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CHAPTER 2

Ekedahl-Oort strata in the supersingular locus

In positive characteristic, say over an algebraic closure k of Fp, the moduli stack of g-

dimensional principally polarized abelian varieties Ag carries the Ekedahl-Oort stratification,

see [61]. Harashita showed in [29] that certain unions of supersingular strata are isomorphic

to Deligne-Lusztig varieties. In this paper we show that an individual supersingular stratum

is isomorphic to a finer kind of Deligne-Lusztig variety.

Let us first describe which Ekedahl-Oort strata are supersingular, i.e., completely con-

tained in the supersingular locus. Following van der Geer and Moonen, we index Ekedahl-

Oort strata using the Weyl group Wg of the symplectic group Sp2g. We can realize elements

of Wg as permutations w of {1, . . . ,2g} satisfying w(i)+w(2g+ 1− i) = 2g+ 1 and index

Ekedahl-Oort strata Ag{w} by those permutations with w−1(1) < · · · < w−1(g) (see [50]).

Call this index set IWg. Permutations with w(i) = i for i = 1, . . . ,g− c form a subgroup W [c]
g

of Wg, isomorphic to Wc via

r : W [c]
g
∼→Wc, r(w)(i) = w(g− c+ i)− (g− c).

If c(w) is the minimal c for which w is in W [c]
g , then Ag{w} is supersingular if and only if

c(w)≤ g/2 (see [29] , remark 2.5.7).

We can handle supersingular Ekedahl-Oort strata, because their components live in the

following easy families of isogenies. Start with a supersingular elliptic curve E over Fp2 and

a polarization µ of Eg whose kernel is isomorphic to α2c
p (then necessarily c ≤ g/2). We

get a moduli space Xc parameterizing isogenies from (Eg,µ) to principally polarized abelian

varieties and a morphism iµ : Xc→Ag sending an isogeny to its target. The group Aut(Eg,µ)

acts on Xc by precomposition and iµ factors through the quotient stack [X/Aut(Eg,µ)]. Call

the set of isomorphism classes of polarizations as above Λg,c. Then every component of a

supersingular Ekedahl-Oort stratum Ag{w} is contained in the image of iµ for some µ in

Λg,c(w).

What do we get when we pull back Ag{w} by iµ ? The space Xc is isomorphic over Fp2 to

the Grassmanian of isotropic subspaces in a 2c-dimensional symplectic vector space (see sec-
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tion 2.2). Natural subvarieties are the Deligne-Lusztig varieties Xc(α) for α ∈Wc,I\Wc/Wc,I

defined by comparing the relative position of a subspace U and its Frobenius image U (p2).

Here Wc,I is the subgroup of all permutations in Wc preserving {1, . . . ,c}. Harashita proved

that the pull-backs of certain unions of strata by iµ are equal to Deligne-Lusztig varieties and

used this to prove the following.

Theorem 2.0.1 (( [29], main theorem)). For c≤ g/2 and α in Wc,I\Wc/Wc,I the morphism

⊔
iµ :

⊔
µ∈Λg,c

[Xc(α)/Aut(Eg,µ)]→
⋃

w∈IWg∩W [c]
g s.t. r(w)∈α

Ag{w},

is finite and a bijection on geometric points.

We will show that pull-back of an individual stratum Ag{w} is equal to what we will call

a fine Deligne-Lusztig variety Xc(w){r(w)}. It is defined by first ‘refining’ U by U (p2) until we

can refine no more and then comparing the relative position of the refinements. This implies

the following.

Theorem 2.0.2. For a supersingular stratum Ag{w} the morphism

⊔
iµ :

⊔
µ∈Λg,c(w)

[Xc(w){r(w)}/Aut(Eg,µ)]→Ag{w},

is an isomorphism of stacks over k = Fp.

This theorem allows us to count the irreducible components of an Ekedahl-Oort stratum.

In section 2.6 we show that each Xc(w){r(w)} is irreducible. Combined with the theorem this

implies the following.

Corollary 2.0.3. A supersingular stratum Ag{w} has #Λg,c(w) irreducible components.

The number #Λg,c is a class number, see [29] section 3.2 and 3.5. Harashita already prove

that a supersingular stratum is reducible for p large enough, as conjectured by Oort ( [29]

corollary 3.5.5). If a stratum is not supersingular, then it is irreducible by [16] theorem 11.5.

This paper is motivated by the expectation that the cohomology of the supersingular locus

realizes a correspondence of Jacquet-Langlands type. To study the cohomology of this locus

it is interesting to try to determine the cohomology of supersingular Ekedahl-Oort strata,

which by this theorem is related to that of Deligne-Lusztig varieties (see the introduction

of [24] for more details in the related case of Kottwitz-Rapoport strata). The cohomology
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of these varieties was investigated by Deligne and Lusztig to study the representations of

finite groups of Lie type (see [13]). So hopefully this theorem can contribute to a better

understanding of the cohomology of the supersingular locus.

This description of supersingular Ekedahl-Oort strata resembles that of supersingular

Kottwitz-Rapoport strata by Görtz and Yu in [24]. Görtz and the author investigated this

in [23].

2.1. Deligne-Lusztig varieties

Deligne-Lusztig varieties were originally defined in [13] for Borel subgroups. Their def-

inition easily generalizes to parabolic subgroups. But for parabolic subgroups we can use an

operation called refinement to get a finer decomposition. This approach was pioneered by

Lusztig ( [49] 1.2) and Bédard ( [1]). In this section we gather some definitions and results

on Deligne-Lusztig varieties. Although we only need them for the symplectic group, we give

them for more general groups.

