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Preface

This is the end
My only friend, the end
– The Doors
Horizons are mysterious objects in Nature. In everyday language, they denote the
boundary between earth and sky, and the end of what we can see. You can travel
towards that horizon and even beyond it—and although there will always be a new
horizon looming in the distance, nothing withholds you from writing a letter to the
friends you left behind. Within physics, horizons can be more disruptive and even
dangerous. The cosmological horizon of our Universe is an effect of the accelerated
expansion of space, which limits what we can observe and influence. Tragically, it
implies that friends separated by such a horizon cannot communicate; and at the
end of time, we will all be alone. Equally dramatic, the event horizon of a black
hole forms a point of no return: anyone who crosses this surface will not be able
to report on their adventures to their loved ones who stayed behind. Eventually,
they will hit the center of the black hole and likely cease to exist.
At no point in the writing of this dissertation have I been at danger: the research
my collaborators and I did is purely theoretical. It is our hope to gain understanding of the dynamics and microscopic origin of cosmological and black hole
horizons. In our research, we travel to these horizons and beyond—but only on
paper. We zoom in on the horizon to study its dynamics; and we wonder what
happens behind it, hidden from view.
This dissertation is split into three parts. The first part sets the stage for what
will follow. It describes the main characters: horizons; the puzzles surrounding
them; and the framework within which we will study them: holography, one of our
most powerful tools to study quantum gravity. In particular, an important ingredient in this dissertation is two-dimensional holography, which will be introduced
separately. Theoretical physicists are keen on lower-dimensional models: such toy
models can simplify the physics while preserving the interesting aspects.
v

Preface
The second part of this dissertation deals with an old problem in the study of
black holes, known as the information problem: do black holes form from collapse
and evaporate in a unitary fashion? In other words: if information falls past the
horizon of a black hole, is that really the end of it? We believe it is not: black
holes emit Hawking radiation, and collecting all such radiation should give access
to the information fallen behind the horizon. To prove this semiclassically has
been a long-standing open problem, which recently has been addressed in new and
exciting ways. After an introduction to the topic in Chapter 3, I will discuss a
model we developed to solve this problem in two-dimensional gravity in Chapter 4.
Then, in Chapter 5, I will apply that model to the cosmological horizon of our
Universe, which bears resemblance to a black hole horizon. Thus one can ask
a similar question: if a cosmological horizon evaporates, are we able to extract
information previously hidden?
In the third part of this dissertation, I will focus solely on black hole horizons, but of
various types: black holes in different dimensions, spacetimes, and theories. Many
(macroscopic) properties of black holes, such as their entropy, are universal; this
suggests that there is a commonality in their statistical description. However, that
is not the end of the story. I will discuss non-universal aspects of black holes that
are crucial when designing microscopic descriptions—relevant for our overarching
aim of understanding quantum gravity. I will describe the general setup in Chapter
6, and then will apply this formalism to two classes of black holes: in Chapter 7,
to five-dimensional rotating black holes, and in Chapter 8, to four-dimensional
charged black holes. These non-universal aspects will be encoded in deformations
away from an idealized AdS2 geometry: the near-horizon geometry of all black
holes considered here. Thus, in this part, too, I will use two-dimensional gravity,
and in particular the near-AdS2 /near-CFT1 correspondence, as an important tool.
Two-dimensional Jackiw–Teitelboim gravity is the technical aspect that weaves
together the two main parts of this dissertation. There is also a conceptual thread
connecting them. Within both, the final aim is to carefully construct microscopic
duals; either by exploring the entanglement structure of black holes and de Sitter
space, or by classifying non-universal features of black holes. I conclude this dissertation by contemplating the lessons learned, and with a more speculative outlook
on these directions, which I believe are both relevant for a better understanding
of our own Universe. This, then, is not the end.
Evita Verheijden
March 2022
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Part I

Horizons in Holography

1

Black Hole and
Cosmological Horizons

Our Universe still holds many secrets—and once in a blue moon it gives us new
ones. In 1998, two teams of cosmologists announced a groundbreaking discovery
that left physicists puzzled, and would earn them a Nobel prize in 2011 [6, 7]. By
measuring the light emitted by distant supernovae—explosions of old and heavy
but small stars—they realized that the expansion of the Universe is accelerating.
This is thought to be caused by so-called dark energy, which constitutes about
three quarters of the Universe’s content but whose nature is unknown.
A universe in a phase of accelerated expansion is well described by a so-called de
Sitter spacetime, the maximally symmetric solution to Einstein’s equations with a
positive cosmological constant. The de Sitter solution can also be used to describe
the earliest moments of our Universe: the era of inflation. Intriguingly, observers
in de Sitter space are surrounded by a cosmological horizon, which is the limiting
surface of the region they are in causal contact with. The cosmological horizon
shows striking similarities with another (in)famous horizon: the event horizon of
a black hole—one of the other mysteries that our Universe provided us with. In
particular, both horizons have a temperature and an associated entropy proportional to the horizon area. A statistical understanding of this entropy is crucial for
a microscopic description of both black holes and the expanding Universe—now
and during inflation.
As quantum effects are expected to dominate the early moments of the Universe,
as well as the physics inside black holes, a full microscopic description requires a
theory that unifies quantum mechanics and gravity: the holy grail of modern theoretical physics. One of the great successes of string theory, a promising candidate
for a theory of quantum gravity, has been to correctly count the microstates of
certain types of black holes [8]. To account for the statistical entropy of generic
black holes, as well as for the de Sitter entropy, is still an open problem.
Holography has proven to be a powerful tool in developing our understanding
of quantum gravity. Its most explicit incarnation, the Anti-de Sitter/Conformal
3

1. Black Hole and Cosmological Horizons
Field Theory (AdS/CFT) correspondence, which I will discuss shortly, brings us
the counting of black hole microstates, and—thanks to unitary properties of the
dual CFT—provides a formal resolution of the black hole information problem.
Despite these successes, many important and fundamental open problems remain.
Can we also understand unitary black hole evaporation from a semiclassical (i.e.,
allowing quantum fields on a classical geometry) bulk perspective? What can we
say about holographic aspects of black holes that are not universal, but instead
sensitive to their properties? And how can we use our holographic toolbox, so
carefully filled through Anti-de Sitter explorations, to understand quantum gravity
within cosmological spacetimes such as de Sitter space?
In this dissertation, I will explore such questions, with the final aim of carefully
constructing microscopic duals of cosmological and black hole spacetimes. I will
broadly take two routes. The first route involves a recently developed semiclassical analysis of the fine-grained entropy of Hawking radiation, known as the island
rule. In Chapter 4, I present a new semiclassical model to analyze the fine-grained
entropy of the radiation emitted by a two-dimensional evaporating black hole from
a three-dimensional perspective, without the need to explicitly invoke the island
rule [1]. An advantage of this model is that it can be used to study the evaporation
of the de Sitter horizon [2]; this will be the main goal of Chapter 5. The second
route focuses solely on black holes. To capture non-trivial dynamics and explore
the quantum mechanical nature of near-extremal black holes, an important tool
is the near-AdS2 /near-CFT1 correspondence. As AdS2 arises universally in the
extremal (zero temperature) limit of higher-dimensional black holes, it is expected
that near-AdS2 /near-CFT1 should be a theory of black hole microstates. In Chapters 7 and 8, I use the near-AdS2 /near-CFT1 correspondence to investigate the
imprint of non-universal features of different near-extremal black hole solutions on
their universal near-horizon description [3, 4].
This chapter provides a general introduction to the puzzles I will address regarding
the black hole and de Sitter entropy, and places them in the context of holography. Two-dimensional holography, the toolbox that will be used throughout this
dissertation, will be introduced separately in Chapter 2. Chapters 3 and 6 provide
more in-depth introductions to the topic of the island rule and non-universal black
hole dynamics, respectively.

1.1

Black hole puzzles

Black holes are theoretical predictions of Einstein’s theory of General Relativity—
and presently they are known to be ubiquitous in our Universe, forming upon the
collapse of very massive stars. Einstein gravity is conveniently described via the
4

1.1. Black hole puzzles
Einstein–Hilbert action,
S=

1
16πG

Z

√
d4 x −g (R − 2Λ) + Smatter ,

(1.1)

where Λ is the cosmological constant, G is Newton’s constant, and R the Ricci
scalar for the metric gµν . The term Smatter allows for additional matter. For
concreteness, in this chapter I specialize to four dimensions (unless explicitly stated
otherwise), and therefore I write G4 = G. The discussion can easily be generalized
to higher dimensions (see, e.g., [9]).
Extremizing the action (1.1) with respect to gµν gives the Einstein field equation
1
Rµν − Rgµν + Λgµν = 8πGTµν ,
2

(1.2)

matter
upon identifying the stress-energy tensor Tµν ≡ −2 √1−g δSδg
. The simplest
µν
black hole solution is the Schwarzschild geometry, describing a black hole of mass
M in asymptotically flat space (Λ = 0). It is the unique vacuum solution to
Einstein’s equations with spherical symmetry and has a metric gµν and blackening
factor f (r) given by

ds2 = gµν dxµ dxν = −f (r)dt2 +

dr2
+ r2 dΩ22 ,
f (r)

f (r) = 1 −

2GM
.
r

(1.3)

The hypersurface r = 2GM , where gtt and grr change sign, separates the spacetime
points that are connected to infinity by a timelike path from those spacetime points
that are not: it is the event horizon of the black hole.
In the 1970s it was noticed that, in classical general relativity, black holes follow
laws that are reminiscent of the zeroth, first and second law of thermodynamics
[10–16]. In particular, (0) the surface gravity κ is constant over the horizon; (1)
adiabatic changes to the mass M , area A, angular momentum J and charge Q of
the black hole are related by
δM =

κ
δA + ΩδJ + ΦδQ ,
8πG

(1.4)

where Ω is the angular velocity at the horizon, and Φ is the electrostatic potential;1
and (2) the horizon area never decreases in time, δA ≥ 0. The relation (1.4)
resembles the first law of thermodynamics, dE = T dS − P dV . Classically, black
holes have neither temperature nor entropy. Nonetheless, Jacob Bekenstein took
the superficial resemblance seriously: he argued that the area of a black hole
1 We will encounter rotating black holes in asymptotically flat and Anti-de Sitter (Λ < 0)
space in Chapter 7, and charged black holes in Chapter 8.
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should represent the statistical entropy of counting black hole microstates [14, 15].
Subsequently, Stephen Hawking discovered that quantum mechanical effects cause
black holes to emit radiation, such that they slowly evaporate. They emit radiation
at the Hawking temperature [17]
TH =

κ
.
2π

(1.5)

Combining this with (1.4) leads to the Bekenstein–Hawking entropy of a black
hole with area A:
A
.
(1.6)
SBH =
4G
In the above discussion, I have used units in which c = ~ = kB = 1; I will do
so throughout this dissertation. It is worthwhile, however, to temporarily restore
these constants in the entropy (1.6):
SBH =

k B c3 A
.
4~G

(1.7)

All constants of Nature appear: besides G, we have Boltzmann’s constant kB ,
the speed of light c, and Planck’s constant ~. This suggests that black holes are
intrinsically quantum-gravitational objects. Given the statistical interpretation of
entropy as counting microstates, the black hole entropy could provide information about the degrees of freedom of quantum gravity. I will now discuss two
problems related to the black hole entropy that may shed light on their quantumgravitational nature: the black hole information problem, and the non-universality
of black hole microstates.
Black hole information problem
Consider a black hole that formed from collapse of a pure state; the corresponding
Penrose diagram representing its causal structure is depicted in Figure 1.1. This
black hole emits thermal radiation. Roughly, we can think of this in the following way: near the horizon, a pair of entangled particles is created, after which
one particle escapes to infinity, and the other falls towards the singularity. Now,
imagine collecting that radiation in a ‘bath’, a spatial region Σrad , and computing
the entropy of the bath. For a bath of radiation in a state described by a density
matrix ρrad , the von Neumann or fine-grained entropy is
Srad = SvN (Σrad ) = − tr [ρrad log ρrad ] .

(1.8)

In general, the von Neumann entropy quantifies our ignorance about the precise
quantum state of the system; for a pure state, it vanishes, as we have complete
knowledge of the state. As more and more thermal radiation is collected, the von
6
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I+
singularity

I−

Figure 1.1. Penrose diagram for the formation and evaporation of a black hole. The
dashed line is the event horizon, which separates interior and exterior Hawking partners.

Neumann entropy of the bath grows and follows the so-called Hawking curve [18],
the green line in Figure 1.2.
On the other hand, as the black hole evaporates, its mass and thus its area decreases and the corresponding Bekenstein–Hawking entropy (1.6) decreases (the
orange curve in Figure 1.2). This entropy is a thermodynamic or coarse-grained
entropy, which should always be equal to or larger than the fine-grained entropy.
For a black hole that formed from a pure state and evolves unitarily with time,
the fine-grained entropy of the black hole system equals the fine-grained entropy
of the radiation, i.e., Sblack hole = Srad . This implies Srad ≤ SBH and thus the finegrained entropy of the radiation should decrease after reaching equality. The time
at which this happens is called the Page time, and the corresponding curve for the
radiation entropy, depicted in Figure 1.2, is known as the Page curve [19, 20].
The black hole information paradox is the apparent contradiction of unitary evaporation with the naively ever-increasing entropy of the thermal radiation—the
latter implies that black holes could destroy information, whereas the first states
that Hawking radiation must contain information, such that we again have complete knowledge of the state after evaporation has finished completely. Solving
the black hole information paradox boils down to reproducing the Page curve for
the fine-grained radiation entropy. One might expect that this requires a full
quantum-gravitational description. However, recently it was shown that the finegrained radiation entropy can be computed semiclassically and indeed follows a
Page curve. I will review some key features of this breakthrough in Chapter 3, and
7
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rad
SvN

t

tPage

Figure 1.2. The Page curve for the radiation entropy is depicted in red. Initially it follows the Hawking curve (green), which increases until the black hole has fully evaporated.
After the Page time, the radiation entropy decreases with the thermodynamic entropy of
the black hole (orange). The precise shape of the Page curve depends on the black hole
solution; here I just depict the most important features.

then consider a concrete model for evaporation of a two-dimensional black hole in
Chapter 4.
Non-universal dynamics of black holes
The Bekenstein–Hawking entropy (1.6) is universal in nature: the entropy of any
black hole follows an area law. This suggests that there is a commonality in the
statistical origin of that entropy. To account microscopically for this entropy is
non-trivial and appears to require a theory of quantum gravity. Indeed, one of the
great early successes of string theory, a promising candidate for such a theory, was
to correctly count the microstates of certain types of black holes [8]. To increase
our understanding of black hole microstates, it is relevant to also consider aspects
of black holes that are not universal, despite their shared semiclassical features.
One way to approach this problem is via the near-horizon dynamics of nearextremal black holes. Extremal black holes have vanishing temperature but finite
entropy; it has proven to be very difficult to account for this entropy. The difficulty
arises from the near-horizon geometry, which universally is described by AdS2 and
allows for only ground states. The near-AdS2 /near-CFT1 correspondence, which
I will introduce more thoroughly in Chapter 2, describes the leading deformations away from such an idealized AdS2 geometry and has provided a way around
these difficulties. The leading gravitational backreaction is universally encoded
in Jackiw–Teitelboim (JT) gravity, a two-dimensional dilaton gravity model. To
decode non-universal aspects, it is crucial to understand what other degrees of
freedom appear as one backreacts the geometry, and how these degrees of free8
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dom interact with the universal JT sector. Some general aspects of the near-AdS2
analysis will be described in Chapter 6. Examples of features that will have an
imprint are the inclusion of rotation, and whether or not the black hole solution
preserves supersymmetry, as will be discussed in Chapters 7 and 8, respectively.
Another important feature, relevant in both of these chapters, is the embedding
of the black hole in either asymptotically Anti-de Sitter or flat space.

1.2

The cosmological horizon

As mentioned at the beginning of this chapter, our Universe is currently entering
a phase of accelerated expansion reminiscent of the inflationary era. Such an expanding universe can be approximated by the four-dimensional de Sitter geometry,
a maximally symmetric solution to the Einstein equations (1.2) in vacuum with
positive cosmological constant. The cosmological constant measured in our Universe is roughly Λ ∼ 10−52 m−2 . We can represent de Sitter as a four-dimensional
hyperboloid embedded in five-dimensional Minkowski space,
− X02 +

4
X

ds2 = ηM N dX M dX N ,

Xi2 = `2 ,

(1.9)

i=1

where M, N = 0, . . . , 4. The de Sitter radius ` is given via Λ = 3/`2 . One can
specify different coordinate systems that cover (parts of) the hyperboloid. For
example, the global coordinates cover all of dS4 , as depicted in Figure 1.3(a), and
are defined by
T
T
X 0 = ` sinh , X i = ` cosh ω i ,
(1.10)
`
`
where i = 1, . . . , 4, the ω i parametrize the three-sphere and the time coordinate
T ∈ (−∞, ∞). The metric is
ds2 = −dT 2 + `2 cosh2

T
dΩ23 .
`

(1.11)

There is no global timelike Killing vector, and no single observer has access to the
full geometry.
The region accessible to a single observer living on one of the poles of the S 3 is
called the static patch (the red region in Figure 1.3(b)). The SO(4, 1) isometry
group gives rise to a manifest time-translation, and the metric is
r2
ds = − 1 − 2
`
2

!

r2
1− 2
`

2

dt +
9

!−1
dr2 + r2 dΩ22 .

(1.12)
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T

South Pole

North Pole

I+

I−
(a) Global dS4

(b) Penrose diagram

Figure 1.3. Global de Sitter is the surface of the hyperboloid (a). Time flows upwards;
two angular coordinates are suppressed, such that each time-slice is a three-sphere. In
the Penrose diagram (b), each point represents an S 2 . The (southern) static patch is
indicated in red; the dashed lines are the horizons.

Here r is restricted to r ∈ [0, `]. The null surface r = ` surrounding the observer
at all times is the cosmological horizon. The embedding coordinates that give the
static metric are
p
p
t
t
(1.13)
X 0 = `2 − r2 sinh , X 1 = `2 − r2 sinh , X i = rω i ,
`
`
where the coordinates ω i with i = 1, 2, 3 parametrize a two-sphere. A geodesic
observer in de Sitter detects a background of thermal radiation at the de Sitter
temperature [21]
1
TdS =
.
(1.14)
2π`
To analyze the de Sitter thermodynamics, it is convenient to consider the oneparameter family of Schwarzschild–de Sitter solutions of mass M . This geometry
is not in thermal equilibrium: it has a black hole and a cosmological horizon of
different temperatures. A careful analysis of the thermodynamics gives a first
law [21]
κc
− δM =
δAc ,
(1.15)
8πG
where κc is the surface gravity of the cosmological horizon and Ac is the area of
the cosmological horizon. The entropy of the latter is then identified as
Sc =

Ac
.
4G

(1.16)

Thus, as is the case for event horizons of black holes, the entropy of the de Sitter
10
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horizon is given by its area. A crucial difference comes from comparing the two
first laws (1.15) and (1.4). For the Schwarzschild black hole, adding mass increases
the horizon size and hence its entropy. For de Sitter, the maximal-entropy solution
is empty or pure de Sitter: adding mass to the static patch decreases the entropy.
This can be rephrased in terms of entropy of ignorance. The horizon area can be
interpreted as a measure of our ignorance: for the black hole, it measures what is
hidden from an asymptotic observer by the event horizon; for de Sitter, it measures
what is hidden from a static observer by its cosmological horizon.2
The statistical origin of the de Sitter entropy is elusive: it is unknown what the
associated microstates could even be. In addition, the observer-dependent nature
of the horizon makes the interpretation of its entropy less clear compared to the
black hole horizon entropy. A complete microscopic understanding of the de Sitter
entropy in principle requires a full quantum gravity approach. In Chapter 5, I will
instead follow a semiclassical approximation, similar to the analysis put forward
recently for evaporating black holes, to investigate the fine-grained entropy of an
evaporating two-dimensional de Sitter horizon.

1.3

Holography

The key insight of the Bekenstein–Hawking entropy (1.6) is the universal scaling
of black hole entropy with the event horizon area—not volume. It suggests that
the fundamental degrees of freedom of quantum gravity are holographic: they live
in one dimension fewer. This has inspired ’t Hooft and Susskind to formulate the
holographic principle [26, 27]: a theory of quantum gravity in (d + 1) dimensions
can be equivalently described by a quantum field theory in d dimensions. In the
same spirit as a two-dimensional hologram holds a three-dimensional image, the
degrees of freedom in the ‘bulk’ of a spacetime are stored on its ‘boundary’.
The best understood explicit incarnation of the holographic principle is the Antide Sitter/Conformal Field Theory correspondence [28]. This relates quantum
gravity on (d + 1)-dimensional asymptotically Anti-de Sitter (AdS) space to a
d-dimensional Conformal Field Theory (CFT). AdSd+1 spacetimes have a flat conformal boundary, where the CFTd is thought to live. The power of AdS/CFT lies
in what is often called the weak/strong duality: when one description is weakly
coupled, the other is strongly coupled and vice versa. Thus, we can use AdS/CFT
2 It has been proposed that the minus sign should be incorporated in the temperature, i.e., the
de Sitter temperature should be understood as negative [22,23]. Thermodynamical systems with
negative temperature exist (e.g. nuclear spin systems [24]); necessary conditions are that there
is an upper bound on the highest energy state as well as on the entropy [25]. Both conditions
are satisfied for de Sitter: the energy is bounded from above by the Nariai solution, the largest
black hole that can fit within the cosmological horizon; and the de Sitter entropy is finite. In
this dissertation, I will adhere to the ‘entropy of ignorance’ interpretation.
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to ask questions about strongly coupled quantum field theories such as QCD using
weakly coupled (semiclassical) gravity; and we can probe quantum gravity using
weakly coupled quantum field theories. The original and most famous example of
AdS/CFT states that type IIB string theory on AdS5 × S 5 is equivalent to N = 4
SU (N ) supersymmetric Yang–Mills theory on the four-dimensional boundary of
AdS5 . In the limit where the CFT has a large number N of colors and is strongly
coupled, the bulk theory reduces to classical general relativity.
The so-called holographic dictionary relates bulk and boundary quantities. For
example, the isometries of AdSd+1 are described by the d-dimensional conformal
group SO(d, 2), which matches the symmetries of a Lorentzian CFTd . In this dissertation, the two most relevant entries of the dictionary are holographic entropy,
which will be crucial to the research described in Chapters 3-5, and correlation
functions, which are among the central objects of study in Chapters 6-8. I will
give a more detailed introduction to holographic entropy and correlation functions
in Chapters 3 and 6, respectively; here, I describe the main concepts and how they
will be relevant to the bulk of this dissertation. Finally, I briefly mention some
aspects of de Sitter holography.
Holographic entropy and the black hole information problem
Holography has proven to be a powerful tool in developing our understanding
of quantum gravity in general and of black holes in particular. Besides other
successes, the AdS/CFT correspondence has given us a formal resolution of the
black hole information problem introduced previously. Consider an evaporating
black hole in Anti-de Sitter space: the dual CFT is intrinsically unitary, and thus
the evaporation in the bulk must be a unitary process as well.
However, this does not shed light on the unitarity of quantum-gravitational black
hole evaporation; we would like to find the analogous statement for the bulk dynamics. A natural starting point would be to use holographic entropy tools such as
the Ryu–Takayanagi (RT) formula [29] and its covariant extension due to Hubeny,
Rangamani, and Takayanagi (HRT) [30]. These formulas compute the entanglement entropy of a region R in the CFT in the large N limit, in which the bulk
theory reduces to classical general relativity. This entropy can be computed from
a spacelike, codimension-2 extremal surface X homologous to R and such that
the boundaries ∂X = ∂R (Figure 1.4). In the static case, the extremal surface
is minimal on a constant timeslice. The entanglement entropy of the region R is
computed by the area of X in the (d + 1)-dimensional bulk:
S(R) =

Area(X)
.
4Gd+1

(1.17)

An important example is the case of AdS3 /CFT2 , where the entanglement entropy
12
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R

X
z

CFTd
AdSd+1
z=

Figure 1.4. The RT formula in AdSd+1 /CFTd states that the entanglement entropy
of a region R is computed by the area of the extremal surface X, where ∂X = ∂R. To
regulate UV divergences, the holographic screen is placed at a cutoff z = .

of an interval in a two-dimensional CFT with its complement is computed by a
geodesic length in the AdS3 bulk, anchored at the endpoints of that interval.
Explicitly, the entanglement entropy of a subsystem A of length L in a CFT on
the plane is [31]
L
c
(1.18)
SA = log ,
3

up to a non-universal (theory-dependent) constant. Here  is a UV cutoff and c is
the central charge of the CFT. The formula (1.18) can be reproduced from (1.17),
where the minimal surface X is a geodesic in Poincaré–AdS3 anchored at the
boundary, with the endpoints separated by L, and with the same UV cutoff  (as
in Figure 1.4). The missing ingredient is another famous entry in the AdS3 /CFT2
holographic dictionary: the Brown–Henneaux central charge [32]
c=

3`3
,
2G3

(1.19)

where `3 is the AdS3 radius and G3 the three-dimensional Newton constant. For
a CFT at finite inverse temperature β (on a cylinder), the entanglement entropy
of a subsystem A of length L is [31]


c
β
πL
SA = log
sinh
,
(1.20)
3
π
β
which can be reproduced from (1.17) using a geodesic in the BTZ geometry.
We will encounter the CFT2 entanglement entropy (or Cardy–Calabrese formula)
(1.18) and its thermal version (1.20) both in its AdS/CFT incarnation, i.e., within
AdS3 , as well as in its pure CFT2 form, when computing the von Neumann entropy
of a matter CFT in a two-dimensional bulk.
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The RT formula (1.17) is very similar to the Bekenstein–Hawking entropy (1.6).
Indeed, it had been known for a long time that the leading (UV divergent) contribution to the entanglement entropy in quantum field theories is proportional to
the area of the subsystem under consideration [33,34]. This similarity suggested a
simple gravitational interpretation of holographic entanglement entropy, resulting
in (1.17), which can be viewed as an extension of (1.6).
The RT/HRT formula can be extended to include quantum fields in the bulk.
The extremal surface X is then replaced by a Quantum Extremal Surface (QES)
[35]. This extension is at the heart of the recent progress to study black hole
evaporation from a semiclassical point of view. I will review some of the key
ingredients in Chapter 3. The upshot is that we now have a semiclassical formula
that computes the full quantum-gravitational fine-grained entropy of Hawking
radiation; doing so shows that the evaporation process is indeed unitary. This
semiclassical approach might not be restricted to asymptotically Anti-de Sitter
spacetimes, and has indeed been used in Minkowski and de Sitter spacetimes, for
which a holographic correspondence is less understood.
Correlation functions in the AdS/CFT correspondence
An important entry in the AdS/CFT dictionary relates a minimally coupled scalar
field in the (d + 1)-dimensional AdS bulk to a scalar operator in the d-dimensional
CFT [36–38]. The starting point is the generic (Euclidean) bulk action


Z
1 2 2
1
d+1 √
2
SE = d x g (∇φi ) + mi φi + λijk φi φj φk + λ̃ijk φi (∇φj )(∇φk ) . (1.21)
2
2
The minimally coupled bulk fields φi (i = 1, 2, 3, . . .) of masses mi are dual to the
scalar operators Oi with conformal dimensions ∆i , related via
∆i =

d 1q 2
+
d + 4m2i `2d+1 ,
2 2

(1.22)

where `d+1 is the radius of AdSd+1 , and λijk and λ̃ijk are arbitrary cubic couplings.
Conformal symmetry constrains the two-point function of the dual operators as
Oi (~x1 )Oj (~x2 ) =

δij Di
,
|~x12 |2∆i

Di =

(2∆i − 1)Γ[∆i ]
d

π 2 Γ[∆i − d2 ]

.

(1.23)

The three-point functions are also fully determined and can be found in [37].
To reproduce these correlators, the CFT effective action should be of the form
Ieff

Di
= −δij
2

Z

dd ~x1 dd ~x2 φ̃i (~x1 )φ̃j (~x2 )
+ Iint ,
|~x12 |2∆i
14

(1.24)
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where the φ̃i are the sources and Iint contain interaction terms. Then the two-point
function (1.23) can be obtained via the general formula
Oi1 (~x1 ) · · · Oin (~xn ) = (−1)n+1

δ n Ieff
δ φ̃i1 (~x1 ) · · · δ φ̃in (~xn )

.

(1.25)

φ̃ik =0

In Chapters 7 and 8, we study the near-horizon geometry of near-extremal black
holes, which is locally AdS2 . As will be explained in Chapter 2, one can deform this
background to allow for a “nearly” AdS2 geometry. The near-AdS2 /near-CFT1
describes the leading deformations away from AdS2 ; from the holographic point
of view, we turn on an irrelevant deformation in the CFT effective action (1.24).
The idea is to treat that deformation as a background field, and study the effect
on the two-point function of the matter fields present in the theory; this leads to a
correction of the free result (1.23). I will outline the general approach in Chapter
6, and then apply it to rotating five-dimensional black holes in Chapter 7, and to
black holes in N = 2 4D supergravity in Chapter 8.
de Sitter holography
De Sitter space differs from Anti-de Sitter space only in the sign of the cosmological constant, while sharing many global symmetries.3 Consequently, one might
hope to formulate a holographic duality for de Sitter space. An additional clue is
provided by the Gibbons–Hawking entropy formula (1.16), which suggests that the
microscopic description of de Sitter obeys the holographic principle. However, constructing a holographic dual to de Sitter space turns out to be non-trivial. First,
due to the observer-dependent horizons, no observer in de Sitter has access to the
entire spacetime. This is very different from the ‘box’-like nature of Anti-de Sitter,
where all spatial points can be probed within a finite amount of time. A related
issue is the absence of a timelike boundary in de Sitter. The only boundaries are
the spacelike future/past infinity I ± ; a global dS/CFT correspondence would require the holographic data to reside there. Indeed, in the conjectured formulation
of dS/CFT, the dual theory lives on the future boundary I + [39–43]; boundaryto-boundary correlation functions at I + of asymptotically (d + 1)-dimensional de
Sitter space correspond to correlation functions of a d-dimensional Euclidean conformal field theory.
An alternative route to de Sitter holography considers the data accessible only to
a single static patch observer and places the dual theory on a timelike boundary
inside the static patch [44–47]. Broadly speaking, one can distinguish two proposals for the location of the holographic screen: the dual quantum theory could
live near the north and south poles, defining worldline holography [46, 48], or on
the ‘stretched’ cosmological horizon [47, 49–51]. Naively comparing the Penrose
3 The

isometry group of AdSd is SO(d − 1, 2), and that of dSd is SO(d, 1).
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r=0

L

R

r=0
Figure 1.5. The Penrose diagram of the eternal AdS black hole. I indicated the left and
right asymptotic boundaries, and the future and past singularities. The dashed lines are
the horizons separating the outside (blue) from the inside of the black hole (white).

diagram of de Sitter (the right panel in Figure 1.3) to the maximally extended
Schwarzschild–Anti-de Sitter or eternal AdS black hole, depicted in Figure 1.5,
shows that the worldline of de Sitter is reminiscent of the boundary of AdS, and
the cosmological horizon reminiscent of the black hole horizon. This motivates the
idea that the dual theory should live on the worldline [52]. On the other hand,
the boundary to the static patch itself is the cosmological horizon; this is the basic
logic behind the stretched horizon formulation of static patch holography.
Interpolating between global and static patch de Sitter holography, there are many
other (mutually consistent) proposals; a recent overview, including many references, is [53]. Here I mention two of these. One is known as the dS/dS correspondence, which states that the static patch of dSd+1 is dual to two low-energy CFTs
on dSd (which are both thermal with inverse temperature β), cut off at an energy
scale β and coupled to each other as well as to d-dimensional gravity. Some of the
early references are [45,54], and more can be found in [53]. The cutoff scale guarantees that the entropy is finite. The other approach involves embedding de Sitter in
Anti-de Sitter and making use of the AdS/CFT correspondence [48,55,56]; this ensures that the theory is UV complete, although it is not generally straightforward
to extract the cosmological aspects from the dual theory.
Generically, neither the worldline nor the cosmological horizon satisfies the naive
requirement for a holographic dual that it be decoupled from the bulk gravity. In
Chapter 5, we study an evaporating cosmological horizon in JT gravity and find
evidence for a weakly coupled region close to the cosmological horizon, suggestive
of a stretched horizon holography.
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Holography
in Two Dimensions

In the previous chapter I discussed holography, and in particular the AdS/CFT
correspondence, in general dimensions. A natural question to ask is how far we
can push the correspondence: does it also hold if the gravitational theory has two
dimensions? The formulation of an AdS2 /CFT1 correspondence appears relevant
to the study of black holes, since AdS2 arises universally as the near-horizon region
of extremal black holes.
Despite its apparently simple geometry, the appearance of this AdS2 factor is
puzzling. In particular, while an extremal black hole has zero temperature, there
is still a finite entropy associated to its horizon. Accounting for this entropy
microscopically within pure AdS2 is non-trivial, as the only allowed states are
ground states [57, 58]. An easy way to understand this is provided by the dual
CFT1 . Conformal invariance implies that the trace of the stress tensor vanishes;
in one dimension this implies the vanishing of the stress tensor itself, and thus
all states have zero energy. From the AdS2 perspective, finite-energy excitations
destroy the AdS2 asymptotics; I will explain this argument in Section 2.1.
It is possible to account for the extremal black hole entropy within AdS2 /CFT1
using the ground state degeneracy of a dual quantum mechanical system [59, 60].
However, states above the ground state were not accessible for many years, until
the near-AdS2 /near-CFT1 correspondence provided a breakthrough [61–63]. This
correspondence allows us to study finite-energy excitations by considering small
deviations away from the idealized AdS2 geometry: this defines “nearly” AdS2 .
In this chapter, I will start by reviewing in Section 2.1 how AdS2 arises in the nearhorizon region of extremal black holes, considering magnetic Reissner–Nordström
as a concrete example, and how the leading gravitational backreaction is encoded
universally in Jackiw–Teitelboim (JT) gravity [64–66]. This theory will be described in more detail in Section 2.2. In Section 2.3, I separately describe the
effective boundary theory, which is encoded in the so-called Schwarzian action; I
will show that this fully captures the dynamics of JT gravity.
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Nearly AdS2 has proven to be a valuable playground for understanding evaporating
black holes. In Chapters 4 and 5, JT gravity will indeed be the background for
our discussion of evaporating black hole and cosmological horizons. In Chapters
7 and 8, we will instead focus on aspects of nearly AdS2 that are less universal,
and sensitive to the specificity of the theory and black hole. Their backreaction
requires us to add additional features to the simplest JT model.

2.1

Near-extremal black holes

For concreteness and simplicity, consider the four-dimensional Reissner–Nordström
black hole with magnetic charge. It is a solution of Einstein–Maxwell theory,1
Z

√
1
S=
d4 x −g R − G4 Fµν F µν .
(2.1)
16πG4
For a black hole of mass M and magnetic charge P , the metric and field strength
are
r2
(r − r+ )(r − r− ) 2
dt +
dr2 + r2 dΩ22 ,
ds2 = −
2
r
(r − r+ )(r − r− )
(2.2)
F = P sin θ dϕ ∧ dθ .
p
The outer and inner horizons are located at r± = G4 M ± G4 (G4 M 2 − P 2 ). The
entropy and Hawking temperature are
SBH =

2
πr+
,
G4

TH =

r+ − r−
.
2
4πr+

(2.3)

Extremal black holes have degenerate horizons r+ = r− ≡ r0 and hence vanishing
√
temperature. This is achieved for the extremal mass Mext = |P |/ G4 = P 2 /r0 .
Near-extremality is defined as a small deformation away from extremality, i.e.,
we slightly increase the temperature above zero and the mass above Mext , while
keeping the charge fixed. The mass and entropy respond as
M − Mext =

1
3
T 2 + O(TH
),
Mgap H

S − Sext =

2
2
TH + O(TH
).
Mgap

(2.4)

3
The mass gap Mgap ≡ 1/(2π 2 Mext
G24 ) can be interpreted as the temperature at
which the semiclassical description breaks down: a thermodynamic description
requires the energy of the black hole E  TH , such that emission of Hawking
1 Because I wish to keep the factors of G explicit, I use a non-standard convention for the
4
field strength. In Chapter 8 we adhere to the more frequently used − 14 F 2 , which is compatible
√
with the field strength in (2.2) if P is the charge in geometric units, i.e., Pgeom = 4G4 P .
Note furthermore that here the Newton constant is explicitly four-dimensional, contrary to the
previous chapter, because we will also consider two-dimensional gravity.
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quanta of energy ∼ TH is a quasi-equilibrium process. Thus, this description
breaks down when E ∼ TH . From the microscopic point of view, the mass gap
is believed to be the gap between the ground states and the first excited state
[58].2 The response (2.4) is actually universal (as conjectured in e.g. [62, 69]): any
extremal black hole behaves in this way when increasing the mass at fixed charge.
Evidence comes from the effective Schwarzian description, which we will encounter
in Section 2.3: the Schwarzian action is thought to be the universal description of
near-AdS2 physics, and reproduces the behavior (2.4).
Returning our attention to the extremal solution, a near-horizon limit can be
defined in terms of G4 , the only dimensionful parameter left. To zoom in on the
outer horizon r+ , we can define a new coordinate
z=

P 2 G4
,
r − r+

and take G4 → 0 while holding z and P fixed. The metric (2.2) becomes
!
−dt2 + dz 2
3/2
2
2
2
ds = G4 P
+ dΩ2 + O(G4 ) ,
z2

(2.5)

(2.6)

which is AdS2 × S 2 with AdS length `22 = G4 P 2 .
Notice that the extremal black hole has non-zero entropy Sext = πP 2 , as defined
in (2.4). The mass gap Mgap , however, goes to infinity in the near-horizon limit
G4 → 0; we assume the charge P is large, such that `2 remains finite. This means
that there are no finite-energy excitations in AdS2 × S 2 ; they are lifted from the
spectrum, and we are left with only the ground states. To consider excitations,
we need a near-extremal near-horizon limit, and the geometry will no longer be
AdS2 × S 2 . This brings us to near-AdS2 .
To understand the deformations around AdS2 × S 2 , consider the dimensional reduction from the Reissner–Nordström solution to two dimensions, taking as an
ansatz
φ0
gab dxa dxb + φ2 dΩ22 , F = P sin θ dϕ ∧ dθ ,
(2.7)
ds2 =
φ
with a, b = 1, 2 and φ2 = φ2 (xa ), which encodes the size of the transverse sphere,
is referred to as the dilaton. The relative powers in (2.7) are chosen such that
there are no explicit kinetic terms for φ(x) in the action (2.1) after implementing
2 This interpretation of M
gap assumes that quantum corrections do not overwhelm the leading
semiclassical correction. However, as pointed out recently in [67, 68], logarithmic corrections to
the gravitational path integral can tamper with this interpretation and more care is needed to
give these expressions an appropriate statistical interpretation.
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the reduction. We find, after a partial integration,


Z
p
1
2φ0
2φ0
S=
d2 x −g (2) φ2 R(2) +
− 3 G4 P 2 + boundary terms . (2.8)
4G4
φ
φ
For constant dilaton φ = φ0 , requiring stationarity of the action shows that the
background solution is AdS2 with AdS length `22 = φ40 /(G4 P 2 ); comparing with
(2.6), we see φ20 = G4 P 2 . Near-AdS2 solutions are deformations around such a
constant dilaton. Changing notation to connect smoothly to the next section, we
can expand the action around φ2 = Φ0 + Φ to obtain
"
#
Z


p
1
2
2
(2)
(2)
S=
d x −g (2) Φ0 R + Φ R + 2
.
(2.9)
4G4
`2
The term proportional to Φ is the bulk part of the so-called Jackiw–Teitelboim
action. This term universally describes the dynamics of a family of actions of the
form (2.8), including possible derivative terms ∼ λ(∂φ)2 [70]. This universality
turns into the universality of the low-energy dynamics for near-extremal black
holes described above. In the next section, we will study this action in more
detail, including the appropriate boundary terms that we have neglected so far;
this will make the connection between the universal dynamics of (2.9) and the
universal thermodynamic response (2.4) more precise.

2.2

Jackiw–Teitelboim gravity

Jackiw–Teitelboim (JT) gravity is a two-dimensional dilaton gravity theory [64–
66]. As eluded to in the previous section, it captures the leading effects away from
an idealized AdS2 , as it describes the universal dynamics corresponding to the
breaking of the conformal symmetry in AdS2 [61–63]. Including boundary terms,
its action is3
Z

Z
√
√
Φ0
−g R + 2
−h K
SJT =
16πG M
∂M


!


(2.10)
Z
Z
√
√
1 
2
1 
+
−g Φ R + 2
+ 2
−h Φ K +
.
16πG
`2
`2
M
∂M
The first line—basically Einstein gravity in two dimensions—gives a purely topological term; in Euclidean signature it evaluates to −χS0 , with χ = 2 − 2g − n
(2)

3 From this point on, the two-dimensional Newton constant G = G /(4π), metric g
2
4
µν , Ricci
scalar R(2) and trace of extrinsic curvature K (2) are understood to be two-dimensional, and
hence we drop the sub- and superscripts.
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the Euler characteristic of the manifold with genus g and n boundaries. In the
context of near-extremal (higher-dimensional) black holes, S0 is the extremal entropy [59,60]. The second line contains the leading deviations away from extremality, controlled by Φ, the dynamical piece of the dilaton.4 If AdS2 arises from the
near-horizon geometry of a near-extremal black hole, Φ has the interpretation of
the area of the transverse sphere; to be explicit, we will assume a four-dimensional
parent theory, such that Φ has dimensions of (length)2 .
We will postpone our discussion of the boundary term in the second line of (2.10)
to Section 2.3. Focusing first on the bulk term, the equation of motion for Φ sets
R = −2/`22 , i.e., it forces the spacetime to be locally AdS2 . Variation with respect
to the metric gives

1
∇µ ∇ν − gµν  Φ + 2 gµν Φ = 0 .
(2.11)
`2
Taking the trace of this equation identifies Φ as an operator of conformal dimension
∆ = 2, i.e., it is an irrelevant deformation. Consider first the simple solution of
Poincaré–AdS2 , which we also encountered as the near-horizon region of extremal
Reissner–Nordström in (2.6),
ds2 =


`22 
2
2
−dt
+
dz
.
z2

The corresponding dilaton solution is

 2
c3 2
`
2
Φ(t, z) = c1 `2 + c2 t + (t − z ) 2 ,
`2
z

(2.12)

(2.13)

with ci arbitrary dimensionless constants. There is a larger family of solutions to
the equations of motion, which can be obtained from Poincaré–AdS2 by a large
diffeomorphism:
2z 2 f 00 (t)f 0 (t)2
,
t → f (t) + 0 2
4f (t) − z 2 f 00 (t)2
(2.14)
4zf 0 (t)3
z→ 0 2
.
4f (t) − z 2 f 00 (t)2
This diffeomorphism acts on the metric as


!2
2
2
z
`
ds2 = − 22  1 + {f (t), t} dt2 + dz 2  ,
z
2

(2.15)

4 This will be the convention used in this chapter and in Chapters 4 and 5. In Chapters 6-8,
we will denote the dynamical dilaton field by Y, and reserve Φ for the sum of the background
dilaton plus the deformation, Φ = Φ0 + Y. The notational difference reflects the usages in the
literature in the two different topics.
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f (t), z(t)

Figure 2.1. The hyperbolic disk of Euclidean AdS2 , with a cutout described by the
boundary trajectory (f (t), z(t)).

where the Schwarzian derivative {f (t), t} is defined as
{f (t), t} =

 2
f 000
3 f 00
−
.
f0
2 f0

(2.16)

The metric (2.15) is the most general metric that satisfies R = −2/`22 . The
corresponding solution for the dilaton is
Φ(t, z) = α(t)

`22
+ β(t)z ,
z

β(t) = −


`22
{f (t), t}α(t) + α00 (t) ,
2

(2.17)

with the additional constraint
α000 (t) + 2{f (t), t}α0 (t) + {f (t), t}0 α(t) = 0 .

(2.18)

The dynamics of JT gravity is captured by (2.18): it describes the way the AdS2
background, parametrized by f (t), is coupled to the source α(t) of the dilaton.
As can be seen from (2.14), the different solutions to JT gravity are related by large
diffeomorphisms, which correspond to time reparametrizations on the boundary:
asymptotically (z → 0), they act as
z → f 0 (t)z .

t → f (t) ,

(2.19)

We can understand the different solutions (2.15) as cutting out regions of AdS2
with different shapes or boundary trajectories (f (t), z(t)), as depicted in Figure 2.1
in Euclidean signature; here, we think of t as a boundary time. These cutouts all
have the same Euler character, and thus the first line of (2.10) is equivalent for all of
these solutions. In the case of pure AdS2 gravity (i.e., vanishing dilaton in (2.10)),
22
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the full boundary time reparametrization symmetry gets spontaneously broken to
SL(2, R) by AdS2 : choosing the Poincaré vacuum corresponds to {f (t), t} = 0,
which is indeed invariant under SL(2, R) transformations. The solutions, labeled
by f (t), are all degenerate.
Turning on the dilaton, i.e., keeping the leading deformations away from AdS2 ,
will explicitly break the symmetry and take us to the near-AdS2 regime. As I will
show in Section 2.3, this leads to non-trivial dynamics, universally described by
the Schwarzian effective action.

2.3

The Schwarzian action

Evaluated on-shell, the bulk term in the second line of (2.10) vanishes, and we are
left with the boundary term. This term consists of the Gibbons–Hawking–York
boundary term, proportional to the trace of the extrinsic curvature, and a local
counter term. The role of the boundary term will be to break the reparametrization
symmetry explicitly and lift the degeneracy in f (t).
Consider again the general solution (2.15). We saw in the previous section that
this can be described by a dynamical boundary trajectory (f (t), z(t)). As z → 0,
from (2.14) and (2.17) we find, imposing Dirichlet boundary conditions,
Φ(t, z = ) =

α(t)`22
Φr (t)
≡
,



htt = −

`22
.
2

(2.20)

The boundary source for the dilaton is Φr , which we will refer to as the renormalized dilaton and has dimensions (length)3 . To explicitly compute the boundary
action, we need the normal to the boundary:
na =

`2
1
p
(−z 0 , f 0 ) ,
z f 02 − z 02

(2.21)
2

such that the extrinsic curvature evaluates to K ≈ − `12 + `2 {f (t), t}. Thus, the
boundary term in (2.10) gives the Schwarzian action


Z
Z
1
dt `2
1
1
Sbdy =
Φb K +
=
dt Φr {f (t), t} .
(2.22)
8πG

`2
8πG
This action fully captures the dynamics of JT gravity: varying with respect to
f (t) gives

1
Φr {f, t}0 + 2Φ0r {f, t} + Φ000
=0,
(2.23)
r
0
f
which is exactly (2.18).
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The boundary action (2.22) breaks the reparametrization symmetry explicitly, in
addition to the spontaneous symmetry breaking discussed above. It lifts the degeneracy as the on-shell boundary action distinguishes between different solutions;
it is invariant only under SL(2, R) transformations. In the language of the dual
CFT, the reparametrization symmetry—the conformal symmetry of the fixed point
dual to pure AdS2 —is broken explicitly as we move towards the UV. And in the
language of extremal black holes, that irrelevant deformation leads us away from
the near-horizon AdS2 background to nearly AdS2 .
Finally, we can make contact to the universal thermodynamics described in Section
2.1. Assuming a constant boundary dilaton Φr (t) = Φr reduces the equation of
motion (2.23) to
1
{f, t}0 = 0 .
(2.24)
f0
A particularly relevant solution is the thermal background,
f (t) =

β
π
tanh t ,
π
β

(2.25)

which we will also encounter in Chapters 4 and 6, and corresponds to the AdS2
black hole of inverse temperature β = 1/TH .5 Evaluating the action (2.22) in
Euclidean signature on the solution (2.25) gives the total on-shell action
I=−

2π 2 Φr
.
β 8πG

(2.26)

Including the ground state entropy −S0 coming from the topological piece in the
first line of (2.10), we find the thermal entropy to be [62]
Sth = (1 − β∂β ) log Z = S0 +

2π 2 Φr
TH ,
G4

(2.27)

where we used log Z = −I and Newton’s constant G4 = 4πG. Comparing to the
near-extremal black hole entropy in (2.4), this is a correctly linear response; the
√
mass gap matches if α(t) in (2.20) is given by α(t) = 2 G4 P 2 . The result above
followed only from the Schwarzian effective action; since we argued that this is
the universal description of nearly AdS2 , this shows that the linear dependence in
temperature of the entropy of near-extremal black holes is also universal.

5 Notice that in Euclidean signature, indeed this profile requires Euclidean time to be periodic
with period β.
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Part II

Unitary Evolution
of Evaporating Horizons

3

The Island Formula

Recent developments have shed new light on the question whether the formation and evaporation of black holes happen in a unitary fashion. This problem,
known as the black hole information problem, boils down to reproducing the Page
curve: to save unitarity, the von Neumann entropy of the collected Hawking radiation should initially rise during evaporation, but start decreasing after reaching
a halfway point known as the Page time [19, 20]. However, a semiclassical gravity
approach gives an ever-increasing entropy, usually called the Hawking curve.
This tension has a formal resolution in holography: replacing the black hole by
its dual representation, it is clear that the process must be unitary. One would
like to find the analogous statement from the gravity point of view, e.g. using
holographic entropy tools such as the Ryu–Takayanagi formula and its covariant
extension [29, 30]. In a series of breakthroughs initiated by [71, 72] it was shown
that the Quantum Extremal Surface (QES) [35], the surface that minimizes the
generalized entropy, of a non-gravitating region entangled with a gravitational
system undergoes a phase transition at the Page time: the empty surface jumps to
a surface just behind the horizon. This implies that the Hawking radiation follows
the Page curve in accordance with unitarity.
In this chapter, I highlight some of the key features of the recent progress. After
a brief review of Quantum Extremal Surfaces, I will introduce the island formula.
I will also discuss some of its incarnations: so-called doubly holographic models in
Section 3.2, and extensions beyond evaporating black holes in Section 3.3.

3.1

Holographic entropy

3.1.1

Quantum extremal surfaces

In Chapter 1, I introduced the RT/HRT formula that computes holographic entanglement entropy. It states that in the classical limit (large N in the boundary
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gauge theory), the entanglement entropy of a region R in the boundary CFT can be
computed from a spacelike, codimension-2 extremal surface X such that ∂X = ∂R
and X is homologous to R, cf. (1.17) and Figure 1.4. The RT/HRT formula was
proven in [73, 74], and is valid at order O(1/(G~)) in the bulk, corresponding to
order O(N 2 ) in the boundary theory. Including corrections coming from quantum
mechanical effects in the bulk, Faulkner, Lewkowycz and Maldacena showed that
at order O((G~)0 ) or O(N 0 ), the entropy of a subregion R in the CFT is given by
the generalized entropy of the surface X [75]
S(R) =

Area(X)
+ Sent = Sgen (X)
4G

(3.1)

up to counterterms. Here, Sent is the bulk entanglement entropy across the surface
X, and hArea(X)i is the expectation value of the area operator in the semiclassical
setting. Notably, the surface X extremizes only the area term.
Engelhardt and Wall [35] finally proposed that beyond leading order, the correct
prescription is to extremize the full generalized entropy (as opposed to extremizing
the area and then adding the bulk entanglement entropy):
(
)

Area(X)
+ SvN [ΣX ]
.
(3.2)
S(R) = min ext
X
X
4G
The surface X again is homologous to R and shares its boundary, ∂R = ∂X. It
is known as the Quantum Extremal Surface (QES). The second term is again the
bulk entanglement entropy across X. It has been written as SvN [ΣX ] to reflect
that it computes the von Neumann entropy of the quantum fields on ΣX , a partial
Cauchy surface extending from X to the region R on the asymptotic boundary.1
The prescription (3.2) was proven to hold at all orders in 1/N in [76].

3.1.2

The island formula

It is expected that QESs appear in the vicinity of their classical counterparts. However, the QES prescription (3.2) is also valid in spacetimes that have no classical
extremal surfaces. Recently, it was used to monitor the evolution of the entropy of
an evaporating black hole—and to reproduce a Page curve for the entropy of the
Hawking radiation [71, 72] (for a review, see [77, 78]). In these models, the region
R typically consists of a bath in a non-gravitating region in which the Hawking
radiation is collected. In the so-called doubly holographic models, which I will
discuss shortly, the bath region indeed has an interpretation as a boundary subre1 In principle, the generalized entropy can be defined with respect to either side of the entangling surface X, depending on which side we compute Sent ; the side of the region R seems to be
the appropriate choice for the purpose of (3.2). This defines SvN [ΣX ].

