
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Estimation and identification in macroeconomic models with incomplete markets

Janssens, E.F.

Publication date
2022
Document Version
Final published version

Link to publication

Citation for published version (APA):
Janssens, E. F. (2022). Estimation and identification in macroeconomic models with
incomplete markets. [Thesis, fully internal, Universiteitsbibliotheek].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/estimation-and-identification-in-macroeconomic-models-with-incomplete-markets(95d41516-4045-4d3c-9fcd-f57a392a3f44).html


This dissertation contributes to the econometric framework of 
macroeconomic models with heterogeneous agents. Heterogeneous 
agent models are used to study important questions related to the 
interaction of macroeconomics and inequality. However, where the 
economic literature is well-acquainted with econometric methods 
used for macroeconomic models with representative agents and the 
identification issues that one may encounter when trying to estimate 
these models, this is not the case for heterogeneous agent models. 

Eva Janssens, born in Antwerp, Belgium (14-01-1995), studied econometrics 
at Erasmus University Rotterdam. After this, she completed the research 
master in economics at the Tinbergen Institute. During the research master, 
she discovered her interest for research topics that lie at the intersection 
of macroeconomics and econometrics, and this motivated the topic for her 
PhD research.

Universiteit van Amsterdam

Estim
ation and Identification in M

acroeconom
ic M

odels w
ith Incom

plete M
arkets         Eva Janssens

Eva Janssens

794

Estimation and Identification in 
Macroeconomic Models with
Incomplete Markets



Estimation and Identification in Macroeconomic

Models with Incomplete Markets

Eva F. Janssens

Proef PS Janssens_stand.job



ISBN: 978 90 361 0684 9

Cover: Eva F. Janssens, 2022

Tinbergen cover design: Crasborn Graphic Designers bno, Valkenburg a.d. Geul

Content: Eva F. Janssens,, 2022
All rights reserved. Save exceptions stated by the law, no part of this publication may be reproduced,
stored in a retrieval system of any nature, or transmitted in any form or by any means, electronic, me-
chanical, photocopying, recording, or otherwise, included a complete or partial transcription, without the
prior written permission of the author, application for which should be addressed to the author.

This book is no. 794 of the Tinbergen Institute Research Series, established through cooperation between
Rozenberg Publishers and the Tinbergen Institute. A list of books which already appeared in the series
can be found in the back.

Proef PS Janssens_stand.job



Estimation and Identification in Macroeconomic Models
with Incomplete Markets

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad van doctor

aan de Universiteit van Amsterdam

op gezag van de Rector Magnificus

prof. dr. ir. K.I.J Maex

ten overstaan van een door het College voor Promoties ingestelde

commissie, in het openbaar te verdedigen in de Aula ter Universiteit

op woensdag 15 juni, te 11:00 uur

door Eva Janssens

geboren te Antwerpen, België
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Chapter 1

Introduction

The chapters in this thesis are motivated by the rapid increase in popularity of hetero-

geneous household models in macroeconomics. Macroeconomic models that incorporate

household heterogeneity can be used to study a variety of questions on the interaction

between inequality and the macroeconomy. For example, how do income, consumption,

and wealth inequality vary over the business cycle? Does more inequality lead to deeper

recessions, or not? In addition, heterogeneous household models are an important tool

for policy evaluations. They allow one to study the effect that a policy change has on

inequality and on different groups of the population. At the same time, these models can

improve our estimates of the effects that policies have on the economy, by allowing for a

more realistic and heterogeneous response of households to these policy changes. Yet, to

do any of the above, one needs to know what values the parameters take in the equations

that characterize the model.

While the identification and estimation of the parameters in macroeconomic models

with representative agents is a well-studied problem, this is not the case for heterogeneous

agent models. Representative agent models are typically estimated using aggregate vari-

ables, such as aggregate output, consumption, interest rates, and prices, in combination

with likelihood-based techniques (Herbst and Schorfheide, 2015), or minimum-distance

type estimators (Ruge-Murcia, 2012). The identification of the parameters of these models

comes from the levels, variances and (auto)covariances of these variables (Iskrev, 2010b).

In contrast, in heterogeneous agent models, as shown in the second chapter of this dis-

sertation, not all parameters are identifiable from aggregate variables, and additional

information is needed, coming from cross-sectional or panel data.

This identification result has implications for the estimation of heterogeneous agent

models. Heterogeneous agent models require estimation techniques that can combine

these different data types. Chapter 2 shows that the estimation method indirect inference

can deal with this challenge, and that for the workhorse model in the heterogeneous
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2 Introduction

household literature, a two-step estimation procedure can be used. In the first step of

this two-step procedure, a subset of parameters can be estimated and identified using

aggregate variables only, while in the second step the other parameters can be estimated

using cross-sectional or panel data. Another paper that considers the combination of two

data types is Liu and Plagborg-Møller (2021), but their likelihood-based approach cannot

exploit the dynamics in panel data, and is rather intended for repeated cross-sections.

In addition, Chapter 2 shows how this two-step method can be used for a larger class of

macroeconomic models, and has attractive robustness properties.

The workhorse model in the heterogeneous household literature is the model by Aiya-

gari (1994). The main idea behind this model is that we have a continuum of households

that face different sequences of uninsurable income shocks over their lives, and there-

fore make different saving and consumption decisions. The model consequently features

income, consumption and wealth inequality. The model environment also incorporates

a firm that employs workers and produces consumption goods, and a government that

taxes the households and pays unemployment benefits to the unemployed. The model is a

general equilibrium model, so the total consumption of the households needs to be equal

to the supply of goods produced by the representative firm, the total labor supply of the

households needs to equal the labor demand by the firm, and the unemployment benefits

that the households receive from the government needs to be equal to the amount of taxes

paid by the households.

An important aspect of heterogeneous household models is how to model the income

shocks that these households face, and the third and fourth chapter in this dissertation

evolve around this question. The solution methods that are typically used to solve hetero-

geneous household models put some constraints on how the stochastic process can look

like that governs the earnings of the household. In particular, for solution methods such

as value function iteration or policy function iteration, the earnings process should have

a discrete state space, and be first-order Markov.1 There are two ways to deal with this

challenge. First, one can directly estimate a discrete-support process for earnings, as,

for example, considered by Castaneda et al. (2003), Druedahl and Munk-Nielsen (2020),

and others. A second way is to estimate a rich and flexible continuous-support earnings

process, and to discretize it afterwards, using discretization methods such as by Tauchen

(1986), Rouwenhorst (1995), Farmer and Toda (2017), and others.

Both of these ways to deal with the restrictions of a discrete state-space have so far been

unsatisfactory. Regarding the former approach – directly estimating a discrete process on

earnings data – the discrete earnings processes proposed so far in the literature do not

1All of these models are in discrete time, which is why I focus on discretization with respect to the
state space, and do not discuss issues regarding discrete versus continuous time.
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3

allow for any forms of unobserved heterogeneity. An example of unobserved heterogeneity

in earnings is earnings risk heterogeneity, and this is a salient feature of earnings, as

shown by, Meghir and Pistaferri (2004), Arellano et al. (2017), Botosaru and Sasaki

(2018), and many others. Failing to capture unobserved heterogeneity in earnings causes

heterogeneous household models to miss out on the large dispersion in the conditional

consumption and saving choices that individuals make. An earnings process without

unobserved heterogeneity in a model like Aiyagari (1994) will imply that all individuals

with the same observables, current savings and same current level of earnings will make

the same consumption and saving decisions for next period. This is not what is observed

in the data, where a large dispersion in conditional saving choices is eminent. This is

documented in my third chapter.

As a solution to this problem, the third chapter in this dissertation proposes, identifies

and estimates a discrete earnings process that does feature unobserved heterogeneity. It

does so by introducing an unobserved state such that individuals with the same current

level of earnings, but a different realization of the unobserved state, can face different

probabilities of transitioning to next period’s earnings levels. This generates a rich notion

of earnings risk heterogeneity, where individuals are not simply heterogeneous with respect

to, for example, the variance of next period’s earnings shocks, but they can differ with

respect to the entire probability distribution of next period’s earnings. This earnings

process can capture the dynamics in the conditional saving choices of individuals well,

and provides evidence for considerable inequality in earnings risk: some individuals have

low earnings risk, while others face job loss probabilities that are up to eight times as

large.

The fourth chapter in this dissertation considers the second way one can deal with the

requirement of a discrete state-space. The chapter proposes a novel discretization method

for continuous-state space Markov processes. Existing discretization methods like the ones

by Tauchen (1986), Rouwenhorst (1995), and Farmer and Toda (2017) either focus on a

specific stochastic process, such as an autoregressive or vector autoregressive process, or

they focus on matching a selected set of moments. However, focusing on matching a set of

moments is only optimal in restrictive settings, for specific stochastic processes and model

assumptions. Therefore, the method proposed in this chapter focuses on an alternative

objective, that is, minimizing the information loss that an agent faces if it were to use

the misspecified discretized process rather than the true continuous-support process. The

method can be applied to both uni- and multivariate processes, and to non-linear non-

Gaussian processes too. Using an appropriate discretization method will help us to ensure

that the properties that are shown to matter in the continuous-support process carry over

to the discretized process.

Proef PS Janssens_stand.job



4 Introduction

Existing discretization methods are also often inefficient, because they use equid-

distant grids, and, in the case of methods for multivariate processes, usually tensor grids.

The method this chapter proposes determines both an optimal grid and transition prob-

ability matrix, without relying on tensor grids in the case of multivariate processes. The

discretization method results in discretizations that are more parsimonious than compet-

ing methods while having the same fit to the continuous-support process.

As its main application, the chapter applies the proposed discretization method to a

number of stochastic processes, including the earnings process proposed by Guvenen et al.

(2021). The chapter shows how the choice of the discretization method matters in the

solution of a lifecycle consumption-saving model. Different discretizations lead to different

estimates of the welfare cost of risk, and, for example, different estimates of the covariance

between earnings changes and consumption changes. This is an important statistic used

to study the (partial) insurance of households to income shocks. In addition, this chapter

is – to my knowledge – the first to consider a discretization of the process of Guvenen et al.

(2021), and sheds light on the main sources of risk in this stochastic process. The process

is characterized by unemployment shocks, and the innovations to earnings are drawn

from a fat-tailed distribution. The chapter shows that the unemployment shocks are the

biggest contributor to the welfare cost of risk, but the leptokurtic earnings shocks are also

important. Using a simple binning method, however, would lead one to underestimate

the contribution of leptokurtic earnings shocks.

While this dissertation contributes to improving econometric inference in macroeco-

nomic models with heterogeneous households, the literature is continuously evolving, and

there are still many open questions and challenges. In particular, the models in this

dissertation do not feature aggregate risk, and cannot speak to business cycles. Several

papers indicate the importance of earnings risk and its cyclical properties when modeling

the propagation of aggregate risk in the economy (Acharya and Dogra, 2020). In that

light, it would be interesting to extend the analysis in these chapters to a setting with

aggregate risk. This is left for future research.
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Chapter 2

Identification in Heterogeneous

Agent Models
1

Abstract

Many representative agent macro models suffer from parameter identification failure. These is-
sues extend to the structural parameters of the standard incomplete markets model of Aiyagari
(1994), the workhorse heterogeneous agent model for household and firm behavior. Similar
as in representative agent models, the firm-side parameters can display weak or failure of
identification. Strong identification of these parameters can, however, be obtained by using a
transformation of the data that amplifies the effect of the parameters. The household prefer-
ence parameter can, nonetheless, not be identified using aggregate data alone, but it can be
identified from the shape of the wealth distribution. This is in contrast with representative
agent models, where the identification of this preference parameter comes from time variation
in aggregate data. Using these results, a two-step estimation procedure is proposed, which is
analogous to the manner of identification. This two-step procedure can be applied to both
representative agent models and heterogeneous agent models, and has several attractive ro-
bustness properties. Its performance is confirmed in a several Monte Carlo simulations and it
is applied to US data.

1I would like to thank Frank Kleibergen and Christian Stoltenberg for their comments and advice.
I also thank Frank Schorfheide, Mikkel Plagborg-Møller, Laura Liu, Nalan Bastürk, Richard Paap and
Tolga Ozden, and other participants in seminars and conferences for their helpful discussions and com-
ments on an earlier version of this paper, in particular, the participants of the 30th (EC)2 Conference on
Identification in Macroeconomics, the Econometric Institute International PhD Conference, the EDEEM
2019 Workshop, EWMES 2019 and the Online Meeting on Identification in DSGE Models at Durham
University (2020). Any errors are my own. This research is funded through the NWO Research Talent
Grant Estimation and identification of parameters in macroeconomic models with incomplete markets.
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6 Identification in Heterogeneous Agent Models

2.1 Introduction

To overcome some of the limitations of representative agent models, such as, for example,

their inability to answer questions related to wealth and income inequality, there has been

a growing attention for heterogeneous agent models and their solution methods (Reiter,

2009; Winberry, 2018, and more). Even more recently, the attention has shifted to the

estimation of these models (including Winberry, 2018; Liu and Plagborg-Møller, 2021;

Auclert et al., 2019; Papp and Reiter, 2020). However, despite that identification is a

crucial condition to obtain inference and to use structural models for policy analysis,

parameter identification in heterogeneous agent models has received little attention. This

gives rise to the main question of this chapter: can we identify the structural parameters

in a heterogeneous agent model and what kind of data is needed to achieve this?

For this purpose, this chapter proposes a two-step identification and estimation proce-

dure that can be applied to both dynamic stochastic general equilibrium (DSGE) models

and heterogeneous agent models of the type of Aiyagari (1994). Two-step estimators are

commonly used in economics, as sparked by the seminal work of Heckman (1979), but,

as will be shown in this chapter, have specifically attractive features when applied to

macroeconomic models. The two-step procedure in this chapter can be either based on

the Generalized Method of Moments (GMM) or the indirect inference estimator. In indi-

rect inference, an auxiliary model is used to circumvent the issue of a possibly intractable

likelihood and/or the unavailability of closed-form expressions for model moments.

To demonstrate the advantages of two-step identification and estimation, the pro-

cedure is first applied to the stochastic growth model of Hansen (1985), showing how a

two-step method can isolate certain parameters from misspecification in other parts of the

model, can isolate parameters from biases arising due to the solution method, allows for

(partial) analytical identification analysis and can lead to computational efficiency gains.

This may come at the cost of an efficiency loss (larger standard errors) for the first-step

parameters, but the second-step parameters are unaffected in terms of efficiency.2

Next, the procedure is applied to the Aiyagari (1994) model, which is the workhorse

heterogeneous agent model for studying household behavior. For this model, two main

analytical identification results are obtained for the relative risk aversion parameter of

households, the productivity elasticity of capital and the depreciation rate of capital.

First, I show that with the most straightforward choice of an auxiliary model in indirect

inference, the productivity elasticity of capital and the depreciation rate of capital can

suffer from weak or, depending on the available data and parametrizations, failure of first-

2This result also has implications for practitioners who calibrate a subset of their structural parameters
and estimate another set. If the parameters are chosen in a similar way as in the two-step procedure of
this paper, and the moments get optimal weights, the estimated parameters do not necessarily have to
face an efficiency loss when a subset of the parameters is being calibrated.
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2.1 Introduction 7

order identification. First-order identification requires the Jacobian matrix of the auxiliary

model parameters with respect to the structural parameters to have a full rank value. If

first-order identification fails, the parameters would at best be second-order identified. In

that case, the identification results from a non-singular Hessian paired with a lower rank

Jacobian matrix. This is not an appealing property of an estimator, given that these

estimators are characterized by slow (quartic root) stochastic convergence (Dovonon and

Hall, 2018). By a careful choice of the auxiliary model that ensures a distinguishable

effect of the two parameters on the indirect inference objective function, I obtain strong

first-order identification of the productivity elasticity of capital and the depreciation rate

of capital, using only aggregate macro data.

Second, it is shown that aggregate macro data is not informative about the household

risk aversion parameter. This result holds for any estimation method. Data containing

information on the shape of the distribution of wealth across households can, however, be

used to identify and estimate it. This is in contrast with a representative agent model,

where the identification of the risk aversion parameter can only come from the time vari-

ation in aggregate macro data, giving the parameter the interpretation of intertemporal

elasticity of substitution, rather than relative risk aversion. Furthermore, it is shown

numerically that identification of this parameter can still fail when incorrect assumptions

are made on the idiosyncratic income process of the households.

These identification results are then used to propose a two-step procedure to estimate

the structural parameters of the Aiyagari (1994) model. The first step consists of esti-

mating the capital productivity and depreciation rate parameters using only aggregate

macro data. It yields a consistent estimator and is computationally fast, because it only

requires solving the firm-side of the model, which, in contrast to the household side and

the general equilibrium problem, does not rely on numerical approximations. In the sec-

ond step, and given the parameter estimates obtained in the first step, the risk aversion

parameter is estimated using micro-level data.

Focusing on the Aiyagari (1994) model is not restrictive; the class of models that

builds on the framework of Aiyagari (1994) is large and can be used to answer many

macroeconomic questions on, for example, different sources of inequality.

This chapter continues as follows. Section 2 describes the two-step estimation proce-

dure. Section 3 considers the first application, being the Hansen (1985) stochastic growth

model. Next, section 4, after describing the model set-up adopted from Aiyagari (1994)

and the measurement equations, discusses the identification of the parameters in this

model and presents an estimation procedure for the Aiyagari (1994) model that deals

with the different identification issues of the model and applies this estimation procedure

in a Monte Carlo simulation as well as to data of the United States. Section 5 concludes.
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8 Identification in Heterogeneous Agent Models

Related literature This chapter contributes to three main strands of literature. First,

it builds on the literature on identification issues in macro models, which, until now,

has focused on identification in representative agent models only, with main contribu-

tions of Mavroeidis (2004), Canova and Sala (2009), Cochrane (2011), Komunjer and

Ng (2011), Iskrev (2010a), Schorfheide (2013), and Koop et al. (2013). An exception is

Heathcote et al. (2014), who look at identification in a heterogeneous agent model, but

use assumptions on group-partitioning across households and shocks being permanent to

obtain analytical tractability and identification.

Second, the insights of this chapter add to the quickly evolving literature on the

estimation of heterogeneous agent models.3 Most related to my work are Parra-Alvarez

et al. (2017), Liu and Plagborg-Møller (2021) and Papp and Reiter (2020). The former

develop a full-information estimation method for the Aiyagari (1994) model using cross-

sectional data, and perform a graphical analysis of the identification of their parameters,

which points at the same identification failure for the firm-side parameters as established

in this paper. However, as a solution, they propose to calibrate the respective unidentified

parameters. I, instead, obtain analytical results on the exact source of the failure and use

these results to resolve the identification issue. Liu and Plagborg-Møller (2021) and Papp

and Reiter (2020) both investigate the additional information contained in micro-level

data on top of aggregate macro data for the estimation of parameters of heterogeneous

agent models. They, however, do not conduct an (analytical) identification analysis.

Third, the two-step estimator proposed in this chapter is not new, but its usefulness

and the robustness properties in the case it is applied to macroeconomic models – to

my knowledge – are. This chapter relates to the literature on the estimation of nuisance

parameters by Crepon et al. (1997) and Ackerberg et al. (2014), and builds on their results

and proofs. An important difference is that in this chapter, the estimates obtained in both

steps are of interest, while the above-mentioned papers only consider the properties of the

second step parameters.

3Some recent contributors to this literature are Fernández-Villaverde et al. (2018); Auclert et al. (2019);
Liu and Plagborg-Møller (2021); Mongey and Williams (2017); Hasumi and Iiboshi (2019); Parra-Alvarez
et al. (2017); Winberry (2018); Papp and Reiter (2020) and Yamana (2016). Chang et al. (2018) study
the reduced-form estimation of a heterogeneous agent model cast into a vector-autoregression model.
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2.2 Econometric Approach: Two-Step Estimation of Structural Models 9

2.2 Econometric Approach: Two-Step Estimation of

Structural Models

In this section, a two-step procedure is presented that can be used for the estimation of

structural models. I distinguish between two approaches. First, I describe two-step Gen-

eralized Method of Moments (GMM) and derive its properties. Analogously, in the next

subsection, I present two-step indirect inference. The reason to consider both estimation

methods is that structural models are becoming increasingly more complicated and in

those cases, GMM becomes infeasible. In those cases, one needs to rely on simulations to

obtain moments that characterize the model.

2.2.1 Two-step Generalized Method of Moments

In this section, a two-step procedure is presented that can be used for the estimation

of structural models. This procedure is an adaption of Generalized Method of Moments

(GMM) estimation (Hansen, 1982). Assume that a data setXt is generated by a parameter

vector θ∗ described by a model M . Denote the structural model by M (θ). The parameter

vector θ of model M can be divided into two subsets, write θ = (θ1, θ2). Note that this

is always possible, because one of the two sets can be empty. If θ1 is empty, the method

boils down to GMM. The exact conditions defining θ1 and θ2 follow below. Suppose that

for each observation t = 1, ..., T , one can come up with a number of distinct moment

conditions the data satisfies. Denote these moment conditions as follows:

E[ft(θ
∗)] = 0, t = 1, ..., T

with ft known vector-functions depending on the observed data and model properties.

Denote the population analog of this moment condition by gT (θ) =
∑T

t=1 ft(θ).

Definition 2.1: θ1 For parameters in θ = (θ1, θ2) to classify as part of the subset θ1,

three requirements need to be satisfied:

(a) there exists a subset or of moment conditions E[f 1
t (θ∗)] = 0 where function f 1

t only

depends on θ1, i.e. E[f 1
t ([θ∗1, θ2])] = 0 for any value of θ2,

(b) θ1 can be globally identified from g1
T (θ), where g1

T (θ) =
∑T

t=1 f
1
t (θ) denotes the popu-

lation analog of the moment condition, and

(c) θ1 can be first-order identified from g1
T .

For global identification it is required that (i) the relevant moments of Xt can be consis-

tently estimated (g1
T converges to g1 in probability) and (ii) g1

T (θ∗1) = g1
T (θ̃1) ⇔ θ∗1 = θ̃1.
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10 Identification in Heterogeneous Agent Models

For first-order identification, the Jacobian of g1
T with respect to θ1 needs to have rank

equal to the number of parameters in parameter vector θ1. The set θ1 should preferably

be analyzed and determined analytically. If all three requirements (a)-(c) outlined in

Definition 2.1 are satisfied, θ1 is identifiable and consistently estimable from g1
T .

Definition 2.2: θ2 θ2 is defined as θ \ θ1, that is, the parameters in θ not included in

θ1. For θ2 = θ \ θ1 to be consistently estimable, θ2 should be global and first-order identi-

fiable from the population analog g2
T of a second set of moment conditions E[f 2

t (θ∗)] = 0,

for a value of θ1 fixed at θ∗1 or at θ̂1
p→ θ∗1.

θ1 and θ2 do not have to be jointly identifiable from the separate sets of moment conditions.

If only a subset of the parameters in θ2 is identifiable, one can find an alternative set of

functions f 2
t such that g2

T is only a function of a subset of parameters of θ2 (and θ1) that

is locally and globally identifiable.

A two step estimation procedure for parameters θ of model M is then given by:

Step 1 Estimate the parameters of θ1 by minimizing the weighted sum 1
T
g1′
T Ŵ1g

1
T , with

Ŵ1 defined below. This results in estimate θ̂1.

Step 2 Given θ1 = θ̂1, estimate the parameters of θ2 by minimizing the weighted sum
1
T
g2′
T Ŵ2g

2
T , with Ŵ2 defined below. This results in estimate θ̂2.

On weighting matrix W Both in step 1 and 2 of the two-step procedure, as well

as in a one-step procedure where the parameters are estimated with Generalized Method

of Moments, a feasible optimal weighting matrix Ŵ has to be computed. The feasible

optimal weighting matrix is the inverse of the variance-covariance matrix of moment

conditions ft(θ̂). Given that moment functions ft in a macroeconomic time series context

as will be explored below are serially correlated as well as heteroskedastic, the traditional

estimator will not suffice. A heteroskedasticity and autocorrelation consistent (HAC)

estimator of the variance has to be used, i.e., (Newey and West, 1986):

ŜHAC = Γ̂0(θ̂) +
T−1∑
j=1

wj,T (Γ̂j(θ̂) + Γ̂′j(θ̂)),

with wj,T being kernel weights, for j = 1, ..., bT where bT is a bandwidth parameter po-

tentially being a function of sample size T . Γ̂j(θ̂) = 1
T

∑T
t=j+1 ft(θ̂)ft−j(θ̂)

′, where θ̂ is a

consistent estimator of θ∗.4 Note that ŜHAC should be invertible.

4Following the analysis of Andrews (1991), the applications below will use the quadratic spectral
kernel wj,T = 25

12π2d2j
(sinmj/mj − cosmj), with mj = 6πdj/5, dj = j/bT , and bT the nearest integer to

4(T/100)4/25, for j = 1, ..., bT and 0 else.
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2.2 Econometric Approach: Two-Step Estimation of Structural Models 11

Efficiency An obvious potential disadvantage of a two-step estimation procedure com-

pared to a one-step procedure is a loss of efficiency: when less moments are used in the

estimation of a set of parameters, there is a loss of information, so the estimates will be less

efficient (higher variance). However, some special cases apply. In particular, Proposition

2.1 describes how the estimators of the two-step procedure are asymptotically equivalent

to a one-step procedure with the same moment conditions, if θ2 is exactly identified. This

proposition and its proof are a modification of Crepon et al. (1997).

Proposition 2.1. Asymptotic efficiency of θ1 and θ2

Consider the definitions of θ1, θ2, f 1
t and f 2

t . Additionally, assume that θ2 is exactly

identified (number of moment conditions in g2
t equals the number of parameters in θ2).

• The estimate θ̂1 from minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically equivalent to the

estimate θ̃1 from minimization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to both

θ1 and θ2.

• The estimate θ̂2 from minimization of 1
T
g2′
T Ŵ2g

2
T conditional on θ̂1 obtained from

minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically equivalent to θ̃2 obtained from mini-

mization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to both θ1 and θ2.

Proof In Appendix 2.A.

From Proposition 2.2 below, it follows that when θ2 is not exactly identified, the estimates

of θ2 from the two-step procedure are still asymptotically equivalent to those of a one-

step procedure with the same moments. For θ1, there is an efficiency loss coming from

the two-step procedure. However, a correction through the weighting matrix or moment

conditions using the information from the moments in g2
t would always eliminate the ad-

vantages above and is therefore not considered.

Proposition 2.2. Asymptotic efficiency of θ1 and θ2 when θ2 is over-identified

Consider the definitions of θ1, θ2, g1
t and g2

t . θ2 is over-identified (number of moment

conditions in g2
t is larger than the number of parameters in θ2).

• The estimate θ̂1 from minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically less efficient than

the estimate θ̃1 from minimization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to

both θ1 and θ2.

• The estimate θ̂2 from minimization of 1
T
g2′
T Ŵ2g

2
T conditional on θ̂1 obtained from

minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically equivalent to θ̃2 obtained from mini-

mization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to both θ1 and θ2.
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12 Identification in Heterogeneous Agent Models

Proof. In Appendix 2.A.

As derived in the proof of Proposition 2.2, the efficiency loss of the two-step estimator of θ1

depends on the term 1
T

∑T
t=1

∂f2t
∂θ′1

(θ∗1, θ
∗
2). If this matrix is close to zero, then the efficiency

loss of using the two-step procedure for θ1 is also close to zero. This is equivalent to

stating that the moment conditions g2
t are uninformative about θ1.

Proposition 2.2 has an interesting implication regarding the common practice in macroe-

conomics to calibrate a subset of parameters. When estimating a structural (macro)-

model, researchers often first calibrate a subset of parameters, and then, conditional on

the calibrated values of these parameters, estimate the other parameters. Proposition 2.2

implies that if the calibration is done formally using GMM with an optimal weighting

matrix, and the calibrated set of parameters coincides with the definition of θ1, there is

no asymptotic efficiency loss for the parameters estimated in the second step.

Asymptotic variance Proposition 2.1 and 2.2 have direct implications for the asymp-

totic variance of the estimators. By the results of Hansen (1982), the asymptotic variance

of the first step estimator is given by V 1 = [G1(θ∗1)′S1(θ∗1)−1G1(θ∗1)]−1, where S1(θ) =

limT→∞ V(T 1/2g1
T (θ1)) and G1(θ1) = 1

T

∑T
t=1 ∂f1(θ1)/∂θ1. For the second-step estima-

tor, which depends on the estimate of θ1 in the first-step, the asymptotic equivalence

between the second-step estimator and the one-step estimates of θ2 implies that the

asymptotic variance of θ2 is given by V 2 = ([G(θ∗)S(θ∗)−1G(θ∗)]−1)(p+1:p+q,p+1:p+q) where

G(θ) = [G1(θ)], G2(θ)] and S(θ) = limT→∞ V(T 1/2gT (θ)) with gT = (g1
T , g

2
T ) and p is

the number of moment conditions in f1 and q the number of moment conditions in f2.

Thus, the asymptotic variance of the second step estimator is equal to the asymptotic

variance of the one-step estimator for this subset of parameters. In practice, one can use

the estimates θ̂1 and θ̂2 from the two-step procedure to evaluate the expression of the

one-step asymptotic variance, and this will give a consistent estimator of the second-step

estimator’s variance.

2.2.2 Two-step indirect inference

Given the seemingly ever-increasing complexity of structural models, GMM is not always

applicable, because it might not be possible to derive analytical expressions for the relevant

moments that identify the parameters of interest. In those cases, a researcher might

want to employ an estimation technique such as Simulated Method of Moments (SMM,

McFadden (1989)) or, more generally, indirect inference (Gourieroux et al., 1993).

In indirect inference, similar as for GMM, assume that a data set Xt is generated

by a parameter vector θ∗ and described by a model M . The structural model is again
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2.2 Econometric Approach: Two-Step Estimation of Structural Models 13

denoted by M (θ). Assume that it is possible to simulate a path X̃T
1 from model M (θ)

given a path of error terms εT1 and a vector of initial conditions zh0 .5 Following Gourieroux

et al. (1993), introduce a vector of auxiliary parameters β ∈ B ⊂ Rp+q. The auxiliary

parameters can be estimated by maximizing a criterion function:

max
β∈B

QT (X1
T , β)

where β̂T denotes the estimate resulting from this maximization problem.

Next, assume H paths [X̃h
t (θ, zh0 , ε̃

T,h
1 ), t = 0, ...., T ] are simulated, where ε̃T,h1 denotes

a path of independent draws of the error terms, and zh0 denotes some initial values. For

each path h = 1, ...., H, one can estimate the auxiliary parameters:

β̃hT (X̃h
T (θ)) = argmaxβ∈BQT (X̃h

T (θ), β).

Here the notation X̃h
T (θ) for simplicity omits the dependence on the initial condition zh0 ,

and indicates that the simulated data is a function of the structural parameters θ. The

indirect inference estimator of θ is then defined as a solution θ̃HT (Ω) of the minimum

distance problem:

min
θ∈Θ

[
β̂T −

1

H

H∑
h=1

β̃hT (X̃h
T (θ))

]′
Ω̂T

[
β̂T −

1

H

H∑
h=1

β̃hT (X̃h
T (θ))

]

where Ω̂T is a positive definite matrix converging to its deterministic counterpart Ω. The

indirect inference estimator θ̃HT (Ω) is a consistent estimator of θ0 under the relevant as-

sumptions, see Appendix 2.A.2. One of these assumptions considers the binding function,

defined as follows

b(F,G, θ) = argmaxβ∈BQ∞(F,G, θ, β),

so that that β∗ = b(F ∗, G∗, θ∗). One of the assumptions essential for identification of the

parameters θ is that it is necessary that the binding function b(F ∗, G∗, ·) is a one-to-one

function and that ∂b
∂θ′

(F ∗, G∗, θ∗) is full-column rank. Here G∗ denotes the distribution of

white noise process εt and F ∗ the unknown transition distribution of the variables in Xt.

Analogous to Definition 2.1 and 2.2 for two-step estimation with GMM, Definition

2.1II and 2.2II define the conditions that θ1 and θ2 should satisfy if we want to divide pa-

rameter vector θ into two subsets of parameters. As can be seen, given that identification

of the parameters θ now runs through the binding function, these binding functions now

5Note that if a subset of variables in the dataset Xt is strictly exogenous, these variables are not
simulated, but are kept constant and are the same in each simulated path.
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enter the definition of θ1 and θ2.

Definition 2.1II: θ1 For parameters in θ = (θ1, θ2) to classify as part of the subset θ1,

two requirements need to be satisfied:

(a) there exists a subset of auxiliary parameters β1 ∈ B1 ∈ Rp obtained from maximizing

criterion function Q1
T (X1

T , β
1), where auxiliary parameter vector β1 only depends on

θ1, i.e. for binding function b1(F,G, θ) = argmaxβ1∈B1Q1
∞(F,G, θ, β), it holds that

b1(F,G, θ) = b1(F,G, θ1) for any value of θ2.

(b) Binding function b1(F ∗, G∗, ·) is a one-to-one function and ∂b1
∂θ′1

(F ∗, G∗, θ∗1) is full-

column rank.

Definition 2.2II: θ2 θ2 is defined as θ \ θ1, that is, the parameters in θ not included

in θ1. For θ2 = θ \θ1 to be consistently estimable, there should be a second set of auxiliary

parameters β2 ∈ B2 ∈ Rq obtained from maximizing criterion function Q2
T (X1

T , β
2) and

binding function b2(F,G, θ) = argmaxβ2∈B2 Q2
∞(F,G, (θ1, θ2), β2), for a value of θ1 fixed

at θ∗1 or at θ̂1
p→ θ∗1, should be a one-to-one function and ∂b2

∂θ′2
(F ∗, G∗, θ∗1, θ

∗
2) must be full-

column rank.

Both criterion functions Q1
T and Q2

T and their optimizers β̂1 and β̂2 now need to satisfy

the conditions outlined in Appendix 2.A.2 for the single criterion function QT used in a

one-step estimation procedure.

A two step indirect inference estimation procedure for parameters θ of model M is

then given by:

Step 1II Solve the optimization problem

min
θ1∈Θ1

[
β̂1
T −

1

H

H∑
h=1

β̃1,h
T (X̃h

T (θ1))

]′
Ω̂1
T

[
β̂1
T −

1

H

H∑
h=1

β̃1,h
T (X̃h

T (θ1))

]

where β1 is given in Definition 1II. This results in estimate θ̂1.

Step 2II

min
θ2∈Θ2

[
β̂2
T −

1

H

H∑
h=1

β̃2,h
T (X̃h

T (θ̂1, θ2))

]′
Ω̂2
T

[
β̂2
T −

1

H

H∑
h=1

β̃2,h
T (X̃h

T (θ̂1, θ2))

]

where β2 is given in Definition 2II and θ̂1 follows from Step 1II. This results in

two-step indirect inference estimator θ̂2.
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2.2 Econometric Approach: Two-Step Estimation of Structural Models 15

Proposition 2.1 and 2.2 for two-step estimation with GMM carry over to indirect inference,

as formulated in Proposition 2.3 and its proof in Appendix 2.A.2. Summarizing, the con-

clusion of this propsition and its proof is that two-step estimation of θ is asymptotically

equivalent to one-step estimation if θ2 is exactly identified. If θ2 is over-identified, the

two-step estimator of θ1 will generally be asymptotically less efficient, while the estimator

of θ2 will still be asymptotically equivalent to a one-step estimator. Details on how to

obtain an efficient estimator through the choice of matrices Ω̂1
T and Ω̂2

T are in Appendix

2.A.2.

Proposition 2.3. Asymptotic efficiency of θ1 and θ2 when θ2 is over-identified

Consider the definitions of θ1, θ2, β1 and β2 in Definition 1II and 2II.

• If θ2 is exactly identified (number of parameters in β2 is equal to the number of pa-

rameters in θ2), then the estimate θ̂1 from applying indirect inference with auxiliary

parameter β1 is asymptotically equivalent to the estimate obtained from applying

indirect inference with auxiliary parameters β = (β1, β2).

• If θ2 is over-identified (number of parameters in β2 is larger than the number of

parameters in θ2), then the estimate θ̂1 from applying indirect inference with auxil-

iary parameter β1 is less efficient than the estimate obtained from applying indirect

inference with auxiliary parameters β = (β1, β2).

• The estimate θ̂2 from applying indirect inference with auxiliary parameter β2 condi-

tional on the estimate of θ̂1 above obtained from indirect inference with only auxiliary

parameter β1 is asymptotically equivalent to θ̃2 obtained from indirect inference es-

timates for θ1 and θ2 with auxiliary parameters β = (β1, β2).

Proof In Appendix 2.A.

Intuitively, one can see that with indirect inference, finding an appropriate choice for

parameters θ1 is harder than for GMM, because it should be verified that the binding

function b1(F,G, θ) is only a function of θ1, and not of θ2 while typically for identification

analysis the binding function has to be approximated numerically and depends on the

observed data X1
t and the model M used to simulate the paths of data X̃h

t . However, as

will follow below, for the class of models of interest in this paper, the choice of θ1 and θ2

follows intuitively from the model.

If the sets θ1 and θ2 are non-empty, a two-step method can offer several advantages

over a one-step estimation procedure. In the next section, it will be discussed in great

detail how this applies specifically for a large class of models studied in macroeconomics.
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16 Identification in Heterogeneous Agent Models

If, however, these advantages are not relevant for the application at hand, traditional

GMM or alternative estimation methods can be preferable on the grounds of efficiency.

2.2.3 Macroeconomic models as an application for two-step es-

timation

This subsection describes how the two-step estimation procedure outlined in the previous

section is well-suited for the estimation of two types of macroeconomic models, being

dynamic stochastic general equilibrium (DSGE) models and heterogeneous agent macro

models like the Aiyagari (1994) model. First of all, as will be explained below, the

structure of these models lends itself for the specification of two sets of moment conditions

g1
t and g2

t or two sets of auxiliary parameters β1 and β2, as is necessary for two-step

estimation with GMM or indirect inference. Second, there are several advantages of

the two-step estimation procedure outlined above are highly relevant for macroeconomic

models. To see this, it is helpful to consider the following brief and general description of

DSGE models.

A general description of DSGE models

A DSGE model describes an equilibrium between multiple agents in an economy. In its

most simple form, these agents comprise of a representative household and a representative

firm, but the model can be extended in numerous ways, to incorporate a government,

central bank or a heterogeneous mass of firms or households. The decisions these agents

make have consequences for the co-movement of aggregate variables over time. Using

general notation, dynamic stochastic general equilibrium (DSGE) models can be cast into

the following form:

EtJ(Zt+1, Zt, Zt−1, Ut; θ) = 0 (2.1)

with J is a non-linear function, Z a vector with the endogenous variables in the model

(such as output, interest rates, and consumption) and U a vector of exogenous shocks. θ

is a vector containing the structural parameters of the model. Common exogenous shocks

encountered in the literature are productivity shocks, monetary policy shocks, govern-

ment spending shocks, and preference shocks. Examples of typical structural parameters

θ in macro models are the time discount factor, the coefficient of relative risk aversion,

the productivity elasticity of capital, but also parameters that characterize shock process

that the agents in the model experience.
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2.2 Econometric Approach: Two-Step Estimation of Structural Models 17

Deterministic steady state The variables Z are characterized by a deterministic

steady state value, vector Z∗, oftentimes also referred to as the long-run value of the

economy. This steady state value can be derived analytically for most models with repre-

sentative agents, and, in special cases or under additional restrictions, also for heteroge-

neous agent models. In the steady state, the assumption is made that all exogenous shocks

Ut are equal to their expected, or long-run, value (typically zero). Because the exogenous

shocks are assumed zero, the steady state does not depend on the exact specification of

the exogenous shock processes. It follows that the steady state values of the variables are

functions of a subset of the structural parameters θ. Furthermore, the steady state of a

model can be computed irrespective of the solution method that is employed to obtain

the short-run equilibrium of the model as will be defined below.

Short-run equilibrium The short-run equilibrium solution describes the deviations

of the endogenous variables in the model from their long-run (steady state) value. To

solve for the short-run equilibrium of the DSGE model, one needs to obtain the time-

invariant policy functions that describe the decision rules of the agent in the model.

Various solution methods exists, where a distinction can be made between global and

local solution methods.

The most popular solution method for DSGE models (with representative agents) is

log-linearization, where the model is linearized around the steady state Z∗ of the variables

Zt, resulting in the log deviation from the steady state Ẑt. If a unique solution exists, it

can be cast into the form:

Ẑt = A(θ)Ẑt−1 +B(θ)Ut (2.2)

where A and B are matrices and functions of θ. A, B and steady state Z∗ are all that

characterize the equilibrium dynamics and steady state of the linearized model. The ma-

trices A and B depend on the specification of the shock processes, and the solution to

the short-run equilibrium will typically be different when alternative solution methods

are employed.

Measurement equations To estimate the DSGE model, the model solution needs to

be extended by a set of measurement equations for observed variables Xt. In general

notation,

Xt = F (Z∗, Zt, Ut)

where F is a function that describes how the model variables Zt, their long-run value Z∗

and the exogenous shocks vector, potentially including measurement error, Ut, map into
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18 Identification in Heterogeneous Agent Models

the observed variables Xt. As a concrete example, in the case of a log-linearized model

solution (2.2), one can use:

logXt = logCZ∗ + CẐt. (2.3)

with C being a selection matrix. Jointly, equations (2.2) and (2.3) represent a state space

model that can be estimated using Kalman filters to evaluate the likelihood function.

In case that the model is not linearized as in Equation (2.2)-(2.3), filters for non-linear

models can be employed, but this can be time-consuming. Alternatively, methods that

do not rely on the evaluation of the likelihood function can be used, such as indirect

inference, generalized method of moments, or, as a Bayesian alternative, Approximate

Bayesian Computation (ABC).

Two-Step estimation of macroeconomic models

The structure of DSGE models and heterogeneous agent models makes them suitable for

estimation using the two-step estimation procedures outlined above. In the case of DSGE

models, this suitability comes from the existence of the long-run values of the economy

in these models, known as the deterministic steady state in representative agent DSGE

models. Generally, the long-run values can be characterized to be a function of only a

subset θ1 of the full structural parameter vector θ. This makes it possible to construct

a set of moment conditions or auxiliary parameters being only a function of θ1 that

describe how the long-run values relate to the observed variables in the data, Xt. The

other parameters of the model, θ2, appear in the solution to the short-run equilibrium

of the model. The short-run equilibrium can then be used to construct a second set of

moment conditions or auxiliary model parameters that will be a function of both θ1 and

θ2. Typically, θ2 will contain the parameters that characterize the (aggregate) stochastic

shock processes, because these do not appear in the solutions for the long-run values of

the economy.

In the case of heterogeneous agent models, as will be explained in Section 2.4, the

subdivision of the parameters will be such that θ1 are parameters that can be pinned down

using aggregate macro variables only, while parameters θ2 will follow from distributional

data.6

Apart from having a structure that makes for an intuitive construction of the sets of

parameters θ1 and θ2, there are specific advantages to using a two-step estimation proce-

dure for these macroeconomic models. These will now be discussed.

6This is different for heterogeneous household models with aggregate risk, where the long-run values
also depend on the parameters of the aggregate risk process.
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2.2 Econometric Approach: Two-Step Estimation of Structural Models 19

Advantage 1: partial robustness to misspecifications A two-step estimation pro-

cedure for DSGE models can isolate the estimates of subset θ1 from misspecification in

the parts of the model that do not affect the set of moments g1
t or auxiliary parameters

β1. In DSGE models, the main type of misspecification for which this applies is mis-

specification in the (aggregate) shocks process. In the literature, macroeconomists have

proposed many different types of aggregate shocks that economic agents in their models

may experience. For example, the seminal paper by Smets and Wouters (2003) consid-

ers as much as ten different shocks, including government spending shocks, productivity

shocks, discount factor shocks, investment adjustment cost shocks, labor supply shocks,

three different cost-push shocks, and two monetary policy shocks. If one of these shocks

is part of a true description of the data, but is omitted in the model estimated by a

researcher, this may result in inconsistent estimates of all parameters of interest. The

two-step estimation procedure can exploit that aggregate shocks typically do not have an

effect on the long-run values of the economy. To see this, consider Example 2.1 below.

Example 2.1. Utility function from Smets and Wouters (2003) Consider the

following household utility function:

ut = εbt

(
1

1− σc
(ct −Ht)

1−σc − εlt
1 + σl

l1+σl
t

)
with ct the consumption of goods, Ht a habit variable, and lt labor supply. σc is the

coefficient of relative risk aversion of the household, while σl is the inverse of the elasticity

of work effort with respect to the real wage. εbt is a discount rate shock affecting the

intertemporal substitution of households (a preference shock) and εLt is a labor supply

shock. Both shocks follow a first-order log-autoregressive process, with i.i.d. exogenous

shock terms ηbt and ηLt respectively. If these exogenous shock terms are zero in the steady

state, the discount rate shock and labor supply shock equal one. It follows that the steady

state utility function takes the same shape as a utility function where these discount rate

shocks and labor supply shocks are absent (constant and equal to one):

ū =
(c̄− H̄)1−σc

1− σc
− l̄1+σl

1σl
.

As such, we see that the steady state values are insensitive to the specification of the shock

processes εbt and εlt.
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20 Identification in Heterogeneous Agent Models

If the two-step procedure is used and the structural parameters θ1 and their moment

conditions g1
t are based on long-run values only, it follows that these parameters are

robust to misspecification in the shock process.

As will be shown below in Application 2, something similar holds for models with het-

erogeneous agents. In particular, firm-side and government-side parameters are in some

cases separable from the specification of the household-side parameters and processes.

Advantage 2: partial robustness to the solution method Solution methods are

needed to characterize the short-run equilibrium of DSGE models. For DSGE models,

this often involves a choice between log-linearization of the model, or the use of a global

solution method such as value function iteration (VFI). While log-linearization tends to

be faster and lends itself for a relatively easy evaluation of the likelihood function of the

data, log-linearization is not always equally suitable. If large shocks are likely, or if the

model is characterized by kinks or other non-differentiabilities, VFI is more likely to lead

to an accurate solution of the short-run equilibrium. Also for heterogeneous agent mod-

els, there exists a large literature on solution methods, where among others Den Haan

(2010) and Pröhl (2019) show that not all solution methods produce equally accurate

results. When the subset of parameters θ1 and moment conditions or auxiliary model

parameters are constructed only based on the long-run values, this subset of parameters

is robust to the choice of the solution method when estimated using a two-step procedure.

Advantage 3: computational efficiency The solution methods for the short-run

equilibrium are typically computationally expensive. This is more relevant for hetero-

geneous agent models than for representative agent models. When only a subset of pa-

rameters θ2 need to be estimated using moments conditions g2
t that require the short-run

equilibrium solution, this is computationally less intensive than when all parameters in θ

need to be estimated based on all moment conditions jointly.

Advantage 4: partial analytical identification analysis Oftentimes, analytical

expressions for the long-run values of the variables in DSGE models can be obtained.

In those cases, the identification of θ1 through moment conditions g1
t can be performed

analytically. This advantage applies mostly to representative agent models, as heteroge-

neous agent models quickly lose analytical tractability. However, as will be seen in Section

2.4, for the Aiyagari (1994) model, part of the identification analysis can still be done

analytically in case one uses a two-step procedure.
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2.3 Application 1: Baseline Stochastic Growth Model 21

2.3 Application 1: Baseline Stochastic Growth Model

In this section, a first application is studied to demonstrate the use and advantages of the

two-step estimation procedure described above. First of all, the baseline stochastic growth

model of Hansen (1985) is studied. This model functions as an extensive toy example.

Next, an extension will be added to the Hansen (1985) model to demonstrate how the

two-step method has partial robustness to misspecification in the shocks process. At last,

it is assessed how the two-step procedure performs when a different model solution is used

to generate the data than to estimate the model with.

2.3.1 Baseline stochastic growth model

The baseline stochastic growth model of Hansen (1985) is a general equilibrium model,

characterized by a representative household that maximizes its expected stream of utilities

ut and a representative firm producing consumption goods yt. The household is charac-

terized by individisible labor supply h0, discount factor β and utility at time t given by

ut = log ct + A log lt. The household thus derives utility from consumption ct and leisure

lt = 1− h0. Define φ = A log(1− h0)/h0. The household owns capital kt depreciating at

rate δ that it rents to the firm with interest rate rt. The firm has a Cobb-Douglas pro-

duction function yt = ztk
α
t h

1−α
t , where zt is an aggregate productivity shock, also called

a Total Factor Productivity (TFP) shock in the literature, following the Markov process

log zt+1 = ρ log zt + εt, ρ ∈ [0, 1), εt ∼ (0, σ2
ε). α denotes the productivity elasticity of

capital. The representative firm pays competitive wages wt for labor. For a more detailed

description of the baseline stochastic growth model of Hansen (1985), consider Appendix

2.B.1. Appendix 2.B.1 also discusses the identification of the parameters, both in the case

of one-step and two-step estimation. As shown in this appendix section, a natural choice

for the subdivision of the parameters is θ1 = (α, δ, β, φ), and θ2 = (ρ, σ2
ε). A and h0 are

not jointly identifiable, which is why we focus on φ instead.

