(n−1)
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=

1+

Nξ(n−1)

∑
k=1

ξk + ξ̃(n−1)

/(
Nη(n−1)

∑
k=1

ηk + η̃(n−1)

)−1

≥

1+

Nξ(n−1)+1

∑
k=1

ξk

/(
Nη(n−1)

∑
k=1

ηk

)−1

. (4.2)

Construct independent stochastic variables σk ≥ ξk that have uniformly bounded
expectation and variance. This can be done as follows: by shrinking Bi one constructs
cylinders Bi of constant depth K and with constant measure νp0,p1(Bi), still satisfying
f K
ω (Qi)⊂W for ω ∈ Bi. Define G : Σ× Ĉ→ Σ× Ĉ by G≡ F on Σ×W and G(ω,z) =
(σω,0) for z∈W . Take a cylinder B in Σ of depth K and measure νp0,p1(B)= νp0,p1(Bi)
and add (B,W ) to the collection {(Bi,Qi)}. Consider the stochastic variable σ that
gives the first time to enter a Bi×Qi by iterating GK . Take independent copies σk ≥ ξk
of σ.

An application of the strong law of large numbers (see for instance (11)) gives
that 1

m ∑
m
k=1 ξk ≤ 1

m ∑
m
k=1 σk stays bounded for large m, almost surely. For z ∈W , let

V (ω,z) = min{i > 0 : F i(ω,z) ∈ Ĉ \W}. Let ρ be the minimal escape time to Ĉ \
W , minimized over initial points z ∈W ; ρ = minz∈W V (ω,z). There are independent
copies ρn of ρ with ρn ≤ ηn. Now limm→∞

1
m ∑

m−1
i=0 ρi = ∞ almost surely and hence

limm→∞
1
m ∑

m−1
i=0 ηi = ∞ almost surely. We conclude that the last term in (4.2) goes to

1 for almost all ω, as n→ ∞ (note that Nη(n− 1)−Nξ(n− 1) ≤ 1). Item (2) follows
since the average escape time out of {z ∈ C : |z|> r}∪{∞} is finite. 2

Remark 4.2.9 We get that for any z ∈ Ĉ,

lim
n→∞

1
n

n−1

∑
i=0

δ f i
ω(z) = δ0,

where the convergence is in the weak star topology, for νp0,p1 almost all ω.

4.3 Degree 2 example
In this section we discuss an explicit pair of 1-parameter rational functions for which
critical intermittency can be shown. Given a parameter λ ∈ C, consider the two maps

f0(z) = 2z+ z2,

f1(z) = λ
z

(z+1)2 (4.3)
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on the Riemann sphere Ĉ. The first map, f0, is conjugate to z 7→ z2 through a translation
by 1. Its Julia set equals the circle {|z+1|= 1}. The maps f0 and f1 have 0 as common
fixed point. Moreover, the set of three points {0,∞,−1} is forward invariant by both
maps. The points are mapped under f0 , f1 in the following way:

f0(0) = 0, f1(0) = 0,
f0(∞) = ∞, f1(∞) = 0,

f0(−1) =−1, f1(−1) = ∞.

As in the general setting we write 〈 f0, f1〉 for the iterated function system generated
by f0, f1, and work with associated probabilities p0, p1. Again we assume that the
Lyapunov exponent at 0 is positive:

p0 ln |2|+ p1 ln |λ|> 0. (4.4)

We will use the skew product notation

F(ω,z) = (σω, fω0(z))

introduced in the previous section.

4.3.1 Dense semi-group orbits

Since our explicit semigroup satisfies the general assumptions from the previous sec-
tion, we immediately obtain topological transitivity from Lemma 4.2.1. Our next goal
is to prove the density of orbits. Lemma 4.2.6 implies that density occurs for almost all
values of λ, and for initial values sufficiently close to 0. We will see that in our explicit
setting density also occurs frequently for parameter values for which the semigroup Gλ

is resonant.
Of course, for λ ∈ R the invariance of R implies that density does not occur for

real initial values. We will focus on proving density when λ ∈ B(0,1)\R. We need a
lemma on linearizing coordinates.

Lemma 4.3.1 Let λ 6= 0. Then the rational functions f0 and f1 are not simultaneously
linearizable at 0.