28

3.1. Holographic entropy
gion R, as in the original QES formula (3.2); in general, it appears to be enough
to require the radiation region to be non-gravitating.2 Crucially, in this context
one has to allow the region ΣX to be disconnected. This increases the area of the
boundary X, which can only be beneficial (i.e., the surface X can only be a QES)
if this simultaneously decreases the bulk entropy contribution. Since the Hawking
radiation is entangled with fields living inside the black hole, the inclusion of (a
region of) the black hole interior achieves precisely that. This region is sometimes
called an “island”, and in this context, the full quantum-gravitational fine-grained
entropy of the radiation is given by the island rule
(

)
Area(∂I)
SRad = min ext
+ SvN [ΣRad ∪ ΣI ]
.
(3.3)
I
I
4G
We are instructed to extremize with respect to the location and shape of the island.
The term SvN [ΣRad ∪ ΣI ] is the von Neumann entropy of the quantum state of
the combined radiation and island systems, in the semiclassical description. The
area of the boundary of ΣRad does not contribute, as it is supposed to lie in
a non-gravitating region. I stress that on the left hand side, we have the full
quantum-gravitational fine-grained entropy of the radiation. The island formula
tells us that to compute this full entropy, we do not need to know the exact state
of the radiation: we just need to know the state of radiation in the semiclassical
description.
Computing the entropy of Hawking radiation using the island rule (3.3) resolves
the black hole information problem. For concreteness, consider the evaporation of
a black hole formed from collapse in asymptotically flat space. The island formula
can be argued to hold if we collect the radiation far away from the black hole, such
that the bath is approximately non-gravitating [77]; the distinguishing surface is
the cutoff surface in Figure 3.1. This argument has been challenged in, e.g., [78];
I still find the asymptotically flat case useful to discuss for its pictorially clear
setup. Initially, the generalized entropy is extremized by a vanishing island, such
that there is no area contribution and the generalized entropy S no-island is just the
semiclassical von Neumann entropy of the Hawking radiation, which increases over
time. Some time after the formation of the black hole, a non-vanishing island that
also extremizes the generalized entropy forms near the black hole horizon.3 For this
island, ΣI includes part of the black hole interior, as depicted in Figure 3.1. The
2 An assumption that underlies the holographic entropy formulas (1.17) and (3.2) is factorization of the Hilbert space; this translates to the condition that the radiation region decouples
gravitationally from the black hole region [79]. To use the island rule in a gravitating system
requires care. See, e.g., [80, 81].
3 A time of order the scrambling time r log S
s
BH , where rs is the horizon radius, is enough;
this is short compared to the evaporation time, which is of order rs SBH .
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∂I

Figure 3.1. The cutoff surface (red dotted line) divides the spacetime into a black hole
and bath region. We are interested in the fine-grained entropy of the region ΣRad (green
curve) containing the Hawking radiation. After the Page time, the inclusion of an island
ΣI (blue curve) inside the black hole horizon reduces the fine-grained entropy, leading to
a unitary Page curve.

corresponding von Neumann entropy term is small at all times, since the modes
inside the island purify the outgoing radiation. Therefore, the total generalized
entropy S island starts out large, and decreases as the black hole evaporates, because
the area term decreases down to zero. According to the island rule (3.3), the full
fine-grained entropy is given by the minimum of {S no-island , S island }: first, it follows
S no-island , but at the Page time S island takes over, leading to a Page curve. If the
black hole formed from an initially pure state, we also obtain a Page curve for
the black hole entropy: the QES for the black hole coincides with the one for the
radiation system.
The island rule has been derived from the gravitational path integral using the
replica trick for black holes in AdS [82, 83]. This parallels the derivation of the
RT/HRT and QES formulas [73–76]. In this context, the competition between
QESs is mirrored by a competition between different saddles dominating the Euclidean path integral. Initially, the standard Euclidean black hole dominates, but
after the Page time the so-called replica wormhole geometry takes over; these
geometries have been found explicitly for JT gravity coupled to matter [82, 83].
Computing the corresponding von Neumann entropies using the replica method
leads to a unitary Page curve.
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3.2

Doubly holographic models

After the initial two publications, many authors have studied the island rule in
different setups. Most of the recent work takes place in two spacetime dimensions
and in Anti-de Sitter space, which makes the calculation of entanglement entropy
more tractable.4 For example, in [72], the specific model considered was that of twodimensional JT gravity coupled to a bath. A particularly elegant class of models
are the so-called doubly holographic models [87–95]. These models consider a
black hole in AdSd , with the matter (radiation) described by a CFTd which is
itself a holographic theory. The entire system then has a dual description in terms
of gravity propagating on AdSd+1 , bounded by a Randall–Sundrum brane [96].
This ‘geometrizes’ the quantum effects of the CFT: extremizing the generalized
entropy is equivalent, at leading order, to the standard RT/HRT prescription of
extremizing the area. The higher-dimensional geometry connects the radiation to
the black hole interior, such that (at late times) the black hole interior becomes
part of the entanglement wedge of the radiation or ‘bath’.
To be explicit, and since we will encounter a related setup in Chapter 4, consider a
black hole in AdS2 JT gravity plus a matter CFT2 . To model the evaporation, the
theory is coupled to a bath consisting of the same CFT2 . Assuming the CFT2 has
a holographic dual, the entire system has an AdS3 description, with a dynamical
boundary metric on the Planck or end-of-the-world brane. The entropy of the
radiation collected in the bath—now truly a boundary subregion—is computed
via geodesics in the three-dimensional geometry. Finally, there is a third, fully
quantum mechanical description, where the two-dimensional gravity + matter
theory is replaced by its quantum mechanical dual living at the boundary of the
bath CFT. The three perspectives are depicted in Figure 3.2.
In Chapter 4, I will introduce a variant of a doubly holographic model to study
the evaporation of a two-dimensional black hole in JT gravity. The presented
model differs from the existing literature most sharply in the way it introduces the
bath. Instead of adding an external bath by, for example, gluing a non-gravitating
Minkowski region to a black hole spacetime, in this model the bath is incorporated
from the beginning: a partial dimensional reduction of the BTZ black hole leads
to a black hole in JT gravity coupled to the CFT dual to the remainder of the
three-dimensional spacetime. This setup is very much in the spirit of the original
argument of Page: he modeled the evaporation as a time evolution of the way
that the total pure state (here: the BTZ geometry) is divided up into a black hole
4 There is no reason to believe the general arguments should fail in higher dimensions, and
some explicit extensions to higher-dimensional systems exist, see e.g. [84] for a numerical example,
and [85] for an exact example. Extensions to black holes in asymptotically flat space also exist,
see e.g. [86, 87].
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AdS3 boundary

CFT2

CFT2
QM

SJT + SCFT

AdS3

3D gravity

AdS2 + bath

QM

Figure 3.2. The three different perspectives in doubly holographic models. This figure
has been reproduced from [88].

and radiation part. As in conventional doubly holographic models, the radiation
entropy is computed using simple RT surfaces in the BTZ geometry and follows a
Page curve.

3.3

Islands beyond evaporating black holes

The island formula was introduced as a tool to compute the fine-grained entropy of
Hawking radiation using semiclassical methods. Its results show consistency with
unitary black hole evaporation, thus shedding light on the black hole information
problem. More generally, the island formula gives valuable information on how
the fundamental quantum degrees of freedom are building the spacetime geometry.
From this point of view, we might consider using the island formula in other setups,
such as eternal black holes (which are in thermal equilibrium), or even cosmological
setups such as de Sitter space. These two setups are relevant to the discussion in
Chapters 4 and 5, and hence we will briefly review some recent results.

3.3.1

Islands outside the horizon

Evaporating black holes are the natural environment to study the information
paradox. Interestingly, a version of the Page curve can also be found for eternal
black holes. In [89], a transition in the entanglement entropy was shown to occur
for the case of thermal equilibrium between black hole and bath: even though the
black hole does not evaporate, it does “radiate” information away. In a related
paper [97], the authors used the language of islands to study a version of the
information paradox for extremal and non-extremal black holes in JT gravity that
are in thermal equilibrium with a bath. Interestingly, they showed that the island
that resolves the paradox lies outside of the horizon. In Chapter 4, the same black
holes will be considered, but from a three-dimensional point of view; here I briefly
review the original setup of [97].
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−a

b

][
CFT2

QM

Figure 3.3. The Poincaré patch of AdS2 is the extremal black hole, depicted as the green
triangle in the left panel. It is joined to a flat space region (red). On the right we see the
dual description. Shaded in orange is the interval [0, b] on the right, and its entanglement
wedge on the left. Shaded in blue is the interval [b, ∞], and its entanglement wedge (left)
includes the island [−∞, −a]. This figure has been reproduced from [97].

The AdS2 black holes in JT gravity coupled to conformal matter discussed in [97]
are joined eternally along the AdS boundary to an external flat-space CFT. The
extremal case is simply Poincaré–AdS2 , which we encountered as the near-horizon
region of extremal Reissner–Nordström in asymptotically flat space in Chapter 2.
Thus, the setup in [97] can be thought of as toy model for this geometry. The
metric and dilaton Φtot , which includes the topological and dynamical piece, are
ds2 = −

4`2 dX + dX −
,
(X − − X + )2

Φtot = Φ0 +

2Φr
.
− X +)

(X −

(3.4)

Here the null coordinates are defined as X ± = t ± z, with z < 0. The dual
description is a (0 + 1)-dimensional quantum mechanical system coupled to a
(1 + 1)-dimensional CFT2 (the bath). To compute the entropy of the bath, the
island formula (3.3) instructs us to extremize the generalized entropy over possible
island locations. Using boldface to denote intervals in the full quantum gravity
theory, consider first a region [0, b] in the dual CFT2 (right panel in Figure 3.3);
this includes the quantum mechanical system (the dual of the AdS2 black hole).
We can assume its entanglement wedge is the causal domain of some interval [−a, b]
in the geometry, as depicted in the left panel of Figure 3.3. Then, in the effective
(semiclassical) description, the generalized entropy is given by
Sgen (a) = Φ0 +

h (a + b)2 i
Φr
c
+ log
.
a
6
a
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3. The Island Formula
The first two terms are the analogues of the area term, which in JT gravity is given
by the dilaton at the boundary of the island. The last term is the von Neumann
entropy in the entanglement wedge. It is the entropy of an interval of length
a + b in the CFT2 , as discussed in Section 1.3 around (1.18), up to a warp factor
accounting for the AdS2 geometry. The bath and bulk UV cutoffs can be absorbed
in the constant Φ0 . Extremizing over a will give the QES, i.e., the boundary of
the island. Doing so shows that it lies outside of the horizon. Ultimately, we are
interested in the entropy of the complement [b, ∞], where we want to take b → 0,
such that we get the entropy of the entire bath of radiation. Assuming the total
quantum state on [0, ∞] is pure, the entanglement wedge of the complement region
[b, ∞] will contain the region [−∞, −a], as depicted in the left panel of Figure 3.3.
The latter region is the island, which lies outside of the black hole horizon.
A similar computation can be done for the black hole at finite temperature coupled to a bath; the geometry is the eternal AdS2 black hole connected to two flat
half-spaces. There, too, the island is found to lie outside the horizon [97]. In
Chapter 4, both the extremal and non-extremal AdS2 black hole will be studied
from a three-dimensional perspective: Poincaré–AdS3 and the BTZ geometry, respectively. This will lead to formulas for the bath entropy that (qualitatively)
reduce to the results in [97]. I will comment further on this in Chapter 4.

3.3.2

Islands in de Sitter

One might also wonder if it is possible to formulate an information problem for
cosmological horizons. As described in Section 1.2, the cosmological horizon has
a temperature and an entropy; it emits Gibbons–Hawking radiation. The statistical origin of the (finite) de Sitter entropy is elusive, and the hope is that the
formulation—and potential resolution—of an information problem leads to new
insights into the nature of the de Sitter entropy. A natural starting place would be
to consider JT gravity in de Sitter [98–100]. Some work on entanglement islands
in a cosmological setup has been done in e.g. [101–107]; I will review some of these
results shortly. The theoretical foundation for the island formula in de Sitter space
is less robust, as the replica computations supporting it do not necessarily carry
over to de Sitter.5 In addition, the formulation of an information problem in de
Sitter space comes with a few subtleties, which I will describe below.
Firstly, one must make a choice of observer. The static observer seems to be
the most natural equivalent of the asymptotic observer in the black hole context:
5 The replica calculations are supposed to hold in recollapsing FRW spacetimes [103]; see
also [108] for island computations involving ‘bra-ket wormholes’ in dS2 glued to flat space at I + .
Furthermore, it is possible to give an alternative derivation of an island rule for causal diamonds
in de Sitter, using the microcanonical Euclidean action [5].
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Figure 3.4. Two-dimensional de Sitter space as it arises from a reduction of fourdimensional Schwarzschild–de Sitter in the near-Nariai limit; this leads to “black hole”
interiors, the white regions, with past/future singularities. The orange causal diamonds
are the static patches, and the blue shaded regions are the past and future hyperbolic
patches. Left and right edges are identified. The island regions I corresponding to collecting radiation in the region R, as computed in [103], are also indicated.

they are surrounded by the horizon and experience a thermal bath. However, the
static patch is in principle a gravitating region for which the island formula does
not hold [79]. The spacelike surface at future infinity does decouple from gravity,
and it is possible to define a corresponding ‘meta-observer’, who can observe the
wavefunction of the universe as they have access to distances larger than the
Hubble scale [109, 110]. As a second subtlety, in the commonly chosen Bunch–
Davies state de Sitter space is in thermal equilibrium, and thus the horizon does
not evaporate, much like the eternal AdS black hole we discussed in Section 3.3.1.
Alternatively, it is possible to consider the out-of-equilibrium Unruh–de Sitter
state for the radiation [111], in which case the horizon does evaporate; this leads
to non-trivial backreaction that should be taken into account.
In [103], the authors considered JT gravity in two-dimensional de Sitter space
arising from a dimensional reduction of four-dimensional Schwarzschild–de Sitter
in the near-Nariai limit. This spacetime has both black hole and cosmological
horizons, as depicted in Figure 3.4, and is a toy model for Schwarzschild–de Sitter.
Coupling the geometry to a two-dimensional CFT modeling the Gibbons–Hawking
radiation, in the Bunch–Davies state, and collecting the radiation at future infinity
I + , they found islands in the black hole patches of dS2 . In Figure 3.4, we indicated
these islands in red, and the radiation region in blue. In addition, they argued
that no islands should appear in higher-dimensional pure de Sitter space, i.e., in
the absence of black hole horizons.
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The no-go theorem in [103] assumes the Bunch–Davies state; as outlined above,
it is also possible to consider the out-of-equilibrium Unruh–de Sitter state on the
radiation. This was done in, e.g., [105], in which an observer collecting radiation
in the static patch of two-dimensional de Sitter in JT gravity was considered.
The authors of [105] examined both the reduction from Nariai as in [103], i.e.,
including a black hole horizon, and ‘pure’ dS2 as it arises from a dimensional
reduction from dS3 . In the out-of-equilibrium state considered, gravity decouples
in the region where radiation is collected, such that the island formula can safely be
applied. Non-trivial islands were found in both models, but the non-trivial island
can only contribute to the fine-grained entropy, leading to a Page curve, in the
Schwarzschild–de Sitter model. In addition, they pointed out that backreaction of
the radiation creates a singularity which the observer will eventually hit.
In Chapter 5, I will follow a partial dimensional reduction approach to study
an information problem in pure two-dimensional de Sitter space from a threedimensional perspective. Imposing the Unruh–de Sitter state on the radiation,
the two-dimensional cosmological horizon evaporates and we can monitor the radiation entropy as collected by observers at future infinity and inside the static
patch. The static patch results can be tied to the purely two-dimensional results
of [105] described above. The entropy of radiation collected at I + in principle
naturally follows a Page curve, but for the static patch it is necessary to invoke
the island rule. In either case, fatal backreaction occurs at the Page time and the
computation cannot be trusted at late times.
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We saw in Chapter 3 that the fine-grained entropy of Hawking radiation can be
computed semiclassically using the island rule. The doubly holographic models of
Section 3.2 make the setup more precise. In this chapter, I present the work done
in [1], in which we used a doubly holographic model to compute the fine-grained
entropy of the radiation emitted by an evaporating black hole in JT gravity from a
three-dimensional point of view. We introduced a new model, based on a partial dimensional reduction approach, that naturally furnishes the two-dimensional black
hole with a thermal bath. Our principal goal was to show that the time-dependent
radiation entropy can be computed geometrically in the three-dimensional spacetime, without explicitly invoking the island rule, and follows a Page curve.

4.1

Introduction

We present a model of evaporation of a two-dimensional black hole that is coupled
to a heat bath consisting of a thermal CFT. Microscopically we represent the black
hole by a one-dimensional quantum mechanical model that lives on the boundary of
the CFT. We will choose a quantum mechanical model that has a dual description
in terms of JT gravity with an asymptotically AdS2 geometry. Since the quantum
mechanical model has a finite temperature (it is in an excited state), its dual is
given by a two-dimensional AdS black hole.
Our goal is to shed light on the origin of the Page curve and the island phenomenon
by geometrizing both concepts in this very simple setting. To simplify things
even further, we will implement the original argument of Page: he envisaged the
evaporation process by considering the pure state of the total system and by
modeling the evaporation as a time evolution of the way that the total pure state
is divided up in into a black hole and radiation part. This version of the Page
argument is most direct if one thinks of the total state as a given pure state that
itself does not evolve in time. Concretely, we identify the pure state of the total
system with the final state of the radiation system at the end of the evaporation
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process. In our context the final state describes an excited CFT state, and hence
is dual to the full BTZ geometry. The evolution of the system is then represented
in the Heisenberg picture by evolving the operators in time. Initially all operators
are associated with the black hole system, while as time progresses more and more
operators become associated with the thermal bath of radiation.
This idea can be concretely implemented in our model by viewing the 2D black
hole in JT gravity as the dimensional reduction of part of the 3D BTZ geometry. In
this representation, the angular metric component takes on the role of the dilaton.
Instead of applying a full dimensional reduction, we will reduce over part of the
range of the angular coordinate; thereby, we effectively split the geometry into two
parts: a JT black hole, and a 2D CFT dual to the remainder of the 3D geometry.
See Figures 4.1 and 4.2 for a schematic depiction of the setup. The 2D CFT will
model a ‘bath’, and we can now compute the entanglement entropy of an interval
in the bath system using RT surfaces.
We can introduce dynamics into the finite temperature JT black hole system by
giving time-dependence to the parameter that controls the dimensional reduction.
In this way, we can let the black hole ‘geometrically’ evaporate. From the BTZ
perspective, we simply move the dividing line between the degrees of freedom
that are ‘in’ and ‘out’ of the black hole. From the JT perspective, the mass decreases linearly and the temperature is fixed. Exploiting a map of BTZ parameters
discussed in [112], we can equivalently view this evaporation as adiabatically decreasing the mass of the BTZ black hole, such that we can consider it to be in
thermal equilibrium at each instant of time. On the JT gravity side, this gives
us a more standard exponential evaporation, where the temperature depends on
time. Finally, computing the entropy of the entire bath system for the ‘geometric
evaporation’, we obtain a Page curve for the radiation entropy.
This chapter is organized as follows. In Section 4.2 we briefly review black holes in
JT gravity, and discuss how to obtain both extremal and non-extremal black holes
from AdS3 by dimensional reduction. In Section 4.3, we compute the generalized
entropy for intervals in the black hole plus bath systems from a three-dimensional
point of view. Then, we will introduce dynamics in Section 4.4, and allow the
non-extremal black hole to slowly evaporate. Finally, we obtain a Page curve for
the entropy of the radiation.

4.2

JT gravity from AdS3 black holes

After a brief reminder on extremal and near-extremal black holes in JT gravity,
we show how to obtain these black holes from AdS3 by dimensional reduction.
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4.2.1

Black holes in JT gravity

In Section 2.2, JT gravity was introduced as a two-dimensional dilaton gravitational theory, where the classical background geometry is AdS2 and deformations
are encoded in the dilaton Φ. In this chapter, we are interested in black hole
solutions to the JT action (2.10), which we repeat here for convenience:1
Z

Z
√
√
Φ0
SJT =
−g R + 2
−h K
16πG M
∂M


!


(4.1)
Z
Z
√
√
1 
2
1 
+ 2
+
−g Φ R + 2
−h Φ K +
.
16πG
`2
`2
M
∂M
Here, `2 ≡ ` is the AdS2 radius. Recall that Φ0 is the topological and Φ the
dynamical piece of the dilaton; we denote their sum by Φtot = Φ0 + Φ. To model
Hawking radiation, we will also include a matter term, such that the full action is
S = SJT + Smatter .

(4.2)

At this point, Smatter is some arbitrary matter system that couples to the metric
but not to the dilaton; we will take it to be a CFT in Section 4.4.
In terms of X + (u) and X − (v), which are general monotonic functions of the
lightcone coordinates (u, v), we can write a general asymptotically AdS2 metric as
ds2 = −

4`2 dX + dX −
,
(X + − X − )2

(4.3)

The AdS2 boundary is located at X + (u) = X − (v). The action (4.1) admits black
hole solutions, dynamically formed by throwing in matter from the boundary.
Solving the vacuum equations of motion for Φ gives the dilaton profile
Φtot = Φ0 + 2Φr

1 − κEX + X −
,
X+ − X−

(4.4)

where E = M is the mass of the black hole and Φr = 4πG
is an integration
κ
constant that specifies the asymptotic boundary conditions of the dilaton field (as
in (2.17)). In particular, close to the boundary (z = 0) we impose that the metric
and dynamical dilaton satisfy, respectively,
g=−

`2
,
2

Φ = Φtot − Φ0 =

1 Contrary

Φr
,


(4.5)

to our discussion in Section 2.2, we will not consider the JT action to be derived
from a four-dimensional parent theory. Instead, we work directly in two dimensions such that G
is dimensionless. As a result, Φ is also dimensionless, and Φr has dimensions of length.
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with  → 0 the UV cutoff. Through the substitution
X + (u) = √


√
1
κEu ,
tanh
κE

X − (v) = √


√
1
κEv ,
tanh
κE

(4.6)

we find that the metric and dilaton are periodic in imaginary time with period
r
√
1 8πGE
β = π/ κE ⇒ TH =
.
(4.7)
π
2Φr
In terms of the lightcone coordinates (u, v), the metric and dilaton profile are
ds2 = −

du dv
4π 2 `2
,
β 2 sinh2 πβ (u − v)

Φtot = Φ0 +

1
2πΦr
.
β tanh πβ (u − v)

(4.8)

The future and past horizons are at u = ∞ and v = −∞. Note that if we take
the limit E → 0 we recover the AdS2 geometry in Poincaré coordinates and the
corresponding dilaton profile:
ds2 = −

4`2 dX + dX −
,
(X + − X − )2

Φtot = Φ0 +

2Φr
.
(X + − X − )

(4.9)

Since E → 0 sets also the Hawking temperature TH → 0, we will interpret this
solution as the extremal AdS2 black hole.
In the following sections, we will see how to obtain these black holes, and the corresponding dilaton profiles, from a dimensional reduction from three-dimensional
Anti-de Sitter space. In particular, a dimensional reduction of the BTZ geometry
gives the non-extremal black hole and dilaton (4.8), and the extremal black hole
and dilaton (4.9) can be obtained from AdS3 in Poincaré coordinates.

4.2.2

Dimensional reduction to JT gravity

Consider the three-dimensional Einstein–Hilbert action
Z
√
1
S=
d3 x −g(R(3) − 2Λ) ,
16πG3

(4.10)

with negative cosmological constant Λ < 0. Solutions are asymptotically AdS3
with the AdS radius given by Λ = − `12 , and include the BTZ solution. Suppose
3
that we have a solution for which the metric field is independent of one coordinate,
which we will call ϕ, and that it can be written as
ds2 = gµν dxµ dxν = hij (xi ) dxi dxj + φ2 (xi )`23 dϕ2 ,
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where the indices µ, ν = 0, 1, 2 and i, j = 0, 1. Then the action (4.10) reduces to
Z
√
2πα`3
(4.12)
S=
d2 x −hφ(R(2) − 2Λ) ,
16πG3
See also [113]. Here, we accounted for a partial reduction controlled by the parameter α ∈ (0, 1] for reasons that will become clear later. We see that we retrieved
the JT action (4.1) (ignoring the topological piece) for Λ = − `12 , the cosmological
constant for AdS2 gravity. If we identify `3 = ` and G3 = `G2 then we are led to
conclude that the dilaton in (4.1) is given by
Φ = 2παφ .

(4.13)

Since the three-dimensional Newton constant has dimensions of length, from this
reduction we again inherit a dimensionless dilaton (remember that in (4.1), the
two-dimensional Newton constant is dimensionless, and therefore the dilaton as
well). Note that we do not obtain the topological part of the JT action. Since
we are interested in the fluctuations away from extremality, this will not pose a
problem. Thus, we will define the boundary condition to be
Φ|bdy =

Φr
.


(4.14)

Taken to the boundary we have φ|bdy = `/, such that we should interpret Φr =
2π`α ≡ Φ0r α. In what follows we will therefore use
√
Φ = Φr

gϕϕ
φ
= Φr .
`2
`

(4.15)

We will apply this procedure to Poincaré AdS3 and the BTZ black hole to retrieve
the extremal and non-extremal JT black hole, respectively.
Before doing so, we comment on the boundary action. As explained in Section 2.3,
the boundary term in the JT gravity action (2.10) famously leads to the Schwarzian
action (2.22). We wish to reproduce this action from the three-dimensional point
of view. The boundary term (Gibbons–Hawking–York plus local counter term) is


Z
√
1
2
2
(3)
Sbdy =
d x −h K +
8πG3
`


(4.16)
Z
p
2πα`
2
=
dt −htt φb K (3) +
,
8πG3
`
where φb is the boundary value of φ. The trace of the extrinsic curvature splits
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into two parts:
K (3) = hµν Kµν = K (2) + hϕϕ Kϕϕ .

(4.17)

We evaluated the two-dimensional K (2) in Section 2.3; here, we compute the contribution hϕϕ Kϕϕ . To perform the dimensional reduction, we initially choose the
boundary to be at a fixed value of z. Then
hϕϕ Kϕϕ = −

1
,
`

(4.18)

which is expected for the curvature of a circle. Thus, the boundary term in the
action is (using Φ = 2παφ)


Z
p
1
1
(2)
Sbdy =
dt −htt Φb K +
.
(4.19)
8πG
`
This is the boundary term in the second line of (4.1), and its evaluation will lead
to the Schwarzian action (2.22), which we repeat here for convenience:
Z
1
Sbdy =
dt Φr {τ (t), t} .
(4.20)
8πG
Notice that compared to (2.22), we relabeled f (t) = τ (t). Recall that the boundary
time coordinate t becomes a parameter for the dynamical boundary trajectory

τ (t), z(t) . Here, τ and z are (fixed) coordinates on the AdS2 boundary; we will
choose them to be the Poincaré coordinates. We then require that the boundary
of AdS2 , i.e., the surface u = v ≡ t, coincides with the general boundary X + (u) =
X − (v). This defines the dynamical boundary time to be X + (t) = X − (t) ≡ τ (t).

Extremal AdS2 black hole from AdS3
The metric of AdS3 in Poincaré coordinates is given by:
ds2 =

`2
(− dt2 + dz 2 + dx2 ) .
z2

(4.21)

We would like to reproduce (4.9). First, note that we can use the coordinate
2
transformation z = `r and x = `ϕ to rewrite the above as
ds2 = −

r2 2 `2 2
dt + 2 dr + r2 dϕ2 .
`2
r

(4.22)

This is exactly of the form (4.11), with φ` = r. Hence we arrive immediately
at the conclusion that AdS3 in Poincaré coordinates reduces to a solution of JT
gravity. To get exactly (4.9), we can instead use lightcone coordinates X ± = t ± z,
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in which the metric (4.21) becomes
ds2 =

4`4 dϕ2
−4`2 dX + dX −
+
.
+
−
2
(X − X )
(X + − X − )2

(4.23)

Therefore, comparing to (4.9) we obtain precisely the AdS2 Poincaré metric if we
identify the dilaton:
√
gϕϕ
2Φr
Φ = Φr 2 = +
.
(4.24)
`
X − X−
This matches the dynamical part of the dilaton in [97] (cf. (3.4) in Section 3.3.1,
but note that there z < 0, whereas here z > 0).

Finite temperature AdS2 black hole from BTZ
We can follow a similar procedure for the finite temperature case. Now, we start
from the BTZ geometry,
ds2 = −

r 2 − R2
`2

!
dt2 +

r 2 − R2
`2

!−1
dr2 + r2 dϕ2 ,

(4.25)
2

where R2 = 8GM `2 is the horizon radius and the inverse temperature is β = 2π`
R .
The BTZ metric (4.25) is also of the form (4.11) and hence we could immediately
identify again φ` = r. To make contact with our earlier description of the nonextremal black hole in JT gravity, we change coordinates to u = t + r∗ , v = t − r∗ .
Here r∗ is the usual tortoise coordinate, defined through
∗

dr =

r 2 − R2
`2

!−1
dr .

(4.26)

Outside the horizon, the metric takes the form
ds2 = −

4π 2 `2
du dv
4π 2 `4
1
+
dϕ2 .
β 2 sinh2 πβ (u − v)
β 2 tanh2 πβ (u − v)

(4.27)

In the first part we recognize precisely the AdS2 black hole metric (4.8). Furthermore we can identify again the dilaton profile
√
gϕϕ
2πΦr
1
Φ = Φr 2 =
.
(4.28)
π
`
β tanh β (u − v)
Again, this matches the dynamical part of the dilaton in [97].
43

4. Geometrizing the Island

CFT2
AdS3

JT

b

b

2πα
QM
Figure 4.1. AdS3 –Poincaré, partially reduced over the angle 2πα. The red region is the
2D JT extremal black hole, and the light blue region is dual to the bath 2D CFT. The
blue geodesic computes the entropy of the region [0, b] in the CFT, including the quantum
mechanical system.

4.3

Generalized entropy of JT black holes

In this section we compute the generalized entropy for intervals in the extremal
and finite temperature black hole plus bath systems. We do so from the higherdimensional point of view discussed in the previous section, i.e., using geodesics.

4.3.1

Extremal AdS2 black hole

In [97], the generalized entropy for an interval in the extremal black hole + bath
system was computed from the two-dimensional point of view. Here, instead, we
want to compute the generalized entropy from the point of view of AdS3 . The
setup that we have in mind is depicted in Figure 4.1. Here, we have done a partial
dimensional reduction of the ϕ-direction, i.e., instead of integrating the coordinate
ϕ in (4.22) over 2π we integrated over some angle 2πα with α ∈ (0, 1]. The result
is that the spacetime has been split into two parts: one is the JT black hole, the
other is dual to the CFT/bath system. Now, if we consider an interval [0, b] in
the CFT/bath system—which also includes the quantum mechanical degrees of
freedom—its entropy will be given by the length of the blue geodesic in Figure
4.1. This can be easily computed using embedding coordinates. The details are
in Appendix A. The entropy of an interval of which the endpoints lie at the same
radial distance r and separated by an angular interval ∆ϕ is given by
S=

r∆ϕ
1
arcsinh
.
2G
2`
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QM

QM
JT

JT
2πα

2πα

BTZ

BTZ

CFT2

CFT2

(a) t < tPage

(b) t > tPage

Figure 4.2. We have done a partial reduction over the angle 2πα. The value of α
determines if the black hole is before (a) or after (b) the Page time.

Here and in what follows G = G2 . If we take the endpoints to lie on the boundary,
as is the case for the geodesic in Figure 4.1, one can expand to get


1
Φr + 2b
S=
2 log
,
(4.30)
4G
`
where we used Φr = 2π`α and dropped the (constant) UV cutoff, as we are
interested in comparing different entropies. We can compare this to the results
in [97], reviewed in Section 3.3.1, cf. (3.5). In [97] the entropy is extremized in the
two limits Φr  b and Φr  b, and in those limits our results agree with theirs
(except for a term proportional to Φ0 , which, as noted before, we do not reproduce
in our model).

4.3.2

Finite temperature AdS2 black hole

For the BTZ case, the setup is as in Figure 4.2. Again, we have done a partial
dimensional reduction over the ϕ-coordinate up to 2πα ∈ (0, 2π]. The corresponding region in the BTZ black hole now reduces to a black hole in JT gravity (red
region). The remainder (light blue region) we view as dual to the bath (2D CFT)
degrees of freedom. By decreasing the value of α from 1 to 0, we can geometrically
‘evaporate’ the black hole. We will comment more on this in the next section,
in which we discuss the dynamics of our model. For now, we will distinguish two
cases: ‘before’ and ‘after’ the Page time or the half-way evaporation point (Figures
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b

b

b

b

(a) t < tPage

(b) t > tPage

Figure 4.3. To find the entropy of the double interval [0, b], including the quantum
mechanical degrees of freedom, we need to compute the length of the blue geodesics.

4.2(a) and 4.2(b), respectively). In both cases, the entropy of an interval [0, b] in
the CFT, which also includes the quantum mechanical degrees of freedom, is given
by the length of a geodesic in BTZ of which the endpoints lie at the boundary (on
a fixed time slice). The details are in Appendix A. Before taking the endpoints to
the boundary, the entropy of such an interval is given by
S=

1
2π`2 r
π
arcsinh
sinh `∆ϕ ,
2G
β
β

(4.31)

where ∆ϕ is the angular separation of the two points. For the geodesic in Figure
4.3(a), i.e., before the Page time, we then find (expanding for r → ∞)
S=


π
1 
2 log sinh (2π` − Φr − 2b) ,
4G
β

(4.32)

where again we dropped the UV cutoff, and used 2π`α = Φr . After the Page
time, the geodesic ‘jumps’ and crosses the red region (see Figure 4.3(b)). Thus
the entropy is now given by
S=


1 
π
2 log sinh (Φr + 2b) .
4G
β

(4.33)

Eventually, we are interested in the entropy of the entire bath of radiation, i.e., we
wish to take b → 0. We will do so in Section 4.4.5. Comparison to the results of [97]
is most natural around the Page time, when the black hole and bath subsystems
become of comparable size, similar to the thermal equilibrium situation in [97].
46

4.4. Dynamical evaporation
In the high temperature limit Φr  β, the entropy (4.33) agrees with the high
temperature limit of the results in [97].
Notice that we are viewing the full black hole + bath geometry as being in a pure
state: we think of the BTZ black hole as the result of some collapsing matter, i.e.,
the resulting three-dimensional geometry is still describing a pure state. Since we
are interested in obtaining a Page curve, this is also the natural state to consider.
If we instead consider the geometry to be in the thermal state, we should add
a second, disconnected contribution (the BTZ black hole area) to the entropy if
the angular interval exceeds some critical angle [114]. In that case, the transition
occurs much later than the halfway evaporation point and one would not reproduce
the Page curve. In fact, the inclusion of the black hole entropy would lead to an
entanglement entropy that is more reminiscent of the Hawking curve.

4.4

Dynamical evaporation

The black holes we have discussed so far will not dynamically evaporate, because
the black hole is in thermal equilibrium with the CFT. This means that the inand out-flux of energy are equal. If we allow instead for particles to escape, we
can simulate an evaporation process. Our model is somewhat similar to the recent
models [71, 72, 88] describing black hole evaporation using the island formula, as
reviewed in Section 3.1.2 (see also e.g. [115, 116], in which Hawking radiation is
allowed to escape to the ‘bath’ consisting of a 2D CFT on the half-line). Note
that in some other models, such as [97, 117], the black hole is in equilibrium with
the bath. In that case, the black hole does not evaporate and an island appears
outside of the horizon, as we reviewed in Section 3.3.1. The model we propose lies
somewhere in between. For the purposes of discussing the evaporation process, we
will only consider the finite temperature black hole.
In our model, the JT gravity theory is obtained by a dimensional reduction of
the three-dimensional AdS gravity theory on the BTZ background. One can also
view the JT gravity theory as being the induced theory on a tensionless end-ofthe-world (EOW) brane that bounds the BTZ geometry. Note that, unlike in
other brane world scenarios, there is no explicit gravitational action added on the
boundary. In this sense, the 2D JT gravity can be seen as being equivalent to
the bulk theory that has been removed from the BTZ geometry. Indeed, in the
microscopic description we identified the AdS2 black hole as being represented by
the removed part of the full quantum state of the boundary theory (i.e., the red
part of the boundary in Figures 4.2 and 4.3). This part is not sufficient to describe
the entire integrated-out bulk region, but only describes the entanglement wedge
bounded by the geodesic in Figure 4.3. The remainder is described by the bath.
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The induced JT gravity theory couples at the boundary to the CFT bath. To model
the evaporation process we allow a small amount of energy to leak in to the CFT
bath. From the microscopic perspective there is no mystery in this evaporation
process: by adjusting the temperature of the bath to be slightly below that of the
QM system, there will always be a net heat flow into the bath. In the gravity dual
this energy flux is interpreted as Hawking radiation that has escaped the black
hole. Note that for this process to occur it is not essential that the dual theory
contains local matter fields. Even the pure gravitational degrees of freedom are
capable of transferring energy from the black hole to the boundary.
In the preceding sections, we stated that we can consider different phases of evaporation by means of the parameter α, which controls the dimensional reduction
(and is closely related to the dilaton). So far, we did not discuss a dynamical
way of changing Φr ∼ α. In this section, we will add explicit time-dependence to
the renormalized dilaton Φr (t) = 2π`α(t) and see that this indeed results in an
evaporating black hole. Then, we will map this to a more standard evaporation
protocol in which the dilaton is fixed, but the temperature (and mass) of the black
hole decrease. To do so, we will use a mapping between two BTZ geometries with
different parameters. We will first briefly discuss this mapping, and then proceed
to compare the two perspectives on evaporation.

4.4.1

Mapping two BTZ geometries

We consider a map between two BTZ geometries with different parameters introduced in [112]:
BTZ(M λ2 ; 2π) ≡ BTZ(M ; 2πλ) .
(4.34)
On the left hand side we have a BTZ geometry with a mass that can vary; on the
right hand side we have a BTZ geometry with a varying conical deficit. We start
from the usual BTZ metric

 2
−1
 2
r
4π 2 `2
r
4π 2 `2
2
ds2 = − 2 −
dt
+
−
dr2 + r2 dϕ2 ,
(4.35)
`
β2
`2
β2
where ` is the AdS length, the horizon is at R2 = 8GM `2 and ϕ ∼ ϕ + 2π is
2
identified. The inverse temperature is β = 2π`
R . Now, consider the transformation
r = λr̃,

R = λR̃,

t = λ−1 t̃,

ϕ = λ−1 ϕ̃ .

(4.36)

This keeps the form of the metric invariant as in (4.35), but the periodicity in ϕ̃
is now 2πλ. Under this λ-transformation, the entropy S = 2πR
4G3 remains invariant,
R
−1
but the Hawking temperature TH = 2π`2 gets scaled by λ . If we pick λ = 2π`
β
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and leave R (or equivalently β) fixed, we find

 2
−1
r̃
r̃2
2
−1
dr̃2 + r̃2 dϕ̃2 .
ds = − 2 − 1 dt̃ +
`
`2
2



(4.37)

Henceforth, we will use tilded coordinates to describe the BTZ geometry on which
we performed a partial reduction in Section 4.3.2. In this case the temperature is
fixed and the periodicity of ϕ̃ leads us to identify α with λ = 2π`
β . We will study
the dynamics of this model in the next section. We will then use the above map
in Section 4.4.3 to find untilded coordinates in which the black hole energy decays
exponentially.

4.4.2

Black hole evaporation using boundary dynamics

To study the dynamics of our model, consider again the Schwarzian action
Z
1
dt Φr {τ, t} ,
(4.38)
S=
8πG
where we will allow for Φr to be time-dependent. Varying with respect to τ (t)
gives the equation of motion (2.23), i.e.,

1
Φr {τ, t}0 + 2Φ0r {τ, t} + Φ000
=0,
r
0
τ

(4.39)

where primes denote t-derivatives. For constant Φr , this reduces to
1
{τ, t}0 = 0 ,
τ0

(4.40)

so we are looking for non-constant functions τ (t) with constant Schwarzian. This
leads to the solution for the non-evaporating black hole, where
τ=

π
β
tanh t ,
π
β

(4.41)

with constant inverse temperature β and (constant) ADM energy
E=−

Φr
2π 2 Φ0r
{τ, t} = 2
≡ E0 .
8πG
β 8πG

(4.42)

Now we will restore time-dependence and use tilded quantities to distinguish from
the above case. Remember that in the model at hand, we have done a partial
reduction of the BTZ geometry, resulting in a JT gravity part with dilaton
Φ̃r = 2π`α(t̃) ≡ Φ0r α(t̃) ,
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where we defined Φ0r ≡ 2π` and α(t̃) decreases from 1 to 0. We interpret the
remaining part as holographically dual to a 2D CFT. Now, the decreasing α does
not affect the temperature of the 2D black hole, which is directly inherited from
the BTZ black hole. Therefore, we will consider this temperature to be fixed and
we will keep τ = πβ tanh πβ t̃. To represent the interaction with the bath, we add
an extra term to the equation of motion (4.39), equal to the incoming minus the
outgoing energy flux (cf. [63, 72]):
−


1 
Φ̃r {τ, t̃}0 + 2Φ̃0r {τ, t̃} + Φ̃000
= T̃vv (t̃) − T̃uu (t̃)
r
8πG
= : T̃vv (t̃) : − : T̃uu (t̃) : .

(4.44)

Initially, we are in thermal equilibrium and the right hand side vanishes. At t̃ = 0
we break thermal equilibrium, such that there is a net outgoing energy-momentum
flux on the boundary for t > 0,
: T̃uu (t̃) : = −

c
{τ, t̃} ,
24π

: T̃vv (t̃) : = −(1 − )

c
{τ, t̃} .
24π

(4.45)

Note that perfect absorbing boundary conditions mean  = 1, such that : T̃vv (t̃) :=
0; here, we are interested in   1, such that the evaporation is adiabatic. One
can think of this net flux as simply the effect of moving the dividing line between
the JT gravity and CFT part of our BTZ black hole, as in Figure 4.2: we are
relabeling which degrees of freedom are ‘in’ and which are ‘out’ of the black hole.
2
Then, since {τ, t̃} = − 2π
β 2 = cst, (4.44) gives
−

1
c
Φ0r = 
,
4πG
24π

(4.46)

which we can solve to find


A
Φ̃r = Φ0r α(t̃) = Φ0r 1 − t̃ ,
2

where

c G
A
=
.
2
6 Φ0r

We think of A2 as an evaporation rate (we pick the factor
The energy in this coordinate system decreases as

1
2

(4.47)

for later convenience).

dẼ
c 2π 2
A
= T̃vv − T̃uu = −
= −E0 .
24π β 2
2
dt̃

(4.48)

Here and below, β should be interpreted as a constant, unless explicitly written
as β(t).
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4.4.3

From linear to exponential evaporation

In many models of black hole evaporation, the energy decreases exponentially in
time (see e.g. [63, 72, 115, 116]). In those models, the two-dimensional JT black
hole is put into contact with an external bath. We will now show how our model
relates to this type of evaporation, in which the temperature depends on time and
the dilaton is fixed, by exploiting the mapping discussed in Section 4.4.1.
As a first step, we need to find t̃(t). A simple solution comes from considering
again the Schwarzian action with constant dilaton and changing t → t̃(t):
Z
Z
h dt −2
i
1
1
0
S=
dt Φr {τ, t} =
dt Φ0r
{τ, t̃} − {t̃, t}
8πG
8πG
dt̃
(4.49)
Z
Z
 dt̃ 
1
1
0
=
dt̃ Φr
{τ, t̃} =
dt̃ Φ̃r (t){τ, t̃}
8πG
dt
8πG
where in the second line we assumed that {t̃, t} is constant, as we will later confirm.
dt̃
Then requiring that the action is invariant leads us to conclude that Φ̃r (t) = Φ0r dt
,
i.e.
dt̃
A
= α(t̃) = 1 − t̃ .
(4.50)
dt
2
Solving (4.50), we find that t and t̃ are related by
2
t̃(t) = (1 − e−At/2 )
A

⇒

dt̃
= e−At/2 ,
dt

1
{t̃, t} = −
2

 2
A
.
2

(4.51)

For a similar discussion on exponential evaporation with a more complicated solution for t̃(t), see [115–117]. We expect that our solution is a good approximation
to these more general models in the limit of slow evaporation.

4.4.4

Exponentially evaporating black hole

We are now ready to connect the linear/geometric evaporation presented in Section
4.4.2 to the more common exponential decay. As before, we start from the energy
flux equation, which for constant dilaton reduces to
−

1
Φ0 {τ, t}0 = : Tvv (t) : − : Tuu (t) : .
8πG r

(4.52)

A priori we do not know the energy flux on the right hand side. However, transforming (4.44) gives information on this. Since the right hand side is manifestly a
tensor (T̃t̃t̃ ) both the left and right hand side should transform as a tensor. Indeed
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we find that under t̃ → t̃(t) we get
−

 dt̃ −2
dt

  dt̃ −2
=
Φr {τ, t}0 + 2Φ0r {τ, t} + Φ000
8πG(Tvv − Tuu )
r
dt

(4.53)

Here, we have not yet assumed that Φr = cst; we only assumed that it transforms
dt̃
as a vector, i.e., Φ̃r (t̃) = dt
Φr (t). Hence we conclude
Tvv − Tuu =

dt̃
dt

!2
(T̃vv − T̃uu ) =

dt̃
dt

!2


c
{τ, t̃} .
24π

(4.54)

Thus, where we previously had a constant net energy flux, this time we have an
exponentially decreasing net flux. Therefore, we conclude that the ADM energy
decreases as
1  A 2 Φ0r
Φr
{τ, t} = E0 e−At +
,
(4.55)
E=−
8πG
2 2 8πG
and
dE
Φr
c 2π 2 −At
=−
{τ, t}0 = −
e
.
(4.56)
dt
8πG
24π β 2
Finally, from the map discussed in Section 4.4.1 we know that
2π`
dt̃
=
dt
β(t)

A

β(t) = 2π` e 2 t .

⇒

As also noted in [63], for low evaporation rates, i.e., in the regime A 
evaporation is adiabatic. The length scale
black hole.

4.4.5

Φ0r
c

(4.57)
1
`,

the

sets the evaporation time of the

Obtaining the Page curve

From the Hawking temperature (4.7) we see that the entropy and energy are
related via
r
EΦr
SBH = 2π
.
(4.58)
4πG
Consider this formula in the tilded coordinate system discussed in Section 4.4.2.
We have
s
Ẽ(t̃)Φ̃r (t̃)
2π Φ0r
A
A
cG
S̃BH (t̃) = 2π
=
(1 − t̃) , where
= 0 .
(4.59)
4πG
β 4G
2
2
6Φr
Hence this entropy decreases linearly in time t̃ (remember that β is fixed). Note
1
that also via this method, we do not obtain the extremal entropy S0 = 4G
Φ0 ,
consistent with our earlier statement that the topological piece Φ0 is not relevant
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S
0
1 2πΦr
4G β

t<t

Srad Page
t>t

Srad Page , SBH
Srad

2/A t̃
Figure 4.4. The entropy of the radiation follows a Page curve (red line).

for our model. In the untilded coordinate system discussed in 4.4.4, we find
s
r
E(t)Φr
Φ0r A2
4π 2
=
+ 2 e−At .
SBH (t) = 2π
(4.60)
4πG
4G
4
β
Next, we would like to make contact with our entropy calculations performed in
Section 4.3. The comparison is most natural in the tilded coordinates. In Section
4.3.2 we found (4.32) and (4.33) before and after the Page time, respectively. We
are now interested in the entropy of the entire bath, i.e., we wish to take b → 0.
Then before the Page time we find


1
π A
S t̃<t̃Page =
2 log sinh Φ0r t̃ .
(4.61)
4G
β
2
After the Page time we get
S

t̃>t̃Page

1
=
4G




π 0
A
2 log sinh Φr (1 − t̃) .
β
2

For high temperatures Φ0r  β we can approximate this with
 

 1 Φ0r 2π A t̃
if t̃ < t̃Page
4G 
β 2

S≈
.
 1 Φ0r 2π (1 − A t̃)
if t̃ > t̃Page
4G
β
2

(4.62)

(4.63)

Notice that for t̃ > t̃Page = A−1 the entropy of the radiation is equal to the entropy
of the black hole in (4.59). The latter is the coarse-grained entropy and follows a
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S

S

t̃

t̃

Figure 4.5. The qualitative behavior of the entropy for ∆ϕ = 2π A
t̃ (blue) and ∆ϕ =
2
t̃)
(orange)
shows
that
it
follows
the
Page
curve
(red
line).
To plot we set
2π(1 − A
2
` = G = 1, r∞ = 10100.000 , the evaporation rate A = 5 and R = 2` on the left, R = 10`
on the right. The dashed green line indicates the UV cutoff.

Hawking curve. From (4.63) it is clear that we indeed reproduce a Page curve for
the radiation entropy; see Figure 4.4.
If we do not expand for large cutoff, and without zooming in on the regime Φ0r  β,
we can study the qualitative behavior of the entropy using
S=

1
r∞
R
arcsinh
sinh ∆ϕ ,
2G
R
2

(4.64)

2π`2
β

is the BTZ radius, r∞ is the cutoff surface, and ∆ϕ = 2π A2 t̃ before

and ∆ϕ = 2π 1 − A2 t̃ after the Page time. This gives Figure 4.5.

where R =

4.5

Discussion

In this chapter, we investigated JT black holes of zero and finite temperature
coupled to a bath (a 2D CFT) from a higher-dimensional, geometrical perspective.
By performing a partial dimensional reduction from Poincaré AdS3 and the BTZ
geometry, respectively, we effectively split the three-dimensional spacetime into
a two-dimensional black hole and a remainder, of which the holographic dual
takes on the role of the bath. The boundary conditions on the dilaton lead us
to identify the renormalized value of the dilaton with the parameter α controlling
the dimensional reduction: Φr = 2π`α. This procedure allowed us to compute the
entropy of an interval in the bath/radiation by simply computing geodesic lengths
in the three-dimensional spacetime.
By making the dimensional reduction parameter α time-dependent, we could
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model the dynamics of the BTZ system and allowed the finite temperature JT
black hole to evaporate. From a boundary analysis we showed that the energy
decreases linearly in time. The renormalized dilaton is time-dependent and the
temperature is fixed. Then, we exploited a mapping of BTZ parameters to connect this linear evaporation to a more canonical (exponential) evaporation of the
energy, in which the renormalized dilaton takes on a constant value, and the temperature is time-dependent. Finally, we demonstrated that the entropy of the
radiation/bath system follows a Page curve.
We included the extremal black hole mostly as a toy model to study the dimensional reduction and demonstrate the entropy calculations. We did not include
time dependence for the extremal black hole, because this black hole (which has
TH = 0) does not evaporate.
A few comments are in place. First, the connection between the dilaton and the
black hole entropy naturally arises from our description in a geometrical fashion.
This is best seen for the finite temperature case. From (4.59) we see that the black
hole entropy is given by the value of the dilaton (4.28) at the horizon:


1
1
2π
S=
Φ hor =
Φr .
(4.65)
4G
4G β
Note that the entropy (4.59) is a thermal and coarse-grained entropy; indeed,
inserting Φr (t̃) = 2π`(1 − A2 t̃) does not lead to the Page curve, but instead a
linearly decreasing (Hawking) curve. Since we wish to consider the full geometry
to be in a pure state, the fine-grained entropy of the JT black hole is equal to that
of the radiation (its complement) and thus follows a Page curve as well.
As a second comment on our results, note that we did not have to make use of
the island formula to reproduce the Page curve for the radiation. Instead, we
naturally find the Page curve from the RT prescription, which instructs us to take
the minimal length geodesic in the BTZ geometry. As the interval on the boundary
corresponding to the radiation grows, the geodesic ‘jumps’ and its length starts
to decrease. In the two-dimensional theory, this is mirrored by a jump of the
quantum extremal surface, thereby including an island in the generalized entropy
calculation. One might like to interpret the region in Figure 4.3(b) bounded by
the geodesic and the division between the red and light blue regions as the island.
This island lies outside of the horizon, as expected for our adiabatic evaporation.
It would be interesting to make this connection more precise.
Finally, we would like to point out that the method we have described in this
chapter, i.e., using a partial dimensional reduction to create a black hole and bath
within the same higher-dimensional system, could in principle be applied to other
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spacetimes as well. In particular, it could be worthwhile to apply this procedure
to a three-dimensional Schwarzschild–de Sitter black hole, reducing it to a pure
dS2 spacetime connected to a bath, to see if we can learn more about the (pure) de
Sitter horizon and a possible information paradox. So far, the literature has not
been conclusive on the existence of islands in pure de Sitter (see e.g. [101–105]),
leaving the matter of both the existence as well as the interpretation of a Page curve
for the de Sitter entropy open for discussion. It could therefore prove useful to
employ our method—that needs neither quantum extremal surfaces nor islands—
to add to this discussion. This will be the topic of the next chapter.
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5

No Page Curves
for the de Sitter Horizon

In this chapter, I present the work done in [2], in which we investigated the finegrained entropy of the de Sitter cosmological horizon. We extended the model
introduced in [1], presented in Chapter 4, to the evaporating cosmological horizon
of two-dimensional de Sitter arising from a partial dimensional reduction from
three-dimensional de Sitter. Our goal was to compute the fine-grained entropy
of radiation collected at future infinity and inside the static patch, in an out-ofequilibrium state, and to gain understanding in possible information recovery.

5.1

Introduction

One of the greatest puzzles posed by our Universe—which we to good approximation believe to be described by de Sitter space—is a proper understanding of
the cosmological horizon that surrounds any observer. The cosmological horizon
of such a static observer exhibits thermodynamic properties similar to a black
hole horizon [21]. One of the subtle obscurities is the entropy associated to the
cosmological horizon, and in particular the fact that it appears to be finite. This
seems to imply a finite-dimensional Hilbert space, which is in direct contradiction
with the infinite-dimensional degrees of freedom of effective field theory on a de
Sitter background [43, 44, 110, 118–121]. This discrepancy constitutes a significant
problem, as not only the early Universe but also the current Universe at large
scales is approximated by de Sitter space. While a complete microscopic understanding would require a full quantum gravity approach, here we will follow a
semiclassical approximation very much in the spirit of recent developments in a
black hole context [29, 30, 35, 71, 72, 75, 88, 122]. In practice this means that, while
the exact microscopic state may be unknown, there is still a procedure to calculate
the fine-grained entropy using the island rule.
As discussed in Chapter 3, the island rule has been used to reproduce the Page
curve for various black hole solutions [84–87, 97, 115, 117, 123–125]; we would like
to use these developments to learn more about the cosmological horizon. More
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specifically, in this chapter we extend the procedure of [1], described in the previous chapter, to de Sitter space. Recall that in this procedure the evaporation
of two-dimensional black holes in JT gravity on AdS2 was studied from a threedimensional point of view. In the original setup, we divided the BTZ black hole
into two parts. In one of these, we integrated out the angular coordinate, thereby
reducing it to a black hole in AdS2 JT gravity. In the other part, the holographic
coordinate was integrated out, thereby obtaining the dual CFT (which took on the
role of the ‘bath’). The evaporation of the 2D black hole effectively corresponds
to changing the location of the dividing line. The entropy of a region in the bath
can then be computed using geodesics in the three-dimensional BTZ geometry;
this reproduces the Page curve for the bath entropy. One might wonder if a similar approach could lead to new insights on the nature of the de Sitter entropy.
There has been some work on entanglement islands in a cosmological setup, see
e.g. [101–104]. In particular, [105] provides a complementary perspective to the
approach we will take, which we outline below.
We will start from pure (empty) dS3 and perform a similar trick as explained above.
A partial dimensional reduction of dS3 along the angular direction ϕ divides the
three-dimensional spacetime into two. Up to some value of the angular coordinate
the system is described by dynamical gravity: JT gravity on dS2 . The remainder of
the three-dimensional spacetime will take on the role of the thermal ‘bath’ for the
radiation of the cosmological horizon. To be precise, in our two-dimensional set-up
we will identify two regions where gravity is weakly coupled; these regions may
be considered non-dynamical and are thus good regions to collect radiation. We
will then compute the fine-grained entropy of radiation collected in these regions
by embedding them in the three-dimensional geometry. In this sense, we will refer
to the remainder of the three-dimensional spacetime as the non-gravitating ‘bath’.
The full (global) setup is depicted in Figure 5.1.
Motivated by recent results in the context of evaporating black holes, we will
consider an out-of-equilibrium thermal state corresponding to the evaporation of
the cosmological horizon. As shown in [111], this so called Unruh–de Sitter state
amounts to demanding a positive net incoming energy flux on the static patch,
breaking the isometries preserved in the standard Bunch–Davies vacuum. The
Schwarzian dynamics of I + , established in [98, 99], allow for the calculation of the
backreaction of the assumed matter configuration on the boundary dilaton, which
becomes a function of the single boundary variable u at future infinity.1 From the
three-dimensional perspective the renormalized boundary dilaton corresponds to
the angle of the dimensional reduction, Φr ∼ 2πα, such that the backreaction of the
1 Although u appears as a spacelike coordinate at future infinity, we will often denote a function
of this variable as ‘time-dependent’. We do so because we take the results of Section 5.4 to mean
that in the static patch functions of u become functions of the proper static patch time.
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σ

(a) Global dS3

(b) A timeslice

Figure 5.1. Global de Sitter is the surface of the hyperboloid (a). Time flows upwards;
one angular coordinate is suppressed, such that each time-slice is a two-sphere (b). We
split the spacetime into two, reducing over the red part to get JT gravity on dS2 . The
light blue part is the remainder of dS3 , which takes on the role of the bath.

