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1

Introduction

Wormholes are the central topic of this thesis. Loosely speaking, these are tunnel
geometries that connect different regions of a spacetime, or different spacetimes
altogether. A simple example is shown in Figure 1.1.
Historically, wormholes have been studied mainly for two reasons. First, the formation of wormholes is associated to a change in the topology of the spacetime; how
these processes work, and whether they are possible in nature is an open question.
The second reason is somewhat practical: wormholes could provide shortcuts to
travel large distances in space. The study of both these questions has motivated,
and benefitted from, the study of energy conditions in gravity. The perspective we
are going to take in this thesis is somewhat different; we will approach wormholes
starting from quantum gravity.
Defining a theory which unifies general relativity and quantum mechanics is one
of the most important open questions in theoretical physics. This task requires a
different approach from the one that has led to the formulation of the Standard
Model, which unifies the other fundamental forces of nature. This is true both
from a theoretical and from an experimental point of view. On one hand, it seems
not possible to describe quantum gravity in the language of standard quantum field
theory. On the other hand, gravity is so weak that directly probing it in particle
accelerators would require energies too high to be accessible in the foreseeable
future.
One place where quantum gravity should play an important role is close to the
singularity at the center of a black hole, and so this geometry has been extensively
studied in the last few decades. It turns out that a problem arises even without
probing the singularity, when quantum effects are taken into account.
The origin of this problem dates back to a series of works in the 1970s [4, 5, 6],
which led to the surprising conclusion that black holes evaporate due to quantum
effects. They emit thermal radiation and have a finite entropy which scales with
1

1. Introduction

Figure 1.1. Embedding diagram of the T = 0 slice of a two-sided Schwarzschild
black hole. The two asymptotically flat regions are smoothly joined by a wormhole.

the area of their event horizon. The problem arises because black holes are quite
simple geometries, fixed by a handful of parameters. In the simplest case, that of
a static and neutral black hole, the geometry has one single parameter: the mass
of the black hole. The spectrum of the emitted radiation is completely determined
by this single number. However, one can imagine forming a black hole of a given
mass by collapsing matter in many different states. Where did all the information
thrown into the black hole go? This is, in a nutshell, the black hole information
problem. Attempting to resolve this puzzle has proven an effective way to push
our understanding of quantum gravity.
We will come to wormholes from two different routes, both related to the black
hole information problem. The first one is ER=EPR [7], a proposed resolution of
a particularly sharp version of the information problem called the firewall paradox
[8, 9]. The second originates from recent developments which show that certain
microscopic properties of black holes are accessible to semiclassical gravity, if one
includes wormhole saddles in the gravitational path integral [10, 11, 12].
An important tool that we will use throughout the thesis is holography, in particular AdS/CFT. This is a conjectured duality between gravitational theories in
(d + 1)-dimensional asymptotically anti-de Sitter (AdS) spacetimes, and conformal
field theories (CFT) in d dimensions.
In Chapter 2, we consider the eternal black hole geometry in AdS. This geometry contains a wormhole, which can be made traversable using a simple protocol
devised in [13]. We analyse this protocol in detail and provide bounds on how
2
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much information can be sent through the wormhole. In Chapter 3, we try to use
a protocol similar to the one of [13] to support an eternal traversable wormhole in
AdS.
In Chapter 4, we consider averages of observables over ensembles of pure states
of the CFT. We show that for certain ensembles, properties of these averages are
captured in the holographic dual by wormhole geometries.
In the rest of this chapter, we will present these ideas in some more detail. We
begin by recalling some basic facts about wormholes.

1.1

Wormholes

Consider two far away regions in a spacetime, cut two holes in them, and smoothly
connect them with a cylindrical geometry. This is a wormhole. There are now two
ways of tracing a line between the two regions: one through the wormhole, one
outside. We can also consider the limiting case in which the outside path becomes
infinitely long, which is equivalent to taking the two regions from originally disconnected spacetimes. In both cases the presence of the wormhole is associated
with a topology change. Rather than try to make this definition mathematically
precise, below we consider some simple examples. For more details see [14].
We divide wormholes into two broad classes, depending on whether light rays can
or cannot cross them: traversable and non-traversable. Both are interesting from
the point of view of topology change. However, the former are also interesting
because they might be used for fast travelling. In the rest of this section, we will
mainly focus on this second question.
At the classical level, traversable wormholes seem to be forbidden. These geometries need to be sourced by stress-energy tensors that violate the null energy condition (NEC), which is obeyed by sensible classical theories. Quantum fields violate
the NEC, so one can hope to use quantum effects to source traversable wormholes.
However, there is one reason why we expect that fast travelling should still be
forbidden.
Fast travelling is possible when the wormhole is short, which is when travelling
between the two distant regions through the wormhole takes less time than outside. It turns out that short traversable wormholes can be easily used to build
time machines [15], i.e. closed causal curves, leading to causality violations. This
suggests that sensible theories should not be able to source them.
3
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Figure 1.2. Kruskal diagram for a two-sided Schwarzschild black hole.

1.1.1

The Einstein-Rosen bridge

The first example of a wormhole that we consider is the one connecting the two
asymptotic regions of a two-sided Schwarzschild black hole. This wormhole was
first discovered in 1935 by Einstein and Rosen [16], and so it is often called an
Einstein-Rosen (ER) bridge.
Einstein and Rosen realized that, by changing the radial coordinate in the usual
Schwarzschild metric to u2 = r − 2GM , one finds a new geometry which is made
of two asymptotically flat regions and a bridge connecting them. Instead of following their original argument, we will analyze the wormhole in Kruskal-Szekeres
coordinates.
Recall that the Schwarzschild black hole metric, in Kruskal-Szekeres coordinates,
is given by
ds2 =

4rh3 −r/rh
e
(−dT 2 + dX 2 ) + r2 dΩ2 .
r

(1.1.1)

Here rh = 2GM is the horizon radius, and dΩ2 is the metric on the unit sphere.
The usual Schwarzschild radial and time coordinates are related to (X, T ) by
r − r 
h
er/rh = X 2 − T 2 ,
rh
4

(1.1.2)

1.1. Wormholes

Figure 1.3. Evolution of the Einstein-Rosen bridge, for T = 0, T = 0.8, and
T = 0.99 (left to right).
and
t=

(
2rh arctanh(T /X)
2rh arctanh(X/T )

regions I, III
regions II, IV

(1.1.3)

The spacetime diagram for this geometry is sketched in Figure 1.2. Quadrants I
and III correspond to the right and left exteriors; quadrants II and IV correspond
to the future and past interiors.
To see that this geometry contains a wormhole, consider the T = 0 spatial slice,
which corresponds to the t = 0 slice in Schwarzschild coordinates. On this slice,
r − r
1/2
h r/rh
X=±
e
,
(1.1.4)
rh
where the (+, −) applies to regions (I, III). The two horizons both correspond to
X = 0. We can visualize the spatial geometry with an embedding diagram, if we
suppress one angle on the sphere. The result is shown in Figure 1.1, which makes
it evident that the geometry is that of a wormhole.
The wormhole is not static, as can be seen from the embedding diagrams for
varying values of T . For T ≥ 1 the slice can reach the singularity, so, for simplicity,
we only consider T < 1. The embedding diagrams cannot be found analytically
anymore, but can be easily generated numerically. The result is displayed in
Figure 1.3. The wormhole becomes longer and thinner as T increases. For T = 1
it pinches off and the two sides end up in the singularity.
This is just the manifestation of the causal structure of the spacetime in the embedding diagrams. The two asymptotically flat regions are causally disconnected:
any signal sent in the black hole hits the singularity before it can reach the other
side.
5
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The ER bridge is an example of a non-traversable wormhole; can we construct
wormhole geometries that can be traversed? As first pointed out by [15], the
answer is yes; however, these geometries need to be sourced by stress-energy tensors
that violate the null energy condition (NEC) .

1.1.2

Traversable wormholes and energy conditions

We begin with a simple example. Consider the metric [17]
ds2 = −dt2 + dλ2 + (λ2 + b2 )dΩ2 ,

(1.1.5)

where λ ∈ R, b is some positive constant, and dΩ2 is the metric on the unit sphere.
For |λ| ≫ b the geometry asymptotes to Minkowski spacetime. As we take |λ| → 0,
the size of the sphere doesn’t go to zero, but it stops decreasing at the value b.
In other words, for |λ| ≪ b the geometry is that of a cylinder, joining the two
asymptotic flat regions. The cylinder can certainly be traversed because (1.1.5) is
static, and so we conclude that this geometry contains a traversable wormhole.
We can find the stress-energy tensor needed to support this geometry by reverse
engineering the Einstein equations, i.e. setting Tµν = (8πG)−1 Gµν . The non-zero
components of the stress-energy tensor are
1
b2
,
2
8πG (λ + b2 )2
Tϕϕ
1
b2
=
=
.
2
2
8πG λ + b2
sin (θ)

Ttt = Tλλ = −
Tθθ

(1.1.6)

One is then left with the task of finding a matter Lagrangian that can generate
this stress-energy tensor when coupled to the geometry above.
For example, consider an interacting scalar field, minimally coupled to gravity.
The matter action is
Z

√ 1
(1.1.7)
S = − d4 x −g g µν ∂µ ϕ∂ν ϕ + V (ϕ) ,
2
and the stress-energy tensor is
Tµν = ∂µ ϕ∂ν ϕ − gµν

1


g αβ ∂α ϕ∂β ϕ + V (ϕ) .

(1.1.8)
2
Due to the symmetry of the spacetime, we can restrict to field configurations that
depend only on λ, ϕ = ϕ(λ). Consider the tt and λλ components of the stressenergy tensor,
1
(∂λ ϕ)2 − V (ϕ) ,
2
1
Ttt = (∂λ ϕ)2 + V (ϕ) .
2

Tλλ =

6

(1.1.9)
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From (1.1.6), we see that Ttt = Tλλ , and so V (ϕ) = 0. But then we are left with
(∂λ ϕ)2 equal to a negative quantity, and we conclude that it is not possible to
generate the required stress-energy tensor. Of course, this is only a single, and
simple, example; it could be the case that (1.1.6) can be generated by some other
matter Lagrangian.
It would be nice to understand whether the geometry (1.1.5) is possible without
assuming a specific matter Lagrangian. The problem is that the Einstein equations
by themselves admit any geometry as a solution. As we have seen above, given a
metric, we can find the stress-energy tensor that supports it by reverse engineering
the Einstein equations. Which geometries are allowed depends on the details of
the matter theory coupled to gravity. However, we do have some expectations
for how a reasonable theory of matter should behave, and it turns out that fairly
general results can be proven by just assuming that the stress-energy tensor obeys
some simple energy conditions.
For example, consider an observer moving along a timelike curve, with tangent
vector v µ . It seems reasonable to impose that the energy density measured by this
observer is positive,
Tµν v µ v ν ≥ 0 .
(1.1.10)
The weak energy condition (WEC) imposes this for all such vectors v µ . The NEC
is defined similarly, but we replace timelike vectors with lightlike vectors, nµ ,
Tµν nµ nν ≥ 0 .

(1.1.11)

Physically, this condition is motivated by the observation that gravity is always attractive; the NEC together with Raychaudhuri equation implies that null geodesics
can only focus [18].
Notice that, by continuity, the WEC implies the NEC. So any violation of the
NEC implies also a violation of the WEC. In fact, the NEC is the weakest of the
canonical energy conditions usually considered in general relativity. Nonetheless,
it is sufficient to prove some important theorems in general relativity, such as the
Penrose singularity theorem and the area theorem.
The NEC is satisfied by many simple classical Lagrangian. For example, for (1.1.8),
we have
Tµν nµ nν = (∂µ ϕnµ )2 ≥ 0 ,
(1.1.12)
and the NEC cannot be violated. The stress-energy (1.1.6) violates the NEC, as
can be seen by taking nµ = t̂µ + λ̂µ ,
Tµν nµ nν = −

1
b2
.
4πG (λ2 + b2 )2
7

(1.1.13)

1. Introduction
This explains why our attempt to source (1.1.6) with a scalar field had to fail.
Notice that the violation of the NEC is maximal at the throat, while it goes to
zero for |λ| ≫ b; this is expected, since the geometry is asymptotically flat.
It’s easy to understand why a violation of the NEC is generally required to support
a traversable wormhole. Consider a congruence of null geodesics traversing the
wormhole: the geodesics focus before entering the wormhole and defocus on the
other side. The NEC was chosen precisely to avoid such defocusing.
In fact, it’s possible to prove that to support a traversable wormhole, it is not
enough to violate the NEC at a point. Instead, the null energy integrated along
a whole null geodesic traversing the wormhole needs to be negative. In other
words, to build a traversable wormhole we need to violate the averaged null energy
condition (ANEC)
Z
Tµν nµ nν dλ ≥ 0 ,

(1.1.14)

γ

where γ is the geodesic, and λ is the affine parameter. This is certainly the case for
the geometry (1.1.5), where the NEC is violated at any point. For other spherically
symmetric and static wormholes, one can use a combination of the Raychaudhuri
and Einstein equations to prove that the ANEC needs to be violated [14]. The
topological censorship theorem generalizes this result to non spherically symmetric
and static spacetimes [19].
The question of whether traversable wormholes are allowed geometries is linked
to the question of which energy conditions are obeyed by matter. At the classical
level, the NEC seems to be violated only by exotic theories, such as theories
non-minimally coupled to gravity. Quantum effects instead are known to lead to
violations of the NEC. The most famous example is the Casimir effect, which has
also been experimentally observed [20, 21]. A version of the Casimir effect violates
also the ANEC.
This leaves open the possibility of using quantum effects, to source traversable
wormholes. This is not a trivial exercise because we need to support a classical
geometry by quantum effects, which are suppressed in ℏ. Some of the challenges
one faces in this exercise are explained in Chapter 3.

1.1.3

The Casimir effect

Let’s briefly recall the origin of the Casimir effect. Consider (d + 1)-dimensional
Minkowski spacetime and some matter field propagating on it. We impose boundary conditions at two infinite plates located at z = 0 and z = L. The problem is
simple enough that we can almost completely determine the stress-energy tensor
without doing calculations.
8
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Poincaré symmetry in the directions parallel to the plates fixes the stress-energy
tensor to be


f1 (z)ηµ̂ν̂
0
,
(1.1.15)
⟨Tµν ⟩ =
0
f2 (z)
where ηµ̂ν̂ is the flat metric along the directions parallel to the plates, and µ̂, ν̂ =
0, 1, . . . , d − 1. For simplicity, we consider conformal matter, for which we have
⟨Tµµ ⟩ = 0. The free massless scalar in 1 + 1 dimensions and the electromagnetic
field in 3 + 1 dimensions are examples of such a theory. Then we have that
f2 (z) = −df1 (z). Energy conservation imposes that f1 (z) is constant. Finally,
dimensional analysis leads to


c
ηµ̂ν̂ 0
⟨Tµν ⟩ = d+1
,
(1.1.16)
0 −d
L
since L is the only dimensionful parameter in the problem. Here c is a numerical
constant, which depends on the specific matter content considered and on the
boundary conditions.
Depending on the sign of c, this stress-energy tensor can violate the NEC. To see
this, consider nµ = t̂µ + ẑ µ . We have
⟨Tµν ⟩nµ nν = −(d + 1)

c
,
Ld+1

(1.1.17)

which violates the NEC if c > 0.
For example, consider a free massless scalar in (1 + 1)-dimensional Minkowski
spacetime, and impose Dirichlet boundary conditions at the plates. Since the
energy density, Ttt , is a constant, we can simply compute the expectation value of
the Hamiltonian and divide it by the distance between the plates. For a free field,
the Hamiltonian simply counts the number of modes excited in the state. In the
vacuum, we only have the zero-point energy contribution,
⟨Ttt ⟩ =

1 X ωn
,
L
2

ωn =

n∈Z

nπ
.
L

(1.1.18)

This expression is divergent in the UV, in the same way as in the usual Minkowski
vacuum. However, the boundary conditions impose an L-dependent selection rule
on the allowed frequencies. This selection rule lowers the energy, as compared to
the Minkowski vacuum. Indeed if we regulate the sum in the UV and subtract the
Minkowski limit (L → ∞), we find [22]
⟨Ttt ⟩ = −

π
.
24L2

From this it follows that in this case c = π/24, and the NEC is violated.
9
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To build a traversable wormhole, it is not enough to violate the NEC at a point,
but we need to violate the ANEC. In the Casimir example above, we are violating
the NEC at any point between the plates. However, so far, we have neglected
the energy contribution of the plates. It turns out that, in realistic situations,
this more than compensates for the negative energy generated, and the ANEC is
satisfied [14].
For example, in 1 + 1 dimensions, the plates are simply particles. Let m be their
mass, then the stress-energy tensor of the whole system, taking into account both
the field and the mass of the particles, is given by [14]


c
⟨Tµν ⟩ = mt̂µ t̂ν δ(z) + δ(z − L) − 2 t̂µ t̂ν + ẑµ ẑν θ(z)θ(L − z) .
L
Let’s consider nµ = t̂µ + ẑ µ ; the ANE is given by
Z ∞
2c
.
⟨Tµν ⟩nµ nν dλ = 2m −
L
−∞

(1.1.20)

(1.1.21)

The ANE is negative if L < c/m, which, for c = O(1), is of the same order as the
Compton length of the particles, and the calculation of the Casimir effect cannot
be trusted anymore.
More generally, it can be shown that the ANEC is obeyed in any QFT in flat
spacetime [23, 24], which suggests that the ANEC might be a good candidate to
replace the NEC in the quantum regime. However, it turns out that the ANEC can
be violated in a very simple way if we consider QFTs in more general spacetimes.
In the Casimir effect, the negative energy is due to the boundary conditions.
Above, to impose these boundary conditions, we have used some physical plates
made out of conventional matter, and the negative energy generated was much
smaller than the energy contribution of the plates. We can sidestep this problem
by folding the spacetime around a circle, such that the boundary conditions are
imposed by the topology of the spacetime, rather than from some physical device.
To be concrete, consider the free scalar in 1 + 1 dimensions, and let z ∼ z + L,
such that the spacetime is now a cylinder. The calculation is very similar to the
one above, and the result is
⟨Ttt ⟩top = −

π
.
6L2

(1.1.22)

Since there is no other contribution that can compensate for the negative energy,
the ANEC is violated. This is the so-called topological Casimir effect.
In a recent paper [25], the topological Casimir effect has been used to construct
some traversable wormhole solutions, which can be embedded in 4-dimensional
10
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Minkowski spacetime and don’t require exotic matter. This is quite a remarkable
result because it is challenging to source a stress-energy tensor Tµν ∝ G−1 , with
only quantum effects, which are suppressed in ℏ.
One important thing to notice is that the wormhole of [25] is not short, i.e. it
takes longer to go through it than outside. In fact, it is believed that it should not
be possible to build a short traversable wormhole, in sensible physical theories.
The reason is that it is possible to use short wormholes to build time machines.
This is not surprising, because superluminal signaling generally leads to causality
violations. Below, we review a simple protocol to turn a pair of short traversable
wormholes into a time machine [17].

1.1.4

From wormholes to time machines

Consider a wormhole connecting two regions of an ambient spacetime. We approximate the wormhole mouths as points and the ambient spacetime as Minkowski
spacetime. For simplicity, we work in the (x, t) plane. Let the mouths of the
wormhole be at rest, at x = 0 and x = L1 . From the point of view of the ambient
space, the wormhole can be modelled as the map
   


x
0
L1
:
→
,
t
t1
t1 + ∆t1

(1.1.23)

where ∆t1 is the time light takes to travel through the wormhole, as seen by a
static observer in the ambient space. Notice that a short wormhole has ∆t1 < L1 .
Let’s then consider a second wormhole boosted respect to the first one, and let
the coordinates in its rest frame be (x′ , t′ ). This second wormhole can also be
modelled as a map,
 ′  


x
0
L2
:
→
.
(1.1.24)
t′
t2
t2 + ∆t2
Now consider three observers, Alice, Bob, and Charlie located at x = 0, x = L1 ,
and x′ = 0 respectively. They implement the following protocol, sketched in Figure
1.4. Alice sends a signal to Bob through the first wormhole at time t1 (A). The
signal reaches Bob at time t1 + ∆t1 (B). We assume that the second wormhole
will pass at some later time t∗ ≥ t1 + ∆t1 . Bob waits until this time, and then
sends the signal to Charlie through the second wormhole (C). Finally, Charlie
sends the signal back to x = 0 (D) in the ambient space. If the time of arrival
is smaller than t1 , we have a closed causal curve, and we start to have problems
with causality, because A can be influenced by events in its own future. The path
A → B → C → D → A in Figure 1.4 is an example of such a closed causal curve.
11
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x′ = L2

x′ = 0
t

t′ = const

C
A
B

t = t1
x

D
x=0

x = L1

Figure 1.4. Time machine setup. To not clutter the diagram, we consider the
limit in which the traversing times are negligible, ∆t1 = ∆t2 = 0.
In equations, the protocol above is

   

 


L1
x
0 WH1
L1 WH2 L1 + γ(v∆t2 − L2 )
wait
−−−→
:
−−−→
−−−→
t
t1
t1 + ∆t1
t∗
t∗ + γ(∆t2 − vL2 )


0
ambient
−−−−−→
.
t∗ + γ(∆t2 − vL2 ) + |L1 + γ(v∆t2 − L2 )|
Here v is the speed of the second wormhole relative to the first wormhole, and γ
is the associated Lorentz factor. Since t∗ ≥ t1 + ∆t1 , a necessary condition for the
time at the end of the protocol to be smaller than the starting time, t1 , is
∆t1 + γ(∆t2 − vL2 ) + |L1 + γ(v∆t2 − L2 )| ≤ 0 .

(1.1.25)

Clearly, this condition requires ∆t2 ≤ vL2 , which implies that the second wormhole
is short. A little calculation shows that also the other wormhole should be short for
(1.1.25) to be satisfied. So we conclude that short traversable wormholes, allowing
superluminal signalling, lead also to causality violations.
While it is an interesting question whether one can formulate a sensible physical
theory in the presence of closed causal curves, the most practical way to deal with
them is to assume that they are forbidden in nature. If this is the case, the hope
of using traversable wormholes to travel long distances needs to be abandoned.
In practice, we can rule out short traversable wormholes and time machines, by
imposing appropriate energy conditions on the matter content of the theory. From
this perspective, traversable wormholes can be used to find energy conditions that
quantum matter, coupled to gravity, should obey.
One special property of short traversable wormholes is that the ANEC is violated
along achronal null geodesics. A geodesic is achronal when there is no timelike
12
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curve connecting any two points on it. For a long wormhole, by definition, any null
curve going through the wormhole is chronal, since an observer travelling in the
ambient space can move between the mouths faster. This motivated [26] to propose
that the correct generalization of NEC to the quantum regime is the achronal
averaged null energy condition (aANEC), which requires that the ANEC is satisfied
only along achronal null geodesics. This requirement is weaker than the ANEC,
but it is strong enough to rule out short traversable wormholes and time machines.
In particular, notice that the aANEC is not violated by the topological Casimir
effect, and it leaves open the possibility of sourcing long traversable wormholes as
in [25].
Even though the aANEC seems a good candidate to replace the NEC in the quantum regime, this question is far from being settled. Here, we have only briefly
reviewed the interplay between traversable wormholes and energy conditions, focusing on those topics that are necessary to understand the rest of the thesis. In
particular, we have skipped altogether other proposed generalizations of the NEC
to the quantum regime, such as the quantum inequalities of [27, 28, 29].
In the next sections, we turn to the black hole information problem and explain
how wormholes can help to resolve it.

1.2

The black hole information problem

When we consider quantum fields propagating on a black hole background, we run
into an apparent violation of unitarity. This problem has been called the black
hole information problem, and it has been the object of extended research in the
last few decades. In this section, we give a short review of the original problem
and some recent developments needed to understand the successive sections, and
to eventually connect back to wormholes. See one of the many nice reviews on the
topic [30, 31, 32, 33] for more details.

1.2.1

Black holes as thermal systems

Consider a Schwarzschild black hole in 4 dimensions. The metric in Schwarzschild
coordinates is
ds2 = −f (r)dt2 +

1
dr2 + r2 dΩ2 ,
f (r)

f (r) =

r − rh
.
r

(1.2.1)

Here rh = 2GM is the horizon radius, and dΩ2 is the metric on the unit sphere.
The function f determines the relative speed at which clocks of static observers
tick. We see that the function approaches 1 at infinity, where the geometry becomes flat, and it goes to 0 at the horizon. This means that the horizon is a
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surface of infinite redshift. The coordinates above cover only the exterior of the
black hole, r > rh , but the geometry smoothly extends past it, see eq. (1.1.1).
The presence of the horizon implies that black holes are thermal systems. Historically, this was first proposed by Bekenstein who suggested that the area of the
horizon should be interpreted as the thermodynamic entropy of the black hole [5],
and later confirmed by Hawking with his famous calculation on black hole evaporation [6]. Here we follow a different approach, and show that black holes are
thermal in a quicker way [30, 32].
We begin by zooming in on the near horizon region of the black hole. Let rrh =
rh2 + ρ2 /4, then

ds2 ≈ −

ρ2 2
dt + dρ2 + dȳ 2 ,
4rh2

(1.2.2)

where we have approximated the metric on the sphere with the flat metric, which
is appropriate if we restrict to a small patch on the sphere. Up to a rescale of time,
t = 2rh η, the metric above is that of Rindler space. In particular, this means that
static Schwarzschild observers correspond to static Rindler observers.
Rindler space is simply flat spacetime as seen by uniformly accelerating observers.
We can see this explicitly setting X = ρ cosh(η) and T = ρ sinh(η), which leads
to
ds2 ≈ −dT 2 + dX 2 + dȳ 2 .

(1.2.3)

Notice that the coordinate singularity present in the original Schwarzschild coordinates has disappeared, which shows that locally the horizon is not a special place.
A static observer in these coordinates corresponds to a freely falling observer in
Schwarzschild coordinates, since X = const implies that ρ ≈ e−t/2rh . The fact
that the geometry, as seen by freely falling observers, is flat is a manifestation of
the equivalence principle.
Consider now some matter field, ϕ, propagating on the black hole background.
The equivalence principle suggests that a freely falling observer sees the field in the
vacuum state. It turns out that this implies that a static Schwarzschild observer
measures a flux of thermal particles. This follows from the fact that the Minkowski
vacuum is equal to the thermofield double state if expanded in Rindler modes. A
quick way to see this is to consider the euclidean path integral that prepares the
14
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Minkowski vacuum,
ϕL

TE

ϕR
X

⟨ϕL , ϕR |0⟩M =

ηE

(1.2.4)

= ⟨ϕR | e−πHR Θ |ϕL ⟩ ,
where we have suppressed the transverse directions. In the first line, we have
prepared the vacuum state, by evolving from minus infinity in euclidean time,
TE = iT . In the second line, we have reinterpreted the path integral as a transition
amplitude in Rindler time; Θ is the CPT operator. The Rindler Hamiltonian, HR ,
generates translations in Rindler time, which correspond to boosts in the X, T
plane, or rotations around the origin, in Euclidean signature, ηE = iη.
We can rewrite the amplitude above as
X
⟨ϕR | e−πHR Θ |ϕL ⟩ =
e−πEn ⟨ϕR |n⟩ ⟨n| Θ |ϕL ⟩
n

(1.2.5)

= ⟨ϕL , ϕR |TFDβ=2π ⟩ .
In the first line, we have inserted a resolution of the identity on the eigenstates
of the Rindler Hamiltonian. In the second line we have introduced the (nonnormalized) thermofield double state
X
|TFDβ ⟩ =
e−βEn /2 |ñ⟩L ⊗ |n⟩R ,
(1.2.6)
n

where |ñ⟩ = Θ† |n⟩. Comparing eq. (1.2.4) and (1.2.5), we see that the Minkowski
vacuum corresponds to the thermofield double in Rindler modes.
The thermofield double is a state such that the reduced density matrix on either
side is thermal, at inverse temperature β. Therefore, Rindler observers, having
access only to the exterior wedge, see the Minkowski vacuum as a thermal state at
temperature TRin = (2π)−1 . This temperature is dimensionless because we have
used Rindler time. The physical temperature measured by a Rindler observer,
located at a constant ρ, is (2πρ)−1 . Notice that this temperature goes to zero at
infinity, so an observer at infinity does not measure a thermal flux.
Another important property of the thermofield double is that it is entangled: every
mode in the exterior wedge is entangled with a partner mode on the other side
of the horizon. Changing this entanglement necessary leads to a departure from
15
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the vacuum state, and the infalling observer finds excitations at the horizon. An
L,R
R
extreme example is the factorized state ρL
is the thermal mixed
β ⊗ ρβ , where ρβ
state on the left/right Rindler wedge. On either wedge, this state is identical to
the Minkowski vacuum; however, the infalling observer encounters a high energy
density at the horizon. A simple argument for why this needs to be the case
can be found in [32]. In a nutshell, in the absence of entanglement, the quantum
fluctuations of the field on the two sides of the horizon are uncorrelated, and the
Hamiltonian picks up a big contribution from the gradient term.
Recalling that Rindler time is related to Schwarzschild time by a rescaling, we
find that an asymptotic Schwarzschild observer measures a flux of particles at
temperature
1
TBH =
,
(1.2.7)
4πrh
and the black hole evaporates. Notice that the Rindler approximation breaks down
as we move away from the horizon. If this was not the case, we would expect an
asymptotic observer to measure zero temperature.
We can see this explicitly if we specialize to a free scalar, ϕ. The equation of
motion can be recast as a Schrödinger equation [31],
d2
ϕωlm = (V (r) − ω 2 )ϕωlm ,
dr∗2
(1.2.8)
r − rh  2 2
rh 
V (r) =
m r + l(l + 1) +
.
r3
r
R
Here ω is the frequency, l the angular momentum, and r∗ = dr/f (r). The
potential asymptotes to m2 ; since modes with ω > TBH are Boltzmann suppressed,
the radiation at infinity is dominated by massless fields for sufficiently large black
holes. We can expand the potential close to the horizon setting rrh = rh2 + ρ2 /4,
  ρ 4
  ρ 2
− 4 + 3l(l + 1)
+ ... .
(1.2.9)
V (ρ) = l(l + 1) + 1
2rh
2rh
In Rindler space, we would only find the first term, which diverges for large radii,
and consequently no radiation can escape to infinity. For the Schwarzschild metric,
the potential reaches a maximum around ρ = O(rh ), and then goes to zero, so
radiation can leak to infinity. For l ≫ 1, the height of the potential barrier scales as
2
l2 TBH
, so Boltzmann suppression implies that most of the radiation going through
the barrier has small angular momentum.
Due to the potential above, the spectrum observed at infinity is not perfectly thermal, but it’s corrected by a so-called greybody factor. This factor is complicated,
but it only depends on the mass of the black hole. Therefore, it doesn’t qualitatively change the discussion of the information problem, and we will neglect
it.
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We can find the entropy associated to the black hole by using the standard thermodynamic relation S ′ (E) = β,
SBH =

A
,
4G

(1.2.10)

where A = 4πrh2 is the area of the horizon. Black holes have an entropy which
scales with the area of their horizon.
Notice that, since above we only needed that the near horizon region can be
approximated by Rindler space, we would reach the same conclusion for a black
hole created by collapse.
The fact that black holes evaporate and have an entropy raises two problems. First,
statistical mechanics explains entropy as an emergent property of a system, that
“counts” the number of microstates consistent with some macroscopic constraint.
What are these microstates in the case of black holes? Second, black holes seem to
emit perfectly thermal radiation. When the black hole has completely evaporated,
we are left with a thermal mixed state. This is at odds with a basic principle of
quantum mechanics, that of unitary time evolution. Below we focus on this second
version of the black hole information problem.

1.2.2

Unitarity violation

Consider a black hole formed by collapsing some matter in a pure state; for simplicity, we assume that the matter is neutral and not spinning. Outside the infalling
matter, the geometry is that of a Schwarzschild black hole. As we have seen, the
black hole has a temperature associated with it, and so it emits radiation. Most
of the radiation reaching infinity has energy of order TBH . We can model the
evaporation process as the emission of a quanta of energy TBH , at time intervals
−1
of order TBH
.
Every time a quantum is emitted, the black hole shrinks. Let δrh be the change
in the horizon radius after the emission of one quantum, then

2
δrh
MP
∝−
,
(1.2.11)
rh
M
where MP = (8πG)−1/2 is the Planck mass. From this follows that the analysis
above, which assumed a static geometry, also applies to evaporating black holes
until the late stages of evaporation, when the black hole becomes Planckian in
size. This is the scale at which we anyway expect the semiclassical approximation
to become unreliable.
The state of the radiation observed at infinity is mixed. If this is still the case once
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the black hole has completely evaporated, the process of black hole formation and
evaporation has taken a pure state into a mixed one, and thus violated unitarity.
In fact, an argument due to Page [34] shows that this is inconsistent with unitarity
already when the black hole has emitted roughly half of its original entropy. To
see this, consider the von Neumann entropy of the radiation. According to the
gravitational analysis, each emitted Hawking mode is entangled with its interior
partner, so, the entropy of the radiation outside the black hole increases with time.
This is true until the last stages of black hole evaporation.
Let’s compare this result with what we get in a unitary system. Let H = HBH ⊗HR
be the Hilbert space of the combined system of the black hole and the radiation,
with dimensions |HBH | = dBH and |HR | = dR . Let |i⟩BH and |j⟩R be orthonormal
bases for the two Hilbert spaces. We assume that the dynamics of the black hole
is sufficiently chaotic that we can approximate this state as a random state,
|ψ⟩BH,R =

dR
d
BH X
X

ψij |i⟩BH ⊗ |j⟩R .

(1.2.12)

i=1 j=1

For simplicity, we assign equal probabilities to all the states |ψ⟩BH,R ; this is equivalent to the microcanonical ensemble we consider in Chapter 4.
The reduced density matrix on HR is given by
dR d
BH
X
X

ρR =


∗
ψki ψkj
|i⟩⟨j| .

(1.2.13)

i,j=1 k=1

We compute the average purity using eq. (4.3.3). The result is
JTrρ2R K =

dBH + dR
1
1
≈
+
.
dBH dR + 1
dBH
dR

(1.2.14)

This expression is telling us that the black hole and the radiation are, to good
approximation, maximally entangled at all times. At early times, dR ≪ dBH , and
newly emitted Hawking modes are maximally entangled with the remaining black
hole. This is equivalent to what we found in the gravitational analysis and gives
rise to an increasing entanglement entropy for the radiation. However, at late
times, dBH ≪ dR , and new Hawking modes need to be maximally entangled with
the radiation, and the entanglement entropy starts decreasing.
One can see this explicitly by computing the von Neumann entropy of the radiation. Here, for simplicity, we consider an averaged version of the second Renyi
th
th
entropy, S2avg (ρR ) ≡ − logJTrρ2R K. Let dBH = eSBH and dR = eSR , where the
superscript reminds us that these are thermal, or coarse-grained, entropies, not to
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S2avg (ρR )

1
2 SBH

tP age

tQG

t

Figure 1.5. Schematic Page curve (solid line) and Hawking curve (dashed line)
for the time evolution of the second Renyi entropy of the radiation.
be confused with von Neumann entropies. We find
(
th
th
th
,
≲ SBH
SR
SR
avg
S2 (ρR ) ≈
th
th
th
.
≳ SBH
SR
SBH

(1.2.15)

th
th
increases. The entangledecreases, while SR
As the black hole evaporates, SBH
th
th
, the so-called Page
ment entropy between the two systems grows until SBH ≈ SR
time, and decreases afterwards.

The interesting point of the analysis of Page is that in a unitary and sufficiently
chaotic system we expect the entropy to start decreasing at the Page time. The
gravitational analysis instead predicts a curve that keeps growing, as long as the
black hole is parametrically larger than the Planck scale.
The linearly growing entropy, predicted by the gravitational analysis, is called the
Hawking curve; the one found assuming unitarity is called the Page curve. In
Figure 1.5, we compare schematically these two curves. They start to disagree
at the Page time, tP age , while we would naively expect the Hawking curve to be
reliable until the much later time, tQG , at which the black hole becomes Planckian
in size. Any resolution of the information problem should begin by turning the
Hawking curve into the Page curve.
The most natural resolution of this discrepancy is that, in the gravitational analysis, we have missed some subtle correlation between the late outgoing Hawking
mode and the early radiation. However, there are two obstacles we face in looking
for such correlations.
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First, the approximations in the gravitational analysis can be made arbitrarily
small at the Page time by considering larger and larger black holes.
Second, the work of [8, 9] has shown that one needs to be careful in invoking
correlation between different modes of the radiation. Consider an evaporating
black hole past its Page time. Let R be all the radiation emitted up to this time,
and B a new outgoing Hawking mode. We would like to say that the gravitational
analysis is missing some subtle correlation such that the entropy of the radiation
is lowered. In fact, in the Page analysis we have seen that, to good approximation,
the late mode should be maximally entangled with the early radiation. This implies
that there exists a mode RB ⊂ R that purifies B, i.e. SBRB = 0. On the other
hand, for an infalling observer to experience vacuum at the horizon, the mode
B needs to be entangled with a partner mode across the horizon. Let A be this
partner mode, then we need SAB = 0. Unfortunately, in quantum mechanics it is
not possible for the mode B to be purified by both RB and A, so we need to give
up either unitarity or the equivalence principle.
More precisely, the entanglement entropy of a tripartite system obeys the strong
subadditivity inequality [35],
SBRB + SAB ≥ SB + SABRB .

(1.2.16)

If we want to preserve the equivalence principle, we need that SAB = 0, which
implies SABRB = SRB . The inequality above reduces to SBRB ≥ SB + SRB .
Combining this with entropy subadditivity, SBRB ≤ SB + SRB , we we are left
with SBRB = SB + SRB . This is only possible if there is no entanglement at all
between B and RB , ρBRB = ρB ⊗ ρRB , which leads to a violation of unitarity. If
we want to preserve unitarity, we instead need that SBRB = 0. A similar argument
then shows that ρAB = ρA ⊗ ρB , and the infalling observer finds a high density
of energy localized at the horizon. In [8], this energy density has been called a
firewall, and so this version of the information problem is usually called the firewall
paradox.
In [7] it was pointed out that at least in one example the firewall paradox has
a simple resolution. The idea is that the infalling mode, A, and the subset of
the early radiation which is purified by B, RB , are not independent degrees of
freedom, but should be somehow identified. This idea is often summarized as
A = RB . In this case, both the equivalence principle and unitarity are safe.
However, we need to conclude that local effective field theory, when coupled to
gravity, can become unreliable on scales at which we would naively expect it to be
a good approximation.
To understand better this idea, we need to make a small detour and introduce an
important technical and conceptual tool: the holographic principle and AdS/CFT.
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The holographic principle and AdS/CFT

The fact that the entropy of a black hole scales with the area of its horizon is
surprising. The entropy of usual physical systems, such as a gas of weakly interacting particles, scales with volume. Gravity couples universally to energy, so any
system can be collapsed into a black hole, which leads to potential violations of
the second law of thermodynamics [36].
Consider a system of entropy S contained inside a sphere of area A, and imagine
adding mass to the sphere such that a black hole of area A forms. The process of
collapse violates the second law of thermodynamics, unless S ≤ A/4G. This led
’t Hooft and Susskind to conjecture that, at the fundamental level, the system is
described by degrees of freedom which reside on the surface of the sphere [37, 36].
This is the holographic principle. Explicit examples of this principle have been
found; the best known and studied is the AdS/CFT correspondence [38].
In its original form, AdS/CFT was a conjectured equivalence between type IIB
string theory on AdS5 × S 5 and d = 4, N = 4, SU (N ) super-Yang-Mills theory.
However, in the past 20 years, it has grown into a vast field, and it is believed to
be a more general framework for quantum gravity in AdS. There are many nice
reviews and lecture notes on this topic, e.g. [39, 40, 41]. Here, we just explain
some basic facts about AdS that motivate the duality and point out a few results
relevant for the rest of the thesis.

1.3.1

AdS/CFT basics

In one equation, AdS/CFT is the equality between the partition function of a
theory of quantum gravity on asymptotically anti-de Sitter (AdS) backgrounds in
d + 1 dimensions and the partition function of a non-gravitational conformal field
theory (CFT) in d dimensions [42, 43],
ZCF T [J] = Zbulk [ϕ0 ] .