2.1.1. Deligne-Lusztig varieties. Let k be an algebraic closure of the finite field Fq. Fix

a group scheme G0 over Fq, and let G be its extension of scalars to k. We assume that G is a

reductive and connected algebraic group and write F : G→ G for its Frobenius morphism.

Like in [13] 1.1, we define the Weyl group W of G and the set of reflections in simple

roots S ⊂W as projective limits. Then the Frobenius F acts on W and S. For any I ⊂ S we

write WI for the subgroup of W generated by I, and X I for the variety over k that parametrizes

parabolic subgroups of type I.

The group G acts on X I by conjugation. So it also acts on X I×XJ for all I,J ⊂ S, and its

orbits are in bijection with WI\W/WJ (see [1] II lemma 7). The quotient map

inv(−,−) : X I×XJ → G\(X I×XJ)∼=WI\W/WJ ,

measures the relative position of two parabolics. Every double coset in WI\W/WJ contains

a unique element of minimal length (see e.g. [39] section 1.10). Let IW J ⊂W be the set of

such elements. Then IW J →WI\W/WJ is a bijection, which we regard as an identification.

In particular, we see inv(P,Q) as an element of IW J . We set IW = IW /0.

Example 2.1.1. Suppose that G = GL(V) for an n-dimensional vector space V over Fq.

Then W is the symmetric group Sn and S consists of the transpositions si = (i, i+ 1) for
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i = 1, . . . ,n−1. We can identify X I with the variety of flags

0⊂C j0 ⊂C j1 ⊂ ·· · ⊂C js ⊂ V, dim(C jm) = jm

by sending a flag to its stabilizer in G. Here the jm are such that S\I = {s j0 , . . . ,s jr}. For

instance, XS\{si} is the Grassmanian of i-dimensional subspaces of V, and X /0 is the variety

of full flags in V.

Two flags (Ci) and (Di), of type I and J respectively, are in relative position w in IW J

if there is a basis e1, . . . ,en of V such that Ci is spanned by e1, . . . ,ei, and Di is spanned

by ew(1), . . . ,ew(i). Clearly w then determines the dimension of all the sums Ci + D j and

intersections Ci∩D j. Conversely, if we know all these dimensions, we can determine w.

Definition 2.1.2. The Deligne-Lusztig variety X I(w) attached to w ∈ IW F(I) is the locally

closed subscheme of X I of all parabolic subgroups P such that P and F(P) are in relative

position w.

The Frobenius maps X I(w) to XF(I)(F(w)). So X I(w) is defined over the finite extension

of Fq corresponding to the subgroup of Gal(k/Fq) of all elements that fix both I and w. Write

l(WJ) = max{l(w′) |w′ ∈WJ}.

Lemma 2.1.3. The variety X I(w) is smooth of dimension l(w)+ l(WF(I))− l(WI∩wF(I)).

Proof. Fix a Borel subgroup B defined over Fq (such a group exists by Lang’s theorem, [47]

theorem 2), and let PI be the unique parabolic of type I containing B. As PI is its own

normalizer (see [9] theorem 11.16), we have an isomorphism G/PI
∼→ X I sending gPI to

gPI = gPIg−1.

To study X I(w) we use the local model diagram from [24] section 5.2:

G
π

����������
L

!!BBBBBBBB

X I XF(I)

Here π is the projection G→ G/PI , and L is the Lang map, which sends g to g−1F(g)PF(I).

Both morphisms are smooth of relative dimension dim(PI) = dim(PF(I)). Moreover, in this

diagram Deligne-Lusztig varieties correspond to Schubert cells:

π
−1(X I(w)) = {g ∈ G |g−1F(g) ∈ PIwPF(I)}= L−1(PIwPF(I)/PF(I)).
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So X I(w) is smooth and has the same dimension as the Schubert cell attached to w.

To calculate the dimension of this cell, we us the projection pr : G/B → G/PI . This

projection is smooth of relative dimension l(WI) and the pull-back of PIwPF(I)/PF(I) by pr is

the union of the Schubert cells Bw′B/B for w′ in WIwWF(I). As Bw′B/B has dimension l(w)

(see [9] theorem 14.11), we get

dim(PIwPF(I)/PF(I)) = l(WIwWF(I))− l(WI)

= l(w)+ l(WF(I))− l(WI∩wF(I)).

(where for the last equality we use the Mackey decomposition, see proposition 5.1.18 and the

proof of lemma 11.2.2).

Digne and Michel (in [15] proposition 8.4), and Bonnafé and Rouquier (in [7] theorem 2)

proved that X I(w) is reducible if and only if WIw is contained in WJ for some F-stable proper

subset J ( S (also see [22] corollary 1.2). Görtz and Yu used this criterion to calculate the

number of components of any Deligne-Lusztig variety in [24] section 5.3.

2.1.2. Fine Deligne-Lusztig varieties. Keep the notation from the previous section. To

get finer varieties, we look not just at the relative position of P and F(P), but also of their

refinements. Given two parabolic subgroups P and Q in G, the refinement of P by Q is

RefQ(P) = (P∩Q)UP =UP(P∩Q),

where UP is the unipotent radical of P. This is again a parabolic subgroup and it is contained

in P. If P has type I and Q type J, and they are in relative position w, then RefQ(P) has type

I∩wJ (see for instance [9] proposition 14.22 and [52] (2.7)).

