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Chapter 4

Polynomial solutions of
quantum KZ equations and
Macdonald polynomials

4.1 Introduction

In view of Proposition 2.4.9, the cocycle matrices corresponding to the dual quan-
tum KZ equations of the bispectral quantum KZ equations can be viewed as shift
operators, mapping solutions of qKZζ (for fixed central character ζ ∈ T ; see (2.4.10))
to solutions of qKZζ′ where ζ ′ ∈ T is a certain shift of ζ. In this chapter we use this
fact to create Laurent polynomial solutions of quantum KZ equations, starting from
a constant solution of the quantum KZ equations. Exploiting the correspondence
with the spectral problem of the Ruijsenaars q-difference operators (see Proposition
3.5.1), this leads to a new construction of the symmetric self-dual Macdonald poly-
nomials. From the opposite perspective, we could say that we have found analogs of
the symmetric Macdonald polynomials as solutions of quantum KZ equations. Any-
way, together with the results from the previous chapters, these observations yield a
new approach to the well-known duality and evaluation formulas for the symmetric
Macdonald polynomials ([41, Chapter VI]).

Let us give a detailed description of the contents of this chapter. In Section 4.2,
we start with constructing a constant solution of the quantum KZ equations. From
this constant solution we obtain Laurent polynomial solutions Qλ (with λ running
over Λ ⊂ ZN ; see (2.5.13)) by means of the cocycle matrices of the dual quantum KZ
equations.

In Section 4.3, we prove that the Qλ satisfy a certain duality property between
λ ∈ Λ and specific points of evaluation. The Laurent polynomial Qλ can be related
to the basic asymptotic solution Φκ of BqKZ (see Subsection 2.5.2) and this happens
in Section 4.4.
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70 Chapter 4. Polynomial solutions of qKZ equations and Macdonald polynomials

In the final section, we use the correspondence (Proposition 3.5.1) between the
quantum KZ equations and the spectral problem of the Ruijsenaars q-difference op-
erators to derive from Qλ a symmetric self-dual Laurent polynomial eigenfunction
of the Ruijsenaars operators, which we prove to be the normalized symmetric Mac-
donald polynomial of degree λ. We reobtain the well-known duality and evaluation
formulas for the Macdonald polynomials as consequences of the properties of the
Laurent polynomials Qλ.

This chapter agrees with Section 7 of [45].

Convention

We adopt the notations from the previous chapters. In particular, we still have fixed
0 < q < 1. For various reasons, which we address specifically when appropriate,
we need to impose some generic conditions on the Hecke algebra parameter k. Con-
cretely, we assume throughout this chapter that k ∈ C× satisfies

k2j 6∈ qZ, ∀ 1 ≤ j ≤ N,
k〈δ,$j−w($j)〉 6∈ qZ, ∀ 1 ≤ j < N, ∀w ∈ SN : w($j) 6= $j .

(4.1.1)

4.2 Constructing polynomial solutions of qKZ

We are going to use a special case of Proposition 2.4.9 to create SN -invariant (with
respect to the SN -action ς on SOLζ ; see (2.4.11)) polynomial solutions of the quantum
KZ equations.

Lemma 4.2.1. Let λ ∈ Λ. The possible poles of the C[T ]⊗End(H0)-valued rational function

γ 7→ C(e,−λ)(·, qλγ) = C(e,λ)(·, γ)−1

in γ ∈ T are at γα ∈ k2q−N for some α ∈ R+. The possible poles of

γ 7→ C(e,λ)(·, γ)

are at γα ∈ k−2q−N for some α ∈ R+.

Proof. Since Ri(z) has only a (simple) pole at z = k−2, this follows from (2.5.14) and
the cocycle property of C; see Lemma 2.5.7.

Since k satisfies k2j 6∈ qZ for 1 ≤ j ≤ N by (4.1.1), the spectrum of ηqλk−δ
(
CY [T ])

is simple and the ξw(qλk−δ) (w ∈ SN ) form a C-basis of H0 for all λ ∈ Λ. Further-
more, for such k we have that γ 7→ C(e,λ)(·, γ)±1 is regular at γ = k−δ for all λ ∈ Λ;
see Lemma 4.2.1. The additional conditions on k in (4.1.1) will play a role in Section
4.4 and Section 4.5.