(1.3.1)

This is an explicit realization of the holographic principle: one can roughly think
of the gravitational theory as living in the bulk of the spacetime, and the CFT on
its boundary. In (1.3.1), J is the source for a generic operator O in the CFT, and
ϕ0 is the boundary condition for a field ϕ in the bulk. Up to a rescale, these two
quantities are identified J ∼ ϕ0 .
AdS is the maximally symmetric solution of the vacuum Einstein equation with a
negative cosmological constant. In Poincaré coordinates, and in d + 1 dimensions,
it is given by
ℓ2
ds2 = AdS
(dz 2 + ηµ̂ν̂ dxµ̂ dxν̂ ) .
(1.3.2)
z2
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Here z > 0, ηµ̂ν̂ is the flat metric in d dimensions with µ̂, ν̂ = 0, . . . , d − 1, and ℓAdS
is the AdS radius. This is a constant with dimensions of length which is related
to the cosmological constant, Λ, by
d(d − 1) 1
.
2
Λ

ℓ2AdS = −

(1.3.3)

This geometry has a conformal boundary at z = 0, where the factor z −2 goes to
infinity. Since null geodesics can reach this boundary in finite time, we need to
specify boundary conditions at this surface. Loosely speaking, we can say that
the CFT lives at this boundary, and, similarly to a hologram, it encodes the
gravitational theory in the bulk of the spacetime.
The isometry of the spacetime can be read off the metric (1.3.2). Clearly, in the
direction transverse to z we have Poincaré invariance. Moreover, the metric is
invariant if we rescale all coordinates by a constant z → λz, xµ → λxµ . Finally,
one can check that the metric is invariant under
z
xµ
, z→ 2
,
(1.3.4)
xµ → 2
2
z +x
z + x2
which reduces to an inversion on the boundary. The combination of Poincaré,
scaling, and inversion symmetries forms the conformal group. The isometry group
of AdS acts on the boundary as the conformal group.
Conformal transformations are transformations which preserve angles, i.e. they
leave the metric invariant up to a scale factor gµν → Λ(x)gµν . A conformal field
theory is a quantum field theory invariant under conformal transformations. It
is natural to identify the generators of the conformal group in the CFT with the
generators of the corresponding isometries in AdS.
The holographic principle states that the number of degrees of freedom in the
gravitational theory scales like the area of the boundary,
SAdSd+1 =

A∂
.
4G

(1.3.5)

Here A∂ is the area of the boundary of AdS. This is divergent both because the
metric diverges as we take z → 0, and because the volume in the spatial directions
transverse to z is infinite. We regulate the first divergence by evaluating the area
R
at z = ε, and the second by introducing an IR regulator, V ≡ dd−1 x̄. This
entropy should match the number of degrees of freedom of the dual theory, which
is a non-gravitational QFT in one lower dimension. This is also infinite, and needs
to be regulated. It is natural to identify the UV and IR regulators on the two
sides of the duality. The result is [40]
SQF Td =

V
ndof ,
εd−1

22

(1.3.6)

1.3. The holographic principle and AdS/CFT
where ndof is the number of degrees of freedom per site in the QFT. For example,
in matrix models we have ndof = N 2 , N being the size of the matrix; in 2dimensional CFTs, we have ndof = c, the central charge. Matching these two
expressions we find
ℓ
d−1
AdS
≈ ndof ,
(1.3.7)
ℓP
1

where ℓP = G d−1 is the Planck length. So, to have a semiclassical geometry, we
need ndof ≫ 1.
Next, let’s consider matter propagating on AdS, and calculate the Green’s function
for a bulk free massive scalar field. For simplicity, we work in Euclidean signature,
and specialize to 3 dimensions. Let (x0 , x1 , z) be the coordinates; the Green’s
function solves
1
(−∆ + m2 )G(x, z; x′ , z ′ ) = √ δ (2) (x − x′ )δ(z − z ′ ) ,
g

(1.3.8)

where ∆ and g are the Laplacian and the metric determinant on AdS respectively.
We impose Dirichlet boundary conditions, G|∂AdS = 0. It is convenient to Fourier
transform in the directions transverse to z,
Z
d2 k ik·(x−x′ )
gk (z, z ′ ) .
(1.3.9)
G(x, z; x′ , z ′ ) =
e
(2π)2
A simple calculation shows that the gk is given by [44]

zz ′  ′
θ(z − z)Kν (kz ′ )Iν (kz) + (z ↔ z ′ ) ,
(1.3.10)
ℓAdS
p
where Kν , Iν are modified Bessel functions and ν = 1 + m2 ℓ2AdS . Let’s take the
limit to the boundary, z, z ′ → 0. The expression above reduces to
gk (z, z ′ ) =

lim
gk (z, z ′ ) =
′

z,z →0

 k 2ν
i
(zz ′ )1+ν h
Γ(−ν)
+ z −2ν Γ(ν) .
2ℓAdS Γ(1 + ν)
2

(1.3.11)

The second term does not depend on k: when we Fourier transform back to position
space, it leads to a local δ contribution, and so we drop it. The first term is more
interesting. After Fourier transforming, it gives
lim
G(x, z; x′ , z ′ ) =
′

z,z →0

(zz ′ )1+ν
1
.
2πℓAdS |x − x′ |2(1+ν)

(1.3.12)

As expected, since we have imposed Dirichlet boundary conditions, this quantity
vanishes on the boundary. The interesting point is how it vanishes. If we strip off
the factor (zz ′ )1+ν , we are left with a power law, which is the correct two-point
function for operators in a CFT.
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More precisely, in any CFT there is a set of operators, called quasi-primaries,
which transform nicely under conformal transformations [45, 46]. Let x → x′ be
such a transformation, we say that O is a quasi-primary operator if
O(x) →

∂x′
∂x

−∆/d

(1.3.13)

O(x) ,

where for simplicity, we have considered scalar operators. For dilatations, for example, one finds O(x) → λ−∆ O(x), and so we call ∆ the scaling, or conformal,
dimension of the operator O. All the other operators in the CFT can be expressed as linear combinations of quasi-primary operators and their derivatives.
Invariance under conformal transformations constraints the two-point functions of
quasi-primary operators to be given by power laws,
⟨O(x)O(x′ )⟩ =

1
2∆

|x − x′ |

.

(1.3.14)

Comparing the expressions (1.3.12) and (1.3.14) we see that we can recover the
CFT two-point function from the bulk two-point function if we identify the conformal dimension ∆ with 1 + ν and strip off the vanishing factor (zz ′ )∆ .
This is not a coincidence; it is possible to show that (1.3.1) implies that CFT
correlators can be extracted by extrapolating bulk correlators to the boundary of
AdS [47, 48],
⟨O(x1 ) . . . O(xn )⟩CFT = lim z −n∆ ⟨ϕ(x1 , z) . . . ϕ(xn , z)⟩bulk .
z→0

(1.3.15)

In general, scalar quasi-primary operators are dual to scalar fields in the bulk. The
conformal dimension of O is related to the mass of the scalar field by
q
d 1
d2 + 4m2 ℓ2AdS .
(1.3.16)
∆= +
2 2
Another important example is the stress-energy tensor in the CFT, which is dual
to the metric in the bulk.
We see that we can recover CFT observables by extrapolating bulk correlators
to the boundary. From a gravity perspective, however, we are more interested in
the other direction: obtaining bulk physics from the CFT. This is the problem of
bulk reconstruction, which is one of the most interesting and important areas of
AdS/CFT.
The first attempts at reconstructing bulk physics from CFT data are due to [49,
50]. The idea is to solve the bulk equations of motion radially, given some boundary
data. Causality implies that we can find the field at a given point in the bulk,
if we specify boundary conditions on a subset of the boundary. More precisely,
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given data on a region R of a spatial slice of the boundary, we can reconstruct
bulk fields at points that are contained in the causal wedge of R, CR , which is
defined as follows. Let DR be the causal development of R on the boundary, then
the causal wedge CR is the intersection of the bulk future and bulk past of DR .
In other words, this is the set of points in the bulk which can receive signals from
DR , and send signals to DR .
The advantage of this method is that it is very explicit. The main drawback is
that it cannot reconstruct bulk physics past the causal wedge. In particular, this
means that we cannot probe the bulk beyond black hole horizons. If the CFT
really is equivalent to the bulk theory, there should be a way to overcome this
limitation. Indeed, it has been conjectured in [51, 52, 53] that given a region R on
the boundary, we can reconstruct a larger portion of the bulk, WR ⊇ DR called
the entanglement wedge. To understand what the entanglement wedge is, we first
need to explain how entropies can be computed in AdS/CFT.
The starting point of this section was the holographic principle. This is a natural
consequence of the fact that black holes have an entropy that scales with the area
of their horizon. In [54], it has been proposed that the relation between entropies
and areas should be more general. Namely, that the entanglement entropy of the
state of the boundary CFT can be related to the areas of certain surfaces in the
bulk. The original proposal of [54] applied only to static spacetimes, and to leading
order in G. It has been since extended beyond these limitations [55, 56], and it
has been proven using path integral techniques [57, 58]. The version we consider
here is the one of [56].
Let ρ be the state of the CFT at time t = 0, and divide the spatial slice in a
region R and its complement, R. The entanglement entropy of R is defined by
S(R) = −Tr(ρR log ρR ), where ρR = TrR̄ ρ is the reduced density matrix on R.
We can calculate S(R) in holography with the holographic entanglement entropy
formula,


A(γ)
+ Sbulk (ΣR ) .
(1.3.17)
S(R) = min ext
γ
γ
4G
Here γ is a codimension-2 surface in the spacetime dual to the state ρ, which is
chosen as follows. We consider all bulk surfaces γ homologous to R. These are
defined by two conditions: ∂γ = ∂R and there exists a codimension-1 surface ΣR ,
called the homology surface, that interpolates between γ and R. Among all the
possible surfaces γ, we pick the one that extremizes the term in the square parentheses in (1.3.17); if more extrema are present, we keep the one that minimizes
the term in parentheses. The term in square parentheses is the sum of the area of
the surface γ measured in Planck units, and the entanglement entropy of the bulk
state reduced on the region ΣR .
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R̄

R

R

R̄
Figure 1.6. Spatial slice of AdS. The causal wedge of region R is composed of the
two disconnected barred regions; the homology surface is shaded in grey. A pair
of particles entangled across the boundary of the homology surface contributes to
the entanglement entropy of the CFT state reduced on R.
An important thing to notice is that the two entropies appearing on the two sides of
(1.3.17), S(R) and Sbulk (ΣR ), are different quantities. Both compute entanglement
entropy of a state. However, the first computes the entanglement entropy of the
exact state of the CFT; the second instead computes the entanglement entropy of
the bulk state in the semiclassical approximation.
The entanglement entropy of R depends on the bulk entropy of the semiclassical
state reduced on the homology surface, ΣR . In general, this surface reaches further
in the bulk than the causal wedge. So access to the boundary region R gives
us some information about the bulk past the causal wedge. This situation is
displayed in Figure 1.6. We sketch only a spatial slice of the spacetime. The
homology surface is shaded in light grey; it goes deeper in the bulk than the
causal wedge, which is instead composed of the two disconnected barred regions.
The entanglement entropy of the CFT state reduced on R changes if we add an
entangled pair across the boundary of ΣR . Therefore, the CFT state reduced on
R must know something about the bulk state outside the causal wedge.
This has motivated [51, 52, 53] to propose that access to the region R on the
boundary allows to reconstruct the state of the bulk on the whole homology surface
and its causal development. This is the entanglement wedge WR .
Recent progress suggests that a helpful way of understanding how the boundary
has access to information in the entanglement wedge, and how to reconstruct it,
is by thinking of bulk reconstruction in AdS/CFT as an error correcting code
[59]. The information in the bulk is redundantly and non-locally stored in the
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boundary. Within this framework, it is possible to prove that the holographic
entanglement entropy formula is valid if and only if bulk semiclassical operators
in the entanglement wedge can be reconstructed on the boundary [60, 61]. As we
mentioned above, the holographic entanglement entropy formula can be proven
using path integral techniques, so from this, one can conclude that indeed a region
R on the boundary encodes the whole entanglement wedge.

1.3.2

Black holes in AdS

Before going back to the black hole information problem, we point out a few
properties of black holes in AdS. To do this, it is convenient to consider global
coordinates for AdS,
ds2 = −f (r)dt2 +

1
dr2 + r2 dΩ2 ,
f (r)

f (r) = 1 +

r2
ℓ2AdS

.

(1.3.18)

Here, we have specialized to 3+1 dimensions. From this expression, it is clear that
for small radii, r ≪ ℓAdS , the spacetime looks like Minkowski spacetime, while for
large radii the geometry is different. In particular, the growing factor, r2 /ℓ2AdS ,
implies that f acts as a confining potential: outgoing timelike geodesics bend back
towards the center of the spacetime.
We can generalize the Schwarzschild black hole to AdS asymptotics by replacing
f (r) → 1 −

2M G
r2
+ 2 .
r
ℓAdS

(1.3.19)

We can distinguish between two regimes for the location of the horizon. For
rh ≪ ℓAdS , we can neglect the last term in f (r), and we recover the flat spacetime
result, rh ≈ 2GM . For rh ≫ ℓAdS , we can neglect the first term in f (r), and we
find rh ≈ (2GM ℓ2AdS )1/3 . We call black holes in these two regimes small and big
respectively. Same as in flat spacetime, the presence of the horizon implies that
the black hole emits radiation. This is because the near-horizon geometry can still
be approximated with Rindler space. However, the relation between the Rindler
time and the Schwarzschild time is different for small and big black holes.
For small black holes the temperature of the black hole, as measured on the boundary, is the same as in flat spacetime Tsmall ≈ (4πrh )−1 . Everything we said in the
previous section still applies. For big black holes, the temperature is sensitive to
the AdS asymptotics. A calculation, similar to the one we did to determine the
temperature for asymptotically flat black holes, shows that
Tbig ≈

3 rh
.
4π ℓ2AdS
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Contrary to the previous example, the temperature of the black hole decreases as
it evaporates. This makes it possible for big black holes in AdS to be in thermal
equilibrium with the Hawking radiation they emit.
Finally, one can consider two-sided black holes in AdS. The geometry looks similar
to Figure 1.2, but now the asymptotics are AdS, rather than Minkowski, see Figure
2.1. This geometry corresponds to a specific state in the dual CFT, the thermofield
double state [62]
|TFDβ ⟩ = p

1
Z(β)

X

e−βEn /2 |ñ⟩L ⊗ |n⟩R .

(1.3.21)

n

This expression is formally the same as (1.2.6); however, its interpretation is different. The states |n⟩ are now eigenstates of the CFT Hamiltonian. They don’t
describe only fields propagating on a fixed geometry, as in (1.2.6), but they describe
the geometry itself, and the fields propagating on it.
Having given a brief introduction to holography, we are now ready to make more
precise the A = RB idea.

1.4

The information problem and wormholes

In the previous section, we have briefly reviewed some aspects of AdS physics and
holography. The AdS/CFT strongly suggests that a resolution of the black hole
information problem should preserve unitarity, because the whole process of black
hole formation and evaporation is encoded in the CFT, which is by definition
unitary. Strictly speaking, this only applies to asymptotically AdS black holes,
but there is no obvious reason why gravity should preserve unitarity only in AdS
and not in flat spacetime.
Moreover, AdS/CFT provides a framework to analyse more precisely the problems
we have reviewed in section 1.2. In particular, the argument of [8] highlights that
unitarity can be preserved only at the cost of giving up the equivalence principle,
or invoking some modifications of effective field theory at large distances. In recent
years, AdS/CFT has brought us closer to understand the required modifications,
and wormholes are a key ingredient in this story.

1.4.1

ER=EPR

Let’s go back to the firewall paradox we reviewed at the end of section 1.2. Consider
an evaporating black hole past its Page time, and a new emitted Hawking mode
B. Unitarity requires that there exists a subset of the early radiation, RB ⊂ R,
maximally entangled with B. The equivalence principle instead requires B to be
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maximally entangled with A, its partner mode beyond the horizon. Subadditivity
of entanglement entropy forbids these two statements to be simultaneously satisfied. A simple resolution of this problem is to assume that modes A and RB are
somehow related: A = RB .
One problem with this idea [63] is that an observer at infinity, Alice, can extract
RB from the early radiation and then jump in the black hole, collecting both B
and A on the way. At this point, Alice has A, B, and RB , and so she observes a
violation of entanglement entropy subadditivity, or an excitation at the horizon.
If this is true for any pair of modes across the horizon, independently of what
Alice does, then we have a violation of subadditivity of entanglement entropy or
a firewall at the horizon.
One answer to this problem is that, if A and RB are not independent, it could be
the case that by extracting RB , Alice breaks the entanglement between A and B.
This means that Alice will observe thermal excitations only for those modes that
she has extracted from the radiation, and not a whole firewall. This is in principle
possible because the event of Alice collecting A and B is the causal future of Alice
collecting RB .
However, one can arrange things in such a way that these two events are not in
causal contact anymore. Namely, Alice jumps into the black hole, and asks Bob
to extract RB and send it to the black hole interior in such a way that RB arrives
after Alice has collected A and B. Now the extraction of RB by Bob is spacelike
separated from the extraction of A and B by Alice, so how can the first influence
the second?
It turns out that there is one explicit example in which this is nonetheless the
case: the two-sided black hole in AdS [7]. We interpret the right exterior region
as playing the role of the original black hole, and the left exterior region as the
radiation, see Figure 1.7. The bulk Hawking mode B can be evolved all the way
to the right boundary where it corresponds to a simple mode in the CFT, which
we will also denote by B. The eternal black hole is dual to the thermofield double
state (1.3.21). So we know that B is entangled with a simple mode in the left
boundary, A′ . In this case, there is no problem in asking that B is entangled with
both A and A′ , since A and A′ are clearly related by bulk time evolution.
If Bob extracts A′ from the radiation, he disturbs the thermofield double state
and creates an excitation that propagates through the bulk and is encountered by
an infalling observer. The causal connection between the radiation mode and the
interior mode is not through the black hole exterior, but through the wormhole.
In particular, this means, that there is no need to assume that the entanglement
of all Hawking pairs is broken, and so, in this example, we don’t need to invoke
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RB

B
A
B

A′
Figure 1.7. Penrose diagram for a two-sided AdS black hole. Mode B is entangled
with all A, A′ and RB .
firewalls to satisfy the subadditivity of entanglement entropy.
The mode RB we have discussed above is a subset of the left boundary defined at
a later time, the same at which mode B hits the right boundary. The mode RB is
related to A′ through boundary time evolution. Since the dynamics of the CFT
is chaotic, this is a complicated map. Nonetheless, this map exists and it is in
principle decodable. We conclude that the event of Bob extracting RB can create
an excitation for mode A, even though the two events are causally disconnected
in the bulk.
We can relate this example to evaporating black holes as follows. First, consider
an AdS black hole. We can imagine that Bob collects all the Hawking radiation
until the Page time and collapses it into a second black hole. The two black
holes are entangled in some unknown state; whether this state corresponds to a
semiclassical geometry, and which geometry this would be, is not known. However,
Bob can perform a local unitary operation which brings the state of the system to
the thermofield double, and the argument above applies.
Bob can do the same thing also in asymptotically flat spacetimes. Now, we don’t
have an explicit realization of the holographic principle, and so we can’t make
quite as precise statements as in AdS. However, we expect that the lessons learned
in AdS should still qualitatively apply.
The example of the two-sided black hole suggests that the resolution of the information problem might lie in a large correction to local effective field theory,
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such that far away degrees of freedom that look independent at first sight, can in
fact influence each other. In the example of the eternal black hole in AdS, this
connection takes a geometric form: a wormhole.
The authors of [7] go on and conjecture that a similar statement holds for more
general states of the black hole radiation, even if we don’t collapse the radiation
at all. They conjecture that even a single entangled pair is dual to a wormhole,
in this case a quantum wormhole, which effectively brings in causal contact the
early radiation with the interior mode. They have summarized this proposal with
the slogan ER=EPR, where ER stands for Einstein-Rosen bridge, and EPR for
Einstein-Podolsky-Rosen correlation. The only special feature of the eternal black
hole example is that the geometry is semiclassical and easy to analyze. In this
thesis, we will only consider the simple and concrete example of the two-sided
black hole.
The conclusion of [7] is not that firewalls are not possible, but that they are not
necessary. Namely, that the requirement for entanglement between RB and B
doesn’t necessarily imply the presence of a firewall at the horizon. Of course, the
thermofield double state is a very special state, and we can’t conclude that other
black hole states have a smooth horizon rather than a firewall, see for example
[64].
Even, if we focus on the simple example of the thermofield double, there is a problem. Bulk reconstruction is hard, and explicit methods fail past causal horizons,
so we don’t have simple boundary observables that can tell us whether the horizon
is smooth or not. Remarkably, in [13], Gao, Jafferis and Wall (GJW) have devised
a simple protocol that provides such a boundary observable. The idea is to introduce an explicit coupling between the two boundaries. The effect of this coupling
in the bulk is to generate a density of negative energy that makes the wormhole
traversable. This way an infalling observer can cross the wormhole and reach the
other boundary. This makes clear that the two interiors are indeed connected by
a smooth geometry and that there is no firewall.
In Chapter 2, we will review in detail the GJW protocol. In particular, we will
focus on one puzzling aspect of it. The wormhole is traversable only for a finite
window of time, which turns out to be of order the Planck scale. Therefore, one
might wonder whether any information at all can be sent through this wormhole.
In Chapter 2, we check that it is nonetheless possible to transmit information
through the wormhole, for large enough black holes. In fact, we show that one
can saturate a bound on the amount of transferrable information, motivated by
the boundary dual, if many fields are coupled between the two boundaries.
Another question, which we address in Chapter 3, is whether one can use this
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protocol to source more traditional wormholes, similar to the one we have considered in section 1.1.2. In particular, we attempt at using this protocol to source
an eternal traversable wormhole in AdS. The attempt sadly fails, but it gives us
some interesting lessons nonetheless.

1.4.2

Islands and averages

ER = EPR points to a direction in which we might need to modify semiclassical
gravity to resolve the information paradox, while saving unitary and the equivalence principle. Namely, a large departure from the usual notion of locality, such
that far away degrees of freedom in gravity don’t need to be independent. In
this last section, we briefly review recent progress in solving the information problem, which makes this idea more concrete, and introduce a puzzle which is the
motivation behind Chapter 4.
We have seen that entanglement entropy can be computed in AdS/CFT through
the holographic entanglement entropy formula (1.3.17). A generalization of this
formula has been used in [65, 66] to recover the Page curve for an evaporating
black hole in AdS. To first approximation, this constitutes a resolution of the
information problem. However, it also leads to many new questions. For more
details, see the nice review [12] and references therein.
The model of [65] is as follows. Consider an AdS black hole, formed by collapsing
some matter in a pure state. To let the black hole evaporate, we impose transparent
boundary conditions at infinity, and let the radiation escape to a second spacetime,
which acts as a bath, and where there is no gravity.
First, let’s consider the entanglement entropy associated to the whole AdS boundary, B. It can be computed using the holographic entanglement entropy formula,
see [65] for the details. At early times the extremal surface is the empty surface,
γ∅ , and the homology surface covers the whole bulk. See Figure 1.8(a). Therefore, the area contribution to (1.3.17) is zero, while the bulk entropy counts all the
Hawking modes which have reached the bath. The result is an entropy growing in
time, as in the Hawking curve.
It turns out that there is a second extremal surface, γh , located close, but inside,
the black hole horizon. The homology surface associated with this surface covers
only the black hole exterior and a small part of the interior. See Figure 1.8(b). The
bulk entropy now only takes into account the Hawking modes close to the horizon,
which give a small contribution to the entropy and can be neglected. The area is
approximately equal to the black hole horizon area and decreases with time.
The two surfaces, γ∅ and γh , exchange dominance around the Page time. The
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Figure 1.8. Location of the extremal surfaces, γ∅ and γh , before (a) and after
(b) the Page time. The entanglement wedges of the radiation and of the boundary
are shaded in dark and light grey respectively.
resulting curve looks like the Page curve. However, so far we have computed
only the entanglement entropy of the CFT. What we would really be interested in
calculating is the entanglement entropy of the radiation S(R).
Assume momentarily that the evaporation is unitary. In this case, S(R) = S(B),
and the holographic entanglement formula translates to a formula to compute
the entropy of the radiation. Unitarity in the bulk implies that Sbulk (ΣB ) =
Sbulk (I ∪ R), where the region I is the complement of ΣB in the bulk, and it
has been called island [67]. The boundary of this island is given by the extremal
surface, γ. So, to find S(R), we are instructed to consider all possible islands in
the bulk and find the extremal one. The holographic entanglement formula for
S(R) reads


A(∂I)
+ Sbulk (I ∪ R) .
(1.4.1)
S(R) = min ext
I
I
4G
If this equation is true, then we recover the Page curve for the radiation.
The formula (1.4.1) was first introduced in [65], where some heuristic arguments
supporting it were given. Shortly after, it has been proven in some simplified
models of gravity [10, 11].
At this point, it is convenient to pause and appreciate how weird equation (1.4.1)
is. We are computing the entanglement entropy of some radiation propagating in a
flat spacetime long after it came out of a black hole. The formula (1.4.1) prescribes
that, to do this, we need to consider disconnected regions, islands, in a far away
gravitational system. It becomes less weird in the context of ER=EPR. We have
seen that ER=EPR suggests that the resolution of the information problem points
to a modification of effective field theory over large distances, such that far away
degrees of freedom, despite appearances, are not independent. This is particularly
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evident in the doubly holographic model of [67], where the connection between the
radiation and the island becomes geometric.
The proof of (1.4.1) relies on the use of the replica trick and the semiclassical path
integral [10, 11]. The presence of islands is a consequence of the inclusion, in the
path integral, of euclidean wormhole saddles connecting different replicas.
There are many open questions regarding eq. (1.4.1). Can one extend the proof to
higher dimensions, or to the case in which the bath is also gravitating? Are there
other circumstances in which non-trivial islands are important in holography? In
practice, how can we act on the island by applying operators on the radiation?1
One problem which has motivated the work presented in Chapter 4 is the following. It has been long known that the inclusion of euclidean wormholes in the
gravitational path integral gives rise to a factorization puzzle [69, 70]. Imagine we
have two copies of a system at some finite temperature. If there is no interaction
between the two systems, the partition function of the combined system is simply
given by the square of the partition function of one single copy. If the system is
holographic, we can repeat this calculation in semiclassical gravity and possibly
run into a puzzle. The partition function is computed by summing over all the
euclidean geometries with which we can fill in the two boundaries. Some of these
saddles can be wormholes that connect the two boundaries. These geometries lead
to an answer which doesn’t factorize for the partition function of the combined
systems, in contradiction with the boundary result.
There are many proposed resolutions to this puzzle. One is that these geometries
should not be included in the path integral [71]. However, wormhole saddles are
key to proving eq. (1.4.1), and so, excluding them, we also loose the Page curve.
Moreover, similar saddles have also been used to compute the spectral form factor
in JT gravity [72]. Another resolution is that factorization is restored once we sum
over all the geometries in the path integral [69]. Finally, the authors of [10] have
proposed a resolution to this puzzle which is quite simple: semiclassical gravity
can only compute the average of certain microscopic quantities; the correlation
predicted by the wormhole geometries simply corresponds to the correlation induced by this average. This idea was inspired by JT gravity, which is known to
be dual to an ensemble of theories [73]. The average in this case goes over the
ensemble of these theories. However, more generally, the rules for these averages
are not clear.
An interesting alternative to averaging over theories was proposed in [74]: the idea
is that gravity can only compute averages over certain ensembles of typical states.
In Chapter 4 we explore in more detail this idea. In particular, we focus on the
1 See

[10, 68] for some ideas on this question.
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study of the variance of operator expectation values in these ensembles. We show
that for a large class of ensembles, this variance can be computed by inserting
operators on the two sides of the thermofield double state. This gives an explicit
example of averaging leading to a connected geometry.
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Traversable Wormholes in
AdS and Bounds on
Information Transfer

In the introduction, we have seen that the eternal black hole geometry contains
a non-traversable wormhole. In holography, the eternal AdS black hole is dual to
the thermofield double state (1.3.21). In this state, the entanglement between the
two CFTs builds a geometric connection in the holographic dual, the wormhole.
The non-traversability of this wormhole is consistent with the fact that the two
CFTs are not interacting.
In a nice paper [13], Gao, Jafferis, and Wall (GJW) have shown that a simple
coupling between the two CFTs is enough to make this wormhole traversable.
This is an interesting result on its own, because it’s a construction of a traversable
wormhole that doesn’t require any exotic matter. Moreover, it strengthens the
ER=EPR conjecture, and provides a concrete protocol to probe the interior of
the black hole using simple boundary observables. For all these reasons, it is
interesting to better understand this protocol and its consequences.
In this chapter, we analyze the amount of information that can be sent through
the traversable wormhole. Although we find that the wormhole is open for a
proper time shorter than the Planck time, the transmission of a signal through
the wormhole can sometimes remain within the semiclassical regime.
For black holes with horizons of order the AdS radius, information cannot be
reliably sent through the wormhole. However, black holes with horizon radius
much larger than the AdS radius do allow for the transmission of a number of
quanta of order the horizon area in AdS units.
More information can be sent through the wormhole by increasing the number of
light fields contributing to the negative energy. Maximizing the amount of light
fields allowed, it is possible to parametrically increase the amount of information
transferred up to order the maximum set by the entropy of the black hole. Our bulk
computations agree with a boundary analysis based on quantum teleportation.
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2.1

Introduction

Physicists and non-physicists have speculated about the possibility of connecting
distant pieces of spacetime by creating a “shortcut” joining them [17]. A connection observers could travel through, called a traversable wormhole, remained in the
realm of science fiction until a few years ago, when Gao, Jafferis and Wall (GJW)
constructed traversable wormholes in the context of the AdS/CFT correspondence
[13].
They began with an eternal AdS black hole, which contains an Einstein-Rosen
bridge (wormhole) which is marginally non-traversable. This geometry is dual to
two CFTs entangled in the thermofield double state [62]. As we will review in
the next section, they added a coupling between the two CFTs. From the gravity
perspective, this is a non-local coupling between the left and right asymptotic
regions. This non-local coupling allows for negative null energy and makes the
wormhole traversable.
The result of GJW provides a proof of existence for traversable wormholes in
holography. Yet, the more fundamental question still remains to be answered:
what are the general rules for traversable wormholes? In this chapter we take a
step towards answering this question by analyzing the amount of information that
can be sent through GJW-type wormholes.
First, we clarify some aspects of the GJW wormhole geometry. We calculate the
time that the wormhole is open, defined as the maximum proper time separation
between the past and future event horizons, finding that this time is shorter than
the Planck time. While this result might suggest that the GJW wormhole cannot
be trusted, we explain why it can still be analyzed within the semiclassical regime
despite apparent Planckian features.1
Next, we perform a bulk estimate of the amount of information that can be sent
through the wormhole. We show that for the original GJW construction, in which
the two CFTs are coupled by a single operator, the amount of information we can
transfer through the wormhole is proportional to the number of thermal cells

d−1
rh
N∼
,
(2.1.1)
ℓAdS
in agreement with [75]. Here, rh is the black hole radius, ℓAdS is the AdS radius
and d are the boundary spacetime dimensions.
The procedure to send this number of messages is to use modes with low angular
momentum, such that the signal varies on scales somewhat longer than the AdS
1 We

thank Daniel Jafferis for discussions on this point.
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length scale in the transverse directions. The message should be sent from the
boundary long before the coupling between the two boundaries is turned on, so
that it is very close to the horizon when it encounters the negative energy.
In order to derive the bound (2.1.1), we impose a number of consistency conditions
to remain in a controlled regime. In particular, following [75], we impose the ‘probe
approximation’: the message should backreact on the geometry by a small amount,
so that the negative stress-energy tensor calculated in the absence of the signal is
a good approximation. The probe approximation, in combination with our other
conditions, allows us to do a well-controlled bulk analysis. However, as we discuss
in more detail in the discussion section, it is not completely clear whether this
condition must be imposed.
The capacity of the channel can be increased by including non-local couplings for
a large number, K, of fields, as in [76]. In fact, many fields must contribute to the
negative energy in order for the semiclassical description to be good. In particular,
in order to talk about a single metric sourced by the expectation value of the stress
tensor, the fluctuations in the stress tensor should be small compared to the mean.
We will see that meeting this condition requires a large number K of coupled light
fields.
The opening of the wormhole increases linearly in K, and so does the amount of
information we can transfer. However, a black hole has finite entropy, so there
should be an upper bound on K. We show that K ≲ ℓd−1
AdS /GN is needed for a
self-consistent bulk solution, where GN is the Newton constant. This bound can
also be found by requiring that the UV cutoff of the theory is not lowered to the
AdS scale.
The final result is that the amount of transferable information is bounded by of
order the entropy of the black hole N ≲ SBH , as expected. In order to send this
amount of information, we have to go beyond the s-channel and consider messages
that are somewhat localized along the horizon. In particular we show that it is
inefficient to localize messages on sub-AdS scales in the transverse directions, but
it is possible if we couple many fields K. This would be needed for the comfortable
journey of a cat through the wormhole envisioned by Maldacena, Stanford, and
Yang [76].
We show that this result for the amount of information transfer is in accordance
with CFT expectations coming from quantum teleportation. From the quantum
theory perspective, the GJW protocol should be seen as analogous to quantum
teleportation [76, 77]. Indeed, the thermofield double state is a specific pure,
entangled state of two copies of the CFT. Roughly, each thermal cell of the left
CFT, with size β, is entangled with the corresponding thermal cell in the right
39

2. Traversable Wormholes in AdS and Bounds on Information Transfer
CFT.
As in the standard qubit teleportation scenario, entanglement is not enough to
send information from one copy to the other one: classical communication is also
needed. Here, this is provided by the K couplings; these K couplings play the
role of approximately K classical bits of information per thermal cell. Because
the left-right coupling is local in space, it acts locally on the pairs of thermal
cells. So at this rough level, the information transfer is simply standard quantum
teleportation done on many qubits at once.
Note one miracle that has to occur: although the thermal cells have a pairwise
entanglement of Scell , separating this into Scell EPR pairs would require solving
a difficult problem at strong coupling. However, the K couplings between left
and right simply couple primary operators on each side. The miracle is that this
crude coupling is sufficient for the delicate task of quantum teleporting a large
amount of information, as discussed in more detail in [78]. This miracle is the
same miracle that allows for the preparation of the TFD state from a simple
Hamiltonian [79, 80, 81].
The large value of K that maximizes the information transfer is of order the
entropy of an AdS size black hole, K ∼ ℓd−1
AdS /GN . For this value of K, the
teleportation process uses up all of the quantum entanglement, destroying the
black hole in the process.
Before continuing with our discussion, let us briefly comment on previous work
related to traversable wormholes. It is by now well known that classical matter
obeying the null energy condition, cannot support traversable wormholes – see,
for instance, [19]. But this statement is no longer true if we include quantum
corrections, leaving open the possibility that traversable wormholes are possible in
the real world [25]. Earlier results on how to build traversables wormholes using
exotic matter or higher curvature theories of gravity include, among others, [82, 83,
84, 85, 86, 87, 88, 89]. In the context of AdS/CFT, the fact that entanglement is not
enough to build a traversable wormhole in AdS, but one needs an explicit coupling
between the left and right asymptotic regions was already noted in [90, 89]. After
GJW, traversable wormholes were further explored for the case of AdS2 in [76],
while recent attempts to construct eternal wormholes include [79, 91, 92, 25, 2].
The case of rotating wormholes in AdS was studied in [75]. Recently, the authors
in [93] found bounds on the information that can be transferred in the GJW
wormhole. We will comment on the differences of both approaches in the discussion
section.
The rest of the chapter is organized as follows. In section 2.2 we give a quick review
of the GJW construction and we explore several interesting facts that have not yet
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been pointed out in previous literature. In section 2.3 we bound the amount of
information that can be transmitted through the wormhole in the bulk and check
that it agrees with the boundary calculation. We conclude in section 2.4 indicating
some possible future directions.

2.2

Gao-Jafferis-Wall wormhole

In this section we review the traversable wormhole geometry constructed by Gao,
Jafferis and Wall [13]. The main ingredient is a non-local coupling between the two
asymptotic boundaries of a background BTZ black hole. This geometry contains
an Einstein-Rosen bridge which is marginally non-traversable: photons falling
along the horizon almost put in causal contact the two boundaries. The non-local
coupling can generate a distribution of negative energy, which backreacts on the
geometry such that these photons, if send early enough, can now fall from one
boundary to the other. The wormhole becomes traversable.
The resulting geometry can be interpreted as the dual of the teleportation protocol
[76]. The BTZ black hole is dual to two copies of a CFT entangled in a particular
state, the thermofield double state (TFD) [62], which is defined by
1 X −βEn /2
|TFD⟩ ≡ √
e
|n⟩L ⊗ |n⟩R ,
(2.2.1)
Z n
where |n⟩L,R are energy eigenstates of the left and right CFTs with energy En .
This state is a pure entangled state from the perspective of the full system with
the property that the reduced density matrix for each side is thermal with inverse
temperature β. Details on how to create this state are given in [79, 80, 81]. The
entanglement is the key resource for quantum teleportation, geometrically it builds
the connected wormhole geometry [94]. However, it is not enough, the exchange
of classical information is also needed. The non-local coupling takes care of this
second passage [76], geometrically it makes the wormhole traversable.
We begin this section by recalling some basic properties of the unperturbed BTZ
geometry.

2.2.1

Unperturbed BTZ geometry

The metric of the uncharged, non-rotating BTZ black hole is given by [95, 96],
ds2 = −

r2 − rh2 2
ℓ2
dt + 2 AdS 2 dr2 + r2 dϕ2 ,
2
ℓAdS
r − rh

(2.2.2)

where rh is the horizon radius, ℓAdS is the radius of AdS and ϕ should be periodically identified ϕ ∼ ϕ + 2π. The black hole mass and horizon radius are related
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Figure 2.1. Penrose diagram for the BTZ black hole.
2πℓ2

by rh2 = 8M GN ℓ2AdS . The inverse temperature is given by β = rhAdS . GN is
Newton’s constant, which, in three dimensions, is related to the Planck length by
ℓP = 8πGN . We use the convention that time is flowing upwards at the right
boundary and downwards at the left one.
For our purposes, it will be convenient to work in Kruskal coordinates,


U
r
1 − UV
rh t
=− ,
=
,
exp 2 2
ℓAdS
V
rh
1 + UV

(2.2.3)

that cover the maximally extended two-sided geometry – see Figure 2.1 – with the
metric
2
−4ℓ2AdS dU dV + rh2 (1 − U V ) dϕ2
ds2 =
,
(2.2.4)
2
(1 + U V )
where U > 0 and V < 0 in the right wedge, U V = −1 at the boundaries and
U V = 1 at the two singularities. The two horizons correspond to U = 0 and
V = 0 and, as can be seen from the figure, are on the verge of causally connecting
the two boundaries.

2.2.2

Adding a non-local interaction

The main novelty of the GJW construction is a non-local interaction between
the two boundaries, introduced through a small deformation of the original CFT
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Hamiltonian
δH = −ℓAdS

Z

dϕ h(t, ϕ) OL (−t, ϕ)OR (t, ϕ) .