2.3.2 Monte Carlo: two-step method versus one-step in the

stochastic growth model of Hansen (1985)

The main disadvantage of a two-step procedure is its potential efficiency loss, because two-

step estimation uses less information for the estimation of the parameters in the first step

than one-step estimation does. In the case of the Hansen (1985) model, the estimation

in the first step of α, δ, β and φ ignores information on these parameters contained in

higher-order moments, while one-step estimation uses information in the steady state

as well as from higher-order moments. In this section, a simulation study will be used
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22 Identification in Heterogeneous Agent Models

to demonstrate that the efficiency loss in the first step is minor, and that indeed the

parameters estimated in the second step are as efficient as in the one-step procedure.

To compare the performance of both approaches, a Monte Carlo simulation experi-

ment is designed. In this experiment, data is simulated using the log-linearized Hansen

(1985) model of Appendix 2.B.1 as data generating process, with i.i.d. measurement

error for all observed variables. (Log-linearized) aggregate productivity shocks ε̂ are

drawn from a normal distribution. In both approaches, the distance between model

moments and the moments computed from the simulated data set is minimized over pa-

rameters (α, δ, β, φ, σε, ρ). For the one-step procedure, the moments used are: (i)

exp E(logwt), (ii) exp E(log ht), (iii) exp E(log kt), (iv) exp E(log it), (v) Cov(log ct, log kt),

(vi) Cov(log kt+1, log kt), (vii) Cov(log kt+2, log kt), (viii) Cov(log ct+1, log ct). These mo-

ments are chosen such that the matrix used to construct the optimal weighting matrix W

has a low conditioning number and can be inverted with high numerical precision, and

both θ1 and θ2 are identifiable. Furthermore, moments (v)-(viii) allow for the estimation

of θ2 = (ρ, σε). In the two-step procedure, the first step minimizes the distance over mo-

ments (i)-(iv), estimating (α, δ, β, φ), while the second step minimizes the distance over

moments (v)-(viii), estimating ρ and σε. This is done to have a fair comparison between

the methods. Two different data set lengths are considered: T = 200 and T = 2000. 1999

Monte Carlo runs are performed. The results are summarized in Table 2.1.

Table 2.1: Outcomes of Monte Carlo experiment comparing the two-step and one-step procedure
for estimating the parameters of the stochastic growth model of Hansen (1985). The outcome
values are the mean parameter estimates over 1999 simulations, and between brackets the stan-
dard deviation of the estimates is given. Two lengths of the simulated time series are considered:
T = 200 and T = 2000.

α δ β φ ρ σ2
ε

T True values 0.3500 0.2000 0.9500 -1.7200 0.7000 0.0110

200

One-step 0.3540 0.1951 0.9444 -1.7075 0.6538 0.0119
(0.0256) (0.0357) (0.0413) (0.1027) (0.1252) (0.0045)

Two-step 0.3498 0.1989 0.9491 -1.7208 0.6587 0.0110
(0.0239) (0.0034) (0.0241) (0.0606) (0.1229) (0.0041)

2000

One-step 0.3505 0.1995 0.9494 -1.7185 0.6961 0.0111
(0.0077) (0.0110) (0.0130) (0.0322) (0.0338) (0.0012)

Two-step 0.3505 0.1994 0.9491 -1.7180 0.6954 0.0110
(0.0078) (0.0014) (0.0081) (0.0203) (0.0310) (0.0011)

The results of the Monte Carlo simulation in Table 2.1 show that both the one-step

procedure and two-step estimation procedure deliver consistent estimates of the structural

parameters. In both procedures, the standard deviation of the estimates and the bias

decreases as T increases. The standard deviation decreases with a factor of roughly
√

10.
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For T = 200, the bias of the estimates produced by the two-step procedure is smaller

than of the one-step procedure, both for the parameters estimated in the first and second

step of the two-step procedure. For T = 2000, the bias of the one-step procedure is

slightly smaller, except for parameter σ2
ε . For parameters δ, β, φ, the standard deviation

of the two-step procedure is considerably smaller than for the one-step procedure. For the

other parameters, the standard deviations are similar of size. Concluding, the two-step

procedure performs well and does not seem to suffer from efficiency loss compared to a

one-step procedure in this setting. This suggests that the higher-order moments are not

very informative about the first-step parameters.

Robustness to misspecification in the shock process

In this section, it is demonstrated how the two-step estimation procedure proposed in

Section 2.2 is partially robust to misspecifications in the shock process of the model by

isolating a subset of the parameters from this misspecification.

In Appendix 2.B.2, the basic stochastic growth model of Hansen (1985) is extended

with the discount rate shock εbt that is also used in Smets and Wouters (2003). The utility

function of the representative household then becomes:

ut(ct, αt) = εbt(log ct + Aαt log(1− h0)) (2.4)

where εbt follows the log-AR(1) process log εbt+1 = ρb log εbt + ηt, ρb ∈ [0, 1), ηt ∼ (0, σ2
b ).

The log-linearized equations and the short-run equilibrium of this model are derived in

Appendix 2.B.2. The deterministic steady state corresponds to the steady state of the

baseline stochastic growth model of Hansen (1985), as was derived in Appendix 2.B.1.

In Table 2.2, the outcomes of the two different procedures are given. In both cases

the observed moments are computed from the extended stochastic growth model of Ap-

pendix 2.B.2, while the model moments follow from the basic stochastic growth model

of Hansen (1985) in Appendix 2.B.1. In other words, the model used by the econo-

metrician is misspecified and ignores the existence of discount rate shocks, while in the

actual data, discount rate shocks do exist. In the one-step procedure, the distance be-

tween the observed and model moments is minimized, where the moments are given by

(i) exp E(log kt), (ii) exp E(log ct), (iii) exp E(logwt), (iv) exp E(log it), (v) V(log ct), (vi)

V(log kt), (vii) Cov(log kt, log ct), (viii) Cov(log kt+1, log kt), and (ix) Cov(log ct+1, log ct).

In the two-step procedure, in the first step, the distance between the steady state mo-

ments is minimized, that is, between (i)-(iv), and this results in estimates for (α, δ, β, φ).

In the second step, the distance between the higher order moments (v)-(ix) is minimized,

resulting in estimates for parameters (ρ, σε). Table 2.2 gives the outcomes of these two
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minimization procedures. Note that generating this table did not involve simulations or

data, but use the analytical expressions that can be derived for the moments for both

models.

Table 2.2: Comparison of the parameters obtained from the two-step procedure and one-step
procedure minimizing the distance between observed and model moments, when the observed
moments are computed from the extended stochastic growth model with discount rate shocks
(σ2
b = 0.05 and ρb = 0.8) of Appendix 2.B.2, but the model moments are computed from the

basic stochastic growth model of Hansen (1985) in Appendix 2.B.1.

α δ β φ ρ σ2
ε

True values 0.3000 0.2474 0.9500 -1.7200 0.7000 0.0110
One-step procedure 0.2709 0.2333 0.9611 -1.7454 0.7842 0.8685
Two-step procedure 0.3000 0.2474 0.9500 -1.7200 0.7926 0.8630

As can be seen from Table 2.2, the two-step procedure isolates the parameters that

can be estimated from the steady state (α, δ, β, φ) from the misspecification in the shock

process. As such, despite the model being misspecified, the values of the parameters that

minimize the objective function of step one in the two-step procedure correspond to the

values that were used to compute the observed moments. In the one-step procedure, all

parameters are affected by the misspecification and will be inconsistently estimated.

Robustness to alternative solution methods

In this subsection, the two-step method and one-step method are compared when the

solution method underlying the data generating process does not match the solution

method used in the estimation procedure. More specifically, a Monte Carlo simulation

experiment is designed, where in each simulation run, data is simulated from the model

of Hansen (1985) solved by value function iteration. Next, the parameters of the model

are estimated using method of moments, where the model moments are computed using

the expressions obtained from the log-linearized model. The log-linearized higher-order

model moments will miss out on some of the non-linearities present in the model solved by

value function iteration. On the other hand, the discretization required in value function

iteration likely biases the higher-order log-linearized model moments. The expectation is

therefore that the one-step procedure results in biased estimates, but that the two-step

procedure can still deliver consistent estimates of the subset of parameters θ1 that are

identifiable from the steady state.

The moments used in this experiment are the same as in Section 2.3.2. Table 2.3

displays the mean and standard deviation of the estimates of the Monte Carlo experiment.

As can be seen, the one-step method estimates are biased, and the bias does not decrease

when increasing T . On the other hand, the two-step method estimates of θ1 = (α, δ, β, φ)
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are close to the values used to simulate the data from, but a small bias is still present.7

For the parameters in θ1 = (α, δ, β, φ), the standard deviation decreases as T increases,

indicating good performance of the two-step procedure. The estimates of θ2 = (ρ, σ2
ε) are

biased in both methods, but have (slightly) smaller bias in the one-step procedure.

Table 2.3: Outcomes of Monte Carlo experiment comparing the two-step and one-step procedure
for estimating the parameters of the stochastic growth model of Hansen (1985), when the data
generating process solves the model using value function iteration, but the estimation procedure
uses log-linearization. The outcome values are the mean parameter estimates over 1999 simula-
tions, and between brackets the standard deviation of the estimates is given. Two lengths of the
simulated time series are considered: T = 200 and T = 2000.

α δ β φ ρ σ2
ε

T True values 0.3000 0.2474 0.9000 -1.7200 0.7000 0.02

200

One-step 0.2986 0.0404 0.7619 -1.4602 0.6630 0.0245
(0.0453) (0.0776) (0.0414) (0.0946) (0.1172) (0.0510)

Two-step 0.2990 0.2178 0.8837 -1.6948 0.3913 0.0260
(0.0205) (0.0092) (0.0304) (0.0623) (0.3560) (0.0126)

2000

One-step 0.2818 0.0200 0.7541 -1.4586 0.7183 0.0207
(0.0109) (0.0197) (0.0137) (0.0277) (0.0350) (0.0024)

Two-step 0.3002 0.2176 0.8820 -1.6906 0.3578 0.0271
(0.0065) (0.0030) (0.0097) (0.0197) (0.3167) (0.0068)

2.4 Application 2: Aiyagari (1994) model

This section analyzes the identification and estimation of the parameters of a heteroge-

neous agent model as in Aiyagari (1994), and shows how a two-step identification and

estimation procedure can be used for this model.

2.4.1 Model

In the Aiyagari (1994) model, there is a continuum of ex-ante identical households indexed

by i, supplying labor inelastically, subject to idiosyncratic productivity shocks εit that

follow a stochastic Markovian process. This results in a disposable labor income of wtεi,t

at time t for household i, with wt the aggregate wage rate at time t. Households can save

in capital ki,t+1, but have a borrowing constraint ki,t+1 ≥ 0. Consequently, households are

7This small bias originates from the use of moment (iv) and the introduction of measurement error on
the variables directly, instead of on the log-transformations of the variables. In the data generated from
the solution obtained with Value Function Iteration, investments are negative for some periods in time,
such that the log transformation cannot be used. The moment Eit is a biased estimate for the steady
state value of ī = δk̄. However, as can be seen, this bias is modest.
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ex-post heterogeneous. Each household is assumed to maximize its discounted stream of

expected utility subject to a budget constraint and the borrowing constraint by choosing

consumption and capital levels each period. The household can earn interest rates on its

savings, denoted by (1 + rt)kit = Rtkit. The functional form adopted for the household

utility streams u(c) is: u(c) = c1−ν/(1− ν), the well-known CRRA utility function.

A representative firm uses aggregate labor Lt and aggregate capitalKt in its production

of consumption goods Yt, with a standard Cobb-Douglas production function given by

Yt = Kα
t L

1−α
t . The representative firm pays competitive wages for labor, and interest rates

for capital. The depreciation rate of capital is given by δ. Aggregate labor endowments

are normalized to unity, i.e. Lt = 1. There is no aggregate risk in the model.

In the general equilibrium, prices r and w are such that the aggregate capital supply

of the households and the capital demand of the firm are equalized. As a consequence

of having no aggregate risk, the aggregate variables are constant in their stationary equi-

librium, but the household-specific variables are time-varying in a stochastic way. For

additional details on the model and its solution method, consider Appendix 2.C or the

description by Aiyagari (1994).

Parameters of interest

The parameters in the Aiyagari (1994) model are given by: the household discount rate

β, elasticity of capital in the production function α, depreciation rate δ, risk aversion ν,

and parameters that characterize the idiosyncratic productivity shocks process. Adopting

an AR(1) income process of the form

εi,t+1 = 1− ρ+ ρεi,t + ηi,t+1, ηi,t ∼ N(0, σ2
η), (2.5)

this involves parameters σ2
η and ρ, so six parameters in total. However, it is possible to

solve for the parameter β, instead of solving for the interest rate r, and instead fixing

r to an empirically reasonable value, for instance, the historical mean of an appropriate

interest rate measure. In that case, β does not have to be estimated but follows directly

from the general equilibrium solution of the model.

Furthermore, given that the income process in the model is assumed to be exogenous,

the parameters of this process can be estimated using income data only. This is in

contrast with a methodology that estimates the income process parameters jointly with

the other parameters of the model using wealth data. In that case, as seen in, for example,

Parra-Alvarez et al. (2017), the income process will be such that it almost perfectly

generates the wealth distribution from the data. This can result in an income process with

extreme income inequality. I will, therefore, assume that the income process parameters

Proef PS Janssens_stand.job



2.4 Application 2: Aiyagari (1994) model 27

are estimated using income data only, and not jointly with the other model parameters.

This implies that the parameters of interest are α, δ and ν. We can summarize these

three parameters in the parameter vector θ = (α, δ, ν).

Measurement equations

To estimate the structural parameters θ of the model, measurement equations are needed

that link the model variables to a set of observables y. It is assumed that the data y

can be decomposed as y = (yagg, ydistr), where yagg contains aggregate variables: the

observed aggregate output, Y obs, the aggregate wage rates, wobs, the aggregate capital,

Kobs, and potentially also Cobs, the aggregate level of consumption. On the other hand,

ydistr contains variables related to the distribution of capital or consumption. This can be

for example: (i) a (repeated) cross-section of household capital holdings or consumption,

(ii) a panel of household capital holdings or consumption or (iii) a summary statistic of

the distribution of the capital holdings of the households, such as the share of net personal

wealth of the bottom 50% of the wealth distribution, and/or the share of net personal

wealth of the top 10% of the wealth distribution. In this paper, I will focus on case (iii)

because these data are most readily available.

First, for the aggregate variables yagg, it is assumed that

Y obs
t = Y agg + εYt (2.6)

Kobs
t = Kagg + εKt (2.7)

wobs
t = wagg + εwt (2.8)

Cobs
t = Cagg + εCt (2.9)

where εxt for x = {Y, K, w, C} is the measurement error at time t and Y agg, Kagg, Cagg

and wagg are functions of the structural parameters and can be computed from the partial

equilibrium problem of the firm, given in Equations (2.C.6)-(2.C.8) in the Appendix. Y agg,

Kagg, Cagg, and wagg are constant in equilibrium, which is why they do not have a time

subscript.

For the identification analysis below, assumptions on the measurement errors are

needed such that the following holds: the sample means of the variables are consis-

tent estimators of the population means, i.e. Y obs p→ Y agg, Kobs p→ Kagg, wobs p→
wagg, Cobs p→ Cagg, and consequently also Y obs/wobs p→ Y agg/wagg, following directly

from the properties of probability limits. The assumptions required on the measurement

errors to obtain this are mild: if εxt is centered, and has bounded (not necessarily con-

stant) variance, and the (time) dependence between the measurement errors εxt+i and εxt+j
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converges to zero as the distance between i and j goes to infinity, consistency is achieved.

This will be referred to as Assumption 1 (A1).

Alternatively, a data generating process can be proposed for the ratio Y/w, with

the measurement error of these ratios being asymptotically uncorrelated over time with

bounded variance. The mean of the observed ratio will then be a consistent estimator of

the model-implied ratio.

Next, consider the following example of a variable considered a subset of ydistr of

case (iii): a summary statistic of the capital holdings distribution. Let WSB50, obs
t de-

note the observed share of total wealth of the bottom 50% of the population at time t,

while WST10, obs
t denotes the observed share of total wealth of the top 10% of the popu-

lation at time t. Similar as for the aggregate variables, it is assumed that WSB50, obs p→
WSB50,model, and the same assumption can be made for the top ten percent.

WSB50,model can be computed by solving the general equilibrium problem of the model,

simulating wealth choices for a large number of households and then directly computing

these two statistics for the simulated data. It is assumed that WSB50,model is approximated

by computing
∑0.5n

i=1 Wealthi/
∑n

i=1 Wealthi, where Wealthi denotes the sorted (from small

to large) simulated wealth of individual i and similar for the top ten percent. Note

that WSB50, model and WST10, model are again denoted without time subscript because

the Aiyagari (1994) model implies a stationary distribution of capital over households in

equilibrium.

2.4.2 Local identification analysis of Aiyagari (1994)

Identification conditions for indirect inference Recall that Section 2.2.2 discusses

conditions for identification analysis when using indirect inference. While for linear mod-

els, global identification implies first-order local identification, for non-linear models, pa-

rameters may be globally, but not first-order locally identified. Given that the Aiyagari

(1994) model is highly non-linear, it is important to analyze both first-order local and

second-order local identification. Conditions for second-order local identification are given

in Dovonon and Hall (2018).

The reason why first-order identification will fail in the analysis below is the failure of

the condition that the Jacobian ∂b(F,G, θ)/∂θ′ evaluated in θ = θ∗ must have a rank equal

to the number of structural parameters. Even when this condition fails, a parameter can

be second-order locally identified. The difference between first- and second-order local

identification is how steep the binding function b(F,G, θ) is around θ∗. In the case of

second-order identification, the objective function still has some curvature around the true

value θ∗ to guarantee local identification, but it is not sufficient for the Jacobian to have

full rank. While first-order local identification is related to the Jacobian of the binding
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function, second-order local identification relates to the Hessian. As shown in Dovonon

and Hall (2018), parameters that are second-order identified will have a convergence rate

of 4
√
N , where N is the number of observations, which is much slower than 2

√
N of first-

order identified parameters. It follows that second-order local identification is not an

appealing property of an estimator.

Recall from Section 2.4.1 that y can be decomposed as y = (yagg, ydistr). For sim-

ulated data from M (θ), similarly, we denote x(θ) = (xagg(θ), xdistr(θ)). Because the

general equilibrium solution to the Aiyagari (1994) model does not have a closed-form

analytical expression, it is not possible to obtain analytical results on the local identi-

fication of all parameters. Nevertheless, four results can be derived regarding the iden-

tification of the structural parameters based on only aggregate data, i.e. y = yagg =

(Y obs, wobs, Kobs, Cobs) and x(θ) = xagg(θ).

Identification of α and δ The first proposition considers the difficulties encountered

when identifying α and δ from the mean of the aggregate variables Y obs, Kobs, wobs and

Cobs. In the case that the auxiliary model parameters are the means of these variables,

the Jacobian of the binding function with respect to the structural parameters α and δ

has columns that are almost exact linear combinations, so depending on the exact param-

eterization of the model, the Jacobian might not have full rank. This shows that α and

δ can suffer from a failure of first-order identification.

Result 2.2.1. (First-order identification of α and δ) Under assumption (A1) and

0 < α < 1, r + δ > 0, the structural parameters α (elasticity of capital in the production

function) and δ (depreciation rate) in the Aiyagari (1994) model of Equations (2.C.1)-

(2.C.8) are weakly or not first-order identified for certain parametrizations of r, δ, and α

when using β̂T = (Y obs, wobs, Kobs, Cobs), β̃(x(θ)) = (Y agg, wagg, Kagg, Cagg).

Proof. Provided in Appendix 2.D.

Figure 2.1 shows the contour plot of the indirect inference objective function related to

this first proposition. The upper panel displays a case of exact failure of first-order iden-

tification, which in this case occurs when the structural parameters satisfy the following

equality: r+ δ = α. The lower panel shows a case where according to the Jacobian, there

is first-order identification. It can, however, be seen that there are still strong dependen-

cies between the two parameters. The contour plots in Figure 2.1 share strong similarities

to those in Parra-Alvarez et al. (2017), who estimate these parameters using a likelihood-

based full-information estimation method. This underlines that this type of (near) failure

of first-order local identification is also present when using a cross-section in combination
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with a likelihood-based full-information estimation method and therefore is not specific to

the estimation method Indirect Inference and the use of aggregate variables. This type of

identification failure is also quite frequently encountered in representative agent models,

as shown by Iskrev (2010a) for the seminal Smets and Wouters (2007) model.

Figure 2.1: Contour plot of indirect inference objective function, with auxiliary model parameters
β̃(x(θ)) = (Y agg,Kagg). True value for simulation: α = 0.2, δ = 0.05 and r = (0.15, 0.05).

(a) r = 0.15, no first-order identification (b) r = 0.05, weak identification

Given that there is global identification of α and δ, but that failure of first-order

identification can arise, it is of interest to investigate the presence of second-order local

identification. This is done in Result 2.2.2. For this result, it should be noted that the

interesting case is not when first-order identification is present, because then second-order

identification is already implied. Therefore, the proof of this result focuses on the case

where the columns of the Jacobian are perfect linear combinations and shows that in this

worst-case scenario where first-order identification is absent, there is still second-order

identification of the parameters.

Result 2.2.2. (Second-order identification of α and δ) Under assumption (A1),

and 0 < α < 1, r + δ > 0, the structural parameters α (elasticity of capital in the

production function) and δ (depreciation rate) in the Aiyagari (1994) model of Equa-

tions (2.C.1)-(2.C.8) satisfy the conditions of second-order local identification when using

indirect inference and the mean of the aggregate variables Y obs, Kobs, Cobs, wobs as aux-

iliary parameters in the objective function, i.e. β̂T = (Y obs, Kobs, wobs, Cobs), β̃(x(θ)) =

(Y agg, Kagg, wagg, Cagg).

Proof. Provided in Appendix 2.D.
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The intuition why there can still be second-order identification of these parameters, even

when first-order identification fails, is the following. Recall that under the failure of first-

order identification, the columns of the Jacobian of the auxiliary model parameters with

respect to the structural parameters can be written as linear combinations of each other.

In the case of this model, the coefficients of these linear combinations depend directly on

the structural parameters that we are trying to identify, ensuring that second-order identi-

fication is present. An estimator with no first-order and only second-order identification is

not desirable, because of the slow 4
√
N -convergence rate; having 10,000 observations for an

estimator with second-order identification is comparable to an estimator with first-order

local identification and only 100 observations.

Fortunately, by considering a non-linear transformation of the data, it is possible to

avoid the near failure of first-order local identification and standard asymptotic theory

can again be employed. First, however, note that a (non-)linear transformation of the

auxiliary model parameters cannot restore the rank of the Jacobian when the rank of the

Jacobian is really reduced. Thus, if β̂ = (Y obs, Kobs), β̃(x(θ)) = (Y agg, Kagg), a trans-

formation of these parameters cannot solve the issue with first-order local identification

that arises when (r + δ) = α. Consider a transformation f(·) of the auxiliary parameter

vector. Dropping the dependence on F and G to simplify notation, the Jacobian for

this transformation, Jf(b)(θ), is given by the Jacobian of this function with respect to

the original parameters b(·), Jf (b(θ)), multiplied by the original Jacobian of the binding

function with respect to the structural parameters θ = (α, δ), Jb(θ), as follows from

the chain rule. In equations: Jf(b)(θ) = Jf (b(θ))Jb(θ). Given the matrix property that

rk(AB) ≤ min(rk(A), rk(B)), if Jb(θ) is of reduced rank, Jf(b)(θ) is of reduced rank too.

What is possible, however, is to use a transformation of the auxiliary model parameters

to obtain (strong) first-order local identification, when, without the transformation, the

stuctural parameters suffer from weak first-order local identification. Thus, I use the

fact that for β̂ = (Y obs, wobs, Kobs), β̃(x(θ)) = (Y agg, wagg, Kagg), the column rank of

the Jacobian is full (and equal to two), but for many possible parametrizations, the

rank approximates one. A well-chosen non-linear transformation can help to avoid this

weak identification problem. A suitable choice is the transformation function f(β̂) =

(wobs/Y obs, Y obs/Kobs). For this transformation, by the chain rule, the Jacobian Jf(b)(θ)

is the product of the following two matrices:

Jf (b(θ)) =

(
− wagg

(Y agg)2
1

Y agg 0
1

Kagg 0 − Y agg

Kagg

)
, and
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Jb(θ) =


∂Y agg

∂α
∂Y agg

∂δ
∂wagg

∂α
∂wagg

∂δ
∂Kagg

∂α
∂Kagg

∂δ

 =

(Kagg)α logKagg + (r + δ)∂K
agg

∂α
(r + δ)∂K

agg

∂δ

−(Kagg)α + (1− α)∂Y
agg

∂α
(1− α)∂Y

agg

∂δ
∂Kagg

∂α
∂Kagg

∂δ

 .

∂Kagg

∂α
and ∂Kagg

∂δ
are functions of the structural parameters, derived in Appendix 2.D.

For the upper right element of Jf(b)(θ),
∂(wagg/Y agg)

∂δ
, matrix multiplication implies that

this is equal to − wagg

(Y agg)2
∂Y agg

∂δ
+ 1

Y agg
∂wagg

∂δ
. This element is equal to zero because of the

dependencies in the model that ∂Y agg

∂δ
= 1

(1−α)
∂wagg

∂δ
(see Jb(θ); this is one of the cases why in

Result 2.2.1 reduced Jacobian rank can occur) and wagg

Y agg = (1−α). The other elements in

Jacobian Jf(b)(θ) can be derived similarly and are non-zero, such that, by construction, the

Jacobian has linearly independent columns and the parameters are first-order identified.

The complete matrix is given by

Jf(b)(θ) =

(
∂(wagg/Y agg)

∂α
∂(wagg/Y agg)

∂δ
∂(Y agg/Kagg)

∂α
∂(Y agg/Kagg)

∂δ

)
=

(
−1 0

−(r + δ)/α2 1/α

)
.

An alternative intuition why linear independency arises is that the ratio of wages over

output in the model is independent of the depreciation rate δ, but it is linear in α. On

the other hand, the ratio Y agg/Kagg depends on both α and δ, and is linear in δ. The

above result is summarized in Main Result 2.2.3 and visualized in Figure 2.2.

Figure 2.2: Contour plot of indirect inference objective function, with auxiliary model parameters
β̃(x(θ)) = (wagg/Y agg, Y agg/Kagg). True value for simulation: α = 0.2, δ = 0.05 and r =
(0.15, 0.05).

(a) r = 0.15 (b) r = 0.05
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Main Result 2.2.3. (Joint identification of α and δ) Under assumption (A1),

and for 0 < α < 1 and r + δ > 0, the structural parameters α and δ in the Aiyagari

(1994) model of Equations (2.C.1)-(2.C.8) can be jointly (first-order) locally identified

when using the following auxiliary model parameters: β̂T = (wobs/Y obs, Y obs/Kobs) and

β̃(x(θ)) = (wagg/Y agg, Y agg/Kagg).

Proof. Sketched above and provided in Appendix 2.D.

The contour plot in Figure 2.2 confirms that the indirect inference objective function has

enough curvature around the minimum. The left panel displays the case that suffered

from a failure of first-order identification when using Kagg and Y agg as auxiliary model

parameters, while the right panel displays the parametrization where the parameters al-

ready had first-order identification, but with limited curvature in some regions of the

objective function. Summarizing, the above propositions and figures show us that it is

possible to obtain global and first-order identification of α and δ using only aggregate

variables.

Identification of ν After establishing local identification of firm-side parameters α and

δ, I consider the risk aversion parameter ν. Result 2.2.4 states that it is not possible to

identify ν, the parameter related to the household preferences, from aggregate data alone,

since the rank of the Jacobian of the aggregate variables in the models with respect to ν

is zero (because, in fact, the Jacobian is the null matrix). The intuition behind this result

is that for a given level of interest rates, the aggregate variables are completely pinned

down by the firm-side parameters and the aggregate resource constraint. These aggregate

variables, therefore, do not contain any information about ν. For a fixed choice of prices,

however, the aggregates computed from the (partial equilibrium) household problem do

vary with ν; the inability to identify ν from aggregate variables is caused by imposing the

general equilibrium condition where household aggregate demand is consistent with the

supply of the representative firm.

Result 2.2.4. (Identification of ν) The structural parameter measuring the risk aver-

sion of the household, denoted by ν in the Aiyagari (1994) model of Equations (2.C.1)-

(2.C.8) cannot be identified when using only aggregate variables yagg = (Y obs, wobs, Kobs,

Cobs), for all choices of the auxiliary model.

Proof. Provided in Appendix 2.D.
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Result 2.2.4 implies that aggregate macro variables cannot be used to estimate and iden-

tify ν. Note that this result does not limit itself to the estimation method of indirect

inference. Because the model implies that all aggregate variables are constant in the sta-

tionary equilibrium, the variance and correlations of these variables do not contain any

information. Thus, the only source of information contained in these aggregate variables

is in the mean, and this result shows that the mean does not vary with changes in ν.

As a solution, it is explored whether there is any identifying power in the distributional

data ydistr. Given that using aggregate variables yagg is sufficient to jointly identify α and

δ when following the Main Proposition, and these variables are again independent of ν,

to verify identification for ν using ydistr, α and δ can be kept fixed. Unlike when using

yagg, the use of ydistr and the identification of ν involves solving the household problem

and general equilibrium of the model, which relies on numerical approximations and does

not have an analytical solution.

The risk aversion parameter ν can be identified using information in ydistr. The intu-

ition why risk aversion affects the shape of the distribution is as follows. The more risk

averse households are, the more they save while in a high productivity state, because of

the fear to move into a lower productivity state in the future combined with the desire

to smooth consumption over time. This will increase wealth inequality. Thus, large val-

ues of ν are associated with more unequal and dispersed wealth (and consequently also

consumption) distributions.

Taking ydistr = WSB50, obs, the observed share of total wealth of the bottom 50% of

the population, and for the auxiliary model parameter the sample mean of this variable,

then the indirect inference objective function, keeping α and δ fixed, for different values

of ν is visualized in Figure 2.3. The objective function has sufficient curvature around

the minimum, which occurs at the true value, providing graphical evidence that ν can be

identified using this variable.

Joint identification of ν, α and δ At last, it is shown in Figure 2.4 that the param-

eters are jointly identified when estimating the parameters jointly using both aggregate

macro data and cross-sectional data by indirect inference, with auxiliary model parame-

ters β̂T = (wobs/Y obs, Y obs/Kobs,WSB50, obs). This is as expected, because the aggregate

data is independent of ν, while it is dependent of α and δ. Thus, by construction, the

columns of the Jacobian for this joint estimation problem will be linearly independent.

Unlike in the contour plots in Figure 2.2, the computation of the objective function is

now harmed by the approximation of the solution to the household problem. This can

deteriorate the estimation of parameters α and δ if they would be estimated jointly with

ν, even though ydistr contains additional information on α and δ and can as such improve
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Figure 2.3: Two indirect inference objective functions based on ydistr for different values of ν,
with auxiliary model parameter WSB50, obs. α = 0.2, δ = 0.015, r = 0.05. The true value of ν
in the simulated data is 4.

the efficiency of the estimates. Therefore, in the estimation section, a two-step estimator

will be proposed and evaluated, where the estimation of α and δ is based on the results in

Main Result 2.2.3, and parameter ν is estimated conditional on the parameter estimates

of α and δ in the first step.

Comparison with a representative agent model One can compare the identification

results for the heterogeneous agent model of Aiyagari (1994) above with the identification

of the structural parameters in a representative agent model. In Appendix Section 2.E, I

analyze a representative agent model with the same structural parameters as the hetero-

geneous agent model presented above, except for the exogenous borrowing limit k. The

representative household has the same utility function and the same budget constraint. It

does, however, not face a borrowing constraint (which is in part what causes the hetero-

geneity in the Aiyagari (1994) model). Furthermore, the household does not experience

idiosyncratic shocks, but instead, the economy experiences aggregate productivity shocks

that enter the production function of the representative firm. Apart from these aggregate

productivity shocks, the firm problem is identical to the firm problem in the heterogeneous

agent model.

Although the representative agent and heterogeneous agent models are very similar

at first glance, there are less stringent non-linearities in the model due to the lack of a

borrowing constraint. This allows solving the representative agent model with pertur-

bation. By using perturbation, it is possible to obtain analytical identification results

for all parameters of this model, allowing for a direct comparison with the results of the

heterogeneous agent model.
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Figure 2.4: Contour plot of indirect inference objective function, with auxiliary model parameter
β̂T = (wobs/Y obs, Y obs/Kobs,WSB50, obs). True value for simulation: α = 0.2, δ = 0.015, r =
0.05, ν = 4.

Another important difference is that in the representative agent model, there is no

distribution of household capital or consumption because there is just one single repre-

sentative agent. Thus, instead of using the cross-section, identification of some of the

structural parameters in the representative agent model will have to come from the varia-

tion of aggregate variables over time, which is no longer zero, as caused by the aggregate

shocks.

First, the analysis provided in Appendix 2.E shows that the identification issues in

the productivity elasticity of capital parameter α and the depreciation rate of capital

δ are also present in the representative agent model. Furthermore, analogous with the

results of the heterogeneous agent models, after a transformation of the variables, that

is. looking at ratios (or log differences in the case of the perturbed representative agent

model), strong identification can be obtained from only the mean of these variables.

Second, the risk aversiveness parameter ν in the utility function of the household

cannot be identified from the first moments of the observed variables. This is analogous to

the result that in the heterogeneous agent model, this parameter cannot be identified from
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aggregate variables because, in the heterogeneous agent model, the aggregate variables

are constant over time in equilibrium, so there is only information in the first moments

of the data. While in the heterogeneous agent model, identifiability of ν comes from the

shape of the household wealth or consumption distribution, in the representative agent

model ν can be identified from the higher-order moments of the observable variables, such

as the variance of aggregate capital.

As such, the same parameter ν has a different interpretation in the representative

agent model and the heterogeneous agent model; in the representative agent model, it is

related to the elasticity of intertemporal substitution as it can be identified from the time

variation in the data, while in the heterogeneous agent model, it is related to risk aversion

and is identifiable from the cross-sectional distribution.

Identification and misspecification The identification analysis that has been per-

formed in the previous paragraphs is subject to the assumption that the observed data

has been generated by the model, potentially with measurement error. If, however, the

observed data does not have the model as its data generating process, additional identifica-

tion issues can arise. Because this is a problem that can be encountered when confronting

the model with the data, three important cases are discussed in this subsection.

Regarding the macro data, there are two main assertions that need to be performed

to verify that the observed data can be reconciled with the model. Recall that the

productivity of capital parameter α is restricted to be between 0 and 1. When using as

auxiliary model parameters β̂T = (wobs/Y obs, Y obs/Kobs), it is necessary for identification

that wobs/Y obs is also between 0 and 1. Else, it follows that the model is misspecified for

the data in such a way that no reasonable parameter estimates can be obtained. Next,

the model has the implied relationship that Y agg = (Kagg)α. Given that 0 < α < 1, it

follows that the auxiliary model parameter estimate for the observed data (Y obs/Kobs)

should be smaller than one.

Regarding the identification of risk aversion parameter ν under a misspecified model,

the issue can arise that there is no ν that minimizes the distance between the observed and

model-implied distribution of capital across households. This is, for example, encountered

when the data is generated by a highly unequal and uncertain income distribution, e.g.

the distribution that is estimated in Parra-Alvarez et al. (2017), but in the estimation

procedure, a relatively equal and less uncertain income distribution is assumed.

I demonstrate this issue in a simulation experiment. When the data is generated by a

four-state Markov chain income process with the transition probabilities between states
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Π and state-specific levels εi given by:

Π =


0.7727 0.1905 0.0342 0.0026

0.7439 0.2035 0.0487 0.0039

0.3074 0.1400 0.5094 0.0433

0.3330 0.0010 0.1388 0.5272

 ε =
(

0.2093 1.2115 1.8836 39.0898
)
,

(2.10)

which coincides with the estimates of Parra-Alvarez et al. (2017), but for estimation, one

assumes that the income process is given by:

εi,t+1 = 0.05 + 0.95εi,t + ηi,t+1, ηi,t ∼ N(0, 0.01), (2.11)

then the objective function will look as depicted in Figure 2.5. It is clear that this objective

function does not have a minimum in the feasible parameter range and therefore, ν is not

identified in case of this type of misspecification.

Figure 2.5: Indirect inference objective function, with auxiliary model parameters WSB50, obs.
The data are simulated with α = 0.2, δ = 0.015, ν = 4 and income process (2.10), while
estimation is done assuming income process (2.11).

The extremity of income process (2.10) follows from the income states ε, where the

last state earns 200 times as much as the lowest state, as well as from the transition

probability matrix, where it is a low probability event to transition to the highest income

state, and a household has a high probability to leave this state again once reached. This

creates high levels of income uncertainty and inequality at the same time.

A misspecified income process can, instead of loss of identification, also lead to biases

in the estimates. For example, if the income process used for the estimation is more

unequal than the income process of the data generating process, the estimates of ν will be
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downward biased. This is because a lower ν can in the case of this more unequal income

process already generate the inequality observed in the capital distribution.

2.4.3 Two-step estimation of Aiyagari (1994)

Two-step procedure

The identification section has shown that the parameters α and δ can be identified using

only aggregate data. This just requires solving the partial equilibrium problem of the firm

and, therefore, estimating α and δ using aggregate data is fast. To identify ν, we need

data that contains information on the distribution of consumption or capital holdings

across households. Evaluating the objective function, in this case, involves solving the

full general equilibrium problem. Thus, as a consequence, estimating ν involves more

computational power than estimating α and δ.

This motivates the use of a two-step procedure for the estimation of the parameters

of this heterogeneous agent model as given below.

1. Estimate α and δ using the indirect inference objective function with

β̂T = (wobs/Y obs, Y obs/Kobs) and β̃(xdistr(α, δ)) = (wagg/Y agg, Y agg/Kagg).

This gives indirect inference estimators α̂ and δ̂ that are first-order identified.

2. Given α̂ and δ̂, estimate ν using an indirect inference objective function that uses

distributional data ydistr only (recall: yagg is not informative about ν). This gives

the indirect inference estimator ν̂.

Choosing between this two-step procedure and a one-step estimation procedure involves

a trade-off between three main aspects. First, estimating α and δ jointly with ν using

all data would in principle be more efficient; ydistr contains additional information on α

and δ. On the other hand, solving the general equilibrium problem involves numerical ap-

proximations, while the partial equilibrium firm problem has an exact analytical solution,

such that estimating α and δ with only aggregate data will be free from these numerical

issues. In particular, minimizing a three-dimensional objective function that is disturbed

by numerical approximations is a hard exercise, given that these approximations will also

disturb the computation of the gradients and Hessians and as such affect the optimization

algorithm. To avoid this issue in the second step of the two-step procedure, one can use

a derivative-free method such as the bisection method, or grid search. Last, if only ν is

estimated using distributional data, for a fixed α and δ, this will involve fewer objective

function evaluations than minimizing the objective function over three parameters. Thus,

this two-step procedure will be computationally less expensive.
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The joint identification of α and δ using aggregate variables only without solving or

simulating from the general equilibrium problem to estimate these parameters implies

that it is possible to get exact expressions for the standard errors of α and δ. This is

derived in Appendix 2.D. Confidence intervals for ν can been obtained using the stationary

bootstrap method (Politis and Romano, 1994). The use of a bootstrap method for two-

step estimators is encountered often in the literature, see e.g. Zhang and Smith (2011)

and Escanciano et al. (2016). These bootstrap-based confidence intervals deal with the

following concerns. First, this bootstrap method takes into account the (autocorrelated)

time-series nature of the data. Furthermore, this bootstrap procedure can be adjusted to

incorporate the uncertainty of the estimates of the household-productivity process as well

as the uncertainty in interest rate level r. Also, the uncertainty in the α and δ estimates

is through the bootstrap procedure easily incorporated.

Monte Carlo simulation

A Monte Carlo experiment is performed to assess the performance of the two-step pro-

cedure proposed above. The parameter settings used in this Monte Carlo simulation are

given in Table 2.4. 5000 data sets are generated using these parameter settings consis-

tent with the Aiyagari (1994) model and extended by measurement equations (2.6)-(2.9).

For each data set, the two-step procedure of the previous section is employed to obtain

estimates of α, δ and ν. The income process is assumed to be known.

The results of this Monte Carlo experiment are summarized in Table 2.5. The simu-

lations show that the two-step procedure performs well. The variance of the ν estimate

is somewhat larger in the Monte Carlo simulation compared to the other two parameters.

This is because the estimation of ν in the second step is subject to numerical approxima-

tions in computing the solution to the Aiyagari (1994) model, while for the estimation of

α and δ in the first step, no numerical approximations are needed.

Specification and estimation of productivity shocks process

In the sections above, the productivity shock process has been assumed given. In this

section, the specification of this process will be discussed. As discussed in the Identifica-

tion and Misspecification section, the choice of the income process is important for the

identification and estimation of the parameter ν. If the income process used in the model

deviates too much from the income process by which the data has been generated, the

objective function will not have a minimum for ν. Furthermore, different income processes

will result in different estimates for ν. The following two income processes will be used

in the estimation section and their implied estimates will be compared:
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Table 2.4: Parameter setting used in Monte Carlo simulation

Parameter Description Value
R Interest rate 1.06
ν Risk aversion 4
α Elasticity of capital in the production function 0.2
δ Depreciation rate 0.015
ση Variance of idiosyncratic income shocks 0.1
ρ Persistence parameter 0.95
m m in Tauchen process 3
σY Standard error measurement error output 0.01
σK Standard error measurement error capital 0.01
σw Standard error measurement error wages 0.01
Tagg Time periods aggregate data 200
Ndistr Number of households in ydistr 10.000
Tdistr Number of time periods in ydistr 1

Table 2.5: Monte Carlo simulation of the Aiyagari (1994) model, estimated using the two-step
estimation procedure. 5000 Monte Carlo runs. Mean estimate over all runs and standard error
over all runs are reported. True parameters used in simulation: (α = 0.2, δ = 0.015, ν = 4)

α δ ν

Objective function for ν uses β̂T = (WSB50, obs,WST10, obs)
Mean estimate (s.e.) 0.2000 (0.0007) 0.0150 (0.0003) 4.0062 (0.0370)
Min. and max. estimate [0.1975; 0.2024] [0.0140; 0.0160] [3.9022; 4.1165]

Income process calibrated based on Guvenen and Smith (2014) First, a simple

income process is considered, consistent with Equation (2.11), where ρ and σ are cali-

brated to 0.7 and 0.2 respectively, which is a feasible calibration based on the estimates

of Guvenen and Smith (2014) for a partial equilibrium model on labor income risk. The

resulting income process is much less unequal and uncertain than the income process

considered below and its resulting estimates for ν are therefore an interesting object of

comparison.

Four-level Markov income process estimated by Parra-Alvarez et al. (2017)

This income process given in Equation (2.10) and is based on Castaneda et al. (2003),

where the productivity process is specified as a four-state Markov chain process with

conditional transition probabilities given by Πss = Π(s′|s) = Pr(st+1 = s′|st = s), where

s and s′ ∈ S = [1, 2, 3, 4]. Each state corresponds to a different level of εt as in

Equation (2.C.2). Parra-Alvarez et al. (2017) estimate this income process jointly with

other parameters of the Aiyagari (1994) model using only a cross section of household

wealth data. However, one parameter is calibrated, because they do not solve the issue

of weak identification of α and δ. Observe from Equation (2.10) that the income process
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taken from Parra-Alvarez et al. (2017) is extreme. The highest income state earns almost

200 times as much as the lowest income state, but it is almost impossible to enter this

highest income state. Once in the highest state, there is a one-third probability every

period to move directly into the lowest state, that is, to earn 200 times less.

2.4.4 Data for application

The data employed for this estimation exercise consist of (i) yagg = ((Y/δK)obs, (w/Y )obs),

i.e. direct proxies for the wage-output ratio and the output-depreciated capital ratio. Note

that a small adjustment has been made compared to the data used in the Main Proposi-

tion; I use the output-depreciated capital ratio, motivated by the fact that data is available

for the consumption of fixed capital, i.e. the depreciation of fixed assets. Furthermore,

I use for (ii) ydistr, a set of wealth inequality measures and for (iii) data on the interest

rate level.

Regarding (i), total output is approximated by using Gross National Income, and

the depreciated capital is proxied by data on the consumption of fixed capital, the ratio

of these two variables will serve as a proxy for (Y/δK)obs. For the wage-output ratio,

the sum of three series is used: the share of gross domestic income of the compensation

of employees, and, based on private enterprises, the proprietor’s income and business

current transfer payments. A narrower (broader) definition of the wage-output ratio will

increase (decrease) the estimates for capital elasticity parameter α. The downward trend

observable in w/Y is consistent with the declining labor share documented in the literature

(Barkai, 2020).

Regarding (ii), the distributional data, wealth inequality measures from the World

Inequality Database (available at an annual frequency from 1967-2014) are used. Two

measures are considered: the wealth share of the top 10% of the wealth distribution and

the wealth share of the bottom 50%.

At last, regarding (iii), the interest rate is available at a monthly frequency, but is

only used to compute the mean and use this mean to set r in the model. The mean of the

interest rate from 1967-2014 is 5.2%. Additional details on the data employed are given

in Table 2.F1. The relevant transformations that will be used to estimate the parameters

of the Aiyagari (1994) model are visualized in Figure 2.6.

2.4.5 Estimates of Aiyagari (1994) for the United States

Given a productivity process and using the two-step estimation procedure combined with

the relevant data described in the previous subsection, estimates are obtained for the

parameters of the model of Aiyagari (1994). As described above, two different productivity

Proef PS Janssens_stand.job



2.4 Application 2: Aiyagari (1994) model 43

Figure 2.6: Data to estimate model parameters: left-panel contains the wealth share of the top
10% of the wealth distribution and the wealth share of the bottom 50%. Right-panel visualizes
the output-wage ratio, the output-depreciated capital ratio and the interest rate for the US for
the period 1967-2014.

processes are compared to demonstrate how this choice affects the parameter estimate of

ν.

The parameter estimates of α and δ are provided in Table 2.6. Note that these two

estimates are by the construction of the estimation method independent of the choice

of the income process, as well as of the estimate of ν. The obtained estimate for α is

comparable to the labor share estimates of Barkai (2020) and others.

Next, the objective function for ν is computed for the two different productivity

processes that have been described above. For the auxiliary model, I employ β̂2
T =

(WSB50, obs,WST10, obs). The first income process, using a calibration based on Guve-

nen and Smith (2014), results in the objective function in Figure 2.7a. As can be seen,

the objective function obtained for this income process does not have a minimum. In

fact, the observed pattern in the objective function is very similar to the one in Figure

2.5 in the Section Identification and Misspecification. There, it is shown that this pattern

emerges when the income process that generated the data is different from the income

process used for estimation, and in particular, when the true income-generating process

is more unequal and more uncertain than the one assumed in the estimation procedure.

For the second income process, obtained from Parra-Alvarez et al. (2017), the objective

function is visualized in Figure 2.7b. As can be seen, due to the fact that Parra-Alvarez

et al. (2017) have used the income shock process to obtain a good fit of the wealth distribu-

tion, the indirect inference objective function is insensitive to the risk aversion parameter
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Table 2.6: Estimates of the structural parameters α and δ in Aiyagari (1994) model for the
US using the method of indirect inference, data of Table 2.F1. Standard errors computed as
described in Section 2.2.1.

Parameter Productivity elasticity of capital: α (s.e.) Depreciation rate: δ (s.e.)
Estimate 0.3658 (0.0135) 0.0342 (0.0492)

ν and the objective function is close to zero everywhere. The objective function is mini-

mized at ν̂ = 1.15, but is almost flat in the region 1 to 2.2 so all values of ν in this interval

are feasible and the data are not able to distinguish between them. Unlike the objective

function in Figure 2.7a, the objective function does have a minimum. However, if the

income process of Parra-Alvarez et al. (2017) deviates from the true income process, it is

still likely that the estimates for ν̂ obtained from this procedure are biased. The estimates

are, however, in a range consistent with those reported by the literature, consider, e.g.,

Gandelman and Hernández-Murillo (2014).

Figure 2.7: Indirect inference objective function with auxiliary model parameter WSB50, obs and
WST10, obs for different choices of the income shocks process, conditional on the estimates of α
and δ in Table 2.6, varying ν.

(a) Objective function for the simple AR(1) income
process in Equation (2.C.4).

(b) Objective function for income process of Parra-
Alvarez et al. (2017).

Overall, the results show that although identification of ν is possible when using

information on the cross-section of wealth, in practice, identifiability will strongly depend

on the choice of the income process and the extent to which this income process resembles

the true income process in the data.

Comparison with a representative agent model

The two-step estimation procedure can also be applied to the representative agent model

described in Appendix Section 2.E. Because the firm-side of the representative agent

model is identical to the firm in the Aiyagari (1994) model, the first step of the estimation
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procedure is identical and generates the same estimates for the productivity elasticity of

capital α and the depreciation rate δ, see Table 2.6.

The difference lies in the estimation of parameter ν, which in the representative agent

model is related to the elasticity of intertemporal substitution, because identification

comes from the time-series dimension of aggregate variables, instead of the cross-sectional

dimension of household level data on consumption or wealth in Aiyagari (1994). Fur-

thermore, for the representative agent model, the process of the aggregate shocks to total

factor productivity (TFP) has to be calibrated or estimated, while for the Aiyagari (1994),

this was the case for the idiosyncratic income shocks process. The employed calibration is

based on the estimates of Del Negro and Schorfheide (2011) (σ2
TFP = 0.011, ρTFP = 0.97).

