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Supporting Information Text

Tiling classification

It is useful to describe the actuation of a few fundamental mechanisms in the vertex model framework, in order to understand the global
zero-energy modes of the tilings. Five such mechanisms are depicted in Tab. S1, with the associated directed graphs.

We restricted our attention to periodic configurations with 2 × 2 supercells. In practice, only the supercells that are not equivalent are
depicted in the first column of Tab. S2. We explicitly checked that the vertex graphs of the other 246 tilings are congruent to these ten, if we
erase open-ended diagonal edges, which are irrelevant by virtue of having a fixed angle, and up to the presence of surface modes of depth
one. In order to see whether tiling symmetries have any bearing on the mode number, shape and localisation, we specify the wallpaper group
of each tiling (1). Using the color code of Fig. S1, we highlight the locations of the involved mechanisms for each of these configurations
in Tab. S2, and give the leading term of mode scaling for large system sizes, which can be obtained either by the numerical compatibility
matrix approach or by direct mode counting in our graphical method. The rotating-squares mechanism is not indicated, since its presence is
guaranteed for all tilings. Since some graphs with identical symmetries exhibit different mechanical behaviors, we see that the wallpaper group
of the tiling does not directly determine the mechanisms it can host.

This analysis based on the vertex model allows to rationalize the rich spectrum of zero-energy modes, comprising three different scalings
with system size (Tab. S2) and discussed in the Main Text: monomodal tilings with a single zero-energy mode, irrespective of system size;
oligomodal tilings with a constant zero-energy mode number larger than one; and plurimodal tilings with an increasing number of zero-energy
modes.

We discuss here the plurimodal tilings in more detail. Plurimodal tilings include most periodic tilings and features zero-energy modes that
are typically localized along lines (Tab. S1). An insightful way to interpret these modes is to see them as surface modes that survive increases
in system size by being mechanically compatible with their neighboring surface in the bulk. Hence, the translation invariance of periodic
systems seems to lead to localized bulk zero-energy modes that scale linearly with system size (Tab. S1). This interpretation can be generalized
to different tiling constructions, as we discuss below.

Quasiperiodic configurations

Disordered configurations being trivial does not preclude aperiodic configurations altogether. Indeed, a further class of arrangements can be
investigated, that of quasiperiodic configurations. These can be obtained through a copy-and-paste procedure (Fig. S1a-e) that emphasizes
the coherent matching of surface modes and the resulting hierarchy of bulk modes, seen in Fig. S1g-i. The procedure used for the structure
we investigated experimentally goes as follows: mirror the full tiling to the right and to the bottom, and translate it to fill the resulting gap.
Alternatively, it can be seen as a substitution rule, in which each primitive cell is replaced by a particular group of four cells.

As in the case of plurimodal tilings, surface modes can survive the growth process and yield mechanical bulk modes, due to their inherent
compatibility. These zero-energy modes are intriguing: they scale logarithmically with the system size (Fig. S1e) and exhibit a peculiar spatial
structure, in the form of cross-shapes (Fig. S1gh). We illustrate these zero-energy modes experimentally on a 16× 16 metamaterial with three
bulk modes—the rotating-squares mode and two cross-shaped bulk modes (as in Fig. S1g-i)—and three modes localized at the edges. We
perform three distinct experiments with three sets of textured boundaries that allow us to successfully actuate the three bulk modes upon
compression. While multiple indenters allow us to obtain the rotating-squares mode (Fig. S1m), only a few allow to obtain a cross-shaped
mode (Fig. S1k) or a mode with three cross-shaped modes (Fig. S1l). It would also be possible to obtain a deformation with two cross-shapes,
equivalent to subtracting Fig. S1g from Fig. S1h.

Not only is this method applicable to quasiperiodic structures but it could form the base of an alternative method to design periodic
oligomodal metamaterials. By mirroring a metamaterial with a surface mode, the surface mode becomes inherently compatible. After mirroring,
we then obtain a supercell, which is inherently suitable for a periodic tiling. This can clearly be seen by noting that the zero-energy modes of
Fig. S1cd can both be tiled in a periodic manner: the bottom side is compatible with the top side and the left side is compatible with the right
side.

This example illustrates that our combinatorial design space is potentially very large. Quasiperiodic tilings could also be further investigated
through choices of 2×2, 3×3, ... substitution rules, some of which yield periodic tilings. This is another landscape of non-trivial combinatorial
metamaterials, whose systematic study we leave for future works.

Mode selection by strain rate: role of loading direction, imperfections and of hinge stiffness

Finite element simulations allow us to explore the effects of geometric and material properties on the mode switching of oligomodal
metamaterials in an efficient manner. Here, we investigate the effects of the orientation of the applied load, geometric imperfections and hinge
stiffness on the mode selection, based on the model described and analyzed in Fig. 4, Fig. 5 and Fig. 9 of the Main Text.