Lemma 2.1.4. The refinement RefQ(P) is the unique parabolic subgroup of type I∩wJ con-

tained in P such that

inv(RefQ(P),Q) = inv(P,Q).

Proof. This is a simpler version of theorem 5.0.2. Let OI,J(w) ⊂ X I ×XJ be the G-orbit

attached to w. The natural morphism X I∩wJ → X I induces a morphism

OI∩wJ,J(w)→OI,J(w), (2.1.5)

of which (P,Q) 7→ (RefQ(P),Q) is a section. To prove the lemma we must show that (2.1.5) is

an isomorphism. Because it is G-equivariant, it suffices to show that (P,Q) and (RefQ(P),Q)
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have the same stabilizer in G. But the stabilizer of (P,Q) is P∩Q and that of (RefQ(P),Q)

is RefQ(P)∩Q = ((P∩Q)UP)∩Q. It is easy to see that these two groups are equal (see the

proof of proposition 2.1.9 below).

Given a parabolic P define a sequence of parabolics by

P0 = P and Pn+1 = RefF(Pn)(Pn).

Then we can refine the decomposition of X I in Deligne-Lusztig varieties by looking at the

relative position of Pn to F(Pn) for all n. To handle the combinatorics of the process, we need

the following device. For I ⊂ S let T (I) be the set of sequences (u0,u1, . . .) in W such that

with I0 = I and In+1 = In∩ unF(In) we have

un ∈ InW F(In) and un+1 ∈WIn+1unWF(In).

Definition 2.1.6. The fine Deligne-Lusztig variety X I{u0,u1, . . .} attached to (u0,u1, . . .) in

T (I) is the locally closed subscheme of X I of all parabolic subgroups P such that Pn and

F(Pn) are in relative position un.

By proposition 9 in [1] each sequence in T (I) stabilizes to some u∞ (that is, satisfies

un = un+1 = · · ·= u∞ for n large enough), and we get a bijection from T (I) to IW by sending

(u0,u1, . . .) to u∞. We usually see this bijection as an identification and speak of X I{w} for

w in IW .

We can reduce questions about fine Deligne-Lusztig varieties to questions about ordinary

ones using the following theorem.

Theorem 2.1.7. The decomposition into fine Deligne-Lusztig varieties

X I =
⊔

w∈IW

X I{w},

satisfies the following properties and is uniquely determined by them:

1. If wF(I) = I, then X I{w}= X I(w).

2. If I ⊂ J and w is in JW ⊂ IW, then the natural morphism αI,J : X I → XJ gives a finite

étale surjective morphism X I{w}→ XJ{w}.
3. If w is in JW and I = J∩w′σ(J), where w′ is the representative in IW σ(I) of WIwWσ(I),

then the map X I{w}→ XJ{w} from 2 is an isomorphism with inverse P 7→ RefF(P)(P).
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Proof. If I = wF(I), then the sequence in T (I) corresponding with w is the constant sequence

(I,w). So clearly X I{w}= X I(w). Point 2 is proved in the same way as corollary 8.3.4. For

point 3 see [1] proposition 12.

When wF(I) = I, as in 1, we say that I is w-stable. In that case any P in X I(w) is in good

position with F(P), which means that P and F(P) contain a common Levi subgroup (see [49]

section 3).

Let (In,un) be in T (I). Iterating the isomorphism in point 3 of theorem 2.1.7 we get

isomorphisms

X I{u∞}= X I1{u∞}
∼← X I2{u∞}

∼← X I2{u∞}
∼← ··· ∼← X I∞{u∞}

But by point 1 of theorem 2.1.7 we have X I∞{u∞} = X I∞(u∞). If we combine this isomor-

phism with lemma 2.1.3, we can conclude the following.

Corollary 2.1.8. The fine Deligne-Lusztig variety X I{w} is smooth of dimension l(w). If

X /0(w) is affine, then so is X I{w}. It is reducible if and only if WI∞w is contained in WJ for

some F-stable proper subset J ( S.

Proof. By points 1 and 2 in theorem 2.1.7 the natural map X /0→ X I induces a finite étale map

X /0(w)→ X I{w}. As X /0(w) is smooth of dimension l(w) by lemma 2.1.3, so is X I{w}.
Suppose that X /0(w) is affine. Pick a finite étale cover S→ X /0(w) such that X I{w} is the

quotient of S by a finite group G. Because S finite over X /0(w), it is affine, say S = Spec(R).

Then X I{w}= Spec(RG) is also affine.

The statement about reducibility follows form the criterion after lemma 2.1.3.

There are several criteria for when Deligne-Lusztig variety is affine. For instance X /0(w)

is affine if q is larger than the Coxeter number of G by [13] theorem 9.7, or when w is minimal

in its F-conjugacy class, see [62], [36] and [8].

The finite group G0(Fq) acts on X I by conjugation and preserves (fine) Deligne-Lusztig

varieties. Indeed, any g ∈ G0(Fq) satisfies F(g) = g. So, F(gPg−1) = gF(P)g−1 and the

relative position of two parabolic subgroups does not change if you conjugate them both by

the same element.