Proposition 2.4.9 now immediately implies the following result.
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Corollary 4.2.2. Let λ ∈ Λ. Then f 7→ C(e,λ)(·, k−δ)−1f defines an SN -equivariant
isomorphism SOLk−δ → SOLqλk−δ .

The special interest in the quantum KZ equations for the particular central char-
acters γ = qλk−δ (λ ∈ Λ) comes from the fact that it admits SN -invariant polynomial
solutions. The key step in deriving this result is the following lemma.

Lemma 4.2.3. The element v+ :=
∑
w∈SN k

`(w)Tw ∈ H0 is a constant SN -invariant
solution of the quantum KZ equation with central character k−δ . In other words,

Ck
−δ

λ (t)v+ = v+, ∀λ ∈ ZN .

Proof. Note thatRi(z)v+ = v+, so by Lemma 2.4.1 and Lemma 2.4.5(ii), for any ζ ∈ T ,

Cζ$i(t)v+ = ηζ(π)iv+ =
∑
w∈SN

k`(w)ζw
−1w0$iTσiw =

∑
w∈SN

k`(σ
−iw)ζw

−1$iTw.

Then use `(σ−iw)− `(w) = 〈δ, w−1$i〉 for 1 ≤ i ≤ N (for the proof of this formula, it
suffices to prove it for i = 1. In that case, look at the positive roots that are mapped
to negative roots by σ−1w). It implies that

Cζ$i(t)v+ =
∑
w∈SN

k`(w)(kδζ)w
−1$iTw.

In particular, Ck
−δ

$i (t)v+ = v+ for all i. Note, furthermore, that Ri(z)v+ = v+ implies
that ς(si)v+ = Ck

−δ

si (t)v+ = v+ for all 1 ≤ i < N (with ς given by (2.4.11)). Hence,
v+ ∈ SOLk−δ is SN -invariant.

Proposition 4.2.4. For λ ∈ Λ, the nonzero SN -invariant solution

Qλ := C(e,λ)(·, k−δ)−1v+ ∈ SOLqλk−δ

of the quantum KZ equation is an H0-valued Laurent polynomial on T satisfying

Qλ(t) =
∑
α∈Q+

Kα(λ)tλ−α, (4.2.1)

with Kα(λ) ∈ H0 (all but finitely many terms zero).

Proof. Note that Corollary 4.2.2 and Lemma 4.2.3 imply that 0 6= Qλ ∈ SOLqλk−δ and
that Qλ is SN -invariant. The triangularity property (4.2.1) follows from the cocycle
property, (2.5.14), the explicit form of the Ri(z) and the fact that

η(π)(t−1)−iTw = tw
−1$iTσ−iw, w ∈ SN ,

which is a direct consequence of Lemma 2.4.1.
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4.3 Duality

Lemma 4.3.1. For λ ∈ Λ, we have Qλ(kδ) = v+.

Proof. Since v+ ∈ SOLk−δ and Cιv+ = v+, we obtain

Qλ(kδ) = C(e,−λ)(k
δ, qλk−δ)v+

= CιC(−λ,e)(q
−λkδ, k−δ)Cιv+ = v+,

for λ ∈ Λ.

The polynomial solutions Qλ of the quantum KZ equations are self-dual in the
following sense.

Proposition 4.3.2. For λ, µ ∈ Λ, we have

Qλ(q−µkδ) = CιQµ(q−λkδ).

Proof. For λ, µ ∈ Λ we have, using v+ ∈ SOLk−δ and the previous lemma,

Qλ(q−µkδ) = C(e,−λ)(q
−µkδ, qλk−δ)v+

= C(e,−λ)(q
−µkδ, qλk−δ)C(−µ,e)(q

−µkδ, k−δ)v+

= C(−µ,−λ)(q
−µkδ, qλk−δ)v+.