Figure 2.8: Objective function for the representative agent model described in Appendix Section
2.E for different values of parameter ν. The objective function minimizes the distance between
the observed autocorrelation in Gross National Income and the autocorrelation in the simulated
data.

To estimate ν, the auxiliary parameter chosen for the second step of the estimation

procedure is Corr(yobs
t , yobs

t−1), the first-order autocorrelation of aggregate output. As a

proxy for aggregate output, Gross National Income is used, the same data as used in the

application with the Aiyagari (1994) model above. For details on the data, see Appendix

Section 2.F. In Appendix Section 2.E, it is shown that auxiliary parameter Corr(yobs
t , yobs

t−1)

can identify parameter ν in the representative agent model. The advantage of using the

autocorrelation instead of, for example, the variance or autocovariance, is that one avoids

the issue of scaling the data.

The indirect inference objective function obtained for this auxiliary model parameter,

conditional on the estimates of Table 2.6, is given in Figure 2.8. As can be seen, the

objective function is minimized at ν̂ = 8.2, which is substantially larger than the value

found for the Aiyagari (1994). This again confirms the different interpretation this same

parameter has in the two models. For the adopted CRRA utility function, 1/ν is equal to
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the elasticity of intertemporal substitution (EIS). For EIS, values around 1/8.2=0.122 are

not uncommon, but there is little consensus among researchers on the value of EIS, with

large differences between the estimates across countries and methodologies (Havranek

et al., 2015).

2.5 Conclusion

This chapter has proposed a two-step identification and estimation procedure based on

GMM and indirect inference, and uses this to study the identification of the structural

parameters in heterogeneous agent models as in Aiyagari (1994). Parameters related to

the firm productivity can be identified using only aggregate data, such as aggregate out-

put, capital or wages. Simply relying on the levels of these aggregate variables can result

in weak first-order, or even only second-order identification and consequently slow quartic

root convergence rates. By using the ratios of aggregate output over wages and aggregate

output over capital, strong first-order identification can be obtained. Parameters related

to the household preferences can only be identified using additional information on the

distribution of wealth or consumption across households. These estimates are very sen-

sitive to misspecification of the exogenous idiosyncratic income process, as is shown in

simulations as well as in the empirical exercise. Although the estimation of a realistic

income process is beyond the scope of this paper, the results do underline the importance

of research on this topic.

The identification results motivate the use of a two-step procedure to estimate the pa-

rameters of Aiyagari (1994), where aggregate variables are used to estimate productivity

parameters, and, conditional on these estimates, variables containing information on the

distribution of wealth or consumption are used to estimate household-preference parame-

ters. This estimation procedure is shown to perform well in a Monte Carlo simulation and

is used to obtain parameter estimates for the United States for the Aiyagari (1994) model

in an application. A two-step procedure has many advantages in macroeconomic models,

in particular in DSGE models and models with a structure similar to the Aiyagari (1994)

model. These advantages include partial robustness to misspecification, partial robust-

ness to the choice of the solution method, the possibility to do part of the identification

analysis analytically, and computational efficiency. In addition, the second-step estimator

will not necessarily be less efficient if the optimal weighting matrix is used.

Although the Aiyagari (1994) model is a large simplification of the real economy, the

identification results likely carry over to models that build on this heterogeneous agent

framework. The results in this chapter show that when these models are being studied

and estimated, a careful analysis of the different sources of identification is necessary.
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2.A Assumptions and Proofs: Two-step Estimation

2.A.1 Two-step estimation with Generalized Method of Mo-

ments

Proposition 2.1. Asymptotic efficiency of θ1 and θ2 under exact identification

of θ2

Consider the definitions of θ1, θ2, g1
t and g2

t . Additionally, assume that θ2 has exact

identification (number of moment conditions in g2
t equals the number of parameters in

θ2).

• The estimate θ̂1 from minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically equivalent to the

estimate θ̃1 from minimization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to both

θ1 and θ2.

• The estimate θ̂2 from minimization of 1
T
g2′
T Ŵ2g

2
T conditional on θ̂1 obtained from

minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically equivalent to θ̃2 obtained from mini-

mization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to both θ1 and θ2.

Proof of Proposition 2.1. This proof builds on Crepon et al. (1997). Consider pa-

rameters θ = (θ1, θ2), θ1 ∈ Rp, θ2 ∈ Rk. Consider a first set of moment conditions

Ef 1
t (θ1) = 0, t = 1, ...., T, gt : Rp → Rq, with q ≥ p, and a second set of moment condi-

tions Ef 2
t (θ2, θ2) = 0, t = 1, ..., T, f 2

t : Rk → Rr, with r ≥ k. Jointly, denote these two

sets of moment conditions as Eft(θ1, θ2)′ = E[f 1
t (θ1), f 2

t (θ1, θ2)].

In general, let θ̂ be the (optimal) GMM estimator based on moment conditions Eft(θ) =

0. A first-order expansion of f(θ) around θ∗, the true value of θ, gives:

ft(θ) = ft(θ
∗) +

∂ft
∂θ

(θ∗)(θ − θ∗) +O((θ − θ∗)2).

A GMM method based on the approximating function f̃t(θ) = ft(θ
∗) + ∂ft

∂θ
(θ∗)(θ− θ∗) re-

sults in a GMM estimator θ̂A that is asymptotically equivalent to θ̂. Following Gourieroux

and Monfort (1995), θ̂A is equivalent to the GLS estimator of the model

1

T

T∑
t=1

[
−ft(θ∗) +

∂ft
∂θ′

(θ∗)θ∗
]

=
1

T

T∑
t=1

∂ft
∂θ′

(θ∗)θ + εT ,

with E(εT ) = 0 and V(εT ) = ST , which is equivalent to stating that θ̂A is the minimum dis-

tance estimator of θ in the model yT = XT θ+εT , where yT = 1
T

∑T
t=1

[
−ft(θ∗) + ∂ft

∂θ′
(θ∗)θ∗

]
,

and XT = 1
T

∑
t ∂ft/∂θ

′(θ∗), with optimal choice for ST is Σ0 = VεT = EfT (θ∗)fT (θ∗)′ or

any consistent estimator of Σ̂0.
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Alternatively, this can be written out in two equations, for approximate GMM esti-

mates θ̂A = (θ̂A1 , θ̂
A
2 ):

1

T

T∑
t=1

[
−f 1

t (θ∗1) +
∂f 1

t

∂θ′1
(θ∗1)θ∗1

]
=

1

T

T∑
t=1

∂f 1
t

∂θ′1
(θ∗1)θ1 + ε1

T

1

T

∑
t

[
−f 2

t (θ∗1, θ
∗
2) +

∂f 2
t

∂θ′1
(θ∗1, θ

∗
2)θ∗1 +

∂f 2
t

∂θ2

(θ∗1, θ
∗
2)θ∗2

]

=
1

T

T∑
t=1

∂f 2
t

∂θ′1
(θ∗1, θ

∗
2)θ1 +

1

T

T∑
t=1

∂f 2
t

∂θ′2
(θ∗1, θ

∗
2)θ2 + ε2

T (2.A.1)

Defining similarly as above y1 = 1
T

∑T
t=1

[
−f 1

t (θ∗1) +
∂f1t
∂θ′1

(θ∗1)θ∗1

]
,

y2 = 1
T

∑
t

[
−f 2

t (θ∗1, θ
∗
2) +

∂f2t
∂θ′1

(θ∗1, θ
∗
2)θ∗1 +

∂f2t
∂θ2

(θ∗1, θ
∗
2)θ∗2

]
, X1 = 1

T

∑T
t=1

∂f1t
∂θ′1

(θ∗1),

X2 = 1
T

∑T
t=1

∂f2t
∂θ′1

(θ∗1, θ
∗
2) and Z2 = 1

T

∑T
t=1

∂f2t
∂θ′2

(θ∗1, θ
∗
2) to ease notation, θ̂A1 and θ̂A2 are thus

the GLS estimators of θ1 and θ2 in the model

y1 = X1θ1 + ε1
T (2.A.2)

y2 = X2θ1 + Z2θ2 + ε2
T (2.A.3)

with

(
ε1
T

ε2
T

)
∼ (0,Σ0).

Next, for Proposition 2.1, it has to be shown that estimate θ̃1 of θ1 using only moments

g1
t is asymptotically equivalent to the estimate θ̂1 obtained from estimating θ = (θ1, θ2)

jointly using all moments gt. The estimate θ̃ is asymptotically equivalent to the GLS

estimator θ̃A of Equation (2.A.2). The estimator θ̂A1 is obtained from estimating system

(2.A.2)-(2.A.3) using GLS. If θ̂A1 and θ̃A1 are equivalent, Proposition 1 holds.

Denote O = Cov(ε1
T , ε

2
T )V(ε1

T )−1, y∗2 = y2−Oy1, X∗2 −OX1, and ε2∗
T = ε2

T −Oε1
T . Then

the system (2.A.2)-(2.A.3) is equivalent to the system

y1 = X1θ1 + ε1
T (2.A.4)

y∗2 = X∗2θ1 + Z2θ2 + ε2∗
T (2.A.5)

but now ε1
T and ε2∗

T are orthogonal.

GLS estimation of this system of equations results in the following estimates:(
θ̂A1
θ̂A2

)
=

[
X ′1Ω−1

1 X1 +X∗
′

2 Ω−1
2 X∗2 X∗2 Ω−1

2 Z2

Z ′2Ω−1
2 X∗2 Z ′2Ω−1

2 Z2

]−1(
X ′1Ω−1

1 y1 +X∗
′

2 Ω−1
2 y2

Z ′2Ω−1
2 y2

)
(2.A.6)
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where Ω1 is equal to Var(ε1
T ) = Σ0,1:p,1:p, i.e. the part of the variance matrix corresponding

to the first set of moment conditions, and Ω2 equals Var(ε2∗
T ).

Using block matrix inversion,

θ̂A1 =[X ′1Ω−1
1 X1 +X∗

′

2 Ω−1
2 X∗2 −X∗

′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 ]−1

× (X ′1Ω−1
1 y1 +X ′2Ω−1

2 y∗2 −X∗
′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z ′2Ω2y
∗
2)

and

θ̂A2 = −(Z ′2Ω−1
2 Z2)−1Z ′2Ω−1

2 X∗2 [X ′1Ω−1
1 X1 +X∗

′

2 Ω−1
2 X∗2 −X∗

′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 ]−1

× [X ′1Ω−1
1 y1 +X ′2Ω−1

2 y∗2] + (Z ′2Ω−1
2 Z2)−1Z ′2Ω−1

2 y∗2 + (Z ′2Ω−1
2 Z2)−1Z ′2Ω−1

2 X∗2

× [X ′1Ω−1
1 X1 +X∗

′

2 Ω−1
2 X∗2 −X∗

′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 ]−1

×X∗′2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z ′2Ω−1
2 y∗2.

If Z2 is invertible, these equations simplify to:

θ̂A1 = (X ′1Ω−1
1 X1)X ′1Ω−1

1 y1 (2.A.7)

θ̂A2 = Z−1
2 (y∗2 −X∗2 θ̂A1 ) (2.A.8)

Firstly, this implies that if Z2 is invertible (i.e. θ2 is exactly identified), the GLS esti-

mate of this system, equivalent to the GLS estimate θ̂A1 , is equal to the GLS estimate of

only Equation (2.A.4), which coincides with GLS estimate θ̃A1 . Second, it shows that the

GLS estimate of θ2 of this system, equal to θ̂A2 , is equal to an estimate of only Equation

(2.A.5), with plug-in estimator θ̂A1 . Together, this proofs Proposition 1. �

Proposition 2.2. Asymptotic efficiency of θ1 and θ2 when θ2 is over-identified

Consider the definitions of θ1, θ2, f 1
t and f 2

t . θ2 is over-identified (number of moment

conditions in f 2
t is larger than the number of parameters in θ2).

• The estimate θ̂1 from minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically less efficient than

the estimate θ̃1 from minimization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to

both θ1 and θ2.

• The estimate θ̂2 from minimization of 1
T
g2′
T Ŵ2g

2
T conditional on θ̂1 obtained from

minimization of 1
T
g1′
T Ŵ1g

1
T is asymptotically equivalent to θ̃2 obtained from mini-

mization of 1
T
g′T ŴgT with gT = [g1

T , g
2
T ] with respect to both θ1 and θ2.
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Proof of Proposition 2.2. Consider the proof of Proposition 2.1. Without assuming

invertability of Z2, it can be recognized that

θ̂A1 = [X ′1Ω−1
1 X1 +X∗

′

2 Ω−1
2 X∗2 −X∗

′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 ]−1

× (X ′1Ω−1
1 y1 +X ′2Ω−1

2 y∗2 −X∗
′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z ′2Ω−1
2 y∗2)

= θ1 + [X ′1Ω−1
1 X1 +X∗

′

2 Ω−1
2 X∗2 −X∗

′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 ]−1

× (X ′1Ω−1
1 ε1

T +X∗2 Ω−1
2 ε2∗

T −X∗
′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z ′2Ω−1
2 ε2∗

T )

Deriving the variance of θ̂A1 :

E[(θ̂A1 − θA1 )(θ̂A1 − θA1 )′] = [X ′1Ω−1
1 X1 +X∗

′

2 Ω−1
2 X∗2 −X∗

′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 ]−1.

Whether this variance is smaller than of the two-step estimator for θ1, with variance

[X ′1Ω−1
1 X1]−1, depends on whether X∗

′
2 Ω−1

2 X∗2 −X∗
′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 is posi-

tive semi definite. Writing Ω−1 = ΨΨ′, one sees:

X∗
′

2 Ω−1
2 X∗2 −X∗

′

2 Ω−1
2 Z2(Z ′2Ω−1

2 Z2)−1Z2Ω−1
2 X∗2 = X∗

′

2 Ψ(I − PΨZ2)Ψ
′X∗2

with PΨZ2 a projection matrix. It follows then that I − PΨZ2 is also a projection matrix,

implying the positive semi definiteness of the matrix above.

Without assuming invertability of Z2, for θ2: θ̂A2 = (Z ′2Ω−1
2 Z2)−1Z2Ω−1

2 (y∗2 − X∗2 θ̂A1 ).

This is the GLS estimator when θ1 is replaced by its estimate. This shows that also when

Z2 is not invertible, the two-step GMM estimator for θ2 is asympotically equivalent to a

one-step GMM estimator. �

2.A.2 Two-step estimation with indirect inference

Assumptions Gourieroux et al. (1993) to establish consistency of the indirect infer-

ence estimator θ̃HT (Ω):

1. If dataset Xt contains truly exogenous variables, these variables are homogeneous

Markov processes that are independent of the vector of error terms εt

2. εt is a white noise process with a known distribution G∗

3. The process describing the variables in dataset Xt is stationary, F ∗ is the unknown

transition distribution of the exogenous variable
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4. The criterion of the auxiliary parameters tends asymptotically (and uniformly a.s.)

to a non-stochastic limit:

lim
T→∞

QT (X1
T , β) = Q∞(F ∗, G∗, θ∗, β).

Note that this also implies that the initial conditions z0 have no asymptotic effects.

5. The limit criterion is continuous in β and has a unique maximum:

β∗ = argmaxβ∈BQ∞(F ∗, G∗, θ∗, β)

6. Defining the binding function b(F,G, θ) = argmaxβ∈BQ∞(F,G, θ, β), it follows that

β∗ = b(F ∗, G∗, θ∗). It is necessary that the binding function b(F ∗, G∗, ·) is a one-to-

one function and that ∂b
∂θ′

(F ∗, G∗, θ∗) is full-column rank.

Proposition 2.3. Asymptotic efficiency of θ1 and θ2 when θ2 is over-identified

Consider the definitions of θ1, θ2, β1 and β2 in Definition 1II and 2II.

• If θ2 is exactly identified (number of parameters in β2 is equal to the number of pa-

rameters in θ2), then the estimate θ̂1 from applying indirect inference with auxiliary

parameter β1 is asymptotically equivalent to the estimate obtained from applying

indirect inference with auxiliary parameters β = (β1, β2).

• If θ2 is over-identified (number of parameters in β2 is larger than the number of

parameters in θ2), then the estimate θ̂1 from applying indirect inference with auxil-

iary parameter β1 is less efficient than the estimate obtained from applying indirect

inference with auxiliary parameters β = (β1, β2).

• The estimate θ̂2 from applying indirect inference with auxiliary parameter β2 condi-

tional on the estimate of θ̂1 above obtained from indirect inference with only auxiliary

parameter β1 is asymptotically equivalent to θ̃2 obtained from indirect inference es-

timates for θ1 and θ2 with auxiliary parameters β = (β1, β2).

Proof of Proposition 2.3 As follows from the proofs in Gourieroux et al. (1993),

an optimal estimator of the parameter of interest θ can be obtained from the linearized

minimum distance estimator:

min
θ

[
β̂t −

1

H

H∑
h=1

β̃HT (θ̃, zh0 )− ∂b

∂θ′
(θ̃)(θ − θ̃)

]′
Ω̂T

[
β̂t −

1

H

H∑
h=1

β̃HT (θ̃, zh0 )− ∂b

∂θ′
(θ̃)(θ − θ̃)

]

if a consistent estimator Ω̂∗T of Ω∗ is available and where θ̃ is just any consistent estimator

for θ. As can be seen, this is just a GLS estimator where the derivative in this expression
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can be computed by analyzing the numerical derivative of β̂ST (·, z0), which is the auxiliary

parameter estimate when simulating a path of length S × T . Alternatively, it is the

GLS estimator in the linear model Y = Xβ + εT , where E(εT ) = 0 and V(εT ) = Ω−1
T ,

Y = β̂T − 1
H

∑H
h=1 β̂

H
T (θ̃, zh0 ) + ∂b

∂θ
(θ̃)(θ̃) and X = ∂b

∂θ
(θ̃). Next, analogously to the proof of

Proposition 1, one can write this model as a two equations model, using that θ = (θ1, θ2),

and that ∂β1

∂θ′2
(θ̃) = 0:

β̂1
T −

1

H

H∑
h=1

β̃1,H
T (θ̃, zh0 ) +

∂b1

∂θ1

(θ̃)θ̃1 =
∂b1

∂θ1

(θ̃)θ1 + ε1
T (2.A.9)

β̂2
T −

1

H

H∑
h=1

β̃2,H
T (θ̃, zh0 ) +

∂b2

∂θ1

(θ̃)θ̃1 +
∂b2

∂θ2

(θ̃)θ̃2 =
∂b2

∂θ1

(θ̃)θ1 +
∂b2

∂θ2

(θ̃)θ2 + ε2
T (2.A.10)

with εT = (ε1
T , ε

2
T ). Note that this can be written as a system

y1 = X1θ1 + ε1
T

y2 = X2θ2 + Z2θ2 + ε2
T

where y1 = β̂1
T − 1

H

∑H
h=1 β̃

1,H
T (θ̃, zh0 ) + ∂b1

∂θ1
(θ̃)θ̃1, y2 = β̂2

T − 1
H

∑H
h=1 β̃

2,H
T (θ̃, zh0 ) + ∂b2

∂θ1
(θ̃)θ̃1 +

∂b2
∂θ2

(θ̃)θ̃2, X1 = ∂b1
∂θ1

(θ̃), X2 = ∂b2
∂θ1

(θ̃) and Z2 = ∂b2
∂θ2

(θ̃).

To proof that an estimate for θ1 using only the auxiliary parameters β1 is asymptot-

ically equivalent to the estimate obtained from using both sets of auxiliary parameters

β1 and β2, it should be shown that the estimate of θ1 from the GLS system 2.A.9-2.A.10

is equivalent to the estimate from only Equation (2.A.9). From here on, the proof pro-

ceeds the same as the proofs of Proposition 1 and 2 and the result thus depends on the

invertibility of Z2, that is, whether θ2 is has exact identification or overidentification. If

θ2 is exactly identified, both the estimates of θ1 and θ2 of a two-step indirect inference

procedure are asymptotically equivalent to the one from a one-step procedure. If Z2 is

not invertible because θ2 is over-identified, then the estimate of θ2 from a two-step proce-

dure will still be asymptotically equivalent to the one from a one-step procedure, but the

estimate of θ1 will be generally less efficient. �

2.A.3 Estimation of Ω∗ and asymptotic variance of the indirect

inference estimator

As in Gourieroux et al. (1993), Ω∗ = J∗(I∗ − K∗)−1J∗, where J∗ can be consistently

estimated by − ∂2QT
∂β∂β′

(X1
T , β̂T ). A consistent estimator of I∗−K∗ is given by T

S

∑S
s=1(Ws−

W̄ )(Ws− W̄ )′ where Ws is given by ∂QT
∂β

(X̃a)T1 , β̂T ), where X̃s for s = 1, ..., S is simulated
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given a consistent estimator θ̃ for θ (for example based on an identify matrix for Ω) and

W̄ = 1
S

∑S
s=1Ws.

Under this choice of Ω the asymptotic variance of the indirect inference estimator is

W ∗
H =

(
1 +

1

H

)(
∂b′

∂θ
(F ∗, G∗, θ∗)J∗(I∗ −K∗)−1J∗

∂b

∂θ′
(F ∗, G∗, θ∗)

)−1

Each element in this expression can be replaced by it’s sample counterpart to obtain a

consistent estimator of the variance.

For the two-step estimator, the asymptotic variance of the estimator of θ1 is

W 1,∗
H =

(
1 +

1

H

)(
∂b′1
∂θ1

(F ∗, G∗, θ∗1)J∗1 (I∗1 −K∗1)−1J∗1
∂b1

∂θ′1
(F ∗, G∗, θ∗1)

)−1

where J1
0 is consistently estimated by − ∂2Q1

T

∂θ1∂β1 (X1
T , β̂

1
T ). The variance of the estimator of

θ2 is equal to the lower square of W ∗
H as follows from the asymptotic equivalence between

the two-step and one-step estimator proven above.

2.B Baseline Stochastic Growth Model

2.B.1 Baseline stochastic growth model of Hansen (1985)

Household A representative household maximizes its expected stream of utilities∑∞
t=0 β

tU(ct, lt), subject to transversality condition limt→∞ β
tE0(uc(ct)kt+1) = 0 and

a budget constraint. The household derives utility from consumption ct and leisure lt.

The endowment of time is normalized to 1, such that lt = 1− ht, where ht is the number

of hours worked. The household either works full time, h0 hours, or not, modeled as a

lottery with probability αt. Utility in period t is then assumed to be given by:

u(ct, αt) = log ct + Aαt log(1− h0) (2.B.1)

Per capita hours worked in period t is then given by ht = αth0. The depreciation rate of

capital is given by δ, implying a law of motion of the capital stock kt+1 = (1− δ)kt + it,

0 ≤ δ ≤ 1. The households own the stock of capital and sell capital services to the firm,

for a price rt. The budget constraint becomes ct + it = wtαth0 + rtkt, because workers

get paid for the expected time spent working. As shown in Hansen (1985), this utility

implies that elasticity of substitution between leisure in different periods for the aggregate

economy is infinite.
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The households’ first-order conditions for the utility function in Equation (2.B.1) can

be expressed as:

wth0
1

ct
+ A log(1− h0) = 0 (2.B.2)

1

ct
= βEt

[
1

ct+1

(1 + rt+1 − δ)
]

(2.B.3)

Production Output is produced by a representative firm, using aggregate labor ht and

aggregate capital kt in its production of consumption goods yt, with a standard Cobb-

Douglas production function given by yt = ztk
α
t h

1−α
t , where zt is an aggregate productivity

shock, also called Total Factor Productivity (TFP) shock in the literature, following the

Markov process log zt+1 = ρ log zt+εt, ρ ∈ [0, 1). The representative firm pays competitive

wages for labor, and interest rates for capital. Competitiveness implies the following two

relationships must hold:

rt = ztαk
α−1
t h1−α

t and (2.B.4)

wt = zt(1− α)kαt h
−α
t . (2.B.5)

Equilibrium A recursive competitive equilibrium is a set of sequences {ct, it, wt, rt}∞t=0

that satisfy first order conditions of the household and the firm, the transversality condi-

tion, and the aggregate resource constraint: ztk
α
t h

1−α
t = ct + it, for a given sequence {zt}

generated by log zt+1 = ρ log zt + εt, ρ ∈ [0, 1) and an initial value k0.

Deterministic steady state Denote the steady state values of a variable x by x̄. In the

deterministic steady state, the aggregate shocks are assumed zero: ε̄ = 0 and all variables

are constant. This directly implies z̄ = 1 from Equation (2.B.1). From the law of motion

of capital stock, it follows that ī = δk̄. From Equation (2.B.3), r̄ = 1
β
− 1 + δ. From the

first-order condition (2.B.4) of the firm, it follows that:

k̄ =

[
1− β + δβ

βα

] 1
α−1

h̄

Plugging this into the second first-order equation of the firm:

w̄ = (1− α)k̄αh̄−α = (1− α)

[
1− β + δβ

βα

] α
α−1
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Equation (2.B.2) from the household’s first-order conditions implies c̄ = 1

−A log(1−h0)
h0

w̄. From

the budget constraint, c̄ = w̄h̄+ (r̄− δ)k̄, which one can further rewrite as 1

−A log(1−h0)
h0

w̄ =

w̄h̄+ (r̄ − δ)k̄. Rewriting Equation (2.B.5) gives k̄ =
[

1
1−αw̄

] 1
α h̄, such that hours worked

in the economy with indivisible labor (Hansen, 1985):

h̄ =
(1− α)(1− β + δβ)

−A log(1−h0)
h0

(1− β + δβ − αδβ)

At last, the steady state value of output y is given by ȳ = k̄αh̄1−α =
[

1−β+δβ
βα

] α
α−1

h̄.

Solving for the short-run equilibrium When solving for the short-run equilibrium,

the goal is to obtain time-invariant policy functions k̂t+1 = h1(k̂t, ẑt) and ĉt = h2(k̂t, ẑt).

Different solution methods exist. When using log-linearization, also known as first-order

local perturbation, the solution is still analytically tractable. For the baseline model

above, this is given below.

Denote by x̂ the log-linearized value of a variable x. The log-linearized Euler equation

is given by

ĉt = Etĉt+1 − βr̄Etr̂t+1

The log-linearized aggregate resource constraint is given by:

c̄ĉt + ī̂it = (c̄+ ī)ẑt + (c̄+ ī)αk̂t + (c̄+ ī)(1− α)ĥt

Equation (2.B.2) log-linearized simplifies to: ĉt = ŵt. The capital depreciation process

becomes: k̄k̂t+1 = (1−δ)k̄k̂t+ ī̂it. The log-linearized productivity process: ẑt+1 = ρẑt+εt.

The first-order condition on the interest rate is: r̂t = (1− α)ĥt + (α− 1)k̂t + ẑt The wage

equation becomes: ŵt = αk̂t + ẑt − αĥt.
Next, by substituting the equations into the log-linearized Euler equation and aggre-

gate resource constraint, one obtains:

αĉt = (α− βr̄(α− 1)) Etĉt+1 − βr̄ρẑt (2.B.6)

and

(c̄+ ī) ĉt + k̄αk̂t+1 = (c̄+ ī)ẑt + α(c̄+ k̄)k̂t (2.B.7)
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This can rewritten in matrix form as:[
0 −(α− βr̄(α− 1))

k̄α 0

][
k̂t+1

Etĉt+1

]
=

[
0 −α

α(c̄+ k̄) −(c̄+ δk̄)

][
k̂t

ĉt

]
+

[
−βr̄ρ

(c̄+ δk̄)

]
ẑt

Short-run equilibrium The goal is now to obtain time-invariant policy functions

k̂t+1 = h1(k̂t, ẑt) and ĉt = h2(k̂t, ẑt). The linearity of the log-linearized equilibrium condi-

tions allows to conclude that policy functions are also linear and of the form:

k̂t+1 = δkk̂t + δkz ẑt (2.B.8)

ĉt = δckk̂t + δcz ẑt (2.B.9)

One can find, using the log-linearized equilibrium conditions, non-trivial, analytical ex-

pressions for these parameters δk, δkz, δck, δcz, that satisfy the following system of equa-

tions:

−(α− βr̄(α− 1))δckδk + αδck = 0 (2.B.10)

−(α− βr̄(α− 1))(δckδkz + δczρ) + αδcz + βr̄ρ = 0 (2.B.11)

k̄αδk − α(c̄+ k̄) + (c̄+ δk̄)δck = 0 (2.B.12)

k̄αδkz + (c̄+ δk̄)δcz − (c̄+ δk̄) = 0 (2.B.13)

Solving this set of equations for the parameters, one thus obtains the policy functions.

While the equations derived below will express everything in δk, δkz, δck and δcz, it should

be noted that these parameters are functions of the structural model parameters.

Measurement equations To estimate the structural parameters of this model, as-

sumptions are needed on how the observed data on, for example, aggregate capital and

consumption relate to the variables in the model. Given that x̂t denotes the log-linearized

capital in the model for any variable x, a good approximate set of measurement equations

for capital and consumption is given by:

log kobs
t = k̂t + log k̄ (2.B.14)

log cobs
t = ĉt + log c̄ (2.B.15)

These measurement equations can also be extended by introducing measurement error εkt

and εct . Measurement error is assumed to be uncorrelated across time and variables, and
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has finite variance. This implies the following measurement equations:

log kobs
t = k̂t + log k̄ + εkt

log cobs
t = ĉt + log c̄+ εct

where σ2
k and σ2

c are the finitely-valued variances of the measurement error.

The set of measurement equations (2.B.14)-(2.B.15) can also include equations for

other variables, such as for the interest rates, output data, or wage rates. At last, to

complete the model specification, it is necessary to make distributional assumptions for

the shocks process εt in Equation (2.B.1), e.g. εt ∼ (0, σ2
ε).

Then, it follows that: ẑt ∼
(

0, σ2
ε

1−ρ2

)
.

Higher order moments As implied then by Equations (2.B.8) and (2.B.14),

E(log kobs
t ) = log k̄ (2.B.16)

V(log kobs
t ) =

1

1− δ2
k

(
δ2
kzV(ẑt) + 2δkδkzCov(k̂t, ẑt)

)
(2.B.17)

=
σ2
ε

1− ρ2

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
, (2.B.18)

because

Cov(ẑt, k̂t) = Cov(ẑt−1ρ+ εt−1, δkz ẑt−1 + δkk̂t−1) = δkzρV(ẑt−1) + ρδkCov(ẑt−1, k̂t−1)

⇒ Cov(ẑt, k̂t) =
δkzρ

1− ρδk
V(ẑt) =

δkzρσ
2
ε

(1− ρ2)(1− ρδk)

Furthermore, the autocovariance of log kobs
t is given by:

Cov(log kobs
t+1, log kobs

t ) = Cov(k̂t+1, k̂t) = Cov(δkk̂t + δkz ẑt, k̂t) (2.B.19)

= δkV(k̂t) + δkzCov(ẑt, k̂t) (2.B.20)

The autocorrelation of log kobs
t then follows:

Corr(log kobs
t+1, log kobs

t ) =
Cov(k̂t+1, k̂t)

V(k̂t)
= δk + δkz

Cov(zt, k̂t)

V(k̂t)

= δk +
δ2
kzρ

1− ρδk
V(ẑt)

V(k̂t)
= δk + ρ

(1− δ2
k)

(1 + ρδk)
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Similarly, log cobs
t will have the following first and second moments:

E(log cobs
t ) = log c̄

V(log cobs
t ) = δ2

ckV(k̂t) + δ2
czV(ẑt) + 2δckδczCov(ẑt, k̂t)

Cov(log cobs
t , log kobs

t ) = δckV(k̂t) + δczCov(ẑt, k̂t)

Furthermore, the autocovariance of log cobs
t is given by:

Cov(log cobs
t+1, log cobs

t ) = Cov(ĉt+1, ĉt) = Cov(δckk̂t+1 + δcz ẑt+1, δckk̂t + δcz ẑt)

= δ2
ckCov(k̂t+1, k̂t) + δckδczCov(k̂t+1, ẑt) + δczδckCov(ẑt+1, k̂t) + δ2

czCov(ẑt+1, ẑt)

where Cov(k̂t+1, k̂t) is given above and:

Cov(ẑt+1, ẑt) = ρV(ẑt)

Cov(k̂t+1, ẑt) = δkCov(ẑt, k̂t) + δkzV(ẑt)

Cov(ẑt+1, k̂t) = ρ Cov(ẑt, k̂t)

Similar statistics can be derived for other observed variables.

One and two-step identification analysis

In this subsection, identification of the structural parameters of the stochastic growth

model is assessed. A necessary, but not sufficient condition for the structural parame-

ters to be identified is that one needs at least as many moments as parameters to be

estimated. The Hansen (1985) model is characterized by seven structural parameters:

θ = (β, δ, α, A, h0, σε, ρ), implying the need of at least seven moments. From only

using data on log ct and log kt, one can compute various moments: means, variances,

(auto)covariances, etc. The means are equal to the (log of) the steady states, for which

closed-form analytical expressions are available. Higher-order moments are functions of

ρ, σε and the model solution parameters (δk, δkz, δck, δcz). In one-step identification anal-

ysis, identification is assessed using all moments for all parameters at the same time. In

two-step analysis, a subset of the parameters is identified from only the (transformations

of the) means, the remaining parameters are identified from higher-order moments. Recall

that for first-order identification, the Jacobian of the moments used for estimation with

respect to the structural parameters needs to have rank equal to the number of parameters.
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One-step identification Inspection of the analytical expressions of the steady states

and the log-linearized equilibrium conditions lead to the derivation of the first result.

Result 2.1.1: Parameters A and h0 are not jointly identifiable from the steady states, nor

from the higher-order moments.

This result holds because these parameters appear in all steady state expressions in the

same form: A log(1− h0)/h0. Consequently, the Jacobian of these steady states with

respect to the structural parameters has linearly dependent columns. Furthermore, it

can be seen from the log-linearized expressions in Appendix A that A and h0 only enter

through the steady states, implying that they are not jointly identifiable from the higher-

order moments either. This motivates defining

φ = A log(1− h0)/h0, (2.B.21)

which is identifiable from the steady state information and/or higher-order moments.

Alternatively, one can consider using the function m1 to obtain expressions that are no

longer a function of A and h0. This can be done by, for example, dividing h̄ and ȳ by c̄, A

and h0. Given that both parameters are also not identifiable from higher-order moments,

this approach would not bring any advantages, hence the adoption of φ is retained.

Next, making the assumption that one observes aggregate capital and consumption as

in the measurement equations of (2.B.14)-(2.B.15), there are in total six composite pa-

rameters (δk, δkz, δck, δcz, log c̄, log k̄) that have to pin down four structural parameters:

(α, δ, β, φ). These structural parameters do not appear in the expressions of moments

of the variables other than through these composite parameters. σε and ρ also appear

directly in expressions of higher-order moments. Given that it is non-trivial to obtain ana-

lytical solutions of the solution parameters δ(·) as they are the solution to a four-equation

system, analytical identification analysis is hard, even in this small toy-model. There-

fore, no other analytical results can be derived in one-step identification analysis. The

larger DSGE models become, the harder it is to derive any conclusions on identification of

structural parameters through the model solution. It cannot be trivially assessed whether

there are parameter regions where identification could be failing or weak, except through

computation of the (numerical) Jacobian at many possible parameter values.

Two-step identification: identification from the steady state To assess what

parameters are identifiable from the steady state of the model, first collect all the pa-

rameters that appear in the steady state expressions: θ1 = (β, δ, α, φ), where φ =
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A log(1− h0)/h0. Parameters that do not appear in the steady state equations are those

from the TFP shock process: ρ and σε. Potential observed variables are output yt, wage

rate wt, hours worked ht, capital kt, interest rate rt, investments it and consumption ct.

Under the assumption that the means of these variables can be consistently estimated and

converge to the steady state of the variables in this model, we can assess identification of

the structural parameters.8

To obtain first-order identification when using the method of (simulated) moments or

indirect inference, the Jacobian with the derivatives of the chosen moments or auxiliary

model parameters with respect to the structural parameters should be full rank (that is,

a rank equal to the number of structural parameters). If columns of the Jacobian are (al-

most) linear combinations of each other, identification failure or weak identification issues

arise. Because closed-form expressions for the steady states are available analytically, one

can derive a selection of results regarding identification from the steady state. For the

Hansen (1985) model, this will now be presented below.

Result 2.1.2: The parameter vector (α, β, δ) can be jointly identified from (subsets of

three or more) the steady state variables ȳ, ī, w̄, h̄, k̄, r̄, and c̄, except for subsets of

exactly three variables that contain both w̄ and c̄.

This result follows from the fact that the Jacobians of the steady states of these subsets

of variables to the parameters are full rank. For a given level of A and h0, any subset

of three observables can be used to identify (α, β, δ), except when this subset contains

both c̄ and w̄, because steady state consumption is proportional to the steady state wage

rate in this model in a way that does not depend on these structural parameters itself,

recall:

c̄ =
1

−A log(1−h0)
h0

w̄.

Result 2.1.3: The parameters (α, β, δ, φ), where φ = A log(1− h0)/h0, can be identi-

fied from any subset of the steady states of at least four observables, ȳ, ī, w̄, h̄, k̄, r̄, and c̄.

8Depending on the solution method and/or properties of the shocks process, variables may need to be
transformed for this assumption to be valid. For example, the measurement equations in (2.E.8)-(2.E.9)
based on the log-linearized solution imply the need of a logarithmic transformation. Also when using an
alternative solution method, such as value function iteration, but assuming that the aggregate shocks of
this model are log-normally distributed imply the need of a log-transformation. The assumption that the
untransformed mean of the variables converges to the untransformed steady state would introduce a bias
term.
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In contrast to Result 2.1.2, it is no longer a problem if one includes both c̄ and w̄ in this

subset, because the proportionality of c̄ to w̄ does contain information that identifies φ.

Two-step identification: identification from the higher-order moments In the

case of the example above, the only parameters that cannot be identified from the steady

state are σε and ρ.

Result 2.1.4: The parameter vector (σε, ρ) can be jointly identified from (at least) two

higher-order moments of any observed variable, such as variances and (auto)covariances.

Variances and (auto)covariances are functions of σε, ρ and the model solution parameters

δ(·). Consider for example Equations (2.B.17) and (2.B.19) derived above, stating:

V(log kobs
t ) =

σ2
ε

1− ρ2

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
, and

Cov(log kobs
t+1, log kobs

t ) = δkV(log kobs
t ) + δkz

δkzρσ
2
ε

(1− ρ2)(1− ρδk)
.

Although closed-form expressions for the δ·-parameters are not available, the system of

equations from which they are solved tells us that they are a function of ρ, while they do

not depend on σε. As such, the joint identification of these parameters is not an issue, as

the Jacobian will have linearly independent columns by construction.

Comparison of one and two-step identification Figures 2.B1a and 2.B1b display

contour plots of the one-step objective function and the steady-state-only objective func-

tion for different values of β and δ, while keeping the other parameters fixed. As can

be seen, in Figure 2.B1b, where identification of these parameters runs entirely through

the steady states, there is more curvature in the objective function than when using the

one-step identification method where identification runs through both a subset of the

steady states and the model solution parameters. Due to the fact that identification

analysis for the objective function displayed in Figure 2.B1a is not analytically tractable,

it is not-trivial to pin down where this strong interdependence between δ and β comes

from. This highlights the advantage of the two-step method in terms of identification

analysis: (strong) identification results on a subset of the parameters can be obtained by

performing analytical identification analysis using the steady state expressions. Because

identification of these parameters is then ensured, identification issues are also less likely

to carry over to parameters identified in the second step of the procedure.
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Figure 2.B1: Contour plot of two objective functions for different choices of discount rate β
(y-axis) and depreciation rate δ (x-axis). The data-generating process assumes β = 0.95 and
δ = 0.2474. α is set to 0.3.

(a) Objective function when matching the
means of consumption and capital (E(log ct)
and E(log kt)), as well as Var(log kt),
Var(log ct), Cov(log ct, log kt), Cov(log ct, log ct+1),
Cov(log kt, log kt+1)

(b) Objective function when matching the means of
consumption, capital, wages and investments.

2.B.2 Baseline stochastic growth model with discount rate shocks

Next, the Hansen (1985) model is adjusted to incorporate discount rate shocks as in

Smets and Wouters (2003), to analyze what the effect of model misspecification in the

shock process is on the estimated parameters.

The utility function of the representative household, (2.B.1) is adjusted to incorporate

the discount rate shock:

ut(ct, αt) = εbt (log ct + Aαt log(1− h0)) , (2.B.22)

where εbt follows a log-AR(1) process, log εbt+1 = ρb log εbt + ηt, ρb ∈ [0, 1) and ηt ∼ (0, σ2
b )

such that E(εbt) = 1. Apart from the change in the utility function, the set-up of the

household problem does not change. This implies the following set of two equalities

derived from the first-order conditions of the household:

A log(1− h0) +
1

ct
wth0 = 0 (2.B.23)

εbt
1

ct
= βEt

(
εbt+1

1

ct+1

(1− δ + rt+1)

)
(2.B.24)

It follows that the intratemporal trade-off is not affected, but the intertemporal trade-off

of the household changes.
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Evidently, the production side of the economy is not affected, and, as discussed in the

main text, the deterministic steady state does not change either. The changes are thus

in the short-run equilibrium. The log-linearized Euler equation changes and becomes:

ε̂bt − ĉt = Et(ε̂
b
t+1 − ĉt+1) + βEtr̄r̂t+1

and the log-linearized discount rate shock process is given by:

ε̂bt+1 = ρbε̂
b
t + ηt.

The collapsed log-linearized equations also change because of the change in the log-

linearized Euler equation, implying that instead of (2.B.6), one finds:

α(1− ρb)ε̂bt − αĉt = βr̄ρẑt − (α− βr̄(α− 1))Eĉt+1 (2.B.25)

but Equation (2.B.7) still applies. The policy functions take the form:

k̂t+1 = δkk̂t + δkz ẑt + δkbε̂
b
t (2.B.26)

ĉt = δckk̂t + δcz ẑt + δcbε̂
b
t (2.B.27)

Implying that the model solution parameters δ(·) need to satisfy the following set of

conditions:

α(1− ρb)− αδcb + (α− βr̄(α− 1))(δcbρb + δckδkb) = 0 (2.B.28)

−αδcz − βr̄ρ+ (α− βr̄(α− 1))(δczρ+ δckδkz) = 0 (2.B.29)

−αδck + (α− βr̄(α− 1))δckδk = 0 (2.B.30)

(c̄+ ī)δck + k̄αδk − α(c̄+ k̄) = 0 (2.B.31)

(c̄+ ī)δcb + k̄αδkb = 0 (2.B.32)

(c̄+ ī)δcz + k̄αδkz − (c̄+ ī) = 0 (2.B.33)

Higher order moments Given that the model solution changes, the higher order mo-

ments are also affected.
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First, note that the shocks are uncorrelated, so Cov(ẑt, ε̂
b
t) equals zero.

V(k̂t+1) = V(δkk̂t + δkz ẑt + δkbε̂
b
t)

= δ2
kV(k̂t) + δ2

kzV(ẑt) + δ2
kbV(ε̂bt) + 2δkδkzCov(k̂t, ẑt)

+ 2δkδkbCov(k̂t, ε̂
b
t) + 2δkzδkbCov(ẑt, ε̂

b
t)

⇒ V(k̂t) =
1

1− δ2
k

(
δ2
kzV(ẑt) + δ2

kbV(ε̂bt) + 2δkδkzCov(k̂t, ẑt) + 2δkδkbCov(k̂t, ε̂
b
t)
)

where

V(ẑt) =
σ2
ε

1− ρ2
,

Cov(k̂t, ẑt) = Cov(ẑt−1ρ+ εt−1, δkk̂t−1 + δkz ẑt−1 + δkbε̂
b
t−1)

⇒ Cov(k̂t, ẑt) =
1

1− ρδk
δkzρV(ẑt),

Cov(k̂t, ε̂
b
t) = Cov(ε̂bt−1ρ

b + ηt−1, δkk̂t−1 + δkz ẑt−1 + δkbε̂
b
t−1)

⇒ Cov(k̂t, ε̂
b
t) =

1

1− ρbδk
δkbρ

bV(ε̂bt), and

V(ε̂bt) =
σ2
η

1− ρ2
b

.

Cov(k̂t+1, k̂t) = Cov(δkk̂t + δkz ẑt + δkbε̂
b
t , k̂t) = δkV(k̂t) + δkzCov(k̂t, ẑt) + δkbCov(k̂t, ε̂

b
t)

For consumption,

V(ĉt) = V(δckk̂t + δcz ẑt + δcbε̂
b
t)

= δ2
ckV(k̂t) + δ2

czV(ẑt) + δ2
cbV(ε̂bt) + 2δckδczCov(k̂t, ẑt) + 2δckδcbCov(k̂t, ε̂

b
t)

Cov(ĉt, k̂t) = Cov(δckk̂t + δcz ẑt + δcbε̂
b
t , k̂t)

= δckV(k̂t) + δczCov(ẑt, k̂t) + δcbCov(ε̂bt , k̂t)

with all terms defined above.

Cov(ĉt+1, ĉt) = Cov(δckk̂t+1 + δcz ẑt+1 + δcbε̂
b
t+1, δckk̂t + δcz ẑt + δcbε̂

b
t)

= δ2
ckCov(k̂t+1, k̂t) + δ2

czCov(ẑt+1, ẑt) + δ2
cbCov(ε̂bt+1, ε̂

b
t)

+ δckδczCov(k̂t+1, ẑt) + δckδcbCov(k̂t+1, ε̂
b
t) + δczδckCov(ẑt+1, k̂t)

+ δckδcbCov(ε̂bt+1, k̂t)
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where

Cov(ẑt+1, ẑt) = ρV(ẑt)

Cov(ε̂bt+1, ε̂
b
t) = ρbV(ε̂bt)

Cov(k̂t+1, ẑt) = δkCov(k̂t, ẑt) + δkzV(ẑt+1)

Cov(k̂t+1, ε̂
b
t) = δkCov(k̂t, ε̂

b
t) + δcbV(ε̂bt)

Cov(ẑt+1, k̂t) = ρCov(ẑt, k̂t)

Cov(ε̂bt+1, k̂t) = ρbCov(ε̂bt , k̂t).

2.C Aiyagari (1994) model

2.C.1 Environment

Preferences and endowments There is a continuum of ex-ante identical households

indexed by i. Time is discrete and indexed by t = 0, 1, ... . Every household supplies a unit

of labor to the firm, li,t = 1, so there is no unemployment in this model. Each period, the

households are hit by idiosyncratic productivity shocks εi,t that follow a stochastic Marko-

vian process π(ε′|ε). Denote by E the set of possible productivity process realizations from

π(ε′|ε). The productivity shocks are independent across households. Households can save

in capital but have a borrowing constraint ki,t+1 ≥ 0; let A = [0,∞) denote the set of pos-

sible asset holdings. As a consequence of the borrowing constraint, the households cannot

insure away all of their individual risks and, ex-post, the households are heterogeneous.

Every household is assumed to maximize its discounted stream of expected utility

subject to a budget constraint and the borrowing constraint by choosing consumption

and capital levels each period. Households have preferences over consumption streams.

The disposable labor income of household i at time t is denoted by wtεit, where wt is the

real wage at time t. The household can earn interest rates on its savings, denoted by

(1 + rt)kit = Rtkit.

Denote by H : M → M the aggregate law of motion, that describes how a current

measure Φ over (k, ε) translates into a measure for Φ′ in the next period. Then, the

household problem can be written down recursively as:

v(k, ε; Φ) = max
c≥0,k′≥0

u(c) + β
∑
ε′∈E

π(ε′|ε)v(k′, ε′; Φ′) (2.C.1)

c+ k′ = (1 + r(Φ))k + w(Φ)ε (2.C.2)

Φ′ = H(Φ) (2.C.3)
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The functional form adopted for u(c) is: u(c) = c1−ν/(1 − ν), the well-known CRRA

utility function.

A possible choice for the productivity shocks process is

εi,t+1 = 1− ρ+ ρεi,t + ηi,t+1, ηi,t ∼ N(0, σ2
η). (2.C.4)

The productivity shock process of Equation (2.C.4), that can also be interpreted as an

income shock process, can be discretized using Tauchen (1986)’s method, characterized

by the transition matrix π(ε′|ε). Tuning parameters for this discretization are the choice

of the number of discrete income states, S, and parameter m, the number of standard

deviations the discrete income process has to cover. m = 3 will be employed throughout

the paper when income process (2.C.4) is assumed.

Production A representative firm uses aggregate labor Lt and aggregate capital Kt in its

production of consumption goods Yt, with a standard Cobb-Douglas production function

given by

Yt = Kα
t L

1−α
t .

The representative firm pays competitive wages for labor, and interest rates for capital.

The depreciation rate of capital is given by δ. Aggregate labor endowments are normalized

to unity, i.e. Lt = 1. There is no aggregate risk in the model.

Given the production function and the competitive prices and wages, it follows that

rt + δ = αKα−1
t L1−α

t and wt = (1− α)Kα
t L
−α
t . (2.C.5)

There is no aggregate risk in the model. Therefore, in the steady state, aggregate capital

and aggregate labor demand are constant, i.e. Kt = K and Lt = L = 1. This implies

that prices remain constant, so wt = w and rt = r. The main equations that characterize

the firm problem are therefore given by:

Kagg =
r + δ

α

1
α−1

(2.C.6)

wagg = (1− α)(Kagg)α (2.C.7)

Y agg = (Kagg)α (2.C.8)

2.C.2 Stationary recursive competitive equilibrium

The stationary recursive competitive equilibrium definition is given in the Appendix. This

definition implies that value function iteration can be used to solve the household problem,
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on a discretized grid for capital holdings and the income shocks. This is also the solution

method proposed by Aiyagari (1994). The capital grid is discretized using a grid between

0 and an upper bound k̄, where k̄ has to be chosen such that there is no significant mass

of individuals with this k̄ or a larger value of capital in the stationary distribution. The

lower bound of the capital grid is 0, because of the borrowing constraint. If a borrowing

constraint of the form kt+1 ≥ k would have been relevant instead, the capital grid starts

at k.