(2.2.5)

Here OL,R are scalar primary operators with conformal weight ∆ and h(t, ϕ) is the
coupling constant. For the interaction to be relevant we need ∆ < 1. In principle,
the coupling constant could have some explicit dependence on t or ϕ, but we will
restrict to a constant coupling h turned on for some period of time
  2−2∆
h 2π
if t0 ≤ t ≤ tf ,
β
(2.2.6)
h(t, ϕ) =
0
otherwise .
Note that, as in GJW, the factors of β are chosen so that h is dimensionless. We
will consider the perturbative problem with h ≪ 1. As we explained above, a light
ray falling along the horizon almost puts in causal contact the two boundaries. We
want to show that the non-local coupling can be arranged in such a way that the
backreacted null geodesic makes it from one boundary to the other. For simplicity
we consider a radial geodesic, defined by V = 0.
First, we need to compute the expectation value of the stress-energy tensor along
this geodesic. Since we will be interested in computing the shift in the V direction,
we only need to find TU U . The perturbation is spherically symmetric, hence TU U ,
along V = 0, can only depend on U . Once TU U is obtained, we compute the
averaged null energy (ANE) by integrating it over the null ray,
Z ∞
h
ANE(h, U0 , Uf ) ≡
A(U0 , Uf ) ≡
⟨TU U ⟩(U ) dU ,
(2.2.7)
ℓAdS
U0
where U0 and Uf are the starting and ending times of the perturbation and, for
later convenience, we have defined a dimensionless ANE, A. Notice that in the last
expression the dependance on the ending time of the perturbation Uf is implicit
in the definition of the expectatiation value of TU U .
This will be our main diagnosis of the wormhole traversability. As we will see later,
a negative ANE “opens” the wormhole by a magnitude proportional to the amount
of averaged negative energy. So in order to quantify how traversable the GJW
wormhole is, it is important to understand what are the optimal configurations
and how much negative energy can we obtain from those.
We compute the stress-energy tensor by point-splitting, hence we need to find the
modified bulk-to-bulk two-point function in the presence of δH (2.2.5). As usual
in holography, the operators OL,R are dual to a bulk scalar field φ with mass
m2 ℓ2AdS = ∆(∆ − 2). Working on the right wedge it is possible to compute the
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modified propagator with
H ′ ′
′
Gh ≡ ⟨φH
R (t, r, ϕ)φR (t , r , ϕ )⟩h

(2.2.8)

= ⟨u−1 (t, t0 )φIR (t, r, ϕ)u(t, t0 )u−1 (t′ , t0 )φIR (t′ , r, ϕ)u(t′ , t0 )⟩h .

Here the subscript R indicates that we are in the right wedge; the subscript h, that
we are looking for the leading order correction in h; H and I n
indicate the Heiseno
Rt
berg and interaction fields respectively and u(t, t0 ) = T exp −i t0 dt̃ δH(t̃) is
the evolution operator in the interaction picture. The result to leading order in h
is [13]
Gh = 2 sin π∆

Z

r
dt1 h(t1 )K∆ (t′ + t1 − iβ/2)K∆
(t − t1 ) + (t ↔ t′ ) ,

(2.2.9)

r
are the bulk-to-boundary and the retarded bulk-to-boundary
where K∆ and K∆
propagators. Notice that we are omitting the r, ϕ dependence for simplicity. The
propagators are known analytically for the BTZ black hole2 [97, 98]

K∆ (t, r, ϕ) =



rh
ℓ2AdS

×

∆

1
2∆+1 π

r2 − rh2
−
rh

1/2

r
rh
cosh 2 t +
cosh
ϕ
ℓAdS
rh
ℓAdS
rh

!−∆

r
K∆
(t, r, ϕ) = |K∆ (t, r, ϕ)|θ(t)
!
1/2
r2 − rh2
r
rh
rh
×θ
cosh 2 t −
cosh
ϕ ,
rh
ℓAdS
rh
ℓAdS

,

(2.2.10)

(2.2.11)

where θ is the Heaviside step function. We then need to transform equation (2.2.9)
into Kruskal coordinates and apply the point-splitting formula to find the change
in the expectation value of the stress tensor induced by the interaction at the
horizon
⟨TU U ⟩(U ) = lim
∂U ∂U ′ Gh (U, U ′ ) .
′
U →U

(2.2.12)

For details on how to obtain explicit expressions for the stress tensor, range of
validity and integrability properties, we refer the courageous reader to [13]. For
sources which are turned on at time t0 and left on forever, the stress-energy tensor
2 We

suppress the sum over images in both propagators. When computing Gh we can include
one of these sums by extending the domain of integration over ϕ from [0, 2π] to the real line. We
checked that the other sum gives contributions exponentially suppressed by e−n∆rh /ℓAdS , where
n is the index that runs over images.
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is given by
1

h 2 2 −2∆ ∆ sin(π∆)Γ(1 − ∆)

(2.2.13)
⟨TU U ⟩(U ) = −
ℓAdS
π 3/2 Γ 32 − ∆


U1 −U
Z U
1 −U
F1 21 ; 21 , ∆ + 1; 32 − ∆; U2U
,
U1 (1+U ′ U1
1
× lim
∂U
dU1
,
−∆+1/2
U ′ →U
∆−1/2
U0
U1
(U − U1 )
(1 + U ′ U1 )∆+1
where F1 is the Appell hypergeometric function. Now, to compute the ANE, we
need to further integrate the above expression along U . Surprisingly, this can be
done analytically [13]
ℓAdS
ANE(h, U0 , ∞)
h
Γ(2∆ + 1)2
1
= − 4∆
2 (2∆ + 1)Γ(∆)2 Γ(∆ + 1)2 (1 + U 2 )∆+ 12

0
1 1
3
1
× 2 F1 ∆ + , − ∆; ∆ + ;
,
2 2
2 1 + U02

A∞ (U0 , ∆) ≡

(2.2.14)

where now the 2 F1 is the ordinary hypergeometric function. It is instructive to
plot the ANE to see how it depends on the different parameters involved. This is
done in Figure 2.2, where we plot the ANE as a function of ∆ for different starting
times U0 . As expected, the sooner we turn on the coupling the larger amount of
negative energy we can get. The curve with U0 = 0, i.e. t0 = −∞, gives an upper
bound on the amount of negative energy we can get with this type of sources:
|A∞ (U0 , ∆)| ≲ 10−1 . One might worry that if the source is turned on for such a
long time we should take into consideration the backreaction of the negative energy
on the geometry. However, one can check that the gravitational perturbation is
small everywhere and so the linear order computation can be trusted.
The analytical expression (2.2.14) found by GJW is a remarkable result; however,
it is somewhat impractical to deal with hypergeometric function. In particular
in the next section we will need to quantify the backreaction of a message on
the quantity of negative energy and it would be helpful to have at disposal a
simpler expression for the ANE. In the following we provide such a simple analytic
expression, valid for the case of instantaneous sources
hinst (t, ϕ) = h



2π
β

2−2∆ 

2π
δ
(t − t0 ) .
β

(2.2.15)

This can be found by manipulating equation (2.2.14). First, we find an expression
of the ANE for smeared interactions. This is a more physical scenario in which we
turn on the sources only for a finite amount of time ∆U = Uf − U0 . As before, we
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Figure 2.2. Dimensionless Averaged Null Energy as a function of ∆. The curves
correspond to different starting time U0 , while the end point is always Uf = +∞.
The earlier we turn on the interaction the more negative energy we can obtain
(note that U0 = 0 corresponds to boundary time t = −∞ and U0 = 1 to t = 0).
define a dimensionless ANE,
As (U0 , Uf , ∆) ≡

ℓAdS
ANE(h, U0 , Uf ) ,
h

(2.2.16)

where the subscript s stands for smeared. The ANE involves integrating over a
whole null ray the stress-energy tensor, that by itself is an integral over the sources.
Schematically, we can write this as
Z ∞
Z ∞
Z Uf
As (U0 , Uf , ∆) =
dU ⟨TU U ⟩(U ) ≡
dU
dU1 τ (U, U1 )
(2.2.17)
U0

U0

U0

where we have defined a function τ (U, U1 ) whose integral is the stress energy
tensor. Notice that this quantity is allowed to have some discontinuities at the
positions where the sources are turned on/off. We can rewrite As in terms of A∞
as follows
Z ∞

Z ∞
Z ∞
As (U0 , Uf , ∆) =
dU
dU1 τ (U, U1 ) −
dU1 τ (U, U1 )
U0
∞

=

U0
∞

Z

Z
dU1 −

dU
U0

Uf

Z

U0

Z ∞ 

 dU1
dU

Uf

U0
Z ∞
−

Z
dU

Uf

= A (U0 , ∆) − A (Uf , ∆) .
∞

∞
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∞

Uf


dU1 τ (U, U1 )

(2.2.18)
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The integral in the second line vanishes because it adds up the energy generated
along the null geodesic for U < Uf by a source turned on only at Uf , i.e. the
support of the first integral lies outside the lightcone of the second. Finally, we
take the limit in which the coupling is turned on only for an instant of time and
find a remarkably simple analytic expression. The dimensionless ANE in this case
is given by3
Ainst (U0 , ∆) = lim U0
Uf →U0

As (U0 , Uf , ∆)
= −U0 ∂U0 A∞ (U0 , ∆) .
Uf − U0

(2.2.19)

It is straightforward to evaluate this expression: all the dependence on U0 , that
before was encoded in the hypergeometric functions, now becomes simply
inst

A

2 
2∆+1
Γ ∆ + 21
U0
(U0 , ∆) = −
.
πΓ(∆)2
1 + U02

(2.2.20)

Notice that this expression might receive large correction from higher order terms
in h, which should be cured by introducing a small smearing. Nonetheless, it
provides a simple and helpful approximation to the smeared case. Also note that
in this way of deriving equation (2.2.20), we did not need to directly integrate the
stress-energy tensor for the instantaneous source, which was computed in [99], and
has an apparent non-integrable divergence for ∆ > 1/2.
Plots of Ainst are shown in Figure 2.3. Note that this expression has a few interesting properties. First, Ainst is symmetric under U0 → U0−1 , which makes
the time U0 = 1 somewhat special. In fact, it is easy to show analytically that
U0 = 1 is a minimum of this function. It is also possible to note that the optimal
weight, for U0 = 1, is ∆ ≈ 0.9. Finally, we observe that for δ-function source
|Ainst (U0 , ∆)| ≲ 10−2 . This means that turning on the non-local coupling for only
an instant of time, at U0 = 1, reduces the amount of negative energy by only an
order of magnitude, as compared to A∞ .
Independently of the details of the interaction, we see that the averaged null energy
of the Gao-Jafferis-Wall protocol is bounded, in absolute value, by |h|/ℓAdS times
an order-one number. More precisely, we have
|ANE(h, U0 , Uf )| =

|h|
|h|
|A| ≲
10−1 .
ℓAdS
ℓAdS

(2.2.21)

Given that we are working perturbatively in h, we conclude that the ANE is
generically very small in AdS units. This fact is worrisome because, as we show
3 The extra U on the RHS comes from the fact that the source is a δ-function in time while
0
for this limit we are taking a δ in the U -coordinate.
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Figure 2.3. Averaged Null Energy for the case of instantaneous sources. In
(a) we plot the ANE as a function of ∆ for different U0 . The largest amount of
ANE (in absolute value) is given by the curve with U0 = 1. This corresponds to
tL = tR = 0. Note that for this choice of times, the wormhole is shortest; therefore,
it is not surprising that the effect of the non-local coupling is the largest. In (b),
we plot the ANE as a function of U0 for different ∆. The scale on the U0 axis is
logarithmic which makes evident that each curve has a minimum at U0 = 1 and
is symmetric under U0 → U0−1 .
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below, the amount of available negative energy determines the size of the wormhole
opening.
Before continuing with our analysis let us clarify a point concerning the reference
frame we have considered so far. We have worked in a frame in which tL = −tR ,
that we will call the rest frame. The BTZ geometry is invariant under boosts,
{U → λU, V → λ−1 V }, which act on the asymptotic boundaries as time translations tL,R → tL,R + δt. Therefore, we can consider more general reference frames
in which tL ̸= −tR . We will call these, boosted frames. This is just a change of
coordinates, so the bound on information transfer we are looking for should be
independent of λ. However, the integrated null energy, and hence, the dimensionless coefficient A is not invariant under these boosts. In fact, an expression
for A in generally boosted frames can be easily found, and in Schwarzschild-like
coordinates, is given by
 π
 Γ ∆ + 1 2
inst
2
Aboosted (tR , tL , ∆) = − exp − (tL + tR )
β
πΓ(∆)2
(2.2.22)

−2∆−1

π
1
cosh
(tR − tL )
.
×
2
β
The exponential on the r.h.s. corresponds to the boost factor λ we discussed above.
Indeed, we see that in the boosted frames we can get much more negative energy
than in the rest frame. In the next section we will explain why this, as expected,
cannot enhance the amount of information we can transfer across the wormhole.
In fact, for simplicity, we will keep working in the rest frame, eventually deriving a
coordinate-independent expression for the opening of the wormhole – see equation
(2.2.28).

2.2.3

Wormhole opening

We can relate the ANE to the opening size of the wormhole through the linearized
BT Z
Einstein equations. Let gµν = gµν
+ hµν , be the metric of the perturbed BTZ
geometry, then in Kruskal coordinates, to leading order in hµν and at the horizon
V = 0, the linearized Einstein equation reads [13]


1 U h′U U (U ) + 2hU U (U ) h′′ϕϕ (U )
−
= 8πGN ⟨TU U ⟩ ,
(2.2.23)
2
ℓ2AdS
rh2
where the primes denote derivative with respect to U . In fact, in order to use
this equation, where the classical metric is sourced by the expectation value of the
stress tensor, the fluctuations in the stress tensor should be small compared to its
mean. As we discuss in more detail in section 2.3.1, this semiclassical condition is
only met if a large number K of fields contributes to the negative energy. We do not
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include the factors of K for now, since we are reviewing the original construction,
but will include them in our later analysis since they are essential for remaining
in the semiclassical regime.
Integrating this equation, the total derivative terms do not contribute if the perturbation decays sufficiently fast at U = ±∞, which is the case unless the perturbation
is turned on forever. We are left with
Z
Z
1
dU
h
(U
)
=
8πG
dU ⟨TU U ⟩ .
(2.2.24)
UU
N
2ℓ2AdS
A null ray traveling close to the horizon will suffer a shift in its V −coordinate, see
Figure 2.4(a), due to the perturbation given by
Z
1
∆V = 2
dU hU U .
(2.2.25)
4ℓAdS
Combining both equations together we obtain
Z
GN h
∆V = 4πGN dU ⟨TU U ⟩ = 4π
A(U0 , Uf )
ℓAdS

(2.2.26)

where the dimensionless ANE, A, is defined in (2.2.7). If ∆V < 0, a null ray
traveling close to the horizon and starting on one side of the black hole will end
up traversing the wormhole and appear on the other side. Given the analysis in
the previous subsection, it is clear that the non-local interaction can make ∆V
negative by a proper choice of the sign of h. However, as explained above, A is
frame dependent and so is ∆V . We can quantify the opening of the wormhole in
a coordinate independent way by computing the proper time that the wormhole
remains open. To do this, we zoom into the diamond region that appears between
the future and the past horizon due to the backreaction of the negative energy, see
Figure 2.4(b). Near the horizon, the metric is approximately ds2 ≈ −4ℓ2AdS dU dV.
Consequently the proper time that separates the lower and upper vertices of the
diamond region is
√
(2.2.27)
∆τ ≈ 2ℓAdS ∆V ∆U .
In the rest frame the coupling is symmetric under L ↔ R, hence ∆V = ∆U and
the above relation reduces to ∆τ ≈ 2ℓAdS ∆V . Combining everything, we have an
upper bound on the proper time between the past and future event horizons,
∆τ ≈ 8πGN hA ≲ GN ,

(2.2.28)

where A is the one computed in the rest frame. In the boosted frames, the extra
contributions coming from ∆U and ∆V will cancel perfectly, leaving the expression
in the rest frame. We conclude that the time window that the wormhole remains
open is indeed Planckian, independent of the chosen frame.
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∆
V
dS

ℓA

∆τ

(a)

(b)

Figure 2.4. (a) The blue wavy lines represent the negative energy. The green
line shows how the future horizon recedes due to the backreaction of the negative
energy on the geometry. As the future horizon moves up, a diamond region is
revealed in the middle of the diagram. The past horizon remains unaffected. The
red line is the positive energy signal that we send through the wormhole. (b) Here,
we have zoomed into the diamond region. The side of the diamond is equal to
∆V ℓAdS . ∆τ is the amount of proper time that the wormhole remains open. The
red region represents a signal that passes through the wormhole throat.

Since the time for which the wormhole is open is so small, one might worry that
quantum gravity corrections are important and cannot be neglected. This is not
the case. The diamond is just a - small - piece of the BTZ geometry, the invariant
curvature is given by ℓ−2
AdS and is well separated from the Planck scale. While
passing through the wormhole a signal would just feel like traveling through empty
flat spacetime. Nonetheless, we still need to make sure that the signal is localized
to a Planck sized box to be certain that it will make it through the opening.
This sounds like a difficult, even dangerous, task. In this case we don’t need to
worry about this issue because the mouth of the wormhole is located close to the
horizon of a black hole. The gravitational blueshift makes sure that an ordinary
message at infinity is boosted enough by the time it reaches the mouth of the
wormhole to fit in such a Planck sized box. We just need to send the message
from the boundary early enough. The same gravitational effect guarantees that
we don’t need to fine-tune the moment we send the message from the boundary up
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to a Planck-time precision, because an asymptotic observer sees the window open
for an exponentially longer time. We conclude that, despite the smallness of the
opening, it is kinematically possible to send a message through the wormhole.4

2.3

Bound on information transfer

In the previous section we have revised the construction of GJW. The non-local
coupling between the two asymptotic boundaries is enough to open the wormhole
for only a Planck-sized window of time. Nonetheless, we have argued that thanks
to redshift this by itself is not an obstacle for a message traversing the wormhole.
However, so far we have neglected the backreaction of the message on the geometry,
staying in the so-called probe approximation. Given that the message needs to be
highly boosted to make it through the wormhole, one might worry that this is not
a valid approximation. In fact the signal might destroy the original traversable
wormhole setup altogether. In this section we check that this is not the case. It
is possible to send a large amount of information, while keeping under control the
backreaction on the geometry.
For convenience we now summarize the main results that will be proven throughout
the section. We begin by finding a simple condition on the total momentum
that we can send through the wormhole before the probe approximation becomes
unreliable. Because the signal is highly boosted by the time it reaches the horizon,
it can be approximated by a shock wave and its stress energy tensor (in light-cone
coordinates) is given by [100, 101]
pV
TV V =
δ(V ) ,
(2.3.1)
rh
where pV is the total momentum of the message. In the next subsection we show
that the probe approximation is valid as long as5
probe approximation:

GN pV
≪ 1.
rh

(2.3.2)

This, combined with the requirement that each message we send is boosted enough
to fit through the wormhole opening, is enough to constraint the amount of information we can transfer. We can estimate how much one signal needs to be boosted
using the uncertainty principle [76].
First, we consider messages that are completely spread across the horizon, i.e. swaves. We show that the amount of transferred information can be made large by
4 We

thank Daniel Jafferis for discussions on this point.
that this statement is coordinate dependent. We will also provide an equivalent statement in terms of the center-of-mass energy collision in equation (2.3.12).
5 Note
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increasing the radius of the black hole; however, it is always much smaller than the
entropy of the black hole. To increase the number of bits that can be sent through
the wormhole, for fixed rh , we follow the approach of [76] and couple a large
number K of fields. Combining the probe approximation with the uncertainty
principle we obtain that the number N of bits that can go through the wormhole
is given by
N≲

rh
ℓAdS

(2.3.3)

K.

However, K cannot grow arbitrarily large. Treating the negative energy as a
negative shock we find that the maximum number of coupled fields beyond which
our construction becomes unreliable is
species bound: K ≲

ℓAdS
.
GN

(2.3.4)

We can reproduce this bound also by imposing that the renormalized UV cutoff,
see [102, 103], is above the AdS scale. Combining both results, we obtain the final
bound on the information that can be sent through the wormhole,
N≲

rh
≈ SBH .
GN

(2.3.5)

We check that this bound is consistent with the one we obtain by considering the
boundary theory. Finally we consider signals that are localized in the transverse
direction. We show that it is possible to localize messages on sub-AdS scales if we
couple K ≫ 1 fields. In the rest of the section we give details on how to derive
these bounds.
Notice that the breakdown of the probe approximation does not necessarily imply
that the wormhole closes. It only means that the GJW computation is not reliable
anymore. One might wonder if by fully taking into account the backreaction,
we might increase the amount of transferable information. The analysis of [75]
suggests that this is not the case; however, we believe that this issue has not been
settled yet. We will comment further on this in the discussion section.

2.3.1

S-wave channel

We want to bound the amount of information we can send through the wormhole.
As we explained above, to do this we first need to understand how far we can
trust the probe approximation. To begin with, we consider spherically symmetric
messages. To estimate the effect of one such message on the amount of negative
energy generated by the non-local coupling, we approximate the message as a
positive energy shock, propagating along the horizon V = 0. At linear order we
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don’t need to worry about the backreaction of the negative energy shock, the
geometry is then simply given by [104]
ds2 =

−4ℓ2AdS dU dV + rh2 (1 − (U + ∆U θ(V ))V )2 dϕ2
(1 + (U + ∆U θ(V ))V )2

−4ℓ2AdS dŨ dV + 4ℓ2AdS ∆U δ(V )dV 2 + rh2 (1 − Ũ V )2 dϕ2
=
,
(1 + Ũ V )2

(2.3.6)

where in the second line we have used the discontinuous coordinate Ũ = U +
∆U θ(V ). To compute the negative energy we need to know the propagator for the
scalar field in this shockwave geometry. Away from V = 0 this is simply given by
the BTZ propagator as the geometry is the one of the BTZ black hole. However,
the shockwave induces a discontinuity across V = 0, one can check that it is enough
to use the usual BTZ propagator but using the discontinuous coordinates,
K shock (U, V ) = K BTZ (Ũ , V ) ,

(2.3.7)

where schematically K is a BTZ propagator. When computing the ANE we evaluate two BTZ boundary-to-bulk propagators. But note that only the one coming
from the right boundary crosses the positive energy shock and undergoes a time
delay. See Figure 2.5. The effect of this delay is equivalent to shifting the insertion
time of OR in (2.2.5) by a quantity
∆t ≈ β

∆U
,
U0

(2.3.8)

where we have assumed that the shift is small. The rest of the ANE computation
of GJW follows unchanged. The probe approximation is valid as long as the effect
of the message on the geometry can be neglected, i.e. as long as ∆U ≪ 1. The time
delay is related to the stress energy tensor generated by the message by [101, 104]
TV V =

∆U
δ(V ) .
GN

(2.3.9)

Comparing with (2.3.1) we can relate the time delay to the total momentum carried
by the message
pV
∆U = GN
≪ 1.
(2.3.10)
rh
We will see below that this momentum needs to be large enough such that the
message can fit through the wormhole. Notice that the momenta in Kruskal coordinates are dimensionless since they are the conjugate variables to the dimensionless U, V -coordinates. We can check that this condition is enough to ensure that
the negative energy is almost preserved by using our simple analytical expression
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x x′
r
K∆

K∆

tL

tR

Figure 2.5. Schematically the ANE is given by the product of a boundaryto-bulk propagator coming from the left CFT and a retarded boundary-to-bulk
propagator coming from the right one. Only the latter crosses the positive energy
shock and undergoes a time delay.
(2.2.22), valid for the case of instantaneous sources. For simplicity we consider the
optimal case in which tR − tL = 0. We can trust the probe approximation if
A(0, ∆t) − A(0, 0)
≪ 1.
A(0, 0)

(2.3.11)

It is easy to see that this condition reduces to (2.3.10).
It is also possible to express the constraint above in terms of coordinate-independent
quantities. We approximate the interaction between the negative energy density
and the signal as a collision between particles and assume that the scattering is
dominated by gravitational interaction. Along the horizon of a BTZ black hole,
gravitational interaction decays exponentially outside a region of size ℓAdS , see
equation (2.3.43). This is expected since this region is a thermal cell on the horizon, i.e. it corresponds to a region of size β on the boundary. Therefore, we can
split the collision in independent events, one per thermal cell. The probe approximation translates to the statement that the amplitude associated to each of these
collision events should be small
GN scell ℓAdS ≪ 1 .
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cell 2
Here scell = pcell
V qU /ℓAdS is the center-of-mass energy squared of one of these
collisions. In the rest frame, the momentum of the negative energy, per thermal
cell
cell, is given by qU
≈ 1, pcell
is simply given by pV divided by the number of
V
thermal cells, rh /ℓAdS . It is easy to see that with these identifications, equation
(2.3.12) reproduces (2.3.2).

The probe approximation provides an upper bound on the momentum a particle
traversing the wormhole can have. As pointed out in the previous section, this
particle needs to be highly boosted to fit through the wormhole, so the momentum
cannot be arbitrarily small. We can estimate the minimum required momentum
using the uncertainty principle6 [76]
psignal
≳
V

1
ℓAdS
≈
,
∆V
GN hA

(2.3.13)

where psignal
is the momentum of one signal. Now imagine sending N nonV
interacting signals. Then, pV = N psignal
. Combining the uncertainty principle
V
with the probe approximation condition (2.3.10), we find the following bound on
the number of bits one can send through the wormhole,
rh
N ≲ hA
.
(2.3.14)
ℓAdS
Note that we can send a large number of bits through the wormhole if we consider
large black holes with rh ≫ ℓAdS . However, this number is still much less than the
theoretical maximum, which should scale with the entropy of the black hole,
rh
rh
≫
.
(2.3.15)
SBH ≈
GN
ℓAdS
From now on, we set h = A = 1, so our results are correct up to order-one (small)
numbers that depend on the details of the non-local interactions. In [75], it was
shown that one way of increasing N is to add rotation to the black hole. However,
this is not enough to parametrically increase the amount of information transferred
from order rh /ℓAdS to the much larger rh /GN . An alternative way is to non-locally
couple a large number of fields. This was done in the case of AdS2 in [76]. Here
we would like to analyze the consequences of this second approach in the case of
AdS3 . Notice that if we interpret the non-local coupled fields as playing the role of
the classical messages in the usual teleportation protocol, it is natural to consider
many such fields to send more information.
Following [76], we consider a deformation of the theory in which we couple K fields
Z
K
X
i
i
δH = −
ℓAdS dϕ h(t, ϕ) OR
(t, ϕ)OL
(−t, ϕ) .
(2.3.16)
i=1

that this momentum is superplanckian. This is not a problem, psignal
is a coordinate
V
dependent quantity and can be larger than the cutoff of our theory.
6 Notice
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Assuming that the non-locally coupled fields are not interacting, the negative
energy scales linearly with K.
Large K also allows us to enter the semiclassical regime. In order to couple the
metric to the expectation value of the stress tensor, we would like the fluctuations
in the stress tensor to be small compared to its mean. The fluctuations in the
stress tensor depend on the scale, increasing at short distances. We would at least
like the fluctuations to be small compared to the mean at scales of order the AdS
radius. In the presence of K light fields, the fluctuations in the stress tensor are
of order
K
⟨(∆TUV )2 ⟩ ∼ 6 ,
(2.3.17)
ℓAdS
where we have focussed on the crucial component of the stress tensor for our
analysis, TUV . The mean value is7
⟨TUV ⟩ ∼

hK
.
ℓ3AdS

(2.3.18)

Imposing that the fluctuations are small compared to the mean gives
h2 K ≫ 1 .

(2.3.19)

Since we require h ≪ 1 in order to work to leading order in the source, we certainly
need many fields,
1
(2.3.20)
K ≫ 2 ≫ 1,
h
in order for the semiclassical description to be valid.
The opening of the wormhole is increased due to the increased negative energy,
∆V ≈

KGN
.
ℓAdS

(2.3.21)

As we have seen in section 2.2.2, the non-local coupling is most effective at t = 0
when the wormhole is shortest. For definiteness, we can then consider K instantaneous non-local couplings all turned on at t = 0. Turning on the coupling for a
longer time would just modify the specific value of A. The resulting picture is that
of K superimposed negative energy shocks. Notice that the probe approximation
condition (2.3.10) is not modified by the factor K. In the particle collision picture
this means that we need to treat the collision between the N signals and the K
7 Notice

the different scaling in h between eq. (2.3.18) and eq. (2.3.17). The expectation
value of TUV is zero in the absence of non-local coupling and hence it is proportional to h. The
fluctuation of TUV instead is non-zero also in the absence of the non-local coupling, due to the
quantum fluctuation of the fields, and hence, to leading order, it is independent of h.
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shocks, in every thermal cell, as K independent processes. However, the presence of many fields does influence the uncertainty principle condition because the
opening of the wormhole increases with the available amount of negative energy
1 ℓAdS
.
K GN

psignal
≳
V

(2.3.22)

Combining this condition with (2.3.10), we again find a bound on the number of
particles that can traverse the wormhole,
N ≲K

rh
ℓAdS

.

(2.3.23)

This seem to suggest that we can send as much information as we want, if we allow
K to be large enough. However, the black hole has finite entropy and cannot be
used to extract infinite amount of entanglement, so we expect a restriction for
large enough values of K. For example, it is known that the presence of many
species lowers the cutoff of the theory [102, 103]
ℓUV ≳ KGN .

(2.3.24)

The BTZ geometry cannot be treated as a semiclassical geometry when the UV
cutoff becomes of the same order of the curvature scale, i.e. we should have ℓUV ≪
ℓAdS . This leads to an upper bound on K,
K≲

ℓAdS
.
GN

(2.3.25)

It turns out that this is already enough to make the bound on the number of
particles consistent with the finiteness of the black hole entropy. For the maximum
value of K, we thus obtain
rh
N≲
≈ SBH .
(2.3.26)
GN
Note that this requires the number of light operators in the CFT to be of order
of the central charge c, and this is not the case in the usual known examples of
AdS3 /CF T2 . Nevertheless, the GJW protocol seems to be robust enough that it
will continue to make sense even in more exotic settings with a large number of light
fields, where the UV cutoff of the field theory is not well-separated from the AdS
scale, although the semiclassical bulk description will receive larger corrections.

2.3.2

A multiple shocks bound

In this section, we will build the bulk geometry by gluing together black hole
patches with different masses. This will be due to the effect of the non-local
interaction and the message that will be modelled by shockwaves. By restricting
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the masses of the different patches to be positive, we will obtain constraints on
the amount of energy that can be carried by the shockwaves. The main objective
is to justify the species bound in equation (2.3.25) from a bulk perspective.
Let’s assume that the negative energy interaction between the two boundaries can
be modeled in the bulk by the insertion of two negative-energy shockwaves at
times tR = −tL = t0 . The message we would like to send through the wormhole
can also be modeled as a shockwave, but now a positive-energy one. As shown in
Figure 2.6, for the sake of analyzing whether the geometry becomes traversable,
it is possible to neglect the effect of the left negative shockwave and consider the
collision between two spherical shells, one with positive and the other with negative
energy. The positive shell has energy E1 and the negative one −E2 . As shown in
[105], this gravitational problem involving the collision of two shocks can be solved
by gluing different black-hole geometries together. Note that in this section it will
be more convenient to use Schwarzschild coordinates and energies, and to only
translate the final results into the null coordinates we used in previous sections.
First, let us consider the simpler example where there is only one negative shockwave – see Figure 2.6(a). It is easy to see that if the mass of the original black
hole is M and the shock carries energy -E2 , then one should glue the geometry of
a black hole with mass M in the past of the shock with another one with mass
M − E2 at the future of the shock.
The first bound comes from requiring that the mass of the second black holes
geometry remains positive, i.e. M − E2 > 0. The total energy E2 of the negative
shock is composed by the energy of the K species. In each thermal cell, the energy
should be of order of the local temperature and given that there are rh /ℓAdS
rh
K r2
thermal cells, the total energy is given by E2 = Kβ −1
= 3 h . Using that
ℓAdS
ℓAdS
the mass of the BTZ blackhole is M ≈ rh2 /(GN ℓ2AdS ), it is immediate to note that
K≲

ℓAdS
,
GN

(2.3.27)

that is exactly the species bound that appears in equation (2.3.25).
We can now add the positive energy shock, the message, and see if this setup
provides additional constraints. In the case of two shocks colliding, the gluing
gets more intricate as there are four different regions to consider. In [105], it
was showed that it is enough to impose two gluing conditions in order to get a
consistent answer: a continuity condition on the radius of the circle across the
collision and a DTR regularity condition [101, 106]. These two conditions allow
us to find the mass of the black-hole in the post collision regime, Mt . See Figure
2.6(b).
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(a)

(b)

Figure 2.6. Penrose diagrams of the different shockwave geometries. In (a), we
only consider the effect of a negative energy shock of energy −E2 (blue curvy line)
sent at t0 . In (b), we add the effect of a second shock with positive energy E1 sent
at t1 from the left boundary (solid red line). The resulting geometry is formed by
gluing four AdS black hole patches with different masses.

If we want to glue different metrics of the form ds2 = −fi (r)dt2 + fi (r)−1 dr2 +
r2 dϕ2 , from the DTR condition, we have that at the r-coordinate of collision rc ,
ft (rc )fb (rc ) = fl (rc )fr (rc ) ,

(2.3.28)

where t, b, l, r stand for the top, bottom, left and right regions respectively. The
difference with [105] resides in that in our case one of the shocks carries negative
energy (and is being sent at boundary time t0 ≈ 0). In this case, equation (2.3.28)
becomes
rc2 − 8GN M ℓ2AdS





rc2 − 8GN Mt ℓ2AdS = rc2 − 8GN (M + E1 )ℓ2AdS

× rc2 − 8GN (M − E2 )ℓ2AdS .

This is sufficient to get Mt as a function of the initial data. Moreover, if we want to
write it as a function of the boundary times at which the shocks are emitted, we can
translate rc in terms of the Kruskal coordinates. In the limit of small energies,
E1,2 /M ≪ 1, this can be done in any quadrant so for simplicity we consider
the bottom one. In there, the horizon radius is the unperturbed one, given by
2
rh2 = 8GN M ℓ2AdS . The U -coordinate of the negative shock wave is U− = erh t0 /ℓAdS
2
and the V -coordinate of the positive shock wave is V+ = e−rh t1 /ℓAdS . So, from
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equation (2.2.3), the collision radius becomes


rh
1 − exp 2 (t0 − t1 )
ℓ
 AdS
.
rc = rh
rh
1 + exp 2 (t0 − t1 )
ℓAdS

(2.3.29)

Plugging that back in equation (2.3.2) is enough to find the mass of the black hole
in the top region,


E1 E2
rh (t0 − t1 )
2
Mt = M + E 1 − E 2 −
cosh
.
(2.3.30)
M
2ℓ2AdS
Note that for (t0 − t1 ) large enough, the last term grows exponentially leading to
a negative mass in the upper region.8 So, in the limit E1,2 /M ≪ 1, imposing that
Mt should be positive results in


rh (t0 − t1 )
2
2
.
(2.3.31)
M ≳ E1 E2 cosh
2ℓ2AdS
2rh t1
ℓ2
AdS

U+
, that
V+
U+ V+ = −1 on the boundary and that the shock with positive energy propagates
close to the horizon V+ = 0, we find that
We are interested in the case where t0 ≈ 0. Using that e

M2 ≳

E1 E2
+ O(V+ ) .
V+

= −

(2.3.32)

For comparison, it is convenient to express this bound in terms of the center-ofmass energy of the collision,
s=
We obtain that

E1 E2 ℓ2AdS
.
V+ rh2

√
rh
GN s ≲
ℓAdS

(2.3.33)

(2.3.34)

where we used the definition of the black hole mass M ≈ rh2 /GN ℓ2AdS . Note that
s here corresponds to the collision between all the N signals and the K negative
shocks. To compare with the previous bounds, we translate this expression into
light-cone coordinates, where the stress-energy tensor for the message is already
given in eq. (2.3.1) and the one for the negative shocks has the generic form,
TU U =

qU
δ(U − U0 ) .
rh

(2.3.35)

8 In fact, in three dimensions, this will happen even before the mass gets negative, as the BTZ
black hole has a lower bound for its mass.
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We have seen in the previous section that the magnitude of TU U scales as ℓ−1
AdS ,
see eq. (2.2.13). So, given, that the negative shock is composed by K signals, we
Krh
expect qU =
. In light-cone coordinates, the center-of-mass energy squared is
ℓAdS
just
pV qU
s= 2
,
(2.3.36)
ℓAdS
and so, eq. (2.3.34) becomes a bound on pV ,
pV ≲

rh ℓAdS
G2N K

(2.3.37)

that, combined with the uncertainty principle, gives yet another bound on the
number of signals that can go through the wormhole,
rh
N≲
.
(2.3.38)
GN
Note that the final result is independent of K so it would seem to imply that we
can saturate the entropy bound without the need to couple many fields. However,
note that while it is true that by solving the junction condition we have solved
the full nonlinear Einstein equations, the same is not true for the field theory
computation. As we explained before, the amount of negative energy generally
decrease when we take into account the backreaction of the signal. Therefore,
when we go beyond the probe approximation, we cannot treat the negative energy
shock as a particle with a well defined momentum, qU , which is independent of the
signal momentum. In other words our previous computation implicitly assumed
the validity of the probe approximation and the final result is only valid when the
probe approximation is satisfied.

2.3.3

Beyond spherical symmetry

So far we have bounded the amount on information we can transfer through the
wormhole in the s-channel. We have seen that to send something through the
wormhole we need rh ≫ ℓAdS . However, it can be quite inconvenient to send
signals spread over all the horizon. For example, a cat would have a hard time in
such a delivery system. In this section we generalize our bound to signals that are
localized to some region of size b along the horizon. We begin by rederiving the
probe approximation condition (2.3.11) from a particle scattering perspective.
As before, we approximate the interaction between the signal and the negative energy as a gravitational scattering between particles. Following [100] the condition
for the validity of the probe approximation is given by
Z
√
1
d3 x −ghU U T U U ≪ 1 ,
(2.3.39)
Scl =
2
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where Scl is the gravitational action evaluated on the shockwave geometry. Here
T U U is the stress-energy tensor generated by the signal, and hU U is the gravitational field generated by the negative energy. We approximate the stress energy
tensors of the signal and the negative energy respectively with
TV V =

pV
δ(V )tV (θ) ;
rh

TU U =

1
δ(U − U0 ) .
ℓAdS

(2.3.40)

The first expression is the usual stress tensor generated by an energy shock with
momentum pV , where the transverse profile function tV (θ) is a function with
support on an interval of size b/rh and that integrates to 1. For our purpose, it
will be enough to consider a step function. To define the second expression we have
used that for the GJW construction the negative energy stress tensor scales like
ℓ−1
AdS , as shown in (2.2.13). The gravitational field obeys the following equation


rh2
2
hU U = GN rh2 TU U ,
(2.3.41)
−∂θ + 2
ℓAdS
Since we are interested in the limit where b ≲ ℓAdS ≪ rh , we can approximate the
horizon with an infinite line. This allows to avoid dealing with periodic boundary
conditions and images. In other words let x = θrh /ℓAdS we have

−∂x2 + 1 hU U = GN ℓ2AdS TU U ,
(2.3.42)
where x takes values on the real line. The Green function for this equation is given
by9
′
1
g(x − x′ ) = e−|x−x | .
(2.3.43)
2
Notice that this tells us that the gravitational interaction effectively shuts down
when ∆θ ≈ ℓAdS /rh , which is the angle corresponding to one thermal cell in the
BTZ geometry. This means that, as we already pointed out earlier, the scattering
between the messages and the negative energy shock naturally splits in rh /ℓAdS
independent shocks. In our case TU U does not depend on θ and so,
Z
hU U (θ) = GN ℓ2AdS dx′ g(x − x′ )TU U ≈ GN ℓAdS δ(U ) .
(2.3.44)
Finally, we find that the probe approximation is now given by
Scl ≈
9 The

GN pV
≪ 1.
ℓAdS

(2.3.45)

correct expression on the circle is given by
g(θ − θ′ ) =

ℓAdS
2rh

X

exp

n

−

n∈Z

rh
ℓAdS

θ − θ′ + 2πn

o

,

we see that for rh ≫ ℓAdS we can neglect the images, i.e. the terms with n ̸= 0.
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Alternatively we can derive this expression by computing the time delay generated
by the localized shock and impose that it is small. For the dependence on the
transverse direction we take a simple step function

b
 rh
0<θ<
,
b
rh
tV (θ) =
(2.3.46)

0
otherwise .
The gravitational field generated by this shock is given by
GN ℓ2AdS pV
hV V (x) =
δ(V )
b

Z

b/ℓAdS

′

dx′ e−|x−x | .

(2.3.47)

0

The integral above can be easily evaluated

x
x−b/ℓAdS

e − e
Z b/ℓAdS

′
dx′ e−|x−x | = 2 − e−x − ex−b/ℓAdS

0

 b/ℓAdS −x
e
− e−x

x < 0,
0 ≤ x ≤ b/ℓAdS ,

(2.3.48)

x > b/ℓAdS .

