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Chapter 1

Introduction

In this thesis we define and analyze an explicit holonomic system of linear first-order
q-difference equations for vector-valued functions, which we call the bispectral quan-
tum Knizhnik-Zamolodchikov equations. The first goal of this introduction is to explain
the concepts involved on a non-expert level. Secondly, we like to demonstrate how
the bispectral quantum Knizhnik-Zamolodchikov equations can be exploited to gain
insight in the well-known (trigonometric) Knizhnik-Zamolodchikov equations and
quantum Knizhnik-Zamolodchikov equations, systems that have naturally emerged
from mathematical physics and representation theory.

1.1 Linear q-difference equations

As a first step, we explain in this section the notion of a scalar linear q-difference
equation. Let q be some fixed real number satisfying 0 < q < 1 and let γ ∈ C× :=
C \ {0}. Consider the equation

f(qt) = γf(t) (1.1.1)

for a function f : C× → C. By means of the (renormalized) Jacobi theta function
θq(t) :=

∏
m≥0(1 − qmt)(1 − qm+1/t), which is a holomorphic function in t ∈ C×

satisfying
θq(qt) = −t−1θq(t),

we readily find a nonzero meromorphic solution fγ of (1.1.1), given by

fγ(t) =
θq(t)

θq(γt)
.

In other words, fγ solves the eigenvalue problem

Tqf = γfγ ,

1



2 Chapter 1. Introduction

where Tq is the so-called q-dilation operator (Tqf)(t) := f(qt). Note the reminiscence
with the fact that the exponential map u 7→ eλu for u ∈ C is an eigenfunction of the
differential operator d

du corresponding to the eigenvalue λ ∈ C.

Definition 1.1.1. A (homogeneous) linear q-difference equation for a meromorphic func-
tion f on C× is an equation of the form

an(t)(T nq f)(t) + · · ·+ a1(t)(Tqf)(t) + a0(t)f(t) = 0, (1.1.2)

in which a0, . . . , an are fixed meromorphic functions on C×. If an, a0 6= 0, then we
call n the order of the q-difference equation (see, e.g., [1]).

Note that (1.1.1) is a first-order linear q-difference equation. Another elementary
example of a first-order linear q-difference equation is

f(qt)− f(t)

qt− t
= a(t)f(t), (1.1.3)

where a(t) is a given meromorphic function. This is actually a rather special exam-
ple, for, if we let q → 1, then the left-hand side of (1.1.3) tends to the derivative df

dt (t)
of f at t (if it exists). Thus, in some formal sense, q-difference equations generalize
differential equations. We call a q-difference equation of which a given differential
equation is the result when formally taking the limit q → 1, a q-deformation of this
differential equation.

If we change the variable t = eu and write q = eh for some h > 0, then the
q-dilation operator becomes the translation operator T acting on 2πi-periodic mero-
morphic functions f on C, given by (T f)(u) := f(u + h). Accordingly, a linear
q-difference equation turns into a linear difference equation.

Definition 1.1.2. We call an equation for meromorphic functions f on C of the form

an(u)(T nf)(u) + · · ·+ a1(u)(T f)(u) + a0(u) = 0, (1.1.4)

where the ai are given meromorphic functions on C with an, a0 6= 0, a (homoge-
neous) nth-order linear difference equation. Often, h is taken to be 1, so that (T f)(u) =
f(u+ 1) (see [48]).

The difference analog of the differential equation df
du = af reads

f(u+ h)− f(u)

h
= a(u)f(u). (1.1.5)

Indeed, considering the limit h→ 0 in the left-hand side of (1.1.5) yields the familiar
formula for the derivative of f at u.

1.2 Holonomy

The bispectral quantum KZ equations, which are the main characters of the thesis,
form a holonomic system of linear first-order q-difference equations for meromorphic
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vector-valued functions on some complex torus. The goal of this section is to explain,
in various settings, the notion of holonomy.

1.2.1 Covariant derivatives

Let V be a finite-dimensional complex vector space. We write End(V ) for the algebra
of complex linear endomorphisms of V . Fix an integer N ≥ 1. Let Ai (1 ≤ i ≤ N )
be holomorphic functions on an open subset U ⊂ CN with values in End(V ) and
consider the system of linear first-order differential equations

∂f

∂ui
= Ai(u)f(u), 1 ≤ i ≤ N (1.2.1)

for V -valued holomorphic functions f on U . We call such a system of differential
equations holonomic, if

∂Aj
∂ui
− ∂Ai
∂uj

= [Ai, Aj ], (1.2.2)

where the bracket [, ] denotes the usual commutator [x, y] := xy−yx for ring elements
x and y.

Note that this is the natural condition in order to expect nontrivial solutions of
(1.2.1) to exist, since for a solution f of (1.2.1), both application of ∂Aj

∂ui
+ AjAi and

∂Ai
∂uj

+AiAj to f yield ∂2f
∂ui∂uj

.
In the language of differential geometry, the system of differential equations (1.2.1)

gives rise to covariant derivatives in the standard ith direction

∇i :=
∂

∂ui
−Ai(u) (1.2.3)

acting on holomorphic V -valued functions on U . These covariant derivatives may
occur as local coordinate expressions ∇i = ∇∂/∂ui for a connection ∇ on some holo-
morphic vector bundle, locally trivialized as U ×V . The system (1.2.1) then becomes

∇if = 0, 1 ≤ i ≤ N, (1.2.4)

while the holonomy condition translates to the familiar flatness condition

[∇i,∇j ] = 0, 1 ≤ i, j ≤ N. (1.2.5)

We call a holomorphic function f : U → V satisfying (1.2.4) flat with respect to∇.

1.2.2 Covariant q-derivatives

It is tempting to try to develop similar notions for systems of linear first-order q-
difference equations. The situation is substantially different though, since we are
then dealing with nonlocal operators: whereas for the differential operator d

du , the
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value of df
du at a point u0 (for some differentiable function f ), only depends on the

values of f in an arbitrary small neighborhood of u0, this obviously is not the case
for the q-dilation operator Tq . This makes it rather unclear what the appropriate
notion of a connection should be in the q-difference setting, but the local description
of a covariant derivative with respect to a chosen coordinate patch quite naturally
allows a q-difference analog. This is the path we will now follow. In the q-difference
setting it is natural to work with meromorphic functions.

Write qεit = (t1, . . . , qti, . . . , tN ) for 1 ≤ i ≤ N and t ∈ (C×)N . For a meromorphic
function f : (C×)N → V we consider the system of q-difference equations

Ai(t)(Tq,if)(t) = f(t), 1 ≤ i ≤ N, (1.2.6)

where (Tq,if)(t) := f(qεit) and the Ai are End(V )-valued meromorphic functions on
(C×)N . Fully written out, it reads

Ai(t1, . . . , tN )f(t1, . . . qti, . . . , tN ) = f(t1, . . . , tN ), 1 ≤ i ≤ N.