To solve the general equilibrium, one needs to find prices r and w that equalize ag-

gregate capital supply by the households and capital demand of the firm. Solving the

partial equilibrium household problem results in an implied choice of capital supply by

each household. Summing over all households gives KS, the total capital supply. The

partial equilibrium problem of the firm generates a value for aggregate capital demand,

KD. For the general equilibrium solution, it is necessary to find the interest rate r such

that the capital supply KS of the households and capital demand KD of the firm are

equal. This can be done using the bisection method. ]

I adopt the definition of the stationary recursive competitive equilibrium from Krueger

(2018). M is the set of all probabilities measures on the measurable space M =

(Z,B(Z)), with Z = A × E and B(Z) the Borel σ-algebra of Z. Define transition

function QΦ : E×B(E)→ [0, 1] as the probability that a household with current assets k

and productivity shock ε has assets k′ and productivity shock ε′ next period. Integrating

this transition function over all possible outcomes of capital and productivity shocks in

the current measure Φ, we obtain the measure Φ′ of the next period:

Φ′(A ,E ) = (H(Φ))(A ,Y ) =

∫
QΦ((k, ε), (A ,E ))Φ(dk × dε)

In the stationary recursive competitive equilibrium, this measure Φ becomes stationary;

today’s measure equals tomorrow’s measure.

A stationary recursive competitive equilibrium is a value function v : Z → R,

policy functions for the household k′ : Z → R and c : Z → R, policies for the firm K,

prices r, w and a measure Φ ∈M such that:

1. v, k′, c are measurable with respect to B(Z), v satisfies the household’s Bellman

equation and k′, c are the associated policy functions, given r and w.

2. K satisfies, given r and w, Equations (2.E).
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3.

K =

∫
k′(k, ε)dΦ

L = 1∫
c(k, ε)dΦ +

∫
k′(k, ε)dΦ = Y + (1− δ)K

4. For all (A ,E ) in B(Z),

Φ(A , E ) =

∫
Q((k, ε), (A ,E ))dΦ

where Q is the transition function described above, which is no longer indexed by Φ,

because of the fact that we are now in a stationary equilibrium.

2.D Results and Proofs for the Aiyagari (1994) model

Result 2.2.1. (First-order identification of α and δ) Under assumption (A1)

and 0 < α < 1, r + δ > 0, the structural parameters α (elasticity of capital in the

production function) and δ (depreciation rate) in the Aiyagari (1994) model of Equa-

tions (2.C.1)-(2.C.8) are weakly or not first-order identified for certain parametrizations

of r, δ, and α when using as auxiliary model parameters β̂T = Y obs, wobs, Kobs, Cobs),

β̃(x(θ)) = (Y agg, wagg, Kagg, Cagg).

Proof. First, for this choice of auxiliary model parameters, it holds that the auxiliary

model parameters are globally identified as follows from the assumptions in Section 2.4.1.

Next, we derive the separate elements of the Jacobian of the binding function. Notice the

following relationships between the aggregate variables hold:

Y agg = (Kagg)α

wagg = (1− α)Y agg

Cagg = Y agg − δKagg
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As such, it follows that:

∂Kagg

∂α
= − 1

(α− 1)2α

(
r + δ

α

) 1
α−1
(
α log

(
r + δ

α

)
+ α− 1

)
∂Y agg

∂α
= log(Kagg)(Kagg)α + α(Kagg)α−1∂K

agg

∂α
= log(Kagg)(Kagg)α + (r + δ)

∂Kagg

∂α
∂wagg

∂α
= −(Kagg)α + (1− α)(Kagg)α log(Kagg) + (1− α)(r + δ)

∂Kagg

∂α
∂Cagg

∂α
=
∂Y agg

∂α
− δ∂K

agg

∂α
= r

∂Kagg

∂α
+ log(Kagg)(Kagg)α

∂Kagg

∂δ
=

1

(α− 1)(r + δ)

(
r + δ

α

) 1
α−1

∂Y agg

∂δ
= α(Kagg)α−1∂K

agg

∂δ
= (r + δ)

∂Kagg

∂δ
∂wagg

∂δ
= (1− α)α(Kagg)α−1∂K

agg

∂δ
= (1− α)(r + δ)

∂Kagg

∂δ
∂Cagg

∂δ
=
∂Y agg

∂δ
−Kagg − δ∂K

agg

∂δ
= r

∂Kagg

∂δ
−Kagg

Introducing Q = − r+δ
(α−1)α

(
α log

(
r+δ
α

)
+ α− 1

)
, we can write:

∂Kagg

∂α
= Q

∂Kagg

∂δ
∂Y agg

∂α
= Q

∂Y agg

∂δ
+ (Kagg)α log(Kagg)

∂wagg

∂α
= Q

∂wagg

∂δ
− (Kagg)α + (1− α)(Kagg)α log(Kagg)

∂Cagg

∂α
= Q

∂Cagg

∂δ
+QKagg + log(Kagg)(Kagg)α

Thus, using the means of the variables Y obs, wobs, Kobs or Kobs as auxiliary model pa-

rameters in the indirect inference objective function will imply that α and δ are hard to

jointly first-order identify. One can distinguish the following cases:

1. when using variables Kobs and Y obs:

• when Kagg is close to 1, α and δ are weakly first-order identified;

• When Kagg = 1, we have exact linear dependence and in that case, there is no

first-order identification of α and δ;

2. when using any subset at least two variables of (Y obs, wobs, Kobs, Cobs):

• if (Kagg) is close to zero, α and δ are weakly first-order identified;
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• If (Kagg) = 0, there is no first-order identification of α and δ. This case is

however ruled out by the assumptions, and there would also not be global

identification in that case.

�

Result 2.2.2. (Second-order identification of α and δ) Under assumption (A1),

and 0 < α < 1, r + δ > 0, the structural parameters α (elasticity of capital in the

production function) and δ (depreciation rate) in the Aiyagari (1994) model of Equa-

tions (2.C.1)-(2.C.8) satisfy the conditions of second-order local identification when using

indirect inference and the mean of the aggregate variables Y obs, Kobs, Cobs, wobs as aux-

iliary parameters in the objective function, i.e. β̂T = (Y obs, Kobs, wobs, Cobs), β̃(x(θ)) =

(Y agg, Kagg, wagg, Cagg).

Proof. First, for this choice of the auxiliary model, it holds that the auxiliary model

parameters are globally identified as follows from the assumptions in Section 2.4.1. This

is also the case for any subset of at least two auxiliary model parameters that would

be considered. Furthermore, if first-order identification is already satisfied, second-order

identification will also be satisfied. The interesting case, therefore, is to assess whether, in

the case of (near)-failure of first-order identification, the problem does have second-order

identification. The proof below is therefore given under the assumption of the columns

of the Jacobian being perfect linear combinations. The proof is given for the subset with

aggregate output Y and aggregate capital K, but can similarly be extended to w and or

C.

In the previous proof, I derived the separate elements of the Jacobian of the binding

function. Next, I derive the Hessian of the auxiliary parameters with respect to the

parameters α and δ, assuming the failure of first-order identification and thus assuming

the following relationships:

∂Y agg

∂δ
= (r + δ)

∂Kagg

∂δ
∂Y agg

∂α
= (r + δ)

∂Kagg

∂α

and furthermore, it holds that:

∂Kagg

∂α
= Q

∂Kagg

∂δ
∂Y agg

∂α
= Q

∂Y agg

∂δ
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Again, note that these relationships are only exact if first-order identification fails. If the

parameters are first-order identified, these relationships do not hold exactly, but in that

case, second-order identification is not an issue either. Regarding the hessian, for Kagg:

∂2Kagg

∂α∂α
=

1

(α− 1)4α

(
r + δ

α

) 1
α−1

...(
2α2 log

(
r + δ

α

)
+ α log2

(
r + δ

α

)
− 2 log

(
r + δ

α

)
+ 3α2 − 6α + 3

)
∂2Kagg

∂α∂δ
= − 1

(α− 1)3α(r + δ)

(
r + δ

α

) 1
α−1
(
α log

(
r + δ

α

)
+ α2 − 1

)
∂2Kagg

∂δ∂δ
=

1

(α− 1)2(r + δ)2
(α− 2)

(
r + δ

α

) 1
α−1

∂2Kagg

∂δ∂α
= − 1

(α− 1)3α(r + δ)

(
r + δ

α

) 1
α−1
(
α log

(
r + δ

α

)
+ α2 − 1

)
For Y agg, under the assumptions of the relationships specified above:

∂2Y agg

∂δ∂δ
= (r + δ)

∂2Kagg

∂δ∂δ
+
∂Kagg

∂δ
∂2Y agg

∂δ∂α
= (r + δ)

∂2Kagg

∂δ∂α
∂2Y agg

∂α∂α
= (r + δ)

∂2Kagg

∂α∂α
∂2Y agg

∂α∂δ
= (r + δ)

∂Kagg

∂α∂δ
+
∂Kagg

∂α

The column space of the Jacobian of Kagg and Y agg then follows from the assumped linear

dependence of the Jacobian columns and rows:(
∂Kagg/∂α

∂Y agg/∂α

)
= Q

(
∂Kagg/∂δ

∂Y agg/∂δ

)

with Q = − r+δ
(α−1)α

(
α log

(
r+δ
α

)
+ α− 1

)
, so the column space of the Jacobian is given by

u = z [∂Kagg/∂δ, ∂Y agg/∂δ]′ , x ∈ R.

Furthermore, the relationships between the rows of the Jacobian tell us that the null

space of the transpose of the Jacobian is given by v = p [r + δ, −1]′ , p ∈ R.

Second-order local identification fails if there are values v and u ∈ R, non-zero, such

that

∂[Kagg, Y agg]

∂[δ, α]
(δ0, α0)u+

(
v′

∂2Kagg

∂[δ, α]∂[δ, α]′
v, v′

∂2Y agg

∂[δ, α]∂[δ, α]′
v

)
= 0 (2.D.1)
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Derivations show:

v′
∂2Kagg

∂[δ, α]∂[δ, α]′
v = p2

(
(r + δ)2∂

2Kagg

∂δ∂δ
− 2(r + δ)

∂2Kagg

∂α∂δ
+
∂2Kagg

∂α∂α

)
and

v′
∂2Y agg

∂[δ, α]∂[δ, α]′
v =p2

(
(r + δ)3∂

2Kagg

∂δ∂δ
+ (r + δ)2∂K

agg

∂δ
− (r + δ)

∂Kagg

∂α
− 2(r + δ)2∂

2Kagg

∂α∂δ
...

+(r + δ)2∂
2Kagg

∂α∂α

)
and

∂[Kagg, Y agg]

∂[δ, α]
u =

(
∂Kagg

∂δ
∂Kagg

∂α
∂Y agg

∂δ
∂Y agg

∂α

)
z

(
∂Kagg

∂δ
∂Y agg

∂δ

)

= z

(
∂Kagg

∂δ
∂Kagg

∂α

(r + δ)∂K
agg

∂δ
(r + δ)∂K

agg

∂α

)(
∂Kagg

∂δ

(r + δ)∂K
agg

∂δ

)

= z

( (
∂Kagg

∂δ

)2
+ (r + δ)∂K

agg

∂α
∂Kagg

∂δ

(r + δ)
(
∂Kagg

∂δ

)2
+ (r + δ)2 ∂Kagg

∂α
∂Kagg

∂δ

)

Equation (2.D.1) is satisfied only when

z

((
∂Kagg

∂δ

)2

+ (r + δ)
∂Kagg

∂α

∂Kagg

∂δ

)
+ p2

(
(r + δ)2∂

2Kagg

∂δ∂δ
− 2(r + δ)

∂2Kagg

∂α∂δ
+
∂2Kagg

∂α∂α

)
= 0

and

z

(
(r + δ)

(
∂Kagg

∂δ

)2

+ (r + δ)2∂K
agg

∂α

∂Kagg

∂δ

)
+

p2

(
(r + δ)3∂

2Kagg

∂δ∂δ
+ (r + δ)2∂K

agg

∂δ
− (r + δ)

∂Kagg

∂α
− 2(r + δ)2∂

2Kagg

∂α∂δ
+ (r + δ)2∂

2Kagg

∂α∂α

)
= 0

hold at the same time. From these equations, it can be seen that Equation (2.D.1) is

satisfied only when z and p are equal to zero, i.e. when v = u = 0. This shows that the

parameters α and δ are second-order locally identified, also in the case that first-order

local identification would fail. �

Main Result 2.2.3. (Joint identification of α and δ) The structural parameters

α and δ in the Aiyagari (1994) model as specified above can be jointly (first-order) locally

identified when using the following auxiliary model parameters: β̂T = (wobs/Y obs, Y obs/Kobs)

and β̃(x(θ)) = (wagg/Y agg, Y agg/Kagg).
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Proof. Consistency and identification of the auxiliary model parameters follow from the

assumptions in Section 2.4.1. Next, note that wagg/Y agg = ((1 − α)(Kagg)α)/(Kagg)α =

(1− α). As such,

∂(wagg/Y agg)

∂α
= −1

∂(wagg/Y agg)

∂δ
= 0

Comparing this to Y agg/Kagg = (Kagg)α−1 = r+δ
α

∂(Y agg/Kagg)

∂α
= −(r + δ)/α2

∂(Y agg/Kagg)

∂δ
= 1/α,

the columns of the Jacobian of the auxiliary parameters with respect to the structural

parameters α and δ can be seen to be linearly independent, suggesting α and δ are locally

identified when using wagg/Y agg and Y agg/Kagg in the indirect inference objective func-

tion. �

Result 2.2.4. (Identification of ν) The structural parameter measuring the risk

aversion of the household, denoted by ν in the Aiyagari (1994) model of Equations (2.C.1)-

(2.C.8) cannot be identified when using only aggregate variables yagg = (Y obs, wobs, Kobs, Cobs),

for all choices of the auxiliary model.

Proof. The partial equilibrium problem of the firm implies

Y agg = (Kagg)α and wagg = (1− α)(Kagg)α.

The aggregate capital demand satisfies Kagg = r+δ
α

1
α−1 , found by solving for K in the

competitive pricing equations of the firm. Ignoring the corner-cases of α = 0 and α = 1

which are not of interest for the exposition:

∂Kagg

∂ν
= 0

∂Y agg

∂ν
= α(Kagg)α−1∂K

agg

∂ν
= 0

∂wagg

∂ν
= (1− α)α(Kagg)α−1∂Kagg

∂ν
= 0

Furthermore, adding aggregate consumption Cagg to this analysis does not add any ad-

ditional source of information, because, by the aggregate resource constraint, aggregate
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consumption is directly a function of Kagg and Y agg, so, as a consequence, the column

in the Jacobian corresponding to Cagg will always be a perfect linear combination of the

columns corresponding to Y agg and Kagg.

Note that r is a constant, because the solution method employed solves for β and not

for r. It follows that the parameter ν is not identified because changing ν does not affect

the aggregate variables and therefore also not the binding function. �

2.E Identification in a Representative Agent Model

The goal of this section is to compare the identification results for the heterogeneous

agent model of Aiyagari (1994) as established in the main paper to identification in a

representative agent model that is as similar as possible to the Aiyagari (1994) setting.

The advantage is that these two models have the same structural parameters, but the

model solution and interpretation is very different. The following model is analyzed.

Household There is a representative household that maximizes its expected stream of

utilities. The household derives utility from consumption, labor is supplied inelastically.

The household can save and borrow in capital, subject to a transversality condition and

its budget constraint. The household optimization problem is given by:

max
ct,kt+1

E0

∞∑
t=0

βtU(ct)

s.t.ct + kt+1 = wt + (1 + rt)kt

and subject to the transversality condition limt→∞ β
tE0(uc(ct)kt+1) = 0 Similar as in the

main paper, the functional form u(ct) =
c1−νt

1−ν is adopted.

Production A representative firm uses aggregate labor lt and aggregate capital kt in its

production of consumption goods yt, with a standard Cobb-Douglas production function

given by

yt = ztk
α
t l

1−α
t ,

where zt is an aggregate productivity shock, following the Markov process

log zt+1 = ρ log zt + εt, ρ ∈ [0, 1)
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The representative firm pays competitive wages for labor, and interest rates for capital.

The depreciation rate of capital is given by δ. Aggregate labor endowments are normalized

to unity, i.e. lt = 1.

Given the production function and the competitive prices and wages, it follows that

rt + δ = ztαk
α−1
t l1−αt and wt = zt(1− α)kαt l

−α
t .

Equilibrium A recursive competitive equilibrium is a set of sequences {ct, kt+1, wt, rt}∞t=0

satisfying the households’ first order conditions, the transversality condition, the firms’

first order conditions and the aggregate resource constraint: ztk
α
t l

1−α
t = ct+kt+1−(1−δ)kt,

for a given sequence {zt} generated by log zt+1 = ρ log zt + εt, ρ ∈ [0, 1) and an initial

value k0.

Deterministic steady state Denote the steady state values of a variable x by x̄. In

the deterministic steady state, ε̄ = 0 and all variables are constant. This implies z̄ = 1.

From the Euler equation, one can find:

c̄−ν = βc̄−ν(1 + r̄)⇒ r̄ =
1

β
− 1

From the first order conditions of the firm, it follows that:

k̄ =

[
1− β + δβ

βα

] 1
α−1

and w̄ = (1− α)

[
1− β + δβ

βα

] α
α−1

At last, the budget constraint gives that c̄ = w̄ + k̄
β
.

Log-linearized equilibrium conditions Denote by x̂ the log-linearized value of a

variable x. The log-linearized Euler equation is given by:

νĉt = νEtĉt+1 − (1− β)Etr̂t+1.

The log-linearized budget constraint is given by:

c̄ĉt + k̄k̂t+1 = w̄ŵt + (1 + r̄)k̄k̂t + k̄r̄r̂t.

The log-linearized productivity process follows:

ẑt+1 = ρẑt + εt. (2.E.1)
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The first-order condition on the interest rate becomes:

r̂t =
r̄ + δ

r̄
ẑt + (α− 1)

r̄ + δ

r̄
k̂t.

The wage equation becomes: ŵt = αk̂t + ẑt.

Next, by combining the interest rate equation with the Euler equation and the wage

equation with the log-linearized budget constraint, one can write these equations in matrix

form as: [
β(1− α)(r̄ + δ) ν

k̄ 0

][
k̂t+1

Etĉt+1

]
=

[
0 ν

1
β
k̄ −w̄ − k̄

β

][
k̂t

ĉt

]
+

[
β(r̄ + δ)ρ

k̄α

]
ẑt

Short-run equilibrium The goal is now to obtain time-invariant policy functions

k̂t+1 = h1(k̂t, ẑt) and ĉt = h2(k̂t, ẑt). The linearity of the log-linearized equilibrium condi-

tions allows to conclude that policy functions are also linear and of the form:

k̂t+1 = δkk̂t + δkz ẑt (2.E.2)

ĉt = δckk̂t + δcz ẑt (2.E.3)

One can find, using the log-linearized equilibrium conditions, non-trivial, analytical ex-

pressions for these parameters δk, δkz, δck, δcz, that satisfy the following system of equa-

tions:

k̄δk − k̄
1

β
+ w̄δck + k̄

1

β
δck = 0 (2.E.4)

k̄α − w̄δcz − k̄
1

β
δcz − k̄δkz = 0 (2.E.5)

β(1− α)(r̄ + δ)δk + νδckδk − νδck = 0 (2.E.6)

νδckδkz + νδczρ+ νδcz + β(r̄ + δ)ρ− β(1− α)(r̄ + δ)δkz = 0 (2.E.7)

Solving this set of equations for the parameters, one thus obtains the policy functions.

While the notation below will express everything in δk, δkz, δck and δcz, it should be noted

that these parameters are functions of the structural model parameters.

Measurement equations Next, it is necessary to make assumptions on how the ob-

served data on for example aggregate capital and consumption relate to the variables in

the model. Given that x̂t denotes the log-linearized capital in the model for any variable

x, a good approximate set of measurement equations for capital and consumption is given

Proef PS Janssens_stand.job



2.E Identification in a Representative Agent Model 77

by:

log kobs
t = k̂t + log k̄ (2.E.8)

log cobs
t = ĉt + log c̄ (2.E.9)

Using Equations (2.E.1)-(2.E.7) in combinations with these measurement equations, it is

now possible to derive expressions for the moments of these observed variables and assess

how these vary with the structural parameters. First, it is necessary to make limited

distributional assumptions for εt in Equation (2.E.1), e.g. εt ∼ (0, σ2
ε). Then, it follows

that: ẑt ∼
(

0, σ2
ε

1−ρ2

)
. As implied then by Equations (2.E.2) and (2.E.8),

E(log kobs
t ) = log k̄

V(log kobs
t ) =

1

1− δ2
k

(
δ2
kzV(ẑt) + 2δkδkzCov(k̂t, ẑt)

)
=

σ2
ε

1− ρ2

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
,

because

Cov(ẑt, k̂t) = Cov(ẑt−1ρ+ εt−1, δkz ẑt−1 + δkk̂t−1) = δkzρV(ẑt−1) + ρδkCov(ẑt−1, k̂t−1)

⇒ Cov(ẑt, k̂t) =
δkzρ

1− ρδk
V(ẑt) =

δkzρσ
2
ε

(1− ρ2)(1− ρδk)

Furthermore, the autocovariance of log kobs
t is given by:

Cov(log kobs
t+1, log kobs

t ) = Cov(k̂t+1, k̂t) = Cov(δkk̂t + δkz ẑt, k̂t)

= δkV(k̂t) + δkzCov(ẑt, k̂t)

The autocorrelation of log kobs
t then follows:

Corr(log kobs
t+1, log kobs

t ) =
Cov(k̂t+1, k̂t)

V(k̂t)
= δk + δkz

Cov(zt, k̂t)

V(k̂t)

= δk +
δ2
kzρ

1− ρδk
V(ẑt)

V(k̂t)
= δk + ρ

(1− δ2
k)

(1 + ρδk)
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Similarly, log cobs
t will have the following first and second moments:

E(log cobs
t ) = log c̄

V(log cobs
t ) = δ2

ckV(k̂t) + δ2
czV(ẑt) + 2δckδczCov(ẑt, k̂t)

Cov(log cobs
t , log kobs

t ) = δckV(k̂t) + δczCov(ẑt, k̂t)

Furthermore, the autocovariance of log cobs
t is given by:

Cov(log cobs
t+1, log cobs

t ) = Cov(ĉt+1, ĉt) = Cov(δckk̂t+1 + δcz ẑt+1, δckk̂t + δcz ẑt)

= δ2
ckCov(k̂t+1, k̂t) + δckδczCov(k̂t+1, ẑt) + δczδckCov(ẑt+1, k̂t) + δ2

czCov(ẑt+1, ẑt)

where Cov(k̂t+1, k̂t) is given above and:

Cov(ẑt+1, ẑt) = ρV(ẑt)

Cov(k̂t+1, ẑt) = δkCov(ẑt, k̂t) + δkzV(ẑt)

Cov(ẑt+1, k̂t) = ρ Cov(ẑt, k̂t)

The set of measurement equations (2.E.8)-(2.E.9) can also be extended by measurement

equations for other variables, such as for the interest rates, output data, or wage rates.

Because the model solutions of these variables are all linear functions of ẑt, ĉt and k̂t, the

additional information contained in these variables is limited. However, adding a mea-

surement equation for log rt can greatly simplify the identification of β. For completeness,

the measurement equations for all model variables are included:

log robs
t = r̂t + log r̄ (2.E.10)

logwobs
t = ŵt + log w̄ (2.E.11)

log yobs
t = ŷt + log ȳ (2.E.12)

Identification from the mean First, we analyze identification of the structural model

parameters from the mean of the observed variables (log cobs
t , log kobs

t , log robs
t , logwobs

t

and/or log yobs
t ). First, the expected values of these variables are not a function of ν,

because ν does not appear in the steady state values of the model. Therefore, preference

parameter ν cannot be identified from the mean of the observed variables. The same holds

for the parameters σε, and ρ. Thus, the question is whether we can identify parameters

α, β and δ from log c̄, log r̄, log k̄, log w̄ and/or log ȳ. Note that global identification is

guaranteed, in the sense that for a given level of c̄, r̄ and k̄, it is possible to solve for the

values of δ, β and α.
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The interest is therefore in first-order identification and the consequences the potential

lack of first-order identification might have for the asymptotic properties of the estimators

derived from these data. Note that I can directly take first-order derivatives to x̄ instead

of log x̄, because that will not affect the specific properties of the gradient we’re interested

in here. First order derivatives of r̄, w̄, c̄, ȳ and k̄ are given by:

∂r̄

∂δ
= 0

∂k̄

∂δ
= k̄

β

(1− β + δβ)(α− 1)

∂w̄

∂δ
= (1− α)αk̄α−1∂k̄

∂δ
∂ȳ

∂δ
= αk̄α−1∂k̄

∂δ
∂c̄

∂δ
=
∂w̄

∂δ
+

1

β

∂k̄

∂δ
∂r̄

∂β
= − 1

β2

∂k̄

∂β
= −k̄ 1

(α− 1)β(1− β + βδ)

∂w̄

∂β
= (1− α)αk̄α−1 ∂k̄

∂β

∂ȳ

∂β
= αk̄α−1 ∂k̄

∂β

∂c̄

∂β
=
∂w̄

∂β
− 1

β2
k̄ +

1

β

∂k̄

∂β
∂r̄

∂α
= 0

∂k̄

∂α
= k̄

1

(α− 1)

(
− 1

α
− log k̄

)
∂w̄

∂α
= −k̄α + (1− α) log

(
k̄
)
k̄α + (1− α)αk̄α−1 ∂k̄

∂α
∂ȳ

∂α
= log

(
k̄
)
k̄α + αk̄α−1 ∂k̄

∂α
∂c̄

∂α
=
∂w̄

∂α
+

1

β

∂k̄

∂α

From this gradient matrix, a few conclusions can be drawn. First, if one only observes

capital, output, and wage data, it is not possible to jointly first-order locally identify δ

and β from the mean: the columns corresponding to these two parameters are exactly

linearly dependent. When also observing aggregate consumption data, the columns are
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almost linearly dependent, except for the term − 1
β2 k̄. Thus, adding consumption data

might aid identification, but if this term − 1
β2 k̄ is relatively small compared to the other

terms in the gradient, identification might still be weak. If one observes interest rates

log robs
t in combination with any of the other variables, for a given value of α, β and δ can

be jointly first-order identified.

The second main observation is that parameters α and δ can suffer from weak first-

order joint local identification: the columns corresponding to δ and α are close to linearly

dependent: ignoring the term −k̄α, it holds that when using wages and output, the

row corresponding to mean wages is (1 − α) multiplied by the row of mean output.

Furthermore, ignoring the terms −kα + (1 − α)k̄α log k̄, the row of mean wages is (1 −
α)αk̄α−1 multiplied by the row of mean capital, while the row of consumption is again a

linear combination of the row of mean capital and the row of mean wages; all suggesting

close dependencies between all variables and parameters. When observing interest rates

and only one other variable in the set of observables, there is also no global identification,

because mean interest rates are not informative about δ and α.

Thus, overall, joint first-order identification of α and β, and δ can be problematic,

depending on the exact choice of variables. The identification issues of β can be solved by

including a time series of interest rates. For joint identification of α and δ, an alternative

trick can be used. We consider the differences of two sets of variables: logwobs
t − log yobs

t

and log yobs
t − log kobs

t . As implied by the measurement equations:

logwobs
t − log yobs

t = log w̄/ȳ + ŵt − ŷt
log yobs

t − log kobs
t = log ȳ/k̄ + ŷt − ŵt

It follows that:

E(logwobs
t − log yobs

t ) = log(1− α)

E(log yobs
t − log kobs

t ) = log

(
1− β + δβ

βα

)
Because log(1− α) does not depend on δ, by construction it will follow that the gradient

of these two moments with respect to α and δ will have linearly independent columns.

Identification from higher-order moments As established before, the mean of the

variables cannot identify the following parameters at all: ν, σε and ρ. For this purpose,

one needs higher-order moments, such as the variance and covariance of the observed

variables. As can be seen from the derivations above, these moments depend on σ2
ε , and

ρ directly, as well as on δkz, δck, δk and δcz. From Equations (2.E.4)-(2.E.7), it can be
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seen that these are functions of the underlying structural parameters, including ν, but

it is not a function of σε, which is due to the nature of the solution method: first-order

perturbations do not depend on the variance of the shocks in the model.

In the derivations below, the gradient for three moments will be presented: V(log kobs
t ),

V(log cobs
t ) and Cov(log cobs

t , log kobs
t ). As will follow, these three moments are sufficient

to first-order locally identify ν, σε and ρ, but other moments could have been considered

as well, such as e.g. the autocorrelation or autocovariance. The linear independence of

the gradient columns is caused by the following; the moments under considerations are

functions of V(ẑt), the structural parameter ρ, and δkz, δck, δk and δcz. It holds that
∂V(ẑt)
∂σε
6= 0, ∂V(ẑt)

∂ρ
6= 0 and ∂V(ẑt)

∂ν
= 0. Furthermore, ∂δ·

∂σε
= 0, while ∂δ·

∂ρ
6= 0 and ∂δ·

∂ν
6= 0. As

such, the columns of the gradient are composed of different elements and consequently

will be linearly independent.

∂V(log kobs
t ))

∂σε
=
∂V(k̂t)

∂σε

=
∂V(ẑt)

∂σε

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
+ V (ẑt)

∂
(

δ2kz
1−δ2k

(
1 + 2δkρ

1−ρδk

))
∂σε

=
2σε

1− ρ2

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
∂V(log cobs

t )

∂σε
= δ2

ck

∂V(k̂t)

∂σε
+
∂V(ẑt)

∂σε

(
δ2
cz +

2δckδczδkzρ

1− ρδk

)
= δ2

ck

∂V(k̂t)

∂σε
+

2σε
1− ρ2

(
δ2
cz +

2δckδczδkzρ

1− ρδk

)
∂Cov(log cobs

t , log kobs
t )

∂σε
= δck

∂V(k̂t)

∂σε
+

2σε
1− ρ2

δczδkzρ

1− ρδk
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∂V(log kobs
t ))

∂ν
=
∂V(ẑt)

∂ν

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
+ V(ẑt)

∂
(

δ2kz
1−δ2k

(
1 + 2δkρ

1−ρδk

))
∂ν

=
σ2
ε

1− ρ2

((
−

2δ2
kz(δ

3
kρ

2 + δ2
kρ− δk − ρ)

(1− δ2
k)

2(δkρ− 1)2

)
∂δk
∂ν

+

(
2δkz(δkρ+ 1)

(δ2
k − 1)(δkρ− 1)

)
∂δkz
∂ν

)
∂V(log cobs

t )

∂ν
= 2δck

∂δck
∂ν

V(k̂t) + δ2
ck

∂V(k̂t)

∂ν
+

(
∂δcz
∂ν

(
2δcz +

2δckδkzρ

1− ρδk

)
+ ...

+
∂δck
∂ν

(
2δczδkzρ

1− ρδk

)
+
∂δkz
∂ν

(
2δczδckρ

1− ρδk

)
+
∂δk
∂ν

(
2δczδckδkzρ

2

(1− ρδk)2

))
V(ẑt)

∂Cov(log cobs
t , log kobs

t )

∂ν
=
∂δck
∂ν

V(k̂t) + δck
∂V(k̂t)

∂ν
+ ...

+

(
δkzρ

1− ρδk
∂δcz
∂ν

+
δczρ

1− ρδk
∂δkz
∂ν

+
δczδkzρ

2

(1− ρδk)2

∂δk
∂ν

)
V(ẑt)

∂V(log kobs
t )

∂ρ
=
∂V(ẑt)

∂ρ

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
+ V (ẑt)

∂
(

δ2kz
1−δ2k

(
1 + 2δkρ

1−ρδk

))
∂ρ

=
2σ2

ερ

(1− ρ2)2

δ2
kz

1− δ2
k

(
1 +

2δkρ

1− ρδk

)
+ ...

+
σ2
ε

1− ρ2

(
−2δkδ

2
kz

(δ2
k − 1)(1− δkρ)2

+

(
2δkz(δkρ+ 1)

(δ2
k − 1)(δkρ− 1)

)
∂δkz
∂ρ

+ ...

+

(
−

2δ2
kz(δ

3
kρ

2 + δ2
kρ− δk − ρ)

(1− δ2
k)

2(δkρ− 1)2

)
∂δk
∂ρ

)
∂V(log cobs

t )

∂ρ
= 2δck

∂δck
∂ρ

V(k̂t) + δ2
ck

∂V(k̂t)

∂ρ
+

(
δ2
cz +

2δckδczδkzρ

1− ρδk

)
2σ2

ερ

(1− ρ2)2
+ ...

+

((
2δcz +

2δckδkzρ

1− ρδk

)
∂δcz
∂ρ

+

(
2δczδkzρ

1− ρδk

)
∂δck
∂ρ

+ ...

+

(
2δckδczρ

1− ρδk

)
∂δkz
∂ρ

+

(
2δckδczδkzρ

2

(1− δkρ)2

)
∂δk
∂ρ

+

(
2δckδczδkz
(1− δkρ)2

))
V(ẑt)

∂Cov(log kobs
t , log cobs

t )

∂ρ
=
∂δck
∂ρ

V(k̂t) + δck
∂V(k̂t)

∂ρ
+
δczδkzρ

1− ρδk
2σ2

ερ

(1− ρ2)2
+ ...

+

(
δkzρ

1− ρδk
∂δcz
∂ρ

+
δczρ

1− ρδk
∂δkz
∂ρ

+
δczδkzρ

2

(1− ρδk)2

∂δk
∂ρ

+
δczδkz

(1− ρδk)2

)
V(ẑt)
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Chapter 3

Heterogeneous Earnings Risk in

Incomplete Markets
1

Abstract

This chapter provides a novel characterization of time-varying heterogeneous earnings risk
through a Markov process with heterogeneous transition probabilities. The resulting earnings
process allows for a richer notion of earnings risk heterogeneity than previously studied by the
literature. Assumptions are derived under which a combination of savings and earnings data
can be used to identify the earnings process parameters. Alternatively, a narrow interpretation
of earnings risk can be adopted, limiting risk heterogeneity to heterogeneous variances of earn-
ings shocks, such that the earnings process is identifiable from earnings data only. This gives
rise to two identification strategies. Applying both strategies to the Survey of Income and
Program Participation dataset shows that individuals face considerable inequality of earnings
risk. High-risk states are found to be temporary, while low-risk states are persistent. Com-
paring both strategies shows that only allowing for variance heterogeneity is too restrictive,
and a rich notion of risk is required to capture the joint dynamics of individuals’ savings and
earnings.

1This research is funded through the NWO Research Talent Grant with project number 406.18.514. I
thank Frank Kleibergen and Christian Stoltenberg for their valuable discussions and comments, and Robin
Lumsdaine for her feedback and questions. I am grateful for the feedback and questions of participants
at various seminars and conferences, in particular, Dirk Krueger, Mikkel Plagborg-Møller and Sophocles
Mavroeidis at the IAAE (International Association for Applied Econometrics) 2021 conference, the CEF
(Computing in Economics and Finance) 2021 conference, the ESEM (European Summer meeting of the
Econometric Society) 2021, the UvA Econometrics brown bag seminar and PhD lunch seminar, as well
as the brown bag macro seminar at University of Pennsylvania.
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86 Heterogeneous Earnings Risk in Incomplete Markets

3.1 Introduction

Earnings risk affects the consumption and saving choices individuals make. As such,

improving our understanding of earnings risk can help explain wealth and consumption

inequality, and the response of individuals to tax or insurance policies. This chapter asks

whether and to what extent individuals are heterogeneous with respect to their earnings

risk, and how this risk changes over time. In answering this question, earnings risk is

not limited to a selected number of moments. Rather, individuals are heterogeneous with

respect to the entire probability distribution of earnings shocks. To achieve this, this

chapter proposes an earnings process where individuals can transition between discrete

earnings levels through a Markov process with heterogeneous transition probabilities.

Given the discrete nature of its state space, the proposed earnings process can readily be

incorporated into a general equilibrium heterogeneous agent model with incomplete asset

markets, such that the welfare and distributional effects of earnings risk heterogeneity

can be evaluated. The chapter derives two identification strategies and estimates the

parameters of the earnings process through indirect inference, using the Survey of Income

and Program Participation (SIPP), a panel data set for earnings and savings of individuals

in the United States.2

The earnings process proposed in this chapter is not identifiable from a panel of just

earnings data. Therefore, the chapter explores two identification strategies: (i) using ad-

ditional information, and (ii) restricting the earnings process. The first strategy exploits

the information contained in the savings decisions of individuals. A savings panel can aid

identification because individuals facing different earnings processes also make different

saving decisions. I use this idea to non-parametrically assign labels to individuals. These

labels reflect individuals’ earnings and savings levels relative to individuals with similar

observables and previous period’s savings levels. Conditional on these observables, indi-

viduals with relatively low savings likely face a different earnings risk than individuals

with relatively high savings, and, as such, this procedure groups individuals with similar

earnings risk together. Next, an auxiliary transition matrix is constructed describing the

transitions of individuals between these assigned states over time. I derive conditions un-

der which this non-parametric labelling procedure correctly assigns individuals into the

same risk states. These conditions relate to the way earnings risk affects saving decisions,

and bear some similarity to the assumptions on instrumental variables in treatment effect

estimation.3 If these conditions are satisfied, the auxiliary transition matrix is already a

consistent estimator of the transition probability matrix characterizing the earnings pro-

2Indirect inference is a simulation-based estimated method by Smith, Jr. (1993) and Gourieroux et al.
(1993).

3As first derived in Imbens and Angrist (1994).
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3.1 Introduction 87

cess of interest. For better finite-sample properties and less reliance on these conditions,

indirect inference is used to find the earnings process that matches the joint dynamics in

savings and earnings summarized in this auxiliary transition matrix as closely as possible.

The second identification strategy shows how the earnings process parameters can be

identified using only earnings data when the earnings process is restricted. The restric-

tion this chapter considers is to assume that individuals are heterogeneous with respect to

the variance of the probability distribution from which earnings shocks are drawn, rather

than assuming heterogeneity with respect to the entire probability distribution. Individ-

uals then transition between different discrete earnings and variance levels, and I assume

these transitions are governed by a (state-space) discretized generalized autoregressive

conditional heteroskedasticity (GARCH) process.4 To achieve this, this chapter proposes

an improved method to discretize ARCH-type processes as a Markov chain with a dis-

crete state space, adapted from Duan and Simonato (2001).5 Through the restrictions

implied by an ARCH-type process, identification is aided, because only the parameters

of this restricted process have to be estimated, rather than all transition probabilities

of the Markov process. Similar to the first approach, I estimate the parameters of the

earnings process using indirect inference, but, instead of matching the joint dynamics in

savings and earnings using the unrestricted earnings process, I only match the dynamics

in earnings, using a discretized AR(1)-GARCH(1,1) model.

To get a sense of the restrictiveness of only allowing for heterogeneous variances, rather

than unrestricted heterogeneous transition probabilities, the estimates resulting from the

two identification strategies (i) and (ii) are compared. I also consider a combination of

both identification strategies, where the GARCH-restrictions are imposed on the estimates

obtained from the first identification strategy.

In addition to the theoretical contributions described above, this chapter shows five

main empirical results. The first result relates to the patterns in saving behavior uncovered

by the non-parametric analysis of the SIPP data. I find large dispersion in savings levels of

individuals, even after controlling for last period’s savings levels and a large set of control

variables. Furthermore, the incidence of transitions between low- and high-savings states

implied by the auxiliary transition matrix of the first identification strategy reveals a

strong reversion in saving behavior towards low-savings states. To explain these empirical

patterns in saving behavior, a source of time-varying unobservable heterogeneity is needed.

4Introduced by Engle (1982) and generalized by Bollerslev (1986).
5The method of Duan and Simonato (2001) is applied in an option-pricing setting, and their method

generates highly sparse transition matrices. I propose an adaption to their method, such that the resulting
Markov process is more likely to be stable, and as such compatible with general equilibrium models
requiring a stable Markov process. I furthermore introduce an extension that can accommodate transitory
earnings shocks.
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This motivates the earnings process considered in this chapter, modeling time-varying

heterogeneous earnings risk.

Second, the earnings process parameter estimates from both identification strategies

reveal how individuals face not only large heterogeneity in earnings levels, but also in

earnings risk. The estimates indicate the existence of low and high-risk states, and these

states are, among others, distinguishable by their large differences in job-loss probabilities.

Individuals in high-risk states are four to ten times more likely to become unemployed

next year than individuals in low-risk states.

Third, the estimates from both identification strategies indicate that there is a dif-

ference in the dynamics of high- and low-risk states. High-risk states are unstable; in

the absence of (large) shocks to their earnings level, individuals are likely to move to a

low-risk state next period. In contrast, low-risk states are persistent. This strong re-

version towards low-risk states can explain the patterns in saving behavior found in the

non-parametric analysis described under the first main result.

The fourth main result relates to the restrictiveness of this discretized GARCH process

used in the second identification strategy. Limiting the notion of earnings risk to a time-

varying variance by imposing the restrictions of a discretized GARCH process is highly

restrictive. This can, for example, be seen by enforcing the restrictions of the second

identification strategy on the estimates of the first identification strategy. Doing so leads to

a deterioration in the indirect inference objective function of 200%. This underscores the

necessity of a rich notion of risk heterogeneity, as proposed by this chapter. Interestingly,

I find that the GARCH-process estimates are different from what is typically observed

in data on financial returns, a common application for GARCH models. While GARCH

models for the volatility of financial returns tend to find a low sensitivity to shocks and

high persistence of the variance component in order to capture the long periods of high

volatility in financial data, the (discretized) GARCH model for earnings risk implies strong

mean reversion (low persistence) and a high sensitivity to shocks, in order to match the

strong reversion towards the low risk states.6

Finally, heterogeneous earnings risk has implications for the estimated general equi-

librium model. A model with earnings risk heterogeneity generates a savings distribution

with a larger variance, and attributes a higher probability to the right tail of the distri-

bution than a model without earnings risk heterogeneity. The welfare gain of eradicating

earnings risk heterogeneity, computed by comparing the consumption increase needed to

6Common parametrizations of GARCH models are discussed in, for example, Zivot (2009).
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make individuals, before they know their risk types, indifferent between an economy with

and without earnings risk heterogeneity, equals 0.51%.7

In the next subsection, I discuss the literature this chapter relates and contributes to.

In Section 2, I present the data and the non-parametric analysis that provides evidence for

the presence of heterogeneous time-varying earnings risk. Section 3 describes the general

equilibrium model, the earnings process with heterogeneous earnings risk, and its rela-

tionship to ARCH-type processes and other earnings processes proposed in the literature.

Section 4 derives results on the identification strategies of this chapter. Section 5 de-

scribes the econometric approach used by this chapter, followed by the results in Section

6. Section 6 also analyzes the general equilibrium effects of heterogeneous earnings risk.

Section 7 concludes.

Related literature The proposed earnings process can subsume the properties of multi-

ple earnings processes previously considered in the literature, but is more general. This in-

cludes earnings processes with heterogeneous variances as in Meghir and Pistaferri (2004),

Jensen and Shore (2011), Botosaru and Sasaki (2018), Botosaru (2020), and Almuzara

(2021), heterogeneous job-loss and job-finding probabilities (Guvenen et al., 2021; Mueller

et al., 2021), heterogeneous persistence (Arellano et al., 2017; Guvenen et al., 2021), as

well as skewness and other non-normalities, as in Busch et al. (2021) and Guvenen et al.

(2021). The process also relates to models of heterogeneous earnings expectations (as in,

e.g., Stoltenberg and Singh (2020)), where it is assumed individuals have heterogeneous

information about the same earnings process; in contrast, I assume the processes itself

are heterogeneous.

Most closely related within this literature are the papers by Guvenen et al. (2021)

and Arellano et al. (2017). Guvenen et al. (2021) model earnings dynamics over the life-

cycle using a persistent-transitory model with mixtures of normals and state-dependent

employment risk. My results confirm the importance of heterogeneity in persistence and

heterogeneous job-loss probabilities highlighted in their paper. Arellano et al. (2017) also

focuses on heterogeneous persistence of earnings shocks. There are several important dif-

ferences between their approaches and mine, one being the continuous state space of their

earnings processes. Guvenen et al. (2021) suggest using existing discretization methods

such as by Tauchen (1986) to discretize the state-space, albeit with an irregular and large

grid. Yet, it is unclear whether this discretized earnings process can fully accommodate

heterogeneous persistence and heterogeneous job-loss probabilities. In addition, the large

number of grid points required to do so increases the computational burden of solving

7To put this into context, the welfare gains from eliminating earnings risk heterogeneity are similar in
size to, for example, the average welfare effects of eliminating business cycles (Krusell et al., 2009) and
the welfare effect of the increase in income inequality seen during the period of 1972-2000 (Krueger and
Perri, 2004).
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the macro model that would use this earnings process. The discrete Markov chain with

heterogeneous transition probabilities can accommodate heterogeneous persistence and

heterogeneous job-loss probabilities even with a small number of grid points.

In contrast to the approaches of both Guvenen et al. (2021) and Arellano et al. (2017),

my earnings process can accommodate dynamics in heterogeneity; the heterogeneity they

consider is assumed to be independent and identically distributed (i.i.d.), while I also

model how individuals transition between different levels of risk over time. Furthermore,

my proposed identification strategy also exploit the information that savings decisions

contain on the earnings processes individuals face, while these papers only use earnings

data to estimate their earnings process.

In fact, the majority of papers studying earnings processes are descriptive and aim

to estimate properties of earnings processes using earnings data only. There are a few

papers that do look at income data and savings (or consumption) panel data jointly.

These include, e.g., Guvenen and Smith (2014), and Alan et al. (2018), but there are

important differences to my approach. The process considered by Guvenen and Smith

(2014) restricts how individuals move from one expectation on future earnings to another

by assuming individuals update their expectations through Bayesian learning, while my

process does not restrict how individuals form expectations. Alan et al. (2018) estimate

a flexible earnings process, but, in contrast to what I do in this chapter, do not consider

time-varying sources of unobserved heterogeneity. Furthermore, both papers consider a

partial equilibrium setting, while I consider a general equilibrium.

The improved discretization method this chapter proposes for GARCH-type processes

contributes to the literature on the discretization of continuous-state-space stochastic

processes, with earlier contributions of Tauchen (1986) and Rouwenhorst (1995) for the

discretization of AR(1) processes. Recently, De Nardi et al. (2020) proposed a simulation-

based discretization method for the specific earnings process of Arellano et al. (2017). My

proposed earnings process is also in line with papers that aim to directly estimate a

discrete process, rather than discretizing a continuous process, such as, e.g., Castaneda

et al. (2003), and Druedahl and Munk-Nielsen (2020). Both, however, do not consider

unobservable heterogeneity.

The identification results I derive for the proposed earnings process relate to the dis-

cussion on the identification of latent-variable models such as Hidden Markov Models,

see, e.g., Bonhomme et al. (2016, 2017). An important distinction between the latent-

variable models they consider and the earnings process proposed in this chapter is that

I assume that earnings levels follow a first-order Markov process, even when condition-

ing on the latent variable, while Hidden Markov Models assume that conditional on the

latent variable, the observed variable is no longer first-order Markov. My proposed pro-
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cess can generate richer dynamics, but it complicates identification, and requires a novel

identification strategy, which I provide in this chapter.

3.2 Data and Non-Parametric Analysis

This section presents the data, and a non-parametric analysis of the Survey of Income and

Program Participation (SIPP) dataset. In this analysis, I first demonstrate that there is

a large role for unobserved heterogeneity in explaining saving choices. Next, I show that

part of this unobserved heterogeneity must be time-varying. I do this by constructing an

auxiliary transition matrix, describing the dynamics of individuals’ earnings and savings

levels. The earnings process proposed and estimated by this chapter aims to match the

dynamics found by this non-parametric analysis.

The SIPP data is discussed in the next subsection, followed by the non-parametric

analysis. In the last subsection, some additional data sources are described that are used

to estimate the general equilibrium model presented in Section 3 of this chapter.

3.2.1 Survey of Income and Program Participation

The panel data used in this chapter is the SIPP dataset of the United States Census

Bureau. This survey follows individuals and households for a selected number of years

through a number of interviews over this period. This chapter uses the 2014 wave, con-

taining four annual interviews and ending in 2017.

Variables of interest The main variables of interest are person-level measures for

employment status, earnings, and net worth. The earnings variable is defined as the sum

of monthly earnings over all jobs held.8 Net worth is the sum of the values of all assets

minus the sum of the liabilities for a person.9

The analysis also relies on a set of control variables, including data on age, family

composition, gender, education, region of residence, having health insurance, ethnicity,

living in a metropolitan area and whether the individual owns or rents a house. For

more details on the SIPP dataset and the exact variables and transformations used, see

Appendix Section 3.A.10 This appendix section also provides several summary statistics,

see Table 3.A1.

