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CHAPTER

ONE

CUPRATES - BACKGROUND AND THEORY

This chapter serves as an introduction to the field of the copper oxides, or

cuprates. Together with specific properties of the studied material in this thesis,

(Pb,Bi)2Sr2−xLaxCuO6+δ (Bi2201), some of the many varied and interesting elec-

tronic phases found in the doping versus temperature phase diagram will be intro-

duced. This includes the unconventional superconductivity, pseudogap and strange

metal phases. Relevant results from the extensive available literature of the cuprate

field are highlighted, with a focus on those from Angle Resolved Photoemission Spec-

troscopy (ARPES). Together with a brief theoretical background provided here of

the fundamental physics at work, such as Fermi liquid theory and quantum critical-

ity, but also the more exotic Anti-de-sitter/Conformal Field Theory correspondence,

this chapter will lay the foundations for the results-based chapters to follow.

1



Chapter 1. Cuprates - background and theory

1.1 Cuprate crystal structure and phase diagram

The high temperature copper-oxide superconductors, or cuprates, are the most

well-known family of unconventional superconductors, and the discovery of high-Tc
superconductivity in a lanthanum based copper oxide in 1986 [1] generated a lot of

excitement. Within a year of this discovery, the high critical temperature meant that

superconductivity could now be accessed using cheap and widely available liquid

nitrogen as a coolant, and the subsequent rapid discovery of a large number of

cuprate species with different maximum critical temperatures and characteristics

made even room-temperature superconductivity seem within reach. Even though

that has not happened, a lot of research is still ongoing in this field, continuously

yielding insights into some of the most fundamental and interesting physics on the

planet [2].

Despite having some internal differences, the different cuprate compounds share

many common features. Their electronic properties are for the most part due to

conducting, quasi 2-dimensional copper-oxide (CuO2) planes, sandwiched between

charge reservoir layers that are in most cases insulating and electronically inert. It

is possible to have multiple adjacent CuO2 planes in a unit cell, and in general the

maximum reachable critical temperature increases with the number of CuO2 layers.

For example in the Bi-based family of cuprates, the single layer compound has a

Tmaxc ' 34K, where the bi- and tri-layer compounds have Tmaxc ' 96K and 110K,

respectively. A simple depiction of the crystal structure of the single layer Bi2201

compound, next to a plan view of a simplified, square CuO2 plane with the relevant

electronic orbitals is shown in Figs. 1.1a and b respectively.

The undoped parent compounds of the high-Tc cuprates are antiferromagnet-

ically (AFM) ordered Mott-insulators with a Néel temperature of order 300K [4].

The outer electron shells of the copper ions are filled up to the 3d9 level, meaning

there is a single hole on each Cu site. Regular band theory predicts such materials to

be metallic, but in this approach correlation effects between the charge carriers are

insufficiently considered. What happens in a case like that of the cuprates, ignoring

the hybridization with the O2pxy orbitals for a moment, is that the Coulomb repul-

sion between the holes on individual Cu sites is larger than the hopping probability

due to overlap of the Cu 3dx2−y2 states, or U >> t. The electrons become localized

at the Cu sites, a situation that can be described by the Hubbard model, where the

band that should cross the Fermi level is split into an upper Hubbard band (UHB)

and a lower Hubbard band (LHB). In the cuprates, the energy difference between

the UHB and the other hybridized Cu-O2pxy valence states (∆) is smaller than U,

which means the O2p-states appear in the Hubbard gap. This makes the undoped
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Chapter 1. Cuprates - background and theory

Figure 1.1: Cuprate crystal structure. (a) Schematic picture of the single layer 
cuprate (Pb,Bi)2Sr2−xLaxCuO6+δ , shown with a top view (b) of an undoped CuO2 

plane. Indicated are the electronically relevant copper (3dx2−y2 ) and oxygen (2px,y) 
orbitals, with anti-ferromagnetically ordered charges on the copper sites. Nearest 
neighbour (t0) and next-nearest neighbour (t1) hopping are also indicated. Panel (a) 
is adapted from [3].

cuprate charge transfer insulators [5] as is illustrated in Fig. 1.2b.

This is the situation where there is exactly one electron at each site. If extra 
charge carriers are introduced in the system, these are not necessarily localized and 
can hop more freely. This alteration of the amount of charge per site can be achieved 
by chemical doping, in case of the Bi based systems by changing the oxygen content 
in the charge reservoir layers. Addition of oxygen leads to formation of O2− ions 
that extract electrons from the CuO2 plane, thus ‘doping’ it with extra carriers: in 
this case holes. This adding or removing of oxygen is usually done after the growth 
of the single crystal, by annealing in either oxygen-rich or oxygen-poor atmospheres 
at elevated temperatures. Replacing atoms in the charge reservoir layers by ones 
with different valencies can also change the carrier content of the CuO2 layers, so as 
to deliver either extra electrons or holes. Due to their more widespread availability, 
and their suitability for ARPES experiments, this thesis considers only hole-doped 
cuprates. In a localized orbital picture, the extra, doping-induced carriers then 
form ligand-hole states on the Cu3dx2−y2 and O2px,y CuO4-plaquettes as described 
by Zhang and Rice [6], see Fig. 1.2c.
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Chapter 1. Cuprates - background and theory

