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CHAPTER 1

Introduction

In positive characteristic there are several interesting stratifications on moduli spaces of

abelian varieties, for instance:

• the Ekedahl-Oort stratification,

• the Newton polygon stratification, and

• the Kottwitz-Rapoport stratification.

In this thesis we investigate the interplay between these three stratifications. In this introduc-

tion we first explain their definitions and then can announce the relations we found.

1.1. Moduli spaces and stratifications

Many algebraic geometers dream of classifying all algebraic varieties. David Mumford,

one of the most important algebraic geometers of the twentieth century, explained his fasci-

nation for this problem as follows:

The point is, I love maps, that is ‘maps’ in the sense of ‘maps of the world’,

‘charts of the ocean’, ‘atlases of the sky’! I think one of the key things that

attracted me to this group of problems was the hope of making a map of some

parts of the world of algebraic varieties. An algebraic variety felt like a tangible

thing in the lectures of Oscar Zariski, so why shouldn’t you venture out, like

Magellan, and uncover their geography?1

I first got interested in this problem when I read Mumford’s lectures on ‘Curves and their

Jacobians’ [55]. Although I had just followed a course on curves (algebraic varieties of

(complex) dimension 1), they were still elusive to me. But when Mumford started to chart

the simplest classes of curves, they became tangible.

The classification of algebraic varieties breaks down into a discrete part and a continuous

part. In the discrete part we try to make a tree that divides varieties into finer and finer

categories. If we try to classify organisms in biology we make a tree that first branches

1From the preface of Mumford’s Selected Papers [56].
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out into plants, animals, bacteria and fungi, and continues branching until we get to species

like humans, gorillas and chimpanzees. If we try to classify algebraic varieties, the tree first

branches out according to the dimension: we have curves, surfaces, threefolds etc. Then the

branch of curves splits up according to the genus, the number of holes in the topological

surface underlying the curve. For curves the branching stops here. The differences between

curves of the same genus are like differences between animals of the same species, such as

weight, height, or fur-color, in that they can vary continuously. The continuous part of the

classification consists of finding enough of such differences to distinguish individual curves

of the same genus.

Mumford compared the discrete part to finding the continents and the continuous part to

making a map of a continent. Such a map is called a moduli space. A moduli space is a

variety that parametrizes other algebraic varieties. For instance, in the moduli space of genus

g curves Mg every point represents a whole curve, like a dot on the map can represent a city.

From the moduli space we can read off how big the continent of genus g curves is: if g is

larger than 1, then Mg has dimension 3g− 3, so a genus g curve is determined by 3g− 3

parameters.

In this thesis we look at moduli spaces for abelian varieties. An abelian variety is a

projective variety that is also a group, in such a way that the group law is given by polynomial

functions. Abelian varieties play a central role in algebraic geometry. The only discrete

invariant of an abelian variety is its dimension. So we would expect that there exists a moduli

space for g-dimensional abelian varieties. But if we try to construct such a moduli space

we run into technical difficulties. These can be solved by looking at abelian varieties with

some extra structure (to be specific: a polarization and a level structure). When we take this

extra structure into account, we do get a good moduli space Ag, called the moduli space of

principally polarized abelian varieties of dimension g. It is a variety of dimension 1
2 g(g+1)

and every point of Ag represents a g-dimensional abelian variety (with some additional data).

1.1.1. Stratifications. According to Mumford’s analogy, studying a moduli space is like

exploring a continent. When you explore a continent, you first try to divide it into recogniz-

able parts: planes, forests, mountain ranges and rivers. Similarly, when you study a moduli

space you can try to decompose it into smaller subvarieties. We are especially interested in

decompositions for which the boundary of each subvariety is a union of other subvarieties.

We call such a decomposition a stratification and we call the subvarieties in such a decompo-

sition strata. The strata provide landmarks that help us navigate the moduli space. Especially

the smallest strata are interesting. Usually they consist of very special objects that are easy to
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describe. So they provide a starting point of our study. It is like starting the exploration of a

continent from a river you know and then working your way inwards.