8With a maximum of seven different jobs in a specific month.
9Assets include retirement accounts, interest-earning assets, other income-generating assets such as

stocks, mutual funds or rental properties, and other assets such regular checking accounts, primary resi-
dence, other real estates, vehicles, collectibles, other loans owned to the individual, and owned businesses.
Liabilities include debts secured by assets such as mortgage debts, vehicle debt, debts on businesses,
owned, as well as unsecured debts such as credit card debt, student loans and other debts.

10For a complete description, consider the SIPP manual, available at https://www2.census.gov/

programs-surveys/sipp/tech-documentation/methodology/2014-SIPP-Panel-Users-Guide.pdf.
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Frequency Although the SIPP asks its respondents to report their earnings at a monthly

frequency, these data suffer from seam bias, having little variation in earnings reported

during one interview, and large changes between measurements across different interviews

(Moore, 2008). Furthermore, individuals report their net worth at a yearly frequency, at

the value of the last day of the preceding year. Therefore, I aggregate the data to a

yearly frequency. For earnings, the average earnings over each year are used.11 For the

unemployment status, an individual is labeled as unemployed in one year if she was with-

out any job at least six months of that year. This is a relatively strict interpretation of

unemployment and ignores short unemployment spells.

Sample selection criteria Self-employed individuals are omitted, because they tend

to have very different dynamics in savings and earnings (Elkhishin et al., 2019). I also

omit individuals outside of the labor force due to child birth, disease, disability, retire-

ment, study, or other reasons not to work other than not being able to find a job. Only

individuals aged between 18 and 67 are considered.

3.2.2 Non-parametric analysis of the dispersion in saving deci-

sions

Incomplete-markets models with unobserved heterogeneity differ from models without un-

observed heterogeneity, such as, for example, the heterogeneous agent models of Aiyagari

(1994) or Krusell and Smith (1997) that model uninsurable income shocks, because these

models make different predictions on the saving behavior of individuals. In a model with

only income heterogeneity (or any other observed heterogeneity), individuals that are

homogeneous with respect to the current period’s earnings and savings levels will make

the same savings choice next period. In a model with unobserved heterogeneity, individ-

uals with similar earnings and savings levels that differ with respect to this unobserved

heterogeneity make different saving choices. For example, in the case of earnings risk

heterogeneity, conditional on the current earnings and savings levels, individuals with a

low probability of becoming unemployed will – for typical model parametrizations – save

less compared to individuals with higher job loss probabilities, as the latter will want to

maintain a larger buffer for potentially harder times to come.

11Note that for the analysis below, what is important are the earnings levels relative to other individuals,
rather than the absolute values.
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Figure 3.1: k-means analysis with 20 clusters applied to the (standardized and log(1 + x)-
transformed) person-level average monthly earnings over 2014 and net worth on Dec-31-2013.
The left panel depicts a scatter plot of net worth on Dec-31-2013 (time t) and average monthly
earnings in 2014, the right panel uses net worth on Dec-31-2014 (time t + 1). Clusters a and
b represent two isolated clusters also depicted in Figures 3.1a-3.1b. Cluster a is cluster 14 in
Figure 3.2, cluster b is cluster 18.
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(c) Cluster a, net worth at time t
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94 Heterogeneous Earnings Risk in Incomplete Markets

A non-parametric analysis of the data can empirically motivate the need to incorporate

unobserved heterogeneity when explaining saving decisions. For this purpose, I divide all

employed individuals in the sample into 20 groups using k-means – a clustering algorithm

– based on two variables: their net worth level on December 31st, 2013 and their earnings

over 2014. Consequently, each group (cluster) contains individuals that are similar with

respect to these two variables. Under the assumption that there is no additional source

of heterogeneity, these individuals should have similar net worth levels on December 31st,

2014. The overall level of net worth within these groups can shift up or down, but the

dispersion should remain similar to the dispersion of net worth on December 31st, 2013.

Figure 3.1a visualizes the 20 clusters identified by the k-means algorithm in a scatter

plot, with the net worth levels on December 31st, 2013 on the y-axis and earnings over

2014 on the x-axis. Next, Figure 3.1b visualizes these same clusters, but instead of using

the net worth at December 31st, 2013, it plots the net worth at December 31st, 2014 on

the y-axis.

Figures 3.1c-3.1f focus on two specific clusters and display the large increase in disper-

sion within these groups going from the end of 2013 to the end of 2014. Figure 3.1 shows

how individuals with similar saving levels at the end of 2013 and earnings over 2014 do

not have similar saving levels for next period. This is confirmed by Figure 3.2; this figure

displays the variance of the net worth on December 31st, 2013 and December 31st, 2014,

respectively, for the individuals in all 20 clusters and shows that the variance increases

are typically large.

Figure 3.2: Variance of the log(1+net worth) between individuals in each of the 20 k-mean
clusters (labeled on the x-axis) of Figure 3.1 in Dec-31-2013 (blue) and Dec-31-2014 (red).

Evidently, various factors can lead to this large increase in the dispersion of net worth

levels depicted in Figure 3.1, such as differences in age, gender, or education level, but

also whether people own a house and are hit by a local housing market shock. For that
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reason, the analysis that generated Figure 3.2 is repeated, but now accounting for all

control variables described in Data section 3.2.1. If, after controlling for this wide set of

observable characteristics, the dispersion in next period’s net worth growth is still large, it

suggests that the large differences in net worth are not only due to observable differences

between individuals, and that unobserved heterogeneity plays a potentially important role

in explaining this dispersion.

To control for these observable characteristics, I use the approach of Bonhomme et al.

(2021) to account for individual observable heterogeneity by applying k-means to a large

set of control variables. Specifically, I apply k-means clustering to the set of control

variables to construct groups of individuals that are similar with respect to a set of

observables. I refer to the resulting groups of similar individuals as measured through their

observable characteristics as a “control cluster” below. The advantage of this approach,

compared to the often-used approach where the variables of interest (income and savings)

are first regressed on the control variables, is that no functional form has to be imposed

between the variables of interest and the control variables. Instead, the analysis groups

similar individuals together and any subsequent analysis is performed separately for each

subgroup.

I use this method to construct 30 control clusters, and, after that, I create 20 sub-

clusters for each control cluster, again based on earnings over 2014 and net worth on

December 31th, 2013. These subclusters thus group individuals together that have similar

control variables, as well as similar (2014) earnings and (end of 2013) savings levels. Next,

Figure 3.3 shows the variances of the net worth at December 31th, 2013 versus December

31th, 2014 for all 20 subclusters of two of these control clusters. As can be seen, even

when controlling for potentially important determinants of heterogeneity in next period’s

savings, dispersion in next period’s savings is large within the different clusters, suggesting

an important role for unobserved heterogeneity in explaining individuals’ saving choices.

The figure description shows that the control clusters are quite specific, implying that the

control clusters take care of most of the observed heterogeneity in the sample.

3.2.3 Non-parametric transitions in earnings and savings

Next, a second non-parametric approach is used, to demonstrate that the unobserved

heterogeneity driving similar individuals to make different saving choices has a time-

varying component. This is done by characterizing the transitions of individuals between

groups of high and low savings – relative to individuals with similar controls, earnings

and previous period’s savings – and high and low earnings levels – relative to individuals

with similar controls.
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96 Heterogeneous Earnings Risk in Incomplete Markets

Figure 3.3: Variance of the log(1+net worth) between individuals in each of the 20 k-means
clusters (labeled on the x-axis) on Dec-31-2013 (blue) and Dec-31-2014 (red), for two different
control clusters (see note below for details).
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The individuals in control cluster a are all male, on average 54 years old, all have a college degree, 85%

identify themselves as white, 98% are non-renter and 77% live in the South or South East of the US,

60% live in a Metropolitan area, and 80% have health insurance. Only 4% still take care of a kid younger

than 18. On the other hand, individuals in control cluster b are all females, on average 26 years old, 57%

have a college degree or less, 82% identify themselves as white, 99% live in the South, 84% have health

insurance, 54% live in a Metropolitan area, 89% are non-renter and 78% have kids of 18 or younger to

look after.

Note that these are different clusters than in Figures 3.1-3.2, because the methodology for Figure 3.3

requires constructing control clusters first, after which the methodology used for Figure 3.2 is applied to

each control cluster separately.

In formal notation, denote by Ŝi,t the state of an individual i at time t. First, k-means

is used to construct a set of control clusters c ∈ C = {1, ..., C} with individuals that are

comparable with respect to the control variables. C is set to 15. For all individuals that

are unemployed at time t, set Ŝit = 0. Next, group all employed individuals at each period

t into two earnings groups g ∈ G = {1, 2} using the following rule: for individual i in

control cluster c ∈ C, g = 1 if his or her earnings at time t are below a threshold THe
c,t,

and individual i of control cluster c ∈ C falls in group 2 if his or her earnings are above

this threshold. The threshold THe
c,t is chosen such that 70% of all individuals in control

cluster c at time t fall in group g = 1, and all other individuals of this cluster fall in group

g = 2.

Next, each group g ∈ G within a control cluster c is divided into b ∈ B = {1, ..., B}
savings bins, where B should be chosen such that each bin has a sufficient number of

individuals, yet the range of savings within a bin is small. In this case, B is set to 60.
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The bin-limits are chosen using k-means applied to the current savings level (at the start

of year t). This results in groups labeled (c, g, b) ∈ (C ×G ×B), where the composition of

these groups can vary at each point in time. These groups have similar control variables

(through control cluster c), earnings over period t (through the wage group assignment

g ∈ G) and savings up to time t (through bin assignment b ∈ B). Then, for each group

(c, g, b) at time t, a threshold THs
(c,g,b),t is chosen that splits the groups into two based on

next period’s savings, that is, savings at the beginning of time t+ 1. The mean savings of

next period of this subgroup (c, g, b) is used as choice for the threshold THs
(c,g,b),t. Overall,

this procedure results in an N × (T − 1) panel of imputed states Ŝit for t = 2, ..., T and

n = 1, ..., N .

In equations:

Ŝit =



0 if uit = 1,

1 if uit = 0, wit < THe
c,t, and kit+1 ≤ THs

(c,1,b),t,

2 if uit = 0, wit < THe
c,t, and kit+1 > THs

(c,1,b),t

3 if uit = 0, wit ≥ THe
c,t, and kit+1 ≤ THs

(c,2,b),t

4 if uit = 0, wit ≥ THe
c,t, and kit+1 > THs

(c,2,b),t,

(3.1)

if individual i is in control cluster c and savings bin b at time t. uit is the employment

indicator of the individual, where uit = 1 if the individual is unemployed according to

the definition used by the employment panel, wit are the average monthly earnings of

individual i at year t, and kit+1 are the savings of the individual at the end of year t.

The reason to use cluster-controls in this analysis is because it is control-specific whether

one’s earnings are considered high or low, and whether savings are high or low. One of

the advantages of the approach presented below is that this labeling method is robust to

aggregate shocks affecting all individuals’ savings levels, as well as to local group-specific

shocks (e.g. a shock that hits all home-owners in the South of the US).

Next, one can compute the frequency of transitions between these five states. The

elements of the transition matrix are then defined as the total number of times individuals

moved from the (imputed) state Ŝit = k to Ŝi,t+1 = l, divided by the total number of

periods individuals were in (imputed) state Ŝit = k, for all combinations of k and l:

P̂kl =

∑N
i=1

∑T−1
t=1 I(Ŝit = k, Ŝit+1 = l)∑N
i=1

∑T−1
t=1 I(Ŝit = k)

.

This results in the following transition matrix, given in Table 3.1.

According to this division of households into five groups and introducing a somewhat

simplified interpretation, 3% of individuals are unemployed for at least half of the year,

whereas 46% are in state 1 (low earnings, low relative savings), 19% in state 2 (low

earnings, high relative savings), 22% in state 3 (high earnings, low relative savings) and
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Table 3.1: Auxiliary transition matrix describing the relative frequency of transitions between
the five states defined in Equation (3.1).

Transition probabilities Unemployed Low earnings High earnings

(from row/to column) Low saver High saver Low saver High saver

Unemployed 0.415 (0.024) 0.355 (0.027) 0.145 (0.020) 0.067 (0.014) 0.018 (0.008)

Low earnings
Low saver 0.020 (0.002) 0.607 (0.006) 0.280 (0.005) 0.063 (0.004) 0.030 (0.002)
High saver 0.017 (0.003) 0.663 (0.010) 0.183 (0.009) 0.107 (0.007) 0.030 (0.004)

High earnings
Low saver 0.007 (0.001) 0.159 (0.008) 0.100 (0.005) 0.486 (0.009) 0.248 (0.007)
High saver 0.008 (0.002) 0.150 (0.012) 0.049 (0.007) 0.602 (0.016) 0.192 (0.012)

Stationary distribution 0.031 0.458 0.193 0.219 0.099

Bootstrapped standard errors are provided in parentheses, based on 1999 case-sampled bootstrap samples.

10% are in state 4 (high earnings, high relative savings).12 As an example of how to

interpret the transition matrix P̂non-param, of the individuals that were unemployed for at

least 6 months in the previous year, 41.5% are unemployed for at least 6 months in the

next year as well. 50% of the individuals that were unemployed for at least 6 months are

relative low earners in the next year,13 of which 71% is a relative low saver.14

The transition matrix in Table 3.1 shows that these five groups are heterogeneous with

respect to their transition probabilities, indicating the existence of five disparate groups.

Furthermore, assuming that different saving choices are indicative of the differences in the

amount of risk faced by the individuals, the transition matrix contains non-parametric

evidence for the existence of time-varying heterogeneous earnings risk. For example, con-

sider the large flows of individuals within the same earnings level states. Conditional on

being in the high-earnings-high-savings group in the previous period, 60.2% of individ-

uals move to the high-earnings-low-savings state in the next period. Similarly, for the

low-earnings-high-savings individuals, the probability of moving to the low-earnings-low-

savings state next year is 66.3%. This shows that, interpreting relative high savings as

high risk, individuals that stay within the same earnings category for longer than one

year perceive their risk to be lower and save less next period.

Summarizing, applying the non-parametric analysis outlined above on the SIPP dataset

provides evidence of unobservable time-varying heterogeneity that affects the saving choices

individuals make. The dynamics in savings indicate that non-time-varying unobservable

heterogeneity is not sufficient, as studied, for example, in models with heterogeneous pref-

erences, as in, Calvet et al. (2021), or heterogeneous non-time-varying variances of earn-

ings shocks, as in Botosaru and Sasaki (2018), Botosaru (2020), and Almuzara (2021).

12These follow from computing the stationary distribution of the transition matrix in Equation (3.1).
1335.5% + 14.5% = 50%, consider the second and third input of the first row.
1435.5%/(50%)=71%.
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Therefore, in the next section, I propose and estimate an earnings process with time-

varying unobservable heterogeneity that can match the earnings and saving dynamics of

Table 3.1.

3.2.4 Other data used for estimation

In addition to the panel data set described above, the estimation of the general equilibrium

model that will be described in the next section requires additional data sources. In

particular, to estimate the firm-side parameters of this model, I use proxies for aggregate

output, aggregate depreciated capital, and aggregate wages. Furthermore, I use data for

the interest rate (per annum), the unemployment rate and the average tax rate. Details

on the variables used are in Appendix 3.A.2. The proxies for the variables are visualized

in Figure 3.A1 for the time-period 1984-2019 in the same Appendix section.

The proxy used for interest rates is the discount rate used by the Federal Reserve.

Other proxies for the interest rates can also be considered, but the choice of the proxy

is unlikely to affect the overall dynamics in earnings risk found in this chapter, and

will mainly affect the estimate of the time discount rate (introduced below). Regarding

the proxy for the tax rate, the following should be noted. The government that will be

presented in the next section only uses taxes for the payment of unemployment benefits, as

there are no other government expenditures in the model. For that reason, I approximate

the average tax rate by the unemployment insurance expenditures of the government

divided by the total earnings of employees. Given the model assumption of a balanced

government budget at each point in time, this approximation is appropriate. In real life,

governments (should) smooth their taxes over the business cycle.15

3.3 Heterogeneous Earnings Risk Model

The model with heterogeneous earnings risk I propose falls into the category of heteroge-

neous agent models with idiosyncratic risk, in the line of Aiyagari (1994). In the model,

ex-ante identical households are ex-post heterogeneous due to incomplete markets in the

form of a borrowing constraint, and the idiosyncratic shocks they experience over their

lifetime. Whereas models of household heterogeneity as in Aiyagari (1994) focus on id-

iosyncratic shocks to earnings levels, in the heterogeneous earnings risk model I propose,

workers face a second source of idiosyncratic variation. As a result, individuals are hetero-

15Similar to the proxy used for the interest rate, the approximation of the tax rate is, given the
identification strategy used, not going to affect the dynamics of the earnings risk. It will, however,
affect the unemployment benefits in the model, and, consequently, the impact of being unemployed on
consumption and saving decisions.
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geneous both with respect to their earnings levels, and the probabilities of facing certain

future earning shocks. A government keeps a balanced budget while taxing labor earnings

and providing unemployment insurance, individuals provide labor for a representative firm

producing consumption goods. Markets clear, implying a general equilibrium framework.

First, the proposed earnings process is described, followed by its relationship to other

earnings processes proposed in the literature. After that, further details on the general

equilibrium model are provided.

3.3.1 An earnings process with heterogeneous and time-varying

earnings risk

A common way to model earnings processes in general equilibrium models is through

a discrete-time first-order Markov chain. Let Y = {ȳ(1), ..., ȳ(L)} denote the set of

discretized earnings levels, with L distinct levels. Denote the corresponding random

variable at time t as Yit with realizations yit ∈ Y . Transitions between the different

earnings levels are governed by a transition probability matrix Q, with elements qij, i, j =

1, ..., L, representing the probability of transitioning from current earnings level Yit = ȳ(i)

to earnings level Yit+1 = ȳ(j) next period. That is, qij = P (Yit+1 = ȳ(j)|Yit = ȳ(i)).

The recursive equilibrium solution of this general equilibrium model is unique and

exists if our earnings process satisfies two conditions: (i) ergodicity and (ii) stationarity

(Stokey et al., 1989, Chapter 9). Ergodicity means that each state in Y should be reachable

from any other state in a finite number of steps. Stationarity refers to the existence of a

stationary distribution qstat that remains unaffected after applying a matrix multiplication

with Q: qstat = qstatQ. If both conditions are satisfied, the Markov chain (Y , Q) is called

stable.

To obtain heterogeneous transition probabilities for individuals with the same earn-

ings level, I propose to extend the state space with the random variable ξt, which has

realizations from the set X = {ξ̄(1), ..., ξ̄(M)}, where M is the number of discrete lev-

els. The interpretation of ξ is that this is an additional source of heterogeneity; people

differ not only with respect to their earnings levels Y , but also with respect to the vari-

able ξ. The state an individual is in at time t is then characterized by random variables

(Yit, ξit) = (ȳ(j), ξ̄(l)) ∈ (Y × X ). The two variables Y and ξ can be dependent. The

transitions are therefore governed by an extended transition probability matrix P , where

p(i,k);(j,l) is the probability of transitioning from state (ȳ(k), ξ̄(m)) to (ȳ(l), ξ̄(n)). That is,

p(k,m);(l,n) = P (Yit+1 = ȳ(l), ξit+1 = ξ̄(n)|Yit = ȳ(k), ξit = ξ̄(m)). (3.1)

As above, this Markov chain ((Y × X ), P ) should be stable.

Proef PS Janssens_stand.job



3.3 Heterogeneous Earnings Risk Model 101

Extending the state space with ξ brings about that two individuals with the same cur-

rent level of earnings ȳ(i) have different transition probabilities to next period’s earnings

levels ȳ(k) ∈ Y , if these individuals differ with respect to the current value of ξ. This

results in a rich notion of earnings risk heterogeneity; individuals differ with respect to

the entire probability distribution of future earnings, rather than only a limited set of mo-

ments. Furthermore, the process allows for time-varying earnings risk, even in the absence

of changes in the earnings levels, as individuals can transition between different values of

ξt ∈ X , and each state in X potentially corresponds to different transition probabilities to

next period’s earnings levels. The implications of this process are made intuitive through

Example 3.1.

Example 3.1. Consider a setting where L, the number of discrete earnings levels, equals

2, and M , the number of discrete levels of ξ, also equals 2, so that the total number of

states of the extended state space equals 4:

(Y × X ) = {(ȳ(1), ξ̄(1)), (ȳ(1), ξ̄(2)), (ȳ(2), ξ̄(1)), (ȳ(2), ξ̄(2))}.

Assume ȳ(1) < ȳ(2). The transition probability matrix of moving from one state to the

next, consistent with the notation in Equation (3.1) is given by P in Equation (3.2), with

a concrete example in Pe1:

P =


p(1,1);(1,1) p(1,1);(1,2) p(1,1);(2,1) p(1,1);(2,2)

p(1,2);(1,1) p(1,2);(1,2) p(1,2);(2,1) p(1,2);(2,2)

p(2,1);(1,1) p(2,1);(1,2) p(2,1);(2,1) p(2,1);(2,2)

p(2,2);(1,1) p(2,2);(1,2) p(2,2);(2,1) p(2,2);(2,2)

 , Pe1 =


0.90 0.01 0.08 0.01

0.01 0.30 0.60 0.09

0.01 0.01 0.08 0.90

0.50 0.01 0.09 0.40

 (3.2)

As can be seen, two individuals i and j with current earnings yit = yjt = ȳ(1) can face a

different earnings process for next period, if individual i has ξit = ξ̄(1), while individual

j has ξjt = ξ̄(2). Consider the concrete example in Pe1. An individual with (ȳ(1), ξ̄(1))

faces low upward risk and will remain in the same state with probability 0.9, while an

individual with (ȳ(1), ξ̄(2)) actually has a substantial probability of moving to the higher

income state ȳ(2) (0.6+0.09=0.69). For individuals with yit = ȳ(2), individuals with ξ̄(1)

have low downward risk, while individuals with (ȳ(2), ξ̄(2)) have a 0.51 probability of

moving to a lower earnings level. /

In the next subsections, the relationship of this general earnings process to other pro-

cesses proposed by the literature is discussed. In particular, I discuss how the earnings

process ((Y×X ), P ) can be mapped into (i) a GARCH-type process, (ii) an earnings pro-

cess with heterogeneous (non-time-varying) variances, (iii) a model with heterogeneous

job-loss and job-finding probabilities, (iv) an earnings process with skewness and other

Proef PS Janssens_stand.job
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non-normalities, (v) an earnings process with heterogeneous and time-varying persistence,

and (vi) a model with heterogeneous signals about the earnings process. The first process

will be discussed in more detail, as this process will be estimated and compared to the un-

restricted process in the Results section. In Section 4, the identification of the parameters

of this process is discussed.

Relationship to discretized GARCH-type processes

In the analysis below, I want to compare the estimates of the unrestricted Markov process

of Equation (3.1) with the estimates that follow from a more restrictive process, in this

case an AR(1)-GARCH(1,1) process. Therefore, I will now describe how one can discretize

the state space of an AR(1)-GARCH(1,1) and map the latter process into a discrete-

state-space first-order Markov process. The idea behind this mapping is that, instead of

describing the transitions between discrete levels of earnings y and the unobserved state ξ,

the process describes transitions between discrete values of earnings y and σ2, where σ2 is

the variance of the earnings shocks. These transitions are governed by the dynamics of an

AR(1)-GARCH(1,1) process (Bollerslev, 1986; Engle, 1982). The discretization method I

will describe below can also be used for related processes, such as NGARCH, EGARCH

or TGARCH processes.

The macroeconomic profession is well-acquainted with methods to discretize AR(1)

processes, relying on the work of Tauchen (1986), Rouwenhorst (1995), and others, and

practitioners apply their discretization methods when incorporating AR(1) processes in

macroeconomic models, but discretized AR-GARCH processes have not yet been used

in macroeconomic models.16 Given that the solution methods used for heterogeneous

agent models require a discrete state space, discretization methods are necessary when

one wants to incorporate continuous-state-space processes in macroeconomic models.

In an option pricing application, Duan and Simonato (2001) show that GARCH-type

processes can be approximated by a Markov chain and they prove convergence to the

underlying GARCH model as the number of Markov states increases. The method of Duan

and Simonato (2001) is suitable for option pricing applications, but for a macroeconomic

application, it has certain disadvantages. In particular, the approximation they propose

leads to sparse transition matrices, and as such the implied Markov chain may be unstable.

I will first present the method of Duan and Simonato (2001), after which I will propose

an adjustment to their method that improves the approximation.

16Closely related to GARCH models, however, are stochastic volatiltiy models, for which the discretiza-
tion method of Farmer and Toda (2017) is used, albeit in an asset-pricing context.
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3.3 Heterogeneous Earnings Risk Model 103

Assume the following AR(1)-GARCH(1,1) income process for the (log) earnings levels

of individual i at time t, Yi,t :

Yi,t+1 = a+ b · Yit + σi,t+1 · ui,t+1, b < 1 (3.3)

σ2
i,t+1 = c+ d · σ2

it + f · u2
it, uit ∼ N(0, 1), d+ f < 1. (3.4)

Now approximate this by a Markov chain with L discrete income levels (ȳ(i), i = 1, ..., L)

and M variance levels (σ̄2(j), j = 1, ....,M). The transition probability matrix PG of

the Markov process then contains the probabilities of moving from one combination

(ȳ(i), σ̄2(j)) to another pair (ȳ(k), σ̄2(l)) for all pairs (i, j) and (k, l). Once we know

how to compute the elements of the transition probability matrix PG, it is evident that

the discretized AR(1)-GARCH(1,1) model is a restricted version of the earnings process

of Equation (3.1), where σ2
it takes the role of the second source of heterogeneity ξit and

the transition dynamics in transition probability matrix P arre now instead governed by

model Equations (3.3)-(3.4).

Next, following Duan and Simonato (2001), I introduce some general notation for the

cells H that correspond to the : discretized income levels ȳ(i): H(i) = [h(i), h(i+ 1)] for

i = 1, ..., L with h(1) = −∞, h(i) = (ȳ(i)+ ȳ(i−1))/2 for i = 2, ...., L and h(L+1) = +∞.

For the M levels of the conditional variance, similarly, define cells G, where G(i) =

g(i), g(i+1)] for i = 1, ..., n, where g(1) = −∞, g(i) = (σ̄2(i)+ σ̄2(i−1))/2 for i = 2, ...,M

and g(M + 1) = +∞. Defining function

R(σ2
i,t+1, yi,t+1, yit) = c+ d · σ2

i,t+1 + f ·
(
yi,t+1 − a− b · yit

σit+1

)2

,

Duan and Simonato (2001) approximate the transition probabilities

pG(i,j;k,l) = P (Yi,t+1 ∈ H(k), σ2
i,t+2 ∈ G(l)|Yit ∈ H(i), σ2

i,t+1 ∈ G(j)) (3.5)

by:

P (Yi,t+1 ∈ H(k), σ2
i,t+2 ∈ G(l)|Yit = ȳ(i), σi,t+1 = σ̄2(j))

≈

P (Yi,t+1 ∈ H(k)|Yit = ȳ(i), σ2
i,t+1 = σ̄2(j)) if R(σ̄2(j), ȳ(k), ȳ(i)) ∈ G(l)

0 else

(3.6)

where P (Yi,t+1 ∈ HH(k)|Yit = ȳ(i), σ2
i,t+1 = σ̄2(j)) = P (Lij(k) ≤ Z < Lij(k + 1)) with

Lij(k) = c(k)−a−bȳ(i)
σ̄(j)

and Z ∼ N(0, 1). Reading Equations (3.5) and (3.6) carefully, one

sees that two approximations are applied consecutively. First, going from Equation (3.5)
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to the first line in (3.6) requires the following approximation:

P (Yi,t+1 ∈ H(k), σ2
i,t+2 ∈ G(l)|Yit ∈ H(i), σ2

i,t+1 ∈ G(j)) ≈

P (Yi,t+1 ∈ H(k), σ2
i,t+2 ∈ G(l)|Yit = ȳ(i), σ2

i,t+1 = σ̄2(j)),
(3.7)

that is, instead of conditioning on the previous values of y and σ2 to fall inside their

respective intervals, the approximation assumes the previous values of y and σ2 are equal

to the midpoints of these intervals. Next, Equation (3.6) also relies on an approximation.

Instead of evaluating whether σ2
i,t+2 falls into interval G(l) for the different possible re-

alizations of yi,t+1 ∈ H(k), it only evaluates whether the σ2
i,t+2 that corresponds to ȳ(k),

i.e. the midpoint of the interval H(k), falls into G(l).

This second approximation step has some serious limitations for the application con-

sidered in this chapter. As articulated before, it is necessary that the Markov process

used is stable, else a solution to the model described above may not exist or may nor

be unique. The approximation method of Duan and Simonato (2001) generates highly

sparse transition probability matrices and therefore can generate Markov chains that fail

the ergodicity condition; the stationary distribution of the Markov chain is not reachable

from any initial distribution. To make this issue less likely to occur, I suggest to replace

the approximation in Equation (3.6) by the following:17

pG(i,j;k,l) = P (Yi,t+1 ∈ H(k), σ2
i,t+2 ∈ G(l)|Yit = ȳ(i), σi,t+1 = σ̄2(j))

=

∫ Lij(k+1)

Lij(k)

I{(c+ dσ̄2(j) + fu2) ∈ G(l)}φ(u)du
(3.8)

where φ(u) denotes the probability density function of the standard normal distribution

and I{·} is an indicator function. As can be seen, I still use the approximation in Equation

(3.7), but the computation of this probability is then exact.

This issue and how my proposed computation of the transition probabilities resolves

this issue have been visualized in Figure 3.4. This Figure also displays how the approxima-

tion of Duan and Simonato (2001) can generate undesirable sparsity, as it is not possible

to reach a high-variance state from the low-variance state when using their proposed

Equation (3.6), violating the ergodicity condition for stable Markov chains. This is not

the case when using Equation (3.8), as one can see in the lower part of Figure 3.4, it is

also possible to reach a high-variance state, albeit with a low probability.

17Whether or not the Markov chain is ergodic will still depend on the underlying parameters of the
GARCH process, e.g. if the GARCH process indicates a constant value for the conditional variance,
transitions between different variance states can never occur.
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Figure 3.4: An example of how the approximate discretization method of an AR(1)-GARCH(1,1)
processes by Duan and Simonato (2001) computes the transition probabilities (upper graph)
compared to the method I propose (lower graph). In this example, I assume a discretization of
3 income states ȳ(i) ∈ {yL, yM , yH} and two conditional variance levels σ̄2(i) ∈ {σ2

L, σ
2
H}. In

these figures, I show the probability mass that is attributed to the six different outcome states
(ȳ(k), σ̄(l)) when the previous state equals (ȳ(i), σ̄(j)) = (yL, σ

2
L). By integrating over the shaded

areas, one obtains the relevant transition probabilities pG(i,j;k,l) of Equation (3.6) (upper) and

pG(i,j;k,l) of Equation (3.8) from states (i, j) to (k, l) (lower).

(a) Approximate discretization as in Duan and Simonato (2001), see Equation (3.6).

−0.34 0.34

yM , σ2
LyL, σ2

L yH , σ2
L

−→ +∞−∞←−
u

N(0,1) p.d.f. of ui,t+1|Yit = yL, σi,t+1 = σ2
L

(b) Exact discretization of AR(1)-GARCH(1,1) process using Equation (3.8).

−0.34 0.34−1.58 1.58

yM , σ2
LyL, σ2

L yH , σ2
LyL, σ2

H yH , σ2
H

−→ +∞−∞←−
u

N(0,1) p.d.f. of ui,t+1|Yit = yL, σi,t+1 = σ2
L

Details on the parametrization of this example:

Yi,t+1 = 1 + 0.7Yit + σit+1ui,t+1 (3.9)

σit+1 = 1 + 0.8σ2
it + 0.1u2it (3.10)

with yL = 0, yM = 0.5, yH = 1.5 and σ2
L = 5, σ2

H = 5.5.
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Accommodating a transitory component in the income process

Another commonly encountered earnings process relies on the assumption that (log) earn-

ings Yit are composed of both a transitory and a permanent component. The Markov

transition matrix can also be mapped into such an earnings process of the form

Yit = ηit + νit (3.11)

where ηit follows the AR(1) process above of Equation (3.3), and νit is a white-noise

transitory shock. This model is often referred to as the canonical model of earnings.

The additivity of the transitory-permanent income process allows using the discretization

technique proposed above for ηit, and in a second step computing the final discretized

Markov process for Yit. Details on the discretization method of the process in Equation

(3.11) are provided in Appendix Section 3.B.1, were it is shown that a mapping can be

made from this model to the general earnings process ((Y × X ), P ).

Accommodating a leverage effect in the GARCH process

As indicated above, this discretization method is compatible with the larger class of

GARCH processes. To illustrate this, I show in Appendix 3.B.2 how the discretization

method proposed above changes when one is interested in the discretization of a TGARCH

process. Unlike the traditional GARCH process, a TGARCH allows for a leverage effect,

where negative shocks have a different effect on the variance than positive shocks.

Relationship to other earnings processes

In Appendix Sections 3.B.3-3.B.6, I discuss how the general earnings process of Equation

(3.1) is related to other earnings processes studied in the literature. This includes earn-

ings processes with heterogeneous variances as studied by Botosaru and Sasaki (2018),

Botosaru (2020), Almuzara (2021), and others, as discussed in Section 3.B.3, models

with heterogeneous job-loss and job-finding probabilities, as in Guvenen et al. (2021) and

Mueller et al. (2021), discussed in Section 3.B.4, and models featuring skewness and other

higher-order moments, as shown to be important by Busch et al. (2021), and discussed in

Section 3.B.5. The relationship to models with heterogeneous persistence as in Arellano

et al. (2017) is discussed in Section 3.B.6, and the mapping to models with heterogeneous

signals about earnings as in Stoltenberg and Singh (2020) is discussed in Section 3.B.6.
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3.3 Heterogeneous Earnings Risk Model 107

3.3.2 The general equilibrium model

This subsection describes the general equilibrium model in which the proposed earnings

process will be incorporated.

Workers A unit mass of ex ante identical workers optimizes its discounted future stream

of utilities, by allocating their incomes between savings and consumption. Workers face

earnings shocks consistent with the earnings process ((Y × X ), P ) in Equation (3.1), for

which, specifically, the following discretization will be assumed:

(yit, ξit) ∈


y = unemployed, ξ = (ξ̄(1) or ξ̄(2))

y = ȳ(1), ξ = ξ̄(1)

y = ȳ(1), ξ = ξ̄(2)

y = ȳ(2), ξ = ξ̄(1)

y = ȳ(2), ξ = ξ̄(2)

 . (3.12)

This means workers can be in one of five states: (i) unemployed (unemployed, ξ =

(ξ̄(1) or ξ̄(2))), (ii) employed with low earnings and low earnings risk (y = ȳ(1), ξ = ξ̄(1)),

(iii) employed with low earnings and high earnings risk (y = ȳ(1), ξ = ξ̄(2)), (iv) em-

ployed with high earnings and low earnings risk (y = ȳ(2), ξ = ξ̄(1)), and (v) em-

ployed with high earnings and low earnings risk (y = ȳ(2), ξ = ξ̄(2)). For simplicity,

ξ̄(1) is interpreted as low risk and ξ̄(2) as high risk, but no restrictions are yet im-

posed to achieve such an ordering. Note that the unemployed state is an aggregation of

two states, namely (unemployed, ξ̄(1)) and (unemployed, ξ̄(2)). Denote the five states by

ε = (y, ξ) ∈ {0, 1, 2, 3, 4}.
If a worker is unemployed, she receives unemployment benefits µwt, where wt denotes

the aggregate wage rate and µ is a parameter capturing the fraction of average wages

received as unemployment benefits. Employed workers face heterogeneity with respect

to their wage rate and transition probabilities to next period’s earnings state. In the

low-wage state, a worker earns wt(1 − vl), while in the high-wage state, a worker earns

wt(1 + vh). v denotes the wage differential between the two wage groups. vh is chosen

such that, given the proportion of workers in the low-wage state and high-wage state

respectively, the average wage over these groups is equal to wt. This implies:18

vh = vl
(p1 + p2)

(p3 + p4)
.

where pε denotes the stationary probability of being in state ε.

18Solve wt = ((p1 + p2)wt(1− vl) + (p3 + p4)wt(1 + vh))/(p1 + p2 + p3 + p4) for vh.
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Employed workers’ earnings are taxed with rate τt. All workers can save in capital k,

with a rate of return equal to rt. Workers cannot borrow, that is, kit+1 ≥ 0. This results

in the following optimization problem for workers:

max
{cit,kit+1}∞i=0

E
∞∑
t=0

βt
(cit)

1−γ − 1

1− γ
(3.13)

s.t. cit + kit+1 = (1 + rt)k
i
t +


µwt if εit = 0

(1− τt)wtl̄(1− vl) if εit = 1, 2

(1− τt)wtl̄(1 + vh) if εit = 3, 4

(3.14)

kit+1 ≥ 0, cit > 0 (3.15)

where kit is the beginning-of-period level of capital of the workers, cit is the individual

consumption level, l̄ is the number of hours an employed individual works, and k−1 is

given.

Firm There is a representative firm, characterized by a Cobb-Douglas production func-

tion. Kt is capital per capita, depreciating at rate δ and Lt is the employment rate. Then,

per capita output is given by:

Yt = Kα
t (l̄Lt)

1−α (3.16)

Market competition implies that prices are given by

wt = (1− α)l̄

(
Kt

l̄Lt

)α
and rt + δ = α

(
Kt

l̄Lt

)α−1

(3.17)

Government The government taxes employed agents in order to pay the unemployment

benefits to the unemployed agents. Assuming a balanced government budget implies

(l̄Lt)τt = µut (3.18)

where ut = 1− Lt is the unemployment rate at time t.

Recursive competitive equilibrium A stationary recursive competitive equilibrium

consists of a value function V (k, ε), aggregate prices r and w, an allocation K (aggregate

capital), a consumption decision rule c(k, ε), a savings decision rule k′(k, ε), and a joint

probability measure of the individual capital choices k and states ε, Φk,ε, such that:

(i) V (k, ε) is attained by decision rules c(k, ε), k′(k, ε), given prices r and w

(ii) Prices are consistent with Equation (3.17), taxes follow Equation (3.18).
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(iii) The distribution over assets and states Φk,ε is stationary

(iv) The asset market clears: K =
∫ ∑

ε k
′(k, ε)dΦk,ε.

Note that in the stationary recursive competitive equilibrium, prices, the distribution of

assets and states and the aggregate variables are constant. There is, however, variation

in the choices that individuals make; workers move within the stationary distribution of

assets and states.

3.4 Identification

This section analyzes the identification of the parameters of the earnings process, as well as

the other structural parameters of the general equilibrium. To simplify the identification

analysis, l make use of the two-step identification approach in Chapter 2, implying that

identification of subsets of parameters can be analyzed separately, when the moments used

to identify these parameters do not depend on the other parameters in the model. First,

the two-step method and its advantages are briefly described. Next, the section will discuss

identification of the earnings process parameters. The discussion of the identification of

the other parameters follows.

3.4.1 Two-step identification and estimation

This section briefly describes how the two-step identification and estimation procedure of

Chapter 2 can be used for the heterogeneous earnings risk model presented in the previous

section. As described by Chapter 2 in more detail, the idea of two-step identification and

estimation is that the parameter vector of interest, denoted by θ, can be subdivided into

two subsets θ = (θ1, θ2), where for the first subset of parameters, θ1, a set of moment

conditions (or for indirect inference, auxiliary parameters) exists that is satisfied for any

value of θ2. Then, θ2 = θ \ θ1, for which another set of moment conditions is defined with

no additional restrictions except that they globally and locally identify θ2, conditional on

θ1. Under the choice of an efficient weighting matrix, the second step estimates of θ2 are

asymptotically efficient. These results hold both for Generalized Method of Moments, as

well as indirect inference.

This two-step approach offers several advantages, of which the following two are most

relevant for the application in this chapter. First of all, two-step estimation is compu-

tationally efficient. In macroeconomic applications, and the application in this chapter,

the first-step parameters and moments can be chosen such that they do not require the

full model solution, which is computationally intensive to obtain. By estimating a subset
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of parameters in the first step, fewer parameters have to be estimated in the step where

the objective function does rely on the evaluation of the full model. A second advantage

is that the identification analysis is simplified. The first-step identification analysis can

often-times be performed analytically, see also Chapter 2 in this dissertation. Further-

more, in the second-step, identification analysis can be done conditional on the first-step

estimates.

This two-step estimation method will be used to estimate the parameters of interest

in this application. Specifically, in the first step, the parameters are estimated that can

be identified from moments that characterize the firm-side and government-side of the

problem. The first-step parameters in this application are (i) α (elasticity of capital),

(ii) δ (depreciation rate), and (iii) µ (the unemployment benefits). For more details on

why these first-step parameters are independent of the other parameters of this model,

see Appendix 3.C. In the second step, the other parameters will be estimated, being (i)

P (the transition probability matrix), (ii) γ (worker’s risk aversion), (iii) β (the discount

rate of the worker), and (iv) vl (the income differential between high and low earners).19

The consequence of this division of parameters is that the analysis only needs to show

joint identification of two groups of parameters, (α, δ, µ), and (P, γ, νl, β), but not all

parameters jointly.

3.4.2 Identification of the earnings process parameters

As the earnings process is the main object of interest in this chapter, this subsection

analyzes the identification of the parameters of the earnings process of Section 3.3.1. This

set of parameters consists of the transition probabilities matrix of Equation (3.1), as well

as the discretized earnings levels. The proofs are based on the general process, while

numerical results are based on the process in Equation (3.12), or a smaller toy example

used for ease of exposition.

Whether a parameter is identified depends on how this parameter enters the struc-

tural model, but also on the data that are available for estimation. For this discussion,

a distinction will be made between different sources of identification coming from four

potential data types: (i) cross-sectional earnings data, (ii) an earnings panel data set,

(ii) cross-sectional net worth data, and (iv) a panel with net worth data and earnings

data. Data types (i) and (iii) contain information on the cross-sectional distribution of

individuals, while (ii) and (iv) consider a panel dimension.

For the results on data types (i)-(iii), the focus is on local first-order identification.

Informally, a set of parameters is locally first-order identified if the Jacobian of the set of

moments or auxiliary parameters used to estimate these parameters has the same rank as

19 l̄ (hours worked by an employed household) is used to normalize the average total labor supply of
the economy to one and therefore not estimated.
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the number of parameters. If it is possible to change one of the parameters, and adjust

the other parameters such that the moments are unaffected, these parameters are not

jointly locally identified, and in that case, the rank of the Jacobian will be lower than the

number of parameters.

For data type (iv), a different identification argument is used. I derive a set of as-

sumptions under which one can perfectly retrieve the underlying earnings states of the

individuals in the panel. These assumptions bear some similarity to the relevance and

monotonicity assumption on instrumental variables used when estimating treatment ef-

fects. Under monotonicity, it is assumed that the chosen treatment is monotonically

increasing/decreasing in the instrumental variable. Instead, in this setting, I need to

make assumptions on the effect that the earnings state has on the saving decisions of the

individual. Furthermore, I need to assume that the effect of the earnings state on the

savings decision of individuals is sufficiently large, similar to the relevance condition for

instruments, which requires that instruments have a significant effect on the treatment

choice.

Cross-sectional data on earnings

The following proposition can be derived regarding the identification of the earnings pro-

cess of Section 3.3.1 when using moments from the cross-sectional distribution of earnings

levels.

Proposition 3.1. Consider the first-order Markov process with earnings states

{ȳ(1), ..., ȳ(L)}×{ξ̄(1), ..., ξ̄(M)} and transition probability matrix P . Any set of moments

derived from an N × T earnings (repeated) cross section, with T ≥ 1 and observations

on earnings levels y ∈ Y = {ȳ(1), ..., ȳ(L)} can generate a Jacobian of the moments with

respect to the transition probabilities P with a rank at most L.

Proof In Appendix 3.D.1.

Figure 3.5: Observed earnings levels (outer circles, with black solid outline) versus hidden earn-
ings states (grey ellipses within the outer circles, with dotted outline).
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ȳ(L)

ξ̄(M)
...

...

Proef PS Janssens_stand.job



112 Heterogeneous Earnings Risk in Incomplete Markets

Given that the estimation of the transition probability matrix P requires the estimation

of (L×M)× (L×M −1) parameters, it follows from Proposition 3.1 that the parameters

of the earnings process are severely under-identified when using cross-sectional data on

earnings. The intuition for this result is as follows. Earnings data only contain information

about the observed component of the earnings state: the earnings levels y ∈ Y . This

characterizes an “observed” earnings process, with states y ∈ Y = {ȳ(1), ..., ȳ(L)} and

transition probability matrix Qobs given by

Qobs =

q11 . . . q1L

...
. . .

...

qL1 . . . qLL

 (3.1)

where qij = P (yt+1 = ȳ(j)|yt = ȳ(i)). The difference between the observed and unobserved

earnings process is visualized in Figure 3.5. Denote by q1, ..., qL the stationary probabilities

of the observed income process. These are functions of the transition probabilities qij in

Qobs, which are, in return, also functions of the transition probabilities of the unobserved

earnings process in matrix P . It follows that any moment derived from an observed cross

section of earnings levels will be a function of the stationary probabilities q1, ..., qL, which

has dimensionality L, and, as such, the Jacobian of any set of moments with respect

to the transition probabilities in P can have a rank of at most L. In general, moments

derived from the stationary distribution of a Markov process are never sufficient to identify

its (unrestricted) transition probability matrix, but in this case, the identification issue is

more stringent, because we only observe the stationary distribution of the smaller Markov

chain (y,Qobs), rather than of the Markov chain ((y, ξ), P ).

While cross-sectional data on earnings and employment does not suffice to identify the

transition probabilities in matrix P , moments derived from these data are able to identify

all the levels of the discrete earnings states in Y .

Earnings panel

Next, it is assessed whether an earnings panel can be used to identify and estimate the

earnings process introduced in Section 3.3.1. The conclusion that follows from this anal-

ysis is negative, and is summarized in Proposition 3.2.

Proposition 3.2. Consider the first-order Markov process with earnings states

{ȳ(1), ..., ȳ(L)} × {ξ̄(1), ..., ξ̄(M)} and transition probability matrix P . Any set of mo-

ments derived from an N × T earnings panel with observations on earnings levels y ∈
Y = {ȳ(1), ..., ȳ(L)} can generate a Jacobian of the moments with respect to the transi-

tion probabilities P with a rank at most L× (L− 1).
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Proof. In Appendix 3.D.2.

It follows that an earnings panel is insufficient to estimate the parameters of the transition

probability matrix P , which has (L×M)×(L×M−1) parameters that need to be pinned

down. The intuition behind Proposition 3.2 is similar to that of Proposition 3.1. A panel

with earnings data only gives information about the observed component of the earnings

state: y ∈ Y , and therefore, is only informative about the observed Markov chain with

transition probability matrix Qobs given in Equation (3.1). Any set of moments that can

be derived from an earnings and employment panel will be a function of these transition

probabilities in Q, which has rank L × (L − 1), while the object of interest, the transi-

tion probability matrix P of the unobserved Markov chain, has rank (L×M)×(L×M−1).

Identifying assumptions To solve the identification problem posed in Proposition 3.2,

identifying assumptions can be introduced. For example, one can assume that certain

transition probabilities are zero, or equal to other transition probabilities. Alternatively,

one can consider the restrictions imposed by an AR(1)-GARCH(1,1) model. Recall that

the AR(1)-GARCH(1,1) can be mapped into the general earnings process proposed by

this chapter, as was shown in Section 3.3.1. The AR(1)-GARCH(1,1) specification only

depends on five parameters, while the earnings process of interest, introduced in Equation

(3.12), depends on twenty parameters. Following Proposition 3.2, a vector of moments

derived from an earnings and employment panel will have a rank of at most six when

trying to identify the parameters of the earnings process in Equation (3.12). This means

that under the restrictions of a GARCH process, the earnings process of Equation (3.12)

is identifiable from an earnings panel.

Cross-sectional data on net worth

The next step to analyze is whether moments from the cross-sectional distribution of net

worth can be used to identify and estimate the parameters of this earnings process. At first

thought, one may wonder how the cross sectional distribution of net worth can identify the

parameters of the earnings process if the cross sectional distribution of earnings can not. If

individuals facing different earnings risk make different saving choices, however, the cross

sectional distribution contains additional information that is not reflected by the earnings

distribution. Unlike for the analysis of the employment and wage distribution, when

analyzing the cross-sectional distribution of net worth, one needs to rely on numerical

approximations to the recursive competitive equilibrium of the general equilibrium model,

as a closed-form analytical solution for the cross-sectional net worth distribution is not

available.
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As follows from the proof of Proposition 3.1, the moments of the earnings distribution

are a function of the stationary probabilities of the earnings process, implying that two

earnings processes with the same stationary distribution will generate the same earnings

distribution. This is not the case for the savings distribution, as can be illustrated through

Example 3.3 and corresponding Figure 3.6.

Figure 3.6: Comparing two savings distributions, computed from two different transition matri-
ces, but the same stationary distribution as in Equation (3.2).
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To generate this figure, the other structural parameters of the general equilibrium model are set to:

β = 0.95, γ = 2, α = 0.36, δ = 0.025, µ = 0.15.