To compare fine Deligne-Lusztig varieties to Ekedahl-Oort strata, we use the following

proposition.
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Proposition 2.1.9. For P in X I define P′n recursively by P′0 = P and P′n+1 = RefF(P′n)(P). This

sequence of parabolic subgroups stabilizes to a parabolic P′∞, and X I{w} consists of all P

such that P and F(P′∞) are in relative position w.

Proof. This description differs in two ways from the definition of X I{w}. First, it uses P′n
instead of Pn. However, we claim that Pn = P′n. For any parabolic subgroups Q′ ⊂ Q and P

RefQ′(RefQ(P)) = RefQ′(P). (2.1.10)

Indeed, since the left hand side is UP((UP(P∩Q)∩Q′), it suffices to show that (UP(P∩Q))∩
Q′ = P∩Q′. On the one hand, UP(P∩Q) ⊇ P∩Q, gives (UP(P∩Q))∩Q′ ⊇ P∩Q∩Q′ =

P∩Q′. On the other hand, UP(P∩Q) ⊆ P gives (UP(P∩Q))∩Q′ ⊆ P∩Q′. If we apply

(2.1.10) to P=P, Q′=F(P′n) and Q=F(P′n−1) and use induction, then it follows that Pn =P′n.

Second, in the definition we look at the relative position of P∞ and F(P∞), while here we

look at that of P and F(P′∞). However, these relative positions are the same, as

relpos(P,F(P∞)) = relpos(RefF(P∞)(P),F(P∞))

by lemma 3.2(c) in [49] (with Z = P and P′ = F(P∞)) and RefF(P∞)(P) = P′∞ = P∞.

2.1.3. The symplectic group. Let L0 be a 2c-dimensional Fq-vector space with a sym-

plectic form. In the next sections we work with the symplectic group G0 = Sp(L0). For

this group we can relate parabolic subgroups to linear algebra. A partial isotropic flag in

L := k⊗L0 is a collection of isotropic subspaces C that is totally ordered by inclusion. We

get a bijection between such flags and parabolics in G by sending C to its stabilizer stab(C ).

The Weyl group Wc of G is the group of permutations w of {1, . . . ,2c} that satisfy w(i)+

w(2c+1− i) = 2c+1 ( [16] section 2.1). The set of simple reflections Sc consists of

si = (i, i+1)(2c− i,2c+1− i) for i = 1, . . . ,c−1 and sc = (c,c+1).

If I = Sc\{sc}, then Wc,I is the set of permutations that preserve {1, . . . ,c}. The set IWc of

minimal length representatives of Wc,I\Wc consists of all w satisfying w−1(1) < .. .w−1(c)

by [16] lemma 2.1 (as in the introduction).

For w in Wc we define

rw(i, j) = #{a ∈ {1, . . . , i}|w(a)≤ j}.
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Suppose C = {0 = C0 ⊂ C1 ⊂ ·· · ⊂ Cr = L} and D = {0 = D0 ⊂ D1 ⊂ ·· · ⊂ Ds = L} are

two flags with stabilizers P of type I and Q of type J respectively. Using elementary linear

algebra one can show that P and Q are in relative position w in IW J if and only if

dim(Ci∩D j) = rw(dim(Ci),dim(D j)) for i = 0, . . . ,r and j = 0, . . . ,s

Also, RefQ(P) is the stabilizer of the flag RefD (C ) consisting of

(Ci+1∩D j)+Ci for i = 0, . . . ,r and j = 0, . . . ,s

(see [52] (2.13)). If P is the stabilizer of C , then F(P) is the stabilizer of C (q) = {C(q)
i },

where C(q)
i = (k,Frob)⊗k Ci, and Frob: k→ k is the absolute Frobenius x 7→ xq.

2.2. A moduli space of isogenies

Every component of a supersingular Ekedahl-Oort stratum lives in a family of easy iso-

genies, starting from a fixed superspecial abelian variety and having a small kernel. In this

section we construct an isomorphism from such a family to the Grassmanian that parametrizes

maximal isotropic subspaces in a symplectic vector space. This generalizes the construction

of families of abelian surfaces by Oort in [59] and Moret-Bailly in [53].

2.2.1. Dieudonné modules. Let ˆCW be the formal group of Witt-covectors over Z, see

[17], chapter II 1.5. For a formal p-group scheme G over an Fp-scheme S let

M(G) = H om(G, ˆCWS),

be the sheaf on S whose sections over U ⊂ S are the homomorphisms G|U → ˆCWU . The ring

scheme W of the Witt-vectors acts on ˆCW. This action makes M(G) an W (OS)-module. The

Frobenius of G gives a homomorphism F : M(G)(p)→M(G), and the Verschiebung gives a

homomorphism V : M(G)→M(G)(p) (where M(G)(p) =W (OS)⊗W (OS),Frob M(G) and Frob

is the absolute Frobenius). By abuse of notation we write M(G) for the triple (M(G),F,V ).

Over the spectrum of a perfect field M(G) is the classical contravariant Dieudonné module

of G as defined by Fontaine in [17]. The functor G M(G) is exact and gives an equivalence

from the category of formal p-groups to the category of modules over a certain ring, see loc.

cit. theorems 1 and 2 in the introduction. Over other schemes S, this is generally no longer

true, but we still call M(G) the Dieudonné module of G.
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If G is annihilated by p, multiplication by p is zero on M(G). Hence, M(G) is actually

an OS-module. If G is annihilated by V , then M(G) = H om(G,Ĝa) by proposition III, 3.2

in [17]. It follows from [41] proposition 2.2 that for any S the functor M is an equivalence

from the categories of group schemes that are annihilated by V to that of OS-modules M with

a homomorphism F : M(p)→M.