(4.3.1)

Since C(−µ,−λ)(q
−µkδ, qλk−δ) = CιC(−λ,−µ)(q

−λkδ, qµk−δ)Cι and Cιv+ = v+, we
conclude from (4.3.1) that Qλ(q−µkδ) = CιQµ(q−λkδ).

4.4 Relation to the basic asymptotically free solution

In this section, we relate the polynomial solutions Qλ (λ ∈ Λ) of the quantum KZ
equations to the basic asymptotic solution Φκ. Some care is needed though: it is not
possible to specialize all the asymptotic solutions C(e,w)(t, γ)Φκ(t, w−1γ) (w ∈ SN )
to γ = qλk−δ (λ ∈ Λ) since qλk−δ ∈ S; see Corollary 2.5.14. We shall see that
C(e,w0)(t, γ)Φκ(t, w0γ) can be specialized at γ = qλk−δ , which is sufficient for our
purposes.

Lemma 4.4.1. Let λ ∈ Λ. There exists a unique Ξλ ∈ SOLqλk−δ such that, for ε > 0
sufficiently small, we have an H0-valued power series expansion

Ξλ(t) =
∑
α∈Q+

Γ̃α(λ)tλ−α

converging normally on compacta of B−1
ε and with leading coefficient

Γ̃0(λ) = ηqλk−δ(Tw0
)ξw0

(qλk−δ).
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Proof. Consider the gauged quantum KZ equations for 1 ≤ i ≤ N ,

Ãi(t)Ξ̃(q−$it) = Ξ̃(t), Ξ̃ ∈ HM(T )
0 , (4.4.1)

with cocycle matrices Ãi(t) = q−〈λ,$i〉C($i,e)(t, q
λk−δ). Note that ÃN (t) = id; see

Lemma 2.5.2. Observe that Ξ̃ is a solution of the holonomic system (4.4.1) of q-
difference equations if and only if xλΞ̃ ∈ SOLqλk−δ . By Corollary 2.4.6, we have
Ãi ∈ Q0(A)⊗ End(H0) and

Ã
(0)
i = q−〈λ,$i〉k〈δ,$i〉ηqλk−δ

(
Tw0

Y w0($i)T−1
w0

)
. (4.4.2)

The Ã(0)
i (1 ≤ i < N ) are semisimple endomorphisms ofH0. A basis of simultaneous

eigenvectors of H0 is given by ηqλk−δ(Tw0)ξw(qλk−δ) (w ∈ SN ). In fact,

Ã
(0)
i

(
ηqλk−δ(Tw0

)ξw(qλk−δ)
)

= γw,iηqλk−δ(Tw0
)ξw(qλk−δ)

for all 1 ≤ i < N and w ∈ SN with

γw,i = q〈λ,w
−1w0($i)−$i〉k〈δ,$i−w

−1w0($i)〉;

see (2.5.10). Note, in particular, that γw,i 6∈ q−N for all w ∈ SN and all 1 ≤ i < N
by the generic conditions (4.1.1) on k, and that γw0,i = 1 for all 1 ≤ i < N . Hence,
Theorem A.6 in the appendix, applied to (4.4.1) by taking M = N − 1, qi = q and
variables zi = x−αi (1 ≤ i < N ) shows that there exists a unique Ξ̃ ∈ M(T ) ⊗ H0

satisfying (4.4.1) and admitting an H0-valued power series expansion

Ξ̃(t) =
∑
α∈Q+

Γ̃α(λ)t−α

converging normally on compacta of B−1
ε for some ε > 0 small enough, and hav-

ing as leading coefficient Γ̃0(λ) = ηqλk−δ(Tw0
)ξw0

(qλk−δ). This directly implies the
lemma.

Recall that the cocycle values C(e,w)(t, γ) (w ∈ SN ) are independent of t ∈ T . We
suppress t from the notation and simply write C(e,w)(γ). Recall that C(e,w)(γ) for
w ∈ SN is an End(H0)-valued regular function in γ ∈ T .