We first show that loading the sample in a different orientation can still lead to a successful mode selection, but for a slightly different
set of hinge properties. In Fig. S2a-d, we load the metamaterial at two different strain rates in an orientation that is rotated by 90◦ w.r.t.
the data shown in Figs. 4,5,6 of the Main Text. We see that in this orientation high strain rate induces induces a bi-domain deformation
(Fig. S2b), whereas a low strain induces a combination of rotating-squares and bi-domain deformation (Fig. S2a). Thus, the modes are not
clearly separated. We can achieve a clearer selection of modes if we use stiffer viscoelastic hinges (Fig. S2cd): high strain rate leads to the
bidomain mode ((Fig. S2d) and low strain rate leads to the rotating square mode (Fig. S2c). These results imply that mode selection can be
achieved in different loading orientations, but that successful mode selection depends of the details of the properties of the hinges.

Second, we investigate the role of imperfections (Fig. S2ef). To this end, we consider the same load orientation as in Figs. 4,5,6 of the
Main Text and systematically change the nominal angle of imperfection θ. For significant imperfections, a maximum of θ = 1◦ (green) or
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Table S1. Table of elementary zero-energy modes. The first col-
umn depicts the five elementary zero-energy modes found for
2x2 supercells in real space. The second column represents the
associated arrow configurations. The third column is a short-
hand notation indicating the presence of a zero-energy mode
in the graph. Since the rotating-squares mechanism (first row)
is present in all tilings by construction, we do not associate a
color code to it.
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Table S2. Table of 2x2 supercells. The first column lists the
ten possible mechanically non-equivalent supercells. The sec-
ond column lists the associated graphs, with the location of the
modes highlighted according to the color code of column one.
The third column gives the leading term of the asymptotic mode
scaling as a function of the side length n, for a square system.
The last column lists the wallpaper group of each tiling.
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Fig. S1. Construction rule for quasiperiodic tilings. The tiling in each panel is obtained from the previous one by mirroring it to the left and to the bottom, and translating it in
the lower-left diagonal. The first five iterations are shown, (a-d,f) respectively. (e) Logarithmic mode scaling, NM , with system size, n. (f-i) 16× 16 quasiperiodic metamaterial
in schematic representation (f) and bulk zero-energy mode vertex model representation: cross mode 1 (g), cross mode 2 (h) and mode with rotating-squares mode (i). (j-m)
Corresponding 16× 16 quasiperiodic metamaterial sample at rest (j), subjected to textured boundary conditions 1 (k), 2 (l) and 3 (m) (white arrows). Colored ellipses indicate
hole polarisation Ω.

θ = 2◦ (red), we obtain successful mode selection. This mode selection can be seen from the fact that the average polarization remains close
to zero at large strain rates (Fig. S2f), while it suddenly increases at the onset of buckling for low strain rates (Fig. S2e). However, for
small imperfections, θ = 0.1◦ (blue), the configuration always buckles into the rotating-squares mode, even at large strain rates (Fig. S2f).
Hence the imperfection is necessary to trigger the mode switching. Another interesting observation is that at low strain rates, the larger the
imperfection, the larger the strain at which the rotating-squares mode (Fig. S2e). This observation suggests that imperfections can also be used
to tune the strain at which the pattern switching occurs.

Finally, we investigate the role of the hinge stiffness (Fig. S2gh). We perform simulations with different values of the instantaneous
Young’s modulus of the viscoelastic triangular hinges (0.5MPa, 1MPa, 2MPa) — in comparison, the elastic hinges have a Young’s modulus of
1MPa. We see that for all hinges stiffnesses, large strain rates induce the bi-domain mode —the average polarization always remains close to
zero (Fig. S2g)— and low strain rates induce the rotating-squares mode — the average polarization suddenly increase at a given strain (Fig.
S2h). The value of the hinge stiffness changes the strain at which the rotating-square mode occurs: the smaller the hinge stiffness, the larger the
strain. Therefore the mode selection by strain rate mechanisms works for a relatively large range of hinge stiffness.

In conclusion, these explorations demonstrate that the mode selection by strain rate of oligomodal metamaterials is both resilient as well as
tunable by small design changes.