If π : A→ S is an abelian scheme over S, then by [2] theorem 4.2.14 there is an isomor-

phism

M(A[p])(p) ∼= H1
dR(A/S) def

= R1
π∗(Ω

∗
A/S).

This was first proved by Oda in [57] (note however that Oda defines the Dieudonné module

of A[p] as M(A[p])(p), because he twists the Witt-covectors in [57] definition 3.3).

2.2.2. The moduli space. Like in [48] section 1.2, we fix a supersingular elliptic curve

E over Fp2 such that the Frobenius satisfies F2 + p = 0. For g ≥ 1 and c ≤ g/2, let Λg,c be

the set of isomorphism classes of polarizations µ on Eg whose kernel is isomorphic to α2c
p .

Since Eg is isomorphic to its own dual, a polarization can be seen as an endomorphism. All

endomorphisms of E are defined over Fp2 , hence so are all polarizations. This is why we pick

E over Fp2 , not over Fp.

Fix a polarization µ ∈ Λg,c. Write M0 = M(Eg[p]) for the Dieudonné module of the p-

kernel. Then µ induces a morphism µ∗ : Mt
0→M0 , where −t denotes the dual Dieudonné

module. Let L0 be the cokernel of µ∗, i.e., the Dieudonné module of the kernel of µ . Since

ker(µ)∼= α2c
p ,we have L0 ∼= F2c

p2 with F and V both the zero map. The polarization µ induces

a pairing eµ on its kernel and this gives a symplectic form on L0.

Proposition 2.2.1. The variety Xc,0 over Fp2 that parameterizes isotropic subspaces of rank

c in L0 is a fine moduli space for isogenies from (Eg,µ) to principally polarized abelian

varieties.

Proof. For any scheme S over Fp2 let I(S) be the set of isomorphism classes of isogenies

ρ : (Eg
S ,µS)→ (A,λ ), where ES = S×Fp2 E and A is an abelian scheme over S with a principal

polarization λ . Such a ρ induces a morphism

ρ
∗ : M(A[p])→M(Eg

S [p]) = OS⊗Fp2 M0

of Dieudonné modules on S. Composing with M0 → L0, we get a morphism M(A[p])→
OS ⊗Fp2 L0. We will show that the map that sends ρ to the image of this morphism, is a

bijection from I(S) to Xc(S), the set of isotropic rank c subbundles in OS⊗Fp2 L0.
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Up to isomorphism an isogeny ρ in I(S) is determined by its kernel. Because µS = ρ∗λ ,

this kernel sits in ker(µS) ∼= α2c
p . So V annihilates both kernels and the inclusion ker(ρ) ⊂

ker(µS) is determined by the induced morphism

OS⊗Fp2 L0 = M(ker(µS))→M(ker(ρ∗)) = coker(ρ∗).

This morphism of Dieudonné modules is again determined by its kernel, which is exactly the

image of the composition of ρ∗ and M0→ L0.

Let us determine which subbundles of OS⊗Fp2 L0 arise in this way. Any subbundle of

OS ⊗Fp2 L0 gives by Dieudonné theory a subgroup scheme G ⊂ ker(µS), since ker(µS) is

killed by F and V . The polarization µ descends to the quotient Eg
S/G if and only if G is

isotropic with respect to eµ and if it descends, say to λ , then the kernel of λ is G⊥/G.

Therefore, one gets all maximal isotropic subspaces of OS⊗Fp2 L0.

Let k be an algebraic closure of Fp. Write Xc for the base change of Xc,0 to k. The

proposition gives a natural morphism

iµ : Xc→Ag,

sending an isogeny to its target. While Xc depends only on c, the morphism iµ also depends

on µ . Via the bijection between flags in L0 and parabolics in G0 = Sp(L0) from section

2.1.3, Xc isomorphic to XSc\{c}. In particular we get for every w ∈ IWc a fine Deligne-Lusztig

variety Xc{w} in Xc (with respect to Frobenius over Fp2 , not over Fp).

The automorphism group Γµ = Aut(Eg,µ) acts on the moduli space Xc by precomposi-

tion, a γ ∈ Γµ sends an isogeny ρ : (Eg
S ,µS)→ (A,λ ) to ρ ◦ γS. We can equivalently define

this action as follows. Because µ∗ : M0 →Mt
0 is equivariant for the natural Γµ -actions, we

get a Γµ -action on its cokernel L0 respecting the symplectic pairing, i.e., a homomorphism

Γµ → Sp(L0)(Fp2). The action of the symplectic group on Xc then gives a Γµ -action on Xc.

Because the Deligne-Lusztig varieties are Sp(L0)(Fp2)-stable, they are also Γµ -stable.

2.3. The Ekedahl-Oort stratification on Xc

In this section we determine the pull-back of Ekedahl-Oort strata by iµ . We prove the

following.

Proposition 2.3.1. Suppose we have µ in Λg,c, a k-valued point x of Xc and w in W [c]
g . Then

iµ(x) is in Ag{w} if and only if x is in Xc{r(w)}.

35



Both Ekedahl-Oort strata and fine Deligne-Lusztig varieties are defined by a refinement

process. The hard part is to show that these processes are compatible. Surprisingly it takes

two steps in the Ekedahl-Oort process to get one step in the fine Deligne-Lusztig process.