The system (1.2.6) is called holonomic if A1, . . . , AN satisfy

Ai(t)(Tq,iAj)(t) = Aj(t)(Tq,jAi)(t) (1.2.7)

for all 1 ≤ i, j ≤ N . Again, holonomy is the natural condition in order to expect
nontrivial solutions of (1.2.6). Indeed, for a solution f of (1.2.6), application of either
side of (1.2.7) to f(t1, . . . , qti, . . . , qtj , . . . , tN ) yields f(t).

The system of q-difference equations (1.2.6) gives rise to what we will be calling
covariant q-derivatives∇qi , defined by

∇qi := AiTq,i − idV , 1 ≤ i ≤ N,

acting on meromorphic V -valued functions on (C×)N . The holonomy of (1.2.6) is
then equivalent to the flatness condition

[∇qi ,∇
q
j ] = 0, 1 ≤ i, j ≤ N (1.2.8)

of ∇q := {∇qi }Ni=1, to which we sometimes will refer as the associated q-connection.
We call a meromorphic function f : (C×)N → V flat with respect to∇q if∇qi f = 0 for
1 ≤ i ≤ N . Hence, f is flat with respect to∇q if and only if it satisfies (1.2.6).

Remark 1.2.1. We need to mention that we use terms like ‘q-connection’ and ‘co-
variant q-derivative’ just because we like to think of them as q-analogs of locally
trivialized connections and covariant derivatives, but that it is by no means stan-
dard terminology. The same goes for the terminology introduced in the following
section where we consider the difference setting.
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1.2.3 Covariant difference derivatives

Now that we discussed analogs of holonomy and covariant derivatives for q-diffe-
rence equations, it is a small step to construct corresponding notions for difference
equations.

For a function f depending on λ = (λ1, . . . , λN ) ∈ CN , let Ti (1 ≤ i ≤ N ) be the
difference operator (Tif)(λ) := f(λ1, . . . , λi + 1, . . . , λN ). For holomorphic functions
f : CN → V we consider the system of linear first-order difference equations

Ai(λ)(Tif)(λ) = f(λ), 1 ≤ i ≤ N, (1.2.9)

where the Ai are End(V )-valued holomorphic functions on CN . We call (1.2.9) holo-
nomic if

Ai(λ)(TiAj)(λ) = Aj(λ)(TjAi)(λ) (1.2.10)

for all 1 ≤ i, j ≤ N . In a similar way as in the previous subsection, one observes that
holonomy is the natural condition to expect the existence of nontrivial solutions of
(1.2.9).

We say that the system (1.2.9) gives rise to covariant difference derivatives ∇i (1 ≤
i ≤ N ), defined by

∇i := Ai(λ)Ti − idV

for 1 ≤ i ≤ N . If the system (1.2.9) is holonomic, then the ∇i satisfy the flatness
conditions

[∇i,∇j ] = 0, 1 ≤ i, j ≤ N. (1.2.11)

We will call ∇ := {∇i}Ni=1 the corresponding difference connection. Let us complete
the analogy with Subsections 1.2.1 and 1.2.2 by calling a smooth function f : CN → V
flat with respect to ∇, if ∇if = 0 for 1 ≤ i ≤ N , hence, equivalently, if f is a solution
of (1.2.9).

1.2.4 Holonomy for mixed systems

In this subsection we will discuss a concept of holonomy in case we combine dif-
ferent types of systems of equations. Concretely, we explain what we will mean by
a holonomic system consisting of both linear first-order differential and difference
equations.

Let U be an open subset of CM and let Ai, Bk be holomorphic End(V )-valued
functions on U × CN for 1 ≤ i ≤M , 1 ≤ k ≤ N . Now define

∇i :=
∂

∂ui
−Ai, 1 ≤ i ≤M

∇̂k := BkT λk − idV , 1 ≤ k ≤ N,
(1.2.12)

viewed as linear operators acting on holomorphic V -valued functions in (u, λ) ∈
U × CN (here T λk is the operator Tk defined in the previous subsection acting in the
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variable λ ∈ CN ). Now consider the linear system of first-order differential/diffe-
rence equations corresponding to (1.2.12),

(∇if)(u, λ) = 0, 1 ≤ i ≤M, (1.2.13)

(∇̂kf)(u, λ) = 0, 1 ≤ k ≤ N (1.2.14)

for holomorphic functions f : U ×CN → V . We call the total system (1.2.13)–(1.2.14)
holonomic if

[∇i,∇j ] = 0, [∇̂k, ∇̂l] = 0, [∇i, ∇̂k] = 0

for all 1 ≤ i, j ≤ M and 1 ≤ k, l ≤ N . Note that the first two conditions are equiva-
lent to ∂Aj

∂ui
− ∂Ai

∂uj
= [Ai, Aj ] and BkT λk (Bl) = BlT λl (Ak), respectively (cf. (1.2.2) and

(1.2.10)), and a small computation shows that the third condition is equivalent to

∂Bk
∂ui

−AiBk = −BkT λk (Ai). (1.2.15)

These are the natural conditions to expect nontrivial solutions. For the first two con-
ditions this is clear from the previous subsections, for the third we remark that ap-
plication of either side of (1.2.15) to T λk (f) for a solution f of (1.2.13)–(1.2.14), yields
−Bk ∂

∂ui
(T λk (f)).

Analogously to the other cases considered in this section, we might say that∇ :=

{∇i}Mi=1 and ∇̂ := {∇̂k}Nk=1 together define a mixed connection and call a solution f

of the system (1.2.13)–(1.2.14) flat with respect to∇, ∇̂.

1.3 Compatible systems in auxiliary parameters

In this section we will give a reinterpretation of the holonomic systems discussed
in the previous section as holonomic systems depending on auxiliary parameters,
together with a compatible holonomic system of equations operating on the auxiliary
parameters. First we consider the differential case.