Proof : Recall that the linearization map is unique up to a multiplicative constant. It
is therefore sufficient to consider the linearization map ϕ for f0 of the form ϕ(z) = z+
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a2z2+a3z3+O(z4), and to show that ϕ does not also linearize f1. Since f0(z) = 2z+z2

we have that a2 =−1/2 and a3 = 1/6. Observe that

f1(z) =
λz

1+2z+ z2 = λz−2λz2 +3λz3 +O(z3).

It follows that

ϕ◦ f1−λϕ =
1
6

λz2 (−3(3+λ)+(17+12λ+λ
2)z+O(z2)

)
.

Therefore the second order part of ϕ ◦ f1−λϕ only vanishes when λ = −3, in which
case

ϕ◦ f1−λϕ = 5z3 +O(z4).

Hence regardless of the value of λ 6= 0 the maps f0 and f1 cannot be simultaneously
linearizable. 2

Next we exclude nontrivial forward invariant sets for the semi-group outside {−1,0,∞}.

Lemma 4.3.2 Let λ =C\R. If the semi-group orbit of z ∈ Ĉ is contained in {|z+1|=
1}∪{−1,∞}, then z ∈ {0,−1,∞}.

Proof : For simplicity of notation we work with w = z+ 1, which gives f0 : w 7→ w2

and

f1 : w 7→ λ(w−1)
w2 +1.

Assume that both w and f1(w) are contained in ∂D. Analysis of the image of ∂D
under w 7→ w−1

w2 shows that for each fixed λ there are at most 4 points w ∈ ∂D whose
image can lie in ∂D, including the fixed point w = 1. Therefore it is sufficient to only
consider w ∈ ∂D whose forward f0-orbit contains at most 3 points, possibly with 1
added. Up to complex conjugation we therefore obtain the following eight candidates
for a forward invariant sets.

{1,−1}, {1, i,−1},
{1,e2πi/3,e4πi/3}, {1,−1,−i, i}
{1,eπi/4, i,−1}, {1, i,−1,e5πi/4},
{1,e2πi/7,e4π/7,e8πi/7}, {1,eπi/3,e2πi/3,e4πi/3}.

A case by case analysis shows that for any of these sets the f1-image does not leave
the set invariant for λ /∈ R. 2
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Figure 4.1: Left panel: The curve f1(∂D) for λ = 1/2, together with ∂D. Right panel:
f1(∂D) for λ = 1
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Theorem 4.3.3 Let λ ∈ B(0,1)\R and let z0 ∈ C\{−1,0,∞}. Then the G-orbit of z0
is dense in Ĉ.

Proof : We use the notation introduced in the proof of the previous proposition. Since
z0 /∈ {−1,0,∞} Lemma 4.3.2 implies that its G-orbit intersects B(0,r) \ {0}, hence
we may assume that z0 ∈ B(0,r) \ {0}. By topological transitivity of the G-action it
is sufficient to prove that the G-orbit is dense in some open U ⊂ B(0,r). We will
prove this using only the local orbits f n

ω(z0) with ω ∈ Ω (recall that Ω is the set of all
sequences ω ∈ {0,1} for which f n

ω(z0) ∈ B(0,r)).
Define

S := {2m ·λn}.

As in the general setting we distinguish four cases:

(i) S is dense in C.

(ii) S is a union of rays of the form {reiθ : r ≥ 0}.

(iii) S is a union of concentric circles.

(iv) S is discrete.

The simplest case (i) was treated in the general setting, in Lemma 4.2.1. It is clear
that in the other cases it is not sufficient to consider the linear part only, and one needs
to take into account the higher order terms. An idea that will be used in several different
places is the following: if the G-orbit of a accumulates on a point b, and the G-orbit of
b accumulates on c, then the G-orbit of a accumulates on c as well.
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Case (ii). Observe that there exists a minimal k such that λk > 0. Use linearization
coordinates as in case (i), treated in Lemma 4.2.1. Since by Lemma 4.3.1 f0 and f1 are
not simultaneously linearizable at 0 it follows that ϕ is not linear.