Unruh–de Sitter state imbues the full three-dimensional setup with a dependence
on u. In the partial reduction the entropy of the cosmological horizon is
SdS,α =

πα`
,
2G3

(5.1)

where α is the parameter determining the reduction angle. From (5.1) we see
that a dynamical boundary dilaton Φr (u) ∼ α(u) not only amounts to dynamical
evolution of the dividing line between the thermal bath and gravity, but also to a
decreasing entropy. As depicted in Figure 5.4 and Figure 5.6 of Section 5.5, in the
three-dimensional picture we think of this dynamical change as the evaporation of
the radiation into the bath.
Note that in [1], it was the mass of the BTZ black hole that became timedependent, and consequently the entropy; however, empty de Sitter only exhibits
a single (fixed) length scale. We can still introduce a time-dependent entropy if
we allow for time-dependence in α and hence consider (α `) as an effective timedependent de Sitter length.
While the behavior of α(u) can indeed be determined at the future boundary, we
will also find that we can recover the same behavior by use of an explicit bulk solution at the past cosmological horizon in the static patch. This allows us to address
an important subtlety that arises for the de Sitter case: we can make a choice of
observer. Whereas the static observer is surrounded by a cosmological horizon and
as such experiences a thermal bath, we can also define a ‘meta-observer’ at future
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infinity, who can observe the wavefunction of the universe as they have access to
distances larger than the Hubble scale [109, 110]. From a cosmological perspective
we can (approximately) be described as a static observer currently entering a new
de Sitter phase. However, we may also be considered meta-observers with respect
to our inflationary past [126].
As our construction creates a thermal bath in both the static patch and at future
infinity of the two-dimensional de Sitter space, we can perform calculations for both
observers. These are complementary views and we give results for the entropy of
the collected radiation with respect to both. As a second subtlety, we must take
into account the lifetime of the backreacted solution. In a semiclassical setting,
various arguments have been made about the lifetime of de Sitter. We will consider
how these approaches bound our results. Furthermore, as we are considering an
out-of-equilibrium state, we should expect the lifetime to be drastically reduced
and even a singularity to arise [105]. These considerations naturally will reduce
the domain of validity of the entropy computations.
While for I + we recover unitary behavior without the use of an island, the static
patch requires a more involved argument and, implicitly, the existence of an island.
This agrees with intuition due to the different locations of these regions with
respect to the cosmological horizon. The meta-observer is in causal contact with
behind the horizon degrees of freedom, whereas the static patch observer represents
a thermal observer. However, the finite lifetime of the Unruh–de Sitter state
corresponds to the occurrence of a trapped region at the Page time. Therefore
information recovery does not seem possible for the evaporating de Sitter horizon.
This chapter is organized as follows. In Section 5.2 we discuss how to obtain JT
gravity on two-dimensional de Sitter from a three-dimensional Einstein–Hilbert
action in de Sitter. We discuss the two-dimensional bulk equations of motion,
and then comment on the boundary action and the dilaton at future infinity. In
Section 5.3 we introduce dynamics by considering the effect of adding matter to our
configuration. Specifying the Unruh–de Sitter state, we find a dynamical boundary
dilaton Φr (u). This allows us to estimate the lifetime of our setup, and we comment
on the timescales relevant to our problem. We calculate the backreacted bulk
dilaton in Section 5.4, and discover that the gravitational coupling becomes weak
at the past horizon. The backreacted bulk dilaton exhibits the same behavior close
to the past cosmological horizon in terms of the static patch time t as the boundary
dilaton does in terms of u. In Section 5.5 we compute the entanglement entropy
of the radiation as a function of our boundary time u and of the static patch time
t, finding a Page curve for both. However, in practice, catastrophic backreaction
occurs at the Page time, and neither observer will see unitary evaporation. We
end with a careful discussion of our results in Section 5.6.
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5.2

JT gravity on dS2 from dS3

As outlined in the introduction, we start with three-dimensional gravity on pure
de Sitter space. The first step is to perform a partial dimensional reduction on the
spherical coordinate ϕ. This means we consider the upper value of the spherical
integration of ϕ to be given in terms of a new parameter α ∈ (0, 1]. As we will see
below, α is closely related to the dilaton in two dimensions.

5.2.1

Dimensional reduction to JT gravity

Our starting point is given by the three-dimensional action
"Z
#


Z


p
p
1
2
3
(3)
2
(3)
S=
d x −g (3) R − 2 − 2 d x −h(3) K − 1 , (5.2)
16πG3
`
where the last term consists of the Gibbons–Hawking–York boundary term and
a local counter term. Here K (3) plays an important role as it will furnish the
Schwarzian boundary action at future infinity I + . The Einstein equations give
R(3) = 6/`2 .
We collect different coordinate systems for de Sitter space in Appendix B. Here,
we single out two important systems we will use: global and static coordinates. In
global conformal coordinates, three-dimensional de Sitter space is given by:
ds23 =


`2 
2
2
2
2
−dσ
+
dθ
+
sin
θdϕ
,
cos2 σ

(5.3)

where σ ∈ (− π2 , π2 ), θ ∈ [0, π] and ϕ ∈ [0, 2π). The corresponding Penrose diagram
is a square, see Figure 5.2. No single observer can access the full geometry and
there is no global timelike Killing vector.
The so-called static patch is the region accessible to a single observer living on one
of the poles of the S 2 . For this region, the SO(1, 3) isometry group gives rise to
a manifest t-translation, such that we arrive at a time-independent metric, given
by:
!
!−1
r2
r2
2
2
ds3 = − 1 − 2 dt + 1 − 2
dr2 + r2 dϕ2 ,
(5.4)
`
`
with r ∈ [0, `]. Note that the same angle ϕ appears in both (5.3) and (5.4). The
static coordinates cover only the right (orange) diamond of Figure 5.2. The null
surface at r = ` surrounding the observer at all times is known as the cosmological
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I+

South Pole

North Pole

x(u)

I−
Figure 5.2. The Penrose diagram of three- and two-dimensional pure de Sitter. For
dS3 each point represents a circle. The static patch for an observer at the south pole
is indicated in orange; the dashed lines are the horizons. The Milne (future) patch is
indicated in blue. For dS2 we will make use of the fluctuating boundary geometry at I +
described by a Schwarzian action. I − does not play a role in our considerations as we
consider a quantum state that is singular at the past horizon.

horizon. The temperature associated to this horizon is
TdS =

1
,
2π`

(5.5)

which is a fixed quantity. The corresponding Gibbons–Hawking entropy is
SdS =

π`
.
2G3

(5.6)

As outlined in the introduction, we consider a partial reduction ansatz by considering the upper value of the spherical coordinate ϕ in the spherical integration
to be given by 2πα, α ∈ (0, 1]. Then, the Gibbons–Hawking entropy is given by
(5.1), which we repeat here for convenience:
SdS,α =

πα`
πα
=
,
2G3
2G2

(5.7)

where we have identified G3 = `G2 and we will from now on denote G2 simply
as G. We are interested in considering the evolution of (5.7) by allowing for
time-dependence in α. We will see below that the dilaton of the JT theory we
acquire in two dimensions is intimately linked to this angle α. From the twodimensional perspective, any backreaction is captured by the dilaton. Hence, it is
clear that setting a two-dimensional Unruh–de Sitter state will not only lead to a
time-dependent dilaton solution, but also from the higher-dimensional perspective
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lead to a dynamical change of (5.7) as desired.
Let us now turn to the details of the dimensional reduction. We assume an ansatz
of the form
(2)
ds23 = gij dxi dxj + φ2 (xi )`2 dϕ2 .
(5.8)
Under the assumption of an asymptotic boundary, by use of the following identities
2 (2)
2 φ,
φ
1
= K (2) + nµ ∇(2)
µ φ ,
φ

R(3) = R(2) −
K (3)

(5.9)

and by integrating the spherical coordinate as outlined below (5.6), we find
"Z
#


Z p


p
2
2πα`
(2)
2
(2)
(2)
(2)
S=
d x −g φ R − 2 − 2 dx −h φb K − 1 . (5.10)
16πG3
`
We have implicitly identified `3 = `2 ≡ `. Using again G3 = `G, we conclude
Φ = 2παφ ,

(5.11)

such that we arrive at the JT gravity action
"Z
#


Z p


p
2
1
d2 x −g (2) Φ R(2) − 2 − 2 dx −h(2) Φb K (2) − 1 . (5.12)
S=
16πG
`
Here Φb denotes the boundary value of Φ. In the dimensionally reduced language
of (5.12) we recover the global metric (5.3) by
ds22 =


`2 
2
2
−
dσ
+
dθ
,
cos2 σ

Φ = 2πα

sin θ
.
cos σ

(5.13)

The extrinsic curvature K (2) plays a pivotal role in our approach, but we will
postpone our discussion of it to Section 5.2.3. First, we will expand on the bulk
dynamics in Section 5.2.2. Before we do so, we wish to point out that in (5.12)
we do not recover the Gauss–Bonnet term ordinarily used in JT gravity. This
term, in an AdS context proportional to the ground state entropy of an extremal,
higher-dimensional black hole, allows for negative values of the dilaton Φ while
maintaining positive values for the total entropy Φ0 + Φ. In that case, the Penrose
diagram of dS2 ‘doubles’ and allows for two horizons located at r = ±`. The
second horizon is often interpreted as a black hole horizon, and this geometry
then serves as a lower-dimensional toy model for Schwarzschild–de Sitter. We are
instead interested in studying ‘pure’ de Sitter, and hence will stick to Figure 5.2
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for the two-dimensional model, as we interpret this as inherited from the threedimensional de Sitter spacetime. This agrees with the absence of Φ0 in (5.12).

5.2.2

Two-dimensional bulk dynamics

To study the two-dimensional bulk dynamics, it is convenient to switch to conformal gauge and employ general lightcone coordinates (x+ , x− ):
ds22 = −e2ω(x

+

,x− )

dx+ dx− .

(5.14)

In these coordinates the bulk equations of motion amount to [66, 102]
1 2ω
e ,
4`2
2
−∂±
Φ + 2∂± ω∂± Φ = 8πGhTx± x± i ,
1
2∂− ∂+ Φ − 2 e2ω Φ = 16πGhTx+ x− i .
`
∂+ ∂− ω =

(5.15)

Let us now comment on different solutions to (5.15) in vacuum. As shown in
Appendix B, we can introduce null coordinates σ ± such that the static patch
metric (5.4) is given by
e2ω(σ

+

,σ − )

=

cosh2

1


σ + −σ −

,

1

Φ = 2πα
tanh

2`



σ + +σ −
2`

.

(5.16)

Again, these coordinates are restricted to the south pole wedge. We can also define
Kruskal coordinates which cover the entire Penrose diagram, see Figure 5.2. As
shown in Appendix B this amounts to

`2 + x+ x−
4`4
2ω(x+ ,x− )
e
= 2
,
Φ = 2πα 2
.
(5.17)
(` − x+ x− )2
(` − x+ x− )
The coordinate transformation that relates the Kruskal coordinates (x+ , x− ) to
the static coordinates (σ + , σ − ) is
x± = ±`e±σ

±

/`

,

(5.18)

which illustrates the different roles these coordinate systems play for us. The
transformation is the same relationship as between Rindler and Minkowski coordinates, such that indeed the coordinate systems (5.16) and (5.17) define different
vacua.
In our approach we also care about the boundary dynamics of different solutions
to (5.15). When considering the desired non-equilibrium state, we should be able
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to see at future infinity I + that the entropy (5.7) has now become dynamical.
The static patch (5.16) is not connected to the boundary, but it is connected via
analytic continuation to the so-called Milne patch in the expanding region [99],
see (B.16). The Milne solution is
e2ω(y

+

,y − )

=
sinh

2

1
 +

y +y −
2`

 ,

1

Φ = 2πα
tanh



y + −y −
2`

 .

(5.19)

In terms of the coordinates (τ, χ) used in (B.16), the lightcone coordinates y ± used
in (5.19) are
dτ̃
y ± = τ̃ ± χ ,
dτ =
.
(5.20)
sinh τ̃`
As we will see in the next section, this geometry is of importance for our purposes
as it captures the evolution of the entropy (5.7) at future infinity.

5.2.3

Boundary action and renormalized dilaton

We now turn to the boundary dynamics at I + and the extrinsic curvature term
of (5.12). In most of this section, we will use planar coordinates in order to make
the analogy to [62] more apparent:
ds22 =

`2 (−dη 2 + dx2 )
,
η2

x
Φ = −2πα .
η

(5.21)

Note that η ≤ 0 and x ≥ 0, with I + located at η = 0, such that the dilaton
is correctly positive. As I + is a conformal boundary, we would like to cut off

the space along a boundary curve η(u), x(u) . It is usually conjectured that the
complete gravitational theory can be described by a quantum mechanical system
at the conformal boundary; then u would correspond to the coordinate of this
quantum mechanical boundary theory. It will play a special role in our setup as
our results with respect to the entropy at future infinity are phrased in terms of
this parameter. Following [62, 99] we set the following two boundary conditions
guu =

`2
,
2

Φb =

Φr
.


(5.22)

For the partial reduction solutions we are considering, Φr generally takes on the
form
Φr = 2π`α .
(5.23)
Solving (5.22) we get
K (2) =

1 2
− {x(u), u} ,
`
`
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such that the action (5.12) reduces to the effective boundary term
Z
1
Sbdy =
du Φr {x(u), u} .
8πG

(5.25)

We can interpret (5.25) along the lines of [62]. The future boundary exhibits an
asymptotic symmetry of reparametrisations of the coordinate x(u), which may be
understood as the gravitational degree of freedom of this two-dimensional system.
By introducing the JT action, we explicitly break the symmetry and (5.25) may be
considered the action of this ‘boundary graviton’. Variation of (5.25) with respect
to the boundary mode x(u) amounts to
−


1
Φr {x(u), u}0 + 2Φ0r {x(u), u} + Φ000
= 0,
r
8πG

(5.26)

where 0 denotes derivation with respect to u. We will ultimately be interested
in a dynamical (renormalized) boundary dilaton Φr . To fully understand the
background solutions, let us first consider constant Φr . Then (5.26) reduces to
{x(u), u}0 = 0 .

(5.27)

The associated conserved charge is given by [62, 63, 99]
K=−

Φr
{x, u} .
8πG

(5.28)

One possible solution of (5.27) is given by
x(u) = 2` tanh

βdS
πu
u
=
tanh
,
2`
π
βdS

(5.29)

which just corresponds to the Milne solution (5.19). Note that with (5.23) and
(5.29), (5.28) amounts to
SdS,α
K=
.
(5.30)
2βdS
Here we can see why the solution (5.29) (i.e., the metric (5.19)) is of special
importance to us. The ADM quantity (5.30) is linked to the entropy (5.7) of
the static observer, such that demanding dynamical behavior of (5.28) at I +
conforms with the desired change in entropy. Hence, the sensitivity of the static
patch entropy to the state of our matter fields in static coordinates will in Section
5.3.1 translate to the sensitivity of (5.28) to the boundary flux at future infinity.
A closer look at (5.28) leads to a further distinction compared to recent results on
evaporating black holes in an AdS setting such as [72]. It is in general clear that
allowing for non-equilibrium states should correspond to a dynamically evolving
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ADM quantity. For an asymptotically AdS2 black hole it is reasonable to allow
either a time-dependence of the Schwarzian or of the renormalized dilaton value in
(5.28). Whereas the former choice corresponds to a time-dependent temperature
and hence a dynamically evolving black hole mass as in [72], the latter amounts
to a fixed temperature with a dynamically evolving angle (or equivalently a timedependent dilaton) in three dimensions as in [1]. The former choice is not an
option for a fixed de Sitter background, since a time-dependent temperature does
not correspond to a change in integration constant but instead amounts to a shift
away from a de Sitter geometry. Hence, we will consider the temperature to be
fixed as in (5.5) and let the dilaton acquire dynamical behavior.

5.3

A dynamical boundary dilaton

In this section we will consider adding matter to our configuration. In this way,
we consider the observer inside the static patch to experience an incoming (net)
positive energy flux. Solving the equations of motion for the boundary dilaton
Φr ∼ α at I + , we find a time-dependent α(u). Indeed, from the three-dimensional
perspective we see that this corresponds to a shrinking gravitational system in the
ϕ-direction: the cosmological horizon is evaporating. We also comment on the
timescales relevant to our problem.

5.3.1

Matter and the Unruh state

We wish to consider a setup in which the size of the horizon decreases, such that
the entropy (5.7) dynamically evolves. To be able to do so, we will have to specify
a quantum state for the radiation. The state we want to consider is the Unruh–de
Sitter state established in [111]. Since this state is less discussed in the literature,
we will carefully define its construction.
As we are working in a semiclassical limit, we promote the stress tensor components
to their expectation values Tµν = hTµν i. In a curved background, the stress tensor
receives contributions from the Weyl anomaly. Our first task is to specify the
components of the quantum stress tensor independently of the state. One approach
is to demand conservation of the stress energy tensor as in [127, 128]
∇µ hT µν i = 0 ,

(5.31)

which allows to solve for the components in the general lightcone coordinates
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(x+ , x− ) we introduced in (5.14)

c
c  2
∂± ω − ∂± ω∂± ω −
hTx± x± (x± )i =
t ± ± (x± ) + hτx± x± i , (5.32)
12π
24π x x
c
hTx+ x− (x+ , x− )i = −
∂+ ∂− ω .
(5.33)
12π
Here, τµν refers to the (state-independent) contribution to the stress tensor in flat
space. While the off-diagonal component (in lightcone coordinates) is completely
fixed by the conformal anomaly, the diagonal components include state-dependent
contributions: the two independent degrees of freedom tx± x± (x± ). The stress
tensor naturally obeys the anomalous transformation law, which in our conventions
is2
!2
dx±
c
±
hTy± y± (y )i =
hTx± x± (x± )i −
{x± , y ± } ,
(5.34)
±
dy
24π
with the functions tx± x± (x± ) changing accordingly,
ty± y± (y ± ) =

dx±
dy ±

!2
tx± x± (x± ) − {x± , y ± } .

(5.35)

Specifying tx± x± (x± ) amounts to fixing a choice of vacuum, and hence a choice
of thermal flux for the static patch observer. This determines the flux at future
infinity I + :
c
(t − − − tx+ x+ ) .
(5.36)
hTx+ x+ i − hTx− x− i =
24π x x
By fixing the two independent degrees of freedom, we can recover the standard
Bunch–Davies vacuum, which is defined with respect to the Kruskal coordinates
(5.17) to be
hTx± x± (x± )i = 0 .
(5.37)
Note that by use of (5.34) and (5.18) we can see that the Bunch–Davies state
(5.37) corresponds to thermal equilibrium on the static patch:
hTσ± σ± (σ ± )i =

πc
2 .
12βdS

(5.38)

At future infinity (5.37) corresponds to a zero net flux (5.36). Hence we must follow
the approach of [111] and break the symmetry between incoming and outgoing flux
on the static patch or equivalently allow for a net flux (5.36) at I + . Our desired
state corresponds to setting the vacuum with respect to the static coordinates for
the left-moving and with respect to the Kruskal coordinates for the right-moving
2 Note the non-standard minus for the Schwarzian transformation law and non-standard normalisation.
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South Pole

North Pole

I+

I−
Figure 5.3. Penrose diagram of the Unruh state. The black bars denote zero one-point
functions, whereas the arrows denote non-zero one-point functions of the stress tensor.
Globally (red radiation), there are only left-moving modes and no right-moving modes.
In the static patch (orange radiation), this corresponds to no outgoing radiation. This
gets transferred to the Milne patch (blue radiation). As also elaborated upon in the main
text, in global or Kruskal coordinates there is a flux of negative energy.

modes. Hence in static coordinates we find
hTσ+ σ+ (σ + )i = 0 ,

hTσ− σ− (σ − )i =

πc
2 ,
12βdS

(5.39)

whereas in Kruskal coordinates this gives
hTx+ x+ (x+ )i = −

c
,
48π(x+ )2

hTx− x− (x− )i = 0 .

(5.40)

Note that the stress tensor (5.40) is singular at the past horizon and the NEC
is violated as required by Hawking’s area theorem [10, 129]. In Figure 5.3 we
summarize the fluxes in different patches.
Since I + is sensitive to the diagonal components of the stress tensor, it is sensitive
to the flux (5.36) and hence also to the state of the quantum fields. By expressing
the boundary matter action in terms of x(u) we can see how (5.26) is modified (in
addition, an intuitive derivation is given in [62]). For classically conformal matter
we arrive at

1
Φr {x(u), u}0 + 2Φ0r {x(u), u} + Φ000
= hTx− x− (u)i − hTx+ x+ (u)i . (5.41)
r
8πGN
Here, we have a general differential equation relating the change of a previously
conserved quantity (5.28) to a flux leaving I + , expressed in general lightcone coordinates. Now, as elaborated upon in Section 5.2.3, we are specifically interested in
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the solution (5.29) since the corresponding ADM quantity is related to the entropy
of the static patch. Hence a flux as in (5.41) will give the desired evolution of the
entropy. Therefore, we must actually consider the matter contribution to (5.41)
with respect to the Milne coordinates. Due to the analytic continuation linking
Milne and static coordinates, the stress tensor in terms of Milne coordinates is
also given by (5.39). Note that in (5.41) the stress tensor components are given in
terms of the boundary variable u. Therefore, if we now use (5.34), assume both
the state (5.40) and no initial outgoing matter, for u > 0 we deduce [63]
hTx+ x+ (u)i = 0 ,

(5.42)

c
hTx− x− (u)i = −
{x, u} ,
24π

(5.43)

and therefore also

c
1
Φr {x(u), u}0 + 2Φ0r {x(u), u} + Φ000
=−
{x(u), u} .
r
8πGN
24π

(5.44)

For de Sitter spacetimes the temperature is an intrinsically fixed quantity, such
that we may work with the simpler equation
!
π2 0
2 c Gπ 2
000
−4 2 Φr + Φr =
.
(5.45)
2
βdS
3 βdS
In principle (5.45) yields both homogeneous exponential and linear inhomogeneous
solutions. As we are interested in the backreaction of the matter on the dilaton
we work with the latter. Hence, we solve (5.45) as


cG
u .
(5.46)
Φr (u) = 2π` 1 −
12π`
Here, we have imposed the condition Φr (u = 0) = 2π`. We have determined the
backreacted, renormalized dilaton value in terms of the Euclidean boundary time u
of the quantum mechanical model living at future infinity.3 This means that we are
reducing the dynamics of the gravity+CFT system living on two-dimensional de
Sitter to the dynamical boundary function (5.46). Let us now make the connection
to the higher-dimensional picture of Figure 5.1. Note that (5.46) corresponds to


cG
α(u) = 1 −
u .
(5.47)
12π`
Hence, at least at I + we see that (5.46) may be understood as transparent boundary conditions for the flux moving along ϕ. Different phases of evaporation cor3 In

the doubly holographic language of [97] and Section 3.2, the degree of freedom of the dot.
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respond to the evolution of the parameter α as given in (5.47). From (5.47) we
determine the Page time, i.e., the value of u for which α equals 1/2:
uPage =

6π`
.
cG

(5.48)

Moreover, (5.47) may also be understood as the evolution of the inverse of an
effective Hubble parameter `α̇(u),
`α̇(u) = −

c 1
,
6 SdS

(5.49)

such that the backreaction is suppressed by the entropy.
To conclude, even though we set evaporating conditions on the two-dimensional
spacetime, due to the nature of the dilaton, determining the backreaction on Φr
immediately implies dynamical evolution in the three-dimensional description.

5.3.2

Estimates on the de Sitter lifetime

Any approach to de Sitter space should take into account the restrictions imposed
on specific observers. More concretely, as we are interested in determining the
evolution of the entropy of the radiation, we should always compare with possible
bounds on the lifetime of de Sitter space as these might constrain up to which
point we can trust the entropy computations of Section 5.5. Here we give a general
argument before moving to a bulk description in Section 5.5.3.
The least restrictive timescale is the recurrence or Poincaré time. Following [118],
we can view de Sitter in thermal equilibrium as a thermofield double state in
analogy with the ideas of [130]. However, it can be shown that the assumption
of finite entropy contradicts the algebra acting on the thermofield double state,4
which implies that the symmetry between different static patches is broken. This
introduces a new timescale
t ∼ exp(SdS ) ,
(5.50)
indicating when the space may not be approximated by de Sitter anymore. However, as elucidated in the previous section, we are using an out-of-equilibrium
state in which the de Sitter isometries are broken from the onset. This should
drastically reduce any lifetime considerations to a timescale smaller than (5.50).
It would be interesting to consider in detail how the argument leading to (5.50)
has to be modified.
4 It may be also argued that for this reason for a single observer the Hilbert space only
describes one side of the horizon. Only the horizon-invariant subalgebra would correspond to
physical states [44].
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In [111] a bound on the lifetime in the Unruh–de Sitter state was given as
t ∼ SdS .

(5.51)

As also stated above, in this low dimensional setting we may think of (5.47) as
determining the evolution of an effective Hubble parameter (5.49). As we recover
the same behavior demonstrated in [111] for the effective Hubble parameter, we
consider the same bound. Hence, in our language the lifetime on dS in the Unruh
state is given as
u ∼ uPage ,
(5.52)
where we have specified uPage in (5.48). From the boundary perspective it might
not be quite clear what effect should actually constrain the system to this timescale.
However, in Section 5.5.3 we will use a specific bulk argument first used in [105],
which demonstrates the appearance of a trapped region at the time (5.52).

5.4

The static patch

So far we have restricted ourselves to the use of boundary calculations. However,
as the static patch is ‘disconnected’ from future infinity by a cosmological horizon,
it might not be immediately clear to what extent (5.47) may be applied inside the
static patch and where exactly a thermal bath should be located for the static
observer. We should therefore understand the properties of the dilaton inside the
static patch. We will locate a non-gravitating region for which the dilaton notably
exhibits the same behavior as at I + , which will justify the calculations of Section
5.5.2.

5.4.1

The bulk dilaton solution

Let us start by stating the backreacted bulk dilaton solution. In JT gravity,
backreaction effects are fully captured by the dilaton, such that we have to solve the
equations (5.15) with the sources (5.33) and (5.40). Solving the set of differential
equations gives
!
2`2
a1 x− + a2 x+
+
−
+ a3 1 − 2
Φ(x , x ) = 2
` − x+ x−
` − x+ x−
!
(5.53)
cG
2`2
`2 + x+ x−
x+
+
− 2
log
,
6
` 2 − x+ x−
` − x+ x−
`
where a1 , a2 , a3 are integration constants. We wish to construct a solution that
qualitatively matches the structure of (5.46). This means we want to recover
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the background solution (5.17), with a quantum correction enforcing a decreasing
Gibbons–Hawking entropy. Hence, we fix the integration constants to a1 = 0 = a2
and a3 = −2πα + cG
6 . Then we find
`2 + x+ x−
cG
x+
2π
α
−
Φ(x , x ) = 2
log
` − x+ x−
12π
`
+

−

!
+

cG
.
6

(5.54)

The parameter α of the background solution sets the value of the Gibbons–
Hawking entropy. The structure in the brackets of (5.54) may be understood
as this parameter α acquiring dynamical behavior due to the backreaction of the
quantum state. We can use the rescaling symmetry in (x+ , x− ) to set α = 1 in
(5.54); then, taking it to I + we recover the behavior (5.46) and hence also (5.47).
The last constant term of (5.54) corresponds to a shift in the vacuum which already
occurs for the Bunch–Davies state [101]. As this merely amounts to a rescaling of
S 1 it is not interesting for our purposes, and we drop this term.

5.4.2

The cosmological horizon and quantum mechanics

In the static patch, the Unruh state (5.39) corresponds to incoming radiation.
Therefore, a natural set of coordinates to describe the bulk dilaton solution inside
the static patch is given by the incoming Eddington-Finkelstein coordinates (σ + , r)
with σ + = t + r∗ as in (5.16). In these coordinates, the two-dimensional metric is
!
r2
2
(5.55)
ds = − 1 − 2 (dσ + )2 + 2dσ + dr .
`
The backreacted bulk dilaton (5.54) with α = 1 takes on the form


r
cG +
+
Φ(σ , r) = 2π 1 −
σ
.
`
12π`

(5.56)

As can be seen by the appearance of Φ in (5.12), in two dimensions Φ plays the role
of the inverse of the gravitational coupling. Hence we can see by the structure of
(5.56) that at the pole r → 0 we arrive at a strongly coupled gravitational region.
On the other hand, at the past cosmological horizon σ + → −∞, we find that
gravity becomes weak. Hence, while naturally I + plays a special role as gravity
fully decouples there, here we have located a second region inside the bulk for
which the same logic holds. This weakly gravitating or non-dynamical region will
allow us to compute the entropy of radiation collected inside the static patch [79].
From (5.56) we find the backreacted value of α in the static patch (denoted αs )
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by comparing to (5.11) (with φ = r` )
αs (σ + ) = 1 −

cG +
σ .
12π`

(5.57)

We see that we recover exactly the behavior (5.46), but with the spacelike parameter u replaced by the null coordinate σ + . For an observer at the pole (r = 0),
this reduces to genuine time-dependence as σ + (r = 0) = t:
αs,pole (t) = 1 −

cG
t.
12π`

(5.58)

Note that while it is clear that merely taking the bulk solution (5.54) to the
boundary I + must give the same behavior, as guaranteed by the equivalence of
the Schwarzian description to the bulk equations (5.15), the behavior exhibited
in (5.57) and (5.58) is more pronounced. We can view (5.58) as the static patch
counterpart of (5.46) and it is then tempting to think of this as the timelike
realisation of the quantum mechanical model living at future infinity. This might
be in line with a ‘stretched horizon’ static patch holography [47, 131], where the
physics inside the static patch (e.g., the physics as experienced by an observer
at r = 0) has a dual description in which the degrees of freedom are located at
the ‘boundary’ of the static patch, i.e., the horizon. As the evaporation angle
2πα ∈ [0, 2π) we see that the evaporation process is finite: the observer at the
pole can collect radiation only for a finite time.
This is indeed the interpretation we will take: whereas it is the static patch observer at r = 0 who is collecting radiation, thereby invoking the dynamical behavior of α, there is a dual description at the weakly coupled past horizon. This,
then, is the region where we will compute the entanglement entropy of the emitted radiation via the auxiliary, three-dimensional spacetime, where a dynamical α
corresponds to a dynamical interface in the ϕ-direction. We will recap the logic in
the next section, where we perform the aforementioned calculations.

5.5

Fine-grained entropy calculations

We are now in a position to calculate the fine-grained entropy of the radiation as a
function of u at I + and as a function of t at the cosmological horizon in the static
patch. These are the two regions of the two-dimensional de Sitter spacetime at
which the gravitational dynamics reduce to quantum mechanical descriptions. At
the two aforementioned decoupling regions we encounter a description in terms
of a matter CFT coupled to the dilaton determined by backreaction. In our
construction, we consider the dilaton to have a higher-dimensional origin, such
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α(u)

Figure 5.4. A constant χ slice of the (renormalized) cylinder at I + of three-dimensional
de Sitter in our partial reduction approach. In the two-dimensional picture the radiation
ends up at I + (red), before evaporating into the bath (light blue), which is located along
a higher dimension (ϕ). The transfer of radiation from dynamical gravity to bath corresponds to (5.47). Note that as u increases, α(u) will decrease such that we are indeed
modeling an evaporating system. We included the higher-dimensional de Sitter region in
opaque red to clarify the entanglement structure.

that the transparency relates to the spherical coordinate ϕ; this functions as an
auxiliary system. This allows the calculation of the fine-grained entropy of the
two-dimensional system at the gravitationally decoupled regions to be performed
via this auxiliary system. For both regions we use the higher-dimensional setting
to first calculate the entanglement entropy in thermal equilibrium of a subregion
with interval ∆ϕ and then by use of the solutions (5.47) and (5.57) we imbue the
results with dynamical evolution determined by the backreaction, to obtain the
desired out-of-equilibrium state.

5.5.1

Entropy computed at I +

Consider the three-dimensional Milne solution
ds2 = −dτ 2 + sinh2

τ 2
τ
dχ + `2 cosh2 dϕ2 ,
`
`

(5.59)

and its partial reduction (B.17). The gravitational dynamics in the reduced de Sitter space (B.17) with the coordinates (τ, χ) reduce to that of a quantum mechanical
boundary degree of freedom, namely (5.47). Note that this is in accordance with
a dS/CFT picture [39]. At future infinity the induced metric is
ds2 =


1 2τ ∗ /`  2
e
dχ + `2 dϕ2 ,
4

(5.60)

where τ ∗ denotes the asymptotic value τ → τ ∗ = ∞. The setup at I + is depicted
in Figure 5.4. As we want to use the general formula for entanglement entropy on
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curved spacetimes Weyl-equivalent to flat spacetime, we define new coordinates
x = eξ+iϕ ,

x̄ = eξ−iϕ ,

(5.61)

where ξ = χ/`. In these coordinates, (5.60) is given by
ds2 =

`2
dxdx̄ ,
Ω2

Ω = 2e−τ

∗

/`

√

xx̄ .

(5.62)

The matter (CFT) entropy in a region with general endpoints (x1 , x̄1 ) and (x2 , x̄2 )
now is


(x1 − x2 )(x̄1 − x̄2 )
c
Smat = log
6
Ω(x1 )Ω(x2 )
" ∗
#
(5.63)
2τ /`

c
e
= log
2 cosh (ξ1 − ξ2 ) − 2 cos(ϕ1 − ϕ2 ) .
6
4
We are interested in calculating the matter entropy in the Unruh state (5.40), but
from the three-dimensional point of view we can apply the standard formula in
thermal equilibrium as in (5.63). The net flux corresponding to the Unruh state
in 2D arises by imposing α(u) as in (5.47). Since in the auxiliary system we only
consider separation in the direction of the dimensional reduction, we take χ1 = χ2
and ∆ϕ = 2π(1 − α), such that we get
h ∗
i
c
Srad = log e2τ /` sin2 ∆ϕ
6
"
#
(5.64)
c
4`2
2 Φr
= log
sin
,
6
2
2`
∗

where we have collected the coordinate-dependent UV-divergences as  = 2`e−τ /` ,
in line with Φb = Φr for the Milne coordinates (B.17). Writing (5.64) as a function
of u, we find
1
Φr (u)
1
2`
Srad =
log sin
+
log
2G
2`
2G  

(5.65)
1
cG
1
2`
=
log sin π 1 −
u +
log
,
2G
12π`
2G

where we have used
Figure 5.5.

c
3

=

1
2G2 .

Plotting (5.65) with an appropriate cutoff gives

Let us postpone backreaction considerations and only comment on Figure 5.5 for
the moment. We can see that the entropy reaches the highest point at the Page
time (5.48), after which it decreases. We take this to mean that the meta-observer
located at I + observes the evaporating geometry as a pure state. Moreover, note
that we have not applied the formula (3.3) or demanded purity of some specific
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S

0

uPage

u

Figure 5.5. The radiation entropy collected at I + . For this plot, we took the cutoff
 = 2`e−2GSdS , and ` = G = 1, which fixes c = 32 . The qualitative behavior is the same
for any c; this just determines the range of u.

system. We arrive at a pure state of radiation without use of any involved argument. As a meta-observer at I + is located behind the cosmological horizon, and
thus has access to the entire history of their universe, for such an observer there
is no naive division between interior and exterior subsystems. Hence, the formula
(3.3) does not have to be applied.
However, we pointed out a restriction due to the finite lifetime of this state in
Section 5.3.2. We will show in Section 5.5.3 that a trapped surface forms at the
Page time. As this complies with geodesic incompleteness, we do not consider the
entropy curve after the Page time to be observationally meaningful as the radiation
would not reach I + . More accurately, it is most likely not even appropriate to
speak of I + after uPage anymore due to the occurrence of a singularity. Hence, the
meta-observer will not recover information. We still find the comments above on
the role of the meta-observer valuable in the larger context of different observers
in de Sitter spacetimes and the use of the island formula.

5.5.2

Entropy computed inside the static patch

Next, we will consider an observer at r = 0 collecting radiation coming from
the past cosmological horizon; this corresponds indeed to the Unruh state, and
evokes a dynamical backreacted dilaton (5.56). As explained in Section 5.4, the
two-dimensional gravitational system coupled to conformal matter on the reduced
metric (5.16) can be described by a single degree of freedom close to the cosmological horizon: the renormalized dilaton Φr (σ + ) = 2πα(σ + ), where α(σ + ) is given
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α(t)

cosmological horizon

Figure 5.6. A timeslice of the three-dimensional static patch in our partial reduction
approach. In the dual description, radiation moves along the stretched horizon. This has
the effect of shifting the dividing line between bath and JT gravity. The entanglement
between these two systems is a function of the angle ϕ (parametrized by α), which dynamically decreases during the evaporation process. We also indicated the part of the 3D
geometry that has been reduced over, to clarify the entanglement structure.

in (5.57). In the three-dimensional geometry (5.4), this describes transparency in
the auxiliary ϕ-direction. Thus, we will consider the entanglement entropy of a
subsystem with interval ∆ϕ in thermal equilibrium before using (5.58) to imbue
the time-dependence as seen by a static observer.
Recall that the collection of radiation happens at r = 0, i.e., in a thermal state,
but we will take a stretched horizon point of view in which we use the ‘dual’ degree
of freedom at the past horizon, which is a gravitationally weakly coupled region.
Within the three-dimensional auxiliary system there is only separation in the ϕdirection between the subsystems, and the induced metric at the past horizon is
flat. Thus we may use the standard thermal CFT result [31]:
S=

π
c
r
c
log sinh
`∆ϕ + log ,
3
βdS
3
`

(5.66)

where ∆ϕ is a general angle separation and βdS is the inverse of the dS intrinsic
constant temperature given in (5.5). Since βdS = 2π`, the expression above actually simplifies; here we left βdS to indicate thermal behavior. The entropy (5.66)
can be derived by a holographic approach. As such the second term of (5.66) is
2
the UV cutoff defined in the usual holographic manner (r → ` with  → 0).
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S

SdS,α

Srad

tPage

0

t

Figure 5.7. The decreasing de Sitter entropy (light blue) and the radiation entropy
(orange) as collected inside the static patch. We took the cutoff  such that the complement
of the radiation entropy overlaps at early times with the decreasing de Sitter curve. To
plot we set ` = G = 1; then,  = sinh(π)`e−π . Note that the negative entropy values at
early times are an effect of the finite cutoff and indicate that the computation should not
be trusted before this timescale.

Returning to the two-dimensional perspective, the angular interval of the bath is
∆ϕ = 2π(1 − α), and the Unruh state gives a dynamical α. For the observer at
1
)
the pole, we will use (5.58), such that the entropy (5.66) gives (using 3c = 2G
1
π cG
1
`
log sinh
t+
log
2G
β
6
2G

dS 
1
cG
1
`
=
log sinh
t +
log .
2G
12`
2G


Srad =

(5.67)

The expression (5.67) holds before the Page time. Comparing the expression in
the second line of (5.67) to (5.65) clearly shows the thermal behavior of the static
patch compared to the non-thermal behavior at future infinity. We can also see
that at later times (before the Page time) the expression (5.67) exhibits linear
behavior in t.
While any considerations after the Page time are from a strictly observational
perspective irrelevant just as for the meta-observer, they are still useful for our
understanding. As stated previously, we are essentially working on a flat submanifold, with a non-gravitational system coupled to (5.58), such that we can
use holographic arguments for the calculation of this specific entropy. The arguments of [1, 114] should also apply for this case; we briefly outline them here. In
the large N limit, the entanglement entropy for a two-dimensional CFT at finite
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temperature can be evaluated using the RT formula in a BTZ geometry. In such
a geometry, in general two potential minimal surfaces may be considered candidates for the RT surface as a function of the interval size, which in our language
translates to a dependence on t. At early times a single connected component
contributes, leading to the thermal expression (5.67). At late times (i.e., after the
Page time) a phase transition occurs and there are in principle two disconnected
contributions, one of which is disregarded by the demand of purity as in [1]. Thus,
after the Page time we are still working with (5.66) but with the complementary
interval
∆ϕ = 2πα(t) .
(5.68)
This leads to a unitary Page curve, plotted in Figure 5.7: the static patch observer
too would in principle see a pure state. For the static patch observer, this conclusion however requires formula (3.3) just as in [105]. Again, in practice catastrophic
backreaction forbids information recovery and we should consider the curve to end
at the Page time.

5.5.3

Backreaction: formation of a trapped region

In Section 5.3.2 we determined the time of destabilisation for the Unruh–de Sitter
state to be set by the Page time (5.48). Here, we will explicitly show what is
happening in the bulk, following the logic of [105]. For this we require the bulk
dilaton solution (5.54). At the Page time, which corresponds to setting α = 12 in
(5.54), we discover the existence of a trapped region. In this two-dimensional setting the expansion scalars translate to ∂± Φ; trapped regions are therefore defined
as ∂± Φ < 0, which translates to

x + 
x+ cG((x+ x− )2 − `4 ) + 2x+ x− `2 6π − cG log
<0,
`
(5.69)


x+
x+ 6π − cG log
<0,
`
respectively. These inequalities determine two curves bounding the trapped region.
These curves are given by
 
6π
+
γ1 : x = ` exp
,
cG


s
2
(5.70)
2
+
+
`
x
2 .
cG log x − 6π −
γ2 : x− =
6π
−
cG
log
+
(cG)
cGx+
`
`
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utrap
u=0

γ1

γ2
ttrap

Φ

t=0

=
∞

Figure 5.8. The lower half of the Penrose diagram is de Sitter space; indicated in red
is the past singularity. The upper triangle is Minkowski space, which we drew to indicate
the effect of the trapped region (shaded in gray) on what the meta-observer can see. The
observer inside the static patch can collect radiation up to the Page time tPage = ttrap , at
which time the trapped region forms. Similarly, the meta-observer can see radiation from
before utrapped only.

2
+
Equality ∂+ Φ = 0 = ∂− Φ is obtained at the pole, (x+ , x− ) = (x+
γ1 , −` /xγ1 ). For
a static observer at this pole, the trapped region occurs at the time

t > ttrapped =

6π`
= tPage ,
cG

(5.71)

with the analogous statement for the meta-observer in terms of u; see Figure 5.8.
As can be seen explicitly in Figure 5.8, the trapped region prevents the radiation
from reaching the static patch observer for times t > ttrapped . Moreover, the
same is true for the meta-observer at future infinity, who does not have access
to radiation for u > utrapped . However, the Penrose-Hawking singularity theorem
[132, 133] does not immediately apply to the trapped region described here, as the
NEC is violated. It can be shown by use of the quantum singularity theorem [134]
that for u > utrapped a (quantum) singularity forms at future infinity [105].
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5.6

Discussion

In this section we will summarize our findings on a more conceptual level and
elaborate on open questions. We conclude by commenting on inflationary scenarios
in this setup.
In this chapter, we considered a three-dimensional de Sitter geometry in a setup
which naturally supplies a segmentation into dynamical gravity on dS2 and an
auxiliary system located in the direction of the partial reduction. Since we are
interested in modeling an evaporation process, we added conformal matter to
our theory. Putting dynamical gravity in an out-of-equilibrium quantum state
then indeed furnishes a decreasing Gibbons–Hawking entropy due to backreaction
effects. By analyzing the behavior of the backreacted dilaton solution, we discover
two decoupling regions in which field theory descriptions arise. As should be
expected, one of these regions is I + , in line with [39]. Perhaps more surprisingly,
the second region is inside the static patch at the past cosmological horizon, which
we interpret in the holographic ‘stretched horizon’ picture of [47, 131]. In both
regions we can thus calculate the fine-grained entropy of the collected radiation
via field theory considerations.
Quantum mechanics and the island
Let us elaborate on this setup in the language of [78].5 We will use the region
at I + to be explicit, but analogous statements hold for the static patch. The
gravitational dynamics of the two-dimensional de Sitter space (B.17) with coordinates (τ, χ) reduce to that of a quantum mechanical boundary degree of freedom.
Since the dilaton can be given a three-dimensional interpretation as an angle, this
can be interpreted as transparency along a third direction ϕ, such that we are
coupling the single quantum mechanical boundary degree of freedom to a matter
CFT. We can now consider an imaginary interface in this non-gravitational theory,
which factorizes the Hilbert space into two subsystems: the quantum mechanical
boundary degree of freedom coupled to a part of the bath, and the remainder of
the bath. It is the entanglement entropy between these two systems that we are
calculating.
For the calculation at future infinity we recover a naturally pure evaporating process. The static observer, more akin to an asymptotic AdS observer, requires a
more involved argument to furnish a unitary process. Our results for the static
observer are in line with [105], in which a stretched horizon picture was advocated
for this observer with the gravitational physics reducing to field theory considerations at the horizon. This is supported by our results. We can however even make
a more general statement: at the cosmological horizon we see a timelike realisa5 See

Section 5.4 of [78].
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tion of the backreaction dynamics determined at I + . A natural question to ask
is how far this connection can be pushed. Although we believe these comments
are important for our understanding of various observers in de Sitter space, for
this quantum state, the main takeaway should still be that for both observers we
finally arrive at a tragedy as neither can recover any information.
It is interesting to connect our construction to the more canonical island approach.
For the BTZ construction of [1] it seems the island can be identified with the
region bounded by the RT surface of the thermal bath within the gravitating
region, which lies outside of the horizon. While our approach naturally introduces
a thermal bath, it is not immediately clear how to pinpoint the location of the
island for the de Sitter case, as was done in [105]. It would be interesting to explore
this further. To do so, it is also important to connect our results to [103], in which
three necessary criteria were constructed for the existence of an island. These
implied that for pure de Sitter spacetimes there are no islands for an entangling
region located at future infinity. To put our results into this context—and see
how these conditions are evaded—, notice the following. First, we are considering
a different quantum state: not the Hartle–Hawking/Bunch–Davies state but the
Unruh–de Sitter state. Secondly, we find that the use of (3.3) is only required
for the static observer, whereas the no-go conjecture of [103] considers a region at
future infinity.
Information recovery
For evaporating black holes, small amounts of information thrown in after the
Page time can be recovered from the Hawking radiation after waiting the soβ
called scrambling time t ≈ 2π
log SBH [135–137]. Does a similar story hold for the
evaporating de Sitter horizon? Due to the occurrence of catastrophic backreaction
at the Page time within our construction, this seems not to be the case. In
[138,139] a setup was presented in which recovery of information expelled through
the cosmological horizon was analyzed in the Bunch–Davies state using shock
waves; and in [139] a concrete protocol was proposed for information transfer to the
antipodal observer. The relevant timescale here, too, is the scrambling time. As at
early times the Unruh–de Sitter state should be almost indistinguishable from the
Bunch–Davies state, it might be expected that some form of information retrieval
might be possible for (additional) information expelled through the cosmological
horizon. It would be interesting to see if this expectation is indeed true and at
which timescale this breaks down due to the deviation of the two quantum states.
Inflationary perspective
Finally, let us comment on inflationary physics. To do so, we use planar coordinates (5.21), and consider a scenario as explained in e.g. [108]. To the future of
our de Sitter construction we glue flat space, corresponding to the old universe in
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which gravitational effects can be neglected. This is also depicted in Figure 5.8.
Future infinity constitutes the reheating surface, the transitory region between
the inflating and the old universe. This would give a simple model for analyzing
primordial fluctuations. Let us not consider the full setup but only make some
tentative comments up to I + . The evaporating quantum state of (5.40) expressed
in terms of (5.21) also leads to a net flux at future infinity. However, as the
coordinates (5.21) are ground state solutions of the Schwarzian theory, the conserved ADM quantity (5.28) vanishes on-shell. Contrast this with both the Milne
coordinates (5.19) and the global coordinates (5.13) for which the ADM quantity
(5.28) is related to the entropy of the cosmological horizon, such that the quantum
state indeed captures the evaporating horizon. As already noted in [111], in the
coordinates (5.21) the stress tensor components are well-defined within the entire
planar patch. Hence, for these coordinates the Unruh state is a natural alternative
to the Bunch–Davies state. It would be interesting to pursue this direction further. It would also be interesting to connect (5.30) with the results of [140] and to
understand if a first law may be constructed, linking a variation of the conserved
quantity K to a variation in the entropy SdS,α .
In general, as inflation is a UV dependent problem, the island formula (3.3) may
play a pivotal role in understanding inflationary scenarios via fine-grained entropy considerations. As such it is important to understand in what way nonperturbative effects of the replica wormhole type are realized in inflationary models and how this changes semiclassical expectations. A fruitful avenue could be
to consider potential entropy paradoxes for various subregions of the gravitionally
prepared state depicted in Figure 5.8, as in [108]. In addition, for these inflationary
setups it would be important to understand in how far higher-dimensional setups
can evade the constraints of [103].
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Part III

Non-Universal Dynamics
of Black Hole Horizons

6

The Black Hole Zoo

In Part II, we considered evaporating black hole and cosmological horizons from a
semiclassical point of view. The dynamics of these two-dimensional horizons were
fully captured by JT gravity: the dimensional reduction from BTZ or dS3 did not
give rise to any other fields that might affect this description. In this part, the
intention is instead to focus on aspects of nearly AdS2 that are less universal. We
will study a variety of near-extremal black holes—in different dimensions, with
and without rotation and charge, embedded in asymptotically flat or AdS space,
supersymmetric or not—and shed light on how these aspects are encoded in the
backreaction of their near-horizon geometry. The aim is to quantify how these
features could affect the holographic dual of the nearly AdS2 region.
Chapter 7 considers five-dimensional rotating black holes in asymptotically flat or
AdS space. I will illustrate the effect of rotation, and the presence of the cosmological constant, on the nearly AdS2 dynamics. Chapter 8 focuses on solutions of
four-dimensional N = 2 supergravity, both gauged and ungauged. Crucial features here will be the additional matter fields present; whether or not the solution
preserves supersymmetry; and if the theory is gauged or ungauged.
The effect of these features is most prominent in the interactions between the
irrelevant deformation that defines the near-AdS2 region, i.e., the JT mode, and
the additional matter fields present in the theory. In particular, a major goal will
be to quantify the leading correction to the two-point functions of the additional
fields due to these interactions. The general strategy will be presented in Section
6.2. Before diving into these non-universal aspects, I will explicitly describe the
commonality in the leading backreaction around extremality in Section 6.1.

6.1

Universal aspects

The universal response of the mass and entropy as we increase the temperature
slightly above zero, i.e., as we perturb the black hole away from extremality, was
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discussed in Chapter 2. This commonality was explicitly shown for near-extremal
Reissner–Nordström black holes with magnetic charge in Section 2.1, demonstrating the mass gap and response (2.4). In Section 2.3, I argued that this response is
indeed universal and captured by the Schwarzian dynamics; from the near-horizon
point of view, the JT sector of the theory fully accounts for this behavior. The
goal of this section is to show the universal thermodynamic response of the black
holes that will be considered in Chapters 7 and 8.

6.1.1

Rotating five-dimensional black holes

The main characters of Chapter 7 are rotating five-dimensional black holes in
asymptotically AdS and flat space; this latter subset is known as Myers–Perry
solutions [141]. In particular, we will focus on black holes with “equal angular
momenta” [142]; such backgrounds break SO(4) rotational symmetry, but preserve
SO(3) through a round S 2 . The metric depends on two parameters (m, a), as well
as the AdS5 length `5 (and one can take `5 → ∞ to obtain the Myers–Perry
solution), and is given by1
ds2 = −
with

∆(r̂) −2ψ+3χ 2
dr̂2
e
dt̂ +
+ R2 e−2ψ+χ dΩ22 + R2 e−2χ (σ 3 + A)2 ,
Ξ
∆(r̂)

(6.1)

r̂2
ma2
r̂2 −χ
2 −2ψ
+
,
R
e
=
e
,
4Ξ 2Ξ2 r̂2
4Ξ
!
2m
r̂2
a
− 2 e2χ dt̂ ,
A = At̂ dt̂ =
2
2
2ΞR
`5
r̂

(6.2)

r̂2
2m 2ma2
− 2 +
.
2
`5
r̂
r̂4

(6.3)

R2 e−2χ =

and
Ξ=1−

a2
,
`25

∆(r̂) = Ξ +

The angular forms are defined in (7.5).
The mass and angular momentum can be obtained via holographic renormalization
and Komar integral respectively, and read [143]


2
2π 2 m 3 + a`2
8π 2 ma
5
M = MC +
J=
(6.4)

3 ,

3 ,
2
2
κ25 1 − a`2
κ25 1 − a`2
5

5

where κ25 = 8πG and MC is the Casimir energy for the case of two equal angular
1 I am using hatted coordinates (t̂, r̂) to make contact with the discussion in Section 7.4.1,
where these are used for the UV coordinates. The length scale R is introduced solely to make
the exponentials correctly dimensionless and drops out of the metric.

