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CHAPTER

1

Introduction

This thesis is about managing risk, which is an important task of banks and other ﬁnancial institutions. These companies have large portfolios with different risk-bearing
objects. We will contribute to the theory of the quantiﬁcation of risk, and in particular
credit risk. The ﬁrst part of this thesis focuses on measuring the credit risk in large
portfolios, whereas the second part deals with the valuation of credit derivatives.

1.1

Risk

We start by presenting different types of risk that a bank, or other ﬁnancial institution,
has to deal with. We ﬁrst decompose the general notion of risk into three risk types,
which are thereafter discussed more detail. We mainly focus on the credit risk, as this
is the main topic of this thesis.

1.1.1

Risk Types

In its day-to-day business, a bank or other ﬁnancial institution is always exposed to
risk. This risk can be split up into a number of components, which we discuss in this
section. Before we focus on the three main types of risk, we consider some examples
of risks that a bank could encounter.
One of the core functions of a bank is lending out money to its customers, either
private or corporate. The main risk that a bank faces when lending out money, is that
the customer fails to make interest payments or that he fails to repay the loan. In such
a case a the bank suffers ﬁnancially.

1
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Banks also face the risk that their investments drop in value. For example, banks
usually own large numbers of stocks in several companies. In case these stocks drop
in value, a bank incurs a loss. Also changes in foreign exchange rates could lead to
losses for a bank. When, for example, a bank expects to receive a certain amount in a
foreign currency one month from now, which is worth one million Euro today, could
be worth less at the time the money is actually received, leading to loss for the bank.
Further, a bank also faces risks that are not directly related to loans or to their investments. These risks are related to the functioning of the bank. Banks for example suffer
from fraud, either by employees or by clients, but also computer network problems
could lead to serious problems and loss of clients.
In all these cases the bank suffers ﬁnancially, and thus the occurrence of any of the
events above has negative consequences for the bank. Therefore it is important that
the bank measures and manages risk. In a ﬁrst step to do so, we split up the risk into
a number of components. In general we can identify three different types of risk.
• Credit risk, the risk that a debtor, or obligor, does not honor its payment obligations.
• Market risk, the risk that an investment decreases in value due to moves in
market factors, such as the stock values or interest rates .
• Operational risk, the risk arising from the bank’s business function.
Looking at the examples above, we can classify the ﬁrst example as credit risk, the
second as market risk and the last example as operational risk. The three risk types
can be decomposed into more detailed risk types. Following [Sch03a], credit risk
consists of the components
• Arrival risk, the risk that a default occurs.
• Timing risk, when the default occurs.
• Recovery risk, in case that a default occurs, which fraction of the investment is
lost.
• Default correlation risk, one default could indicate a bad state of the economy,
which could yield more defaults.
The arrival risk and timing risk are very much related. Clearly, when one knows
the timing of the default, it is directly clear that the default event has occurred. In
Section 1.1.2 we consider credit risk in more detail.
Market risk can be decomposed into the, self-evident, market factors
• equity risk, the risk of changes in stock prices,
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• interest rate risk, the risk that interest rates change,
• currency risk, the risk that foreign exchange rates change,
• commodity risk, the risk that prices of commodities change.
Clearly, in most transactions that a bank enters into, it faces at least one of these risks.
Operational risk can be decomposed into many different types of risk, which cannot
be seen as either market or credit risk. Event types that fall under operational risk
are fraud, employment practice and workplace safety, clients product and business
practice, damage to physical assets, business disruption and system failures, and execution, delivery and process management.

1.1.2

Credit Risk

In the previous section we have discussed a number of risk types to which banks, and
other ﬁnancial institutions are exposed. In this section we consider one speciﬁc type
of risk, credit risk, which is commonly referred to as default risk as well. Above we
have introduced the notion of credit risk, and we have identiﬁed four components of
credit risk. All components rely in some way on the occurrence of the default event.
In the previous section we have already seen some examples of default events. In this
section we discuss two ways banks manage credit risk. A bank can reserve a certain
amount of money to cover potential losses due to default events. Further, a bank
can transfer the credit risk to other market parties, by entering a credit derivatives
contract.
To determine the amount of money the bank has to reserve, it has to determine the
total amount of money that could be at risk, and next to this it has to determine the
probability that the default events occur. For this purpose the timing and size of the
defaults have to modeled. When modeling these two quantities one has to take into
account that
• default events are rare events,
• defaults occur unexpectedly,
• default events involve large losses,
• the size of the loss is not known until the default occurs,
• defaults are correlated.
The last point in this list in only relevant, and very important, in case one models
more than one default time. In Section 1.2 we discuss the modeling of the size and
timing of the losses, where the above points are discussed.
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Next to reserving cash to cover losses, a bank can transfer default risk by entering
into a credit derivatives contract. Such contract provide protection against losses due
to defaults. If for example a bank has invested a large sum into a company, a credit
default swap ensures that in case this company defaults, the incurred loss is repaid.
Section 1.3 describes a number of credit derivatives and how they can be used to
transfer default risk.

1.2

Credit Risk Modeling

Above we have seen that credit risk can be split up into several types of risk. When
we model the credit risk, we have to focus on two main components, namely the
timing of the default and the amount of the loss. The deﬁnition of the default event
is not relevant in the modeling, as we are only interested in the timing of the default
and the size of the resulting loss.
It is common to model the default time and the loss size separately. There are two
main streams of modeling the default time, structural models and reduced form models, which are discussed in Sections 1.2.1 and 1.2.2, respectively. The size of the loss
is modeled as the recovery rate, which is the fraction of the loan, or other type of debt,
that is repaid, and hence not lost. In Section 1.2.3 some models for the recovery rate
are considered. The section is concluded with an overview of techniques that can be
used to measure portfolio credit risk.

1.2.1

Structural Models

In structural models, one models the ability of a company to repay its debt. A (continuous) process Vt is considered that represents the value of the company at time
t > 0. Further a (continuous) threshold, or barrier, Bt , is considered. This barrier can
be interpreted as the level of the (total) debt of the company. We say that the company
defaults the ﬁrst time the value of the ﬁrm is below the barrier. This means that the
default time τ is deﬁned as
τ = inf{t > 0| Vt < Bt }.

Clearly, the possible choices for the value process Vt and the barrier Bt are endless.
Historically, models based on Brownian motion, such as geometric Brownian motion
with drift, have become popular, since such models, under suitable conditions, allow
one to derive explicit expressions for e.g. default probabilities.
In this section we consider two types of structural models in more detail. First we
consider Merton’s model, which is one of the simplest structural models. Thereafter
we discuss a simple ﬁrst passage time model, which allows us to calculate the distribution of τ explicitly.
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Merton’s Model
The simplest form of structural models is due to Merton [Mer74]. Debt maturing at
a ﬁxed time horizon, T , is considered. The company only defaults in case its value is
below the level of the debt at T . The evolution of the company’s value process and
its debt before this time T is not considered. The value process, (Vt )t≥0 , is modeled
as geometric Brownian motion
dVt = μVt dt + σVt dWt ,

(1.1)

where Wt is a standard Brownian motion, μ is the drift parameter and σ is a volatility
parameter. Clearly we have V0 > 0 and hence Vt > 0 for all t. It is assumed that the
level of the debt is constant over time. As we assume that defaults can only occur at
T , we set Bt = K1{t=T } . The default time is thus deﬁned as

T if VT < K
τ=
(1.2)
∞ else.
The probability, at time zero and under the physical measure P, that the company
defaults at time T can easily be calculated, since VT is lognormally distributed. This
yields
  
⎛
 ⎞
log VK0 − μ − 12 σ 2 T
⎠,
√
P (τ ≤ T ) = P (VT < K) = Φ ⎝
σ T
where V0 is the initial value of the company, and Φ is the cumulative distribution
function of the standard normal distribution.
First Passage Time Model
A clear disadvantage of Merton’s model is that only a ﬁxed point in time is considered, and hence the evolution of the company’s value and the company’s debt before this time is ignored. In the ﬁrst passage time that we consider in this section,
we deal with this disadvantage with the introduction of a constant barrier D. This
corresponds to setting Bt = D. We allow for defaults in the whole interval [0, T ]. The
value of the company is again modeled as geometric Brownian motion, (1.1), and the
default time can be deﬁned as
τ = inf {t ≤ T : Vt < D} .

(1.3)

We consider a slightly more general model by combining both Merton’s model and
the simple ﬁrst passage model. We deﬁne the default time as
τ = min{τ1 , τ2 },
where τ1 is given by (1.2) and τ2 by (1.3).
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Under these settings it is possible to calculate the probability, at time zero, that the
default occurs before time T .
P (τ ≤ T ) = Φ

log(K/V0 ) − mT
√
σ T

+

D
V0

2m/σ 2

Φ

log(D2 /(KV0 )) + mT
√
σ T

,

where m = μ − 12 σ 2 . The derivation of this expression relies on several properties of
Brownian motion, such as the reﬂection principle. The distribution of τ for t < T , can
easily be calculated from this expression.
The ﬁrst passage model that we consider here is actually a special case of the ﬁrst passage model considered by Black and Cox, [BC76], who consider the time dependent
barrier
Bt = Ke−γ(T −t) .
It is clear that this agrees with the model we consider here in case γ = 0.
Many other authors have considered geometric Brownian motion as a basis for a
structural default model. Among others, Longstaff and Schwartz, [LS95], and Kim et
al., [KRS93], both consider stochastic interest rates instead, and the company defaults
if the ﬁrm value is below some constant barrier. Other variations to the model by
Black and Cox, involve jump-diffusion models for the ﬁrm value process, e.g. [Sch96]
and [Zho96]. A partial information approach, where one assumes that the ﬁrm value
is not, or only partially, observed, is considered by Giesecke [Gie04]. Bielecki and
Rutkowski [BR02] and [Sch03a] provide a more elaborate discussion of structural
models.
Disadvantages of Structural Models
Most of the structural models suffer from a number of disadvantages. First of all,
default times are predictable when they are modeled using structural models. It is
possible to construct a sequence of increasing stopping times that converge to the
default time. This is not a realistic property, since defaults in general cannot be anticipated. By the introduction of random jumps in the ﬁrm value process, one can
partially solve this problem, since the company can ’jump to default’. On the other
hand the company value can still pass the barrier as a continuous process.
In practice, credit spreads, which are the difference between the risk free rate and the
rate at which a company can borrow, is relatively high for loans with a short maturity. When modeling the default time using structural models, and thus predictable
default times, it is not possible to reproduce such spread, as the default probability is
very small over a short period.
Another drawback of the structural models is that in general the value process Vt and
the level of the debt are not, or only partially, observable. Due to this lack of information, there is uncertainty about the occurrence of the default event. Without this
information it is not possible to accurately estimate or calibrate the model parameters.
The partial information approach deals with this drawback explicitly.
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Reduced Form Models

The second type of default time models that we consider concerns reduced form
models. In these models the distribution of the default time is exogenously given,
in contrast to the structural models, where the (distribution of the) default time corresponds directly to the value of the company. As the default time is based on an exogenous speciﬁcation of the distribution, there is not a formal deﬁnition of the default
time. Instead the default time is modeled as the ﬁrst jump of a Cox Process, or doubly stochastic Poisson Process. The Cox process is an extension of the inhomogeneous
Poisson process. Recall that for an inhomogeneous Poisson process N = (Nt )t≥0 , one
has for 0 < s < t,

P (Nt − Ns = k) =

t
s

λ(u)du
k!

k



t

exp −

(1.4)

λ(u)du ,
s

where λ(t) ≥ 0 is the deterministic (default) intensity, for t ≥ 0. In case of Cox processes, stochastic intensities are considered instead, and (1.4) becomes a conditional
probability. The application of Cox processes to the modeling of default times has
been considered by e.g. [Lan98].
The default time of a company is modeled as the ﬁrst jump time of N . This means
that we can use (a variation to) (1.4) to calculate the distribution of the default time τ .
In the remainder of this section we consider deterministic and stochastic intensities
separately.
Deterministic Intensity
We ﬁrst consider a deterministic intensity, (λ(t))t≥0 , and thus we model the default
time as the ﬁrst jump of a inhomogeneous Poisson process. Based on (1.4) we can easily determine the distribution of the default time. The probability that the company
defaults before time t > 0 is given by
P (τ ≤ t) = P (Nt > 0) = 1 − P (Nt = 0) = 1 − e−

t
0

λ(u)du

.

In practical applications the deterministic default intensity is given a simple speciﬁcation, typically (piecewise) constant or (piecewise) linear. Such speciﬁcations allow
one the match the default probabilities to certain quantities observed in practice. The
application of such intensities to the valuation of credit default swaps (introduced in
Section 1.3.1) is considered in e.g. [Luo05].
Stochastic Intensity
When we use a stochastic, or random, intensity, the corresponding default process
(Nt )t≥0 , is called a Cox process. Conditioned on the evolution of the intensity it
is distributed as an inhomogeneous Poisson process. Thus, the distribution of the
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default time can easily be obtained by conditioning on the realization of the intensity.
For t > 0 we obtain,

 t


P (τ ≤ t) = 1 − E 1{Nt >0} = 1 − E e− 0 λ(u)du .
Here we observe a close connection to the modeling of stochastic interest rates. Therefore many researchers have been inspired by well known interest rate models, such
as the Vasicek model [Vas77], the Ho-Lee model [HL86] and the Cox-Ingersoll-Ross
model [CIR85], for the modeling of the intensity. Further [BM06] gives an overview
interest rate models, that could also be used to model the default intensity.
Advantages of Reduced Form Modeling
In Section 1.2.1 we have discussed a number of disadvantages of structural models.
The two most important disadvantages are the predictability of the default time and
the lack of information about a company’s value and debt, which are required to
estimate model parameters. In this section we show, without going into too much
detail, that reduced form models do not suffer from these disadvantages.
To show that default times in reduced form models are not predictable, we observe
that (Nt )t≥0 is a nondecreasing process, and hence it is a sub-martingale with respect to its natural ﬁltration if E [Nt ] < ∞ for all t. The Doob-Meyer decomposition,
see [LS78], (under suitable conditions) yields that there exists a increasing process A
such that N − A is a martingale. This process A is called the compensator. Further,
we known from p. 243 in [LS78] that the compensator is continuous if and only if
the stopping time, or default time, τ is totally inaccessible. This means that for all
predictable stopping times σ we have P (τ = σ) = 0. In the reduced form models we
actually directly model the compensator process, which deﬁnes the Poisson or Cox
process. Clearly, the integrated intensity is a continuous process, which means that
the default time τ is not predictable.
As the reduced form models are based on an exogenous deﬁnition of the default
time, we do not need information about the company’s value and debt to estimate
model parameters. Instead, we can estimate, or calibrate, the parameters of reduced
form models directly from market prices of relevant instruments, such as defaultable
bonds or credit default swaps.

1.2.3

Recovery Modeling

In the previous two sections we have considered the modeling of the default time. As
we have mentioned above, we also have to model the loss incurred after a default.
After a company has defaulted, one could still receive a fraction of the loan or bond
notional. In this section we discuss recovery rate models, which model the fraction
that is repaid in case of default. We focus on the modeling of the value of a defaultable
bond after a default has occurred. However, the results can be applied to loans and
other credit derivatives as well.
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Deterministic Recovery
When one models the recovery rate as a deterministic quantity there are two different
approaches, the fractional recovery of par value and the fractional recovery of market
value. The former approach models the loss given default as a fraction of the face
value of the bond. The valuation of the bond is then straightforward, as one can
easily distinguish the default and no default cases. The bond’s payoff at maturity T
can be written as


DT = 1{τ >T } + 1{τ ≤T } R N,
where DT denotes the payoff, 0 ≤ R ≤ 1 the recovery rate and N the face value of
the bond. Here we have assumed that in case of default the recovered value of the
bond is repaid at maturity. If we assume that the recovered value is paid at the time
of default, we can accrue this amount at the risk free interest rate. This yields the
payoff at maturity


DT = 1{τ >T } + 1{τ ≤T } R/B(τ, T ) N,
where B(t, T ) is a (stochastic) discount factor, i.e. the value at t of receiving 1 at T .
In the fractional recovery of market value, it is assumed that at the time of default
a fraction of the pre-default value of the bond is paid. The payoff of the bond at
maturity can be written as


DT = 1{τ >T } + 1{τ ≤T } RDτ − /B(τ, T ) N,
where Dτ − is the pre-default value of the bond.
These two approaches can easily be extended, for example by using a combination
of the two approaches, or by making the recovery rate time dependent. More detailed discussions on the modeling of the deterministic recovery rate can be found in
[Sch03a] and [BR02].
Stochastic Recovery
We have seen that when we model the recovery rate deterministically, bond values
can easily be evaluated, as one can decompose the payoff into a default and no default
scenario. When we model the recovery rate as a random quantity this property does
not hold in general. Clearly, we could assume that the recovery rate R is a random
variable independent of τ , with distribution F . In such a case the bond can be valued
similar to the deterministic models, for example by conditioning on the outcomes of
the recovery rate.
Alternatively, one could model the recovery rate as a random quantity, with the ﬁrst
passage time models from Section 1.2.2. In case the value of the company drops
below the value of the debt, the company defaults. The recovery value in such a case
is Vτ < Dτ .
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For a more detailed discussion of stochastic recovery rates we refer to [Sch03a, Chapter 6]. There, a more general and formal framework is introduced, in which various
recovery rate models are considered.

1.2.4

Measuring Portfolio Credit Risk

In general credit portfolios are very large, consisting of thousands of obligors. The
measurement of the credit risk in such portfolios focusses on the tails of the credit
loss distribution of these portfolios. Often banks are interested in the 95%, 99% or
even more extreme percentiles of this distribution. In the previous section we have
encountered two approaches to the modeling of the default time of a single company.
In some cases it is straightforward to extend this to the modeling of the default times
of several companies in a portfolio, which could in theory be used to measure portfolio credit risk. When the size of the portfolio is very large, which is usually the
case for banks, such an approach could be very time consuming and therefore less
interesting.
In this section we discuss a number of methods that can be used to measure the credit
risk in large portfolios. First we brieﬂy mention some popular risk measures, which
can be evaluated using techniques that are discussed in the remainder of this section.
Risk Measures
One of the most popular risk measure is the value-at-risk (VaR) measure. The α
percent VaR, for some portfolio, states the amount of money that can be lost with α
percent certainty. In general VaR can be calculated for any kind of portfolio and any
kind of risk type. In all cases one focusses on the loss on a single point in time, usually
one year into the future. The VaR measure is discussed in more detail in e.g. [Jor06].
Further, other risk measures have been proposed to measure the risk in a portfolio. In
any case one has to model the loss distribution of the portfolio in order to determine
certain characteristics, such as the α percent quantile. Many different approaches can
be considered for this purpose, and we list a number of these below.
Asymptotic Approximations
A common approach to modeling the loss in a very large credit portfolio is to consider
a limiting portfolio, where the size of the portfolio tends to inﬁnity. Under suitable
assumptions, such as homogeneity and identical distributed underlyings, one can
determine the distribution of the inﬁnite portfolio, and use this as an approximation
for the distribution of the ﬁnite portfolio.
A good example is the large pool model, where the portfolio is assumed to be homogeneous and of inﬁnite size. The correlation between the different obligors is
modeled using the one-factor Gaussian copula, which is discussed in more detail
in Section 1.4. The advantage of this model is that one can calculate the loss distri-
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bution explicitly in terms of the normal distribution, which in turn could be used to
easily determine quantiles of the loss distribution.
Another approach to the modeling of extreme losses are large deviation approximations of the tails of the loss distributions. Large deviations theory, through the large
deviation principle, provides asymptotic upper and lower bounds for the logarithm
of a family of distributions, such as the probability that the average loss in a portfolio
of size n is above a certain level, as n → ∞. Existing large deviation results, see e.g.
Dembo and Zeitouni [DZ98], can easily be used to model to tails of the loss distribution at a single point in time. In Chapter 3 we give a brief introduction into the theory
of large deviations and we present a large deviation principle for the whole path of
the loss process.
Historical Data
A technique that is often used to construct the loss distribution is by using historical
data. Here the loss distribution is constructed using a time series of historical data,
for example as the empirical distribution function. When one considers the losses
due to changes in asset prices, many data are available, and one can build a loss
distribution. For the modeling of the credit loss distribution little data are available,
as defaults in general are rare. Therefore such data might not suitable to construct the
loss distribution. On the other hand, one can use daily market data on market quotes
for credit derivatives, which are discussed in detail in Section 1.3, to approximate
loss distribution. Such derivatives are used to transfer credit risk, and the associated
premia give an indication of the credit risk involved.
Filtering
As an extension of the reduced form models, one can model the loss process as a Cox
Process. Each jump of the Cox process represents a default of one of the companies
in the portfolio. As is clear from the examples in Section 1.2.2 for the models for the
(stochastic) intensities, it is common to model the intensity as
dλt = μ(λt , t)dt + σ(λt , t)dWt ,

(1.5)

for some functions μ, σ, and Brownian motion Wt with respect to some ﬁltration Ft .
Following Bielecki and Rutkowski [BR02], one can write Ft = FtN ∨ Gt , where FtN is
the ﬁltration generated by the default counting process N , and Gt is another ﬁltration.
In general, models assume that λt (or Wt ) can be observed, as λt should be Ft measurable. In practice, one can usually only observe very little information about the
a company, and therefore one could question the assumption that λt is observable.
When we would assume that one can only observe the number of defaults in the
portfolio, where the intensity λt is given by (1.5), we can use the theory of ﬁltering
for point process observations, which is described in e.g. Brémaud [Bré81], to compute relevant quantities with respect to the loss distribution. In Chapter 2 we show
that we can derive the conditional moment generating function when we model the
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intensity as a CIR model. In that chapter, one also ﬁnds a brief introduction to ﬁltering with point process observations.

1.3

Credit Derivatives

In this section we describe a number of credit derivatives, which can be used to transfer the default risk from one party to another. The payoff of these derivatives is contingent on the occurrence of a default event. Depending on the deﬁnitions of the
contract of the credit derivative, the default event could be an unpaid coupon on a
speciﬁc bond, the bankruptcy of the underlying company or a restructuring of the
company.
In a credit derivative contract there are usually three parties involved, the protection
buyer, the protection seller and the reference entity. The protection buyer has to pay a
premium to the protection seller until maturity or until the default event with respect
to the reference entity occurs. In case a default occurs before maturity, the protection
seller has to compensate the loss incurred by the protection buyer. This can be done
with physical settlement, i.e. the protection buyer delivers defaulted bonds to the
protection seller, and receives the notional amount of the bond. Alternatively, the
derivative can be settled in cash. In such a case, the loss is typically determined by
asking several banks to provide prices for the defaulted bond. In both cases it is clear
that the buyer of protection transfers the default risk to the protection seller. The only
default risk that the protection buyer faces, is that the protection seller might not be
able to cover the loss in case of default. This risk is known as counterparty risk, and
it is present in almost any ﬁnancial contract.
The reference entity can either be a (bond of a) single company, or it can be a basket
of companies. In the former case we speak of single name credit derivatives, and in
the latter case we speak of multi name credit derivatives. In this section we discuss
the most popular credit derivatives traded.

1.3.1

Credit Default Swaps

The credit default swap (CDS) is the most liquid, and simplest credit derivative. It can
be seen as an insurance against the default of the referenced company. An investor
facing the default risk of a certain party, can enter into a CDS contract, by which
he effectively eliminates the default risk with respect to this party. We illustrate the
process behind a CDS in a simple example.
Example 1.1. Consider an investor that owns a bond with a notional value of 1000
Euro issued by ING bank that matures in two years, and say that the investor wants
to eliminate the default risk with respect to ING bank. He can then enter into a CDS
contract maturing after two years with, for example, ABN Amro bank, where the
default event is deﬁned with respect to this speciﬁc bond. The investor becomes the
protection buyer and ABN Amro becomes the protection seller.
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During the life of the CDS contract the investor has to make regular, e.g. quarterly,
premium payments. These payments are deﬁned as a fraction of the notional of the
CDS, say 0.8% or 80 basis points per year. In case ING does not default with respect
to this bond, the only payments made are those by the investor. Thus, in this case,
eight payments of two Euro are made.
In case ING does default, ABN Amro has to pay the amount lost by the investor.
Depending on the speciﬁcations of the contract there are two ways to make this payment, either physically or by cash settlement. Say that ING defaults after one year
and two months. First assume that the CDS is physically settled. In the ﬁrst year four
payments of 2 Euro are paid by the investor. After the default the investor hands
over the bond to ABN Amro and in return he receives 1000 Euro. Further, the investor has to pay a premium of 1.33 Euro, for the two month of protection during the
ﬁfth quarter of the contract.
Alternatively, the CDS contract could been cash settled. In such a case a number of
dealers is requested to give prices for the defaulted bond. Say that the eventual price
is 378 Euro, then ABN Amro has to pay the investor an amount of 1000 − 378 = 622
Euro.
♦
The market for credit default swaps has become very liquid over the last two decades.
This has led to a standardization of this market. Therefore market quotes are available for a wide range of maturities. For many companies, quotes with maturities, or
tenors, of three and six months, and one, two, three, four, ﬁve, seven, ten, twelve and
ﬁfteen years can be found in the market. Further, due to standardization the market
for credit default swaps, the time until the contract matures is usually not exactly
equal to the periods above. The contracts last for at least this period, but they are extended until the ﬁrst of four standard maturities, which are the twentieth of March,
June, September or December. If, for example, two parties enter into a CDS contract
with a tenor of 2 years on September 28, 2009, this contract will end on December
20, 2011, unless a default occurs before this date, which causes an earlier termination
of the contract. Naturally, an investor can always try to negotiate different contract
speciﬁcations, where the maturity can differ from the standard maturities.

1.3.2

Index Credit Default Swap

When an investor is exposed to the default risk of more than one company, he can
choose to enter into CDS contracts for all companies to whose default risk it is exposed. If one of the companies defaults, the respective CDS covers the resulting loss,
and the investor continues to make premium payments for the remaining CDS contracts. Alternatively the investor could enter into an index credit default swap, or
index swap. This swap is similar to the CDS, but instead of a single underlying, a
basket of companies is referenced. In case the CDS contracts are cash settlement, and
the weights of the companies in the basket are the same as for the separate CDS contracts, the index swap makes the same default payments. The premium payments are
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different however. The premium is paid with respect to the outstanding, or remaining, notional of the basket. At the start of the contract the premium is agreed which
has to be paid. After a default, less premium is paid, since the notional of the basket is reduced. The contract ends at its maturity or when all underlying companies
have defaulted. Similar to the regular credit default swaps, the more liquid index
credit default swaps are standardized, such that the underlying index consists of the
same underlyings and the contracts expire at the standard maturities introduced in
the previous section.
In the following section we discuss another credit derivative that can be used to transfer the default risk of a basket of reference entities.

1.3.3

Collateralized Debt Obligations

In the previous section we have seen a credit derivative that can be used to deal
with the default risk in a basket of reference entities. The advantage of this is that a
protection buyer does not incur losses in case any of these companies defaults. On
the other hand, one has to pay premium with respect to the whole basket. Further,
an investor could reserve a certain amount of money to cover the ﬁrst losses in this
basket himself, and he wants to receive protection against a certain fraction of the
losses. The remaining default risk should then be transferred. The collateralized debt
obligation (CDO) can be used to do this.
First, we consider a basket B of N reference entities. With respect to this basket we
deﬁne the loss process
LB
t =

N


1{τi ≤t} (1 − Ri )Ni ,

(1.6)

i=1

where τi is the default time of reference entity i, Ri is the (ﬁxed) recovery rate of reference entity i and Ni is the notional amount of the reference entity. A CDO tranche
provides protection on a part of the losses in this basket. The level where the protection starts, the attachment point, is given as a percentage of the notional of the basket.
When the losses in the basket exceed this level the protection buyer receives default
payments. When the losses exceed the detachment point of the CDO tranche, and the
contract has not matured, the protection buyer no longer receives default payments.
One says that the tranche has been exhausted. The protection buyer has to make regular premium payments with respect to the notional amount of the tranche, which
is equal to (d − a)% of the notional of the basket at the start of the contract, where d
denotes the detachment point and a the attachment point. The tranche loss, LB
a,d (t),
as a fraction of the tranche notional is given by,
B
d · LB
d (t) − a · La (t)
,
d−a


1
LB
min LB
x (t) =
t , x , for x = a, d.
x

LB
a,d (t) =

(1.7)
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In general the basket is split up into a number of consecutive tranches (ai , di ), such
that ai = di−1 , and a1 = 0%. The tranche (a1 , d1 ) = (0%, d1 ), clearly is the most risky
tranche, since the ﬁrst default of one of the reference entities leads to losses on this
tranche. This tranche is usually called the equity tranche. The subsequent tranches
are referred to as mezzanine tranches. The last tranche is called the super senior
tranche.
Example 1.2. Consider a basket of 100 reference entities, each with a notional of 1000
Euro. Then the total notional of the basket is 100,000 Euro. Suppose that an investor
is exposed to the default risk of (a part of) these reference entities, and that he wants
to cover losses between 5% and 15% in the basket, for a period of ﬁve years. This
means that when the loss process exceeds 5,000 Euro the investor starts to receive
default payments, until the loss process exceeds 15,000 Euro. Further assume that the
premium for this protection is 2% or 200 basis points, and say that the premium is
paid quarterly.
When no defaults occur during the ﬁrst three month, the investor has to pay 50 Euro
premium, as the notional amount of the tranche is Euro 10,000. Suppose that in the
following three months, four reference entities default, with recovery rates of 10%,
25%, 40% and 60%. The loss process then grows to 2,650 Euro. As this is still below
5,000 Euro, the investor has to pay 50 Euro premium after six months. Assume that
until the end of the ﬁrst year no further defaults occur. Then the investor has to make
two more premium payments of 50 Euro.
When three more reference entities default in the ﬁrst quarter of the next year, with an
average recovery rate of 25%, the loss process after the ﬁfteenth month equals Euro
4,900, yielding another premium payment of 50 Euro. If another company defaults,
say after one year and four months, with a recovery rate of 50%, the loss process,
now at 5,400 Euro, exceeds the attachment point of the CDO tranche, corresponding
to 5,000 Euro. The investor thus receives 400 Euro. In return it has to make a premium payment of 48.33 Euro, as the notional of the tranche has been reduced after
the default. (Note that over the ﬁrst month of this quarter still full premium has to be
paid).
The premium and default payments are made until the contract matures, or until the
loss process exceeds the detachment point of 15%, which corresponds to 15,000 Euro.
♦
Originally, the basket underlying the CDO is constructed of several bonds, loans or
other cash instruments. The main problem with this construction is that each bond
can have a different maturity, and loans might be repaid early. This requires a manager that replaces bonds and loans if necessary. As the market for CDS contracts has
become more liquid, it was realized that the basket of bonds and loans could be replaced by a basket of CDSs, resulting in synthetic CDO tranches. The advantages
of using CDSs, is that these all have the same maturity, and that the basket becomes
much easier to manage.
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The introduction of synthetic CDOs has lead to a large increase in liquidity for CDO
tranches, and to the introduction of CDO tranches with respect to standard baskets, or
indices. Two of the most popular referenced indices are the iTraxx index, consisting of
CDSs on 125 investment grade European companies, and the CDX index, consisting
of 125 North-American companies. In the Chapters 4 and 5 these indices and CDO
tranches in general are discussed in more detail.

1.3.4

Other Credit Derivatives

In the previous sections we have described some of the most popular credit derivatives. Next to these several other credit derivatives have emerged. Similar to the
regular CDS, the constant maturity CDS has been introduced, where the premium
payments depend on the market quote of a regular CDS at the beginning of a coupon
period.
Another single name credit derivative, is the credit default swaption, which gives the
holder the right to enter into a CDS contract at a certain future time against a certain
premium. The details of the option speciﬁes if one enters as protection buyer or seller.
Next to the CDO, the N -th to default swap is also a popular multi name credit derivative. In such a contract one is protected against the N -th default that occurs in the
underlying basket. Usually this is the ﬁrst or second default.
A popular variation of the CDO, is the forward starting CDO, where the protection
starts at a future time T . Companies that default before this time are excluded from
the basket or one can assume that the loss process increases, without triggering default payments.

1.4

Modeling Credit Derivatives

In this section we discuss models for the valuation of credit derivatives. We mainly
focus on the credit default swap (CDS), the index swap and the collateralized debt
obligation. These are the most liquid instruments. We ﬁrst focus on the modeling of
a single default time, which allows us to value a CDS contract. In addition we can
value an index swap contract as well, as this does not depend on the dependence
between the different companies in the underlying basket. Thereafter we discuss
models that can be used to value (synthetic) CDO tranches.

1.4.1

Valuation of Credit Default Swaps

In Section 1.2 we have encountered two different approaches to the modeling of default times, the structural and reduced form approaches. As both approaches model a
single default time, they can easily be used to determine the value of a CDS contract.
Assume that the contract has a maturity of T years, and that premium has to be paid
at times T1 < · · · < TN . Further assume that the percentage of premium, or spread,
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that has to be paid is denoted by s. Then we can determine the value of the contract
as the difference between the expected present value of future premium payment and
the expected present value of a possible payment in case of default. If, for simplicity
, we assume that the notional amount of the CDS contract equals 1, then the expected
value of the premium payments, or premium leg (PL), is given by

PL = E

N



δi D (Ti ) 1{τ >Ti }

i=1

=

N


δi D (Ti ) P (τ > Ti ) ,

(1.8)

i=1

where D(t) is the discount factor, i.e. the present value of receiving 1 unit of currency
at time t, τ is the default time of the company underlying the CDS, and δi is the year
fraction for the period from Ti−1 to Ti . For simplicity we have ignored the partial
premium payment in case of default. The expected amount of premium that will be
paid, can be obtained by multiplying by the spread s.
The expected present value of the possible default payment, or default leg (DL), is
given by


DL = E D(τ )1{τ ≤T } (1 − R)
≈

M

i=1



D(ti ) (P (τ ≤ ti ) − P (τ ≤ ti−1 )) 1 − Rﬁx .

(1.9)

Here R is the recovery rate, the time points ti form a discretization of the interval
[0, T ], and ti = (ti−1 + ti )/2. It is a common approach to assume a ﬁxed, deterministic recovery rate Rﬁx . Further one usually approximates the expectation by assuming
that the default can only occur on a certain time grid t1 < · · · < tM , i.e. one computes the integral numerically. In case the recovery rate is modeled as a stochastic
quantity (independent of τ ) one can calculate the expectation by conditioning on the
realization of R.
The value of the CDS contract is obtained as the difference between the two legs.
The value for the protection buyer is thus given as DL - s· PL, and the value for the
protection seller as s·PL - DL. Usually the spread s is chosen such that the contract
initially has zero value. Clearly this allows one to calibrate model parameters from
market quotes for CDS contracts with different maturities. Especially the levels of
the piecewise constant intensity that was discussed in Section 1.2.2, can easily be determined. One can choose the ﬁrst level of the intensity such that the ﬁrst CDS quote
is matched. Next, one can match subsequent CDS quotes by adjusting the following
levels of the intensity. In such a way the intensity is constant between the maturities
of the CDS contracts used. This process is often referred to as bootstrapping of the
intensity.
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From Equations (1.8) and (1.9) it is clear that, in case a deterministic recovery rate is
assumed, one only needs to know the distribution of the default time to value a CDS
contract. This implies that we can (easily) use all models from Sections 1.2.1 and 1.2.2
to value CDSs.
For the valuation of an index CDS, it is sufﬁcient to add the respective premium
and default legs for CDSs on the companies underlying the index CDS, to obtain the
premium and default leg of the index CDS.