Suppose we have covariant derivatives∇i = ∂
∂ui
−Ai (1 ≤ i ≤ L) on U ⊂ CL (see

Subsection 1.2.1), satisfying the flatness conditions [∇i,∇j ] = 0 (1 ≤ i, j ≤ L). Now
let L = M + N and write u = (v, w) ∈ U1 × U2 ⊂ U , with U1 ⊂ CM and U2 ⊂ CN
open. For fixed w ∈ U2, the ∇i (1 ≤ i ≤M ) give rise to flat covariant derivatives

∇i(w) :=
∂

∂vi
−Ai(·, w) (1.3.1)

acting on holomorphic V -valued functions on U1. Note that ∇i(w) depends holo-
morphically on w ∈ U2. In other words, the second set of variables w ∈ U2 ⊂ CN are
interpreted here as auxiliary parameters. We thus have a family of flat connections
∇(w) = {∇i(w)}Mi=1 (w ∈ U2) depending holomorphically on w ∈ U2 and operating
on V -valued functions on U1.
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Similarly, for fixed v ∈ U1, the ∇k+M (1 ≤ k ≤ N ) give rise to flat covariant
derivatives

∇̂k(v) :=
∂

∂wk
−Ak+M (v, ·) (1.3.2)

acting on holomorphic V -valued functions on U2, depending holomorphically on
v ∈ U1.

Corresponding to (1.3.1), for all w ∈ U2, we have a holonomic system of differen-
tial equations for holomorphic functions f : U1 → V

(∇i(w)f)(v) = 0, 1 ≤ i ≤M. (1.3.3)

Similarly, corresponding to (1.3.2), for all v ∈ U1 we have a holonomic system of
linear first-order differential equations acting on the auxiliary parameter w of∇i(w),

(∇̂k(v)f)(w) = 0, 1 ≤ k ≤ N, (1.3.4)

for holomorphic functions f : U2 → V . Now the fact that the holonomic systems
(1.3.3) and (1.3.4) come from a flat connection ∇ = {∇i}M+N

i=1 implies that these two
systems are mutually compatible in the sense that ∂Ak+M

∂vi
− ∂Ai

∂wk
= [Ai, Ak+M ] for

1 ≤ i ≤M and 1 ≤ k ≤ N (which is equivalent to [∇i,∇k+M ] = 0; see (1.2.2)).

Definition 1.3.1. Let U1 ⊂ CM and U2 ⊂ CN be open and let Ai, Bk : U1 × U2 →
End(V ) be holomorphic. Suppose that for each w ∈ U2, the covariant derivatives

∇i(w) :=
∂

∂vi
−Ai(·, w), 1 ≤ i ≤M (1.3.5)

acting on holomorphic V -valued functions on U1 are holonomic. Furthermore, sup-
pose that for each v ∈ U1 the covariant derivatives

∇̂k(v) :=
∂

∂wj
−Bk(v, ·), 1 ≤ k ≤ N (1.3.6)

acting on holomorphic V -valued functions on U2 are holonomic. Then the families
of flat connections {∇(w)}w∈U2

and {∇̂(v)}v∈U1
are called compatible, if

∂Bk
∂vi
− ∂Ai
∂wk

= [Ai, Bk] (1.3.7)

for 1 ≤ i ≤ M and 1 ≤ k ≤ N as End(V )-valued functions on U1 × U2. We will
also say that the corresponding (two families of) holonomic systems of differential
equations are compatible.

Now if we actually have such a compatible family of connections as in the defini-
tion, then we can construct a flat connection ∇ = {∇i}M+N

i=1 acting on holomorphic
V -valued functions f on U1 × U2, by setting

(∇if)(v, w) :=
(
∇i(w)f(·, w)

)
(v), 1 ≤ i ≤M,

(∇k+Mf)(v, w) :=
(
∇̂k(v)f(v, ·)

)
(w), 1 ≤ k ≤ N
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for all (v, w) ∈ U1 × U2. In particular, given holonomic covariant derivatives (1.3.5)
depending holomorphically on auxiliary parameters w ∈ U2, it is natural to ask
whether it extends to a compatible system of equations in the sense of the definition.

We just discussed compatible systems of equations for the differential case (which
corresponds to Subsection 1.2.1), but the story for difference equations (Subsection
1.2.3) and q-difference (Subsection 1.2.2) is completely analogous.

Moreover, in the same spirit, we may reinterpret the mixed system we discussed
in Subsection 1.2.4 as a compatible system of holonomic covariant derivatives∇i(λ)
(1 ≤ i ≤M ) determined by∇i(λ) := ∂

∂ui
−Ai(·, λ) acting on holomorphic V -valued

functions onU , and of holonomic covariant difference derivatives ∇̂k(u) (1 ≤ k ≤ N )
determined by ∇̂k(u) := Bk(u, ·)T λk − idV and acting on holomorphic V -valued
functions g on CN . The compatibility condition in this case, that is, the analog of
(1.3.7), is given by (1.2.15). As we will see, the main nontrivial example we examine
in this introduction is of this kind (see Section 1.6).

One way that holonomic systems of equations in auxiliary parameters, compat-
ible to a given system, naturally arise, is in isomonodromy theory (see [28]). An-
other, and closely related, feature of such compatible systems in the case of differ-
ence or q-difference equations, is that they give rise to nontrivial isomorphisms be-
tween spaces of solutions of the original system with respect to different values of the
auxiliary parameters (see Proposition 2.4.9 for an example related to the bispectral
quantum KZ equations).

Remark 1.3.2. In this thesis, compatible systems of q-difference equations in the
auxiliary parameters will also give rise to nontrivial bispectral problems for higher-
order scalar q-difference operators (bispectrality in the sense of Duistermaat and
Grünbaum [13]). We come back to this in Section 1.8 (see also Chapter 3).

The rest of this section is devoted to a couple of very elementary examples of
compatible systems. In subsequent sections we will deal with the nontrivial case
involving (various instances of) the Knizhnik-Zamolodchikov equations, which is
the main subject of this thesis.

1.3.1 Differential / differential

For λ ∈ C, consider the covariant derivative ∇(λ) := d
du − λ operating on holomor-

phic complex-valued functions on C. Note that the function fλ(u) := eλu satisfies
∇(λ)fλ = 0. Now for u ∈ C, define ∇̂(u) by

∇̂(u) :=
∂

∂λ
− u,

operating on holomorphic complex-valued functions on C. Then, clearlyA(·, λ) := λ

andB(u, ·) := u satisfy (1.3.7), so {∇(λ)}λ∈C and {∇̂(u)}u∈C are compatible. Accord-



§1.3. Compatible systems in auxiliary parameters 9

ingly, if we define∇ and ∇̂ by

(∇g)(·, λ) := ∇(λ)g(·, λ),

(∇̂g)(u, ·) := ∇̂(u)g(u, ·),

for g : C×C→ C holomorphic, then∇ and ∇̂ define flat covariant derivatives acting
on holomorphic functions on C × C. Consequently, we have a holonomic system of
first-order linear differential equations