88

6.1. Universal aspects
momenta:
MC =

3π 2 `25
.
4κ25

(6.5)

The event horizon r̂+ is given by the largest root of ∆(r̂+ ) = 0. It is most
convenient to solve for m instead of r̂+ , which gives

m=


4
r̂+
Ξ+

2
r̂+
`25



2 − a2 )
2(r̂+

.

(6.6)

In this parametrization, the Bekenstein–Hawking entropy of the black hole is
S=

4
4π 3 r̂+
q
,
2 − a2
κ25 Ξ2 r̂+

and the temperature and rotational velocity read, respectively,


r̂ 2
2
2
a Ξ + `+2
− a2 )2
− 2a2 )`25 + 2(r̂+
(r̂+
5
q
T =
.
,
Ω=
2
r̂
2
2
2
2
+
2π`5 r̂+ r̂+ − a

(6.7)

(6.8)

The thermodynamic quantities obey the first law of thermodynamics:
dM = T dS + ΩdJ .

(6.9)

The Helmholtz free energy, i.e., the thermodynamic potential in the ensemble of
fixed temperature and angular momentum, is F (T, J) = M − T S. The Gibbs
free energy, G(T, Ω) = M − T S − ΩJ, appears naturally as the (appropriately
renormalized) Euclidean on-shell action I5 = βG [143].
I will refer to the black hole background as the UV solution. Section 7.4.1 discusses
how to take the decoupling limit that brings us to the IR: the near-horizon region
of the black hole at extremality. One of the main goals of Chapter 7, and in
particular of Section 7.4, is to interpolate between the linear perturbations on top
of the UV and IR backgrounds. In Appendix C.1, I give further details on the
decoupling limit, and generalize it to near-extremal black holes.
Applying the decoupling limit carefully, near extremality the following relation
between the mass M and the temperature T holds
M − Mext =

1
T 2 + O(T 3 ) ,
Mgap

(6.10)

where the extremal mass Mext is given in terms of the extremal angular momentum
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a0 and horizon radius r̂0 in (C.2). As discussed in Chapter 2, the mass gap Mgap is
a (dimensionful) quantity that quantifies the breaking of scaling symmetry; it is the
scale of the smallest excitation energy of the black hole, or the lowest temperature
at which the semiclassical description is valid [58].2 The mass gap also shows up
in the low-temperature expansion of the entropy:
S = Sext +

2
T + O(T 2 ) ,
Mgap

(6.11)

as a consequence of the first law of thermodynamics. Defining the heat capacity
at fixed angular momentum as
 
dS
,
(6.12)
CJ ≡ T
dT J
the mass gap is given by
Mgap =

2T
κ25 (2 − x2 )2 (2x2 − 1)
,
=
CJ |T =0
2π 4 `45 (3 − x2 )(x2 − 1)2

(6.13)

where x2 = a20 /(r̂02 − a20 ). Note that although the response (6.10) and (6.11) are
universal, the precise value of the mass gap depends non-trivially on the parameters
of the black hole. A proper understanding of near-extremal black holes should
account for a microscopic interpretation of this mass gap.

6.1.2

Black holes in N = 2 4D U (1)4 supergravity

The analysis of Chapter 8 will be centered around bosonic solutions to N = 2
U (1)4 gauged supergravity. This theory can be obtained by gauging a global
symmetry of N = 8 supergravity, leading to N = 8 SO(8) gauged supergravity,
which allows an N = 2 abelian truncation to the Cartan subgroup U (1)4 of SO(8).
A general solution can carry four magnetic and four electric charges; the bosonic
fields are the metric, four gauge fields AI , three dilatons ϕi and three axions χi .
The action and field strengths are given in Section 8.2.1.
In general, in Chapter 8 we will be interested in an effective two-dimensional
action that fully captures the dynamics of four-dimensional spherically symmetric
backgrounds. We will consider deformations around AdS2 background solutions,
which describe the near-horizon geometry of extremal black holes in our theory.
Generically, supersymmetry is not imposed on the background solution, which is
only demanded to be an extremal solution. Indeed, we will consider both BPS and
non-BPS branches, and our results for the near-AdS2 dynamics will highly depend
2 This

interpretation was recently challenged [67, 68]; see also footnote 2 on page 19.
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on this aspect. In this section, I single out a non-extremal four-dimensional black
hole that connects to a non-BPS solution in the extremal limit, and discuss its
thermodynamics.
The static, spherically symmetric solution that I consider here depends on ten
parameters: the mass parameter m, the gauge-coupling constant g, four electric
charge parameters δI and four magnetic ones γI . The metric is given by [144]
ds2 = −
where

R + g2 W 2 2
W dr2
dt +
+ W dΩ22 ,
W
R + g2 W 2

(6.14)

W 2 (r) = R2 (r) + 2R(r)(2M r + V ) + L(r)2 ,
R(r) = r2 − 2mr − n20 ,

(6.15)

L(r) = λ1 r + λ0 .
Here M is the physical mass,3 and M, n0 , λ1 , λ0 , V are functions of the parameters
m, γI and δI . Their explicit expressions can be found in [144], as well as those
for the gauge fields, physical electric charges QI and magnetic charges P I , and
scalar fields. The expression for n0 (m, δI , γI ) removes the total NUT charge.
Some special solutions exist; notably, if all charge parameters are set equal, the
scalar fields vanish and we recover the metric and gauge fields of dyonic Reissner–
Nordström in Anti-de Sitter space.
The black hole solution (6.14) has horizons at r = r± , which are the largest (real)
roots of Rg (r) = R(r) + g 2 W 2 (r). The temperature T and entropy S are [144]
T =

Rg0 (r+ )
,
4πW (r+ )

S=

π
W (r+ ) ,
G4

(6.16)

where primes denote radial derivatives. We are interested in the response of the
entropy as we approach extremality by lowering M → Mext , thus lowering T → 0,
with (QI , P I , g) fixed. The extremal limit for the ungauged (g = 0) case is given
in terms of the charge and mass parameters (δI , γI , m) in Appendix D.4. In [145],
a different approach was given for the ungauged case in more general terms; here,
I extend that argument to g 6= 0. First, notice that
TS =

Rg0 (r+ )
.
4G4

(6.17)

The entropy approaches its extremal value Sext smoothly, such that T → 0 is
3 When it can be defined—for asymptotically AdS solutions, the scalars can contribute to the
mass and there is an integrability condition constraining the charge parameters; see [144]. The
specific solutions considered in Chapter 8 all obey this integrability condition.
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equivalent to Rg0 (r+ ) → 0, and T ∼ Rg0 (r+ ). The entropy responds via W (r+ ),
which depends on the horizon radius decreasing from r+ to its extremal value r0 ,
as well as on the physical mass M and charges (QI , P I ). We can trade M for its
expression in terms of r+ and the charges. Then, taking the extremal limit in the
entropy amounts to decreasing r+ → r0 while keeping the charges fixed,
∆S =

π ∂W (r+ )
G4 ∂r+

∆r+ .

(6.18)

r+ =r0

Here the change in horizon radius is denoted by ∆r+ = r+ − r0 . This can be
related to the temperature T by rewriting Rg (r) explicitly in terms of its four
roots r± and r1,2 , with the latter two possibly complex. At extremality r± = r0 .
As we approach r+ → r0 ,
Rg0 (r+ ) = −2r0 ∆r+ (r0 − r1 )(r0 − r2 ) + (∆r+ )2 (. . .) .

(6.19)

The second term is subleading in ∆r+ → 0 and can be ignored. Thus, ∆r+ ∼
Rg0 (r+ ) ∼ T and the response (6.18) is linear in T . We can then rewrite (6.18) as
∆S =

π ∂W (r+ )
G4 ∂r+

∆r+ =
r+ =r0

2π 2 C d
W 2 (r+ )
G4 dr+

r+ =r0

Rg0 (r+ )
,
4πW (r0 )

(6.20)

where the constant C can be read from (6.19) and depends only on the extremal
solution. Identifying the temperature (6.16), the entropy response ∆S is
∆S =

1
T + O(T 2 ) ,
Mgap

1
2π 2 C d
=
W 2 (r+ )
Mgap
G4 dr+

,

(6.21)

r+ =r0

where we should remember that the charges P I , QI are fixed. As expected, the
mass gap Mgap depends purely on the extremal solution. Again, we find that the
entropy responds linearly in the temperature as we move away from extremality, in
line with the universality of the underlying JT dynamics. The aim of the following
two chapters is to find signatures of near-extremality that are not universal, but
instead depend on the precise theory and black hole. The general strategy will be
outlined in the next section.

6.2

Corrections to the two-point functions

The five- and four-dimensional black holes that will be considered in the next chapters allow a dimensional reduction to a two-dimensional manifold that preserves
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spherical symmetry: M2 × S 2 × S 1 and M2 × S 2 , respectively. In both cases,
the dimensional reduction ansatz will provide us with an effective two-dimensional
action that is a consistent truncation of the higher-dimensional action, i.e., all solutions to the equations of motion derived from the effective action are solutions to
the higher-dimensional equations of motion. In general, the effective fields are the
two-dimensional metric gab and several scalar fields arising from the dimensional
reduction. Of these scalar fields, one will enter the effective action as a dilaton Φ;
this field controls the size of the transverse sphere. The additional scalar fields,
which I will denote in this chapter as ζi , arise from e.g. matter fields present in
the higher-dimensional theory, or as a squashing mode for the rotating case.
We are interested in perturbations around AdS2 backgrounds; as discussed in
Chapter 2, such backgrounds describe the near-horizon geometry of extremal black
holes. Deformations around it define nearly AdS2 , and are crucial to understand
the dynamics of near-extremal black holes. The AdS2 background solution has
all scalars equal to a constant, characteristic of an attractor mechanism [146–153].
Here, I will consider linearized perturbations of the metric, dilaton and scalar fields
as4
gab = ḡab + hab , Φ = Φ0 + Y , ζi = ζ̄i + Zi ,
(6.22)
where ḡab is a locally AdS2 spacetime with radius `2 , and Φ0 and ζ̄i are constants;
the fields (hab , Y, Zi ) are the corresponding fluctuations. At the linear level, using
(6.22) in the equations of motion will show that Y satisfies the equation of motion
characteristic of JT gravity; this identifies Y as an operator of conformal dimension
∆Y = 2, i.e., it is an irrelevant deformation. An analysis of the remaining equations
of motion for the fluctuations Zi will complete the spectrum of dual operators.
In addition to the spectrum of operators, an important part of the analysis in
Chapters 7 and 8 will be to discuss the interactions between Y and the matter fields
Zi . We will expand the effective two-dimensional action around the background
solution given by (ḡab , Φ0 , ζ̄i ), thereby treating Y as a background field that drives
the geometry away from AdS2 . We are interested in cubic interactions that involve
one power of Y, which capture the leading (tree-level) correction to the two-point
functions of the additional fields. Considering only one scalar field Z for simplicity,
the general Euclidean action at cubic order is of the form

Z
p
1
1
SE = d2 x ḡ
(∇Z)2 + m2Z Z2 + λZZY ZZY
2
2

(6.23)
+ λZ(∂Z)(∂Y) Z∂a Z∂ a Y + λY(∂Z)(∂Z) Y∂a Z∂ a Z .
4 Comparing notation to Chapters 2, 4 and 5, the perturbation Y here corresponds to Φ there,
and Φ here is Φtot = Φ0 + Φ there. See also footnote 4 on page 21.

93

6. The Black Hole Zoo
The goal is to quantify the imprint of the background field Y on the two-point
function of Z. In Section 1.3, I introduced some aspects of the general dictionary
for correlation functions in AdSd+1 /CFTd . Here, I will apply that formalism in
two dimensions (d = 1). The results below generalize Appendix C of [62] to more
general couplings between the dilaton and matter; see also [154].
To start, in the vacuum (pure AdS2 in the bulk), we can use coordinates such that
ds2AdS2 =

`22
(dt2 + dz 2 ) .
z2

(6.24)

In these coordinates, the near-boundary expansion of Z is
Z(t, z) = z 1−∆ Z̃(t) + · · · ,

as z → 0 ,

(6.25)

and Z̃(t) is interpreted as the source of its dual operator OZ (t) with dimension


q
1
1 + 1 + 4m2Z `22 .
(6.26)
∆=
2
Recall from Chapter 2 that the irrelevant deformation, which here is denoted by Y,
leads us away from the idealized AdS2 geometry to nearly AdS2 . In the boundary
theory, this explicitly breaks the reparametrization symmetry as we move towards
the UV. As explained in Section 2.3, the relevant symmetry breaking mode to
describe near-extremal black holes is the thermal boundary transformation, corresponding to choosing a thermal state in the bulk with inverse temperature β. In
Euclidean signature, it is5
 
π
t(u) = tan
u ,
u∼u+β,
(6.27)
β
with u the boundary time. As we do this transformation, we want to keep track
of the UV cuttoff and make sure the proper length of the boundary is fixed, i.e.,
g|bdy =

`22
.
2

(6.28)

The above condition implies that
p
z(u) =  (t0 )2 + (z 0 )2 = t(u)0 + O(3 ) ,

(6.29)

fixing the asymptotic part of the radial part of the diffeomorphism. Under this
5 Compared to the notation in Chapter 2, the boundary transformation t → f (t) there corresponds to t → t(u) here; in this chapter, I find it more convenient to use the latter, as I will be
changing integration variables explicitly from t to u.
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transformation, the asymptotic form of the field Z becomes
Z(t, z) = 1−∆ [t0 (u)]1−∆ Z̃(t(u)) + · · · ,

as  → 0 ,

(6.30)

and now [t0 (u)]1−∆ Z̃(t(u)) ≡ Z̄(u) is interpreted as a source.
Turning next to the behavior of Y, this term will be treated as a background field
whose source is non-trivial. We can assume that the source on the thermal state
is fixed, i.e., Ȳ(u) = a with a a constant. This defines a near-AdS2 background:
in the language used in Chapter 2, the source Ȳ is given by the renormalized
boundary dilaton Φr . Indeed, in Section 2.3 we saw that constant Φr corresponds
to the thermal behavior (6.27). Then, evaluating the two-point functions of the
operator dual to Z in the presence of a background value for Y can be done
by treating Y as an operator with ∆Y = −1, and integrating over its boundary
time [62]. More explicitly, the thermal two-point function we are after is, to leading
order in Y,
hOZ (u1 )OZ (u2 )iβ = hOZ (u1 )OZ (u2 )ifree
+ hOZ (u1 )OZ (u2 )iint
β
β ,

(6.31)

where the correction due to Y is
hOZ (u1 )OZ (u2 )iint
β =a

Z

β

du3 hOZ (u1 )OZ (u2 )O−1 (u3 )iβ .

(6.32)

0

It is now easy to evaluate the appropriate two-point function. As standard in
AdS/CFT, the boundary effective action on the vacuum (6.24) is:
Ieff = Ifree + Iinteractions .

(6.33)

The free part yields
Ifree

D
=−
2

Z
dt1 dt2

Z̃(t1 )Z̃(t2 )
,
|t1 − t2 |2∆

(2∆ − 1)Γ[∆]
.
D= √
πΓ[∆ − 21 ]

(6.34)

Using the thermal transformation (6.27), the thermal two-point function is
t0 (u1 )t0 (u2 )
|t(u1 ) − t(u2 )|2
2∆

π
,
=D
β sin πuβ12

hOZ (u1 )OZ (u2 )ifree
=D
β



where I introduced the shorthand notation u12 ≡ u1 − u2 .
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The cubic interactions are
Z
D̃
dt1 dt2 dt3 Z̃(t1 )Z̃(t2 )Ỹ(t3 )
Iint =
2
|t12 |2∆+1 |t23 |−1 |t31 |−1
Z
D̃
t0 (u1 )∆ t0 (u2 )∆ t0 (u3 )−1 Z̄(u1 )Z̄(u2 )Ȳ(u3 )
=
du1 du2 du3
,
2
|t12 (u1 , u2 )|2∆+1 |t13 (u1 , u3 )|−1 |t23 (u2 , u3 )|−1

(6.36)

where tij (ui , uj ) ≡ t(ui ) − t(uj ) and
D̃ ≡ λYZZ KYZZ + λZ(∂Z)(∂Y) KZ(∂Z)(∂Y) + λY(∂Z)(∂Z) KY(∂Z)(∂Z) .

(6.37)

The couplings λijk can be read from the effective action (6.23). The coefficients
Kijk can be obtained from the general ones given in [37] (cf. their equation (25))
by setting ∆i = ∆j = ∆ and ∆k = −1:
Γ[− 12 ]2 Γ[∆ + 12 ]Γ[∆ − 1]
3(∆ − 21 )Γ[∆ − 1]
=
−
,
√
2πΓ[∆ − 12 ]2 Γ[− 32 ]
2 πΓ[∆ − 12 ]


1
KYZZ
KYZZ
= −∆ + (2 − 2∆)(−1)
=− 2 ,
(6.38)
2
2
`
`2
2

KYZZ
KYZZ
1
= −(∆2 − ∆ − 1) 2 .
= ∆2 + (2 − 2∆)(2∆ + 1)
2
2
`2
`2

KYZZ = −
KZ(∂Z)(∂Y)
KY(∂Z)(∂Z)

Taking functional derivatives from (6.36) will give the three-point function; using
the thermal transformation (6.27) leads to
∆
t0 (u1 )t0 (u2 )
|t(u1 ) − t(u3 )||t(u2 ) − t(u3 )|
|t(u1 ) − t(u2 )|2
t0 (u3 ) |t(u1 ) − t(u2 )|
#2∆
"
| sin πuβ13 || sin πuβ23 |
β
π
= D̃
.
(6.39)
π β sin πuβ12
| sin πuβ12 |


hOZ (u1 )OZ (u2 )O−1 (u3 )iβ = D̃

Finally, integrating over u3 will give the correction to the two-point function from
these interactions. In order to do the integral, it is important to be careful with
absolute values. Assuming u1 > u2 we obtain
!
Z
Z
Z
Z
β

0

u2

du3 | sin πuβ13 || sin πuβ23 | =

=

u1

du3 −

du3 +
u2

0

β h
2 sin πuβ12 + π(1 −
2π

β

du3
u1

sin πuβ13 sin πuβ23

2u12
πu12
β ) cos β

i

,

(6.40)

Thus, the contribution to the two-point function of the operators dual to Z due to
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the interaction with Y is
hOZ (u1 )OZ (u2 )iint
β =a

Z

β

du3 hOZ (u1 )OZ (u2 )O−1 (u3 )iβ
0

aβ 2
= D̃ 2
2π

"

π
β sin πuβ12

#2∆

1 − 2u12 /β
2+π
tan πuβ12

(6.41)

!
.

Adding the free and interaction pieces of the correlator, we find
"
#2∆
!
2
aβ
π
1
−
2u
/β
12
D + D̃
.
hOZ (u1 )OZ (u2 )iβ =
2+π
β sin πuβ12
2π 2
tan πuβ12

(6.42)

The constants D and D̃ are given in (6.34) and (6.37), respectively. It can be
seen that D is positive definite, whereas D̃ can have either sign, depending on the
cubic couplings in the action (6.23). In particular, KYZZ < 0 and KZ(∂Z)(∂Y) > 0
√
for ∆ ≥ 1, while KY(∂Z)(∂Z) < 0 in the range 1 ≤ ∆ ≤ 12 (1 + 5) ≈ 1.618,
or KY(∂Z)(∂Z) > 0 otherwise. Thus, D̃ < 0 whenever the following condition is
satisfied:


λZ(∂Z)(∂Y) + ∆2 − ∆ − 1 λY(∂Z)(∂Z) < `22 λYZZ .
(6.43)
Interestingly, as will be discussed in more detail in the discussion section of Chapter
7, the functional dependence (6.42) can also be obtained within the Sachdev–Ye–
Kitaev (SYK) model [62, 155], which has been suggested as the theory dual to
JT gravity. However, in the SYK model the sign of the correction is completely
fixed, and background independent, whereas (6.43) allows the coefficient D̃ to have
different signs for different operators, and even change for a fixed operator, depending on the precise theory and background. Classifying the possible behaviors
for D̃ will be one of the main goals of Chapters 7 and 8. This will provide valuable
information that is necessary to design microscopic duals.
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Rotating 5D Black Holes

The goal of Chapter 6 was two-fold: to show explicitly, for specific black hole
solutions, the universal response of the mass and entropy above extremality, and
to introduce a procedure to quantify certain non-universal aspects. In this chapter,
I present the work done in [3], in which we studied a two-dimensional theory of
gravity coupled to matter that is relevant to describe holographic properties of
black holes with two equal angular momenta in five dimensions, with or without
cosmological constant. The universal thermodynamic response of these black holes
was discussed in Section 6.1.1. An important goal of this work was to compute
the corrections to correlation functions due to cubic interactions present in the
two-dimensional effective theory, using the formalism introduced in Section 6.2.
An additional aim was to quantify the imprint of the IR (the near-horizon region)
on the UV (the asymptotic black hole background).

7.1

Introduction

Despite the challenges of AdS2 quantum gravity, in recent years nearly AdS2 spacetimes and their holographic properties have been a fertile setting to study semiclassical properties of black holes near extremality. AdS2 is infamous for being
difficult and confusing in comparison to its higher dimensional cousins due to a
variety of reasons [57, 58, 156]. However, it was observed in [66] that it was sensible and manageable to include the leading corrections away from pure AdS2 : this
defines the concept of nearly AdS2 holography.
One of the defining properties of nearly AdS2 is the symmetry breaking pattern,
which is universally encoded in two-dimensional Jackiw–Teitelboim gravity [64,65].
This gravitational theory contains a dilaton and the two-dimensional metric, and it
perfectly captures the leading gravitational backreaction of AdS2 [62]. It has also
drawn a considerable amount of interest that the same symmetry breaking patterns
are present in certain 1D quantum systems, such as the SYK model [155,157–162],
which unveils interesting aspects of the holographic correspondence. We refer
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to [70] for an introductory overview of these developments, and [83] for a review
on how these models serve as a platform to understand evaporating black holes.
Our intention here is to actually focus on aspects of nearly AdS2 that are less
universal, and hence sensitive to the specificity of the theory and black hole. Although all extremal and near-extremal black holes share an AdS2 factor in their
near-horizon geometry, their backreaction could have additional features that need
to be added to the simplest JT model (such as more degrees of freedom, interactions, and possibly a modification of boundary conditions). This has been most
manifest in the context of rotating black holes in four and higher dimensions, and
prior work that incorporates rotation in the holographic interpretation of nearly
AdS2 includes [67, 68, 163–167].1 In this work, our aim is to quantify how these
additional features could affect the holographic dual of the nearly AdS2 region.
We want to illustrate how the theory, e.g. if the black hole is embedded in AdSD
or flat space, influences the interplay of JT with the whole black hole geometry.
We also want to show that interactions among the JT sector and matter fields are
not so straightforward to account for in the simplest SYK-like models.
Five-dimensional rotating black holes encompass a rich arena to explore these
features. Here we will study a particular class of neutral black holes that have
equal angular momenta, following the work in [164]. The appeal of this specific
rotating black hole is that one can carry out explicitly a dimensional reduction to
two dimensions, and hence place any analysis in clear resemblance or contrast with
the predictions of JT gravity. As shown in [164], several aspects of the effective
description of nearly AdS2 comply with JT gravity: there is a dilaton field Y,
whose operator dual has conformal dimension ∆Y = 2. This already leads to
important aspects of the effective boundary theory via a Schwarzian action, and
a potential connection to SYK-like models. In addition, due to the rotation of the
black hole, there is also a “squashing” mode X which is more irrelevant than the
dilaton, ∆X > ∆Y . These two modes generally couple and must be considered
together. An important part of our new contributions here is to quantify how
these interactions alter the correlation functions in the nearly AdS2 region. This
will provide crucial information that enters in the process of designing a dual
description of these black holes that incorporates these new features.
Another important aspect we will explore is the relation between the five dimensional theory, which provides the environment surrounding the black hole, with the
nearly AdS2 description we described above. Our two-dimensional model encodes
the entire environment of the black hole, interpolating between the near-horizon
1 The three-dimensional BTZ black hole is another example of a rotating black hole, and
many aspects are well described within JT gravity. See [69, 168–172] for extensive work on this
direction.

100

7.1. Introduction
AdS2 region and an asymptotically AdS5 (or Minkowski5 ) far region;2 these are the
two regions that we colloquially refer to as IR (AdS2 ) and UV (AdS5 /Minkowski5 ).
This setup, in principle, gives a UV completion of the nearly AdS2 analysis that is
tractable. In particular, we explore how the JT sector, where Y plays the prominent role, arises from the linear perturbations of the UV region. This requires
a careful treatment of how the solutions behave as we take the decoupling limit
that relates IR and UV regions, which we discuss in detail. We also study how
the JT sector behaves in the far region, and highlight the sharp differences in the
gluing procedure depending on the presence or absence of a negative cosmological
constant. The way we set up the analysis of the decoupling limit is along the
lines of [167] for the four-dimensional extreme Kerr solution. With regard to the
AdS5 aspects of our computations, a useful comparison is [173], where boundary
gravitons of AdS3 are interpolated to AdS5 .
This chapter is organized as follows. We start in Section 7.2 by reviewing the
two-dimensional theory that one obtains by dimensional reduction of the fivedimensional Einstein–Hilbert action with a negative cosmological constant. In
Section 7.3 we initiate our analysis of the effective field theory description of the
IR theory for this two-dimensional system. We carefully quantify how the JT
sector interacts with the massive mode X , and the imprint of these interactions
in the two- and four-point functions involving X . We find that cubic couplings
among X and Y do not have a definite sign, but instead depend on the extremal
values that define the AdS2 background. This introduces an interesting feature
when attempting to reproduce such effect in a holographic dual. In Section 7.4 we
discuss how to single out the JT sector from the gravitational perturbations in the
black hole background. We describe the decoupling limit of the UV perturbations,
and how to extrapolate these perturbations to the UV boundary. We end in
Section 7.5 with a careful discussion of our results. In particular, we embed our
results in the context of other well known gravitational properties of AdS5 black
holes that would be interesting to incorporate in future aspects of nearly AdS2
holography; and we discuss how to account in a dual description for the effects of
the interactions among Y and X . We also included two appendices: in Appendix
C.1 we review some aspects of the AdS5 black holes studied here, with emphasis
on the near-extremal limit; and in Appendix C.2 we collect some technical aspects
of computing Witten diagrams in the context of nearly AdS2 spacetimes.

2 Here we focus on the case of negative or zero cosmological constant; it would be interesting
to consider Λ > 0 and carry out the analysis in the context of 5D de Sitter black holes. We leave
this as a future direction.
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7.2

Dimensional reduction from 5D to 2D

Our main interest is to investigate the new features rotation introduces to the
holographic description of near-extremal black holes, in particular features that
are not present in JT gravity. For this purpose it is convenient to dimensionally
reduce the five-dimensional theory down to two dimensions, as was done in [164]
and will be reviewed here.
Following [164], our starting point is the five-dimensional Einstein–Hilbert action
with a negative cosmological constant,
!
Z
p
1
12
5
(5)
(5)
d x −g
.
(7.1)
I5D = 2
R + 2
2κ5
`5
From here we will construct a two-dimensional effective theory by performing a
dimensional reduction. The decomposition of the five-dimensional metric we will
consider is

2
(5)
gµν
dxµ dxν = eψ+χ ds2(2) + R2 e−2ψ+χ dΩ22 + R2 e−2χ σ 3 + A
,
(7.2)
where we introduced a two dimensional metric
ds2(2) = gab dxa dxb ,

a, b = 0, 1 ,

(7.3)

two scalar fields, ψ and χ, and a one-form A = Aa dxa . The scale R is introduced
to keep the scalars fields dimensionless. Here, the fields (gab , Aa , ψ, χ) depend on
the two-dimensional variables xa , i.e., they are the ‘massless’ degrees of freedom in
the context of the dimensional reduction. These backgrounds exhibit a manifest
two-sphere
dΩ22 = dθ2 + sin2 θdφ2 = (σ 1 )2 + (σ 2 )2 ,
(7.4)
where the angular forms are
σ 1 = − sin ψ̂dθ + cos ψ̂ sin θdφ ,
σ 2 = cos ψ̂dθ + sin ψ̂ sin θdφ ,

(7.5)

σ 3 =dψ̂ + cos θdφ .
In total, the decomposition (7.2) has SU (2) × U (1) symmetry. The ansatz (7.2)
will accommodate, among other solutions, black holes in AdS5 with equal angular
momenta [142]. These black hole solutions will be described in detail in Section
7.4. In Section 7.2.1 we briefly discuss the Myers–Perry configuration [141] as a
concrete example for the case `5 → ∞.
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7.2. Dimensional reduction from 5D to 2D
In terms of the two-dimensional fields, the dimensional reduction of (7.1) reads
[164]
I2D

1
= 2
2κ2

Z


√
R2 −3χ−ψ 2 3
d2 x −g e−2ψ R −
e
F − (∇χ)2
4
2

 12

1
+
4e3ψ − e5ψ−3χ + 2 eψ+χ ,
2
2R
`5

(7.6)

κ2

where κ22 = 16π25R3 , R is the Ricci scalar associated to (7.3), and we introduced
the field strength F = dA = ∂a Ab dxa ∧ dxb . From I2D we can see more clearly the
role that each scalar field has in this effective 2D description. The field ψ plays
the role of a dilaton: the fields were introduced in (7.2) such that ψ lacks a kinetic
term in (7.6), and it controls the area of the squashed S 3 in (7.2). In contrast, the
field χ couples more traditionally to the metric gab and remaining fields, and its
non-trivial profile reflects that the S 3 is squashed.
The equations of motion for the two-dimensional fields are

1
3
∇a χ∇b χ − gab (∇χ)2
e2ψ (∇a ∇b − gab )e−2ψ +
2
2


 R2
1  3ψ
6 ψ+χ
5ψ−3χ
−3χ−ψ 2
+ gab
4e
−
e
+
e
F
+
e
=0,
4R2
8
`25
!
R2 2 −6ψ
1
6
3
1
3 −3χ+5ψ
−
F e
− 2 e3ψ + 2 eψ+χ − (∇χ)2 = 0 ,
R+ e
2
4
R
2
R
`5
2

(7.7)

R2 −3χ−ψ 2
1 5ψ−3χ
4
e
F +
e
+ 2 eψ+χ = 0 ,
e2ψ ∇a (e−2ψ ∇a χ) +
2
4
2R
`5


−3ψ−3χ ab
∇a e
F
=0.
It is very important to stress that all solutions to the equations of motion derived
from (7.6) are solutions to the 5D Einstein equations: this makes I2D a consistent
truncation of I5D as shown in [164].
The last equation of motion in (7.7) is straightforward to solve and gives
Fab = Qe3ψ+3χ ab ,

F 2 = −2Q2 e6ψ+6χ ,

(7.8)

where Q is a constant, and ab is the two-dimensional Levi-Civita tensor. In
the two-dimensional context, Q is the electric charge; from a five-dimensional
perspective it controls the angular momentum of (7.2). Using this solution, one
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can integrate out the field strength and the resulting action is
I2D =

1
2κ22

Z


√
R2 Q2 3χ+5ψ 3
d2 x −g e−2ψ R −
e
− (∇χ)2
2
2
 12

1  3ψ
5ψ−3χ
ψ+χ
4e
+
e
.
−
e
+
2R2
`25

(7.9)

We will be interested in studying the following two aspects of this theory, and the
interplay between them.
IR EFT: One of the simplest solutions to I2D corresponds to the case when ψ
(2)
and χ are constants, which implies that gab is locally AdS2 . This is what
we denote as the IR solution, and from a five-dimensional perspective it
corresponds to the near-horizon geometry of a rotating black hole in AdS5 .
One can deform this background to allow for a nearly AdS2 geometry, as
done [164]; in holographic jargon, this corresponds to turning on an irrelevant
deformation. Here we will study aspects of the effective field theory near
the IR fixed point, with particular emphasis on quantifying the effects of
interactions among the fields at leading order in the deformation.
UV/IR connection: There are other solutions of this theory where ψ and χ have
a non-trivial radial profile. We will be interested in setups that accommodate
asymptotically AdS5 solutions, and in particular the rotating AdS5 black
holes. These will be denoted as the UV solutions. For these solutions, we
want to carefully connect them to the EFT that describes the IR; our aim
is to quantify the imprint of the nearly AdS2 deformations on the boundary
of AdS5 or Minkowski5 .
Each of these configurations will be constructed and described in subsequent sections. In Section 7.3 we will discuss the IR side, with emphasis on the interactions
appearing in nearly AdS2 and its holographic interpretation. Section 7.4 is devoted
to the UV/IR connection, where we will place the IR analysis in the context of
asymptotically AdS5 (or Minkowski5 ) region.

7.2.1

Example: the Myers–Perry black hole

The Myers–Perry configuration [141], describing a five-dimensional neutral rotating black hole with two coincident angular momenta, is a concrete example of
a five-dimensional solution that fits into the framework mentioned above when
`5 → ∞. Following the notation we are using in (7.2), it is a stationary solution
of the form
(2)

(5)
gµν
dxµ dxν = eψ+χ gab dxa dxb + R2 e−2ψ+χ dΩ22 + R2 e−2χ (σ 3 + A)2 .
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(2)

where the 2D metric gab is specified by
(2)

eψ+χ gab dxa dxb =

dr̂2
− ∆(r̂)e−2ψ+3χ dt̂2 ,
∆(r̂)

(7.11)

with
∆(r̂) = 1 −

2m 2ma2
+
.
r̂2
r̂4

(7.12)

The warp factors are
R2 e−2χ =

r̂2
ma2
+
,
4
2r̂2

R2 e−2ψ =

r̂2 −χ
e
,
4

and the gauge field that captures the rotational nature of the solution is


a
2m 2χ
A=
− 2 e dt̂ .
2R2
r̂

(7.13)

(7.14)

This metric describes an asymptotically flat black hole; also note that it is the
Kaluza-Klein black hole in [174]. In Section 7.4.1 we will consider a generalization
of this metric to include the presence of a (negative) cosmological constant [142],
and among other things we will discuss the near-horizon limit in both cases.

7.3

Effective field theory from the IR

This section is devoted to the analysis of the two-dimensional theory from the
perspective of the IR. We will first review aspects of the IR fixed point and the
linear analysis, which was done in [164], and then perform an analysis of the
interactions among the fields around this fixed point.

7.3.1

Linearized equations of motion and the JT sector

The IR background corresponds to the solution to the equations of motion (7.7)
with constant scalars:
e2ψ(x) = e2ψ0 ,

e2χ(x) = e2χ0 ,

(7.15)

with ψ0 and χ0 constants. The equations of motion then determine
R4 Q2 3χ0
e
= e−3χ0 − e−2ψ0 ,
2


1
1 4ψ0 −χ0  −3χ0
−2ψ0
=
e
e
−
2e
, (7.16)
`25
8R2
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where Q is defined in (7.8), and they also imply that the Ricci scalar is given by
R=−


1
1 3ψ0 
2ψ0 −3χ0
,
−4
+
3e
=
e
`22
2R2

2
,
`22

(7.17)

indicating that the metric is locally AdS2 . As was done in [164], it will prove useful
to trade Q for the constant q, which is defined as
1 2ψ0 4 2 3χ0
e (R Q e
− e−3χ0 )
8

1  2ψ0 −3χ0
=
e
−2 .
8

q≡

(7.18)

In terms of q, we then find
1
1
= 2 e3ψ0 (1 + 12q) ,
`22
R

q
1
= 2 e2ψ0 −χ0 .
`25
R

(7.19)

These relations define the IR background solution. Note that the limit q → 0
corresponds to setting the five-dimensional cosmological constant to zero, and
q → ∞ would be a very strongly coupled AdS5 spacetime.
Next, we move on to characterize perturbations around the IR background, first
focusing on the linear behavior of the perturbations. We define
Y ≡ e−2ψ − e−2ψ0 ,
X ≡ χ − χ0 ,

(7.20)

hab ≡ gab − ḡab ,
where ḡab is a locally AdS2 metric with AdS radius given by (7.17). The linearized
equations of motion obtained from (7.7) become

¯ a∇
¯ b − ḡab 
¯ Y + 1 ḡab Y = 0 ,
∇
`22
¯ + 2 e3ψ0 (1 − 2e−3χ0 +2ψ0 )X + 1 e5ψ0 (−2 + e−3χ0 +2ψ0 )Y = 0 ,
X
R2
R2

3  3ψ0
6
δR − 2 2e
− e−3χ0 +5ψ0 X + 2 e5ψ0 (1 − e−3χ0 +2ψ0 )Y = 0 .
R
R


(7.21)
(7.22)
(7.23)

Here, the bar indicates that the covariant derivatives and Laplacians are with
respect to ḡab . We also have R = R̄ + δR, where the linear response of the Ricci
scalar is
¯ a∇
¯ b hab − h
¯ aa ,
δR = −R̄ab hab + ∇
(7.24)
and R̄ is given by (7.17).

106

7.3. Effective field theory from the IR
It is clear that (7.21) is the equation of motion characteristic of JT gravity. However, as noted in [164], the new feature here is that Y is coupled to X via (7.22),
and hence slightly more work is needed to single out the JT sector. The solutions
to (7.22) split into a homogeneous and inhomogeneous part,
X = Xinh + Xhom ,

(7.25)

where the inhomogeneous solution is
Xinh =

2q 2ψ0
e Y ,
1 + 2q

(7.26)

and the homogeneous solution satisfies
¯ hom − 2 (3 + 16q) Xhom = 0 .
X
`22 (1 + 12q)

(7.27)

From here we see that Xhom is an irrelevant perturbation of the AdS2 background,
and the conformal dimension is given by


s
1 + 28
q
1
5 
∆X =
1+5
.
(7.28)
2
1 + 12q
For comparison, the field Y has ∆Y = 2, and hence ∆Y < ∆X ≤ 3.
There are also couplings to the metric perturbations via (7.23). To solve this
equation, it is convenient to pick coordinates for the background metric and fix a
gauge for hab . We will use Poincaré coordinates
!
2
dr
,
(7.29)
ḡab dxa dxb = `22 −r2 dt2 + 2
r
and a convenient way to write the metric perturbations hab is3
hab = ḡab ĥab ,

(7.30)

and hence htr = 0. Using this parametrization we find that (7.23) reduces to



1 
1
1 2
2 2
ĥ
+
r∂
ĥ
+
2
ĥ
−
ĥ
∂
3r∂
ĥ
+
r
∂
rr
r rr
rr
r tt
r tt
`22 r2 t
`22
(7.31)
24 3ψ0
6 5ψ0
+ 2 e q X − 2 e (1 + 8q)Y = 0 .
R
R
3 Indices are not summed over in (7.30); it is just to indicate that the perturbation is “proportional” to the background metric.
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The solutions to (7.31) split into
6q
X + α1 Y + ĥ ,
1 + 2q
6q
=
,
X + α1 Y + ĥ(hom)
rr
1 + 2q

ĥtt =
ĥrr

(7.32)

where α1 is an arbitrary constant, and ĥ(hom)
is the homogeneous solution to the
rr
kinetic terms acting on ĥrr . The perturbation ĥ satisfies



3r∂r ĥ + r2 ∂r2 ĥ + 6e2ψ0

1 + 10q + 8q 2
Y=0.
(1 + 2q)(1 + 12q)

(7.33)

This equation can be easily solved as a radial integral of Y. In particular, for AdS2
in Poincaré coordinates we find that the solutions to (7.21) are4
1
Y(r, t) = c− r + c0 rt + c+ (rt2 − ) ,
r

(7.34)

with ci constants, and hence (7.33) gives
ĥ(r, t) = −2e

2ψ0

1 + 10q + 8q 2
(1 + 2q)(1 + 12q)




3
2
−
c ( + rt ) + c r + c0 tr + ĥ(hom) , (7.35)
r
+

where we included the homogenous solution to (7.33). Note that the homogenous
solutions to the metric perturbations in two-dimensions are trivial and can be
reabsorbed as part of the background solution; we are writing them here just as a
formality.
JT sector: nearly AdS2 background
We have completely solved the linear perturbations around the fixed point, and
from here we want to single out the part of those perturbations that we will
denote as the JT sector, also known as the nearly AdS2 background. These are
the perturbations that mimic the effects of JT gravity, and hence are responsible
for the leading effects in terms of the gravitational backreaction. In the notation
used here, we see that for
2q 2ψ0
X =
e Y ,
(7.36)
1 + 2q
the dynamics reduce to the JT equations of motion



¯ a∇
¯ b − ḡab 
¯ Y + 1 ḡab Y = 0 .
∇
`22

(7.37)

4 The notation ci with i = ±, 0 follows from the discussion in [167]. As done there, and
originally in [62], one can relate each of these constants to the sl(2) isometries of the AdS2
background.
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Then, the backreaction of the metric is just given by (7.33). In short, the JT sector
corresponds to turning off all of the homogeneous solutions to X and hab found
above. For further aspects of the JT sector, and in particular for a discussion of
how the Schwarzian effective action appears in this theory, we refer to [164].

7.3.2

Effective action and interactions

Next, we wish to study the IR effective action perturbatively around the background solution (7.15)-(7.17). To do so, we subtract the inhomogeneous pieces
and redefine the perturbations as follows:5
e2ψ0
Y ,

2
2q 2ψ0
e Y + X̂ ,
χ = χ0 + 
1 + 2q


6q
gtt = ḡtt +  ḡtt
X̂ + htt ,
1 + 2q


6q
X̂ + hrr .
grr = ḡrr +  ḡrr
1 + 2q
ψ = ψ0 − 

(7.38)

We introduced a dimensionless parameter  to keep track of the various orders in
the perturbations; we will set  = 1 at the end of the calculations. The decomposition above is catered to single out the JT sector (Y, hab ) from the massive degree
of freedom X̂ , so that they are decoupled at quadratic order as we will show below.
With the above definitions, we can now expand the action (7.6) at different orders
in , while keeping only terms linear in Y. Basically, we want to capture the
leading interactions of the JT sector with the field X̂ . The resulting terms are:
• Linear order:
At linear order we only find total derivatives; this shows consistency of the
IR fixed point.
• Quadratic order:
At quadratic order we find a free theory for X̂ (up to total derivatives), as
expected:6


3e−2ψ0
1 ¯ 2 1 2 2
L2 =
−
(
∇
X̂
)
−
m
X̂
,
(7.39)
2κ22
2
2 X
where
m2X ≡

1 6 + 32q
.
`22 1 + 12q

5 Note
6 We

that the first equation is theRlinearized version of (7.20).
√
normalize L such that S̃2D = d2 x −ḡ L.
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All indices in the effective action are lowered and raised with the background
metric ḡab . From the above mass term we can read off the conformal dimension of the operator dual to X , which coincides with (7.28):


s
p
28
2
2
1+ 5 q
1 + 1 + 4mX `2
1
.
(7.41)
∆X =
= 1 + 5
2
2
1 + 12q

• Cubic order:
At cubic order we find the following interaction terms (up to total derivatives), which we regroup in three categories:
(a)
L3

(b)

L3

(c)

L3


3e−2ψ0
10q(7 + 32q)
e2ψ0
3
¯ X̂ )2
=
−
X̂
−
Y (∇
2κ22
3`22 (1 + 2q)(1 + 12q)
2

(7.42)

12q 2 e2ψ0
e2ψ0 (1 + 6q)(9 + 38q − 80q 2 )
2
¯
¯
−
X̂ (∇X̂ )(∇Y) + 2
Y X̂ ,
(1 + 2q)2
2`2
(1 + 2q)2 (1 + 12q)

3e−2ψ0
1 (3 + 16q) a 2 1 a ¯ 2
=
h X̂ − h a (∇X̂ )
(7.43)
− 2
2
2κ2
2`2 (1 + 12q) a
4

1
¯ a X̂ ∇
¯ b X̂ ,
+ hab ∇
2

1
¯ a∇
¯ b hcc − 4 Y ha b ∇
¯ a∇
¯ c hbc + 2 Y hab 
¯ hab
2 Y hab ∇
(7.44)
=
8κ22

a
c b
a b
c
a
bc
¯
¯
¯
¯
¯
¯
−2 Y (∇ hab )(∇ h c ) + Y (∇ h b )(∇a h c ) + Y (∇ hbc )(∇a h ) .
(a)

The first type of interactions, L3 , involve X̂ and Y only. Here X̂ is the
propagating degree of freedom, while Y can be considered as a background
field (i.e., the field that defines the nearly AdS2 background). The second
(b)
type, L3 , contains O(h) terms, so they give a three-point vertex involving
one graviton leg. Finally, the third type contain O(h2 ) terms, which can
be interpreted as a kinetic term for the graviton. We emphasize that O(h2 )
terms cannot appear on their own, because gravity in two dimensions is
topological. They appear in our system because the graviton couples to Y.
We could continue to higher orders in the expansion; however, the quadratic and
cubic order terms will be enough for the purposes of our calculations.

7.3.3

Graviton propagator
(c)

The graviton propagator can be obtained from the terms denoted as L3 , which
will initiate our discussion on how to normalize our fields and compare cubic terms.
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To simplify the calculation, it will be convenient to pick a suitable gauge; we will
use (7.29) for the background metric. Following [69], we thus define
htt = −`22 r2 (h + g) ,

hrr =

`22
(h − g) .
r2

(7.45)

Implementing these replacements, and integrating by parts several times, we can
(c)
massage the terms in L3 into the following form:
(c)

L3 =

i
3e−2ψ0 h 2
h
(·
·
·
)
+
h(·
·
·
)
+
(h-independent
terms)
.
2κ22

(7.46)

Here, the (· · · ) are terms independent of h, reflecting the fact that h is not a
dynamical field. Varying with respect to h we can then derive an algebraic equation
of motion for h, which can be solved to obtain
h=

i
1 h 3
r (2g + rg 0 )Y 0 + ġ Ẏ .
2
2r Y

(7.47)

As in [69], we focus on the time-independent solution Y = a r, where a is the
(dimensionful) parameter that sources the irrelevant deformation. In this case we
find:
1
h = g + rg 0 .
(7.48)
2
Plugging this back into (7.46) and integrating by parts again we obtain
(c)

L3 = −

a r3 02
g .
8κ22 `22

(7.49)

This is exactly the same kinetic term that was found in [69] for pure JT gravity.
Notice that in their coordinates r → 1/z (and hence ∂r → −z 2 ∂z ) we get
(c)

L3 = −

az
(∂z g)2 .
8κ22 `22

(7.50)

√
Since −ḡ = `22 /z 2 in these coordinates and κ22 = 8πGN , we recover the first term
in their equation (3.8):


Z
Z
√
a
(c)
g
2
S2D = dtdz −gL3 = dtdz −
(∂z g)
.
(7.51)
64πGN z
This leads to the following (bulk-to-bulk) propagator for the graviton:
Gg (t, z; t0 , z 0 ) = −

i
i16πGN h 2
z Θ(z 0 − z) + z 02 Θ(z − z 0 ) δ(t − t0 ) .
a
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X̌

X̌

X̌
Y

X̌
O(1)

X̌
O(ae2ψ0 )

g

X̌
X̌

X̌
O(GN /a)

X̌

X̌
X̌

X̌
O(GN e2ψ0 )

g

X̌
X̌

Y
X̌
2ψ0
O(GN e )

g

X̌
X̌

X̌
Y

X̌
O(GN e2ψ0 )

X̌
X̌
O(GN e2ψ0 )

Figure 7.1. Leading diagrams (up to one loop) contributing to the two-point function, by
order of relevance. Notice that the last four loop diagrams contribute at the same order,
and we have included the loop correction due to a quartic interaction.

The absence of time derivatives in the kinetic term implies that the propagator
is instantaneous in time. This means that, despite appearances, g is not a propagating degree of freedom. However, when coupled to matter fields, the above
propagator mediates their backreaction.

7.3.4

Field rescaling and diagram analysis

The graviton propagator is proportional to GN (or κ22 ), so we can treat the interactions with the graviton (backreaction) perturbatively. To do so, we rescale the
scalar field X̂ as
r
2κ22
X̌ ,
(7.53)
X̂ →
3e−2ψ0
so that at quadratic order
1 ¯ 2 1 2 2
L2 = − (∇
X̌ 1) − mX X̌ ,
2
2
at cubic order
r
(a)

L3 = −

2κ22
12q 2 e2ψ0
10q(7 + 32q)
3
¯ X̌ )(∇Y)
¯
X̌
−
X̌ (∇
3e−2ψ0 3`22 (1 + 2q)(1 + 12q)
(1 + 2q)2

2ψ0
e2ψ0
(1 + 6q)(9 + 38q − 80q 2 )
¯ X̌ )2 + e
Y (∇
Y X̌ 2 ,
−
2
2`22
(1 + 2q)2 (1 + 12q)

(7.54)

(7.55)

and
(b)

L3 = −

1 (3 + 16q) a 2 1 a ¯ 2 1 ab ¯
¯ b X̌ .
h X̌ − h a (∇X̌ ) + h ∇a X̌ ∇
2`22 (1 + 12q) a
4
2
(a)

(7.56)

The first term in L3 (i.e., the cubic term in X̌ ) is suppressed by a factor of
1/2
κ2 ∝ GN . This term will give the leading behavior of the three-point function.
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X̌

X̌
g

X̌

X̌
X̌

X̌
X̌
O(GN /a)

X̌
X̌
O(GN e2ψ0 )

X̌

X̌

X̌

X̌

X̌

X̌

g

X̌

Y

Y

X̌
X̌
O(GN e2ψ0 )

X̌
X̌
O(GN e2ψ0 )

X̌
X̌
O(GN ae4ψ0 )

Figure 7.2. Leading (tree level) diagrams contributing to the four-point function. The
second, third and fourth diagrams enter at the same order, and they give the next leading
correction to the gravitational backreaction. Notice that the fourth diagram is due to a
quartic coupling.

It will also correct the two-point function via loop diagrams (see Figure 7.1).
Similarly, it will also contribute to the four-point function via an exchange diagram,
but this will be subleading with respect to the graviton exchange (see Figure 7.2).
(a)
The remaining terms in L3 will give a correction to the two-point function, with
Y treated as a background field. These corrections will be suppressed by a factor
of O(ae2ψ0 )  1.7 However, they will be more important than any of the loop
(b)
diagrams, because these will have a factor of GN . Finally, the terms in L3
give a three-point vertex involving one graviton leg, which will give corrections
to the two-point function, again via loop corrections. Additionally, this term will
give the leading behavior of the four-point function. Notice that the graviton
exchange diagram will dominate over an exchange of X̌ because the former will be
proportional to GN /a, while the latter will be proportional to GN e2ψ0 and we are
assuming that a  e−2ψ0 . In addition, there are two type of diagrams that enter
at the same order as the exchange of X̌ : i) a graviton exchange but with one of
the legs sourced by a Y term, and ii) the four point contact diagram. For details,
see the diagrams in Figures 7.1 and 7.2.

1

7.3.5

Two-point functions at order O(G0N )

Let us consider the first two type of diagrams in Figure 7.1, which include the first
effects of Y interacting with X̌ . We follow the procedure outlined in Chapter 6,
which contains the details of this calculation; here we merely state the results.

7 We are being slightly imprecise with the treatment of the dimensionful parameter a. Here
and in subsequent expression we are always measuring a relative to the AdS2 boundary cutoff,
i.e., we have O(arc e2ψ0 )  1 as rc approaches the boundary. For brevity we omit the UV cutoff
rc , but it is implied in this discussion.
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Our bulk theory contains interaction terms between X̌ and Y of the form

Z
1
√ 1
SE2D = d2 x g (∇X̌ )2 + m2X X̌ 2 + λY X̌ X̌ Y X̌ 2
2
2

(7.57)
+ λ̃X̌ (∂ X̌ )(∂Y) X̌ (∇X̌ )(∇Y) + λ̃Y(∂ X̌ )(∂ X̌ ) Y(∇X̌ )2 ,
which are indeed captured by (6.23), with Z = X̌ . We have
m2X ≡

1 6 + 32q
,
`22 1 + 12q

(7.58)

and the coupling constants are
λY X̌ X̌ = −
λ̃X̌ (∂ X̌ )(∂Y) =

e2ψ0 (1 + 6q)(9 + 38q − 80q 2 )
,
2`22 (1 + 2q)2 (1 + 12q)

12q 2 e2ψ0
,
(1 + 2q)2

λ̃Y(∂ X̌ )(∂ X̌ ) =

e2ψ0
.
2

(7.59)

The first diagram in Figure 7.1 is the free one, which leads to the standard CFT
result (6.35); repeating that for convenience, we have with


s
1 + 28
q
1
(2∆ − 1)Γ[∆]
5 
,
∆ ≡ ∆X =
1+5
.
(7.60)
D= √
2
1 + 12q
πΓ[∆ − 12 ]
The second diagram gives the leading order correction that arises from the coupling
to the dilaton. The result of this diagram is given in (6.41) and, when combined
with the free result, yields (6.42). We transcribe the final result here:
#2∆ 
!
"
2
D̃aβ
1
−
2u
/β
π
12
D +
 . (7.61)
2+π
hOX̌ (u1 )OX̌ (u2 )iβ =
β sin πuβ12
2π 2
tan πuβ12
There is a new parameter, D̃, which was defined in (6.37) in terms of generic
cubic couplings, and it was first reported for a generic cubic interaction in [62].
Specializing this formula for our IR theory in (7.55), we obtain:
D̃ = −

h
KY X̌ X̌ e2ψ0
(5 + 40q + 124q 2 + 368q 3 )
2`22 (1 + 2q)2 (1 + 12q)
i
+(1 + 6q)(9 + 38q − 80q 2 ) ,

(7.62)

with KY X̌ X̌ given in (6.38). It can be checked that D > 0, but D̃ can have either
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sign depending on the value of q (or ∆). KY X̌ X̌ has a definite negative sign, but
the term inside the brackets can be positive or negative: D̃ > 0 for q . 2.85
and D̃ < 0 for q & 2.85. Finally, we recall that ∆ decreases monotonically as q
increases (q ∈ [0, ∞]) with the following limits:
3≥∆≥

√
1
(3 + 105) ≈ 2.208 .
6

(7.63)

So X̌ is irrelevant, but never dominates the IR dynamics, which is controlled by
Y. In terms of ∆, it can be checked that D̃ becomes negative in the range
2.235 & ∆ & 2.208 .

(7.64)

Notice that the change in sign occurs only in the presence of a cosmological constant, and hence is a feature of AdS5 black holes. We will comment on the possible
physical interpretation of this result in Section 7.5. For the moment, we remark
that the point where D̃ = 0 corresponds to a regular black hole solution, with finite
angular momentum and mass, hence this change of sign is somewhat unexpected.