1.4.2

Models for Collateralized Debt Obligations

Above we have seen that the valuation of CDS contracts is straightforward once the
distribution of the default time can be calculated. In this section we look at the valuation of the more complex collateralized debt obligation (CDO). First we look at
general pricing formulas. Thereafter we introduce the base correlation framework,
which is the most popular model to value CDO tranches. The section is concluded by
considering other models that have been proposed for the valuation of CDO tranches.
Pricing Formulas
To value a CDO tranche one has to determine the value of the protection and premium legs. These values depend directly on the cumulative loss process LB
t , as in
Equation (1.6). We write a for the attachment point of the tranche and d for the detachment point, and write T for the maturity of the contract. Further we assume that
premium payments are made at times T1 < · · · < TN . The value of the premium leg,
where the tranche loss in calculated as fraction of the tranche notional, is given by
N

 Ti



1
B,T
B
1 − La,d (t) dt ,
PLa,d = E
δi D (Ti )
Ti − Ti−1 Ti−1
i=1
where the tranche loss is denoted by LB
a,d (t), as deﬁned in (1.7). Instead of calculating
the integral above, one usually uses the average of the loss process at the start and
the end of the period as an approximation. This yields
PLB,T
a,d ≈

N


δi D (Ti ) 1 −

i=1




1  B
E La,d (Ti−1 ) + E LB
.
a,d (Ti )
2

The default leg, i.e. the expected present value of the payments in case defaults occur,
is given by


T
B,T
D(t)dLB
DLa,d = E
a,d (t)
0

≈

K

i=1

 

 B

D (ti ) E LB
a,d (ti ) − E La,d (ti−1 ) .
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where the latter summation expression is an approximation of the integral.
From the formulas above it is clear that we need to calculate the expected tranche loss
at certain points in time in order to determine the value of a CDO tranche. Further one
can observe from Equation (1.7) that the tranche loss can be written as the difference
between two equity tranches.
 Therefore we only need to compute expected equity
(t)
, for various d and t. In the remainder of this section we
tranche losses, i.e. E LB
d
consider some popular models for the valuation of CDO tranches.
Copulas
The ﬁrst type of models we consider are so-called copulas. Such models allow one to
model the dependence between random variables, in such a way that the marginal
distributions are not affected. If we write F1 , . . . , FN , for the marginal distributions
of a set of random variables X1 , . . . , XN , then we can calculate the joint distribution
of X1 , . . . , XN as
P (X1 ≤ x1 , . . . , XN ≤ xN ) = C (F1 (x1 ), . . . , FN (xN )) ,
where C : [0, 1]N → [0, 1] such that there exists a collection of uniform variables
U1 , . . . , UN for which the joint distribution function is given by the function C, and in
addition C(1, . . . , 1, Fi (xi ), 1, . . .) = Fi (xi ) for all i. The function C is called a copula
function. A good introduction to copulas is by [Nel99]. Some well known copulas are
the product copula, which results when independence is assumed, and the Gaussian
copula, which is based on the multivariate normal distribution.
We consider a special, and intuitively clear, way of creating copulas, through the
factor copula approach. We deﬁne the set of random variables X1 , . . . , XN as

Xi = ai · Y + 1 − ||ai ||2 · εi , i ≤ N
(1.10)
where Y ∈ RM , Y and εi are independent, and ||ai || ≤ 1 for all i ≤ N . The factor Y is
usually referred to as the common factor, and the εi as the idiosyncratic factor. One
can interpret the role of Y as a general state of the economy, and the εi as the state of
company i.
We write Fi for the marginal distribution of company i, which is obtained from CDS
market data for this company. In the factor copula setup we assume that the company
defaults when for the ﬁrst time Xi ≤ χi (t), for some nondecreasing function χi (t),
which is chosen such that for all t
Fi (t) = P (τi ≤ t) = P (Xi ≤ χi (t)) .
In this way the marginal distributions are matched.
To calculate the expected tranche losses we assume that recovery rates are deterministic, but possibly different for each underlying. This ﬁxes the size of losses, and what
remains is the calculation of the probability that the loss ends up at a certain level,
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i.e. P LB (t) = x . The advantage of the factor copula approach is that the variables
Y.
Xi are independent when we condition on the realization of

 the common factor
This allows us to easily build the conditional distribution P LB (t) = x|Y = y , as in
explained in Chapter 4. The unconditional distribution can then be obtained by integration.
Base Correlation
The most popular factor copula model is the one-factor Gaussian Copula, which was
introduced to credit risk modeling by Li [Li00], where both Y and εi are standard
normally distributed, and one sets ai = ρ for all i, where 0 ≤ ρ ≤ 1 denotes the
correlation. Very accurate and fast approximations to the normal distribution allow
for a fast valuation of CDO tranches.
The problem with the one-factor Gaussian copula is that one cannot calibrate to market prices with a single correlation value. In a ﬁrst attempt to deal with this issue,
the implied, or compound, correlation was introduced. Here a different correlation
is used for each CDO tranche such that the tranche is repriced. This approach is
analogous to the calculation of implied volatilities for call and put options in other
markets, such as the equity and the foreign exchange markets. The disadvantage of
the implied correlation approach is that the correlation depends on the attachment
as well as the detachment point, which makes it difﬁcult to interpolate the correlation in order to value a tranche with nonstandard attachment or detachment points,
especially since market quotes are available for a small number of tranches.
Above we have observed that both legs of a CDO tranche contract can be valued as
the difference of two equity tranches. This observation has led to the introduction of
the base correlation framework. In general, market quotes are available for a number of consecutive tranches, and one can iteratively solve for a correlation for equity
tranches.
After all base correlations have been calculated on can use interpolation to value any
tranche (a, d), using the two correlations ρa and ρd . A big advantage over the implied
correlation is that we now have to interpolate a function of a single variable. As we
shall see in Chapter 4, the base correlation curve is increasing, whereas the implied
correlation curve is usually not. In Chapter 4, we present a more detailed description
of the base correlation framework, and we consider three different ways in which
one can interpolate the base correlations, and we discuss the consequences of each
interpolation method.
Other Models for CDOs
Due to the disadvantages of the base correlation framework, many different models
for the valuation of CDO tranches have been introduced. In this section we brieﬂy
discuss a number of these models.
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As an extension to the one-factor Gaussian copula, several authors have considered
one-factor copulas. Different kinds of distributions are proposed for the common and
idiosyncratic factors, or the correlation parameter is assumed to be a random variable.
Each of these factor copulas attempts at matching a range of CDO quotes with a single
set of parameters. Below, we brieﬂy consider a number of these alternative one-factor
copulas, which are discussed in more detail in Chapter 5.
Instead of assuming that the factors Y and εi , as in (1.10), have a standard normal distribution, Hull [HW04] considers the Student t-distribution for both factors, to obtain
the Double-t factor copula. The Student t-distribution has much fatter tails compared
to the normal distribution.
Similar to the double-t factor copula, Kalemanova et al. [KSW05] have considered
the normal inverse Gaussian (NIG) distribution for both factors, which resulted in
the NIG factor copula. This distribution also shows fatter tails than the normal distribution. Further, in contrast to the normal and student t-distribution, this distribution
is not symmetric, which allows for fat left (or right) tails, and thin right (or left) tails.
A different kind of extension has been consider by, amongst others, Burtschell et al.
[BGL05]. Here the distribution of the factors Y and εi is still the standard normal
distribution, but now the correlation parameter ρ is assumed to be a random variable.
In particular, it is assumed that the correlation can take on a ﬁnite number of values
ρi , with probabilities pi . The resulting factor copula model is referred to as the mixture
factor copula.
The idea of a random correlation has also been adopted by Andersen and Sidenius
[AS04], which let the correlation depend on the value of the factor Y , i.e. the state of
the economy. The interpretation behind this assumption is that correlations tend to
increase when the state of the economy deteriorates. In its simplest form, the correlation can take on two different values, which depends on Y being above or below
a certain level. In Chapter 5 we consider a somewhat more advanced version of the
random factor loadings factor copula.
Next to these four alternative factor copula models, which are described in more
detail in Chapter 5, several other versions have been proposed. Some of these are
brieﬂy described in this chapter as well.
Besides the factor copula framework, many authors have attempted to match CDO
market data with different kinds of models. In the remainder of this section we provide a brief, and far from complete, overview of such models.
The factor copula models that we have considered above model the loss distribution by modeling the individual default processes, and the dependence is introduced
through a copula. This approach, where the individual default processes are modeled, are often referred to as bottom-up.
Next to the bottom-up modeling, some authors have modeled the loss process directly, often ignoring the individual characteristics. Such models are usually referred
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to as top-down models. Giesecke et al. have used this approach in [GGD05] and
[EGG09], where the general setup of top-down modeling is introduced, together with
more detailed examples. The top-down approach has also been followed by Brigo et
al. [BPT06] and [BPT07], where a sum of Poisson models is used to model the loss
process from the top down.
In an attempt to introduce a full dynamical model for the valuation of more advanced credit derivatives, such as options on CDO tranches, Schönbucher [Sch06]
and Sidenius et al. [SPA06] have considered dynamical models for the evaluation of
the loss process, which are inspired on the Heath-Jarrow-Morton modeling approach
[HJM92] used in interest rates.

1.5

Credit Crisis

After the market for credit derivatives had grown explosively for almost two decades,
this market collapsed when the credit crisis started halfway 2007. Many house owners in the United States could not pay their mortgages, which led to large losses on
mortgage portfolios owned by banks or insurance companies. Banks had sold these
mortgages in CDO-like, and more complex, structures to other banks or investors.
Such structures were initially seen as very save investments, as in general high ratings were given to these structures. Soon after house owners defaulted on their mortgages, it turned out that the structures were in fact bearing high risks. This led to
large losses and a lot of uncertainty. Therefore banks had to write off huge amounts
of money on these and other types of credit derivatives off their balance sheets, incurring losses of many billions. Following these events, stock markets world wide collapsed in 2008, leading to a ﬁnancial crisis. Several banks, such as Lehmann Brothers
and Bear Stearns defaulted, and the trust between banks almost completely disappeared, making it almost impossible for banks to borrow money from other banks.
Many banks received enormous amounts of money from governments in order to
survive.
Many people have blamed the mathematical models, and especially the Gaussian
copula, for the credit crisis. The Gaussian copula had been widely used to value
all sorts of credit derivatives, despite its limitations. When this model was ﬁrst introduced by Li [Li00], he already stressed that one should be careful applying this model
in practice, as the normal distribution is not always a suitable distribution. In practice such warnings were ignored on a large scale, and practitioners invented ways
to deal with the ﬂaws of the Gaussian copula, e.g. by the base correlation approach
[MBAW04]. Base correlations, however, can only be obtained for a limited number
of underlying baskets, which meant that many credit derivatives were valued based
on ’the wrong data’ obtained with ’the wrong model’. Despite many people being
aware of such limitations, the Gaussian copula still became the most popular model
because of its simplicity and as it is easy to implement.
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The credit crisis has shown that it is very important to correctly model loss process
and dependence structures for (large) portfolios which bear credit risk. Furthermore,
it became clear that many banks did not reserve enough money to account for credit
losses. In this thesis we do not explicitly focus on the credit crisis, as many of the
issues related to this crisis were outside the scope of the research underlying this thesis. However, in Chapters 2 and 3 we discuss two alternative ways of modeling the
loss process, and analyzing some of its properties, ﬁrst by modeling the loss process
under the assumption of incomplete information, where the process driving the loss
process is not observed. Secondly we focus on the asymptotic behavior of the loss
process as the size of the portfolio increases. We derive characteristics of the path of
the loss process, both as a large deviation principle and, for a special case, as the exact
asymptotic behavior. The two modeling approaches address some of the shortcomings of current models, where full information is assumed or where the loss process
is only considered at a ﬁxed point in time. In Chapters 4 and 5 we present empirical
analysis of pre-crisis CDO data, where the base correlation and other factor copula
models are investigated. We show that the way base correlations are interpolated,
can have a large inﬂuence, and in many cases substantial differences can be observed
between the modeled and true values. Further we show that alternative factor copula
models can do a reasonable task at ﬁtting to pre-crisis data.

1.6

Outline

The remaining chapters in this thesis can be divided in two parts. The ﬁrst part,
Chapters 2 and 3, deals with two mainly mathematical topics, applied to credit risk.
In the second part, Chapters 4 and 5, more practical results are discussed.
In Chapter 2 we model the number of defaults in a large credit portfolio as a Cox
process where the intensity follows the square-root, or a Cox-Ingersoll-Ross process.
We assume here that we cannot observe the Brownian motion that is driving the
intensity process. Using ﬁltering theory for point process observations we are able to
derive explicit expressions for the conditional moment generating function of the loss
counting process. We ﬁrst derive partial differential equations for the evolution of the
moment generating function between default times, which can be solved explicitly.
Further we ﬁnd the expression for this function at default times. By combining these
results, and by assuming that the intensity initially has a gamma distribution, we are
able to derive a recursive expression for the moment generating function.
In Chapter 3 we derive a number of asymptotic results for the loss process of a large
credit portfolio. We consider a portfolio of n independent and identically distributed
obligors, and we model their default time and loss given default separately. Under
mild restrictions we derive a large deviation principle for the path of the loss process
on a ﬁnite time grid. This large deviation principle allows us to calculate exponential
bounds on the probability that the path of the loss process is in certain sets. Thereafter
we present an (easy-to-check) condition under which the result holds. In the second
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part of the chapter, we derive the exact asymptotic behavior of the probability of the
loss, or the increment of the loss, ever (on a countable time grid) exceeding a certain
(time dependent) threshold. It turns out that the asymptotic behavior is completely
determined by the ’most likely’ time point. At the end of this chapter extensions of
the presented results are discussed, where we consider a more diversiﬁed portfolio
or dependence between the different obligors. Further we discuss how our results
change if we consider a continuous time interval or a countable time grid, and the
associated complications.
In Chapter 4 we analyze a large data set of market prices for CDO tranches, running from December 2004 up to November 2006, on iTraxx and CDX indices. Next
to quotes for CDO tranches with ﬁve and ten year maturities, this data set contains
CDS data for the underlying companies of the CDO tranches, and interest rates that
are used for discounting payments. First a regression analysis is performed on the
CDO quotes, to see up to which degree the levels of CDO tranche quotes can be explained by quotes for the index CDS on the same basket. Thereafter we calculate base
correlations for all CDO tranche quotes, and we compute the correlation between the
base correlations for all tranches, where it is observed that these correlations are in
general very high. In the last part of the chapter we compare three different interpolation methodologies for the base correlation skew. We focus on the ability to price
nonstandard CDO tranches, by pricing CDO tranches with ﬁve year maturities with
the ten year skew, and vice versa. Further we price CDO tranches on the iTraxx index with the skew from the CDX index, and vice versa. The test results show that
the most advanced interpolation method performs best, but the differences with the
actual prices can still be signiﬁcant.
In Chapter 5 we consider some of the alternative one-factor copula models from Section 1.4.2. We calibrate these models to market quotes from the same set of market
data as in Chapter 4. Our main objective is to see how well the models are able to
reproduce the market quotes. Further, we compare the performance of the models
against each other. It turns out that the performance of the alternative factor copula
models is of the same order. We conclude the chapter by investigating the models
individually, where they are not only judged by there ability to match market quotes,
but also by parameter stability, where unstable parameters can be an indication of
over ﬁtting to the data.

CHAPTER

2

A Filtering Problem with Applications to Credit Risk

In the ﬁrst chapter of this thesis we have given a brief introduction into the modeling
of credit risk and credit derivatives. In this chapter, that is based on [LS09], we present
a model for the loss process of a credit risky portfolio. We model this loss process
as a Cox process, where the default intensity is of the Cox-Ingersoll-Ross type. It
is assumed that the Brownian motion driving the intensity process is not observed.
With ﬁltering using point process observations, we derive a recursive solution for the
conditional moment generating function of the default counting process, given that
we only observe the defaults.

2.1

Introduction

The main results of this chapter are explicit, closed form expressions for the solution
of a ﬁltering problem with counting process observations, where the unobserved intensity process is a solution to a square root stochastic differential equation. As a
matter of fact the explicit solution we provide, is split into a part that concerns the
update of the ﬁlter at jump times and a part that solves the problem between jump
times. This of course reﬂects the usual strategy for ﬁltering problems with counting
observations. The evolution of the ﬁlter between jump times is commonly expressed
by a partial differential equation for the conditional moment generating function. In
general an explicit solution to this PDE is impossible to get, if only were it for the
fact, that it can be viewed as an inﬁnite dimensional problem, reﬂecting that the ﬁlter
itself is in general inﬁnite dimensional. However for the speciﬁc choice of the state
process that we have made, we are able to provide explicit solutions. The choice
for our speciﬁcation of the state process is made upon two considerations. First it is
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known that for conditional Poisson process where the intensity is a random variable
having a Gamma distribution, the ﬁltered intensity at a time t also has a Gamma distribution, with parameters depending on t and the value Nt of the counting process.
However, in the case that we analyze, the random intensity is also evolving in time, it
solves a stochastic differential equation of the Cox-Ingersoll-Ross type, which admits
a stationary solution for which all marginal distributions also belong to the Gamma
family. By choosing the initial distribution of the intensity properly we are able to
come up with explicit expressions for the conditional moment generating function,
and we also show that the ﬁltered intensities have distributions that are mixtures of
Gamma distributions.
Another reason to study the chosen state process is that it comes up naturally in a
simple model for credit risk, which has become a major ﬁeld of interest in ﬁnancial
mathematics. Indeed, in [Sch03b] the author considers this model for the intensity.
Further, [Duf05] considers more general afﬁne models for credit risk. The ﬁltering
problem in this set up has previously been studied in [FPR07], where the focus was
more on the update for the ﬁlter on jump times, whereas we also treat the evolution
between jump times in great detail. The ﬁltering problem as such has already been
mentioned in [BB80], where the state process was assumed to follow an OrnsteinUhlenbeck process and the intensity of the counting process was taken to be the
square of the state process, which is easily shown to be a CIR process. Although
in [BB80] attention has been paid to the evolution of the ﬁlter between jump times,
an explicit formula for the solution of the resulting PDE has not been given. We obtain this part of the solution analytically by providing a closed form solution to a
partial differential equation. Furthermore, we follow a different approach to obtain
the recursive solution at jump times as compared to [FPR07]. By combining these
solutions, we obtain a solution for all t > 0. It is further observed that the resulting
conditional moment generating function at time t corresponds to a mixture of Nt + 1
Gamma distributions according to some discrete distribution.
Let us give some background for credit risk modeling and explain why ﬁltering is
a natural tool in this ﬁeld of research. The main goal in credit risk is the modeling
of the default time of a company or default times of several companies. The default
times are often modeled using the so-called intensity-based approach, as opposed
to the ﬁrm value approach. Here, the default time of a company is modeled as the
ﬁrst jump time of a Cox process, of which the intensity is driven by some stochastic
process, e.g. Brownian motion, or, in case of more than one company, as consecutive
jump times of this Cox process. This approach enables one to calculate survival probabilities, and to price ﬁnancial derivatives depending on the default of one or more
companies, such as defaultable bonds and credit default swaps. We refrain from a further presentation of these issues as it is beyond the objectives of this chapter and refer
to [RMR07] and [Sch03a] for detailed expositions. Overviews of the intensity-based
modeling approach can be found in [Lan98], [Gie04] and [Eli05]. In this approach, it
is a common assumption that the driving process can be observed, i.e. the observed
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ﬁltration is generated by the Cox process, which can be seen as the default counting
process, and by the driving process.
In this chapter it is assumed that the driving process is not observed, and thus only
a point process Nt is observed, which introduces a stochastic ﬁltering problem for
point processes. In particular the intensity is assumed to follow the Cox-IngersollRoss (CIR) model, where the driving Brownian motion is not observed.
Our results are obtained under the assumption that the CIR process follows a SDE
with constant parameters. We brieﬂy discuss what happens if we let the parameters
also depend on time. Such a model is more attractive from a practical point, since
it allows for more ﬂexible modeling. In general we will then loose the attractive
feature of obtaining closed form solutions. But if one restricts the model by taking
parameters which are piecewise constant functions, closed form solutions still exist.
In practice these piecewise constant models have become popular in credit risk as its
ﬂexibility doesn’t destroy calibration procedures, see [Luo05].
The chapter is organized as follows: In Section 2.2 the Cox-Ingersoll-Ross model is
discussed and some results for the case of full information are discussed. Next, in Section 2.3, the ﬁltering problem is introduced and some background is given for ﬁltering of point process observations. First, the ﬁltering formulas from [Bré81] are given,
and the equations for the conditional intensity and conditional moment generating
function are derived. Then, in the second part of Section 2.3, we introduce ﬁltering
by the method of the probability of reference, and the ﬁltering equations are transformed
using the ideas introduced in [BB80]. Section 2.4 deals with the ﬁltering problem
between the jump times of the point process, given the initial distribution of the intensity at jump times. In Section 2.5, the ﬁltering problem is solved at jump times, and
an explicit, recursive solution is obtained, which combines the solutions between and
at jumps. Further the resulting conditional moment generating function is analyzed
and it is observed that this function agrees with the moment generating function
of a mixture of Gamma distributions. The section concludes with an illustration of
the mixing probabilities. Finally, in Section 2.6 we discuss possible extensions of the
problem under consideration, where the parameters of the SDE for the state process
are allowed to be time varying or where the state process is more dimensional.

2.2

Model and Background

The main goal of the chapter is to derive explicit closed form expressions for a ﬁltering problem with counting process observations. Filtering problems with such
observations have been studied already some 30 years ago, see e.g. [SDK75], [Sch77]
and [BJ77] and the later appearing book [Bré81]. Recently this kind of problem has
gained renewed interest in the ﬁeld of credit risk modeling, see also [FPR07], as we
will outline below. One of the main goals in this ﬁeld is the modeling of the default time of a company or the default times of several companies. Over the years
two approaches have become popular, the structural approach and the intensity-based
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approach. In the structural approach the company value is modeled, for example as
a (jump-)diffusion, and the company defaults when its value drops below a certain
level. This approach is discussed in more detail in e.g. [Gie04], [BR02] and [Eli05].
In the intensity-based approach the default time is modeled as the ﬁrst jump of a
point process, e.g. a Poisson process or, more general, a Cox process, which is an
inhomogeneous Poisson process conditional on the realization of its intensity. In case
one considers more than one company, one can model the default times as consecutive jump times of the Cox Process. In [Lan98], [Gie04] and [Eli05] this modeling
approach is discussed in more detail, and [Sch02] provides a detailed application. In
this chapter we focus on the intensity-based approach, where the intensity λt of the
Cox process, a nonnegative process, has an afﬁne structure, similar to interest term
structure models [DK96]. This means that the intensity process λt follows a stochastic
differential equation (SDE) of the form:

(2.1)
dλt = (a + bλt )dt + c + dλt dWt ,
for a Brownian Motion Wt , with d > 0. In particular, the focus is on the Cox-IngersollRoss square root (CIR) model with mean reversion, [CIR85], for the intensity, where
the intensity λt satisﬁes

(2.2)
dλt = −α(λt − μ0 )dt + β λt dWt .
In [LL96, Section 6.2.2.] one ﬁnds parameter restrictions for this model which guarantee positivity of λt . Naturally one should start with a positive initial value λ0 , and
if αμ0 ≥ β 2 /2, then λt remains strictly positive with probability one. Note that using
the transformation Xt = λt + c/d and by a reparametrization, Xt satisﬁes the general
SDE (2.1), and λt satisﬁes (2.2). This implies that the general form (2.1) and the CIR
intensity (2.2) are in fact equivalent. Therefore the CIR intensity will be considered in
most of the remainder of this chapter.
A big advantage of the afﬁne setup that we choose in this chapter, is that many relevant quantities in credit risk can be calculated explicitly. Using the formulas from
[LL96, Section 6.2.2.] one can, for example, easily calculate the survival probability
P(τ > t|Fs ), with t > s and Ft = FtN ∨FtY , where the former ﬁltration is generated by
the point process Nt and the latter by some process Yt driving the intensity process.
Example 2.1. Consider, on the ﬁltered probability space (Ω, F, (Ft )t≥0 , P), a random
time τ > 0 as the ﬁrst jump time of a Cox process Nt , which intensity follows the CIR
model (2.2). Further assume that Ft = FtN ∨FtW , where FtW is the ﬁltration generated
by the Brownian motion that drives the intensity process. Then one can calculate the
survival probability for t > s as

 t


P(τ > t|Fs ) = 1{τ >s} E e− s λu du  FsW ,
(2.3)
which follows from formulas in [BR02, Chapter 6]. Since λt is a Markov process, one
can condition on λs instead of FsW . An application of Proposition 6.2.4. from [LL96]
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to (2.3) yields
P(τ > t|Fs ) = 1{τ >s} exp (−αμ0 ϕ(t − s) − λs ψ(t − s)) ,

(2.4)

where
2γet(γ+α)/2
2
log
2
β
γ − α + etγ (γ + α)
2 (eγt − 1)
ψ(t) =
γ − α + etγ (γ + α)

γ = α2 + 2β 2 .♦
ϕ(t) = −

Other relevant quantities, such as the price of a defaultable bond, can also be calculated analytically, under some restrictions on the interest rate, e.g. by posing that
the interest rate evolves deterministically. In [FPR07] some of these quantities are
considered in more detail.
It is a common assumption, which is also followed above, that the ﬁltration Ft is
built up using two ﬁltrations, FtY and FtN , where the ﬁrst ﬁltration represents the
information about the process driving the intensity and the second ﬁltration contains
information about past defaults. In this chapter it is assumed that the factor Y is not
observed which results in a ﬁltering problem of a point process.
In the following sections the problem is introduced formally and solved for the case
where the intensity follows the CIR model.

2.3

The Filtering Problem

In ﬁltering theory one deals with the problem of partial observations. Suppose that a
process Zt on the probability space (Ω, F, P) is adapted to the ﬁltration Ft . Furthermore let the process Yt be observed, where Yt is measurable with respect to a smaller
ﬁltration FtY  Ft . One is then interested in conditional expectations of the form


Zt = E Zt |FtY , and one tries to ﬁnd the dynamics of the process Zt , for instance by
showing that it is the solution of a stochastic differential equation.
In this section the ﬁltering problem is considered in the case a point process is observed. First some general theory about ﬁltering with point process observations is
discussed, and Example 2.1 is continued within the ﬁltering setup. The calculation
of the survival probability depends on the conditional moment generating function,
for which an SDE is derived. In the second part of this section this equation is transformed in such a way that the ﬁltering problem allows an explicit solution.

Filtering Using Point Process Observations
In the case of point process observations the observed process Yt is equal to the point
process Nt , with jump times Tn , and with Ft -intensity λt . The process Zt is assumed
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to follow the SDE

dZt = at dt + dMt ,

(2.5)
t

for an Ft -progressive measurable at , with 0 |as |ds < ∞, and an Ft -local martingale
Mt . The ﬁltering problem is often cast as the calculation of the conditional expectation E[Zt |FtN ] =: Zt . Using the ﬁltering formulas from [Bré81, Chapter IV], a representation of the solution to this ﬁltering problem can be found. In case the (local)
martingale Mt and the observed point process have no jumps in common, one has:




 t−
Zλ
t dt ,


at dt +
− Zt−
(2.6)
dNt − λ
dZt = 
t−
λ
with 
at := E[at |FtN ], and Xt− := lims↑t Xs .
Example 2.2 (Example 2.1 continued). When one wants to calculate the survival
probability given FtN , one has Zt = 1{τ >t} . Combining this with the survival probability in the case of full information, one can calculate the survival probability P(τ >
t|FsN ).

 



P τ > t|FsN = E P τ > t|FsN ∨ FsW  FsN


= 1{τ >s} exp (−αμ0 ϕ(t − s)) E exp(−ψ(t − s)λs )| FsN ,
which can be calculated if an expression for the conditional moment generation func


♦
tion f(s, t) := E esλt  FtN is available.
The above example illustrates that one can calculate the survival probability if the
conditional moment generating function f(s, t) is known. As a ﬁrst step in the deter

t := E λt | F N and f(s, t) are determined.
mination of this function, the SDEs of λ
t
First Itô’s formula is used to obtain the SDE for esλt , where λt satisﬁes (2.2)



1 2 2 ∂ sλt
sλt
sλt
e + sαμ0 e
=
−αs + s β
(2.7)
de
dt + β λt esλt dWt .
2
∂s
t
The ﬁltered versions are obtained by applying formula (2.6). One obtains for λ


2


λ
t
−
t = −α(λ
t − μ0 )dt +
t−
t dt ,
dλ
−λ
(2.8)
dNt − λ
t−
λ
and for f(s, t) one ﬁnds


1 2 2 ∂ 


df (s, t) =
−αs + s β
f (s, t) + sαμ0 f (s, t) dt
2
∂s


∂ 


∂s f (s, t−)
t dt .
− f(s, t−)
dNt − λ
+
t−
λ

(2.9)
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In general, ﬁltering equations are very difﬁcult, if possible at all, to solve explicitly,
2 and the second equation involves comsince the ﬁrst equation involves terms with λ
t
t and f(s, t). In order to solve these equations one should also have
binations of λ
3 and so on, assuming that they exist. So instead
2 , but this involves λ
equations for λ
t
t
of trying to solve these equations directly, a different approach is considered in order
to ﬁnd an expression for f(s, t).

Filtering by the Method of Probability of Reference
In order to solve the problem introduced above, the ﬁltering by the method of probability
of reference is considered, see [Bré81, chapter VI] or [BB80, Section 2]. In this approach
a second probability measure P0 and intensity process λ0t are introduced, such that
t
Nt − 0 λ0s ds is a martingale with respect to Ft under P0 . Corresponding to this change
of measure one has the likelihood ratio, or density process Λ, given by
 
 t

λs− − λ0s− 
dP 
F
dNs − λ0s ds .
Λt := E
Λ
=
1
+
t
s−
0

dP0
λs−
0


(2.10)

This likelihood ratio turns out to be a useful tool to solve the ﬁltering problem for
f(s, t). It is known, see e.g. [Bré81] for the case λ0t ≡ 1, that the ﬁltered version of this


 t := E Λt | FtN follows an equation similar to (2.10). One has
likelihood ratio, Λ
t = 1 +
Λ



t
0


0 

0 ds
 s− λs− − λs− dNs − λ
Λ
s
0
λ
s−

To solve the ﬁltering problem for f(s, t) an auxiliary function g(s, t) is introduced. It
is deﬁned by
 t exp −
g(s, t) := f(s, t)Λ



t
0

0 du .
λ
u

(2.11)

The exponent is used in order to obtain a simpler SDE of g(s, t). After a solution to
this equation has been found, one can obtain f(s, t) by
g(s, t)
.
f(s, t) =
g(0, t)

(2.12)

It is directly clear that the ﬁrst and third component of g(s, t) are positive, and from
(2.14) follows that also the second component is positive, and thus the division in
(2.12) is well deﬁned. The solution to the ﬁltering problem is obtained as soon as an
expression for g(s, t) is found. In Proposition 2.3 an SDE is derived for g(s, t) for the
intensity following the CIR model.
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Proposition 2.3. Let g(s, t) be given by (2.11), then one has, for t ≥ 0

1 2 2
∂
s β − sα − 1
g(s, t) dt
dg(s, t) = sμ0 αg(s, t) +
2
∂s


−1 ∂
0
g(s, t−) − g(s, t−) dNt .
+ λ
t−
∂s


(2.13)

Proof. As a ﬁrst step in proving (2.13), one can rewrite the function g(s, t). Denoting
 t is given by
the jump times of Nt as Tn , an alternative expression for Λ
t =
Λ





T −
λ
n
0

λ


exp −

0

Tn −

Tn ≤t

 t


0 du ,
u − λ
λ
u

(2.14)

which can be checked by a direct calculation. From this it is easy to see that
 t
0 du
 t exp −
f(s, t)Λ
λ
u

0
 t
 λ
T −
n
u du
exp −
= f(s, t)
λ
0
λ
0

(2.11)

g(s, t) =

Tn ≤t

t .
=: f(s, t)L

Tn −

 t one ﬁnds the SDE
For L
t =
dL


t− 
 t− λ
L
0 dt − L
 t− dNt .
dNt − λ
t
0
λ
t−

The SDE in (2.13) follows from the product rule
t + L
 t− df(s, t) + Δf(s, t)ΔL
t
dg(s, t) = f(s, t-)dL



t− 
 t− λ
L
0 dt − L
 t− dNt
dNt − λ
= f(s, t−)
t
0
λ
t−


∂ 
1
 t−
f (s, t) + sαμ0 f(s, t) dt
+L
−αs + s2 β 2
2
∂s



∂ 


∂s f (s, t−)


− f (s, t−)
dNt − λt dt
+

λt−



∂ 
t−
 t− λ
L
∂s f (s, t−)
 t− dNt .
+
− f(s, t−)
−L
t−
0
λ
λ
t−
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Collecting the terms before dt and dNt , one obtains the equation

t f(s, t)L
 t + −αs + 1 s2 β 2 ∂ f(s, t)L
t
dg(s, t) = − λ
2
∂s

∂
t dt
 t + f(s, t)L
t λ
t −
f(s, t)L
+ sαμ0 f(s, t)L
∂s

t−
 t− λ
f(s, t−)L
 t−
+
− f(s, t−)L
0

λt−
∂ 
 t− ∂ f(s, t−)

L
∂s
 t− f(s, t−) + ∂s f (s, t−)Lt−
+
−L
t−
0
λ
λ
t−

∂ 




f
(s,
t−)
L
f (s, t−)Lt− λt−
t−
 t− dNt .
−
− ∂s
+ f(s, t−)L
0
t−
λ
λ
t−
The result follows by simplifying the last equation.
The right hand side of (2.13) depends only on g(s, t) and its partial derivative with respect to s. In the next section this equation is solved between jumps, and in section 2.5
the equation is solved at jump times of the process Nt .

2.4

Filtering Between Jumps

In the previous sections the ﬁltering problem for point processes has been deﬁned in
general terms, and the problem has further been considered for an intensity following the Cox-Ingersoll-Ross model. To solve the ﬁltering problem, one has to solve
equation (2.13). This equation can be split up into a partial differential equation between jumps of the process Nt and an equation at jumps. In this section the equation
between jumps is solved for a general initial condition at time T > 0. Later on T will
be considered as a jump time of Nt . Note that an initial condition for g(s, t) is given
as
 

T
0
 du .
 T exp −
λ
g(s, T ) = f(s, T )Λ
u
0

For T = 0 it follows that





g(s, 0) = f(s, 0) = E esλ0  F0N = E esλ0 ,
which is the moment generating function of the intensity at time t = 0, since the
ﬁltration at time t = 0, F0N , consists of {∅, Ω}.
Before the solution to (2.13) is found, the speciﬁc case is considered, in which all the
parameters in the CIR model are set to zero. Albeit a simple example, the analysis of
it sheds some light on the approach that will be followed for the general case.
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Example 2.4. Consider the CIR model in which all the parameters are set to zero.
This results in a constant intensity, and thus dλt = 0. The ﬁlter equations (2.8) and
(2.9) reduce to


2


λ
t−


t dt
dNt − λ
dλt =
− λt−
t−
λ





f
λ
t−
t−
t dt .
− ft−
dNt − λ
dft =
t−
λ
The partial differential equation for g(s, t) between jumps reduces to:
∂
∂
g(s, t) = − g(s, t).
∂t
∂s
With an initial condition g(s, T ) = w(s), one easily ﬁnds that the solution to this
equation is
g(s, t) = w(s − t + T ).
♦
In the next section this example is considered once more, where the ﬁlter at jump
times is considered. We proceed with the case of an intensity following the CIR
model.
Proposition 2.5. Let λt follow the Cox-Ingersoll-Ross model (2.2), and let g(s, t) be given
by (2.11), with an initial condition at time T , g(s, T ) = w(s). Then, for T ≤ t < Tn , with
Tn the ﬁrst jump time of Nt after T , g(s, t) solves the partial differential equation
∂
∂
1
g(s, t) = sμ0 αg(s, t) + (ρs − α + τ )(ρs − α − τ ) g(s, t),
(2.15)
∂t
2ρ
∂s

where ρ := β 2 and τ := α2 + 2β 2 . The unique solution to this equation is given by
2τ
g(s, t) = eθ(α−τ )(t−T )
ρs(e−τ (t−T ) − 1) + (τ − α)e−τ (t−T ) + τ + α
 


s (α + τ )e−τ (t−T ) + τ − α + 2e−τ (t−T ) − 2
×w
,
ρs(e−τ (t−T ) − 1) + (τ − α)e−τ (t−T ) + τ + α
where θ :=

2θ

(2.16)

μ0 α
ρ .