(∇f)(u, λ) = 0,

(∇̂f)(u, λ) = 0
(1.3.8)

for holomorphic complex-valued functions on C×C in the sense of Subsection 1.2.1.
If we regard fλ(u) as a function of both u, λ ∈ C, then the resulting function

f(u, λ) := eλu is a nontrivial solution of (1.3.8). Moreover, f(u, λ) is a self-dual solu-
tion of (1.3.8), that is,

f(u, λ) = f(λ, u)

for u, λ ∈ C. The existence of self-dual solutions of (1.3.8) is related to the duality
symmetry

∇ = φ ◦ ∇̂ ◦ φ

of the system (1.3.8), where φ is the involution of the space of complex-valued func-
tions on C×C defined by (φg)(u, λ) = g(λ, u). It follows, in particular, that if we start
with a holomorphic function g : C × C → C such that ∇(λ)g(·, λ) = 0 for all λ ∈ C
and satisfying g(u, λ) = g(λ, u) (u ∈ C, λ ∈ C), then g automatically also satisfies
∇̂(u)g(u, ·) = 0 for all u ∈ C. Hence, g is a self-dual solution of (1.3.8). In this thesis
we exploit such duality symmetry extensively (see Section 2.5).

1.3.2 q-Difference / q-difference

To equation (1.1.1) we can associate a covariant q-derivative ∇q(γ) = γ−1Tq − id
acting on meromorphic functions on C× for all γ ∈ C×. We extend it as follows. For
a meromorphic function f on C××C× write (T tq f)(t, γ) = f(qt, γ) and (T γq f)(t, γ) =
f(t, qγ). We put

∇q := γ−1T tq − id,

∇̂q := t−1T γq − id.

Then one easily checks that [∇q, ∇̂q] = 0, and so the set of equations

(∇qf)(t, γ) = 0,

(∇̂qf)(t, γ) = 0,
(1.3.9)
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define a holonomic system of q-difference equations for meromorphic functions on
C××C× in the sense of Subsection 1.2.2. Note that we can reinterpret (1.3.9) as a com-
patible system of a q-difference equation determined by the covariant q-derivative
∇q(γ) = γ−1Tq − id depending meromorphically on an auxiliary parameter γ ∈ C×

and a q-difference equation determined by ∇̂q(t) := t−1T γq − id operating on that
auxiliary parameter. If we multiply the solution θq(t)

θq(γt)
of (1.1.1) by θq(γ), then by a

similar analysis as in Subsection 1.3.1, we obtain a nontrivial meromorphic solution

g(t, γ) :=
θq(t)θq(γ)

θq(γt)

of (1.3.9), which is self-dual, i.e. invariant under t ↔ γ. As in the previous subsec-
tion, this relates to a duality symmetry of (1.3.9).

1.3.3 Differential / difference

For the final basic example, first recall the covariant derivative ∇(λ) := ∂
∂u − λ on

C from Subsection 1.3.1. For a function f depending on λ ∈ C, put (T λf)(λ) :=
f(λ+ 1). Define

∇̂(u) := e−uT λ − id.

We readily see that A(·, λ) := λ and B(u, ·) := e−u satisfy (1.2.15), hence {∇(λ)}λ∈C
and {∇̂(u)}u∈C are compatible.

In other words, we have a flat mixed connection given by

(∇f)(·, λ) := ∇(λ)f(·, λ),

(∇̂f)(u, ·) := ∇̂(u)f(u, ·)
(1.3.10)

acting on holomorphic functions C× C→ C. Accordingly, the system of linear first-
order differential/difference equations

(∇f)(u, λ) = 0,

(∇̂f)(u, λ) = 0
(1.3.11)

for holomorphic functions f on C×C, is holonomic (in the sense of Subsection 1.2.4).
Note that we have a nontrivial solution of (1.3.11) given by

f(u, λ) := euλ.

This is the same function as we obtained in Subsection 1.3.1 as a solution of (1.3.8).

1.4 Trigonometric Knizhnik-Zamolodchikov
equations

We now come to a nontrivial example of a holonomic system of linear first-order dif-
ferential equations, which can be regarded as forming the classical background of the
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theory developed in this thesis: the so-called trigonometric Knizhnik-Zamolodchikov
equations. They form a system of linear first-order differential equations for holo-
morphic functions on

UKZ := {u ∈ CN | ui − uj /∈ 2π
√
−1Z for all i 6= j},

with values in a vector space V of dimensionN ! (here and in the rest of this introduc-
tion we take N ≥ 2). The Knizhnik-Zamolodchikov (KZ) equations were originally
obtained as a holonomic system of differential equations satisfied by the correlation
functions in a Wess-Zumino-Witten conformal field theory (cf. [33]). A mathematical
rigorous treatment of these equations was provided by Tsuchiya and Kanie [62]. The
corresponding covariant derivatives in this case are defined in terms of a classical
r-matrix (by definition a solution of the classical Yang-Baxter equation; see e.g. [15,
§3.9]), which is constructed by means of representation theory of affine Lie algebras.

In general, one can associate flat covariant derivatives to any r-matrix (again, see
[15, §3.9]). Cherednik developed an alternative way to produce r-matrices, namely
via representations of so-called degenerate affine Hecke algebras (see [10, §1.1]), and
the corresponding holonomic system of differential equations are Cherednik’s affine
trigonometric KZ equations (cf. [10, §1.1]). In this thesis we employ Cherednik’s ap-
proach to (q-analogs of) the KZ equations, but in the introduction we merely present
the various KZ equations rather than actually construct them. The natural construc-
tion of the trigonometric KZ equations can be found in [10]; for the construction in
the quantum case see Chapter 2.

In order to write down the KZ equations, we need some facts about the sym-
metric group. Let SN denote the group of permutations of the set {1, . . . , N}. For
i 6= j, write sij ∈ SN for the transposition i↔ j. We will identify SN with the group
presented by generators s1, . . . , sN−1, subject to the relations

s2
i = 1,

sisi+1si = si+1sisi+1,

sisj = sjsi, (|i− j| > 1).

(1.4.1)

The identification is made by relating the generator si (1 ≤ i ≤ N − 1) to the trans-
position si,i+1. For w ∈ SN , we call an expression for w of the form

w = si1 · · · sir
reduced, if r ∈ Z≥0 is as small as possible. In this case, the integer r is referred to as
the length of w and is denoted by `(w).

Let V be a complex vector space of dimension #SN = N ! and let {vw}w∈SN
denote a distinguished basis of V over C. Define a C-linear left action of SN on V by

wvw′ := vww′ , (1.4.2)

for w,w′ ∈ SN . Later on, we will also need the C-linear right action of SN on V ,
which is defined by

wvw′ := vw′w (1.4.3)
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for w,w′ ∈ SN .