7.3.6

Gravitational backreaction

We will now study the imprint of the graviton on the correlation functions. These
(b)
corrections will come from the cubic terms in the Lagrangian denoted by L3 in
(7.43). The two ingredients needed to deal with these terms are the propagators
(both for the scalar and the graviton), which we already described, and the cubic
vertex involving one graviton. We will now derive this vertex, and then proceed
to estimate the corrections on the correlation functions of interest.

Cubic vertex involving one graviton
In order to be able to use the propagator (7.52) we need to express the cubic terms
(7.56) in the same gauge (7.45). We will work in (t, z) coordinates here (to directly
compare our results with those in [69]), so we define
htt = −

`22
(h + g) ,
z2

hzz =

`22
(h + g) .
z2

(7.65)

With these definitions (7.56) becomes
(b)

L3 = −

i m2
z2 h
2
2
g
(∂
X̌
)
+
(∂
X̌
)
− X hX̌ 2 .
t
z
2`22
2
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so the relevant part of the action is
#
"
Z
Z
i `2 m2
√
1 h
(b)
2 X
2
2
2
hX̌ . (7.67)
S2D = dtdz −gL3 = dtdz − g (∂t X̌ ) + (∂z X̌ ) −
2
2z 2
The first part coincides with the last term of equation (3.8) in [69]. In that paper
they considered a massless field, which is why the last term was absent. In that
case, the vertex is given by
(m=0)

VgX̌ 2

= −i(∂t1 ∂t2 + ∂z1 ∂z2 ) ,

(7.68)

where the subscripts 1 and 2 refer to the two external X̌ legs. In our case we
have mX 6= 0, so the last term in (7.66) contributes to the vertex. This term is a
bit problematic because it couples to h instead of g. To deal with this term, we
replace
1
h → g − z(∂z g)
(7.69)
2
and integrating by parts the second term we obtain
!
"
#
Z
Z
`22 m2X
`22 m2X
`22 m2X
2
2
− dtdz
hX̌
= − dtdz
g X̌ +
g X̌ (∂z X̌ ) , (7.70)
2z 2
4z 2
2z
up to total derivatives. This gives a correction to the vertex, such that now
"
#
`22 m2X
`22 m2X 1
1 2
1 2
2
VgX̌ 2 = −i ∂t ∂t + ∂z ∂z +
+
(∂z + ∂z ) .
(7.71)
4z 2
4z
Together with the graviton propagator (7.52), and the propagators for the scalar
X̌ (bulk-to-bulk and bulk-to-boundary) one can then, in principle, evaluate the
desired diagrams, shown in Figures 7.1 and 7.2. In practice, it is preferable to
deal with the effects of the graviton by implementing a suitable diffeomorphism,
which should be equivalent to the diagrammatic approach we described. Indeed,
this seems easier to implement as many of the integrals needed to compute the
diagrams must be done numerically, even for the massless case [69].
Effects on the two- and four-point functions at order O(GN )
The leading correction to the two-point function at order O(GN ) is given by the
third diagram in Figure 7.1. The leading diagram contributing to the four-point
function also involves a graviton exchange, and is shown at the left of Figure 7.2.
As explained above, we can obtain these contributions directly from the diagrams
or, alternatively, we can calculate them from an appropriate diffeomorphism. We
chose the latter approach, because the calculations can be tracked down analyti116
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cally, as shown in e.g. [62, 70]. The calculations are standard, so we relegate the
details to Appendix C.2.
For the two-point function, we find that the leading order correction is of the form
(C.33):
#2∆
"
π
(grav)
hOX (u1 )OX (u2 )iβ
hC(u1 , u2 )i ,
(7.72)
=D
β sin πuβ12
where
"
#2
h

∆
π
12 2πu12
hC(u1 , u2 )i =
− 2π (∆ + 1)
2 + 4∆ + 2πu
πu12
β
β
2πC β sin β


12 2πu12
12
+ 2πu
(
−
2π)∆
−
4∆
−
2
cos 2πu
β
β
β
i

12
12
+ 2 π − 2πu
(2∆ + 1) sin 2πu
β
β

(7.73)

is a combination of two-point correlators of the Schwarzian mode and C is a
constant of proportionality appearing in the effective action, which in our case is
given by
`2 a
`2 a
C = 22 = 2 .
(7.74)
κ2
8πGN
For the four-point exchange diagram one obtains (C.35), which we copy here:
(grav)

hOX (u1 )OX (u2 )OX (u3 )OX (u4 )iβ

=

D2
h
2

hB(u1 , u2 )B(u3 , u4 )i
i2∆h
i2∆ , (7.75)
πu12
πu34
2 sin β
2 sin β

again in terms of a particular combination of correlators of the Schwarzian mode.
Upon analytic continuation, one finds that the OTOC relevant to chaos (C.36)
behaves at late times as
hB(0, t)B(0, t)i ∼

β∆2 2π
e β t,
C

(t  β) ,

(7.76)

with a Lyapunov exponent that saturates the chaos bound [175],
λL =

2π
.
β

(7.77)

As expected via the diagram analysis, both (7.72) and (7.75) are of order O(1/C) ∼
O(GN /a).
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7.4

Interpolation: from UV to IR

In this section we will discuss the imprint of the IR analysis on the asymptotically
5D region. Using the rotating five-dimensional black hole as the background solution, we will quantify how the near-horizon fluctuations from Section 7.3 propagate
to the far region of the black hole. Our main emphasis will be on the deformations
that we identify as the JT sector in the IR region.

7.4.1

Black hole background and near-horizon region

To start, recall that the five-dimensional metric we are considering is of the form
(2)

(5)
gµν
dxµ dxν = eψ+χ gab dxa dxb + R2 e−2ψ+χ dΩ22 + R2 e−2χ (σ 3 + A)2 .

(7.78)

The appropriate values of the fields that define the black hole background are
given by
r̂2
ma2
+
,
4Ξ 2Ξ2 r̂2
r̂2 −χBH
=
,
e
4Ξ
!
a
r̂2
2m
=
− 2 e2χBH dt̂ ,
2R2 Ξ `25
r̂

R2 e−2χBH =
R2 e−2ψBH
ABH

(7.79)

and


(2)

eψ+χ gab dxa dxb



=
BH

dr̂2
∆(r̂) −2ψBH +3χBH 2
dt̂ ,
−
e
∆(r̂)
Ξ

(7.80)

where we introduced
Ξ=1−

a2
,
`25

∆(r̂) = Ξ +

r̂2
2m 2ma2
− 2 +
.
2
`5
r̂
r̂4

(7.81)

Here m and a are constants; they are related to the mass and angular momentum
of the black hole via [143]
M=

3π 2 `25
2π 2 m(4 − Ξ)
+
,
4κ25
κ25
Ξ3

J=

8π 2 ma
.
κ25 Ξ3

(7.82)

Note that the mass includes the contribution from the Casimir energy. This black
hole is a special case of the solutions constructed in [142]. We generally assume the
black hole is asymptotically AdS5 , but the asymptotically flat Myers–Perry black
holes are special cases of our analysis. It is also worth noting that the angular
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momentum J is related to Q in (7.8) as
Q=−

κ22
J .
R2

(7.83)

The interpolation between the IR (AdS2 ) and UV (AdS5 /Minkowski5 ) region is
simplest to discuss for the extremal black hole. At extremality, the parameters of
the black hole obey
s
2a20
r̂02
=
1
+
2
−
`25
`25
2m0
r̂2
= 1 + 20 +
2
r̂0
`5

1+2
s

r̂02
,
`25

(7.84)

r̂2
1 + 2 20 ,
`5

where r̂0 satisfies ∆(r̂0 ) = 0 and ∆(r̂0 )0 = 0; the subscript “0” here denotes
that these are the extremal values of the appropriate parameters. The coordinate
transformation that encodes the decoupling limit is
r̂ = r̂0 + λr ,
λ0
t,
t̂ =
λ
Ω0
ψ̂ = ψ̂IR +
t,
λ
with
λ20 ≡ Ξ `42 e4ψ0 −χ0 ,

Ω0 ≡

`5 p
2q(1 + 8q)e2χ0 λ0 .
R2

(7.85)

(7.86)

The resulting near-horizon geometry obtained by using (7.85) on the AdS5 black
hole, and taking λ → 0, is given by
(5)
gµν
dxµ dxν = eχ0 +ψ0 ḡab dxb dxa + R2 e−2ψ0 +χ0 dΩ22

2
3
+ e−2χ0 σIR
+ Āt dt + O(λ) ,

(7.87)

3
with σIR
= dψ̂IR + cos θdφ. This is precisely the IR solution in (7.16)-(7.17), with
an AdS2 metric as in (7.29). In relation to the notation of Section 7.3.1 we have

r̂02
(1 + 6q)
= 4q
.
`25
(1 + 4q)2

(7.88)

Further details about the near-horizon geometry of the black hole are presented in
Appendix C.1, as well as the generalization to near-extremal black holes. In what
follows, one of our main goals is to interpolate, via the decoupling limit (7.85),
between linear perturbations on (7.78) and those on top of (7.87).
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7.4.2

Recovering the JT sector

From the perspective of the near-horizon (IR) geometry, the elementary role of
the JT field is to deviate the black hole away from extremality [62, 66]. That is, it
increases the mass (or angular momentum) while keeping the angular momentum
(or mass) fixed.8 This change in parameters is done while preserving the topology
and isometries of the event horizon, which in the context of our black hole solution
means that we are preserving the spherical and rotational symmetry of the black
hole. For this reason, it is expected that outside the near-horizon region the JT
field should be identified with a perturbation that changes the conserved quantities
of the black hole plus a diffeomorphism (to preserve a choice of gauge). This has
been illustrated for four-dimensional black holes in [167,176] and here we will carry
out a similar analysis for the five-dimensional solution.
Linear perturbations around the black hole background
Around the black hole background we will consider linear perturbations of the
form
(5)
+  δg (5) ,
(7.89)
g (5) = gBH
with
(5)
(5)
δg (5) ≡ δM,J gBH
+ Lζ gBH
,

(7.90)

and δM,J denotes a change of mass or angular momentum (or both) of the black
hole. The parameter  in (7.89) is simply controlling the order, as in (7.38),
which will be kept linear in this section. We also included a Lie derivative as
part of the perturbations. In particular, we will consider in (7.90) single-valued
diffeomorphisms that preserve the form of (7.78), which are
ζ µ ∂µ = ζ a ∂a + ζ ψ̂ ∂ψ̂ .

(7.91)

Here the components of ζ µ only depend on the two-dimensional coordinates xa .9
In the next few steps we will reorganize the information in (7.90)-(7.91) so its
effect on the two-dimensional fields in (7.78) is more explicit.
It is convenient to introduce the notation
δ ≡ δ − δM,J ,

(7.92)

8 In general, interpreting the JT deformation as an increase of mass or another charge of the
black hole depends on how the nearly AdS2 is embedded in a higher dimensional space and
possible ways of taking a decoupling limit. For our specific 5D solution the straightforward
interpretation is to view the nearly AdS2 deformation as increasing the mass, since J is related
to Q via (7.83), and we are holding Q fixed in Section 7.3.
9 Notice that in (7.91) one could include additional vector fields that would preserve (7.78).
These are the Killing vectors of the S 2 , but they won’t affect any of the subsequent analysis here
(2)
since they don’t induce a change on the two-dimensional variables: the fields ψ, χ, A and gab .
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to single out the portion of the transformation in (7.90) that depends on ζ. Focus(5)
ing first on the angular components of gµν , the left and right hand side of (7.90)
lead to the following relations
ζ r̂ ∂r̂ e−2χBH = δ e−2χ ,
r̂

ζ ∂r̂ e

−2ψBH +χBH

−2ψ+χ

= δe

(7.93)
,

(7.94)

where we used the fact that the black hole is a stationary solution. These equations
relate ζ r̂ to the fluctuations of ψ and χ; more importantly, for perturbations of
the form (7.90) we find the relation
∂r̂ χBH δ ψ = ∂r̂ ψBH δ χ ,

(7.95)

which is one of the characteristic features of perturbations induced by a Lie derivative. The only other two independent relations one gets from (7.90) are
(5)

(5)

(5)

(5)

(5)

(5)

(5)

ζ c ∂c gψ̂a + gψ̂ψ̂ ∂a ζ ψ̂ + gψ̂c ∂a ζ c = δ gψ̂a ,
(5)

(5)

(5)
ζ c ∂c gab + gac
∂b ζ c + gbc ∂a ζ c + gψ̂a ∂b ζ ψ̂ + gψ̂b ∂a ζ ψ̂ = δ gab .

(7.96)

Here and in the following, we omitted the subscript “BH” for compactness, but it
is implied that the metric components are those of the black hole. Using (7.93) and
(7.95) we can simplify these expressions, reducing them to the following expression.
First, from the components along xa in (7.96) we find
(2)

(2)

(2)

(2)
ζ c ∂c gab + gac
∂b ζ c + gbc ∂a ζ c = δ gab ,

(7.97)

which reflects which portion of the five-dimensional diffeomorphism acts as a Lie
derivative on the two-dimensional metric. And, not surprisingly, we also obtain
ζ c ∂c Aa + Ac ∂a ζ c + ∂a ζ ψ̂ = δ Aa ,

(7.98)

describing a Lie derivative plus a U (1) gauge transformation, with ζ ψ̂ the gauge
function, acting on the vector field Aa .
Finally, we should make use of some residual gauge freedom. Without loss of
generality, we will set
(2)
δgt̂r̂ = 0 .
(7.99)
Using the properties of the black hole background, the components of (7.97) then
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lead to
(2)

(2)

gr̂r̂ ∂t̂ ζ r̂ + gt̂t̂ ∂r̂ ζ t̂ = 0 ,
q

q
(2)
(2) r̂
(2)
gr̂r̂ ζ
= δ gr̂r̂ ,
2 gr̂r̂ ∂r̂
(2)

(2)

(7.100)
(7.101)

(2)

ζ r̂ ∂r̂ gt̂t̂ + 2gt̂t̂ ∂t̂ ζ t̂ = δ gt̂t̂ .

(7.102)

The first equation will be used to eliminate ζ t̂ from subsequent equations; the
second equation determines the radial profile of ζ r̂ . The last equation, after using
(7.100), can be written as




(2)
(2)
(2)
δ
g
∂r̂ gt̂t̂ r̂
g
t̂t̂ 
.
(7.103)
∂ 2 ζ r̂ = ∂r̂  (2)
∂r̂  (2) ζ  − 2 r̂r̂
(2) t̂
gt̂t̂
gt̂t̂
gt̂t̂
Recall that ζ r̂ is related to δ χ and δ ψ via (7.93)-(7.95), which will allow us to
interpret (7.101) and (7.103) as equations for δ χ and δ ψ.

Decoupling limit
Next, we will determine the profiles of ζ a that have a well-defined decoupling limit
that can be matched to the IR perturbations in Section 7.3.1. In particular, we
want to relate the equations that determine the UV perturbations
δχ ,

δψ ,

(2)

δgab ,

(7.104)

to the equations that govern the IR perturbations in (7.20),
X ,

Y ,

hab ,

(7.105)

via the decoupling limit (7.85). This means that the UV perturbations should be
thought of as an expansion in λ, which we assume to be well-defined as we reach
the near-horizon region of the black hole. For the scalar perturbations, this implies
that they admit a Taylor expansion of the form
δχ = (δχ)0 +

∞
X

(δχ)n λn ,

δψ = (δψ)0 +

n=1

∞
X

(δψ)n λn ,

(7.106)

n=1

which leads to perturbations that are finite even if we take the strict limit λ → 0.
The two-dimensional metric fluctuations scale as
(2)

(2)

δgr̂r̂ = O(λ−2 ) ,

δgt̂t̂ = O(λ2 ) .
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This assures that the line element, including the linear metric perturbation, is
finite as we approach the IR background via (7.85).
Note that it is possible to also identify the perturbation parameter  in (7.38) and
(7.89) with the decoupling parameter λ, which is discussed partially in [164] for
these black holes. The technical aspects of this discussion follow in a straightforward way if we set  ∼ λ, but as presented here the discussion is more general.
The simplest relation between the IR and UV equations can be established from
(7.95). Using the background values of the black hole in (7.79), and taking the
decoupling limit of it, we obtain
δχ = −

4q
δψ ,
1 + 2q

(7.108)

which agrees with (7.36) provided we identify δ χ with X , and −2e−2ψ0 δ ψ with Y.
However, we should be careful that, as defined in (7.92), the symbol δ encodes the
linear perturbation and a mass change; and we have not specified the interplay
between a change in mass (or angular momentum) with the decoupling limit.
Without loss of generality, we will focus only on changing the mass of the black
hole, while keeping the angular momentum fixed. In this case we have


∂χBH
δ χ = δχ −
δM ,
(7.109)
∂M J
As we take an extremal, or near-extremal limit, the term


κ2 (1 + 14q + 16q 2 − 256q 3 ) 2χ0
∂χBH
= 52
e
+ O(λ) ,
∂M J
16π (1 + 2q)(1 + 6q)(3 + 16q)

(7.110)

remains finite, and a similar expression holds for δ ψ. As we discuss the remaining
equations, we will impose conditions on δM , assuming that δM ∼ (δM )n λn with
n > 1. Then we see that in the strict λ → 0 limit, δ χ = (δχ)0 + O(λ) and
δ ψ = (δψ)0 + O(λ), and hence (7.109) reduces to
(δχ)0 = −

4q
(δψ)0 ,
1 + 2q

(7.111)

in complete agreement with (7.36). Note that we will also have a simple relation
relation among ζ r̂ and the fluctuations: from (7.93)-(7.94) we have
p
q(1 + 6q)
(ζ )0 = −2`5
(δψ)0 ,
1 + 2q
r̂
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where we are expanding
ζ r̂ =

X

(ζ r̂ )n λn .

n≥0

Hence, in the IR, the variables (ζ r̂ )0 , (δχ)0 , and (δψ)0 are related in a simple
manner by constant background factors.
Next we need to analyse (7.101) and (7.103). For these equations the background
(2)
metric components gab have a non-trivial scaling with λ which we now quantify.
From the definitions in (7.80)-(7.81) we have
(2)

gr̂r̂ = ḡrr λ−2 + O(λ−1 ) ,

(2)

gt̂t̂ = ḡtt

λ2
+ O(λ) ,
λ20

(7.113)

where ḡab is the two-dimensional AdS2 metric in (7.29). The effect of changing
the mass, while keeping the angular momentum fixed, reads
(2)

δM gr̂r̂ = λ−4
(2)

δM gt̂t̂ =
with
m≡

`42
m δM + O(λ−3 ) ,
r4

m −4ψ0 +χ0
e
δM + O(λ) ,
Ξ

κ25 1 + 6q ψ0 +3χ0
e
.
4π 2 R2 1 + 2q

(7.114)

(7.115)

Replacing (7.113) and (7.114) in (7.101) and (7.103), we see that the leading λ
behavior of these equations becomes
2λ−3

p

p
`4
(2)
ḡrr ∂r
ḡrr (ζ r̂ )0 = δgr̂r̂ − λ−4 24 m δM ,
r

(7.116)

and
λ−2 ∂r



∂r ḡtt r̂
(ζ )0
ḡtt





(2)
δg
ḡ
rr
− 2λ−2
∂ 2 (ζ r̂ )0 = λ−3 λ20 ∂r  t̂t̂ 
ḡtt t
ḡtt
 
1
− λ−3 `42 ∂r
m δM .
ḡtt

(7.117)

What we observe from these equations is the following. First, given the scaling
(2)
(2)
with λ in (7.107), δgr̂r̂ and δgt̂t̂ drop at leading order in these two equations.
Second, if we take δM ∼ λ then the mass change survives in both (7.116) and
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(7.117); the resulting equations we obtain are


1
∂r
∂t (ζ r̂ )0 = 0 ,
r
r2 ∂r2 (ζ r̂ )0

r̂

(7.118)

r̂

+ r∂r (ζ )0 − (ζ )0 = 0 ,

where we took a time and radial derivative to eliminate δM in (7.116), and we are
also using (7.29) for ḡab . Using these results, we find from (7.117)
∂t2 (ζ r̂ )0 − r3 ∂r (ζ r̂ )0 + r2 (ζ r̂ )0 = 0 .

(7.119)

Equations (7.118)-(7.119) are the components of the JT equation (7.37) for AdS2
in Poincaré coordinates. Since (ζ r̂ )0 has a simple relation to (δχ)0 and (δψ)0
via (7.111)-(7.112), we have captured the dynamics of the JT sector matching
perfectly the IR relations in Section 7.3.1. In particular we have
X = (δχ)0 ,

Y = −2e−2ψ0 (δψ)0 ,

(7.120)

which are tied to the radial component of the UV diffeomorphism via (7.112). It is
important to stress that although the JT sector is recovered from a change of mass
plus a Lie derivative in the UV, the decoupling limit tampers with this origin: in
the IR, the JT sector is not accounted for by diffeomorphisms plus a change of
mass on the AdS2 background.
One portion of the IR equations that we have not addressed so far is the equation
for the two-dimensional metric perturbations: how to obtain (7.31) from the UV
equations (7.101)-(7.103). The metric perturbations are subleading in (7.117) and
(7.116), and to extract the appropriate IR equations one simply needs to quantify
subleading terms in λ appearing in these equations. A tedious, but straightforward
analysis, shows agreement with (7.31).
Finally, one should also inspect (7.98) to ensure that the gauge field Aa has a
well-defined behavior as we take the decoupling limit. Since ζ r̂ and ζ t̂ are already
determined from the JT sector, the requirements one would deduce from (7.98)
will fix the decoupling behavior of ζ ψ̂ . The explicit form of ζ ψ̂ will not be needed
for our subsequent analysis here, since our focus is only on the JT sector. But it
would be interesting to decode its possible behavior in future work: as illustrated
recently in [172], one can impose different boundary conditions on gauge fields in
the IR, and this leads to different holographic interpretations.
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7.4.3

UV imprint of δM g (5) = 0
BH

In the prior analysis we discussed how the UV equations governing the perturbations of the form (7.90) reduce to the equations of motion that govern the JT
sector in accordance to our results in Section 7.3.1. Now, we want to explicitly
construct solutions to the UV equations and quantify how they behave from the
perspective of the AdS5 boundary.
(5)

To simplify the analysis we will solve the system when δM gBH = 0, illustrating
the role of the diffeomorphisms in (7.89)-(7.90). We will further impose the radial
(5)
gauge δgr̂r̂ = 0, which will ease a comparison with the Fefferman-Graham expansion of AdS5 , although other choices are of course perfectly reasonable. In this
setup, equations (7.101) and (7.103) simplify to

q
(2) r̂
ψ
+χ
BH
BH
∂r̂
e
gr̂r̂ ζ
=0,




(7.121)
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∂
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=
∂
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(2) t̂
(2)
gt̂t̂
gt̂t̂
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The first equation is straightforward to solve: using (7.80), we obtain
p
ζ r̂ = d1 (t̂) ∆(r̂) .

(7.122)

Here d1 (t̂) is not completely arbitrary: we want this function to have a well-defined
decoupling limit that matches (ζ r̂ )0 as λ → 0, and hence complies with (7.118)(7.119). This constrains the behavior of this function to be of the form
d1 (t̂) =

λ0
(d− + d0 t) + O(λ0 ) ,
λ

(7.123)

where we are using the relations in (7.85); here d− and d0 are constants. Notice
that we are expressing d1 (t̂) in terms of the IR time t; in this form, its scaling with
λ is most transparent. This profile for ζ r̂ then, via (7.112) and (7.120), leads to
the solution of the JT equations in (7.34) with
Y(r, t) = c− r + c0 rt ,

(7.124)

which implies that we are only turning on two of the three sl(2) charges in the IR.
From the second equation in (7.121), we find


Z
(2)
g
(2)
(2)
(2)
(2)
∂ 2 ζ r̂  .
(7.125)
δgt̂t̂ = ∂r̂ gt̂t̂ ζ r̂ + gt̂t̂ d2 (t̂) − 2gt̂t̂
dr̂  r̂r̂
(2) t̂
gt̂t̂
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7.4. Interpolation: from UV to IR
The function d2 (t̂) is also not completely arbitrary: by demanding that (7.125)
scales as (7.107) in the IR, we find
d2 (t̂) = −

1
1
2 λ0
(d− + d0 t) e− 2 ψ0 − 2 χ0 + O(λ0 ) .
`2 λ

(7.126)

Next, let us quantify the imprint of (7.122) in the far AdS5 region. Here it will
be important to make our comparisons relative to the background metric for the
black hole (7.78)-(7.80), which as r̂ → ∞ behaves like

!2 
2
2
2
a
r̂  dt̂
1
1
dr̂
(5)
− 2 + dΩ22 +
σ3 + 2 2 dt̂  + · · · (7.127)
gµν
dxµ dxν = `25 2 +
r̂
Ξ
`5
4
4
`5
where the dots are subleading terms in r̂. The term in square brackets is the
boundary metric, which in this case is a co-rotating frame relative to a static
frame defined by global AdS5 .
Writing out the effect of (7.122) on the metric components of (7.89), the effect on
the size of S 2 and the fibration are
(5)

r̂2
d1 (t̂) + · · · ,
2`5 Ξ
r̂2
d1 (t̂) + · · · .
= R2 ζ r̂ ∂r̂ e−2ψBH +χBH =
2`5 Ξ

δgψ̂ψ̂ = R2 ζ r̂ ∂r̂ e−2χBH =
(5)

δgθ̂θ̂

(7.128)

where we are expanding these expressions for large r̂, i.e., near the AdS5 boundary.
From (7.122) and (7.128) the effect of the radial diffeomorphism is clear: we are
doing a Weyl transformation of the AdS5 boundary metric, with the Weyl factor
being (1 +  2d`15(t) ). This is also reflected on the time components of the boundary
metric, although some care is needed since the boundary is squashed. For the time
components, there is also a re-scaling by (1 +  2d`15(t) ), and in addition d2 (t̂) acts
as an extra reparametrization of the boundary time. To be more explicit, we find
!
r2 2d1 (t̂)
(5)
+ d2 (t̂) + · · ·
(7.129)
δgt̂t̂ = − 2
`5
`5
(5)

and an analogous expression for δgt̂ψ̂ . Note that in this expression we have not
included the contribution from ζ ψ̂ , which would act as a shift of σ3 . It is rather
unexpected and interesting that the diffeomorphism that behaves smoothly in
the IR corresponds to conformal transformations of the AdS5 boundary metric.
However, if we take λ → 0 in (7.128) and (7.129) while keeping (r̂, t̂, ψ̂) fixed, the
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constant pieces of d1 (t̂) and d2 (t̂) blow up, so these expressions are sensitive to
the decoupling parameter λ and one should be careful with the limits. The most
simple outcome is to just set d− = 0, and hence this part of the JT sector does
not extend to the exterior geometry.
It is interesting to compare this to e.g. [173] where the interpolation is between
AdS3 and AdS5 . In that case, the boundary gravitons of AdS5 simply contribute
to the UV boundary stress tensor, which is a subleading effect in comparison to
(7.128). Also there the interpolation is in reverse: the map in [173] is between large
diffeomorphisms of AdS3 to propagating gravitational modes in AdS5 , while here
the diffeomorphisms lay on the AdS5 region. It would be interesting to confirm
that our conclusion here is not an artifact of a choice of gauge, but a robust
interpretation of the JT sector in the UV of AdS5 .
The imprint is different if the UV region is instead asymptotically flat. For the
case of zero cosmological constant, `5 → ∞, we can follow a similar procedure to
study the behavior of ζ in the asymptotic region. In this case the large r̂ behavior
is
r̂2
r̂2
(5)
gµν
dxµ dxν = −dt̂2 + dr̂2 + dΩ22 + σ32 + · · · ,
(7.130)
4
4
which is just R1,4 . The procedure is completely analogous; one can simply use
ζΛr̂ 5 =0 = d1 (t̂)

q

lim ∆(r̂) .

`5 →∞

(7.131)

As a representative example of the behavior we find, consider


(5)
δ gψ̂ψ̂

Λ5 =0

= R2 ζΛr̂ 5 =0 ∂r̂ e−2χBH =

r̂
d1 (t̂) + · · · ,
2

(7.132)

which is subleading in the large r̂ expansion. The other components of the Lie
derivative of the metric are as well subleading in a large r̂ expansion relative to
(7.130). It would be interesting to investigate from an asymptotic symmetry group
analysis of R1,4 if the falloffs here give rise to well-defined Iyer–Wald charges.
Although they are subleading, it is possible that these falloffs are still singular
transformations which forces one to set d1,2 (t̂) equal to zero. This scenario would
imply that only the mass deformation piece of the JT sector is physical from the
perspective of the UV, and the other two sl(2) modes in Y would be unphysical.
This is not necessarily a negative outcome, and we refer to [62] for a discussion
on why part of the sl(2) modes should be gauged from the perspective of the
Schwarzian action.
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7.5

Discussion

In this last section we will discuss the implications of our findings, with particular
emphasis on future directions that are interesting to explore. In a nutshell, our
main results are two-fold. In Section 7.3, we focused on interacting aspects of
the nearly AdS2 region; we found a region of the parameter q for which D̃, which
parametrizes the correction to the two-point function, flips sign. This occurs only
when the black hole is embedded in AdS5 . In Section 7.4 we have explicitly shown
how a perturbation in the IR propagates all the way in the UV region; i.e., we found
the effect of the solutions for X , Y, hab on the complete black hole solution. In
both directions we have found precise quantitative differences between embedding
the black hole in AdS5 versus Minkowski5 , which are worth exploring further.
Before delving into the detailed discussion of our results, let us mention that our
formalism can be applied in several other contexts. For example, considering
charged black holes such as those in [177] should be feasible, and an interesting
case to study the interplay of charge and rotation. Another direction is to study
rotating four-dimensional black holes, including Kerr-Newman and Kaluza-Klein
black holes [178], although the near-horizon perturbations in that case assume a
much more complicated form [167,179].10 Moreover, the methods described in this
chapter may possibly be used in the context of dS2 JT gravity, to understand parts
of the space of near-dS2 deformations (perhaps carefully considering appropriate
analytic continuations). One could consider the near-Nariai limit of dS4 black
holes with small rotation parameter and investigate the effect of a small rotation
parameter on the near-dS2 ; see, for instance, [99] for a study of the interplay
between the IR JT gravity and the UV 4D Schwarzschild–de Sitter.
Stability properties of rotating AdS5 black holes
A natural question to ask is what the imprint of the change of sign of D̃ in (7.62)
is on the full UV solution. It could for instance be related to the thermodynamic
stability and/or the quasinormal modes of the gravitational solutions. Many aspects of the thermodynamics and stability of rotating AdS5 solutions have been
examined in the past, and there are a few possible options that we analyzed.
First of all, for sufficiently low angular momentum, in the ensemble of fixed temperature and angular momentum J, five-dimensional black holes undergo a liquidgas-like phase transition [180] similar to those found in [181, 182]. This process
manifests itself in a discontinuous first derivative of the free energy: at this point,
small (with respect to the AdS radius) black holes turn into large ones. The phase
transition happens at sufficiently low angular momentum, and the onset in our
10 To overcome the challenges of more general rotating solutions, one could consider treating
rotation as a perturbative parameter as was done in [67, 68, 163].
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parametrization is for q ∼ 0.02, which corresponds to a much smaller value of angular momentum with respect to the location where D̃ changes sign. Therefore we
rule out a possible relation between the two phenomena. Similarly, a possible relation to an instability connecting rotating AdS5 black holes and an AdS black ring
is also likely to be excluded.11 While AdS5 thin black rings were constructed via
approximate methods in [184], recent studies seem to exclude extremal AdS5 black
rings in Einstein-Maxwell-Λ theories [185, 186]. The effective IR theory describing
these objects would be of the same form as our effective AdS2 description, due to
a five-dimensional decomposition similar to that performed in Section 7.2. While
other types of solutions (e.g., extremal black saturns) are not to be excluded, we
are not in the position to claim that they will be directly relevant for our UV
interpretation of the change in sign in D̃.
In [187, 188] a master equation for the metric perturbations relevant for the study
of stability of rotating five-dimensional black holes was provided. The subsequent
analysis of AdS5 × S 5 black holes of [189] found two kinds of classical instabilities:
the superradiant and the Gregory–Laflamme instabilities. The first instability is
caused by wave amplification via superradiance, and by wave reflection due to the
gravitational AdS potential. In Appendix C.1.2, we show that our (near-)extremal
black holes are unstable against superradiance for any value of the extremal mass,
and thus this instability does not reflect the change of sign in D̃. The Gregory–
Laflamme instability appears instead in the Kaluza–Klein modes of the internal
manifold S 5 . This instability affects a region of parameter space that is disconnected from the extremal black hole; therefore it is triggered by a (possibly) small
departure from zero-temperature. Our analysis is slightly different, because it does
not involve the KK modes of the internal manifold: the reduction to two dimensions is performed directly on the five-dimensional theory. It would nevertheless be
interesting to investigate a possible relation between D̃ and this type of instability.
Finally, one could wonder if the change in sign of the correction to the two-point
function could be reflected in the quasinormal modes (QNMs) spectrum of the
black hole. The latter were investigated for instance in [190], where the shear
viscosity and various other transport coefficients were computed holographically
from Kerr-AdS5 black holes, by computing the QNMs associated with three sectors
of decoupled perturbations (tensor, vector, scalar). It is known that for rotating
black holes part of the frequency spectrum bifurcates near extremality into what
is called “zero-damping modes” and “damped modes” (see for example [191]). It
would be very interesting to try to formulate a more direct relation between these
QNMs and the two-point functions of the 2D effective theory.
11 In [183] an instability of asymptotically flat black holes with large angular momentum (“ultraspinning” black holes) was detected. However, in our case the angular momentum parameter
a is bounded from above by `5 ; therefore their analysis is not directly applicable.
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Holographic dual interpretation
It is also interesting to ask what a microscopic dual description of our gravitational system may look like. Several aspects of JT gravity are well described by
a particular integrable limit of a class of SYK-like models [155, 157–159], and for
this reason it is worth placing our results in that context. The original SYK-model
is a zero-dimensional quantum mechanics model of N  1 Majorana fermions ψi
with all-to-all four-fermion interactions:
X
H=−
Jjklm ψj ψk ψl ψm ,
{ψj , ψk } = δjk .
(7.133)
j<k<l<m

The couplings Jjklm are independent random variables with zero mean, Jjklm = 0,
and fixed variance
3!
2
Jjklm
= 3 J2 ,
(7.134)
N
where J is a characteristic energy scale. A slight generalization that involves q
fermion interactions (for even q ) is given by
H = (i)q /2

X

Jj1 ...jq ψj1 · · · ψjq ,

Jj21 ...jq =

j1 <···<jq

(qq − 1)! 2
J .
N q −1

(7.135)

These are referred to as the q SYK models and can be solved in the N → ∞ limit
using dynamical mean field theory. At infinite q , the system exhibits an emergent
conformal symmetry. One recovers the standard two-point function (for bilinear,
primary, O(N ) singlet operators) that normally follows from an AdS2 fixed point,
Gc (u) =

1
1
,
2 |J u|2∆

J ≡

√ J
q q −1 .
2 2

(7.136)

Interestingly, at finite q one gets a series of corrections of the form [155],


2 1
G(u) = Gc (u) 1 −
+ ··· .
(7.137)
q J |u|
At finite temperature the corrections acquire the same functional dependence as
our result (7.61):




2 1
π − 2π|u|/β
G(u) = Gc (u) 1 −
2+
+
·
·
·
.
(7.138)
q βJ
tan π|u|
β
We note, however, that the sign of the correction for this type of models is completely fixed, while in our case D̃ in (7.62) can be either positive or negative,
depending on the value of q that defines the extremal solution.
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To understand this feature and possibly come up with a microscopic model dual
to our two-dimensional system, we should look at the precise mapping between
SYK and its bulk dual [161]. The holographic dual to pure SYK should contain
an infinite tower of massive particles dual to singlet operators of the form [160]
On =

N
X

ψi ∂u1+2n ψi .

(7.139)

i=1

The standard AdS/CFT dictionary then dictates that each of these operators
corresponds to a bulk scalar field φn , with mass determined by its (IR) conformal
dimension ∆n , according to m2n `22 = ∆n (∆n − 1). The couplings between these
scalar fields could then be determined from various correlation functions of the
composite operators On [161]. In particular, two-point functions hOn (u1 )On (u2 )i,
or equivalently, fermion four-point functions, such as
D
E
X
N −2
ψi (u1 )ψi (u1 )ψj (u2 )ψj (u2 ) ,
(7.140)
i,j

suffice to determine the masses mi . Likewise, three-point functions of On , or
fermion six-point functions, are enough to determine the bulk cubic couplings, e.g.
√1 λnmk φn φm φk . Thus, it is clear that to come up with a microscopic model that
N
can reproduce our corrected two-point function (7.61) we should modify the pure
SYK to allow for more general fermion six-point functions. It should also allow
for operators that reproduce the conformal dimension of our squashing mode X ,
which is an irrational number (cf. (7.41)).
Models that could potentially lead to such modifications include those with the
possible addition of extra fermion flavors [192, 193], or scalars, such as the supersymmetric generalizations of SYK and their extensions [194–196]. However, to
our knowledge, none of these models lead exactly to a correction of the two-point
function with the functional dependence of q appearing in (7.61). It would be very
interesting to understand this problem in more detail and to engineer a model that
could reproduce our gravitational results.
One way we could engineer an SYK-like model that captures these features is to
look at supersymmetric black holes in AdS5 . This would entail incorporating the
presence of gauge fields in our five-dimensional Lagrangian, so that the black hole
solutions can carry electromagnetic charges. This setup can accommodate, among
others, for extremal supersymmetric rotating black holes in AdS5 [197], for which
a microstate counting procedure is available in the context of the AdS5 /CFT4
correspondence. It would be interesting to study near-extremal deformations of
the latter solutions in connection to nearly AdS2 holography.
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Black Holes in
N = 2 4D Supergravity

In this chapter, I present the work done in [4], in which we described holographic
properties of near-AdS2 spacetimes that arise within spherically symmetric configurations of N = 2 4D U (1)4 supergravity, for both gauged and ungauged theories.
These theories allow four-dimensional black hole solutions; a non-BPS gauged example, and its near-extremal thermodynamic response, was considered in Section
6.1.2. In [4], we focused on the near-AdS2 dynamics, and our goal was to show,
using the procedure outlined in Section 6.2, that the spectrum of operators dual
to the matter fields, and their cubic interactions, are sensitive to properties of the
background and the theory it is embedded in.

8.1

Introduction

Recent years have seen great progress in understanding the quantum properties
of black holes in the context of the AdS/CFT correspondence. While the universal nature of the Bekenstein–Hawking area-law reflects that there should be a
commonality in the statistical origin of their entropy, this might not be the case
for a refined description. Our goal here is to underscore aspects of black holes
that are not universal, despite their shared semiclassical features. In particular we
will bring to light concise holographic data that are sensitive to the surrounding
theory that fosters the black hole and to the interplay of the theory content with
properties of the background.
Our analysis is embedded in the developments coined as the near-AdS2 /near-CFT1
correspondence [62, 66]. This instance of holography describes deformations away
from an idealized AdS2 geometry, which are relevant to construct a holographic
description of the near-horizon region of near-extremal black holes. One of the
most prominent results of near-AdS2 /near-CFT1 was to show that the leading
gravitational backreaction, which defines near-AdS2 , is universally encoded in twodimensional Jackiw–Teitelboim (JT) gravity [64,65]. This is the commonality that
is nowadays used to decode quantum properties of black holes. Building on these
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developments, here we wish to further decode what other degrees of freedom appear
as one backreacts the geometry, and how these degrees of freedom interact with
the JT sector. In particular we will report on the spectrum of fluctuations in the
near-horizon region, which we translate to the spectrum of operators in the CFT1 ,
and cubic interactions among these fluctuations.
We will focus on some of the simplest scenarios of near-AdS2 that one might expect
to lead to a UV-complete description in string theory: backgrounds that arise as
solutions to a four-dimensional supergravity theory and connect to suitable nearextremal black holes therein. With regard to these theories, we will study solutions
of four-dimensional N = 2 supergravity, covering both gauged and ungauged cases
which we describe in more detail below. The overarching feature of these theories
is that they contain four U (1) gauge fields and six real scalar fields (with three
of them being axions). We will consider configurations in four dimensions that
respect spherical symmetry, where the extremal near-horizon region is precisely
AdS2 ×S 2 . This makes it possible to build an effective two-dimensional description
by integrating out the 2-sphere, and tie our results to the features of JT gravity
in a simple manner.
The strategy presented here is as follows. We will start with an AdS2 × S 2 background that solves the equations of four-dimensional N = 2 supergravity. We
will first proceed to study linearized perturbations around this background that
preserve spherical symmetry. From here we will single out the JT sector, which encodes the features of near-AdS2 ; we will also organize the remaining perturbations
according to their scaling dimension, and interpret them as dual operators. The
second step is to characterize the cubic interactions among these operators and
the JT sector, and quantify the leading correction of their two-point functions due
to these interactions. This closely follows the analysis in [3], and is also mentioned
in [62, 154].
There are two important features that have the biggest imprint on our analysis.
The first one is the “background”: our starting point is an AdS2 solution, characterized by a set of electric and magnetic charges, and the six scalar fields are
controlled by the attractor mechanism [146–153]. As we consider different AdS2
backgrounds in the gauged and ungauged theory, the most important feature of
each background is if the solution preserves supersymmetry, i.e., if the extremal
black hole is BPS or non-BPS.1 The spectrum of operators is highly sensitive
to this feature. In the ungauged theory, the non-BPS black holes will contain
marginal operators, which is a direct consequence of having a flat direction in
1 BPS stands for saturation of the Bogomolnyi-Prasad-Sommerfield bound, which here we use
to denote that the solution preserves a fraction of supersymmetry. Non-BPS denotes that the
solution preserves no supersymmetry.
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the attractor mechanism [198]; these operators will lead to extremal three-point
correlators that are pathological. On the other hand, the operators in the BPS
branch in the ungauged theory all have conformal dimension ∆ = 2, placing them
on similar footing to the JT sector, in agreement with the nAttractor proposed
in [145]. For the gauged theory, non-BPS AdS2 backgrounds have modes that violate the Breitenlohner-Freedman (BF) stability bound in AdS2 [199], which signals
an instability along the lines of [200]. BPS black holes, in contrast, do not exhibit
these instabilities, nor do they contain marginal operators.
The second crucial feature comes from the “surrounding”: the theory within which
the solution is embedded. Here it is important to account for all scalar fields
present in the truncation, and if the theory is gauged or ungauged. The presence
of the cosmological constant in the gauged theory, in comparison to the ungauged
theory, tends to lower the conformal dimensions of the operators. For non-BPS
backgrounds, this leads to the BF instabilities aforementioned, which are unique to
the gauged theory. For BPS backgrounds, the gauged theory will contain relevant
operators, and irrelevant ones that have 1 < ∆ < 3/2; the presence of this matter
content indicates that the Schwarzian mode of JT gravity is not supposed to be
the dominant effect (see [62]). The behavior of the interactions is also rather
different: for the backgrounds in the gauged theory the cubic couplings allow for
both positive and negative signs, depending on the conformal dimensions of the
fields, while in the ungauged theory they have definite signs.
Although we are restricting the discussion here to AdS2 × S 2 near-horizon backgrounds, relevant for static dyonic black holes, we will only discuss certain solutions. Their properties and relation to extremal black holes are the following.
• BPS branch, ungauged theory: our analysis covers the most general
dyonic solution with four magnetic and four electric charges. We will follow
conventions of [201], where the corresponding black hole solution is described
in detail. A more recent discussion on extremal dyonic black holes can be
found in [202].
• Non-BPS branch, ungauged theory: we will cover a large class of nonBPS solutions, but with certain limitations since the attractor equations
generically admit non-linear solutions. The corresponding black hole solution
will again follow [201], and prior works of interest here include [150,203,204]
and references therein.
• Magnetic, BPS, gauged theory: these are backgrounds that carry four
magnetic charges, and preserve supersymmetry. The corresponding black
holes were first constructed in [205], and accounting for the Bekenstein–
Hawking entropy in AdS4 /CFT3 was first done in [206].
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• Magnetic, non-BPS, gauged theory: we focus on magnetic solutions
that smoothly interpolate from the gauged to the ungauged theory, and
hence are not supersymmetric within AdS4 . These black holes date back
to [207], and our conventions follow [144].
• Dyonic, non-BPS, gauged theory: to illustrate the effects of dyonic
backgrounds in the gauged theory, we consider a simple case with only one
electric and one magnetic charge. The corresponding black hole is in [144].
As reflected by this list, static black holes embedded in AdS4 are notoriously more
difficult to construct and analyse, which is the reason that our examples in the
gauged theory are more limited. Other solutions that we are not considering here,
but are worth investigating, are the most general dyonic static BPS black holes
in AdS4 gauged supergravity [208, 209]—with their statistical interpretation via
the dual CFT done in [210]. There are as well many other non-BPS solutions in
the gauged theory, see e.g. [144, 211], and one could also consider near-horizon
geometries of the form AdS2 × Σg , with Σg a two-dimensional Riemann surface of
genus g, which we will not do here.
In the context of near-AdS2 /near-CFT1 , and its ties to near-extremal black holes,
the Reissner–Nordström solution was an important lamppost in these developments. Some of the original references are [69,212], which also include dyonic cases.
An important generalization here is to embed these solutions carefully within a
supergravity theory, and quantify the effects that the background and surrounding have on the dictionary that dictates properties of the near-CFT1 .2 These
properties, the spectrum of operators and interactions, show to us how building
a statistical interpretation of the different cases explored here is already highly
non-trivial, and it will require a more intricate dual description—in comparison to
the SYK-like models studied in, for instance, [192–196].
This chapter is organized as follows. We start in Section 8.2 by introducing the
four-dimensional N = 2 supergravity theory and its field content, and the dimensional reduction to AdS2 ×S 2 . In Section 8.3 we describe general aspects of the
near-AdS2 analysis. We discuss the AdS2 background and the attractor mechanism, and study linearized perturbations of the dilaton, scalar fields and the metric
around this background. We single out the JT sector, and discuss the cubic interactions of the matter fields with this sector. We quantify the correction of these
interactions on the two-point functions of the matter fields. In Section 8.4 we evaluate these expressions explicitly for the ungauged theory. We classify the solutions
2 At extremality, a recent analysis of AdS × S 2 solutions of N = 2 ungauged supergravity
2
viewed from the perspective of the 2D gravity can be found in [213], which includes higher derivative corrections. An excellent review, using the technology of the quantum entropy function, is
presented in [214].
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according to them being BPS or non-BPS, and contrast the responses of the nearAdS2 region and the corrections to the two-point functions in both branches. As
mentioned above, we find that fluctuations around BPS backgrounds comply with
the nAttractor mechanism, but for non-BPS solutions we find a marginal operator corresponding to a flat direction in the attractor mechanism. For non-BPS
backgrounds we find non-vanishing cubic couplings for certain extremal correlators, and discuss the repercussions of this pathology. In seciton 8.5 we consider
some special cases in the gauged theory: purely magnetic solutions, both BPS and
non-BPS, and a dyonic non-BPS solution with a single charge. We classify the
non-universal features at the level of the spectrum of operators and the interactions. We end in Section 8.6 with a careful discussion of our results, and discuss
future directions. We also included four appendices: in Appendix D.1 we gather
some basic conventions and notation; in Appendix D.2 we collect explicit formulas
necessary to integrate out the field strengths for our U (1)4 supergravity theory,
and the attractor solutions for this theory (for general charges and purely magnetic solutions). In Appendix D.3 we give explicit expressions for the linearized
equations and interactions for purely magnetic (BPS and non-BPS) backgrounds.
Finally, in Appendix D.4 we explain how to set up the extremal limit for both
BPS and non-BPS black hole solutions, and give a numerical example illustrating
the appearance of a flat direction in the linear response.

8.2

Two-dimensional effective field theory

8.2.1

N = 2 U (1)4 gauged supergravity

Our analysis is centered around bosonic solutions to N = 2 U (1)4 gauged supergravity in four dimensions. This theory can be viewed as an Abelian truncation
to the Cartan subgroup U (1)4 of N = 8 SO(8) gauged supergravity [207]. Our
conventions follow those in [144], which we quickly summarize here. Note that
these conventions differ in very minor ways relative to e.g. [207, 215], where the
definitions of the scalar fields are slightly different relative to the description here.
The basic ingredients of this supergravity theory are the following. The bosonic
(4)
fields are the metric gµν , six real scalar fields, and four gauge fields. The scalar
fields are split into three dilatons ϕi , and three axions χi , with i = 1, 2, 3; the
gauge fields are AI with I = 1, 2, 3, 4. Because we are in four dimensions, the
gauge fields can be dualized and there are several formulations of the action; the
dual gauge field will be denoted as ÃI , and the corresponding field strengths are
F I = dAI ,

F̃I = dÃI .
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To describe the dynamical aspects of the theory, we will use here the dual formulation as described in [144], where the action is given by
Z
p
1
I4D =
(8.2)
d4 x −g (4) L4D ,
16πG4
and
3
3 


X
1 X
(∂ϕi )2 + e2ϕi (∂χi )2 + g 2
2 cosh ϕi + χ2i eϕi
2 i=1
i=1

1 −ϕ1  ϕ2 +ϕ3 1 2
ϕ2 −ϕ3
2
e
(F ) + e
(F̃2 ) + e−ϕ2 +ϕ3 (F̃3 )2 + e−ϕ2 −ϕ3 (F 4 )2
− e
4


1
1
4
− χ1 µναβ Fµν
Fαβ
+ F̃2µν F̃3αβ .
(8.3)
4

L4D = R(4) −

Here g is a real gauge-coupling constant, which effectively acts as a negative cosmological constant; setting g = 0 gives rise to the STU model in ungauged supergravity. The calligraphic field strengths are related to those in (8.1) via
F 1 = F 1 + χ3 F̃2 + χ2 F̃3 − χ2 χ3 F 4 ,
F̃2 = F̃2 − χ2 F 4 ,
F̃3 = F̃3 − χ3 F 4 ,

(8.4)

F4 = F 4 ,
where two of our gauge fields (F̃2 , F̃3 ) are treated in terms of their duals. It will
be useful to rewrite the terms involving field strengths in (8.3) as
L4D = R(4) −

3
3 


X
1 X
(∂ϕi )2 + e2ϕi (∂χi )2 + g 2
2 cosh ϕi + χ2i eϕi
2 i=1
i=1

(8.5)

1
1
− kIJ FIµν FJµν + hIJ µναβ FIµν FJαβ .
4
4
We have introduced some notation to reflect that we are in a mixed situation where
some fields are dualized: in our case of interest, we have
FI ≡ (F 1 , F̃2 , F̃3 , F 4 ) .

(8.6)

Expressions for the matrices kIJ and hIJ in terms of ϕi and χi are written in
Appendix D.2.
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8.2.2

Dimensional reduction

In the following, we will perform the dimensional reduction of bosonic solutions
to N = 2 U (1)4 gauged supergravity that preserve spherical symmetry. The
outcome of this subsection is an effective two-dimensional action that fully captures
the dynamics of four-dimensional spherically symmetric backgrounds. There are
several references that perform an analysis similar to ours. We will mostly follow
[145] for the treatment of the gauge fields, and the metric will be treated as in,
e.g., [212].
We will write backgrounds that preserve spherical symmetry as
ds4 =



1
gab dxa dxb + Φ2 (x) dθ2 + sin2 θdφ2 .
Φ(x)

(8.7)

Here xa are two-dimensional coordinates, with a, b = 0, 1, and gab is the two dimensional metric.3 The scalar Φ(x) is the radius of the 2-sphere, and it is also
introduced as a conformal factor for gab . The relative powers of Φ in (8.7) are selected such that the four-dimensional Ricci scalar is related to its two-dimensional
counterpart as
2
3
(8.8)
R(4) = ΦR(2) + 2 − g ab ∇a (Φ∇b Φ) .
Φ
Φ
The last term here will correspond to a total derivative when replaced back in (8.2),
and hence there will be no explicit kinetic terms for Φ(x) in our final answer; Φ(x)
will be referred to as the dilaton. In the following, we will discuss the remaining
matter fields—four field strengths and six scalars—and write the resulting twodimensional theory obtained by placing (8.2) on the background (8.7). We are
also only focusing on the so-called s-wave sector of the theory, which implies that
the matter fields will respect the isometries of the 2-sphere made manifest in (8.7).
For the six scalars (ϕi , χi ), this means we will assume they only depend on xa .
Next, we focus on the field strengths supported by the background (8.7). Because
of the spherical symmetry, and since the spacetime is a direct product, one can
solve in full generality for the field strengths that respect this structure, i.e., one
can integrate them out. To be concrete, the general two-form that conforms with
the symmetries of (8.7) will be of the form
F I = (· · · )ab dxa ∧ dxb − P I sin θdθ ∧ dφ ,

(8.9)

F̃I = (· · · )ab dxa ∧ dxb + QI sin θdθ ∧ dφ .

(8.10)

and

3 In the following, x will be a shorthand referring to the two-dimensional coordinates xa , and
not the four-dimensional coordinates xµ . For example, Φ(x) ≡ Φ(xa ).
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Here ab is the epsilon tensor for gab . Note that sin θdθ ∧ dφ is the volume form
in S 2 , so this just reflects that F I and FI are linear combinations of the volume
(top) forms on gab and S 2 . P I and QI are constants that correspond to magnetic
and electric charges: notice that F I carries the magnetic charge in the angular
components, while F̃I carries the electric charge in the angular components.4 The
(· · · ) will be polynomials of the scalars Φ, ϕi and χi to be determined by imposing
the equations of motion for the field strengths. This is what we want to write
explicitly in the following.
The equation of motion from varying with respect to FI is given by


∇µ kIJ FJ µν − hIJ µναβ FJαβ = 0 ,

(8.11)

where we are adopting the notation in (8.5). Since we are assuming that ϕi =
ϕi (x) and χi = χi (x), the angular components of this equation are automatically
satisfied by (8.9)-(8.10). The components along xa have a simple solution given
by
Φ3 kIJ FJab − 2hIJ PJ ab = QI ab ,
(8.12)
where we have made use of (8.7) and cast the solution in terms of the twodimensional metric gab . It is straightforward to invert this equation since both
kIJ and hIJ have an inverse, and the explicit solution is given in (D.13). We also
introduced the bold notation for the charges:
QI ≡ (Q1 , P 2 , P 3 , Q4 ) ,

PI ≡ (P 1 , −Q2 , −Q3 , P 4 ) .