Proof. The partial differential equation (2.16) for g(s, t) follows directly from Proposition 2.3, since the jump part of this equation can be discarded.
To obtain a solution to this equation a candidate solution is derived by making a
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number of transformations of the independent variables, until a simple PDE is found,
which can be solved explicitly using known techniques. This candidate solution can
then be checked to be the solution by calculating its partial derivatives, and inserting
these into (2.15).
The ﬁrst transformation is given by
(s, t) −→

ρs − α + τ
,t
ρs − α − τ

(2.17)

=: (u, t).

Instead of g(s, t) one writes f1 (u, s), in terms of the new variable u. Using this transformation and the PDE for g(s, t), one can derive a PDE for f1 (u, t), by expressing s
in terms of u, and expressing the partial derivatives of g(s, t) as partial derivatives of
f1 (u, t). The resulting PDE for f1 (u, t) is
∂
f1 (u, t) = μ0 α
∂t

α τ (u + 1)
+
ρ
ρ(u + 1)

f1 (u, t) − τ u

∂
f1 (u, t).
∂u

The second transformation that is used is given by
(u, t) −→

log(u)
,t
τ

=: (v, t),

where, for the time being, u is tacitly understood to be positive. Instead of the function f1 (s, t), one considers the function f2 (v, t) := f1 (u, t), in terms of the new variable v. This transformation results in a partial differential equation for f2 (v, t),
∂
f2 (v, t) = μ0 α
∂t

α τ (eτ v + 1)
+
ρ
ρ(eτ v − 1)

f2 (v, t) −

∂
f2 (v, t).
∂v

The ﬁnal transformation is given by
f3 (v, t) := log(f2 (v, t)),
which results in the PDE for f3 (v, t):
∂
∂
f3 (v, t) +
f3 (v, t) = μ0 α
∂t
∂v

α τ (eτ v + 1)
+
ρ
ρ(eτ v − 1)

.

(2.18)

This equation can be solved using the method of characteristics, which is explained
in chapter 1 and 8 of [Che71], for example. Using this technique the partial differential equation is transformed in an ordinary differential equation by introducing new
variables ξ(v, t) and ζ(v, t). The former is used to replace both v and t, and the latter
is used to parameterize the initial curve. To be able to solve the PDE an initial condition is required for f3 (v, t). By applying all the previous transformations to the initial
condition g(s, T ) = w(s), with t ≥ T , one obtains the initial condition
f3 (v, T ) = log w

eτ v (τ + α) + τ − α
ρ (eτ v − 1)

=: G(v).
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Next one has to solve the differential equations
∂
t(ξ, ζ) = 1,
∂ξ

∂
v(ξ, ζ) = 1,
∂ξ

with the initial conditions t(0, ζ) = T and v(0, ζ) = ζ. The unique solution to these
equations is trivially given by
t(ξ, ζ) = ξ + T,

v(ξ, ζ) = ξ + ζ.

Inverting these expressions, yields
ξ(v, t) = t − T,

ζ(v, t) = v − t + T.

Using these transformations, the partial differential equation (2.18) can be transformed
into the ordinary differential equation (ODE)
α τ (eτ (ξ+ζ) + 1)
∂
f3 (ξ, ζ) = μ0 α
+
∂ξ
ρ
ρ(eτ (ξ+ζ) − 1)
2τ μ0 α
2τ θ
μ0 α(α + τ )
+
= θ(α + τ ) + τ (ξ+ζ)
,
=
τ
(ξ+ζ)
ρ
ρ(e
− 1)
e
−1

(2.19)

where θ = μ0ρα . This ordinary differential equation can be solved for the given initial
condition f3 (v, T ) = G(v). To derive the solution one can start with a candidate
solution


f3 (ξ, ζ) = C1 log eτ (ξ+ζ) − 1 + C2 ξ + C3 .


For ξ = 0, one has f3 (0, ζ) = C1 log eτ ζ − 1 + C3 , and f3 has partial derivative with
respect to ξ:
∂
C1 τ
f3 (ξ, ζ) = τ C1 + τ (ξ+ζ)
+ C2 .
∂ξ
e
−1
Using the initial condition f3 (0, ζ) = G(ζ), together with the ODE (2.19), one can ﬁnd
the values of C1 , C2 and C3 :
C1 = 2θ,
C2 = θ(α − τ ),



C3 = G(ζ) − 2θ log eτ ζ − 1 .

This leads to the unique solution




f3 (ξ, ζ) = θ(α − τ )ξ + 2θ log eτ (ξ+ζ) − 1 + G(ζ) − 2θ log eτ ζ − 1 .

(2.20)

The proof of the uniqueness of this solution is postponed to the end of this proof.
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Replacing ξ by t − T and ζ by v − t + T , results in
eτ v − 1
f3 (v, t) = θ(α − τ )(t − T ) + 2θ log
τ
(v−t+T
)−1
e
 

eτ (v−t+T ) (τ + α) + τ − α


+ log w
.
ρ eτ (v−t+T ) − 1

(2.21)

Next, one obtains a candidate solution for g(s, t), by reversing all the transformations.
This gives


2θ
eτ v − 1
eτ (v−t+T ) (τ + α) + τ − α
θ(α−τ )(t−T )


w
f2 (s, t) = e
,
eτ (v−t+T ) − 1
ρ eτ (v−t+T ) − 1


2θ
u−1
ue−τ (t−T ) (τ + α) + τ − α
θ(α−τ )(t−T )


w
f1 (s, t) = e
.
ue−τ (t−T ) − 1
ρ ue−τ (t−T ) − 1
By performing the last substitution, (2.17), an expression for g(s, t) is obtained. One
has
2θ

ρs−α+τ
ρs−α−τ − 1
θ(α−τ )(t−T )
g(s, t) = e
ρs−α+τ −τ (t−T )
−1
ρs−α−τ e
⎞
⎛
ρs−α+τ −τ (t−T )
e
(τ
+
α)
+
τ
−
α
ρs−α−τ
⎠


×w⎝
ρs−α+τ −τ (t−T )
ρ ρs−α−τ
e
−1
2τ
= eθ(α−τ )(t−T )
ρs(e−τ (t−T ) − 1) + (τ − α)e−τ (t−T ) + τ + α
 


s (α + τ )e−τ (t−T ) + τ − α + 2e−τ (t−T ) − 2
×w
,
ρs(e−τ (t−T ) − 1) + (τ − α)e−τ (t−T ) + τ + α

2θ

where it was used that (α + τ )(τ − α) = 2ρ. By inserting this candidate into equation
(2.15), one can check that it indeed is the solution.
The last thing to prove is the uniqueness of the solution to equation (2.15). As all
the transformations are clearly one-to-one, the uniqueness of this solution should
follow from the uniqueness of the solution to equation (2.19). It is easy to see that the
solution to this equation is unique, as the difference of two possible solutions, with
the same initial condition, has zero derivative, which implies that the two solutions
are in fact equal.
The result of Proposition 2.5 tells us that one can calculate g(s, t), for T ≤ t < Tn ,
where Tn is the ﬁrst jump time of Nt after T . In order to completely solve the ﬁltering
problem, one further has to solve the equation (2.13) at jump times. This is the topic
of the next section, where a recursive solution will be obtained for the case in which
λ0 has a Gamma distribution.
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2.5

Filtering at Jump Times and a General Solution

In the previous section the ﬁltering problem has been solved between jumps, for an
arbitrary initial condition w(s) for g(s, t), at time T > 0. In this section the ﬁltering
problem is solved at jump times, ﬁrst for Example 2.4, and after that for the case
where the intensity follows the CIR model.
Example 2.6 (Example 2.4 (continued)). At jumps one obtains from equation (2.13)


∂
∂s g(s, t−)
− g(s, t−) ΔNt .
Δg(s, t) =
0
λ
t−

From this identity it easily follows that at a jump time T > 0:

−1 ∂
0
g(s, T −).
g(s, T ) = λ
T−
∂s

(2.22)

Combining the results between jumps and at jumps, one can obtain the solution to
equation


∂
∂
∂s g(s, t−)
dg(s, t) = − g(s, t)dt +
− g(s, t−) dNt .
0
∂s
λ
t−
At each jump time Tn , one has to take the derivative of the function g(s, t), and divide
by λ0Tn − ; the resulting function can then be used as initial condition for the interval
[Tn , Tn+1 ). Using an initial condition g(s, 0) = w(s), one obtains the solution
g(s, t) = w

(Nt )

(s − t)

Nt 


0
λ
Tn −

−1

,

n=1

where w(n) (s) denotes the n-th derivative of w(s). The conditional moment generating function is found from (2.12), and is given by
w(Nt ) (s − t)
g(s, t)
=
f(s, t) =
.
g(0, t)
w(Nt ) (−t)
If one assumes that λ0 ∼ Γ(α, β), one has
f (s, 0) = f(s, 0) =

β
β−s

α

,

f(s, t) =

β+t
β+t−s

α+Nt

.

(2.23)

From this follows that at time t > 0, λt given FtN is distributed as Γ(α + Nt , β + t).
t can easily be derived by a differentiation with respect to s:
Further λ


α + Nt
t = ∂ f(s, t)
.
=
λ

∂s
β+t
s=0
♦
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The solution in this example was easy to ﬁnd, which could be expected, since λt is
constant over time in this case. The general Cox-Ingersoll-Ross model for the intensity is more complicated, but in the remainder of this section, also this problem is
solved. At jumps one has the same equation as in Example 2.6, which is already
solved in (2.22). In Theorem 2.7 the solution for g(s, t) for the CIR model is given.
Before this theorem is stated some notation is introduced.
Let x, y ∈ R, t ≥ 0 and put




A(x, t, y) := x (τ − α)e−τ t + τ + α + 2y 1 − e−τ t


B(s, t) := ρs e−τ t − 1 + (τ − α)e−τ t + τ + α




C(x, t, y) := y (α + τ )e−τ t + τ − α + ρx 1 − e−τ t .

(2.24)
(2.25)
(2.26)

This notation allows us to write the general solution between jumps, (2.16), as

g(s, t) = eθ(α−τ )(t−T )

2τ
B(s, t − T )

2θ


⎞
C − ρ2 , t − T, s
⎠
w⎝
B(s, t − T )
⎛

(2.27)

Next let T1 , T2 , . . . denote the jump times, and let T0 = 0. Then introduce the following notation:
A (t, T0 ) := A(ϕ, t, 1)
A (t, Tn ) := A(A (Tn , Tn−1 ), t − Tn , C (Tn , Tn−1 ))

for 0 ≤ t < T1 ,

(2.28)

for Tn ≤ t < Tn+1 ,

(2.29)

C (t, T0 ) := C(ϕ, t, 1)

for 0 ≤ t < T1 ,

(2.30)

C (t, Tn ) := C(A (Tn , Tn−1 ), t − Tn , C (Tn , Tn−1 ))

for Tn ≤ t < Tn+1 .

(2.31)

With this notation, the main result of this chapter can be stated. A recursive solution
to the ﬁltering problem is obtained, for the case where λ0 has a Gamma distribution.
Theorem 2.7. Let λ0 ∼ Γ(2θ, ϕ), for ϕ > 0 and θ =
f0 (s) = g(s, 0) =

ϕ
ϕ−s

μ0 α
ρ

> 0. Then one has

2θ

,

which is the moment generating function of the Γ(2θ, ϕ) distribution. With the notation
introduced in (2.24)-(2.26) and (2.28)-(2.31) one further has, for Tn ≤ t < Tn+1 ,

g(s, t) = K(t)pn (s, t)

1
A (t, Tn ) − sC (t, Tn )

2θ+n

,

(2.32)
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where p0 (s, t) ≡ 1, and for n ≥ 1, pn (s, t) is a polynomial of degree n in s, that satisﬁes the
recursion,

⎛ 
⎞

C − ρ2 , t − Tn , s
, Tn ⎠ (2θ + n − 1)C (Tn , Tn−1 )
pn (s, t) = B n (s, t − Tn ) pn−1 ⎝
B(s, t − Tn )

⎛
⎛ 
⎞⎞
C − ρ2 , t − Tn , s
, Tn ⎠⎠
+ ∂1 ⎝pn−1 ⎝
B(s, t − Tn )


⎛
⎞
C − ρ2 , t − Tn , s
C (Tn , Tn−1 )⎠ ,
× ⎝A (Tn , Tn−1 ) −
(2.33)
B(s, t − Tn )
where ∂1 denotes the derivative with respect to the ﬁrst argument of pn , and


2θ

(2τ
)
K(t) = eθ(α−τ )t (2τ ϕ)2θ
.
0
λ
m≥1, Tm ≤t

(2.34)

Tm −

In the proof of this theorem the following lemma is used.
Lemma 2.8. With the notation from (2.24)-(2.26) and (2.28)-(2.31), the following relations
hold for n ≥ 1 and x, y ∈ R:
(i) A (Tn , Tn ) = 2τ A (Tn , Tn−1 )
(ii) C (Tn , Tn ) = 2τ C (Tn , Tn−1 )


(iii) xB(s, t) − yC − ρ2 , t, s = A(x, t, y) − sC(x, t, y).
Proof.

(i) From equations (2.29) and (2.24) follows that
A (Tn , Tn ) = A(A (Tn , Tn−1 ), 0, C (Tn , Tn−1 ))




= A (Tn , Tn−1 ) (τ − α)e0 + τ + α + C (Tn , Tn−1 ) 1 − e0
= 2τ A (Tn , Tn−1 ).

(ii) This follows along the same lines as in (i), using equations (2.31) and (2.26).
(iii) Using Equations (2.25) and (2.26) one ﬁnds:
2
xB(s, t) − yC − , t, s
ρ

 


= x ρs e−τ t − 1 + (τ − α)e−τ t + τ + α



 
− y s (α + τ )e−τ t + τ − α + 2 1 − e−τ t .
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Rearranging terms, and using Equations (2.24) and (2.26), we ﬁnd
2
xB(s, t) − yC − , t, s
ρ





= x (τ − α)e−τ t + τ + α + 2y 1 − e−τ t



 
− s y (α + τ )e−τ t + τ − α + xρ 1 − e−τ t
= A(x, t, y) − sC(x, t, y),

which establishes the result.

Now, Theorem 2.7 can be proved.
Proof of Theorem 2.7. For each n it has to be shown that (2.32) holds at Tn , and between Tn and Tn+1 . First this is shown for n = 0. Then the induction step is proved
for n ≥ 1.
n = 0: For t = T0 = 0 one has by assumption:
g(s, 0) =

ϕ
ϕ−s

2θ

.

From (2.32) one ﬁnds:
g(s, 0) = K(0)p0 (s, 0)

2θ

1
A(ϕ, 0, 1) − sC(ϕ, 0, 1)

= e0 (2τ ϕ)2θ
=

2θ

1
A (0, 0) − sC (0, 0)

2τ ϕ
2τ ϕ − 2τ s

2θ

=

ϕ
ϕ−s

2θ

.

Next the interval up to the ﬁrst jump time, 0 < t < T1 , is considered. From (2.27) and
the expression for w(s) = g(s, 0), one ﬁnds:

g(s, t) = eθ(α−τ )t

2τ
B(s, t)
⎛

= eθ(α−τ )t (2τ ϕ)2θ ⎝

= K(t)p0 (s, t)

2θ

⎛
⎝
ϕ−

⎞2θ
ϕ
⎠
2
C (− ρ
,t,s)
B(s,t)

⎞2θ

1


⎠
B(s, t)ϕ − C − ρ2 , t, s

1
A (t, 0) − sC (t, 0)

2θ

,
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which is the same expression as in (2.32) for n = 0. The ﬁnal step in the derivation
above follows from Lemma 2.8 (iii), with x = ϕ and y = 1, together with the deﬁnition of K(t) in (2.34).
n ≥ 1: Now it remains to prove the induction step. Therefore one can assume that
equation (2.32) holds for n − 1. It then remains to show that the equation holds for
n, at Tn and between Tn and Tn+1 . First the jump is considered. Thus one has to
calculate the derivative of g(s, t) with respect to s, and take the left limit in t = Tn ,
0 . By (2.22) one has
further the derivative is divided by λ
Tn −

−1 ∂
0
g(s, Tn ) = λ
g(s, Tn −)
Tn −
∂s 

−1 ∂
0
K(Tn −)pn−1 (s, Tn −)
= λ
Tn −
∂s
×

2θ+n−1

1
A (Tn , Tn−1 ) − sC (Tn , Tn−1 )


(2.35)

.

Calculating the derivative with respect to s, leads to


0
g(s, t) = λ
Tn −

−1


K(Tn −) pn−1 (s, Tn )(2θ + n − 1)C (Tn , Tn−1 )

∂
pn−1 (s, Tn ) (A (Tn , Tn−1 ) − sC (Tn , Tn−1 ))
+
∂s
1
A (Tn , Tn−1 ) − sC (Tn , Tn−1 )

×



2θ+n

(2.36)

.

From Lemma 2.8 (i) and (ii) follows that for the denominator in (2.36) one has
A (Tn , Tn−1 ) − sC (Tn , Tn−1 ) = (2τ )−1 (A (Tn , Tn ) − sC (Tn , Tn )) .
Hence (2.36) can be written as

g(s, Tn ) =

0
λ
Tn −

−1


K(Tn −)(2τ ) (2τ )
2θ

n

pn−1 (s, Tn )(2θ + n − 1)C (Tn , Tn−1 )

∂
pn−1 (s, Tn ) (A (Tn , Tn−1 ) − sC (Tn , Tn−1 ))
+
∂s
×

1
A (Tn , Tn ) − sC (Tn , Tn )



2θ+n

.

(2.37)
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−1
0
From (2.34) it is easy to see that K(Tn ) = K(Tn −) λ
(2τ )2θ , and further one
Tn −
has 2τ = B(s, 0) = B(s, Tn − Tn ). From this follows that (2.37) can be written as

g(s, Tn ) = K(Tn )B n (s, Tn − Tn ) pn−1 (s, Tn )(2θ + n − 1)C (Tn , Tn−1 )
∂
pn−1 (s, Tn ) (A (Tn , Tn−1 ) − sC (Tn , Tn−1 ))
+
∂s
×

1
A (Tn , Tn ) − sC (Tn , Tn )



2θ+n

.

This can be simpliﬁed further
using

 the deﬁnition of pn (s, t) as given in (2.33), to2
gether with the identity C − ρ , 0, s = τ s. This results in
g(s, Tn ) = K(Tn )pn (s, Tn )

1
A (Tn , Tn ) − sC (Tn , Tn )

2θ+n

,

which is the required result at t = Tn . Finally one has to check that (2.32) holds for
Tn < t < Tn+1 . For this one can use the general solution (2.27) with initial condition
w(s) = g(s, Tn ). One ﬁnds
2θ

2τ
eθ(α−τ )Tn (2τ ϕ)2θ
B(s, t − Tn )

⎞

 ⎛  2
C
−
,
t
−
T
,
s
2θ

n
ρ
(2τ )
, Tn ⎠
×
pn ⎝
0

B(s,
t − Tn )
λTm −
m≥1, Tm ≤Tn
⎛
⎞2θ+n
1
⎠
×⎝
.
2
C (− ρ
,t−Tn ,s)
A (Tn , Tn ) − B(s,t−T
C
(T
,
T
)
n
n
n)

g(s, t) = eθ(α−τ )(t−Tn )

Simplifying this expression yields:
 n 

 (2τ )2θ
θ(α−τ )t
2θ
(2τ ϕ)
g(s, t) = e
(2τ )2θ
0
λ
m=1
Tm −

⎛ 
⎞
C − ρ2 , t − Tn , s
, Tn ⎠
× B n (s, t − Tn )pn ⎝
B(s, t − Tn )
⎛
×⎝

⎞2θ+n
1

⎠


2τ B(s, t − Tn )A (Tn , Tn−1 ) − 2τ C − ρ2 , t − Tn , s C (Tn , Tn−1 )

.
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An application of Lemma 2.8, with x = A (Tn , Tn−1 ) and y = C (Tn , Tn−1 ), and the
deﬁnitions of A (t, Tn ) and C (t, Tn ) in (2.29) and (2.31), together with the deﬁnition
of K(t) results in

⎛ 
⎞
C − ρ2 , t − Tn , s
1
, Tn ⎠
B n (s, t − Tn )pn ⎝
g(s, t) = K(t)
(2τ )n
B(s, t − Tn )
×

1
A (t, Tn ) − sC (t, Tn )

2θ+n

.

Next, with the deﬁnition of pn (s, Tn ) from (2.33), evaluated in t = Tn , together with
C(x, 0, y) = 2τ y and B(s, 0) = 2τ one rewrites this to
2θ+n

1
1
B n (s, t − Tn )
A (t, Tn ) − sC (t, Tn )
(2τ )n

⎛ 
⎞

C − ρ2 , t − Tn , s
× (2τ )n pn−1 ⎝
, Tn ⎠ (2θ + n − 1)C (Tn , Tn−1 )
B(s, t − Tn )

⎞⎞
⎛
⎛ 
C − ρ2 , t − Tn , s
, Tn ⎠⎠
+ ∂1 ⎝pn−1 ⎝
B(s, t − Tn )


⎛
⎞
C − ρ2 , t − Tn , s
C (Tn , Tn−1 )⎠
× ⎝A (Tn , Tn−1 ) −
B(s, t − Tn )

g(s, t) = K(t)

= K(t)pn (s, t)

1
A (t, Tn ) − sC (t, Tn )

2θ+n

.

In the ﬁnal step the deﬁnition of pn (s, t) is used, this time evaluated in t, which concludes the proof of (2.32). From the deﬁnition of B(s, t) and C(x, t, y), with y = s,
which are both linear in s, follows that pn (s, t) is a polynomial of degree n in s.
This theorem provides a recursive solution to equation (2.13), in case λ0 is distributed
according to a Γ(2θ, ϕ) distribution. From (2.12) it already known that the conditional
moment generating function can easily be obtained from an expression for g(s, t).
Now this has been found, the conditional moment generating function f(s, t) can be
obtained easily.
Corollary 2.9. Under the assumptions of Theorem 2.7 the conditional moment generating
function f(s, t), for Tn ≤ t < Tn+1 , can be expressed as:
f(s, t) = qn (s, t)

Q(t, Tn )
Q(t, Tn ) − s

2θ+n

,

(2.38)
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where
pn (s, t)
A (t, Tn )
and Q(t, Tn ) =
.
pn (0, t)
C (t, Tn )

qn (s, t) =

Here qn (s, t) is a polynomial of degree n in s.
Proof. The result follows directly from equation (2.12), Theorem 2.7 and the deﬁnitions of qn and Q.
With the derivation of the conditional moment generating function the ﬁltering problem has been solved, and one is able to calculate conditional default probabilities
using the results in Example 2.2. To conclude this section it is observed that the conditional moment generating function in (2.38) corresponds to a mixture of Gamma
distributions.
Remark 2.10. Corollary 2.9 provides an expression for f(s, t) that involves the polynomial qn (·, t). Deriving an explicit expression for qn (s, t) = pn (s, t)/pn (0, t) for any
n ≥ 0 is quite complicated, but we can write
n


qn (s, t) =

Rin (t)si ,

i=0

where the coefﬁcients, Rin (t), of the polynomial follow directly from the coefﬁcients
of the polynomial in s, pn (s, t), which in turn can be obtained using the recursion
(2.33).
Next, one can consider n + 1 independent random variables Γi , where Γi ∼ Γ(2θ +
n − i, Q(t, Tn )), for i = 0, 1, . . . , n. Further, consider the discrete random variable M n ,
independent of the Γi , which assumes the values 0, 1, . . . , n, with probabilities πin (t),
and deﬁne the random variable
Xtn =

n


1{M =i} Γi .

i=0

The moment generating function of Xtn can easily be found, as Γi and M n are independent, hence
n

 


n
E esΓi 1{M =i}
E esXt =
i=0

=

n

i=0

n
 

πin (t)E esΓi =
πin (t)
i=0

Q(t, Tn )
Q(t, Tn ) − s

2θ+n−i

.

(2.39)

The goal is to show that, by choosing the probabilities correctly, the moment generating function of Xtn equals the conditional moment generation function f(s, t).
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Therefore (2.39) is ﬁrst rewritten as


n
E esXt =

n
2θ+n 

Q(t, Tn )
Q(t, Tn ) − s

πin (t)

i=0

Q(t, Tn ) − s
Q(t, Tn )

i

.

To have that both moment generating functions f(s, t) and (2.39) are equal, it is required that
qn (s, t) =

n


Rin (t)si =

i=0

n


Q(t, Tn ) − s
Q(t, Tn )

πin (t)

i=0

i

.

The right hand side of this equation can be written as
n


πin (t)Q(t, Tn )−i

i=0

i

j=0

i
j

Q(t, Tn )i−j sj (−1)j .

This equation can be turned into a polynomial in s, by interchanging the summations,
which leads to
n
n 

j=0 i=j

=

n


i
j
⎛

πin (t)Q(t, Tn )−j sj (−1)j

sj ⎝(−1)j Q(t, Tn )−j

j=0

⎞

n


i
j

i=j

πin (t)⎠ .

The moment generating functions are equal when
Rjn (t) = (−1)j Q(t, Tn )−j

n


i
j

i=j

πin (t),

for j = 0, 1, . . . , n. This can be solved iteratively, starting from j = n, which results in
the probabilities
πjn (t)

= (−1)

j

Rjn (t)Q(t, Tn )j

−

n

i=j+1

πin (t)

i
j

.

(2.40)

It is not immediately clear from (2.40) that the πjn (t) are all non-negative and sum
to one. It turns out however that this is indeed the case for Tn ≤ t < Tn+1 , which
means that the πjn (t) can be interpreted as probabilities. It is however far from trivial
to provide a general proof for all n ≥ 0. We conﬁne ourselves to illustrate this fact
by some examples. In Figure 2.1, two graphs are given in which the probabilities are
plotted.
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(b) π03 (dot dashed line), π13 (short dashed line),
π23 (long dashed line) and π33 (solid line)

Figure 2.1: Graphs of the mixing probabilities after two jumps of the process Nt , (a), and after three jumps,
(b). The values of the previous jump times, T1 and T2 in case (a), and T1 , T2 and T3 in case (b), are taken
as Ti = i, such that one is able to calculate the πjn (t). The model parameters are chosen to be α = 0.5,
β = 0.5, μ0 = 0.4 and ϕ = 4.0.

2.6

Remarks on Model Extensions

We brieﬂy discuss two ways of extending the model that we have considered in this
chapter. First we consider time varying parameters for the intensity. This is a more
realistic assumption from a practical point of view. Next, we look at a simple multifactor speciﬁcation of the intensity, where we see that the calculations for the onedimensional case do not carry over to this multi-factor case.

Time Varying Parameters
In this section we brieﬂy outline the consequences for our results when we replace
the constant parameters in (2.2) with time varying ones. Clearly this introduces more
ﬂexibility of the model. So, we have α(t) instead of α, μ0 (t) instead of μ0 etc. Many
results in Sections 2 and 3 remain valid upon substitution of the constants by their
time varying counterparts. In particular Equation (2.15) will change into
∂
∂
g(s, t) = sμ0 (t)(ρ(t)s − α(t) + τ (t))(ρ(t)s − α(t) − τ (t)) g(s, t).
∂t
∂s

(2.41)

But an explicit closed form solution for g(s, t) that we were able to give for the constant parameter case by Equation (2.16) is in general impossible to obtain. The main
reason for this is that transformation as given in (2.17) now introduces additional
dependence on t and a simple PDE for f1 (u, t) cannot be given. This complication
carries over to similar ones for the functions f2 (u, t) and f3 (u, t).
If one uses piecewise constant functions for the parameters (as an approximation if
needed), closed form solutions are still possible, although they will be given by complex expressions. We brieﬂy outline how to get these. Suppose that 0 < t1 , t2 , . . . (with
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ti → ∞) denote the time instants where the parameters possibly change value. Consider a realization of the jump times T1 , T2 , . . .. On each interval [Tn−1 , Tn ) (n ≥ 1) we
relabel the ti that fall in this interval by {tn1 , . . . , tnkn }, which could be an empty set, in
which case we can simply use (2.16) with the prevailing parameter values. Suppose
now that this set is non-empty. On the subinterval [Tn−1 , tn1 ), we can compute the
solution g(s, t) to (2.41) again according to (2.16), eventually yielding g(s, tn1 −). Then
we consider the PDE (2.41) on the interval [tn1 , tn2 ) with initial condition at tn1 (instead
of T ) w(s) = g(s, tn1 −) and the values of the parameters on this interval. With the appropriate modiﬁcations, formula (2.16) can be used again. One then proceeds in this
way until the ﬁnal interval [tnkn , Tn ) is reached, which eventually produces g(s, Tn −).
We conclude by stating that more ﬂexibility of the model by introducing time varying,
but piecewise constant parameter functions also leads to closed form expressions,
although they are more cumbersome to write down.

Multi-Factor Intensity
A second extension of the model that we have considered, is to assume that the intensity is driven by more than one Brownian motion, or factor. To illustrate the difﬁculties that emerge in such an extension, we look at a very simple two-factor model
for the intensity,
λt = λ1,t + λ2,t
dλi,t = −αi (λi,t − μi ) dt + βi


λi,t dWi,t , for i = 1, 2,

where W1 and W2 are independent Brownian motions, and λ1,t and λ2,t both follow
the CIR model with suitable parameter restrictions.
When we apply the ﬁltering formulas (2.6) to λt we ﬁnd





t = −α1 λ
1,t − μ1 − α2 λ
2,t − μ2 dt +
dλ



2
λ
t−
t−
−λ
t−
λ






t dt .
dNt − λ

2 , and thus we again conJust as in the one-dimensional case, this involves the term λ
t



sider the conditional moment generating function f(s, t) = E esλt  FtN . Therefore
we have to determine the dynamics of esλt . An application of Itô’s formula yields

1
1
sλt
=
−α1 s + s2 β12 λ1,t esλt + −α2 s + s2 β22 λ2,t esλt
de
2
2

 


(2.42)
+ s (α1 μ1 + α2 μ2 ) dt + sesλt β1 λ1,t dW1,t + β2 λ2,t dW2,t .
Comparing the terms in the square brackets above with those in (2.7), we directly
observe that we have lost an important feature. In the one-dimensional case we could
write the term λt esλt as ∂esλt /∂s, eventually resulting in the PDE that we could solve
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explicitly in Proposition 2.5. In the two factor model, the derivative of esλt with
respect to s, results in (λ1,t + λ2,t ) esλt . The terms λi,t esλt in (2.42) thus cannot be
written as ∂esλt /∂s. This shows that a solution, similar to that of Proposition 2.5,
cannot be obtained.
Alternatively, one could consider the conditional
moment

generating function of the

pair (λ1,t , λ2,t ), given by h(s1 , s2 , t) = E es1 λ1,t +s2 λ2,t  FtN , and derive its dynamics.
As we introduce an additional variable, the eventual PDE will be of a higher dimension and thus more complex. Obtaining an explicit closed form solution, if it exists,
will be a substantially harder task and is beyond the scope of the present chapter.
We conclude that it is far from straightforward to extend the explicit solution that we
have obtained to models with more than one-factor.

CHAPTER

3

Sample Path Large Deviations in Credit Risk

In Chapter 2 we presented a model for the loss in a credit risky portfolio, where only
partial information, observing the defaults only, was assumed. In the current chapter we again focus on the loss process of a credit risky portfolio. In the results we
present, that are based on [LMS09], we assume that the constituents of the portfolio are independent and identically distributed. Under this assumption we derive a
sample-path large deviation principle for the loss process. Furthermore, we derive
the exact asymptotics for the probability that the loss process ever exceeds a certain
threshold. The chapter is concluded with a discussion about extending the model to
the case where the constituents can have different distributions or the constituents
are correlated.

3.1

Introduction

For ﬁnancial institutions, such as banks and insurance companies, it is of crucial importance to accurately assess the risk of their portfolios. These portfolios typically
consist of a large number of obligors, such as mortgages, loans or insurance policies,
and therefore it is computationally infeasible to treat each individual object in the
portfolio separately. As a result, attention has shifted to measures that characterize
the risk of the portfolio as a whole, see e.g. [DS03] for general principles concerning managing credit risk. The best known metric is the so-called value at risk, see
[Jor06], measuring the minimum amount of money that can be lost with α percent
certainty over some given period. Several other measures have been proposed, such
as economic capital, the risk adjusted return on capital (RAROC), or expected shortfall,
which is a coherent risk measure [ADEH99]. Each of these measure are applicable to
51
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market risk as well as credit risk. Measures such as loss given default (LGD) and exposure at default (EAD) are measures that purely apply to credit risk. These and other
measures are discussed in detail in e.g. [MFE05].
The currently existing methods mainly focus on the distribution of the portfolio loss
up to a given point in time (for instance one year into the future). It can be argued,
however, that in many situations it makes more sense to use probabilities that involve
the (cumulative) loss process, say {L(t) : t ≥ 0}. Highly relevant, for instance, is the
event that L(·) ever exceeds a given function ζ(·) (within a certain time window, for
instance between now and one year ahead), i.e., an event of the type
{∃t ≤ T : L(t) ≥ ζ(t)}.