Note that it is approximatively equal to b/ℓAdS in the interval x ∈ [0, b/ℓAdS ],
outside this interval is given approximatively by b/ℓAdS e−|x| . We see that this
quantity is exponentially suppressed outside the thermal cell, i.e. for |x| ≳ 1. We
conclude that
(
GN ℓAdS pV δ(V )
in the thermal cell ,
hV V (θ) ≈
(2.3.49)
0
otherwise .
From this we can find the time delay given by the positive shock on the negative
shock

Z
 GN pV
in the thermal cell ,
1
ℓAdS
∆U = 2
dV hV V ≈
(2.3.50)

ℓAdS
0
otherwise.
If we require ∆U ≪ 1 we recover (2.3.45).
Notice that, for a given value of momentum pV , this is a more stringent requirement
than the one we found for s-waves, (2.3.2). Indeed, as we localize the message on
shorter scales the energy density corresponding to a given value of pV increases,
so it is natural that the probe approximation is harder to satisfy. However, the
increased density ceases to play a role once we localize the signal on sub-AdS
scales, i.e. inside a thermal cell. This can be explained by looking at the Green
function (2.3.43). This is free of divergences in the x → x′ limit. In fact, it is
approximately constant over the whole thermal cell. This means that when we
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localize the message on sub-AdS scale, the gravitational field generated is smeared
over the whole thermal cell and it is always approximatively given by GN ℓAdS pV .
This is true independently of the value of b. Notice that this is special to three
dimensions. Later, we will see that in higher dimensions the situation is not as
simple.
We would like now to proceed similarly to the previous subsection and bound pV
from below. However, there is a complication. To localize the message along the
horizon we need to excite higher angular momentum modes. Compared to s-waves,
these modes have a harder time crossing the wormhole. Even after having emerged
from the horizon thanks to the negative energy shock, they still need to overcome
the potential barrier of the black hole. This provides an extra lower bound on
the momentum needed by the signal, which for high enough angular momenta
overcomes the one provided by the uncertainty principle.
To find this new bound we consider the equation for spinning geodesics in the
Schwarzschild metric. This can be obtained from the action


Z
Z
1
1
ṙ2
dxµ dxν
I=
dλ gµν
=
dλ −f (r)ṫ2 +
+ r2 ϕ̇2 ,
(2.3.51)
2
dλ dλ
2
f (r)
where the dot represents derivatives with respect to λ. The symmetries of the
geometry ensure that along geodesics the energy, pt = −f ṫ ≡ −E, and the angular
momentum, pϕ = r2 ϕ̇ ≡ L, are conserved. We are interested in highly boosted
particles, whose geodesics are approximately null. The equation can be obtained
by simply imposing ds2 = 0, which is equivalent to the equation of motion of a
particle in a one dimensional potential

 r 2 
L2
h
1−
.
(2.3.52)
ṙ2 + V (r) = E 2 ; V (r) ≡ 2
ℓAdS
r
It is easy to see that the geodesic reaches the boundary only if
E>

L
ℓAdS

.

(2.3.53)

To estimate the angular momentum needed localize the message to a region of size
b consider a Gaussian wave-packet


(ϕ − ϕi )2
fV (ϕ) ∝ exp −
.
(2.3.54)
b/rh
Fourier transforming this expression it is easy to see that the needed angular
momenta are those with L ≲ rh /b.
To compare this requirement with the uncertainty principle we first need to convert
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it to Kruskal coordinates. The momenta in Kruskal coordinates are given by
s
E2
L2
Eℓ2AdS
2V rh
− 2 ,
pU = −
+
2
2
2rh U
(1 + U V )
f
r f
(2.3.55)
s
E2
L2
Eℓ2AdS
2U rh
− 2 .
pV = +
+
2rh V
(1 + U V )2 f 2
r f
To obtain this expression one first needs to find pr by imposing p2 = 0. We
are interested in the limit where U ≈ 1 and V ≈ ∆V ≪ 1, for which we can
approximate


4U V
r2
r2
−
≈ −4 2 h ∆V .
(2.3.56)
f (U, V ) = 2 h
2
ℓAdS
(1 + U V )
ℓAdS
Using this we see that pU ≈ 0 while the V component of the momentum is approximately given by
Eℓ2
pV ≈ − AdS .
(2.3.57)
rh ∆V
We conclude that the minimum required momentum needed to overcome the potential barrier is given by
ℓAdS 1
pV ≳
.
(2.3.58)
b ∆V
We see that for messages localized on scales smaller than a thermal cell this overcomes the uncertainty principle requirement (2.3.13). Combining this with the
probe approximation bound (2.3.45) we find
N (b) ≲ K

b
,
ℓAdS

b ≲ ℓAdS .

(2.3.59)

This in particular means that to send one single message localized to a region of size
b ≪ ℓAdS we need to couple K ≈ ℓAdS /b. We see that while it becomes increasingly
difficult to send messages localized on sub-AdS scales, it is still possible if we are
willing to couple a large number of fields. If we set N = 1 in the above expression
we can find the minimum allowed value of b for a given K
b(K) ≳

ℓAdS
.
K

(2.3.60)

However, as we increase K the cutoff of the theory gets lowered to ℓUV ≈ KGN
and we should
p also impose that b(K) > ℓUV . These two requirements coincide
for Kmin ≈ ℓAdS /GN , which leads to the following estimate for the minimum
possible value of b
p
bmin ≈ ℓAdS GN .
(2.3.61)
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Before concluding notice that in the opposite limit, b ≈ ℓAdS , the uncertainty
principle and the potential barrier give the same bound and we find
N (b) ≲ K ,

b ≳ ℓAdS .

(2.3.62)

This means that instead of sending Krh /ℓAdS s-waves we can also send messages
localized in a thermal cell, sending K such messages per thermal cell.

2.3.4

Comparison to Quantum Information Bounds

In the previous sections, we have estimated the maximum information that can
be sent through the wormhole with a bulk analysis. Here, we would like to briefly
compare to a boundary analysis. A detailed boundary calculation is difficult because the theory is strongly coupled, but we can still place bounds on the amount
of information transferred. As explained in [76], we can think of the procedure
as quantum teleportation.10 In standard quantum teleportation, if Alice and Bob
share and EPR pair, they can use it as a resource to transfer a qubit. One qubit
can be transferred at the cost of using up one entangled EPR pair and sending two
bits of classical information. Here we think of the left-right coupling as playing
the role of the classical communication, as explained in more detail in [76].
With these identifications, the amount of information sent is bounded by the
decrease in entanglement entropy between the two CFTs,11
N ≲ −∆SEE .

(2.3.63)

We can compute the change in entropy from the change in energy induced by the
non-local coupling
∆SEE = β∆E .
(2.3.64)
This equation is valid because in the thermofield double the entanglement entropy
between the two sides is equal to the thermal entropy. This statement is clear
before acting with the coupling. After acting with the coupling, a bulk calculation
tells us that the entanglement entropy is still equal to the thermal entropy, because
the bulk geometry is still an eternal AdS-Schwarzschild black hole. We do not have
a direct CFT argument for this equality.
As mentioned above the boundary theory is strongly coupled, so computing ∆E
directly on the boundary would be hard. The best we can do is to assume that
the result of such a computation would match with the one we obtained with the
10 We refer to quantum teleportation in a broad sense, without specializing to a particular
quantum communication protocol. For a more detailed description of specific quantum communication protocols that might be dual to the traversable wormhole see [107].
11 We thank David Berenstein for discussions on this point.
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bulk analysis. In other words we assume that the change in energy is given by one
thermal quantum per coupling and per thermal cell,
∆E ≈ −

KℓAdS
,
β2

(2.3.65)

where the number of thermal cells is given by ℓAdS /β. This is the only input
we need from the bulk computation in this section. It would be interesting to
check this, at least for some examples of weakly coupled boundary theories, see
for example [108].
Combining the above equations we find
N≲

KℓAdS
,
β

(2.3.66)

which is K bits per thermal cell. This agrees with our bulk estimate found in
equation (2.3.23) by requiring the bulk geometry to remain in the probe approximation. Clearly the entanglement entropy cannot decrease below zero, so an
absolute bound is
N ≲ SEE .
(2.3.67)
This absolute bound is saturated (up to order one prefactors) when we maximize
the number of species providing the negative energy, as given in equation (2.3.26).
Notice that since we interpret the non-local coupled fields as playing the role of
the classical messages in the usual teleportation protocol, it is natural to consider
many such fields to send more information. However, from the CFT point of view
it does not seem necessary that these are couplings between different fields, it
might be possible to couple the same field but at different times. This seems to
suggest that also in the bulk, if we were able to go beyond the probe approximation,
we might be able to send order SBH bits without coupling a parametrically large
number of fields.

2.3.5

Generalization to d + 1 dimensions

The picture we uncovered in the previous section is rather simple. Signals need
to be highly boosted to fall through the wormhole, (2.3.13). Their backreaction
on the geometry modifies the non-local coupling configuration, generally inducing
a reduction of the negative energy. In other words, they close the wormhole.
We showed this at linear level, but the analysis of [75, 76] suggests that this is
true also at nonlinear level. Certainly the negative energy is preserved if we can
neglect the backreaction of the signal altogether, i.e. the probe approximation is
valid, (2.3.2). The combination of this bound with the requirement that every
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signal is boosted enough constraints the amount of information that can be sent
through the wormhole, see (2.3.23).
In this section we would like to understand how the bound on information transfer
is modified in d + 1 dimensions. We expect the above picture to still be valid.
Namely, the amount of information that can be transferred is bounded by a combination of the probe approximation and the uncertainty principle. Unfortunately,
it is hard to carry out explicitly the calculation of GJW in higher dimensions, in
particular we cannot find an expression for the negative energy. We will assume
that the stress-energy tensor generated by the non-local coupling still scales with
the AdS radius,
K
TU U ∝ d−1 ,
(2.3.68)
ℓAdS
where we have already included K species.
To find the equivalent of the probe approximation bound (2.3.2) in d+1 dimensions,
we again impose that the time delay generated by the positive energy shock is
small, ∆U ≪ 1. The relation between the time delay and the stress energy tensor
of the shock in general dimensions is still given by (2.3.9), where the Newton
d−1
constant is now related to the Planck length by 8πGN = ℓP
. In terms of the
total momentum carried by the signal the condition (2.3.2) becomes
∆U =

GN pV
≪ 1.
rhd−1

(2.3.69)

We can again rewrite this condition in terms of coordinate independent quantities
if we model the interaction between the signal and the negative energy as gravitational scattering. We showed that the gravitational interaction, close to the
horizon of the BTZ black hole, is localized to a thermal cell of size ℓAdS and therefore, the collision could be split in independent events, K for each thermal cell.
We demanded that each of these collision events was well described in the probe
approximation, (2.3.12). In higher dimensions it is still true that the gravitational
scattering is localized to a thermal cell. The limit on the validity of the probe
approximation for gravitational scattering in d + 1 dimensions, see for example
[109], is given by
1
GN scell d−3 ≪ 1 ,
(2.3.70)
ℓAdS
Here we have set the impact parameter to be of order ℓAdS . To find scell , first
notice that, as can be seen from (2.3.68), the negative energy particles still carry
one unit of momentum per thermal cell. To find the momentum carried by the
positive energy shock per thermal cell, we simply divide the total momentum pV
by the number of thermal cells, rhd−1 /ℓd−1
AdS . Under this identifications it easy to
see that (2.3.70) agrees with (2.3.69).
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The uncertainty principle condition carries on to higher dimension without modifications. However, the size of the wormhole opening is now given by
Z
GN
(2.3.71)
∆V = GN TU U ≈ K d−1 .
ℓAdS
We can combine the uncertainty principle with the probe approximation requirement to bound the amount of information we can send through the wormhole.
The computation is identical to the one above, the final result is

d−1
rh
N ≲K
.
(2.3.72)
ℓAdS
Similarly to the lower dimensional case the amount of information we can transfer
scales with K and the number of thermal cells. We can find a bound on K recalling
that in higher dimension the UV cutoff is renormalized as follows [102, 103]
1

ℓUV ≳ (KGN ) d−1 .

(2.3.73)

d−1
Taking this into account we see that for the maximal value allowed, K ≈ ℓAdS
/GN ,
we find
rd−1
Nmax ≈ h ≈ SBH .
(2.3.74)
GN
This is the generalization to higher dimensions of our bound for information transfer in the s-wave channel. We see that in any dimensions, for the maximum value
of K allowed by the species bound, we saturate the black-hole entropy.

We now turn to the case of localized messages presented above. For messages
localized in regions larger than the AdS scale, everything works the same as in the
three dimensional case. Instead of sending s-waves, we can send signals localized
to thermal cells, K such signals per thermal cell. This is because, as pointed out
above, the gravitational propagator in higher dimensions also decays exponentially
outside the thermal cell. The behaviour at shorter distances, instead, is qualitatively different in higher dimensions. The propagator is not constant inside the
thermal cell but acquires a singularity in the x′ → x limit
g(x − x′ ) ∝

1
.
|x − x′ |d−3

(2.3.75)

Here xi are dimensionless coordinates defined similarly to (2.3.43). As a consequence the gravitational field generated by signals localized on sub-AdS scales is
not constant anymore inside the thermal cell and the analysis is not as simple.
In particular, it might be possible to try and send many localized messages per
thermal cell. We will not make this computation, but we simply imagine sending
many localized messages superimposed at the center of the thermal cell. The time
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delay ∆U has now a non-trivial profile inside the thermal cell. For simplicity we
impose that the maximum value of this delay inside the thermal cell is small. In
principle we would need to solve


r2
2
−∂Ω
+ 2h
hV V = GN rh2 TV V ,
(2.3.76)
ℓAdS
2
where ∂Ω
is the Laplacian on the (d − 1)-dimensional transverse sphere. Inside the
thermal cell we can neglect the second term in the parenthesis and approximate
the sphere with a plane. The equation reduces to the Poisson equation for a
Newtonian potential in d − 1 dimensions. For radii larger than the b/ℓAdS , the
solution is simply given by12

hV V ≈

pV ℓd−3
AdS
δ(V ) .
|x|d−3

(2.3.77)

The maximum is given by |x| = b/ℓAdS , which leads to
∆U ≲

GN
pV ≪ 1 .
ℓ2AdS bd−3

(2.3.78)

Similarly to the three dimensional case the signal needs to be boosted enough to
overcome the angular momentum potential barrier, see (2.3.58). Combining these
requirements we can find that the information transfer bound is given by13
d−2

b
.
(2.3.79)
N (b) ≲ K
ℓAdS
As compared to the three dimensional case it is indeed harder to send localized
signals, for a given value of K. We can find the minimum value of b for a given K
by setting N = 1 in the above equation
−1

b(K) ≳ K d−2 ℓAdS .

(2.3.80)

As we increase the number of coupling we renormalize the UV cutoff of the theory,
so we need also to check that b is larger than ℓUV . We have
1

b(K) ≳ K d−1 ℓP .

(2.3.81)

Combining these two bounds we find that the minimum possible value of b is given
by14

 1
ℓAdS d−2
bmin =
ℓP .
(2.3.82)
ℓP
12 Notice that this equation is only valid for d > 2. Moreover, in the case d = 3 the polynomial
reduces to a logarithm, |x|3−d → log |x|.
1
13 The correct result for d = 3 is N (b) ≲ K b
ℓAdS log ℓAdS /b
14 In the d = 3 this formula is correct up to logarithmic corrections.

71

2. Traversable Wormholes in AdS and Bounds on Information Transfer
We conclude that in high enough dimensions we can localize messages on scales
smaller than what is possible in the three dimensional case. The reason is that
even though it is harder to localize messages for a fixed value of K, in higher
dimensions we can couple more fields before the UV cutoff reaches the AdS scale.

2.4

Discussion and future directions

In this work, we computed bounds on the amount of information that can be
transferred in the traversable wormhole construction by Gao, Jafferis and Wall
(and slight generalizations of it). This computation was motivated by some seemingly problematic features of the GJW wormhole. Namely, the perturbative nature
of the non-local coupling opened the wormhole in the bulk only at a sub-Planckian
scale, making it dubious whether large amounts of information could be actually
transferred before closing the wormhole again. On the other hand, the wormhole
is built perturbatively around the eternal blackhole geometry. This means that
the entanglement entropy between the two boundaries is large and given by the
black hole entropy. From the boundary perspective, and assuming this protocol
is somehow dual to teleportation, this generates, in principle, a large amount of
entropy available to teleport information from one side to the other. The question
then becomes clear: is there a way we can use all that amount of entanglement
entropy to maximize the information transfer through the wormhole?
In section 2.2, we studied in detail the construction of GJW, allowing for different
types of non-local sources and computing the amount of negative energy generated
by each of them. In particular, we found a simple analytic formula for the case
where the sources are instantaneously turned on, avoiding much of the numerical
computation that are usually done in the literature.
In section 2.3, we found that the amount of information transferred in the standard
GJW wormhole is of order O(h rh /ℓAdS ). Note that this, in general, is much
smaller than the entanglement entropy, rh /GN .
Nevertheless, we found that large black holes can allow for more than one bit
of information transfer. This contrast with previous results in the literature, in
particular with [93], where it is claimed that the maximum amount of information
that can be transferred is O(1). The difference lies in that their construction
only couples the s-wave between two boundaries, while the coupling we consider
is local in space and therefore couples many angular modes. Coupling only the
s-wave leads to a smaller amount of negative energy, allowing for at most one bit
of information to be transmitted, as the authors find. Moreover the particular
infinite boost limit that is taken in [93] does not seem physically well motivated:
in the infinite boost limit, the collision between the negative energy and the signal
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will have an arbitrarily high center of mass energy and not be well-described in
the semiclassical regime.
We also showed that it is possible to increase the amount of bits that can go
from one boundary to the other by introducing a large number K of light fields
coupled between the two boundaries. Using a combination of bounds coming from
the uncertainty principle, the probe approximation and the existence of many
species, we found that in principle it would be possible to send N ≈ SBH bits
of information. This is interesting, since it maximizes the amount of information
that can be sent, at least from the boundary teleportation perspective.
The results on this chapter rely on several assumptions and approximations of
the traversable wormhole geometry. It will be interesting to further relax these
assumptions and see whether it is possible to improve on our results. In the
following, we comment on interesting possible future directions.
Beyond the probe approximation. Most of the results presented rely in the so-called
probe approximation, assuming that the scattering processes between the shocks
are small. This seems to be a strong restriction because it is only possible to send
the maximum possible amount of information by allowing an extraordinarily large
number K of light bulk fields, K ≈ ℓd−1
AdS /GN . This large number of light fields
lowers the UV cutoff of the bulk theory. Also, many holographic theories do not
have a large number of light fields.
It would interesting to see if it is possible to saturate the amount of information
transferred without the need of so many fields by going beyond the probe approximation. The calculation we presented in the multiple shocks section 2.3.2 is in
this spirit, showing that independently of K, we get a bound on N coming from
the gluing of the multiple shocks geometries.
One issue in going beyond the probe approximation is that the backreaction of
the signal on the geometry means that we would have to re-compute the stress
tensor coming from the coupled quantum fields, because we can no longer use
the propagator in the BTZ background in calculating the stress tensor. This was
explored in [75], where it was claimed that going beyond the probe approximation
just reduces the amount of negative energy generated, and therefore does not allow
for more information transfer.
We are not fully convinced by these results for the following reason. The effect of
the backreaction is to create a time delay in the propagation across the signal. The
new bulk-to-boundary propagator can be computed in the presence of the signal.
Effectively, the signal induces a relative shift between the left and right boundary
times. In the absence of the signal, the most effective boundary-boundary coupling
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occurs when the left and right boundary points are both halfway up the Penrose
diagram, at tL = tR = 0, or at points related to this by symmetry. Upon introducing the signal, the shift means that the most effective coupling occurs when
both points are in the lower half of the Penrose diagram. However, [75] does not
consider allowing the coupled boundary points to be in this region. It would be
very interesting (and probably not difficult for the authors of [75]) to extend their
analysis into this regime.
If it is in fact possible, this would be rather surprising, given that from the teleportation picture it would seem that we would either need to couple a large number
K of different fields, or we would need to keep the coupling turned on for a long
time.
To summarize: in this chapter we have calculated how much information can be
sent while remaining in the probe regime, where the signal does not disturb the
leading order calculation of the negative energy due to coupled quantum fields.
These probe regime calculations and arguments are reliable. However, we do not
have a persuasive bulk argument explaining why the information that can be sent
is bounded by these probe regime calculations. It seems feasible to carry the
analysis beyond the probe regime in the future.
Quantum metric fluctuations. Since the wormhole is open for such a short time,
shorter than the Planck time, one might worry that quantum metric fluctuations
will have a large correction on the transmission of a semiclassical message. We
postpone a more complete discussion of these quantum fluctuations to future work.
However, at least in 2+1 dimensions, we can argue that the quantum fluctuations
will have a small effect. Quantum fluctuations include two effects: the thermofield
double state includes a superposition of different black hole masses, and the black
holes can be decorated by boundary gravitons. Due the special properties of 2+1
dimensions, all of these metrics can be thought of as BTZ black holes, deformed
arbitrarily close to the boundary by gravitons.15 In analyzing the signal, these
effects can all by combined into an uncertainty in the dimensionless time, t/β, that
the signal is emitted from the left boundary or received by the right boundary.
The effects of these perturbations are suppressed by powers of the gravitational
coupling; we believe that the quantum uncertainty is given by
r
GN
∆(t/β) ≈
.
(2.4.1)
ℓAdS
Since we are interested in sending signals whose time duration is just a bit less
than the thermal scale, these quantum corrections to the width of the signal are
neglibible.
15 We

thank Jan de Boer for discussion on this point.
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Beyond perturbative calculations. Many of the confusions that arise in the context
of GJW are due to the perturbative nature of the non-local interaction. It would be
interesting to find solutions at finite coupling and/or construct eternal wormholes
in this context. In two bulk dimensions, it is possible to create an eternal wormhole
[79], but the generalization to higher dimensions is not as straightforward –see, for
instance [2].
Beyond three spacetime dimensions. The GJW construction relies heavily on the
simplicity of the BTZ correlators. In section 2.3.5, we provide plausible generalizations to general dimensions of the bounds on information found on this work.
It would be desirable to find a framework in higher dimensions where these claims
could be checked by explicit calculations.
Beyond black hole horizons. A natural framework to study traversable wormholes
are horizons in de Sitter spacetimes. Due to the nature of the cosmological horizon, the insertion of shockwaves naturally provides a mechanism for traversable
wormholes. In the context of two dimensional gravity, it is possible to glue cosmological horizons in the IR, with an AdS boundary in the UV, and construct such
shockwave solutions [110]. The nice feature about those solutions is that they do
not need the insertion of non-local, negative energy couplings. It would be interesting to see whether they can be generalized to higher dimensions and compare
the maximum bounds on information transferred in each case.
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3

Lessons on Eternal
Traversable Wormholes in
AdS

In the previous chapter, we have reviewed in detail the GJW traversable wormhole,
and provided bounds on the information transferrable between the two CFTs. One
feature of the GJW wormhole is that the wormhole is traversable only for a small
window of time. In this chapter, we try to overcome this limitation.
We attempt to use a GJW-like non-local coupling to construct an eternal traversable
wormhole in AdS. In other words, we try to connect two asymptotically AdS regions by introducing a static coupling between their dual CFTs. The work of [79]
shows that this is possible in 2d. We consider the higher dimensional case, and, to
keep the computation manageable, we assume Poincaré symmetry in the boundary
directions, and we couple Weyl invariant fields on the two CFTs.
This attempt fails; under the two assumptions above, we prove that the GJW-like
coupling is not enough to source a semiclassical eternal traversable wormhole. We
critically examine the possibility of evading our result by coupling a large number
of bulk fields.
The most natural way to avoid this negative result, it to consider traversable
wormholes with less symmetry. Indeed, extending the work [25], [111] has built
an eternal traversable wormhole in AdS by breaking Poincaré symmetry in the
transverse direction.

3.1

Introduction and summary

Recent progress has shown that traversable wormholes are not confined to science
fiction and may even exist in the real world [13, 79, 25, 92, 112]. This raises
fascinating questions about the precise rules for such wormholes. Since traversable
wormholes rely on violations of the Null Energy Condition (NEC), which is only
possible quantum mechanically, one may expect that such wormholes are small,
fragile, or short-lived, as seen in the examples that have been constructed so far.
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To understand better what types of wormholes are possible, we attempt to construct static traversable wormholes in the controlled setting of asymptotically Antide Sitter spacetime, within a regime where the semiclassical approximation is valid.
In the context of the AdS/CFT correspondence, a traversable wormhole should
be dual to two conformal field theories (CFTs) which live on the two asymptotic
boundaries of the spacetime. Traversable wormholes can be constructed by introducing an appropriate coupling between these two theories, CFTL and CFTR .
Bulk solutions that correspond to traversable wormholes require a violation of the
NEC. This is possible in standard quantum field theory, e.g. through the Casimir
effect, but a coupling between the two CFTs is unavoidable in our setting. In the
decoupled system, no operator in CFTL can influence CFTR , which implies that
no signal can be transmitted through the bulk. The existence of a traversable
wormhole solution in the decoupled system would violate this “no-transmission
principle” [113] which follows from basic postulates of the holographic dictionary.
Hence, we violate the NEC by introducing a double trace deformation that couples
the two CFTs [114] and has the form hOL (x)OR (x). Our major assumption which
makes the analysis tractable is that the solution preserves Poincaré invariance in
the field theory directions. Assuming this symmetry, we can pick a gauge where
the metric takes the form
ds2 = a(z)2 ηµν dxµ dxν + dz 2



.

(3.1.1)

We look for solutions with two asymptotic regions, so that the ‘scale factor’ a(z)
diverges at two locations while remaining nonzero in between. Furthermore, we
assume that the bulk field providing the NEC violation preserves Weyl invariance.
This allows us to compute explicitly the NEC violating stress-energy tensor by
using a conformal map to flat spacetime.
This is a crucial simplification: in general we need to solve the Einstein equation using the expectation value of the stress-energy tensor as a source. The stress-energy
tensor should be computed by doing quantum field theory in the background metric defined by a(z). However, the expectation value of the stress-energy tensor
⟨Tµν (z)⟩ depends non-locally on the metric function a(z), rendering the problem
apparently intractable. Weyl invariance allows us to package the non-local dependence of the stress-energy tensor on the metric in terms of a single parameter
encoding the ‘width’ of the geometry.
Within these assumptions, we demonstrate a no-go result: the effect of the double
trace deformation is too small to support a semiclassical wormhole. In order to
establish this result, we consider various strategies for enhancing the NEC violation
and show that they cannot work.
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First, we argue that increasing the coupling does not help because the “quantum
inequalities” [27] bound the amount of NEC violation. It is an interesting open
problem to demonstrate a more general and more rigorous bound on NEC violation
for a quantum field theory in a geometry with two asymptotically AdS regions
when couplings between the boundaries are allowed.
Second, we try to add conventional matter in the bulk. We present the detailed
analysis of an additional bulk scalar field with a quartic potential, as well as
establishing a general result showing that adding any additional matter satisfying
the NEC does not allow for a semiclassical wormhole with Poincaré invariance in
the field theory directions. Our result is rigorously true when the NEC violating
fields are Weyl invariant, allowing for an explicit calculation, but we suspect that
adjusting the field content will not change the result.
Finally, we try to increase the number of species contributing to the NEC violation.
Although this allows one to make the curvature small in Planck units, this strategy
is problematic because a large number of species is believed to lower the UV cutoff
as
1
D−2
MUV
≤ MpD−2 ,
(3.1.2)
N
where N is the number of species and D is the number of spacetime dimensions
in the bulk [115, 102, 116, 103]. We show that although a large number of species
can reduce the curvature of the wormhole, the radius of curvature is always at or
below the UV cutoff. We discuss the possibility of violating the lore (3.1.2) by
choosing appropriately the field content, making use of cancellations in the oneloop renormalization of Newton’s constant. However, we argue that (3.1.2) can
never be softened because it would imply the existence of traversable wormholes
between two asymptotically AdS boundaries without a coupling between the two
CFTs, in contradiction with the “no-transmission principle”. This also agrees with
non-perturbative arguments regarding the renormalization of Newton’s constant.
The failure to construct a controlled solution within our assumptions can be partially understood heuristically as follows. In the absence of the coupling between
the two boundaries, the ground state is simply two unentangled CFTs in their
ground state, and the corresponding geometry is simply two copies of vacuum
AdS. Turning on the coupling hOL (x)OR (x) will lead to an amount of entanglement of order the coupling h- in other words, the entanglement is of order one if
the coupling is perturbative. On the other hand, a controlled traversable wormhole
should have a smooth geometry, leading to an entanglement of order N 2 . This
heuristic argument, however, leaves open the possibility that the construction can
succeed by going to strong coupling or increasing the number of fields that are
coupled. Our more detailed arguments rule out these possibilities.
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We have shown that there is no semiclassical solution with Poincaré invariance
along the boundary directions and a Weyl invariant field in the non-local coupling.
This suggests avenues for future constructions based on a less symmetric ansatz.
One could try to import the recent construction of long-lived traversable wormholes
in flat space [25] to the AdS setting. This construction makes use of magnetic fields,
which break the transverse Poincaré invariance. More generally, we expect that a
static traversable wormhole should look like an AdS-Schwarzschild black hole or
black brane near the two asymptotic boundaries. These metrics do not preserve
Poincaré invariance, which further motivates reducing the amount of symmetry.
We could also consider NEC violating matter that is not conformally invariant but
we do not expect our results to change dramatically.
We must note that many constructions of traversable wormholes in general relativity exist in the literature but they involve either exotic matter [17, 15, 82,
83, 84, 85, 86] or higher-derivative theories [87, 88, 89] which seem to lack a UV
completion [117]. On the other hand, introducing a coupling between two CFTs
should be perfectly physical in the context of AdS/CFT.
This chapter is organized as follows. In section 3.2, we present the computation of
the stress-energy tensor generated by the non-local couping and we describe the
potential wormhole solution. In section 3.3, we describe challenges in obtaining
a semiclassical solution. In section 3.4, we argue that increasing the non-local
coupling does not help. In section 3.5, we consider adding conventional matter
but we prove a no-go theorem showing that this cannot lead to a semiclassical
solution. In section 3.6, we consider using a large number of fields in the nonlocal coupling but we argue that the lowering of the UV cutoff always forbids the
existence of a semiclassical solution. We conclude in section 3.7 with a discussion
and some final remarks.

3.2

Poincaré wormholes

We look for traversable wormholes connecting two asymptotically AdSd+1 spacetimes. In order to make the problem analytically tractable, we assume Poincaré
invariance in the boundary directions. Using this symmetry, we can pick a gauge
such that the metric takes the form

ds2 = a2 (z) −dt2 + d⃗x2 + dz 2 ,
(3.2.1)
where ⃗x = (x1 , . . . , xd−1 ) are boundary coordinates and z is the radial coordinate
in the bulk.1 This metric is foliated by flat R1,d−1 slices and is similar to the
Poincaré patch of AdS. The geometry is completely determined by one function,
1 For

later convenience we also define coordinates xµ = (t, ⃗
x) and y m = (xµ , z).
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the conformal factor a(z). For solutions with two asymptotically AdS boundaries,
this means that a(z) should have two simple poles, say at z = ± L2 , and be positive
in the range − L2 < z < L2 .

3.2.1

Setup

We consider a theory of gravity with negative cosmological constant coupled to
matter,
Z
√
1
S=
dd+1 x −g (R − 2Λ) + Smatter ,
(3.2.2)
16πG
. In order to find traversable wormholes in such a theory, we
where Λ = − d(d−1)
2ℓ2AdS
need to violate the null energy condition (NEC) in the bulk. This is possible in the
framework of semiclassical gravity, where the matter fields are treated quantum
mechanically, but the geometry is kept classical. Following [13], we do this by
introducing a non-local coupling between the two boundaries
δS = h

Z

dd x ϕL (x)ϕR (x) .

(3.2.3)

Here ϕL,R (x) corresponds to a bulk field and the subindex L/R means that it is
evaluated at the left/right boundary. In AdS/CFT, such a deformation is achieved
by coupling together the two CFTs with a double trace operator.
In [13], the deformation (3.2.3) was activated for a short time on an eternal AdS
black hole, i.e. a non-traversable wormhole. The resulting quantum stress-energy
tensor made the wormhole traversable but only in a very small time window. Our
work differs from [13] in two aspects. First, we start from the vacuum state, which
consists of two unentangled copies of the same CFT. Second, we are interested in
finding eternal traversable wormholes so we turn on the deformation for all times.
Finally, a word on the methodology is in order. Since our ansatz (3.2.1) is conformally flat, we compute the quantum stress-energy tensor in flat spacetime and
map the result to our wormhole background by means of a Weyl transformation.
For this to be possible, we require Smatter to be Weyl invariant. A simple choice
is a conformally coupled scalar field. The boundary conditions for the scalar field
are chosen as follows. Near the two asymptotic boundaries the behavior is
ϕ(z) ∼ α±

L
2

±z

 ∆+

where
∆± =

+ β±

d±1
.
2
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L
2

±z

 ∆−

,

(3.2.4)

(3.2.5)
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which follow by performing a Weyl transformation to the flat space solution ϕ(z) ∼

α± L2 ± z + β± near the boundaries.2 We choose the boundary condition
α± = 0 ,

(3.2.6)

which, in the alternate quantization, implies that the dimension of the dual operator is given by ∆− .3 Upon a Weyl transformation, this condition corresponds to
imposing Neumann boundary conditions on the plates in Minkowski space.

3.2.2

Minkowski configuration

We compute the stress-energy tensor by a Weyl transformation from Minkowski
spacetime. In the following, we will specialize to 3 + 1 dimensions. The generalization to other dimensions is described in Appendix 3.A.
The configuration in flat space consists of two infinite plates located at z = −L/2
and z = L/2, respectively, and a massless scalar field living in the region between
the plates. The non-local coupling then takes the form
Z


δS = h d3 x ϕ x, − L2 ϕ x, L2 ,
(3.2.7)
where x = (t, x1 , x2 ) denote the transverse coordinates. We will denote y = (x, z)
the coordinate of a point between the plates. The stress-energy tensor generated
by the non-local coupling can be computed by point-splitting


∂ ∂
1
∂
′
ρσ ∂
′
⟨Tµν (y)⟩ = lim
δG(y,
y
)
−
η
η
δG(y,
y
)
,
(3.2.8)
µν
y ′ →y ∂y µ ∂y ′ν
2
∂y ρ ∂y ′σ
where δG(y, y) is the correction to the Feynman propagator due to the non-local
coupling. As explained above, we are imposing Neumann boundary conditions
on the plates. Note that imposing instead Dirichlet boundary conditions would
make the deformation (3.2.7) vanish. The Feynman propagator with Neumann
boundary conditions has a simple form in a mixed representation where we go to
momentum space in the transverse directions
Z
d3 k ik(x−x′ )
e
Gmixed (z, z ′ ; k) ,
(3.2.9)
G(x, z; x′ , z ′ ) =
(2π)3
where k = (ω, k1 , k2 ) is the momentum associated to the transverse directions
(t, x1 , x2 ). The propagator with Neumann boundary conditions takes the form


1
Gmixed (z, z ′ ; k) =
cos κ z− + L2 cos κ z+ − L2 ,
(3.2.10)
κ sin(κL)
2 This

can also be derived from the formula ∆(d−∆) = −m2 ℓ2AdS since the conformal coupling
2

with ξ = d−1
gives an effective mass m2 ℓ2AdS = − d 4−1 close to the boundaries.
4d
3 In the standard quantization the dimension of the double trace term would be 2∆ = d+1 >
+
d which would make the coupling irrelevant.
ξRϕ2
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p
with z− = min(z, z ′ ), z+ = max(z, z ′ ) and κ = ω 2 − k12 − k22 . We will perform
the computation in Euclidean signature where the propagator takes the form
Gmixed (z, z ′ ; k) =
where |k| =

p

1
cosh |k| z− +
|k| sinh(|k|L)

L
2



cosh |k| z+ −

L
2



, (3.2.11)

ω 2 + k12 + k22 .

The correction to the two-point function due to the non-local coupling (3.2.7) is
given by
Z


′
δG(y, y ) = h d3 x̃ G x̃, − L2 ; y G y ′ ; x̃, L2 + (y ↔ y ′ ) .
(3.2.12)
Using the mixed representation, we can rewrite this as
Z
d3 k
1
δG(y, y ′ ) = h
3
2
(2π) |k| sinh2 (|k|L)
(3.2.13)

 ik(x−x′ )
′
′
L
L
× cosh |k| z + 2 cosh |k| z − 2 e
+ (y ↔ y ) .
From the above expression it can be seen that
lim η ρσ ∂ρ ∂σ′ δG(y, y ′ ) = 0 .

y ′ →y

(3.2.14)

Weyl invariance and transverse Lorentz symmetry imply that the stress-energy
tensor has the form


−1


1
flat
.
⟨Tµν
⟩ = −ρ 
(3.2.15)


1
−3
The parameter ρ can in principle depend on z, but the conservation of the stressenergy tensor requires ρ to be a constant. In order to determine this constant it
suffices to compute only one of the components. For instance, we can compute
flat
⟨Tzz
⟩ = lim
∂z ∂z′ δG(y, y ′ ) .
′
y →y

(3.2.16)

The calculation further simplifies by going to the midpoint z = 0, which gives
Z
h
d3 k
1
flat

 =− 3.
⟨Tzz
⟩ = −h
(3.2.17)
(2π)3 2 cosh2 |k|L
6L
2

Hence, the full stress-energy tensor is given by

−1

h
1
flat

⟨Tµν
⟩=
1
18L3 



.

−3
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3.2.3

Wormhole solution

The conformal mapping allows us to compute the expectation value of the stressenergy tensor in the conformally flat geometry (3.2.1). This is given by
NL
⟨Tµν
⟩=

1
⟨T flat ⟩ .
a(z)2 µν

(3.2.19)

The superscript ‘NL’ is a reminder that this component of the stress-energy tensor
is generated by the non-local coupling, but generically there can be other contributions.
An important issue here is that the above Weyl transformation is anomalous in
NL
even dimensions. The anomaly generates a higher-derivative term in ⟨Tµν
⟩ which
prevents us from solving Einstein’s equation. For the time being we will assume
that the anomaly term is negligible, but we will come back to this issue in section
3.3.2. We can also go to odd spacetime dimensions where there is no anomaly.
We define λ to be the dimensionless parameter measuring the amount of negative
energy generated by the non-local coupling. It is defined by
flat
8π⟨T00
⟩=−

λ
,
L4

(3.2.20)

so that λ ∼ hL up to a numerical factor of order one. The stress-energy tensor in
the geometry (3.2.1) is then given by

−1

λ
1
NL
8π⟨Tµν
⟩= 2 4

1
a L



.


(3.2.21)

−3
We will solve the semiclassical Einstein equations
Gµν −

3

gµν
ℓ2AdS

NL
= 8πG⟨Tµν
⟩.

(3.2.22)

The zz component can be written as
1 ′ 2
a (z) + V (a) = 0 ,
2

(3.2.23)

which can be thought as a particle in the potential
V (a) =

Gλ
a4
−
.
2L4
2ℓ2AdS

The other components can be obtained from the z-derivative of (3.2.23).
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Figure 3.1. Typical shape of the potential V (a) and the conformal factor for
a wormhole solution a(z). For the plots we have set ℓAdS = 1 and we have set
a(0) = 1.
There is a diffeomorphism
yµ → ζ yµ ,

L → ζ L,

h → ζ −1 h ,

a(z) → ζ −1 a(z) ,

(3.2.25)

which allows us to set a(0) = 1. Furthermore, we focus on solutions with reflection
symmetry so we have a′ (0) = 0 and can restrict the domain of integration to z ≥ 0.
Evaluating (3.2.23) at z = 0 gives us the relation
1
Gλ
= 4 ,
ℓ2AdS
L

(3.2.26)

This allows us to eliminate λ in (3.2.23) and to determine the value for the range
L
Z L/2
Z ∞
Z ∞
L
da
da
√
=
= ℓAdS
.
(3.2.27)
dz =
′
2
a
a4 − 1
0
1
1
Performing the integral gives
√
2 πΓ( 54 )
L = c ℓAdS ,
c=
∼ 2.62 .
(3.2.28)
Γ( 43 )
This defines a one-parameter family of wormhole solutions. The potential (3.2.24)
and a typical wormhole solution are shown in Figure 3.1.