To define a stratification on a moduli space, we try to divide the objects it parametrizes

into classes according to some intrinsic property, which should be somewhere between a

discrete and a continuous invariant. On the one hand we want it to be able to change in

continuous families. Otherwise it could not take different values for different points in the

moduli space. On the other we want it to take only take finitely many values. Otherwise we

would get infinitely many strata. For abelian varieties in positive characteristic p we can get

such properties by looking at the pr-kernels.

1.2. pr-Kernels in characteristic p

Suppose that A is an abelian variety over a field k. Because any abelian variety is com-

mutative, an integer N gives a multiplication homomorphism NA : A→ A. The N-kernel A[N]

is the kernel of this homomorphism.

If k is algebraically closed and has characteristic 0, then A[N] is isomorphic to (Z/NZ)2g,

where g is the dimension of A (see [54] §6, Application 3). So it is the same for all abelian

varieties of dimension g, and it is a rather dull thing to study. It gets interesting when k is not

algebraically closed, when the N-kernel gives interesting Galois representations, but this is

not what this thesis is about.

Instead we assume that k is algebraically closed, but has positive characteristic p. Then

something strange happens when p divides N: the N-kernel seems to be missing points.

For instance, A[pr](k) is isomorphic to (Z/prZ) f for some number f between 0 and the

dimension of A. The number f does not depend on r and is an interesting invariant of A,

called the p-rank. At best the p-rank equals the dimension, and the exponent of Z/prZ is

half of what we expect. At worst the p-rank is 0 and A[pr](k) is the trivial group.

To see the missing part, we need schemes. Scheme theory allows us to attach a geo-

metric object Spec(R) to any commutative ring R, even if R has nilpotent elements. The

space Spec(R) can have only one point, yet still be non-trivial. It turns out that this is

exactly what is going on with the p-kernel. Suppose for instance that the p-rank equals

the dimension. Then as a group scheme the pr-kernel is isomorphic to (Z/prZ)g × µ
g
pr ,

where µpr = Spec(k[x]/(xpr − 1)) is the group scheme of p-th roots of unity. Because

xpr − 1 = (x− 1)pr
in characteristic p, this group scheme has only one closed point, the

identity. But as a scheme µpr is non-trivial. With the right definitions it has order pr and so

A[pr] has order (pr)2g, as in characteristic 0.
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1.2.1. Dieudonné modules. How can we describe A[pr] when the p-rank is not maxi-

mal, for instance when the p-rank is 0 and A[pr] has only one closed point? The answer to

this question is given by Dieudonné theory, which translates problems about group schemes

into semi-linear algebra. It attaches to the pr-kernel a Dieudonné module, a triple (M,F,V )

consisting of a module M with two maps from M to itself M, the Frobenius F and the Ver-

schiebung V . The Dieudonné module not only determines A[pr] up to isomorphism, but even

gives us all possible homomorphisms from and to A[pr]. Moreover, we know exactly which

Dieudonné modules come from group schemes (technically speaking we have an equiva-

lence between certain categories, see appendix A for details). So we can forget about the

group schemes and only work with these relatively simple semi-linear algebra objects.

Although we could take the Dieudonné module of A[pr] for any r, we are mostly interested

in two cases, each with its own flavor of Dieudonné theory:

1. The Dieudonné module of the p-kernel A[p]. In this case M is a finite dimensional

vector space over k. Let σ : λ 7→ λ p be the Frobenius of k. Then F and V are maps

M→ M that are semi-linear in the sense that F(λm) = σ(λ )F(m) and F(m+m′) =

F(m)+F(m′), and V (σ(λ )m) = λV (m) and V (m+m′) =V (m)+V (m′) for all λ in k

and m,m′ in M. They satisfy FV = 0 and V F = 0. We call a triple (M,F,V ) satisfying

these conditions a level 1 Dieudonné module.

2. The Dieudonné module of the p-divisible group A[p∞], the (direct) limit of A[pr] over

r. In this case M is a free module over the Witt-vectors. A free module is roughly the

equivalent of a vector space over a ring that is not a field. The Witt-vectors O of k are

a generalization of the p-adic integers. They are a complete discrete valuation ring of

characteristic 0 with uniformizer p and such that O/pO = k. This means that one can

see an element in the Witt vectors as a ‘power series’ ∑
∞
i=0 ai pi with coefficients ai in k,

but with multiplication and addition given by some non-obvious formula. The Frobe-

nius of k lifts canonically to a ring homomorphism σ : O → O . The Frobenius F and

Verschiebung V are still semi-linear maps M→M as above, but now the compositions

FV and V F should be equal to multiplication by p (which is non-zero in O).