(8.13)

With this notation we can simply rewrite (8.9)-(8.10) as
FI =

1 I
F dxa ∧ dxb − PI sin θdθ ∧ dφ ,
2 ab

(8.14)

with FIab determined by (8.12).
Given that it is very simple to solve for FJ , in the process of constructing our
effective two-dimensional theory, we will integrate them out; i.e., we want to trade
FI for (PI , QI ). For the components of FI along the 2-sphere this is a simple
replacement of (8.14) in the action. For FIab this requires performing a Legendre
transform to consistently trade it for QI in the action, and comply with the equations of motion; for a more detailed discussion see, for example, [145]. The steps
are the following: start with the contribution to the action from the second line
4 Our definition of P I and Q is exactly the same as in, e.g., [144], and they are presented
I
in geometrical units. Other suitable ways to normalize the charges
are P̄ I = P I /(4G
√
√ 4 ) and
Q̄I = QI /(4G4 ), or to introduce quantized charges as pI = P I / 4G4 and qI = QI / 4G4 .
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of (8.5), and replace (8.7) and (8.14), which gives


Z
p
1
1
1
d4 x −g (4) − kIJ FIµν FJµν + hIJ µναβ FIµν FJαβ
(8.15)
16πG4
4
4


Z
p
1
hIJ
1
2
d2 x −g (2) Φ3 − kIJ (FIab FJ ab + 6 PI PJ ) − 3 ab FIab PJ .
=
4G4
4
Φ
Φ
The second step is the Legendre transform, which amounts to adding to the action
the term
Z
p
1
−
(8.16)
d2 x −g (2) ab QI FIab .
8G4
After adding this term it is consistent to replace FIab by (PI , QI ) via (8.12).
Finally, incorporating all of our ingredients, we can write the effective two-dimensional
theory. Using (8.7), (8.8), (8.15), and (8.16), our two-dimensional action and Lagrangian are
Z
p
1
I2D =
d2 x −g (2) L2D ,
(8.17)
4G4
and
L2D = Φ2 R(2) +

3 

X
2
+ g2 Φ
2 cosh ϕi + χ2i eϕi
Φ
i=1

3

Φ2 X 
1
(∂a ϕi )(∂ a ϕi ) + e2ϕi (∂ a χi )(∂a χi ) −
V (P, Q) .
−
2 i=1
2Φ3

(8.18)

Here, V (P, Q) is a scalar potential encoding the magnetic and electric charges,5
!
!
kIJ + 4hIK (k −1 )KL hLJ −2hIK (k −1 )KJ
PJ
I
. (8.19)
V (P, Q) ≡ (P QI )
−2(k −1 )IK hKJ
(k −1 )IJ
QJ
This Lagrangian is a consistent truncation for the s-wave sector of U (1)4 gauged
supergravity when compactified on S 2 , and it will be the main object that we
will use in the coming section. Lastly, it will be useful to record the equations of
motion associated to (8.18). Varying with respect to the dilaton gives
ΦR(2) =

3

1
3
g2 X 
2 cosh ϕi + χ2i eϕi −
−
V
2
Φ
2 i=1
4Φ4
3

Φ X
+
(∂a ϕi )(∂ a ϕi ) + e2ϕi (∂ a χi )(∂a χi ) .
2 i=1

(8.20)

5 V (P, Q) has several simplifications and identities that apply for the U (1)4 theory. These are
listed in Appendix D.2.
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The equations of motion from varying the scalars ϕi and χi are, respectively,


0 = ∇a Φ2 ∇a ϕi − Φ2 e2ϕi g ab ∂a χi ∂b χi + g 2 Φ(2 sinh ϕi + χ2i eϕi )
1
∂ϕ V ,
−
2Φ3 i


1
0 = ∇a Φ2 e2ϕi ∇a χi + 2g 2 Φ χi eϕi −
∂χ V .
2Φ3 i

(8.21)

Finally, the equation obtained by variation with respect to the two-dimensional
metric gab is
3

0 = (∇a ∇b − gab ) Φ2 +


Φ X
(∂a ϕi )(∂b ϕi ) + e2ϕi (∂a χi )(∂b χi )
2 i=1

"

3

g2 X 
1
1
+ Φ
2 cosh ϕi + χ2i eϕi −
V
+
Φ
2 i=1
4Φ3
#
3

Φ2 X 
2
2ϕi
2
(∂ϕi ) + e (∂χi )
gab .
−
4 i=1

(8.22)

In the next section, we will use these equations of motion to study linear perturbations.

8.3

General aspects of the near-AdS2 analysis

In this section we describe general aspects of the holographic dictionary for nearAdS2 solutions. The aim is to study corners of this dictionary that are sensitive to the surrounding matter content. We will start by constructing the AdS2
backgrounds, which describe the near-horizon geometry of extremal black holes
in supergravity. Second, we will discuss the linearized perturbations around the
AdS2 solution. This will allow us to identify the JT sector—which encodes the
deviations away from extremality that are characteristic of near-AdS2 —and the
matter degrees of freedom due to the embedding in supergravity. And third, we
will describe the interactions of the matter fields with the JT sector.

8.3.1

AdS2 background: IR fixed point

The AdS2 backgrounds are characterized by having all of the scalars in play equal
to a constant: this is the characteristic feature of an attractor mechanism. We
will refer to these AdS2 solutions interchangeably as either the attractor solution
or the IR fixed point.
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Starting with the scalars of our theory in (8.18), we write
ϕi = ϕ̄i ,

χi = χ̄i ,

Φ = Φ0 ,

(8.23)

where the right-hand sides are constant values. Inserting this into the dilaton
equation (8.20) gives
2Φ0 R(2) −

X
3
2
(2 cosh ϕ̄i + χ̄2i eϕ̄i ) +
+ g2
2
4 V̄ = 0 ,
Φ0
2Φ
0
i

(8.24)

where V̄ indicates that we should evaluate the matrix entries at the fixed point,
i.e., V̄ ≡ V (P, Q)|ϕi =ϕ̄i ,χi =χ̄i . This equation makes it very clear that at the IR
fixed point the two-dimensional metric is locally AdS2 . To compensate for the odd
factors in (8.7), we will set
gab = Φ0 ḡab ,
(8.25)
where ḡab is a locally AdS2 spacetime with radius `2 . Combining (8.24) with the
Einstein equations (8.22), we obtain
1
1
1
+ 2 =
V̄ ,
2
`2
Φ0
2Φ40
X
1
1
− 2 = g2
(2 cosh ϕ̄i + χ̄2i eϕ̄i ) .
2
`2
Φ0
i

(8.26)

Using (8.23), the equations for the scalars in (8.21) are
1
∂ϕ̄ V̄ = 0 ,
2Φ40 i
1
−
∂χ̄ V̄ = 0 ,
2Φ40 i

g 2 (2 sinh ϕ̄i + χ̄2i eϕ̄i ) −
2g 2 χ̄i eϕ̄i

(8.27)

where the derivatives of the potential are simply
∂ϕ̄i V̄ ≡

∂V
∂ϕi

,

(8.28)

ϕi =ϕ̄i ,χi =χ̄i

and similar for ∂χ̄i V̄ and multiple derivatives of the potential.
In Appendix D.2.1 we write explicitly how the attractor equations (8.27) depend
on (PI , QI ), which illustrates more clearly how ϕ̄i and χ̄i depend on the charges.
In Section 8.4 we discuss the solutions of the ungauged case, and in Section 8.5
we solve these equations explicitly for special cases in the gauged theory.
It is important to stress that until this point we have not imposed supersymmetry on the background AdS2 solution: we are only demanding that we have an
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extremal solution. As we explore explicit cases in gauged (g 2 > 0) and ungauged
supergravity (g = 0), we will describe how imposing BPS conditions on the background affects our subsequent analysis of the near-AdS2 dynamics.

8.3.2

Linear analysis: spectrum of operators and JT sector

The first entry in the holographic analysis we will decode are the linear fluctuations around the AdS2 background, and we will identify the degrees of freedom.
Following similar steps as in [3, 164], reviewed in Section 6.2, we define
Φ = Φ0 + Y ,
ϕi = ϕ̄i + ϕi ,
χi = χ̄i + χi ,

(8.29)

gab = Φ0 ḡab + hab ,
where (Φ0 , ϕ̄i , χ̄i , ḡab ) define the zeroth-order AdS2 background of Section 8.3.1,
and (Y, ϕi , χi , hab ) are the corresponding fluctuations.
At the linear level in the fluctuations, using (8.29) in the equations of motion gives
the following results. Upon using the zeroth-order equations for the background,
at leading order the Einstein equations (8.22) give



¯ a∇
¯ b − ḡab 
¯ Y + 1 ḡab Y = 0 .
∇
`22

(8.30)

As expected, this defines Y to comply with the equation of motion characteristic
of JT gravity. The trace of this equation implies that
¯ = 2Y ,
Y
`22

(8.31)

which identifies Y as an operator of conformal dimension ∆Y = 2, i.e., it is an
irrelevant deformation.
Next, the linearized scalar equations derived from (8.21) are given by
!

1
1
4g 2 
2
2 ϕ̄i
¯
0 = ϕi + g (2 cosh ϕ̄i + χ̄i e ) − 2 − 2 ϕi +
2 sinh ϕ̄i + χ̄2i eϕ̄i Y
`2
Φ0
Φ0


X
1
−
∂ϕ̄j ∂ϕ̄i V̄ ϕj + ∂χ̄j ∂ϕ̄i V̄ χj ,
(8.32)
2Φ40
j6=i
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and
¯ i+
0 = e2ϕ̄i χ

!
8g 2
1
2
χ̄i eϕ̄i Y
∂
V̄
χ
+
2g 2 eϕ̄i −
i
χ̄
2Φ40 i
Φ0

1 X
∂
∂
V̄
χ
+
∂
∂
V̄
ϕ
.
−
χ̄
χ̄
j
ϕ̄
χ̄
j
j
i
j
i
2Φ40

(8.33)

j6=i

It is worth noting the different behavior of the fluctuations for the gauged versus
ungauged theory. For g = 0, the fluctuations of (hab , Y) are decoupled from the
matter sector (ϕi , χi ). For g 6= 0 we have to decouple further the fluctuations.
We will do so by splitting the solutions of (8.32) and (8.33) into a homogeneous
and inhomogeneous part:
ϕi = ϕhom
+
i

aϕ,i
Y ,
Φ0

χi = e−ϕ̄i χhom
+ e−ϕ̄i
i

aχ,i
Y .
Φ0

The homogeneous terms in (8.34) satisfy at linear order
!
1
1
2
2
ϕ̄
hom
¯ i
ϕ
= 2 + 2 − g (2 cosh ϕ̄i + χ̄i e i ) ϕhom
i
`2
Φ0

1 X
hom
−ϕ̄j
hom
+
∂
∂
V̄
ϕ
+
e
∂
∂
V̄
χ
,
ϕ̄
ϕ̄
χ̄
ϕ̄
j
j
j
i
j
i
2Φ40

(8.34)

(8.35)

j6=i

and
¯ hom
χ
i

!
1
1
2
2 ϕ̄i
= 2 + 2 − g (2 cosh ϕ̄i + χ̄i e ) χhom
i
`2
Φ0

1 X  −ϕ̄i −ϕ̄j
hom
−ϕ̄i
hom
+
e
∂
∂
V̄
χ
+
e
∂
∂
V̄
ϕ
.
χ̄
χ̄
ϕ̄
χ̄
j
j
j
i
j
i
2Φ40

(8.36)

j6=i

It will be convenient to introduce some further notation to encode the information
of these linear equations. We will write (8.35)-(8.36) as
~ h = M2 ψ
~h ,
¯ψ


(8.37)

~ h ≡ (ϕhom , χhom ), and M2 is a 6 × 6 mass matrix that can be read off
where ψ
i
i
from the above equations. The coefficients aϕ,i and aχ,i , which parametrize the
inhomogeneous solution, are determined such that terms proportional to Y in
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(8.32) and (8.33) are removed from the equations. The condition is
!
!
2
(2 sinh ϕ̄i + χ̄2i eϕ̄i )
2
2~
~
M − 2 16×6 ~a = −4g b ,
b≡
,
2χ̄i
`2

(8.38)

with ~a = (aϕ,i , aχ,i ). We will solve for ~a explicitly for the cases in Section 8.5.
Notice that for g = 0, the solution to (8.38) is ~a = 0, reflecting that there is no
inhomogeneous solution in that case.
From (8.20) we obtain the linearized equation for the metric fluctuation hab
!
4
8
¯ a∇
¯ b hab − h
¯ aa −
+ 2 Y
− R̄ab hab + ∇
`22
Φ0
(8.39)

3 

X
2
2 ϕ̄i
ϕ̄i
+ 2g Φ0
2 sinh ϕ̄i + (χ̄i ) e
ϕi + 2e χ̄i χi = 0 .
i=1

This equation reflects how the metric mixes with the JT field Y, which is a standard
feature of sphere reductions, and for g 6= 0, how the matter fields get intertwined
as well. To disentangle this equation, and identify the inhomogeneous piece H inh ,
we start by writing
1
inh
,
hab = ĥST
ab + ḡab ĥ + Φ0 ḡab H
2

(8.40)

inh
where ĥST
, describe the
ab is a symmetric traceless tensor; and ĥ, together with H
trace of the perturbation. It is simple to check that the inhomogeneous solution
to (8.39) is
1
~h ,
(8.41)
H inh = ~a · ψ
2

with ~a given by (8.38), and
¯ ĥ = 2 ĥ .

`22

(8.42)

But notice that ĥ is not a new degree of freedom: this equation reflects the residual
diffeomorphism that we can still do on the background metric [216].
Finally, from (8.39), the term ĥST
ab obeys
¯a

∇

¯ b ĥST
∇
ab

−

!
8
4
2~
+ 2 − 2g b · ~a Y = 0 ,
`22
Φ0

(8.43)

which couples the metric to Y and we will discuss the solutions when addressing
the JT sector.
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To summarize, the independent fluctuations around the AdS2 backgrounds correspond to the JT field Y, and the matter sector containing (ϕhom
, χhom
). For
i
i
each matter degree of freedom we will have a corresponding dual operator; and
the six eigenvalues of the mass matrix in (8.37) will be related to the conformal
dimensions of these operators in the standard way,


q
1
∆i =
1 + 1 + 4m2i `22 ,
(8.44)
2
with m2i an eigenvalue of M2 . This, plus ∆Y = 2, corresponds to the spectrum of
operators in our system.
JT sector. This is the portion of the fluctuations that is controlled by Y, and
the homogeneous solutions are trivial. More explicitly, in (8.29) we set
(ϕi , eϕ̄i χi ) =

Y
~a ,
Φ0

hab = ĥST
ab ,

(8.45)

with ~a the solution to (8.38), ĥST
ab satisfies (8.43), and Y is governed by (8.30). The
dynamical aspects of Y, defined by its distinctive equation of motion (8.30), are
well described by JT gravity. Provided some assumptions on the operator content
of the theory, this sector controls the deviations away from extremality, where it
can be seen that a non-trivial profile of Y accounts for the response of the black
hole as the temperature is increased [66, 155]. This has been well reported for
spherically symmetric cases in four dimensions in [69, 212] when the theory was
only Einstein–Maxwell theory.
To complete the discussion of the JT sector, we will construct the solutions to
(8.43). We will write the traceless part as
1
¯ ¯
¯
ĥST
ab = ∇a ∇b U (x) − gab U (x) ,
2
with U (x) a scalar function. Then (8.43) reduces to




2
4
2
2~
¯
−
U (x) =
+ 2 − g b · ~a Y .
`2
`22
Φ0

(8.46)

(8.47)

Although we are describing the solution to ĥST
ab in the context of the linearized
equations, it is important to note that this backreaction of the geometry is a
higher-order effect in powers of Y. The reason is simply that (8.43) is obtained by
varying the action with respect to Y, and this requires terms that are schematically
of the form hY + Y 2 . We will only focus on linear order effects in Y and hence
(8.46) will not play a role in Section 8.3.3.
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To close the analysis of this subsection, it is instructive to compare with prior results. In particular, [216–218] contains a detailed study of the linearized spectrum
of AdS2 × S 2 in the ungauged theory, which includes all possible harmonics on
S 2 . Our analysis corresponds to the lowest l = 0 sector in their notation. One
important difference is that [216, 217] makes a choice of Lorentz, or de Donder,
gauge in four dimensions; here we have not fixed a gauge. This choice of gauge
forces Y = 0 and the JT dynamics appear as boundary modes. Otherwise our
analysis is in agreement with theirs.

8.3.3

Interactions in near-AdS2

Finally, we will focus on the interactions between Y and the matter fields in our
model, following the strategy outlined in Chapter 6. This means we will be treating Y as a background field—with its non-trivial profile driving the system away
from the ideal AdS2 background by explicitly breaking conformal invariance—and
we will quantify its imprint on the matter sector. In such a scenario, cubic interactions that involve one power of Y capture the leading correction to the two-point
functions which we aim to evaluate.
In this subsection we will only describe the general aspects of these interactions
and how they enter in the two-point function of the matter sector, applying the
formalism of Chapter 6 to our situation. In the subsequent sections we will evaluate
these corrections explicitly for specific cases.
To quantify these interactions, and their impact on two-point functions of the
matter fields, we start by writing the bosonic supergravity fields as
Φ = Φ0 + Y ,
(ϕi , eϕ̄i χi ) = (ϕ̄i , eϕ̄i χ̄i ) + ~a
gab = Φ0 ḡab +

Y
+ (ϕi , eϕ̄i χi ) ,
Φ0

(8.48)

Φ0
~ .
ḡab ~a · ψ
2

Here (ḡab , Φ0 , ϕ̄i , χ̄i ) specifies the AdS2 background, which complies with the equations of motion in Section 8.3.1; the vector ~a is defined in (8.38). We also have
~ ≡ (ϕi , χi ) which describes the matter degrees of freedom beyond the linearized
ψ
level discussed in Section 8.3.2.
Starting from (8.18)-(8.19), we will build the effective action that captures the
~ including interactions with the JT sector to leading order in Y.
dynamics of ψ,
This effective Euclidean action will be of the form
Z
p
Φ2
(8.49)
Ieff = 0
d2 x ḡ (Lfree + Lint ) ,
4G4
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~
where the free portion describes the quadratic action for ψ
Lfree =

1 ~ a ~ 1 ~T 2 ~
∂a ψ · ∂ ψ + ψ M ψ ,
2
2

(8.50)

with the mass matrix as given by (8.37). In obtaining Lfree it was important to
introduce terms proportional to ~a in (8.48), since otherwise the matter degrees
~ would not decouple from the gravitational degrees of freedom
of freedom in ψ
(Y, hab ). As expected, the free terms capture the homogeneous solutions of the
linearized spectrum in Section 8.3.2. The leading cubic interaction terms are6
Lint =

1
~ · ~a)ψ
~ · ~a + Y∂a ψ
~ · ∂aψ
~
∂a Y(∂ a ψ
2
3

1X
+
aχ,i ϕi ∂a Y∂ a χi + 2aϕ,i Y∂ a χi ∂a χi
2 i=1
+

6
X

(8.51)

λψi ψj Y ψi ψj Y .

i,j=1

The expression of λψi ψj Y , in terms of the background AdS2 solution and ~a, is
rather lengthy for (8.18), and hence we are not writing it explicitly. But it is
straightforward to evaluate.
It will also be useful to bring (8.49) to a diagonal basis, where it is simple to
read off the eigenvalues of M2 . For this reason we define ~Z, which contains the
orthogonal eigenstates of M2 . In this basis (8.49) becomes

Z
X
p 1
1
2
Ieff = d x ḡ
∂a~Z · ∂ a~Z + ~ZM 2~Z +
λZi Zj Y Zi Zj Y
2
2
i,j
(8.52)

a
a
+ λZi (∂Zj )(∂Y) Zi ∂a Zj ∂ Y + λY(∂Zi )(∂Zj ) Y∂a Zi ∂ Zj
.
Here M 2 = diag(m21 , ..., m26 ) contains in its diagonal the eigenvalues of M2 , and
the cubic couplings appearing above will follow. Also note that ~Z has been approΦ2
priately normalized to remove the overall factor of 4G04 in (8.49).
Next let us focus on the evaluation of the two-point function of one of the eigenstates in (8.52), which for sake of simplicity (and abusing notation) we will call
Z(x), and whose mass eigenvalue within M 2 is m2Z . We will follow the procedure
outlined in Chapter 6. As explained there, we will treat Y as a background field

6 A word about notation:
~ and explicitly we have
the ψi are the components of ψ,
(ψ1 , ψ2 , ψ3 , ψ4 , ψ5 , ψ6 ) = (ϕ1 , ϕ2 , ϕ3 , χ1 , χ2 , χ3 ).
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whose source is non-trivial. More explicitly, we will take the on-shell value7
−1
Φ−1
Ỹ(t) + · · ·
0 Y(t, z) = z

(8.53)

and set the source on the thermal state fixed, i.e., Ȳ(u) = a with a a constant (the
relation between the fields and sources is defined in and below (6.30)). This defines
a near-AdS2 background. Then, evaluating the two-point functions of the operator
dual to Z in the presence of a background value for Y can be done by treating Y
as an operator with ∆Y = −1, and integrating over its boundary time [62]. The
final result for the corrected two-point function of Z is, including the free part,
#2∆
!
"
2
aβ
1
−
2u
/β
π
12
D + D̃
 . (8.54)
2+π
hOZ (u1 )OZ (u2 )iβ =
β sin πuβ12
2π 2
tan πuβ12
The constants D and D̃ are given in (6.34) and (6.37), respectively. We repeat
them here for convenience:
(2∆ − 1)Γ[∆]
D= √
,
πΓ[∆ − 21 ]

(8.55)

and
D̃ ≡ λYZZ KYZZ + λZ(∂Z)(∂Y) KZ(∂Z)(∂Y) + λY(∂Z)(∂Z) KY(∂Z)(∂Z) ,

(8.56)

and the coefficients appearing here are [37]
3(∆ − 12 )Γ[∆ − 1]
,
√
2 πΓ[∆ − 21 ]
KYZZ
=− 2 ,
`2
KYZZ
= −(∆2 − ∆ − 1) 2 .
`2

KYZZ = −
KZ(∂Z)(∂Y)
K̃Y(∂Z)(∂Z)

(8.57)

As we investigate examples in the subsequent sections, one of our main aims will
be to report on the value of D̃ compared to D. For this purpose it is convenient
to define their ratio as
D̂ ≡

D̃
λeff KYZZ
3
=
=−
λeff ,
D
D
4(∆ − 1)

(8.58)

where λeff = λeff (∆) is the effective cubic coupling constant, which depends on
7 The

addition of Φ−1
in (8.53) is to make the field Y dimensionless.
0
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the conformal dimension of Z via (8.57). We will see that the value of D̂ behaves
differently depending on the background and surrounding: BPS versus non-BPS
backgrounds, gauged versus ungauged theories. Understanding what are possible
behaviors is valuable information to understand how specific properties of the dual
system accommodate for the properties of the gravitational background.

8.4

Ungauged supergravity

It is instructive to specialize to the case g = 0, and inspect more closely the
responses and fluctuations of extremal black holes. The main goal here is two-fold:
first, to recover the aspects of the nAttractor mechanism, and second, to contrast
the response of near-AdS2 of BPS versus non-BPS black holes. We will start this
section by describing the BPS and non-BPS branches; subsequently, we describe
the IR fixed point and the linear analysis, classifying the solutions according to
them being BPS or non-BPS. Finally, we study the interactions between the scalars
and axions and the dilaton Y, highlighting the differences between both branches.
There are multiple references to characterize the N = 2 ungauged supergravity
theories at hand, and several different conventions used in those references which
we will not summarize here. By setting g = 0 for the theory presented in Section
8.2.1 one obtains STU supergravity described according to the conventions in [201],
and those are the conventions used here.

8.4.1

BPS versus non-BPS branch

For ungauged black holes it is interesting to distinguish, among extremal black
holes, which ones preserve supersymmetry (BPS branch) and which do not (nonBPS branch). For regular and static black holes this distinction is elegantly dictated by the Cayley hyperdeterminant. This quantity is the quartic invariant of
STU supergravity, and it is defined as [219, 220]


X
X
ˆ ≡ 1 4Q1 Q2 Q3 Q4 + 4P 1 P 2 P 3 P 4 + 2
∆
QJ QK P J P K − (QI P I )2 . (8.59)
16
J<K

I

One of the prominent roles played by this hyperdeterminant is that it controls the
area of the extremal black hole and hence the Bekenstein–Hawking entropy of it:
q
π 2
2π
ˆ .
SBH,ext =
Φ0 =
|∆|
(8.60)
G4
G4
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Another utility of this invariant is that we can identify two branches of solutions.
An extremal black hole in STU supergravity can then be labelled as
non − BPS :
BPS :

ˆ <0,
∆
ˆ >0.
∆

(8.61)

ˆ = 0 is singular for black holes in a two-derivative supergravity theory
The case ∆
since the horizon area vanishes; these configurations are usually referred to as a
small black hole.

8.4.2

AdS2 background: IR fixed point

When g = 0 the system becomes much more manageable: it is simpler to quantify
the background and the fluctuations around it. For the AdS2 background the main
simplification comes from the second equation in (8.26), which gives
`22 = Φ20 ,

(8.62)

implying that the AdS2 and S 2 radius are equal to each other. Then, the conditions
on the constant scalars supporting the AdS2 gives
∂χ̄i V̄ = ∂ϕ̄i V̄ = 0 ,

(8.63)

which are the renowned conditions from the attractor mechanism of extremal black
holes; see, for example, [150, 152] for a general analysis. Explicitly, they are given
by (D.17) and (D.18) with g = 0 for the ungauged theory considered here.
For what follows it will be useful to rewrite the expression for the Cayley hyperdeterminant in terms of the charges dressed by the moduli: (P I , QI ) defined in
(D.14)-(D.16). The expression (8.59) becomes
−2(ϕ̄1 +ϕ̄2 +ϕ̄3 ) 
ˆ =e
∆
4Q1 Q2 Q3 Q4 + 4P 1 P 2 P 3 P 4
16

X
X
+2
QJ QK P J P K −
(QI P I )2 .
J<K

(8.64)

I

It is also simpler to discuss the solutions to the attractor equations (8.63) in terms
ˆ > 0) of solutions is very simple
of (P I , QI ). In this notation, the BPS branch (∆
and dictated by linear conditions as follows. First, a solution to (8.63) can be
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obtained by demanding8
|P 1 | = |P 2 | = |P 3 | = |P 4 | ,

and |Q1 | = |Q2 | = |Q3 | = |Q4 | .

(8.65)

Second, to make this a BPS solution, one has to select an even number of minus
signs, and the signs of the P I and QI are matched. For example, one possible
BPS solution is of the form
P 1 = P 2 = −P 3 = −P 4 ,

Q1 = Q2 = −Q3 = −Q4 .

(8.66)

Without loss of generality, we will use this choice of signs as a representative of
the BPS branch in what follows.
ˆ < 0), solutions of the form (8.65) also exist, but with
In the non-BPS branch (∆
an odd number of relative minus signs for both QI and P I ; contrary to the BPS
branch, the signs do not have to be matched. One example is
P 1 = −P 2 = −P 3 = −P 4 ,

Q1 = Q2 = −Q3 = Q4 .

(8.67)

However, there exist non-BPS solutions to (8.63) that do not (or only partially)
comply with the conditions (8.65). In Appendix D.4, we will comment on this
other class of non-BPS attractor solutions, and how both BPS and non-BPS configurations can be obtained as the extremal limit of the black hole solutions of [201].
Lastly, the AdS2 radius (8.26), or (D.19), in terms of (P I , QI ) is given by

1 −ϕ̄1 −ϕ̄2 −ϕ̄3  2
e
Q1 + Q22 + Q23 + Q24 + (P 4 )2 + (P 3 )2 + (P 2 )2 + (P 1 )2 . (8.68)
4
q
2
ˆ For both BPS and non-BPS solutions of the type
And also note that `2 = |∆|.
(8.65), we can simplify this expression further, which reads


`22 = e−ϕ̄1 −ϕ̄2 −ϕ̄3 (P 1 )2 + (Q1 )2 .
(8.69)
`22 =

8.4.3

Linear analysis

In this section we revisit the linear analysis done in Section 8.3.2. As noted there,
several simplifications occur on the spectrum of fluctuations when g = 0; the most
prominent one being that we do not have inhomogeneous terms that mix the JT
8 Despite appearances, (8.65) does not imply that the physical charges (Q , P I ) are set equal:
I
on the BPS branch, these conditions allow for 4 electric and 4 magnetic independent charges. For
solutions on the non-BPS branch that comply with (8.65), there will be at least one constraint
among (QI , P I ), and hence this type of solution is not the most general non-BPS configuration.
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field with the matter content. In the following we will gather those expressions
and solve them for the BPS and non-BPS backgrounds discussed in Section 8.4.2.
We will cast the perturbations as
Φ = Φ0 + Y ,
ϕi = ϕ̄i + ϕhom
,
i

(8.70)

,
χi = χ̄i + e−ϕ̄i χhom
i
gab = Φ0 ḡab + ĥab ,

reflecting that we do not have inhomogeneous terms present in (8.34) and (8.40).
In the following we will just replace ϕhom
→ ϕi and χhom
→ χi , since the label is
i
i
redundant here. As usual Y is the JT field, obeying (8.30).
For the metric fluctuations in (8.43) we have
¯ a∇
¯ b ĥab − 
¯ ĥaa + 2 ĥaa − 12 Y = 0 ,
∇
`22
`22
and the linear equations for the scalar fields (8.32)-(8.33) simplify to
!

1 X
2
¯−
ϕ
−
0= 
∂
∂
V̄
ϕ
+
∂
∂
V̄
χ
,
i
ϕ̄j ϕ̄i
j
χ̄j ϕ̄i
j
`22
2`42
j6=i
!

e−2ϕ̄i X 
2
¯−
χ
−
∂
∂
V̄
χ
+
∂
0= 
∂
V̄
ϕ
.
i
χ̄j χ̄i
j
ϕ̄j χ̄i
j
`22
2`42

(8.71)

(8.72)

j6=i

Our main aim is to determine the mass eigenvalues and eigenvectors of (8.72); with
this we will quantify the dual operators that should be part of the holographic description of the near-extremal black hole. Focusing first on the attractor solutions
characterized by (8.65), then we have
~ − M2 ψ
~=0,
¯ψ

~ = (ϕi , χi ), and the mass matrix M2 is given by
where ψ

1
0
0
0
m15

 0
1
0
m24
0


2
0
0
1
m34 m35
M2 = 2 
0
m
m
1
m45
`2 
24
34

m
0
m
m
1
35
45
 15
m16 m26
0
m46 m56

154

(8.73)


m16

m26 

0 
 ,
m46 

m56 

1

(8.74)
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with
m15 = α(P 4 Q2 − P 1 Q3 ) ,
m16 = α(P 4 Q3 − P 1 Q2 ) ,
m24 = α(P 4 Q1 − P 2 Q3 ) ,
m26 = α(P 4 Q3 − P 2 Q1 ) ,
m34 = α(P 4 Q1 − P 3 Q2 ) ,

m35 = α(P 4 Q2 − P 3 Q1 ) ,
α
m45 = (P 4 P 3 − Q1 Q2 − P 1 P 2 + Q3 Q4 ) ,
2
(8.75)
α 4 2
m46 = (P P − Q1 Q3 − P 1 P 3 + Q2 Q4 ) ,
2
α
m56 = (P 4 P 1 − Q2 Q3 − P 2 P 3 + Q1 Q4 ) ,
2

where
α=−

1
.
(P 1 )2 + (Q1 )2

(8.76)

We can now diagonalize the mass matrix such that
¯ ~Z − M 2~Z = 0 ,


(8.77)

where M 2 is the matrix with the mass eigenvalues of M2 , and ~Z are its eigenvectors.
From the definition of the BPS branch, it is clear that all non-diagonal matrix
elements (8.75) vanish and the mass matrix is automatically diagonal. In the nonBPS branch, M2 also simplifies further: depending on the precise distribution of
minus signs, m15 to m35 evaluate to
± 2αP 1 Q1

or

0,

and m45 , m46 and m56 evaluate to


± α (P 1 )2 − (Q1 )2

or

(8.78)

0.

(8.79)

Hence, depending on the assignment of minus signs in (8.65), the eigenvalues of
M2 are
!
2
2
2
,··· , 2 ,
(8.80)
BPS :
M = diag
`22
`2
!
2 2 2 6
2
non − BPS :
M = diag 0, 0, 2 , 2 , 2 , 2 .
(8.81)
`2 `2 `2 `2
Although the mass matrix is more complicated for the non-BPS solutions that
do not obey (8.65) but instead have e.g. a solution to (8.63) with all P I and QI
different, we confirmed numerically that the eigenvalues are still given by (8.81),
and also for other non-BPS solutions. See Appendix D.4 for details. For this
reason, we expect that (8.81) captures the spectrum of fluctuations for any nonBPS configuration in STU models.
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In the BPS branch, the eigenvectors are simply the scalar fields themselves. In the
non-BPS branch, the eigenvectors are linear combinations of the fields (ϕi , χi ).
As an illustrative example, for the case (8.67), the six eigenstates ~Z = (Z1 , . . . , Z6 )
are
m2 `22 = 0 (∆ = 1) :

m2 `22

Z1 = χ1 + χ3 ,
2P 1 Q1
(P 1 )2 − (Q1 )2
Z2 = − 1 2
ϕ
+
χ
+
χ2 ,
2
1
(P ) + (Q1 )2
(P 1 )2 + (Q1 )2

Z3 = ϕ1 ,
Z
= 2 (∆ = 2) : 4 = ϕ
3 ,

Z5 = (P 1 )2 − (Q1 )2 ϕ2 + 2P 1 Q1 χ2 ,

m2 `22 = 6 (∆ = 3) : Z6 = −

(8.82)

2P 1 Q1
(P 1 )2 − (Q1 )2
ϕ
−
χ
+
χ2 + χ3 .
2
1
(P 1 )2 + (Q1 )2
(P 1 )2 + (Q1 )2

To avoid clutter, here we wrote eigenstates Zi that are not orthogonal and we
have not included the appropriate normalization to comply with (8.52). When
discussing interactions in Section 8.4.5, we will be referring to a basis that is
orthogonal and normalized correctly. We also note that this spectrum is in perfect
agreement with the non-BPS branch spectrum analysed in [218].
It is interesting to connect the spectrum of the non-BPS branch to the fivedimensional analysis in [164]. When reducing the ungauged five-dimensional theory along a circle, the Myers-Perry black hole can be viewed as an electrically
charged solution; its D-brane construction corresponds to the D0+D6 system, as
first noted in [174]. In the context of the spectrum, we note that the state with
∆ = 3 here is precisely the squashing mode χ in [164].

8.4.4

nAttractor revisited

It is interesting to place our linear analysis in the context of the nAttractor mechanism proposed in [145]. The observation of the nAttractor is that generic scalar
moduli, in our case (ϕi , χi ), should respond in the near-AdS2 region as
(1)

ϕi
+ ··· ,
z
(1)
χ
χi = χ̄i + i + · · · ,
z
ϕi = ϕ̄i +

as z → 0 ,

(1)

(8.83)

(1)

where (ϕ̄i , χ̄i ) are the attractor values of the scalars, and (ϕi , χi ) are constants.
The power in the AdS2 radial direction z was used as evidence to argue that each of
the scalar moduli is dual to an irrelevant operator of conformal dimension ∆ = 2.
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For the fluctuations around BPS backgrounds, this is indeed true: we showed
explicitly that the dilaton and axion perturbations, ϕi and χi , are eigenstates with
masses m2 = `22 and corresponding conformal dimensions ∆ = 2.9 Therefore, they
2
have a response as (8.83) as one moves away from the AdS2 background, in perfect
agreement with the nAttractor. Despite sharing the same conformal dimension as
Y, it should be noted that these modes stand on a different footing: only Y obeys
the constrained JT equation (8.30) which ties its response to thermal AdS2 and
the Schwarzian action.
For the non-BPS solutions, the relation to the nAttractor is not as simple. In
this case we found that the spectrum of fluctuations contains mass eigenstates
with m2 = 0, m2 = `22 , and m2 = `62 , corresponding to a conformal dimension
2
2
∆ = 1, ∆ = 2 or ∆ = 3, respectively. This implies that the eigenstates that are
unique to the non-BPS branch behave as
(1)

m2 `22 = 0 (∆ = 1) :

Zi = Zi

m2 `22 = 6 (∆ = 3) :

Zi =

+ O(z −2 )

(1)

Zi
+ ··· .
z2

(8.84)

Hence the marginal operator (∆ = 0) could modify the attractor value, and the
irrelevant operator with ∆ = 6 has a different imprint relative to Y.
Two comments are in order regarding the non-BPS branch:
• The behavior (8.83) persists for non-BPS black holes, as can be seen explicitly
from the solutions in [201]. However, this is not enough to establish that the
(1)
eigenstates are dual to operators with ∆ = 2. The reason is that ϕi and
(1)
χi are not independent parameters and cancellations occur. In Appendix
D.4, we set up the extremal and near-horizon limit for the solutions in [201]:
(1)
(1)
we show how combinations of ϕi and χi cancel for non-BPS black holes
and lead to the behavior in (8.84).
• Having a marginal deformation means that there are flat directions in the
attractor mechanism for non-BPS black holes. Concretely, the linear combinations of the attractor values of the scalars corresponding to the eigenstates
with m2 = 0 will not be fixed, but can instead take on different (constant)
values. The eigenstates with m2 6= 0 will dictate which linear combinations
cannot change value. In the context of non-supersymmetric attractors, the
occurrence of flat directions was reported initially in [198], and it could lead
to potential instabilities of the system [224].
9 This also agrees with the lowest modes in the spectrum of fluctuations of the scalar moduli
in [221–223].
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Finally, it is appropriate to add a comment about the gauged solutions and their
behavior in the context of the nAttractor. In that case we can already see in a
simple manner that (8.83) applies to the moduli, but for slightly different reasons.
In the analysis of linear fluctuations in Section 8.3.2, we have an inhomogeneous
solution for the scalar moduli in (8.34), which implies that the moduli behave in
the near-AdS2 region as
(ϕi , eϕ̄i χi ) = (ϕ̄i , eϕ̄i χ̄i ) + ~a

Y
+ (ϕi , eϕ̄i χi ) ,
Φ0

(8.85)

with the second term complying with (8.83). This is also evident if one inspects
non-extremal black holes in gauged supergravity.10 But in this case it is also clear
that the moduli do not have ∆ = 2: there is just a mixing of the JT field with the
matter sector that needs to be diagonalized. The operator interpretation of the
moduli comes from (ϕi , χi ) which contain the independent degrees of freedom.

8.4.5

Interactions

The classification of the interactions is relatively simple in the ungauged case, since
the JT sector does not mix with the matter fields at the linear level. The effective
Euclidean action for the matter fields around the near-AdS2 background is of the
form
Z
p
(8.86)
Ieff = d2 x −ḡ (2) (Lkin + Lint−Y ) ,
The quadratic terms for the scalar fields, which contain the kinetic and mass terms,
are
1
1
(8.87)
Lkin = ∂a~Z · ∂ a~Z + ~ZT M 2~Z .
2
2
Here ~Z contains the degrees of freedom for the supergravity fields (ϕi , χi ) and are
orthogonal at leading order in the near-AdS2 region; M 2 is the matrix with the
mass eigenvalues as defined in (8.77). We are interested in finding the corrections
to the two-point functions of the fields ~Z due to the interactions with Y discussed
in (8.52). The terms in the effective action that involve cubic interactions with
one power of Y are very simple for the ungauged theory, and read
Lint =

10 A

1
3 ~ T 2~
Y∂a~Z · ∂ a~Z −
YZ M Z .
Φ0
2Φ0

straightforward check can be done with, e.g., the solutions in [144, 205, 206].
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As we discussed in Section 8.3.3, we want to report on how these interactions affect
the two-point functions of ~Z. The final answer is of the form
#2∆
!
"
2
aβ
1
−
2u
/β
π
12
D + D̃
 . (8.89)
2+π
hOZi (u1 )OZi (u2 )iβ =
β sin πuβ12
2π 2
tan πuβ12
Following from (8.56), the parameter D̃ for this case is
D̃ = λYZi Zi KYZi Zi + λY(∂Zi )(∂Zi ) KY(∂Zi )(∂Zi ) ,

(8.90)

where the couplings λYZi Zi and λY(∂Zi )(∂Zi ) can be read off from the interaction
term in the cubic action, and KYZi Zi and KY(∂Zi )(∂Zi ) appear in the three-point
functions of the operators dual to the fields ~Z and Y; they are functions of the
conformal dimensions of these operators. From (8.88), we have
3
λYZi Zi = − m2i ,
2

λY(∂Zi )(∂Zi ) = 1 ,

(8.91)

KYZi Zi is given by (8.57) and
∆2 − ∆ − 1
KYZi Zi ,
`22

(8.92)


5
∆(∆ − 1) − 1 KYZi Zi .
2

(8.93)

KY(∂Zi )(∂Zi ) = −
such that

1
D̃i = − 2
`2



We will now report on the correction to the two-point functions due to the interaction with Y for both the BPS and the non-BPS branch.
BPS branch. Here, ~Z = (ϕi , χi ) are eigenstates of the mass matrix, and all
eigenvalues of M 2 are m2 = `22 . For these fields, ∆Z = 2, such that (8.55) and
2
(8.93) give, respectively,
6
18
D= ,
D̃ = 2 ,
(8.94)
π
π`2
where we used KYZi Zi = −9/2π.
Non-BPS branch. The structure of the corrected two-point function is similar
to the one in the BPS branch, but there are important differences. The main differences come from the spectrum of conformal dimensions we have in this branch,
listed in (8.80). We have three eigenstates with mass m2 = `22 and ∆ = 2; for
2

these fields, the values of D and D̃ are equivalent to those in the BPS branch in
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(8.94). For the eigenstate with mass m2 =
D=

40
,
3π

6
`22

and ∆ = 3, one obtains

D̃ =

70
,
π`22

(8.95)

with KYZi Zi = −5/π.
The two eigenstates with mass m2 = 0, and corresponding conformal dimension
∆ = 1, are more delicate. As is clear from (8.57), at ∆Z = 1 the coefficient KYZZ
diverges. This divergence originates from the fact that the conformal dimensions
of the operators considered sum to ∆Y + 2∆Z = d, with ∆Y = −1, and d = 1.
This is a known divergence that is related to extremal correlators [225].11 Since
the cubic coupling in (8.88) is clearly not zero, the corresponding D̃ is divergent.
The appearance of an extremal correlator with a non-zero cubic coupling is unusual
and problematic. It is unusual, because in higher-dimensional theories of AdSd+1 ,
arising from a consistent truncation of a ten-dimensional compactification, the
extremal cubic couplings are zero; for theories with an AdS5 factor see [225–227],
and [228–230] for cases in AdS3 . It is problematic, because the divergence forces
the conclusion that the non-BPS branch does not lead to a near-AdS2 background
with well-defined correlators.
There are two additional comments in this regard:
• Let us first consider the possibility that (8.88) is missing terms, and if included appropriately they should lead to a vanishing cubic coupling of the
marginal operator and Y. In particular we will include hab (assuming it
is has a background value controlled by Y). The presence of hab adds the
following modification to (8.88) (up to overall normalizations)
1
hST ab ∂a~Z · ∂b~Z − ĥ~ZT M 2~Z .
2

(8.96)

The trace mode, ĥ, does not contribute for a marginal (massless) mode, and
moreover it is also decoupled from Y as reflected in (8.42). For the symmetric
traceless piece, we note that


¯ a∇
¯ b U (x) ∂a~Z · ∂b~Z − 1 gab ∂c~Z · ∂ c~Z
hST ab ∂a~Z · ∂b~Z = ∇
2
(8.97)
b
~
~
¯
¯
= −∇ U (x)(Z) · ∂b Z + (total derivative)
11 In an extremal three-point function, the conformal dimension of one of the operators is equal
to the sum of the remaining ones, e.g. ∆1 = ∆2 + ∆3 . For the evaluation of (6.39), the irrelevant
deformation Y is in the ∆− branch, such that we have d = ∆− + ∆2 + ∆3 which is the same
statement.
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which is again zero for the massless mode. This shows that the states with
∆ = 1 do not couple to hab , and hence would not affect the cubic coupling
with Y even if we make hab depend on the JT field.
• In the non-BPS sector there are other extremal correlators: cubic couplings
between the moduli such that ∆i = ∆j + ∆k , which is a common occurrence
since we have operators with ∆ = 1, 2, 3. A simple computation for our
theory shows that all of these couplings λijk are zero. This confirms that
within a consistent supergravity truncation the couplings vanish as in the
higher-dimensional AdS cases.
Based on this, the conclusion we reach is that for the non-BPS branch we have not
identified correctly the near-AdS2 background that describes the backreaction as
we turn on the irrelevant deformation Y. Unfortunately it is not clear to us how
to modify our definitions and setup to fix this problem, while keeping the marginal
operator as part of the spectrum.

8.5

Examples in gauged supergravity

In this section we will consider some special cases in the gauged theory. In Sections
8.5.1 and 8.5.2 we restrict to purely magnetic solutions, i.e., QI = 0 and P I 6= 0,
and consider two subsets of solutions to the attractor equations: non-BPS solutions
following the conventions of [144], and BPS solutions described in [205, 206]. We
collect the attractor equations for both cases in Appendix D.2.1, and below discuss
the non-universal properties that these backgrounds dictate at the level of the
spectrum of operators and the interactions. Finally, in Section 8.5.3 we briefly
consider a simple dyonic non-BPS example.

8.5.1

Magnetic non-BPS background

Here we will analyse a non-BPS background in the gauged theory that is supported
by magnetic charges. It is a specific background that has a well-defined limit as
we take g → 0, and hence connects with the ungauged backgrounds. Since it is
cumbersome to keep four independent charges P I , we will further specialize to
the case where P 1 = P 2 = P 3 , and P 4 is independent; appendices D.2.1 and D.3
contain expressions when all four charges are independent.
Although we will have only two independent charges, we will see below that this
example already captures interesting non-universal features. Some of these features depend on the relative sign of P 1 and P 4 ; to simplify our discussion and
make the analysis more transparent, we will sometimes set P 4 = ±P 1 , which
corresponds to the near-AdS2 region of the magnetic RN black hole in AdS4 .
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AdS2 background.
cation means

For the attractor values of the scalars, the above simplifiϕ̄1 = ϕ̄2 = ϕ̄3 ,

(8.98)

and the remaining background equations fully determine the remaining fields
ϕ̄1 , Φ0 and the AdS2 radius `2 via
4g 2 Φ40 sinh ϕ̄1 = eϕ̄1 (P 1 )2 − e−3ϕ̄1 (P 4 )2 ,
1
4Φ20
4g 2 Φ40 cosh ϕ̄1 = eϕ̄1 (P 1 )2 + e−3ϕ̄1 (P 4 )2 −
,
3
3
1
1
= 2 + 6g 2 cosh ϕ̄1 .
`22
Φ0

(8.99)

If P 4 = ±P 1 , the attractor equations simplify: this sets ϕ̄1 = 0, and (8.99) reduces
to
1
1
− 2 = 6g 2 ,
`22
Φ0
(8.100)
1
1
2(P 1 )2
+ 2 =
.
`22
Φ0
Φ40

Spectrum of operators. Diagonalizing the mass matrix for both sectors as
¯ ~Z − M 2~Z = 0 ,


(8.101)

we find its eigenvalues m2 and corresponding orthogonal eigenstates ~Z = (Z1 , . . . , Z6 )
to be
!
1 4
1
P
P
+ χhom
,
Z1 = −χhom
3
1
:
m21 = 2 + e−ϕ̄1 g 2 +
hom
4
− χhom
,
Z2 = −χ1 + 2χhom
Φ0
Φ0
3
2
m22 =

2
+ 4g 2 e−ϕ̄1 :
Φ20

Z3 = ϕhom
+ ϕhom
+ ϕhom
,
1
2
3
(8.102)
Z4 = −ϕhom
+ ϕhom
,
1
3
hom
,
Z5 = −ϕhom
+
2ϕ
− ϕhom
2
3
1

2
m23 = 2 + g 2 (3eϕ̄1 + e−ϕ̄1 ) :
Φ0
m24 =

2
e−3ϕ̄1 (P 4 − 3e2ϕ̄1 P 1 )2
:
+
2
3Φ0
3Φ40

.
Z6 = χhom
+ χhom
+ χhom
1
2
3

If P 4 = P 1 , there is only one degenerate mass:
m2 = 4g 2 +

2
:
Φ20
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If P 4 = −P 1 , we have
Z1 = −χhom
+ χhom
,
1
3
hom
Z2 = −χ1 + 2χhom
− χhom
,
2
3

m21 = −2g 2 :
2
:
Φ20
!

m22,3 = m2ϕ = 4g 2 +
m24 =

2
3

4
5
+ 2
`22
Φ0

:

Zi+2 = ϕi ,

(8.104)

Z6 = χhom
+ χhom
+ χhom
.
1
2
3

It is instructive to inspect the conformal dimensions associated to the states (8.102)
in more detail. Starting with the second one listed in (8.102) we have
r
1
1
+ m21 `22
∆2 = +
2
4
r
9
1
− 2g 2 `22 e−ϕ̄1 − 6g 2 `22 eϕ̄1 .
= +
2
4

(8.105)

It is interesting to note that the effect of the AdS4 surrounding (g 6= 0) is that it
lowers the conformal dimension relative to the ungauged case (g = 0) where the
corresponding state has ∆2 = 2. From (8.99), the lower bound of ∆2 is attained
when ϕ̄1 = 0 (i.e., when P 1 = ±P 4 ) and 6g 2 `22 < 1. This implies that the range
of ∆2 is
1.46 < ∆2 ≤ 2 ,
(8.106)
hence making it an irrelevant operator below the JT field Y. A similar analysis
will show the same range of values applies for ∆3 . For the case P 4 = P 1 , all
conformal dimensions have the range (8.106), and for P 4 = −P 1 , it applies to the
three eigenstates with ∆ϕ .
For m21 and m24 the analysis is more delicate: their final values depend on the
choice of signs of P 1 and P 4 and cannot solely be determined from (8.99). If P 1
and P 4 have the same sign, a similar analysis will show that the ranges of ∆1 and
∆4 are the same as (8.106). In particular, this clearly holds for the case P 4 = P 1
given in (8.103). However, if P 1 and P 4 have opposite sign, we find that both
bounds on ∆4 are increased:
2.21 < ∆4 ≤ 3 ,

(8.107)

such that now ∆4 > ∆Y . For this choice of sign, the mass m21 in (8.102) can
become negative; hence, it can violate the Breitenlohner-Freedman bound. In
particular, for P 4 = −P 1 it is clear from (8.104) that the mass m21 < 0, and ∆1
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reduces to
∆1 =

1 1
+
2 2

q
1 − 8g 2 `22 .

(8.108)

Thus, when P 1 = −P 4 , the eigenstate with mass-squared m21 violates the BF
bound if
8g 2 `22 < 1 .
(8.109)
This is a stricter requirement than the one implied by (8.100), i.e., 6g 2 `22 < 1. In
Section 8.5.3 we discuss a dyonic example, P 1 = ±Q1 and the remaining charges
equal to zero, for which we find the same bound (8.109).
Finally, notice that we can smoothly take the g → 0 limit in (8.99) and (8.102).
The remaining attractor equations (8.99) then determine the charges up to a relative sign between P 4 and P 1 . The three eigenvalues in (8.102) corresponding to
Z3,4,5 collapse in either case to m2 `22 = 2; for the remaining three this depends on
this relative sign. If P 1 and P 4 have the same sign, the six eigenvalues are as in
the ungauged BPS case (8.80); if there is a relative sign, we instead land in the
non-BPS case (8.81).

Interactions. We are now ready to discuss the interactions in the magnetic nonBPS case introduced above. The general expressions are presented in Appendix
D.3. For clarity here we present the values for the limiting case where all magnetic
charges are equal in size (i.e., we further set P 1 = ±P 4 ).
As in Section 8.4.5, we will classify the corrections to the two-point functions in
terms of the parameter D̂ defined in (8.58). If P 1 = P 4 , all D̂i are equal, and
their value is
!
3
4
2
D̂i = −
− 2 + 16g
.
(8.110)
4(∆i − 1)
`2
Also, all conformal dimensions are equal to (8.105) with ϕ̄1 = 0. Using this in
(8.57) to compute KYZi Zi then determines the range of D̂i : as 0 ≤ g 2 < 6`12 ,
2

2.19 < `22 D̂i ≤ 3 .

(8.111)

Thus, D̂i is always positive and setting g = 0 here agrees precisely with the BPS
case (8.94), as expected.
If instead P 1 = −P 4 , there are different behaviors since the eigenvalues do not all
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become degenerate. We obtain

1
2
+
g
,
4(∆1 − 1) `22


3
4
D̂ϕ = −
− 2 + 16g 2 ,
4(∆ϕ − 1)
`2


3
14
− 2 + 46g 2 .
D̂4 = −
4(∆4 − 1)
`2
D̂1 = −



3

(8.112)

The range of D̂ϕ is as in (8.111), and for D̂4 we find
3.93 < `22 D̂4 ≤

21
,
4

(8.113)

i.e., D̂4 is always positive as well. Setting g = 0 matches perfectly with the nonBPS case: D̂ϕ matches with (8.94) and D̂4 with (8.95). The case of D̂1 is more
subtle: for g = 0 we get ∆1 = 1 and the correlator is extremal; and it also violates
the BF bound for g 2 > 8`12 . Within the range g 2 ∈ (0, 8`12 ), however, D̂1 is positive.
2

8.5.2

2

Magnetic BPS background

The solution in Section 8.5.1 is related to the BPS solution of [206], see also
[205, 231]. In Appendix D.2.1 we relate the attractor solution of [206] to the
notation used in the previous section. An important point is that the BPS solution
(D.29) is at a very different footing as compared to the non-BPS solution (D.23):
all charges are proportional to g, so they are not smoothly connected to solutions
in the ungauged theory.
For ease of comparison with the literature, we will adopt the conventions of [206,
231] to describe the magnetic charges. Hence we will use
n1 = gP 4 ,

n2 = gP 2 ,

n3 = gP 3 ,

n4 = gP 1 ,

(8.114)

where nI are integral charges.