Figure 1.2: Electronic structure schematics for cuprates. (a-b) Schematically

shows how the density of states as function of energy for a half-filled-band metal

becomes split into electron removal and electron addition spectral weight in the form

of a Upper Hubbard Band (UHB) and Lower Hubbard Band (LHB) respectively, due

to the Coulomb repulsion ‘U’. (b) Shows the situation of a charge transfer insulator,

where other hybridized Cu-O bands (here called non-bonding and bonding) lie within

the Hubbard gap. In (c) the situation for increased doping is sketched, where the

lowest energy empty states are Zhang-Rice singlets [6]. Based on [7].

For systems hole-doped so as to reach a metallic state, this partially-filled band

related to the Zhang-Rice singlet states can, in a very simplistic way, be approx-

imated by a tight binding (TB) model that takes into account hopping between

neighbouring (t0) and next-nearest neighbouring (t1) copper atoms on a square lat-

tice with in-plane lattice constant a, while neglecting hopping between CuO2 layers

along the z-direction. This model is given in Eq. (1.1),

ε(k) = EF − 2t0[cos(kxa) + cos(kya)]− 4t1cos(kxa)cos(kya). (1.1)

Such a TB model is presented in Fig. 1.3 as an example, resulting in hole-pockets

formed around the Brillouin zone corners (the [π
a
,π
a
] points). This is not necessarily

the case, because by removing some electrons (= hole doping), the Fermi level can

be lowered and the flat band at (π
a
, 0) and symmetry equivalent points, called the

van Hove singularity, can even be raised above the Fermi level. This then, generates

an electron-like Fermi surface centered at Γ. This transition for Bi2201 as function

of doping has been studied in this thesis research and was found to coincide with

the disappearance of superconductivity at high overdoping levels in Bi2201. This

will be discussed further in Chapter 3.

Upon doping a cuprate parent compound, a variety of electronic phases emerges.
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Chapter 1. Cuprates - background and theory

Figure 1.3: Cuprate band structure. (a) Schematic of a minimal tight binding

model for the highest energy Cu-O band in a tetragonal CuO2 plane, plotted along

the high symmetry directions as indicated. (b) Shows a constant energy contour

at E = EF , with the grey and blue squares indicating the AFM and the tetragonal

BZ, respectively. (c) is a zoom in around the zone corner, indicating the nodal

and antinodal directions. The TB parameters used are t0 = 0.4, t1 = −0.09, EF =

−0.43eV (Equation 1.1).

Once enough extra carriers are introduced to the CuO2 plane, the long-range anti-

ferromagnetic order is suppressed. This reduces the area of the unitcell (and thus

increases the Brillouin zone area) by a factor of 2 when including this spin. This is

schematically represented by the blue and grey boxes in Fig. 1.3b. Foremost among

the electronic phases taking the stage once the AFM order is gone, superconductiv-

ity emerges at low temperatures upon doping. This phase, for most cuprates, exists

between 5 and 27 % hole doping, and its Tc vs doping follows a roughly dome-like

structure [8]. The maximum Tc occurs around 16% doping, and is often referred to

as optimal doping (OP). Any doping less than this is called underdoping (UD) and

anything above is called overdoping (OD).

Bardeen, Cooper and Schrieffer formulated their theory of superconductivity

(dubbed BCS-theory) [9, 10], using a framework in which electrons of opposing mo-

mentum and spin form pairs (‘Cooper pairs’) due to an effective attractive potential

generated by exchange of virtual phonons, able to overcome the Coulomb repulsion

between them. Forming such electron pairs lowers the total energy of the electronic

system, causing a gap in the excitation spectrum near the Fermi level, denoted 2∆.

The magnitude of this gap is connected to the ‘order parameter’ of the superconduc-

tor, as it is maximal deep inside the superconducting state, and goes to zero when

temperature is raised above Tc.

For conventional BCS-like superconductors, this order parameter is ‘s-wave’ and

isotropic, meaning that its phase and magnitude is the same for each momentum
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Chapter 1. Cuprates - background and theory

point around the Fermi surface [10].

In cuprates, the superconducting order parameter is not only anisotropic around

the Fermi surface, but also has nodes (zero-points) at the zone-diagonal (going from

(0,0) to (π, π)) and antinodes (maxima) at the zone-boundary (going from (π,π) to

(−π,π)) [11]. These directions in the Brillouin zone are indicated in Fig. 1.3c. The

order parameter follows a d-wave relation of ∆(k) = ∆0cos(2φ) with φ the Fermi

surface angle in k-space with respect to the antinode. Note that even in the non-

superconducting state, this terminology of nodes and anti-nodes is used in the field

to indicate the different momentum regions in the Brillouin zone.