For all three stratifications mentioned at the beginning of this introduction we use prop-

erties of the pr-kernels to divide the moduli space into strata. First we use Dieudonné theory

to extract from the p-kernel a semi-linear algebra object. Then we use techniques from linear

algebra to attach to this object a combinatorial invariant. Finally we use this invariant to de-

fine the strata. However, the details of the construction differ for each stratification. We will

explain them now.
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1.3. The Ekedahl-Oort stratification

The Ekedahl-Oort stratification looks at the p-kernel. The Dieudonné module of the p-

kernel is simply a vector space with two semi-linear maps. Let us see how we can describe

it.

1.3.1. Kraft diagrams. One method to get a level 1 Dieudonné module is to simply

draw the action of F and V on basis elements by arrows. For instance, the discrete group

Z/pZ corresponds to the triple with M = k and F and V determined by F(1) = 1 and

V (1) = 0. The p-th roots of unity µp correspond to the triple with M = k and F and V

determined by F(1) = 0 and V (1) = 1. We can draw these modules respectively as

In both diagrams the dot represents the basis element 1 of k. On the left the arrow labeled F

means that F(1) = 1, while the lack of an arrow labeled V means that V (1) = 0. Similarly, the

V -arrow on the right means that V (1) = 1, while the lack of an F-arrow means that F(1) = 0.

To formalize what we mean by ‘drawing the Dieudonné module’, define a Kraft diagram

to be a diagram consisting of a finite number of points connected by arrows marked by either

F or V such that:

• from each point leaves no more than one F-arrow and no more than one V -arrow,

• the end point of an F-arrow is not the starting point of a V -arrow and the end point of

a V -arrow is not the starting point of an F-arrow.

A Kraft diagram Γ gives a Dieudonné module (MΓ,FΓ,VΓ) such that the basis of MΓ is the set

of points of Γ and such that FΓ and VΓ are given by the arrows. For instance, if there is an F-

arrow starting at a and ending at b, then FΓ(a) = b. If there is no F-arrow starting from a, then

FΓ(a) = 0. The first condition shows that the maps are well-defined. The second condition

ensures that FV = 0 and V F = 0. The miracle is that this simple construction actually gives

all level 1 Dieudonné modules by the following theorem.

Theorem 1.3.1 (Kraft). Every level 1 Dieudonné module is isomorphic to (MΓ,FΓ,VΓ) for

some Kraft diagram Γ.

Kraft first proved this theorem in 1975. Unfortunately, he did not publish his preprint

[46]. So for years it went unnoticed, until Oort rediscovered it independently. Together with
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Ekedahl he realized that it gives a stratification of moduli spaces of abelian varieties (see

[61]). Indeed, the theorem allows us to attach to an abelian variety a combinatorial invariant:

the unique Kraft diagram such that the Dieudonné module of its p-kernel is isomorphic to

(MΓ,FΓ,VΓ). So we get a stratification with strata consisting of all abelian varieties with a

fixed Kraft diagram. We now call this stratification the Ekedahl-Oort stratification.

To understand this stratification we first want a list of all the strata. So we want to know

under which conditions a Kraft diagrams occurs for some abelian variety. It turns out that

there are two such conditions:

1. A a is the end point of an F-arrow if and only if it is not the starting point of a V -arrow.

(This ensures that the kernel F is the image of V .)

2. If we switch the labels (so we replace all F’s by V ’s and all V ’s by F’s) then we get the

same diagram. (This ensures that the p-kernel is isomorphic to its own Cartier dual.)

If Γ has n points, then the corresponding group scheme has order pn. So the diagram of the

p-kernel of a g-dimensional abelian variety has 2g points. It turns out that there are 2g Kraft

diagrams with 2g points satisfying the above conditions. So we there are 2g Ekedahl-Oort

strata in dimension g.

For abelian varieties of small dimensions we can simply write down all possible diagrams.