Theorem 4.4.2. Fix λ ∈ Λ. For κ 6∈ qZ, the basic asymptotic solution Φκ(t, γ) of BqKZ
can be specialized at γ = qw0(λ)kδ , giving rise to an H0-valued meromorphic function
Φκ(t, qw0(λ)kδ) in t ∈ T . Then

Qλ(t) = rκC(e,w0)(q
λk−δ)Φκ(t, qw0(λ)kδ) (4.4.3)

with

rκ = θ(κ)Nk−(N2 )
∏

1≤i<j≤N

(
k2(j−i+1); q

)
∞(

k2(j−i); q
)
∞

. (4.4.4)
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Proof. We first show that bothQλ and the right-hand side of (4.4.3) are nonzero scalar
multiples of Ξλ.

We start with the right-hand side of (4.4.3). Since Φ is SN -stable, we have

Φw0 := τ(e, w0)Φκ ∈ SOL.

Concretely, it is given by

Φw0
(t, γ) = C(e,w0)(γ)Φκ(t, w0(γ)) = Wκ(t, w0(γ))C(e,w0)(γ)Ψ(t, w0(γ)).

Since w0(qλk−δ) = qw0(λ)kδ 6∈ S+ by (4.1.1), we may, in view of Proposition 2.5.9,
specialize Φw0

(t, γ) at γ = qλk−δ , obtaining Φw0
(·, qλk−δ) ∈ SOLqλk−δ . By (2.5.3) we

have
Wκ(t, w0(qλk−δ)) = k〈δ,λ〉θ(κ)−N tλ, (4.4.5)

hence by Proposition 2.5.9,

Φw0(t, qλk−δ) = k〈δ,λ〉θ(κ)−N
∑
α∈Q+

Γw0
α tλ−α

with Γw0
α = C(e,w0)(q

λk−δ)Γα(qw0(λ)kδ). From the definitions of C(e,w0), dw, η and
ξw0

(see Subsections 2.2.3, 2.3.1 and 2.4.1) we have

C(e,w0)(γ)Tw0 = dw0(γ−1)−1η(Tw0)ξw0(γ)

=

( ∏
α∈R+

1

k − k−1γα

)
η(Tw0

)ξw0
(γ)

(4.4.6)

as H0-valued regular functions in γ ∈ T . By Theorem 2.5.10, the leading coefficient
Γw0

0 thus simplifies to

Γw0
0 = K(qw0(λ)kδ)C(e,w0)(q

λk−δ)Tw0

= K(qw0(λ)kδ)dw0(q−λkδ)−1ηqλk−δ(Tw0)ξw0(qλk−δ),

where K is given by (2.5.17). Combined with the previous lemma, we conclude that

Φw0(t, qλk−δ) = k〈δ,λ〉θ(κ)−NK(qw0(λ)kδ)dw0(q−λkδ)−1Ξλ(t). (4.4.7)

In view of (4.1.1), Φw0
(t, qλk−δ) thus is a nonzero constant multiple of Ξλ(t).

Next, we consider 0 6= Qλ ∈ SOLqλk−δ . By Lemma 4.4.1 and (4.2.1), it suffices
to note that K0(λ) is a constant multiple of ηqλk−δ(Tw0)ξw0(qλk−δ), which follows
directly from the fact that K0(λ) ∈ H0 satisfies

Ã
(0)
i K0(λ) = K0(λ), ∀1 ≤ i ≤ N,

where Ãi is given by (4.4.2); see the proof Lemma of 4.4.1. Thus, Qλ(t) is a nonzero
constant multiple of Ξλ(t), and we conclude that

Qλ(t) = rκ(λ)Φw0
(t, qλk−δ),
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for some rκ(λ) ∈ C×. We first show that rκ(λ) is independent of λ ∈ Λ.
For w ∈ SN , we write C(w,e)(t) for the γ-independent value C(w,e)(t, γ) of the

cocycle. Let λ, µ ∈ Λ. By the SN -invariance of Qλ, we then have, on the one hand,

Qλ(q−µkδ) = C(w0,e)(q
−µkδ)Qλ(q−w0(µ)k−δ)

= rκ(λ)C(w0,e)(q
−µkδ)C(e,w0)(q

λk−δ)Φκ(q−w0(µ)k−δ, qw0(λ)kδ)

= rκ(λ)C(w0,w0)(q
−µkδ, qλk−δ)Φκ(q−w0(µ)k−δ, qw0(λ)kδ).