Example 3.3. In this example, heterogeneity with respect to earnings levels is ignored,

and the following earnings states are considered: (unemployed, ξ(1) or ξ(2)), (employed,

ξ(1)), (employed, ξ(2)). Specifically, two processes with the following transition matrices

are considered:

P red =

 0.5 0.4 0.1

0.2 0.6 0.2

0.05 0 0.95

 , P black =

0.380 0.286 0.334

0.200 0.714 0.086

0.070 0 0.930


where both distributions have stationary distribution P stationary = (0.125, 0.125, 0.750)

(3.2)

As can be seen in Figure 3.6, these two earnings processes imply two different saving

distributions as a solution to the general equilibrium model, even though these earnings

processes generate the same earnings and employment distribution. The difference be-

tween the saving distributions the two earnings processes generate can be measured, for

example, through the variances of these savings distributions: 22.9 (corresponding to the

red-dotted distribution line) versus 28.0 (solid black). /
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To analyze (local) identification, one can numerically evaluate the Jacobian to assess the

identifying power of the cross-sectional distribution of net worth. In principle, one has to

compute the Jacobian for many possible parameter values P and assess its rank. As this

will not be the source of identification used to estimate the transition probabilities, the

Jacobian will only be computed for two examples.

Example 3.4. Consider the same earnings process as in Example 3.3, with earnings

states (unemployed, ξ̄(1) or ξ̄(2)), (employed, ξ̄(1)), (employed, ξ̄(2)). and the following

transition matrix:

P =

 0.5 0.4 0.1

0.2 0.6 0.2

0.05 0 0.95

 (3.3)

The other structural parameters of the general equilibrium model are set to: β = 0.95, γ =

2, α = 0.36, δ = 0.025, µ = 0.15.

Next, consider the following choice of moments: ( 1
100

Var(ki),
1
10

Skewness(ki),
1
10

Percentile95(ki),
1
10

Percentile90(ki)/Percentile10(ki),
1
10

Percentile5(ki),
1
5
Percentile70(ki)/Percentile30(ki)). Numerically computing the Jacobian of this moment

vector with respect to the transition probability matrix in Equation (3.3) gives the fol-

lowing Jacobian:

J =



0.991 −0.239 0.080 0.000 4.008 0.000

−0.879 −0.534 −0.387 0.000 0.000 0.000

−0.773 −0.869 0.080 0.000 4.080 0.000

−0.515 −0.650 0.003 0.000 0.000 0.000

2.750 2.041 3.546 −4.099 4.008 −0.654

−0.887 0.594 0.805 −0.541 4.008 0.755


Computing the rank of this Jacobian gives a value of 6, indicating that observing these

specific moments of the wealth distribution locally identifies the full transition matrix.

The condition number of this Jacobian, a statistic used to characterize the identifica-

tion strength of the moments and parameters, see Iskrev (2010b), is approximately 40.22,

which suggests that identification at the current parametrization is fairly strong. /

Example 3.4 deals with the identification of six transition probabilities, which requires

the computation of six moments of the net worth distribution.20 In the case where one

wants to estimate all transition probabilities of the earnings process of Equation (3.12)

using the cross sectional distribution of net worth, this requires the computation of twenty

moments. Although in principle this can lead to a Jacobian matrix that is full rank, it

20The other three transition probabilities follow from the first six.
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is probable that this identification will be weak: when computing twenty moments from

the same distribution, it is likely that the way these moments depend on the underly-

ing transition probabilities will be strongly correlated. This is confirmed by Example 3.5.

Example 3.5 Next, consider the earnings process of Equation (3.12), with earnings

states (unemployed, ξ̄(1) or ξ̄(2)), (y(1), ξ̄(1)), ((y(1), ξ̄(2)), (y(2), ξ̄(1)), (y(2), ξ̄(2)), eval-

uated at the following transition probability matrix:

P =


0.60 0.10 0.10 0.10 0.10

0.02 0.92 0.02 0.02 0.02

0.25 0.11 0.60 0.02 0.02

0.02 0.02 0.02 0.92 0.02

0.25 0.05 0.05 0.05 0.60


A vector of twenty moments is defined, consisting of the variance, skewness and several

ratios of percentiles of the net worth distribution, the variance of the earnings distribution,

and the average unemployment rate. Computing the Jacobian evaluated at P given above

and the same choice of structural parameters as in Example 3.4, and vl = 0.5, a rank of 20

is obtained. However, the condition number is equal to 3.7e5, confirming the conjecture

of weak identification. /

A panel with individuals’ net worth levels and earnings levels

This last subsection analyzes how a panel of individuals’ net worth levels, supplemented

with earnings levels, can be used to identify the parameters of the proposed earnings

process. Under a set of assumptions, a panel on the net worth holdings and the earnings

levels of individuals can be shown to provide a direct mapping to the underlying risk

states ξ (up to label swapping). The assumptions are summarized in Assumptions 3.1

and 3.2, and the final result is described in Proposition 3.3.

Assumption 3.1: Ordering The optimal saving rule of the households is denoted by

k′(k, (y, ξ)) with domain y ∈ Y = {ȳ(1), ..., ȳ(L)}, ξ ∈ X = {ξ̄(1), ..., ξ̄(M)} and k ≥ 0.

There exists an ordering of the elements in εij = (ȳ(i), ξ̄(j)) ∈ Y × X over j, where the

ordered elements are denoted by ε̃ij such that

k′(k, ε̃i1) > k′(k, ε̃i2) > ... > k′(k, ε̃iM) ∀k ≥ 0.

This ordering exists for each i = 1, ..., L but is allowed to differ for each i.
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Assumption 3.1 indicates that there should be a fixed ordering in the saving choices over

the risk states ξ. That is, if a certain combination of (ȳ(i), ξ̄(j)) implies a higher next

period’s savings level k′ than at another risk level ξ but the same earnings level y, it

should do so at each level of previous savings k.

Assumption 3.2a: Locally Lipschitz continuous The domain of k can, for each

value of ȳ(j) ∈ Y be subdivided into Kj
N subdomains [kj1, k

j
2], ..., [kji , k

j
i+1], ..., [kj

Kj
N

, kj
Kj
N+1

],

such that for each subdomain [kji , k
j
i+1], the saving function k′(·, (ȳ(j), ξ̄(i))) satisfies

d
(
k′(kji , (ȳ(j), ξ̄(l))), k′(kji+1, (ȳ(j), ξ̄(l)))

)
< Zijl · d(kji , k

j
i+1), ∀ l = 1, ...,M − 1, ∀ȳj ∈ Y

where Zijl = d(k′(kji , (ȳ(j), ξ̄(l))), k′(kji , (ȳ(j), ξ̄(l + 1))).

Assumption 3.2b: Minimum number of observations Each subdomain specified

in Assumption 3.2a contains at least M observations with earnings level ȳ(j) that can

be labeled (without loss of generality) (k1,t, k1,t+1), (k2,t, k2,t+1), ..., (kM,t, kM,t+1) for which

ki,t > ki+1,t and ki,t+1 < ki+1,t+1 for i = 1, ...,M − 1 .

Assumption 3.2a comes down to assuming that the savings function k′ is locally Lip-

schitz continuous, in other words, is not too steep. Whether this assumption is sat-

isfied depends both on the (local) Lipschitz coefficient, in this case defined as Zijl =

d(k′(ki, (ȳ(j), ξ̄(l))), k′(ki, (ȳ(j), ξ̄(l + 1))), that is, the difference between next period’s

net worth of an individual with risk state ξ̄(l) and an individual with risk state ξ̄(l + 1),

as well as on the steepness of k′(·, (ȳ(i), ξ̄(l))) in the subdomain. Simply put, individuals

with different risk states should differ enough in their saving choices, and how different

this should be depends on the steepness of the savings function k′(k, (ȳ(j), ξ̄(l))) on the

subdomain. Assumption 3.2b asserts that there are enough observations within these

subdomains such that the different risk states can actually be identified.

Proposition 3.3 Consider the first-order Markov process with earnings states

{ȳ(1), ..., ȳ(L)} × {ξ̄(1), ..., ξ̄(M)} and transition probability matrix P . Assume Assump-

tions 3.1 and 3.2 hold. A panel of individual net worth kit, and earnings/employment

status yit, with t = 1, ..., T and i = 1, ..., N , T ≥ 2, can be used to perfectly retrieve a

panel of (reordered) unobserved states ξit for t = 2, ..., T and i = 1, ..., N .

Proof In Appendix 3.D.3.

The intuition behind this result is as follows. The conditions in Assumptions 3.1 and 3.2a-

b assert that given current earnings level y, previous savings k and end-of-year savings
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k′, one can deduce which observations have the same risk state ξ. For this, it is necessary

that people that face different levels of risk ξ make sufficiently different saving decisions

k′. This is enforced by the assumptions. If so, then conditional on their previous savings

k and current earnings level y, their saving choice for next period reveals the amount of

risk they perceive. An N × T panel of net worth kit and earnings yit can then be used

to “reverse-engineer” an N × (T − 1) panel of (reordered) earnings states ε̃. Next, this

reverse-engineered panel can be used to identify and estimate the parameters of transition

probability matrix P .

Assumptions 3.1 and 3.2a-b, and their implication for the possibility to reverse-

engineer the risk states ξ are visualized in Figure 3.7a for an example with three different

risk states, that is, M = 3. Assumption 3.1 imposes that the three lines in this figure,

that correspond to sets of (k, k′) observations from three different risk states but the same

income level ȳ(j), do not intersect on the observable domain, and have a fixed ordering

of realizations k′ across all values of k. Furthermore, Assumption 3.1 imposes a labeling

of these re-ordered risk states, being ε̃j1, ε̃j2 and ε̃j3 respectively. Next, Assumption 3.2a

ensures that the interval [kji , k
j
i+1] is such that the three lines on which the observations

lie fall inside three non-overlapping subranges of k′, with range boundaries [0, kj,max
1 ],

[kj,max
1 , kj,max

2 ] and [kj,max
2 ,∞). At last, Assumption 3.2b ensures that there exist at least

three observations that are such that the range-boundaries kj,max
1 and kj,max

2 can be de-

fined. kj,max
2 follows from being the largest value of k′ and most right (largest k) point for

which there does not exist another point that has a lower value of k yet a higher value

of k′. Next, all observations that have a value of k′ above kj,max
2 are labeled as ε̃j3, and

are removed from the sample. Then, kj,max
1 is defined in the same way and results in the

labeling of observations with risk state ε̄j2. The remaining observations are labeled as ε̄j1.

Some analogies can be drawn between the assumptions on instrumental variables in

treatment effect estimation, and the assumptions given above. Assumption 3.1 is some-

what analogous to the monotonicity assumption used in the estimation of treatment effects

using instrumental variables, assuming that the instrumental variable has a monotonic

effect on the treatment choice (Imbens and Angrist, 1994). The monotonicity assumption

is also sometimes called the no-defier assumption, that is, assuming the monotonic effect

is positive, there are no individuals that decide not to take the treatment after the instru-

mental variable increases, while they would have taken the treatment for a lower value of

the instrumental variable. Assumption 3.2a can be compared to the idea of a relevance

assumption on instrumental variables when estimating treatment effects, which requires

that the instrumental variable sufficiently affects the treatment choice of the individu-

als. Here, the assumption is that the saving choices of individuals with different earnings

states are sufficiently different. Assumption 3.2b can be compared to the assumptions
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that there are compliers in the sample: individuals that only take the treatment for a

sufficiently high value of the instrumental variable.

Figure 3.7: A visualization of Assumptions 3.1, 3.2a-2b and Proposition 3.3. Dots represent
observations of (k, k′) with the same earnings level y = ȳ(j). Dots in the same color have the
same risk state ξ.

(a) This example satisfies all assumptions.
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(b) This example fails Assumption 3.2a.
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(c) This example fails Assumption 3.1.

kji kji+1

k

k′

kj,max
1

kj,max
2

ε̃j2

ε̃j1

ε̃j3

(d) This example fails Assumption 3.2b.
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Next, it is of interest to understand the implications of these assumptions better, and,

furthermore, to understand the implication of their potential violations. If Proposition

3.3 holds, then it means that the risk states (y, ξ) are indirectly observed. It follows

that the transition probability matrix P characterizing the earnings process can then

be estimated using maximum likelihood, as it simply boils down to the estimation of a

transition probability matrix of an observed Markov chain. Proposition 3.3 thus leads to

a non-parametric identification method of the transition probabilities.

However, the assumptions under which Proposition 3.3 hold may be too stringent.

Consider Assumption 3.2a. A visualization is presented in Figure 3.7b of a case where this

assumption fails to hold. In this example, it is not possible to create an interval [kji , k
j
i+1]
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such that k′(k, ε̃j3) > k′(k, ε̃j2) for all observations in the interval, while simulateneously

having observations in this interval for which ki > ki+1 and k′i < k′i+1 for i = 1, ..., L − 1

(as required by Assumption 3.2b). The function k′(k, ε̃j2) is too steep. In words, this

means that the saving choices of individuals with risk states ε̃j2 and ε̃j3 are not different

enough, and are not distinguishable. The example in Figure 3.7d visualizes what happens

if Assumption 3.2b is violated. In this case, it is not possible to construct the range-

boundaries kj,max
1 and kj,max

2 , because there are no observations within the interval that

allow us to draw conclusions on the risk states individuals are in. Only if we have at

least two observations where one individual has a higher amount of current savings, but

chooses a lower value of future savings than the other individual, can we conclude that

these individuals are in different risk states. This is not the case in Figure 3.7d, implying

violation of Assumption 3.2b.

In both cases above where Assumption 3.2a and 2b are violated, the issue is likely to

disappear as N → ∞, because as the number of observations increases, the number of

intervals Kj
N can be increased and consequently the width of the intervals will decrease,

such that it is more likely that both Assumption 3.2a and 2b will be simultaneously

satisfied. The probability of misclassification of certain observations due to violation of

Assumptions 3.2a-b thus decreases to zero as N →∞. The assumptions do rule out risk

neutrality, or near-risk neutrality, as under such parametrizations, the saving decisions of

households under the different risk states are too similar, and no intervals can be made

that simultaneously satisfy Assumptions 3.2a and 3.2b. Similarly, the probability distri-

butions the individuals face under the different risk states should be sufficiently different.

This likely is satisfied in the application, which only considers two different risk states.

The assumption is also more likely to be violated at very high savings levels, because

income risk then becomes less important, and the saving decisions between individuals

with different saving levels become more similar.

Assumption 3.1 requires a strict ordering of saving decisions over risk states, but this

ordering is allowed to vary across income levels. Figure 3.7c visualizes a potential violation

of this assumption. However, violations of this assumption do not seem economically

relevant. If individuals in a certain risk state save more at low current levels of saving,

they will also do so at high current levels of savings. The difference between the saving

decisions k′ does become smaller at higher levels of k, as also alluded to in the previous

paragraph, because at high savings levels, income risk is less important, but the ordering

is not expected to change.

To be less reliant on the assumptions discussed above, instead of using the non-

parametric classification method that follows from Proposition 3.3, and estimating the

transition probability matrix of the reverse-engineered states using maximum likelihood
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estimation and presenting these as the final estimates, a transition probability matrix

computed based on the idea of Proposition 3.3 is used as the auxiliary model parameters

in an indirect inference procedure instead. The advantage of such an approach is that

the auxiliary model is not required to be fully correctly specified, but, as the auxiliary

model grows closer to the true model (that is, if assumptions 3.1 and 3.2 are satisfied),

the indirect inference estimator of these parameters will converge to be fully efficient. The

indirect inference approach will be further discussed in Section 3.5.

3.4.3 Identification of the other structural parameters

Identification of the other structural parameters is discussed in detail in Appendix 3.C.

The source of identification of the first-step parameters α (elasticity of capital), δ (de-

preciation rate) and µ (unemployment benefits) are moments derived from the firm-side

and government-side of the general equilibrium model. It follows that these parameters

can be estimated independently of all other parameters, using only the means of several

aggregate macro variables. Risk aversion can, as in Chapter 2, be identified from the

cross-sectional distribution of net worth. As the earnings process will be identified from

the panel dimension and thus rely on a different source of identification, these parameters

will most likely be jointly identified, although this can only be verified numerically. The

discount factor β is not estimated, but follows as a solution to the model for a given

interest rate.

3.5 Econometric Approach

This section discusses the estimation procedure. It uses the two-step indirect inference as

described in Chapter 2, briefly described in Section 3.4.1. The estimation procedure for

the first-step parameters α, δ and µ will first be described. After performing this step,

these parameters will be fixed to their estimates, and will be used in the second step,

which is described in larger detail in the second subsection below.

3.5.1 First-step estimation of α, δ and µ

As derived in Appendix 3.C, the following moment conditions can be used to consistently

estimate α, δ and µ:
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E

(
wobs
t (1− uobs

t )

Y obs
t

− (1− α)

)
= 0

E

(
Y obs
t

(δKt)obs
− robs

t + δ

δα

)
= 0

E

(
τ obs
t

uobs
t

− µ
)

= 0,

under the assumption that the sample means of the observed counterparts of the variables,

denoted τ obs
t , (the average tax rate), uobs

t , (the unemployment rate), wobs
t (the average wage

rate), Y obs
t (output), robs

t (interest rate) and (δKt)
obs (depreciation of capital) converge to

their long-run values.21 Method of moments can be used to obtain consistent estimates

of these three parameters.

3.5.2 Second-step estimation of P , vl and γ

After estimating the first-step parameters, the other parameters of the structural model

can be estimated conditional on the estimated values of the first-step parameters. Of the

second-step parameters, the earnings process parameters are of main interest. Based on

the identification analysis in Section 3.4.2, two different identification strategies arise that

can be used to estimate the parameters of the earnings process:

1. Estimate the earnings process parameters using a panel data set on earnings, em-

ployment and net worth data using the identification strategy implied by Proposition

3.3.

2. Estimate the earnings process parameters using a panel data set on earnings and

employment data, and restrict the parameters of the earnings process, for example,

using the mapping into an AR(1)-GARCH(1,1) process from Section 3.3.1.

In addition, I will also consider a combination of these two identification strategies, that

is, I will use a panel on earnings, employment and net worth data, and estimate the

AR(1)-GARCH(1,1)-restricted earnings process. The estimation procedures correspond-

ing to these three approaches are visualized in three flow charts, in Figures 3.8-3.10, and

will be discussed in more detail below.

Identification strategy 1 The first identification strategy uses a panel on net worth,

earnings and employment status (as well as other observable characteristics of individuals)

21(δKt)
obs is used because this variable is directly observed in the data, see also the Data section. A

similar condition can be derived using Kobs
t instead.
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to estimate the unrestricted earnings process. The estimation procedure is visualized in

Figure 3.8. In this procedure, an auxiliary model with parameters φ is estimated for both

the observed data and simulated data. The optimization procedure then aims to find a

parameter combination θ = (P, vl, γ) that minimizes the distance between the auxiliary

model parameters of the observed data φ̂O and the simulated data, φ̂S(θ). Simulating data

from the general equilibrium model requires solving the recursive competitive equilibrium,

and is therefore computationally intensive.

Figure 3.8: Flowchart describing estimation of the unrestricted earnings process, using a struc-
tural model and net worth data.

Observed data:
earnings (N × T )
net worth (N × T )
employment (N×T )
controls (N × T )

Simulated data
(θ̂1, θ2)
earnings (N × T )
net worth (N × T )
employment (N×T )

Model (θ1, θ2):
Aiyagari (1994)
extended with
heterogeneous
earnings risk

Step 2 parameters θ2:
preferences (γ),
earnings process (P, vl)

Step 1 parameters θ1:
(α, δ, µ), estimated in

step 1: θ̂1

Auxiliary model
parameters φ :

P aux,
percentiles of net

worth and earnings
distribution, mean
unemployment rate

|φ̂O − φ̂S(θ)| < ε?

Final estimate θ̂2

No

Yes

Based on observed data: φ̂O

Based on simulated data: φ̂S(θ̂1, θ2)

Try new value of θ2

Start with
guess of θ

The auxiliary model parameters comprise the following elements. First of all, recall

the auxiliary transition probability matrix presented in the Data section in Table 3.1. The

method to compute this transition probability matrix actually uses the intuition of the

labeling procedure implied by Proposition 3.3. As such, if Assumptions 3.1-3.2 hold as

the number of observations N →∞ and the number of clusters grows large, the auxiliary

transition matrix of Table 3.1 is already a consistent estimator of the transition probability

matrix P . Here, the matrix is used as one of the parameters of the auxiliary model, to

be more robust against violations to the assumptions imposed in smaller samples.22 The

other auxiliary model parameters include various moments of the net worth and earnings

distribution, as well as the average unemployment rate. The full objective function is

given below in Equation (3.1).

22A slightly different auxiliary transition probability matrix is used in the indirect inference procedure,
based on a different choice for the number of saving bins and control groups. This auxiliary transition
probability matrix is given in Appendix 3.E.
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Objective function for second step of the unrestricted model:

max
P,γ,vl

(
φ̂O − φ̂S(θ)

)′
W
(
φ̂O − φ̂O(θ)

)
(3.1)

where φ̂ =
(

vec(P̂non-param), Prctl90(kit)/Prctl15(kit), Prctl99(kit)/Prctl90(kit), ...

... Prctl50(kit)/Prctl15(kit), Prctl90(wit)/Prctl30(wit), ut

) (3.2)

Here ut denotes the sample mean of the unemployment rate. P̂non-param is described

in Equations (3.1) and given in Table 3.1. W is a weighting matrix, currrently not

chosen as the optimal efficient matrix, but chosen to ensure all elements of m̂obs have

a similar scale, by letting all weighted moments (
√
Wiim̂

obs
i ) have values between zero

and one. A diagonal matrix is used, where all weights related to P̂non-param receive a

weight of 1. The other moment weights satisfy (following the order of Equation (3.2)):
√
Wii = ( 1

20000
, 1

100
, 1

1000
, 1

2000
, 1). The notation Prctlx(kit) denotes the xth percentile of the

net worth distribution.

Identification strategy 2 Consider Figure 3.9, visualizing the flow chart explaining

the estimation procedure for the second identification strategy. This strategy does not

require solving the structural model for the estimation of the earnings process parameters

P and vl, as the earnings process is assumed to be evolving exogenously, and, in this case,

can be identified fully from earnings data only. Thus, in the indirect inference procedure,

one does not need to solve the recursive competitive equilibrium to simulate data from the

general equilibrium for each combination of parameters, but instead one simulates from

the discretized GARCH model, which is analogous to simulating data from a first-order

Markov process. Next, the estimation procedure for P and vl aims to find the parameters

that minimize the distance between the auxiliary model parameters computed for the

simulated earnings and employment data and the observed data.

For the auxiliary model, an auxiliary transition matrix P aux, earn is computed that

measures the (empirical) probability of transitions between unemployment, low (below

average) earnings and high (above average) earnings. For the observed data, this division

into high- and low-earnings groups is done relative to its control cluster. For more details

on how these control clusters are constructed, see also Sections 3.2.2 and 3.2.3. This

auxiliary transition matrix is supplemented with some additional moments: the average

earnings of individuals with below average earnings, the average earnings of individuals

that have above-average earnings, the unemployment rate in the sample, the average

over all non-zero earnings and the variance over all non-zero earnings. As in Figure 3.9,

denote the auxiliary model parameters computed for the observed dataset by φ̂O and the

auxiliary model parameters for the simulated data by φ̂S(θ), where θ in this case are the
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Figure 3.9: Flow chart describing estimation of earnings process restricted using GARCH pro-
cess, without structural model and without net worth data.

Parameters θ:
earnings process
(a, b, c, d, f, vl)

Model (θ):
Discretized

GARCH

Simulated data
(θ)
earnings (N × T )
employment (N×T )

Observed data:
earnings (N × T )
employment (N×T )
controls (N × T )

Auxiliary model
parameters φ :

P aux,earn,
moments of earn-
ings distr., mean

unemployment rate

|φ̂O − φ̂S(θ)| < ε?

Final estimate θ̂

No

Yes

Start with
guess of θ

Based on observed data: φ̂O

Based on simulated data: φ̂S(θ̂)

Try new value of θ

parameters of the earnings process, P and vl. The indirect inference procedure stops

when the distance between φ̂O and φ̂S(θ) is minimized. An identity matrix is used for

weighting.

The other structural parameters of the model, being risk aversion γ and β, can after-

wards be obtained in a third step, in case one also has at least one higher-order moment

(at least second-order) of the net worth distribution. This does require solving the recur-

sive competitive equilibrium of the general equilibrium, and simulating net worth data

from the model. This chapter will, however, focus on the estimates of the earnings process

parameters.

Combining identification strategy 1 and 2 The third approach combines both

identification strategies. The corresponding estimation procedure is visualized in Figure

3.10, where the differences with the estimation procedure of identification strategy 1,

visualized in Figure 3.8, are highlighted in grey. This approach uses a panel of net worth,

earnings and employment status (as well as various individual-level control variables) to

estimate the earnings process, where the earnings process parameters are restricted by

imposing that it behaves according to a discretized AR(1)-GARCH(1,1) process. The

reason to consider this combination of strategies is because it can be used to evaluate the

restrictiveness of the restrictions posed by the AR(1)-GARCH(1,1) process. In essence, the

AR(1)-GARCH(1,1) model limits the notion of risk in the model, as it no longer relates

to the entire probability distribution of future shocks, but is limited to a time-varying

variance. The most important difference between the two approaches is the amount of
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parameters to be estimated: due to the restrictions of the discretized AR(1)-GARCH(1,1)

process, the earnings process is characterized by only six parameters, instead of 21 as in

the unrestricted process. Apart from these restrictions, the procedure is essentially the

same as identification strategy 1 and uses the same auxiliary model.

Figure 3.10: Flowchart describing estimation of earnings process restricted using GARCH pro-
cess, with structural model and with net worth data. Shaded elements indicate the elements that
are different from the flowchart in Figure 3.8.
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Optimization All three estimation procedures outlined above require the use of an

optimization algorithm. For the GARCH-restricted estimates, the following procedure

is used. First, a grid search is performed over the range of feasible AR(1)-GARCH(1,1)

parameters. Next, the ten lowest objective function evaluations and their corresponding

parameters are used as a starting point of a pattern search optimization algorithm.23 The

estimate corresponding to the lowest objective is reported. For the unrestricted estimates,

grid search is not feasible due to the high dimensionality of the parameter vector. How-

ever, the GARCH-restricted estimates provide good starting points for the unrestricted

estimates. Thus, ten random starting points are generated around the GARCH-restricted

estimates that are obtained from the procedure that combines both identification strate-

gies. Again, pattern search is used on these ten starting points, and the estimate corre-

sponding to the lowest objective is reported.

23For an overview of pattern search algorithms, see Torczon (1997). This paper relies on the imple-
mentation of pattern search in MATLAB, see https://nl.mathworks.com/help/gads/patternsearch.
html.
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3.6 Estimates of the Heterogeneous Earnings Risk

Model

This section summarizes the estimation results from the heterogeneous earnings risk

model. The first subsection discusses the first-step parameters. The next subsection

discusses the results obtained on the parameters of the earnings process, and how these

vary for the three approaches outlined in the Econometric Approach section. In the third

subsection, I explore the implications of heterogeneous earnings risk in an incomplete

markets model, by comparing the recursive competitive equilibrium solution with that of

a model without heterogeneous earnings risk.

3.6.1 First-step estimates of α (elasticity of capital), δ (depreci-

ation rate), µ (unemployment benefits)

This subsection presents the estimates obtained for the parameters α (elasticity of capital),

δ (depreciation rate), and µ (unemployment benefits). Recall that these parameters are

identified and estimable from a subset of moments that is independent of all the other

parameters, and they do not require the full solution of the stationary equilibrium. They

only require the solution to the firm-side problem (for α and δ) and the government budget

constraint (for µ). The obtained estimates are reported in Table 3.2. As can be seen, the

estimates are similar to those commonly used in calibrations, e.g., in Den Haan (2010),

and are estimated with high precision.

Table 3.2: Estimates for α (elasticity of capital), δ (depreciation rate), and µ (unemployment
benefits). Standard errors obtained using block-bootstrap with blocks of 3-years width.

Parameter Estimate Standard errors

α 0.373 0.003
δ 0.026 0.004
µ 0.132 0.011

3.6.2 Estimation of earnings process parameters

This subsection presents and discusses the estimation results for the earnings process pa-

rameters, and, when applicable, the other structural parameters of the general equilibrium

model. Results are presented for the three procedures outlined in Section 3.5.
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Estimation results of identification strategy 1: using net worth, earnings and

employment panel

This subsection presents the estimates obtained from the first identification strategy.

This strategy enables the identification and estimation of the earnings process, without

imposing additional restrictions on the earnings process. These unrestricted estimates are

presented in Table 3.3. In Appendix 3.E, the auxiliary model parameters are presented as

simulated from the model, and compared to the auxiliary model parameters as estimated

from the observed data.

Table 3.3: Estimates of unrestricted earnings process, using identification strategy 1.

Transition probabilities Unemployed Low earnings High earnings

(from/to) Low risk High risk Low risk High risk

Unemployed 0.318 0.482 0.052 0.009 0.139

Low earnings
Low risk 0.012 0.736 0.004 0.236 0.012
High risk 0.081 0.367 0.448 0.043 0.061

High earninngs
Low risk 0.021 0.106 0.043 0.792 0.038
High risk 0.110 0.145 0.302 0.143 0.300

Stationary distribution 0.036 0.377 0.068 0.474 0.045

Note: Other parameter estimates: νl: 0.68, νh (implied): 0.58, β (implied): 0.974, γ (risk aversion):

5.34. Standard errors are (currently) unavailable due to the high computational demands imposed by the

model in combination with the large number of parameters.

Several observations can be made about the estimation results. First of all, in terms

of interpretation, starting by comparing the low and high-income states, the estimates of

νl and νh show that individuals in the low-income state earn 32% below average wage,

while the high income individuals earn 58% above average wage. Individuals face not

only income inequality, but also income risk inequality. The second and fourth row of

P̂ can be unambiguously interpreted as states with low risk. The probability of be-

coming unemployed is fairly low, and the probability of staying in the same state next

period is relatively large: 0.736 for the low-income-low-risk state, and 0.792 for the high-

income-low-risk state. On the other hand, the third and fifth row represent the transition

probabilities for the high-risk states. Comparing the low-income-low-risk and low-income-

high-risk states (rows 2 and 3), the probability of becoming unemployed is about seven

times as large in the high-risk state. Similarly, the probability of becoming unemployed

is around five times as large in the high-income-high-risk state than in the high-income-

low-risk state.

Risk encompasses more than simply job-loss probabilities. Comparing the second

and third rows, one can see that individuals in the low-income-high-risk state (third row),
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having a higher probability of becoming unemployed, also have a considerably lower prob-

ability of moving into the high-income state (0.043+0.061=0.104), compared to the low-

income-low-risk individuals (second row), who face a probability of 0.248 (0.236+0.012)

of moving to a high-income state next period. This supports the notion that earnings risk

is a multidimensional object, and, as the results below will show, a variance-based risk

measure will not be able to capture this, as having a larger variance would also imply a

larger probability for positive income shocks. The estimates show that the high-income-

high-risk state in row five has a higher probability of moving to the low-income level than

the high-income-low-risk individuals in row four.

Another interesting result is the difference in stability of the high and low-risk states.

Comparing rows two and three, and rows four and five, it can be seen that low-risk states

(row two and four) are more stable than the high-risk states (row three and five), in

the sense that the probabilities of remaining in the same state next period (the diagonal

elements) are much larger in the low-risk than in the high-risk states.

Estimation results of identification strategy 2: using earnings and employment

panel and GARCH restrictions

The results of the second identification strategy are summarized in Table 3.4, where the

AR(1)-GARCH(1,1) parameters are presented, as well as the corresponding discretization

into a first-order Markov process, denoted in the Table by P̂GARCH
earnings . P stat denotes the

corresponding stationary distribution.

Table 3.4: GARCH estimates using earnings data only. Estimated using indirect inference.
AR(1)-GARCH(1,1) is given by: yit+1 = a+ byit + σit+1uit+1, where σit+1 = c+ dσ2

it + fu2
it. y

is log earnings.

Transition probabilities Unemployed Low earnings High earnings

(from/to) Low risk High risk Low risk High risk

Unemployed 0.574 (0.004) 0.302 (0.003) 0.107 (0.001) 0.000 (0.000) 0.017 (0.001)

Low earnings
Low risk 0.030 (0.001) 0.443 (0.003) 0.074 (0.001) 0.351 (0.001) 0.103 (0.002)
High risk 0.038 (0.001) 0.400 (0.003) 0.106 (0.001) 0.313 (0.002) 0.144 (0.002)

High earninngs
Low risk 0.005 (0.000) 0.166 (0.000) 0.099 (0.001) 0.628 (0.003) 0.103 (0.002)
High risk 0.007 (0.000) 0.137 (0.001) 0.137 (0.002) 0.575 (0.003) 0.144 (0.002)

Stationary distribution 0.035 (0.001) 0.263 (0.001) 0.097 (0.001) 0.497 (0.003) 0.109 (0.002)

a b c d f

AR(1)-GARCH(1,1) estimates 2.206 (0.018) 0.702 (0.002) 2.511 (0.008) 0.146 (0.001) 0.114 (0.001)

Note: Discretization is done at the same σ-levels as the earnings process estimated using earnings and

savings data that will be presented below, for sake of comparability. The other parameter estimates are:

νl: 0.6297, νh (implied): 0.8868. Standard errors based on 1999 case-bootstrap samples.
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There are several important differences between and similarities to the estimates that

follow from the first identification strategy, presented in the previous subsection. A no-

table similarity is the difference in stability between high- and low-risk states; the esti-

mates of the second identification strategy confirm that individuals in high-risk states have

lower probabilities of remaining in the same state next year than individuals in low-risk

states. The amount of income inequality is similar, but slightly larger than the estimates

found in the previous subsection: low-income earners have a wage 37% below average,

while the high-income earners have a wage 89% above average. Note that these values

are the same for the different risk states. Also, low-risk states have a smaller probability

of becoming unemployed than high-risk states, although this difference is smaller than

under the first identification strategy. Overall, the main conclusions are similar.

There are also important differences. The first identification strategy does a better

job at matching the probability of remaining unemployed. The probability of remaining

unemployed next year given by the non-parametric auxiliary matrix in the Data Section in

Equation (3.1) is around 0.4. The GARCH-restricted estimates imply a probability around

0.57. This is because in the GARCH-restricted estimates, unemployment is interpreted

as having a low income level, and the transition probabilities follow from the GARCH

model, but these cannot match this feature of the data well.

Another issue with interpreting risk as variance, as the GARCH-restricted model does,

is that the results in Table 3.4 suggest that the low-income-high-risk state has fairly similar

upward risk as the low-income-low-risk state, while the results in Table 3.3 indicate that

the low-income-high-risk individuals actually have a considerably lower probability of

moving to the high-income state than low-income-low-risk individuals. Again, this is

driven by restricting risk to be a variance: when doing so, a high risk level corresponds

to a high variance, and consequently, an increase in both the probabilities of upward and

downward changes in income. These issues support the idea of this chapter that a rich

notion of income risk heterogeneity should be studied and modeled.

A last notable difference between the two identification strategies is the following. Ta-

ble 3.4 suggests that the low-income states have considerably larger job-loss probabilities

than the high-income states. In the discretized GARCH framework of this chapter, un-

employment is modeled as having a very low income, which is a smaller – and thus more

likely – shock when coming from the low-income state than from the high-income state.

Therefore, the GARCH restrictions suggest that low-income states are considerably more

risky in terms of their probability of moving into unemployment, while this inverse rela-

tionship between income and risk is not supported by the unrestricted estimates of the

first identification strategy. However, the non-parametric results in Table 3.1 do support

an inverse relationship between earnings level and unemployment probabilities, suggesting
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that it might not purely be the discretized AR-GARCH restrictions that are driving this

result. Instead, it seems plausible that the estimates of the first identification strategy are

affected by some of the other parameters in the auxiliary model. For example, assigning

higher unemployment probabilities to the high-earnings states may help to generate more

wealth inequality, at the cost of a worse fit for some of the other auxiliary parameters.

Estimation results using a combination of identification strategy 1 and 2: net

worth, earnings and employment panel, and GARCH restrictions

This section considers the combination of both identification strategies. For these esti-

mates, essentially the transition probability matrix obtained from identification strategy

1 is restricted to be generated by a discretized AR(1)-GARCH(1,1) process. The results

of this procedure are summarized in Table 3.5. The reason to consider these estimates is

because they can be used to further analyze the restrictiveness of the GARCH model. As

both models minimize the same objective function, a direct comparison gives us a good

indication of this restrictiveness. Whereas the GARCH-restricted estimates of Table 3.5

have an objective function of 0.7642, the unrestricted estimates of Table 3.3 have an ob-

jective function as low as 0.2632, amounting to a deterioration of approximately 200%

caused by imposing these restrictions.

A comparison between the results of Table 3.5 and the unrestricted estimates of Table

3.3 confirms some of the results above on the restrictiveness of the AR(1)-GARCH(1,1)

process. The probability of remaining unemployed in table 3.5 is 0.6, which is larger

than the empirically measured probability of remaining unemployed next year, which is

around 0.4 (see the results in Equation (3.1) in the Data Section), confirming that the

discretized GARCH model fails to match this dimension of the data. The estimation

results again imply a relationship between income inequality and income risk inequality,

as found in both the auxiliary transition matrix of Table 3.1, and in the estimates of the

second identification strategy. Furthermore, the results also confirm the considerable risk

inequality faced by the individuals. The low-risk state has a variance of shocks to the log

earnings process of 2.079, while the high-risk state has a variance of 4.216, which means

the variance of the shocks to log-income doubles.

Another example of how the GARCH model is put to the test is the following. The

discretized GARCH model has a hard time simultaneously matching the large stability of

the low-risk states, and strong reversion to the low-risk states from the high-risk states.

The model tries to match these features by choosing a negative parameter d, where d

is the autoregressive component in the variance equation, and the f parameter close to

one, where f is the relation between next period’s variance and the current earnings

shock. This combination achieves a large variance after having a sizeable earnings shock,
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Table 3.5: GARCH estimates using an earnings, net worth and employment panel. yit+1 =
a + byit + σit+1uit+1, where σit+1 = c + dσ2

it + fu2
it. y is log earnings. Process is discretized at

the following two variance levels: c/(1−d) and c+d(c/(1−d)) +f(((a/(1− b))(lνl+ lνh))2). lνl
and lνh are the log-correspondences of the income differences νl and νh. The discretized variance
levels are: 2.079 and 4.216.

Transition probabilities Unemployed Low earnings High earnings

(from/to) Low risk High risk Low risk High risk

Unemployed 0.601 0.299 0.076 0.000 0.025

Low earnings
Low risk 0.024 0.433 0.105 0.311 0.128
High risk 0.082 0.461 0.000 0.389 0.069

High earninngs
Low risk 0.003 0.129 0.126 0.614 0.128
High risk 0.025 0.255 0.044 0.607 0.069

Stationary distribution 0.046 0.263 0.097 0.484 0.111

a b c d f

AR(1)-GARCH(1,1) estimates 1.850 0.722 2.817 -0.355 0.829

Other parameters: ν1: 0.699, ν2 (implied): 0.498. β: 0.979 and γ (risk aversion) 5.62.

but a strong reversion towards a low-variance state next period. Note that this is an a-

typical parametrization for a GARCH model. GARCH models are often used for financial

applications, and financial returns are typically characterized by a low sensitivity to shocks

(f close to zero) and very high persistence (d close to one). Note, furthermore, that in

financial applications, d is typically restricted to be positive, because else, the model

might predict negative variances. This is not necessary in this application, because the

state space is discretized at positive variance levels.

Conclusions shared by all three estimation procedures

Although the results point at the fact that the GARCH model is overly restrictive, and

earnings risk is a richer concept than only the variance of earnings shocks, several results

are consistent across all three approaches and are therefore highlighted here. Income

inequality is present and sizeable: low-income individuals earn around 30-33% below

average wages, while high-income individuals earn 49 to 88% above average. Similarly,

income risk inequality is found to be sizeable, and high-risk individuals have probabilities

of becoming unemployed four to ten times as large as low-risk individuals. Thirdly, the

estimates support that high-risk states are typically temporary, and the probability of

remaining in a high-risk state next period is fairly small. On the other hand, the low-risk

states are stable, and the probability of remaining in a low-risk state next period is large,

with estimates varying from 0.4 to 0.8.
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3.6.3 Comparing an economy with and without heterogeneous

earnings risk

In this subsection, I evaluate the implications of heterogeneous time-varying earnings risk

in the estimated general equilibrium model. I compare the model implications with those

of a general equilibrium with a reduced Markov chain that aggregates the unobservable

earnings risk, such that individuals only differ with respect to earnings levels. These

individuals thus still experience earnings risk, but there is no earnings risk inequality.

This analysis is based on the estimates of Table 3.3.

I first confirm that the model with risk heterogeneity can generate dispersion in saving

behavior, whereas this is not the case for the model without risk heterogeneity. Individuals

in high-risk states save more than individuals in low-risk states, conditional on their

earnings and previous savings. This is shown in Figure 3.11. The difference in saving

choices between high- and low-risk individuals is larger at lower savings levels.

Figure 3.11: Variance of savings between individuals in 15 (out of 250 in total) clusters in period
t (blue) and period t+ 1 (red) in the model with and without risk heterogeneity, clustered based
on their earnings and period-t savings.
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(b) With risk heterogeneity

In the model without risk heterogeneity, the same transition probability matrix is used as in the model

with risk heterogeneity, but states are aggregated such that individuals are only heterogeneous with respect

to earnings levels and not transition probabilities. Based on simulations, using the estimates of the

unrestricted model in identification strategy 1.

The model with earnings risk heterogeneity implies a savings distribution with a larger

variance, and attributes more probability to the right tail of the distribution than the

model without earnings risk heterogeneity. Also, aggregate savings go up by approxi-

mately 5%. This, and other properties of the savings distribution are summarized in
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Table 3.6, and visualized in Figure 3.12. The differences between the savings distribu-

tions of the models with and without earnings risk heterogeneity are mostly driven by the

low-wage individuals, for whom the pre-cautionary motive is strong. This can be seen from

the left bottom panel in Figure 3.12. The savings distribution of the low-income-high-risk

individuals lies almost strictly to the right of the distribution of the low-income-low-risk

individuals. The opposite happens for high-income individuals; the savings distribution

of high-risk individuals lies to the left of the savings distribution of low-risk individuals.

This can likely be explained as follows. Even though at a given savings level at time t,

the high-risk individuals will save more than high-income-low-risk individuals, on aver-

age these high-risk individuals will have accumulated lower savings levels, such that the

overall distribution of low and high risk individuals with high wages is fairly similar.

Table 3.6: Properties of the savings distributions for the model with heterogeneous risk and
without earnings risk heterogeneity. In the model without risk heterogeneity, the same transition
probability matrix is used as in the model with risk heterogeneity, but states are aggregated
such that individuals are only heterogeneous with respect to earnings levels and not transition
probabilities.

Model/Statistic Homogeneous risk Heterogeneous risk
Mean(kit) 40.076 41.041

β̂ (Implied time discount factor) 0.9637 0.9643
Variance(kit) 356.07 372.50
Skewness((kit) 0.4296 0.4301
Kurtosis(kit) 2.808 2.754
Percentile95(kit)/Percentile90(kit) 1.1216 1.1215
Percentile95(kit)/Percentile75(kit) 1.4094 1.4124
Percentile75(kit)/Percentile50(kit) 1.3636 1.3761
Percentile50(kit)/Percentile20(kit) 1.6552 1.6525
Percentile20(kit)/Percentile1(kit) 4.4615 4.2908

To assess the welfare implications of earnings risk heterogeneity, one can compute the

percentage increase in consumption, denoted by g(k, ε), needed to make an individual

with current savings k and earnings state ε indifferent between an economy with hetero-

geneous and homogeneous earnings risk. Denote the value function of an individual in

an economy with heterogeneous earnings risk by V het. risk(k, ε), and the value function of

an individual in an economy with homogeneous earnings risk by V hom. risk(k, εhom). Note

that εhom aggregates states 1 and 2, and states 3 and 4. Comparing the two economies in

equilibrium, g is given by (Krueger and Perri, 2004):

g(k, ε) = 100 ·

([
V hom. risk(k, ε)

V het. risk(k, ε)

] 1
1−γ

− 1

)
,
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Figure 3.12: Savings distributions for the model with heterogeneous risk (abbreviated as het.
risk) and without earnings risk heterogeneity (abbreviated as hom. risk). In the model without
risk heterogeneity, the same transition probability matrix is used as in the model with risk het-
erogeneity, but states are aggregated such that individuals are only heterogeneous with respect
to earnings levels and not transition probabilities. ‘All’ refers to the savings distribution of all
individuals jointly. ’Low wage’ refers to individuals in the low income state, while ’high wage’
refers to the high income individuals.

where, recall, relative risk aversion of the worker is denoted by γ. Conditional on the

joint probability measure of the individual capital choices k and states ε, denoted Φhet.risk
k,ε ,

an aggregate measure for welfare is the welfare gain comparing the steady states of both

economies, given by
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gss =

( ∫
k,y
V hom. risk(k, y)dΦhom. risk

k,y∫
k,y,ξ

V het. risk(k, y, ξ)dΦhet. risk
k,y,ξ

) 1
1−γ

− 1. (3.1)

Computing Equation (3.1) for the estimates in Table 3.3 and the entire distribution implies

a welfare gain of 0.51%. This means that on average individuals are better off when they

all face the earnings process with homogeneous risk.

3.7 Conclusion

This chapter proposes a novel earnings process that models heterogeneity in earnings risk

by allowing for heterogeneous transition probabilities between high and low earning lev-

els. This process generates a richer notion of earnings risk heterogeneity than previously

considered in the literature. The chapter specifies and analyzes a general equilibrium het-

erogeneous agent model accommodating this heterogeneous idiosyncratic earnings process

for household earnings. In the chapter, theoretical identification results are derived on

the parameters of this earnings process, and these results show that a panel with savings

levels can be used to identify and estimate the parameters of this process. Alternatively,

a more restrictive variant of the idiosyncratic shock process proposed by this chapter can

be mapped into a discretized (generalized) autoregressive conditional heteroskedasticity

model, such that these parameters can be estimated using only a panel of earnings lev-

els. To do so, this chapter proposes an improved discretization method for GARCH-type

processes. These gives rise to two identification strategies, and these are used to estimate

the relevant parameters of the earnings process using indirect inference and data from the

Survey of Income and Program Participation.

The results show that earnings risk heterogeneity is empirically relevant, and indi-

viduals face large differences in their earnings risk, as evidenced, for example, by the

differences in the probabilities of becoming unemployed. Heterogeneous earnings risk also

has implications in general equilibrium, for example, the precautionary savings of the low-

income-high-risk individuals moves the savings distribution to the right. Comparing the

two different identification strategies shows that a (discretized) GARCH model is overly

restrictive when modelling earnings risk. This supports the notion that earnings risk is a

rich concept, that should be modelled more flexibly, for example, by using the earnings

process proposed in this chapter. Earnings risk heterogeneity also has welfare effects, and

individuals would on average be willing to give up 0.51% of their consumption to live in

an economy without earnings risk heterogeneity.

For further research, it would be interesting to analyze the heterogeneous earnings

risk model in a setting with aggregate risk, to assess whether heterogeneous earnings
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risk has other important implications. Such a model can then also be used to analyze

whether and how earnings risk inequality varies over the business cycles, and to study the

implications of this potentially important source of business cycle variation for tax and

monetary policy.

3.A Data

3.A.1 Individual-level variables

The individual-level variables used in this chapter are obtained from the Survey of Income

and Program Participation (SIPP) dataset of the United States Census Bureau. The

analysis in Section 3.2.2 uses the panel of 2014. A detailed description of the variables

employed from the 2014 panel is now given, together with the sample transformations

used.

First of all, it should be noted that only person-level variables are used. I exclude in-

dividuals that are self-employed (using the variable SELFEMPL), and remove individuals

younger than 18 and older than 67 (using TAGE) at the start of the panel. Furthermore,

I remove the subset of individuals that are not in the labor force, for example because of

a disability or health condition, study, care-taking, pregnancy or retirement (indicated by

the variable EN NOWORKi).

Variables used in the analysis are: person-level net worth (TNETWORTH), sum of

earnings of all jobs (sum of TJBi MSUM for i = 1, ..., 7), and a code for the monthly

employment status (RMESR). It is also possible for jobs to be linked in the panel, such

that the employment status of an individual at one specific job can be assessed, but in

this chapter the focus is on transitions between un- and employment, not in between jobs.

Apart from these variables, various controls are used to ensure that the measured

effect is due to the mechanism of interest: heterogeneity of earnings risk, rather than other

variables that can explain heterogeneity in saving decisions. The following variables are

used: TAGE (age of the individual), ESEX (indicating gender), EEDUC (highest level of

school completed or highest degree received by end of reference year), ERACE (what race

does the respondent consider him/herself to be), or the more detailed variable TRACE

(these demographic variables can be extended with the variable EORIGIN indicating

whether the respondent is Spanish, Latino or Hispanic), TEHC ST (state of resident),

TEHC METRO (living in a metropolitan area or not).

Some other variables that may be important for the perception of the risk an individual

faces that is unrelated to earnings risk is whether the individual has a health insurance

or not (RHLTHMTH), whether the parent takes care of children under 18 or not (ERP),
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and coverage of housing (ETENURE, i.e., is the house rented, owned or occupied without

paying rent).

