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On Brauer's induction formula of characters of groups 

By 

ROBERT W. VAN DER WAALL 

Introduction. A celebrated theorem of R. Brauer ([1], Theorem 1) states that any irre- 
ducible complex character )~ of a finite group G can be expressed as a linear combination 
with integral rational coefficients of monomial  characters 2]  of G, i.e. 

(*) Z = 2 ai2~, a~eZ 
i=1 

and with 2~ linear characters of suitable subgroups of G. 
Here we will show that for any non-principal irreducible character Z a summation 1,) 

can be found in which none of the 2]  contains the principal character 1 a as an irreducible 
constituent. This answers in the affirmative a like question of G. O. Michler (Essen, 
Germany), as put to the author  in June 1993. As Michler told him, he could not gather 
an immediate and positive answer to his query from the existing literature, an observation 
that the author is willing to share with him after loose inspection of known sources. Note, 
that a positive answer to Michler's question has consequences for positions of occurrency 
of zeroes of Dedekind ~-functions and of Artin L-functions of algebraic number fields. To 
be more specific, let E/K be a finite galois extension of algebraic number fields with gatois 
group G. Consider the Artin L-function L~: = L(s, 2~, E/K). Then if n~ is the order of the 
zero or pole of L~ at the point s 0, Artin's conjecture maintains that for )~ ~e 1~ ~ a~n~ < 0 
holds whenever Z = Z al 2~, a t ~ ~g, is a (*)-decomposition, in which none of the 2~ 
contains 1 a as irreducible constituent; that is, L(s, Z, E/K) should be analytic at so. For  
more information about these topics, one may consult ([2], Chapter VIII), ([3]~ Chapter  
I) and more in particular the references drawn up in [7]; for very recent developments in 
respect to the Aramata-Brauer theorem one is referred to [6]. 

Notation ana conventions, We use standard notation as in [4] and [5] or else it will be 
self-explanatory. In particular we mention 

Irr(G) the set of the complex irreducible characters of the finite group G; 
la  the principal character of G; 
~i G the character of G induced by the character t /o f  a subgroup of G. 

The character Z of G is rnonomiat if it is induced from a linear character 2 of a suitable 
subgroup of G, i.e. )~ = 2 G and 2(1) = t. 

All groups in this paper are considered to be finite. Representation theory of groups 
is done over the complex number field. 
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A group T is called quasi-elementary if there exists a cyclic normal subgroup C of T 
for which TIC is a p-group for some prime p while also C itself is a p'-group. 

We now state and establish the existence of the special kind of summation (*) as 
announced in the Introduction. 

Theorem. Let Z ~ Irr(G), Z ~ la  �9 Then Z is an integral linear combination o f  monomial 
characters o f  G each not containing 1~ as an irreducible constituent. 

P r o o f .  According to L. Solomon (see [5], Theorem (8.20)) it holds that 
l a  = ~ a n ( l n )  G for suitable an e 2g, where the summation runs over the set of the quasi- 

H 
elementary subgroups H of G. Therefore, as )~(1H)a = (In)~n)G = (Zn) G, )~ = ~aH(zR)  G 
follows. 

Now ZH = bHln + TH, where bn e2g~o and where either Tn is void or else T n = ~ i  
i 

with any r an irreducible monomial  character of H not  equal to I n (note that 
each irreducible character of a quasi-elementary group is monomial). Hence 
z = Z a n b H ( l n )  G +52an(TH) ~, where by convention either (Tn) a is void or else 
(Tn) ~ = ~2 ~ ,  with any r a monomial  character of G each not containing l a  as irre- 

i 
ducible constituent. Indeed, by Frobenius'  reciprocity (1 G , ~i a) = (In, ~i) = 0. We have 

a n b n (In) a = - 2 a H b n ((1{1}) ~ - In) ~ + E an bn ((I{1})H) a . 

Each of the quasi-elementary subgroups H is an M-group (a fact we used already), 
whence (1~1}) H - In  = Z 7, where any such 7~ is an irreducible monomial  character of H 

i 
not equal to In.  Hence by a similar reasoning as above ((1~}) - ln) a = Z 7/a, whereas any 

i 
~/~ is a monomial  character of G not containing 1G as irreducible constituent. Further- 
more, it holds that Z a n b  n = 0. Namely 

0 = 05 1G ) = (Ean(zn)  G, 1G ) = Ean((XH) a, I t )  

= ZaH(Z~, 1tt) 

= ~,anbH.  

Therefore 

Z = - ZaHbn((l{l/) n -- 1H) a + ~,an(Tn) ~ 

is a kind of expression (*) answering Michler's question in the affirmative. 
The proof  of the Theorem is complete. [ ]  

References 

[1] R. BRAUER, On Art in  L-series with general g roup  characters.  Ann .  o f  Math .  48, 502-514  (t947). 
[2] J. V9: S. CASSELS and  A. FR6HLIC~t, Algebraic  N u m b e r  Theory.  L o n d o n - N e w  York-San Francis-  

co 1967. 
[3] A. FR6nLICH, Algebraic Number Fields. London-New York-San Francisco t977. 
[4] B. HUPPERT, Endliche Gruppen I. Berlin-Heidelberg-New York 1967. 
[5] I. M. tSAACS, Character Theory of Finite groups. London-New York-San Francisco 1976. 

Archiv der Mathematik 63 14 



210 R.W. VAN DER WAALL ARCH. )4ATH. 

[6] S. L. RHOADES, A generalization of the Aramata-Brauer theorem. Proc. Amer. Math. Soc. 119, 
357-364 (1993). 

[7] R.W. VAN DER WAALL and K. SATO, On a problem of R. Brauer for quotients of Dedekind 
zeta-functions. Indag. Math. (N. S.) 4, 99-109 (1993). 

Eingegangen am 4. 10. 1993 

Anschrift des Autors: 

R. W. van der Waall 
University of Amsterdam 
Faculty of Mathematics and Computer Science 
Plantage Muidergracht 24 
1018 TV Amsterdam 
The Netherlands 