Denote by H a union of k rays, invariant under the linear map z 7→ λz. Then it
follows that f1 maps ϕ−1(H) into itself. Observe that ϕ−1(H) consists of k real analytic
curves, each tangent at the origin to a half-line. It follows that the f1-orbit of z0 is
contained in ϕ−1(H0) for some choice of half-lines H0. As in case (i), f m

0 ◦ f n
1 (z0)

converges to 2mλnϕ(z0) as 2mλn converges along a sequence with m,n→∞. It follows
that the set of accumulation points of f m

0 ◦ f n
1 (z0) contains a set of half-lines containing

ϕ(z0).
Since this description of the accumulation points holds for any base point z0 in

B(0,r), we can apply it also to each of the points z in one of the k radial half-lines in
H0. Thus we obtain a union of k-half lines H(z) that varies continuously with z. It
remains to be shown that these k-half lines vary with z, and is not constant. But this
follows since ϕ(H) is not a union of half-lines, since ϕ is not linear. It follows that we
obtain an open set of accumulation points, which completes the proof.

Case (iii). We have that 2m ·λn = e2πiθ for some θ ∈ R\Q. It follows that

f m
1 ◦ f n

0 (z) = e2πiθz+h.o.t..

Note that the rationality of f0 and f1 implies that the higher order terms are non-zero.
Since f0 and f1 are not simultaneously linearizable, it follows that

f n
0 ◦ f m

1 6= f m
1 ◦ f n

0 ,

and hence
f 2m
1 ◦ f 2n

0 6= ( f m
1 ◦ f n

0 )
2 .

Therefore the semi-group H = 〈h0,h1〉 induced by the two distinct neutral maps h0 :=
f 2m
1 ◦ f 2n

0 and h1 :=
(

f m
1 ◦ f n

0
)2 with the same rotation number, cannot be normal in a

neighborhood of 0, see (6). In particular the action of H on any closed curve winding
around 0 is unbounded.

Observe that { f m
0 ◦ f n

1 (z0)}m,n∈N accumulates on closed curves winding around 0
of arbitrarily small radius. Hence there are points on those curves whose H-orbits must
be unbounded. But since the generators of H are both neutral at the origin, it follows
that the unbounded orbit under H starting at such a point must be arbitrarily dense on
an annulus enclosed by two of such closed curves winding around 0. It follows that
by considering the H-action on smaller and smaller scales, and repeatedly composing
with f0 to get back to a given scale, we obtain density on an open set which completes
the proof of case (iii).
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Case (iv). Let us again work in linearization coordinates for f0, such that we can write
g0(z) = 2z. By the assumption in case (iv) it follow that 2mλn = 1 for certain minimal
n and m, from which it follows that

h(z) := gm
0 ◦gn

1(z) = z+h.o.t..

Straightforward computation shows that the second order term of g1 does not vanish
when |λ| < 1 (Lemma 4.3.1), from which it follows that the second order term of h
also does not vanish. Thus h has a parabolic fixed point at the origin with a single
parabolic basin. In order to simplify the discussion we can apply a linear coordinate
transformation to give h(z) = z+ z2 +O(z3), so that all orbits in the parabolic basin of
h converge to zero along the negative real axis.

Consider base points zn = gn
1(z0) for n large with arg(zn) bounded away from 0.

Then zn lies in the parabolic basin of h at 0. Write zn, j = h j(zn) where j runs from 0
to a large k = k(n) satisfying |zn,k|<< |zn|. Recall that the points zn, j converge to zero
as j→ ∞, along a real analytic curve tangent to the negative real axis. Moreover, the
ratios between consecutive points satisfy

zn, j

zn, j+1
→ 1

as n→ ∞. Write wn, j = g1(zn, j), so that the points wn, j converge to zero along the half
line through −λ, which is different from the negative real axis, and since λ /∈ R also
different from the positive real axis. Choose J > 0 such that arg(wn, j) ∼ arg(−λ) for
j ≥ J. It follows that the points wn, j still lie in the parabolic basin for j ≥ J. Now
define wn, j,` = h`(wn, j) for j ≥ J and `≥ 0.