Many other electronic phases appear in the cuprates [12] as indicated in Fig.

1.4, ranging from spin and charge order on the underdoped side, to something that

looks more like a regular metal at high doping. Some of these phases such as the

superconductivity, pseudogap, the Fermi liquid and the strange metal phase will be

discussed in the main chapters of this thesis, and consequently are briefly introduced

in the rest of this chapter.

Figure 1.4: Hole doped cuprate phase diagram. A generic phase diagram

for hole-doped copper oxides with a plethora of electronic phases occuring as indi-

cated, including the undoped antiferromagnetic parent phase (AF), the pseudogap

and strange metal, d-wave superconductivity (d-SC), spin order and charge order.

Adapted from [12].
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Chapter 1. Cuprates - background and theory

1.2 Gaps in cuprates

The existence, origin and symmetry of gapped states around the Fermi surface

has been one of the main focal points of research in the cuprates [13–15]. Even

though the microscopics of the superconducting state and the pseudogap state are

still not completely understood, there are many things that are generally agreed

upon. One of these is the dx2−y2 symmetry form of the superconducting order pa-

rameter, for which early ARPES experiments [16, 17] played a crucial role, showing

that the energy gap is anisotropic around the Fermi surface consisting of nodes and

antinodes. This discovery was soon supported by multiple other techniques, includ-

ing - for example - Scanning Tunneling Microscopy (STM) [18] and specific heat [19]

experiments. Eventually, phase-sensitive tunneling experiments showed that the sign

of the phase of the order parameter changes every 90 degrees [20, 21]. The cuprates

are unconventional in many ways, among which the anomalously high critical tem-

peratures and the d-wave symmetry, but in other aspects the superconducting state

behaves like one would expect for a system built from singlet Cooper-pairs. The car-

riers come in pairs with charge 2e-, as measured by SQUID [22], which have mainly a

singlet character as seen by Nuclear Magnetic Resonance (NMR) [23]. Also, the su-

perconducting dispersion shows a particle-hole symmetric, ‘back-bending’ dispersion

relation reminiscent of Bogoliubov quasiparticles in photoemission [24].

This situation is quite different from another major gap-feature in the cuprates,

called the pseudogap, which is mainly present on the underdoped side of the phase

diagram. This is argued to be a suppression in the density of states near the Fermi

level, manifesting itself as a partial spectral gap that exists far above the supercon-

ducting transition temperature, up to a temperature known as T ∗. Many techniques

observe signatures of this pseudogap, and NMR was the first to see its signs in the

spin-lattice relaxation rate [25], and soon other techniques using scattering, trans-

port and spectroscopy also contributed [26, 27]. ARPES has always been one of the

most prominent techniques to investigate this phase. Early ARPES measurements

show that this gap, just like the superconducting gap, is anisotropic around the

Fermi surface [27]. However, it still has a distinctly different form despite its appar-

ently similar symmetry at first glance [28]. In the pseudogapped phase (T < T ∗),

only a part of the Fermi surface close to the anti-nodal region shows a spectral gap,

with a maximum magnitude being found at the edge of the Brillouin zone. The

remainder of the Fermi surface does not form closed pockets above Tc, but remain

as truncated gapless regions around the nodal region and get the name ‘Fermi arcs’

[29]. This is schematically illustrated in Fig. 1.5. When warming above T ∗, a fully

closed Fermi surface is recovered, in the sense that the pseudogap is gone.
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Chapter 1. Cuprates - background and theory

Nevertheless, ARPES still sees a clear difference at T > T ∗ between the nodal

and antinodal regions of the Fermi surface, namely that there is no sign of coherent

quasiparticles around the zone-boundary, and the spectral lineshape at these k-space

locations is completely featureless [30]. This discrepancy between the nodal region

that only has a d-wave superconducting gap, and the antinodal region that shows a

pseudogap at low temperatures and signatures of incoherence at T > T ∗ has often

been called the nodal-antinodal dichotomy [13]. This will be further discussed in

Chapter 3, where we show that the pseudogapped region of the Fermi surface of

Bi2201 stays incoherent at all temperatures, even above T ∗.

Figure 1.5: Schematic representation of two gaps found in under- and 
optimally-doped cuprates. One quarter of the Brillouin zone is shown including 
the Fermi surface. The two types of gaps are drawn, with the blue solid line showing 
the pseudogap magnitude, and the dotted black line the d-wave superconducting gap.