3.3

Challenges

3.3.1

Planckian curvature

The most important issue of our solutions is that they generically have large curvatures. Combining the equations (3.2.26) and (3.2.28) implies that

2
ℓAdS
∼ λ,
(3.3.1)
ℓP
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where ℓP is the Planck length and ∼ means proportionality up to an order one
numerical factor. Since the computation of the stress-energy tensor is valid only
in the perturbative regime, λ ≪ 1, this leads to a wormhole with super-Planckian
curvature. Hence, the wormhole solutions described in the previous section are
outside the regime where semiclassical gravity can be trusted. In the following
sections we will explore various potential ideas to try to resolve this issue, but we
first discuss two more challenges.

3.3.2

Weyl anomaly

We have used a Weyl transformation from flat space to compute the stress-energy
tensor in the geometry (3.2.1). For this to be possible, we used a Weyl invariant
field in the non-local coupling. However, Weyl invariance can be anomalous at
the quantum level. The anomaly is problematic in our setup because, as we will
see below, it can be of the same order as the effect that we use to support the
wormholes.
In four dimensions, there is always an anomaly. The stress-energy tensor on the
conformally flat metric (3.2.1) is related to the stress-energy tensor in flat space
by [118]


1 flat
1
β
⟨Tµν ⟩ = 2 ⟨Tµν
⟩+
2αF
−
H
.
(3.3.2)
µν
µν
a
16π 2
9
The anomalous piece is the second term and it is expressed in terms of fourderivative terms
1
1
2
Fµν = Rµρ Rρν − RRµν − Rρσ Rρσ gµν + R2 gµν ,
3
2
4
1
Hµν = 2R;µν − 2gµν □R − gµν R2 + 2RRµν .
2

(3.3.3)

The rational numbers α and β can be extracted from the tables of [118]. For
massless free fields, they are given by
1
(nS + 11nF + 62nV ) ,
360
1
β=
(nS (1 − 5ξ) + nF + 2nV ) ,
20

α=

(3.3.4)

with nS conformally coupled scalars, nF Dirac fermions and nV vectors. The
parameter ξ is the coupling to R which should be taken to be ξ = 16 because we
want a Weyl invariant theory. From the above expression, we can see that α is
strictly positive. In fact, the trace of (3.3.2) shows that α is the a-anomaly of the
4d theory which does not vanish for a unitary theory [119, 120, 121]. This implies
that there is no way to make the anomaly vanish in four dimensions.
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The main problem with the anomalous piece is that it contains four-derivative
terms which prevent us from solving Einstein’s equation. For a given field, the
size of the anomaly is of the order of
anomaly
|Tµν
|∼

1
ℓ4AdS

(3.3.5)

.

In the configuration with a single non-locally coupled field, the anomaly can be
ignored in the regime L < ℓAdS because we have λ ≪ 1. This condition is already
necessary as will be derived later in (3.5.13). In the configuration where we have
a large number of fields, discussed in section 3.6, the anomaly dominates over
the cosmological constant term which prevents us from obtaining a semiclassical
solution.
In odd dimensions, there is no Weyl anomaly: the Weyl transformation of the
stress-energy tensor does not contain an anomalous piece. Thus, the stress-energy
tensor in the wormhole spacetime (3.2.1) can be obtained from the stress-energy
tensor in flat space by the classical formula
⟨Tµν ⟩ =

1 flat
⟨T ⟩ .
a2 µν

(3.3.6)

Hence, when using a large number of fields, we will focus only on odd dimensions.

3.3.3

Casimir energy

There is another problem for building eternal traversable wormholes between
asymptotically AdS regions. Negative energy can already be present in the wormhole geometry without the need to turn on a non-local coupling. Indeed, in the flat
space configuration described in section 3.2.2, the Casimir effect [122] generates a
stress-energy tensor of the form [118]

Casimir
Tµν


−1
1 
1
∼ 4
1
L 



.


(3.3.7)

−3
This negative energy is more important than the one generated by the non-local
coupling, which is multiplied by λ ≪ 1. Hence, it seems that the non-local coupling
is unnecessary! However, it should not be possible to build a semiclassical wormhole between two asymptotically AdS geometries without coupling the two dual
CFTs. This would violate the “no-transmission principle” [113] because signals
could be sent from one asymptotic boundary to the other without any coupling
between the two CFTs. We note that the sign of the Casimir energy can be modified by changing the boundary conditions of the fields. However, having a positive
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Casimir energy is also a problem because it would overwhelm the non-local coupling.
The issue of Casimir energy should be present in any attempt to build eternal
traversable wormholes. In the asymptotically AdS2 version [79] (see also [77, 123]),
this is avoided because the Weyl anomaly precisely cancels the Casimir energy. As
explained there, this is enforced by SL(2, R) invariance. In higher dimensions,
the wormhole is less symmetric which makes such a cancellation unlikely. From
the analysis of section 3.3.2, we see that this cancellation happens neither in four
dimensions nor in odd dimensions where the Weyl anomaly vanishes. Thus, if our
conformally flat wormholes are to be consistent, some mechanism has to ensure
that the Casimir energy is negligible. For example, a supersymmetric spectrum
with supersymmetric boundary conditions leads to a vanishing Casimir energy.
This holds despite the fact that the wormhole geometry breaks supersymmetry4
as can be seen by making a Weyl transformation from the flat space configuration.

3.4

Increasing the non-local coupling

We might hope that a solution with ℓAdS large in Planck units can be obtained
in the strong coupling regime λ ≫ 1. In fact, we will show that increasing the
coupling cannot lead to a very large negative energy. This can be done by adapting
the “quantum inequalities” [27]. The authors proved that for any state |ψ⟩ of a
free massless scalar in Minkowski spacetime, there is a bound
c
ρ̂ ≥ − 4 ,
(3.4.1)
t0
where ρ̂ is the energy density averaged over a time interval of characteristic length
t0 ,
Z
+∞

dt f (t)⟨ψ|T00 |ψ⟩ ,

ρ̂ ≡

(3.4.2)

−∞

and f is a smearing function which determines the number c. This shows that the
smeared energy cannot get “too negative”. In their proof, the smearing function is
a Lorentzian but the same argument can be repeated for a more general smearing
function as long as its Fourier transform decays sufficiently fast. This is because
the bound is proportional to the integral
Z ∞
dω ω 3 fˆ(ω) ,
(3.4.3)
0

where fˆ(ω) is the Fourier transform of f . In particular, it is possible to obtain
a bound when f being compactly supported. This follows from a Theorem by
4 This can be checked explicitly by showing that the geometry (3.2.1) does not have a covariantly constant spinor, except when it is flat space or Poincaré-AdS.
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Ingham [124] which determines how fast the Fourier transform of a compactly
supported function can decay. This theorem guarantees that there are compactly
1/2
supported functions whose Fourier transform decays exponentially, e.g. as e−|ω| ,
which is fast enough to make (3.4.3) converge.
In our Minkowski configuration, we can consider a causal diamond centered at
z = 0 which is as large as possible without touching the plates. Because the
diamond is not in contact with the plates, the quantum state inside this causal
diamond is that of a free massless scalar field. Hence, we expect that the quantum
inequalities should be applicable if the smearing function is supported in this
diamond. This is possible by taking a compactly supported function on a time
interval of length L. The resulting bound is
⟨T00 ⟩ ≳ −

1
,
L4

(3.4.4)

up to an order one numerical factor. Thus, the best we can achieve by increasing
the coupling would lead to a wormhole with Planckian curvature

2
ℓAdS
∼ 1.
(3.4.5)
ℓP
This shows that increasing the non-local coupling does not help in making the
wormhole semiclassical.

3.5

Adding conventional matter

In the previous sections, we have shown that the negative energy generated by the
non-local coupling is too small to support the wormhole. From (3.2.26), we can
see that to have λ ≪ 1 we need a hierarchy of scales ℓP ≪ L ≪ ℓAdS . However,
with only the non-local coupling and the cosmological constant we have L ∼ ℓAdS
as shown in (3.2.28). We can attempt to solve this problem by adding a new
classical source in the Einstein equation. This will introduce a new scale which
in principle could be used to separate L from ℓAdS or remove the necessity of this
hierarchy altogether. In this section, we prove a no-go theorem showing that this
is not possible: adding matter that satisfies the null energy condition cannot make
the wormhole semiclassical.

3.5.1

Scalar field

Before going to the general situation, we consider a bulk scalar field minimally
coupled to gravity, described by the action


Z
√
1 µν
4
−g d x
g ∂µ ϕ∂ν ϕ + V (ϕ) .
(3.5.1)
Sm = −
2
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We assume that the matter preserves Poincaré invariance in the transverse directions so that ϕ depends only on z. In our geometry (3.2.1), the matter stress-energy
tensor is
 ′2

ϕ
m
2
Tzz = a
−V ,
2a2
(3.5.2)

 ′2
ϕ
m
m
m
2
+V .
Txx = Tyy = −Ttt = −a
2a2
m
+ Tttm =
The scalar field does not violate the NEC at classical level because Tzz
′2
ϕ ≥ 0. Its equation of motion is

2a′ ϕ′ + aϕ′′ = a3 ∂ϕ V .

(3.5.3)



Gλ 8πG 4 ϕ′2
a =− 4 +
a
−V ,
L
3
2a2


a′′
8πG ϕ′2
=
−
+ 2V .
a3
3
2a2

(3.5.4)

Einstein equation gives
′2

The term generated by the non-local coupling is the negative term proportional
to λ in the first equation. We can explicitly see that this term is necessary by
considering the expression
 ′ ′
a
2Gλ
ϕ′2
=
−
4πG
.
(3.5.5)
a2
L4 a3
a
In a wormhole solution, a′ /a2 goes from 0 at the throat, to 1/ℓAdS at the boundary.
Therefore, its derivative needs to be positive somewhere, implying that λ cannot
be zero. More explicitly, integrating the equation between z = 0 and z = L/2
gives

Z L/2  ′ ′ Z L/2 
a
2Gλ
ϕ′2
Gλ
1
=
dz
≤ 3 .
=
dz
−
4πG
(3.5.6)
2
3 L4
ℓAdS
a
a
a
L
0
0
This leads to the following lower bound

2 
3
ℓAdS
L
λ≥
.
ℓP
ℓAdS

(3.5.7)

We are in a regime where λ ≪ 1 which implies that we must have L ≪ ℓAdS . We
see that the scalar field does not modify the required hierarchy we pointed out at
the beginning of the section. This is a special case of a more general statement
(3.5.13) which will be described later. Note that this requirement guarantees that
the Weyl anomaly is negligible, as discussed in section 3.3.2.
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Figure 3.2. Left: Shape of the potential V (ϕ). Right: The corresponding
solution. We are using Planck units for the two plots.
We solve numerically the coupled ODEs for a(z) and ϕ(z) using Mathematica.
The solution is obtained by integrating the second order Einstein equation which
leads to more stable numerics.5 We consider a Higgs-like potential
V =−

m20 2 c2 4
ϕ + ϕ + V0 .
2
4

(3.5.8)

which is illustrated in Figure 3.2.
We look for solutions of ϕ that interpolate between the two minima of V at the
two asymptotically AdS regions. These solutions are odd so we can restrict the
range of integration to 0 ≤ z ≤ L2 . We consider the following boundary conditions
a(0) = 1 ,

a′ (0) = 0 ;

ϕ(0) = 0 ,

ϕ( L2 ) = ϕL ,

(3.5.9)

where ϕL is the value corresponding to the minimum of the potential.6
From the numerical solutions, we can find the value of λ and ℓAdS using
s


3
8πL4 ϕ′ (0)2
− V (ϕ(0)) , ℓAdS = −
.
(3.5.10)
λ=
3
2
8πGV (ϕL )
An example of solution is given in Figure 3.2. In general we notice that λ can be
made small only at the cost of making ℓAdS small in Planck units. In Figure 3.3,
5 The two Einstein equations in (3.5.4) are not independent. We can obtain the second order
differential equation by taking the derivative of first one and using the ϕ equation of motion to
remove the ϕ′′ terms.
6 The value of L is determined dynamically because it corresponds to location at which a(z)
diverges. For this reason, imposing the condition at the boundary is a bit tricky. In practice
we impose a second boundary condition at the throat ϕ′ (0) = ϕ′0 . The correct value of ϕ′0 is
determined through algorithmically to ensure that ϕ approaches the right value at z = L/2.
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Figure 3.3. We plot λ as a function of ℓAdS while varying V0 in the interval
−1 ≤ V0 ≤ −10−4 and we use Planck units. The different curves correspond to
different choices for the other parameters in the potential. Left: m0 = c = 10−1
(blue), m0 = c = 10−2 (red). Right: c = 10−i with i = 2, 3 and m0 = 10−1 c
(blue) and m0 = 10−2 c (red). The series corresponding to different values of i are
indistinguishable. It’s impossible to have λ ≪ 1 if we want ℓAdS to be large in
Planck units.
we plot λ as a function of ℓAdS for a large sample of parameters. We only keep
solutions which leads to ℓAdS > 1. In all cases, even for ℓAdS close to ℓP we do not
find solutions consistent with λ ≪ 1. This means that the addition of the bulk
scalar field does not help in making the wormhole semiclassical.

3.5.2

No-go theorem

We will now show that any kind of conventional matter in the bulk does not help
in making the wormhole semiclassical, assuming that the matter respects Poincaré
invariance in the transverse directions. We can model the addition of bulk matter
by the addition of a term f (a) in Einstein equation
a′2 =

a4
ℓ2AdS

−

Gλ f (a)
+ 2 ,
L4
ℓm

(3.5.11)

where ℓm is a characteristic length scale of the additional matter. We show below
that f (1) needs to be positive so ℓm can be chosen so that f (1) = 1. We are also
using conventions in which a(0) = 1. Evaluating the equation at z = 0 gives


1
1
L4
λ=
+
.
(3.5.12)
G ℓ2AdS
ℓ2m
From the above formula, we see that λ ≪ 1 implies that
L
ℓAdS

≪

ℓP
L

and
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L
ℓP
≪
.
ℓm
L

(3.5.13)
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The Einstein equation can be rewritten
a′2 =

f (a) − f (1) a4 − 1
+ 2
.
32m
ℓAdS

(3.5.14)

We require the asymptotically AdS boundary condition
a(z)

z→L/2

∼

ℓAdS
.
−z

(3.5.15)

L
2

In other words, the cosmological constant should dominate close to the boundary
z = L2 . For the additional matter to be helpful, we would like to dominate close
to the wormhole throat z = 0. We can define the transition point z∗ and the
corresponding conformal factor a∗ ≡ a(z∗ ) by
f (a∗ ) − f (1)
a4 − 1
= ∗2
.
2
ℓm
ℓAdS

(3.5.16)

We assume that the additional matter dominates below z∗ while the cosmological
constant dominates above z∗ . Hence, we have
a4 − 1
f (a) − f (1)
≤
,
ℓ2AdS
ℓ2m
a4 − 1
f (a) − f (1)
≥
,
2
ℓAdS
ℓ2m

0 ≤ z ≤ z∗ ,

(3.5.17)

L
.
2

(3.5.18)

z∗ ≤ z ≤

We also assume that a(z) is monotonically increasing close to z = 0.7 In Figure
3.4 we show a schematic representation of the two regimes described above.
Null energy condition. We impose the null energy condition on the additional
matter. The zz-component can be directly read off from (3.5.11)
m
8πG Tzz
=

3 f (a)
.
a2 ℓ2m

(3.5.19)

We consider matter that respects the transverse Lorentz symmetry. This implies
m
m
that the stress-energy tensor is diagonal and satisfies Txx
= Tyy
= −Tttm . Its
conservation then implies that
d m a′ m 3a′ m
T + Tzz +
T = 0.
dz zz
a
a tt
7 Relaxing

(3.5.20)

these two assumptions cannot help in making the wormhole more semiclassical.
Indeed, the above discussion shows that in order to be useful, the conventional matter needs
to make L as small as possible. It can be seen that relaxing these assumptions will only make
things worse.
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Figure 3.4. We assume that the new term in the Einstein equation dominates up
to some z = z∗ , for which we have a(z∗ ) = a∗ . After this value the cosmological
constant dominates.
The resulting stress-energy tensor is

m
8πG Tµν


f (a) − af ′ (a)
0
0
′

1
0
af (a) − f (a)
0
= 2 2 
0
0
af ′ (a) − f (a)
a ℓm 
0
0
0


0
0 
.
0 
3f (a)

The null energy condition applied to the vector ∂t + ∂z implies
f ′ (a) ≤

4f (a)
.
a

(3.5.21)

In particular, this implies that f (1) > 0. Indeed, dividing (3.5.17) by a − 1 and
taking the limit a → 1 implies that f ′ (1) > 4ℓ2m /ℓ2AdS .
Contradiction. First, integrating the NEC gives
f (a) ≤ a4 .

(3.5.22)

Intuitively, this means that the fastest function of a which satisfies the NEC is
a cosmological constant. Since our original problem was that the cosmological
constant does not grow fast enough, no other conventional matter should help us
in making the wormhole more semiclassical.
More precisely, from (3.5.14) and (3.5.17), we see that
2(f (a) − 1)
,
ℓ2m
2(a4 − 1)
a′2 ≤
,
ℓ2AdS

a′2 ≤

0 ≤ z ≤ z∗ ,

(3.5.23)

L
.
2

(3.5.24)

z∗ ≤ z ≤
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Integrating the first equation implies that
Z a∗
Z
Z
da
ℓm a∗
da
ℓm a∗
da
p
√
≥√
≥√
.
z∗ =
′
a
2 1
2 1
a4 − 1
f (a) − 1
1
Next, we can obtain a bound on a∗ by integrating the second equation,
Z
Z
Z ∞
L
ℓAdS ∞
da
ℓAdS 1
da
ℓAdS ∞ da
√
√
√
≥
= √
− z∗ =
≥
.
′
2
4
2
2 a∗
2 a∗ a
2 a∗
a −1
a∗ a
This gives

(3.5.25)

(3.5.26)

√

2ℓAdS
≫ 1,
(3.5.27)
L
where the second inequality follows from (3.5.13). Then, equation (3.5.25) gives
z∗ > O(1)ℓm where O(1) is an order one number (which is bigger than ∼ 0.5
already for a∗ = 2). Using again (3.5.13), this implies
a∗ ≥

z∗ ≫ L/2 ,

(3.5.28)

which is a contradiction. This shows that adding conventional matter does not
help in making the wormhole semiclassical.

3.6

Coupling a large number of fields

In the previous section we have shown quite generally that we cannot build a
traversable wormhole with just a perturbative amount of negative energy, assuming
Poincaré invariance in the boundary directions. Increasing the coupling or adding
conventional matter do not help. Another strategy is to use a large number N of
fields in the non-local coupling to enhance its effect. This approach was exploited
in previous constructions of traversable wormholes [76, 25, 79]. For our wormholes,
the estimate (3.3.1) gets replaced by
D−2

ℓAdS
∼ Nλ ,
(3.6.1)
ℓP
where N is the number of fields and D = d + 1 is the number of spacetime
dimensions in the bulk. Thus, it seems that by taking N large enough, we can
obtain a large AdS radius while keeping λ ≪ 1. However, a large number of fields
implies a lowering of the UV cutoff of the theory, which can be interpreted as the
renormalization of Newton’s constant. On general grounds [115, 102, 116, 103],
we expect that
1
D−2
(3.6.2)
MUV
≤ MpD−2 .
N
This implies that the solution cannot be made semiclassical

D−2
ℓAdS
∼ λ ≪ 1.
(3.6.3)
ℓUV
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3.6.1

Renormalization of Newton’s constant

The perturbative renormalization of Newton’s constant can be computed from the
one-loop effective action. We will use the heat kernel expansion which provides
a canonical way to regulate the divergences [125]. In D dimensions, the effective
Lagrangian at one-loop is
Leff = −

1 a0 (x)
1 a2 (x)
+ ... ,
−
D ℓD
D
− 2 ℓD−2
UV
UV

(3.6.4)

where ℓUV is a UV cutoff and an (x) are the so-called Seeley-DeWitt coefficients
which are obtained from the heat kernel expansion. The term a0 (x) gives a renormalization of the cosmological constant and the term a2 (x) gives the renormalization of Newton’s constant.
Because of the Weyl anomaly discussed in section 3.3.2, we will focus on odddimensional theories. We want a Weyl invariant theory so we consider nS massless
D−2
and nF Dirac fermions. The
scalars with the conformal coupling ξ = 4(D−1)
computation is detailed in the Appendix 3.B and gives


1 ⌊D/2⌋
4−D
D/2
nS + 2
nF R .
(4π)
a2 (x) =
(3.6.5)
12(D − 1)
12
In special cases of interest, this is

1


 24 (nS + 4nF )R ,
D/2
1
(4π)
a2 (x) = 48
(−nS + 16nF )R ,


 1 (−n + 16n )R ,
24

S

F

D = 3,
D = 5,

(3.6.6)

D = 7.

We see that in 5d and 7d, we can make a2 (x) vanish by choosing appropriately
the field content. Note that this is possible because of the negative contribution
from the conformally coupled scalars. In such cases, the perturbative lowering of
the UV cutoff will be given by two-loop diagrams. This leads to a softer lowering
of the UV cutoff, (3.6.2) becomes
1
D−2
MUV
≤ √ MpD−2 .
N

(3.6.7)

Assuming that no other effects lower the UV cutoff, we obtain


ℓAdS
ℓUV

D−2
∼

√
Nλ .

(3.6.8)

From this analysis, it seems that taking large enough N allows for semiclassical
wormholes. However, we argue in the next section that non-perturbatively, the UV
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cutoff is always lowered according to (3.6.2), preventing the possibility of having a
semiclassical wormhole in this way. For related discussions on the renormalization
of Newton’s constant and the meaning of the negative contribution, we refer to
[126, 127, 128, 129, 130, 131].

3.6.2

Non-perturbative considerations

Non-perturbative arguments based on black hole physics suggest that the UV
cutoff of a gravity theory with N species is always lowered according to (3.6.2).
These arguments are based on the rate of black hole evaporation, or entropy bounds
[115, 102, 103]. These arguments suggest that the one-loop cancellations in (3.6.6)
are not sufficient to lower the cutoff at the non-perturbative level.
Another consideration is the “no-transmission principle” which implies that a
traversable wormhole between asymptotically AdS regions supported only by Casimir
energy is inconsistent. Indeed, we should not be able to send signals from one
asymptotic boundary to another if the two dual CFTs are decoupled [113].
For example, let us consider a theory in 5d with a large number of scalar and
spinor fields such that nS = 16nF . This is chosen so that a2 (x) = 0 so that
according to the above computation, Newton’s constant is not renormalized at
one-loop. Assuming that the UV cutoff is not lowered by other effects, (3.6.8)
would imply that we can have a semiclassical wormhole by taking the number of
fields large enough.
If the above scenario is really possible, we could also construct a traversable wormhole without the non-local coupling, using only Casimir energy. For this to be true,
we need to make sure that the Casimir energy is non-zero and negative. Let us
consider the above setup with nS = 16nF but without a non-local coupling. We
are free to change the boundary conditions of the fields because the computation
of a2 (x) is insensitive to them (up to boundary terms which are irrelevant here).
In particular, we can choose the boundary conditions so that the nF spinors and
the 4nF scalar fields are in a supersymmetric configuration in the flat space setup.
As discussed in section 3.3.3, this implies that the Casimir energy of these fields
will compensate. The remaining 12nF scalar fields can be chosen to have Dirichlet boundary conditions in flat space. The Casimir energy of 5d massless scalars
between two plates with Dirichlet boundary conditions is computed in [122] and
is indeed negative. Following the discussion in 3.3.3, this would give a traversable
wormhole supported only by Casimir energy. More generally, we expect that it
should always be possible to make the Casimir energy negative by choosing adequate boundary conditions.
Thus, we obtain a configuration where a traversable wormhole connects two de97
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coupled CFTs which is inconsistent because of the “no-transmission principle” of
AdS/CFT. This strongly suggests, in agreement with the black hole arguments,
that the non-perturbative UV cutoff is still lowered according to (3.6.2) despite
the perturbative cancellations at one loop. The wormhole cannot be made semiclassical by using a large number of fields.

3.7

Discussion

In this chapter we have investigated the possibility of constructing eternal traversable
wormholes connecting two asymptotically AdS regions by coupling the two dual
CFTs. We focused on gravity solutions preserving Poincaré invariance along the
field theory directions and used a Weyl invariant field in the non-local coupling.
Under these assumptions, the stress-energy tensor can be computed analytically.
Although it violates the null energy condition, it does not provide enough negative energy to support a semiclassical wormhole. As argued from the “quantum
inequalities” [27], increasing the coupling does not help. We also proved a nogo theorem saying that adding conventional matter in the bulk cannot make the
wormhole semiclassical. Another strategy is to use a large number of fields in the
non-local coupling. This increases the negative energy but lowers the UV cutoff by
a compensating amount, disallowing any semiclassical traversable wormholes. A
one-loop computation suggests that this lowering of the UV cutoff, interpreted as
a renormalization of Newton’s constant, can be soften by adequately choosing the
field content. However, non-perturbative arguments suggest that this cannot work
[115, 102, 103]. In particular, this would lead to a traversable wormhole solely
supported by Casimir energy, without a non-local coupling. This contradicts the
“no-transmission principle” which follows from basic postulates of the AdS/CFT
duality [113].
This argument suggests that any mechanism that enhances the effect of the nonlocal coupling should always make the Casimir energy negligible, as to prevent
the possibility of a semiclassical wormhole without a non-local coupling. We expect this requirement to provide some guidance in the construction of eternal
traversable wormholes in AdS/CFT.
There are many avenues for future research. We can consider changing the conformal dimensions of the field, going away from the conformally coupled case. The
effect becomes more difficult to compute but the numerics in [13] suggests that the
negative energy can be increased in this way. We could also investigate situations
with less symmetry. This would provide more room to produce the large hierarchy
between the small quantum effect induced by the non-local coupling and the large
semiclassical geometry. Adding rotation has been shown to enhance the effect
98
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of the non-local coupling [75]. Also, it should be possible to import in AdS/CFT
the recent construction of long-lived traversable wormhole in Minkowski spacetime
[25].
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Appendix

3.A

General dimensions

3.A.1

Setup

The computation done in section 3.2.2 can be generalized to any dimension. In D
spacetime dimensions, the zz component of the stress-energy tensor is
Z
1
dD−1 k
flat


⟨Tzz ⟩ = −h
(2π)D−1 2 cosh2 |k|L
2
(3.A.1)
Z
h vol(S D−2 ) +∞ xD−2 dx
.
= − D−1
L
(2π)D−1 0
2 cosh2 x2
The full stress-energy tensor has the general form

−1

1

λ 
flat
..

⟨Tµν ⟩ ∼ D 
.
L 

1



1−D




,




(3.A.2)

where λ ∼ hL is the perturbative parameter and ∼ means up to an order one
numerical factor.
After the conformal transformation to the metric (3.2.1), the Einstein equation
has the same form (3.2.23) as in 4d but with the potential
V (a) =

Gλ
a4
−
.
2LD
2ℓ2AdS

We can redo the computation done in section 3.2.3 and we obtain

D−2
ℓAdS
∼ λ.
ℓP
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(3.A.4)
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We are in the perturbative regime λ ≪ 1 so the wormhole cannot be semiclassical.

3.A.2

No-go theorem

The no-go theorem presented in the main text can be generalized to any dimension.
In D dimensions, the Einstein equation takes the form
a′2 = −

Gλ
a4
+
.
LD
ℓ2AdS

(3.A.5)

We consider a modified Einstein equation
a′2 = −
=

Gλ f (a)
a4
+ 2 + 2
D
L
ℓm
ℓAdS

a4 − 1 f (a) − 1
,
+
ℓ2AdS
ℓ2m

where f (a) is subject to the same assumptions as in the main text. We will show
that f (1) is positive which allows us to fix ℓm by requiring that f (1) = 1. We also
use conventions where a(0) = 1. Evaluating Einstein equation at z = 0 leads to


1
Ld
1
+
λ∼
.
(3.A.6)
G ℓ2AdS
ℓ2m
The null energy condition is obtained as in the four dimensional case. We first
compute the stress-energy tensor corresponding to the new term we added in the
Einstein equation. The zz component can be read off the Einstein equation
m
Tzz
=

(D − 1)(D − 2) f (a)
.
16πG
a2 ℓ2m

(3.A.7)

We can determine Tttm by solving at the conservation equation ∇µ T µν = 0. This
gives
a′
a′ m
m
+ (D − 1) Tttm = 0 .
(3.A.8)
∂z Tzz
+ (D − 3) Tzz
a
a
From this equation, we can determine
Tttm =

(D − 2) (5 − D)f (a) − af ′ (a)
.
16πG
a2 ℓ2m

(3.A.9)

Evaluating the NEC, we obtain as in four dimensions
m
Tzz
+ Tttm ≥ 0 =⇒ 4f (a) − f ′ (a) a ≥ 0 .

(3.A.10)

This bound implies that f (1) is positive and leads to
f (a) ≤ a4 .
The remainder of the proof is unchanged.
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3.B. Heat kernel expansion

3.B

Heat kernel expansion

We consider fluctuations of quantum fields around a given classical background.
The effective action can be written
Seff = S0 + S1-loop ,

(3.B.1)

where S0 is the action of the classical background. The effective action is computed
by a Euclidean path integral
Z
e−Seff = e−S0 Dϕ e−ϕΛϕ ,
(3.B.2)
where Λ is the operator of quadratic fluctuations. The heat kernel expansion [125]
provides a way to regularize and compute the effective action. The term that
renormalizes GN is
1
(3.B.3)
(4π)2 a2 (x) = Tr(6E + R) ,
6
where the trace is over the components of the fields and E is defined by
−Λ = g µν Dµ Dν + E ,

(3.B.4)

and Dµ = ∇µ + ωµ is a suitable covariant derivative. We compute below a2 (x)
for fields of interest in d spacetime dimensions. These results can also be found in
[132] except that the conformal coupling is not considered there.
Scalar. We consider a massless scalar field. The Lagrangian is L = (∂φ)2 +ξRϕ2 .
This gives E = −ξR. Hence,


1
R.
(3.B.5)
−
ξ
(4π)d/2 ascalar
(x)
=
2
6
Fermion. We consider a Dirac spinor. The Lagrangian is L = ψ̄γ µ Dµ ψ. The
fermionic fluctuation operator is thus γ µ Dµ . This is a first order operator so we
apply the heat kernel to its square. The identity (γ µ Dµ )2 = g µν ∇µ ∇ν − 41 R implies
that E = − 14 R. This gives
(4π)d/2 aspinor
(x) =
2

1 ⌊d/2⌋
2
.
12

(3.B.6)

Maxwell vector. The Lagrangian is L = − 21 Fµν F µν = −Dµ aν Dµ aν +Dν aµ Dµ aν .
We integrate the two terms by parts and swap the two derivatives in the second
term to obtain
L = aν □aν − aν Rµν aµ − (Dµ aµ )2 .
(3.B.7)
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As usual, the last term is removed by adding a gauge-fixing term Lg.f. = (Dµ aµ )2 .
This introduces two scalar ghosts which are minimally coupled. The contribution
of these ghosts is two times the one written in (3.B.5) with ξ = 0 and an overall
minus sign due to the opposite statistics. For the gauge field, we obtain E = −Rµν .
This gives
(4π)d/2 avector
(x) =
2

104

d−8
R.
6

(3.B.8)

4

Wormholes from Averaging
over States

In this last chapter, we leave the GJW protocol and consider non-traversable
wormholes. As we have recalled in the introduction, recent works on evaporating
black holes in AdS, in particular the island formula (1.4.1), seem to imply that
semiclassical gravity is computing an average over some microscopic degrees of
freedom.
In JT gravity and SYK the average is over theories, but more generally it is not
clear what we should average over. In this chapter, following [74], we consider
averages over states.
We focus on the quantum deviation, which measures the fluctuations in the expectation value of an operator in an ensemble of pure states. We show that for
a large class of ensembles and observables, these fluctuations are calculated by a
correlation function in a thermofield double-like state. For certain ensembles, this
state is dual to the eternal black hole, and the quantum deviation can be reliably
calculated within semiclassical gravity. As an application, we calculate the size of
the long-time correlation function ⟨A(t)A(0)⟩.
Our original motivation to consider averages over states was that they might resolve the factorization problem. However, our main result is independent of this
question. In particular, the quantum deviation can be used to understand to what
extent a black hole typical pure state differs from the ensemble average. We show
that this question can be answered within semi-classical gravity.

4.1

Introduction and main results

Recent progress has shown that semiclassical gravity has access to information
about the spectrum of the underlying microscopic theory which was previously
thought to be beyond its reach. Two notable examples are the ramp in the spectral
form factor [72] and the Page curve [10, 11] (see [12] for a review). A common
aspect of these works is the inclusion of wormhole geometries in the gravitational
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path integral.
These wormholes join boundaries which are otherwise disconnected and induce
correlations between them. This is puzzling from a holographic perspective because on the non-gravitational side of the duality there is no coupling between the
boundaries and hence no correlation. This inconsistency is particularly sharp if
we consider the product of partition functions, as in the spectral form factor. On
the boundary theory we are simply multiplying two functions. However, on the
gravitational side, wormhole geometries lead to an answer which does not factorize
[133].
A simple way to resolve this inconsistency is to assume that semiclassical gravity
is computing some sort of average [10, 133, 134, 135, 136, 137]. The correlations
given by the wormholes correspond with the ones generated by the averaging. This
is indeed the case in the examples considered in [10, 133], as they are based on JT
gravity, which is known to be dual to an ensemble of theories [73]. However, in
higher dimensions there seems to be a problem. On the one hand there is no clear
reason why wormhole geometries, analogous to the ones that contribute in JT
gravity, should be discarded. On the other hand the boundary theory is believed
to be unique. This leads to the question of what sort of averaging, if any, gravity
is performing.
One interesting resolution of this problem was proposed in [74]. See also [138, 139,
140] for related works. The idea is that, within the semiclassical approximation, we
can only probe a gravitational system through operators that cannot resolve the
detailed structure of the Hilbert space. Therefore, semiclassical gravity effectively
computes averages over ensembles of typical states. The main advantage of this
approach is that the boundary theory is unique. Moreover, it provides a simple and
intuitive explanation for the average. Notice that this type of reasoning is familiar
in the context of ETH [141, 142] and the typicality approach to the foundation of
statistical mechanics [143, 144, 145].
In this chapter we implement this proposal. The authors of [74] consider a large
class of observables and write down an effective field theory that encodes their
ensemble averages and higher moments. We focus on one particular example of
these averaged quantities which we call the quantum deviation, defined by
∆2O ≡

r

Tr(Oρ)

2

z

−

q
y2
Tr(Oρ) .

(4.1.1)

Here J. . .K indicates averaging over an ensemble of states, which can be either
pure or mixed. Notice that in the equation above, ρ is a state drawn from the
ensemble, not to be confused with the ensemble itself. In particular we want to
understand whether this quantity can be reliably computed in semiclassical gravity
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for different choices of ensembles.
The quantum deviation is a very different quantity than the usual variance of a
quantum operator. The variance, ⟨O2 ⟩ − ⟨O⟩2 , gives a measure for the spread
in measurement outcomes in any given quantum state. On the other hand, the
quantum deviation captures fluctuations in the expectation value in some ensemble
of states. While the usual variance can be calculated given the density matrix of the
system, the quantum deviation is only defined once we have specified a probability
distribution over quantum states. Therefore, ∆O is suitable for determining, for
example, whether typical pure state black holes have structure at the horizon that
disappears after averaging over states.
Another reason why the quantum deviation is an interesting quantity to study is
that, if we assume that semiclassical gravity only computes averages, it tells us
how far we can trust the semiclassical approximation. We should not trust the
average value of an observable when it is comparable to ∆O .
Our main results are
• When averaging over a microcanonical ensemble of pure states, as in [74], the
quantum deviation is given by a correlation function in the ‘microcanonical
double’ state,1
∆2O = e−S ⟨MCD| OL OR |MCD⟩ .
(4.1.2)
The microcanonical double state |MCD⟩ is the microcanonical analog of the
thermofield double state. This result relies only on having a large number
of states in the microcanonical window, and does not require us to assume
ETH.
• In the regime of interest, the state |MCD⟩ does not have a simple gravity
dual, so this quantity cannot be computed using semiclassical gravity.
• We generalize (4.1.2) to a large class of ensembles. In particular if we average
over a ‘canonical’ ensemble of pure states with inverse temperature β, the
quantum deviation is given by
∆2O =

i
Z(2β) h
−S
⟨
TFD
|
O
O
|
TFD
⟩
+
O(e
)
.
2β
L
R
2β
Z(β)2

(4.1.3)

• In holographic theories, for a broad class of operators O, the quantum deviation ∆O in this ‘canonical’ ensemble of pure states can be reliably computed
in semiclassical gravity via a simple wormhole saddle, the eternal black hole.
1 For simplicity we assume that the disconnected part of the correlator is zero in this introductory section.
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q
y
• Semiclassical gravity does not always calculate the mean value ⟨ψ| O |ψ⟩
correctly. Specifically, in calculating long-time correlation functions, O =
A(t)A(0), semiclassical gravity does not correctly calculate the average over
q
y
states ⟨ψ| O |ψ⟩ for sufficiently large t. However, it does reliably calculate
the quantum deviation of this quantity. In the regime where the deviation
is small compared to the average, semiclassical gravity does compute the
average correctly.
Taken together, these results indicate that we can calculate, within semiclassical
gravity, the size of quantum gravity effects on a wide class of correlation functions.
This is surprising because ∆O is exponentially suppressed in the entropy. Therefore, one might expect that this quantity is not accessible to semiclassical gravity
at all. We calculate the average size of these effects in a class of pure states, but
averaging over theories is not needed.

4.2

Quantum deviation

In this section, we define the quantum deviation more carefully. In particular we
show that it can be computed as an expectation value in a double copy of the
theory.
In standard quantum mechanics, every aspect of the quantum state is encoded in
the density matrix; the results of all possible measurements done on the system
can be calculated from the density matrix.
Here, motivated by the gravity dual, we want to allow more elaborate experiments.
Imagine we are given an ensemble of quantum states ρ with associated probabilities
P (ρ). We are allowed to not only do experiments on single copies of the system,
but also to do experiments on multiple copies at once. Given such a quantum
ensemble, we define the quantum deviation, ∆O , by
r
z
q
y2
2
∆2O ≡ Tr(Oρ)
− Tr(Oρ) .
(4.2.1)
P
Here the double brackets indicate the average over ρ, J · K ≡ ρ P (ρ) · , depending
on the ensemble considered, the sum over ρ should be replaced by an integral.
The quantum deviation for ensembles of pure states can be obtained by setting
ρ = |ψ⟩⟨ψ|. Since in the rest of the chapter we will mostly consider ensemble of
pure states, it is convenient to write it down explicitly:
r
z
q
y2
2
∆2O = ⟨ψ| O |ψ⟩
− ⟨ψ| O |ψ⟩ .
(4.2.2)
This type of quantum ensemble has been considered before, and we have not
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attained a comprehensive knowledge of the literature. We are aware of [146, 145,
147].
To better illustrate the information carried by the quantum deviation, it is helpful
to study a simple example. We consider two different ensembles for a spin 21
particle. In distribution A there is equal probability for all pure states,
n
1 o
A≡
|n̂⟩ , pn̂ =
,
(4.2.3)
4π n̂∈S2
where n̂ is a point on the Bloch sphere and
|n̂⟩ = cos

θ
θ
|↑⟩ + eiϕ sin |↓⟩ .
2
2

(4.2.4)

In distribution B the particle is in the state |↑⟩ with probability 1/2 and in the
state |↓⟩ with probability 1/2,
n
1 o
1 
, |↓⟩ , p↓ =
.
(4.2.5)
B≡
|↑⟩ , p↑ =
2
2
Let O = σz , with σz |↑⟩ = 1 and σz |↓⟩ = −1. The averaged expectation values of
this operator in the two ensembles can be easily computed. For ensemble A we
have
Z
q
y
1
A:
⟨σz ⟩ =
dΩ2 ⟨n̂| σz |n̂⟩ = 0 ,
(4.2.6)
4π
where dΩ2 is the volume element on the Bloch sphere. For ensemble B we have
B:

q
y 1

⟨σz ⟩ = ⟨↑| σz |↑⟩ + ⟨↓| σz |↓⟩ = 0 .
2

(4.2.7)

We see that the averaged expectation value of σz cannot distinguish between the
two ensembles. The quantum deviation on the other hand can. We have
Z
1
1
2
dΩ2 ⟨n̂| σz |n̂⟩ = ,
(4.2.8)
A : ∆2σz =
4π
3
while
B:

∆2σz =

1
2
2
⟨↑| σz |↑⟩ + ⟨↓| σz |↓⟩ = 1 .
2

(4.2.9)

One might worry that the averaged expectation value of some other operator
could distinguish between the two ensembles. To see that this is not the case it is
convenient to rewrite the averaged expectation value as
q
y
Tr(ρ O) = Tr(ρ1 O) ,
(4.2.10)
where we have defined ρ1 ≡ J ρ K. Going back to the spin example it’s easy to show
that for both ensembles A and B

1
A, B : ρ1 =
|↑⟩⟨↑| + |↓⟩⟨↓| ,
(4.2.11)
2
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so the averaged expectation value of any operator is the same between the two
ensembles. The main advantage of the rewriting above is that we need to perform
the average once, to compute the averaged state ρ1 . Averaged expectation values
then correspond to usual expectation values in this averaged state.
We can rewrite also the quantum deviation in terms of an averaged state, at the
cost of considering a doubled theory. We have
r
z

2
Tr(Oρ)
= Tr ρ2 O† ⊗ O ,
(4.2.12)
where we have defined a normalized density matrix in a doubled Hilbert space,
ρ2 ≡ J ρ ⊗ ρ K .