Poisson’s ratio of the oligomodal tiling with the bi-domain mode

The metamaterial in Fig. 4 of the Main Text has two soft deformation modes. When compressed via flat plates, we expect such a metamaterial
to undergo a buckling instability, beyond which either the rotating-squares mode or the bi-domain mode will be actuated. We present in this
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Fig. S2. Mode selection by strain rate: role of load orientation, imperfections and hinge stiffness. (ab) Oligomodal configuration of Fig. 4 of the Main Text, with
instantaneous Young’s modulus of the viscoelastic hinges E0 = 1 MPa and maximum imperfection favoring bi-domain imperfections θ = 1◦, rotated by 90◦, numerically
compressed vertically to 7% strain (a) with an average strain rate ε̇ = 6.9 · 10−7 s−1 and (b) ε̇ = 0.69 s−1. (cd) Same oligomodal configuration, with E0 = 4 MPa and
θ = 0.1◦, numerically compressed vertically to 7% strain (c) with an average strain rate ε̇ = 6.9 · 10−7 s−1 and (d) ε̇ = 0.69 s−1. The colorbar indicates the Von Mises
Stress [MPa] in a-d. (ef) For the configuration described in Fig. 4 of the Main Text: Absolute value of the average polarization | < Ω > | as function of applied strain for 3 values
of imperfection: θ = 0.1◦ (blue), θ = 1◦ (green) and θ = 2◦ (red), for average strain rates of (e) ε̇ = 6.9 · 10−7 s−1 and (f) ε̇ = 0.69 s−1. (gh) For the configuration
described in Fig. 4 of the Main Text: absolute value of the average polarization | < Ω > | as function of applied strain for 3 values of viscoelastic instantaneous Young’s
modulus E0: E0 = 0.5 MPa (grey), E0 = 1 MPa (olive) and E0 = 2 MPa (brown), for average strain rates of (e) ε̇ = 6.9 · 10−7 s−1 and (f) ε̇ = 0.69 s−1.
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Fig. S3. Poisson’s ratio estimation mechanisms (a) Linear compression model with compression and shear of the hinges for the estimation of the Poisson’ ratio in the
prebuckling regime. (b) Rotating-squares mechanism. (c) Bi-domain mechanism. p and a (q and b) indicate the reference length along (transverse to ) compression. The
number of unit cells in horizontal (nx) and vertical (ny ) position are both 6.

section the derivation of the Poisson’s ratio in the prebuckling phase as well as in the post-buckling phase for either of these two modes.
The reason why we observe a prebuckling regime over a finite range of strain is the fact that the hinges are not pure torsional hinges—they

can compress or elongate and shear as is visualized in Fig. S3a. Hence, to predict the Poisson’s ratio in the prebuckling regime, one necessarily
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has to consider the shear and extension stiffnesses of these hinges.
Let s be the applied vertical deflection of the hinge, (ux, uy) ((vx, vy)) the hinge extensional (shear) deflection and p (q) the hinge vertical

(horizontal) length respectively. The Poisson’s ratio in the linear prebuckling regime νpre can then be calculated as

νpre = −ux + vx

uy + vy
= kT − kS

kT + kS
, [1]

with kT (kS) the hinge extensional (shear) stiffness. For slow loading—with kT = 44 ± 10 N/mm and kS = 18 ± 3 N/mm in Tab. 1 of
the Main Text, the expected Poisson’s ratio is νpre = 0.4 ± 0.2. This estimation is in quantitative agreement with the Poisson’s ratio of the
metamaterial measured in the prebuckling regime (Figs. 4hi of the Main Text).

In turn, if we neglect shear and extension of the hinges, we can also estimate the nonlinear post-buckling Poisson’s ratio using trigonometry
of the underlying mechanisms of Fig. S3. The nonlinear Poisson’s ratio is defined as ν := −∂b/∂a(a/b), where the tiling’s horizontal
dimension is b and its vertical dimension is a.

For the rotating-squares mechanism in Fig. S3b, the tiling’s horizontal dimension is bRS = nx cos(β/2) and its vertical dimension is
aRS = ny cos(β/2). Therefore, we find

νRS = −1. [2]

For the bi-domain mechanism in Fig. S3c, we find

aBD = 2 Σny/2
i=1

(1
2 cosφi −

1
2 sinφi + cos θi − sin θi + 1

2 cosφi+1 −
1
2 sinφi+1

)
[3]

and

bBD,i = nx

2 (cosφi + 2 cos θi + cosφi+1) , [4]

where φi = (1−i)
2 α and θi =

(
i−1

2 + 1
4

)
α. Since φi and θi depend on i, the lattice does not experience uniform deformation. We therefore

define a local Poisson’s ratio as

νBD,i = −∂bBDi,

∂α

(
∂aBD

∂α

)−1 aBD

bBD,i
. [5]

A Taylor series expansion allows us to compute the local Poisson’s ratio as νBD,1 = −0.12 + O(α2) at the center of the lattice and as
νBD,3 = −2.1 +O(α2) at the top and bottom of the lattice. In practice, the bi-domain mode is infinitesimal, which means that it can not
undergo large deformations. This implies that large transverse deformations on the top and bottom sides of the lattice are geometrically
frustrated and that the hinges of the lattice also undergo shear and extension. As a result, we expect the overall Poisson’s ratio to be closer to
the lesser deformed νBD,1 ' −0.12 at the center of the lattice.

In summary, since νpre = 0.4 and νRS = −1, we can expect to observe a marked transition between a positive Poisson’s ratio in the
prebuckling regime to an increasingly decreasing and negative Poisson’s ratio in post-buckling for the rotating-squares mechanism. In
contrast, since νpre = 0.4 and νBD ' −0.12, we expect a much smaller decrease in Poisson’s ratio for the bi-domain mode at relatively
small post-buckling deflections. These theoretical results are consistent with what we observe experimentally in Figs. 4hi of the Main Text.
Furthermore, the relation between the hinge extensional and shear stiffness suggests that the pre-buckling Poisson’s ratio could be tailored,
offering an increased flexibility to design oligofunctional materials.
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Movie S1. Boundary Texture Compression.

Movie S2. Dynamic Mode Separation.
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