The origin of the pseudogap is, after many years of research, still much debated. 
Since the symmetry of the two gapped phases shows similarities, one could instinc-

tively think that T ∗ signals the onset of superconducting fluctuations [31], but there 
is evidence mounting in favour of the pseudogap being a distinct phase, that is sep-

arated from, and competing with superconductivity [32–37]. This evidence consists, 
among others, of data from neutron scattering experiments showing a qualitatively 
different spin dispersion between the superconducting and pseudogap state, and of 
ARPES measurements showing that the pseudogap, in contrast to the supercon-

ducting gap, is particle-hole asymmetric, as shown in Fig. 1.6.
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Chapter 1. Cuprates - background and theory

Figure 1.6: Particle hole asymmetry of pseudogap shown by ARPES. Antin-

odal dispersion measured in optimally doped (Pb,Bi)2Sr2−xLaxCuO6+δ , showing that

the back-bending momenta kG below T ∗ are different from kF , indicating that this

gap is unrelated to superconductivity. Adapted from [35].

BCS-theory also predicts that the gap magnitude 2∆ for a weakly coupled d-wave

superconductor should be proportional to the critical temperature, with a depen-

dence given by 2∆ ≈ 4.3kBTc [10, 38]. Measurements of the gap size show that the

pseudogap magnitude is significantly larger than this prediction from BCS-theory

[13], as illustrated in Fig. 1.5. Together with the fact that the pseudogap grows

towards underdoping eventhough the Tc drops [37, 39], points to a different phe-

nomenon than precursors to BCS-like superconductivity being at the root of the

pseudogap physics. Detailed spectral weight analysis of the superconducting coher-

ence peaks and the gaps around the Fermi surface using ARPES [39], combined with

polar Kerr effect measurements that see a finite rotation at T ∗ [34, 40] also support

this idea of a pseudogap mechanism that is distinct from superconductivity. One of

the early ideas was that of pair formation causing the single particle spectral gap

when lowering the system temperature through T ∗, with those pairs not condensing

into a single coherent ground state until T < Tc [41]. However, there is plenty of

ARPES evidence of a third temperature scale Tpair in between Tc (onset of super-

conductivity) and T ∗ (opening of the pseudogap) where this pairing starts to take
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Chapter 1. Cuprates - background and theory

place [15, 37, 42, 43]. For example the Fermi arc length for a given doping level is

shown to be constant for Tpair < T < T ∗ [15, 37, 43], while it is already decreased

to a point node at Tc < T < Tpair as shown by high resolution laser-ARPES [44].

ARPES data in the antinodal regions also indicate such a third temperature scale

distinct from the pseudogap signalling the onset of pair formation [42].

Whether T ∗ signals a true phase transition, and if the pseudogap state is in any

form a precursor state to superconductivity, or truly only competing with it is still

subject of research [45]. More thorough overviews of ARPES measurements on the

superconducting, pairing and pseudogap in the Bi based cuprates can be found in

[13–15, 37]. The behavior of the pseudogap in single layer (Pb,Bi)2Sr2−xLaxCuO6+δ

as function of temperature and doping, investigated by a combination of transport

and ARPES, will be discussed in Chapter 3 of this thesis. In this research, we

bring Bi2201 in line with other cuprates, showing a universality in the onset of the

pseudogap in Bi2201 and different cuprate families.

1.3 Carrier density in the phase diagram: p to

1+p

Looking again at the phase diagram in Fig. 1.4, the low doping region, close

to the parent compound, has antiferromagnetic order present in the CuO2 planes.

Here each Cu site has one localized electron, which makes the only carriers available

for transport the ‘additional’ doped holes. These amount to a total of ‘p’ carriers

at doping p. On the overdoped side however, where no antiferromagnetic order is

present, the previously localized carriers are now also available for transport, yielding

a total of ‘1 + p’ carriers available at doping p. Somewhere along the doping axis

this transition from p to 1 +p carriers able to contribute to conductivity has to take

place, and the mechanism and position at which this transition happens is subject

to quite some controversy.

A small Fermi surface, matching such a low carrier density at underdoping was

seen in quantum oscillation measurements in high magnetic field on YBa2Cu3O6.5

[50], and recently also in a 5-layer cuprate, for the first time directly in ARPES [51].

Quasiparticle interference (QPI) measurements done using a Scanning Tunneling

Microscope (STM) on Bi2201 show that, around 12 % doping, the Fermi surface

undergoes a reconstruction, changing size from small to large [52]. This large, ‘1+p-

like’ Fermi surface on the overdoped side is also seen in ARPES measurements, where

the absolute carrier concentration can be derived from comparing the measured

Fermi surface area to the Brillouin zone. Here is a caveat that the doping values
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Chapter 1. Cuprates - background and theory

derived in this way are too big, even compared to the numbers expected from the

universal relation as described by Presland [53, 54]. This discrepancy will be further

discussed in Chapters 3 and 5. Direct measurements of the carrier density using the

Hall effect on Bi2201 however do not see a jump in the carrier density nH around

this 12% doping. In Hall measurements, carrier concentrations proportional to ‘p’

are seen untill well into the overdoped regime [47], where nH smoothly transitions

to 1 + p over a doping range of some 0.08 holes/Cu. Crucially, this transition takes

place at doping values beyond those at which the pseudogap closes, as shown in Fig.