Remark 1.4.1. The map w 7→ vw defines an isomorphism of vector spaces C[SN ] '
V , where C[SN ] is the group algebra of SN . The left (respectively right) action of SN
on V we just defined corresponds to the left (respectively right) regular action of SN
on C[SN ].

Now fix κ ∈ C and let h be a formal parameter. We write C[[h]] for the ring of
formal power series in h and put V [[h]] := C[[h]] ⊗ V . The actions (1.4.2) and (1.4.3)
of SN on V give rise to SN -actions on V [[h]] by C[[h]]-linear extension. We define
operators Ti (1 ≤ i < N ) and π(λ) (depending on λ ∈ CN ) in EndC[[h]](V [[h]]) '
C[[h]]⊗ End(V ) by setting

Ti(vw) =

{
vsiw if `(siw) = `(w) + 1,

vsiw + (ehκ − e−hκ)vw if `(siw) = `(w)− 1,
(1.4.4)

π(λ)vw = ehλw−1(N)vσw (1.4.5)

for w ∈ SN , where σ ∈ SN is given by σ(i) = i + 1 (1 ≤ i < N ) and σ(N) = 1.
Note that the Ti are invertible with inverse T−1

i = Ti − ehκ + e−hκ. In fact, the
operators T1, . . . , TN−1, π(λ) represent the so-called extended affine Hecke algebra H =
H(ehκ) (see Subsection 2.2.2). The Hecke algebra H contains a large commutative
subalgebra (CY [T ], see Theorem 2.2.3). Its image in C[[h]]⊗ End(V ) is generated (as
an algebra) by Yi(λ)±1, where

Yi(λ) = T−1
i−1 · · ·T

−1
1 π(λ)TN−1 · · ·Ti,

for 1 ≤ i ≤ N .
For F ∈ C[[h]]⊗ End(V ), let Fn ∈ End(V ) be the coefficient of hn, that is,

F =
∑
n≥0

Fnh
n.

Note that with this notation, Ti,0 = si as operators on V . Furthermore, we have
Yi(λ)0 = idV , and hence, since [Yi(λ), Yj(λ)] = 0, also [Yi(λ)1, Yj(λ)1] = 0.

Remark 1.4.2. The operators Ti,0 (1 ≤ i < N ) and Yj(λ)1 (1 ≤ j ≤ N ) define a
representation of the so-called degenerate affine Hecke algebra (cf. [10, §1.1]).

Define End(V )-valued holomorphic functions Ai (1 ≤ i ≤ N ) on UKZ × CN by

Ai(u, λ) := Yi(λ)1 + 2κ

 N∑
j=i+1

sij − 1

euj−ui − 1
−

i−1∑
j=1

sij − 1

eui−uj − 1
+ i− N + 1

2

 (1.4.6)

and set
∇i(λ) :=

∂

∂ui
−Ai(·, λ), 1 ≤ i ≤ N.
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Theorem 1.4.3. The system of linear differential equations

(∇i(λ)f)(u) = 0, 1 ≤ i ≤ N (1.4.7)

for V -valued holomorphic functions f in u ∈ UKZ is holonomic (see (1.2.5)).

Definition 1.4.4. The holonomic system of equations (1.4.7) is called the system of
trigonometric Knizhnik-Zamolodchikov equations (with respect to the degenerate affine
Hecke algebra module V ).

Theorem 1.4.3 is due to Cherednik (see [10]). The trigonometric form of the KZ
equations was also found by Frenkel and Reshetikhin in [21], then in the setting
of affine Lie algebras. In this introduction, we will see that Theorem 1.4.3 follows
by degenerating a specific holonomic system of q-difference equations, called the
quantum KZ equations (see Subsection 1.7.2).

Note that (1.4.7) is defined in terms of a flat covariant derivative depending holo-
morphically on an auxiliary parameter λ ∈ CN , so it is natural to look for a compat-
ible system in the auxiliary parameter (see Section 1.3). This will be constructed in
the following section.

1.5 Difference KZ equations

In this section we construct a difference analog of the KZ equations, which will turn
out to be compatible with the trigonometric KZ equations (1.4.7). In order to do so,
we need to introduce operators C[[h]] ⊗ End(V ) dual to the Ti and π(λ) defined in
previous section. First, let ι be the involution of V determined by ι(vw) = vw−1 . We
view ι as element of EndC[[h]](V [[h]]) = C[[h]] ⊗ End(V ) by C[[h]]-linear extension.
Then for fixed u ∈ CN , we define

T̂i := ιTiι, π̂(u) := ιπ(−u/h)ι

for 1 ≤ i < N , where the second formula (involving “h−1”) should be understood to
mean that π̂(u)vw = e−uw(N)vwσ−1 for all w ∈ SN (compare with (1.4.5)). Similarly as
the Ti and π(λ) did before, these operators define a representation of the extended
affine Hecke algebra. Accordingly, we obtain invertible commuting operators

Ỹi(u) := T̂−1
i−1 · · · T̂

−1
1 π̂(u)T̂N−1 · · · T̂i

in C[[h]]⊗ End(V ), for 1 ≤ i ≤ N .

Remark 1.5.1. We have T̂i,0 = si (see (1.4.3)) as elements of End(V ), and one can
easily check that

Ỹi(u)0vw = e−uw(i)vw

for 1 ≤ i ≤ N and w ∈ SN . In particular, the s̃1, . . . , sN−1 and Ỹi(u)0 (1 ≤ i ≤ N )
define a representation of the affine Weyl group W = SN n ZN on V , where the
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action of the standard basis element εi ∈ ZN (1 ≤ i ≤ N ) is by Ỹi(u)0 (see Subsection
2.2.1).

Define End(V )-valued rational functions R̂i on C by

R̂i(z) :=
z

z + 2κ
(si − 1) + idV

for 1 ≤ i < N . The R̂i satisfy

R̂i(z)R̂i+1(z + w)R̂i(w) = R̂i+1(w)R̂i(z + w)R̂i+1(z), 1 ≤ i < N − 1,

R̂j(z)R̂j(−z) = idV , 1 ≤ j < N.
(1.5.1)

An R-matrix, compared to a classical r-matrix, is by definition a solution of the
quantum Yang-Baxter equation (with spectral parameter). It gives rise to a flat q-
connection, just like an r-matrix gives rise to a flat connection. The first identity in
(1.5.1) is reminiscent of the quantum Yang-Baxter equations (with spectral parame-
ter), and though the R̂i are no genuineR-matrices (but rather generalizedR-matrices
in the sense of Cherednik), they do give rise to a flat q-connection, as we will see
shortly.