2.3.1. A filtration of the Dieudonné modules. Keep the notation from the previous

section. Suppose x is a k-valued point of Xc, corresponding to an isogeny ρ : (Eg
k ,λk)→

(A,λ ) or a subspace U ⊂ L := k⊗L0. We want to determine just using U in which Ekedahl-

Oort stratum iµ(x) is. We could try to express the Dieudonné module N of A[p] as a direct

sum with terms involving U and L, but this is hard. It is more natural to construct a filtration

of N whose graded modules can be expressed in U .

It is convenient to work with the Dieudonné modules of the p-divisible groups. Let M0

be the Dieudonné module of Eg[p∞] and let N be that of A[p∞]. These are modules over the

Witt vectors W (Fp2) and W (k) respectively. Because the Dieudonné functor is exact over a

perfect field, we have M0 = M0/pM0 and N = N/pN.

Put M =W (k)⊗W (Fp2 ) M0. Then µ and ρ induce injective morphisms

µ
∗ : Mt

0 ↪→M0 and ρ
∗ : N ↪→M.

Define a descending filtration Fil∗ on M0 by

Fili(M0) =



M0 for i≤ 0,

im(µ∗) for i = 1,

F((Fili−2)(p)) for i = 2,3,

pFili−4 for i≥ 4.

Consider the graded modules gri(M0) = (Fili/Fili+1)(M0). Since L0 is the Dieudonné module

of ker(µ), we have gr0(M0) = M0/im(µ∗) = L0. Because of periodicity of the filtration, the

other graded modules are

gri+4 j(M0)∼=



L0 for i = 0,

gr1(M0) for i = 1,

L(p)
0 for i = 2,

gr1(M0)
(p) for i = 3,

(2.3.2)

for every j≥ 0. The isomorphisms in (2.3.2) are induced by multiplication by−p j for i= 0,1
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and by applying −p jF for i = 2,3.

Since F2 + p = 0 for our choice of E, we have F =−V on M0 and V 2 =−FV =−p. So

by construction V (FiliM0) = Fili+2(M0)
(p). The isomorphisms in (2.3.2) are chosen so that

the graded maps gri(M0)→ gri+2(M(p)
0 ) induced by V are the identity. Note that L(p2)

0 = L0,

since it is a vector space over Fp2 .

The filtration Fil∗(M0) induces filtrations on other spaces, which we denote with Fil∗(. . .)

with the space in brackets. For instance, if we pull back Fil∗(M0) by ρ∗ and take it modulo

p, then we get a filtration Fil∗(N) of N. We can express the graded modules of this filtration

in L and U .

Lemma 2.3.3. The graded modules of N are

gri(N) =



U for i = 0,

k⊗gri(M0) for i = 1,2,3,

L/U for i = 4,

0 otherwise,

where U ⊂ L is the subspace corresponding to x.

Proof. We see µ∗ and ρ∗ as inclusions: Mt ⊂N ⊂M. Then gr0(N) = N/Mt and this quotient

is U by the construction in the proof of proposition 2.2.1. Also,

gr4(N) = pM/pN ∼= M/N = L/U.

Because pN ⊂ pM = Fil4 the graded modules for i = 1,2,3 are the same as those of M0

(except for the extension of scalars to k).

Again V (Fili(N))⊂ Fili+2(N)(p). So V induces maps

gri(V ) : gri(N)→ gri+2(N)(p).

On M0 the graded maps induced by V are the identity. So on N they are as follows: gr0(V ) is

the inclusion U ⊂ L, gr1(V ) is the identity on k⊗gr1(M0), gr2(V ) is the canonical surjection

L→ L/U and gri(V ) is 0 for all other i.

Because Frobenius and Verschiebung respect Fil∗(N), the canonical filtration is a refine-

ment of Fil∗(N). Such a refinement is the pull-back of a filtration of gr∗(N) by the projections
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pri : Fili→ gri. Pulling-back by the Frobenius or Verschiebung commutes with these projec-

tion as follows.

Lemma 2.3.4. For every i and H ⊂ gri+2(N) we have

V−1(pr−1
i+2(H)(p)) = pr−1

i (gri(V )−1(H(p))),

F−1(pr−1
i+2(H)) = pr−1

i (gri(F)−1(H)).

In particular, on N, we have ker(F) = pr−1
2 (U) and ker(V ) = pr−1

2 (U (p)).

Proof. The first part follows from the relation gri−2(V )◦pri−2 = pri ◦V defining gri(V ) and

the same relation for F . To get the second part, we apply this to the subspace U/U = 0 of

gr4(N) = L/U .

2.3.2. Calculating the Ekedahl-Oort type. To test whether iµ(x) is in Ag{w} we look

at flags in N, while to test whether x is in Xc{r(w)} we look at flags in L. We need a book-

keeping device to relate flags in these two spaces. Given symplectic flags D and D ′ in L that

contain U , define a flag E (D ,D ′) in N as follows. On gr0(N) = U take all subspaces in D

contained in U , on gr4 = L/U take those containing U and on gr2 = L(p) take the flag (D ′)(p).

Finally pull everything back by the projections pri : Fili → gri. Using lemma 2.3.4 we can

now compare the refinement process for Ekedahl-Oort strata to that for fine Deligne-Lusztig

varieties.