AdS2 background. We will again consider a subset of solutions for which three
charges are equal and negative, and the remaining charge is positive. To comply
with the conditions on the charges ni given in (D.26), we choose n2 = n3 = n4 < 0
and n1 > 0 such that
n1 + 3n4 = 2 .
(8.115)
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Thus, contrary to the non-BPS case, there is only one independent charge. This
sets
ϕ̄1 = ϕ̄2 = ϕ̄3 .
(8.116)
From (D.29), the charges can be solved for as
n1 =


g 2 Φ20  3ϕ̄1
− 3eϕ̄1 ,
e
2

n2,3,4 = −g 2 Φ20 cosh ϕ̄1 ,

(8.117)

and (D.30) and (D.31) give
1
2g 2 e−ϕ̄1
=
−
.
Φ20
n4 + e−2ϕ̄1 n1

1
g 2 −ϕ̄1
=
e
(3 + e2ϕ̄1 )2 ,
`22
4

(8.118)

In terms of ϕ̄1 and Φ0 , the constraint on the charges gives

g 2 −ϕ̄1  4ϕ̄1
1
ϕ̄1
=
e
e
−
3(2e
+
1)
.
Φ20
4

(8.119)

Spectrum of operators. At the linearized level, the inhomogeneous solution
for ϕi is the same as in (D.33); explicitly, for the special case we consider, we have
ϕi =

2 1 − e2ϕ̄1
Y + ϕhom
,
i
Φ0 1 + e2ϕ̄1

(8.120)

and the inhomogeneous parts of χi can consistently be set to vanish. Diagonalizing
the mass matrix for both sectors (ϕhom
, χhom
) as
i
i
¯ ~Z − M 2~Z = 0 ,


(8.121)

we find the mass eigenvalues and corresponding (orthogonal) eigenstates to be:
m21 = −2g 2 sinh ϕ̄1 :
m22 =
m23

2
+ 4g 2 e−ϕ̄1 :
Φ20

2
= 2 + g 2 eϕ̄1 (3 + e−2ϕ̄1 ) :
Φ0

m24 =

2
+ 4g 2 eϕ̄1 cosh2 ϕ̄1 :
Φ20

,
+ χhom
Z1 = −χhom
1
3
hom
− χhom
,
Z2 = −χ1 + 2χhom
3
2
Z3 = ϕhom
+ ϕhom
+ ϕhom
,
1
2
3
(8.122)
,
Z4 = −ϕhom
+ ϕhom
1
3
hom
hom
Z5 = −ϕ1 + 2ϕ2 − ϕhom
,
3
Z6 = χhom
+ χhom
+ χhom
,
1
2
3
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We can write the eigenvalues fully in terms of the charge n4 and the gauge coupling
g using (8.119) and
e−2ϕ̄1 =

n4
3n4 − 1 −

p

(2n4 − 1)(6n4 − 1)

.

(8.123)

Then it is clear that the eigenvalues are all proportional to g 2 , as expected.
Again, it is instructive to inspect the conformal dimensions associated to these
eigenstates. Starting with the second listed eigenvalue, in terms of n4 only we
have
r
1 − 2n4
(8.124)
∆2 = 2
.
1 − 6n4
From the conditions on the charges, it is clear that n4 ∈ (−∞, −1). This determines the range of ∆2 as
r
3
2
√ < ∆2 < 2
.
(8.125)
7
3
Similarly, we find for ∆3 ,
r
∆3 = 1 +

1 − 2n4
,
1 − 6n4

1
1 + √ < ∆3 < 1 +
3

r

3
,
7

(8.126)

and for ∆4
r
∆4 = 1 + 2

1 − 2n4
,
1 − 6n4

2
1 + √ < ∆4 < 1 + 2
3

r

3
.
7

(8.127)

Thus, comparing to the irrelevant deformation Y we have 1 < ∆2 < ∆3 < ∆Y <
∆4 < 2.5, so Z3,4,5 are less and Z6 is more irrelevant than the JT field Y. Finally,
∆1 is given by
!
r
1
1
1 − 2n4
±
∆1 = ± − +
,
(8.128)
2
2
1 − 6n4
where
1
√ < ∆+
1 <
3

r

r

3
,
7

1−

3
1
< ∆−
1 <1− √ .
7
3

(8.129)

From (8.128) it is clear that the fourth mass m24 takes on negative values. However,
the BF bound is never violated, as both ∆±
1 are real for any value of the charge
n4 . The difference between ∆2,3,4 and ∆1 can also be seen directly from (8.122).
The last three eigenvalues are manifestly positive, but for the first eigenvalue we
can consider the BF bound, m2 + 4`12 ≥ 0. With the AdS2 radius as in (8.118) we
2
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find that it is never violated:
m21 +

g 2 −ϕ̄1 2ϕ̄1
1
=
e
(e
− 5)2 ≥ 0 .
4`22
16

(8.130)

Interactions. Finally, we discuss the corrections to the two-point functions of
the eigenstates Zi due to cubic interactions with Y. The corrections are of the
form (8.54); the general expressions are not very insightful, so we give one explicit
example:
D̂2 =



g 2 e−ϕ̄1
8ϕ̄1
6ϕ̄1
4ϕ̄1
2ϕ̄1
9e
−
86e
−
44e
+
118e
+
3
, (8.131)
4(∆2 − 1) 2(1 + 3e2ϕ̄1 )2
3

where ∆2 is given in (8.124), and we can use (8.123) to write this in terms of the
charge n4 only. Then n4 ∈ (−∞, −1) determines
− 19.7 g 2 < D̂2 < −4.49 g 2 .

(8.132)

A similar calculation gives
25.3 g 2 <D̂3 < 34.1 g 2 ,
35.4 g 2 <D̂4 < 48.7 g 2 ,

(8.133)

and
10.3 g 2 < D̂1− < 12.4 g 2 ,

14.1 g 2 < D̂1+ < 23.5 g 2 .

(8.134)

Thus only D̂2 is negative, and all other D̂i are positive. The sign of D̂ is an
interplay of the sign of the effective cubic coupling constant λeff of Y and the
field Zi , and of the conformal dimension ∆i : the prefactor in (8.58) is positive for
∆ < 1, and negative otherwise. This is the only background for which we find a
different sign for the corrections; it would be interesting to reproduce this from a
near-CFT1 description, or account for it from the dual CFT3 in the UV.

8.5.3

Dyonic, non-BPS

In this section, we consider an additional example to complement the discussion in
Sections 8.5.1 and 8.5.2. It is a very simple configuration: all but one field strength
vanishes, and the magnetic and electric charge are matched. More concretely, here
we will take P 1 = ±Q1 and all remaining charges equal to zero. This example is
non-BPS, and hence we will find similar results as those described in Section 8.5.1.
The corresponding black hole solution can be found in, e.g., [144].
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AdS2 background.
scalars simplify to

The attractor solution for this example is very simple. The
χ̄i = 0 ,

ϕ̄i = 0 .

(8.135)

Solving the attractor equations for this background gives
1
(Q1 )2
1
+
=
,
`22
Φ20
Φ40

1
1
− 2 = 6g 2 .
2
`2
Φ0

(8.136)

Note that these equations imply that Φ20 > `22 and 6g 2 `22 < 1. The solution for the
size of the S 2 is
p
6g 2 Φ20 = −1 + 1 + 6g 2 (Q1 )2 .
(8.137)

Spectrum of operators.
very simple. They become

The linearized equations (8.32) and (8.33) are also
¯ i − (4g 2 + 2 )χi = 0 ,
χ
Φ20

(8.138)

and
¯ 1 − (4g 2 + 2 )ϕ1 + (6g 2 +
ϕ
Φ20
¯ 2 − (4g 2 + 2 )ϕ2 − (6g 2 +
ϕ
Φ20
¯ 3 − (4g 2 + 2 )ϕ3 − (6g 2 +
ϕ
Φ20

2
)ϕ2 + (6g 2 +
Φ20
2
)ϕ3 + (6g 2 +
Φ20
2
)ϕ2 + (6g 2 +
Φ20

2
)ϕ3 = 0 ,
Φ20
2
)ϕ1 = 0 ,
Φ20
2
)ϕ1 = 0 .
Φ20

(8.139)

Note that in this case there are no terms proportional to Y, and hence there are
no inhomogeneous solutions (~a = 0).
The spectrum of conformal dimensions is the following. The masses for χi are
easy to read off from (8.138), and hence we have three eigenstates Zi , i = 3, 4, 512
with conformal dimension
r
r
1
1
1
9
2
2
(8.140)
+ `2 mχ = +
− 8`22 g 2 .
∆χ = +
2
4
2
4
For 0 ≤ 6g 2 `22 < 1, we have 1.46 < ∆χ ≤ 2 and hence the χi are less irrelevant
than Y: the effect of the AdS4 (g 6= 0) surrounding is to lower the conformal
dimension relative to the ungauged case. Next, diagonalizing (8.139), the three

12 The

labelling of eigenstates is such that the conformal dimensions increase from Z1 to Z6 .
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eigenvalues and eigenstates are
r
1
1
Z1 = ϕ1 + ϕ3 ,
2
2
− 2g 2 `22 :
m1 = −2g ,
∆1 = +
Z2 = ϕ1 + 2ϕ2 − ϕ3 ,
2
4
r
6
1
25
2
2
m2 = 16g + 2 , ∆2 = +
− 20g 2 `22 : Z6 = −ϕ1 + ϕ2 + ϕ3 .
Φ0
2
4

(8.141)

Again, conformal dimensions are lowered due to the presence of g. But more importantly, in this sector we have two negative mass-squared states, which could trigger an instability. Demanding that m21 complies with the Breitenlohner-Freedman
bound in AdS2 , requires that
8g 2 `22 ≤ 1 , or equivalently,

2g 2 Φ20 ≤ 1 .

(8.142)

In terms of the electric charge this means
g 2 Q21 ≤

5
.
2

(8.143)

Hence only black holes with very small charges (relative to the AdS4 radius) are
stable.
Interactions. Finally, we report on the corrections to the two-point functions
due to a non-trivial background value of Y. The corrections are of the form (8.54).
We find
!
3
4
∆χ : D̂χ = −
− 2 + 16g 2 ,
4(∆χ − 1)
`2
∆1 : D̂1 = −

∆2 : D̂2 = −

3
4(∆1 − 1)
3
4(∆2 − 1)

1
+ g2
`22

!
,

14
− 2 + 46g 2
`2

(8.144)
!
,

where D̂ is defined in (8.58). Computing them explicitly using the conformal
dimensions in (8.140) and (8.141), we find that both D̂χ and D̂2 are positive for
0 ≤ g 2 < 6`12 :
2

2.19 < `22 D̂χ ≤ 3 ,
(8.145)
21
3.93 < `22 D̂2 ≤
.
4
Again the effect of g is to lower the values relative to the ungauged theory. Setting
g = 0 matches D̂χ with (8.94) and D̂2 with (8.95). The case D̂1 is similar to D̂1 in
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the magnetic non-BPS case with P 1 = −P 4 , i.e., (8.112): for g = 0, the correlator
is extremal and KYZ4 Z4 diverges; for g 2 > 8`12 the BF bound is violated. In the
2

range g 2 ∈ (0, 8`12 ), D̂1 is positive.
2

8.6

Discussion

We explored aspects of near-AdS2 backgrounds that appear in N = 2, D = 4
supergravity. We focused on quantifying the spectrum of operators, and their
interactions with the JT sector. In Table 8.1 we collected the most prominent
examples studied here, and summarized their main features. From this table there
are a few important lessons:
• Supersymmetry is key. In every single non-BPS example we considered there
is something undesirable: either we have unstable modes in the gauged theory, or we have problems with the extremal three-point correlators in the
ungauged case. BPS backgrounds have a well-defined EFT description in all
cases.
• Gauged versus ungauged. Not surprisingly, the effect of AdS4 , relative to
Minkowski4 , on the spectrum of AdS2 operators is to lower the conformal
dimensions.13 This allows for the presence of operators that are relevant,
or even unstable, for the gauged theory. It is one reflection of how the
surrounding (UV embedding) has an imprint on the IR physics.
• Who is relevant, marginal and irrelevant. It is interesting to see how the
spectrum for a black hole can be plain and simple (BPS ungauged theory),
or have all flavours of operators available (BPS gauged theory). This is an
indication that the ingredients that go into building a statistical description
of the black hole will not be universal.
• Expected and unexpected pathologies. One expected pathology we encountered in our analysis is the presence of modes that violate the BF bound
for backgrounds in the gauged theory. This is a common occurrence in
AdS2 × R2 in the context of AdS/CMT [232–234], although less discussed
for AdS2 × S 2 [200, 235]. The unexpected pathology is the non-vanishing
extremal cubic coupling among the marginal operator and Y for non-BPS
backgrounds in the ungauged theory, as discussed in Section 8.4.5. Although
it is well known that non-BPS black holes have a flat direction in the attractor mechanism, it is disappointing that this spoils the construction of an
effective field theory around near-AdS2 .
13 This

also happens in AdS5 ; see e.g. [164].
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ungauged

non-BPS

BPS

Spectrum
(QI , P I )

∆

QI =
6 0,
PI =
6 0

∆Z = 2

(8.67), 7 independent
parameters

∆1 = 1

∆2 = 2

BPS

∆3 = 3

Magnetic,
n1 = 2 − 3n4
n2 = n3 = n4

0.35 < ∆−
1 < 0.42 ,
0.58 < ∆+
1 < 0.65
1.15 < ∆2 < 1.31
1.57 < ∆3 < 1.65
2.15 < ∆4 < 2.31

gauged

Magnetic,
P1 = P2 = P3
P4 = P1
Magnetic,
P = P2 = P3
P 4 = −P 1

∆∗1 ≤ 1

non-BPS

1.46 < ∆ϕ ≤ 2
2.2 < ∆4 ≤ 3

Dyonic,
P 1 = ±Q1
P I6=1 = 0
QI6=1 = 0

~Z = (ϕi , χi )


 Z1
 Z

2


 Z3



Z4




 Z5

∆∗1 ≤ 1

2.2 < ∆2 ≤ 3

= χ1 + χ3

3
`22

D̂1 undetermined

= c1 ϕ2 + χ1 + c2 χ2
= ϕ1
= ϕ3

D̂2 =

3
`22

D̂3 =

21
4`22

= c3 ϕ2 + c4 χ2

2

1

2

3

Z3 = ϕ1 + ϕ2 + ϕ3


 Z4 = −ϕ1 + ϕ3

 Z5 = −ϕ1 + 2ϕ2 − ϕ3

10.3 g 2 < D̂1− < 12.4 g 2 ,
14.1 g 2 < D̂1+ < 23.5 g 2
−19.7 g 2 < D̂2 < −4.49 g 2
25.3 g 2 < D̂3 < 34.1 g 2
35.4 g 2 < D̂4 < 48.7 g 2

Z6 = χ1 + χ2 + χ3
~Z = (ϕi , χi )

2.19 < `22 D̂Z ≤ 3



 Z1 = −χ1 + χ3
 Z = −χ + 2χ − χ

2
1
2
3

D̂1 > 0

Zi+2 = ϕi , i = 1, 2, 3

2.19 < `22 D̂ϕ ≤ 3

Z6 = χ1 + χ2 + χ3


 Z4 = ϕ1 + ϕ3
 Z = ϕ + 2ϕ − ϕ


3.93 < `22 D̂4 ≤

Zi = χi , i = 1, 2, 3

2.19 < `22 D̂χ ≤ 3

Z6 = −ϕ1 + ϕ2 + ϕ3

3.93 < `22 D̂2 ≤

5

1.46 < ∆χ ≤ 2

D̂Z =

Z6 = c1 ϕ2 − χ1 + c2 χ2 + χ3


 Z1 = −χ1 + χ3

 Z = −χ + 2χ − χ

1.46 < ∆Z ≤ 2

1

Interactions
hZZi = hZZifree (1 + D̂(...))

Eigenstates

1

2

21
4

D̂1 > 0

3

21
4

Table 8.1. A summary of our results for the different cases we considered: ungauged/gauged, BPS/non-BPS, and charge configurations. We report (the range of) the
conformal dimensions, the eigenstates, and the corrections to the two-point functions as
defined in (8.54) with D̂ given in (8.58). The ranges are for 0 ≤ 6g 2 `22 < 1. The symbol
∆∗ indicates that the corresponding states can violate the BF bound if 8g 2 `22 < 1, and
that ∆ = 1 for g = 0; in those cases, we only give the sign of D̂. Note that the ci in the
ungauged, non-BPS eigenstates, can be read off from (8.82). We dropped the superscript
(hom) for the magnetic gauged cases, and presented the orthogonal (but not orthonormal)
eigenstates, for clarity and brevity.
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8.6. Discussion
Of course here we focused on specific holographic aspects of the near-AdS2 backgrounds: the spectrum, a specific type of interaction, and the imprint on one
specific correlation function. Other interactions, other entries in the holographic
dictionary, and how they affect other observables would be interesting to study. A
few possible future directions are the following.

From UV to IR. One of the most interesting, and challenging, directions to
pursue is to reproduce the results of Table 8.1 from a dual description. This might
be a feasible task for supersymmetric black holes, where we have some control
already on their extremal entropy, such as the BPS black holes in the gauged and
ungauged theory. For the gauged cases, it would be very interesting if one could
reproduce the values of ∆ from the dual CFT3 in the UV.
In addition to the spectrum, we also reported on the cubic interactions appearing
in the near-AdS2 region and their imprint on the two-point functions. This is
a non-universal entry in the holographic dictionary, and hence contains valuable
information about the near-CFT1 . One direction to pursue is to connect D̂ to an
observable outside the near-horizon region, and hence tie its value and properties
to a correction that can be computed in the UV description of the black hole.
This should be conceptually clear, although technically cumbersome to evaluate;
if feasible, it would provide a non-trivial check of our analysis.

Imprint on quantum and higher derivative corrections. A natural question is how the operator content we quantified affects the quantum entropy of
black holes. In particular, we found in the gauged theory that there are matter fields with ∆ < 3/2, which according to [155] are the dominant effect over the
Schwarzian sector. It would be interesting to understand the connection to [67,68],
and have a more refined understanding of the statistical system.
It is also important to contrast thermodynamic properties of BPS versus non-BPS
black holes beyond the area law. Several issues already arose in our analysis,
and it will be useful to place those in the context of quantum corrections to the
black hole entropy. For example, for non-extremal black holes the logarithmic
corrections behave very differently, as illustrated in [236] versus [237]. Also the
results of [67, 68] show important differences between BPS and non-BPS states,
which quantifies the role of the mass gap in both cases.
Finally, it would be interesting to quantify the role of higher derivative corrections
in N = 2 supergravity in our analysis. This was recently revisited for AdS2
backgrounds for the ungauged theory in [213], and there are as well some new
developments in the gauged theory done by [238, 239].
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8. Black Holes in 4D Supergravity
Black hole zoo. As stressed from the beginning, we only focused on backgrounds that are a direct product of AdS2 and S 2 ; and within the gauged theory,
we considered a small subset of all solutions. It would clearly be interesting to
expand this analysis and establish if the patterns found here are robust for all
dyonic solutions in AdS4 .
Of course there is also a much richer space of solutions that deserve attention. For
instance, the inclusion of different horizon topologies, which is quite intricate in the
gauged theory; several AdS2 backgrounds of this form have been recently discussed
in [240–242], including an overview of possible solutions in the 4D gauged theory.
Rotation is also a very interesting aspect to explore, and our current work was
inspired by the new features found in five-dimensional rotating black holes [3,164].
In contrast to the results in [3], we did not see a change of sign for D̃ for a fixed
operator, which might be attributed to the lack of rotation here. Understanding
and decoding the patterns in D̃ clearly deserves more attention. In four dimensions
rotation is a much more difficult parameter to introduce in near-AdS2 , as reflected
by the analysis of near-extremal Kerr in [167]. Still it would be interesting to
understand how the interplay between rotation and supersymmetry enters in our
discussion, and in particular to connect it with the developments in [163,243,244].
Integrability conditions on non-extremal black holes. As shown in [144],
which builds upon observations in [245], a generic non-extremal dyonic black hole
background is not physically reasonable for g 6= 0 and arbitrary values of (QI , P I ).
In a nutshell, non-extremal AdS4 black holes cannot carry both magnetic and electric charge without imposing a constraint. One way to discover this inconsistency
comes from demanding integrability of the mass of the black hole. Integrable conserved charges are paramount for a well-defined phase space and the validity of
the first law of thermodynamics. It would be interesting to understand how this
integrability condition is present in the context of near-AdS2 . The AdS2 background will exist for any values of (QI , P I ), but there should be a restriction on
how to deform away from it such that this deformation leads to an integrable
non-extremal solution.
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In this dissertation, I explored different aspects of black hole and cosmological
horizons within the general framework of holography. I conclude by contemplating
the main lessons learned, and comment on possible future directions. These will
complement the future directions that were already suggested in the discussion
sections of Chapters 4, 5, 7 and 8.

Unitary evolution of evaporating horizons
Semiclassical gravity knows about quantum gravity.
In Chapter 3, we explored various incarnations of the island formula, a semiclassical
procedure that correctly computes the fine-grained entropy of Hawking radiation
in quantum gravity. Although it is reassuring that there is a bulk procedure that
reproduces a unitary Page curve—complementing the formal resolution provided
by AdS/CFT via boundary unitarity—arguably the most surprising aspect of the
island formula is that semiclassical gravity is enough to understand the quantum
gravitational evaporation of black holes. In doubly holographic models, such as the
one studied in Chapter 4, we might even argue that classical geometry knows about
quantum gravity of the dual gravity plus matter theory. An important question
that I did not address so far, is why this works. How did our coarse-graining
procedure keep information about the degrees of freedom of the microscopic, finegrained theory? I will make some remarks regarding this problem shortly.
Applying the island formula to cosmological horizons is not straightforward.
In Chapter 5, we applied our partial dimensional reduction model, introduced in
Chapter 4 for evaporating AdS2 black holes, to the cosmological horizon of de
Sitter space. Our aim was to investigate the fine-grained entropy of an evaporating two-dimensional de Sitter horizon for two types of observers relevant from
a cosmological perspective: the static patch observer, who perceives an expanding universe, and the ‘meta-observer’, who looks back on an inflationary past.
This was not a straightforward exercise; here, we wish to highlight two subtleties
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that are also important if one wants to address an information problem for fourdimensional de Sitter space—of most interest for our Universe. The first subtlety
is the choice of state for the radiation. In the thermal equilibrium Bunch–Davies
state, the cosmological horizon does not evaporate. Thus, we chose to work instead
with the out-of-equilibrium Unruh–de Sitter state. This state is well-defined in two
dimensions, but in four dimensions its definition is less straightforward: there are
more free parameters and one needs to impose more constraints [111]. To carefully
address an evaporating four-dimensional cosmological horizon would require the
construction of the four-dimensional backreacted Unruh–de Sitter solution.
The second subtlety is related to the choice of observer, i.e., where the radiation is
collected. To safely apply the island formula, the radiation region should decouple
from gravity. This is obviously true for the doubly holographic models, which have
a fully non-gravitating dual description. For evaporating black holes in AdS or flat
space, it suffices to place the radiation region asymptotically far from the black
hole (although this has been challenged in, e.g., [78]). In the cosmological context,
the only region that naturally obeys this condition is the spacelike boundary at
future infinity I + . As shown in Chapter 5, radiation in the Unruh–de Sitter state
backreacts on the two-dimensional de Sitter geometry in such a way that gravity
at the past cosmological horizon becomes weakly coupled, allowing for a static
patch description of the evaporating horizon. It would be interesting to see if this
extends to the four-dimensional backreacted Unruh–de Sitter geometry.

Non-universal dynamics of black hole horizons
Non-universal aspects will dictate the design of microscopic duals.
In Chapters 7 and 8, we used the near-AdS2 /near-CFT1 correspondence to study
the near-horizon dynamics of five-dimensional black holes with rotation, and black
holes in N = 2 4D U (1)4 supergravity, respectively. As outlined in Chapter 6, we
searched for non-universal properties in the near-AdS2 region due to interactions
between the irrelevant deformation that defines that region (the JT mode) and
the matter fields present in the theory. Explicitly, we classified the spectrum of
operators, and the corrections D̃ to the two-point function of these additional fields
due to the JT mode. Both depend highly on the background and surrounding, e.g.
on whether or not the solution preserves supersymmetry, the precise field content,
and the presence of a cosmological constant. Any microscopic dual would have to
incorporate these features.
We restricted our discussion to a subset of black hole solutions. It would be interesting to expand our analysis and consider, for example, rotating supersymmetric
black holes, to understand and decode the patterns in the corrections classified
by D̃. Another interesting direction is to study the near-horizon geometry of
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near-extremal two- or multi-center solutions, and to quantify the imprint of the
additional center(s) on the nearly AdS2 dynamics. Perhaps this could also provide
a new angle on the fragmentation instability of AdS2 [58].
The near-horizon region talks to the asymptotically far region.
In Chapter 7, we also analyzed the interpolation from the near-horizon (IR) to
the asymptotically far (UV) region. In particular, we explicitly showed how a
perturbation in the IR propagates to the UV. The IR perturbation corresponds
to a diffeomorphism plus a change of mass from the point of view of the UV. For
AdS5 , we noted that the diffeomorphism leads to a conformal transformation of
the boundary metric; for Minkowski5 , the effect was found to be subleading. More
research is needed to confirm that this effect is not an artifact of a choice of gauge,
but a robust imprint of the JT sector in the UV in AdS5 .
More generally, a very exciting direction is to reproduce the results obtained in
Chapters 7 and 8 for the spectrum of operators and the interactions from a dual
description. For example, we would like to connect the correction D̃ we found in
the IR to an observable outside the near-horizon region, and tie it to a correction that can be computed in the UV description of the black hole. An example
that interpolates in the opposite direction is the integrability condition we briefly
touched upon in the discussion section of Chapter 8. There, we might wonder how
the integrability of the black hole mass, a UV condition restricting the allowed
charges of non-extremal AdS4 black holes, is reflected in the allowed near-AdS2
deformations.

Future directions
In the preceding discussion, I addressed some future directions that follow naturally from the main lessons learned. In what follows, my aim is to be more speculative and suggest some research directions that tie together different aspects of
the work presented in this dissertation.
Static patch holography
In Chapter 5, we found that backreaction effects obstruct both the static patch
and the meta-observer from collecting all radiation; this suggests that information
cannot be retrieved from behind a cosmological horizon. It would be interesting
to investigate if perturbations to this setup can change the entanglement structure
of de Sitter, and possibly admit information recovery. One direction could be to
consider the Bunch–Davies state and allow for positive energy shock waves, which
can bring the static patches into causal contact [139, 246]. The overarching aim
of studying the entanglement structure of de Sitter space would be to construct
a static patch holographic dictionary. Another route to this goal is to consider
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the dynamics of a region close to the cosmological horizon, which we found in our
model to be weakly gravitating. In the spirit of the AdS/CFT correspondence,
such a region could provide a good starting point to build a holographic dual, as it
decouples gravitationally from the rest of the spacetime. Recently, different proposals have been put forward for the computation of the entanglement entropy of
this “stretched” horizon for four-dimensional de Sitter space [49–51]. It is an open
problem to consider the time-dependent case of evaporating horizons; exploring
the entanglement entropy of such horizons could help scrutinize, and differentiate
between, the different proposals.
Microscopic model building
Several aspects of JT gravity are well described by a particular integrable limit
of a class of SYK-like models [62, 155, 158]. The results we obtained in Chapters
7 and 8 are suggestive of a more intricate dual description. In particular, as already mentioned in Section 7.5, in the so-called qSYK models the correction to the
two-point function follows the same functional dependence as (6.42), but it is completely fixed [155]. In particular, it is background independent, whereas we found
that for rotating five-dimensional black holes in AdS5 (but not Minkowski5 ) the
sign of the correction D̃ can be positive or negative for a fixed operator, depending on the extremal solution. An additional tension arises from the operators with
conformal dimension ∆ < 3/2 we found in Chapter 8 for the gauged theory: the
SYK model does not contain such operators [62, 158]. More generally, the variety
of the spectrum of operators that we found in the BPS gauged theory versus the
BPS ungauged theory suggests that the ingredients that go into designing microscopic duals will not be universal. It seems an interesting and important avenue
to investigate if extensions of the SYK model could allow for these features.
Remarkably, and related to the previously discussed static patch holography, SYK
has also been put forward as a putative dual to de Sitter space [49]. The proposed
model is SYK in the “hyperfast” scrambling or infinite temperature limit. The
idea is that a dual to de Sitter space should account for the hyperfast scrambling of the degrees of freedom of the cosmological horizon, for which the scrambling timescale is of the order of the de Sitter radius `dS , as opposed to the fastscrambling timescale `dS log S. The infinite temperature limit of SYK satisfies
this criterion. The proposed connection to (AdS) JT gravity as the bulk dual of
the SYK model, as alluded to above, is as follows. From the (AdS) JT gravity
bulk perspective, the infinite temperature limit pushes the dynamical boundary
inwards, until it almost hugs the (black hole) stretched horizon. The holographic
(SYK) degrees of freedom would then be indistinguishable from the horizon modes.
The above proposal, although very speculative at the moment and in need of thorough checks, exemplifies how little is known about the precise quantum-mechanical
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duals of (the static patch of) de Sitter space. It is striking that the SYK model
enters the stage both here and for near-extremal black holes. Investigating the entanglement entropy of de Sitter space, and non-universal aspects of near-extremal
black holes, will hopefully illuminate the search for microscopic duals.
Semiclassical versus quantum gravity
The first part of this dissertation taught us that semiclassical gravity knows about
quantum gravity; the second part focused on aspects of black holes that are not
universal, despite their shared semiclassical features. This raises the question for
which entries in the holographic dictionary semiclassical gravity suffices, and when
the semiclassical description breaks down. For the fine-grained entropy computations of the (non-extremal) black hole studied in Chapter 4, the dynamics are fully
captured by JT gravity; the replica wormhole saddles underlying the island formula depend only on this low-energy description [83]. But in Chapter 8, we found
matter fields with conformal dimension ∆ < 3/2, which might dominate over the
Schwarzian sector [155]; this could possibly lead to a correction of these saddles.
It would be very insightful to have a more refined understanding of the effect of
the operator content on the quantum entropy and thermodynamics of these black
holes, and to connect to, e.g., the results in [68].
One approach could be to study the effect of these additional fields on the evaporation process of near-extremal black holes. The evaporating AdS2 black hole
in JT gravity coupled to a bath in flat space (as described in Chapter 3) can be
understood as an approximate description of an evaporating near-extremal black
hole in four dimensions [67]. We would first need to make the appropriate changes
to the two-dimensional evaporating black hole to ensure that it is indeed connected
to, e.g., the four-dimensional black holes considered in Chapter 8. We could then
use the results obtained in Chapter 8 for the near-AdS2 dynamics to account for
the additional matter fields present in the geometry and to see their imprint on
the evaporation process.
Additionally, as alluded to in the discussion section of Chapter 8, there is a class
of logarithmic quantum corrections to the black hole entropy that can be computed from the low energy dynamics, while being sensitive to the details of the
microscopic counting. In the context of N = 2 4D supergravity, the framework
we considered in Chapter 8, the behavior is very different for extremal black holes
(or non-extremal black holes that are connected to BPS solutions in the extremal
limit [236]), where the correction appears to be universal, versus non-extremal
black holes, where its universality depends on the number of preserved supersymmetries [237]. A better understanding of the imprint of the operator content in the
near-AdS2 on these quantum corrections could shed light on the question whether
this correction needs to be universal in a consistent semiclassical theory.
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Another interesting prospect could be to place our results in the context of ensemble averaging and the eigenstate thermalization hypothesis—another framework
that relates to the question when the semiclassical description breaks down. In
Chapter 3, we briefly mentioned that the inclusion of replica wormholes in the Euclidean path integral is crucial to reproducing the Page curve [82, 83]. Euclidean
wormholes also appear in the partition function of JT gravity; these have been interpreted using the proposal that pure JT gravity computes an ensemble average
in a random matrix theory [247, 248]. The wormholes explain why observables in
completely disjoint universes can nonetheless be correlated by ensemble averages.
More generally, then, semiclassical gravity might be dual to an an ensemble average
rather than a particular quantum theory (see, e.g., [249] and references therein).
Such statistical averaging is reminiscent of the eigenstate thermalization hypothesis (ETH) (some of the early references include [250, 251]), which states that for
chaotic many-body systems, high-energy information can be treated as random for
a low-energy observer. Probing the system with macroscopic operators, it looks
thermal for all purposes and we do not need access to the microscopic states [252].
The ETH has been shown to hold in the SYK model [253] (see also [254]). This
is particularly interesting in the context of black hole evaporation, which should
correspond to the process of thermalization of unitary quantum field theories. In
particular, one might hope the ETH could be used to explain the validity of the
semiclassical island formula [255]; more work is needed to make this precise.
Finally, I wish to point out a related puzzle that is referred to as the factorization
problem [256, 257]: decoupled boundary theories should have factorizing partition
functions, but contributions from wormholes connecting the boundaries through
the bulk might spoil that factorization property. Within the context of JT gravity
as an ensemble average, the problem is that such averages do not necessarily
factorize. There have been some proposals to resolve this tension, e.g. [258–260],
but a complete understanding is lacking. It is likely that a full resolution will
depend on a more refined understanding of black hole microstates, and as such
the non-universal aspects that have been discussed in this dissertation might play
an important role here as well.
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A

Holographic Entropy

In this appendix I provide a detailed computation of the entropies (4.30) and
(4.32)/(4.33) using the formula for the geodesic distance ∆s between two points
s1 , s2 in terms of embedding coordinates:

− `2 cosh ∆s/` = X µ (s1 )Xµ (s2 ) .

(A.1)

The computations are standard [29]; I added them for completeness. This appendix also appeared in [1].
Extremal AdS2 black hole
For the Poincaré metric, the embedding coordinates are
z
1
+ (`2 + x2 − t2 ) ,
2 2z
z
1
2
X = − (`2 − x2 + t2 ) ,
2 2z
X0 =

`2
t,
z
`2
X3 = x ,
z
X1 =

(A.2)

where X 0 and X 1 are timelike, i.e., −(X 0 )2 − (X 1 )2 + (X 2 )2 + (X 3 )2 = −`2 . The
geodesic distance between two points s1 = (t1 , z1 , x1 ) and s2 = (t2 , z2 , x2 ) is

cosh ∆s/` =


1 
−(t2 − t1 )2 + (x2 − x1 )2 + z12 + z22 .
2z1 z2

(A.3)

For a fixed time slice, the geodesic distance depends only on z1 , z2 and ∆x. If the
endpoints lie at the same radial distance z1 = z2 = z we find

1
cosh ∆s/` = 1 +
2



∆x
z

2
⇒ ∆s = 2` arcsinh

∆x
.
2z

(A.4)

For z → ` with  → 0 (i.e. points close to the boundary) we can approximate
∆s = 2` log

∆x
+ UV cutoff .
2`
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(A.5)
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2

Mapping the Poincaré patch to the cylinder using x = `ϕ, z = `r , as in the
discussion around (4.22), we find the entropy of an angular interval ∆ϕ to be
S=

1
(2 log ∆ϕ) ,
4G

(A.6)

where I used G3 = `G2 and dropped the UV cutoff. For the angular interval in
Figure 4.1, we have ∆ϕ = 2πα + 2b
` . Then we can distinguish two regimes, b  Φr
and b  Φr , with Φr = 2π`α, leading to

 1 2 log Φ /` if b  Φ
r
r
S = 4G
.
(A.7)

 1 2 log 2b/`
if b  Φr
4G

Finite temperature AdS2 black hole
For the BTZ metric (4.25) the embedding coordinates are
`p 2
Rt
r − R2 sinh 2 ,
R
`
`p 2
Rt
2
X =
r − R2 cosh 2 ,
R
`
X0 =

Rϕ
r`
cosh
,
R
`
r`
Rϕ
X3 =
sinh
,
R
`

X1 =

(A.8)

where again X 0 and X 1 are timelike directions. For two points s1 = (t1 , r1 , ϕ1 )
and s2 = (t2 , r2 , ϕ2 ) the geodesic distance is
 r1 r2
R
cosh ∆s/` = 2 cosh (ϕ1 − ϕ2 )
Rs
`
 2
 2

r1
r2
R
−
−1
− 1 cosh (t1 − t2 ) ,
R2
R2
`

(A.9)

such that for a fixed time slice and for two points at the same radius r1 = r2 = r,



R∆ϕ
r
R∆ϕ
r2
1 − cosh ∆s/` = 2 1 − cosh
⇒ ∆s = 2` arcsinh sinh
. (A.10)
R
`
R
2`
Now, expanding for r → ∞ gives
∆s = 2` log sinh
Using G3 = `G2 , R =

2π`2
β

R∆ϕ
+ UV cutoff .
2`

(A.11)

and dropping the UV cutoff we find the entropy

1
S=
4G2




π
2 log sinh `∆ϕ .
β
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B

Coordinates for de Sitter

In this appendix, I will for the sake of completeness give various two-dimensional
coordinate systems for de Sitter space and the associated dilaton solutions. The
solutions quoted originate from dimensional reduction and not from an intrinsically
two-dimensional setup. Concretely, this means that the dilaton solutions might
differ from previous work on JT gravity in purely two-dimensional de Sitter. This
appendix also appeared in [2].

Global coordinates.

In global coordinates (T, θ) the metric and dilaton are

ds2 = −dT 2 + `2 cosh2

T 2
dθ ,
`

Φ = 2πα sin θ cosh

T
.
`

(B.1)

Here, θ ∈ [0, π] and T ∈ (−∞, ∞). These coordinates are called global coordinates
as they can be used to describe all of de Sitter space.

Global conformal coordinates. In global conformal coordinates (σ, θ) the
metric and dilaton are given as
ds2 =


`2 
2
2
−dσ
+
dθ
,
cos2 σ

Φ = 2πα

sin θ
,
cos σ

(B.2)

where σ ∈ (− π2 , π2 ). These coordinates cover the full Penrose diagram of de Sitter,
Figure 5.2. The transformation to go from global coordinates to global conformal
coordinates is given by
σ
T
tan = tanh
.
(B.3)
2
2`
In terms of the Schwarzian equations of motion (5.27), (B.2) corresponds to
x(u) = 2` tan
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Planar coordinates.

In the flat slicing the metric and dilaton are given by
ρ
Φ = 2πα et/` ,
`

ds2 = −dt2 + e2t/` dρ2 ,

(B.5)

where ρ ≥ 0 and t ∈ (−∞, ∞). These coordinates cover half of the de Sitter
Penrose diagram (static patch + future patch). The transformation between planar
and global coordinates is given by
ρ=

` cosh T` sin θ
,
sinh T` + cos θ cosh T`

et/` = sinh

T
T
+ cos θ cosh .
`
`

(B.6)

Planar conformal coordinates. From the previous coordinate system, we can
go to conformal time η via
η = −`e−t/` ,
(B.7)
where η ≤ 0 with equality at I + . Then the metric and dilaton are given by
ds2 =


`2 
2
2
−dη
+
dx
,
η2

Φ = −2πα

x
,
η

(B.8)

where I set x = ρ. These coordinates cover the same planar patch as the previous
ones.
Note that we can combine the coordinate transformations (B.6), (B.3) and (B.7)
to find a direct relation between planar conformal coordinates (η, x) and global
conformal coordinates (σ, θ):
η=−

` cos σ
,
cos θ + sin σ

x=

` sin θ
.
cos θ + sin σ

(B.9)

Kruskal coordinates. We can extend the planar coordinates to cover the entire
Penrose diagram by defining Kruskal coordinates as follows:
x+ = η + x ,

x− = −

`2
.
η−x

(B.10)

Then the metric and dilaton are given by
4`4
ds = − 2
dx+ dx− ,
(` − x+ x− )2
2

Φ = 2πα
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`2 + x+ x−
`2 − x+ x−

!
.

(B.11)

Static patch coordinates. The static patch coordinates are defined with respect to the Kruskal coordinates as
r
r
`−r
`−r
+
t/`
−
−t/`
x = `e
, x = −`e
.
(B.12)
`+r
`+r
In terms of these coordinates, the metric and dilaton are
r2
ds = − 1 − 2
`
2

!
2

dt +

r2
1− 2
`

!−1
dr2 ,

r
Φ = 2πα .
`

(B.13)

These coordinates only cover the static patch for an observer located at the south
pole r = 0; their cosmological horizon is located at r = `.
We can also define the Kruskal coordinates x± via the null coordinates σ ±
x± = ±`e±σ

±

/`

,

σ± = t ± r∗ .

Here, r∗ is a tortoise coordinate
 
Z r
0
r
1
dr
=
`
arctanh
,
r∗ =
0)
f
(r
`
0

(B.14)

(B.15)

which only holds for r < ` and hence only covers the static patch. Note that the
south pole (r = 0) is at r∗ = 0 and the cosmological horizon (r = `) at r∗ = ∞. In
terms of the null coordinates σ ± we recover the metric (5.16). Note that (B.14) is
equivalent to the coordinate change between Rindler and Minkowski.
Milne coordinates. Finally, from the static patch coordinates we can analytically continue across the future horizon to describe the future or Milne patch:1
τ = i` arccos

r
,
`

χ=t,

(B.16)

which gives

τ
τ 2
dχ ,
Φ = 2πα cosh .
(B.17)
`
`
Unlike the static patch solution, the Milne solution does not exhibit time translation symmetry. However, they are essentially the same solutions connected by
analytic continuation; in the two patches, the isometries are actualised in a different manner.
ds2 = −dτ 2 + sinh2

1 Note that this continuation differs slightly from the one presented in [99]. We believe the
one given here is correct.
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C

Deformations of
Rotating 5D Black Holes

In this appendix I collect some background material relevant to Chapter 7. In
particular, I describe the near-horizon (near-)extremal limit, and the superradiant
instability. I also discuss the gravitational effects on the correlators studied in
Section 7.3.6. The material in this appendix also appeared in appendices in [3].

C.1

Aspects of the 5D black hole background

C.1.1

Near-extremality and decoupling limit

Extremality is achieved when r̂+ is a double zero of ∆(r̂), and as usual, the Hawking temperature (6.8) vanishes at extremality. Denoting the values of (r̂+ , a) at
extremality by (r̂0 , a0 ), extremality is imposed by taking
`25 =

2(a20 − r̂02 )2
.
2a20 − r̂02

(C.1)

The extremal mass and angular momentum are
Mext = MC +

2π 2 (a20 − r̂02 )2 (8a40 − 13a20 r̂02 + 6r̂04 )
,
κ25
(2r̂02 − 3a20 )3

(C.2)

and

16π 2 a0 (a20 − r̂02 )4
.
(C.3)
κ25 (2r̂02 − 3a20 )3
q 2
a0
Alternatively, we can introduce variables x = r̂2 −a
2 and y = a/`5 , as was done
0
0
in [164]. Using these variables, the extremality condition (C.1) is equivalent to the
relation y 2 = 21 x2 (x2 − 1) .
Jext =

The near-horizon region of the extremal rotating AdS5 black hole is obtained as
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follows. We introduce a new radial coordinate r given by
r̂ = r̂0 + λr .

(C.4)

For the limit to be well-defined, we must also rescale
t̂ =

λ0
t,
λ

ψ̂ = ψ̂IR +
where
λ20

2 2

x +1
`45 x2 − 1
=
,
2
16
(1 − 2x2 )

(C.5)

Ω0
t,
λ
√
Ω0 =


2 λ0 x 2 − x2
p
.
`5
(x2 − 1)

(C.6)

We find the near-horizon geometry by expanding the five-dimensional metric (7.78)
to leading order in λ; this gives
!
dr2
(5)
µ
ν
χ0 +ψ0 2
2 2
gµν dx dx → e
`2 −r dt + 2 + R2 e−2ψ0 +χ0 dΩ22
r
(C.7)

2
2 −2χ0
3
+R e
σIR + Āt dt + O(λ) ,
where


2 − x2 x
4 λ0
√
r,
Āt = 2
`5 (x2 − 1) x2 + 1

and
e2χ0 =

2R2 (2 − x2 )2
,
`25 (x2 − 1)

e2ψ0 =

25/2 R3 (2 − x2 )2
,
`35 (x2 − 1)3/2

while the value of the two-dimensional cosmological constant is
s
8R5 x9
1
=
(2 − x2 )2 (2x2 − 1) .
2
`2
a90

(C.8)

(C.9)

(C.10)

These expressions are equivalent to those in (7.84)-(7.88) and to those in Section
7.3.1; here I have simply expressed them explicitly in terms of the parameters of
the black hole. Note that translated (r̂0 , a0 ) to x, rather than q. The relation
between them is
x2 − 1
q=
.
(C.11)
4(2 − x2 )
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Near-extremality
It is possible to generalize the above discussion to the situation in which there is
a small departure of (r̂+ , a) from (r̂0 , a0 ). In particular, we will slightly increase
the temperature above zero and the mass above (C.2), while keeping the angular
momentum J (and the AdS radius `5 ) fixed. This will lead to the responses (6.10)
and (6.11) discussed in Chapter 6.
We can also incorporate the near-extremal limit in the near-horizon geometry (C.7)
by modifying the decoupling limit (C.4)-(C.5). In terms of the parameters of the
black hole, we introduce a small departure from the extremal limit as
r̂+ = r̂0 + ελ + O(λ2 ) ,

a = a0 + O(λ2 ) ,

(C.12)

where λε  r̂0 and ε is dimensionless. In this context, we are increasing the
temperature of the black hole by
T =

x2 (2x2 − 1)
√
ελ + O(λ2 ) .
πa20 1 + x2

(C.13)

To reach the near-horizon region for the near-extremal black hole, the change of
coordinates is
!
ε2
r̂ = r̂0 + λ r +
,
r
t̂ =

λ0
t,
λ

(C.14)

Ω0
t,
λ
for which, at leading order in λ, the metric reads
ψ̂ = ψ̂IR +

2
(r2 − ε2 )2 2
χ0 +ψ0 2 dr
dt
+
e
`
2
r2
r2

2
3
+ R2 e−2ψ0 +χ0 dΩ22 + e−2χ0 σIR
+ Āt dt + O(λ) ,

(5)
gµν
dxµ dxν → − eχ0 +ψ0 `22

with

x 2 − x2
4 λ0
√
Āt = 2
`5 (x2 − 1) x2 + 1

C.1.2

ε2
r+
r

(C.15)

!
.

(C.16)

Superradiant instability

Rotating black holes in AdS can suffer from a superradiant instability. This originates from the presence of an ergoregion. As the metric for our rotating black
holes is stationary but not static, the inner and outer event horizons r̂± are not
189

C. Deformations of Rotating 5D Black Holes
Killing horizons for the Killing vector K = ∂t : the norm of K µ is not vanishing
but instead positive at r̂ = r̂+ , indicating that it is already spacelike there. The
region between the Killing horizon for K = ∂t and the outer event horizon is called
the ergoregion. Inside this region, no static observer is allowed. In addition, energy extraction becomes possible for some modes (with ω < mΩ). In [261], it was
shown that rotating black holes in AdS5 are stable against this phenomenon for
|Ω|`5 < 1, where Ω is the rotational velocity; for rotating black holes in AdS,


r̂ 2
a Ξ + `+2
5
Ω=
.
(C.17)
2
r̂+
Rewriting the condition Ω`5 < 1 gives a condition on the horizon radius
2
r̂+
< a(`5 + a) .

(C.18)

If this is satisfied, the black hole is stable against superradiance; conversely, violation of this condition is necessary for superradiance to occur.
For the extremal black hole we find
Ωext `5 < 1

⇔

2 − x2
<0,
2(x2 − 1)

(C.19)

√
which is never true as x ∈ (1, 2). Thus, the extremal black holes considered here
are not stable against superradiance.

C.2

Gravitational effects on the correlators

In Section 7.3.5, we considered the corrections to the two-point function of X̌ as a
result of the interaction terms between X̌ and Y in the (cubic) Lagrangian (7.55).
Subsequently, in Section 7.3.6, we discussed the corrections on the two- and fourpoint function as a result of the gravitational backreaction. We reviewed the main
ingredients necessary to compute the corrections as a result of the interaction with
Y in Section 1.3 and Chapter 6. In this appendix, we will give some details on
gravitational corrections and their effect on the OTOC.
The leading correction to the two-point function at order O(GN ) is given by the
third diagram in Fig. 7.1. As explained in Section 7.3, we can do the calculation
directly from this diagram or, alternatively, we can calculate it from an appropriate
diffeomorphism. We will follow the latter approach, which is simpler.
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In the calculation outlined in Chapter 6 we used a diffeomorphism t(u) of the form
 
π
t(u) = tan
u ,
u∼u+β,
(C.20)
β
which gives the saddle point of the Schwarzian theory; if we were to consider gravitational loop corrections to the matter correlators coming from the Schwarzian
mode we can simply expand around the thermal saddle1


u + ε(u)
,
(C.21)
t(u) = tan
2
and use the n-point functions hε(u1 ) · · · ε(un )i computed from the Schwarzian theory. We assume that the latter is normalized such that the effective action includes
a term of the form [62, 70]
Z
Igrav = −C du {t, u} ,
(C.22)
where
{t, u} ≡ −

1 t002
+
2 t02



t00
t0

0
=

3
t000
−
0
t
2



t00
t0

2
.

(C.23)

From equation (6.41) of [164] we then know that in our system
C=

`2 a
`22 a
= 2 .
2
κ2
8πGN

(C.24)

For practical purposes (one-loop calculations) all we need to know are the oneand two-point functions [62, 70]:
hε(u)i = 0 ,
"
#
(u − π)2
π2
5
2π
−
+ (u − π) sin u + 1 +
+ cos u ,
hε(u)ε(0)i ≡ G(u) =
C
2
6
2
(C.25)
together with the relations
hε0 (u)i = 0 ,
hε(u1 )ε(u2 )i = G(|u12 |) ,
hε0 (u1 )ε(u2 )i = sgn u12 G0 (|u12 |) ,

(C.26)

hε0 (u1 )ε0 (u2 )i = −G00 (|u12 |) .
1 For the ease of notation we normalize the temperature to β = 2π, but it can be restored
later on by dimensional analysis.
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The leading one loop correction of the two-point function can be obtained by
plugging (C.21) into the free action,
Ifree = −

D
2



Z
du1 du2

t0 (u1 )t0 (u2 )
|t(u1 ) − t(u2 )|2

∆
X̄ (u1 )X̄ (u2 ) ,

(C.27)

and expanding up to quadratic order in ε. As a result one finds
Imatter

D
=−
2

Z

i
du1 du2 X̄1 X̄2 h
3
1
+
hB(u
,
u
)i
+
hC(u
,
u
)i
+
O(ε
)
,
1
2
1
2


2∆
2 sin u212

(C.28)

where we defined X̄i ≡ X̄ (ui ), and the corrections are

ε(u1 ) − ε(u2 ) 
B(u1 , u2 ) =∆ ε0 (u1 ) + ε0 (u2 ) −
,
tan u212

∆
C(u1 , u2 ) =
(1 + ∆ + ∆ cos u12 )(ε(u1 ) − ε(u2 ))2

2
u12
2 sin 2

(C.29)
(C.30)

+ 2∆ sin u12 (ε(u2 ) − ε(u1 ))(ε0 (u1 ) + ε0 (u2 ))

− (cos u12 − 1) (∆ − 1)(ε0 (u1 )2 + ε0 (u2 )2 ) + 2∆ε0 (u1 )ε0 (u2 ) .
Using (C.25)-(C.26) one can then check that
hB(u1 , u2 )i = 0 ,
hC(u1 , u2 )i =

(C.31)

∆
1
(C.32)
 2 + 4∆ + u12 (u12 − 2π)(∆ + 1)
2πC 2 sin u12 2
2
i

+ ∆u12 (u12 − 2π) − 4∆ − 2 cos u12 + 2(π − u12 )(2∆ + 1) sin u12 ,
h

and therefore
h
i
D
3
1
+
hC(u
,
u
)i
+
O(ε
)
,
hOX (u1 )OX (u2 )iβ = 
1
2
2∆
2 sin u212

(C.33)

The “1” in the bracket gives the free result, while the term proportional to hC(u1 , u2 )i
is the contribution from the third diagram in Fig. 7.1 which, as explained there, is
of order O(1/C) ∼ O(GN /a).
The leading order result for the four-point function is of order O(GN ) and is
given by the first diagram in Fig. 7.2. This is the graviton exchange diagram. To
compute this diagram we also proceed by implementing a suitable diffeomorphism.
Exponentiating (C.28) leads to the generator of connected correlators, which has
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the following terms
loghe−Imatter i =
+

D2
8

Z

D
2

Z


du1 du2 
1 + hC(u1 , u2 )i X̄1 X̄2


u12 2∆
2 sin 2

du1 du2 du3 du4
2

 hB(u1 , u2 )B(u3 , u4 )iX̄1 X̄2 X̄3 X̄4 + O(GN ) .
u12
u34 2∆
4 sin 2 sin 2

(C.34)

The second term here gives the leading diagram of the four-point function,
hB(u1 , u2 )B(u3 , u4 )i
hOX (u1 )OX (u2 )OX (u3 )OX (u4 )iβ ∼ D2 
2∆ 
2∆ .
2 sin u212
2 sin u234

(C.35)

Again, we can use (C.25)-(C.26) to evaluate the expectation value on the RHS.
However, we have to be careful with time ordering, as the four-point function that
is relevant to chaos is an OTOC. Here, one can proceed in Euclidean signature
and then analytically continue to real time following the prescription of [175], i.e.
setting u1 = i1 , u2 = t + i2 , u3 = i3 , u4 = t + i4 , with 1 = β/2, 2 = −β/4,
3 = 0 and 4 = β/4. This corresponds to the insertion of the operators at equal
spacing around the thermal circle. At the end of the calculation one finds that the
late time behavior of the OTOC is [62, 70]
hB(0, t)B(0, t)i ∼

β∆2 2π
e β t,
C

(t  β) ,

(C.36)

with a Lyapunov exponent that saturates the chaos bound,
λL =

2π
.
β
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Black Holes
in 4D Supergravity

D

In this appendix, I collect background material relevant to Chapter 8. I will specify
the conventions used, and then collect some formulas specific to U (1)4 supergravity
that are used in the main text, as well as results specific to magnetic backgrounds.
Finally, I discuss the extremal and near-horizon limits in the ungauged theory.
The material in this appendix also appeared in appendices in [4].