We define End(V )-valued rational functions Aj on UKZ × CN by

Âj(u, λ) :=R̂j−1(λj − λj−1)R̂j−2(λi − λj−2) · · · R̂1(λj − λ1)π̂(u)0

× R̂N−1(λj − λN + 1)R̂N−2(λj − λN−1 + 1) · · · R̂j(λj − λj+1 + 1)

(1.5.2)

for 1 ≤ j ≤ N . Furthermore, we define the covariant difference derivatives

∇̂j(u) := Âj(u, ·)T λj − idV ,

for 1 ≤ j ≤ N .

Theorem 1.5.2. For fixed u ∈ CN , the system of linear first order difference equations

(∇̂j(u)f)(λ) = 0, 1 ≤ j ≤ N (1.5.3)

for V -valued holomorphic functions f in λ ∈ CN is holonomic (in the sense of Subsection
1.2.3).

Definition 1.5.3. We call the holonomic system of difference equations (1.5.3) the
difference KZ equations.

Again, just as we announced for the trigonometric KZ equations, Theorem 1.5.2
will follow by degenerating a specific holonomic system of q-difference equations,
which are in some sense dual quantum KZ equations. The assertion of Theorem 1.5.2
is actually a partial result of the fact that the system (1.5.3) is one ‘portion’ of a certain
compatible mixed system, as we will see in the next section.
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1.6 Compatibility of the trigonometric KZ and the dif-
ference KZ equations

The following theorem asserts that the trigonometric KZ equations (1.4.7) and the
difference KZ equations (1.5.3) we defined in the previous two subsections are com-
patible in the sense of Section 1.3.

Theorem 1.6.1. Let Ai and Âj , as End(V )-valued functions in (u, λ) ∈ UKZ × CN , be
given by (1.4.6) and (1.5.2), respectively. For 1 ≤ i, j ≤ N define covariant derivatives

∇i :=
∂

∂ui
−Ai

and covariant difference derivatives

∇̂j := ÂjT λj − idV ,

acting on holomorphic V -valued functions on UKZ × CN . Then the system

(∇if)(u, λ) = 0, 1 ≤ i ≤ N,

(∇̂jf)(u, λ) = 0, 1 ≤ j ≤ N,
(1.6.1)

is a holonomic system of differential/difference equations for V -valued holomorphic functions
f on UKZ × CN in the sense of Subsection 1.2.4.

Note that Theorem 1.6.1 implies Theorem 1.4.3 as well as Theorem 1.5.2. The
proof of Theorem 1.6.1 follows from degenerating the result that the bispectral quan-
tum Knizhnik-Zamolodchikov equations, to be defined in the following section, form
a holonomic system of q-difference equations. This approach was used before by
Takeyama [56] in a different setting.

The search for systems of equations compatible with the Knizhnik-Zamolodchikov
equations was initiated by Felder, Markov, Tarasov and Varchenko. In their paper
[20] they found a system of differential equations compatible with the rational KZ
equations and they called this compatible system the (rational) dynamical differential
equations. Subsequently, the trigonometric KZ equations were considered by Tarasov
and Varchenko in [58]. Here, the resulting compatible system is a system of differ-
ence equations, so-called dynamical difference equations. Under the limiting process
which turns the trigonometric KZ equations into the standard (rational) KZ equa-
tions, the dynamical difference equations are turned into the rational dynamical dif-
ferential equations from [20].

Accordingly, we now know two different cases of trigonometric KZ equations
forming a compatible system together with a certain holonomic system of differ-
ence equations: trigonometric KZ equations associated with affine Lie algebras and a
compatible system of difference equations constructed via quantum groups (Tarasov
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[57], Tarasov-Varchenko [58]), and, secondly, (affine) trigonometric KZ equations as-
sociated with degenerate affine Hecke algebras (Cherednik) and a compatible sys-
tem of difference equations by degenerating the bispectral quantum KZ equations.
Comparing Theorem 1.6.1 with Theorem 4.1 of [57], it is likely that both compatible
systems are (gauge) equivalent.

1.7 Bispectral quantum KZ equations

The bispectral quantum Knizhnik-Zamolodchikov equations constitute a holonomic sys-
tem of q-difference equations on a complex torus, which in some sense contains two
families of the quantum Knizhnik-Zamolodchikov equations. These quantum KZ equa-
tions are a q-deformation of the Knizhnik-Zamolodchikov equations and are due to
Frenkel and Reshetikhin [21] (from the quantum group perspective) and Cherednik
[6] (from the Hecke algebra perspective).

In this section we provide an ad hoc definition of the bispectral quantum KZ
equations by explicitly writing out the covariant q-derivatives. The conceptually
more justified definition of the bispectral quantum KZ equations as well as the proof
of the holonomy (which heavily depends on the conceptual definition) are given in
the main text (see Section 2.3).

1.7.1 The bispectral quantum KZ equations

Fix a complex parameter k ∈ C×, and let h > 0 such that q = eh. Accordingly, we
view the operators Ti, T̂i, π(λ) and π̂(u) from Sections 1.4 and 1.5, as linear operators
on V . We write T := (C×)N . The generalized R-matrices Rqi (z) and R̂qi (z) on which
the construction relies are the End(V )-valued rational functions in z ∈ C defined by

Rqi (z) :=
1− z

k−1 − kz
(Ti − k) + idV ,

R̂qi (z) :=
1− z

k−1 − kz
(T̂i − k) + idV

for 1 ≤ i < N . Using representation theory of the affine Hecke algebra, it can be
shown that

Rqi (z)R
q
i+1(zw)Rqi (w) = Rqi+1(w)Rqi (zw)Rqi+1(z), 1 ≤ i < N − 1,

Rqj (z)R
q
j (z
−1) = idV , 1 ≤ j < N,

(cf. (1.5.1)) and similarly for the R̂qi (z) (1 ≤ i < N ). Define Cqi (t, γ) and Ĉqj (t, γ)
(1 ≤ i, j ≤ N ) as End(V )-valued meromorphic functions in (t, γ) ∈ T × T by

Cqi (t, γ) =Rqi−1(ti−1/ti)R
q
i−2(ti−2/ti) · · ·Rq1(t1/ti)π(log(γ)/h)

×RqN−1(qtN/ti) · · ·Rqi+1(qti+2/ti)R
q
i (qti+1/ti)



§1.7. Bispectral quantum KZ equations 17

and

Ĉqj (t, γ) =R̂qj−1(γj/γj−1)R̂qj−2(γj/γj−2) · · · R̂q1(γj/γ1)π̂(log(t))

× R̂qN−1(qγj/γN ) · · · R̂qj+1(qγj/γj+2)R̂qj (qγj/γj+1),

where log(y), for y = (y1, . . . , yN ) ∈ T , is allowed to be any x = (x1, . . . , xN ) ∈ CN
such that exi = yi. In other words, π(log(γ)/h)vw = γw−1(N)vσw and π̂(log(t))vw =
t−1
w(N)vwσ−1 for w ∈ SN . We have the following result.