(4.2.13)

The quantum deviation is then given by

2
∆2O = Tr ρ2 O† ⊗ O − Tr(ρ1 O) .

(4.2.14)

It’s easy to see that tracing out either side in ρ2 one obtains ρ1 . Therefore, the
negative term in the expression above is simply subtracting the disconnected piece
of the correlator, so the final result is simply a connected 2-point function in the
doubled theory,



∆2O = Tr ρ2 O† − ⟨O† ⟩ ⊗ O − ⟨O⟩ ,
(4.2.15)
where ⟨O⟩ = Tr(ρ1 O). Going back again to the spin example, we can check that
the double state ρ2 is different in the two ensembles. For the ensemble A we have
Z

1
1
dΩ2 |n n⟩⟨n n| = |↓ ↓⟩⟨↓ ↓| + |↑ ↑⟩⟨↑ ↑| + |ψ+ ⟩⟨ψ+ | , (4.2.16)
A : ρ2 =
4π
3
 √
where we have defined |ψ+ ⟩ ≡ |↑ ↓⟩ + |↓ ↑⟩ / 2 . For ensemble B we have
B:

ρ2 =


1
|↓ ↓⟩⟨↓ ↓| + |↑ ↑⟩⟨↑ ↑| .
2

(4.2.17)

We conclude that the distributions A and B lead to the same ρ1 but different
ρ2 ’s. We can distinguish A from B by computing the quantum deviation for any
operator O that is sensitive to this difference, such as σz .
We have shown that the quantum deviation is calculated by a correlation function
in some state in the doubled theory. The non-trivial work we do in the rest of this
chapter is to identify in what situations this state has a nice gravity dual.
However, first, we point out an interesting fact about the quantum deviation that
further motivates its study. We show that the quantum deviation is sensitive to
the averaged purity of the states in the ensemble considered.
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4.2.1

Purity

We want to show that the quantum deviation is sensitive to whether we have an
ensemble of pure states or mixed states.
We begin by inserting complete sets of energy eigenstates in (4.2.1)


X X
∗
∆2O =
Om
O
Jρ
ρ
K
−
Jρ
KJρ
K
.
n
m
m
n
m
n
m
n
m
n
2
2
1 1
2 2
1 1
2 2
1 n1

(4.2.18)

n1 m1 n2 m2

We can’t compute the quantum deviation without knowing something about the
ensemble we are averaging over in J · K. However, it turns out that we can make
some progress if we assume that the operator O obeys ETH [148, 141, 142],
Onm = O(Ē)δnm + e−S(Ē)/2 f (Ē, ω)Rnm .

(4.2.19)

Here Ē = (En + Em )/2, ω = Em − En , O(Ē) is the microcanonical expectation
value of O at energy Ē and Rnm is a random number with zero mean and unit
variance. Using this we find
X

∆2O =
O(En )O(Em ) Jρnn ρmm K − Jρnn KJρmm K
nm

+

X

e−S(Ē) f (Ē, ω)

nm

2

(4.2.20)

q
y 2
2y
|ρnm | − Jρnm
.

Here to simplify the expressions we have replaced the random variables Rnm and
∗
Rn2 m2 → δm1 n2 δn1 m2 .
their products with their averages: Rnm → 0 and Rm
1 n1
The term in the first line can be simplified if we expand O(E) around the mean
energy E∗ = Tr(ρ1 H),
1
O(En ) = O(E∗ ) + O′ (E∗ )(En − E∗ ) + O′′ (E∗ )(En − E∗ )2 .
2

(4.2.21)

Plugging this in (4.2.20) and keeping only terms up to quadratic order in (E − E∗ )
we find

X
y 2
2 q
2y
∆2O = O′ (E∗ )2 ∆2H +
e−S(Ē) f (Ē, ω)
|ρnm | − Jρnm
,
(4.2.22)
nm

where ∆2H is the quantum deviation of the Hamiltonian. The first term is not very
exciting; it depends on the operator only through its microcanonical expectation
value at energy E∗ . The second term instead can be related to the averaged purity
in the ensemble, as we now show.
2

To estimate the second term we approximate S(Ē) and f (Ē, ω) with constants
and take them out of the sums. For the first term in parenthesis we find
X
y
2q
2y
2q
e−S(Ē) f (Ē, ω) |ρnm | ≈ e−S |f | Trρ2 .
(4.2.23)
nm
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The second term requires a bit more work. Let |aρ ⟩ be the basis in which the
matrix ρ is diagonal
X
ρ=
ρaa |aρ ⟩⟨aρ | .
(4.2.24)
aρ

Then we have
X
e−S(Ē) f (Ē, ω)
nm

2

Jρnm

y

2

2

≈ e−S |f |

X

P (ρ)P (ρ′ )

ρ,ρ′

X

2

ρaa ρ′bb ⟨aρ |bρ′ ⟩ .

aρ ,bρ′

The bases for different ρ don’t need being orthonormal; however, for typical ensembles we expect that, given two randomly drawn matrices ρ and ρ′ , the elements
of their bases are approximately orthogonal, ⟨aρ |bρ′ ⟩ ≈ δab δ(ρ − ρ′ ). Using this
fact we can simplify the expression above to
X
y2 X
2
e−S(Ē) f (Ē, ω) Jρnm
≈
P (ρ)2 Trρ2 ,
(4.2.25)
nm

ρ

q
y P
which is typically much smaller than Trρ2 = ρ P (ρ)Trρ2 .
We conclude that the quantum deviation is approximately given by
y
2q
∆2O ≈ O′ (E∗ )2 ∆2H + e−S |f | Trρ2 .

(4.2.26)

We see that the quantum deviation is sensitive to the average purity of the states
in the ensemble, as long as the first term is not too large. As we will see in
the rest of the chapter, the quantum deviation is also exponentially suppressed
in the entropy of the system, so the two terms are generically of the same order.
Whether it is possible to neglect the first term depends on the details of both the
ensemble and the operator considered. In the next section we will give a simple
example in which this is the case. However, in the rest of the chapter we will focus
on ensembles of pure states. It would be interesting to study in more detail the
quantum deviation for ensembles of mixed states.

4.3

Microcanonical ensemble

We calculate the quantum deviation for the ‘microcanonical’ ensemble of pure
states of [74]. States are drawn with equal probability from some energy window,
I = [E − ∆E, E], i.e. the states are Haar-random. The typical energy splitting
between energy eigenstates in the window is given by ∆E/d, where d ≈ eS(E) is
the number of energy eigenstates in the window. An observer can try to measure
the energy of the system. However, as long as they can only act with simple operators their experiments cannot be sensitive to these exponentially small splittings.
Therefore, it is natural to average over states drawn from some small window of
energies.
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As explained in the previous sections, to find the quantum deviation we compute
the averaged states ρ1 and ρ2 . Let |ψ⟩ be the pure state we want to average over.
Our strategy is to first expand in the energy eigenbasis, {|n⟩}, so that
X
|ψ⟩ =
ψn |n⟩ .
(4.3.1)
n

Then we perform the average over the components of the state in this basis.
We leave the details of this average to Appendix 4.A. To compute ρ1 and ρ2 we
only need the expression for the 2-point function of ψn
∗
Jψn ψm
K=

1
δnm ,
d

(4.3.2)

and the 4-point function
∗
∗
Jψn1 ψn2 ψm
ψm
K=
1
2

1
(δn m δn m + δn1 m2 δn2 m1 ) .
d(d + 1) 1 1 2 2

(4.3.3)

To be more clear we compute ρ1 explicitly,
q
y
ρ1 = |ψ⟩⟨ψ| =

X
En ,Em ∈I

∗
Jψn ψm
K |n⟩⟨m| =

1 X
|n⟩⟨n| .
d

(4.3.4)

En ∈I

Here we have expanded in the energy eigenbasis and then used the equation for
the 2-point function of ψn . The final result is the usual microcanonical ensemble
from statistical mechanics. Following the same procedure for ρ2 , we find
ρ2 =

X
1
(|n m⟩⟨n m| + |n m⟩⟨m n|) .
d(d + 1) nm

(4.3.5)

These formulas were already known in the literature, see for example [149, 144].
The ‘doubled’ state ρ2 can be rewritten in terms of the ‘microcanonical double’
1 X
|MCD⟩ ≡ √
|ñ⟩ |n⟩ ,
d En ∈I

(4.3.6)

where |ñ⟩ = Θ |n⟩ and Θ is an anti-unitary operator such as CPT. We have
ρ2 =

TL
d
1  †
ρ1 ⊗ ρ1 +
ΘL |MCD⟩⟨MCD| ΘL
,
d+1
d+1

(4.3.7)

where the superscript TL indicates a partial transpose.
It may seem perverse to rewrite the relatively simple density matrix ρ2 in this way,
but we will see below that this rewriting allows for a simple gravity dual, once we
generalize to other ensembles in the next section.
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Combining everything, the quantum deviation for a single operator is given, in
this microcanonical example, by
∆2O =

1
⟨MCD| (OL − ⟨OL ⟩)(OR − ⟨OR ⟩) |MCD⟩ .
d+1

(4.3.8)

Here we have defined OL ≡ ΘOΘ† ⊗ I and OR ≡ I ⊗ O.
We learn that the quantum deviation is computed by the connected two-point
function in a microcanonical version of the thermofield double. The thermofield
double, at high enough temperatures, is dual to an eternal black hole in AdS.
Intuitively one might think that the microcanonical double is dual to some microcanonical version of the eternal black hole. Below we show that in fact there is no
semiclassical dual to this state.
Mixed ensembles. First however, we take a small detour. Using the formulas
above for ρ1 and ρ2 , we can check in an explicit example that the quantum deviation is sensitive to how mixed are the states in the ensemble considered. We
consider mixed states of the form
ρ=

K
1 X
|ψi ⟩⟨ψi | ,
K i=1

(4.3.9)

where |ψi ⟩ are i.i.d. random states, drawn from the same microcanonical ensemble.
This means that to average over the states ρ we need to average over each |ψi ⟩
separately. The averaged density matrix is now given by
JρK =

K
y 1 X
1 Xq
|ψi ⟩⟨ψi | =
|n⟩⟨n| ,
K i=1
d

(4.3.10)

En ∈I

where we have used the fact that the states are identically distributed and the
expression for the 2-point function (4.3.2). The final result is independent of K:
it is again the microcanonical ensemble we found above for the ensemble of pure
states. Therefore, we cannot learn whether the states in the ensemble are mixed
by computing averaged expectation values. For the double state we have
q

K
y
y
1 Xq
ρ⊗ρ = 2
|ψi ψj ⟩⟨ψi ψj |
K i,j=1
y q
y Xq
y
1  Xq
|ψi ⟩⟨ψi | ⊗ |ψj ⟩⟨ψj | +
|ψi ψi ⟩⟨ψi ψi |
= 2
K
i
i̸=j

1 1 X 1
= ρ1 ⊗ ρ1 +
|n m⟩⟨m n| − ρ1 ⊗ ρ1 ,
K d + 1 nm d
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where in going to the second line we have used that the states are independently
distributed and in going to the last line we have used the expression for the 4point function (4.3.3). From this expression it’s simple to compute the quantum
deviation
∆2O =

1 1
⟨MCD| (OL − ⟨OL ⟩)(OR − ⟨OR ⟩) |MCD⟩ .
K d+1

(4.3.12)

Comparing with what we found above for the ensemble of pure states, eq. (4.3.8),
we see that the quantum deviation for the ensemble of mixed states is suppressed
by a factor K. A similar calculation shows that the average purity in this ensemble
is given by
q
y
1
1
1
+ −
.
(4.3.13)
Trρ2 =
K
d Kd
We see that for K ≪ d the average purity is indeed given by 1/K.2 Notice that
this average purity was already computed in in [74].

4.3.1

No simple gravity dual

Following [74], we now specialize to a holographic d-dimensional CFT, defined on
a sphere of radius R. The usual thermofield double, at sufficiently high temperatures, is dual to the two-sided eternal black hole. As is familiar from statistical
mechanics the microcanonical and canonical ensembles are equivalent in the thermodynamic limit. So one might hope that the microcanonical double is dual to
the same geometry. We now show that this is not the case.
First, we briefly recall how the equivalence works in statistical mechanics. Microcanonical and canonical expectation values are the same if we match the temperature of the canonical ensemble with the mean energy in the microcanonical
ensemble according to β = S ′ (⟨E⟩). Fluctuations scale differently in the two
ensembles, but this difference vanishes in the thermodynamic limit. In the holographic dual, we consider large black holes, i.e. rh ≫ ℓA , which dominate both
the canonical and microcanonical ensembles. To leading order in GN , there is no
difference between these two ensembles, and we can replace ρmc with ρβ . So we
can compute the microcanonical average of ⟨O⟩, by inserting the operator in a
black hole background.
To compute the quantum deviation we need to consider also the expectation value
of OL OR in the microcanonical double. We now want to estimate the difference
between the expectation values of operators in this state and in the thermofield
2 For large values of K some of the assumptions we made in section 4.2.1 break down, so
we don’t expect to find an agreement. For example ⟨aρ |bρ′ ⟩ ≈ δab δ(ρ − ρ′ ) is not a good
approximation anymore.
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double.3 To do this we expand in the energy eigenbasis
1 X
2
⟨MCD| OL OR |MCD⟩ =
|Onm | ,
d

(4.3.14)

En ,Em ∈I

and assume that the operator O obeys ETH, see (4.2.19). The diagonal terms in
the sum, n = m, give a term approximately equal to the microcanonical expectation value squared, [Tr(Oρmc )]2 . The same terms in the thermofield double would
give the square of the canonical expecation value [Tr(Oρβ )]2 . From what we have
said above we know that these terms agree if we pick the right temperature, so
we can focus on the off-diagonal terms. This corresponds to setting O(Ē) = 0 in
(4.2.19). Keeping this in mind we have
⟨MCD| OL OR |MCD⟩ =

1
d

X

2

e−S(Ē) f (Ē, ω) ,

(4.3.15)

En ,Em ∈I

2

where we have approximated |Rnm | with 1.
To proceed further we assume that the function f (Ē, ω) is approximately equal to
a constant f in an interval |ω| < δO and zero outside, where δO is a a constant
that depends on the operator O.4
2

If δO > ∆E, f (Ē, ω) can be taken out of the sum and the result of (4.3.15) is
2
simply |f | . Next we consider T < δO < ∆E. We approximate the sum with an
integral
Z E
dEn dEm S(En ) S(Em )
2
−S(E)
e
e
f (Ē, ω) e−S(Ē) . (4.3.16)
⟨OL OR ⟩MCD ≈ e
T
T
E−∆E
Here we had to pick a constant with dimension of energy to divide the infinitesimals
dEn and dEm : picking T corresponds to have d ≈ eS(E) , if ∆E > T . Next we
change coordinates to Ē = (En + Em )/2 and ω = Em − En and expand S(E)
around Ē
Z E
Z
dĒ S(Ē) h(Ē) dω S ′′ (Ē) ω2
2
−S(E)
4
e
e
⟨OL OR ⟩MCD ≈ e
f (Ē, ω) . (4.3.17)
T
T
−h(Ē)
E−∆E
The limits of integration for ω are given by
(
2(Ē − E + ∆E) Ē ≤ E − ∆E/2 ,
h(Ē) =
2(E − Ē)
Ē > E − ∆E/2 .

(4.3.18)

3 This difference was pointed out to us by D. Harlow [150], who also gave a version of the
argument that follows.
4 This can only be an approximation because the function f (Ē, ω) should be smooth. To be
more precise, we could take the function to exponentially decay for ω > δO , rather than being
0. This doesn’t change the conclusion.
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As long as ∆E 2 is subextensive in the number of degrees of freedom - i.e. it scales
like S(E)α with an exponent α < 1 - we can neglect the exponential in the second
integral. The integral over ω can then be easily evaluated, we find
Z ∆E
2
⟨OL OR ⟩MCD ≈ 2
dε e−βε min(δO , h(E − ε)) .
(4.3.19)
T 0
Here we have also changed coordinates to ε = E − Ē and we have expanded S(Ē)
around E. The exponential in the last integral allows us to restrict the integration
2
to 0 < ε < T , where h(E − ε) = 2ε. As long as δO > T the result is again |f | , up
to some numerical factor.
The intuitive reason why this result holds is that most states in the microcanonical
window are within a distance T from the top of the window. This follows from
the fact that for small enough energy windows we can approximate the density
2
=
of state with an exponential. More explicitly consider the energy variance, σE
2
2
⟨H ⟩ − ⟨H⟩ , in the microcanonical ensemble
′

2
σE
=

1
e−S (E)∆E
− ∆E 2
.
′
2
S (E)
(1 − e−S ′ (E)∆E )2

(4.3.20)

We see that for any ∆E ≫ T the uncertainty is given by T and not ∆E as one
might naively think.
Let’s now compare the result for the microcanonical double with the one for the
thermofield double. Repeating the same steps as above we find
1 X −β Ē−S(Ē)
2
⟨TFD| OL OR |TFD⟩ =
e
f (Ē, ω) .
(4.3.21)
Z(β) n,m
As above, we now approximate the sum with an integral and change to Ē, ω
variables,
Z
Z
dĒ −β Ē+S(Ē) 2Ē
1
δO 2
2
e
|f | ,
⟨OL OR ⟩TFD ≈
f (Ē, ω) ≈
(4.3.22)
Z(β)
T2
T
−2Ē
In the last step we have used that the first integral is dominated by energies
Ē ≫ δO , so we can restrict the second integral to |ω| < δO and take f outside.
The final answer now depends on δO , so we conclude that, for the type of operators
we are considering, the correlations in the thermofield double and microcanonical
double are not the same. The class of operators we have chosen is general enough
that the usual eternal black hole cannot be taken to be a good dual also for the
microcanonical double.
This result seems at odds with the work of Marolf [151], in which he argued that
the dual of a microcanonical version of the thermofield double is given by the usual
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eternal black hole. As we will explain in more detail below, the state considered
in [151] is not the same as the microcanonical double state we have defined above,
in the regime where semiclassical gravity applies. Specifically, while our state has
equal probability for all energy eigenstates within the microcanonical window, in
the state of [151] the probabilities are given by the Boltzmann factor. Further, the
microcanonical window must be wide enough for the Boltzmann factor to become
significant in order for the construction of [151] to be reliable.
In more detail, the state considered in [151], dubbed the “microcanonical thermofield double”, is given by
X
|MCTFD⟩ =
e−βE/2 g(E − E0 ) |E⟩ |E⟩ .
(4.3.23)
E

The function g(E − E0 ) enforces the microcanonical constraint; it is a smooth
function that is approximately constant for |E − E0 | < ∆E and decays fast outside
this range. For example [151] considers a Gaussian. However, the specific shape
of the function is not important; in particular one can consider functions g which
approximate a step function. Then the only difference between our state and the
one considered in [151] is the presence of the Boltzmann factor e−βE/2 .
Notice that in the state |MCTFD⟩ β does not correspond to the physical temperature of the system, which is instead given by S ′ (E0 ). To see this we can trace over
one side of |MCTFD⟩ to obtain the corresponding ensemble. Then it’s clear that
the function g selects a window over an auxiliary Boltzmann distribution and β is
only a parameter of this distribution. Depending on how we choose β and E0 the
resulting ensemble can be different. To see this we compute the energy variance
in |MCTFD⟩
′

2
σE
=

1
e−(S (E0 )−β)∆E
2
−
∆E
.
(S ′ (E0 ) − β)2
(1 − e−(S ′ (E0 )−β)∆E )2

(4.3.24)

This is the same result we’ve found in (4.3.20) if we substitute S ′ (E) → S ′ (E0 )−β.
We recognize 3 different regimes for the resulting ensemble, which we illustrate in
fig. 4.3.1. For β ≪ S ′ (E0 ) we can neglect β and we recover (4.3.20); if additionally S ′ (E0 )∆E ≫ 1 the variance is given by the physical temperature squared
S ′ (E0 )−2 . For β ≫ S ′ (E0 ) we can neglect S ′ (E0 ) and we find that the variance is
given by β −2 . Finally for (S ′ (E0 ) − β)∆E ≪ 1 the Boltzmann factor flattens the
2
density of states and we find σE
∝ ∆E 2 .
The regime considered in [151] is the last one, (S ′ (E0 ) − β)∆E ≪ 1. Our state
|MCD⟩ instead corresponds to the β ≪ S ′ (E0 ) regime, as there is no Boltzmann
factor to begin with. Therefore, there is no inconsistency with [151].
One reason why the condition (S ′ (E0 ) − β)∆E ≪ 1 is necessary is the following.
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eS(E)−βE

1
β

1
S ′ (E)

E
∆E

∆E

∆E

Figure 4.3.1. Statistical ensemble corresponding to |MCTFD⟩. The function g
selects a window of energy states in an auxiliary Boltzmann distribution. We pick
three windows (shaded areas), corresponding to the regimes explained in the text.
From left to right: β ≪ S ′ (E0 ) , (S ′ (E0 ) − β)∆E ≪ 1 and β ≫ S ′ (E0 ). The
dashed areas correspond to the states that dominate the ensemble in the different
regimes. The energy uncertainty is determined by these states only.
As explained in [151] to have a semiclassical dual geometry the uncertainty in the
energy needs to be large enough. This follows from the energy-time uncertainty
principle
σE σt > 1 .

(4.3.25)

To have a well defined dual geometry we want the uncertainty in time to vanish
in the semiclassical limit GN → 0. This is true if the uncertainty in energy grows
in this limit, σE ∝ G−α
N , for some positive α. In fact it should not be larger than
in the canonical ensemble, so we also need α < 1/2. For our state |MCD⟩ the
uncertainty is set by the temperature σE = 1/S ′ (E0 ), which doesn’t scale with
GN . The uncertainty on time is larger than the thermal scale and the dual state
is given by a superposition of distinct geometries. Of the three regimes above the
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only one that allows to tune the energy variance by changing ∆E is the last one,
(S ′ (E0 ) − β)∆E ≪ 1, which is the one considered in [151].
The conclusion of the above discussion is that |MCD⟩ does not have a semiclassical
holographic dual. In the next section we introduce a larger class of averaging
ensembles that lead to doubled states with a semiclassical dual.

4.4

More general ensembles

In the last section we have considered microcanonical averages of pure states. The
quantum deviation is computed by the connected two-point function in a microcanonical version of the thermofield double. Unfortunately, as we have shown, this
state has no semiclassical holographic dual.
In this section we consider more general averages over pure states and check
whether the quantum deviation can still be computed as the connected two-point
function in a thermofield-like state. We then look for examples in which this state
does have a semiclassical holographic dual. In particular we expect that for thermal averages the quantum deviation is computed in the usual thermofield double
state, which is dual to an eternal black hole.
We would like to study the quantum deviation, once we have fixed ρ1 to be given
by a specific state
X p̂n
ρ1 =
|n⟩⟨n| .
(4.4.1)
Z1
n
Here p̂n is an unnormalized probability distribution with normalization Z1 =
P
n p̂n and |n⟩ are energy eigenstates. For examples, in the canonical ensemble the first would be given by Boltzmann factors, p̂n = e−βEn , and the second
by the partition function, Z1 = Z(β). The requirement (4.4.1) fixes the two-point
function as
q
y p̂n
∗
δnm .
(4.4.2)
ψn ψm
=
Z1
Physically p̂n /Z1 is the probability of finding the system in the state n. Notice
that neither p̂n nor Z1 are physical: we can rescale p̂n by a n-independent constant
without changing the physical probabilities. The reason why we split them this way
is that below we will deal with derived probability distributions with unnormalized
P
probabilities (p̂n )k and normalization Zk = n (p̂n )k .
The constraint on the two-point function is not enough to uniquely select a measure
over Hilbert space, since the higher point functions still need to be fixed. In fact
there are an infinite number of possible probability distributions over pure states
consistent with the constraint above. As an example, consider the microcanonical
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ensemble. This can be obtained from the measure we have considered in the
previous section, which is constant over the whole space spanned by the energy
eigenstates in the window; or equivalently from a measure which is localized only
on these energy eigenstates. We need some extra physics input to pick one. To
compute the quantum deviation we only need the 4-point function, so it will be
enough to determine this.
This problem is not new to the literature, see [147] and references therein. We
comment on two alternative possible averaging procedures in Appendices 4.B and
4.C. To briefly summarize, we found the existing proposals lacking for our present
purposes.

4.4.1

Nearly Gaussian ensembles

We now show that for a large class of averages the quantum deviation is indeed
computed by a connected two-point function in a thermofield-like state. Rather
than trying to define an explicit measure over Hilbert space, we consider directly
the 4-point function needed to compute ρ2 and determine it by imposing some
physically motivated constraint. We come back to the actual integral over Hilbert
space in the next section.
We assume that the probability distribution over states is such that, in the basis
P
|n⟩, the probability for the state n ψn |n⟩ depends only on the magnitude of ψn
and not its phase. This was already true for the two-point function in (4.4.2), we
are now assuming that this is true also for all higher point functions. Then the
only non-zero terms are when the indices contract, and ρ2 takes the simpler form
ρ2 =

q
y
X |ψn |2 |ψm |2

|n m⟩⟨n m| + |n m⟩⟨m n| .
1 + δnm
n,m

(4.4.3)

In the ensembles of interest we expect that the probability distribution over the
amplitudes will be close to Gaussian, so it is helpful to separate the Gaussian part.
Define
q
q
2
2y
2 yq
2y
|ψn | |ψm | ≡ |ψn |
|ψm | (1 + δnm ) + εnm ,
(4.4.4)
where εnm captures the deviation from the Gaussian theory. Then the Gaussian
part simplifies, so that
ρ2 =

Xq
2 yq
2y
|ψn |
|ψm | +
n,m


εnm 
|n m⟩⟨n m| + |n m⟩⟨m n| .
(1 + δnm )

(4.4.5)

Notice that by definition we have trR ρ2 = ρ1 , which also guarantees that ρ2 is
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properly normalized. This is true if εnm satisfies
X

εnm = −

m

 p̂ 2
n

Z1

.

(4.4.6)

This for example rules out a purely Gaussian ensemble, εnm = 0. Physically, we
are defining a distribution over normalized states, and the normalization constraint
couples the amplitudes ψn , leading to a nontrivial 4-point function.
The quantum deviation is given by
∆2O =

X p̂n p̂m
n,m

Z12

2

|Onm | +



εnm
2
∗
Onn
Omm + |Onm | .
(1 + δnm )
n,m

X

(4.4.7)

To proceed further we need some way to fix εnm . To do this it is helpful to consider
the non-Gaussian part for the microcanonical ensemble,
εmc
nm = −

1
(1 + δnm ) .
d2 (d + 1)

(4.4.8)

The εnm for the more general ensembles we are considering in this section should
reduce to this expression when we specialize to microcanonical probabilities, p̂n = 1
and Z1 = d. However, it would be too much to ask to find εnm exactly, as we did
for the microcanonical case. It is enough to determine it to leading order in 1/d,
which is the natural large parameter in the calculation. To leading order in this
expansion the microcanonical non-Gaussian piece is given by
1
1
.
(4.4.9)
εmc
nm = − 3 (1 + δnm ) + O
d
d4
To decide how to replace 1/d3 in the more general ensembles we impose a physical
constraint. Consider the quantum deviation of the Hamiltonian itself
∆2H =

1 X 2 2 X
E p̂ +
εnm En Em .
Z12 n n n nm

(4.4.10)

This measures how much the energy expectation value varies across the ensemble
we consider. In the microcanonical ensemble it is given by


1 X 2
1 1 X 2  1 X 2
En −
En
− 3
∆2H =
E + ...
d d n
d n
d n n
(4.4.11)
1
1 2
= σE + O 2 .
d
d
We see that up to the prefactor and higher order corrections it is given by the
energy variance in the microcanonical ensemble. We want this to be true also for
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the more general ensembles we consider in this section. This is enough to fix the
4-point function, i.e. εnm to leading order.
Notice that because in the first term in eq. (4.4.10) we have p̂2n , rather than
simply p̂n , we are naturally led to consider the energy fluctuations in a different
ensemble than the one we have introduced with ρ1 . We consider the ensemble
P
with unnormalized probabilities p̂2n and normalization Z2 = n p̂2n . To make this
clearer, let’s specialize for a moment to canonical probabilities, p̂n = exp(−βEn ).
Then the difference between the two ensembles is the temperature, which in the
second one is half the original one, β → 2β. Notice that the microcanonical
ensemble is not sensitive to this difference, since in this case p̂2n = p̂n and Z2 =
Z1 . Therefore, this choice is consistent with the microcanonical case. While our
discussion below is valid for more general choices of p̂n , we will still sometimes
refer to these two ensembles as being at temperature β and 2β.
The εnm selected by the requirement above is
εnm = −

Z2 p̂2n p̂2m
(1 + δnm ) + ε(1)
nm ,
Z12 Z22

(4.4.12)

where ε(1)
nm represents higher order corrections. It’s easy to see that this expression
reduces to (4.4.9) for p̂n = 1. We have written the expression above in such a way
that each term is manifestly physical, by which we mean that it is invariant under
n-independent rescaling of the unnormalized probabilities p̂n . Physically Z2 /Z12
and p̂2n /Z2 are equal to respectively the purity and the normalized probabilities in
the ensemble at temperature 2β. We focus on probability distributions such that
a large number, eS , of states dominate the ensemble. In this case we can estimate
both the purity and the physical probabilities as O(e−S ). We expect the higher
−4S
order terms to be further suppressed by O(e−S ), i.e. we have ε(1)
).
nm = O(e
Now that we have fixed εnm to leading order, we can go back and find the quantum
deviation for a generic operator O. From eq. (4.4.5) we have


Z2 X p̂n p̂m
p̂2 p̂2
ρ2 = ρ1 ⊗ ρ1 + 2
|n m⟩⟨m n| − n 2m |n m⟩⟨n m|
Z1 nm Z2
Z2
(4.4.13)

X p̂2 p̂2
n m
|n m⟩⟨m n| + . . .
−
Z22
nm
where the dots represent the corrections coming from ε(1)
nm . We can rewrite this
expression as

TL
Z2 h †
ρ2 = ρ1 ⊗ ρ1 + 2
ΘL |T2 ⟩⟨T2 | ΘL
− τ2 ⊗ τ2
Z1
(4.4.14)
TL i
Z4 †
− 2 ΘL |T4 ⟩⟨T4 | ΘL
+ ...
Z2
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where TL denotes the partial transpose and we have defined the thermofield-like
state
1 X k/2
|Tk ⟩ ≡ √
p̂ |ñ⟩ |n⟩ ,
(4.4.15)
Zk n n
and the associated reduced density matrix
τk ≡ TrR |Tk ⟩⟨Tk | =

1 X k
p̂ |n⟩⟨n| .
Zk n n

(4.4.16)

When computing the quantum deviation, the terms in the round parentheses in
(4.4.14) lead to a connected two-point function in the state |T2 ⟩. We have
∆2O =


Z2 
Z4
⟨T
|
O
O
|T
⟩
−
⟨T
|
O
O
|T
⟩
+
.
.
.
2
L
R
2
4
L
R
4
c
Z12
Z22

(4.4.17)

where ⟨ · ⟩c denotes the connected two-point function
⟨T2 | OL OR |T2 ⟩c ≡ ⟨T2 | (OL − ⟨OL ⟩2 )(OR − ⟨OR ⟩2 ) |T2 ⟩ ,

(4.4.18)

and ⟨O⟩k = Tr[τk O].
Typically Z4 /Z22 ∼ e−S ; since also ε(1)
nm is exponentially suppressed in entropy, we
expect that the connected correlation function in |T2 ⟩ gives the dominant contribution to the quantum deviation, unless the operator O is quite unusual. We can
write

Z2 
∆2O = 2 ⟨T2 | OL OR |T2 ⟩c + O(e−S ) ,
(4.4.19)
Z1
which is the generalization of (4.3.8) we were after.
Below we will discuss more precisely when the exponentially small corrections can
become important. However, first we point out two specific ensembles where the
state |T2 ⟩ has a semiclassical holographic dual.
Example 1: canonical ensemble. As a first example we consider p̂n = e−βEn .
Then the state |T2 ⟩ is the thermofield double at temperature 2β and the quantum
deviation is
∆2O =


Z(2β) 
⟨TFD2β | OL OR |TFD2β ⟩c + O(e−S ) .
2
Z(β)

(4.4.20)

At sufficiently high temperatures the thermofield double is dual to the eternal black
hole [62]. Thus, we conclude that the quantum deviation is given by the connected
piece of a two-sided correlation function in an eternal black hole background.
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Example 2: mesocanonical ensemble. Now that we have a canonical average, we can repeat the construction of Marolf [151] to obtain a microcanonical-like
ensemble which does have a gravity dual. To distinguish this ensemble from the
usual microcanonical ensemble, we call it mesocanonical. We consider probabilities
p̂n = e−βEn /2 g(En − Eβ ) ,

(4.4.21)

where the function g selects a window of the energy distribution as in fig. 4.3.1.
The window is centred at the energy Eβ , which solves the saddle-point equation
S ′ (E) = β, and has a width ∆E ≫ T . As we’ve explained in the previous section
this is needed to have a semiclassical dual. Then by our discussion above we know
that the quantum deviation is given by a connected two-point function in the state
|T2 ⟩ which is given by
1 X −βEn /2
e
g(En − Eβ ) |ñ⟩ |n⟩ .
(4.4.22)
|T2 ⟩ =
Z2 n
This is precisely the state considered in [151], where it was shown that the dual
geometry is the usual eternal black hole.
Normalization from Gravity. One might be annoyed by the presence of the
explicit factor Z2 /Z12 appearing in our expression (4.4.19) for the quantum deviation. In the above cases, this factor can be calculated in gravity separately.
Perhaps more elegantly, we can choose to normalize states in the ‘gravity normalization’ [133]
⟨E|E⟩ = eS(E) .
(4.4.23)
In this normalization, (4.4.19) becomes simply
(∆2O )Grav = ⟨T2 | OL OR |T2 ⟩Grav + . . . ,

(4.4.24)

where the subscript ‘Grav’ indicates that the states are now normalized using the
gravity normalization.

4.4.2

Conditions for the validity of (4.4.19)

We present two conditions that together are sufficient to guarantee the validity of
our formula (4.4.19). To do this it is convenient to split the quantum deviation in
three pieces, ∆2O = I − II + III where
1 X
1 X 2 2
Z2
2
∗
p̂n p̂m |Onm | − 2
p̂ p̂ (Onn Omm
),
I = 2 ⟨T2 | OL OR |T2 ⟩c = 2
Z1
Z1 nm
Z1 Z2 nm n m
Z4
1 X 2 2
2
II = 2 ⟨T4 | OL OR |T4 ⟩ = 2
p̂ p̂ |Onm | ,
(4.4.25)
Z1 Z2
Z1 Z2 nm n m
X

2
∗
III =
ε̃(1)
nm |Onm | + Onn Omm .
nm
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Notice that the first two terms are, by definition, greater or equal to zero, I, II ≥ 0.
The last term, III, comes from the higher order contributions to εnm . To lighten
(1)
the notation we have defined ε̃(1)
nm ≡ (1 + δnm )εnm .
We should not trust our formula if I < |II − III|. We don’t know the precise form of
ε̃(1)
nm , but we expect that it is exponentially suppressed in the entropy as compared
to the leading non-gaussian piece, namely
1
−S
ε̃(1)
p̂2 p̂2 .
(4.4.26)
nm ≲ e
Z12 Z2 n m
One might think that from this follows that III can always be neglected, but this is
not the case. For example, whenever I ≤ II, we also need to have III ≥ II, because
the quantum deviation is by definition greater or equal to zero. More generally, it
P
2
is certainly true that nm ε̃(1)
nm |Onm | ≪ II, and so we don’t need to worry about
the first term in III. However, we need to be more careful with the second term.
Consider, for example, a diagonal operator, Onm ∝ δnm . The δnm kills one sum
in II, but it doesn’t affect the second term in III. The extra sum in this term can
compensate the exponential suppression in ε̃(1)
nm .
To be explicit, consider a diagonal operator O with constant entries, Onm = λδnm .
It’s easy to see that I = 0 in this case; what is left in the quantum deviation is

 Z
X
4
+
ε̃(1)
(1
+
δ
)
.
(4.4.27)
∆2O = λ2 − 2
nm
nm
Z1 Z2
nm
However, for a constant operator the quantum deviation should be zero, since
the expectation value of the operator in any state is the same. This implies
that the two terms above cancel out, which can be shown to be indeed the case
using the constraint (4.4.6). In this example we explicitly see that III can be
as important as II. In particular we can’t exclude the possibility that for some
operators, |II − III| > I even if II < I. Notice that in this particular example the
opposite is true: while II > I, we have |II − III| >
̸ I. In other words III works in
our favor and we can trust our formula even though II > I. It would be interesting
to understand whether this is true for a larger class of operators O.
We sidestep this issue by separately imposing that II < I and |III| < I. The first
condition is simple to check, we need to compare the connected two-point function
in |T2 ⟩ with the full two-point function in |T4 ⟩. For the second condition we need
to estimate III. Using (4.4.26), we find that the the second term in III, which is
the only one that can give problems when I < II, can be approximated by the
disconnected piece of the two-point function in |T2 ⟩ times a factor exponentially
small in the entropy. The two conditions are then given by
II < I :
|III| < I :

⟨T2 | OL OR |T2 ⟩c ≫ e−S ⟨T4 | OL OR |T4 ⟩ ,
⟨T2 | OL OR |T2 ⟩c ≫ e−S ⟨OL ⟩2 ⟨OR ⟩2 .
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These two conditions are sufficient to trust our formula for the quantum deviation,
but are not necessary. The simple example we considered above violates them both
and yet the answer we get from our formula is correct.

4.5

Maximum entropy

In the previous section we have fixed the 4-point function of ψn by imposing some
physically motivated constraint, inspired by the microcanonical ensemble. This is
not completely satisfying for two reasons. First, the constraint, while reasonable,
might seem rather ad hoc. Second, we haven’t explicitly constructed an ensemble
of states which leads to such 4-point function. In this section we address these two
points. We show that at least one well-motivated choice of an ensemble of pure
states reproduces the 4-point function (4.4.12).
The starting point is the same as in the previous section, suppose the 2-point
function is fixed,
p̂n
∗
Jψn ψm
K=
δnm .
(4.5.1)
Z1
Question: what is the most natural ensemble of pure states that reproduces this
2-point function? One natural answer is to choose the ensemble to maximize the
entropy of the ensemble.
Note that we are not discussing a von Neumann entropy here, but a notion from
probability theory. As an elementary example, consider a probability distribution
f (x) over one real variable. Define the entropy by
Z
S = − dx f log f ,
(4.5.2)
subject to the constraint
x2 = σ 2 .