D.1

Conventions

Here we gather some basic conventions used in Section 8.2.1 for easy comparison
with other references. For a p-form ω with components defined by
ω=

1
ωµ ···µ dxµ1 ∧ · · · ∧ dxµp ,
p! 1 p

(D.1)

the dual ?ω is
? ω = (?ω)ν1 ···νn−p dxν1 ∧ · · · ∧ dxνn−p ,

(D.2)

where n is the number of spacetime dimensions, and the components are
(?ω)ν1 ···νn−p =

1
ν ···ν µ ···µ ω µ1 ···µp .
p! 1 n−p 1 p

The four-dimensional Levi-Civita tensor is given by
p
µναβ = −g (4) ˜µναβ ,

(D.3)

(D.4)

where ˜ is the Levi-Civita symbol ˜0123 = 1. Also, it is useful to recall that in
four-dimensions, in Lorentzian signature, the top form is
p
dxα ∧ dxβ ∧ dxµ ∧ dxν = −αβµν −g (4) dx1 ∧ dx2 ∧ dx3 ∧ dx4
p
= −αβµν −g (4) d4 x .
(D.5)
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With ˜ the Levi-Civita symbol ˜01 = 1, the two-dimensional Levi-Civita tensor is
p
(D.6)
ab = −g (2) ˜ab .

D.2

Aspects of U (1)4 supergravity

In this appendix we collect various formulas that are used that are specific to U (1)4
supergravity. In particular we present explicit formulas related to integrating out
the fields strengths in our setup. We also present the explicit attractor solutions
for this theory.
We start by writing out explicitly the matrices introduced in (8.5). Writing hIJ
and kIJ in matrix notation, we have




k11 k12 k13 k14
0 0 0 1



χ1 
k12 k22 k23 k24 
0 0 1 0
(D.7)
H≡− 
 , K≡
 ,
2 0 1 0 0
k13 k23 k33 k34 
1 0 0 0
k14 k24 k34 k44
with
k11 = e−ϕ1 +ϕ2 +ϕ3 ,
k12 = e−ϕ1 +ϕ2 +ϕ3 χ3 ,
k13 = e−ϕ1 +ϕ2 +ϕ3 χ2 ,
k14 = −e−ϕ1 +ϕ2 +ϕ3 χ2 χ3 ,
k22 = e−ϕ1 +ϕ2 +ϕ3 χ23 + e−ϕ1 +ϕ2 −ϕ3 ,

(D.8)

k23 = e−ϕ1 +ϕ2 +ϕ3 χ2 χ3 ,
k24 = −e−ϕ1 +ϕ2 +ϕ3 χ2 χ23 − e−ϕ1 +ϕ2 −ϕ3 χ2 ,
k33 = e−ϕ1 +ϕ2 +ϕ3 χ22 + e−ϕ1 −ϕ2 +ϕ3 ,
k34 = −e−ϕ1 +ϕ2 +ϕ3 χ22 χ3 − e−ϕ1 −ϕ2 +ϕ3 χ3 ,
k44 = e−ϕ1 +ϕ2 +ϕ3 χ22 χ23 + e−ϕ1 +ϕ2 −ϕ3 χ22 + e−ϕ1 −ϕ2 +ϕ3 χ23 + e−ϕ1 −ϕ2 −ϕ3 .
A few identities that these matrices satisfy are
H2 =

χ21
14×4 ,
4

(D.9)

i.e., H is proportional to its own inverse, and
e−ϕ1 H K −1 = eϕ1 K H .
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Using these identities we can write the potential introduced in (8.19) as
!
!
(1 + χ21 e2ϕ1 )kIJ −2e2ϕ1 (kh)I J
PJ
I
V (P, Q) ≡ (P QI )
.
−2e2ϕ1 (hk)IJ
(k −1 )IJ
QJ

(D.11)

When manipulating the linearized equations of motion for the scalars, it will be
also useful to note that for the U (1)4 theory the potential also obeys
∂ϕ2 i V = V ,

∂ϕi ∂χi V = ∂χi V ,

∂χ2 1 V = 2e2ϕ1 PI kIJ PJ .

(D.12)

When solving for the equations of motion (8.11), the xa components of the modified
field strengths explicitly are
F 1ab = Φ−3 (Q1 + χ1 P 4 )eϕ1 −ϕ2 −ϕ3 ab


F̃2 ab = Φ−3 P 2 − χ1 Q3 − χ3 Q1 − χ3 χ1 P 4 eϕ1 −ϕ2 +ϕ3 ab


F̃3 ab = Φ−3 P 3 − χ1 Q2 − χ2 Q1 − χ2 χ1 P 4 eϕ1 +ϕ2 −ϕ3 ab

F 4ab = Φ−3 Q4 − χ1 χ2 Q3 − χ1 χ3 Q2 − χ2 χ3 Q1

− χ1 χ2 χ3 P 4 + χ3 P 3 + χ2 P 2 + χ1 P 1 eϕ1 +ϕ2 +ϕ3 ab ,

(D.13)

and we can transform them to the usual field strengths F I = dAI and F̃I = dÃI
via (8.4). The components along the 2-sphere are given explicitly in (8.14).

D.2.1

AdS2 backgrounds

In this section we write more explicitly the equations that determine the AdS2
backgrounds of Section 8.3.1. To start, it is useful to introduce some more notation.
We will define for the magnetic charges


P 1 ≡ eϕ̄2 +ϕ̄3 P 1 − χ̄2 Q3 − χ̄3 Q2 − χ̄2 χ̄3 P 4 ,


P 2 ≡ eϕ̄1 +ϕ̄3 P 2 − χ̄1 Q3 − χ̄3 Q1 − χ̄3 χ̄1 P 4 ,
(D.14)


P 3 ≡ eϕ̄1 +ϕ̄2 P 3 − χ̄1 Q2 − χ̄2 Q1 − χ̄2 χ̄1 P 4 ,
P 4 ≡ P4 ,
and for the electric charges for Q1,2,3 we have


Qi ≡ eϕ̄i Qi + χ̄i P 4 ,
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while for the fourth charge

Q4 ≡ eϕ̄1 +ϕ̄2 +ϕ̄3 Q4 − χ̄1 χ̄2 Q3 − χ̄1 χ̄3 Q2 − χ̄2 χ̄3 Q1

− χ̄1 χ̄2 χ̄3 P 4 + χ̄3 P 3 + χ̄2 P 2 + χ̄1 P 1 .

(D.16)

These shifts complete the squares in V (P, Q), i.e., they make the matrix in (D.11)
diagonal; they also follow from the definitions of F I and FI in (D.13).
Using QI and P I , the equations for ϕi in the first line of (8.27) reduce to
(P 4 )2 − (P 3 )2 − (P 2 )2 + (P 1 )2 − Q21 + Q22 + Q23 − Q24
+ 2eϕ̄1 +ϕ̄2 +ϕ̄3 g 2 Φ40 (2 sinh ϕ̄1 + χ̄21 eϕ̄1 ) = 0 ,
(P 4 )2 − (P 3 )2 + (P 2 )2 − (P 1 )2 + Q21 − Q22 + Q23 − Q24
+ 2eϕ̄1 +ϕ̄2 +ϕ̄3 g 2 Φ40 (2 sinh ϕ̄2 + χ̄22 eϕ̄2 ) = 0 ,

(D.17)

(P 4 )2 + (P 3 )2 − (P 2 )2 − (P 1 )2 + Q21 + Q22 − Q23 − Q24
+ 2eϕ̄1 +ϕ̄2 +ϕ̄3 g 2 Φ40 (2 sinh ϕ̄3 + χ̄23 eϕ̄3 ) = 0 .
The equations for the axions in the second line of (8.27) become
−P 4 Q1 + P 3 Q2 + P 2 Q3 − P 1 Q4 + 2eϕ̄1 +ϕ̄2 +ϕ̄3 g 2 Φ40 χ̄1 = 0 ,
−P 4 Q2 + P 3 Q1 + P 1 Q3 − P 2 Q4 + 2eϕ̄1 +ϕ̄2 +ϕ̄3 g 2 Φ40 χ̄2 = 0 ,
4

2

1

3

−P Q3 + P Q1 + P Q2 − P Q4 + 2e

ϕ̄1 +ϕ̄2 +ϕ̄3 2

g

Φ40 χ̄3

(D.18)

=0,

Finally, the equations in (8.26) read in this notation

1 −ϕ̄1 −ϕ̄2 −ϕ̄3  2
1
=
e
Q1 + Q22 + Q23 + Q24 + (P 4 )2 + (P 3 )2 + (P 2 )2 + (P 1 )2
2
4
`2
4Φ0
g2 X
+
(2 cosh ϕ̄i + χ̄2i eϕ̄i ) ,
(D.19)
2 i
and

1
1 −ϕ̄1 −ϕ̄2 −ϕ̄3  2
=
e
Q1 + Q22 + Q23 + Q24 + (P 4 )2 + (P 3 )2 + (P 2 )2 + (P 1 )2
2
4
Φ0
4Φ0
g2 X
−
(2 cosh ϕ̄i + χ̄2i eϕ̄i ) .
(D.20)
2 i
A useful linear combination is:
X
1
1
− 2 = g2
(2 cosh ϕ̄i + χ̄2i eϕ̄i ) .
2
`2
Φ0
i
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Magnetic solution, non-BPS
In the purely magnetic case, i.e., QI = 0 and P I 6= 0, the attractor solution is
very simple to write explicitly. All of the axions vanish at the horizon,
χ̄i = 0 ,
and we can solve (D.17) and (D.20) for the charges:


1
2 −ϕ̄1
ϕ̄2
ϕ̄3
1 2
4
+ g (e
+ e + e ) eϕ̄1 +ϕ̄2 +ϕ̄3 ,
(P ) = Φ0
Φ20


1
2 2
4
2 ϕ̄1
−ϕ̄2
ϕ̄3
(P ) = Φ0
+ g (e + e
+ e ) eϕ̄1 +ϕ̄2 +ϕ̄3 ,
Φ20


1
2 ϕ̄1
ϕ̄2
−ϕ̄3
+
g
(e
+
e
+
e
)
eϕ̄1 +ϕ̄2 +ϕ̄3 ,
(P 3 )2 = Φ40
Φ20


1
2 −ϕ̄1
−ϕ̄2
−ϕ̄3
+
g
(e
+
e
+
e
)
eϕ̄1 +ϕ̄2 +ϕ̄3 ,
(P 4 )2 = Φ40
Φ20

(D.22)

(D.23)

The attractor value of the dilaton Φ0 is given by
X
1
1
= 2 + 2g 2
cosh ϕ̄i .
2
`2
Φ0
i

(D.24)

Magnetic solution, BPS
In Section 8.5.2, we discussed the BPS solution of [206], see also [205, 231]. The
BPS equations in the notation of [206] are1




1 n1
n2
n3
1
2
+ 2
+
+
+ n4 L1 L2 L3
0 = g L1 + L2 + L3 +
L1 L2 L3
Φ0 L1
L2
L3




1
1 n1
n2
n3
2
0 = g L1 + L2 − L3 −
− 2
+
−
− n4 L1 L2 L3
L1 L2 L3
Φ0 L1
L2
L3




1
1 n1
n2
n3
2
0 = g L1 − L2 + L3 −
− 2
−
+
− n4 L1 L2 L3 (D.25)
L1 L2 L3
Φ0 L1
L2
L3




1
1 n1
n2
n3
2
0 = g L1 − L2 − L3 +
− 2
−
−
+ n4 L1 L2 L3
L1 L2 L3
Φ0 L1
L2
L3




4g
1
1 n1
n2
n3
2
= g L1 + L2 + L3 +
− 2
+
+
+ n4 L1 L2 L3
`2
L1 L2 L3
Φ0 L1
L2
L3

1 We

restored the gauge coupling g 2 . The coupling in [206] differs from ours by a factor
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with the additional condition that
X

nI = 2

(D.26)

I

and three of the nI are negative. Translating to our notation, which is done by
comparing (A.2) there with (8.3) here, we have
n1 = gP 4 ,
1

n2 = gP 2 ,

n3 = gP 3 ,

1

L2 = e 2 (−ϕ1 +ϕ2 −ϕ3 ) ,

L1 = e 2 (ϕ1 +ϕ2 +ϕ3 ) ,

n4 = gP 1 ,
1

L3 = e 2 (−ϕ1 −ϕ2 +ϕ3 ) .

(D.27)
(D.28)

Notice that (D.25) are linear in the charges, while the equations of motion (D.17)(D.18) are quadratic. This is expected since the BPS equations are linear conditions, while an equation of motion is non-linear. This also reflects that BPS
solutions are only a subset of the attractor solutions.
It is rather easy to solve (D.25) in a similar fashion as (D.23): this gives
n1 =
n2 =
n3 =
n4 =



1
g 2 Φ20
2
−
+ L1 − L1 L2 − L1 L3
2
L2 L3


1
g 2 Φ20
2
−
+ L2 − L2 L3 − L2 L1
2
L1 L3


g 2 Φ20
1
2
+ L3 − L3 L2 − L3 L1
−
2
L1 L2


1
g 2 Φ20
1
1
1
−
−
−
2
L21 L22 L23
L2 L3
L1 L2
L1 L3

and
g2
1
=
2
`2
4



1 + L21 L2 L3 + L1 L32 + L3 + L1 L2 L23
L1 L2 L3

(D.29)

2
.

(D.30)

A clever linear combination of (D.29) also gives Φ0 as
Φ20 =


1 
2 2 2
n
L
L
L
−
n
L
L
−
n
L
L
−
n
L
L
.
4 1 2 3
1 2 3
2 1 3
3 1 2
2g 2

(D.31)

The solutions (D.29) solve (D.17), and (D.30) is just (D.19). To satisfy (D.20)
one must further impose (D.26). The condition on the negativity of three of the
nI is an extra constraint that follows from supersymmetry, i.e., the existence of
a Killing spinor. From (D.29) it is clear that the BPS solution given here is at a
very different footing as compared to (D.23): all charges are proportional to g, so
they are not smoothly connected to solutions in the ungauged theory.
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nAdS2 properties of magnetic backgrounds

In this appendix we collect results regarding the magnetic backgrounds studied in
Section 8.5. The results in this section apply for both non-BPS (Section 8.5.1) and
BPS (Section 8.5.2) cases. Here, we collect aspects of the linearized equations and
interactions; the attractor solutions are described in App. D.2.1. The expressions
are given in the non-BPS notation; it is straightforward to translate them to the
BPS language using the appropriate changes, notably (D.27).
For the purely magnetic case QI = 0 and P I 6= 0, the linearized equations in
(8.32) become


¯ i − 2 g 2 cosh ϕ̄j + g 2 cosh ϕ̄k + 1 ϕi
ϕ
Φ20
(D.32)
8g 2
2
2
sinh ϕ̄i Y = 0 ,
+ 2g sinh ϕ̄k ϕj + 2g sinh ϕ̄j ϕk +
Φ0
where i 6= j 6= k. We can split the solutions into homogeneous and inhomogeneous
parts as in (8.34); the inhomogeneous parts of χi can consistently be set to vanish.
Solving for aϕ,i gives
ϕi =

2 1 − eϕ̄i +ϕ̄j − eϕ̄i +ϕ̄k + eϕ̄j +ϕ̄k
Y + ϕhom
.
i
Φ0 1 + eϕ̄1 +ϕ̄2 + eϕ̄1 +ϕ̄3 + eϕ̄2 +ϕ̄3

(D.33)

The homogeneous solutions (ϕhom
, χhom
) satisfy
i
i


1
2
2
¯ hom
ϕhom
ϕ
−
2
g
cosh
ϕ̄
+
g
cosh
ϕ̄
+
j
k
i
i
Φ20
+ 2g
and

2

sinh ϕ̄k ϕhom
j

+ 2g

2

sinh ϕ̄j ϕhom
k

(D.34)

=0,



1
2
2
¯ hom
χ
−
2
g
cosh
ϕ̄
+
g
cosh
ϕ̄
+
χhom
j
k
i
i
Φ20

(D.35)

− mik χhom
− mij χhom
=0,
j
k
again with i 6= j 6= k, and
1
Φ40
1
= 4
Φ0
1
= 4
Φ0

m12 = m21 =




P 1 P 2 − P 3 P 4 e−ϕ̄1 −ϕ̄2 −ϕ̄3 ,

m13 = m31




P 1 P 3 − P 2 P 4 e−ϕ̄1 −ϕ̄2 −ϕ̄3 ,




P 2 P 3 − P 1 P 4 e−ϕ̄1 −ϕ̄2 −ϕ̄3 .

m23 = m32
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In Sections 8.5.1 and 8.5.2, we considered a simplification in which we further
set three of the charges equal, leaving only two independent charges. Explicitly,
in the notation we used for the non-BPS case, we set P 2 = P 3 = P 1 , and P 4 is
independent. After making this simplification, the cubic interactions are described
by the effective action
Lint = Y∂a~Z · ∂ a~Z + a1 Y (∂a Z1 ∂ a Z1 + ∂a Z2 ∂ a Z2 + ∂a Z6 ∂ a Z6 )
6

(D.37)

X
3
+ a21 Z3 ∂ a Z3 ∂a Y −
νi Y Zi Zi .
4
i=1

The eigenstates in ~Z are orthogonal and appropriately normalized. We have
~a = a1 (0, 0, 1, 1, 1, 0) ,

a1 ≡ 2

1 − e2ϕ̄1
,
1 + 3e2ϕ̄1

(D.38)

which parametrizes the inhomogeneous terms in (D.33). The cubic coefficients are

(P 4 )2 −3ϕ̄1 P 1 P 4 −ϕ̄1
2 −ϕ̄1
e
−
e
+g e
= ν2 = a 1
2Φ40
2Φ40
3 (P 4 )2 −3ϕ̄1 3 P 1 P 4 −ϕ̄1
+
e
e
+
+ g 2 e−ϕ̄1 ,
2 Φ40
2 Φ40


 4 2
 4 2
(P ) −3ϕ̄1
2 −ϕ̄1
2
2 (P ) −3ϕ̄1
e
−g e
+ 2a1
e
+ 6g sinh(ϕ̄1 )
= −3a1
Φ40
Φ40
(P 4 )2
(D.39)
+ 3 4 e−3ϕ̄1 − g 2 e−ϕ̄1 + 2g 2 eϕ̄1 ,
Φ

 01 2
(P 1 )2 ϕ̄1
(P ) ϕ̄1
2
e
−
g
sinh(
ϕ̄
)
+
3
e + g 2 cosh(ϕ̄1 ) ,
= ν5 = −a1
1
Φ40
Φ40


9 (P 1 )2 ϕ̄1 (P 4 )2 −3ϕ̄1 P 1 P 4 −ϕ̄1
2 −ϕ̄1
= a1 −
e +
e
+
e
+g e
2 Φ40
2Φ40
Φ40
9 (P 1 )2 ϕ̄1 3 (P 4 )2 −3ϕ̄1
P 1 P 4 −ϕ̄1
+
e
+
e
−
3
e
+ g 2 e−ϕ̄1 .
2 Φ40
2 Φ40
Φ40


ν1

ν3

ν4
ν6

The ungauged theory magnetic case is recovered by setting a1 = 0 (i.e., by removing the inhomogeneous solution) and g = 0. We stress again that these expressions
apply for both BPS and non-BPS backgrounds.
In Section 8.5, we classified the corrections to the two-point functions of the fields
Zi in terms of the parameter D̂ defined in (8.58). For the cubic interactions given
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in (D.37), the effective coupling constants are given by
P 1P 4
15
3
eff
−ϕ̄1 2
g + eϕ̄1 g 2 − 5e−ϕ̄1
− 2
λeff
1 = λ2 = e
2
2Φ40
2`2


1 4
9 ϕ̄1 2
1
−ϕ̄1 2
−ϕ̄1 P P
+ a1 e
g + e g +e
− 2 ,
2
2Φ40
2`

 2
4
2
−ϕ̄1 2
g + 13eϕ̄1 g 2 − 2 + a1 6e−ϕ̄1 g 2 − 2
λeff
3 = 3e
`2
`2


3
− a21 3e−ϕ̄1 g 2 + 9eϕ̄1 g 2 − 2 ,
2`2


4
1
21 −ϕ̄1 2 11 ϕ̄1 2
2
eff
e
g
+
e
g
−
−
a
,
3
cosh
ϕ̄
g
−
λeff
=
λ
=
1
1
4
5
2
2
`22
`22
P 1P 4
9
−ϕ̄1 2
λeff
g + 15eϕ̄1 g 2 + 5e−ϕ̄1
− 2
6 = 16e
Φ40
`2


1 4
1
−ϕ̄1 2
ϕ̄1 2
−ϕ̄1 P P
− a1 2e
− 2 .
g − 3e g − e
Φ40
`2

D.4

(D.40)
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In Section 8.4.3 we discussed the eigenvectors of the linearized equations and their
conformal dimensions in the ungauged theory. We showed that in the non-BPS
case, the eigenvectors are linear combinations of the six scalar fields; some of
them have conformal dimension ∆ 6= 2 and hence a different scaling near the
horizon than the expected growth discussed in Section 8.4.4. In this appendix,
we will give some details on how to take the extremal and near-horizon limits for
the eigenstates in both the BPS and non-BPS branches, such that one finds the
correct near-horizon response.
To define the (ungauged, static) extremal limits, we will start from the black hole
solution in [201]. This solution is parametrized in terms of one mass parameter
m0 and eight charge parameters (δI , γ I ). The metric is
ds2 = −

R(r) 2 W (r) 2
dt +
dr + W (r)(dθ2 + sin2 θdφ2 ) ,
W (r)
R(r)

(D.41)

where R(r) is a quadratic and W 2 (r) a quartic polynomial in r; these functions
furthermore depend on the mass parameter m0 and charge parameters (δI , γI ).2
If we perform a dimensional reduction of this metric, it is clear from (8.7) that
2 Setting g = 0 in the metric (6.14) reduces it to (D.41) after setting the total NUT charge in
Section 5.1 of [201] to zero, and identifying V (n0 ) there with V in (6.14).
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Extremal limit
e

γI

γI −1

Attractor Solution
γI

∼e 

or e

γI

BPS: P 1 = P 2 = P 3 = P 4 , Q1 = Q2 = Q3 = Q4

∼e 

eγ1,2 ∼ eγ1,2 −1 & eγ3,4 ∼ eγ3,4 

BPS: P 1 = P 2 = −P 3 = −P 4 , Q1 = Q2 = −Q3 = −Q4

eγ1 ∼ eγ1 −1 & eγi6=1 ∼ eγi6=1 

non-BPS

e

γ1

γ1 −1

∼e 

&e

γi6=1

γi6=1 0

∼e



non-BPS

Table D.1. Different possible extremal limits, up to permutations. The second column
contains its relation to solutions of the attractor equations in App. D.2.1 for g = 0. In the
non-BPS case the solutions are more complex and depend on the detailed configuration.

p
the dilaton is given by Φ(r) =
W (r). The precise definitions of W (r) and
R(r), as well as those of the dilatons ϕi , axions χi and the electric and magnetic
charges (P I , QI ), can be found in [201]. Relevant to the discussion here is that at
extremality and in the strict near-horizon limit r → 0,
R(r) = r2 ,
r→0

W (r) = Φ20 = `22 ,
r→0

(D.42)

such that we recover AdS2 as the background metric; relative to the parametrization in (6.24) we have z = `22 /r. For both the BPS and the non-BPS branch, the
extremal limit consists of scaling
m 0 ∼ m 0 2 ,

δI ∼ δI 0 ,

(D.43)

with  → 0. This also implies that the horizon radius rh ∼ m0 2 → 0. The
scaling of the γI determines in which branch we land. We summarize the different
possibilities in Table D.1. For the BPS branch, the choice of extremal limit also
determines the number of relative minus signs. For both extremal limits that give
the non-BPS branch, it is possible to tune the δI in such a way that one gets all
or some of the P I and QI charges equal (up to minus signs). An easy example for
the second non-BPS extremal limit in Table D.1 is
δ1 = δ2 = δ3

⇒

P 1 = −P 2 = −P 3 = −P 4 , Q1 = Q2 = Q3 = −Q4 , (D.44)

where δ3 6= 0. These conditions on δI do not impose that any of the physical
charges P I and QI are equal. Note, however, that from this example it is clear
that this non-BPS limit does not include the purely magnetic case (for which all
δI = 0). In general, both non-BPS limits assume that the charge parameters
(δI , γI ) are finite; for special cases where (some of) the charges vanish, one should
first impose that, before taking an extremal limit.3 Finally, by choosing different
3 In doing so, one will find that neither non-BPS limit in Table D.1 accommodates the purely
electric case γI = 0. To get this, one has to switch the scalings of δI and γI of the first non-BPS
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numerical values for the δI and γI , one will end up in a non-BPS solution that
does not comply with (8.65); it can be checked numerically that the eigenvalues
are still as in (8.81).
In Section 8.4.4, we discussed the linear response of the dilaton and axion fields
away from their attractor values. At extremality ( = 0), the horizon radius is at
rh = 0, and we can expand the scalar fields around it to find in the BPS branch
(for any extremal limit):
(1)
ϕi = ϕ̄i + ϕi r + · · · ,
(D.45)
(1)
χi = χ̄i + χi r + · · · ,
as predicted by the nAttractor mechanism [145]. For a general non-BPS solution,
this will still be true. However, for the non-BPS case, the single scalar fields are
generally not eigenstates of the linearized equations of motion. Considering instead
the near-horizon expansion of the eigenstates, we find again a linear response for
the eigenvectors with m2 = `22 , but for the eigenvectors with m2 = 0 or m2 = `62
2
2
we find that the linear term cancels exactly. For some special cases that comply
with (8.65), this will already happen at the level of the dilatons and axions: for
example, for the case discussed around (8.82), the linear terms of χ1 and χ3 vanish
(as could have been expected from the eigenvector Z1 ).
To illustrate this cancellation let us consider the following numerical example for
the first non-BPS limit in Table D.1:
1
, eδ2 = 3 , eδ3 = 5 , eδ4 = 7 ,
2
1
, eγ4 = 19 .
= 11−1 , eγ2 = 13 , eγ3 =
11

eδ1 =
eγ1

(D.46)

The eigenstates of the mass matrix are
m2 `22 = 0 :

Z1 = −0.1826 ϕ1 + 0.928779 ϕ3 + 1.35251 χ1 + χ3 ,
Z2 = −0.133794 ϕ1 + 1.26839 · 10−5 ϕ2 + 0.991009 χ1 + χ2 ,
Z3 = 7.40696 ϕ1 + χ1 ,

m2 `22

=2 :

Z4 = −7.88398 · 104 ϕ2 + χ2 ,
Z5 = −1.07668 ϕ3 + χ3 ,

m2 `22 = 6 :

Z6 = 0.1826 ϕ1 + 1.73108 · 10−5 ϕ2 + 0.928779 ϕ3
−1.35251 χ1 + 1.36478 χ2 + χ3 ,

limit: take all γI ∼ 0 and impose the suitable scalings on δI .
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This is what our analysis predicts for the eigenstates. On the other hand, if we
take the corresponding on-shell solution in [201] with these same charges, and
upon taking the near-horizon limit r → 0, the moduli all have linear responses:
χ1 = χ̄1,0 − 0.122629 r + O(r2 )

ϕ1 = ϕ̄1,0 − 2.30464 r + O(r2 )

χ2 = χ̄2,0 − 3.1277 · 10−7 r + O(r2 ) ,

ϕ2 = ϕ̄2,0 + 5.59775 r + O(r2 ) , (D.48)

χ3 = χ̄3,0 + 8.49969 r + O(r2 )

ϕ3 = ϕ̄3,0 − 1.70457 r + O(r2 )

but if we consider the near-horizon linear combinations dictated by the eigenvectors
(D.47) we find
m2 `22 = 0 :

Z1 = −2.23152 + O(r2 ) ,

Z2 = 6332.26 + O(r2 ) ,

m2 `22 = 2 :

Z3 = 6.18617 − 17.3815 r + O(r2 ) ,
Z4 = −784443 − 441326 r + O(r2 ) ,

(D.49)

2

Z5 = 2.26974 + 3.42844 r + O(r ) ,
m2 `22

=6 :

Z6 = 8643.32 + O(r2 ) ,

Thus, indeed, the eigenvectors with m2 `22 = 2 still have a linear response, as
predicted, but for the eigenvectors with m2 `22 = {0, 6} this linear term vanishes in
accordance with (8.84).
It also worth mentioning that the non-BPS eigenstates with m2 `22 = {0, 6} are
easily overlooked in simple cases. For example, in the purely magnetic or purely
electric non-BPS case, the eigenvectors are
m2 `22 = 0 :

Z1 = χ1 + χ2 ,

m2 `22
m2 `22

=2 :

Z3 = ϕ1 ,

=6 :

Z6 = −χ1 + χ2 + χ3 ,

Z2 = χ1 + χ3 ,

Z4 = ϕ2 ,

Z5 = ϕ3 ,

(D.50)

but for these cases the axions actually vanish for the corresponding black hole,
such that we are left only with the eigenvectors ϕi , which have the usual linear
response.
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[171] A. Castro and B. Mühlmann, Gravitational anomalies in nAdS2 /nCFT1 ,
Class. Quant. Grav. 37 (2020) 145017 [1911.11434].
[172] P. Chaturvedi, I. Papadimitriou, W. Song and B. Yu, AdS3 gravity and the
complex SYK models, JHEP 05 (2021) 142 [2011.10001].
[173] E. D’Hoker, P. Kraus and A. Shah, RG Flow of Magnetic Brane
Correlators, JHEP 04 (2011) 039 [1012.5072].
[174] N. Itzhaki, D6 + D0 and five-dimensional spinning black hole, JHEP 09
(1998) 018 [hep-th/9809063].

218

Bibliography
[175] J. Maldacena, S.H. Shenker and D. Stanford, A bound on chaos, JHEP 08
(2016) 106 [1503.01409].
[176] S. Hadar, A. Lupsasca and A.P. Porfyriadis, Extreme Black Hole Anabasis,
JHEP 03 (2021) 223 [2012.06562].
[177] M. Guica and A. Strominger, Microscopic Realization of the Kerr/CFT
Correspondence, JHEP 02 (2011) 010 [1009.5039].
[178] F. Larsen, Rotating Kaluza-Klein black holes, Nucl. Phys. B575 (2000) 211
[hep-th/9909102].
[179] A. Castro and V. Godet, Breaking away from the near horizon of extreme
Kerr, SciPost Phys. 8 (2020) 089 [1906.09083].
[180] N. Altamirano, D. Kubiznak and R.B. Mann, Reentrant phase transitions
in rotating Anti–de Sitter black holes, Phys. Rev. D 88 (2013) 101502
[1306.5756].
[181] A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Charged AdS
black holes and catastrophic holography, Phys. Rev. D 60 (1999) 064018
[hep-th/9902170].
[182] M.M. Caldarelli, G. Cognola and D. Klemm, Thermodynamics of
Kerr-Newman-AdS black holes and conformal field theories, Class. Quant.
Grav. 17 (2000) 399 [hep-th/9908022].
[183] R. Emparan and R.C. Myers, Instability of ultra-spinning black holes,
JHEP 09 (2003) 025 [hep-th/0308056].
[184] M.M. Caldarelli, R. Emparan and M.J. Rodriguez, Black Rings in
(Anti)-deSitter space, JHEP 11 (2008) 011 [0806.1954].
[185] H.K. Kunduri, J. Lucietti and H.S. Reall, Do supersymmetric anti-de Sitter
black rings exist?, JHEP 02 (2007) 026 [hep-th/0611351].
[186] J. Lucietti, On the nonexistence of extreme anti-de Sitter black rings,
Class. Quant. Grav. 35 (2018) 21LT01 [1808.02727].
[187] P. Bizon, T. Chmaj, G.W. Gibbons and C.N. Pope, Gravitational Solitons
and the Squashed Seven-Sphere, Class. Quant. Grav. 24 (2007) 4751
[hep-th/0701190].
[188] K. Murata, Instabilities of Kerr-AdS(5) x S**5 Spacetime, Prog. Theor.
Phys. 121 (2009) 1099 [0812.0718].
[189] K. Murata and J. Soda, Stability of Five-dimensional Myers-Perry Black
219

Bibliography
Holes with Equal Angular Momenta, Prog. Theor. Phys. 120 (2008) 561
[0803.1371].
[190] M. Garbiso and M. Kaminski, Hydrodynamics of simply spinning black
holes & hydrodynamics for spinning quantum fluids, JHEP 12 (2020) 112
[2007.04345].
[191] H. Yang, A. Zimmerman, A. Zenginoğlu, F. Zhang, E. Berti and Y. Chen,
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Samenvatting

Naar de horizon en daar voorbij: niet alleen gemakkelijker gezegd dan gedaan,
maar ook nog eens potentieel gevaarlijk. Want eenmaal voorbij de horizon van
een zwart gat – een van de hoofdrolspelers van dit proefschrift – kun je nooit meer
terug. Gelukkig is dit proefschrift gebaseerd op puur theoretisch onderzoek. Daarbij gloort achter de horizon vooral de heilige graal van de moderne theoretische
natuurkunde: een theorie van alles, en in het bijzonder van quantumzwaartekracht.
Een dergelijke theorie moet de quantummechanica verenigen met de algemene
relativiteitstheorie. Die eerste is van belang op de allerkleinste schaal: de interactie
tussen elementaire deeltjes, terwijl de tweede cruciaal is op de allergrootste schaal:
die van het heelal. De combinatie moet ons inzicht verschaffen in de fundamentele
bouwstenen van de ruimtetijd. Dat is nodig om twee van de grootste mysteries in
ons heelal te begrijpen: zwarte gaten en de oorsprong van het heelal.
Zwarte gaten zijn alomtegenwoordig in ons heelal, zoals onlangs bevestigd werd
door de foto van het zwarte gat (Sagittarius A*) in het midden van onze Melkweg.
Een zwart gat kan ontstaan als een ster aan het einde van diens leven, wanneer alle
brandstof op is, ineenklapt onder de eigen zwaartekracht. Heel veel massa wordt
dan samengeperst in een klein volume, waardoor de zwaartekracht enorm wordt:
zó groot, dat zelfs licht – dat met 300.000 km/s toch een behoorlijke snelheid haalt
– niet meer kan ontsnappen. Stephen Hawking toonde echter aan dat zwarte gaten
toch langzaam verdampen: ze zenden de naar hem genoemde Hawkingstraling uit.
Dat is een puur quantummechanisch effect dat leidt tot allerlei vragen en paradoxen die we pas echt kunnen oplossen als we quantumzwaartekracht begrijpen.
Het tweede mysterie is de oerknal en de daaropvolgende periode van inflatie, waarin
het heelal een exponentiële uitdijing doormaakte. In die fase was én het heelal heel
klein, én de zwaartekracht heel sterk: ook hier is quantumzwaartekracht dus vereist
voor een volledige beschrijving. Momenteel dijt het heelal ook versneld uit, en een
goed begrip van de periode van inflatie is daarmee ook relevant om de huidige
toestand en toekomst van ons heelal te begrijpen.
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Zwarte gaten en een versneld uitdijend heelal hebben een belangrijke overeenkomst: beide hebben een horizon. In het geval van zwarte gaten is dat het ‘point
of no return’: als je voorbij de horizon gaat, ben je verloren en kun je nooit meer
ontsnappen aan de zwaartekracht van het zwarte gat. In een versneld uitdijend
heelal is de horizon overal om ons heen, als de grens van wat we kunnen zien: doordat sterren steeds sneller steeds verder van ons weg komen te staan, kan hun licht
ons uiteindelijk niet meer bereiken. Een goed begrip van beide typen horizonnen
kan informatie verschaffen die nodig is om een theorie van quantumzwaartekracht
op te stellen. Dat is het uiteindelijke doel van het onderzoek in dit proefschrift.
Horizonnen in holografie
Een belangrijk stuk gereedschap in onze pogingen om quantumzwaartekracht te
begrijpen is holografie. Het holografisch principe stelt dat een theorie van quantumzwaartekracht ‘duaal is aan’ (equivalent beschreven kan worden als) een pure
quantumtheorie in één dimensie lager – vergelijkbaar met een hologram, waarin een
tweedimensionaal object genoeg informatie bevat om een driedimensionaal beeld
te produceren. Zo’n dualiteit is handig, want vaak zijn berekeningen die moeilijk
zijn in de ene theorie juist makkelijk in de andere.
Een belangrijke aanwijzing voor het holografisch principe komt vanuit het bestuderen van de horizon van zwarte gaten. Zoals gezegd kan een zwart gat straling
uitzenden; dat betekent dat het een temperatuur heeft. Daarnaast heeft een zwart
gat ook een entropie; dat is een maat voor het aantal microtoestanden (configuraties op kleine schaal) waaruit een bepaalde macrotoestand (de collectie eigenschappen die wij van het zwarte gat zien, zoals massa of rotatie) opgebouwd kan zijn.
Voor veel fysische systemen neemt de entropie evenredig toe met het volume: dit
geldt bijvoorbeeld voor de configuraties van moleculen (hun posities en snelheden)
die leiden tot dezelfde macrotoestand, een wolk gas van een bepaalde temperatuur
en dichtheid. Voor zwarte gaten neemt de entropie echter evenredig toe met het
oppervlak van de horizon: een teken dat die genoeg informatie bevat om het hele
binnenste van het zwarte gat te beschrijven. Hetzelfde geldt voor de kosmologische
horizon die een waarnemer in een uitdijend heelal omringt. Er wordt overigens nog
wel gedebatteerd of die horizon dan alles wat erbı́nnen of erbúiten zit beschrijft.
Het holografisch principe heeft ons veel geleerd over zwarte gaten, maar er zijn
nog veel belangrijke open vragen. Hoe werkt de verdamping van zwarte gaten op
microscopisch niveau? Kunnen we holografie gebruiken om naast universele (gelijk voor alle soorten zwarte gaten) ook niet-universele aspecten van zwarte gaten
te beschrijven? En (hoe) kunnen we holografie toepassen bij het bestuderen van
ons uitdijend heelal? In dit proefschrift onderzoek ik deze vragen aan de hand
van twee verschillende routes. In de eerste bestudeer ik de zogeheten informatieparadox voor zowel de horizon van een zwart gat als de kosmologische horizon.
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In de tweede route onderzoek ik niet-universele aspecten van de horizonnen van
verschillende soorten zwarte gaten; zulke aspecten zijn cruciaal bij het ontwikkelen van een microscopische theorie. Beide routes maken gebruik van een bepaald
type tweedimensionele zwaartekracht; dit versimpelt de berekeningen zonder de
interessante aspecten teniet te doen.
Unitaire evolutie en de informatieparadox
Stel je voor dat je een document hebt met gevoelige informatie (bijvoorbeeld over
de kabinetsformatie), en dat je daar op stel en sprong vanaf moet. Een gemakkelijke optie is het document te verbranden. Helaas zijn journalisten steeds inventiever geworden, en met behulp van alle snippertjes en asvlokken zijn zij (in theorie)
in staat om dat verbrandingsproces ongedaan te maken. Een slimme politicus
gooit zo’n gevoelig document daarom in een zwart gat: van de buitenkant heeft
geen enkele journalist immers ooit toegang tot wat daarin verdwenen is. Toch?
Dat blijkt niet helemaal waar: informatie kan volgens de quantummechanica namelijk nooit verloren gaan. Zwarte gaten verdampen heel langzaam, en een journalist die al die Hawkingstraling zou opvangen, zou uiteindelijk de informatie in
het document moeten kunnen reconstrueren. De natuurkundige formulering is dat
de entropie van de opgevangen straling eerst moet toenemen (we weten niet wat er
precies in die straling zit), maar uiteindelijk weer moet afnemen naar nul (als we
alle straling hebben, moeten we volledige kennis hebben van wat er in het zwarte
gat zat). Dit verloop van de entropie als functie van de tijd wordt de Page-kromme
genoemd, naar de theoretisch natuurkundige Don Page. Toen Stephen Hawking de
stralingsentropie van een verdampend zwart berekende vond hij echter een almaar
stijgende lijn. Deze schijnbare tegenstelling wordt de informatieparadox genoemd.
In 2019 is het theoretisch natuurkundigen decennia na het werk van Hawking en
Page voor het eerst gelukt om de Page-kromme te reproduceren voor een verdampend zwart gat. In dit proefschrift bouw ik voort op dat onderzoek en beschrijf
ik een nieuwe manier om de Page-kromme voor een verdampend zwart gat in
twee dimensies te vinden. Daarbij gebruik ik holografie om het zwarte gat en de
uitgezonden straling te begrijpen vanuit een duaal, driedimensionaal perspectief.
Het onderscheid tussen het zwarte gat en de opgevangen straling is in die duale
theorie als het in tweeën delen van een vijver met een visnet; het bewegen van de
scheidslijn tussen deze twee systemen bootst de verdamping in twee dimensies na.
Het handige van deze beschrijving is dat die ook kan werken voor de kosmologische
horizon van een uitdijend heelal. Zo’n horizon zendt ook straling uit: in ons heelal
is dat de kosmische achtergrondstraling. Analoog aan de informatieparadox voor
zwarte gaten kunnen we ons afvragen: als we al die kosmische straling zouden
opvangen, kunnen we dan achterhalen wat zich achter de kosmologische horizon
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bevindt? Door eenzelfde holografische methode toe te passen op een uitdijend
heelal (wederom in twee dimensies), laat ik zien dat dit in theorie kan. Het verzamelen van zoveel straling blijft echter niet zonder gevolg: onze berekening laat
zien dat die straling met waarnemer en al kan ineenstorten tot een zwart gat.
Niet-universele dynamica en microscopische theorieën
In de theoretische natuurkunde bestuderen we zwarte gaten van allerlei vormen
en maten: ze kunnen elektrisch en magnetisch geladen zijn, ronddraaien, zich
bevinden in (op grote afstand) vlakke of gekromde ruimtetijden, en bestaan in
verschillende dimensies. Toch hebben ze enkele cruciale eigenschappen die universeel zijn. Die universaliteit vindt haar oorsprong in het feit dat alle ‘extreme’
zwarte gaten er gelijksoortig uitzien als we inzoomen op de horizon. Extreme
zwarte gaten hebben een temperatuur gelijk aan nul; grof gezegd zijn dit de lichtst
mogelijke zwarte gaten, omdat ze niet verder kunnen verdampen. Verhogen we
vervolgens de temperatuur van zo’n extreem zwarte gat een klein beetje (door
er iets in te gooien), dan is de thermodynamische respons universeel: de massa
neemt altijd kwadratisch, en de entropie lineair toe met de temperatuur. Hoevéél
de entropie toeneemt met elke graad opwarming, is dan wel weer afhankelijk van
de precieze parameters van het zwarte gat. Daarnaast zijn er andere belangrijke
aspecten van bijna-extreme zwarte gaten die niet universeel zijn.
De tweede route die ik in dit proefschrift volg richt zich op zulke niet-universele aspecten van bijna-extreme zwarte gaten. Ik bestudeer verschillende soorten zwarte
gaten: ronddraaiende zwarte gaten in vijf dimensies, ingebed in een vlakke of gekromde ruimtetijd, en zwarte gaten met elektrische en/of magnetische lading in
vier dimensies, eveneens in een vlakke of gekromde ruimtetijd. Het eerste doel van
dit onderzoek is te begrijpen hoe zulke eigenschappen de geometrie van de horizon
van bijna-extreme zwarte gaten beı̈nvloeden, en de interacties van deeltjes die in
de buurt van het zwarte gat zijn. Zulke interacties krijgen kleine correcties, die
perturbaties genoemd worden. Het tweede doel is om te berekenen wat het effect
van deze perturbaties is ver weg van het zwarte gat: zijn ze nog zichtbaar voor
een waarnemer die zich op veilige afstand bevindt? Daarbij blijkt het veel uit te
maken of het zwarte gat zich in een vlakke of gekromde ruimtetijd bevindt.
Dit onderzoek is van belang om de fundamentele bouwstenen van zwarte gaten te
kunnen begrijpen – en een holografisch duale theorie op te stellen. Zo’n theorie
moet immers dezelfde informatie bevatten en dus dezelfde effecten en perturbaties kunnen beschrijven. Dat lukt goed voor de universele aspecten van zwarte
gaten, maar niet voor de niet-universele aspecten die in dit proefschrift beschreven worden. Een beter begrip van zulke aspecten en de informatieparadox moet
uiteindelijk tot de heilige graal leiden: een theorie van quantumzwaartekracht, die
ons inzicht kan bieden in de grote mysteries van ons heelal.
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Our Universe is currently entering a phase of accelerated expansion, reminiscent
of the inflationary phase describing its earliest moments. Such a phase is well described by de Sitter space, the maximally symmetric solution to Einstein’s equations with a positive cosmological constant. Observers in de Sitter space are surrounded by a cosmological horizon: the limiting surface of the region they are in
causal contact with. This horizon is strikingly similar to the event horizons of black
holes, which can form in our Universe upon the collapse of very massive stars. In
particular, both horizons have a temperature and an associated entropy proportional to the horizon area. A statistical understanding of this entropy is crucial
for a microscopic description of both black holes and the expanding Universe.
A thorough microscopic understanding is expected to require a theory of quantum
gravity: the holy grail of modern theoretical physics. An important tool in developing such a theory is holography, and in particular the Anti-de Sitter/Conformal
Field Theory (AdS/CFT) correspondence. The holographic principle states that a
theory of quantum gravity in (d + 1) dimensions can equivalently be described by
a quantum field theory in d dimensions. In AdS/CFT, the ‘bulk’ quantum gravity theory lives on asymptotically Anti-de Sitter space, the maximally symmetric
solution to Einstein’s equations with a negative cosmological constant; the dual
CFTd is thought to live on the (conformally flat) boundary of AdSd+1 . Despite
the many successes provided by AdS/CFT—such as the counting of black hole
microstates, and a formal resolution of the black hole information problem—many
important and fundamental open problems remain. Can we understand unitary
black hole evaporation from semiclassical gravity? What can we say about holographic aspects of black holes that are not universal, but instead sensitive to their
properties? And (how) can we use our holographic toolbox to understand quantum
gravity within de Sitter space?
This dissertation explores such questions, with the final aim of carefully constructing microscopic duals of cosmological and black hole spacetimes. It is divided into
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three parts. The first part describes the framework within which we will study
black hole and cosmological horizons: two-dimensional holography. The second
part revolves around the question whether the evaporation of black hole and cosmological horizons happens in a unitary fashion; it uses semiclassical methods to
study the fine-grained entropy of radiation emitted by these horizons. In the third
part, I focus solely on black holes, and describe non-universal aspects that are
crucial to design microscopic duals.

Part I: Horizons in Holography
The near-horizon region of extremal (zero temperature) black holes is universally
given by two-dimensional Anti-de Sitter space. Despite their vanishing temperature, extremal black holes still have a finite entropy. It is non-trivial to account
for this entropy within pure AdS2 , as the only allowed states in this geometry are
ground states; finite-energy excitations destroy the AdS2 asymptotics. To consider
finite-energy excitations, one needs to consider small deviations away from the
idealized AdS2 geometry. This defines “nearly” AdS2 , describing the near-horizon
region of near-extremal black holes. The leading gravitational backreaction is encoded in a special type of two-dimensional dilaton gravity: Jackiw–Teitelboim
(JT) gravity. It captures, among other things, the universal response of the black
hole mass and entropy as we slightly increase the temperature above zero.
JT gravity provides a valuable playground for studying evaporating black holes,
because the backreaction of Hawking radiation is fully tractable. In Part II of
this dissertation, AdS2 JT gravity is the framework to study a two-dimensional
evaporating black hole, and dS2 JT gravity to study the evaporating cosmological
horizon of two-dimensional de Sitter. In Part III, the main focus is on aspects
of nearly AdS2 that are less universal, which are important when considering,
e.g., the near-horizon dynamics of near-extremal black holes with rotation. This
requires us to add extra features to the simplest JT model.

Part II: Unitary Evolution of Evaporating Horizons
Quantum mechanical effects cause black holes to emit radiation, such that they
have a temperature and slowly evaporate. Within semiclassical gravity, computing the entropy of radiation emitted by an evaporating black hole gives an everincreasing entropy. This contradicts the idea that the evaporation process must
be unitary: if a black hole formed from collapse of a pure state, the final state of
evaporation should also be pure, and the entropy of the radiation should decrease
back to zero. The expected turnover point is known as the Page time, and the
corresponding curve showing unitarity is called the Page curve. Reproducing the
Page curve from semiclassical gravity would provide a solution to the black hole
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information problem, in addition to the formal resolution AdS/CFT has provided
via unitary properties of the dual CFT.
In 2019, two groups successfully reproduced the Page curve from semiclassical
gravity using a formalism now known as the island rule. They proposed that the
quantum-gravitational entropy of Hawking radiation can be computed by including
a disconnected ‘island region’ in the semiclassical computation of the generalized
entropy. Physically, we should think of the degrees of freedom in the island as the
purifying Hawking partners of the collected radiation. After the Page time, the
inclusion of this island thus reduces the total entropy, leading to a Page curve.
Geometrizing the island
In Chapter 4, we introduce a new model to study the fine-grained entropy of an
evaporating AdS2 black hole in JT gravity from a three-dimensional point of view.
A partial dimensional reduction of AdS3 in Poincaré coordinates leads to an extremal two-dimensional black hole in JT gravity coupled to a ‘bath’: the holographic
dual of the remainder of the three-dimensional spacetime. Partially reducing the
BTZ black hole gives the finite temperature version. The entropy of the bath region
can be computed using geodesics in the three-dimensional spacetime. For the finite
temperature case, the dynamics can be described by introducing time-dependence
into the parameter controlling the dimensional reduction, which corresponds to a
time-dependent dilaton in the two-dimensional theory. The energy of the black
hole decreases linearly as we slowly move the dividing line between the black hole
and the bath. The radiation entropy follows a Page curve. The three-dimensional
perspective explains the appearance of the island in a geometric fashion.
No Page curves for the de Sitter horizon
In Chapter 5, we extend the partial dimensional reduction model to describe
the fine-grained entropy of the cosmological horizon in two-dimensional de Sitter. Starting from three-dimensional pure de Sitter space, we partially reduce to
two-dimensional pure de Sitter space, which supplies an auxiliary system acting
as a heat bath both at I + and inside the static patch. This allows us to study the
time-dependent entropy of radiation collected for both observers. The radiation
is in the out-of-equilibrium Unruh–de Sitter state, necessary to allow the horizon
to evaporate. Central to our analysis in the static patch is the identification of a
weakly gravitating region close to the past cosmological horizon, which is in line
with a ‘stretched horizon’ holography. Furthermore, this is suggestive of a relation
between observables at future infinity and inside the static patch. We find that
in principle, while the meta-observer at I + naturally observes a pure state, the
static patch observer requires the use of the island formula to reproduce a unitary
Page curve. However, in practice, catastrophic backreaction occurs at the Page
time, and neither observer will see unitary evaporation.
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Part III: Non-Universal Dynamics of Black Hole Horizons
The dynamics of the evaporating horizons we describe in Part II are fully captured
by JT gravity. Importantly, the dimensional reduction from BTZ or dS3 to two
dimensions does not give rise to any other fields that might affect this description.
In Part III, we study a variety of near-extremal black holes: in different dimensions,
with and without rotation and charge, embedded in asymptotically flat or AdS
space, supersymmetric or not. We are interested in how these features are encoded
in the backreaction of their near-horizon geometry, and to quantify how these
features could affect the holographic dual of the nearly AdS2 region. The effect is
most prominent in the interactions between the irrelevant deformation that defines
the near-AdS2 region, i.e., the JT mode, and the additional matter fields present
in the two-dimensional effective theory. We quantify the leading correction to the
two-point functions of the additional fields due to these interactions.
Rotating 5D black holes
In Chapter 7, we study five-dimensional near-extremal rotating black holes in
asymptotically flat or AdS space. We focus on the near-horizon geometry, where
the effective theory reduces to JT gravity coupled to a massive scalar field, and
illustrate the effect of rotation, and the presence of the cosmological constant, on
the nearly AdS2 dynamics. We compute the corrections to the two-point function
of the massive field with the JT mode. A novel feature is that these corrections
do not have a definite sign: for AdS5 black holes the sign depends on the mass
of the extremal solution. We also quantify the imprint of the JT sector on the
UV region, i.e., how these degrees of freedom, characteristic for the near-horizon
region, influence the asymptotically far region of the black hole. We find that a
perturbation in the IR corresponds to a diffeomorphism plus a change of mass from
the point of view of the UV. For AdS5 , the diffeomorphism leads to a conformal
transformation of the boundary metric; for Minkowski5 , this effect is subleading.
Black holes in 4D supergravity
In Chapter 8, we describe holographic properties of near-AdS2 spacetimes that
arise within spherically symmetric configurations of N = 2 4D U (1)4 supergravity,
for both gauged and ungauged theories. These theories contain four gauge fields
and six real scalar fields, and allow an effective two-dimensional description. The
responses of the different AdS2 × S 2 backgrounds in the near-AdS2 region are not
universal. The spectrum of operators dual to the matter fields, and their cubic
interactions, are sensitive to properties of the background and the theory. Crucial
features are whether or not the background is supersymmetric, and if the theory
is gauged or ungauged. Interesting effects are due to the appearance of operators
with ∆ < 2, which can lead to, for instance, instabilities or extremal correlators.
Any microscopic dual would have to account for such non-universal aspects.
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interested, proud no matter what, and begrijpend kijken. It is a great gift to have
parents that are so encouraging, loving, clever, and, crucially, so much fun. I will
miss you tremendously but am sure we will often find you on our doorstep.
Finally, to the love of my life, Lisa. I thank you for your patience, especially
during the more difficult periods of this PhD, for keeping me a relatively normal
(but sufficiently crazy) person in a sometimes maddening world, and for being my
home. You make my life so much more beautiful. You are my best friend and I
am insanely proud that I may soon call you my wife. With you on my side I feel
strong and ready to start our new adventure—and the many more to come.

235

To the Horizon and Beyond

Woensdag 6 juli 2022
zal ik mijn proefschrift, getiteld

To the Horizon and Beyond
Unitary evolution and non-universal dynamics of horizons in holography

To the Horizon
and Beyond
Unitary evolution and non-universal
dynamics of horizons in holography
in het openbaar verdedigen om 14 uur
in de Aula – Oude Lutherse Kerk,
Singel 411 te Amsterdam

Evita Verheijden
Evita Verheijden

Graag nodig ik u uit om hierbij
aanwezig te zijn.
Bij de aansluitende receptie is er
gelegenheid om te proosten.

Evita Verheijden
Paranimfen:
Carlos Duaso Pueyo
Dora Nikolakopoulou