Recall the existence of the Fatou coordinate on the parabolic basin: a change of
coordinates, again denoted by ϕ, conjugating h to z 7→ z+1. Recall that ϕ is of the form
z 7→ −1

z +b log(z)+o(1) for some b ∈C. It follows that each of the orbits {wn, j,`}`∈N
lies on a real analytic curve, and these real analytic curves are all transverse to the half
line through −λ, with angles bounded away from zero. After scaling by an iterate gs

0
to bring w j,J,` back to fixed scale, we obtain an arbitrarily dense set of points lying in
an open set of uniform size. By increasing n and taking a convergent subsequence of
gs

0(w j,J,`) we obtain a dense set of accumulation points in an open subset, completing
the proof. 2

Remark 4.3.4 It is not clear to the authors whether Theorem 4.3.3 also holds for
nonreal λ with |λ|> 1. However, it does hold for generic λ. Assume that the set

S′ := {2−m ·λn}
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is dense in C. Using the attraction under f0 to the point ∞, we can consider a starting
value z0 that is unequal to but arbitrarily close to 0. We may therefore assume that, for
k ∈ N large, the point 2kz0 is still close to zero. For j ≤ k we obtain that

f j
0 f n

1 (z0)∼ 2 j
λ

nz0 = 2−(k− j)
λ

n(2mz0)

when f j
0 f n

1 (z0) is still sufficiently close to the origin. The assumption that S′ is dense
implies that by starting with smaller and smaller values of z0, the set of points f j

0 f n
1 (z0)

becomes more and more dense in a round annulus centered at 0 of arbitrarily large
modulus. As in the proof of Theorem 4.2.3 it follows that the semi-group orbit is
dense in Ĉ.

Remark 4.3.5 The Fatou set F(G) of the semi-group G = 〈 f0, f1〉 is the set of points
where G is normal. The Julia set J(G), defined as the complement Ĉ \ F(G), is a
closed backward invariant set. Under the assumptions of Theorem 4.3.3, J(G) equals
Ĉ. Indeed, the Julia set contains 0 and by backward invariance also ∞. By (7) it
contains a neighborhood of ∞ and then using Theorem 4.3.3 it equals Ĉ. By (8),
repelling fixed points of elements of G lie dense in J(G) = Ĉ.

4.3.2 Intermittency
Our explicit semigroup satisfies the hypotheses of Theorem 4.2.3. Moreover Lemma 4.3.2
implies that the only invariant subset is {−1,0,∞}. Thus the result of Theorem 4.2.7
still holds for our specific example. As the density occurs for parameter values for
which the semigroup is resonant, we can state the intermittency with larger values of
λ.

Theorem 4.3.6 Consider the iterated function system 〈 f0, f1〉 given with probabilities
p0, p1. Let λ ∈ B(0,1)\R. Assume (4.4) holds and

p0 >
1
2
.

Then the only finite stationary measure is the delta measure δ0. For any ε > 0, for
Lebesgue almost any z ∈ Ĉ,

1. f n
ω(z) 6∈ B(0,ε) for infinitely many n;

2. limN→∞
1
N |{0≤ n < N : f n

ω(z) ∈ B(0,ε)}|= 1,

for almost all ω ∈ Σ.
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4.4 Vanishing Lyapunov exponents
For iterated function systems of interval maps, Gharaei and the first author (5) showed
how intermittent time series occur if there is a common fixed point with a vanishing
Lyapunov exponent, so that the common fixed point is neutral on average. We will
present an analogous example for iterated function systems of Möbius transformations
on the Riemann sphere. Consider the maps

f0(z) = µz,

f1(z) =
z

µ+ z

We pick the maps f0, f1 with equal probability.

Theorem 4.4.1 Consider the iterated function system G = 〈 f0, f1〉 given with proba-
bilities p0 = p1 = 1/2. Assume that |µ|> 1 and µ 6∈ R.

The G-orbit of any z0 ∈ Ĉ\{0} is dense.
The only finite stationary measure is the delta measure δ0. For any ε > 0, for

Lebesgue almost any z ∈ Ĉ,

1. f n
ω(x) 6∈ B(0,ε) for infinitely many n;

2. limN→∞
1
N |{0≤ n < N : f n

ω(x) ∈ B(0,ε)}|= 1,

for νp0,p1-almost all ω ∈ Σ.