1.7.

If the transition from p to 1+p transport-active carriers in Bi2201 is not causally

connected to the closing of the pseudogap, the immediate question is then what does

drive this transition? One interesting idea is that the Fermi surface, even in the

normal state, consists of both coherent and incoherent carriers, of which only the

coherent ones can be measured using the Hall-effect [49, 55]. In the overdoped regime

where p > p∗, there are still parts of the Fermi surface that are more incoherent than

others, and these could be where the ‘missing’, transport-active carriers reside. In

this scenario the vanishing superfluid density at high overdoping found by magnetic

penetration depth measurements [56] could be explained by the loss of incoherent,

superconducting carriers [55] in this doping regime. An approach aiming to search

for these incoherent carriers using ARPES will be discussed in Chapter 6.

Figure 1.7: p to 1 + p transition in cuprates. Hall number measured in three

different cuprate families. La2−xSrxCuO4 (LSCO) data is taken from Ref [46], and

both the Tl2Ba2CuO6+δ (Tl2201) and Bi2201 from Ref [47]. Once the pseudogap is

closed at p∗ (at approximately 0.19% for LSCO [48] and 20% for Tl2201 [47]), the

Hall number starts to increase over the next ∼ 8% from p to 1 + p, reaching the

number of carriers corresponding to a fully complete, large Fermi surface at the end

of the superconducting dome. Adapted from [49].
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Chapter 1. Cuprates - background and theory

1.4 The (non)-Fermi liquid

Normal metals can be described by Fermi liquid theory, one of the most successful

models in all of physics. Originally developed by Landau in the 1950’s [57], it

describes the difference between metals and insulators by the existence of collective

excitations of electrons in the form of quasiparticles. There are many systems that

show some metallic behavior, but still do not behave completely as predicted by

Fermi liquid theory and other conventional mechanisms. These are called ‘bad

metals’ and ‘strange metals’. The predictions from Fermi liquid theory will be

briefly outlined in the following section following broadly the discussion in [58].

After this an overview is sketched of what makes the strange metals so strange from

an experimental point of view.

1.4.1 Fermi liquid theory

Fermi liquid theory starts by describing a system of non-interacting fermions,

in a metal these are electrons. Following Pauli’s exclusion principle, these fermions

with unique quantum numbers occupy their own state in k-space, starting at k=0

all the way up to what is called the Fermi wave-vector, or kF . This sharp cut-off

is the Fermi level, and describes the surface of whats often called the Fermi sea.

This means every state below the Fermi level is occupied by such a fermion, and

every state above it is empty. Low energy excitations can be created by exciting

such a fermion out of the Fermi sea into an unoccupied state above it, leaving a hole

where it used to be. Fermions that lie deep in the Fermi-sea need a lot of energy to

be excited to an available state, and at low temperatures this energy is simply not

available. Only fermions within kBT of the Fermi surface can thus contribute to

the specific heat, and the electronic transport properties of a metal.

Now when introducing interactions, the theory dictates that this must happen

under adiabatic continuity [59], meaning that they are introduced so slowly that

they do not disturb the equilibrium of the system. This means that the eigenstates

of the interacting system can still be mapped on those of the ground state, and

the quantum-numbers of the original fermions remain relevant. The difference is

that these quantum numbers now belong to a quasiparticle (QP), a new excited

state whose wavefunction and energy can differ from the original fermion. Other

properties of the quasiparticles, such as their effective mass and velocity can also

differ from their non-interacting counterparts. For a non-interacting system at T =

0, there is an instantaneous jump in the momentum distribution n(k) of the fermions

at the Fermi wave-vector from 1 to 0 as shown in Fig. 1.8a.
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Figure 1.8: Quasiparticle weight Z. (a) Occupation probability for a non-

interacting system of fermions at T=0. (b) Occupation probability for a system

with interacting quasiparticles. The remaining size of the discontinuity is called the

quasiparticle weight Zk. Adapted from [7].

This is different from the Fermi-Dirac distribution, which leads to a broadening of

the occupied-unoccupied transition at non-zero temperature only. One consequence

of Fermi liquid theory is that, due to the demand for adiabatic continuity, some of

the non-interacting electronic wavefunction must remain in the quasiparticle, and

thus at least some of this discontinuity in n(k) still remains. The size of this ‘jump’

is called the quasiparticle weight Z, and is often seen as the order parameter for the

Fermi liquid. The existence of a non-zero quasiparticle weight is seen as a smoking

gun for Fermi liquid behavior in a metal.

Consider now a single excited quasiparticle above the Fermi surface, with an

energy ω = ω1. At T = 0, due to the Pauli exclusion principle, the only scattering

event that can lower its energy is the creation of a particle-hole pair around the

Fermi level, with an energy smaller than the original quasiparticle. This means the

original quasiparticle can interact with a second quasiparticle (ω = ω2) below the

Fermi-sea, causing it to decay into a state ω = ω3 (still above the Fermi level). In

this scattering process the second quasipartice is excited to a new unoccupied state

above the Fermi level (ω = ω4). Energy conservation demands that ω3−ω1 = ω4−ω2.