(3.1)

It is clear that measures of the latter type are intrinsically harder to analyze, as it
does not sufﬁce anymore to have knowledge of the marginal distribution of the loss
process at a given point in time; for instance the event (3.1) actually corresponds to
the union of events {L(t) ≥ ζ(t)}, for t ≤ T , and its probability will depend on the
law of L(·) as a process on [0, T ].
In line with the remarks we made above, earlier papers on applications of largedeviation theory to credit risk, mainly address the (asymptotics of the) distribution
of the loss process at a single point in time, see e.g. [DDD04] and [GKS07]. The former
paper considers, in addition, also the probability that the increments of the loss process exceed a certain level. Other approaches to quantifying the tail distribution of
the losses have been taken by [LKSS01], who use extreme-value theory (see [EKM97]
for a background), [Gor02] and [MTB01], where the authors consider saddle point
approximations to the tails of the loss distribution. Numerical and simulation techniques for credit risk can be found in e.g. [Gla04]. The ﬁrst contribution of our work
concerns a so-called sample-path large deviation principle (LDP) for the average cumulative losses for large portfolios. Loosely speaking, such an LDP means that, with
Ln (·) denoting the loss process when n obligors are involved, we can compute the
logarithmic asymptotics (for n large) of the normalized loss process Ln (·)/n being in
a set of trajectories A:
lim

n→∞

1
log P
n

1
Ln (·) ∈ A ;
n

(3.2)

we could for instance pick a set A that corresponds to the event (3.1). Most of the
sample-path LDPs that have been developed up to now involve stochastic processes
with independent or nearly-independent increments, see for instance the results by
Mogul’skiı̆ for random walks [Mog76], de Acosta for Lévy processes [Aco94], and
Chang [Cha95] for weakly-correlated processes; results for processes with a stronger
correlation structure are restricted to special classes of processes, such as Gaussian
processes, see e.g. [Aze80]. It is observed that our loss process is not covered by these
results, and therefore new theory had to be developed. The proof of our LDP relies
on ‘classical’ large-deviation results (such as Cramér’s theorem, Sanov’s theorem,
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Mogul’skiı̆’s theorem), but in addition the concept of epi-convergence [Kal86] is relied
upon.
Our second main result focuses speciﬁcally on the event (3.1) of ever (before some
time horizon T ) exceeding a given barrier function ζ(·). Whereas we so far considered, inherently imprecise, logarithmic asymptotics of the type displayed in (3.2), we
can now compute so-called exact asymptotics: we identify an explicit function f (n)
such that f (n)/pn → 1 as n → ∞, where pn is the probability of our interest. As is
known from the literature, it is in general substantially harder to ﬁnd exact asymptotics than logarithmic asymptotics. The proof uses the fact that, after discretizing
time, the contribution of just a single time epoch dominates, in the sense that there is
a t such that

1
1


Ln (t ) ≥ ζ(t )
P
pn → 1, with pn := P ∃t : Ln (t) ≥ ζ(t) .
(3.3)
n
n
This t can be interpreted as the most likely epoch of exceeding ζ(·).
Turning back to the setting of credit risk, both of the results we present are derived
in a setup where all obligors in the portfolio are i.i.d., in the sense that they behave
independently and stochastically identically. A third contribution of our work concerns a discussion on how to extend our results to cases where the obligors are dependent (meaning that they, in the terminology of [DDD04], react to the same ‘macroenvironmental’ variable, conditional upon which they are independent again). We
also treat the case of obligor-heterogeneity: we show how to extend the results to the
situation of multiple classes of obligors.
The chapter is structured as follows. In Section 3.2 we introduce the loss process
and we describe the scaling under which we work. We also recapitulate a couple of
relevant large-deviation results. Our ﬁrst main result, the sample-path LDP for the
cumulative loss process, is stated and proved in Section 3.3. Special attention is paid
to, easily-checkable, sufﬁcient conditions under which this result holds. As argued
above, the LDP is a generally applicable result, as it yields an expression for the decay
rate of any probability that depends on the entire sample path. Then, in Section 3.4,
we derive the exact asymptotic behavior of the probability that, at some point in time,
the loss exceeds a certain threshold, i.e., the asymptotics of pn , as deﬁned in (3.3).
After this we derive a similar result for the increments of the loss process. Eventually,
in Section 3.5, we discuss a number of possible extensions to the results we have
presented. Special attention is given to allowing dependence between obligors, and
to different classes of obligors each having its own speciﬁc distributional properties.

3.2

Notation and Deﬁnitions

The portfolios of banks and insurance companies are typically very large: they may
consist of several thousands of assets. It is therefore computationally impossible to
estimate the risks for each element, or obligor, in a portfolio. This explains why one
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attempts to assess the aggregated losses resulting from defaults, e.g. bankruptcies,
failure to repay loans or insurance claims, for the portfolio as a whole. The risk in
the portfolio is then measured through this (aggregate) loss process. In the following
sections we introduce the loss process and the portfolio constituents more formally.

3.2.1

Loss Process

Let (Ω, F, P) be the probability space on which all random variables below are deﬁned. We assume that the portfolio consists of n obligors and we denote the default
time of obligor i by τi . Further we write Ui for the loss incurred on a default of obligor
i. We then deﬁne the cumulative loss process Ln as
Ln (t) :=

n


(3.4)

Ui Zi (t),

i=1

where Zi (t) = 1{τi ≤t} is the default indicator of obligor i. We assume that the loss
amounts Ui ≥ 0 are i.i.d., and that the default times τi ≥ 0 are i.i.d. as well. In addition
we assume that the loss amounts and the default times are mutually independent. In
the remainder of this chapter U and Z(t) denote generic random variables with the
same distribution as the Ui and Zi (t), respectively.
Throughout this chapter we assume that the defaults only occur on the time grid
N; in Section 3.5 we discuss how to deal with the default epochs taking continuous
values. In some cases we explicitly consider a ﬁnite time grid, say {1, 2, . . . , N }. The
extension of the results we derive to a more general grid {0 < t1 < t2 < . . . < tN } is
completely trivial. The distribution of the default times, for each j, is denoted by
pj := P (τ = j) ,
Fj := P (τ ≤ j) =

(3.5)
j


pi .

(3.6)

i=1

Given the distribution of the loss amounts Ui and the default times τi , our goal is
to investigate the loss process. Many of the techniques that have been developed so
far, ﬁrst ﬁx a time T (typically one year), and then stochastic properties of the cumulative loss at time T , i.e., Ln (T ), are studied. Measures such as value at risk and
economic capital are examples of these ‘one-dimensional’ characteristics. Many interesting measures, however, involve properties of the entire path of the loss process
rather than those of just one time epoch, examples being the probability that Ln (·)
exceeds some barrier function ζ(·) for some t smaller than the horizon T , or the probability that (during a certain period) the loss always stays above a certain level. The
event corresponding to the former probability might require the bank to attract more
capital, or worse, it might lead to the bankruptcy of this bank. The event corresponding to the latter event might also lead to the bankruptcy of the bank, as a long period
of stress may have substantial negative implications. We conclude that having a han-
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dle on these probabilities is therefore a useful instrument when assessing the risks
involved in the bank’s portfolios.
As mentioned above, the number of obligors n in a portfolio is typically very large,
thus prohibiting analyses based on the speciﬁc properties of the individual obligors.
Instead, it is more natural to study the asymptotical behavior of the loss process as
n → ∞. One could rely on a central-limit-theorem based approach, but in this chapter
we focus on rare events, by using the theory of large deviations.
In the following subsection we provide some background of large-deviation theory,
and we deﬁne a number of quantities that are used in the remainder of this chapter.

3.2.2

Large Deviation Principle

In this section we give a short introduction to the theory of large deviations. Here,
in an abstract setting, the limiting behavior of a family of probability measures {μn }
on the Borel sets B of a metric space (X , d) is studied, as n → ∞. This behavior is
referred to as the Large Deviation Principle (LDP), and it is characterized in terms of
a rate function. The LDP states lower and upper exponential bounds for the value that
the measures μn assign to sets in a topological space X . Below we state the deﬁnition
of the rate function that has been taken from [DZ98].
Deﬁnition 3.1. A rate function is a lower semicontinuous mapping I : X → [0, ∞], for
all α ∈ [0, ∞) the level set ΨI (α) := {x| I(x) ≤ α} is a closed subset of X . A good rate
function is a rate function for which all the level sets are compact subsets of X .
With the deﬁnition of the rate function in mind we state the large deviation principle
for the sequence of measure {μn }.
Deﬁnition 3.2. We say that {μn } satisﬁes the large deviation principle with a rate function
I(·) if
(i) (Upper bound) for any closed set F ⊆ X
lim sup
n→∞

1
log μn (F ) ≤ − inf I(x).
x∈F
n

(3.7)

(ii) (Lower bound) for any open set G ⊆ X
lim inf
n→∞

1
log μn (G) ≥ − inf I(x).
x∈G
n

(3.8)

We say that a family of random variables X = {Xn }, with values in X , satisﬁes an LDP with
X
rate function IX (·) iff the laws {μX
n } satisfy an LDP with rate function IX , where μn is the
law of Xn .
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The so-called Fenchel-Legendre transform plays an important role in expressions for
the rate function. Let for an arbitrary random variable X, the logarithmic moment
generating function, sometimes referred to as cumulant generating function, be given
by


ΛX (θ) := log MX (θ) = log E eθX ≤ ∞,
(3.9)
for θ ∈ R. The Fenchel-Legendre transform ΛX of ΛX is then deﬁned by
ΛX (x) := sup (θx − ΛX (θ)) .

(3.10)

θ

We sometimes say that ΛX is the Fenchel-Legendre transform of X.
The LDP from Deﬁnition 3.2 provides upper and lower bounds for the log-asymptotic
behavior of measures μn . In case of the loss process (3.4), ﬁxed at some time t, we can
easily establish an LDP by an application of Cramér’s theorem (Theorem 3.17). This
theorem yields that the rate function is given by ΛU Z(t) (·), where ΛU Z(t) (·) is the
Fenchel-Legendre transform of the random variable U Z(t).
The results we present in this chapter involve either ΛU (·) (Section 3.3), which corresponds to i.i.d. loss amounts Ui only, or ΛU Z(t) (·) (Section 3.4), which corresponds to
those loss amounts up to time t. In the following section we derive an LDP for the
whole path of the loss process, which can be considered as an extension of Cramér’s
theorem.

3.3

A Sample-Path Large Deviation Result

In the previous section we have introduced the large deviation principle. In this section we derive a sample-path LDP for the cumulative loss process (3.4). We consider
the exponential decay of the probability that the path of the loss process Ln (·) is in
some set A, as the size n of the portfolio tends to inﬁnity.

3.3.1

Assumptions

In order to state a sample-path LDP we need to deﬁne the topology that we work on.
To this end we deﬁne the space S of all nonnegative and nondecreasing functions on
TN = {1, 2, . . . , N },
S := {f : TN → R+
0 | 0 ≤ fi ≤ fi+1 for i < N }.
N
This set is identiﬁed with the space RN
≤ := {x ∈ R | 0 ≤ xi ≤ xi+1 for i < N }. The
topology on this space is the one induced by the supremum norm

||f ||∞ = max |fi |.
i=1,...,N
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As we work on a ﬁnite-dimensional space, the choice of the norm is not important,
as any other norm on S would result in the same topology. We use the supremum
norm as this is convenient in some of the proofs in this section.
We identify the space of all probability measures on TN with the simplex Φ:
 N
!

N 
ϕi = 1, ϕi ≥ 0 for i ≤ N .
Φ := ϕ ∈ R 


(3.11)

i=1

For a given ϕ ∈ Φ we denote the cumulative distribution function by ψ, i.e.,
ψi =

i


ϕj , for i ≤ N ;

(3.12)

j=1

note that ψ ∈ S and ψN = 1.
Furthermore, we consider the loss amounts Ui as introduced in Section 3.2.1, a ϕ ∈ Φ
with cdf ψ, and a sequence of ϕn ∈ Φ, each with cdf ψ n , such that ϕn → ϕ as n → ∞,
meaning that ϕni → ϕi for all i ≤ N . We deﬁne two families of measures (μn ) and
(νn ),
⎛⎛
⎞
⎞N
[nψi ]

⎜ 1
⎟
μn (A) := P ⎝⎝
Uj ⎠
∈ A⎠ ,
(3.13)
n j=1
⎛⎛

i=1

[nψin ]

⎞N

⎜ 1 
Uj ⎠
νn (A) := P ⎝⎝
n j=1

⎞

⎟
∈ A⎠ ,

(3.14)

i=1

where A ∈ B := B(RN ) and [x] := sup {k ∈ N |k ≤ x}. Below we state an assumption under which the main result in this section holds. This assumption refers to the
deﬁnition of exponential equivalence, which can be found in Deﬁnition 3.18.
Assumption 3.3. Assume that ϕn → ϕ and moreover that the measures μn and νn as
deﬁned in (3.13) and (3.14), respectively, are exponentially equivalent.
From Assumption 3.3 we learn that the differences between the two measures μn
and νn go to zero at a ‘superexponential’ rate. In the next section, in Lemma 3.6,
we provide a sufﬁcient condition, that is easy to check, under which this assumption
holds.

3.3.2

Main Result

The assumptions and deﬁnitions in the previous sections allow us to state the main
result of this section. We show that the average loss process satisﬁes a large deviation principle as in (3.2). This principle allows us to approximate a large variety of
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probabilities related to the average loss process, such as the probability that the loss
process stays above a certain time dependent level or the probability that the loss
process exceeds a certain level before some given point in time.
Theorem 3.4. With Φ as in (3.11) and under Assumption 3.3, the average loss process,
Ln (·)/n satisﬁes an LDP with rate function IU,p . Here, for x ∈ RN
≤ , IU,p is given by
IU,p (x) := inf

ϕ∈Φ

N


ϕi log

i=1

ϕi
pi

+ ΛU

Δxi
ϕi

,

(3.15)

with Δxi := xi − xi−1 and x0 := 0.
Observing the rate function for this sample path LDP, we see that the effects of the
default times τi and the loss amounts Ui are nicely decomposed into the two terms
in the rate function, one involving the distribution of the default epoch τ (the ‘Sanov
term’, cf. [DZ98, Thm. 6.2.10]), the other one involving the incurred loss size U (the
‘Cramér term’, cf. [DZ98, Thm. 2.2.3]. Observe that we recover Cramér’s theorem by
considering a time grid consisting of a single time point, which means that Theorem 3.4
extends Cramér’s result. We also remark that, informally speaking, the optimizing
ϕ ∈ Φ in (3.15) can be interpreted as the ‘most likely’ distribution of the loss epoch,
given that the path of Ln (·)/n is close to x.
As a sanity check we calculate the value of the rate function IU,p (x) for the ’average
path’ of Ln (·)/n, given by xj = E [U ] Fj for j ≤ N , where Fj is the cumulative
distribution of the default times as given in (3.6); this path should give a rate function
equal to 0. To see this we ﬁrst remark that clearly IU,p (x) ≥ 0 for all x, since both the
Sanov term and the Cramér term are non-negative. This yields the following chain of
inequalities:
0 ≤ IU,p (x ) = inf

ϕ∈Φ

ϕ=p

≤

N

i=1

=

N


pi log

N


ϕi log

i=1

pi
pi

+ ΛU

ϕi
pi

+ ΛU

E [U ] pi
ϕi

E [U ] pi
pi

pi ΛU (E [U ]) = ΛU (E [U ]) = 0,

i=1

where we have used that for E [U ] < ∞, it always holds that ΛU (E [U ]) = 0 cf. [DZ98,
Lemma 2.2.5]. The inequalities above thus show that, if the ‘average path’ x lies in
the set of interest, then the corresponding decay rate is 0, meaning that the probability
of interest decays subexponentially.
In the proof of Theorem 3.4 we use the following lemma, which is related to the
concept of epi-convergence, extensively discussed in [Kal86].
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Lemma 3.5. Let fn , f : D → R, with D ⊂ Rm compact. Assume that for all x ∈ D and for
all xn → x in D we have
lim sup fn (xn ) ≤ f (x).

(3.16)

n→∞

Then we have
lim sup sup fn (x) ≤ sup f (x).
n→∞ x∈D

x∈D

Proof. Let fn = supx∈D fn (x), f  = supx∈D f (x). Consider a subsequence fnk converging to lim supn→∞ fn . Let ε > 0 and choose xnk such that fnk < fnk (xnk ) + ε for
all k. By the compactness of D, there exists a limit point x such that along a subsequence xnkj → x. By the hypothesis (3.16) we then have
lim sup fn ≤ lim fnkj (xnkj ) + ε = f (x) + ε ≤ f  + ε.
n→∞

Let ε ↓ 0 to obtain the result.
Proof of Theorem 3.4. We start by establishing an identity from which we show both
bounds. We need to calculate the probability
P

1
Ln (·) ∈ A
n

=P

1
1
Ln (1), . . . , Ln (N )
n
n

∈A ,

for certain A ∈ B. For each point j on the time grid TN we record by the ‘default
counter’ Kn,j ∈ {0, . . . , n} the number of defaults at time j:
Kn,j := #{i ∈ {1, . . . , n} | τi = j}.
These counters allow us to rewrite the probability to

⎞
⎞⎤
⎡ ⎛⎛

Kn,1 +...+Kn,N
Kn,1



1
1
1
P
Ln (·) ∈ A = E ⎣ P ⎝⎝
U(j) , . . . ,
U(j) ⎠ ∈ A  Kn ⎠⎦
n
n j=1
n

j=1
⎛⎛
⎞
⎞N
mi


⎜ 1
⎟
P (Kn,i = ki for i ≤ N ) × P ⎝⎝
U(j) ⎠
∈ A⎠ ,
=
n j=1
k1 +...+kN =n

i=1

(3.17)
(i
where mi := j=1 kj and the loss amounts Uj have been ordered, such that the ﬁrst
U(j) correspond to the losses at time 1, etc.
Upper bound. Starting from Equality (3.17), let us ﬁrst establish the upper bound of
the LDP. To this end, let F be a closed set and consider the decay rate
lim sup
n→∞

1
log P
n

1
Ln (·) ∈ F .
n

(3.18)
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An application of Lemma 3.19 together with (3.17), implies that (3.18) equals
lim sup
n→∞

1
Ln (·) ∈ F
n
⎡

1
log P
n

= lim sup max

kj =n

n→∞

1⎢
⎣log P
n

⎛⎛

Kn,i
ki
= , i≤N
n
n

⎞⎤
⎞N
mi

⎜ 1
⎟⎥
+ log P ⎝⎝
U(j) ⎠
∈ F ⎠⎦ ,
n j=1
i=1

(3.19)
Next we replace the dependence on n in the maximization by maximizing over the
set Φ as in (3.11). In addition, we replace the ki in (3.19) by
ϕ
n,i :=

[nψi ] − [nψi−1 ]
,
n

(3.20)

where the ψi have been deﬁned in (3.12). As a result, (3.18) reads
⎡
⎛⎛
⎞⎤
⎞N
[nψi ]

Kn,i
1⎢
⎜ 1
⎟⎥
=ϕ
n,i , i ≤ N + log P ⎝⎝
lim sup sup ⎣log P
U(j) ⎠
∈ F ⎠⎦ .
n
n j=1
n→∞ ϕ∈Φ n
i=1

(3.21)
Note that (3.18) equals (3.21), since for each n and vector (k1 , . . . , kN ) ∈ NN , with
(N
i=1 ki = n, there is a ϕ ∈ Φ with ϕi = ki /n. On the other hand, we only cover
outcomes of this form by rounding off the ϕi .
We can bound the ﬁrst term in this expression from above using Lemma 3.21, which
implies that the decay rate (3.18) is majorized by
⎡
N
⎢ 
ϕ
n,i log
lim sup sup ⎣−
n→∞ ϕ∈Φ

i=1

⎛⎛

ϕ
n,i
pi

⎞⎤
⎞N

1
⎜ 1
⎟⎥
U(j) ⎠
∈ F ⎠⎦ .
+ log P ⎝⎝
n
n j=1
[nψi ]

i=1

Now note that calculating the limsup in the previous expression is not straightforward due to the supremum over Φ. The idea is therefore to interchange the supremum and the limsup, by using Lemma 3.5. To apply this lemma we ﬁrst introduce

fn (ϕ) := −

N


⎛⎛

ϕ
n,i log

i=1

f (ϕ) := − inf

x∈F

N

i=1

ϕ
n,i
pi

ϕi log

+
ϕi
pi

⎞N

1
⎜ 1 
log P ⎝⎝
U(j) ⎠
n
n j=1
+ ΛU

Δxi
ϕi

[nψi ]

,

⎞
⎟
∈ F ⎠,

i=1
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and note that Φ is a compact subset of Rn . We have to show that for any sequence
ϕn → ϕ
lim sup fn (ϕn ) ≤ f (ϕ),

(3.22)

n→∞

such that the conditions of Lemma 3.5 are satisﬁed. We observe, with ψin as in (3.12)
and ϕ
ni as in (3.20) with ϕ replaced by ϕn , that
 N


ϕ
nn,i
n
n
ϕ
n,i log
lim sup fn (ϕ ) ≤ lim sup −
pi
n→∞
n→∞
i=1
⎛⎛
⎞
⎞N
[nψin ]
1
⎜ 1 
⎟
U(j) ⎠
∈ F ⎠.
+ lim sup log P ⎝⎝
n j=1
n→∞ n
i=1

nn,i differs at most by 1/n from ϕni , it immediately follows
Since ϕn → ϕ and since ϕ
 n 
that ϕ
nn,i → ϕi . For an arbitrary continuous function g we thus have g ϕ
n,i → g(ϕi ).
This implies that
 N

N


ϕ
nn,i
ϕi
ϕ
n,i log
ϕi log
=−
.
(3.23)
lim sup −
p
pi
n→∞
i
i=1
i=1
Inequality (3.22) is established once we have shown that
⎛⎛
⎞
⎞N
[nψin ]
N


1
⎜ 1
⎟
lim sup log P ⎝⎝
U(j) ⎠
∈ F ⎠ ≤ − inf
ϕi ΛU
x∈F
n j=1
n→∞ n
i=1

Δxi
ϕi

.

(3.24)

i=1

By Assumption 3.3, we can exploit the exponential equivalence together with Theorem 3.23, to see that (3.24) holds as soon as we have that
⎛⎛
⎞
⎞N
[nψi ]
N


Δxi
1
⎜⎝ 1
⎟
⎠
U(j)
∈ F ⎠ ≤ − inf
ϕi ΛU
lim sup log P ⎝
.
x∈F
n
n
ϕi
n→∞
j=1
i=1
i=1

But this inequality is a direct consequence of Lemma 3.22, and we conclude that (3.24)
holds. Combining (3.23) with (3.24) yields
lim sup fn (ϕ ) ≤ −
n

n→∞

N


ϕi log

i=1

= − inf

x∈F

N

i=1

ϕi
pi

ϕi log

− inf

x∈F

ϕi
pi

N


ϕi ΛU

i=1

+ ΛU

Δxi
ϕi

Δxi
ϕi
= f (ϕ),
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so that indeed the conditions of Lemma 3.5 are satisﬁed, and therefore

lim sup sup fn (ϕ) ≤ sup f (ϕ) = sup
n→∞ ϕ∈Φ

ϕ∈Φ

= − inf inf

x∈F ϕ∈Φ

ϕ∈Φ

N


− inf

x∈F

ϕi log

i=1

N


ϕi log

ϕi
pi

+ ΛU

Δxi
ϕi

i=1

ϕi
pi

+

ΛU

Δxi
ϕi



= − inf IU,p (x).
x∈F

This establishes the upper bound of the LDP.
Lower bound. To complete the proof, we need to establish the corresponding lower
bound. Let G be an open set and consider

lim inf
n→∞

1
Ln (·) ∈ G .
n

1
log P
n

(3.25)

We apply Equality (3.17) to this liminf, with A replaced by G, and we observe that this
sum is larger than the largest term in the sum, which shows that (where we directly
switch to the enlarged space Φ) the decay rate (3.25) majorizes
⎛
lim inf sup

n→∞ ϕ∈Φ

⎛⎛

1⎜
⎝log P
n

1
Kn,i = ϕ
n,i , i ≤ N
n

⎞⎞
⎞N

⎜ 1
⎟⎟
+ log P ⎝⎝
U(j) ⎠
∈ G⎠⎠ .
n j=1
[nψi ]

i=1

Observe that for any sequence of functions hn (·) it holds that lim inf n supx hn (x) ≥
lim inf n hn (x̃) for all x̃, so that we obtain the evident inequality
lim inf sup hn (x) ≥ sup lim inf hn (x).
n→∞

x

x

n→∞

This observation yields that the decay rate of interest (3.25) is not smaller than
⎛
1
⎜
sup ⎝lim inf log P
n→∞ n

ϕ∈Φ

1
Kn,i = ϕ
n,i , i ≤ N
n

+

⎛⎛
⎞⎞
⎞N
[nψi ]

1
⎜ 1
⎟⎟
lim inf log P ⎝⎝
U(j) ⎠ ∈ G⎠⎠
n→∞ n
n j=1
i=1

(3.26)
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where we have used that lim inf n (xn + yn ) ≥ lim inf n xn + lim inf n yn . We apply
Lemma 3.21 to the ﬁrst liminf in (3.26), leading to
1
1
log P
Kn,i = ϕ
n,i , i ≤ N
n
n

 N

ϕ
n,i
N
log(n + 1)
ϕ
n,i log
≥ lim inf −
−
n→∞
pi
n
i=1

lim inf
n→∞

= −

N


ϕi log

i=1

ϕi
pi

(3.27)

,

since log(n + 1)/n → 0 as n → ∞. The second liminf in (3.26) can be bounded from
below by an application of Lemma 3.22. Since G is an open set, this lemma yields
⎛⎛
⎞
⎞N
[nψi ]
N

xi − xi−1
1
⎜ 1 
⎟
U(j) ⎠
∈ G⎠ ≥ − inf
ϕi ΛU
.
lim inf log P ⎝⎝
n→∞ n
x∈G
n j=1
ϕi
i=1
i=1

Upon combining these two results, we see that we have established the lower bound:
1
1
log P
Ln (·) ∈ G
n
n
N

ϕi
ϕi log
≥ − inf inf
ϕ∈Φ x∈A
pi
i=1

lim inf
n→∞

+ ΛU

xi − xi−1
ϕi


= − inf IU,p (x).
x∈G

This completes the proof of the theorem.
In order to apply Theorem 3.4, one needs to check that Assumption 3.3 holds. In
general this could be a quite cumbersome exercise. In Lemma 3.6 below we provide
a sufﬁcient, easy-to-check condition under which this assumption holds.
Lemma 3.6. Assume that for all θ ∈ R : ΛU (θ) < ∞. Then Assumption 3.3 holds.
Remark 3.7. The assumption we make in Lemma 3.6, i.e., that the logarithmic moment generating function is ﬁnite everywhere, is a common assumption in large deviations theory. We remark that for instance Mogul’skiı̆’s theorem [DZ98, Thm. 5.1.2]
also relies on this assumption; this theorem is a sample-path LDP for
1
Xi ,
n i=1
[nt]

Yn (t) :=

on the interval [0, 1]. In Mogul’skiı̆’s
result the Xi are assumed to be i.i.d; in our
(n
model we have that Ln (t) = i=1 Ui Zi (t)/n, so that our sample-path result clearly
does not ﬁt into the setup of Mogul’skiı̆’s theorem.
♦
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Remark 3.8. In Lemma 3.6 it was assumed that ΛU (θ) < ∞, for all θ ∈ R, but an
equivalent condition is
ΛU (x)
= ∞.
x→∞
x

(3.28)

lim

In other words: this alternative condition can be used instead of the condition stated
in Lemma 3.6. To see that both requirements are equivalent, make the following
observations. In Lemma 3.20 it is shown that (3.28) is implied by the assumption in
Lemma 3.6. In order to prove the converse, assume that (3.28) holds, and that there
is a 0 < θ0 < ∞ for which ΛU (θ) = ∞. Without loss of generality we can assume that
ΛU (θ) is ﬁnite for θ < θ0 and inﬁnite for θ ≥ θ0 . For x > E [U ], the Fenchel-Legendre
transform is then given by
ΛU (x) = sup (θx − ΛU (θ)) .
0<θ<θ0

Since U ≥ 0 and ΛU (0) = 0, we know that ΛU (θ) ≥ 0 for 0 < θ < θ0 , and hence
ΛU (x)
≤ θ0 ,
x
which contradicts the assumption that this ratio tends to inﬁnity as x → ∞, and thus
establishing the equivalence.
♦
Proof of Lemma 3.6. Let ϕn → ϕ for some sequence of ϕn ∈ Φ and ϕ ∈ Φ. We
introduce two families of random variables {Yn } and {Zn },
⎞N
[nψi ]

1
Yn := ⎝
Uj ⎠
,
n j=1
⎛

i=1

⎞N
[nψin ]

1
Zn := ⎝
Uj ⎠
,
n j=1
⎛

i=1

which have laws μn and νn , respectively, as in (3.13)–(3.14). Since ϕn → ϕ we know
that for any ε > 0 there exists an Mε such that for all n > Mε we have that the largest
difference maxi | ϕni − ϕi | < ε/N , and thus |ψin − ψi | < ε.
We have to show that for any δ > 0
lim sup
n→∞

1
log P (||Yn − Zn ||∞ > δ) = −∞.
n

For i ≤ N consider the absolute difference between Yn,i and Zn,i , i.e.,


 [nψi ]

[nψin ]

1 

1

Uj −
Uj  .
|Yn,i − Zn,i | = 
n j=1
 n j=1


(3.29)
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Next we have that for any n > Mε it holds that |nψin − nψi | < nε, which yields the
upper bound,
|[nψin ] − [nψi ]| < [nε] + 2,
since the rounded numbers differ at most by 1 from their real counterparts. This
means that the difference of the two sums in (3.29) can be bounded by at most [nε] + 2
elements of the Uj , which are for convenience denoted by Uj . Recalling that the Uj
are nonnegative, we obtain



 [nψ
[nψin ]
[nε]+2


 1 i ]
1  
1


Uj −
Uj  ≤
Uj .
n
n j=1
 n j=1
 j=1
Next we bound the probability that the difference exceeds δ, by using the above inequality:
⎛
⎞
[nε]+2

1
[nε]+2 −nδθ
P (||Yn − Zn || > δ) ≤ P ⎝
U  > δ ⎠ ≤ E [exp (θU1 )]
e
,
n j=1 j
where the last inequality follows from the Chernoff bound [DZ98, Eqn. (2.2.12)] for
θ > 0. Taking the log of this probability, dividing by n, and taking the limsup on both
sides results in
lim sup
n→∞

1
log P (||Yn − Zn ||∞ > δ) ≤ εΛU (θ) − δθ.
n

By the assumption, ΛU (θ) < ∞ for all θ. Thus, ε → 0 yields
lim sup
n→∞

1
log P (||Yn − Zn ||∞ > δ) ≤ −δθ.
n

As θ was arbitrary, the exponential equivalence follows by letting θ → ∞.
We conclude this section with some examples.
Example 3.9. Assume that the loss amounts have ﬁnite support, say on the interval
[0, u]. Then we clearly have


ΛU (θ) = log E eθU ≤ θu < ∞.
So for any distribution with ﬁnite support, the assumption for Lemma 3.6 is satisﬁed,
and thus Theorem 3.4 holds. Here, the i.i.d. default times, τi , can have an arbitrary
discrete distribution on the time grid {1, . . . , N }.
In practical applications one (always) chooses a distribution with ﬁnite support for
the loss amounts, since the exposure to every obligor is ﬁnite. Theorem 3.4 thus
clearly holds for any (realistic) model of the loss given default.
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An explicit expression for the rate function (3.15), or even the Fenchel-Legendre transform, is usually not available. On the other hand one can use numerical optimization
techniques to calculate these quantities.
♦
We next present an example to which Lemma 3.6 applies.
Example 3.10. Assume that the loss amount U is measured in a certain unit, and takes
on the values u, 2u, . . . for some u > 0. Assume that it has a distribution of Poisson
type with parameter λ > 0, in the sense that for i = 1, 2, . . .
P (U = (i + 1)u) = e−λ

λi
.
i!



It is then easy to check that ΛU (θ) = θu + λ eθu − 1 , being ﬁnite for all θ. Further
calculations yield


x

x
1 x
− 1 log
−1
−
−1 +λ
ΛU (x) =
u
λ u
u
for all x > u, and ∞ otherwise. Dividing this expression by x and letting x → ∞, we
observe that the resulting ratio goes to ∞. As a consequence, Remark 3.8 now entails
that Theorem 3.4 applies. It can also be argued that for any distribution U with tail
behavior comparable to that of a Poisson distribution, Theorem 3.4 applies as well. ♦

3.4

Exact Asymptotic Results

In the previous section we have established a sample-path large deviation principle
on a ﬁnite time grid; this LDP provides us with logarithmic asymptotics of the probability that the sample path of Ln (·)/n is contained in a given set, say A. The results
presented in this section are different in several ways. In the ﬁrst place, we derive exact asymptotics (rather than logarithmic asymptotics). In the second place, our time
domain is not assumed to be ﬁnite; instead we consider all integer numbers, N. The
price to be paid is that we restrict ourselves to special sets A, viz. those corresponding
to the loss process (or the increment of the loss process) exceeding a given function.
We work under the setup that we introduced in Section 3.2.1.

3.4.1

Crossing a Barrier

In this section we consider the asymptotic behavior of the probability that the loss
process at some point in time is above a time-dependent level ζ. More precisely, we
consider the set
,
+
(3.30)
A := f : T → R+
0 | ∃t ∈ T : f (t) ≥ ζ(t) ,
for some function ζ(t) satisfying
ζ(t) > E [U Z(t)] = E [U ] Ft for all t ∈ T ,

(3.31)
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with Ft as in (3.6). If we would consider a function ζ that does not satisfy 3.31), we
are not in a large-deviations setting, in the sense that the probability of the event
{Ln (·)/n ∈ A} converges to 1 by the law of large numbers. In order to obtain a more
interesting result, we thus limit ourselves to levels that satisfy (3.31). For such levels
we state the ﬁrst main result of this section.
Theorem 3.11. Assume that
there is a unique t ∈ T such that IU Z (t ) = min IU Z (t),
t∈T

(3.32)

and that
IU Z (t)
> 0,
log t
+
,
where IU Z (t) = supθ θζ(t) − ΛU Z(t) (θ) = ΛU Z(t) (ζ(t)) . Then
lim inf
t→∞

P

1
Ln (·) ∈ A
n



=

e−nIU Z (t ) C 
√
n

1+O

1
n

,

(3.33)

(3.34)

for A as in (3.30) and σ  is such that ΛU Z(t ) (σ  ) = ζ(t ). The constant C  follows from
the Bahadur-Rao theorem (Theorem 3.24), with C  = CU Z(t ),ζ(t ) .
Before proving our result, which will rely on arguments similar to those in [LM99],
we ﬁrst discuss the meaning and implications of Theorem 3.11. In addition we reﬂect
on the role played by the assumptions. We do so by a sequence of remarks.
Remark 3.12. Comparing Theorem 3.11 to the Bahadur-Rao theorem (Theorem 3.24),
we observe that the probability of a sample mean exceeding a rare value has the
same type of decay as the probability of our interest (i.e., the probability that the
normalized
√ loss process Ln (·)/n ever exceeds some function ζ). This decay looks like
Ce−nI / n for positive constants C and I. This similarity can be explained as follows.
First observe that the probability of our interest is actually the probability of a union
events. Evidently, this probability is larger than the probability of any of the events
in this union, and hence also larger than the largest among these:
P

1
Ln (·) ∈ A
n

≥ sup P
t∈T

1
Ln (t) ≥ ζ(t) .
n

(3.35)

Theorem 3.11 indicates that the inequality in (3.35) is actually tight (under the conditions stated). Informally, this means that the contribution of the maximizing t in
the right-hand side of (3.35), say t , dominates the contributions of the other time
epochs as n grows large. This essentially says that given that the rare event under
♦
consideration occurs, with overwhelming probability it happens at time t .
As is clear from the statement of Theorem 3.11, two assumptions are needed to prove
the claim; we now brieﬂy comment on the role played by these.
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Remark 3.13. Assumption (3.32) is needed to make sure that there is not a time epoch
t̄, different from t , having a contribution of the same order as t . It can be veriﬁed
from our proof that if the uniqueness assumption is not met,
√ the probability under
consideration remains asymptotically proportional to e−nI / n, but we lack a clean
expression for the proportionality constant.
Assumption (3.33) has to be imposed to make sure that the contribution of the ‘upper
tail’, that is, time epochs t ∈ {t + 1, t + 2, . . .}, can be neglected; more formally, we
should have
P ∃t ∈ {t + 1, t + 2, . . .} :

1
Ln (t) ≥ ζ(t)
n

=o P

1
Ln (·) ∈ A
n

.