Remember the refinement process for an Ekedahl-Oort stratum as defined in [61] section

5 (in particular lemma 5.2, 4). We start with the flag C0 = {ker(V )} and create Ci+1 from

Ci by adding V−1(C(p)) and V−1(C(p))⊥ for C ∈ Ci. The flag C∞ to which this sequence

stabilizes, is called the canonical flag.

Let P be the stabilizer of U . The refinement process for fine Deligne-Lusztig varieties in

section 2.1.6 gives parabolic subgroups Pi, which stabilize to P∞. Let Di (resp. D∞) be the

flag corresponding to subgroup Pi (resp. P∞).

Proposition 2.3.5. For all i

C2i = E (Di,Di) and C2i+1 = E (Di+1,Di).

Hence the canonical flag is E (D∞,D∞).

Proof. Use induction on i. The case i = 0 follows from lemma 2.3.4. Suppose now that

C2i = E (Di,Di). To calculate C2i+1, we need to pull back C
(p)
2i by V : N→ N(p). By lemma

2.3.4, we can do this on the graded modules. Only in three cases is gri(V ) non-zero:
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1. gr0(V ) : U → L = L(p2) is the inclusion. The restriction of C
(p)
2i to (gr2)(p) = L(p2) is

D
(p2)
i . So the pull-back by gr0(V ) consists of U ∩D(p2) for D ∈Di, i.e., the subspaces

of Ref
D

(p2)
i

D0 = Di+1 contained in U .

2. gr1(V ) is the identity on k⊗gr1(M0). The restriction of C
(p)
2i to gr3(N)(p) = k⊗gr1(M0)

is empty. Hence, so is its pull-back.

3. gr2(V ) : L(p) → L(p)/U (p) is the quotient map. The restriction of C
(p)
2i to (gr4)(p) =

L(p)/U (p) consists of the subspaces in D
(p)
i that contain U (p). The pull-back to L(p)

consists of the same subspaces.

After adding the orthogonal complements, we get E (Di+1,Di). The other case is similar and

we omit the details

We can now prove proposition 2.3.1. Note that iµ(x) is in Ag{w} if and only if ker(F)∩
C(p) has dimension rw(g,dim(C)) for all C in the canonical filtration ( [16] section 4.1).

A subspace D in D∞ can give 3 different subspaces in the canonical filtration E (D∞,D∞).

If D ⊆ U , it gives pr−1
0 (D). By corollary 2.3.4 we have Fil2(N) ⊃ ker(F) ⊃ Fil3(N). So

pr−1
0 (D) contains ker(F) and the dimension of their intersection is dim(ker(F)) = g. If D⊇

U , then it gives pr−1
4 (D), which is contained in kerF and their intersection has dimension

dim(D)− c. Hence, every C in the canonical filtration of dimension ≤ g− c is in ker(F).

This implies that iµ(x) is in Ag{w} for some w in IW [c]
g .

Finally D always gives pr−1
2 (D(p)) and

dim(ker(F)∩ (p−1
2 D(p))(p)) = g− c+dim(U ∩D(p2)).

One easily checks that rw(g,g− c+ i) = g− c+ rr(w)(c, i) for w ∈W [c]
g . So the left hand side

has dimension rw(g,dim(p−1
2 D(p))) if and only if U ∩D(p2) has dimension rr(w)(c,dim(D)).

By equation (2.1.3) this holds for all D in D∞ if and only if P0 and P∞ are relative position

r(w). So iµ(x) is in Ag{w} if and only if x is in Xc{r(w)}.

2.4. The differential of iµ

In the previous section we showed that i−1
µ (Ag{w}) and Xc{r(w)} have the same set of

k-valued points. To show that they are equal as schemes we need to look at what happens on

tangent spaces. In this section we calculate the cotangent map of iµ : Xc→Ag and show that

it is surjective.

We keep the notation of section 2.3. In particular Xc is the variety parameterizing c-

dimensional isotropic subspaces in a 2c-dimensional vector space L. Write L = OXc ⊗k L
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and let U ⊂L be the universal subbundle on Xc. Then it is well-known that the composition

U ↪→L
d⊗1→ ΩXc ⊗L →ΩXc ⊗ (L /U ) = ΩXc ⊗U ∨ (2.4.1)

is OX -linear and induces an isomorphism Sym2(U )
∼→ΩXc .

Over Xc there is a universal isogeny ρXc : Eg
Xc
→ AXc . This isogeny induces a homomor-

phism

ρ
∗
Xc : H1

dR(AXc/Xc)→ H1
dR(E

g
Xc
/Xc) = OXc ⊗Fp2 M(p)

0 .

which is horizontal with respect to the Gauss-Manin connections on both sides. On the right

this connection is just d⊗1. Write H for H1
dR(AXc/Xc). Because OXc ⊗Fili(M0)

(p) is obvi-

ously horizontal, so is its pull-back Fili(H )⊂H by ρ∗Xc
.

Let E = π∗ΩAXc/Xc ⊂H be the Hodge bundle. Then i∗µ ΩAg is isomorphic to Sym2(E ).

The composition

E ↪→H
∇→ΩXc ⊗H →ΩXc ⊗ (H /E ) = ΩXc ⊗E ∨ (2.4.2)

gives an OXc -module homomorphism Sym2(E )→ΩXc . This is exactly the cotangent map of

iµ : Xc→Ag (compare [43] proposition 1.4.1.7).