An elliptic curve (i.e., a one dimensional abelian variety) can have two diagrams:

If the p-kernel of an elliptic curve E has the diagram on the left, then E is called ordinary

and the p-kernel is isomorphic to µp×Z/pZ. If it has the diagram on the right it is called

supersingular. Supersingular elliptic curves are very special: there are at most [p/12]+2 of

them, and each one is defined over Fp2 j, and its endomorphism ring is an order in a quaternion

algebra (see [67] chapter V §3).

In dimension 2 there are 4 possible diagrams:
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Abelian varieties with left diagram are called ordinary. They have p-rank 2 and form an open

stratum in A2, which is 3-dimensional. Abelian varieties with the second diagram from the

left have p-rank 1 and form a 2-dimensional stratum. Those with the third diagram have

p-rank 0 and form a 1-dimensional stratum. Abelian varieties with the right diagram are

called superspecial. If we fix one supersingular elliptic curve E, then all superspecial abelian

surfaces over k are isomorphic to E2 (but they can have different polarizations).

1.3.2. The canonical flag and the final type. Kraft diagrams allow us to visualize p-

kernels, but they are impractical to study the Ekedahl-Oort stratification for general g. We do

not want to draw the whole list of 2g diagrams as g gets larger. Given a p-kernel it is also not

obvious how we can compute the corresponding Kraft diagrams. Ekedahl and van der Geer

discovered that we can solve these problems by using the Weyl group of the symplectic group

(see [19] and [16]).

Let (M,F,V ) be the Dieudonné module of a p-kernel. The canonical flag is the smallest

flag of k-linear subspaces

0⊂Mi1 ( Mi2 ( · · ·( Mir = F(M) = ker(V )( · · ·( M, i j = dim(Mi j).

that is stable under taking images under F and inverse images under V . By this we mean that

for all Mi j in the flag F(Mi j) and V−1(Mi j) are also in the flag. We can construct the canonical

filtration by starting with the flag 0 ⊂M and adding the images under F and inverse images

under V until the sequence stabilizes.

Besides the canonical flag (Mi j) we have another flag consisting of just the kernel of

F . It turns out that we can always find a basis e1, . . . ,e2g of M in which both flags have the

following simple form: the kernel of F is spanned by e1, . . . ,eg, while Mi j is spanned by ew(m)

for m≤ i j for some permutation w of {1, . . . ,2g}. If we require that w−1(i)< w−1(i+1) for

all i 6= g, then w is uniquely determined. It measures the relative position of the kernel of F

to the canonical flag and we call it the final type. One can get the Kraft diagram of (M,F,V )

from its final type by an explicit formula (see for instance [50] 4.9).

The final type w of a principally polarized abelian variety satisfies w(2g+1− i) = 2g+
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1−w(i). This means that w is in the Weyl group W of the symplectic group Sp2g. The

condition w−1(i)< w−1(i+1) for all i 6= g determines a subset IW̃ , the set of final types. We

can now reformulate Kraft’s theorem as follows: there is a bijection{
Isomorphisms classes of p-kernels

of g-dimensional abelian varieties

}
→ IW, (1.3.2)

that sends a p-kernel to its final type.

1.3.3. The stratification. Every final type w gives a stratum Ag{w} consisting of all

abelian varieties with that final type. In this way we get the Ekedahl-Oort stratification:

Ag =
⊔

w∈IW

Ag{w}.

Most properties of this stratification were determined in [61]. The dimension of Ag{w} for

instance is equal to the length of w in the Weyl group (also see [16] or [51]). There is a

unique longest element w0 in W , which gives the only open stratum Ag{w0}. It consists of

all ordinary abelian varieties, abelian varieties for which the p-rank equals the dimension.

There is also a unique 0-dimensional stratum: Ag{1}. It consists of all superspecial abelian

varieties, abelian varieties that over an algebraically closed field are isomorphic to a product

of g supersingular elliptic curves.