Proof : That semi-group orbits lie dense is proved as in Theorem 4.3.3. To prove the
remaining statements on intermittency we follow the reasoning of Theorem 4.3.6. Key
statement is again ∫

A
Rdνp0,p1×m = ∞, (4.5)

where
R(ω,z) = min{i > 0 : F i(ω,z) ∈ A}

is the return time to A. Here as before A = [0]×A with A an annulus between a small
circle S around 0 and its image f0(S). By Kac̆ theorem this implies there is no finite
stationary measure with support intersecting A , so that the only stationary probability
measure is δ0.

To obtain (4.5), fix z inside S and let H(ω) = min{i > 0 : F i(ω,z) ∈ A} be the first
time that f i

ω(z) that enters A. We are done if we prove∫
Σ

H dνp0,p1 = ∞. (4.6)
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A sequence zn = | f n
ω(z0)| that stays near 0 satisfies |zn+1− µzn| ≤ Cz2

n (if ωn = 0) or
|zn+1− 1

µzn| ≤Cz2
n (if ωn = 1) for some C > 0. Now (4.6) follows just as in the proof

of (5, Theorem 5.2).
The remaining statements follow as in the proof of Theorem 4.3.6. 2

Bibliography
[1] N. Abbasi, M. Gharaei, A.J. Homburg. Iterated function systems of logistic maps:

synchronization and intermittency. Nonlinearity 31 (2018), 3880–3913.

[2] K. B. Athreya, H. J. Schuh, Random logistic maps II. The critical case. Journal
of Theoretical Probability 16 (2003), 813–830.
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Summary

In this thesis, we study the long-term behavior of different types of random dynamical
systems in real and complex variables. In each chapter we study a specific system, so
they can be read independently from each other.

Dynamical systems theory studies the long-term behavior of systems that evolve in
time. In a random dynamical system, the rules that govern the evolution can change ac-
cording to a random process. An iterated function system (IFS) is one example, where
the evolution of the system is governed by a map gy which depends on a parameter y;
such that y is chosen from independent and identically distributed random variables.
In chapter 2, we consider a more general version of such a random dynamical system,
where the random variables are not necessarily independent. To be more precise, we
study a parameter dependent dynamical system gy acting on the interval [0,1], where
the parameter y is determined by another dynamical system which is chaotic. Each gy
fixes the two boundary points 0 and 1. Under the assumption that 0 has zero Lyapunov
exponent (i.e 0 is neutral on average), and 1 has zero or positive Lyapunov exponent
(i.e 1 is, on average, neutral or repelling), we prove that the behavior of the system
alternates between a long period of time near the neutral fixed point, and a burst phase
where the system is away from the neutral fixed point. Such behavior is called on-off
intermittency. In Figure 4.2, we see an illustrative example of a function gy where y
changes through y 7→ 3y mod 1.

A classical example of a random dynamical system is a random walk. A random
walk is a mathematical model of a system evolving according to a succession of ran-
dom steps. A well-known example is the standard random walk on Zd , the dynamics
of which is described in a Theorem by Pólya stating that: it is recurrent for d = 1,2
and transient for d ≥ 3. In chapter 3, we define three generalizations of the standard
random walk on Z2, to the setting of the hyperbolic disk D. In contrast to the result of
Pólya, we show transient behavior for two of the defined random walks on D. For one
of the considered random walks, we are not able to rigorously determine transient or
recurrent behavior, but we do formulate conjectures based on computer simulations.

In the last chapter we study an IFS, in a setting with complex variables, which
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exhibits a behavior similar to the one studied in Chapter 2. We study the random
iterations of two rational functions on the Riemann sphere. The two functions have a
common fixed point with positive Lyapunov exponent (it is repelling on average). One
function has a superattracting fixed point, which is eventually mapped to the common
fixed point by the other function. We study and provide the conditions that cause
a phenomenon called critical intermittency. By critical intermittency, we mean that
typical orbits spend a portion of its iterates with full density near the common fixed
point, but do not stay near it. We end the chapter with an explicit example of two
rational functions satisfying the provided conditions.
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Figure 4.2: Time series of the x-coordinate of (y,x) 7→ (3y mod 1,gy(x)) on [0,1]×
[0,1], where gy(x) = xe−1+2y

1+x(e−1+2y−1) .