On the other hand, using the self-duality of Qλ (see Proposition 4.3.2) and of Φκ (see
Theorem 2.5.6),

Qλ(q−µkδ) = CιQµ(q−λkδ) = CιC(w0,e)(q
−λkδ)Qµ(q−w0(λ)k−δ)

= rκ(µ)CιC(w0,e)(q
−λkδ)C(e,w0)(q

µk−δ)Φκ(q−w0(λ)k−δ, qw0(µ)kδ)

= rκ(µ)CιC(w0,w0)(q
−λkδ, qµk−δ)Φκ(q−w0(λ)k−δ, qw0(µ)kδ)

= rκ(µ)C(w0,w0)(q
−µkδ, qλk−δ)CιΦκ(q−w0(λ)k−δ, qw0(µ)kδ)

= rκ(µ)C(w0,w0)(q
−µkδ, qλk−δ)Φκ(q−w0(µ)k−δ, qw0(λ)kδ).

We conclude that rκ(λ) = rκ(µ) if Qλ(q−µkδ) 6= 0. In particular, since Qλ(kδ) = v+ 6=
0, we have rκ(λ) = rκ(0) for all λ ∈ Λ.

It remains to compute rκ := rκ(0). Using the fact that C(e,si)(γ) = CιRi(γ
−αi)Cι,

withRi(z) = ck(z)−1(η(T−1
i )−k−1)+1 for 1 ≤ i < N , as well as that Cι(T−1

w−1Tw0) =
Tw0w−1 for all w ∈ SN , we get C(e,w0)(γ)Tw0

=
∑
w≤w0

ew(γ)Tw0w−1 as H0-valued
regular function in γ ∈ T with ew ∈ C[T ] and with

ew0
(γ) =

∏
β∈R+

ck(γ−β)−1.

Taking the Te-coefficient in the expansion of the formula

v+ = Q0 = rκΦw0(·, k−δ) = rκθ(κ)−NK(kδ)C(e,w0)(k
−δ)Tw0

with respect to the C-basis {Tw}w∈SN of H0, we conclude that

rκ = θ(κ)NK(kδ)−1
∏
β∈R+

ck(k〈δ,β〉).

Substituting the explicit expressions (2.2.5) and (2.5.17) of ck and K, respectively, we
get the desired formula (4.4.4) for rκ.

The following formula is an analog for the Qλ (λ ∈ Λ) of the evaluation formula
for the self-dual symmetric Macdonald polynomials (see Section 4.5).
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Corollary 4.4.3. Let λ ∈ Λ and write Qλ(t) =
∑
α∈Q+

Kα(λ)tλ−α with Kα(λ) ∈ H0 (see
Proposition 4.2.4). The leading coefficient K0(λ) is given by

K0(λ) = k〈δ,λ〉

 ∏
1≤i<j≤N

λi−λj−1∏
m=0

1− q−mk2(j−i)

1− q−mk2(j−i+1)

 k−(N2 )P (k2)C(e,w0)(q
λk−δ)Tw0

with

P (k2) =
∏

1≤i<j≤N

1− k2(j−i+1)

1− k2(j−i) . (4.4.8)

Proof. By (4.4.3) and Theorem 2.5.10, we have for λ ∈ Λ,

K0(λ) = rκk
〈δ,λ〉θ(κ)−NK(qw0(λ)kδ)C(e,w0)(q

λk−δ)Tw0 ,

withK given by (2.5.17) and rκ given by (4.4.4). Substituting the explicit expressions
for K and rκ we get the desired expression.

The following consequence should be compared with the general expansion for-
mula of v+ =

∑
w∈SN k

`(w)Tw ∈ H0 in terms of the ξw(γ) (w ∈ SN ); see [47, Lemma
2.27 (2)].