Remark 1.3.3. The indexation of the strata plays an important role in the Ekedahl-Oort

stratification. How you index the strata determines how you view the stratification. Origi-

nally Oort indexed the strata by combinatorial objects, called final sequences, because these

objects naturally index the isomorphism classes of the p-kernel. Ekedahl and van der Geer

started indexing the strata by Weyl group elements, because they wanted to see the strata as

degeneration loci, and calculate their cycle classes (see [19] and [16]). The indexation by

Weyl group elements also opens the road to generalizing the stratification to PEL Shimura

varieties (see [50], [72] and [51]). In part III we will index the strata in the same way as

Kottwitz-Rapoport strata, namely by elements in the affine Weyl group, because we want

to generalize the stratification to moduli spaces with parahoric level structure. So changing

the notation is not simply a matter of doing the combinatorics differently. It gives a new

perspective on the stratification.
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1.4. The Newton polygon stratification

While the Ekedahl-Oort stratification is based on the classification of p-kernels up to

isomorphism, the Newton polygon stratification is based on the classification of p-divisible

groups up to isogeny. An isogeny between two p-divisible groups is a surjective homomor-

phism with a finite kernel. Two such groups are isogenous if there is an isogeny from one to

the other. One can show that ‘being isogenous’ is an equivalence relation.

If we want to classify p-divisible groups up to isogeny, we should not look at Dieudonné

modules, but at the isocrystals. Remember that the Dieudonné module of A[p∞] is a module

M over the Witt vectors O with two maps F and V . If we invert p by tensoring M with the

field of fractions L of O , then we get a vector space V over L with two invertible semi-linear

maps F and V . Because FV = p, we have V = pF−1 on V, and we may forget V . The

pair (V,F) is called the isocrystal of A[p∞]. An isogeny between p-divisible group gives an

isomorphism between their isocrystals. So to classify p-divisible groups up to isogeny, we

should classify isocrystals up to isomorphism.

Every isocrystal decomposes into a direct sum of a number of standard building blocks.

One can keep track of which building blocks make up (V,F) by a combinatorial device

called the Newton polygon. If we separate abelian varieties by the Newton polygon of

their p-divisible group, we get a stratification of Ag, called the Newton polygon stratification

(see [60] for its properties). As for the Ekedahl-Oort stratification, the unique open stratum

consists of all ordinary abelian varieties. There is also a unique smallest stratum. It consists

of all abelian varieties that over an algebraically closed field become isogenous to a product

of g supersingular elliptic curves. (As for p-divisible groups, an isogeny is a surjective ho-

momorphism with finite kernel.) We call such abelian varieties supersingular and we call

the smallest stratum the supersingular locus. Unlike the superspecial locus, the supersingular

locus is not 0-dimensional. Li and Oort proved that it has dimension [g2/4] (see [48]; this

was already conjecture in [58]; see [60] theorem 4.1 for a generalization).

1.5. The Kottwitz-Rapoport stratification

While the Ekedahl-Oort and Newton polygon stratification look at one abelian variety, the

Kottwitz-Rapoport stratification looks at chains of abelian varieties. Let us consider a simple

example.

1.5.1. The curve X0(p). In the study of modular forms it is common to work with the

modular curve X0(N). Over the complex numbers this is the moduli space for pairs (E,H)
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Figure 1.1: The modular curve X0(p) in characteristic p. The gray and black line give the
two open strata, while the dots give the closed stratum.

with E an elliptic curve and H a cyclic subgroup of the N-kernel E[N]. Again we are inter-

ested in what happens over an algebraically closed field k of characteristic p > 0. We focus

on X0(p). As any subgroup of order p is automatically cyclic, over the complex numbers

X0(p) is the moduli space for pairs (E,H) with E an elliptic curve and H ⊂ E any subgroup

of order p. This definition generalizes to k, if we replace groups by group schemes.

Note that as H is killed by p, it is contained in E[p]. Now E is either supersingular

or ordinary. If E is supersingular, then E[p] has only one non-trivial subgroup scheme: the

kernel of the Frobenius. If E is ordinary, the p-kernel is isomorphic to the product µp×Z/pZ
and H can either be µp or Z/pZ. So there are three possibilities:

1. E is ordinary and H ∼= µp;

2. E is ordinary and H ∼= Z/pZ;

3. E is supersingular and H is the kernel of the Frobenius.

If we group the points of X0(p) according to these possibilities, we get a stratification of

X0(p) in three strata, see figure 1.5.1. The first two strata are open. Their closures intersect in

the third stratum, which is closed and has dimension 0. The Kottwitz-Rapoport stratification

generalizes this stratification to higher dimensional abelian varieties.