In order to achieve this, the probability that the normalized loss process exceeds ζ for
large t should be sufﬁciently small.
♦
Remark 3.14. We now comment on what Assumption (3.33) means. Clearly,






ΛU Z(t) (θ) = log P (τ ≤ t) E eθU + P (τ > t) ≤ log E eθU ,


as t grows, θ ≥ 0; the limiting value is actually log E eθU if τ is non-defective. This
entails that



IU Z (t) = ΛU Z(t ) (ζ(t)) ≥ ΛU (ζ(t)) = sup θζ(t) − log E eθU .
θ

We observe that Assumption (3.33) is fulﬁlled if lim inf t→∞ ΛU (ζ(t))/ log t > 0, which
turns out to be valid under extremely mild conditions. Indeed, relying on Lemma
3.20, we have that in great generality it holds that ΛU (x)/x → ∞ as x → ∞. Then
clearly any ζ(t), for which lim inf t ζ(t)/ log t > 0, satisﬁes Assumption (3.33), since
lim inf
t→∞

ΛU (ζ(t))
Λ (ζ(t)) ζ(t)
= lim inf U
.
t→∞
log t
ζ(t) log t

Alternatively, if U is chosen distributed exponentially with mean λ (which does not
satisfy the conditions of Lemma 3.20), then ΛU (t) = λt − 1 − log(λt), such that we
have that
lim inf
t→∞

IU (log t)
= λ > 0.
log t

Barrier functions ζ that grow at a rate slower than log t, such as log log t, are in this
setting clearly not allowed.
♦
Proof of Theorem 3.11. We start by rewriting the probability of interest as
P

1
Ln (·) ∈ A
n

= P ∃t ∈ T :

Ln (t)
≥ ζ(t) .
n
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For an arbitrary point k in T we have
P ∃t ∈ T :

Ln (t)
≥ ζ(t)
n

≤ P ∃t ≤ k :

Ln (t)
Ln (t)
≥ ζ(t) +P ∃t > k :
≥ ζ(t) .
n
n
(3.36)

We ﬁrst focus on the second part in (3.36). We can bound this by
P ∃t > k :

Ln (t)
≥ ζ(t)
n

∞


Ln (i)
≥ ζ(i)
n
i=k+1
⎡
⎛
⎞⎤
∞
n


≤
inf E ⎣exp ⎝θ
Uj Zj (i)⎠⎦ e−nζ(i)θ ,
≤

i=k+1

P

θ>0

j=1

where the second inequality is due to the Chernoff bound [DZ98, Eqn. (2.2.12)]. The
independence between the Ui and Zi (t), together with the assumption that the Ui are
i.i.d. and the Zi (t) are i.i.d., yields
⎡
⎛
⎞⎤
∞
n


inf E ⎣exp ⎝θ
Uj Zj (i)⎠⎦ e−nζ(i)θ
i=k+1

=

=

θ>0

∞

i=k+1
∞


j=1

inf

θ>0

n


E [exp (θUj Zj (i))] e−nζ(i)θ =

j=1

∞




exp −n sup ζ(i)θ − ΛU Z(i) (θ

i=k+1

θ>0

exp (−nIU Z (ζ(i))) .

i=k+1

By (3.33) we have that
lim inf
t→∞

IU Z (t)
= β,
log t

for some β > 0 (possibly ∞). Hence there exists an m such that for all i > m
IU Z (i) > α log i > IU Z (t ),

(3.37)

where α = β/2 (in case β = ∞, any 0 < α < ∞ sufﬁces) and t deﬁned in (3.32).
Choosing k = m, we obtain by using the ﬁrst inequality in (3.37) for n > 1/α
∞

i=m+1

exp (−nIU Z (ζ(i))) ≤

∞

i=m+1

exp (−nα log i) ≤

1
exp ((−nα + 1) log m) ,
nα − 1

where the last inequality trivially follows by bounding the summation (from above)
by an appropriate integral. Next we multiply and divide this by P (Ln (t )/n > ζ(t ))
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and we apply the Bahadur-Rao theorem, which results in
1
1
e(−nα+1) log m =
e(−nα+1) log m
nα − 1
nα − 1
√
m n C
1
Ln (t ) > ζ(t )
=P
1+O
n
nα − 1

P (Ln (t )/n > ζ(t ))
P (Ln (t )/n > ζ(t ))

1
e−n(α log m−IU Z (t )) .
n

The second inequality in (3.37) yields α log m−IU Z (t ) > δ, for some δ > 0. Applying
this inequality, we see that this bounds the second term in (3.36), in the sense that as
n → ∞,

1
Ln (t)
≥ ζ(t)
P
Ln (t ) > ζ(t ) → 0.
P ∃t > k :
n
n
To complete the proof we need to bound the ﬁrst term of (3.36), where we use that
k = m. For this we again use the Bahadur-Rao theorem. Next to this theorem we use
the uniqueness of t , which implies that for i ≤ m and i = t there exists an ε > 0,
such that
IU Z (t ) + ε ≤ IU Z (i).
This observation yields, with σi such that ΛU Z(i) (σi ) = ζ(i),
P ∃t ≤ m :

Ln (t)
≥ ζ(t)
n

≤

m

i=1

Ln (i)
≥ ζ(i)
n

m

1
C
e−nIU Z (ti )
n
CU Z(i),ζ(i) e−nIU Z (t )
i=1

P

≤P

1
Ln (t ) > ζ(t )
n

1+O

≤P

1
Ln (t ) > ζ(t )
n

1+O

1
n

=P

1
Ln (t ) > ζ(t )
n

1+O

1
n

1 + m × max


i=1,...,m




1 + O e−nε

C
CU Z(i),ζ(i)

e−nε



Combining the above ﬁndings, we observe
P ∃t ∈ T :

Ln (t)
≥ ζ(t)
n

≤P

Ln (t )
≥ ζ(t )
n

1+O

1
n

.

1+O

1
n

.

Together with the trivial bound
P ∃t ∈ T :

Ln (t)
≥ ζ(t)
n

≥P

Ln (t )
≥ ζ(t ) ,
n

Ln (t)
≥ ζ(t)
n

=P

Ln (t )
> ζ(t )
n

this yields
P ∃t ∈ T :

Applying the Bahadur-Rao theorem to the right-hand side of the previous display
yields the desired result.
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Large Increments of the Loss Process

In the previous section we identiﬁed the asymptotic behavior of the probability that
at some point in time the normalized loss process Ln (·)/n exceeds a certain level.
We can carry out a similar procedure to obtain insight in the large deviations of the
increments of the loss process. Here we consider times where the increment of the
loss between time s and t exceeds a threshold ξ(s, t). More precisely, we consider the
event
+
,
A := f : T × T → R+
(3.38)
0 | ∃s < t ∈ T : f (s, t) ≥ ξ(s, t) .
Being able to deal with events of this type, we can for instance analyze the likelihood
of the occurrence of a large loss during a short period; we remark that with the event
(3.30) from the previous subsection, one cannot distinguish the cases where the loss
is zero for all times before t and x > ζ(t) at time t, and the case where the loss is just
below the level ζ for all times before time t and then ends up at x at time t. Clearly,
events of the (3.38) make it possible to distinguish between such paths.
In order to avoid trivial results, we impose a condition similar to (3.31), namely
ξ(s, t) > E [U ] (Ft − Fs ) ,

(3.39)

for all s < t. The law of large numbers entails that for functions ξ that do not satisfy this condition, the probability under consideration does not correspond to a rare
event.
A similar probability has been considered in [DDD04], where the authors derive the
logarithmic asymptotic behavior of the probability that the increment of the loss, for
some s < t, in a bounded interval exceeds a thresholds that depends only on t − s. In
contrast, our approach uses a more ﬂexible threshold, which depends on both times
s and t, and in addition we derive the exact asymptotic behavior of this probability.
Theorem 3.15. Assume that
there is a unique s < t ∈ T such that IU Z (s , t ) = min IU Z (s, t),
s<t

(3.40)

and that
IU Z (s, t)
> 0,
(3.41)
log t


where IU Z (s, t) = supθ θξ(s, t) − ΛU (Z(t)−Z(s)) (θ) = ΛU (Z(t)−Z(s)) (ξ(s, t)). Then
inf lim inf

s∈T

P

t→∞

1
Ln (·) ∈ A
n



=



e−nIU Z (s ,t ) C 
√
n

1+O

1
n

,

(3.42)

for A as in (3.39) and σ  is such that ΛU (Z(t )−Z(s )) (σ  ) = ξ(s , t ). The constant C 
follows from the Bahadur-Rao theorem (Theorem 3.24), with C  = CU (Z(t )−Z(s )), ξ(s ,t ) .
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Remark 3.16. A ﬁrst glance at Theorem 3.15 tells us the obtained result is very similar
to the result of Theorem 3.11. The second condition, i.e., Inequality (3.41), however,
seems to be more restrictive than the corresponding condition, i.e., Inequality (3.33),
due to the inﬁmum over s. This assumption has to make sure that the ‘upper tail’
is negligible for any s. In the previous subsection we have seen that, under mild
restrictions, the upper tail can be safely ignored when the barrier function grows at a
rate of at least log t. We can extend this claim to our new setting of large increments,
as follows.
First note that
inf lim inf

s∈T

t→∞

IU Z (s, t)
Λ (ξ(s, t))
≥ inf lim inf U
.
s∈T t→∞
log t
log t

Then consider thresholds that, next to condition (3.39), satisfy that for all s
lim inf
t→∞

ξ(s, t)
> 0.
log t

(3.43)

Then, under the conditions of Lemma 3.20, we have that
lim inf
t→∞

ΛU (ξ(s, t))
Λ (ξ(s, t)) ξ(s, t)
= lim inf U
= ∞,
t→∞
log t
ξ(s, t)
log t

(3.44)

since the second term remains positive by (3.43) and the ﬁrst term tends to inﬁnity by
Lemma 3.20. Having established (3.44) for all s, it is clear that (3.41) is satisﬁed.
The sufﬁcient condition (3.43) shows that the range of admissible barrier functions is
quite substantial, and, importantly, imposing (3.41) is not as restrictive as it seems at
ﬁrst glance.
♦
Proof of Theorem 3.15. The proof of this theorem is very similar to that of Theorem
3.11. Therefore we only sketch the proof here. As before, the probability of interest
is split up into a ‘front part’ and ‘tail part’. The tail part can be bounded using Assumption (3.41); this is done analogously to the way Assumption (3.33) was used in
the proof of Theorem 3.11. The uniqueness assumption (3.40) then shows that the
probability of interest is asymptotically equal to the probability that the increment
between time s and t exceeds ξ(s , t ); this is an application of the Bahadur-Rao
theorem. Another application of the Bahadur-Rao theorem to the probability that the
increment between time s and t exceeds ξ(s , t ) yields the result.

3.5

Discussion and Concluding Remarks

In this chapter we have established a number of results with respect to the asymptotic
behavior of the distribution of the loss process. In this section we discuss some of the
assumptions in more detail and we consider extensions of the results that we have
derived.
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Extensions of the Sample-Path LDP

The ﬁrst part of our work, Section 3.3, was devoted to establishing a sample-path
large deviation principle on a ﬁnite time grid. Here we modeled the loss process as
the sum of i.i.d. loss amounts multiplied by i.i.d. default indicators. From a practical point of view one can argue that the assumptions underlying our model are not
always realistic. In particular, the random properties of the obligors cannot always
be assumed independent. In addition, the assumption that all obligors behave in an
i.i.d. fashion will not necessarily hold in practice. Both shortcomings can be dealt
with, however, by adapting the model slightly. A common way to introduce dependence, taken from [DDD04], is by supposing that there is a ‘macro-environmental’
variable Y to which all obligors react, but conditional on which the loss epochs and
loss amounts are independent. First observe that our results are then valid for any
speciﬁc realization y of Y . Denoting the exponential decay rate by ry , i.e.,


1
1
log P
Ln (·) ∈ A  Y = y = ry ,
lim
n→∞ n
n
the unconditional decay rate is just the maximum over the ry ; this is trivial to prove
if Y can attain values in a ﬁnite set only. A detailed treatment of this is beyond the
scope of this chapter.
The assumption that all obligors have the same distribution can be relaxed to the
case where we assume that there are m different classes of obligors (for instance determined by their default ratings). We further assume that each class i makes up a
fraction ai of the entire portfolio. Then we can extend the LDP of Theorem 3.3.2 to
a more general one, by splitting up the loss process into m loss processes, each corresponding to a class. Conditioning on the realizations of these processes, we can
derive the following rate function:
  


N
m 

ϕji
vij
j

ai ϕi log
+ ΛU
,
(3.45)
IU,p,m (x) := infm inf
ϕ∈Φ v∈Vx
pji
ai ϕji
j=1 i=1
 (m j
m

where Vx = { v ∈ Rm×N
is the Cartesian
+
j=1 vi = Δxi for all i ≤ N }, and Φ
product Φ × . . . × Φ (m times), with Φ as in (3.11). The optimization over the set Vx
follows directly from conditioning on the realizations of the per-class loss processes.
We leave out the formal derivation of this result; this multi-class case is notationally
considerably more involved than the single-class case, but essentially all steps carry
over.
In our sample-path LDP we assumed that defaults can only occur on a ﬁnite grid.
While this assumption is justiﬁable from a practical point of view, an interesting
mathematical question is whether it can be relaxed. In self-evident notation, one
would expect that the rate function
IU,p,∞ (x) := inf

ϕ∈Φ∞

∞

i=1

ϕi log

ϕi
pi

+ ΛU

Δxi
ϕi

.
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It can be checked, however, that the argumentation used in the proof of Theorem 3.4
does not work; in particular, the choice of a suitable topology plays an important role.
If losses can occur on a continuous entire interval, i.e., [0, N ], we expect, for a nondecreasing and differentiable path x, the rate function
 N
ϕ(t)
x (t)
ϕ(t) log
+ ΛU
dt,
(3.46)
IU,p,[0,N ] (x) := inf
ϕ∈M 0
p(t)
ϕ(t)
where M is the space of all densities on [0, N ] and p the density of the default time
τ . One can easily guess the validity of (3.46) from (3.15) by using Riemann sums
to approximate the integral. A formal proof, however, requires techniques that are
essentially different from the ones used to establish Theorem 3.4, and therefore we
leave this for future research.

3.5.2

Extensions of the Exact Asymptotics

In the second part of the chapter, i.e., Section 3.4, we have derived the exact asymptotic behavior for two special events. First we showed that, under certain conditions, the probability that the loss process exceeds a certain time-dependent level, is
asymptotically equal to the probability that the process exceeds this level at the ‘most
likely’ time t . The exact asymptotics of this probability are obtained by applying
the Bahadur-Rao theorem. A similar result has been obtained for an event related to
the increment of the loss process. One could think of reﬁning the logarithmic asymptotics, as developed in Section 3.3, to exact asymptotics. Note, however, that this
is far from straightforward, as for general sets these asymptotics do not necessarily
coincide with those of a univariate random variable, cf. [MMNvU06].

3.A

Background Results

In this section we state a number of deﬁnitions and results, taken from [DZ98], which
are used in the proofs in this chapter.
Theorem 3.17 (Cramér). Let Xi be i.i.d. real valued random
(nvariables with all exponential
moments ﬁnite and let μn be the law of the average Sn = i=1 Xi /n. Then the sequence
{μn } satisﬁes an LDP with rate function Λ (·), where Λ is the Fenchel-Legendre transform
of the Xi .
Proof. See for example [DZ98, Thm. 2.2.3].
Deﬁnition 3.18. We say that two families of measures {μn } and {νn } on a metric space
(X , d) are exponentially equivalent if there exist two families of X -valued random variables
{Yn } and {Zn } with marginal distributions {μn } and {νn }, respectively, such that for all
δ>0
1
lim sup log P (d (Xn , Yn ) ≥ δ) = −∞.
n→∞ n
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Lemma 3.19. For every triangular array ain ≥ 0, n ≥ 1, 1 ≤ i ≤ n,
lim sup
n→∞

n

1
1
log
log ain .
ain = lim sup max
i=1,...,n
n
n
n→∞
i=1

Proof. Elementary, but also a direct consequence of [DZ98, Lemma 1.2.15].
Lemma 3.20. Let Λ(θ) < ∞ for all θ ∈ R, then
Λ (x)
= ∞.
|x|→∞ |x|
lim

Proof. This result is a part of [DZ98, Lemma 2.2.20].
Lemma 3.21. Let Kn,i be deﬁned as Kn,j := #{i ∈ {1, . . . , n} | τi = j}. Then for any
(N
vector k ∈ NN , such that i=1 ki = n, we have that
(n + 1)−N exp (−nH(k | p)) ≤ P (Kn = k) ≤ exp (−nH(k | p)) ,
where
H(k | p) =

N

ki
i=1

n

log

ki
npi

,

and pi as deﬁned in (3.5).
Proof. See [DZ98, Lemma 2.1.9].
Lemma 3.22. Deﬁne
1
Xi , 0 ≤ t ≤ 1,
n i=1
[nt]

Zn (t) :=

for an i.i.d. sequence of Rd valued random variables Xi . Let μn denote the law of Zn (·) in
L∞ ([0, 1]). For any discretization J = {0 < t1 < . . . < t|J| ≤ 1} and any f : [0, 1] → Rd ,
|J|
let pJ (f ) denote the vector (f (ti ))i=1 ∈ (Rd )|J| . Then the sequence of laws {μn ◦ p−1
J }
d |j|
satisﬁes the LDP in (R ) with the good rate function
IJ (z) =

|J|

i=1

(ti − ti−1 )Λ

zi − zi−1
ti − ti−1

,

where Λ is the Fenchel-Legendre transform of X1 .
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Proof. See [DZ98, Lemma 5.1.8]. This lemma is one of the key steps in proving
Mogul’skiı̆’s theorem, which provides a sample-path LDP for Zn (·) on a bounded
interval.
Theorem 3.23. If an LDP with a good rate function I(·) holds for the probability measures
{μn }, which are exponentially equivalent to {νn }, then the same LDP holds for {νn }.
Proof. See [DZ98, Thm. 4.2.13].
Theorem 3.24 (Bahadur-Rao). Let Xi be an i.i.d. real-valued sequence random variables.
Then we have

 n

1
e−nΛX (q) CX,q
1
√
1+O
Xi ≥ q =
P
.
n i=1
n
n
The constant CX,q depends on the type of distribution of X1 , as speciﬁed by the following two
cases.
(i) The law of X1 is lattice, i.e. for some x0 , d, the random variable (X1 − x0 )/d is (a.s.) an
integer number, and d is the largest number with this property. Under the additional
condition 0 < P (X1 = q) < 1, the constant CX,q is given by
CX,q =

d

,
(1 − e−σd ) 2πΛX (σ)

where σ satisﬁes ΛX (σ) = q.
(ii) If the law of X1 is non-lattice, the constant CX,q is given by
CX,q =

σ



1
,
2πΛX (σ)

with σ as in case (i).
Proof. We refer to [BR60] or [DZ98, Thm. 3.7.4] for the proof of this result.

CHAPTER

4

An Empirical Analysis of CDO Data

In Chapters 2 and 3 we have presented two models for the loss process of a credit
risky portfolio, where the focus was mainly on the modeling itself. This, and the
next, chapter are of a more applied nature. In the current chapter, which is based
on [LdVV08], we perform an empirical analysis on a large data set of CDO quotes.
By means of a regression analysis, we ﬁlter out the credit risk that is present in each
CDO tranche, to investigate the effects of correlation. Thereafter we consider three
different ways in which one can use a set of base correlations, obtained from market
quotes for CDO tranches, to value non-standard CDO tranches.

4.1

Introduction

Over the last decade, the growth in the credit derivatives market has been enormous.
First, the market for credit default swaps (CDS) on single names has become very
liquid. This was followed by the rapid development of the synthetic CDO market
over the last couple of years. Following this large growth in liquidity there has been
a need for models which can be calibrated to market quotes. Amongst practitioners, the one-factor Gaussian factor copula has become standard. In order to allow
for calibration an ad-hoc method has become popular, known as the base correlation
approach, presented in [MBAW04]. This method can not be regarded as a model explaining the observed market quotes, but rather as a ﬁx of the standard one-factor
Gaussian copula model, much like implied volatilities in the equity derivatives markets. When considering non-standard tranches, i.e. tranches with non-standard attachment and detachment levels, tranches with non-standard maturities or tranches
on non-standard indices, some mapping choices have to be made. There are multiple
77
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ways to map the observed base correlation skew to different maturities or different
baskets and three of them are considered in this paper.
In this chapter we perform an empirical analysis of market prices for CDO tranches,
using a data set ranging from December 2004 up to November 2006. The data set
consists of three different sets of quotes. Quotes of standard interest rate products
are available and these are used to determine risk free discount factors. For each
reference entity entire CDS term structures are available, which are used to determine
marginal distributions of the default times. Finally quotes for synthetic CDO tranches
are available and these are used to determine the market implied default dependency
structure. Using only the data for synthetic CDO tranche quotes we ﬁrst investigate
whether correlation effects can be discovered from these quotes directly. Therefore
the inﬂuence of the credit risk of the underlying index is ﬁltered out by means of
regression analysis. The resulting residuals should then capture correlation effects.
The second part of the analysis uses the base correlation method to imply the default
dependency structure from the market. First the base correlation method is used to
investigate the behavior of market implied credit correlation over time. Secondly,
three different mapping methods are considered and their performance is investigated by means of out-of-sample tests. An out-of-sample test is considered where
tranche quotes with ﬁve year maturity on a certain index are mapped to tranches
with either seven or ten year maturities on the same index. In addition out-of-sample
tests are performed where mapping is done using quotes for ﬁve year tranches on
one index and mapping the resulting base correlations to ﬁve, seven and ten year
tranches on the other index.
The outline of this chapter is as follows. In the next section the synthetic CDO market is discussed. The mechanics of the products are discussed and the quoting convention is explained. In addition it is shown that pricing of these products can be
reduced to determining the expected loss on equity tranches. The third section focuses on modeling the default dependency by means of copulas and the one-factor
Gaussian copula in particular. In addition the base correlation method is described,
which has become the industry standard approach for visualizing default correlation
implied in the market. Section 4.4 describes the data which has been used in the empirical analysis and some summary statistics are presented. In addition the increase
in liquidity in the synthetic CDO market is brieﬂy touched upon. Section 4.5 presents
the results of the empirical analysis. First, the synthetic CDO tranche quotes are considered directly without using any default correlation model. The second part of this
section applies the base correlation method to the available data. First the behavior
of the different base correlations with a ﬁve year maturity is considered. Second the
base correlation method is used in combination with different mapping methods in
order to investigate the performance of three different mapping methods by means
of out-of-sample tests. Finally, Section 4.6 concludes this chapter.
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Synthetic CDO Tranches

In a Collateralized Debt Obligation, CDO, a pool of assets functions as collateral
against which notes are issued. These notes represent tranches of the structure and
strictly regulate the seniority of the notes. In Figure 4.1, the structure of a CDO contract is graphically represented.

Collateral

Tranches

Super Senior

Sen. Mezzanine
-

Jun. Mezzanine
Equity

Figure 4.1: CDO structure with the pool of collateral assets on the left-hand-side and four different tranches
on the right hand side The risky equity tranche is shown at the bottom of the CDO structure and is followed
by a junior mezzanine tranche, a senior mezzanine tranche and a super senior tranche.

Here on the left hand side one can see the pool of collateral, while on the right hand
side the CDO structure is represented where four different tranches are issued, the
equity, the junior mezzanine, the senior mezzanine and the super senior tranche. In
case of a default event in the pool of collateral the ﬁrst losses are absorbed by the
equity tranche investor. Once the cumulative losses increase beyond the size of the
equity tranche, the junior mezzanine tranche is affected and so forth. Clearly the
equity tranche investor is much more exposed to losses in the pool of collateral and
therefore this investor is compensated by receiving a larger coupon. Rating agencies can be involved to assign credit ratings to the different tranches. Usually the
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equity tranche is not rated, due to the large risk involved. As the name suggests
these tranches are similar to investing in equity, while the more senior notes can be
compared to investing in bonds.
Traditionally these CDO tranches are backed by a pool of cash assets, such as bonds,
student loans or credit card receivables. Due to issues such as different maturities
and prepayment of assets such structures usually require a manager to manage the
cash ﬂows and invest in new assets. It was realized that one could also create the pool
of collateral synthetically by means of credit default swaps. The clear advantage here
is that one can select CDSs with equal maturity leading to easy to predict cash ﬂows
which are only affected by a default event of one of the underlying reference entities.
More information about different types of CDOs can be found in [Tav03].

4.2.1

Standard Tranches and Quoting Conventions

In recent years the market for synthetic CDO tranches has become increasingly liquid. Two reference indices have been deﬁned, known as CDX NA IG and iTraxx
Europe, which contain 125 North American reference entities and 125 European reference entities, respectively. All these names are high grade issuers and on 20 March
and 20 September of each year the indices are rolled, leading to new series. At a roll
date some names for which credit worthiness has deteriorated are possibly replaced
by names with better credit quality. In addition to a possible change of index composition, at a roll date the maturity of quoted synthetic CDO tranches also changes with
six months. Standard maturities are at 20 June and 20 December of each year. For
instance, after an index roll at 20 March, the new on the run tranches reference the
new index and have maturities at 20 June. Thus initially the ﬁve year quoted CDO
tranches have a tenor of ﬁve years and three months. Just before the next roll date the
tenor has reduced to four years and nine months.
Five tranches on the iTraxx index are quoted in the market with attachment and detachment levels: 0-3%, 3-6%, 6-9%, 9-12% and 12-22%. For the tranches on the CDX
index detachment levels are slightly different at: 0-3%, 3-7%, 7-10%, 10-15% and 1530%. All tranches have quarterly payments and the Actual/360 daycount convention
is used to determine premium payments. For the equity tranche the quote is given
as an percentage of the notional to be paid upfront by the protection buyer, in addition to premium payments of 500 basis points (bp) on an annual basis, paid quarterly.
Typically the ﬁve tranches are quoted in combination with a notional delta exchange.
This means that a protection buyer can buy protection for a certain tranche in return for the quoted premium and in addition will sell protection on the index credit
default swap with notional equal to the tranche notional times the notional delta exchange. The reason for this delta exchange is that both parties are likely to hedge
their credit delta risk. Trading the delta hedge with each other, in combination with
the tranche, is thus simple and avoids extra costs due to the bid/offer spread. The
quotes also consist of the index spread against which the notional delta exchange
part of the trade is executed and this is known as the reference spread. Both refer-
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ence spread and delta exchanges are agreed periodically by a dealer poll, where the
reference spread follows the index spread closely.
Table 4.1 gives an example of a set of synthetic CDO quotes on the iTraxx index with
maturity of ﬁve years.

iTraxx
Ref.
24 BP

Tranche
0 – 3
3 – 6
6 – 9
9 – 12
12 – 22

Bid
11.625
54.5
13.25
5
2

Offer
11.875
54.75
14.25
6
3

Delta
25.5
5
1.5
0.5
0.3

Table 4.1: Market quotes for the ﬁve standard synthetic CDO tranches on iTraxx, with a tenor of ﬁve years.
For each tranche the bid and offer quotes are shown as well as the notional delta exchange. In addition a
reference spread is shown. Quotes are from the 1st of November 2006 and thus maturity for the quoted
tranches is December 20th , 2011.

Thus for instance an investor can sell credit protection on the 3-6% tranche for 1 million notional, receiving 54.5 bp. Simultaneously the investor buys protection on the
index credit default swap for 5 million notional against a spread of 24 bp.
The synthetic CDO market on these indices started with quoting for a ﬁve year tenor
only. In recent years the range of maturities has expanded to include seven and ten
year maturities as well. However the mayor part of the analysis presented in this
chapter focuses on tranches with a ﬁve year maturity as these are most liquid.

4.2.2

Pricing of Synthetic CDO Tranches

In order to price a synthetic CDO tranche the focus will be on the distribution of the
cumulative loss of a certain basket, consisting of a number of CDSs, at future points
in time. Let LB (t) denote the percentage loss on basket B at time t. The percentage
loss on an equity tranche, i.e. a tranche with zero attachment, and detachment level
d is given by:

LB
d (t) =



1
min LB (t), d .
d

Next, a general tranche is considered, having both a non-zero attachment as well as a
detachment level. The percentage loss of a tranche with attachment a and detachment
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d is given by:

LB
a,d (t)





min max LB (t) − a, 0 , d − a
=
d−a



 B
min L (t), d − min LB (t), a
=
d−a
(t)
−
a
· LB
d · LB
a (t)
d
.
=
d−a

Thus the loss on any tranche can always be written in terms of the loss on equity
tranches. the modeling of the tranche loss will focus on the modeling of the cumulative loss of the basket, LB . Once a certain model is chosen, the focus is on the

 calculation of the expected loss on a certain equity tranche at future times, i.e. E LB
d (t) .
This expected loss is calculated under the risk neutral measure as the model for the
cumulative loss will be consistent with the market observed values for CDSs. The expected loss needs to be evaluated for different times in the future due to discounting
and due to premium payments which are made over outstanding tranche notional,
which is expected to decrease over time.
First, the value of the protection leg of an equity tranche is considered using a discrete
approximation over time. Let t0 , t1 , . . . , TM = T denote a partition of the time interval, where t0 denotes the valuation date and tM the maturity. The value, DLB,T
d , of
the protection leg of an equity tranche with detachment d on basket B with maturity
T can be approximated using the following expression:

DLB,T
d

≈E

M


D (ti )



LB
d (ti )

−

LB
d (ti−1 )





i=1

=

M


 

 B

D (ti ) E LB
d (ti ) − E Ld (ti−1 ) .

(4.1)

i=1

Here D(t) denotes the value at the valuation date of a risk free payment of one unit
made at time t. In the expression, we assume that all protection payments during the
period ti−1 up to ti are made at the middle of the period. ti . Similarly one can derive
the value, PLB,T
d , of the premium leg. Here we consider the case where premium
payments are made over the outstanding notional of the tranche, which is the most
commonly traded variation of synthetic CDO tranche swaps. The premium payment
dates, Ti , i = 1, . . . , N , can be used for discretization. Furthermore we let T0 denote
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the valuation date. The value of the protection leg is then given by
N




B,T
B
B
1
PLd ≈ E
δi D (Ti ) 2 1 − Ld (Ti ) + 1 − Ld (Ti−1 )
i=1
N


=


δi D (Ti ) 1 −

1
2

  B



E Ld (Ti ) + E LB
.
d (Ti−1 )

(4.2)

i=1

Here the term δi denotes the day count fraction which applies to the premium payment to be made at time ti . There are some important differences when comparing
Equations (4.1) and (4.2). First, the discretization for the protection leg is general,
while for the premium leg the payment dates have been used. Second, discounting
for the protection leg is done in the middle of a period, while for the premium leg the
end of the period is used, which corresponds to the payment date.
Due to the simple linear relationships it is straightforward to derive the following
relationships for general tranches:
d · DLB,T
− a · DLB,T
a
d
d−a
d · PLB,T
− a · PLB,T
a
d
.
=
d−a

DLB,T
a,d =
PLB,T
a,d

(4.3)

As the value of the protection leg is deﬁned for one unit of tranche notional, one has
to weigh using the attachment and detachment levels of the contract. This relation
shows that one can write both protection and premium leg values of any tranche in
terms of two equity tranches. This relationship is the main observation used in the
base correlation model discussed in Section 4.3.2. Given the values of the protection
B,T
leg and premium leg, and the spread s, one could easily determine the value, Va,d
,
c
f
of a CDO with contracted premium s , or one could determine the fair premium s
of that tranche:
B,T
B,T
c
= DLB,T
Va,d
a,d − s · PLa,d

sf =

DLB,T
a,d
PLB,T
a,d

.

(4.4)

Here the value is given from the point of view of the protection buyer. In case an
upfront premium payment is speciﬁed, one could easily determine the value by subtracting this upfront payment. Note that this is only relevant at initiation of a contract.

4.3

Modeling Default Dependency

Default dependency is usually modeled using copula methods, see [Nel99] for more
details on copulas. The main advantage of copulas is that it allows one to split mod-
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eling of marginal distributions from the modeling of the dependency structure. The
one-factor Gaussian copula is a special case of the more general Gaussian copula,
presented in [Li00], where some additional structure is enforced which simpliﬁes the
model.

4.3.1

One-Factor Gaussian Copula

The market standard model has become the one-factor Gaussian copula. Default
events are modeled by means of latent variables and default dependency is modeled
by correlating the latent variables in some speciﬁc way. For the one-factor Gaussian
copula model, the latent variables are modeled as follows:
(4.5)
Xi ≡ ρi · Y + 1 − ρ2i · ξi
τi ≤ t ⇔ Xi ≤ χi (t).
Here τi denotes the default time for reference entity i. Xi denotes the latent variable
for name i and a default event has occurred before time t, when the latent variable is
smaller than some time dependent threshold function χi (t). The latent variables of
the different names are correlated through the common factor, Y , which is assumed to
have a standard normal distribution. The second term depends on the idiosyncratic
random variable ξi , which also has a standard normal distribution. All the random
normals, i.e. Y and ξi are independent. The latent variables Xi have a standard normal distribution as well. In order to make sure that the distribution of default times
are calibrated to the market, one must use the distribution of these latent variables to
determine the thresholds χi (t):
χi (t) = Φ−1 (pi (t)) .

(4.6)

Here pi (t) is the marginal default probability for name i for the period up to time t
and these are obtained by bootstrapping to CDS quotes from the market. Φ denotes
the cumulative distribution function for the standard normal distribution.
One can observe that the latent variables Xi and Xj , for i = j, as deﬁned in Equation
(4.5) have correlation ρi · ρj . In practice, due to the large number of names to model,
the parameters ρi are often chosen to be constant over all names, i.e. ρi = ρ for all i. In
this case the default dependency structure is driven by a single correlation parameter.
As discussed in Section
4.2.2 the valuation of synthetic CDO tranches comes down to

(t)
.
Under
the class of one-factor copula models this can be done relmodeling E LB
u
atively fast using the observation that, conditional on the realization of the common
factor, all remaining sources of risk are independent. The obvious equality
∞


 B 
E LB
(4.7)
E Lu (t) =
u (t) |Y = y ϕ(y)dy,
−∞
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where ϕ denotes the probability density function for the standard normal distribution, tells us that we
 can focus on the modeling of the conditional loss process, given
(t)
|Y
=
y
, where we condition on the realization of the common factor Y .
by E LB
u
One can use a simpliﬁed version of the methods described in [ASB03], [HW04] and
[LG03] and we will illustrate this method using an example where the probability
of exactly n defaults at some future time t will be determined. The approach can be
seen as a recombining binomial tree which has N steps, each step corresponding to
one name in the basket. At horizonal step i the probability of an up-move will be
the default probability of name i conditional on the realization of the common factor
Y = y: pi (t|y). Thus the conditional probability of a down move will be 1 − pi (t|y).
Every up-move corresponds to a default event, while a down-move corresponds to
survival. Working from the root of the tree to the end values, one obtains the probability of exactly n defaults, for n = 0, . . . , N . To illustrate this, let δi,j denote the
path probability at step i and height j. We assume that i runs from 0, . . . , N , and
j = 0, . . . , i. Thus we start the algorithm by setting δ0,0 = 1, after which the algorithm continues as follows:
⎧
⎨
δi,j =

(1 − pi ) · δi−1,j
pi · δi−1,j−1 + (1 − pi ) · δi−1,j
⎩
pi · δi−1,j−1

if j = 0
if 0 < j < i
if j = i

(4.8)

It is important to note that this algorithm can only be applied with independent default probabilities. For brevity we have used pi = pi (t|y). If one is done working
through the tree, the values δN,j = δN,j (t|y) give the conditional probability of exactly j defaults in the basket of names at time t. Integrating these terms out over the
distribution of the common factor will result in the probability of exactly j defaults,
π (j, t) for j = 0, . . . , N . Thus we get:
∞
δN,j (t|y) ϕ(y)dy

π (j, t) =

(4.9)

−∞

To calculate this integral one has to resort to numerical integration techniques, for
instance Gauss-Legendre quadratures as described in [AS72]. During numerical integration one has to build the entire tree as shown in Equation (4.8) for each chosen
value for the common factor realization, y,
From this one can easily determine the expected loss on a certain tranche. Alternatively one could determine the expected loss on a tranche conditional on the realization of the common factor and integrate out subsequently. This will lead to the same
result as ﬁrst integrating over probabilities. As can be seen from the pricing formulas
(4.1) and (4.2) this procedure has to be repeated to determine the expected loss on a
tranche for different future times.
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4.3.2

Base Correlation

In recent years the market for Tranche CDSs has become very liquid leading to a
need for a marking-to-market approach. Similar to implied volatilities, the notion
of implied correlation can be introduced for these products using the standard onefactor Gaussian copula. Assuming that each pair of reference entities has a constant
correlation parameter, one can derive a correlation such that the model price exactly
matches the price observed in the market. This results in a tranche speciﬁc correlation
parameter known as the implied, or compound correlation. One drawback of such
an approach is that one is left with correlations which are a function of both attachment as well as detachment level. The base correlation method, due to [MBAW04],
overcomes this issue by switching to equity tranches, or base tranches. In Section
4.2.2 it was shown that the expected loss of a certain tranche can always be written
as the difference of expected losses for two equity tranches, see Equation (4.3). The
idea of the base correlation method is that all tranches are reduced to base tranches
and correlation depends on the detachment level of the tranche. One can iteratively
solve for the correlations belonging to each detachment level for which a quote is
available. The base correlation method has become the industry standard for valuing
CDO tranches, see [Rey04] or [FR04] for instance.
Let Ql,u denote the quote of a tranche with attachment percentage a and detachment
percentage d. Further, let Ua,d denote the upfront value in percentages of tranche
notional. A set of base correlations is calculated per basket and per maturity for
which quotes are available. In the derivations below the basket and maturity are
ﬁxed and for brevity their dependency is not shown in the protection and premium
values. We want to determine ρd recursively such that the model implied fair spread
equals the spread quotes in the market. These correlations have to satisfy the equality

Qd,a =

d · DLd (ρd ) − a · DLa (ρa ) − (d − a) · Ua,d
d · PLd (ρd ) − a · PLa (ρa )

(4.10)

For the quoted equity tranche the attachment percentage is 0 and thus both DLa and
PLa are zero. One can use a numerical root-ﬁnding routine, see for instance [PTVF02],
to obtain the value of ρd such that the quote is exactly matched by the model. Once
this has been determined, one can move to the next tranche and its attachment level,
a, equals the detachment level of the previous tranche under consideration. Thus
ρa is already known, as this is ρd solved in the previous step. This can be used to
determine the next base correlation:
Qa,d (d · PLd (ρd ) − a · PLa (ρa )) = d · DLd (ρd ) − a · DLa (ρa ) − (d − a) · Ua,d
1a,d
d · DLd (ρd ) − (d − a) · U
Qa,d =
PLd (ρd )

(4.11)
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In the last line the terms already known, i.e. those depending on the attachment level
l have been grouped in the adjusted upfront value:
1a,d ≡ Ua,d + a · DLa (ρa ) − a · PLa (ρa ) · Qa,d .
U
d−a

(4.12)

From Equation (4.11) one can see that the problem of ﬁnding ρd is reduced to ﬁnding
the implied correlation of an equity tranche with detachment level d. Moreover as the
value of an equity tranche is monotonically decreasing in default correlation, this relationship shows that the base correlation is unique, something which is not necessarily the case for implied correlations for general tranches. Moreover the monotonicity
makes numerical root-ﬁnding a straightforward exercise.
Note that this algorithm can be applied only when quotes are available for successive
tranches, where the detachment level of one tranche equals the attachment of another.
Furthermore a quote for the equity tranche is required as well.
Figure 4.2 shows both compound correlations as well as base correlations using market data of the 1st of November 2006, for tranches on the CDX index with maturity of
ﬁve years. Both curves are plotted as a function of the detachment level.