Samenvatting

In dit proefschrift bestuderen we het langetermijngedrag van verschillende soorten ran-
dom dynamische systemen in reële en complexe variabelen. In elk hoofdstuk bestud-
eren we een specifiek systeem, zodat de hoofdstukken onafhankelijk van elkaar gelezen
kunnen worden.

Dynamische systementheorie betreft het langetermijngedrag van systemen die in
de tijd evolueren. In een random dynamisch systeem, de regels van de evolutie kunnen
veranderen op basis van een toevalsproces. Een voorbeeld is een iteratief functiesys-
teem (IFS), waarbij de evolutie van het systeem wordt bepaald door een afbeelding
gy die afhangt van een parameter y, waar y wordt gekozen uit onafhankelijke en iden-
tiek verdeelde stochastische variabelen. In hoofdstuk 2 bestuderen we een algemenere
versie van een random dynamisch systeem waarbij de stochastische variabelen niet
per se onafhankelijk zijn. Om precies te zijn, bestuderen we een parameterafhankelijk
dynamisch systeem gy werkend op het interval [0,1], waarbij de parameter y wordt
bepaald door een ander dynamisch systeem dat chaotisch is. De twee randpunten 0 en
1 zijn vaste punten van elke gy. Onder de aanname dat 0 een Lyapunov exponent gelijk
aan nul heeft (0 is gemiddeld neutraal), en 1 een nul of positieve Lyapunov exponent
heeft (1 is gemiddeld neutraal of afstotend), laten we zien dat het gedrag van het dy-
namisch systeem wisselt tussen een fase met een lange periode dichtbij het neutrale
vaste punt en een fase waarin het systeem zich verwijdert van het neutrale vaste punt.
Dergelijk gedrag wordt “on-off intermittency” genoemd. In figuur 4.3, zien we een
illustratief voorbeeld van een functie gy waarbij y verandert via y 7→ 3y mod 1.

Een klassiek voorbeeld van een random dynamisch systeem is een toevalsbeweg-
ing. Een toevalsbeweging is een wiskundig model van een systeem, dat evolueert
volgens een opeenvolging van toevallige stappen. Een bekend voorbeeld is de stan-
daard toevalsbeweging op het d-dimensionale rooster Zd waarvan de dynamica wordt
beschreven in een stelling door Pólya. In deze stelling staat dat deze standaard toe-
valsbeweging “recurrent” is indien d = 1,2 en “transiënt” indien d ≥ 3. In hoofdstuk
3 definiëren we drie generalisaties van de standaard toevalsbeweging voor een setting
op de hyperbolische schijf D. In tegenstelling tot het resultaat van Pólya, bewijzen
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we dat twee van de gedefinieerde toevalsbewegingen op D transiënt zijn. Voor een
van de beschouwde toevalsbewegingen zijn we niet in staat om transiënt of recurrent
gedrag rigoureus vast te stellen, maar we formuleren wel vermoedens gebaseerd op
computersimulaties.

In het laatste hoofdstuk bestuderen we een IFS in een setting met complexe vari-
abelen die een gedrag vertoont gelijkaardig aan dat bestudeerd in hoofdstuk 2. We
bestuderen de random iteraties van twee rationale functies op de Riemannbol. De twee
functies hebben een gemeenschappelijk vast punt met positieve Lyapunov exponent
(dat is, het is gemiddeld afstotend). Eén functie heeft een superaantrekkend vast punt,
dat door de andere functie op het gemeenschappelijke vaste punt wordt afgebeeld. We
bestuderen en geven de voorwaarden die een fenomeen veroorzaken dat “critical in-
termittency” heet. Hierbij spenderen typische banen een deel van hun iteraties met
volledige dichtheid nabij het gemeenschappelijke vaste punt, maar ze blijven er niet
dichtbij. We eindigen het hoofdstuk met een expliciet voorbeeld van twee rationale
functies die voldoen aan de gestelde voorwaarden.
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Figure 4.3: Tijdreeks van de x-coördinaat van (y,x) 7→ (3y mod 1,gy(x)) op [0,1]×
[0,1], waarbij gy(x) = xe−1+2y

1+x(e−1+2y−1) .
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