(4.5.3)

The solution is that f is a Gaussian.
More generally, this procedure works as long as we have a preferred integration
measure (in the above case, simply dx). An integration measure is needed because
the entropy defined above depends on the measure. This can be thought of as an
anomaly that arises when we try to take the continuum limit of the usual definition
of entropy.
In our case, the natural metric on Hilbert space is given by the Fubini-Study
metric, or equivalently the metric on complex projective space CPd . This space
P
2
can be obtained from Cd+1 by first restricting to the sphere ∥ψ∥ ≡ n |ψn |2 = 1,
and then projecting out the overall phase. For us, it is more convenient not to
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project out the overall phase, and instead work with the full space of normalized
wavefunctions.
In other words, while CPd is obtained by the quotient of the 2d + 1-sphere by
U (1), we work simply on the sphere S2d+1 with the associated metric. Our probability distribution will turn out to be invariant under the U (1) action, so we can
equivalently think of it as a probability distribution on S2d+1 or CPd .
Making use of the usual metric on the sphere, we want to maximize
S=−

Z Y
d


2
dψl∗ dψl δ(∥ψ∥ − 1)f log f ,

(4.5.4)

l=1

subject to the constraints

p̂n
.
(4.5.5)
Z1
We can solve for f by performing a constrained minimization, varying the function
J|ψn |2 K =

S̃ =

Z Y
d




X
2
dψl∗ dψl δ(∥ψ∥ − 1) −f log f −
αm |ψm |2 f − βf ,

(4.5.6)

m

l=1

where the αn and β are Lagrange multipliers.
The solution is

 X

f = A exp −
αm |ψm |2 ,

(4.5.7)

m

which, as promised, is invariant under rotation by an overal phase ψm → eiϕ ψm .
The αn need to be fixed by imposing the constraint on the two-point function. To
do this it is convenient to define a ‘generating function’
J(αa ) ≡

Z Y
d


2
dψl∗ dψl δ(∥ψ∥ − 1)f ,

(4.5.8)

l=1

which using the above form of f becomes
J =A

Z Y
d

P

2
2
dψl∗ dψl δ(∥ψ∥ − 1)e− m αm |ψm | .

(4.5.9)

l=1

From this expression we learn that the αn are defined up to a constant shift,
αn → αn + c, where c is some n-independent constant. This freedom will be useful
further below. We can calculate J by rewriting the delta function,
J=

Z Y
d

P
P

2
2
dψl∗ dψl dλ e− m αm |ψm | e−iλ( m |ψm | −1) .

l=1
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4.5. Maximum entropy
The two-point function is given by
Z d
P

2
1 Y ∗
J|ψn |2 K =
dψl dψl dλ eiλ− m (αm +iλ)|ψm | |ψn |2 .
J

(4.5.11)

l=1

Integrate by parts on ψn to obtain
Z d
P

2
1
1 Y ∗
dψl dψl dλ eiλ− m (αm +iλ)|ψm |
J|ψn |2 K =
J
αn + iλ
l=1
r
z
1
=
.
αn + iλ

(4.5.12)

In this last equality, we are now thinking of λ as one of the fields in the theory.
We expand this expression in λ, and define βn ≡ αn−1 , to get
X
p̂n
J|ψn |2 K =
(−i)r βnr+1 Jλr K =
.
(4.5.13)
Z1
r≥0

From this we learn that to leading order βn = p̂n /Z1 .
Similarly, for the 4-point function we have
r
J|ψn |2 |ψm |2 K = (1 + δnm )

z
1
1
.
αn + iλ αm + iλ

(4.5.14)

Now we want to relate the 4-point function to the 2-point function. If we expand
the expression above in λ we find
X
s+1 r+s
J|ψn |2 |ψm |2 K = (1 + δnm )
(−i)r+s βnr+1 βm
Jλ K .
(4.5.15)
r,s≥0

We add and subtract the Gaussian piece, (1 + δnm )p̂n p̂m /Z12 , from the expression
above,



p̂n p̂m X
r+s
r
s
2
2
r+s r+1 s+1
J|ψn | |ψm | K = (1 + δnm )
(−i) βn βm Jλ K − Jλ KJλ K .
Z12
r,s≥1

To leading order, we only need to keep the r, s = 1 term in the sum and we can
set βn = p̂n /Z1 ,



p̂n p̂m
p̂2n p̂2m
2
2
2
2
J|ψn | |ψm | K = (1 + δnm )
−
Jλ K − JλK + . . .
(4.5.16)
Z12
Z14
We now want to calculate Jλ2 K − JλK2 . To do this, it is convenient to go back to
the expression for the generating function (4.5.10) and perform the ψ integrals,
giving
Z
Y
1
J = dλ eiλ
.
(4.5.17)
αl + iλ
l
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To proceed further we can rewrite the infinite product in terms of logarithms
Z
 X

J = dλ eiλ exp −
log(1 + iλβl ) .
(4.5.18)
l

Q
Here we have dropped an irrelevant constant l βl . As we have seen above, to
leading order βl = p̂l /Z1 . For typical probability distributions we expect p̂l /Z1 =
O(1/d). It’s clear that for λβl > 1 the integrand in J decays fast, so we expand
the integrand as if λβl < 1. For the log we have
X

log(1 + iλβl ) =

l

X (iλ)k
k

k

(−1)k+1 Bk ,

(4.5.19)

P
where we have defined Bk ≡ l βlk . Notice that Bk = O(d1−k ), so to leading
order we can focus on the linear and quadratic terms,
Z
1 2
(4.5.20)
J = dλ e− 2 λ B2 +iλ(1−B1 ) + . . .
To leading order we have B2 = Z2 /Z12 and B1 = 1; the latter implies that the
linear term drops out. However, it is not clear whether keeping higher order terms
in B1 gives a correction negligible as compared to the quadratic term. We can
avoid this question by using the freedom in αn we pointed out at the beginning
of the section: we pick c in such a way that B1 = 1 to all orders. Finally we have
that
Z
2
1 2
(4.5.21)
J = dλ e− 2 λ Z2 /Z1 + . . .
from which follows that Jλ2 K − JλK2 = Z12 /Z2 .

Plugging this back in gives the final answer,


p̂n p̂m
Z2 p̂2n p̂2m
2
2
J|ψn | |ψm | K = (1 + δnm )
− 2
+ ... ,
Z12
Z1 Z22

(4.5.22)

which agrees with (4.4.12).

4.6

Example: O = A(t)A(0)

We consider the quantum deviation of A(t)A(0). This operator is interesting
because it can be used to study information loss in the bulk [62, 152].
Consider, in a holographic theory, a state |ψ⟩ dual to a black hole geometry. The
two point function can be computed by turning on sources at the boundary of
the black hole geometry: generically it decays exponentially in time [153]. In a
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unitary theory with a finite dimensional Hilbert space the decay cannot continue
forever. At times of order the entropy of the system the two-point function starts
oscillating erratically around a value exponentially small in the entropy. This late
time dynamics is invisible in semiclassical gravity [154, 155], which instead predicts
an eternal exponential decay.
The goal of this section is to show that we can reliably compute the quantum
deviation of A(t)A(0) in semiclassical gravity, even for times t ∼ S. Knowing
the quantum deviation gives us access to information on the late time behavior of
A(t)A(0) which are otherwise invisible in semiclassical gravity.
Following [74] we assume that the operator A is simple, meaning that it is insensitive to the details of the state |ψ⟩. For these operators it is sensible to approximate
the expectation value in |ψ⟩ with its average over an ensemble of pure states drawn
from a small energy window. We can achieve this with the mesocanonical ensemble
as in (4.4.21),
p̂n = e−βEn /2 g(En − Eβ ) .
(4.6.1)
Here β is picked such that S ′ (Eβ ) = β and g is some function which selects the
energy window. We take it to be a step function
(
1 Eβ − ∆E ≤ E ≤ Eβ ,
g(E − Eβ ) =
(4.6.2)
0 otherwise .
The width of the window is ∆E ≫ T , such that the geometries dual to the state
|T2 ⟩ is semiclassical. It is given by the usual two-sided black hole.
The quantum deviation tells us how far we can trust this approximation. As
we show below, at late times the average expectation value is smaller than the
quantum deviation and hence should not be trusted. In this regime the quantum
deviation gives us an estimate of the typical size of the two-point function. Before
turning to the semiclassical computation of the quantum deviation we estimate
the late time behaviour of A(t)A(0) in quantum mechanics. To do this we assume
that the operator A(0) obeys ETH, see (4.2.19). For simplicity we assume that
A(E) = 0, equivalently we could consider connected two-point functions. The
matrix elements of O = A(t)A(0) are then given by
X
Onm =
ei(En −Ek )t Ank Akm
k

=

X

ei(En −Ek )t e−S(Ē

′ )/2

e−S(Ē

′′

)/2

f (Ē ′ , ω ′ )f (Ē ′′ , ω ′′ )Rnk Rkm ,

(4.6.3)

k

where Ē ′ = (Ek + En )/2 , Ē ′′ = (Ek + Em )/2 and ω ′ = Ek − En , ω ′′ = Em − Ek .
Notice that the k sum goes over all the energies.
131

4. Wormholes from Averaging over States
We want to estimate the size of these matrix elements at late times. The time
evolution of the matrix elements depends on the detailed shape of the function f ,
which is not fixed by ETH [141]. We can find a lower bound by focussing on very
late times, t > eS , when we can approximate all the oscillating phases as random
variables. From gravity we know that the two-point function decays exponentially
fast; as we show below from this follows that the lower bound is reached already
at t ∼ S.
For simplicity we focus on operator with a spectral width of size T . Namely,
we assume that the function f is approximately constant for |ω| < T and that
it decays quickly to zero outside. The regions |ω ′ | < T and |ω ′′ | < T have a
significant overlap only if |En − Em | < T . If we focus on this region, we can set
Ē ′ = Ē ′′ = Ē ≡ (En + Em )/2 and ω ′ = ω ′′ = ω ≡ ωm − ωn in the arguments of S
and f . Then we can take eS and f out of the sums. We are left with
X
Onm ≈ e−S(Ē) f (Ē, ω)2
ei(En −Ek )t Rnk Rkm ,
(4.6.4)
k

where now the k sum goes only over energies within a distance T from both En
and Em . Notice that in this interval there are eS(Ē) states. To estimate this last
sum we need to consider separately the diagonal and off-diagonal matrix elements
of O.
For the off-diagonal terms, n ̸= m, the random numbers Rnk Rkm induce cancellations at all times. Since we are summing eS(Ē) terms, we can estimate the sum
as eS(Ē)/2 .
For the diagonal terms, n = m, the random variables combine into a positive
2
quantity Rnk Rkn = |Rnk | and the time dependent phases play a more important
role. The advantage of considering times t > eS is that we can approximate all
the phases as random variables. We can again estimate the sum as eS(Ē)/2 .
We conclude that all the matrix elements can be approximated as
Onm ≈ e−S(Ē)/2 f (Ē, ω)2 ρnm (t) .

(4.6.5)

Here ρnm (t) is a random complex variable erratically fluctuating in time around
0 with fluctuations that are, for most times, of order 1. For specific choice of t
Poincaré recurrences might occur and ρnm (t) is much larger. To find this estimate
we have assumed that t > eS , so strictly speaking this is only a lower bound on the
size of the matrix elements. However, from gravity we know that the two-point
function decays exponentially in time. From this follows that this lower bound is
already a good estimate at t ∼ S.
Using the matrix elements above we can estimate both the two-point function in
|ψ⟩ and the averaged two-point function at late times. To estimate the first, let
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P
|ψ⟩ = n ψn |n⟩, where ψn are random complex numbers drawn according to the
mesocanonical ensemble. The two point function is
⟨ψ| A(t)A(0) |ψ⟩ =

X

∗ −S(En )/2
ψn ψm
e
f (Ē, ω)2 ρnm (t) .

(4.6.6)

nm

For typical states the effective number of terms contributing to each sum is given
by eS(Eβ ) . To see this notice that eS(En ) p̂n is picked at En = Eβ and decays
exponentially for En < Eβ − T . In this interval there are eS(Eβ ) states. Therefore,
we can approximate ψn as a random vector where eS(Eβ ) components are of order
e−S(Eβ )/2 and the remaining are negligible. Since the terms in sum don’t have a
definite sign there are cancellations and we can approximate the two sums with
eS(Eβ ) . Putting everything together we have
⟨ψ| A(t)A(0) |ψ⟩ ∝ e−S(Eβ )/2 .

(4.6.7)

The averaged two-point function is
J⟨ψ| A(t)A(0) |ψ⟩K =

1 X −(S(En )+βEn )/2
e
g(En − Eβ )f (En , 0)2 ρnn (t) . (4.6.8)
Z1 n

The effective number of terms in the sum is again given by eS(Eβ ) , so the averaged
two-point function can be estimated as
J⟨ψ| A(t)A(0) |ψ⟩K ∝ e−S(Eβ ) .

(4.6.9)

We see that the averaged two-point function does not give a good approximation
at late times.
Next we consider the quantum deviation. From eq. (4.4.7) we find
∆2O =


1 X
1 X 2 2  ∗
2
2
p̂
p̂
|O
|
−
p̂
p̂
O
O
+
|O
|
.
n
m
nm
mm
nm
n
m
nn
Z12 n,m
Z12 Z2 n,m

(4.6.10)

For the matrix elements above this quantity is dominated by the first term, so we
focus on this. We approximate the sum over energies with an integral
1 X −β(En +Em )/2
2
e
g(En − Eβ )g(Em − Eβ )|Onm |
Z12 n,m
Z Eβ
1
dEn S(En )−βEn /2
≈ 2
e
Z1 Eβ −∆E T
Z Eβ
dEm S(Em )−βEm /2
×
e
f (Ē, ω)4 e−S(Ē) ,
T
Eβ −∆E

∆2O ≈
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2

where in going to the second line we have neglected |ρnm (t)| . Next we change
coordinates from En , Em to Ē, ω and expanded S(En ), S(Em ) to first order around
Ē.
Z Eβ
Z
dĒ S(Ē)−β Ē h(Ē) dω
1
2
e
f (Ē, ω)4
∆O ≈ 2
Z1 Eβ −∆E T
−h(Ē) T
(4.6.12)
Z2 4
≈ 2f ,
Z1
where h(Ē) is the same as in eq. (4.3.18). In going to the last line we have evaluated
the first integral by saddle point and used that f decays fast for |ω| > T . With
similar calculations one can check that the remaining two terms in (4.6.10) are
exponentially smaller.
The last thing we are left to do is estimating the prefactor. We calculate the Z’s
by again approximating the sum over energy with an integral. For Z1 we have
Z

Eβ

Z1 ≈
Eβ −∆E

and for Z2
Z

dE S(E)−βE/2
e
≈ eS(Eβ )−βEβ /2 ,
T

(4.6.13)

dE S(E)−βE
e
≈ eS(Eβ )−βEβ .
T

(4.6.14)

Eβ

Z2 ≈
Eβ −∆E

Notice that the solution of the saddle point equation for the Z1 lies outside the
range of the integration so we have approximated the integral with its upper limit.
This is possible because the integrand grows exponentially. We conclude that
Z2
∝ e−S(Eβ ) .
Z12

(4.6.15)

From this we can estimate the typical size of ⟨ψ| A(t)A(0) |ψ⟩ as e−S(Eβ )/2 , which
agrees with our previous calculation.
We now turn to the gravity dual. The state ρ1 corresponds to the usual single-sided
black hole. As we’ve said the two-point function exponentially decays in this geometry. From our analysis above we know that this can’t be correct at sufficiently
late times. In fact even if gravity could reliably compute the averaged two-point
function at late times, this would not give a good estimate of ⟨ψ| A(t)A(0) |ψ⟩.
This can be diagnosed by computing the quantum deviation which at late times is
larger than the averaged two-point function. Interestingly we can reliably calculate
∆2A(t)A(0) in semiclassical gravity. The quantum deviation is given by
∆2A(t)A(0) =

Z2
⟨T2 | AL (−t)AL (0)AR (t)AR (0) |T2 ⟩c .
Z12
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We first consider the connected 4-point function and turn to the prefactor at the
end.
For simplicity we specialize to d = 2 on the boundary. If we focus on operators
with spectral width smaller than ∆E we can compute the correlation function by
inserting the operators in the two-sided BTZ black hole, at temperature β. For
this geometry the left-right propagator is known explicitly [98, 97]:
(2π 2 )∆  ℓ 2∆
2π
β
−∆




X
t1 + t2 
ℓ
.
×
cosh 2π (∆ϕ + 2πn) + cosh 2π
β
β

⟨TFDβ | AL (t1 , ϕ1 )AR (t2 , ϕ2 ) |TFDβ ⟩ =

(4.6.17)

n∈Z

Here ∆ is the scaling dimension of the operator A and the sum over images is
necessary to have the correct periodicity around the spatial circle. We will only
consider operator insertions at the same point around the circle, ∆ϕ = 0, so from
now on we suppress the dependence on ϕ. We are using the convention in which
time flows upwards on both sides of the geometry.
We can simplify the expression for the propagator if we focus on large black holes,
β ≪ ℓ, for which the contribution from images is exponentially suppressed. We
find

 ℓ 2∆
|t1 + t2 | 
exp −2π∆
,
(4.6.18)
⟨TFDβ | AL (t1 )AR (t2 ) |TFDβ ⟩ ≈
β
β
where we have dropped the dimensionless prefactor. This approximation is good
for |t1 + t2 | > β.
To leading order in GN we can compute the 4-point function in (4.6.16) by contracting the fields as if they were freely propagating. Sometimes the relative boosts
between the operators can lead to backreaction on the geometry, but for the time
ordering we are considering this doesn’t happen [156]. The contractions contributing to the connected correlation function are shown in fig. 4.6.1. Adding them we
find
i
 ℓ 4∆ h
1 + e−4π∆ t/β . (4.6.19)
⟨TFDβ | AL (−t)AL (0)AR (t)AR (0) |TFDβ ⟩c ≈
β
The exponentially decaying term is negligible for t > β, so we find that the correlation function is approximately given by a time-independent constant. The
quantum deviation is then given by
∆2A(t)A(0) ≈

Z2  ℓ 4∆
.
Z12 β
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A(t)
A(0)

A(t)

A(0)

A(−t)

A(0)

A(0)

A(−t)

(a)

(b)

Figure 4.6.1. The two contractions that contribute to the connected correlation
function. The contraction (a) is time independent, the contraction (b) decays
exponentially in time.
This result matches with the quantum mechanical estimate of section 4.6 if we
identify the constant |f | with (ℓ/β)∆ .5
From this we learn two things. First, the semiclassical expectation value of
A(t)A(0) should be trusted only until times t ∼ S, after which the quantum
deviation becomes larger. Second, the typical size of this expectation value, after
this time, is given by e−S/2 . This we already knew from the quantum mechanical analysis above. The interesting point here is that by computing the quantum
deviation this information is accessible also in semiclassical gravity.6
Canonical ensemble. One might wonder why above we haven’t considered the
canonical ensemble. In fact the calculation for the quantum deviation is almost
the same, only the prefactor changes,
∆2O ∝

Z(2β)
.
Z(β)2

(4.6.21)

For the BTZ example we can estimate this ratio of partition functions as e−3S/4 .
This is much larger than what we have found in the mesocanonical ensemble and it
5 In the gravitational computation we also found an exponentially decaying piece. We believe
that it is not possible to obtain this term from the standard version of ETH, where only the
2-point functions of Rnm are not trivial. One needs to use the generalization to higher point
functions of [157], see also [158] for a related work. However, we haven’t looked at this carefully
because in our case this extra term is uninteresting.
6 In fact a similar statement holds also in the CFT. In the CFT the semiclassical limit corresponds to the infinite volume limit. In this limit, same as in gravity, the two-point function is
given by an eternally decaying exponential. The quantum deviation, even in the infinite volume
limit, gives us some information on the time at which this decay should stop and on the typical
size of A(t)A(0) at late times.
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doesn’t give a good estimate of the late-time fluctuations of ⟨ψ| A(t)A(0) |ψ⟩, for a
fixed |ψ⟩. Indeed in the canonical ensemble we are averaging over states with very
different energies, and so the quantum deviation ends up being much larger. Notice
that the same happens in standard statistical mechanics: the expectation values
in the microcanonical and canonical ensembles are the same, but the fluctuations
are different. If we want to say something about typical states at some energy Eβ ,
we need to consider a sufficiently small energy window as we did above with the
mesocanonical ensemble.

4.7

Discussion

In this chapter, we have studied the quantum deviation
r
z
q
y2
2
∆2O ≡ Tr(Oρ)
− Tr(Oρ) ,

(4.7.1)

where the square double brackets indicate that we average over an ensemble of
states and ρ is a random state from the ensemble. This quantity is not the usual
quantum variance and it gives us the fluctuations of the expectation value of the
operator O in this ensemble. It is a diagnostic about whether or not we should
trust the average of an expectation value, i.e. if the value of the quantum deviation
is close to that of the average of the observable we should stop trusting the latter.
We found that the quantum deviation can be put in the form of a connected
two-point function in a thermofield double-like state, for a large class of ensembles. So, in the context of AdS/CFT, the quantum deviation can be computed in
semiclassical gravity whenever this state has a holographic dual. We have given
two examples in which this is the case: the canonical and mesocanonical ensembles. For both these ensembles the gravity dual is the eternal AdS black hole.
Specifically, in the canonical case the quantum deviation of an operator O is given
by
i
Z(2β) h
−S
∆2O =
⟨
TFD
|
(O
−
⟨O
⟩)(O
−
⟨O
⟩)
|
TFD
⟩
+
O(e
)
. (4.7.2)
2β
L
L
R
R
2β
Z(β)2
As an example that illustrates how the quantum deviation can be useful, we calculated the quantum deviation of the operator A(t)A(0) in the mesocanonical
ensemble. At times t ∼ S the quantum deviation becomes larger than the averaged expectation value, which tells us that we should not trust the latter anymore.
Moreover, the quantum deviation gives us an estimate of the typical fluctuations
q
y
of ⟨ψ| A(t)A(0) |ψ⟩ at late times, which are otherwise outside the reach of semiclassical gravity.
There are a number of directions one can take from here.
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• Purity. We have argued, and checked in a simple example, that the quantum
deviation “knows” about the purity of the ensemble of states we are using.
It would be useful to examine if that is true more generally.
• More general ensembles. We have identified a class of ensembles of pure
states where the quantum deviation can be calculated in gravity. It would be
interesting to explore other ensembles of pure and mixed states. We suspect
that the gravity calculation is reliable for a wider class of ensembles.7
• Range of Validity. The quantum deviation gives a diagnostic of whether
the semiclassical calculation of the mean is reliable. Is there a diagnostic within semiclassical gravity that determines when the calculation of the
quantum deviation is reliable?
• Class of Observables. We have provided two conditions, (4.4.28), to check
whether our formula for the quantum deviation, (4.4.19), can be trusted,
given a specific operator O. These conditions are not very stringent, so
we believe that our formula has a wide range of applicability. However,
it would be interesting to check this more precisely. What are the precise
requirements on the operator O such that the semiclassical calculation of the
quantum deviation is reliable?
• Fuzzballs. It seems that our techniques could be used to place powerful
constraints on fuzzball-type proposals. Namely, if the metric deviates from
Schwarzschild outside the horizon in a typical pure state, this is constrained
by the two point function in the eternal black hole background. It would be
interesting to map out the constraints and apply them to various proposals.
• Beyond AdS/CFT. We would ultimately like to determine whether quantum gravity effects are observable in real black holes. To accomplish this,
our results will need to be extended beyond the AdS/CFT context.

7 We understand that I. Arav, S. Chapman, and J. de Boer are examining this question in
ongoing work [159].
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4.A

Microcanonical averages

In this appendix we consider in more detail the microcanonical average over pure
states we have used in section 4.3.
The ensemble is given by pure states in HE = span{|n⟩ , En ∈ I}, where |n⟩ are
energy eigenstates and the microcanonical window is given by I = [E − ∆E, E].
The states are drawn with equal probability. In practice to perform the average
we integrate over the components of ψ in the energy eigenbasis ψn = ⟨n|ψ⟩ .8 The
integral is given by
Z
q
y
... ≡
Dψ . . . ;
(4.A.1)
HE

with measure
d

Dψ ≡

 Y dψl dψl∗
(d − 1)!
δ
1
−
∥ψ∥
.
2π d
2i

(4.A.2)

l=1

The constraint is needed to ensure that we only integrate over physical states,
2
∥ψ∥ = ⟨ψ|ψ⟩ = 1. Below we prove the following equation for the correlation
functions of ψn ,
q
y
∗
∗
= δk,k′
ψn1 . . . ψnk ψm
. . . ψm
1
k′

(d − 1)! X
δn1 mσ(1) . . . δnk mσ(k) . (4.A.3)
(d + k − 1)!
σ∈Sk

Here σ is an element of the permutation group of k elements, in other words we
can simply use Wick contractions between the indices. In practice in the main
text we only need the 2-point and 4-point functions, see section 4.3.
8 Alternatively,

one could set |ψ⟩ = U |m⟩, where U is a Haar random unitary and |m⟩ a
reference state, e.g. the vacuum. The average over Hilbert space is then traded for one over the
unitary group, which can be computed using Weingarten functions, as in [74]. We prefer averages
over states because they are easier to work with.
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Proof of eq. (4.A.1)
measure is given by

We want to integrate over a complex hypersphere, the

J ... K =

1
N

Z Y
d

dψl∗ dψl
δ 1 − ∥ψ∥ . . .
2i

(4.A.4)

l=1

As a warm up let’s compute the normalization
Z Y
d

1
dψl∗ dψl
J1K =
δ 1 − ∥ψ∥
N
2i
l=1
Z
d Z
2
dk ik Y dψl∗ dψl −ikψl∗ ψl
=
e
e
N
π
2i
l=1
Z
2(−iπ)d
1 2π d
dk eik
=
=
,
N
π kd
N (d − 1)!

(4.A.5)

from which we find N = 2π d /(d − 1)! , that is the volume of the unit 2d − 1
dimensional sphere. Above we have used δ(1 − ∥ψ∥) = 2δ(1 − ⟨ψ|ψ⟩) and Fourier
R
transformed in going to the second line; we have used dψ ∗ dψ exp(−iψ ∗ ψ) = 2π
R
in going to the last line; finally we have used R exp(ik)k −n = in π/(n − 1)! in the
last step.
To compute correlation functions we find the generating function
q
y
Z(Jl , Jl∗ ) ≡ exp(Jl ψl + Jl∗ ψl∗ ) ,

(4.A.6)

from which we can compute correlation functions taking J derivatives. A computation similar to the one above shows that
 ∗ 
Z
Jl Jl
dk eik
Z(Jl , Jl∗ ) = (d − 1)!
exp
.
(4.A.7)
d
π (ik)
ik
As a simple example let’s compute the two point function
∂ ∂
Z(Jl , Jl∗ )
∂Jα ∂Jβ∗
Jl ,Jl∗ =0
Z
dk eik
1
= δαβ (d − 1)!
= δαβ .
π (ik)d+1
d

Jψα ψβ∗ K =

(4.A.8)

The generalization to higher correlation functions is given by
∂
∂
∂
∂
...
...
Z(Jl , Jl∗ )
∗
∂Jα1
∂Jαk ∂Jβ1
∂Jβ∗k′
Jl ,Jl∗ =0


Z
∂
∂
dk eik
Jl∗ Jl
=
...
Jβ . . . Jβk′ (d − 1)!
exp
∂Jα1
∂Jαk 1
π (ik)d+k′
ik
Jl ,Jl∗ =0
X
(d − 1)!
= δkk′
.
(4.A.9)
δα1 βσ(1) . . . δαk βσ(k)
(d + k − 1)!

Jψα1 . . . ψαk ψβ∗1 . . . ψβ∗k′ K =

σ∈Sk
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4.B

Gaussian adjusted projected (GAP) measure

As we mentioned in section 4.4 the problem of finding a probability distribution
over pure states that reproduces
∗
Jψm
ψn K =

p̂n
δnm
Z1

(4.B.1)

has been already studied in the literature. In this appendix we would like to
compare our result with the Gaussian adjusted projected (GAP) measure of [147].
In 4.B.2 we compute the 4-point function for this ensemble and show that the
corresponding εnm is approximately given by
εnm =


p̂n
p̂m 
p̂n p̂m  Z2
−
−
(1 + δnm ) + O e−4S .
2
2
Z1
Z1
Z1
Z1

(4.B.2)

Notice that the scaling with the entropy is the same as (4.4.12). From this expression we can easily find the quantum deviation for the GAP ensemble:
∆2O =

i
Z2 h
−S
⟨T
|
(O
−
⟨O
⟩
)(O
−
⟨O
⟩
)
|T
⟩
+
O
e
.
2
L
L
R
R
2
1
1
Z12

(4.B.3)

Here ⟨O⟩1 = ⟨T1 | O |T1 ⟩ and |Tk ⟩ was defined in (4.4.15). The expression above is
not a connected two point function. To see this consider canonical probabilities:
|T2 ⟩ is the thermofield double at temperature 2β, while ⟨OL ⟩1 , ⟨OR ⟩1 are thermal
expectation values at temperature β. This means that the quantum deviation for
the GAP ensemble doesn’t have a holography dual as simple as the one for the
ensembles we considered in section 4.4.
One more reason why we prefer the ensemble of section 4.4 over the GAP ensemble
is the following. Consider the quantum deviation of the Hamiltonian,

2 
Z2 1 X 2 2  1 X
En p̂n −
En p̂2n
∆2H = 2
Z1 Z2 n
Z2 n
(4.B.4)

2
Z2 1 X
1 X
2
+ 2
En p̂n −
En p̂n .
Z1 Z2 n
Z1 n
The first term is the same as the one we found in section 4.4, up to the prefactor it
is equal to the energy variance in the ensemble with probabilities p̂2n . For canonical
probabilities, it is the variance at temperature 2β, which is of order S. The second
term, again up to the prefactor, is equal to the difference squared between the
mean energy in the ensembles with probabilities p̂n and p̂2n . The second term is
typically much bigger than the first. For example for canonical probabilities this
is the difference squared between the thermal expectation values of the energy
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at temperature β and 2β, which is of order S 2 . We conclude that the energy
fluctuations in the GAP ensemble are much bigger than in the ensemble of section
4.4.

4.B.1

Computing the 4-point function

The GAP measure is given by [147]
Z
d
Y


X Z1
dψl∗ dψl Z1  ∞
2
Dψ = δ(1 − ∥ψ∥)
dr r2d+1 exp −r2
|ψn | . (4.B.5)
2πi p̂l
p̂n
0
n
l=1

Here d is the size of the Hilbert space. For the convenience of the reader we briefly
review how this measure is constructed below, see 4.B.2.
Before considering the 4-point function we check that this measure reproduces the
correct two point function
Z Y
d
q
y
dψl∗ dψl Z1 
∗
ψn ψm
=
2πi p̂l
l=1
Z ∞


X Z1
2
∗
|ψn | δ(1 − ∥ψ∥)
×
dr r2d+1 ψn ψm
exp −r2
p̂n
0
n
Z Y
d
 XZ

dΨ∗l dΨl Z1 
1
2
=
Ψn Ψ∗m exp −
|Ψn |
2πi p̂l
p̂n
n
l=1

p̂n
=
δmn .
(4.B.6)
Z1
Going to the second line we have changed coordinates to Ψ = rψ and used the
δ function to integrate over r; in the last line we have performed the Gaussian
integrals.
Next we consider the 4-point function. Repeating the manipulations we have used
for the 2-point function we find
Z Y
d

 XZ
q
y
dΨ∗l dΨl Z1  Ψn1 Ψn2 Ψ∗m1 Ψ∗m2
1
2
∗
∗
exp −
|Ψn | .
ψn1 ψn2 ψm
ψ
=
P
m2
2
1
2πi p̂l
p̂n
n |Ψn |
n
l=1
P
2
Compared to the 2-point function there is an extra factor n |Ψn | in the denominator. To deal with this extra term we use the Schwinger trick z −1 =
R∞
exp(−xz)dx:
0
Z ∞ Z Y
d
dΨ∗l dΨl Z1 
∗
∗
Jψn1 ψn2 ψm
ψ
K
=
dx
Ψn1 Ψn2 Ψ∗m1 Ψ∗m2
m2
1
2πi p̂l
0
l=1
(4.B.7)
 X


Z1
2
× exp −
+ x |Ψn | .
p̂n
n
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The integral over ψ has factorized in a product of Gaussian integrals, it gives
p̂n1 p̂n1
(δn1 m1 δn2 m2 + δn1 m2 δn2 m1 )
Z12
Z ∞ 
d
p̂n1 −1 
p̂n2 −1 Y
p̂l −1
dx 1 +
×
x
1+
x
1+
x
.
Z1
Z1
Z1
0

∗
∗
Jψn1 ψn2 ψm
ψm
K=
1
2

(4.B.8)

l=1

We expect the integral in the second line, let’s call it In1 n2 , to be close to 1. We
now estimate how close. First notice that the product in the square bracket is
given by
d 
Y
p̂l −1
1+
x
= e−Tr log(1+ρ1 x) ,
(4.B.9)
Z1
l=1
P
where ρ1 = 1/Z1 n p̂n |n⟩⟨n|. The integrand in In1 n2 decays fast for x > Z1 , so
we can restrict to smaller values of x and expand the log in the equation above.
To second order we have

 X
∞
(−1)n−1 Zn n
−Tr log(1+ρ1 x)
x
e
= exp −
n
Z1n
n=1
(4.B.10)

 x3 
Z2 2
= exp −x +
x +O 3 .
2Z12
d
We perform the integral over x by expanding the quadratic piece of the exponential
and the two fractions left in (4.B.8), giving
I n1 n2 = 1 +

1
p̂n
Z2
p̂n
− 1 − 1 +O 2
2
Z1
Z1
Z1
d

We find that the 4-point function is approximately given by
1
q
Z2
p̂n
p̂n 
p̂n p̂m 
2
2y
1 + 2 − 1 − 1 (1 + δnm ) + O 4 .
|ψn | |ψm | =
2
Z1
Z1
Z1
Z1
d

(4.B.11)

(4.B.12)

If we subtract the Gaussian piece we find that indeed εnm is given by (4.B.2).

4.B.2

GAP overview

We briefly review the construction of the GAP measure, we refer to the original
paper [147] for more details.
First notice that if we neglect the constraint ⟨ψ|ψ⟩ = 1 we can generate the correct
2-point function with a simple Gaussian measure,
 X

d
Y
Z1
dΨ∗l dΨl Z1 
2
exp −
|Ψn | .
DG Ψ =
2πi p̂l
p̂n
n
l=1
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Here to avoid confusion we will denote unnormalized states with Ψ.
Next we would like to restrict this measure to the set of normalized states without
changing the two point function. The authors of [147] achieve this by first adjusting
the Gaussian measure to
 X
X
d
Y
dΨ∗l dΨl Z1 
Z1
2
2
DGA Ψ =
exp −
|Ψn |
|ψm | .
(4.B.14)
2πi p̂l
p̂
n
n
m
l=1

R
P
It’s easy to see that this measure is still properly normalized, DGA Ψ = n p̂n /Z1 =
1. Then they project on the unit sphere by integrating the Gaussian adjusted measure over the cone that starts at the origin and goes through an infinitesimal angle
on the unit sphere. The final result is
DGAP ψ = δ(1 − ∥ψ∥)

Z
d 
Y
dψ ∗ dψl Z1 

∞

l

l=1

2πi

p̂l

0



X Z1
2
|ψn | .
dr r2d+1 exp −r2
p̂n
n

Here r is the radial coordinate along the cone and the δ function makes sure that
2
ψ lies on the unit sphere, ∥ψ∥ = ⟨ψ|ψ⟩ = 1.
We can check that for microcanonical probabilities, p̂n = 1 and Z1 = d, this
measures reduces to (4.A.2). The integrals over r is
Z ∞
2
d!
(4.B.15)
dr r2d+1 e−dr = d+1 .
2d
0
Substituting this into the definition of DGAP ψ we find again (4.A.2).

4.C

Factorizing ensemble

A particularly simple ensemble is given by pure states
d
1 Xp
|ϕ⟩ = √
p̂n eiϕn |n⟩ ,
Z1 n=1

(4.C.1)

with fixed magnitudes, p̂n , and i.i.d. random phases ϕn , uniformly drawn from
[0, 2π). The average is given by an integral over these phases, for example
Z Y
dϕn
1 X
J|ϕ⟩⟨ϕ|K =
|ϕ⟩⟨ϕ| =
p̂n |n⟩⟨n|
(4.C.2)
2π
Z1 n
n
and
J|ϕϕ⟩⟨ϕϕ|K = J|ϕ⟩⟨ϕ|K ⊗ J|ϕ⟩⟨ϕ|K +

1 X
p̂n p̂m |n m⟩⟨m n| .
Z12
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4.C. Factorizing ensemble
One can check that for these ensembles the 4-point function factorizes9
2

2

2

2

J|ϕn | |ϕm | K = J|ϕn | K J|ϕm | K .
The corresponding εnm is
εnm = −δnm

p̂n p̂m
.
Z12

(4.C.4)

(4.C.5)

Notice that this is of the same order as the Gaussian piece, so this ensemble is
not close to being Gaussian. Plugging this into (4.4.10) we discover that ∆2H = 0
for this ensemble. This has a simple explanation: the expectation value of the
energy (or any other operator commuting with the Hamiltonian) only depends on
the magnitudes p̂n , which are fixed in the ensemble.
Another way to see this is to notice that this ensemble can be obtained by time
evolving one state from the ensemble with a sufficiently chaotic Hamiltonian. To
be more explicit take as initial state the one where all the phases are zero, then
the time evolved states are
d
1 Xp
|ψ(t)⟩ = √
p̂n e−iEn t |n⟩ .
Z1 n=1

(4.C.6)

If the p̂n are picked at sufficiently high energy, we can approximate the oscillating
phases with random variables.
From what we’ve said above we see that this factorized ensemble is the natural
one to consider if we are given one particular pure state which we then evolve for
a time t. Even a small uncertainty on t forces us to consider averages over the
ensemble. However, the restriction to states with precisely the same expectation
value for the energy seems unreasonable.

9 In

fact, this is the most general class of states obeying the factorization constraint. To see
this, define the variable x ≡ |ψn |2 − J|ψn |2 K . This is a real random variable. The factorization
constraint is equivalent to Jx2 K = 0 which implies x = 0. Therefore, the factorization constraint
enforces that the amplitudes are fixed, |ψn |2 = qn .
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5

Conclusions

In this thesis we have investigated three problems concerning wormholes in holography. In this final chapter we briefly summarize our results and point out some
open questions which might be interesting to further investigate.