1.5.2. Parahoric level structures. There are two morphisms from X0(p) to the mod-

uli space A1 of elliptic curves: one sending (E,H) to E and the other sending it to E/H.

Although these morphisms are essentially the same, they look different in this definition of

X0(p). If we want to prove something about them, we need to consider two cases. Con-

sidering different cases will become unwieldy when we start looking at higher dimensional

abelian varieties. So we want a definition of X0(p) that treats the two maps to A1 uniformly.

Giving a pair (E,H) is equivalent to giving the isogeny φ : E1→ E/H = E0. This isogeny

is part of an infinite chain of isogenies

· · · → E−2← E−1← E0← E1← E2← E3← . . .

16



defined follows: E2i+1 = E1 and E2i = E2 for all i, the isogeny E2i−1 → E2i is equal to φ ,

and E2i→ E2i+1 is equal to the dual of φ . This chain has two important properties: first it is

self-dual and second the homomorphism E j → E j+2 is multiplication by p for all j. We can

see X0(p) as the moduli space for infinite sequences of isogenies with these two properties.

Now the first map sends the chain to E0 and the second sends it to E1. We will generalize this

definition to higher dimensions.

Again we work over an algebraically closed field k of positive characteristic p. For a

fixed dimension g let A /0 be the moduli space for infinite self-dual chains isogenies between

g-dimensional abelian varieties

. . .A−1← A0← A1← A2← . . .

such that the kernel of Ai → Ai−1 has order p and the kernel of Ai → Ai−2g is the p-kernel

Ai[p]. (Again we ignore here the polarizations and level structures; see 11.1 for the exact

definition). The second condition implies that Ai−2g is isomorphic to Ai in such a way that

Ai → Ai−2g is multiplication by p. We call A /0 the moduli space of abelian varieties with

Iwahori level structure.

We can make variants of A /0 by leaving out some of the Ai. If we leave out Ai, we should

also should leave out Ai−2g j for all j (as this is essentially the same abelian variety) and A−i

(to keep the chain self-dual). So every I ( {0, . . . ,g} gives a moduli space AI for chains that

are missing Ai whenever the image of i or −i modulo 2g is in I. (This intuitive definition

translates into a number of technical conditions; see section 11.1.) We call AI the moduli

space of abelian varieties with parahoric level structures. The space A{0,...,g−1} is simply the

moduli space of principally polarized abelian varieties. The space A /0 is the moduli space of

principally polarized abelian varieties with Γ0(p)-structure studied by de Jong in [42]. This

space is related to the flag space studied by Ekedahl and van der Geer in [16] (see [25] section

9 for the exact relation).

1.5.3. Relative position and the Kottwitz-Rapoport stratification. Suppose that (Ai)

is a k-valued point of A /0. We want to attach a combinatorial invariant to it. Again we first

extract a semi-linear algebra object using Dieudonné theory. We could use the Dieudonné

modules of the p-kernels, but it is easier to take the Dieudonné modules Mi of the p-divisible

groups Ai[p∞]. They form a chain

. . .M−1 ⊂M0 ⊂M1 ⊂M2 ⊂ . . .
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of free modules over the Witt vectors. As all Ai are isogenous, they have a common isocrystal

(V,F). We can see each Mi as a O-lattice in V (that is, a free O-submodule generating V).

In this way we get two chains of lattices in V: the Mi themselves and their images F(Mi)

under the Frobenius F . Remember how in section 1.3.2 we measured the relative position of

two vector spaces by a permutation of {1, . . . ,2g}. We can measure the relative position of

the two lattice chains by a permutation of Z. Again there is a basis ei such that the chains

have the following simple form. Extend the basis to an infinite set eii∈Z by demanding that

ei−2g = pei for all i. Then Mi is generated by all e j for j ≤ i, while F(Mi) is generated by all

ew( j) for j ≤ i, for a unique permutation w of Z satisfying w(i+2g) = w(i)+2g. This w then

gives the relative position of (Mi) to (F(Mi)).