Figure 4.2: Compound and Base correlations plotted against the detachment level of the tranches. Quotes
on standard tranches on the DJ CDX basket are used from the 1st of November 2006.

The compound correlation for the equity tranche is around 14%, after which it decreases to a level close to 6.5% for the junior mezzanine tranche. For more senior
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tranches it increases again from roughly 14% to 18% to reach a level of 31% for the
most tranche. Further, one can observe a close to linear relationship between base
correlations and detachment level. By construction the base correlation for the equity
tranche equals the compound correlation. The base correlations increase to roughly
66% for the most senior tranche. The fact that the lines are not horizontal clearly
illustrates the model’s inability to ﬁt the market with a single correlation parameter.
In order to apply the base correlation method to non standard tranches, for example
tranches with non standard attachment and detachment levels, tranches with different maturities, or tranches on bespoke baskets, having a different set of underlyings
as the standard baskets iTraxx and CDX, one has to choose the correlation that applies. Therefore the correlations obtained from quoted tranches on the standard baskets are ’mapped’ such that they can be used to value non standard tranches. Ideally
such an approach would take the credit risk in the underlying basket over the relevant period into account. For example a 0-3% tranche on a basket which has fair
spread of 30 bp is very different from a 0-3% tranche on a basket having a fair spread
at 100 bp. The following three different mapping methods have been described in
literature:
• Direct detachment-detachment mapping, dd.
• Detachment as a percentage of expected basket loss, dp.
• Expected loss percentage mapping, lp.
The ﬁrst method states that the base correlation for any basket just depends on the
detachment level only. It does not take into consideration differences in credit risk of
different portfolios. The second method is described in [MBAW04] where it is proposed to divide the detachment level by the expected loss on the entire basket over
the same time-span, resulting in a scaled detachment level. From this we deﬁne a
functional form between scaled detachment and base correlation. In order to determine the correlation for a tranche with different maturity or on a different basket one
ﬁrst divides the detachment level by the expected loss of the underlying basket up
to the relevant maturity and then determine the number using the functional form
deﬁned earlier. The third and ﬁnal mapping method is the most advanced and is
described in [RUK04]. For each combination of detachment level and corresponding
base correlation one ﬁrst determines the expected loss on the tranche, expressed as
a percentage of expected loss on the total basket, in general leading to ﬁve combinations of expected loss percentage and base correlation, as typically quotes can be
observed for ﬁve tranches. When mapping to a different maturity or different basket
one ﬁrst implies detachment levels on this basket such that the same combinations of
expected loss percentage and base correlations are found. This requires a numerical
root-ﬁnding technique. Finally the resulting detachment levels and corresponding
base correlations can be used in combination with interpolation and extrapolation
rules to determine the correlation to use for a certain tranche.
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Other Default Dependency Models

The base correlation approach can not be seen as a proper model of defaults, but
merely as a method to visualize market quotes in terms of correlations. It does
not allow one to determine prices on bespoke baskets, without the use of mapping
methods. Difﬁculties will increase even further when prices for more complex credit
derivatives are required, such as a CDO of CDOs, or CDO2 . For these reasons many
alternative models have been proposed in the literature, usually extending the onefactor Gaussian copula in one way or the other. For instance, [HW04] propose to
model both the common factor and the idiosyncratic risk terms using a Student t
distribution. Other extensions allow for randomness of the correlation parameter.
A mixture copula for instance assumes that the correlation parameter can take on a
limited number of values each with some probability. Another random correlation
model proposed by [AS04] allows the correlation to be dependent on the common
factor. In this case one can model behavior where a ’bad’ state of the economy, reﬂected through the realization of the common factor, goes accompanied by large default correlation. In Chapter 5 we shall see that these and other one-factor copula
models do a reasonable job in ﬁtting to market quotes. A comparative analysis of a
number of different one-factor copula models is given in [BGL05]. However, the base
correlation method is still the industry standard approach for pricing tranches and to
communicate about default correlation.

4.4

Data

In order to apply the base correlation method a large amount of input is required.
For this study market data has been used which has been made available to us by
ABN Amro. For the analysis we have used data from December 2004 up to November 2006. From the modeling description given in Section 4.3 it is clear that market
data is needed for three parts of the model: risk free discounting, marginal default
distributions and the default dependency. Each of these aspects is related to speciﬁc
types of market instruments which are discussed below.

4.4.1

Default Free Discounting

In order to approximate risk free discounting, we have used quotes for money market
accounts and plain vanilla interest rate swaps. From these quotes a risk free discounting curve is constructed using standard methods, see for instance [Hul05]. For each
day of the data set a risk free discounting curve is constructed for both the US dollar
as well as for the Euro.

4.4.2

CDS Term Structures

As our data set ranges from December 2004 up to November 2006, different series for
both indices are involved due to the roll of the indices as discussed in Section 4.2.1.
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For the iTraxx Europe index this means that series 2 up to series 6 are included. For
CDX the data also involves ﬁve different compositions, namely series 3 up to series
7. On the Markit website: www.market.com, the composition of th iTraxx and CDX
baskets can be found. It is worth noting that when rolling from series 4 to series 5
at September 20th 2005, Ford and General Motors, were removed from the basket,
amongst other reference entities. Due to the rolls the total number of different reference entities in the data set is thus larger than 250. For each of these reference
entities a CDS term structure is available at each date in the period. A piecewise constant default intensity curve is used, which allows the model to be calibrated to the
CDS quotes using a bootstrap method, see [Sch03a] or [BM06] for instance. Recovery rates are assumed to be 40% for all names. As discussed in [HV90] the choice of
the recovery rate does not have a large inﬂuence on pricing, as long as one calibrates
to observed CDS quotes. From the resulting marginal default distributions for all
names, one can easily determine the fair spread for an index credit default swap on
each of the two indices. This determines the total amount of default risk present in
each of the baskets and is therefore a large determinant of the values of the different
tranches as well. Figure 4.3 shows the evolution of the fair spread for an index CDS
on iTraxx and CDX with ﬁve year maturity.

Figure 4.3: Fair spread for a ﬁve year index credit default swap on iTraxx and CDX from December 2004
up to November 2006.

From the ﬁgure one can observe the decrease of the fair spread for a ﬁve year CDS on
the CDX index around the roll date of September 20th , 2005, which is partly due to
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the removal of Ford and General Motors. Further one can observe that both indices
show a similar behavior over time.

4.4.3

Synthetic CDO quotes

Once the marginal default distributions are calibrated to CDS quotes the remaining
part is to include default dependency. Quotes for synthetic CDO tranches are available which, in combination with the base correlation method, determine the dependency structure. Quotes for tranches with a ﬁve year maturity are available from
December 2004 up to November 2006, while quotes for tranches with seven and ten
year maturity are available only over the period from July 2005 up to November 2006.
Table 4.2 presents a summary of statistics of both the quotes on iTraxx as well as
those on CDX, all with a maturity of ﬁve years. In addition summary statistics are
presented for the two reference spreads. For each series of tranche quotes or reference
spread the table presents the average, the standard deviation, the maximum and minimum values. The last row presents the correlation of the quote under consideration
with the reference spread.
iTraxx
Avg.
Std. Dev.
Max.
Min.
Corr. Ref.

0–3
24.7
6.3
49.6
10.4
95%

3–6
86.3
31.6
191.0
43.8
82%

6–9
26.4
10.6
63.0
13.0
84%

9 – 12
13.5
6.6
35.0
5.0
88%

12 – 22
7.4
4.9
25.0
2.1
89%

Ref.
35.15
5.9
57.0
23.0
100%

CDX
Avg.
Std. Dev.
Max.
Min.
Corr. Ref.

0–3
37.0
9.1
62.0
22.9
98%

3–7
126.1
50.6
260.0
65.0
86%

7 – 10
31.6
14.8
74.5
12.0
75%

10 – 15
15.4
7.7
34.0
6.5
91%

15 – 30
7.9
4.4
20.0
3.1
94%

Ref.
47.6
10.0
76.0
34.0
100%

Table 4.2: Summary statistics for quotes with a ﬁve year maturity on both the European iTraxx index as
well as the North-American CDX index. For each tranche the average (Avg.), the standard deviation (Std.
Dev.), the maximum (Max.), the minimum (Min.) and the correlation with the reference quote (Corr. Ref.)
are shown.

One can observe that quotes have moved a lot over the past two years, as can be
derived from the standard deviations as well as the large differences between minimum and maximum quotes of the different tranches. Further one can observe that
for each of the ten different time series of tranche quotes there exists a large degree
of correlation with the reference spread. Especially the equity tranches and the most
senior tranches seem to be largely correlated with the value of the reference spread.
This relationship is investigated in more detail in Section 4.5.1.
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4.4.4

Liquidity

As discussed the synthetic CDO market has grown rapidly over the last few years.
In order to investigate whether there is evidence of this growth in the available data
set, the bid/offer spread of the quotes can be considered, which are available for each
tranche over the entire period. A smaller bid/offer spread would indicate a larger
degree of liquidity for the synthetic CDO tranches. In Table 4.3 the average bid offer
spread of the ﬁrst ten days is compared to the average bid/offer spread of the last ten
days for each synthetic CDO tranche with a ﬁve year maturity.
iTraxx
0 – 3
3 – 6
6 – 9
9 – 12
12 – 22

Dec. 2004
0.67
3.30
3.30
3.75
2.00

Nov. 2006
0.24
0.60
0.95
0.95
0.76

CDX
0 – 3
3 – 7
7 – 10
10 – 15
15 – 30

Dec. 2004
1.33
4.35
5.40
5.75
2.58

Nov. 2006
0.24
1.70
1.40
1.23
0.95

Table 4.3: Bid/offer spread of the different tranches on the two indices. A ten day average at the beginning
of the data set is compared to a ten day average at the end of the data set.

From the table one can observe that bid/offer spreads have decreased dramatically,
roughly with a factor three. Although the spread of both underlying indices has
decreased slightly as well this large decrease in bid/offer spread clearly indicates a
large increase in synthetic CDO tranche liquidity over the last two years. A similar
effect can be observed for the tranches on iTraxx and CDX with either seven year or
ten year maturity. Relative decrease in bid/offer spreads were similar although one
has to note that the period for which seven and ten year data is available only ranges
from July 2005 up to November 2006.

4.5

Empirical Analysis

In the previous section we have discussed the market data that we shall use in this
section to carry an empirical analysis. First we investigate the correlation between
moves in the different tranche quotes. Thereafter we look at the correlation between
the base correlations that we calculate for the available tranche quotes. This section
is concluded by a comparison of the different mapping methodologies that were introduced in Section 4.3.2.

4.5.1

Correlation Moves in Quotes

In Section 4.4 it was observed that there exists a large correlation between quotes of
tranches and the reference spread of the quote. Here we investigate this relationship
in more detail using iTraxx and CDX tranche quotes with a ﬁve year maturity. Clearly,
in a CDO structure, such as shown in Figure 4.1 any change in the risk of the pool
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of collateral assets must be translated to the different tranches of the CDO structure.
When taking a closer look at modeling one ﬁnds that, apart from interest rates, the
fair spread is a function of both the credit risk of the underlying index as well as
default correlation, as can be seen from Equation 4.4. The effect of interest rate moves
is typically small as it affects both legs in a similar manner and will therefore be
ignored here. As before let Q denote the fair spread of a synthetic CDO tranche and
S the fair spread of a credit default swap on the underlying index with the same
maturity as the synthetic CDO tranche. Further let ρ denote a parameter for default
correlation. Under these settings one has Q = Q(S, ρ) and thus
dQ =

∂Q
∂Q
dS +
dρ.
∂S
∂ρ

This equation shows that after correcting for index spread movements, changes in
default dependency remain the only driver of changes in quotes. We are interested
in levels rather than changes in the quotes and therefore it is assumed that there
exists a simple linear relationship between the tranche quote and the corresponding
basket spread. In order to investigate correlation effects, one should thus adjust for
the risk in the portfolio, which is reﬂected in the index spread, i.e. the spread of
an index credit default swap on the index with same maturity as the CDO tranche.
As a proxy for this index spread the reference spread is used, which is part of the
quote. This can be done by means of an Ordinary Least Squares (OLS) regression
where one regresses the observed quote on the corresponding reference spread. Let
Qki denote the mid quote for tranche k, for observation i. Assume that the iTraxx
tranches are indexed 1, . . . , 5 and CDX tranches 6, . . . , 10 in order of seniority. Further
let the corresponding reference spread be denoted by Rik , which is equal for all iTraxx
quotes and is also equal for all CDX quotes. The following simple linear relationship
is considered
Qki = αk + β k · Rik + εki .

(4.13)

Here the disturbances εki are assumed to be i.i.d. normally distributed. The regression analysis has been performed for each of the available time series of quotes and
regression results are shown in Appendix 4.A. Let ak and bk denote the estimate values for αk and β k , respectively. One can observe from the regression results that for
each time series the estimated coefﬁcient bk is highly signiﬁcant and that the coefﬁcients of determination are reasonably large. Thus the reference spread explains a
large part of the variation in the observed market quotes of synthetic CDO tranches.
For each of the time series a second regression analysis has been performed where a
quadratic form is considered by including the squared reference spread. However,
for none of the series this improved explanatory power of the model signiﬁcantly.
Using the estimated parameters as shown in Appendix 4.A, one can determine the
residuals eki as follows
eki ≡ Qki − ak − bk · Rik ,

f or k = 1, . . . , 10.

(4.14)
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Figure 4.4: Regression of iTraxx equity quote on the reference spread. Both the original data as well as the
ﬁt and the residuals are presented.

As an example the series of iTraxx equity quotes is considered. As can be seen from
the appendix the estimated coefﬁcients are a1 = −11.1 and b1 = 1.02 and the coefﬁcient of determination is close to 90%. In Figure 4.4 we present the time series of
quotes along with the estimated values using the reference quote. In addition the
estimated residuals are plotted.
As can be seen from the ﬁgure the simple linear relationship provides a good ﬁt. Further one can observe that the estimation residuals do not seem to be independent
but clearly follow a certain pattern over time. Furthermore one can clearly observe
the increase in residuals at the beginning of May 2005. This increase means that, after correcting for moves in reference spread, the equity quote has moved upward.
An increase in the value of protection for the equity tranche goes accompanied by a
decrease in default correlation. This is exactly what was observed in the base correlations during the May 2005 events.
This simple OLS analysis can be applied to all different tranches which are quoted
and one can observe clear patterns for the errors over time for each of these series. In
Table 4.4 the correlation matrix of the ten different residuals series is presented.
From Table 4.4 one can observe some interesting results. First one can observe that
for both indices the residuals for the equity tranche are negatively correlated with
those for the other tranches. Note that this makes intuitive sense as when prices
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CDX

iTraxx

Correlation
of Errors
0-3
3-6
6-9
9-12
12-22
0-3
3-7
7-10
10-15
15-30

0-3
100%
-64%
-76%
-78%
-75%
80%
-54%
-73%
-75%
-49%

3-6
-64%
100%
87%
74%
48%
-64%
93%
83%
70%
-1%

iTraxx
6-9
-76%
87%
100%
83%
60%
-74%
82%
89%
87%
30%
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9-12
-78%
74%
83%
100%
85%
-80%
73%
80%
80%
44%

12-22
-75%
48%
60%
85%
100%
-78%
47%
59%
63%
62%

0-3
80%
-64%
-74%
-80%
-78%
100%
-67%
-76%
-74%
-57%

3-7
-54%
93%
82%
73%
47%
-67%
100%
84%
73%
1%

CDX
7-10
-73%
83%
89%
80%
59%
-76%
84%
100%
90%
28%

10-15
-75%
70%
87%
80%
63%
-74%
73%
90%
100%
50%

15-30
-49%
-1%
30%
44%
62%
-57%
1%
28%
50%
100%

Table 4.4: Correlation of the regression residuals for the different series of synthetic CDO quotes. These
residuals can be regarded as reference corrected quotes and are expected to capture correlation moves in
the synthetic CDO market.

for the equity tranche are high relative to the reference spread, or average portfolio
spread, it must be that the more senior tranches have lower prices relative to average spread. Another interesting observation is the larger correlation of the residuals for the different underlying baskets. For instance residuals for quotes on equity
tranches have a correlation of 80%, while for the junior mezzanine tranche this is
even 93%. Thus in Figure 4.3 it was shown that index CDS spreads for iTraxx and
CDX moved closely and the table above suggests that the default dependency structure also moves closely between both indices.

4.5.2

Empirical Base Correlations

As discussed in Section 4.3.2 the base correlation method has become the industry standard approach which is used to visualize market implied correlations. This
method has been applied to the data and in appendix 4.B the ﬁve base correlation series for iTraxx are shown, as well as the ones for the CDX all for a ﬁve year maturity.
When considering the base correlation for the equity tranches for both iTraxx and
CDX one can clearly observe the May 2005 event, where Ford and General Motors
were downgraded. For both indices base correlations for the equity tranche dropped
from around 20% to just below 10%. For the base correlations with higher detachment levels corresponding to the iTraxx one can observe similar drops. However, for
the CDX base correlations corresponding to higher detachment levels one can see an
increase.
As can be seen from the ﬁgures in Appendix 4.B the correlations move closely together. Table 4.5 presents the correlations of the different base correlations series.
These numbers conﬁrm that base correlations for the different detachment levels
move closely together and in addition show that the base correlations corresponding to the two different indices move closely together. One can not directly compare
these numbers with the correlations of the regression residuals presented in Table 4.4.
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CDX

iTraxx

Correlation
of B.C.s
3
6
9
12
22
3
7
10
15
30

3
100%
89%
80%
75%
65%
90%
79%
70%
57%
58%

6
89%
100%
98%
96%
89%
74%
92%
89%
81%
81%

iTraxx
9
80%
98%
100%
99%
94%
64%
91%
91%
86%
86%

12
75%
96%
99%
100%
96%
59%
89%
91%
87%
88%

22
65%
89%
94%
96%
100%
46%
76%
80%
75%
80%

3
90%
74%
64%
59%
46%
100%
76%
62%
48%
49%

7
79%
92%
91%
89%
76%
76%
100%
98%
93%
90%

CDX
10
70%
89%
91%
91%
80%
62%
98%
100%
98%
95%

15
57%
81%
86%
87%
75%
48%
93%
98%
100%
96%

30
58%
81%
86%
88%
80%
49%
90%
95%
96%
100%

Table 4.5: Correlation of the different base correlations. For both iTraxx and CDX base correlations for ﬁve
different detachment levels are determined for each date in the data set. This results in a time series for
each base correlation and the table presents correlation for these series.

The reason is that the latter are based on the tranches seen in the market, which correspond to different parts of the CDO structure. When considering the base tranches,
i.e. equity tranches with different detachment levels, there is a large amount of overlap. One could however compare the base correlations corresponding to the equity
tranche, i.e. with detachment level of 3%, to the residuals determined in Section 4.5.1.
For iTraxx the correlation for these two time series equals -94%, while for CDX the
correlation is -83%. As discussed earlier, large residuals for OLS analysis for the equity tranches goes accompanied by low base correlation, explaining the negative sign
of the two correlations between the time series of residuals and the time series of base
correlations. These large correlations provide further evidence for the claim that the
quotes, when adjusted for portfolio credit risk, indeed give a good indication of the
default dependency implied in the market.

4.5.3

Mapping Methodologies

We now turn to the different mapping methodologies as described in Section 4.3.2.
As discussed the base correlation method is not a proper model which becomes clear
when one marks-to-market non-standard tranches, for instance tranches with nonstandard attachment and detachment levels, tranches with non-standard maturities,
or tranches on bespoke baskets. As only ﬁve base correlations are available, one
has to resort to interpolation/extrapolation techniques in combination with mapping
methods. Here we consider the three different mapping methodologies described
earlier on.
1. Direct detachment-detachment mapping, dd.
2. Detachment as a percentage of expected basket loss, dp.
3. Expected loss percentage mapping, lp.
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In the test all different mapping methods are used in combination with cubic splines
to determine a base correlation for each detachment level. Linear interpolation is
used for detachment levels smaller than 3%. Note that the choice of interpolation
technique is a complex problem as well, as one might introduce arbitrage opportunities, especially for short term CDO tranches. Here the base tranche loss as function
of detachment point might not be increasing. of However this topic is not considered
in this chapter.
For testing purposes we shall use the quotes on standard tranches with a ﬁve year
maturity for building the base correlation skew, as these are by far the most liquid
correlation instruments. After building the skew we apply one of the three different
mapping methods in order to determine the model value of tranches with different
maturities or on different underlying baskets. Comparing these model generated
values with the actual values results in an error of the model compared to the market
value.
Let S denote the set of tranches used for testing the mapping method. By deﬁnition
when considering a tranche with upfront value and premium contracted as implied
by the quotes, the correct value should be zero. Let Vij denote the model value for
tranche i under mapping method j, when the upfront percentage and contracted
premium correspond to the quoted numbers. As the market implied value of the
tranche is zero, the error made by the mapping method is thus equal to Vij . These
errors can be used to deﬁne the Root Mean Squared Error, for a mapping method
j given a set of tranches S. We refer to this as the value based Root Mean Squared
Error, or ξ V :
2
1   j 2
V
(4.15)
ξ (j, S) ≡
Vi .
NS
i∈S

Here NS denotes the number of tranches in the testing set. Instead of using the value
of the tranche, one could alternative look at the fair upfront value or fair premium
implied by the model, to determine the errors. The market quotes the upfront or
premium, while a mapping method results in a model implied fair upfront value or
fair premium, leading again to an error. Let Qi denote the quote for tranche i and πij
the model implied upfront value of fair spread for the same tranche under mapping
method j. In addition to the value based ξ we consider a quote based Root Mean
Squared Error, ξ Q :
2
2

1 
Q
ξ (j, S) ≡
ωi · Qi − πij .
(4.16)
NS
i∈S

Here the terms ωi allows one to give a certain weight to the different tranches. One
could for instance set ωi = 1/Q2i and consider the relative errors, a choice which is
made throughout the remainder of this section.
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When looking at the value based ξ one can expect that a large part of the result is
caused by equity and junior mezzanine tranches. When using the quote based ξ with
weights as above, the difﬁculty arises that quotes for the most senior tranches can be
very low, making large relative errors likely and causing the ξ Q to put a large weight
on these senior tranches. Thus the ξ V is likely to put more weight on the equity
and junior tranches, while the ξ Q is expected to put more weight on the more senior
tranches. For this reason both of them are considered in the performance test for the
different base correlation mapping methods.
Mapping in the Time Domain
First the performance of the different mapping methods is investigated when varying the maturity of the tranches. Using quotes on ﬁve year synthetic CDO tranches
and one of the mapping methods, one can determine the model implied quote for a
standard tranche with either seven or ten years maturity. As quotes are available for
these products one can easily determine the error made due to the use of a mapping
method. From these errors one can determine the different ξs as described above,
and compare the performance of the different mapping methods among each other.
In appendix 4.C the value based ξ is presented for each of the ﬁve tranches on both
iTraxx and CDX, with either seven year or ten year maturity. In addition the ξ is aggregated over both indices and both maturities for each tranche separately. Further
the ξ is aggregated over all tranches for a certain combination of index and maturity.
Finally the ξ is determined over all tranches for each mapping method.
As can be seen from the results the mapping based on the expected loss percentage,
lp, shows the best performance. With the exception of the equity tranche it shows
the best performance for all tranches. A slightly worse performance is found for the
scaled detachment method, dp, where the detachment is expressed as a fraction of
expected loss of the total basket. The simple detachment based mapping, dd, shows
the worst performance, even though for equity tranches it appears to generate the
closest ﬁt. A reason for this might be the chosen extrapolation method for the other
two mapping methodologies, which is not an issue for the dd method.
Table 4.6 shows the ξ using all available tranches. Both the value based ξ is shown as
well as the ξ based on relative errors for fair premia.

Mapping
Detachment-Detachment, dd
Detachment Percentage, dp
Expected Loss Percentage, lp

ξV
3.78
3.38
2.54

ξQ
0.46
0.28
0.18

Table 4.6: Total ξ under two approaches for all three different mapping methods. ξ V is based on the value
of the tranche when contracted premium equals fair premium. The ξ Q is based on the quoted numbers
and relative errors are used.
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From this table one can observe that the expected loss percentage mapping, lp, shows
the best performance under both measures. However the average relative error in
terms of the quotes is still at a level of 18%.
Mapping to Bespoke Baskets
A similar test can be performed in order to test the different mapping methods when
applied to bespoke baskets. Quotes for bespoke baskets are not available, but one
could use quotes on iTraxx tranches and subsequently value CDX tranches. The
model generated quotes can then be compared to the market quotes and the performance of the different mapping methods can be investigated. We have used the
ﬁve year quotes on the iTraxx index to build a base correlation skew. Using one of
the three mapping methods the standard tranches on CDX with maturities of ﬁve,
seven and ten years, are priced and results are compared with the correct values.
In Appendix 4.C one can ﬁnd the value based ξ split over the different mapping
methods, the different tranches and the different maturities. Again the results show
that the expected loss percentage, lp, mapping performs best in most cases. Again
one can observe that the simple detachment mapping, dd, performs best for equity
tranches. It is interesting to see that this is only the case when mapping from CDX to
iTraxx tranches. When mapping from iTraxx to CDX tranches the dd mapping method
shows the worst performance.
Table 4.7 shows the ξ using all available tranches. Both the value based ξ is shown as
well as the ξ based on relative errors for fair premia.

Mapping
Detachment-Detachment, dd
Detachment Percentage, dp
Expected Loss Percentage, lp

ξV
3.21
3.48
2.75

ξQ
0.42
0.32
0.23

Table 4.7: Total ξ under two approaches for all three different mapping methods. ξ V is based on the value
of the tranche when contracted premium equals fair premium. The ξ Q is based on the quoted numbers
and relative errors are used. iTraxx quotes are used to map to CDX tranches and vice versa.

From this table one can observe that the expected loss percentage mapping, lp, shows
again the best performance under both measures. However the average relative error
in terms of the quotes is still at a level of 23%. Further one can observe that the simple
detachment mapping, dd, performs better than the scaled detachment level, dp, when
considering the value based ξ. For the ξ based on relative error in fair premium, the
results are the other way around. This is caused by the large relative errors for the
simple detachment mapping method for senior tranches.
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4.6

Conclusion

Over the last years the market for synthetic CDO tranches has undergone a rapid
development together with the research efforts in order to value these products consistently with the observed market quotes. A widely used model for imposing default
correlation is the one-factor Gaussian copula approach and calibration is done using
the base correlation method. One of the main drawbacks is that the base correlation method is not a proper model and mapping methods are required when pricing
tranches with non-standard attachment and detachment levels, non-standard maturities or tranches on bespoke baskets.
In this paper we have focussed on default correlation implied by market quotes. Using a large data set with quotes for synthetic CDO tranches between December 2004
and November 2006 we have considered different aspects of market implied default
correlation. First the quotes have been used directly, using a simple linear regression to correct for the level of default risk of the reference index. The residuals show
a clear pattern over time, indicating moves in market implied default dependency.
One could clearly observe the May 2005 events in these residuals. Furthermore it
was shown that the correlation of these residuals amongst each other has been large
and of expected sign, where residuals for equity quotes where negatively correlated
with those for the other tranches. In addition it was shown that there exists a large
correlation between the time series of the residuals for equity tranches and the time
series of base correlations corresponding to the 3% detachment level.
In addition the data has been used to investigate the performance of three different mapping methods. These methods determine the correlation for a non-standard
tranche using the base correlations implied from market quotes. Two out-of-sample
tests have been performed. First quotes for tranches with a ﬁve year maturity on a
certain index were mapped through the base correlation approach to tranches with
seven and ten year maturity on the same index. This allowed us to investigate the
performance of the different mapping methods in the maturity domain. Secondly,
quotes for ﬁve year tranches on a certain index where mapped to tranches with ﬁve,
seven and ten year maturities referencing the other index. This allowed us to investigate the performance of the mapping methods when mapping to different baskets.
It was found that the method based on the expected loss percentage outperforms the
use of the method of scaled detachment levels and simple detachment only mapping.
However in all cases the errors were still very large with relative errors in quotes
around levels of 20%.
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Regression Results: Quotes Regressed on Reference
Spread

iTraxx
R2
Variable
Constant
Ref. Spread

0-3
0.898
Coeff.
-11.139
1.022

iTraxx
R2
Variable
Constant
Ref. Spread

3-6
0.676
Coeff.
-68.661
4.417

iTraxx
R2
Variable
Constant
Ref. Spread

6-9
0.706
Coeff.
-26.618
1.512

iTraxx
R2
Variable
Constant
Ref. Spread

9 - 12
0.773
Coeff.
-21.109
0.986

iTraxx
R2
Variable
Constant
Ref. Spread

12 - 22
0.798
Coeff.
-18.892
0.749

Std. Err.
0.719
0.020

Std. Err.
6.386
0.180

Std. Err.
2.040
0.057

Std. Err.
1.115
0.031

Std. Err.
0.786
0.022

0-3
0.956
Coeff.
-5.268
0.888

Std. Err.
0.569
0.012

t ratio
-9.259
75.886

t ratio
-10.752
24.603

CDX
R2
Variable
Constant
Ref. Spread

3-7
0.742
Coeff.
-81.994
4.370

Std. Err.
7.660
0.157

t ratio
-10.704
27.754

t ratio
-13.051
26.363

CDX
R2
Variable
Constant
Ref. Spread

7 - 10
0.560
Coeff.
-21.302
1.111

Std. Err.
2.926
0.060

t ratio
-7.280
18.475

t ratio
-18.928
31.445

CDX
R2
Variable
Constant
Ref. Spread

10 - 15
0.824
Coeff.
-18.003
0.702

Std. Err.
0.964
0.020

t ratio
-18.671
35.435

t ratio
-24.023
33.876

CDX
R2
Variable
Constant
Ref. Spread

15 - 30
0.879
Coeff.
-11.981
0.417

Std. Err.
0.460
0.009

t ratio
-26.043
44.140

t ratio
-15.502
50.617

CDX
R2
Variable
Constant
Ref. Spread

Table 4.8: Results of regression analysis, where the quote for each tranche is regressed on the reference
spread. On the left hand side results are shown for iTraxx, while on the right hand side results for CDX
are shown. For each regression the coefﬁcient of determination, R2 is shown and for each parameter its
estimate, standard error and t ratio.
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4.B

Base Correlations

Figure 4.5: iTraxx and CDX base correlations from December 2004 up to November 2006.
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Performance of Mapping Methods

7Y

10Y

CDX

7Y
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All
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dd
dp
lp
dd
dp
lp
dd
dp
lp
dd
dp
lp
dd
dp
lp

Tranche 1
2.83
2.94
2.29
2.58
6.20
5.89
2.79
2.58
2.31
2.04
3.94
3.99
2.59
4.20
3.94

Tranche 2
1.32
3.72
2.51
10.11
6.16
4.28
1.36
2.89
1.93
10.68
5.51
3.97
7.35
4.76
3.32

Tranche 3
1.17
0.62
0.35
3.33
5.31
2.92
1.15
0.61
0.42
3.00
6.00
3.58
2.38
3.98
2.29

Tranche 4
0.88
0.28
0.21
2.90
1.32
0.57
0.93
0.19
0.18
2.81
0.99
0.95
2.11
0.85
0.56

Tranche 5
0.24
0.08
0.13
1.18
0.31
0.41
0.26
0.14
0.19
1.23
0.16
0.39
0.86
0.19
0.30

Total
1.55
2.14
1.53
5.10
4.61
3.52
1.54
1.76
1.36
5.23
4.07
3.02
3.78
3.38
2.54

Table 4.9: Root Mean Square Error, ξ of three different mapping methods. Map ’dd’ simply maps based on
the relevant detachment level. Map ’dp’ uses the method described in [MBAW04], where detachment is expressed as a percentage of the expected loss on the entire basket. Finally, map ’lp’ considers mapping based
on the expected loss on a tranche as a percentage of total expected loss, as described in [RUK04]. Quotes
with 5Y maturities on iTraxx and CDX are used as input and errors in value are determined for tranches
with 7Y and 10Y maturities, after mapping. The ﬁnal row considers both indices and both maturities for
the tranche. The ﬁnal column combines the ﬁve different tranches.
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iTraxx

5Y

7Y

10Y

CDX

5Y

7Y

All

10Y

dd
dp
lp
dd
dp
lp
dd
dp
lp
dd
dp
lp
dd
dp
lp
dd
dp
lp
dd
dp
lp

Tranche 1
3.70
4.71
3.71
1.88
4.99
4.50
1.95
8.13
7.95
4.03
4.21
3.83
5.17
2.89
2.56
3.73
3.13
3.17
3.62
4.96
4.58

Tranche 2
1.42
1.74
0.80
1.99
3.73
3.15
8.81
6.67
5.08
1.36
1.92
1.08
1.72
4.96
3.08
10.67
7.35
5.57
5.50
4.68
3.44

Tranche 3
0.66
0.64
0.29
0.83
0.63
0.49
2.73
5.20
3.49
0.59
0.33
0.26
2.03
1.24
0.41
4.19
7.74
4.51
2.14
3.64
2.22

Tranche 4
0.38
0.32
0.18
0.69
0.23
0.26
2.84
1.23
0.74
0.26
0.13
0.10
1.04
0.22
0.18
3.11
1.74
0.62
1.71
0.84
0.40

Tranche 5
0.32
0.35
0.17
0.31
0.16
0.10
1.22
0.19
0.42
0.16
0.11
0.19
0.26
0.18
0.25
1.11
0.29
0.35
0.68
0.23
0.26

Total
1.81
2.27
1.71
1.32
2.80
2.47
4.44
5.28
4.51
1.92
2.08
1.79
2.64
2.63
1.81
5.59
5.04
3.52
3.21
3.48
2.75

Table 4.10: Root Mean Square Error, ξ of three different mapping methods. Map ’dd’ simply maps based
on the relevant detachment level. Map ’dp’ uses the method described in [MBAW04], where detachment
is expressed as a percentage of the expected loss on the entire basket. Finally, map ’lp’ considers mapping
based on the expected loss on a tranche as a percentage of total expected loss, as described in [RUK04].
Quotes with 5Y maturities on iTraxx are used as input and errors in value are determined for tranches
on CDX with 5Y, 7Y and 10Y maturities, after mapping. This is repeated using CDX quotes as input and
pricing iTraxx tranches. The ﬁnal row considers both indices and both maturities for the tranche. The ﬁnal
column combines the ﬁve different tranches.