Corollary 4.4.4. The element v+ =
∑
w∈SN k

`(w)Tw ∈ H0 can be written as

v+ = k−(N2 )P (k2)C(e,w0)(k
−δ)Tw0

=

 ∏
1≤i<j≤N

1

1− k2(i−j)

 ηk−δ(Tw0)ξw0(k−δ).
(4.4.9)

Proof. We have v+ = Q0 = K0(0), hence the previous corollary gives the first equal-
ity of (4.4.9). The second equality then follows from (4.4.6).

Applying the map χ+ to the first line of (4.4.9) gives∑
w∈SN

k2`(w) = P (k2)

with P (k2) given by (4.4.8), which is a well-known product formula for the Poincaré
series of SN ; see [39, Corollary (2.5)].

4.5 Relation to symmetric self-dual Macdonald polyno-
mials

In this section we collect various consequences of the previous sections for the sym-
metric Laurent polynomials χ+

(
Qλ) ∈ C[T ]SN (λ ∈ Λ). We keep the generic condi-

tions (4.1.1) on k ∈ C×. We define

Eλ := P (k2)−1χ+(Qλ) ∈ C[T ]SN , λ ∈ Λ.
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By Proposition 4.2.4, we have

Eλ(t) =
∑
α∈Q+

K+
α (λ)tλ−α,

with K+
α (λ) = P (k2)−1χ+(Kα(λ)) ∈ C all but finitely many zero, and with leading

coefficient K+
0 (λ) 6= 0 by Corollary 4.4.3 and (4.1.1).

Theorem 4.5.1. The Eλ ∈ C[T ]SN (λ ∈ Λ) are the symmetric self-dual Macdonald polyno-
mials. In other words, the Eλ are the unique symmetric regular functions on T satisfying

Lxp(Eλ) = p(q−λkδ)Eλ ∀ p ∈ C[T ]SN (4.5.1)

and Eλ(kδ) = 1 for all λ ∈ Λ.

Proof. By Proposition 3.5.1, Eλ ∈ C[T ]SN satisfies (4.5.1). Because the SN -orbits
SN (q−λkδ) (λ ∈ Λ) in T are pairwise different by (4.1.1), the eigenvalue equations
(4.5.1) uniquely characterize Eλ ∈ C[T ]SN up to a nonzero constant multiple. Now

Eλ(kδ) = P (k2)−1χ+(Qλ(kδ)) = 1

by Lemma 4.3.1, which fixes the normalization of the solution Eλ ∈ C[T ]SN of (4.5.1)
uniquely.

The duality property of Qλ (see Proposition 4.3.2) immediately gives the well-
known duality property of the Macdonald polynomials.

Corollary 4.5.2. The Macdonald polynomials Eλ (λ ∈ Λ) are self-dual, in the sense that

Eλ(q−µkδ) = Eµ(q−λkδ)

for all λ, µ ∈ Λ.

Remark 4.5.3. The self-duality of (the suitably normalized) Macdonald polynomi-
als was initially proved by Koornwinder using Pieri formulas in an unpublished
manuscript (the argument is reproduced in [41, VI (6.6)]). Cherednik ([10, Theorem
1.4.6] and [9, Theorem 3.2]) reproduced the self-duality of the Macdonald polyno-
mials using the anti-involution ∗ (see Theorem 2.2.8) on the double affine Hecke
algebra.

We also immediately reobtain the well-known evaluation formula for the sym-
metric Macdonald polynomials; see [41, VI (6.11)] (the parameters (n, q, t) in [41,
Chapter VI] correspond to (N, q−1, k2) in our notations).

Corollary 4.5.4. For λ ∈ Λ let Pλ := K+
0 (λ)−1Eλ ∈ C[T ]SN be the monic symmetric

Macdonald polynomial of degree λ. Then

Pλ(kδ) = k−〈δ,λ〉
∏

1≤i<j≤N

λi−λj−1∏
m=0

1− q−mk2(j−i+1)

1− q−mk2(j−i) . (4.5.2)
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Proof. By the previous theorem we have Pλ(kδ) = K+
0 (λ)−1. Corollary 4.4.3 gives

K+
0 (λ) = k〈δ,λ〉

∏
1≤i<j≤N

λi−λj−1∏
m=0

1− q−mk2(j−i)

1− q−mk2(j−i+1)
,

which implies the desired result.