This process is illustrated in Fig. 1.9.

Figure 1.9: Scattering process in Fermi liquid theory. Adapted from [58].
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The consequence of this is that for a small interaction, only a small volume

fraction of the occupied quasiparticles with energies within ω1 of EF can interact

with the initial excited quasiparticle. As ω → 0 , the phase space for scattering, and

subsequently the scattering rate or inverse lifetime τ−1 thus becomes very small, and

is proportional to ( ω
EF

)2. At finite temperatures, the scattering rate is generalized

to τ−1 ∝ ( ω
EF

)2 + (kBT
EF

)2. This is one of the landmark results for Fermi liquid theory

as it shows that, for small enough energies, quasiparticles are well defined with a

scattering rate ( ω
EF

)2 that is (a) much smaller than its excitation energy (ω), and (b)

proportional to kBT
EF

2
. For a more in depth derivation of the Fermi liquid, including

its physical properties such as specific heat and Pauli susceptibility, see for example

Refs. [58, 60]

1.4.2 Good, bad and strange metals

The quasiparticle lifetime in the Fermi liquid determines many physical proper-

ties of the system, and it follows that its transport resistivity (ρ), that is directly

related to the scattering rate for electrical current, should have a T 2 dependence at

low temperature. The Fermi surface states are responsible for electrical transport,

corresponding to ω → 0 in the picture sketched above. At elevated temperature,

electron-phonon coupling becomes more dominant, and as the energy and number of

phonons increases linearly with temperature above the Debye frequency [61], so do

the number of scattering events leading to a linear increase of the resistivity. With

increasing resistivity the mean free path of the quasiparticles decreases, and it is

to be expected that the resistivity saturates when the average electronic mean free

path becomes of the order of the lattice constant. This upper bound is called the

Mott-Ioffe-Regel limit [62, 63]. A schematic ρ(T ) curve for a superconductor based

on a good metal is shown in Fig. 1.10a.

So called bad metals have resistivities far exceeding this limit (Fig. 1.10b), hint-

ing that electron-electron interactions dominate the scattering at high temperatures

and energies, and not simply the electron-lattice interactions. An example of such

bad metallic behavior can be found in Sr2RuO4 [64], where the resistivity keeps

increasing up to 1300K. One of the characteristic properties of a strange metal (Fig.

1.10c) is that they do not show quadratic-in-T behavior at all, but a linear depen-

dence all the way down to the lowest temperatures where superconductivity sets

in. This behavior is observed in a multitude of different systems, not only in the

cuprates. Famous other examples can be found in heavy-fermion systems near a

quantum critical point [65], in doped iron-based superconductors [66] and in magic

angle bilayer graphene [67], some of which will be discussed further below.
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Chapter 1. Cuprates - background and theory

Figure 1.10: Good, bad and strange metal. Three scenarios as the normal state

for a superconductor. Shown are cartoons of the T-dependence of the resistivity.

1.4.3 Non-Fermi liquids

The term non-Fermi liquid is abundantly found in the literature. This is a gen-

eral phrase used for systems that show deviations from the predictions of Fermi

liquid theory, illustrating that such ‘strange’ behavior in the T-dependence of the

resistivity is not wholly uncommon in certain scenarios. Linear behavior in the resis-

tivity can be found for example in a phase diagram near a Quantum Critical Point

(QCP), which are specific values of a tuning parameter at zero temperature (such as

tuning parameter can be doping, pressure, magnetic field etc.) at which a second-

order phase transition occurs between two stable phases that is driven by quantum

fluctuations [68]. Such quantum fluctuations are due to Heisenberg’s uncertainty

principle, demanding that if a particles position is well defined, its velocity cannot

be. If thermal motion stops, the electrons cannot be at rest but have to experience

a ‘zero-point motion’, which can drive the quantum phase transition.

In the vicinity of such a QCP, a disordered phase and an ordered phase can

not co-exist, and in such a case the fluctuations of the order parameter become

important. The effects of such a point were first experimentally observed by tuning

a Ce based heavy fermion compound to its magnetic quantum critical point using

doping [69], and the observations included a linear-in-T resistivity together with

a diverging specific heat with decreasing temperature. This usually indicates an

infinite effective mass for the quasiparticles involved. These observations support

the notion that there is no characteristic energy or length scale in a system at a

QCP besides temperature, something that is referred to as scale-invariance. This

scale-invariance is emanating outwards from a quantum critical point, creating a V-

shaped ‘Quantum Critical Region’ at non-zero temperatures, as illustrated in Fig.