The permutation w is an invariant of the chain (Ai). Let A /0(w) be the locus of all chains

with invariant w. It is non-empty if and only if w is what is called the admissible set Adm(µ)

(see section 7.1.3). The loci A /0(w) give a stratification

A /0 =
⊔

w∈Adm(µ)

A /0(w),

the Kottwitz-Rapoport stratification.

There is a variant of this stratification for moduli spaces AI with parahoric level structures.

Again a chain of abelian varieties gives a chain of Dieudonné modules and one can measure

its relative position of the image under F by a permutation w of Z. But now w is only uniquely

determined if we require that w(i)< w(i+1) and w−1(i)< w−1(i+1) for all i in I. As I gets

larger the stratification gets coarser. Until, on A{0,...,g−1} (the moduli space of principally

polarized abelian varieties) the only stratum is the whole space.

1.6. Overview of this thesis

As mentioned in the beginning of this chapter this thesis investigates the relations between

the three stratifications described above. Now that we have defined them, we can explain

which relations we have obtained.

1.6.1. Ekedahl-Oort strata in the supersingular locus. In the first part of this thesis

we look at the relation of the Ekedahl-Oort stratification to the Newton polygon stratification,

in particular to the supersingular locus. Already in [61] Oort asked when the intersection of

a Newton polygon stratum with an Ekedahl-Oort stratum is non-empty. Since then Harashita

has published several articles ( [30], [29] and [31]) on this question.
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In [29] Harashita observed that supersingular Ekedahl-Oort strata (those completely con-

tained in the supersingular locus) are related to Deligne-Lusztig varieties. An Ekedahl-Oort

stratum Ag{w} is supersingular if and only if there is a c ≤ g/2 such that w(i) = i for

i = 1, . . . ,g−c (see [29] , remark 2.5.7). We denote the smallest such c with c(w). Each com-

ponent of a supersingular stratum is contained in a very simple family of abelian varieties,

parametrized by a certain flag variety X . This flag variety can be stratified by Deligne-Lusztig

varieties X(u), defined by looking at the relative position of a flag with its image under the

Frobenius. Harashita already suspected that the pull-back of an Ekedahl-Oort stratum was a

kind of Deligne-Lusztig variety.

But one essential part was still missing to complete the description of supersingular

Ekedahl-Oort strata. The heart of the Ekedahl-Oort stratification is the construction of the

canonical filtration (see section 1.3.2), and it was not clear what this process looked like on

the side of Deligne-Lusztig varieties. In part I we show that on that side we get a refine-

ment process that leads to fine Deligne-Lusztig varieties X{u}, originally defined by Lusztig

and Bédard (see [1] and [49]). Using fine Deligne-Lusztig varieties, we can now completely

describe supersingular Ekedahl-Oort strata (see theorem 2.0.2).

Theorem 1.6.1. Fix a supersingular elliptic curve E and let Λg,c be the set of polarizations

µ on Eg such that ker(µ) ∼= α2c
p . Then for any supersingular stratum Ag{w} we have an

isomorphism

Ag{w} ∼=
⊔

µ∈Λg,c(w)

[Xc(w){w}/Aut(Eg,µ)].

As a corollary we get that the number of components of a supersingular Ekedahl-Oort

stratum equals the cardinality of Λg,c. So they are usually reducible. Ekedahl and van der

Geer already showed in [16] that non-supersingular strata are irreducible.

1.6.2. Ekedahl-Oort strata and Kottwitz-Rapoport strata. Five days before I put the

first version of part I on the arXiv, Görtz and Yu uploaded their paper [24] on supersingular

Kottwitz-Rapoport strata and Deligne-Lusztig varieties. Just looking at the titles its was clear

that my paper was related to theirs. But on closer inspection it was less clear how exactly

they were related. So I was very happy when Görtz invited me to Bonn to discuss this with

him. In a short visit we were able to clarify the relation between the two papers. The result

of this visit is part II of this thesis. Together we proved the following.

Theorem 1.6.2 (joint with U. Görtz). The Ekedahl-Oort stratification and the Kottwitz-

Rapoport stratification are related as follows:
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1. If I is the type of the canonical filtration, then the morphism that sends a chain (Ai) to

Ag induces an isomorphism AI(wτ)
∼→Ag{w} (see theorem 3.1.2).