Table 3.A1: Selected summary statistics of the Survey of Income and Program Participation
dataset for 2014-2018 waves after sample selection. Selected standard errors given in parenthe-
ses.

Sample ave. Ave. for males Ave. for females
Age 42 41.44 42.59
Female 38% – –
High school 30.94% 29.03% 34.01%
College 23.70% 18.24% 32.36%
University BSc or up 15.61% 12.10% 21.25%
Identifies as black 10.97% 0.08% 15.83%
Not white, not black 6.16% 5.46% 7.29%
Big city 61.34% 51.26% 77.50%
Health insurance 63.46% 51.65% 82.41%
Renter 25.88% 21.66% 32.64%
House owner 51.76% 43.14% 65.61%
Kids 16.42% 2.71% 38.41%
Average monthly earnings 3525.6 (3879.1) 3546.8 (3860.7) 3491.2 (3908.7)
Net worth 155940 (981400) 164190 (1226400) 142880 (325530)
Unemployment (>6 months/year) 5.95% 5.76% 6.25%
Total 25124 15479 9645
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3.A.2 Aggregate variables

Table 3.A2: Data for the United States, all data except income tax revenues are retrieved from
FRED, Federal Reserve Bank of St. Louis, January 10, 2021 and can be accessed using the codes
given in parentheses via https: // fred. stlouisfed. org/ .

Data for estimation parameters α, δ, ν
Variable Data proxy/description Source

Y Gross national income (A023RC1Q027SBEA) U.S. Bureau of Economic Analysis

w/Y The sum of: U.S. Bureau of Economic Analysis
Shares of gross domestic income: Compensation
of employees, paid (A4002E1A156NBEA)
Shares of gross domestic income: Business current
transfer payments (net) (B029RE1A156NBEA)
Shares of gross domestic income: Net operating
surplus: Private enterprises: Proprietors’ income
with inventory valuation and capital
consumption adjustments
(A041RE1A156NBEA)

.
δK Consumption of Fixed Capital (COFC) U.S. Bureau of Economic Analysis

r Interest Rates, Discount Rate for the United States International Monetary Fund
(percent per annum) (INTDSRUSM193N)

u Unemployment Rate (UNRATE) U.S. Bureau of Labor Statistics

τ Personal current transfer receipts: Government U.S. Bureau of Economic Analysis
social benefits to persons: Unemployment
insurance (W825RC1)
Divided by:
Compensation of Employees, Received: Wage
and Salary Disbursements (A576RC1)
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Figure 3.A1: Aggregate data used for estimation of the first-step parameters
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Data sources are described in more detail in Appendix 3.A.2.
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3.B On the Relationship to other Earnings Processes

3.B.1 Discretizing a canonical earnings model with a GARCH

component

It is common in the literature on earnings processes to assume that (log) earnings Yit

are composed of both a transitory and a permanent component, as opposed to only the

permanent component that the AR(1) process in Section 3.3.1 assumes. The Markov

transition matrix can also be mapped into such an earnings process of the form

Yit = ηit + νit,

where ηit follows the AR(1)-GARCH(1,1) process of Equation (3.3), and νit is a white-

noise transitory shock. This model is often referred to as the canonical model of earnings.24

The additivity of the transitory-permanent income process allows using the discretization

technique proposed in Section 3.3.1 for ηit, and in a second step computing the final

discretized Markov. process for Yit.

To make this more concrete, assume that the permanent component ηit is discretized

in N levels η̄(i), i = 1, ..., N , and σ2
i,t+1, the conditional variance of the shocks to η,

is discretized into M levels σ̄2(j), j = 1, ...,M . Last, assume that (log) earnings Yit is

discretized into L levels, ȳ(k), k = 1, ..., L. Retain the definitions for cells H and G

introduced in Section 3.3.1, where H is now used to denote the cells of the discretized

permanent component, instead of the income level. For the income levels, introduce cells

E corresponding to the L income levels ȳ(k): E(k) = [e(k), e(k + 1)]. for k = 1, .., L,

with e(1) = −∞, e(k) = (ȳ(k)+ ȳ(k−1))/2, for k = 2, ..., L, and e(L+1) = +∞. Denote

the transition probability

P (Yi,t+1 ∈ E(l), ηi,t+1 ∈ H(p), σ2
i,t+2 ∈ G(q)|Yi,t ∈ E(i), ηi,t ∈ H(j), σ2

i,t+1 ∈ G(k))

with short-hand notation π((i, j, k); (l, p, q)). As before, we approximate this probability

by P (Yi,t+1 ∈ E(l), ηi,t+1 ∈ H(p), σ2
i,t+2 ∈ G(q)|Yi,t = ȳ(i), ηi,t = η̄(i), σ2

i,t = (̄σ)2(k)).

Next, this probability can be approximated by:

pCG(i,j,k);(l,p,q)) =

∫ Bupper(p,l)

Blower(p,l)

pG(p,q;j,k)p(ν)dν (3.B.1)

where p(ν) is the probability density function of the transitory shock νit, Blower(p, l) is

defined as e(l) − η̄(p) and Bupper(p, l) = e(l + 1) − η̄(p), that is, the highest and lowest

24Alternatively, it is often assumed ηit is a unit-root process, but this case is not considered here.
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values of the transitory component ν that can correspond with the intervals of the income

levels and the permanent component, where the permanent component η is fixed at the

value at the middle of its interval. The definition of pG(p,q;j,l) is given in Equation (3.8) in

the main text. CG is short for canonical-GARCH.

Alternatively, an exact expression for the probability can also be derived, but this is

computationally more intensive:

pCG(i,j,k);(l,p,q) =∫ Lij(k+1)

Lij(k)

∫ e(l+1)−η

e(l)−η
p(ν)dνI{(c+ d · σ̄2(j) + f · u2) ∈ G(l)}φ

(
η − a− b · η̄(i)

σ̄(j)

)
dη

To compute the transition probability matrix of interest, that is, transition probabilities

P (Yi,t+1 ∈ E(l), σ2
i,t+2 ∈ G(n)|Yit ∈ E(i), σ2

i,t+1 ∈ G(k)), one needs to aggregate over the

states η̄ :

P (Yi,t+1 ∈ E(l), σ2
i,t+2 ∈ G(q)|Yi,t ∈ E(i), σ2

i,t+1 ∈ G(k)) = (3.B.2)

N∑
p=1

N∑
j=1

π(l, p, q; i, j, k)
P (Yi,t+1 ∈ E(i), ηi,t ∈ H(j), σ2

i,t+1 ∈ G(k))∑m
h=1 P (Yi,t+1 ∈ E(i), ηi,t ∈ H(h), σ2

i,t+1 ∈ G(k))
(3.B.3)

where the expression in the fraction can be computed directly from the stationary distribu-

tion implied by the transition matrix in Equation (3.B.2). The attractiveness in allowing

for a transitory component νit is that this component can affect earnings temporarily,

without any lasting effects on future earnings or on future earnings risk.

3.B.2 Discretization of a TGARCH model

Unlike the traditional GARCH process, A TGARCH model allows for a leverage effect,

where negative shocks have a different effect on the variance than positive shocks. This

is achieved in a TGARCH(1,1) model by assuming the following process for the variance:

σ2
i,t+1 = c+ d · σ2

it + (f + gI{uit < 0}) · u2
it.

The effect of positive and negative shocks on the variance is asymmetric if g 6= 0. If

g > 0, there is a leverage effect. In financial applications, the typical finding is that g

is indeed positive and significant. However, for earnings, this might not necessarily be

the case. In fact, a large negative shock, such as a fall into unemployment, does not

make a large consecutive (positive or negative) shock more likely. It seems more likely

that unemployment will be followed by either another period of unemployment, or a

lower-wage job. g < 0 is thus also a possible outcome in earnings processes. Adjusting

Proef PS Janssens_stand.job



3.B On the Relationship to other Earnings Processes 143

the discretization method to accommodate this asymmetric effect only requires replacing

Equation (3.8) by Equation (3.B.4) below.

pTG(i,j;k,l) = P (Yi,t+1 ∈ H(k), σ2
i,t+2 ∈ G(l)|Yi,t = ȳ(i), σi,t+1 = σ̄2(j)) (3.B.4)

=

∫ Lij(k+1)

Lij(k)

I{(c+ d · σ̄2(j) + (f + g · I{ε < 0})ε2) ∈ G(l)}φ(u)du (3.B.5)

with Lij(k), ȳ, σ̄2, H(k) and G(l) defined above, and φ(u) the probability density function

of the normal distribution. TG is short for TGARCH.

3.B.3 Discretization of a canonical earnings model with hetero-

geneous (non-time varying) variances

The general income process introduced in Section 3.3.1 can also be related to earnings

processes with ex-ante non-time varying heterogeneous variances, as, for example, studied

by Botosaru and Sasaki (2018), Almuzara (2021), Botosaru (2020), and others. Consistent

with the previously introduced notation, consider the. following process for log earnings:

Yit = ηit + νit, νit ∼ (0, (σνi )2) (3.B.6)

η2
it+1 = a+ bηit + σui ui,t+1, |b| < 1, ui,t ∼ (0, 1) (3.B.7)

where again ηit is the permanent component of earnings and νit the transitory compo-

nent. Consider a discretization. of M permanent component variance levels (σ̄u(i), i =

1, ...M), and N transitory component variance levels (σ̄ν(j), j = 1, ..., N). Also consider L

discrete income levels (ȳ(l), l = 1, ..., L). The discretized canonical earnings process. with

heterogeneous non-time varying variances of Equations (3.B.6)-(3.B.7) can be mapped into

the transition probabilities of the general process in Equation (3.1) by defining states as a

combination of (ȳ(l), (σ̄u(i)), σ̄v(j)) = (ȳ(l), ξ̄(k)). In this case, X from the general model

in Equation (3.1) corresponds to {σ̄u(i), i = 1, ...,M} × {σ̄ν(j), j = 1, ..., N}. Due to

the non-time varying nature of the variances, transitions between different realizations of

ξ̄(i) ∈ X are ruled out, and thus have probability zero.

To compute the non-zero transition probabilities, a similar strategy as in the previous

subsection can be used. Assume that also the permanent component is discretized in K

levels η̄(k), k = 1, ..., K. For the income levels y, introduce. again cells E corresponding

to the L income levels ȳ(l): l = 1, ..., L as E(l) = [e(l), e(l + 1)] for l = 1, ..., L, with

e(1) = −∞, e(l) = (ȳ(l) + ȳ(l + 1))/2 for l = 2, ..., L and e(L + 1) = +∞. Denote

similarly by H the cells of the. discretized permanent component η̄(k). Denote the
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transition probability

P (Yi,t+1 ∈ E(m), ηi,t+1 ∈ H(n), σui = σ̄u(p), σνi = σ̄ν(q)|...

Yi,t ∈ .E(i), ηi,t. ∈ H(j), σui = σ̄u(k), σνi = σ̄ν(l)

using short-hand notation p(i,j,k,l);(m,n,p,q), As before, approximate this probability by

P (Yi,t+1 ∈ E(m), ηi,t+1 ∈ H(n), σui = σ̄u(p), σνi = σ̄ν(q)|Yi,t = ȳ(i), ηi,t = η̄(j), σui = σ̄u(k), σνi = σ̄ν(l)).

Next, this probability can be computed as

p(i,j,k,l),(m,n,p,q) =

0 if k 6= p, l 6= q∫ Lj(n)

Lj(n+1)

∫ e(m)−η
e(m+1)−η p(ν, σ

ν)dνφ
(
η−a−bη̄(i)

σ̄u

)
dη else

(3.B.8)

where Lj(n) is given by h(n)−a−bη(j)
σu

. φ denotes the probability density function of uit. At

last, aggregate the transition probabilities similar as in Equation (3.B.4) to obtain the

transition probability matrix for the states (ȳ(l), (σ̄u(i), σ̄ν(j)).

Evidently, this Markov chain is not ergodic with respect to the variance states, as there

is no randomness in those states. This means that it is not possible to transition from

each state to every other state in the state space. Yet, the process can still be stable with

respect to the earnings level states, because all earnings levels should still be reachable

from each other earnings level state within a finite number of transitions. The variance

levels of each individual should in this case rather be considered as ex-ante heterogeneous,

drawn from a set of possible discrete realizations.

3.B.4 Heterogeneous job-loss and job-finding probabilities

The earnings process of Section 3.3.1 can easily accommodate heterogeneous job-loss and

job-finding probabilities as in Guvenen et al. (2021) and Mueller et al. (2021). To achieve

this, when defining Y , the set of discretized earnings levels, one should also include. an

unemployed state u, that is, Y = {u, ȳ(1), ..., ȳ(L)}. Next, for any choice for the set

X with cardinality of two or higher, the earnings process generates heterogeneous job-

finding probabilities for different unemployed individuals. Furthermore, individuals with

the same current earnings level have different probabilities of losing their job if they have

a different realization of ξt.
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3.B.5 Skewness and higher-order moments

The general earnings process proposed by this chapter can generate skewness and other

non-normalities, as shown to be important by Busch et al. (2021) and others. Furthermore,

the amount of skewness in the earnings shock distribution can be heterogeneous and time-

varying.

Denote the current state by (ȳ(i), ξ̄(j)). In that case, the probability distribution of

next period’s earnings is characterized by the probabilities p(i,j);(k,l) for k = 1, ..., L and

l = 1, ...,M corresponding to the. outcomes (yt+1, ξt+1) ∈ (Y ,X ). The expectation of

next period’s earnings level conditional on the current state can be computed as:

µ(i,j) = E
[
Yt+1

∣∣(Yt, ξt) = (ȳ(i), ξ̄(j))
]

=
L∑
k=1

M∑
l=1

ȳ(k)p(i,j);(k,l). (3.B.9)

The skewness, conditional on current state (i, j) can be computed as:

γij =

∑L
k=1

∑M
l=1(ȳ(k)− µ(i,j))

3p(i,j);(k,l)(∑L
k=1

∑M
l=1(ȳ(k)− µ(i,j))2p(i,j);(k,l)

) 3
2

with µ(i,j) given in Equation . If the next period’s earnings level distribution is asym-

metric, the conditional skewness will always be non-zero. Furthermore, individuals with

different realizations of ξt can have different values of skewness, generating time-varying

heterogeneous skewness. The same holds for other higher-order moments.

3.B.6 Heterogeneous persistence

In the approach of Arellano et al. (2017), the persistence of earnings shocks is time-varying

and heterogeneous, as it depends on the sign and size of the previous earnings shock. This

statistical property can also be achieved in the earnings process I propose, as illustrated

through Example 3.B below.

Example 3.B. Assume Y ∈ {ȳ(1), ȳ(2), ȳ(3)}, where |ȳ(1)− ȳ(2)| < b, with b some

scalar, |ȳ(2) − ȳ(3)| < b, but |ȳ(1) − ȳ(3)| > b. Also, ȳ(1) > ȳ(2) > ȳ(3). Next, restrict

ξ as representing the sign and size of the shock, where the shock is here for simplicity

defined as the difference between yi,t+1 − yi,t. That is, take

ξt+1 =


ξ̄(1) if Yi,t+1 − Yi,t < −b

ξ̄(2) if − b ≤ Yi,t+1 − Yi,t ≤ b

ξ̄(3) ifYi,t+1 − Yit > b
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Note that these restrictions imply that the following combinations of states do not exist:

(ȳ(1), ξ̄(3)), (ȳ(2), ξ̄(1)), (ȳ(2), ξ̄(3)), (ȳ(3), ξ̄(1)). This means that the transition probabil-

ity matrix would look like:

(Y × X ) =


(ȳ(1), ξ̄(1))

(ȳ(1), ξ̄(2))

(ȳ(2), ξ̄(2))

(ȳ(3), ξ̄(2))

(ȳ(3), ξ̄(3))

 , P =


0 p(1,1);(1,2) p(1,1);(2,2) 0 p(1,1);(3,3)

0 p(1,2);(1,2) p(1,2);(2,2) 0 p(1,2);(3,3)

0 p(2,2);(1,2) p(2,2);(2,2) p(2,2);(3,2) 0

p(3,2);(1,1) 0 p(3,2);(2,2) p(3,2);(3,2) 0

p(3,3);(1,1) 0 p(3,3);(2,2) p(3,3);(3,2) 0


For ξ̄(1) to be a more persistent state than ξ̄(2), the probability of staying at current

earnings level ȳ(k) should be larger than the probability of staying when in ξ̄(1). For

example, we need p(1,1);(1,2) ≥ p(1,2);(1,2). Similarly, ξ̄(3) is a more persistent state than

ξ̄(2) if p(3,3);(3,2) > p(3,2);(3,2). /

3.B.7 Heterogeneous signals

The general earnings process can also be mapped into an earnings process with heteroge-

neous expectations that arise due to signals received by the individual as in Stoltenberg

and Singh (2020). For this mapping, the interpretation of unobserved state ξ is that it

is the signal received by the individual, §it, which takes realizations from the set Y , so

(Yit, Sit) ∈ (Y × Y). The signal has a certain level of informativeness, represented by

κ = P (Yi,t+1 = ȳ(j)|Sit = ȳ(j)), i.e. the probability that the signal Sit coincides with next

period’s earnings realization.

For the transition probability matrix of states (Yit, Sit), the following holds:

P (Yit+1 = ȳ(k), Sit+1 = ȳ(m)|Yit = ȳ(j), Sit = ȳ(l))

P (Sit+1 = ȳ(m)|Sit = ȳ(l)) · P (Yit+1 = ȳ(k)|Yit = ȳ(j), Sit = ȳ(l))

P (kit+1 = ȳ(m)|kit = ȳ(l)) depends on the process that is assumed for the signals. Given

the assumptions on the signal’s informativeness,

P (Yit+1 = ȳ(k)|Yit = ȳ(j), Sit = ȳ(l)) =
pjkκ

I[l=k]
(

1−κ
1−L

)1−I[l=k]∑L
z=1 pjzκ

I[l=z]
(

1−κ
N−1

)1−I[l=z] ,

where pij is the probability P (Yit+1 = ȳ(j)|Yit = ȳ(i)). Recall that L is the number of

possible earnings realizations, that is, the cardinality of Y . If the process governing the

signal transitions, P (Sit+1 = ȳ(m)|Sit = ȳ(l)), is left unrestricted, this implies a total of

L× (L− 1) transition probabilities for the signals, L× (L− 1) transition probabilities for
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the earnings, and the parameter κ, which sums to less than the number of parameters of

the general earnings process which has (L×M)× (L×M − 1) parameters, for M ≥ 2 if

L ≥ 1. Here M is the cardinality of the set of unobserved states X .

3.C Identification of α, δ, µ, γ and β

First, consider the identification of the first-step parameters α, δ and µ. A set of moment

conditions can be derived that identifies parameters α (elasticity of capital), δ (depreci-

ation rate) and µ (unemployment benefits), such that these moment conditions do not

depend on the other structural parameters in the model.

The following four equations follow from the government and firm-side problem:

Yt = Kα
t (l̄Lt)

1−α

wt = (1− α)l̄

(
Kt

l̄Lt

)α
rt + δ = α

(
Kt

l̄Lt

)α−1

(l̄Lt)τt = µut

l̄ is set to 1
L̄

, where L̄ denotes the long-run average of Lt. Also denote the long-run values

of the other variables as Ȳ , K̄, w̄, r̄, τ̄ and ū respectively. Also, L̄ = 1− ū. The following

relations then hold:

Ȳ = K̄α,

w̄ = (1− α)

(
1

1− ū

)
K̄α

r̄ + δ = αK̄α−1

τ̄ = µū

The following moment conditions can be used to consistently estimate α, δ and µ:

E

(
wobs
t (1− uobs

t )

Y obs
t

− (1− α)

)
= 0

E

(
Y obs
t

(δKt)obs
− robs

t + δ

δα

)
= 0

E

(
τ obs
t

uobs
t

− µ
)

= 0
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under the assumption that the sample means of the variables τ obs
t , uobs

t , wobs
t , Y obs

t , robs
t

and (δKt)
obs converge to their long-run values.25

Local (first-order) identification can be shown by deriving the Jacobian of these mo-

ment conditions with respect to the parameters α, δ and µ, and by showing that this

Jacobian is full rank. This is easily verified, as the first moment condition does not de-

pend on δ and µ, but does depend on α, the second moment condition does not depend

on µ but does depend on δ and α, and the third moment condition does not depend on

δ and α, but does depend on µ. It follows that, for values of δ, α and µ unequal to zero,

and α unequal to one, the Jacobian will be full rank.

Chapter 2 shows that conditional on an idiosyncratic shock distribution, one can iden-

tify the risk aversion parameter from the shape of the wealth distribution. However, we

do need to verify if it is possible to jointly identify the risk aversion parameter and the

transition probabilities of the idiosyncratic shock process. This can only be explored nu-

merically.

Example 3.C. Consider the setting described in Example 3.4, where there is no wage

heterogeneity (L = 1), but there is risk heterogeneity (M = 2). Using the same set of mo-

ments, with the additional moment (1/5)Percentile50(ki)=Percentile20(ki)), the Jacobian

of the moments with respect to the transition probability matrix is evaluated, around risk

aversion parameter set to γ = 1. This results in a rank of 7 (full) and a condition number

of 39.77. /

This provides some numerical evidence that the parameters of the earnings process and

the risk aversion parameter can be jointly identified, even when both are using the same

source of information (moments of a cross-section of net worth data). However, the

identification strategy that will be used below will pin down the transition probabilities

from a savings and earnings panel, while the identification of the risk aversion comes

from moments of the wealth distribution, meaning that identification will come from two

distinct sources.

The discount factor β is not estimated, but follows as a solution from the general

equilibrium model for a given choice of the interest rate level r.

25(δKt)
obs is used because this variable is directly observed in the data, see also the Data section. A

similar condition can be derived using Kobs
t instead.
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3.D Propositions and Proofs on the Identification of

the Heterogeneous Earnings Risk Process

3.D.1 Proof of Proposition 3.1

Proposition 3.1. Consider a first-order Markov process with earnings states {ȳ(1), ..., ȳ(L)}×
{ξ̄(1), ..., ξ̄(M)} and transition probability matrix P . Any set of moments derived from

an N × T earnings (repeated) cross section, with T ≥ 1 and observations on earnings

levels y ∈ Y = {ȳ(1), ..., ȳ(L)} can generate a Jacobian of the moments with respect to

the transition probabilities P with a rank of at most L.

Proof The process is characterized by an observed Markov chain with levels y ∈ Y =

{ȳ(1), ..., ȳ(L)} and transition probability matrix

Q =


q1;1 . . . q1;L

q2;1 . . . q2;L

...
. . .

...

qL;1 . . . qL;L


Denote the L stationary probabilities corresponding to this observed Markov chain by

q1, q2, ..., qL. On the other hand, the underlying earnings process has states Y =

{ȳ(1), ..., ȳ(L)} × {ξ̄(1), ..., ξ̄(M)} and transition probability matrix P given by

P =


p(1,1);(1,1) p(1,1);(1,2) . . . p(1,1);(1,M) p(1,1);(2,1) . . . p(1,1);(L,M)

p(1,2);(1,1) p(1,2);(1,2) . . . p(1,2);(1,M) p(1,2);(2,1) . . . p(1,2);(L,M)

...
...

. . .
...

...
. . .

...

p(L,M);(1,1) p(L,M);(1,2) . . . p(L,M);(1,M) p(L,M);(2,1) . . . p(L,M);(L,M)


Denote the L × M stationary probabilities of this Markov chain by p1,1, ..., pL,M . The

following mapping exists between the stationary probabilities of the observed Markov

chain and the underlying Markov chain:

qi =
M∑
j=1

pi,j

The stationary probabilities are function of the underlying transition probabilities. When

deriving moments from the cross-sectional distribution of this earnings process, these

moments will be functions of the levels and the stationary probabilities that corresponds

to these levels. It follows that the Jacobian of any set of moments derived from a cross
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section of earnings and employment data with respect to the transition probabilities can

have rank of at most L. �

3.D.2 Proof of Proposition 3.2

Proposition 3.2 Consider the first-order Markov process with earnings states {ȳ(1), ..., ȳ(L)}
×{ξ̄(1), ..., ξ̄(M)} and transition probability matrix P . Any set of moments derived from

an N × T earnings and employment panel with observations on earnings levels y ∈ Y =

{ȳ(1), ..., ȳ(L)} can generate a Jacobian of the moments with respect to the transition

probabilities P with a rank of at most L× (L− 1).

Proof The process is characterized by an observed Markov chain with levels y ∈ Y =

{ȳ(1), ..., ȳ(L)} and transition probability matrix

Q =


q1;1 . . . q1;L

q2;1 . . . q2;L

...
. . .

...

qL;1 . . . qL;L


whereas the underlying earnings process has states Y = {ȳ(1), ..., ȳ(L)}×{ξ̄(1), ..., ξ̄(M)}
and transition probability matrix P given by

P =


p(1,1);(1,1) p(1,1);(1,2) . . . p(1,1);(1,M) p(1,1);(2,1) . . . p(1,1);(L,M)

p(1,2);(1,1) p(1,2);(1,2) . . . p(1,2);(1,M) p(1,2);(2,1) . . . p(1,2);(L,M)

...
...

. . .
...

...
. . .

...

p(L,M);(1,1) p(L,M);(1,2) . . . p(L,M);(1,M) p(L,M);(2,1) . . . p(L,M);(L,M)


One can establish a mapping from P to Q

qm;n =
M∑
j=1

(
P (η = η̄(j)|y = ȳ(m)) ·

(
M∑
i=1

p(m,j);(n,i)

))
,

where P (η = η̄(j)|y = ȳ(m)) can be found by obtaining the eigenvector of P corresponding

to the eigenvalue of 1 and by computing the conditional probability from Pstationary.

Deriving moments based on the observed panel data with states Y = {ȳ(1), ..., ȳ(L)}
and transition matrix Q shows that these moments can be expressed as a function of

the L × (L − 1) linearly independent transition probabilities in Q, and the levels of Y .

It follows that therefore the Jacobian of these moments with respect to the underlying

transition probabilities in P will be of reduced rank, as P has (L ×M) × (L ×M − 1)

parameters to be identified, which is larger than L× (L− 1) for M ≥ 2. �
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3.D.3 Proof of Proposition 3.3

Proposition 3.3 Consider the first-order Markov process with earnings states {ȳ(1), ..., ȳ(L)}
×{ξ̄(1), ..., ξ̄(M)} and transition probability matrix P . Assumptions 3.1 and 3.2 hold. A

panel of individual net worth kit, and earnings/employment status yit, with t = 1, ..., T

and i = 1, ..., N , T ≥ 2, can be used to perfectly retrieve a panel of (reordered) unobserved

states ξit for t = 2, ..., T and i = 1, ..., N .

Proof By Assumption 3.2a, for each (discrete) level of y = ȳ(j), j = 1, ..., L, the domain

of k can be subdivided into Kj
N subdomains [kj1, k

j
2], ..., [kji , k

j
i+1], ..., [kj

Kj
N

, kj
Kj
N+1

]. For each

subdomain [kji , k
j
i+1] where all individuals have a value of y = ȳ(j), a rule can be designed

such that each observation is classified under the correct state ξ. Here, it should be noted

that the exact labeling of an observation having risk state ξ̄(l) is not important, as this

value does not have an interpretation itself, but the idea is rather that there are M risk

states for each of the L income states, and that the observations that belong to the same

risk state should be correctly categorized as belonging to one of these L × M distinct

groups, and should not be grouped with observations from another risk state. This is

where Assumption 3.1 comes in, which relabels the risk states based on the savings levels

to which they correspond, and denotes them by ε̃j1, ..., ε̃jM .

First, for each subdomain [kji , k
j
i+1], the following thresholds should be determined:

kj,max
1 , ..., kj,max

M−1 . Consider all observations within this subdomain, and sort them in in-

creasing order of k as (k0, k
′
0), (k1, k

′
1), ..., (kn, k

′
n), where n+1 is the number of observations

in the subdomain, ki denotes the net worth of an individual at time t, y = ȳ(j) is the

income of the individual at time t and k′i is the choice of net worth for next period (t+ 1).

So k0 ≤ k1 ≤ ... ≤ kn.

Next, kj,max
M−1 is defined as:

max q ∈ (0, ..., n) s.t.

(∃p : (kp < kq ∧ k′p > k′q)) ∧ (@m : k′m > k′p ∧ (∃n : (kn < km ∧ k′n > k′m)))

⇒ kM−1,max
1 := k′q

Now, label all observations in this subdomain for which k′ > kj,max
M−1 as ε̃jM . Then,

remove all observations with label ε̃jM from the ordered list. Repeat the same procedure

to define the other thresholds kj,max
m for m = M−3, ..., 1 and in this order assign the labels

ε̃j(M−1), ..., ε̃j2. After having assigned the label ε̃j2 and having removed those observations

from the ordered list, the remaining observations should be labeled as ε̃j1. Note that the

points that define these thresholds always exists through Assumption 3.2b.
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Next, it is left to show that these labels are assigned correctly, that is, no observation is

categorized together with an observation that has a different risk state. This follows from

the second part of Assumption 3.2a, that is, in the interval [kji , k
j
i+1], if an observation

(kp, k
′
p) has k′p > kj,max

l , then it must be that the risk state of this observation ε̃j· 6= ε̃jl.

Else, it would imply that the local Lipschnitz continuity condition of Assumption 3.2a is

violated and the local Lipschnitz coefficient is larger than Zijl = d(k′(kji , ε̃jl), k
′(kji , ε̃jl+1)).

�

3.E Auxiliary parameter estimates

Table 3.E1: Auxiliary transition probability matrix computed for observed data, based on 40
control groups and 5 saving bins per group, using Equation (3.1).

Transition probabilities
(from/to)

Unemployed Low earnings High earnings
Low savings High savings Low savings High savings

Unemployed 0.415 0.285 0.122 0.138 0.041

Low earnings
Low savings 0.019 0.562 0.264 0.118 0.037
High savings 0.017 0.563 0.197 0.177 0.047

High earnings
Low savings 0.008 0.120 0.071 0.562 0.239
High savings 0.005 0.086 0.043 0.601 0.265

Table 3.E2: Auxiliary transition probability matrix computed for data simulated from the model
with estimates from the first identification strategy, based on a single control cluster and 200
saving bins for the low wage group, and 20 saving bins for the high wage group, using Equation
(3.1).

Transition probabilities
(from/to)

Unemployed Low earnings High earnings
Low savings High savings Low savings High savings

Unemployed 0.332 0.353 0.168 0.077 0.071

Low earnings
Low savings 0.020 0.491 0.247 0.177 0.066
High savings 0.031 0.488 0.269 0.140 0.073

High earnings
Low savings 0.030 0.102 0.071 0.550 0.248
High savings 0.030 0.096 0.068 0.556 0.250

Proef PS Janssens_stand.job



Table 3.E3: Auxiliary transition probability matrix computed for data simulated from the model
with estimates from the combination of the first and second identification strategy, based on a
single control cluster and 200 saving bins for the low wage group, and 20 saving bins for the high
wage group, using Equation (3.1).

Transition probabilities
(from/to)

Unemployed Low earnings High earnings
Low savings High savings Low savings High savings

Unemployed 0.591 0.208 0.174 0.022 0.006

Low earnings
Low savings 0.042 0.274 0.233 0.276 0.176
High savings 0.042 0.297 0.212 0.290 0.159

High earnings
Low savings 0.007 0.153 0.106 0.448 0.286
High savings 0.006 0.146 0.120 0.506 0.222

Table 3.E4: Other moments used as auxiliary parameters: observed, as simulated from the model
using the estimates from identification strategy one, and as simulated from the model using the
estimates from the combination of identification strategy one and two.

Moments Observed Identification strategy 1 & 2 Identification strategy 1
Prctl90(kit)/Prctl15(kit) 320 2.507 2.849
Prctl99(kit)/Prctl90(kit) 4.056 1.285 1.319
Prctl50(kit)/Prctl15(kit) 35.9 1.566 1.728
Prctl90(wit)/Prctl30(wit) 4.367 4.726 5.007
Unrate (>6 months) 0.045% 0.046% 0.036%
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Chapter 4

Finite-State Markov-Chain

Approximations: A Hidden Markov

Approach
1

Abstract

This chapter proposes a novel finite-state Markov chain approximation method for Markov
processes with continuous support. The method can be used for both uni- and multivariate
processes, as well as non-stationary processes such as those with a life-cycle component. In
contrast to existing methods, our discretization procedure provides both an optimal grid and
transition probability matrix. We provide guidance on how to select the optimal number of
grid points. The method is based on minimizing the information loss between a misspecified
approximating model and the true data generating process. The method outperforms existing
discretization methods in several dimensions, including parsimoniousness. Furthermore, we
demonstrate the performance of our discretization method compared to existing methods
through the lens of a life-cycle consumption-savings model. We find the choice of discretization
method matters for the welfare effects of risk.

1This chapter is written jointly with Sean McCrary from University of Pennsylvania. Both authors
are grateful to the invaluable comments from José Vı́ctor Ŕıos Rull, Frank Kleibergen, and Christian
Stoltenberg. Janssens is grateful to the Dutch Research Council for the NWO Research Talent Grant,
project number 406.18.514 and to Erasmus Trustfonds for the Professor Bruins Prize 2018, funding the
research visit to University of Pennsylvania during which this chapter was written, as well as to Frank
Schorfheide for hosting this visit. All errors are our own.
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4.1 Introduction

Numerical methods to solve nonlinear dynamic stochastic models often rely on finite-

state Markov chain approximations of stochastic processes. This chapter proposes a novel

method that can be used for the discretization of uni- and multivariate Markov process,

and provides both an optimal grid and transition probability matrix, as well as a way to

select the optimal number of grid points for the discretization. This is an improvement to

the existing literature that typically assumes (a given) equid-distant grid and only pro-

vides the corresponding transition probability matrix. For multivariate processes, our dis-

cretization method does not rely on tensor products, avoiding the curse-of-dimensionality

issue other discretization methods face. We also extend our method so that it can be used

for non-stationary processes with life-cycle dynamics.

Our method of approximating a continuous-support Markov process by a discrete first-

order Markov process inherently comes down to picking a misspecified model, where the

goal is to minimize the extent to which information in the continuous support process is

lost when using the misspecified model. The rationale behind this is that it minimizes

the information loss that the agent faces in a dynamic stochastic optimization problem

when assuming that shocks evolve according to the misspecified discretized process instead

of the continuous-support process. Existing discretization methods such as by Rouwen-

horst (1995) and Farmer and Toda (2017) focus on choosing the transition probability

matrix such that the discretized process matches a selected set of unconditional and/or

conditional moments of the underlying continuous-support process. For a small class of

dynamic stochastic optimization problems, this procedure is in fact optimal.2 However,

for the more general class of these decision problems, all moments – both conditional and

unconditional – of the stochastic process may matter to the agent, and how much will

depend on the nature of the decision problem and the characteristics of the stochastic

process.

Ideally, a discretization procedure would therefore minimize the welfare loss of an agent

that uses the discretized process instead of the continuous-support process when solving

their optimization problem. However, given that the optimal solution to the dynamic

stochastic optimization problem under the continuous-support process typically cannot

be computed, which is why a discretization is needed in the first place, this welfare

loss cannot be evaluated. Instead, we propose to minimize the information loss that

the agent faces when using the misspecified discrete process relative to the continuous

process. As the approximation error converges to zero as the number of states increases,

asymptotically, the agent will optimize the correct objective.

2For example, in case of a consumption-saving or portfolio-selection problem with linear utility, it is
optimal if the discretization matches simply the mean of the stochastic process. Alternatively, under
quadratic utility, such a discretization should match the mean and variance.
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To minimize the information loss, we use the Kullback-Leibner divergence between the

continuous-support process and the discretized process. To avoid comparing a continuous

and a discrete distribution, we assume that in the misspecified process, each observation

is equal to the sum of a state-dependent level and an error term, and this state is unob-

served. The evolution of the unobserved states is governed by a discrete first-order Markov

process. Minimizing the Kullback-Leibner divergence is then asymptotically equivalent to

simulating data from the continuous-support process, and estimating a Hidden Markov

Model (HMM) via maximum likelihood via this simulated data.

For computational reasons, a discrete process ideally is parsimonious, i.e. of low di-

mensionality. Our HMM method can be seen as a soft (probabilistic) clustering method,

where each realization of the continuous-support stochastic process has a certain proba-

bility to fall into a certain cluster. We can rely on methods from the clustering literature

to select the optimal number of grid points. Therefore, we propose using a scree-plot in

the explained variation of the HMM, such that the number of grid points is chosen such

that the increase in the total variation from adding an additional grid point is dimin-

ishing. Alternatively, one can choose the number of grid points based on a scree-plot of

the likelihood, that is, when the information gain of adding one additional grid point is

diminishing.

We apply our discretization method to a large number of stochastic processes, namely

an autoregressive process of order one (AR(1) process) with Gaussian errors and with

mixed Gaussian errors, an AR(1) with stochastic volatility (SV), a Vector AutoRegression

(VAR) model, and the earnings process in Guvenen et al. (2021) that features life-cycle dy-

namics. We compare how our method performs compared to the methods by Rouwenhorst

(1995), Tauchen (1986), Farmer and Toda (2017), and the binning method of Adda and

Cooper (2003). We find that we outperform existing methods for discretizing multivariate

processes, such as the AR(1)-SV and the Guvenen et al. (2021)-process. The interpreta-

tion of an HMM as a clustering (hence dimension reduction) method for dependent data

is common in the statistics literature McLachlan et al. (2019). Even for the simple AR(1)

processes, we find that our method produces the lowest mean-squared forecast error, im-

plying that a decision maker makes smaller forecasting errors when using our discretized

process than the discretized process that follows from above-mentioned methods. In ad-

dition, we show that our method can generate a more parsimonious discretization than

other methods without sacrificing in terms of fit to the continuous-support process, which

is attractive for computational efficiency.

Finally, we compare the performance of our discretization method through the lens

of a life-cycle consumption-saving model. We find that the choice of the discretization

method matters greatly for the average asset holdings and consumption over the life-cycle,

and also matters for other relevant statistics that are often reported in a life-cycle con-
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text, such as the correlation between earnings changes and consumption changes, and the

welfare cost of risk, that is, the fraction of lifetime consumption an individual would be

willing to forgo in order to live in a world without income uncertainty.

Related literature. Several papers have proposed methods to discretize continuous-

support processes. Some of these, such as Tauchen (1986), Rouwenhorst (1995), Tauchen

and Hussey (1991), Terry and Knotek II (2011), and Gospodinov and Lkhagvasuren (2014)

are designed for specific processes, such as AR(1) or VAR processes. Fella et al. (2019)

adapt the methods of Rouwenhorst (1995), Tauchen and Hussey (1991) and Adda and

Cooper (2003) to processes with a life-cycle component, and analyze how it performs under

settings where the innovations are drawn from a mixture of normals. Kopecky and Suen

(2010) assess the performance of various discretization methods for AR(1) processes close

to unit-root, and finds that Rouwenhorst (1995) is more robust to these highly persistent

environments. De Nardi et al. (2020) adapts the method of Adda and Cooper (2003),

which is based on binning, to discretize the earnings process of Arellano et al. (2017).

A method that is applicable to any Markov process is Farmer and Toda (2017), who

propose a discretization for non-Gaussian non-stationary Markov processes, which takes

as input a grid and transition probability matrix, called the ‘initial approximation’, and a

set of moments to match, where the goal is to match these moments exactly (if possible)

but stay as closely as possible to the initial approximation (measured through relative

entropy). There are several other important differences with our method. First of all,

their method takes a grid as input, while our method determines an optimal grid, and

their method does not give guidance on how to select the number of grid points.

4.2 Discretization using Hidden Markov Models

Let y ∈ Rk, t = 1, 2..., T denote a random variable for which the data generating process

is any (discrete-time) continuous-support first-order Markov process. Denote its proba-

bility distribution by f(y). The objective is to approximate the distribution of y by a

misspecified model, with probability distribution p(y; θ), by choosing parameter vector θ

such that the relative entropy from the misspecified distribution P to the distribution F

of the misspecified model is minimized.

The relative entropy is defined as the logarithmic difference between the distributions

F and P , where the expectation is taken using the distribution F , also known as the
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Kullback–Leibler (KL) divergence:

DKL =

∫
log

(
f(y)

p(y; θ)

)
f(y)dy. (4.1)

Minimizing the KL divergence with respect to parameter vector θ requires taking the

derivative of Equation (4.1) with respect to θ:∫
∇θ log p(y; θ)f(y)dy = 0

⇔ Ef [∇θ log (p(y; θ))] = 0.

If Ef (·) is hard to evaluate, it can be replaced by an estimate, by simulating data ysim =

{yt}Tt=1 from f(y), and evaluating ∇θ log (p(·; θ)) in the simulated data. As can be seen,

this is equivalent to minimizing the log likelihood of the simulated data ysim using the

misspecified model.

4.2.1 Hidden Markov Model

As our misspecified model, we propose using the following Hidden Markov Model (HMM).

Denote the data by yt ∈ Rk, and denote unobserved states xt ∈ {1, ...,m}. The latent state

xt lies in a finite discrete set {1, 2, . . . ,m} which evolves according to a time-homogeneous

first order Markov process.

yt|xt = µ(xt) + diag(σ)εt, εt ∼ N(0, Ik) (4.2)

xt+1|xt ∼ Πij,t. (4.3)

Denote bold variables y = (y1, y2, . . . , yT ) and x = (x1, x2, . . . , xT ) as realizations of this

random process. The transition matrix Π has stationary distribution δ = (δ1, δ2, . . . , δm).

Note, δ is a 1×m row vector. Parameter vector θ in Equation (4.1) thus consists of:

(i) the parameters in transition probability matrix Πt, denoted by Πij,t. This matrix is

allowed to be time-varying in various ways as will be specified in the applications

below. In the case that there is no time dependence, that is, Πt = Π for all t =

1, ..., T , the number of parameters in Π is m×m, of which m× (m− 1) are linearly

independent.

(ii) µ is an m× k matrix, and

(iii) σ2 is the variance of the error term. If yt ∈ Rk has k > 1, we assume the variance is

a diagonal matrix diag(σ1, ..., σk).
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The parameter vector θ = (vec(Π), vec(µ), σ) that minimizes the expression in Equation

(4.1) gives a discretization of the process f(y), where µ is the grid of the discretized

process, and Π governs the transitions between the m states. The HMM in Equation

(4.2) can be estimated using the Expectation-Maximization (EM) algorithm.

We are also interested in models with a cross-section (i = 1, 2, . . . , N) and time (t =

1, 2, . . . , T ) dimension, that is, a panel yi,t. The reasons for the interest in panel data are

twofold. First, the inclusion of a panel dimension allows for the estimation of parameters

that vary with t (e.g. over the life-cycle). Second, there is a computational bottleneck

when estimating a HMM model on a time series, because the smoothing step in the

EM algorithm can only be done recursively. Smoothing a panel of N independent time

series simultaneously reduces the computational burden involved with estimation via the

EM algorithm. The estimation procedure we describe below can be easily adjusted to

accommodate for a panel data structure instead.

4.2.2 Estimation of HMM

Let φj(yt) = P (yt|xt = j) denote the density of yt conditional on xt being in state j. That

is,

φj(yt) =
1

σ
√

2π
e−

1
2σ2

(yt−µj)2 , (4.4)

if k = 1, or det(2πΣ)−
1
2 e−

1
2

(yt−µj)′(Σ)−1(yt−µj) for k > 1, where Σ = diag(σ2). It will be

useful to think of the following matrix form for the observation densities:

Φ(yt) =

φ1(yt) 0
. . .

0 φm(yt)

 , (4.5)

that is, Φ is an m×m diagonal matrix with the observation densities as diagonal elements.

The complete data likelihood (CDL) of the model in Equation (4.2) is given by

L(θ|y,x) = p(y,x|θ) = p(y|x, θ)p(x|θ), (4.6)

and the maximum likelihood estimator is given by

θ∗ = argmax
θ

L(θ|y,x). (4.7)
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4.2 Discretization using Hidden Markov Models 161

If the latent states x were observed, the log-likelihood would be straightforward to max-

imize. This is because the log-likelihood is given by

log (L(θ|y,x)) = log (p(y|x, θ)) + log (p(x|θ)) , (4.8)

and, conditional on x, the parameters Π do not influence y and, similarly, the parameters

(µ, σ) do not matter for x. Together this implies the log-likelihood is given by

log (L(θ|y,x)) = log (p(y|x,µ, σ)) + log (p(x|Π)) (4.9)

That is, the parameters governing the observation equation and state transition equation

could be solved for separately, given x. Intuitively, if the states x are observed, one could

estimate Π using only data on transitions from x, estimate µ(xt = j) by averaging the yt

that are observed when xt is in state j, and then estimate Σ using the sample variance of

the observations y demeaned by the estimates of µ.

In practice, the latent states x are unobservable, but we can use the EM algorithm to

maximize the likelihood. Intuitively the EM algorithm (or Baum-Welch algorithm in the

case of HMMs) iterates between updating the posterior distribution over the latent states

px = p(x|y, θ) taking the parameters and observations (y, θ) as fixed in the E step, and

updating the parameters θ(i) → θ(i+1) taking the latent states and observations (px,y) as

fixed in the M step.

We now describe the E-step. Let yt = (y1, y2, . . . , yt), i.e., the observed values up to

time t. The forward probabilities αt(j) are given by

αt(j) = p
(
yt, xt = j|θ

)
(4.10)

We can define αt recursively as

α1(j) = δjφj(y1)

αt+1(j) =

(
m∑
k=1

αt(k)Πkj

)
φj(yt+1),

(4.11)

or in matrix form

αt = αt−1ΠΦ(yt). (4.12)

Similarly, let yTt+1 = (yt+1, yt+2, . . . , yT ), i.e. the observed values from time t + 1 to T .

The backward probabilities βt(i) are given by

βt(k) = p
(
yTt+1|xt = k, θ

)
(4.13)
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We can define βt recursively as

βT (k) = 1

βt(k) =
m∑
j=1

Πkjφj(yt+1)βt+1(j),

(4.14)

or, in matrix form,

β′t = ΠΦ(yt+1)β′t+1. (4.15)

Using these probabilities, we can define the probability of being in state i at time t, and

observing y as

p(y, xt = k|θ) = αt(k)βt(k). (4.16)

This leads to a posterior probability of being in state k, given by

γt(k) = p(xt = k|y, θ) =
p(y, xt = k|θ)

p(y|θ)
=

p(y, xt = k|θ)∑m
j=1 p(y, xt = j|θ)

=
αt(k)βt(k)∑m
j=1αt(j)βt(j)

.

(4.17)

We can also define the posterior transition probability between state i at time t and state

j at time t+ 1 as

ξt(k, j) = p(xt+1 = j, xt = k|y, θ)

∝ βt+1(j)φj(yt+1)Πkjαt(k),
(4.18)

where the last line follows from the definition of γt(k) from above.

At last, the M step is given by

µij =

∑T
t=1 y

i
tp(xt = j|y, θ)∑T

t=1 p(xt = j|y, θ)
=

∑T
t=1 y

i
tγt(j)∑T

t=1 γt(j)
(4.19)

(σi)2 =

∑T
t=1

∑m
j=1(yit − µij)2p(xt = j|y, θ)∑T
t=1

∑m
j=1 p(xt = j|y, θ)

=
1

T

T∑
t=1

m∑
j=1

(yit − µij)2γt(j) (4.20)

Πlj =

∑T
t=2 p(xt = j, xt−1 = l|y, θ)∑T

t=2 p(xt−1 = l|y, θ)
=

∑T
t=2 ξt(l, j)∑T
t=2 γt(l)

, (4.21)

for i = 1, ..., k.
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Given the updated transition matrix Π we can update the stationary probabilities as

δ = 1′ (Im − Π + U)−1 . (4.22)

Here U is a m×m matrix of ones.

4.2.3 Imposing structure through restrictions

One can impose additional structure on the discretization by estimating the process under

a set of restrictions. In the estimation, this happens through modifying the M step. For

example, for symmetric processes, a symmetry restriction can be imposed on µ. In case of

a process that is symmetric around zero and an odd number of grid points m, this means

that:

µ(dm/2e) = 0, and µ(dm/2e − r) = −µ(dm/2e+ r), for r = 1, ...., bm/2c (4.23)

Similarly, a process can also be symmetric in its dynamics, as reflected by the transition

probability matrix. In that case, the restriction takes the form

Πi,j = Π(m+1−i),(m+1−j). (4.24)

4.2.4 Allowing for life-cycle dynamics

For some stochastic processes, such as the process by Guvenen et al. (2021), we want to

allow for age-dependent transition probabilities. We propose the following multinomial

logit functional form:

Π(xit+1 = i|xit = j, ageit) =
exp
(
αij +

∑p
l=1 βl,ijagelit

)∑m
i=1 exp

(
αij +

∑p
l=1 βl,ijagelit

) ,
where αii = βl,ii = 0 ∀ i = 1, ...m, l = 1, ..., p,

(4.25)

where p is the order of the polynomial considered. This specification balances the desire for

a time-varying transition matrix, with the need to estimate a large number of parameters.