1.11a. This means that even for values of the tuning parameter away from the QCP,
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similar scale-invariant physics can be found starting from finite temperature. The

generic effect of a QCP on a phase diagram is schematically represented in Fig. 1.11,

together with an example measured in the resistivity of YbRh2Si2. Here a ‘funnel’

of linear resistivity is visible, surrounded by adjacent regions of T 2 behavior as the

system is tuned through its QCP by a magnetic field [70, 71].

Figure 1.11: Effects of a quantum critical point on a phase diagram (a)

Schematic illustration of the effect of a QCP, adapted from [72]. (b) Experimen-

tally determined power of the electrical resistivity as function of magnetic field and

temperature in the heavy fermion compound YbRh2Si2. Adapted from [71].

Similar linear-in-T resistivity has also been found in iron based superconductors

[66], and also in magic angle twisted bilayer graphene, using electric field gating to

change the charge carrier content over a wide range [67], showing that this partic-

ular signature of non-Fermi liquid physics is not just constraint to systems with d-

(cuprates, pnictides) or f- (heavy fermions) electrons in their outer shells [73].

Multiple different experiments on quantum critical materials even show indica-

tions of an extendend line of criticality in their phase diagram at low T , instead

of a single point. Each point along such a line can be thought of to be their own

QCP, with distinct critical phenomena different from Fermi liquid physics along the

whole range of values of the tuning parameter. The first example of this was seen

in the itinerant electron ferromagnet MnSi, with pressure as the tuning parameter

where the system evolves into a paramagnetic phase. Here the power of the low

temperature resistivity, as well as the magnetoresistance shows critical behavior be-

yond a certain pressure, for a large range of pressures [74]. The cuprates are another

example of such a putative ‘quantum critical phase’. For example, resistivity mea-

surements on La2−xSrxCuO4 were performed under high magnetic fields to suppress
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the superconducting transition temperature. These low temperature measurements

revealed a linear-in-T component extending over a large range of doping, not only

near optimal doping [75]. This is visually represented in Fig. 1.12 in a plot of the

power of the resistivity in a false-color scale as function of temperature and doping.

Here the spread out region of linearity, sometimes referred to as being shaped like a

foot, looks to coincide with the entire superconducting dome. This was found to be

a generic property of the overdoped cuprates [76].

On the highly overdoped side of the cuprate phase diagram the electronic proper-

ties seem to resemble those of a regular metal. For example LSCO shows a quadratic

temperature dependence of the resistivity at heavy overdoping [75].

Figure 1.12: Linear-in-T resistivity in LSCO over a large doping range

at low T. Magnetoresistance measurements in LSCO showing that the linear-in-T

behavior persists at low temperatures over a wide range of doping. Adapted from

[75].

It has been proposed that all the strongly interacting quantum systems with

linear resistivity share a commonality: Their electronic scattering rate 1
τ

does not

depend on material parameters such as effective mass or Fermi velocity. On the

contrary, the scattering rate is bound only by the universal Boltzman and Planck

constants, and has the form 1
τ
≤ kBT

~ [77]. This is often referred to as ‘Planckian dis-

sipation’ [78–80], to reference the fact that τ concerns a shortest possible timescale,

set by quantum mechanics. The origin of this Planckian dissipation is as of yet

unknown, and prompts the search for new, exotic theoretical models such as the

holographic duality that will be introduced below [80–82].
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1.5 ARPES of strange metals

Major contributions in the description of the non-Fermi liquid behavior in the

strange-metal cuprates have come from ARPES, given its capability of measuring

the spectral function and thus the scattering rate as a function of both energy and

momentum.

ARPES experiments confirmed that a fully closed, ungapped Fermi surface with

sharp quasiparticle-like spectra everywhere on the Fermi surface is present in heavily

overdoped cuprates, for example in both the Tl2201 [83, 84] and Bi2212 [85] families,

an example of the latter being shown in Fig. 1.13b.

Figure 1.13: Optimally doped vs overdoped cuprate ARPES phenomenol-

ogy. Difference in ARPES spectra between (a) optimally and (b) strongly overdoped

cuprates around the Fermi surface. The overdoped cuprate is ungapped and has sharp

coherent excitations all around the Fermi surface. Adapted from [85].

This in contrast to the under- and optimally doped cases, where large gaps and

peakless, incoherent spectra are seen around the antinodal regions of the Fermi

surface as shown in Fig. 1.13a. Recently, ARPES measurements at the (π, 0) point

on Bi2212 showed that this incoherence has, as does the pseudogap, a similar and

very sharp onset in doping, and furthermore is temperature independent [30]. In

Chapters 3 and 6 we show that similar phenomenology can be found in Bi2201, and

this kind of analysis is extended to data recorded around the entire Fermi surface.

Not only in the antinodal region do the optimally doped cuprates show strange

behavior in ARPES. Early experiments showed that along the nodal direction, op-

timally doped Bi2212 has a linewidth that increases linearly with both frequency
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and temperature [86]. By rescaling the spectra along the nodal direction to their

respective peak maxima, the data collapses to a single curve as reproduced in Fig.