5.1

Traversable wormholes in AdS

The work of Gao, Jafferis and Wall [13] gives an explicit and simple construction of traversable wormholes in holography. Chapters 2 and 3 build upon this
construction.
In Chapter 2, we have studied in detail the original protocol of GJW. In particular,
we have focussed on one puzzling aspect of it: the wormhole is traversable only
for a window of sub-Planckian proper length. One might then worry that it is
possible to transmit little to no information from one side of the geometry to the
other. We have shown that this is not the case, and in fact for big black holes a
large amount of information can be sent through the wormhole. The boundary
dual of this protocol is a version of quantum teleportation [13, 76], which implies
that the maximum amount of transferable information should be bounded by the
black hole entropy. We have shown that, coupling many fields on the two CFTs, it
is possible to saturate this bound. Finally, we have checked that it is also possible
to send signals localized on the horizon, and have made some first attempts at
generalizing these results to higher dimensions.
The analysis of Chapter 2 is limited by two perturbative regimes. First, we have
assumed that the non-local coupling is small, h ≪ 1; this is the reason why the
wormhole opening is small. Second, we have stayed in the probe approximation,
i.e. we have considered signals which backreact negligibly on the geometry. The
first assumption implies that each signal that we send through the wormhole needs
to have a minimum momentum. The second sets an upper limit on the total
momentum that we can send through the wormhole. The bound on the information
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that can be transferred through the wormhole is the result of these two competing
requirements.
To sidestep these limitations and increase the amount of transferable information,
we have non-locally coupled many fields. We have found that this is enough to
saturate the entropy bound on information transfer. However, the perturbative
coupling and the probe approximation are assumed only due to technical limitations, and it would be interesting to understand whether one could increase
the amount of transferable information by relaxing them. In particular, we wonder whether it would be possible to send the maximum amount of information
without coupling many fields. Some first attempts at going beyond the probe
approximation have already been taken in [75], but, as we have explained at the
end of Chapter 2, we feel that the question is still open. Increasing the coupling h
seems to be harder, given that the calculation of GJW is already daunting at the
perturbative level.
In Chapter 3 we have attempted a more radical approach to increase the size of the
wormhole opening. The GJW protocol is a small perturbation of the eternal black
hole geometry, which already provides a non-traversable Einstein-Rosen bridge.
In Chapter 3, we have attempted at using non-local couplings to directly source
an eternal traversable wormhole. The work of [79] shows that this is possible in
2d. However, in higher dimensions we have encountered some problems that seem
harder to solve. Under the assumptions of Poincaré symmetry in the field theory
directions, and Weyl invariance for the non-locally coupled fields, we have proven
that the negative energy generated by the GJW protocol cannot be enough to
sustain a semiclassical wormhole. Relaxing one of these assumptions seems like
the most reasonable way to circumvent our negative result. Indeed, following the
construction of [25], [111] has done precisely this by breaking Poincaré symmetry
in the transverse direction.
Finally, we would like to end this section with some more speculative comments.
Already, in [13], it was noted that the GJW protocol can be understood as a
geometric version of quantum teleportation on the boundary. In the usual teleportation protocol, shared entanglement is used as a resource to transmit quantum
information, while only allowing for direct communication of classical information.
In the GJW protocol we can think of the black hole as providing the reserve of
shared entanglement, and the non-local coupling as the classical communication.
This analogy was further explored and made more precise in [76].
It is possible that in the not too distant future simple versions of the GJW protocol
might be implemented in experiments, or simulated in quantum computers [160,
161, 162]. One could then try to devise an experiment to probe the interior of black
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holes, the wormhole, in the lab. There exists a number of protocols to prepare the
thermofield double, either as ground states of simple Hamiltonians [80], or with
variational quantum circuits [163]. The main challenge is to engineer or simulate
a CFT with a gravity dual.
The connection between quantum gravity and quantum information is by now
not surprising. However, the parallel between the GJW protocol and quantum
teleportation is a specific example in which we might soon be able to probe this
connection experimentally. For this reason, we find it a particularly interesting
research direction to further study in the future.
In fact, this type of gravitational teleportation has one key property which makes
it interesting to study also from a purely boundary perspective. The information is
inserted into the left system at early times, and, since the time evolution is chaotic,
it is scrambled throughout the left system. We expect then that to recover this
information we would need a complicated decoding operator. Instead, the action of
the simple GJW non-local coupling is enough to make the message emerge on the
right system. From the gravitational point of view, this has a simple interpretation:
the message has travelled through the wormhole. From the boundary perspective,
the teleportation success is quite mysterious.
This suggests that, in certain cases, gravity might provide the correct language
to understand scrambling dynamics. This also means that gravity could be used
as inspiration to devise new ways to probe scrambling dynamics, also in nonholographic systems. For example, inspired by the GJW protocol, [164, 165] have
proposed a concrete quantum algorithm to study scrambling in non-gravitational
systems. A simple version of this algorithm has already been implemented in an
actual quantum computer [166].

5.2

Wormholes from averaging

Recent progress in understanding the Page curve for evaporating black holes has
underlined the importance of including wormhole geometries in the gravitational
path integral. These geometries raise issues with factorization when we consider
disconnected boundaries. A simple resolution to this puzzle is to assume that semiclassical gravity is computing some sort of average over microscopic information.
This is the motivation behind Chapter 4, where we have explored the proposal of
[74] that this average could simply be one over an ensemble of states.
We have focussed on one specific quantity, the quantum deviation. This measures
the variance of observable expectation values as we vary the state in the ensemble.
This quantity can be equivalently computed as a standard quantum mechanical
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observable in a double copy of the original system. From this perspective, the
averaging generates entanglement between the two copies of the system. We have
introduced a large class of ensembles of states for which the double state takes
the form of a generalized thermofield double state. For two of these ensembles,
this generalized thermofield double state has a nice holographic dual, and we can
compute the quantum deviation in gravity as a correlation function in a wormhole
background. This is an explicit example of averaging over states leading to a
connected geometry in gravity.
There are a number of directions we would like to explore in the future. First
of all, we have pointed out two concrete applications of the quantum deviation,
which both deserve further study.
In section 4.2.1, we have shown that the quantum deviation is often sensitive to
the average purity of the states in the ensemble. In the rest of Chapter 4, we have
only considered averages over pure states, so we have not further checked this
property. It would be interesting to generalize some of our results to ensembles
of mixed states, and understand under which conditions the quantum deviation
gives an estimate of the average purity of these states.
In section 4.6, we have seen that the quantum deviation has access to information
on the value of expectation values in a regime where semiclassical gravity fails.
We have seen this in the explicit example of ⟨A(t)A(0)⟩. It would be interesting
to understand whether there are other operators for which this happens.
Another direction we would like to further explore is the characterization of the
space of possible ensembles. In Chapter 4, we have shown that the ensembles we
have considered are natural, in the sense that they maximize an entropy. It would
be interesting to understand how generic this class of ensembles is, and whether
it is possible to compute the quantum deviation as a correlator in a thermofieldlike state more generally. Moreover, in our work, we have followed a bottom-up
approach. It would be nice to obtain some information on the properties of the
ensembles directly from a gravity calculation. See [139] for some steps in this
direction.
Our main result is that for certain class ensembles the quantum deviation can be
computed as a simple correlator in a thermofield-like state. This shows explicitly
that averages over states can induce correlations between the different copies, and
for certain ensembles this correlation gives rise to a smooth geometry in the gravity
dual. Moreover, we have seen in section 4.6 that this gives us a way to understand
properties of typical states which are usually beyond the reach of semiclassical
gravity.
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We find this an interesting result on its own. However, our original motivation
to consider averages over states was the factorization puzzle, and, having better
understood averages over states, it would be nice to come back to it. The simplest
quantity in which we can study the factorization puzzle is the product of partition
functions, as in the spectral form factor. Notice that it is not immediately clear
how we could average over states in this calculation, because the partition function
is defined as a trace over all the states in the theory. It would be interesting to
understand whether averages over states could nonetheless be used to explain the
correlations implied by wormhole saddles in this specific example.

5.3

Concluding thoughts

Our motivation to study wormholes in holography is better understanding quantum gravity. Of course, the works we have presented in this thesis dealt with much
more specific problems. In the last pages of this thesis, we would like to conclude
with some more general, and speculative, comments about quantum gravity and
the black hole information problem.
The black hole information problem is a theoretical laboratory for studying quantum gravity. As we have explained in the introduction, in recent years, wormholes
have played an important role in better understanding this problem. We are referring in particular to the Page curve for evaporating black holes [65, 66]. Even
though, there are many open questions which deserve further study, such as the
factorization puzzle, this progress has brought us significantly closer to a resolution of the black hole information problem. Therefore, this is a good time to ask
ourselves: what have we learned about quantum gravity in this process?
The main lesson learned by studying the black hole information problem is that
spacetime and gravity are emergent, and locality can receive corrections even at
large distances. This is particularly evident in holography and ER=EPR. Moreover, there are good reasons to expect new physics close to the horizon of black
holes, such as firewalls, fuzzballs, or wormholes. The timing is very favorable: the
observation of gravitational waves from black hole mergers has opened a window
to study the near horizon region of black holes. Future detectors, such as LISA,
might find experimental signs of new physics at the horizon [167, 168]. The absence of any departure from general relativity would also be an interesting data
point.
These are remarkable results; however, it is probably fair to say that we haven’t
learned as much as originally hoped. The island formula and Page curve for
evaporating black holes can be understood within semiclassical gravity. They
don’t seem to provide any new hints on what the UV completion of semiclassical
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gravity should be, beyond those already provided by holography. In particular,
we haven’t learned anything new about what the microstates of black holes might
be, or about the physics of singularities. This is certainly disappointing; however,
there are reasons to believe that the black hole information problem can still teach
us something about quantum gravity.
First, we have learned that semiclassical gravity does know something about the
underlying quantum gravity microstates. The island formula gives a way to compute the entanglement entropy within semiclassical gravity. This is a property
of the quantum gravity microstate, and it is surprising that semiclassical gravity knows about it, without the need for inputs from the UV completion. More
generally, in recent years we have started to understand that semiclassical gravity
has access to more information about black hole microstates than we might have
naively expected. Other examples of quantities which can be computed in semiclassical gravity, even though they are sensitive to UV data, are the ramp in the
spectral form factor [72], and the quantum deviation we have described in Chapter
4. At the moment, it is not known what other properties of black hole microstates
are accessible in semiclassical gravity. It is reasonable to expect that higher moment versions of the quantum deviation should also be accessible in semiclassical
gravity [74]. It would be interesting to understand whether this data could be
used to constrain the possible UV completions.
Second, the island formula seems to require the inclusion of wormhole saddles in
the gravitational path integral, leading to the factorization puzzle. This puzzle is
likely due to the fact that semiclassical gravity effectively calculates an average
over microscopic data. This factorization issue should disappear in the UV complete theory. One can then look for deformations of semiclassical gravity that are
sufficient to restore factorization. This might be an alternative way to gain some
new insights on the UV completion, starting from semiclassical gravity. See [169]
for some steps in this direction, in low dimensional models of gravity.
Finally, the island formula implies that the interior of the black hole is somehow
encoded in the radiation degrees of freedom. Understanding how this encoding
works might lead to a procedure to reconstruct the bulk beyond causal horizons and
finally provide a way to probe the geometry closer to the singularity, in holography.
Taken everything into consideration, we strongly believe that the black hole information problem and wormholes will be a source of interesting ideas and new
lessons on quantum gravity also in the years to come.
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Science & Business Media, 2012.
[46] P. H. Ginsparg, APPLIED CONFORMAL FIELD THEORY, in Les
Houches Summer School in Theoretical Physics: Fields, Strings, Critical
Phenomena, 9, 1988, hep-th/9108028.
[47] D. Harlow and D. Stanford, Operator Dictionaries and Wave Functions in
AdS/CFT and dS/CFT, 1104.2621.
[48] S. B. Giddings, The Boundary S matrix and the AdS to CFT dictionary,
Phys. Rev. Lett. 83 (1999) 2707 [hep-th/9903048].
[49] A. Hamilton, D. N. Kabat, G. Lifschytz and D. A. Lowe, Local bulk
operators in AdS/CFT: A Boundary view of horizons and locality, Phys.
Rev. D 73 (2006) 086003 [hep-th/0506118].
[50] A. Hamilton, D. N. Kabat, G. Lifschytz and D. A. Lowe, Holographic
representation of local bulk operators, Phys. Rev. D 74 (2006) 066009
[hep-th/0606141].
[51] B. Czech, J. L. Karczmarek, F. Nogueira and M. Van Raamsdonk, The
Gravity Dual of a Density Matrix, Class. Quant. Grav. 29 (2012) 155009
[1204.1330].
[52] A. C. Wall, Maximin Surfaces, and the Strong Subadditivity of the
Covariant Holographic Entanglement Entropy, Class. Quant. Grav. 31
(2014) 225007 [1211.3494].
[53] M. Headrick, V. E. Hubeny, A. Lawrence and M. Rangamani, Causality &
holographic entanglement entropy, JHEP 12 (2014) 162 [1408.6300].
[54] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy
from AdS/CFT, Phys. Rev. Lett. 96 (2006) 181602 [hep-th/0603001].
[55] V. E. Hubeny, M. Rangamani and T. Takayanagi, A Covariant holographic
entanglement entropy proposal, JHEP 07 (2007) 062 [0705.0016].
[56] N. Engelhardt and A. C. Wall, Quantum Extremal Surfaces: Holographic
Entanglement Entropy beyond the Classical Regime, JHEP 01 (2015) 073
156

Bibliography
[1408.3203].
[57] A. Lewkowycz and J. Maldacena, Generalized gravitational entropy, JHEP
08 (2013) 090 [1304.4926].
[58] T. Faulkner, A. Lewkowycz and J. Maldacena, Quantum corrections to
holographic entanglement entropy, JHEP 11 (2013) 074 [1307.2892].
[59] A. Almheiri, X. Dong and D. Harlow, Bulk Locality and Quantum Error
Correction in AdS/CFT, JHEP 04 (2015) 163 [1411.7041].
[60] X. Dong, D. Harlow and A. C. Wall, Reconstruction of Bulk Operators
within the Entanglement Wedge in Gauge-Gravity Duality, Phys. Rev. Lett.
117 (2016) 021601 [1601.05416].
[61] D. Harlow, The Ryu–Takayanagi Formula from Quantum Error Correction,
Commun. Math. Phys. 354 (2017) 865 [1607.03901].
[62] J. M. Maldacena, Eternal black holes in anti-de Sitter, JHEP 04 (2003)
021 [hep-th/0106112].
[63] A. Almheiri, D. Marolf, J. Polchinski, D. Stanford and J. Sully, An
Apologia for Firewalls, JHEP 09 (2013) 018 [1304.6483].
[64] D. Marolf and J. Polchinski, Gauge/Gravity Duality and the Black Hole
Interior, Phys. Rev. Lett. 111 (2013) 171301 [1307.4706].
[65] G. Penington, Entanglement Wedge Reconstruction and the Information
Paradox, 1905.08255.
[66] A. Almheiri, N. Engelhardt, D. Marolf and H. Maxfield, The entropy of
bulk quantum fields and the entanglement wedge of an evaporating black
hole, JHEP 12 (2019) 063 [1905.08762].
[67] A. Almheiri, R. Mahajan, J. Maldacena and Y. Zhao, The Page curve of
Hawking radiation from semiclassical geometry, 1908.10996.
[68] J. Cotler, P. Hayden, G. Penington, G. Salton, B. Swingle and M. Walter,
Entanglement Wedge Reconstruction via Universal Recovery Channels,
Phys. Rev. X 9 (2019) 031011 [1704.05839].
[69] J. M. Maldacena and L. Maoz, Wormholes in AdS, JHEP 02 (2004) 053
[hep-th/0401024].
[70] E. Witten and S.-T. Yau, Connectedness of the boundary in the AdS / CFT
correspondence, Adv. Theor. Math. Phys. 3 (1999) 1635 [hep-th/9910245].

157

Bibliography
[71] N. Arkani-Hamed, J. Orgera and J. Polchinski, Euclidean wormholes in
string theory, JHEP 12 (2007) 018 [0705.2768].
[72] P. Saad, S. H. Shenker and D. Stanford, A semiclassical ramp in SYK and
in gravity, 1806.06840.
[73] P. Saad, S. H. Shenker and D. Stanford, JT gravity as a matrix integral,
1903.11115.
[74] J. Pollack, M. Rozali, J. Sully and D. Wakeham, Eigenstate Thermalization
and Disorder Averaging in Gravity, 2002.02971.
[75] E. Caceres, A. S. Misobuchi and M.-L. Xiao, Rotating traversable
wormholes in AdS, JHEP 12 (2018) 005 [1807.07239].
[76] J. Maldacena, D. Stanford and Z. Yang, Diving into traversable wormholes,
Fortsch. Phys. 65 (2017) 1700034 [1704.05333].
[77] D. Bak, C. Kim and S.-H. Yi, Bulk view of teleportation and traversable
wormholes, JHEP 08 (2018) 140 [1805.12349].
[78] L. Susskind and Y. Zhao, Teleportation through the wormhole, Phys. Rev.
D98 (2018) 046016 [1707.04354].
[79] J. Maldacena and X.-L. Qi, Eternal traversable wormhole, 1804.00491.
[80] W. Cottrell, B. Freivogel, D. M. Hofman and S. F. Lokhande, How to Build
the Thermofield Double State, JHEP 02 (2019) 058 [1811.11528].
[81] J. Martyn and B. Swingle, Product Spectrum Ansatz and the Simplicity of
Thermal States, Phys. Rev. A 100 (2019) 032107 [1812.01015].
[82] M. Visser, Traversable wormholes: Some simple examples, Phys. Rev. D39
(1989) 3182 [0809.0907].
[83] M. Visser, Traversable wormholes from surgically modified Schwarzschild
space-times, Nucl. Phys. B328 (1989) 203 [0809.0927].
[84] E. Poisson and M. Visser, Thin shell wormholes: Linearization stability,
Phys. Rev. D52 (1995) 7318 [gr-qc/9506083].
[85] C. Barcelo and M. Visser, Traversable wormholes from massless
conformally coupled scalar fields, Phys. Lett. B466 (1999) 127
[gr-qc/9908029].
[86] M. Visser, S. Kar and N. Dadhich, Traversable wormholes with arbitrarily
small energy condition violations, Phys. Rev. Lett. 90 (2003) 201102

158

Bibliography
[gr-qc/0301003].
[87] B. Bhawal and S. Kar, Lorentzian wormholes in Einstein-Gauss-Bonnet
theory, Phys. Rev. D46 (1992) 2464.
[88] M. Thibeault, C. Simeone and E. F. Eiroa, Thin-shell wormholes in
Einstein-Maxwell theory with a Gauss-Bonnet term, Gen. Rel. Grav. 38
(2006) 1593 [gr-qc/0512029].
[89] R. E. Arias, M. Botta Cantcheff and G. A. Silva, Lorentzian AdS,
Wormholes and Holography, Phys. Rev. D83 (2011) 066015 [1012.4478].
[90] S. N. Solodukhin, Restoring unitarity in BTZ black hole, Phys. Rev. D 71
(2005) 064006 [hep-th/0501053].
[91] G. T. Horowitz, D. Marolf, J. E. Santos and D. Wang, Creating a
Traversable Wormhole, Class. Quant. Grav. 36 (2019) 205011
[1904.02187].
[92] Z. Fu, B. Grado-White and D. Marolf, A perturbative perspective on
self-supporting wormholes, Class. Quant. Grav. 36 (2019) 045006
[1807.07917].
[93] S. Hirano, Y. Lei and S. van Leuven, Information Transfer and Black Hole
Evaporation via Traversable BTZ Wormholes, JHEP 09 (2019) 070
[1906.10715].
[94] M. Van Raamsdonk, Building up spacetime with quantum entanglement,
Gen. Rel. Grav. 42 (2010) 2323 [1005.3035].
[95] M. Banados, C. Teitelboim and J. Zanelli, The Black hole in
three-dimensional space-time, Phys. Rev. Lett. 69 (1992) 1849
[hep-th/9204099].
[96] M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, Geometry of the
(2+1) black hole, Phys. Rev. D48 (1993) 1506 [gr-qc/9302012].
[97] I. Ichinose and Y. Satoh, Entropies of scalar fields on three-dimensional
black holes, Nucl. Phys. B447 (1995) 340 [hep-th/9412144].
[98] G. Lifschytz and M. Ortiz, Scalar field quantization on the
(2+1)-dimensional black hole background, Phys. Rev. D49 (1994) 1929
[gr-qc/9310008].
[99] D. Nikolakopoulou, Building traversable wormholes from Casimir energy
and non-local couplings, Master Thesis, University of Amsterdam (2018) .

159

Bibliography
[100] S. H. Shenker and D. Stanford, Stringy effects in scrambling, JHEP 05
(2015) 132 [1412.6087].
[101] T. Dray and G. ’t Hooft, The Effect of Spherical Shells of Matter on the
Schwarzschild Black Hole, Commun. Math. Phys. 99 (1985) 613.
[102] G. Dvali and M. Redi, Black Hole Bound on the Number of Species and
Quantum Gravity at LHC, Phys. Rev. D77 (2008) 045027 [0710.4344].
[103] N. Kaloper, M. Kleban, A. Lawrence and M. S. Sloth, Large Field Inflation
and Gravitational Entropy, Phys. Rev. D93 (2016) 043510 [1511.05119].
[104] S. H. Shenker and D. Stanford, Black holes and the butterfly effect, JHEP
03 (2014) 067 [1306.0622].
[105] S. H. Shenker and D. Stanford, Multiple Shocks, JHEP 12 (2014) 046
[1312.3296].
[106] I. H. Redmount, Blue-sheet instability of schwarzschild wormholes, Progress
of theoretical physics 73 (1985) 1401.
[107] N. Bao, A. Chatwin-Davies, J. Pollack and G. N. Remmen, Traversable
Wormholes as Quantum Channels: Exploring CFT Entanglement Structure
and Channel Capacity in Holography, JHEP 11 (2018) 071 [1808.05963].
[108] D. Berenstein, Quenches on thermofield double states and time reversal
symmetry, Phys. Rev. D 100 (2019) 066022 [1906.08292].
[109] S. B. Giddings, D. J. Gross and A. Maharana, Gravitational effects in
ultrahigh-energy string scattering, Phys. Rev. D77 (2008) 046001
[0705.1816].
[110] D. Anninos, D. A. Galante and D. M. Hofman, De Sitter Horizons &
Holographic Liquids, JHEP 07 (2019) 038 [1811.08153].
[111] S. Bintanja, R. Espı́ndola, B. Freivogel and D. Nikolakopoulou, How to
make traversable wormholes: eternal AdS4 wormholes from coupled CFT’s,
JHEP 10 (2021) 173 [2102.06628].
[112] C. Bachas and I. Lavdas, Quantum Gates to other Universes, Fortsch.
Phys. 66 (2018) 1700096 [1711.11372].
[113] N. Engelhardt and G. T. Horowitz, Holographic Consequences of a No
Transmission Principle, Phys. Rev. D93 (2016) 026005 [1509.07509].
[114] O. Aharony, M. Berkooz and B. Katz, Non-local effects of multi-trace
deformations in the AdS/CFT correspondence, JHEP 10 (2005) 097
160

Bibliography
[hep-th/0504177].
[115] G. Dvali, Black Holes and Large N Species Solution to the Hierarchy
Problem, Fortsch. Phys. 58 (2010) 528 [0706.2050].
[116] G. Dvali and C. Gomez, Quantum Information and Gravity Cutoff in
Theories with Species, Phys. Lett. B674 (2009) 303 [0812.1940].
[117] X. O. Camanho, J. D. Edelstein, J. Maldacena and A. Zhiboedov,
Causality Constraints on Corrections to the Graviton Three-Point
Coupling, JHEP 02 (2016) 020 [1407.5597].
[118] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space,
Cambridge Monographs on Mathematical Physics. Cambridge Univ. Press,
Cambridge, UK, 1984, 10.1017/CBO9780511622632.
[119] J. L. Cardy, Is There a c Theorem in Four-Dimensions?, Phys. Lett. B215
(1988) 749.
[120] Z. Komargodski and A. Schwimmer, On Renormalization Group Flows in
Four Dimensions, JHEP 12 (2011) 099 [1107.3987].
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Summary

Historically, one of the main goals of physics has been the description of the motion
of gravitating objects. One of the first great successes of physics was the realization
by Newton that the reason why things fall on Earth is the same why planets revolve
around the Sun.
Today, our best understanding of gravity is based on the theory of general relativity, first introduced by Einstein in 1915. In this theory, gravity is explained as
a consequence of the curvature of spacetime. Gravitating objects are really going
straight, but in a curved geometry. This is similar to a marble going around inside
a bowl. Conversely, the curvature is determined, through the Einstein equations,
by the matter gravitating in the spacetime. The marble moving inside the bowl
generates ripples in the geometry of the bowl.
The Einstein equations alone don’t tell us which geometries are allowed. Imagine
adding more and more marbles to the bowl, the ripples will become larger and
larger, and eventually, the geometry will look quite different from the original
bowl. But how different can it look?
For example, can a handle form in the bowl? Intuitively, a bowl with a handle
is very different from one without. You cannot form the handle by smoothly
deforming the original bowl, but you need to make a hole in it. In gravity, such
handles have been called wormholes.
Wormholes are the main topic of this thesis; however, we consider wormholes of
a special kind. We study holographic wormholes. The main reason to study this
type of wormholes is that they might teach us something about quantum gravity.
Quantum mechanics is the language used to describe three of the four fundamental
forces upon which modern physics is built. These are the electromagnetic, the
weak, and the strong forces. The last force, gravity, is instead described by general
relativity, which is a very different language. How to combine these two languages
into a theory of quantum gravity is not yet known. However, there are a few
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candidates, and among them perhaps the most promising is holography.
Holography is the idea that gravity is not a fundamental force, but it emerges
from an underlying non-gravitational theory defined in one less dimension. The
origin of this idea lies in the physics of black holes, and can be roughly understood
as follows. From the point of view of external observers, black holes are regions
of space where things can fall, but cannot come out. We can imagine them as
gravitational safes where we can hide information. However, one property of black
holes makes them a very weird type of safe. The amount of information we can
store inside normal safes is determined by the volume of the safes. Black holes are
different: they can store an amount of information proportional only to the area
of their boundary. This led to the idea that at the fundamental level black holes,
and more generally gravitational systems, are described by a theory defined on
their boundary. The inside of the black hole emerges from this theory, similarly
to a hologram.
Around 20 years ago, a very concrete and explicit example of holography has been
found: the AdS/CFT correspondence. This is the equivalence between a theory
of gravity in a certain spacetime, called anti-de Sitter (AdS), and a special type
of non-gravitational theory defined in one less dimension, called conformal field
theory (CFT). According to holography, the gravitating bowl and the marbles
moving around it can be equivalently described as some different type of marbles
moving on the edge of the bowl. This second type of marbles don’t gravitate,
which is they don’t generate ripples on the edge of the bowl.
One thing to keep in mind is that AdS looks quite different from the spacetime
we live in, and so AdS/CFT cannot be used to make quantitative predictions for
the gravitational systems we observe around us. However, CFT are very well
understood and they can be used to ask and answer questions about gravity very
precisely. This is true also in the regime in which quantum effects are important.
In other words, AdS/CFT can hopefully teach us lessons about quantum gravity,
which will qualitatively apply also to the spacetime we live in.
An area in which holography, and AdS/CFT in particular, has proven to be a
very helpful tool is the black hole information problem. This is an apparent inconsistency which arises when we take into account quantum effects in the study
of black holes.
Above we have described black holes as some sort of gravitational safe in which we
can store information. Almost 50 years ago, Hawking showed that black holes are
in fact leaky safes; they slowly release thermal radiation and progressively shrink
in the process. In other words, they evaporate. The problem is that the emitted
radiation carries none of the information we have thrown into the black hole to
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begin with. So it seems that black holes destroy information. This, however, is
forbidden in quantum mechanics. This apparent inconsistency between black holes
and quantum mechanics is called the black hole information problem. Trying to
resolve this problem has been useful in improving our understanding of how a
theory of quantum gravity should work.
In AdS/CFT, the process of black hole evaporation is equivalent to some, very
complicated, process in the CFT. No one knows how to precisely describe this
process in the CFT; however, since, the CFT is a standard quantum mechanical
theory, we know it doesn’t destroy information. If AdS/CFT is correct, then it
must be the case that also information is leaking outside the black hole. The
problem is how?
The answer to this question is still not known. However, in the last few years a
number of works have shown that wormholes may play an important role in explaining how information is coming out of black holes. This is our main motivation
to study wormholes in holography.
To understand the connection between wormholes and information, we need to
introduce a very important, and very confusing, property of quantum mechanics.
In quantum mechanics, there is a special way of storing information: entanglement.
Using entanglement, we can store information in a non-local way. Consider a
system made out of many parts. If this system is quantum, it is possible to store
information in a way that the information is accessible only if one has access to
the whole system, while each of the smaller parts contains no information. This is
similar to writing a story in a book, while keeping each page empty. When this is
the case, we say that the pages are entangled, and that the information is stored
in the specific shape of this entanglement.
There is some evidence that in a holographic system, entanglement gives rise to a
geometric connection, a handle, in the gravitational system. The best understood
example of this idea is the eternal black hole in AdS. This geometry is made
out of two AdS spacetimes, connected by a wormhole, and it corresponds to a
particular entangled state in the CFT. The idea is that the wormhole is a geometric
manifestation of the entanglement present in this state.
One thing to notice is that the wormhole is hidden inside the black hole. Classically, nothing can come out of the black hole, and so this is a non-traversable
wormhole: information can enter it, but not come out of it. In a recent work,
Gao, Jafferis and Wall (GJW) have devised a protocol to make this wormhole
traversable, in a way that information can be sent between the two AdS spacetimes. Chapters 2 and 3 build upon this construction.

169

Summary
In Chapter 2, we focus on one puzzling aspect of the GJW protocol. Namely, the
wormhole can be traversed only for a tiny window of time, and one could worry
that not too much information can be sent through it. We show that nonetheless
a large amount of information can be sent through the wormhole, if one considers
sufficiently large black holes. In fact, we manage to saturate a theoretical bound on
the amount of transferrable information which holds if the entanglement/wormhole
correspondence is correct. In Chapter 3, we try to use a modification of the GJW
protocol to source an eternal traversable wormhole, which is a wormhole that can
be traversed at all times. The attempt sadly fails, but we do learn some useful
lessons from it.
One important property of entanglement is that to generate it, we need some direct
interaction between the systems we want to entangle. Holographic wormholes
sometimes arise in situations in which this interaction is absent, and, in these cases,
the interpretation of these geometries from the point of view of the boundary is
not clear. A proposed resolution of this problem is that these wormholes emerge
from averages over microscopic properties of the CFT to which gravity is not
sensitive. However, it is not clear what properties of the boundary theory one
should consider.
A simple proposal is that it could be enough to average over states in the boundary
theory. In Chapter 4, we explore this idea, and show that for certain classes of
states, this averaging can indeed lead to holographic wormholes.
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Historisch gezien is een van de centrale doelen van de natuurkunde het beschrijven
van de beweging van graviterende objecten geweest. Een van de eerste grote
successen van de natuurkunde was Newton’s realisatie dat de reden waarom dingen
vallen op Aarde dezelfde is als die waarom planeten om de zon draaien.
Vandaag de dag begrijpen we de zwaartekracht het best door gebruik te maken van
de algemene relativiteitstheorie, die in 1915 geı̈ntroduceerd werd door Einstein. In
deze theorie wordt zwaartekracht uitgelegd als het gevolg van de kromming van de
ruimtetijd. Graviterende objecten gaan eigenlijk rechtdoor, maar in een gekromde
geometrie. Dit is vergelijkbaar met het rondgaan van een knikker in een kom. Vice
versa wordt de kromming, door middel van de Einsteinvergelijkingen, bepaald door
de materie die in de ruimtetijd graviteert. De knikker veroorzaakt rimpelingen in
de geometrie van de kom waarin hij beweegt.
Uit de Einsteinvergelijkingen op zichzelf is niet op te maken welke geometrieën
toegestaan zijn. Stel je voor dat je meer en meer knikkers toevoegt aan de kom.
De rimpelingen zullen dan steeds groter en groter worden en uiteindelijk zal de
geometrie er behoorlijk anders uitzien dan die van de originele kom. Maar, hoe
anders kan het eruitzien?
Kan er zich bijvoorbeeld een handvat vormen in de kom? Intuı̈tief is een kom
met een handvat heel anders dan een kom zonder handvat. Je kan geen handvat
vormen door de kom op een vloeiende wijze te vervormen, er moet een gat in
gemaakt worden. In de zwaartekracht worden dit soort gaten ook wel wormgaten
genoemd.
Wormgaten zijn het centrale onderwerp van dit proefschrift; we beschouwen echter
alleen een speciaal soort wormgaten. De wormgaten die we bestuderen heten holografische wormgaten. De voornaamste reden om dit type wormgaten te bestuderen
is dat ze ons wellicht iets over kwantumzwaartekracht kunnen leren.
Kwantummechanica is de taal die gebruikt wordt om drie van de vier fundamentele
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krachten waarop de moderne natuurkunde gebaseerd is te beschrijven. Deze krachten zijn de elektromagnetische, de zwakke en de sterke kernkracht. De laatste van
de vier, zwaartekracht, wordt in plaats daarvan beschreven door de algemene relativiteitstheorie, wat een volledig andere taal is. Hoe deze twee talen te verenigen
in een kwantumtheorie van de zwaartekracht is nog niet bekend. Desalniettemin
is er een aantal kandidaten en van deze kandidaten lijkt de meest veelbelovende
de holografie.
Holografie is het idee dat zwaartekracht niet een fundamentele kracht is, maar
een emergent verschijnsel dat voortkomt uit een onderliggende niet-gravitationele
theorie in één dimensie minder. De oorsprong van dit idee ligt bij de fysica van
zwarte gaten en kan ruwweg als volgt worden begrepen. Vanuit het oogpunt
van externe waarnemers zijn zwarte gaten regio’s in de ruimte waar dingen in
kunnen vallen, maar niet meer uit kunnen komen. We kunnen ze ons inbeelden als
gravitationele kluizen, waarin informatie verstopt kan worden. Eén eigenschap van
zwarte gaten maakt echter dat het een heel vreemd type kluis is. De hoeveelheid
informatie die opgeslagen zit in een normale kluis kan worden bepaald met behulp
het volume van de kluis. Bij zwarte gaten zit dat anders. Deze kunnen een
hoeveelheid informatie opslaan die proportioneel is aan de oppervlakte van de
buitenkant. Dit heeft geleid tot het idee dat zwarte gaten en in meer algemene
zin gravitationele systemen, op een fundamenteel niveau beschreven worden door
een theorie die op de rand van het systeem gedefinieerd is. De binnenkant van het
zwarte gat komt voort uit deze theorie, vergelijkbaar met een hologram.
Ongeveer 20 jaar geleden werd er een zeer concreet en expliciet voorbeeld van holografie gevonden: de AdS/CFT correspondentie. Dit is de equivalentie tussen een
zwaartekrachtstheorie in een bepaald soort ruimetetijd die anti-de Sitter (AdS)
heet en een speciaal soort non-gravitationele theorie die gedefinieerd is in één dimensie minder. Deze wordt een conformal field theory (CFT) genoemd. Volgens
holografie kunnen de graviterende kom en de knikkers die erin rondbewegen beschreven worden als een ander soort knikkers die zich alleen op de rand van de
kom begeven. Dit tweede type knikkers graviteert niet, wat betekent dat ze geen
rimpelingen veroorzaken op de rand van de kom.
Iets om in het achterhoofd te houden is dat AdS er behoorlijk anders uitziet dan de
ruimtetijd waarin wij leven. Dit betekent dat AdS/CFT niet gebruikt kan worden
om kwantitatieve voorspellingen te doen over gravitationele systemen die we om
ons heen zien. CFT’s zijn echter zeer goed doorgrond en ze kunnen dus gebruikt
worden om heel precieze vragen over zwaartekracht te stellen en te beantwoorden.
Dit blijft het geval in situaties waar kwamtumeffecten van belang worden. Met
andere woorden, hopelijk kan AdS/CFT ons lessen leren over kwantumzwaartekracht die op kwalitatief vlak ook toepasbaar zijn in de ruimtetijd waar wij in
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leven.
Een gebied waar holografie, en vooral AdS/CFT, een zeer behulpzaam gereedschap
is gebleken is in het informatieprobleem van zwarte gaten. Dit is een schijnbare
tegenstelling die zich vertoont wanneer we kwantumeffecten in acht nemen bij het
bestuderen van zwarte gaten.
Hierboven hebben we zwarte gaten beschreven als een soort gravitationele kluizen
waarin informatie opgeslagen kan worden. 50 jaar geleden heeft Hawking laten
zien dat deze kluizen in feite lek zijn; ze laten langzaam thermische straling los en
krimpen daardoor. Met andere woorden: ze verdampen. Het probleem is dat de
afgegeven straling de informatie die in eerste instantie het zwarte gat is ingevallen
niet met zich meedraagt. Dus het lijkt erop dat zwarte gaten informatie vernietigen. Dit is echter niet toegestaan in de kwantummechanica. Deze schijnbare
strijdigheid tussen zwarte gaten en kwantummechanica wordt het informatieprobleem van zwarte gaten genoemd en het proberen op te lossen van dit probleem is
nuttig geweest voor het verbeteren van ons begrip van hoe een kwantumzwaartekrachtstheorie zou moeten werken.
In AdS/CFT is het verdampen van zwarte gaten equivalent aan een zeer gecompliceerd proces in de CFT. Niemand weet precies hoe het te beschrijven in de CFT.
Maar aangezien de CFT een standaard kwantummechanische theorie is, weten we
dat het proces geen informatie vernietigt. Als AdS/CFT het bij het juiste eind
heeft, moet het zo zijn dat de informatie zelf ook uit het zwarte gat lekt. Het
probleem is: hoe?
Het antwoord op deze vraag is nog onbekend. Desalniettemin is er in de afgelopen
jaren in een aantal artikelen laten zien dat zwarte gaten mogelijk een belangrijke
rol spelen bij het verklaren van hoe de informatie uit zwarte gaten kan komen. Dit
is de voornaamste motivatie om wormgaten te bestuderen binnen de holografie.
Om de verbinding tussen wormgaten en informatie te begrijpen moeten we een
zeer belangrijke en zeer verwarrende eigenschap van de kwantummechanica introduceren. In de kwantummechanica bestaat er een speciale manier om informatie
op te slaan: verstrengeling. Door gebruik te maken van verstrengeling kunnen we
informatie op een non-lokale manier opslaan. Beschouw een systeem dat opgebouwd is uit een groot aantal delen. Als een systeem kwantum is, is het mogelijk
om informatie op zo’n manier op te slaan dat de informatie alleen toegankelijk is
wanneer men toegang heeft tot het hele systeem. Terwijl elk van de afzonderlijke
onderdelen zelf geen informatie bevat. Dit is vergelijkbaar met het schrijven van
een verhaal in een boek, terwijl je de pagina’s leeg laat. Wanneer dit het geval is
noemen we de pagina’s verstrengeld en zeggen we dat de informatie opgeslagen is
in de specifieke vorm van de verstrengelde toestand.
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Er zijn aanwijzingen dat verstrengeling in een holografisch systeem resulteert in een
geometrische connectie, een handvat, in het gravitationele systeem. Het voorbeeld
van dit idee dat het best begrepen wordt is het eeuwige zwarte gat in AdS. Deze
geometrie wordt gevormd door twee AdS ruimtetijden die verbonden zijn door een
wormgat en correspondeert met een specifieke verstrengelde toestand in de CFT.
Het idee hierachter is dat het wormgat een geometrische manifestatie is van de
verstrengeling in deze toestand.
Iets om op te merken is dat het wormgat in deze situatie verhuld wordt door het
zwarte gat. In de klassiek-mechanische zin is het onmogelijk voor iets om uit het
zwarte gat te komen, dus dit is een non-traverseerbaar zwart gat: informatie kan
er wel in, maar niet meer eruit. In een recent artikel hebben Gao, Jafferis en Wall
(GJW) een protocol ontwikkeld om dit type wormgat traverseerbaar te maken, op
zo’n manier dat informatie verstuurd kan worden tussen de twee AdS ruimtetijden.
Hoofdstukken 2 en 3 bouwen voort op deze constructie.
In hoofdstuk 2 nemen we een raadselachtig aspect van het GJW protocol onder de
loupe. Namelijk dat het wormgat maar voor een minuscuul tijdsbestek begaanbaar
is en men zou zich bezorgd kunnen maken dat er niet veel informatie verstuurd
kan worden in die tijd. We laten zien dat het niettemin mogelijk is om een grote
hoeveelheid informatie door het wormgat te versturen, als we zwarte gaten van
een afdoend formaat beschouwen. We slagen erin om de theoretische extreme
waarde voor de hoeveelheid informatie die verstuurd kan worden die geldt als de
verstrengeling/wormgat correspondentie correct is te verzadigen. In hoofdstuk 3
proberen we een aanpassing van het GJW protocol te gebruiken om een eeuwig
traverseerbaar zwart gat te construeren. Dit is een wormgat dat op elk moment
begaanbaar is. We slagen helaas niet in deze poging, maar leren er een aantal
nuttige lessen van.
Een belangrijke eigenschap van verstrengeling is dat we, om het te genereren, een
directe interactie nodig hebben tussen de systemen die we willen verstrengelen.
Holografische wormgaten vertonen zich soms in situaties waarin deze interactie
absent is en in deze gevallen is de interpretatie van de geometrieën vanaf de rand
niet duidelijk. Een voorgestelde oplossing voor dit probleem is dat deze wormgaten
voortvloeien uit gemiddeldes die genomen worden over microscopische eigenschappen van de CFT waarvoor zwaartekracht ongevoelig is. Het is echter onduidelijk
welke eigenschappen van de theorie op de rand in acht genomen zouden moeten
worden.
Een eenvoudig voorstel is dat het voldoende zou kunnen zijn om een gemiddelde
te nemen over alle toestanden in de theorie op de rand. In hoofdstuk 4 verkennen
we dit idee en laten we zien dat dit voor sommige classificaties van toestanden
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inderdaad kan leiden tot holografische wormgaten.
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