Theorem 1.7.1. The system of linear first-order q-difference equations

Cqi (t, γ)f(q−εit, γ) = f(t, γ), 1 ≤ i ≤ N,

Ĉqj (t, γ)f(t, qεjγ) = f(t, γ), 1 ≤ j ≤ N
(1.7.1)

for V -valued meromorphic functions f in (t, γ) ∈ T × T is holonomic.

Remark 1.7.2. The system (1.7.1) can be written in the familiar form (1.2.6), so that
it is clear what holonomy means here. Alternatively, we can reformulate it as a com-
patible system of flat q-connections, which is what we will do below.

Definition 1.7.3. We call (1.7.1) the system of bispectral quantum KZ equations.

Theorem 1.7.1 is one the main results in this thesis (see Section 2.3). The construc-
tion of the bispectral quantum KZ equations depends on a sophisticated algebraic
structure called the double affine Hecke algebra, which was introduced by Cherednik
(cf. [7]). Its fundamental properties, in particular a certain nontrivial duality sym-
metry (see [10, Theorem 1.4.8]), turn out to force the holonomy of the total system
(1.7.1).

In the language of Section 1.3, (1.7.1) gives rise to a compatible system of flat
q-connections on the complex torus. Concretely, the two systems are given by

∇qi (γ) := T tq,i(C
q
i (·, γ)−1)T tq,i − idV , 1 ≤ i ≤ N, (1.7.2)

operating on meromorphic V -valued functions in t ∈ T , and

∇̂qj(t) := Ĉqj (t, ·)T γq,j − idV , 1 ≤ j ≤ N, (1.7.3)

operating on meromorphic V -valued functions in γ ∈ T .
Both the linear first-order system of q-difference equations determined by (1.7.2)

and the system determined by (1.7.3) are examples of Cherednik’s quantum KZ
equations [10, (1.3.12)]. For (1.7.2), the auxiliary parameters γ then relate to the cen-
tral character of the affine Hecke algebra module naturally associated to the quan-
tum KZ equation. Our key result, Theorem 1.7.1, thus states that the quantum KZ
equations (associated to (1.7.2)) and the dual quantum KZ equations (associated to
(1.7.3)) form a compatible system in the sense of Definition 1.3.1.
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Let us return to Theorem 1.6.1. We do not have a direct and conceptual proof
(as we do have for the holonomy of (1.7.1)), which is due to the absence of a dual-
ity symmetry of the associated degenerate double affine Hecke algebra in this case.
Instead, Theorem 1.6.1 can be shown by degenerating the bispectral quantum KZ
equations, as we will see in the next subsection.

1.7.2 Compatibility of the trigonometric and difference KZ equa-
tions revisited

In order to employ the result of Theorem 1.7.1 to come to a proof of Theorem 1.6.1, it
is convenient to rewrite the bispectral quantum KZ equations as a system of differ-
ence equations for meromorphic functions on CN ×CN . For that purpose, we apply
a change of variables by setting ti = eui , γj = ehλj , and we let ehκ = k. Define

Ri(z) := Rqi (e
z), R̂i(z) := R̂qi (e

z),

for 1 ≤ i < N as End(V )-valued meromorphic functions in z ∈ C. Note that we have

Ri(z)Ri+1(z + w)Ri(w) = Ri+1(w)Ri(z + w)Ri+1(z), 1 ≤ i < N − 1,

Rj(z)Rj(−z) = idV , 1 ≤ j < N,

and similarly for the R̂i(z) (1 ≤ i < N ). Correspondingly, Cqi (t, γ) and Ĉqj (t, γ)
become the operators

Ci(u, λ) :=Ri−1(ui−1 − ui)Ri−2(ui−2 − ui) · · ·R1(u1 − ui)π(λ)

×RN−1(uN − ui + h) · · ·Ri+1(ui+2 − ui + h)Ri(ui+1 − ui + h)

and

Ĉj(u, λ) :=R̂j−1(h(λj − λj−1))R̂j−2(h(λj − λj−2)) · · · R̂1(h(λj − λ1))π̂(u)

× R̂N−1(h(λj − λN + 1)) · · · R̂j+1(h(λj − λj+2 + 1))R̂j(h(λj − λj+1 + 1)),

as End(V )-valued meromorphic functions in (u, λ) ∈ CN×CN . For u = (u1, . . . , uN ) ∈
CN and c ∈ C, write u + cεi := (u1, . . . , ui + c, . . . , uN ). Theorem 1.7.1 can then be
reformulated as follows.

Theorem 1.7.4. The system of linear difference equations

Ci(u, λ)f(u− hεi, λ) = f(u, λ), 1 ≤ i ≤ N,

Ĉj(u, λ)f(u, λ+ εj) = f(u, λ), 1 ≤ j ≤ N
(1.7.4)

for V -valued meromorphic functions f in (u, λ) ∈ CN × CN is holonomic.
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First note that Theorem 1.7.4 is equivalent to conditions

Ci(u, λ)Cj(u− hεi, λ) = Cj(u, λ)Ci(u− hεj , λ)

Ĉi(u, λ)Ĉj(u, λ+ εi) = Ĉj(u, λ)Ĉi(u, λ+ εj)

Ci(u, λ)Ĉj(u− hεi, λ) = Ĉj(u, λ)Ci(u, λ+ εj)

(1.7.5)

for 1 ≤ i, j ≤ N (cf. (1.2.10)). In order to establish the link with (1.6.1), it is convenient
to put

Di(u, λ) := Ci(u+ hεi, λ)− idV

for 1 ≤ i ≤ N , and also write D̂j(u, λ) := Ĉj(u, λ) for 1 ≤ j ≤ N . Then (1.7.4) reads

Di(u, λ)f(u, λ) = f(u+ hεi, λ)− f(u, λ),

D̂j(u, λ)f(u, λ+ εj) = f(u, λ)
(1.7.6)

for 1 ≤ i, j ≤ N . Now to derive Theorem 1.6.1 as a consequence of Theorem 1.7.4, we
will view h as a formal parameter, and accordingly we will view Ci(u, λ), Ĉj(u, λ),
etc. as elements of C[[h]]⊗ End(V ), and the equations (1.7.5) as identities in C[[h]]⊗
End(V ). By a direct computation one can now show that

Ai(u, λ) = Di(u, λ)1

Âj(u, λ) = D̂j(u, λ)0,

for 1 ≤ i, j ≤ N . Considering the h1-term in the first and the h0-term in the second
set of equations of (1.7.6), we formally obtain the mixed system (1.6.1). Picking out
the appropriate h1-terms and h0 terms in the holonomy conditions (1.7.5) then leads
to the holonomy of (1.6.1), and hence to a proof of Theorem 1.6.1, as a consequence
of the holonomy of the bispectral quantum KZ equations (1.7.1).