2. The descriptions of supersingular Kottwitz-Rapoport strata in [25] and supersingular

Ekedahl-Oort strata in theorem 1.6.1 in terms of Deligne-Lusztig varieties are compat-

ible with this isomorphism (theorem 3.2.10).

In part II we also generalize the description of supersingular Kottwitz-Rapoport strata by

Görtz and Yu (see [24] and [25]) from A /0 to any AI .

1.6.3. Morphisms between moduli spaces with parahoric level structures. When

Shushi Harashita visited Amsterdam in October 2008, we talked about extending the re-

sults on supersingular strata in [29] and in part I to other Newton polygon strata. I realized

that I could describe some strata as Deligne-Lusztig varieties. But by explicit calculations

Harashita also got (parts of) strata that look like A1\{0} and such parts can not be realized as

Deligne-Lusztig varieties. So clearly we could not use Deligne-Lusztig varieties to describe

all strata. Only when I visited Bonn last November, I realized how to explain this A1\{0}.
The final results are in part III.

The moduli spaces AI come with many natural morphisms between them: for any I ⊂ J

there is a forgetful morphism αI,J : AI →AJ that leaves out (Ai) for each i ∈ J\I. The aim of

the third part of this thesis is to determine the fiber of αI,J over every geometric point of AJ .

As mentioned before, the Kottwitz-Rapoport stratification on AI becomes coarser as I

gets larger. But we can define a finer stratification

AI =
⊔

w∈IW̃∩Adm(µ)

AI{w},

which we call the Ekedahl-Oort stratification. A Kottwitz-Rapoport stratum AI(w) is stable if

it does not decompose under this stratification, or equivalently if I = wI. On the moduli space

of principally polarized abelian varieties this stratification is the same as the one defined in

section 1.3. On the moduli space with Iwahori level structure it is the same as the Kottwitz-

Rapoport stratification defined in section 1.5. For other moduli spaces we get a kind of

intermediate between these two stratifications. For us the most important property of the

Ekedahl-Oort stratification is that the fibers of αJ,I are constant over an Ekedahl-Oort strata

AI{w}.
In particular, the image of any Kottwitz-Rapoport or Ekedahl-Oort stratum is a union of

Ekedahl-Oort strata. We will give an algorithm to compute which strata are in the union.

Then we restrict both the source and target of the forgetful morphism to one stratum. The
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algorithm also factors this restriction into the three special types of morphisms, whose fibers

are described by the following theorem.

Theorem 1.6.3. For AI{w′} in α /0,I(A /0(w)) the restriction α /0,I : A /0(w)∩α
−1
/0,I (AI{w′})→

AI{w′} factors into morphisms of three special types:

1. First a finite sequence of shuffling morphisms. There are two types of shuffling mor-

phisms: length preserving ones, whose image is one stratum and which are purely

inseparable, and length changing ones, whose image consists of two strata and whose

fibers are A1 over one stratum and A1\{0} over the other.

2. Then one morphism to a stable stratum. Such morphism are surjective and their fibers

are Deligne-Lusztig varieties for an explicitly determined group.

3. And finally one morphism from that same stable stratum. Such morphisms are isomor-

phisms.

The results of this algorithm for abelian varieties of dimension 2 are in figure 1.6.3. The

white boxes are the Kottwitz-Rapoport strata in the moduli space with Iwahori level structure

A /0. If we start with such a stratum and follow the arrows down, then we get its image as a

union of Ekedahl-Oort strata in Ag (the light gray boxes) and a factorization of the forgetful

morphisms to Ag in the three special morphisms. At the top are shuffling morphisms, which

are all length preserving, except for the one starting from A /0(s0s2τ). The si gives the simple

reflection with which we shuffle. In the middle are morphisms to stable strata. Sometimes

these are the identity, but in other cases their fibers are the Deligne-Lusztig varieties to the

right of the arrows. At the bottom are morphisms to stable strata, which are all isomorphisms.
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Figure 1.2: Images and fibers of strata for abelian varieties of dimension 2.
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