For a closed point x of Xc we have k(x)⊗H = H1
dR(A/k) = N(p), with the notation from

section 2.3, and k(x)⊗E = ker(F). By lemma 2.3.3 ρ∗Xc
induces an isomorphism

gr2(H )
ρ∗Xc→ OXc ⊗gr2(M(p)

0 ) = OXc ⊗L = L .

In particular, we can see U as a submodule of gr2(H ) and E is the pull-back of U by

pr2 : Fil2(H )→ gr2(H ) by lemma 2.3.4.

Proposition 2.4.3. Under the isomorphisms ΩXc
∼= Sym2(U ) and i∗µ ΩAg

∼= Sym2(E ) the

cotangent map i∗µ ΩAg →ΩXc of iµ is

Sym2(E )→ Sym2(E /Fil3(H ))
ρ∗Xc∼= Sym2(U ).

In particular it is surjective.

Proof. Because Fil3(H )⊂ E ⊂ Fil2(H ) and Fil∗(H ) is horizontal, the map (2.4.2) factors

as

E → E /Fil3(H )
h→ΩXc ⊗ (Fil2(H )/E ) ↪→ΩXc ⊗ (H /E ).
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Now ρ∗Xc
map E /Fil3(H ) isomorphically to U and Fil2(H )/E isomorphically to L /U .

Since ρ∗Xc
is horizontal and on OXc ⊗M(p)

0 the connection is just d⊗ 1, the map h becomes

the same as (2.4.1) under ρ∗Xc
.

2.5. Proof of the main theorem 2.0.2

Fix a w in IWg with c(w)≤ g/2 and consider the composition

jµ : Xc(w){r(w)} ↪→ i−1
µ Ag{w}

iµ→Ag{w}.

It is proper, since the first map is a closed immersion and the second one comes from

iµ : Xc(w)→ Ag. Both source and target are smooth of dimension l(w), the Deligne-Lusztig

variety by corollary 2.1.8 and the Ekedahl-Oort stratum Ag{w} by work of Oort ( [61] theo-

rem 1.2; the formulation in terms of lengths is due to Moonen, [51]) and Ekedahl and van der

Geer ( [16] corollary 8.4). Since iµ is surjective on cotangent spaces, jµ is étale. Since jµ is

quasi-compact, it is quasi-finite and, hence, finite étale. The disjoint union of the jµ

⊔
jµ :

⊔
µ∈Λg,c(w)

Xc(w){r(w)}→Ag{w}.

is surjective by theorem 2.0.1.

To show that
⊔

jµ gives an isomorphism

⊔
µ∈Λg,c(w)

[Xc(w){r(w)}/Aut(Eg,µ)]
∼→Ag{w},

we must show that, given two isogenies ρ : (Eg
k ,µk)→ (A,λ ) and ρ ′ : (Eg

k ,µ
′
k)→ (A,λ ) with

the same target (so that the corresponding points in
⊔

Xc(w){r(w)} map to the same point in

Ag), there is an automorphism γ of Eg with γ∗µ = µ ′. Harashita showed that both ρ and ρ ′

are minimal isogenies ( [29] proposition 3.1.5) in the terminology of Li and Oort ( [48] section

1.8). Minimal isogenies are unique up to isomorphism, so indeed there is an isomorphism γ

of Eg such that ρ ′ = ρ ◦ γ and γ∗µ = γ∗(ρ∗λ ) = (ρ ′)∗λ = µ ′ as required.

2.6. Number of components

In this section we show using corollary 2.1.8 that Xc(w){r(w)} is irreducible for w in
IWg. When we combine this with theorem 2.0.2, we get that the number of components of a

supersingular stratum Ag{w} is equal to #Λg,c(w) (corollary 2.0.3).
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Let Wc be the Weyl group of Sp2c and let Sc = {s1, . . . ,sc} be the set of reflections in

simple roots (see section 2.1.3). For w′ ∈Wc let Sc(w′) consist of those elements of Sc that

occur in a reduced expression for w′. This set is independent of the choice of a reduced

expression. Also, w′ is in the subgroup Wc,J generated by J ⊂ Sc if and only if Sc(w′) ⊂ J

(see [10] chapter 4, section 8, proposition 7 and corollary 1).

Lemma 2.6.1. If w is in IWg, then Sc(w)(r(w)) = Sc(w).

Proof. Example 3.6 in [50] tells us that any w′ ∈ IWc has a reduced expression of the form

w′ = (scsc−1 . . .sil )(scsc−1 . . .sil−1) . . .(scsc−1 . . .si1)

for some i1 < · · ·< il . Hence Sc(w′) = {si1 ,si1+1,si1+2, . . . ,sc}.
Since r(w) is in IWc(w), we need to show that s1 is in Sc(w)(r(w)). Note that r(W [c(w)−1]

g ) =

W [c(w)−1]
c(w) is the subgroup generated by s2,s3, . . . ,sc(w) and r(w) is not in this subgroup, oth-

erwise c(w) is not minimal. So Sc(w)(r(w)) is not contained in {s2,s3, . . . ,sc} and it must

contain s1.

Let w be in IWg and let I∞ ⊂ Sc be as in section 2.1.2. Since WI∞r(w) contains r(w) and

Sc(w)(r(w)) = Sc(w) by the lemma, any J with WI∞r(w) ⊂Wc(w),J must be equal to Sc(w). So

Xc(w){r(w)} is irreducible by corollary 2.1.8.
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