1.14. This is an indication that the single particle self-energy itself increases not

quadratically as predicted by Fermi liquid theory, but linear with energy.

Both this observation and the linear-in-T resistivity was captured early on by

a phenomenological model called the Marginal Fermi liquid (MFL)[87], a concept

that is tightly connected to the notion of quantum criticality mentioned above. In

this model the single-particle self-energy is a linear function of both energy and

temperature up to a cutoff at high energy, and no well-defined quasiparticles exist,

since the scattering rate of the excitations is never smaller than their binding energy

(e.g. the quasiparticle weight ‘Z’ is zero, and the excitations are called ‘overdamped’)

Figure 1.14: Linear self-energy. (a) Raw energy distribution curves along the

nodal direction in optimally doped Bi2212, and (b) the same curves rescaled to their

peak maximum. The collapse of the data indicates a self-energy that is linear in

frequency. Adapted from [86].

More recently, detailed laser-ARPES measurements of the scattering rate along

the nodal direction of Bi2212 as function of doping, frequency and temperature

also showed anomalous critical behavior [88]. The surprising result here was that

the self-energy seems to be governed by a single power law of both frequency and

temperature. This power smoothly evolves as a function of doping, growing from

less than unity at underdoping, to exactly unity at optimal doping (confirming the

original result by Valla et al. [86]) to more than unity at overdoping. This behavior

is captured in the phenomenological form of the ‘Power-law Liquid’ in equation (1.2),

and the resulting parameters of 2-dimensional fits of this equation to the ARPES
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data presented in Ref. [88] are reproduced in Fig. 1.15.

Σ
′′
(ω, T ) = G0(ω, T ) + λ

[(~ω)2 + (βkBT )2]α

(~ωN)2α−1
. (1.2)

Note that for α = 0.5 this equation reduces to the marginal Fermi liquid with

linear behavior in frequency and temperature, and for α = 1 the quadratic Fermi

liquid is described.

The power is smoothly evolving over a significant portion of the doping phase

diagram, instead of having a single fixed value (e.g. α = 0.5) inside a putative

quantum critical region, and something more conventional (e.g. α = 1) elsewhere.

This is puzzling to say the least, and very difficult to reconcile with conventional

condensed matter theories.

Figure 1.15: Power Law Liquid. Laser-ARPES measurements of the nodal scat-

tering rate in Bi-2212 show that the frequency and temperature-dependent behavior is

governed by a single power α, that smoothly evolves as function of doping. Adapted

from [88].

1.6 Holographic duality

Exotic behavior such as quantum critical phases, and universal ‘Planckian’ scat-

tering rates are motivating the search for completely new theoretical approaches

to explain this phenomenology. One very intriguing, and unexpected route lies in

the holographic duality as described by the Anti-de Sitter/Conformal Field Theory

(AdS/CFT) correspondence. This correspondence connects two seemingly unrelated
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fields of physics via a mathematical framework. In this case, the string theoretical

treatment of classical gravity and the condensed matter physics of correlated elec-

trons. The idea relies on a discovery by Maldacena in 1997 [89], who realised that

in certain special limits Quantum Field Theory (QFT) and General Relativity (GR)

are describing the same physics. The main result following from the duality that is

important for condensed matter systems, states that a strongly interacting quantum

theory lives on the boundary of a weakly interacting classical gravitational theory

with one extra spatial dimension, with a specific, Anti-de Sitter type curvature (pos-

sessing a negative cosmological constant). For a field theory of d+1 dimensions, this

corresponds to a ‘bulk’ gravitational theory of d+2 dimensions. This is also where

the term holography comes from, as this relationship between the two theories is

reminiscent of how a 2D hologram can encode all the information of a 3D object.

This duality can be a very powerful tool in matters of strong emergence, such

as is found in correlated electron systems. Constructing and solving a field theory

for a macroscopic number of strongly interacting fermions at finite density is a

near impossible task, or ‘NP-hard’, due to the infamous fermion sign problem [90].

However, if such a field theory can be translated to a certain geometrical structure

in the context of a well-chosen question in general relativity, this later problem is

solvable. This very surprising result quickly led to a big effort in the theoretical

community figuring out how to put this duality to use. A set of rules has been

constructed on how to relate observables on either side of the duality to each other,

called the holographic dictionary [91, 92]. This is a literal dictionary, in the sense

that one can look up a property on either side of the duality, and translate it to an

equivalent property on the other side.

Using the duality, observables such as self-energies and spectral functions on

the condensed matter side can be calculated. It turns out that smoothly varying

powers signalling a quantum critical phase as discussed above, together with other

aspects of both the strange metal [93] and Fermi liquid [94] phenomenology can be

computed in an efficient manner using holography. Going beyond explaining known

phenomenology, in Chapter 4 specific predictions from holography are investigated,

and the first quantitative modelling of real-ARPES data from a correlated electron

system using holography is performed. For further details and an in depth overview

of the duality, see for example the following textbooks [81, 82].
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