1.8 BqKZ and bispectral problems

From the results in this thesis it follows that solutions of a compatible system of
differential, difference or q-difference equations can lead to solutions of bispectral
problems in the sense of Duistermaat and Grünbaum [13]. In this section we explain
the concept of bispectrality and its relevance to the compatible system of q-difference
equations (1.7.1).

In general, the bispectral problem is concerned with a commutative algebra A of
scalar differential (difference/q-difference) operators L, which is said to be bispectral
if there exists a family of common eigenfunctions f(u, λ) (depending on a spectral
parameter λ)

(Lf)(u, λ) = φL(λ)f(u, λ), L ∈ A, (1.8.1)

which is also a family of common eigenfunctions of a commutative algebra B of
scalar linear differential (difference/q-difference) operators Λ with respect to λ

(Λf)(u, λ) = θΛ(u)f(u, λ), Λ ∈ B. (1.8.2)
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The bispectral problem has its origins in the work of Duistermaat and Grünbaum,
who encountered the case where A is the algebra of differential operators that com-
mute with a Schrödinger operator L = − d2

du2 + V (u) for some specific potential V .
Since then, many other systems of differential equations have been considered, as
well as generalizations to difference and q-difference equations. Bispectrality has
shown up in various areas of mathematical physics (see [24]).

It is sometimes possible to find an explicit correspondence between solutions of a
holonomic system of linear first-order differential (difference or q-difference) equations
and solutions of a certain spectral problem of the form (1.8.1). For example, Cherednik
derived a correspondence [7, Theorem 4.4] between the quantum KZ equations and
the spectral problem involving Ruijsenaars’ commuting trigonometric q-difference
operators [50] (also known as Macdonald-Ruijsenaars operators). In this thesis we
consider a refinement of this map, which leads to a correspondence between so-
lutions of the bispectral quantum KZ equations (1.7.1), and solutions of a bispectral
problem of the form (1.8.1)–(1.8.2), where nowA and B are commutative algebras of
scalar linear q-difference operators, generated by the Ruijsenaars operators.

In particular, asymptotic solutions of the bispectral quantum KZ equations that
we construct in this thesis are transferred to bispectral analogs of Harish-Chandra
series solutions ([16], [17], [31] and [36]) of the spectral problem of the Ruijsenaars
operators. These bispectral Harish-Chandra series solutions can be exploited to obtain
new results on the singularities and the convergence of the Harish-Chandra series
(see Chapter 3).

Furthermore, fixing one of the variables of the asymptotic solutions in an appro-
priate way, we obtain Laurent polynomial solutions of the bispectral quantum KZ
equations. Pushing these polynomials forward through the correspondence, we end
up with the well-known symmetric self-dual Macdonald polynomials. By exploiting the
results concerning the solutions of the bispectral quantum KZ equations, we obtain
new proofs of the duality and evaluation formulas for the symmetric Macdonals
polynomials [42] (see Chapter 4).

1.9 Overview

We conclude the introduction with a brief outline of the contents of the remaining
chapters in this thesis. For a more detailed description per chapter, including ref-
erences to the literature, the reader is referred to the introduction with which each
chapter starts off.

In Section 1.7 we already introduced the system of bispectral quantum Knizhnik-
Zamolodchikov equations, which, at a first encounter, probably seemed to come
from nowhere. Its ‘natural’ construction and also the proof of its holonomy heav-
ily relies on the theory of Cherednik’s double affine Hecke algebra. In Chapter 2
we recall this theory and give a detailed construction of the bispectral quantum KZ
equations as a holonomic system of linear first-order q-difference equations. More-
over, we construct asymptotic solutions which constitute a basis of the solution space
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of the bispectral KZ equations, regarded as a vector space over the field of q-dilation
invariant meromorphic functions (which serves as field of constants).

The correspondence between the solutions of the bispectral quantum KZ equa-
tions and the solutions of a bispectral problem for the Ruijsenaars operators (see
Section 1.8) will be established in full detail in the first part of Chapter 3. We al-
ready mentioned in 1.8 that it is worthwhile to see what, under this correspondence,
happens to the asymptotic solutions of the bispectral quantum KZ equations. The
resulting so-called bispectral Harish-Chandra series solutions of the bispectral prob-
lem, as well as its applications to the theory of (ordinary) Harish-Chandra series, are
the object of study in the remaining part of Chapter 3.

In the final paragraph of Section 1.8 we mentioned that the correspondence be-
tween the bispectral quantum KZ equations and the bispectral problem on the level
of polynomial solutions has several interesting applications in the theory of Macdon-
ald polynomials. These are addressed in Chapter 4.

To any root system one can associate (quantum) KZ equations. Up till Chapter
5 (including this introduction), we consider only one particular root system, namely
the root system of type AN−1. In Chapter 5 we extend the theory we developed in
Chapters 2 and 3 to arbitrary root systems. In particular, we construct the bispectral
quantum KZ equations by means of the double affine Hecke algebra, now corre-
sponding to an arbitrary irreducible reduced root system. We will not discuss the
polynomial theory for arbitrary root systems in this thesis, but we expect that many
of the results obtained in Chapter 4 can be transferred to the arbitrary root system
case as well.

The appendix contains a detailed account on the general theory of power series
solutions of holonomic systems of q-difference equations, which plays a crucial role
in Chapter 2 (and Chapter 5), when we construct the asymptotic solutions of the bis-
pectral quantum KZ equations.

The material presented in Chapters 2–4 and the appendix can be found in [45].
Chapter 5 is a slightly adapted version of [44].

1.10 Global conventions

Throughout the text we adopt the following notations and conventions.

– For a module M over a commutative ring R and a ring extension R ⊂ S, we
write MS = S ⊗RM .

– Without subscript, ⊗ always stands for tensor product over C.

– For a module M over C, End(M) stands for C-linear endomorphisms.

– N = {1, 2, . . .}.

– For a, r ∈ R with a > 0, we choose ar to be the positive real branch of the
power function.