CHAPTER

5

Pricing CDO Tranches with Factor Copula Models

In the previous chapter we have investigated a large data set of CDO tranche prices.
In particular, we have looked at the performance of the, market standard, base correlation framework and a number of interpolation, or mapping, schemes applied to
this framework. As the base correlation framework uses different correlation values
for each CDO tranche, one has to resort to interpolation, in order to value tranches
with non standard attachment and detachment points. In this chapter we investigate a number of models as alternatives to the base correlation framework, which
all belong to the class of one factor copula models, which has been discussed brieﬂy
in Chapter 1. Further, for ease of reading, we present some background of credit
derivatives and the base correlation framework.

5.1

Introduction

In recent years, the market for credit derivatives has undergone an enormous growth.
The market for credit default swaps has grown from 14 trillion USD in 2005, to over
500 trillion USD in 2007. Further, in 2004 CDO contracts were issued for a total notional of 157 billion USD, which grew to 552 billion USD in 2007. This development
has led to the need for models which can be calibrated to the available market quotes.
Due to its simplicity, the one factor Gaussian copula has become market standard.
As this model is not able to calibrate to all market quotes with a single correlation
parameter, the base correlation framework was introduced by McGinty, Beinstein,
Ahluwalia, and Watts [MBAW04]. The ideas behind this framework are similar to
the implied volatility in the equity derivatives market, as different correlations are
used for different CDO tranches.
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The main disadvantage of the base correlation framework is that it is not an actual
model of default, it merely is an advanced interpolation scheme. Therefore, many
authors have suggested different models for the valuation of CDO tranches, with
the goal to calibrate to CDO quotes with a single set of parameters. Hull and White
[HW04] consider the student t-distribution instead of the Gaussian distribution in
their factor copula. Kalemanova et al. [KSW05] consider the normal inverse Gaussian
distribution. Other types of extensions have been considered by e.g. Andersen and
Sidenius [AS04], who stick to the Gaussian distribution, but they let the correlation
depend on the state of the economy. This reﬂects that correlations tend to increase
when the state of the economy deteriorates. Another approach, where the correlation
is modeled stochastically, is the mixture factor copula, where a mixture of gaussian
copulas is considered. This idea has been discusses by Burtschell et al. [BGL05].
Other models in the factor copula setup that have been proposed are by [Moo06],
who considers the variance gamma distribution for the factors. This distribution has
been introduced by [MS90] into ﬁnancial mathematics, and it has been used to match
the volatility smile of equity options by [MCC98]. The alpha-stable distributions are
considered by [PS06], and [vdV07] considers an, additional, external factor to explain
for external causes of default. A brief overview of several of the models above is
given by [BGL05].
Next to the models in the factor copula framework, many other models have been
considered. Whereas the factor copula models belong to the class of bottom-up models, as one ﬁrst models the marginal distributions and then the dependence structure,
other authors have considered a top-down approach, where one focusses directly on
the loss process. Giesecke et al. [GGD05] and [EGG09] consider the general setup of
such top-down models, as well as some detailed examples. Brigo et al. [BPT06] and
[BPT07] consider the sum of Poisson processes to model the loss process.
In this chapter we investigate the performance of a number of the models described
above, where we calibrate the models to a large set of (daily) CDO tranche prices,
from December 2004 up to November 2006. We consider the calibration errors for
each model and each date at which we calibrate to the market data. Further, we
discuss the stability of the optimal model parameters, which could indicate if a model
is ’over ﬁtting’ to the market data.
This chapter is structured as follows. In Section 5.2 we brieﬂy deﬁne the two most
popular credit derivatives, the credit default swap and the collateralized debt obligation, and in Section 5.3 we consider the valuation of such derivatives. Thereafter,
in Section 5.4 we describe the one factor copula models that we investigate in this
Chapter. Section 5.5 describes the approach we have taken to compare the models,
and we describe the set of market data that has been used. The results from the tests
that we have performed are presented in Section 5.6, where ﬁrst the calibration errors
are compared. Thereafter, we compare the model quotes to the market quotes, to see
how well the models match the market data. In Section 5.7 we summarize the results
and we conclude with some remarks about the obtained results.
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Credit Derivatives

In this section we brieﬂy describe two of the most liquid credit derivatives currently
traded. These are the credit default swap (CDS) and the collateralized debt obligation
(CDO).

5.2.1

Credit Default Swaps

The credit default swap is a contract between two parties providing protection against
the default of a third party. The party that buys the protection is called the protection
buyer, and he is compensated for the losses incurred on the default of the third party,
which is called the reference credit. The compensation is paid by the protection seller
who in turn receives (periodic) premium payments from the protection buyer. This
premium is usually deﬁned in basis points per year on the notional value of the contract. The level of the premium is set such that the contract has zero value at the start
of the contract, and it is paid until the maturity of the contract or until the reference
credit defaults.
The default event can be deﬁned in several ways, such as bankruptcy, restructuring
or failure to pay back a loan. In case of default the settlement of the CDS can be
in physical delivery, which means that the protection buyer delivers bonds of the
defaulted company and in return it receives the full nominal value of the bonds.
Alternatively the settlement can be settled in cash, where the value of the defaulted
bonds is determined, the recovery rate, and the protection buyer receives the nominal
value of the bonds reduced by this recovery rate.
Similar to the CDS the index CDS provides protection against defaults. In case of the
CDS there is only one reference credit but the index CDS has a basket of reference
credits as underlyings, each with its own notional value, but usually all underlyings
have the same notional value. The defaults of the reference credits results in losses
which are paid by the protection seller. In return the protection buyer pays a periodic
premium over the remaining notional value of the reference credits which have not
defaulted.

5.2.2

Collateralized Debt Obligations

Another credit derivative that provides protection on a basket of reference credits is
the collateralized debt obligation (CDO). Whereas the index CDS provides the protection against all defaults during the life of the contract, the CDO provides protection
on a part, or tranche, of the basket, which is deﬁned by the attachment and detachment points. As soon as the sum of the losses on the basket reaches the level of
the attachment point, the protection buyer start to receive loss payments. He stops
receiving loss payments, when the losses reach the detachment point or when the
maturity of the contract is reached. In return for this possible loss payments the protection seller receives a periodic premium. In some cases a part of the premium is
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paid up front at the start of the contract. The CDO can be deﬁned on several types
of reference credits, such as loans, bonds or CDSs. In case the underlying basket consists of credit default swaps, we speak of a synthetic CDO. In the analysis that we
perform in this chapter we only focus on this latter type of CDO structures.

5.2.3

iTraxx and CDX

In recent years the liquidity in credit derivatives have increased enormously. Currently CDSs on almost all large companies are traded, with maturities of three and
six months, and one, two, three, four, ﬁve, seven, ten and twelve years. The contracts
have also been standardized, such that the maturity always falls on the twentieth of
March, June, September or December.
Also the market for CDOs has become much more liquid, which has led to standardization of contracts and to the existence of the iTraxx and CDX indices. These are
baskets consisting of (CDSs on) 125 equally weighted European or North-American
companies, respectively. On these baskets index CDSs are traded, for which daily
quotes are available. Further CDO tranches are traded on these baskets. In case of
the European iTraxx basket market quotes are available on ﬁve different tranches,
where the ﬁrst tranche, or equity tranche, covers the ﬁrst 3% of the basket notional.
A part of the premium on this tranche is paid upfront together with a periodic premium of 500 basis points per year. The next tranche, or junior mezzanine tranche,
covers the next 3% of the basket notional and only a periodic premium is paid. The
mezzanine tranche covers the 6% up to 9% region of the basket notional, the senior
mezzanine tranche covers the 9% up to 12% region and the (super) senior tranche
covers the 12% up to 22% region of the basket loss. Sometimes quotes are available
for a sixth tranche, which covers the remaining part of the basket. These latter quotes
have not been considered.
For the North-American CDX index, quotes for ﬁve year CDO tranches are given in
the market. The equity tranche covers the ﬁrst 3% of the basket notional and a part of
the premium is paid upfront and there is a periodic premium of 500 basis points. The
junior mezzanine tranche covers the 3% up to 7% region of the basket notional, the
mezzanine tranche covers the 7% up to 10% of the losses and the senior mezzanine
tranche covers the 10% up to 15% of the notional. The (super) senior tranche covers
the 15% up to 30% of the basket notional. Again, quotes for a sixth tranche, covering
the remaining part of the basket, can be given.

5.3

Pricing Credit Derivatives

In the previous section we have brieﬂy explained two of the most traded credit derivatives. In this section we give some formulas to determine the value of a trade.
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Pricing a Credit Default Swap

We start with the pricing of credit default swaps and we discuss the model that is
used in the analysis in the present chapter. In order to price the CDS we need to
value the two legs, which are the two payment streams of the swap. The ﬁrst leg is
the default or protection leg (DL) and the second leg is the premium leg (PL). Further
we want to determine the fair spread s, which is the spread in basis points per year
such that the contract has zero value at the start of the contract.
We write τ ≥ 0 for the default time of the reference credit, T for the maturity of the
contract and we write D(t) for the risk free discount factor, which we assume to be
deterministic. The expected recovery rate is given by R and the notional amount
of the contract is given by N . The expected present value of the default leg can be
written as


DL = N E D(τ ) (1 − R) 1{τ ≤T }
≈N

M

i=1



D (ti ) 1 − Rﬁx P (τ ≤ T ) .

(5.1)

The premium is paid periodically, usually every three months at the end of the period.
In case the reference credit defaults, an accrued premium payment has to be paid over
the period from the previous premium payment date up to the default date. When
we denote the premium payment dates by T1 < T2 < . . . < TN = T , and we write
T0 = 0, we can write the present value of the ﬁxed leg as

PL = N

N




D (Ti ) 1{τ >Ti } (tj − tj−1 ) + D(τ )1{tj−1 <τ ≤tj } (τ − tj−1 ) .

(5.2)

i=1

The value of both legs is obtained by taking the expectations of the present values in
(5.1) and (5.2). We write Fτ for the distribution function of τ . The value of the two
legs of the credit default swap are given by
 T
D(t)dFτ (t)
EDL = (1 − R) N
0


m

D(tj )(tj − tj−1 )(1 − Fτ (tj )) +
s EPL = s N
j=1

(5.3)
tj


D(t)(t − tj−1 )dFτ (t) .

tj−1

(5.4)
We choose to model the default time τ as the ﬁrst jump of a inhomogeneous Poisson
process, with a deterministic piecewise constant intensity. The levels of the intensity
allow us to match the market quotes for CDSs with different maturities, by bootstrapping the intensity one maturity at a time, starting with the lowest maturity. The
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distribution function of τ , or default probability function, is given by Fτ (t) = p(t) =
t
1 − exp(− 0 λ(s)ds). In order to evaluate the integrals in (5.3) and (5.4) we consider a
discretization of the interval [0, T ] into time
 Tn = T , and
 points0 = T0 < T1 < . . . <
Ti +Ti+1
2

we approximate D(t) on [Ti , Ti+1 ) by D
This leads to the formulas

EDL ≈ (1 − R) N

n

i=1

s EPL ≈ s N

m


D

Ti−1 + Ti
2

and by D

tj +tj+1
2

on [tj , tj+1 ).

(p(Ti ) − p(Ti−1 ))

D(tj )(tj − tj−1 )(1 − p(tj ))

j=1

⎞
+D

tj−1 + tj
2

tj − tj−1
(p(tj ) − p(tj−1 ))⎠ .
2

The valuation of the index CDS proceeds along the same lines as the valuation of the
CDS above. An index CDS can be viewed as a portfolio of CDSs where each CDS
has the same spread. Using this observation one can simply obtain the ﬁxed and
credit leg of an index CDS by summing the ﬁxed legs and premium legs of the CDSs,
respectively.

5.3.2

Pricing a Collateralized Debt Obligation

In order to price a CDO tranche we again have to value the credit and ﬁxed leg. We
write L(t) for the cumulative loss process of the underlying basket consisting of K
reference credits:

L(t) =

K


(1 − Rk ) Nk 1{τk ≤t} ,

k=1

where Rk is the recovery rate of reference credit k and Nk is its notional value and its
default time is given by τk . When we denote the attachment point of the tranche by
a and the detachment point by d then we deﬁne the tranche loss at time t as La,d (t)
and its value can be obtained from the loss process by

La,d (t) = min (max(L(t) − a, 0), d − a) .
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The present value of the two legs can be written in terms of the tranche loss process.
This gives


T

DLa,d =

D(t)dLa,d (t)

m

=s
D(tj ) ((d − a) − La,d (tj ))(tj − tj−1 )
0

s PLa,d

j=1

+

K


⎞
1{tj−1 <τk ≤tj } (τk − tj−1 )ΔLa,d (τk )⎠ .

k=1

Here ΔLa,d (τk ) is the change in the loss amount on the CDO tranche (a, d) due to a
default of name k at time τk .
The values of the legs are obtained by taking the expectation of both expressions. The
values can be approximated using the same discretization and assumptions as in the
previous section. A straightforward calculation shows that
EDLa,d ≈

n


(ELa,d (Ti ) − ELa,d (Ta,d )) D

i=1
m


s EPLa,d ≈ s

j=1

(tj − tj−1 ) 1 −

Ti + Ti−1
2

ELa,d (tj ) + ELa,d (tj−1 )
2

(5.5)
D(tj )

(5.6)

From formulas (5.5) and (5.6) it is easy to see that in order to value both legs of a CDO
tranche one only has to calculate expected tranche losses at the premium payment
dates tj and at the time points Ti . In the next sections we discuss techniques and
models which can be used to determine these expected losses.

5.4

Factor Copula Models

In the previous section we have seen that to value CDO tranches, one has to calculate expected tranche losses at a number of points in time. In order to calculate these
expected losses one has to model the dependence structure between the different reference credits in the basket. In the analysis in this chapter we consider several factor
copula models which can exactly do this. The advantage of (factor) copula models
is that they allow one to model the dependence structure and marginal distributions
separately. They also allow one to condition on a common factor, by which default
times become independent. We start with a general description of the factor copula
models and we consider a technique that can be used to determine the loss distribution. In the remainder of the section we consider the standard model and a number
of alternatives to this model.
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5.4.1

General Setup

We deﬁne the factor copula models through a set of random variables, which determine the dependence structure. For each of the K companies in the basket underlying
the CDO we deﬁne a random variable Xk by
Xk = Z + Ek , k = 1, . . . , K,

(5.7)

where Z and the Ek s are independent and Z ∼ FZ and Ek ∼ FEk . Further, we write
FXk for the distribution of Xk . This factor setup has been introduced to the pricing
of CDOs by [Li00], where the normal distribution is considered for all factors. The
distribution function FXk can be obtained from the distribution function of Z and Ek ,
by conditioning on the factor Z which results in

P (Xk ≤ x) =
FEk (x − Z)dFZ (x).
R

The factor Z is used to model the global state of the economy. A low value corresponds to a bad state of the economy, and a high value corresponds to a good state of
the economy. The factor Ek models the state of the individual company. Again, a low
value represents a bad state and a high value represents a good state of the company.
In order to link the static factor copula structure to the marginal distributions, that
were obtained in Section 5.3.1, we assume that the company k defaults as soon as
a non-decreasing time-dependent barrier χk (t) reaches the level Xk . This results in
default probabilities
P (τ ≤ t) = P (Xk ≤ χk (t)).
We, naturally, want both probabilities to be equal and this implies the value of the
barrier. Using pk (t) to denote the marginal default probability of company k then we
have
−1
(pk (t)) .
χk (t) = FX
k

In order to calculate the expected (tranche) losses we need to know the loss distribution. Therefore we want to compute probabilities of the form P (L(t) ≤ ), for certain
loss levels . We discretize the loss range by introducing δ , which described the minimum loss step. This step is such that (1 − Rk )Nk = nk δ , for some integer nk . With
this discretization L(t) has a discrete distribution on the points n δ , with n ∈ N.
We can build the loss distribution using ideas explored by [ASB03] and [HW04]. We
ﬁrst condition on the factor Z and then use the independence of the factors Ek . The
loss distribution can be obtained using the following algorithm, where we add one
company at a time to the distribution of L(t).
1) Start with P (0) (L(t) = nδ |Z) = 1{n=0} , for n = 0, 1, 2, . . ..
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2) Assume that we are at step k and we want to determine P (k+1) (L(t) = nδ |Z)
by adding company k + 1 to the distribution. Then we have
P (k+1) (L(t) = nδ |Z) = P (k) (L(t) = nδl|Y )(1 − FEk+1 (χk+1 (t) − Z))
+ P (k) (L(t) = (n − nk+1 )δ |Y )FEk+1 (χk+1 (t) − Z)).
Repeat this step for k = 1, 2, . . . , K.
3) Obtain the conditional loss distribution by
P (L(t) = nδ |Z) = P (K) (L(t) = nδ |Z).
The unconditional loss distribution is obtained by integrating out over factor Z,

P (L(t) = nδ |Z = x)dFZ (x)

P (L(t) = nδ ) =
DZ

With this loss distribution we can easily calculate expected (tranche) losses as


K/δ

EL(t) =

kδ P (L(t) = kδ )

k=1



K/δ

ELa,d (t) =

min(max(kδ − a, 0), d − a)P (L(t) = kδ )

k=1

5.4.2

Standard Model

With the formulas to determine the loss distribution in place, we can focus on speciﬁc
models which fall into the general setup of formula (5.7). In this section we consider
the standard model where Z and the Ek ’s have a normal distribution. To be more
precise, we let
Z ∼ N (0, ρ2 ), Ek ∼ N (0, 1 − ρ2 ),
for a correlation parameter 0 ≤ ρ ≤ 1. We can then rewrite (5.7) to the equivalent
formulation,

Xk = ρY + 1 − ρ2 εk ,
where Y, εk ∼ N (0, 1) and hence Xk ∼ N (0, 1). The resulting factor copula model is
often referred to as the standard model or the one factor Gaussian copula. The one
factor Gaussian copula has ﬁrst been suggested by [Li00].
The main drawback of this model is that it is not able to match the market quotes on
the European iTraxx and North-American CDX indices. This is illustrated in Table 5.1

Chapter 5 · Pricing CDO Tranches with Factor Copula Models

114

Tranche
(0%,3%)
(3%,6%)
(6%,9%)
(9%,12%)
(12%,22%)

Market Quote
23.00 %
131.0 bp
43.5 bp
27.25 bp
14.25 bp

Model Quote
23.00 %
187.26 bp
45.25 bp
12.18 bp
1.43 bp

Table 5.1: Market and Model Quotes for CDO tranches on the iTraxx index on valuation date 13 December 2004 with a maturity of ﬁve years. The correlation parameter has been chosen such that the upfront
premium on the equity tranche is matched.

for a set of CDO tranches on the iTraxx index. In this table we can see that, if we
choose the correlation such that the upfront premia is matched, the standard model
overestimates the premium on the junior mezzanine tranche and it underestimates
the premium on the more senior tranches.
A solution to this problem is given through the base correlation framework, where
a CDO tranche (a, d) is split up into two tranches (0, d) and (0, a). Starting with the
equity tranche, one can try to ﬁnd a correlation value such that the upfront premium
on this tranche is matched. Next one iterates over the remaining tranches by ﬁnding
correlation values such that the annual premia are matched. At each step one uses the
correlation from the previous step to price the tranche (0, a) and the tranche (0, d) is
priced with the new value of the correlation parameter. The problem of this approach
is that it is not a model of default times. Furthermore it is not clear what correlation
parameters one should use to value a nonstandard CDO tranche, and one has to
resort to interpolation, which could lead to arbitrage opportunities, as the expected
loss on base tranches, as function of detachment point, might not be increasing. A
more detailed description of the base correlation approach can be found in [AM04]
and [ABM04].
Due to the deﬁciencies of the standard model and the base correlation several alternative models have been proposed. In the analysis in this chapter we restrict ourselves
to models that ﬁt the general setup of Equation (5.7). In the remainder of this section
we describe the alternative models that we consider in this chapter.

5.4.3

Double t-Copula

The ﬁrst alternative model that we consider is the double t-copula. This model is
obtained by assuming a student t-distribution for the factors Z and Ek . The density
of random variable V with a tν distribution, with ν > 0 degrees of freedom, is given
by


Γ ν+1
t2
2 
1
+
fν (t) = √
ν
ν π Γ ν2
 ∞
Γ(x) =
tx−1 e−t dt
0

−(ν+1)/2
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In case ν > 1 the expectation of V is zero and, in case ν > 2 the variance of V is
ν/(ν − 2). For low values of ν The student t-distribution has much fatter tails than
the normal distribution, which makes extreme outcomes more likely.
Using t-distributions for both factors has been considered by [HW04], where the following description is considered.
3

νY − 2
ρY
νY
3
νε − 2
Ek =
(1 − ρ2 ) εk ,
νε
Z=

where Y ∼ tνY and ε ∼ tνε , with νY , νε > 2 and 0 ≤ ρ ≤ 1. The factors are scaled by
the inverse of their variance, such that Xk has zero expectation and a variance of one.
In the beginning of this section we have seen that for the Student t-distribution we
have ν > 0. The description given above only allows for ν > 2, which excludes the
use of other t-distributions. Therefore we consider a different description by removing the scaling factors in front of both factors, which results in the double-t factor
copula.
Z = ρY

E k = 1 − ρ2 ε k ,
where we still have Y ∼ tνY and ε ∼ tνε , only in this case we have νY , νε > 0. This
description does allow us to use a wider range of degrees of freedom, as the range
from 0 up to 2 is available as well. In the analysis in this chapter we consider this latter
description because of the wider parameter range. This wider range is important as
tests show that in some cases one ﬁnds optimal parameter values where the number
of degrees of freedom are below two.

5.4.4

Normal Inverse Gaussian Factor Copula

Similar to the student t-distribution we consider the normal inverse Gaussian (NIG)
distribution, where we, compared to the standard model, also consider different distributions for the factors. The NIG distribution has the density
 

δα exp(δγ + β(x − μ))

K1 α δ 2 + (x − μ)2
π δ 2 + (x − μ)2

γ = α2 − β 2


1 ∞
1 
K1 (ω) =
exp − ω t + t−1 dt,
2 0
2

fα,β,μ,δ (x) =
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where 0 < |β| < α and δ > 0. The expectation and variance of a random variable V
following an N IG(α, β, μ, δ) distribution are given by
μγ + βδ
γ
2
δα
V ar(V ) = 3 .
γ
EV =

Further the NIG distribution satisﬁes the properties
α β
, , cμ, cδ
c c


M
M
M



Vi ∼ N IG(α, β, μi , δi ), for i ≤ M ⇒
Vi ∼ N IG α, β,
μi ,
δi
V ∼ N IG(α, β, μ, δ) ⇒ cV ∼ N IG

i=1

i=1

(5.8)
(5.9)

i=1

We obtain the normal inverse Gaussian factor copula from the general description
(5.7) setting
Z = ρY

E k = 1 − ρ2 ε k ,
where we assume that the common factor Y is distributed as


αβ
Y ∼ N IG α, β, − 
,α
α2 − β 2
and the idiosyncratic factor ε as





αβ
1 − ρ2
1 − ρ2
1 − ρ2
1 − ρ2

α,
β, −
α .
,
εk ∼ N IG
ρ
ρ
ρ
ρ
α2 − β 2
From Equation (5.8) and (5.9) it follows that


αβ
α β
α
, ,− 
.
Xk ∼ N IG
,
ρ ρ
ρ α2 − β 2 ρ
The parameters are chosen such that Xk has zero expectation. Using the normal inverse Gaussian distribution in this form for the pricing of CDO tranches has been
proposed by [KSW05]. In this paper the authors price CDO tranches in the large
homogeneous pool setup, where it is assumed that the underlying basket is homogenous and its size is inﬁnite. In this setup one ignores the different characteristics of
the companies in the underlying basket, but it allows for (much) faster calculations.
Just as the student t-distribution, the NIG distribution has fatter tails than the normal
distribution, and thus extreme events, such as a large number of losses, should be
more likely.

Section 5.4 · Factor Copula Models

5.4.5

117

Random Correlation

The previous two models changed the distribution of Xk by changing the distributions of the factors. An alternative approach is to make the correlation random and
maintaining the normal distribution of both factors. We consider two different models where the correlation is random.
Mixture Factor Copula
The ﬁrst model with random correlation that we consider is a mixture of one factor Gaussian copulas. We assume that the correlation
can take on n different levels
(n
ρ1 , . . . , ρn with probability p1 , . . . , pn , with i=1 pi = 1. We arrive at the mixture
factor copula from the general description (5.7) by setting
Z=
Ek =

n

i=1
n


1{B=i} ρi Y
1{B=i}

1 − ρ2i εk ,

i=1

where B is a discrete random variable that can take the values i = 1, . . . , n with
probabilities pi , and Y, εk ∼ N (0, 1). In the tests in Section 5.6 we will use the mixture
factor copula with n = 3.
This simple extension of the standard model represents the uncertainty about the
correlation state. Typical values of the correlation will include a very low correlation,
which can be associated with an economy that is in a good state, and a very high
correlation value, which corresponds to a bad state of the economy. The remaining
correlation parameters is expected to lie somewhere in the middle, representing a
’normal’ state of the economy.
The mixture factor has been considered by, amongst others, [BGL07], where also the
three state version is considered. Test results for a small number of valuation dates
in this paper suggest that the mixture factor copula can be calibrated well to market
data. Further they provide some ﬁgures with calibrated parameters values over a
larger data set, without providing the quality of the ﬁts. In the current chapter we
investigate the calibration on a larger data set and we consider both the iTraxx and
CDX indices, where [BGL07] only consider the iTraxx index on a large data set.
Random Factor Loadings Copula
Another way to introduce randomness in the correlation parameters is by making the
correlation parameter dependent on the factor Y . As we already brieﬂy mentioned
above, correlations tend to by higher when the market is in a bad state and they tend
to be low when the market is in a good state. We choose Z and Ek such that they
incorporate this behavior, and such that Xk has zero expectation and a variance of
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one.

Z = ρ(Y )Y

Ek = 1 − V ar(ρ(Y )Y ) εk + Eρ(Y )Y
ρ(y) = α + β

exp(−δ(y − γ)
.
1 + exp(−δ(y − γ))

(5.10)
(5.11)
(5.12)

Again we let Y, εk ∼ N (0, 1) and further we let α, β ≥ 0, α + β ≤ 1, δ > 0. The
function to let the correlation depend on state of the economy is chosen such that it
always lies between zero and one, and it is strictly decreasing. Further we can adjust
the function easily through the four scaling and shifting parameters.
The general setup of the random factor loading factor copula is suggested by [AS04].
In their paper they use a much simpler description for the function ρ(y), which can
take on only two different values. With the formulation (5.12) we let the correlation
depend on the state of the economy in a continuous way. In a paper by [BGL07] a
similar model is considered, where the correlation also depends on the state of the
economy. The idiosyncratic term is deﬁned differently though, as the term in front of
the εi varies with the correlation function as well, instead of in our description, where
we use the variance of ρ(Y )Y and its expectation. Further the authors in [BGL07] try
to directly calibrate the shape of the function for the correlation as a function of Y ,
where we have parameterized this function. Some tests with both models, with the
same description for the correlation function, have shown a better performance for
the random factor loading copula as described in (5.10) - (5.12). Therefore we have
chosen to consider this description in the analysis in this chapter.

5.5

Approach

In this chapter we compare the models discussed in Sections 5.4.2 up to 5.4.5. First
we want to see if the extensions can outperform the standard model, which is highly
likely as the standard model can be obtained from the alternative models. In case of
the Double-t factor copula we can let the degrees of freedom go to inﬁnity, such that
the distribution of the factors equals the normal distribution. For the mixture factor
copula we can simply let all correlation values be equal and for the random factor
loadings factor copula we set β = 0. The standard model cannot be obtained from
the NIG factor copula.
Next we want to see if we can reproduce market data by calibrating the models to
the market data such that the data is matched as closely as possible. Further we are
interested if the performance of the models changes over the different points in the
data set.
In this section we will mainly focus on the different techniques that we use to ﬁnd
these optimal parameters. Further we discuss some (possible) issues one might encounter when trying to ﬁnd these optimal parameters. We conclude this section by
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describing the market data that we use for the analysis. The results of this analysis
are discussed in the next section.

5.5.1

The Sum of Squared Errors

The market data for one day includes CDS spreads for each company in the basket
underlying the CDO tranches. Further we have quotes for the ﬁve CDO tranches,
either on the European iTraxx basket or on the North-American CDX basket. The
CDS spreads are matched by choosing the levels of the piecewise constant intensity,
starting with the ﬁrst period.
In order to match the CDO tranche data as closely as possible for a given day we need
to deﬁne the distance between the market data and the fair upfront or the fair spread
which results from the alternative model. Therefore we consider the sum of squared
errors between the market quotes and the fair spreads obtained by an alternative
model.
S(p) :=

5


2

wi (Qi − s̄i (p)) ,

(5.13)

i=1

where Qi represents the market quote for tranche i and s̄i represents the fair spread
for tranche i obtained with the set of parameters p, which is different for each model.
Further we have introduced weights wi . In case i = 1 we consider the equity tranche
which in our analysis always has attachment point 0% and detachment point 3%,
and the market quote and the fair spread are in this case an upfront percentage of the
tranche notional. Together with this upfront premium a spread of 500 basis point has
to be paid per year on the outstanding notional. In case i > 1, Qi and s̄i represent the
premium in basis points which has to be paid per year on the outstanding notional
of the tranche.
Before we are able to compute to sum of squared error S(p) we need to deﬁne the
weights that will be used. We use two different kinds of weights. First we consider
the errors relative to the market quotes, which means that we choose wi = Q−2
i . An
.
The
former
alternative set of weights that we consider is given through wi = Q−1
i
set of weights favors market quotes with low values, which are observed for the most
senior tranches. The latter set of weights, compared to the forme, puts more weight
on market quotes with higher values, as one divides by a smaller number and hence
the contribution to the SSE becomes larger. Another possible choice of wi is wi ≡ 1,
which measures absolute errors. This choice puts high weights on tranches with high
spreads, and very low weight on tranches with very low spreads. Therefore we do
not consider this choice in the analysis in this chapter.

5.5.2

Finding the Minimum of the SSE

In order the ﬁt the alternative models to the market data, we need to ﬁnd the set of
optimal parameters such that S(p) reaches its minimum value. When ﬁnding this
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minimum one needs to keep parameters restrictions in mind. It is thus clear that we
have a constrained minimization problem.
Before we try to solve this problem, we ﬁrst transform the constrained minimization
problem into a unconstrained minimization problem by deﬁning transformations
from R to the (possibly) bounded region for each parameter. The transformations
are described in Section 5.5.2. After we have obtained the unconstrained problem
we apply the Levenberg-Marquardt algorithm, which is designed for unconstrained
minimization problems, where the objective function is of the form (5.13). In the appendix we brieﬂy describe this algorithm. Using the Levenberg-Marquardt algorithm
we are able to obtain real valued optimal parameters for the unconstrained problem.
By applying the parameter transformations to these optimal values we obtain the
optimal parameter values for the constrained problem.
Parameters Transformation
As we discussed in the previous section, the Levenberg-Marquardt algorithm only
works on real valued parameters. In our analysis the parameters are usually restricted to some interval or to a part of the real line. Further, parameters may depend
on the value of other parameters. We denote the set of valid parameters values p by
Θ ⊂ Rk . In this section we consider some transformations to map Θ to R and vice
versa. Some restriction on these transformation are that they should be bijective and
continuous. The ﬁrst transformation maps the interval (a, b), with −∞ < a < b < ∞
to R. This transformation can be applied to the correlation which should be in the
interval (0, 1). Together with the transformation we also provide its inverse.
x−a
: (a, b) → R
b−x
exp(y)
: R → (a, b).
y→
 a + (b − a)
1 + exp(y)
x → log

These mappings are bijective and continuous. If we a have parameters which bounds
are determined by the value of other parameters, e.g. g(p1 ) < p2 < h(p1 ) we can still
apply this transformation as soon as the value of this parameter p1 is known. We just
have to set a = g(p1 ) and b = h(p1 ).
Another transformation that we need is a transformation that maps the interval (a, ∞)
onto R. This can easily be done by the transformations
x → log(x − a) : (a, ∞) → R
y → a + exp(y) : R → (a, ∞).
Again it is directly clear that the transformations are bijective and continuous.
We only consider transformation for open intervals. In case the parameters are restricted to a closed interval we can safely ignore the parameter values at the boundaries since the objective functions depend continuously on the parameters, and thus
we can get arbitrarily close to the boundaries.
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Choice of Initial Parameters and Numerical Issues
Above we have shown how we can apply the Levenberg-Marquardt algorithm to the
constrained optimization problem (5.13). In order to start this algorithm an initial
choice for the parameters has to be made. With the initial choice of parameters the
algorithm starts looking for a new set of parameters where the sum of squared errors
is smaller, by calculating derivatives with respect to the parameters in the starting
point. As we do not have an analytical expression it is not possible to determine an
analytical expression for the derivative with respect to the parameters. Therefore we
have to resort to numerical derivatives by changing the parameter by a small amount,
e.g. 10−5 .
In order to obtain an accurate approximation to the minimum of the SSE we need to
make a good initial guess. If we choose the ’wrong’ initial condition, the SSE might
be very high, and the algorithm could end up in a local minimum that is signiﬁcantly
higher than the global minimum. We deal with this problem by randomly calculating
initial parameters until the SSE is lower than a certain level. This level is obtained as a
fraction of the global minimum obtained with the standard model. In this way we are
guaranteed to end up in a minimum that is lower than the minimum obtained with
the standard model. We thus avoid that the Levenberg-Marquardt algorithm chooses
parameters such that the alternative model is equivalent to the standard model. On
the other hand we still might not end up in the global minimum.
Another problem is that the global minimum could be in an almost ﬂat region, by
which we could end up very close to the minimum with parameters that are far from
the optimal parameters. This problem can also be caused by numerical integration
routines where we approximate integrals up to a certain accuracy. Due to small errors
in this integration the ﬂat region might not be smooth enough, which results in a
many local minima in this ﬂat region, all of them having approximately the same
value.