In this case, the EM algorithm can easily be adjusted by modifying Equation (4.21) to

involve an optimization over the parameters αij and βl,ij instead. There is no closed-form

solution for this, and therefore requires numerical optimization.
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4.2.5 Selecting the number of grid points

To select the number of grid points m, we face a trade-off between minimizing the extent

of misspecification from the discretization on the one hand, and wanting a low number

of grid points as is desirable for computational reasons. The intuition of using a HMM

is that this provides a so-called “soft-clustering”. Therefore, we propose to use an elbow

plot based on the total variance explained by the HMM on the y-axis, and the number of

grid points on the x-axis. An elbow plot is a heuristic commonly used for the selection

of the number of factors or clusters when reducing the dimensionality of a dataset. This

will ensure that m is chosen such that that the increase in the total variation from adding

an additional grid point is diminishing. As can be seen in the Application Section below,

the function of the total variation in the number of grid points is typically elbow-shaped.

4.2.6 Evaluation criteria

To compare our method to existing discretization methods, we will compute various statis-

tics. We will focus on the standard set of statistics, such as unconditional and uncondi-

tional moments, as well as two other statistics. First of all, we compute the mean squared

forecast error (MSFE) of the misspecified model, that is, if an agent uses the discrete

model instead of the true data generating process, what is the one-step ahead forecasting

error that the agent makes? For this statistic, we assume that an agent assigns himself

to the grid point closest to his current realization of y.

MSFE =
1

T

T∑
t=1

(yt − ŷt)2,

where ŷt =
∑
j

Πij · µ(xt = j), and i = argmini=1,...,m|yt−1 − µ(xt−1 = i)|
(4.26)

A second statistic we introduce is based on a likelihood-ratio (LR) test. We use the ob-

tained discretization from the competing method in our HMM model, and interpret the

given grid and transition probability matrix Π as a restriction, but estimate the corre-

sponding variances Σ. Next, we evaluate the likelihood and compare it to the likelihood

that our discretization method implies and compute the corresponding LR test. This

statistic gives an indication of how well or poor the competing discretization methods fit

the true underlying process relative to our discretization.
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4.2.7 Asymptotic justification

Li and Barron (1999) derive a set of results on the maximum likelihood estimator of m-

component mixtures of location-scale probability distribution functions g approximating

a function f ∈ F5
K,β, with F5

K,β defined as follows. Let K ∈ Rp be a compact subset and let

F5
K,β = {f :

∫
K
f(y)dy = 1 and f(y) ≥ β > 0, for all y ∈ K}

be the class of lower-bounded target probability density functions over K. If g ∈ F3 and

T is the number of observations on random variable y1, ...., yT distributed according to f ,

then they show that there is an upper bound on the expected KL divergence of f̂g,m,T . By

Nguyen and McLachlan (2019), this means that the expected KL divergence between f

and f̂g,m,T can be made arbitrarily large small by choosing an increasing sequence ofm that

grows slower than T , and they show the optimal convergence rate is m = O(
√
T/ log(T )).

Given that conditional on the state xt−1, the model in Equation (4.2) is a mixture

of normals for yt, it follows that by estimating the Hidden-Markov model in Equation

(4.2) by maximum likelihood estimation, as m → ∞ with the rate above, we can make

the expected KL divergence between our HMM and the conditional probability density

function arbitrarily small.

4.3 Applications

In this section, we provide several applications of our discretization technique and compare

our method to existing discretization methods.

4.3.1 Discretizing an AR(1) process with Gaussian innovations

We consider an autoregressive process of order one with Gaussian errors:

yt = ρyt−1 + σεεt, εt ∼ N(0, 1), t = 1, ..., T. (4.1)

We simulate data from the process in Equation (4.1). We vary the simulation length

T ∈ {1000, 2000, 10000, 25000} and ρ ∈ {0.7, 0.95}. We impose both restriction (4.23)

and (4.24) because of the symmetry of the process. Figure 4.1 displays the explained

variation for different grid sizes m. For both choices of ρ, the elbow method implies that

an optimal choice is m = 7, although for ρ = 0.7, m = 5 already might suffice.

Comparing our method to the Tauchen (1986), Rouwenhorst (1995) and Farmer and Toda

(2017) method, we obtain the results summarized in Table 4.1. For both grid sizes, the
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Figure 4.1: Elbow plots for an AR(1) process with Gaussian innovations
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(b) ρ = 0.95
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Table 4.1: Comparison AR(1), lowest values in bold.

Method Janssens-McCrary Tauchen Rouwenhorst Farmer-Toda

m = 7
Abs dev. uncond. mean y < 0.001 < 0.001 < 0.001 < 0.001
% dev. uncond. variance y -7.24 52.8 < 0.001 < 0.001
% dev. autocorrelation y 0.869 1.21 0.010 0.043
Abs. dev. uncond. skewness y -0.001 0.019 < 0.001 -0.043
% dev. uncond. kurtosis y -9.37 -7.93 -11.6 -8.00
Abs. dev. cond. mean y 1.24 5.88 < 0.001 < 0.001
% abs. dev. cond. variance y 18.6 18.2 < 0.001 < 0.001
Abs. dev. cond. skewness y 0.688 1.11 1.42 2.11
% abs. dev. cond. kurtosis y 88.1 151 195 735
MSFE y 1.43 1.81 1.54 1.54
LR test – 5501 1842 1805
m = 11
Abs dev. uncond. mean y < 0.001 < 0.001 < 0.001 < 0.001
% dev. uncond. variance y -3.0 25.8 < 0.001 < 0.001
% dev. autocorrelation y 1.35 -0.163 0.097 0.128
Abs. dev. uncond. skewness y -0.006 -0.023 0.015 0.008
% dev. uncond. kurtosis y -2.81 -5.93 -8.62 -1.40
Abs. dev. cond. mean y 1.24 3.21 < 0.001 < 0.001
% abs. dev. cond. variance y 22.7 26.2 < 0.001 < 0.001
Abs. dev. cond. skewness y 0.370 0.217 1.05 1.05
% abs. dev. cond. kurtosis y 19.3 7.61 117 571
MSFE y 1.20 1.29 1.32 1.32
LR test – 3029 3179 2929

Parametrization of AR(1): ρ = 0.95, σ = 1.
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mean-squared forecast error and the likelihood-ratio test indicate that our discretization

has a much better fit to the data simulated from the continuous-support process than

the discretized processes implied by the other methods. Focusing on conditional and un-

conditional moments, we see that for m = 7, our method does better at capturing the

conditional skewness and conditional kurtosis than the other methods. Given that the

Rouwenhorst (1995) targets the first two moments and the autocorrelation, it is not un-

expected that we do not outperform this method in this dimension. As m increases, the

Tauchen (1986) method provides a better discretization, and actually captures the condi-

tional skewness and kurtosis better than our method, and outperforms the discretizations

that follow from applying Rouwenhorst (1995) and Farmer and Toda (2017) with regards

to the MSFE and LR test.

Discretizing an AR(1) with a mixture of Gaussian innovations

We now consider an autoregressive process of order one with a mixture of Gaussian errors:

yt = ρyt−1 + εt, εt ∼


N(0, σ2

1) with probability p1

N(0, σ2
2) with probability p2

N(0, σ2
3) with probability 1− p1 − p2.

(4.2)

Figure 4.2 shows the elbow plot to determine the optimal number of grid points. For

the specific parametrization of ρ = 0.9, σ2
1 = 0.1, σ2

2 = 0.2, σ2
3 = 0.8, p1 = 0.2, p2 = 0.6,

11 grid points is suggested. We compare our discretization method to the method by

Farmer and Toda (2017). To get an idea of how our method optimally selects the grid

points along with the transition probability matrix, see Figure 4.A1 in Appendix A. Our

method does not choose an equid-distant grid, but rather uses the grid to minimize the

Kullback-Leibler divergence in Equation (4.1). Comparing this to an equid-distant grid

with the same number of grid points, as in the right-hand side panel of Figure 4.A1, we

see our method selects more grid points in the center and less grid points in the tails.

In contrast, the equid-distant grid and the stationary distribution that follows from the

method by Farmer and Toda (2017) places a lot of grid points in the tail, with close to

zero probability mass.

Next, Table 4.2 summarizes several statistics to compare our discretization method

with the method by Farmer and Toda (2017). The method by Farmer and Toda (2017)

aims to match both conditional and unconditional first to fourth order moments, and

we see that indeed their method outperforms ours in these moments. We do perform

better with respect to the mean squared forecast error, and the LR test indicates that
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Figure 4.2: Elbow plot for an AR(1) process with a mixture of Gaussian innovations
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Parametrization: ρ = 0.9, σ2
1 = 0.1, σ2

2 = 0.2, σ2
3 = 0.8, p1 = 0.2, p2 = 0.6.

their discretization is very restrictive relative to ours in terms of fitting the data from the

continuous-support process.

4.3.2 Discretizing multivariate processes

In this subsection, we will apply our discretization method to three multivariate processes,

namely the AR(1) model with stochastic volatility, a vector autoregression (VAR) model

and the process by Guvenen et al. (2021). Given that our method does not rely on

tensor products, but estimates the multivariate grid jointly with the transition probability

matrix, we expect to do particularly well for multivariate processes, especially for a low

number of grid points.

Discretizing an AR(1) with stochastic volatility

Consider the following stochastic process:

yt = ρyt−1 + eht/2εt

ht = µ+ φ(ht−1 − µ) + σhηt, ηt ∼ N(0, 1).
(4.3)

For the discretization, we treat the process in Equation (4.3) as a multivariate process

in y and h. Figure 4.3 visualizes the log-likelihood and explained variation (of y) of this

model for different grid sizes. Interestingly, the explained variation has a kink rather than

being monotonously increasing. This is not due to numerical imprecisions, but because

of the way our discretization method selects its optimal grid.
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Table 4.2: Comparison for an AR(1) process with a mixture of Gaussian innovations

Method Janssens-McCrary Farmer-Toda

m = 11
Dev. uncond. mean y < 0.001 < 0.001
% dev. uncond. variance y -4.00 -2.67
% dev. autocorrelation y 1.26 0.05
Abs. dev. uncond. skewness y 0.020 < 0.001
% dev. uncond. kurtosis y -6.61 1.04
Abs. dev. cond. mean y 0.027 < 0.001
% abs. dev. cond. variance y 19.1 < 0.001
% abs. dev. cond. skewness y 0.378 0.350
% abs. dev. cond. kurtosis y 31.3 14.3
MSFE y 0.175 0.182
LR test – 2059
m = 23
Dev. uncond. mean y < 0.001 < 0.001
% dev. uncond. variance y -1.94 -2.67
% dev. autocorrelation y 1.08 0.079
Abs. dev. uncond. skewness y 0.005 0.004
% dev. uncond. kurtosis y -4.37 5.00
Abs. dev. cond. mean y 0.053 < 0.001
% abs. dev. cond. variance y 20.7 < 0.001
% abs. dev. cond. skewness y 0.623 < 0.001
% abs. dev. cond. kurtosis y 32.3 7.16
MSFE y 0.171 0.179
LR test – 5817

Parametrization: ρ = 0.9, σ2
1 = 0.1, σ2

2 = 0.2, σ2
3 = 0.8, p1 = 0.2, p2 = 0.6.

Figure 4.3: Log likelihood and explained variation of y for the AR(1)-SV model

Parametrization: ρ = 0.9, µ = −1.9, σ2
h = 0.4228, φ = 0.3. T=100,000.
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4.3 Applications 171

Figure 4.4 visualizes the optimal grid for different grid sizes m. At m = 17 grid points,

the method focuses on fitting y well, and, as can be seen, captures the fact that in the

tails, the value of exp(h/2) is larger than in the middle. However, as more grid points are

added, e.g. for m = 21 and m = 27, states will appear with very similar levels of y as

other grid points, but other values for h. These grid points appear from m = 19 onwards,

which explains the temporary decline in the explained variation after m = 17, which only

measures the fit of y. On the other hand, the log likelihood, which measures the fit in

both y and h, shows a steep increase from m = 19 to m = 21, capturing the fact that the

process does a good job at modelling the joint dynamics of h and y.

Next, we compare our discretization method to other discretization methods. We

use the method and codes of Farmer and Toda (2017), as well as a two-dimensional

binning method adapted from Adda and Cooper (2003). For the two-dimensional binning

method, we simulate data from the AR(1)-SV model, and create bins for y and h based

on equid-distant quantiles. The grid value is the median of the bin. The overall grid for

(y, h) follows from the tensor grid. We compute the joint transitions between all bins to

determine the transition probability matrix.

One important advantage of our discretization method is that ours does not rely on

tensor grids, but, as visualized in Figure 4.4, optimally determines the joint grid of y and

h. In contrast, panel (d) in Figure 4.4 shows that in case of a tensor product, each y-level

will always have a fixed and pre-determined number of h-levels. Our process suggests

that this is far from optimal, because, e.g., for very large (or small) levels of y, mostly

large values of h are relevant.

The strength of our method also follows from looking at the implied stationary dis-

tributions by the different discretization methods, see Figure 4.A2 in Appendix A. By

construction, the binning method assigns equal probability mass to all grid points. When

using only odd grid sizes, the only way to get a tensor grid of 9 is either my = 9, mh = 1,

my = 1, mh = 9 versa, or my = 3, mh = 3. We use the latter in Figure 4.A2a and Table

4.3. For m = 27, for the tensor grids we use my = 9 and mh = 3 respectively. As can be

seen in both Figure 4.A2 and Table 4.3, our discretization method does a considerably

better job at capturing the stationary distribution of y of the AR(1)-SV process, both

for m = 9 and m = 27. Our discretization is closer to the unconditional mean, variance,

skewness and kurtosis of the true process.

The discretization of Farmer and Toda (2017) is closer in terms of the autocorrelation

of y, but our process better captures the covariance between |y| and |h|. In terms of

conditional moments, the method by Farmer and Toda (2017) performs well, because these

are moments their method explicitly targets, but the method fails to match these moments

at certain grid points, which why they do not consistently outperform our method on
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Table 4.3: Comparison for an AR(1) process with stochastic volatility

Method Janssens-McCrary Farmer-Toda Binning

m = 9 (my = 3, mh = 3 for Farmer-Toda and binning)
Dev. uncond. mean y < 0.001 < 0.001 0.009
% dev. uncond. variance y -6.41 -9.20 -40.7
% dev. autocorrelation y 2.56 -0.259 -10.8
Dev. uncond. skewness y 0.004 -0.011 -0.011
% dev. uncond. kurtosis y -3.70 -63.7 -54.3
Abs. dev. cov |y| and |h| 0.005 0.049 0.036
% abs. dev. cond. mean y 0.026 < 0.001 0.065
% abs. dev. cond. variance y 24.8 15.8 33.7
Abs. dev. cond. skewness y 0.304 2.42 1.29
% abs. dev. cond. kurtosis y 79.4 293 61.2
MSFE y 0.221 0.363 0.401
LR test – 19,140 19,490
m = 27 (my = 9, mh = 3 for Farmer-Toda and binning)
Dev. uncond. mean y < 0.001 < 0.001 0.015
% dev. uncond. variance y -2.67 6.95 -15.6
% dev. autocorrelation y 1.72 -0.158 -2.31
Dev. uncond. skewness y -0.027 -0.029 0.022
% dev. uncond. kurtosis y 2.38 -23.2 -31.7
Abs. dev. cov |y| and |h| -0.008 0.044 0.024
% abs. dev. cond. mean y 0.028 < 0.001 0.023
% abs. dev. cond. variance y 21.0 2.78 13.7
Abs. dev. cond. skewness y 0.205 1.196 0.460
% abs. dev. cond. kurtosis y 54.5 289 43.2
MSFE y 0.196 0.221 0.243
LR test – 11,110 13,930

Parametrization: ρ = 0.9, µ = −1.9, σ2
h = 0.4228, φ = 0.3.s

matching these conditional moments. Both the MSFE and LR test point towards the fact

that, overall, both the binning method and method by Farmer and Toda (2017) do not

fit the continuous-support process as well as our method.

Discretizing VAR models

In this subsection, we demonstrate the performance of our method for discretizing a

bivariate VAR model of the form

y1
t = β11y

1
t−1 + β12y

2
t−1 + ε1

t (4.4)

y2
t = β21y

1
t−1 + β22y

2
t−1 + ε2

t , (4.5)

where εt ∼ N(0,Σ).
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We consider three different parametrizations but keep the grid size fixed to m = 17

to show how our discretization method optimally selects the grid. The optimal grids are

visualized in Figure 4.5. As can be seen, as opposed to a tensor grid, our optimal grid

incorporates the structure of the process into the grid. For example, in a VAR model

where both variables are positively correlated (β12 = β21 > 0), if y1 is large, y2 is also

likely large. Figure 4.5b shows how this is reflected in our optimal grid, while a standard

tensor grid as in Figure 4.5d does not reflect this co-dependence.

Figure 4.5: Visualisation of optimal grid for three different parametrizations of the data gener-
ating process in Equation (4.4), m = 25.
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(d) Symmetric and positively correlated:
Farmer-Toda
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For all three parametrizations, Σ = diag(0.1).
Panel (a): β11 = 0.7, β12 = 0, β21 = 0, β22 = 0.7
Panel (b) and (d): β11 = 0.7 β12 = 0.2, β21 = 0.2, β22 = 0.7
Panel (c): β11 = 0.7 β12 = 0.1, β21 = 0.0, β22 = 0.7.

Table 4.4 summarizes the performance of our discretization compared to the discretiza-

tion of Farmer and Toda (2017) for two different parametrizations of the VAR model in

Equation (4.4). In their discretization, Farmer and Toda (2017) target the first two con-

ditional moments.3 As we can see, they outperform our discretization method on the first

two conditional and unconditional moments, but for all other moments, our method is

closer to the true process. Our method also has a smaller mean squared forecast error and

3Their optimization procedure cannot target higher-order moments for this specific model and
parametrization.
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the LR test indicates our discretization has a considerably better fit to the continuous-

support process.

Table 4.4: Comparison for VAR model in Equation (4.4) for m = 25 (my1 = 5, my2 = 5 for
Farmer-Toda).

Method Janssens-McCrary Farmer-Toda

Parametrization 1
Abs. dev. uncond. mean y 0.003 < 0.001
% dev. uncond. variance y -0.134 0.005
% dev. autocorrelation y 0.118 -0.354
Abs. dev. uncond. skewness y 0.005 -0.088
% dev. uncond. kurtosis y -0.035 -0.101
Abs. dev. correlation(y1, y2) 0.040 0.112
Abs. dev. cond. mean y 0.038 < 0.001
% abs. dev. cond. variance y 37.5 < 0.001
% abs. dev. cond. skewness y 0.234 0.490
% abs. dev. cond. kurtosis y 15.3 17.3
MSFE y 0.103 0.104
LR test – 7291.5
Parametrization 2
Abs. dev. uncond. mean y 0.003 < 0.001
% dev. uncond. variance y -0.151 0.009
% dev. autocorrelation y 0.109 -0.281
Abs. dev. uncond. skewness y 0.018 0.102
% dev. uncond. kurtosis y -0.028 -0.164
Abs. dev. correlation(y1, y2) 0.072 0.182
Abs. dev. cond. mean y 0.036 < 0.001
% abs. dev. cond. variance y 37.4 < 0.001
% abs. dev. cond. skewness y 0.253 0.615
% abs. dev. cond. kurtosis y 14.25 29.97
MSFE y 0.106 0.117
LR test – 9649.4

Parametrization 1: β11 = 0.7 β12 = 0.1, β21 = 0.0, β22 = 0.7. Parametrization 2:
β11 = 0.7 β12 = 0.1, β21 = 0.1, β22 = 0.7. The statistics average over y1 and y2.
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Discretizing Guvenen, Karahan, Ozkan and Song (2021)

The stochastic process proposed by Guvenen et al. (2021) is given by:4

yit = (1− νit)e(zit+ε
i
t)

zit = ρzit−1 + ηit

ηit ∼

N(µη,1, ση,1) with prob. pz

N(µη,2, ση,2) with prob. 1− pz

zi0 ∼ N(0, σz0)

εit ∼

N(µε,1, σε,1) with prob. pε

N(µε,1, σε,2) with prob. 1− pε

vit ∼

0 with prob. 1− pv(t, zit),

min{1, exp(λ)} with prob. pv(t, z
i
t)

piv(t, zt) =
eξ
i
t

1 + eξ
i
t

, where ξit ≡ a+ bt+ czit + dzitt.

(4.6)

We use a multivariate discretization on yit and zit jointly. We allow the transition proba-

bilities to be age/time-dependent, as in Equation (4.25), with a polynomial of order one.

Figure 4.6 shows the explained variation (in y) and the log likelihood for different grid

sizes m. The elbow of the explained variation is at 9 grid points, but for comparison, we

will also show some results for 15 grid points.

Figure 4.6: Log likelihood and explained variation of y for the stochastic process in Equation
(4.6).
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4Note that we leave out the non-stochastic elements of the income-level, such as the fixed-effect. There
is no need to discretize these. For the parametrization, we refer to their paper.
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Figure 4.7: Visualisation of the optimal grid of the discretization of the stochastic process in
Guvenen et al. (2021).
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The optimal grids for m = 9 and m = 15 are visualized in Figure 4.7. As can be seen,

the discretization method shows that it is optimal to have multiple zero-income states. If

the number of grid points increases, the method adds grid points further in the tails, as

well as more zero-income states. Having multiple states with an income level of zero can

generate unemployed individuals that are heterogeneous with respect to their job-finding

probabilities. This can be seen in Figure 4.B1 in the Appendix, which visualizes the

age-dependent transition probability matrix. The first three rows essentially represent

zero-income states, and by looking at the diagonal, we can see that these states differ in

terms of their persistence. In terms of the life-cycle dynamics that our method uncovers,

we can see that for both the zero-income and the high-income states, the persistence

increases with age. The age effect is strongest for the high-income states, showing an
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increase in the persistence of the highest-income state from 0.42 to 0.52 over the working

life.

To compare our discretization method, we propose two different binning methods: (i)

“simple” binning and (ii) “sophisticated” binning.

Simple binning We adapt Adda and Cooper (2003) such that it can deal with the

large number of 0-states that the Guvenen et al. (2021) process generates, as well as the

life-cycle dependence. Choose m − 1 quantile levels, typically with equal distance, and

denote these by x1, ..., xm−1. We define bins bi, i = 1, ...,m:

b1 = [0, 0], b2 = [quantilex1(y|y > 0), quantilex2(y|y > 0)], ... ,

bm = [quantilexm−1
(y|y > 0), +∞]

(4.7)

The grid is then given by µ1 = 0 for the first grid point, and µi = quantile(xi+xi−1)/2(y|y >
0) for the others. To determine the transition probability matrix, simulate N life-cycles

of length T (resulting in a panel of dimensions (T × N)) from the process in Equation

(4.6) and assign the simulated observations of y into bins. The transition probabilities at

age t are computed by counting the transitions between bins:

P t
i,j =

∑N
i=1 I{yi,t+1 ∈ bi|yi,t ∈ bj}∑N

i=1 I{yi,t ∈ bj}
.

Sophisticated binning In this binning method, we use more information about the

process, and do not simply bin on y, but instead, first, bin on the persistent component

of earnings, z. Therefore, first, select the discretization level for z, denoted mz, and

correspondingly have equal-distance quantiles, denoted by xz1, ..., x
z
mz−1. The bins for z are

defined as bzi , i = 1, ...,mz: b
z
1 = [−∞, quantilexz1 ], b

z
i = [quantilexzi−1

(zi,t), quantilexzi (zi,t)]

and bzmz = [quantilexzm−1
(zi,t),+∞]. The corresponding grid for z is then given by the

midpoints: µzi = quantile(xzi+xzi−1)/2(z), for i = 1, ...,mz. Simulating a series of z, the

transition probabilities for z can then be computed by

Pi,j =

∑N
i=1 I{zi,t+1 ∈ bi|zi,t ∈ bzj}∑N

i=1 I{zi,t ∈ bzj}
. (4.8)

Next, we double the grid, because for each value of z, one can either be unemployed with

probability ptv, or employed with probability 1 − ptv, see Equation (4.6). This gives a

tensor grid of (vit ∈ {0, 1}) ⊗ (zit ∈ {bzi }mzi=1). To compute the transition probabilities of

this tensor grid, one needs to multiply Pi,j of Equation (4.8) by pt+1
v or 1−pt+1

v respectively,

where this probability is defined in Equation (4.6).
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At last, one should discretize the transitory component ε for the employed states.

If the number of discretization levels for ε is given by mε with an equal-distant grid,

the transition probabilities P (zit+1 ∈ bzi , ε ∈ bεj , vt+1 = 0|(zit+1 ∈ bzk, ε ∈ bεl , vt = 0) =
1
mε
P (zit+1 ∈ bzi , vt+1 = 0|zit+1 ∈ bzk, vt = 0).

Figure 4.8: Unconditional moments per age, for m = 15 discretization of the stochastic process
by Guvenen et al. (2021).
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(b) Unconditional moments of
yi,t+5−yi,t

(yi,t+5+yi,t)/2
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Solid line represents the continuous-support process, dashed line is our discretzation
method, dash-dot line is the sophisticated binning method, the dotted line is the simple
binning method.
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Comparison between methods Figure 4.8 displays how the unconditional moments

of the income levels in the process in Equation (4.6) vary by age, and the extent to which

our discretization method and the competing methods can replicate this. In addition,

Figure 4.8b also shows the unconditional moments of
yi,t+5−yi,t

(yi,t+5+yi,t)/2
.

As Figures 4.8-4.8b show, our discretization method captures both the unconditional

mean and variance of the income levels well. Our method does not fully capture the

unconditional skewness and kurtosis, but does considerably better than both binning

methods. The other methods perform poorly at the unconditional mean, skewness and

kurtosis. The simple binning method performs similarly to our method at capturing the

unconditional variance, but the simple binning method performs considerably poorer than

the sophisticated binning method at the other unconditional moments of y. Looking at

the unconditional moments of
yi,t+5−yi,t

(yi,t+5+yi,t)/2
, which is a statistic the paper by Guvenen et al.

(2021) focuses on, we perform similar to the simple binning method, and overall, capture

all moments and how they vary by age well.

4.3.3 Parsimoniousness

In this subsection we demonstrate that our discretization method leads to considerably

more parsimonious processes than competing discretization methods. This is an important

feature of our process, as parsimonious discretizations are attractive for computational

reasons.

For the AR(1) process we apply the Tauchen, Rouwenhorst and Farmer-Toda methods

for two different grid sizes: m = 11 and m = 17. Next, we interpret their resulting

discretization as a restriction for our HMM model in Equation (4.2), and estimate the

only free parameter, σ. Next, we analyze how small our grid size can be to achieve the

same value of σ̂. This measures how much more parsimonious our discretization can be

for the same fit to the continuous-support process. These results are summarized in Table

4.5.

The same procedure is repeated for the AR(1) process with Gaussian mixture inno-

vations, but now only for the Farmer-Toda method. From Table 4.5, we conclude that

especially for larger grid sizes, our method results in a similar fit for a much more parsi-

monious discretization than the Rouwenhorst and Farmer-Toda method. For the Tauchen

method, this is not the case. The intuition is that the Tauchen method improves as the

number of grid points increases, while the Farmer-Toda method and Rouwenhorst method

focus on matching a selected number of moments, and, once the discretization is able to

match these moments, adding more grid points does not lead to an improvement of their

discretization.
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Table 4.5: Quantifying how much more parsimonious our discretization is for the same overall
fit to the continuous-support process (JM is short for Janssens-McCrary, our discretization).

AR(1) process (∗)

Method Tauchen Rouwenhorst Farmer-Toda
σ̂2 for m = 11 0.474 0.563 0.543
JM m (σ̂2) 10 (0.444) 9 (0.505) 9 (0.505)
σ̂2 for m = 17 0.216 0.375 0.348
JM m (σ̂2) 17 (0.214) 12 (0.329) 12 (0.329)

AR(1) process with Gaussian mixture (∗∗)

Method Farmer-Toda

σ̂2 for m = 11 0.047
JM m (σ̂2) 9 (0.047)
σ̂2 for m = 23 0.040
JM m (σ̂2) 10 (0.040)

AR(1)-SV process (∗∗∗)

Method Binning Farmer-Toda
Log likelihood m = 27 -45,330 -43,920
JM m (log likelihood) 6 (-45,270) 7 (-44,087)
σ̂2 (of y) for m = 27 0.120 0.071
JM m (σ̂2) 5 (0.135) 8 (0.073)

VAR model (∗∗∗∗)

Method Farmer-Toda
Log likelihood for m = 25 -20,530
JM m (log likelihood) 13 (-20,100)
Ave. σ̂2 (of y1, y2) for m = 25 0.035
JM m (σ̂2) 25 (0.034)

This table is constructed by using the discretizations obtained from the Tauchen, Rouwen-
horst, Farmer-Toda method and binning method as a restriction in the HMM model in
Equation (4.2), and estimating the σ parameter and/or computing the log likelihood, which
both quantify the fit of the discretization to the continuous-support process. Next, we
analyze what grid size m is needed to achieve a similar-sized σ̂2 or log likelihood in our
discretization.

(*) For the AR(1) process: ρ = 0.95, σ = 1.
(**) For the AR(1)-Gaussian mixture: ρ = 0.9, σ2

1 = 0.1, σ2
2 = 0.2, σ2

3 = 0.8, p1 = 0.2,
p2 = 0.6.
(***) For AR(1)-SV: ρ = 0.9, µ = −1.9, σ2

h = 0.4228, φ = 0.3.
(****) For VAR: β11 = 0.7 β12 = 0.1, β21 = 0.1, β22 = 0.7, Σ = diag(0.1).

We repeat this exercise for the AR(1)-SV process, where we compare our discretization

method (JM in the table) with the binning method of Adda and Cooper (2003) and the

discretization method of Farmer and Toda (2017). We use two measures here, (i) the

log-likelihood of the restricted HMM model and (ii) the estimated σ of the y-component

of the process. As can be seen, the gain in parsimoniousness is large: our discretization
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method can obtain a similar fit to the AR(1)-SV process with 5 to 8 grid points instead

of 27.

4.4 Quantitative Implications for Consumption, Wealth

and Welfare

In this section, we evaluate the quantitative implications of using different discretization

methods for consumption, wealth and welfare through a life-cycle consumption-savings

model.

4.4.1 A life-cycle model

We begin by discussing the model environment, followed by the household optimization

problem, and the details of the calibration strategy.

Environment We consider a partial equilibrium life-cycle version of the canonical

incomplete-markets model without aggregate uncertainty. Households live up to T pe-

riods, where the first t < Tr are spent working and the remaining periods are spent in

retirement. Working households supply one unit of labor inelastically with pre-tax earn-

ings y that evolve stochastically as described in more detail below. Retired households

receive pension b and die with probability 1 − st each period. Asset markets are incom-

plete. Agents can borrow and save via an uncontingent bond, at risk-free interest rate r,

up to an exogenous borrowing limit a.

Household problem At any given age, agents choose consumption c and saving a′

subject to the budget constraint which depends on the current state of assets a and

earnings y. During their working age t < Tr, households solve the following optimization

problem

Vt(a, y) = max
c,a′

{
u(c) + βEtVt+1 (a′, y′)

}
,

s.t. c+ a′ = τ(y) + (1 + r)a

a′ ≥ a,

where earnings satisfy

ln(yt) = gt + zt.
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That is, log earnings are the sum of a common deterministic age component and an

idiosyncratic stochastic component zt that evolves according to a (possibly age-dependent)

Markov transition matrix Πt.

Retired households solve the following problem:

Vt(a) = max
c,a′

{
u(c) + βstVt+1 (a′)

}
,

s.t. c+ a′ = b+ (1 + r)a

a′ ≥ a,

where b is a pension benefit paid to all retired households, and st is the probability of

surviving from period t to t+ 1.

Calibration Agents enter the model at age 25 and work until age Tr = 65, after

which they can be retired up to 25 years, so T = 80. If agents reach T = 80, they die

with certainty. The exact year of death after retirement is stochastic, and the survival

probabilities are from the Social Security Aministrations actuarial life table. Retirement

benefit b is chosen to match the 45% replacement rate of average earnings, which is a

good approximation of the system in the United States (Mitchell and Phillips, 2006).

Utility has CRRA form:

u(c) = c1−σ/1− σ.

The coefficient of relative risk aversion is set to 2. The risk free rate is 2% and the

borrowing limit is 12% of average earnings, which De Nardi et al. (2020) find is roughly

the ratio of credit cards limits to income in the Survey of Consumer Finances. The

discount factor β is calibrated to match a wealth to income ratio of 3 for the working age

population, and this will be re-calibrated for all different income processes we use, and

the different discretization methods we use for these income processes.

Following Benabou (2002) the labor income tax function has the form

τ(y) = (1− χ)y1−µ. (4.1)

The parameters χ and µ govern the level and progressivity of the tax function. Follow-

ing Krueger and Wu (2021) we set the progressivity parameter to 0.1327, and the level

parameter to 0.1575. The calibration is summarized in Table 4.6.
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Table 4.6: Model parameters

Parameter Description Value
σ Risk aversion 2.0
b Retirement benefits 0.45
r Risk-free interest rate 0.02
a Borrowing limit -0.12
µ Income tax progressivity 0.1327
χ Income tax level 0.1575

4.4.2 A life-cycle model with an AR(1) process for earnings

In this subsection we show that even when the earnings process is given by a simple AR(1)

process, the choice of the discretization method matters. We compare our method with

the method of Farmer and Toda (2017) and Tauchen (1986). We do not consider the

Rouwenhorst method in this section, because the discretization is very similar to one by

Farmer and Toda (2017) for the AR(1) process. To have some sort of informal benchmark,

we also look at Tauchen (1986) with a large grid, that is, m = 299.

Some summary statistics are provided in Table 4.7, and visualized in Figure 4.9. Using

the Tauchen-discretization with m = 299 as a benchmark, we see that the simulations

in Figure 4.9 using our discretization are closer to the benchmark than those that follow

from the method of Farmer and Toda (2017). The other summary statistics we present in

Table 4.7 are also closer to the benchmark than when using the discretization of Farmer

and Toda (2017). The welfare implications of risk for the discretization by Farmer and

Toda (2017) are, however, closer to the benchmark than for our discretization.

Table 4.7: Summary statistics computed from simulations from the life-cycle model for four dif-
ferent discretizations of an AR(1) process. m = 17 is used for the discretization. Parametriza-
tion: ρ = 0.95, σ = 0.2.

Discretization method Janssens-McCrary Farmer-Toda Tauchen Tauchen m = 299
Variance cit 0.166 0.170 0.168 0.167
Variance ∆cit 0.009 0.007 0.008 0.009
Variance ait 22.92 24.62 23.37 23.56
Variance ∆ait 0.103 0.110 0.105 0.106
Covariance cit and yit 0.234 0.231 0.234 0.233
Covariance ∆cit and ∆yit 0.016 0.014 0.015 0.015
CEV 0.260 0.231 0.261 0.231
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Figure 4.9: Simulations from the life-cycle model for four different discretizations of an AR(1)
process. m = 17 for all methods. Assets, consumption and earnings over the life-cycle (age on
the x-axis).
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Solid black line represents our discretization method, the dashed line is the Farmer-Toda
method, the dash-dot line is the Tauchen method. The red solid line is added as
a benchmark, and is a discretization with the Tauchen method with a very large
number of grid points (299). Note that in all cases, the data is simulated from the
continuous-support earnings process, but the solution is computed using the four
different discretizations, which is why in the last column, the four lines coincide, but in
the other graphs, the lines are different.

4.4.3 A life-cycle model with an AR(1) earnings process with

fat tails

Next, we analyze the implications of using our discretization method versus other dis-

cretization methods when the earnings process is an AR(1) process where the innovations

have fat tails because they are drawn from a mixture of normals. As can be seen, our

discretization method is very similar in terms of conclusions as the one by Farmer and

Toda (2017). Using a binning method, however, does lead to very different results. For

example, the variance in consumption changes can be up to four times as large when using

the binning method, see Figure 4.10. As can be seen in Table 4.8, the certainty equiv-

alent value is also considerably larger when using binning, and the covariance between

consumption changes and earnings changes is double in size.
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Figure 4.10: Simulations from the life-cycle model for three different discretizations of an AR(1)
process with fat tails. m = 17 for all methods. Assets, consumption and earnings over the life-
cycle (age on the x-axis).
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Solid black line represents our discretization method, the dashed line is the Farmer-Toda
method, the dash-dot line is the binning method. Note that in all cases, the data is
simulated from the continuous-support earnings process, but the solution is computed
using the four different discretizations, which is why in the last column, the four lines
coincide, but in the other graphs, the lines are different. Parametrization: ρ = 0.9,
σ2
1 = 0.1, σ2

2 = 0.2, σ2
3 = 0.8, p1 = 0.2, p2 = 0.6.

Table 4.8: Summary statistics computed from simulations from the life-cycle model for three
different discretizations of an AR(1) process with fat tails. m = 17 is used for the discretization.
Parametrization: ρ = 0.9, σ2

1 = 0.1, σ2
2 = 0.2, σ2

3 = 0.8, p1 = 0.2, p2 = 0.6.

Discretization method Janssens-McCrary Farmer-Toda Binning
Variance cit 0.755 0.785 0.987
Variance ∆cit 0.121 0.125 0.347
Variance ait 40.54 39.85 27.17
Variance ∆ait 0.505 0.508 0.229
Covariance cit and yit 0.938 0.950 1.197
Covariance ∆cit and ∆yit 0.201 0.208 0.402
CEV 0.262 0.243 0.301

4.4.4 A life-cycle model with an AR(1)-SV earnings process

In Figure 4.11 we visualize several summary statistics of simulations from a life-cycle with

an AR(1)-SV earnings process, where we compare three different discretization methods:

(i) our proposed method, (ii) the method by Farmer and Toda (2017) and (iii) a two-
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dimensional binning method adapted from Adda and Cooper (2003). Figure 4.11 shows

how our discretization method tracks both the mean and variance of the earnings over

the life cycle better than the other discretization methods.

While our method provides a considerably better discretization of the earnings process,

the choice of the discretization method also matters a lot for the asset and consumption

choices of individuals. For example, when using our discretization method, individuals

face a variance of their consumption changes that is up to three times as large than

when using the other discretization methods. The other methods also suggest a lower

average level of consumption when approaching the end of working life. The differences

between the discretization methods also can be seen from Table 4.9. The choice of the

discretization method also matters for the covariance between consumption and income

(as well as between their first differences), and that this covariance is considerably larger

when using our discretization method.

Figure 4.11: Simulations from the life-cycle model for three different discretizations of an AR(1)-
SV process. m = 27 for all methods. Assets, consumption and earnings over the life-cycle (age
on the x-axis).
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Solid black line represents our discretization method, the dashed line is the Farmer-Toda
method, the dash-dot line is the binning method. The grey dotted line in the last panel is
the continuous-support earnings process. Data is simulated on the grid, and the solution
is computed using the four different discretizations. Parametrization: ρ = 0.9, µ = −1.9,
σ2
h = 0.4228, φ = 0.3.
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Table 4.9: Summary statistics computed from simulations from the life-cycle model for three
different discretizations of an AR(1)-SV earnings process. m = 27 is used for the discretization.

Discretization method Janssens-McCrary Farmer-Toda Binning
Variance cit 0.978 0.661 0.386
Variance ∆cit 0.107 0.044 0.031
Variance ait 45.98 36.92 25.83
Variance ∆ait 0.537 0.408 0.304
Covariance cit and yit 1.187 0.867 0.528
Covariance ∆cit and ∆yit 0.177 0.111 0.082
CEV 0.303 0.323 0.276

4.4.5 A life-cycle model with the earnings process of Guvenen

et al. (2021)

At last, we illustrate the importance of the choice of the discretization method for the

earnings process of Guvenen et al. (2021) through the lens of the life-cycle model described

above. Figure 4.12 shows how the choice of the discretization method matters for the

model solution, and leads to different implications of how assets and consumption develop

over the life cycle of an individual. Our discretization method suggests a more intuitive

development of the mean assets over the life cycle, showing a small and gradual decline

when approaching retirement. Note that our method also provides a much closer fit to

the mean earnings of the continuous process than the other discretization methods.

The discretization method also matters for how the variance in the change in assets

from one period to another varies over the life cycle. At the middle of the working life, this

variance is almost twice as large for our discretization method than for the two binning

methods. For the variance in consumption changes we see a similar pattern emerge; our

discretization method leads to a higher variance.

Looking at the certainty equivalent (CEV) in Table 4.10, the lifetime consumption an

individual would be willing to sacrifice in order to live in a world without risk, we see

that also this value varies across discretization methods. The CEV that follows from a

model solved with our discretization method is lower, which is consistent with the fact

that we find a lower variance in the changes in consumption from one period to another.

Our method also suggests a lower covariance between consumption and earnings.

Main sources of risk in Guvenen et al. (2021) In this last subsection, we use our

discretization method to study what the main sources of risk are in the earnings process

of Guvenen et al. (2021). As discussed by Guvenen et al. (2021), there are two main

features of the earnings process that are important in matching several moments of the

earnings data they use, being (i) nonemployment shocks and (ii) innovations to earnings
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Figure 4.12: Simulations from the life-cycle model for three different discretizations of the earn-
ings process of Guvenen et al. (2021). Assets, consumption and earnings over the life-cycle (age
on the x-axis).
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Solid line represents our discretization method, the dashed line is the sophisticated bin-
ning method, the dashed-dot line is the simple binning method. Note that in all cases,
the data is simulated from the continuous-support earnings process, but the solution is
computed using the three different discretizations, which is why in the last column, the
three lines coincide, but in the other graphs, the lines are different.

Table 4.10: Summary statistics computed from simulations from the life-cycle model for three
different discretizations of the earnings process of Guvenen et al. (2021). m = 15 is used for the
discretization.

Discretization method Janssens-McCrary Sophisticated binning Simple binning
Variance cit 0.624 0.377 0.623
Variance ∆cit 0.027 0.031 0.052
Variance ait 15.40 5.571 7.526
Variance ∆ait 0.169 0.074 0.124
Covariance cit and yit 0.714 0.435 0.701
Covariance ∆cit and ∆yit 0.048 0.049 0.089
CEV 0.754 0.784 0.769

being drawn from a mixture of normals. We analyze the relative contribution of these

features to the overall risk an individual faces by consecutively shutting them down.

We compute the certainty equivalent for the discretized process of Guvenen et al.

(2021) (i) as in Equation (4.6), (ii) when vit = 0 for all i, t and (iii) when εit and ηit are not

drawn from a mixture, but from one normal that has the same mean and variance as the

mixture distribution. These results are summarized in Table 4.11. As can be seen, the
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nonemployment risk is the most important source of risk individuals face, and removing

this risk decreases the CEV from 0.754 to 0.213 when using our discretization method,

and from 0.769 to 0.159 using simple binning. Removing the mixture of normals then

declines the CEV by another 0.08-0.09 points. The choice of binning does not matter

much for the impact of non-employment risk, which is itself a discrete event, however, for

the effect of excess kurtosis, a naive binning scheme underestimates the welfare cost by

30%.

Table 4.11: Certainty equivalent (CEV) for three variations on the earnings process of Guvenen
et al. (2021) in Equation (4.6), all computed using a 15-gridpoint discretization.

Equation (4.6) Equation (4.6) Equation (4.6)
No nonempl. risk No nonempl. risk

No mixture
CEV with Janssens-McCrary 0.754 0.213 0.121
CEV with simple binning 0.769 0.159 0.085

4.5 Conclusion

This chapter proposes a novel discretization method for continuous-support Markov pro-

cesses that provides both an optimally selected grid and transition probability matrix.

We compare its performance to other discretization methods such as those by Farmer and

Toda (2017), Rouwenhorst (1995), Tauchen (1986), and Adda and Cooper (2003). Our

discretized process provides a closer fit to the continuous-support process than other dis-

cretizations, and, if an individual would use our discretized process to forecast its future

earnings, would have a lower mean squared forecast error than when using any of the other

methods. We apply our discretization to a large set of continuous-support processes, and

find that the gain of using our method is largest in case of multivariate processes such as

the AR(1) process with stochastic volatility.

We also evaluate the effect of the choice of the discretization method on the solutions

that follow from a life-cycle model with a variety of different earnings processes, and find

that the discretization method matters greatly for several statistics, such as the covariance

between changes in income and earnings, and the certainty equivalent. Given that both

are commonly reported statistics, the fact that they depend so strongly on the choice of

the discretization method is an important insight.

Discretized stochastic processes have many more applications than just the life-cycle

model we explore in this chapter. This includes, for example, Heterogeneous Agent New
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Keynesian (HANK) models used in macroeconomics, and asset pricing models. An inter-

esting extension of our chapter would be to see how an improved discretization obtained

through our discretization method can lead to different inference and conclusions in these

models.

4.A Stationary distributions of continuous-support

processes and their discretizations

Figure 4.A1: Stationary distributions of data generating process (left), 11-gridpoints discretiza-
tion using Janssens-McCrary (middle) and Farmer-Toda (right), where the data generating pro-
cess is an AR(1) process with a mixture of Gaussian innovations as in Equation (4.2).

Parametrization: ρ = 0.9, σ2
1 = 0.1, σ2

2 = 0.2, σ2
3 = 0.8, p1 = 0.2, p2 = 0.6.
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Figure 4.A2: Stationary distributions of data generating process (left), and 9 (up) and 27 (below)
-gridpoints discretization using Janssens-McCrary (second column), Farmer-Toda (third column)
and the binning method (last column), where the data generating process is an AR(1) process
with stochastic volatility as in Equation (4.3).

(a) m = 9 (my = 3, mh = 3 for Farmer-Toda and binning)
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(b) m = 27 (my = 9, mh = 3 for Farmer-Toda and binning)
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Parametrization: ρ = 0.9, µ = −1.9, σ2
h = 0.4228, φ = 0.3.
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Nederlandse Samenvatting

(Summary in Dutch)

Met dit proefschrift draag ik bij aan de econometrische omkadering van macroeconomische

modellen met heterogene agenten. Heterogene agenten modellen kunnen gebruikt worden

om een groot aantal vragen over de interacties tussen macroeconomie en ongelijkheid

te bestuderen. Echter, waar men welbekend is met de econometrische methoden en het

analyseren van parameter identificatie in modellen met representatieve agenten, is dit niet

het geval voor heterogene agentenmodellen.

Om die reden stel ik in het tweede hoofdstuk van mijn proefschrift een tweestapsme-

thode voor die gebruikt kan worden voor het analyseren van de parameter identificatie

en het schatten van parameters in zowel representatieve agentenmodellen als heterogene

agentenmodellen. Deze tweestapsmethode heeft aantrekkelijke eigenschappen zoals ro-

buustheid van een deel van de parameters tegen misspecificatie en tegen de keuze van de

oplossingsmethode. In het geval van het heterogene agentenmodel dat ik bestudeer in dit

hoofdstuk, betekent het gebruik van de tweestapsmethode dat een deel van de parameters

wordt geschat met behulp van macroeconomische tijdreeksen, terwijl een ander deel van

de parameters geschat dient te worden met behulp van cross-sectionele data of panel data.

In het derde en vierde hoofdstuk kijk ik naar een specifiek aspect van heterogene

agentenmodellen, namelijk naar het stochastische process dat het inkomen van huishou-

dens beschrijft. De oplossingsmethoden die meestal gebruikt worden voor het oplossen

van heterogene agentenmodellen introduceren enkele restricties waaraan dit stochastische

process moet voldoen. Specifiek moet het process eerste-orde Markoviaans zijn, en een

discrete uitkomstenruimte hebben. Om hier mee om te gaan zijn wordt meestal één van

twee methodes gebruikt. De eerste methode is om direct een discreet eerste-orde Markovi-

aans process te schatten op inkomensdata. De tweede methode is om een continu process

te schatten en vervolgens te discretiseren zodat het gebruikt kan worden in het heterogene

agentenmodel.

De bestaande discrete processen in onderzoeken die methode één gebruiken negeren

veelal ongeobserveerde heterogeniteit in het inkomensproces, en dan negeren zij met name
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de verschillen in inkomensrisicos tussen huishoudens. Dit is een probleem omdat het

leidt tot onrealistische voorspellingen in heterogene agentenmodellen. Daarom stel ik

in mijn derde hoofdstuk een nieuw discreet inkomensproces voor dat wél verschillen in

ongeobserveerd inkomenrisico toelaat. Het inkomensproces zorgt ervoor dat individuen

met dezelfde huidige inkomensniveaus kunnen verschillen in hun kansen op baanverlies,

inkomensdalingen en inkomensstijgingen. Ik schat dit inkomensproces met data uit de

Verenigde Staten en laat zien dat de ongeobserveerde verschillen in inkomensrisicos tussen

individuen groot zijn.

In mijn vierde hoofdstuk stel ik een nieuwe methode voor om continue inkomenspro-

cessen te discretiseren. Deze nieuwe methode is efficiënter en kan leiden tot compactere

discretisaties dan bestaande methoden. Ook stelt het hoofdstuk een vuistregel voor om

het aantal punten van de discretisatie te selecteren. Het hoofdstuk laat zien dat de keuze

van de discretisatietechniek belangrijk is, en dat verschillende discretisaties tot heel andere

oplossingen kunnen leiden in heterogene agentenmodellen.
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The Tinbergen Institute is the Institute for Economic Research, which was founded in

1987 by the Faculties of Economics and Econometrics of the Erasmus University Rot-

terdam, University of Amsterdam and Vrije Universiteit Amsterdam. The Institute is

named after the late Professor Jan Tinbergen, Dutch Nobel Prize laureate in economics

in 1969. The Tinbergen Institute is located in Amsterdam and Rotterdam. For a full

list of PhD theses that appeared in the series we refer to https://www.tinbergen.nl/
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