5.5.3

Market Data

The analysis in this chapter is performed on a data set of CDO tranche quotes on
iTraxx as well as CDX, which was provided by ABN AMRO bank. The data ranges
from December 2004 up to November 2006. For a large number of days in this set we
have CDS quotes from which we can obtain marginal distributions. Further we have
CDO tranche quotes for maturities of ﬁve years to which we calibrate the alternative
model. Further the data set includes discount curves which are used to determine
the present value of future payments.
For some companies in the iTraxx or CDX indices we have some incomplete data,
where CDS quotes are only available for a limited number of days. If we calibrate
the models on such a day, we use the CDS data on the day that is closest to the
valuation date. Further, for some days in the data set we have multiple quotes for
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each CDO tranche. In these cases we compare the quotes and pick the set that seems
most reasonable compared to the days before and after this date.
As this data set ranges from December 2004 up to November 2006 we do not have
data for credit derivatives during the credit crisis which started in July 2007. During
this period quotes have increased signiﬁcantly for CDSs as well as for CDO tranches,
especially the more senior tranches. The current data set does contain data from May
2005, when Ford’s and General Motors’ credit rating were downgraded. This caused
some shocks in the market and the structure of the quotes changed which resulted
in a steeper base correlation curve, which indicates a different correlation structure.
When calibrating the alternative models it is thus interesting to see if models ﬁt better
before or after May 2005.
In the next section we discuss the results from the calibration of the alternative models to the data described above.

5.6

Results

In the previous section we have discussed the numerical techniques and the data for
the tests that we have performed. In this section we discuss the results of these tests
and we look which model calibrates best to the market data. For this we use several
measures such as the sum of squared errors and the actual differences between market and model quotes. Further we look at the stability of the parameter values and
the stability of the sum of squared errors.

5.6.1

The Sum of Squared Errors

First we consider the sum of squared errors (SSE) which is the objective function of
the calibration. In case the model ﬁts perfectly to the market data this function has
zero value. In any other case it has a positive value. As we discussed in Section 5.5.1
we consider two different sets of weights wi in the sum of squared errors, that is de−1
ﬁned in Equation (5.13). We calibrate the models with wi = Q−2
i as well as wi = Qi .
For each valuation day in the data set we calibrate the models the market data, which
results in a set of SSEs. In Table 5.2 we present the average, minimum, maximum
and standard deviation of these SSEs corresponding to the weights wi = Q−2
i . The
corresponding CDO tranches have the iTraxx index as underlying and they have a
ﬁve year maturity.
From this table we can see that the alternative models all perform much better than
the standard model. On the other hand we see that the models, except for the mixture
factor copula are not able to provide a perfect ﬁt to the market data. In the case of
the mixture factor copula we observe the perfect ﬁt for only one day in the data set.
Further we see that the differences between the averages are not very large.
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Standard
2.257
0.734
3.38
0.69

Double-t
0.0672
0.0043
0.366
0.062

NIG
0.0574
0.0010
0.317
0.051

Mixture
0.0457
0.0000
0.322
0.053

RFL
0.0565
0.0002
0.310
0.048

Table 5.2: The average, minimum, maximum and standard deviation of the SSE for the standard model,
the double-t factor copula (Double-t), the normal inverse Gaussian factor copula (NIG), the mixture factor
copula (Mixture) and the random factor loadings copula (RFL). The values are obtained by calibrating the
models to CDO tranches on the iTraxx index with ﬁve year maturities. The weights in the SSE (5.13) are
given by wi = Q−2
i .

The same analysis has been performed for CDO tranches on the North-American
CDX index, again with maturities of ﬁve years. In Table 5.3 the results are presented
corresponding to the weights wi = Q−2
i .
SSE
average
minimum
maximum
st.deviation

Standard
2.159
0.666
3.50
0.70

Double-t
0.0642
0.0009
0.271
0.056

NIG
0.0622
0.0003
0.194
0.044

Mixture
0.0747
0.0002
0.537
0.106

RFL
0.0573
0.0007
0.211
0.048

Table 5.3: The average, minimum, maximum and standard deviation of the SSE for the standard model,
the double-t factor copula (Double-t), the normal inverse Gaussian factor copula (NIG), the mixture factor
copula (Mixture) and the random factor loadings copula (RFL). The values are obtained by calibrating the
models to CDO tranches on the CDX index with ﬁve year maturities. The weights in the SSE (5.13) are
given by wi = Q−2
i .

From this table we can draw similar conclusions as from Table 5.2, although the performance of the mixture factor copula is slightly worse in this case. This is mainly
due a small number of dates on which the mixture factor copula calibration performs
poorly.
In Tables 5.4 and 5.5 below, the same statistics are presented, but in this case we use
the weights wi = Q−1
i . With this choice the resulting SSEs are larger than in the
< Q−1
previous case, since we have Q−2
i
i as long as Qi > 1, which is (almost) always
the case. Further we expect that we ﬁt better to tranches with high spreads, and worse
to tranches with low spreads.
In these two tables, we observe that the calibration errors are substantially larger that
in Tables 5.2 and 5.3, which was to be expected, as the pricing errors are divided by
the quote instead of the squared quote. Further we again observe that alternative
models performs better than the standard model. The mixture factor copula again
shows a number of large calibration errors, which results in the higher average.
Tables 5.2 - 5.5 only give a general view on the performance of the models. The
statistics in these tables can be inﬂuenced by some outliers. It could be the case that
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avg
min
max
stdev

Standard
41.9
17.1
143
19.5

Double-t
1.61
0.107
8.75
1.72

NIG
1.47
0.026
17.7
2.11

Mixture
1.50
0.000
27.2
3.25

RFL
1.33
0.004
8.57
1.33

Table 5.4: The average, minimum, maximum and standard deviation of the SSEs, calculated on each valuation date for the standard model, the double-t factor copula (Double-t), the normal inverse Gaussian
factor copula (NIG), the mixture factor copula (Mixture) and the random factor loadings copula (RFL).
The values are obtained by calibrating the models to CDO tranches on the iTraxx index with ﬁve year
maturities. The weights in the SSE (5.13) are given by wi = Q−1
i .

avg
min
max
stdev

standard
57.0
21.0
337.6
44.0

Double-t
2.28
0.023
17.8
2.89

NIG
1.79
0.012
20.8
2.56

mixture
6.13
0.006
97.1
13.9

RFL
2.04
0.016
12.0
2.34

Table 5.5: The average, minimum, maximum and standard deviation of the SSE for the standard model,
the double-t factor copula (Double-t), the normal inverse Gaussian factor copula (NIG), the mixture factor
copula (Mixture) and the random factor loadings copula (RFL). The values are obtained by calibrating the
models to CDO tranches on the CDX index with ﬁve year maturities. The weights in the SSE (5.13) are
given by wi = Q−1
i .

a model can provide a good ﬁt to market data, except for a small number of dates on
which a poor ﬁt is found, as is the case for the mixture factor copula. In this case the
average and maximum might not be a good measure of the performance of the model.
We therefore have added ﬁgures where the SSE are plotted for each date in the data
set. The graphs of the SSEs for the four different cases can be found in Appendix 5.B
in Figures 5.1 - 5.4. In these ﬁgures we see that in general the SSE are quite close for
the four models, although for a small number of dates in the ﬁrst half of the data set
we can observe that the mixture factor copula performs worse than the other models,
when calibrating the CDO quotes on the CDX index. In the second half of the data
set however, we see that the mixture copula performs better than the other models.
From the ﬁgures, it does not become clear whether the models calibrate better before
or after May 2005.

5.6.2

Fair Premia vs. Market Quotes

In the previous section we have investigated the SSE, where we have looked at the
average SSE for each of the alternative models, and compared these values with the
standard model and with the other alternative models. Further, we have looked at
some ﬁgures showing the SSE for each day in the data set. The SSE, even for a single
day, only gives a global view on the calibration performance of the models. From
this statistic it does not become clear how well, or how poor, the model ﬁts to each
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CDO tranche. In this section we look at the fair spreads, that are obtained from the
model with the optimal parameters for each CDO tranche, and we compare these to
the corresponding market quotes. This makes it easier to compare the performance
of the models and it becomes easier to compare the calibration with the different sets
of weights which is not possible by only looking at the SSE.
We ﬁrst consider the weights Q−2
i , where we calculate the average absolute differences as well as the relative absolute difference with respect to the corresponding
market quote. In Tables 5.6 and 5.7 the averages are presented.
CDO tranche
(0%,3%)
(3%,6%)
(6%,9%)
(9%,12%)
(12%,22%)

differences
absolute
relative
absolute
relative
absolute
relative
absolute
relative
absolute
relative

Standard
4.26
16.79%
67.97
76.73%
9.43
33.91%
8.62
67.13%
7.11
93.55%

Double-t
4.08
16.52%
7.74
9.02%
2.11
8.28%
0.81
5.69%
0.38
4.08%

NIG
3.74
15.60%
5.02
5.61%
1.57
5.87%
1.07
7.47%
0.27
3.85%

Mixture
3.65
14.44%
5.93
6.47%
1.42
5.01%
0.46
3.18%
0.25
2.57%

RFL
4.16
16.86%
4.45
4.90%
1.76
6.52%
0.81
6.39%
0.21
2.52%

Table 5.6: The averages of the absolute and absolute relative differences between the fair spread obtained
with the alternative models and the market quotes. The CDO tranches have the iTraxx index as underlying
are used.
and the weights Q−2
i

CDO tranche
(0%,3%)
(3%,7%)
(7%,10%)
(10%,15%)
(15%,30%)

differences
absolute
relative
absolute
relative
absolute
relative
absolute
relative
absolute
relative

Standard
4.82
12.69%
100.08
78.42%
9.23
22.72%
9.28
62.94%
7.29
94.19%

Double-t
4.32
11.48%
15.22
10.04%
3.14
8.73%
1.03
7.78%
0.56
6.29%

NIG
4.09
11.04%
13.12
10.12%
2.13
5.89%
1.23
9.23%
0.46
6.74%

Mixture
3.98
10.56%
20.82
13.33%
2.56
6.86%
0.62
3.82%
0.38
3.48%

RFL
4.80
12.71%
11.61
7.25%
2.92
8.64%
1.28
8.54%
0.31
3.48%

Table 5.7: The averages of the absolute and absolute relative differences between the fair spread obtained
with the alternative models and the market quotes. The CDO tranches have the CDX index as underlying
and the weights Q−2
are used.
i

The results given in these tables give more insights into the performance of the models, since we have broken down the calibration error over the ﬁve different tranches.
We again observe the superior behavior of the alternative models with respect to the
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standard model. Further we can see that the absolute as well as the relative errors
are reasonably small for the most senior tranches. The errors on the equity and junior
mezzanine tranches are quite large. This is what we expected from using these types
of weights, as smaller quotes are given larger weights. Comparing the alternative
models, we can observe that none of the models performs better than the other, as
one model performs better on one tranche and another model performs better on a
different tranche.
Next we consider the same statistics, only in this case we use the weights Q−1
i . In
Section 5.5.1 we have mentioned that the two sets of weights should provide a different ﬁt to the market data, as the ﬁrst set of weights, wi = Q−2
i , focusses more on
focusses
less on the senior
the more senior tranches and the second set, wi = Q−1
i
tranches and more on the junior mezzanine tranches. We can thus expect that the
errors on the senior tranches become larger and the errors on the junior mezzanine
tranches become smaller.
Tables 5.8 and 5.9 present the results from calibrating with weights wi = Q−1
i .
CDO tranche
(0%,3%)
(3%,6%)
(6%,9%)
(9%,12%)
(12%,22%)

differences
absolute
relative
absolute
relative
absolute
relative
absolute
relative
absolute
relative

Standard
6.95
27.95%
18.29
17.17%
18.40
74.16%
12.77
92.63%
7.63
98.85%

Double-t
3.99
16.18%
2.33
2.77%
2.29
9.26%
1.10
8.40%
1.03
14.78%

NIG
3.82
15.93%
2.18
2.36%
1.48
5.57%
1.17
8.24%
0.79
10.70%

Mixture
3.62
14.31%
2.75
2.84%
1.61
5.86%
0.76
5.62%
0.68
9.51%

RFL
4.27
17.30%
1.36
1.54%
1.35
4.94%
1.19
9.26%
0.45
6.05%

Table 5.8: The averages of the absolute and absolute relative differences between the fair spread obtained
with the alternative models and the market quotes. The CDO tranches have the iTraxx index as underlying
are used.
and the weights Q−1
i

Looking at the tables, we can indeed observe that the calibration errors on the senior
tranches have increased, and that the errors on the junior mezzanine tranches have
decreased. Again, we cannot clearly point out a model that performs better than the
other models.
The Tables 5.6 - 5.9 again provide a global view on the performance, since we consider
averages over all valuation dates at the same time. In order to analyze the day-to-day
performance we could look at ﬁgures where the market quotes are plotted together
with the fair spreads calculated with the alternative models. We do not show such
ﬁgures here, as this would require twenty different ﬁgures, which do not add much
additional information. Instead, we conﬁne ourselves with a few remarks about the
results. First, it was observed that the fair premia from the alternative models, tend
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CDO tranche
(0%,3%)
(3%,7%)
(7%,10%)
(10%,15%)
(15%,30%)

differences
absolute
relative
absolute
relative
absolute
relative
absolute
relative
absolute
relative
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Standard
6.96
18.00%
34.80
21.85%
22.40
76.73%
13.97
91.76%
7.68
98.89%

Double-t
4.28
11.53%
4.30
2.79%
3.12
8.11%
1.75
11.33%
1.58
17.29%

NIG
3.47
9.59%
3.95
2.76%
2.31
6.65%
1.56
10.12%
1.36
18.17%

Mixture
3.91
10.39%
13.08
8.42%
3.81
9.88%
1.46
7.63%
1.74
17.31%

RFL
4.85
13.03%
3.21
2.10%
2.32
6.75%
1.93
12.15%
1.08
12.03%

Table 5.9: The averages of the absolute and absolute relative differences between the fair spread obtained
with the alternative models and the market quotes. The CDO tranches have the CDX index as underlying
are used.
and the weights Q−1
i

to closely follow each other and to a lesser extend the market quotes. Second, in the
second half of the data set, the fair premia for the alternative models are very close to
the market quotes on the most senior tranches when using the relative weights. The
fair premia were very close to the market quotes on the junior mezzanine tranche
when using the weights wi = Q−1
i . Further similar conclusions to the ones from
Tables 5.6 - 5.9 can be drawn.

5.6.3

Parameter Stability

In the previous two sections we have investigated the calibration errors of the alternative one-factor copula models. We did this ﬁrst by directly looking at these errors,
and secondly by looking at the differences between model and market prices. In this
section we focus on a third important issue, namely the parameter stability. A model
might be able to match market prices on a daily basis, but with different parameter
values on each day. This could indicate that we are overﬁtting the market data, which
is an undesirable feature of a model.
To test the parameter stability, we compute a number of statistics for the optimal parameters, such as averages, standard deviations and correlations between the different model parameters. As each model has different kinds of parameters, we present
these statistics separately for each model. For the one-factor Gaussian copula we only
have to deal with a single parameter. In Table 5.10 one can ﬁnd the average correlations and its standard deviations.
From this table we can observe that the optimal correlation is in general small, and it
is quite stable, as the standard deviation is not very large. However, the results for
the one-factor Gaussian copula are not very interesting, as it cannot match the market
quotes.
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avg. ρ
std.dev. ρ

wi = Q−2
i
iTraxx CDX
0.107 0.125
0.048 0.057

wi = Q−1
i
iTraxx CDX
0.056 0.054
0.042 0.053

Table 5.10: The average and standard deviations of the optimal values for the correlation parameter ρ in
the one-factor Gaussian copula.

Next we consider the double-t factor copula, which matches the market quotes considerably better. There are three parameters that we need to consider in this case,
which are the correlation ρ and the degrees of freedom for the common and idiosyncratic factor, νY and νε , respectively. In Table 5.11 one ﬁnds the average and standard
deviation of the optimal choices of these parameters.

avg. ρ
avg. νY
avg. νε
std.dev. ρ
std.dev. νY
std.dev. νε

wi = Q−2
i
iTraxx CDX
0.550 0.388
4.89
2.53
50.26 21.74
0.312 0.265
4.23
0.82
120.72 62.86

wi = Q−1
i
iTraxx
CDX
0.493
0.453
4.43
19.99
54.53 117.59
0.337
0.332
4.55
83.55
120.43 205.71

Table 5.11: The average and standard deviations of the optimal parameter values in the double-t factor
copula.

From this table we can observe that the standard deviation of νε is very large, just
as for νY in case we look at the market quotes for CDO tranches on the CDX index,
with the weights wi = Q−1
i . Furthermore, the corresponding averages of the degrees
of freedom are also quite high. These high values are caused by very high optimal
values for the idiosyncratic degrees of freedom on about 30% of the dates considered.
In these cases the degrees of freedom are such that the corresponding factor is in fact
very close to being normally distributed. Ignoring these dates yields much lower
and more stable degrees of freedom, although the fraction of 30% does not justify
ignoring this procedure. We therefore conclude that the optimal parameters are not
very stable.
For the NIG factor copula, we have to consider the correlation ρ and the two parameters related to the NIG distribution, namely α and β, as introduced in Section 5.4. For
the optimal parameter values we have again calculated the averages and standard
deviations, which can be found in Table 5.12.
Considering the standard deviations, we observe these are lower than for the doublet factor copula, indicating more stable optimal parameters. Furthermore we see that
the average correlation is about the same for the four different cases that are consid-
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avg. α
avg β
avg. ρ
std.dev. α
std.dev. β
std.dev. ρ

wi = Q−2
i
iTraxx CDX
0.828
0.711
-0.552 -0.427
0.335
0.366
0.544
0.591
0.729
0.705
0.070
0.065

wi = Q−1
i
iTraxx CDX
0.934
0.944
-0.699 -0.721
0.338
0.373
0.586
0.988
0.773
1.104
0.068
0.069

Table 5.12: The average and standard deviations of the optimal parameter values in the NIG factor copula.

ered. A point of concern for this model, or at least for the current implementation of
the model and the calibration, is that there is a high negative correlation. For each of
the cases this is less than -94%. On a
large number of dates, this means that approximately α = −β. As one divides by α2 − β 2 in the speciﬁcation of the model, this
could lead to numerical difﬁculties.
Next, we consider the mixture factor copula, where we have to consider three correlation parameters, namely ρ1 , ρ2 , and ρ3 and the corresponding probabilities p1 , p2
and p3 = 1 − p1 − p2 . As the calibration algorithm does not necessarily keep the correlations ordered, we ﬁrst order the optimal correlation parameters, and thereafter we
calculate the averages and standard deviations, which are given in Table 5.13.

avg. ρ1
avg. ρ2
avg. ρ3
avg. p1
avg. p2
std.dev.
std.dev.
std.dev.
std.dev.
std.dev.

ρ1
ρ2
ρ3
p1
p2

wi = Q−2
i
iTraxx CDX
0.003 0.000
0.222 0.253
0.947 0.948
0.637 0.628
0.265 0.263
0.009 0.002
0.092 0.135
0.117 0.101
0.189 0.155
0.153 0.160

wi = Q−1
i
iTraxx CDX
0.002 0.000
0.232 0.306
0.947 0.938
0.646 0.641
0.252 0.243
0.008 0.002
0.102 0.248
0.123 0.106
0.193 0.149
0.153 0.153

Table 5.13: The average and standard deviations of the optimal parameter values in the mixture factor
copula.

From this table we observe that the lowest correlation value is almost (always) equal
to zero, as the average as well as the standard deviation are close to zero. Furthermore, the highest correlation value is close to one, again with a low standard deviation. The remaining correlation parameter, ρ2 , takes values around 0.25, where the
standard deviation is largest when we calibrate the CDO tranches on the CDX basket,
with the weights wi = Q−1
i . Similar to the correlations, also the probabilities show
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a quite stable behavior, as the average probabilities are roughly equal across the test
cases, and the standard deviations are quite low. Comparing these results with those
of the double-t and NIG factor copulas, we observe a higher parameter stability for
the mixture factor copula.
We conclude this section with an investigation of the optimal parameter values of
the random factor loadings factor copula, where we have to consider four parameters, namely α, β, γ and δ, where α and β determine the minimum and maximum
correlation value, δ determines the speed at which the correlation decreases and γ
determines the point where the correlations are exactly halfway between α and β. In
Table 5.14 the averages and standard deviations of the optimal parameters are shown.

avg. α
avg. β
avg. γ
avg. δ
std.dev.
std.dev.
std.dev.
std.dev.

α
β
γ
δ

wi = Q−2
i
iTraxx CDX
0.131
0.151
0.794
0.825
-2.757 -2.690
17.609 3.583
0.106
0.107
0.202
0.141
0.344
0.255
98.224 5.703

wi = Q−1
i
iTraxx CDX
0.111
0.108
0.817
0.846
-2.730 -2.582
14.214 4.575
0.106
0.084
0.186
0.147
0.335
0.300
78.435 7.914

Table 5.14: The average and standard deviations of the optimal parameter values in the random factor
loadings factor copula.

From this table we observe that the ﬁst three averages are roughly equal across the
four test cases, the δ however can be quite large, and its standard deviation is very
high, especially when we use the weights wi = Q−2
i . These high values are a direct
result of a small number of very high values of δ. When we would ignore these
results, which occur on less than 5% of the dates, we ﬁnd much lower average deltas,
between 2.1 and 2.7, with standard deviations between 1.1 and 2.1, which shows that,
except for the ’outliers’, the parameters for the random factor loadings factor copula
are quite stable.

5.7

Concluding Remarks

In this chapter we have compared four different one-factor copula models. First of all
we have looked at the ability of the models to ﬁt to market data for CDO tranches on
the iTraxx and CDX index. We have compared the calibration errors of these models,
with those of the one-factor Gaussian copula, and with errors of the other models. To
investigate if we overﬁt to the market data, we have carried out a stability analysis
of the optimal parameters. Based on the test results that we have presented in this
chapter, we summarize a number of general conclusions with respect to the models.

Section 5.A · The Levenberg-Marquardt Algorithm

131

The ﬁrst, and most straightforward, conclusion that can be drawn from the results
is that each of the four models performs much better than the one-factor Gaussian
copula. Comparing the calibration errors for the factor copula models, we can see
that none of the models has the lowest error in each of the four test cases. On the
other hand we have seen that the errors for the models, do not differ much.
With respect to the comparison between the fair premia and the market quotes we
have seen that the two different types of weights used in the calibration function
favor different tranches. Furthermore, it was observed that the fair premia of the
models are quite close to each other. Based on the test results we cannot select a
model that overall signiﬁcantly outperforms the other models.
When looking at the optimal parameters of the models, a number of interesting conclusions has been drawn. As we have seen in Section 5.6.3, the optimal parameters
for the double-t factor copula are not very stable, and for the NIG factor copula, the
parameters α and β showed an undesirable correlation. The two random correlation
models however, showed more stable parameters, although for a small number of
cases in the random factor loadings factor copula the optimal values of δ can be very
large.

5.A

The Levenberg-Marquardt Algorithm

The Levenberg-Marquardt algorithm is designed for optimization problems where
the parameters are all real valued and the objective function has the form
S(p) :=

N


wi (f (xi , p) − yi )2 ,

(5.14)

i=1

where the parameters are given by p ∈ RM , and the goal is to ﬁt the function f (x, p)
to the data {(xi , yi ) | i = 1, . . . , N }. In this section we brieﬂy describe the LevenbergMarquardt algorithm. For a more detailed description of the algorithm we refer to
[PTVF02].
The Levenberg-Marquardt algorithm combines two techniques that can be used to
ﬁnd the minimum of a problem of the form (5.14). The ﬁrst is the steepest descent
method, where one determines the gradient in a given point and change the parameters by a constant times the gradient, such that the value of the objective function
decreases. This method works well if we are far away from the minimum, but if we
get closer to the minimum we might wander around the minimum, since the derivatives are close to zero.
The second approach uses a quadratic approximation of (5.14). It is easy to ﬁnd the
minimum of this quadratic approximation. This results in an iterative procedure
to ﬁnd the minimum of the nonlinear problem. This approach works well if the
quadratic approximation is accurate, which is typically the case when we are reasonably close to the minimum. By combining both methods it is possible to construct
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an algorithm that should work well in both cases. In the remainder of this section we
provide the Levenberg-Marquardt algorithm.
Start with an initial choice p(0) ∈ RM and set λ = λ0 , where λ is used to smoothly
switch between the two methods. The initial value λ0 is chosen to be a modest number, e.g. 0.001.
At step m we want to ﬁnd p(m+1) ∈ RM based on p(m) . Therefore we need to compute the following quantities
• the gradient
βk = 2

N


wi (f (xi , p) − yi )

i=1

∂f (xi , p(m) )
,
∂pk

• an approximation to the Hessian
αkl = 2

N

i=1

wi

∂f (xi , p(m) ) ∂f (xi , p(m) )
.
∂pk
∂pl

Terms involving second derivatives are ignored, as these are typically small.
For additional motivation of this approximation we refer to [PTVF02].

αkl
k = l
• the matrix Akl =
.
αkl (1 + λ) k = l
We obtain a candidate for p(m+1) by solving (5.15) for δp = p(m+1) − p(m)
A · δp = β.

(5.15)

When δp is found, we set p̃ = p(m) + δp and we calculate S(p̃). Then we check if p̃
results in an improvement.
• S(p̃) < S(p(m) ): Set p(m+1) = p̃ and divide λ by λscale , where λscale is a substantial number, e.g. 10. By this division the algorithm behaves more like the
quadratic approximation method.
• S(p̃) ≥ S(p(m) ): Set p(m+1) = p(m) as there was no improvement. Further
we multiply λ by λscale such that the algorithm behaves more like the steepest
descent method.
We stop the algorithm when the change in S(p) is very small. The algorithm should
not be stopped when there was no improvement, as λ might now have reached to
proper level. In case there was an improvement we determine the absolute improve(m)

(m+1)

)−S(p
)
.
ment S(p(m) ) − S(p(m+1) ) together with the relative improvement. S(p S(p
(m) )
We stop the algorithm if one or both of these errors are below some small level, e.g.
0.0001.
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Figures

In this section one can ﬁnd the ﬁgures that are referred to in this paper.
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Figure 5.1: SSE’s for the alternative models calibrated to CDO tranches on the iTraxx index with a ﬁve year
maturity and using the weights Q−2
i .
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Figure 5.2: SSE’s for the alternative models calibrated to CDO tranches on the CDX index with a ﬁve year
maturity and using the weights Q−2
i .
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Figure 5.3: SSE’s for the alternative models calibrated to CDO tranches on the iTraxx index with a ﬁve year
maturity and using the weights Q−1
i . The results are plotted on a logarithmic scale due to the wide range.
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Figure 5.4: SSE’s for the alternative models calibrated to CDO tranches on the CDX index with a ﬁve year
maturity and using the weights Q−1
i . The results are plotted on a logarithmic scale due to the wide range.

Summary

This thesis is on modeling credit risk and credit derivatives. Credit risk is the risk
that a debtor, or obligor, does not honor its payment obligations. This can be the
risk that a customer does not pay its bills, or that a loan is not, or only partially,
paid. Using credit derivatives one can transfer credit risk to a third party. Two of
the best known credit derivatives are the ’credit default swap’ (CDS), which provides
insurance against the loss due to the bankruptcy of a company, and the ’collateralized
debt obligation’ (CDO), which covers a predescribed part of the default losses in a
portfolio.
The ﬁrst chapter of this thesis gives a brief introduction to credit risk and credit
derivatives. First, the notion of credit risk is formalized, and some well known modeling techniques are discussed. Second, this chapter discusses a number of credit
derivatives, and models to value these derivatives.
Chapters 2 and 3 focus on the mathematical modeling of the evolution of the cumulative loss process in a large portfolio. In Chapter 2 this process is modeled as a
point process, or, more speciﬁcally, as a Cox process. The intensity of such a process
is stochastic, and we assume it is driven by Brownian motion. We further assume
that the intensity evolves according to the Cox-Ingersoll-Ross equation, also known as
the square root process. In addition, we assume that the intensity is not observed.
Using the theory of ﬁltering with point process observations, we derive equations for
the conditional moment generating function between jumps as well as at jump times
of the loss process. These are subsequently solved, and by combining the solutions,
a recursive expression for the conditional moment generating function is obtained.
The chapter concludes with a discussion about possible extensions of the model.
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In Chapter 3 we investigate how the loss process behaves when the size of the portfolio increases. We assume that the contributions of each company to the cumulative
loss process are independent, and we furthermore assume that these amounts are independent of the time at which the company defaults. Under these, and a number
of other ’mild’, assumptions we derive a ’large deviations principle’ for the path of
the cumulative loss process. This principle allows one to obtain upper and lower
bounds on how certain probabilities with respect to the loss process behave when the
size of the portfolio increases. For two special cases, we present the exact form of the
asymptotic behavior.
Chapters 4 and 5 are of a more practical nature, and they mainly focus on the valuation of CDO tranches. In Chapter 4 the prices of CDO tranches are investigated
using a large collection of market data. We investigate if correlation moves can be
directly explained from tranche prizes, after these have been corrected for general
credit risk. Further, we study the base correlation model for the valuation of CDOs. By
using, for each CDO tranche, different correlation values in the one-factor Gaussian
copula model, it is possible to exactly match market prices. The problem with this approach is that, to value a nonstandard CDO tranche, one has to interpolate between
these correlations. We compare three different interpolation techniques, and it turns
out that the routine that takes losses in the portfolio, as well as tranche losses into
account, yields the best performance.
Finally, Chapter 5 discusses some models for the valuation of CDO tranches. Using
the same data set as in Chapter 4, we study the performance of four alternative models to the one-factor Gaussian copula. We consider the student t-distribution as well
as the normal inverse Gaussian distribution as alternative to the normal distribution.
Furthermore, we consider two models with random correlation. Firstly we consider
a mixture of one-factor copulas, and secondly we let the correlation depend on the
state of the economy. For each date in the data set, we calibrate the models to CDO
tranche prizes. It turns out that the alternative models provide a much better ﬁt to the
market data. Based on the calibration errors, however, it is not possible to point out a
model that signiﬁcantly outperforms the other models. We conclude the chapter with
an investigation of the optimal model parameters, and we ﬁnd that the parameters
for the models with stochastic correlation are more stable.

Samenvatting

Dit proefschrift gaat over het modelleren van kredietrisico en kredietderivaten. Kredietrisico is het risico dat een schuldenaar, of debiteur, niet aan zijn betalingsplicht voldoet. Dit kan het risico zijn dat een klant zijn rekening niet betaalt, maar ook het risico
dat een lening niet, of slechts gedeeltelijk, wordt terugbetaald. Met behulp van kredietderivaten is het mogelijk om kredietrisico geheel of gedeeltelijk over te dragen aan
een derde partij. Twee van de meeste bekende kredietderivaten zijn de ’credit default
swap’ (CDS) en de ’collateralized debt obligation’ (CDO). Een CDS is een ’verzekering’ tegen het faillissement van een bedrijf. Met behulp van een CDO kan men zich
’verzekeren’ tegen een gedeelte van het totale verlies binnen een portfolio.
Het eerste hoofdstuk van dit proefschrift geeft een beknopte inleiding in kredietrisico
en kredietderivaten. Ten eerste wordt kredietrisico geformaliseerd, en wordt een
aantal bekende modelleertechnieken behandeld. Verder behandelt dit hoofdstuk een
aantal kredietderivaten, waaronder de CDS en CDO. Daarnaast wordt aandacht besteed aan bekende modellen om deze derivaten te waarderen.
Hoofdstukken 2 en 3 richten zich op het wiskundig modeleren van de ontwikkeling
van het cumulatieve verliesproces in een grote portefeuille. In Hoofdstuk 2 wordt dit
proces gemodelleerd als een puntproces, en in het bijzonder als een Cox proces. De
intensiteit van dit proces is stochastisch, en de intensiteit wordt aangedreven door
een Brownse beweging. We nemen aan dat de intensiteit zich ontwikkeld volgend de
Cox-Ingersoll-Ross vergelijking. Het Cox proces staat ook bekend als het wortelproces.
Verder nemen we aan dat de intensiteit niet wordt waargenomen. Door gebruik te
maken van de theorie voor het ﬁlteren met observaties van puntprocessen, worden
er vergelijkingen afgeleid voor de conditionele moment genererende functie, zowel
tussen sprongen als op sprong tijdstippen van het verliesproces. Vervolgens hebben
we deze vergelijkingen exact opgelost. Door de oplossingen tussen en op sprongen
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te combineren hebben we een recursieve oplossing gevonden voor de conditionele
moment genererende functie. Het hoofdstuk besluit met een discussie over uitbreidingen van het model.
In Hoofdstuk 3 onderzoeken we hoe het verliesproces zich gedraagt als de portefeuille steeds groter wordt. We nemen aan dat de bijdragen aan het totale verlies
van elk bedrijf in de portefeuille onafhankelijk zijn. Verder nemen we aan dat deze
bijdragen onafhankelijk zijn van het tijdstip waarop een bedrijf failliet gaat. Onder
deze, en een aantal andere milde, aannames hebben we een zogeheten principe van
de grote afwijkingen voor het pad van het cumulatieve verliesproces af kunnen leiden. Hiermee is het mogelijk boven- en ondergrenzen te bepalen voor de manier
waarin bepaalde kansen met betrekking tot het verliesproces zich gedragen naarmate
de portefeuille groter wordt. Daarnaast hebben we voor twee speciﬁeke gevallen exacte uitdrukkingen voor deze asymptotiek kunnen aﬂeiden.
Hoofdstukken 4 en 5 zijn praktischer van aard, en richten zich op het waarderen
van CDO tranches. In Hoofdstuk 4 worden aan de hand van een grote hoeveelheid
marktdata, die een periode van twee jaar beslaat, de prijzen van CDO tranches onderzocht. We onderzoeken of correlatiebewegingen direct zijn af te leiden uit trancheprijzen, door deze prijzen eerst te corrigeren voor algemeen kredietrisico. Daarnaast
onderzoeken we, met behulp van dezelfde verzameling data, het base correlation model
voor het waarderen van CDO tranches. Door, voor elke CDO tranche, verschillende
correlaties te gebruiken in de één-factor Gaussische copula is het mogelijk marktprijzen precies te reproduceren. Het probleem is echter dat, om een CDO tranche met
afwijkende speciﬁcaties te waarderen, er geı̈nterpoleerd moet worden tussen deze
correlaties. We vergelijken drie verschillende interpolatiemethodes. Het blijkt dat de
meest gecompliceerde methode van de drie, waarbij rekening gehouden wordt met
het verwachte verlies in de gehele portefeuille en het verlies met betrekking tot de
CDO tranche, het beste resultaat oplevert.
Tot slot behandelt Hoofdstuk 5 alternatieve modellen voor het waarderen van CDO
tranches. Met behulp van dezelfde verzameling data als in Hoofdstuk 4 bestuderen
we de prestaties van vier alternatieve modellen voor de één-factor Gaussische copula.
We bekijken de student t-verdeling en de normale inverse Gaussische verdeling als alternatief voor de normale verdeling. Daarnaast bekijken we twee modellen met een
stochastische correlatieparameter. Ten eerste bekijken een mix van één-factor Gaussische copula’s, en ten tweede laten we de correlation afhangen van de toestand van
de economie. Voor elke dag in de verzameling data kalibreren we deze vier modellen naar CDO trancheprijzen. Het blijkt dat het met de alternatieve modellen veel
beter mogelijk is om in de buurt van de marktprijzen te komen dan met de één-factor
Gaussische copula. Op basis van de afwijkingen ten opzichte van de marktprijzen
is het niet mogelijk om een model aan te wijzen dat signiﬁcant het beste presteert.
We besluiten het hoofdstuk met het bestuderen van de optimale modelparameters,
waarbij het duidelijk wordt dat de parameters voor de modellen met stochastische
correlatie stabieler zijn.
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ETH Zürich, 2003.

[Sch06]
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