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CHAPTER 3

Ekedahl-Oort strata and Kottwitz-Rapoport strata

The moduli space Ag of principally polarized abelian varieties is a central object in algebraic

geometry, both classically and nowadays. To obtain a better understanding of its arithmetic

properties, it is useful to consider this moduli space over fields of positive characteristic p.

Then there are two interesting stratifications. The oldest is the Newton polygon stratification

which classifies the isogeny type of the underlying p-divisible group. The importance of

the Newton stratification shows for instance (for a different kind of moduli space) in the

work of Harris and Taylor about the local Langlands correspondence [32] and the subsequent

refinements by Boyer [11]. Probably the most interesting Newton stratum is the supersingular

locus, the closed subset of all supersingular abelian varieties inside the moduli space. The

second stratification is the Ekedahl-Oort stratification which classifies the isomorphism class

of the p-kernel.

It is also interesting to consider variants of Ag with deeper level structure at p. Such

variants can be singular. So far, the only level structures where the geometric structure seems

tractable are parahoric ones, for which the moduli space parametrizes chains of p-power

isogenies of abelian varieties (see section 3.1.1). One can hope that certain questions about

even deeper level structure can be reduced to the parahoric case using base change methods;

for instance, compare the method used by Taylor and Yoshida, [68]. For moduli spaces AJ

with a parahoric level structure of type J, it is natural to consider a third stratification, the

Kottwitz-Rapoport stratification.

In the recent papers [24] and [25] C.-F. Yu and the first named author explicitly described

supersingular Kottwitz-Rapoport strata (those completely contained in the supersingular lo-

cus) in terms of Deligne-Lusztig varieties. In [37] the second named author did the same for

supersingular Ekedahl-Oort strata. (See section 3.1 for a summary of these results.) So we

wondered how these descriptions and, more generally, how the Ekedahl-Oort stratification

and Kottwitz-Rapoport stratification are related. In this paper we answer these questions as

follows.

Theorem 3.0.1. The Ekedahl-Oort stratification and the Kottwitz-Rapoport stratification are

related as follows:
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1. Each Ekedahl-Oort stratum is isomorphic to a certain Kottwitz-Rapoport stratum in

AJ with J the type of the canonical filtration (theorem 3.1.2).

2. The descriptions of supersingular Kottwitz-Rapoport strata in [25] and supersingular

Ekedahl-Oort strata in [37] in terms of Deligne-Lusztig varieties are naturally com-

patible with the projection AI(wτ)→Ag{w} (theorem 3.2.10).

3. A parahoric Kottwitz-Rapoport stratum is contained in the supersingular locus of AJ

if and only if it is superspecial (theorem 3.3.5), and then it is isomorphic to a disjoint

union of Deligne-Lusztig varieties (theorem 3.3.3).

Point 3 generalizes results in [25] and [24]. As an immediate corollary to it we obtain

that all connected components of a supersingular Kottwitz-Rapoport stratum are isomorphic.

3.1. Ekedahl-Oort and Kottwitz-Rapoport strata

In this section we review the definitions of the Kottwitz-Rapoport stratification and the

Ekedahl-Oort stratification, and show that each Ekedahl-Oort stratum is isomorphic to a para-

horic Kottwitz-Rapoport stratum. We work over an algebraic closure k of the finite field Fp

for some fixed prime p.

3.1.1. The Kottwitz-Rapoport stratification. In this paper we study Siegel moduli

spaces of abelian varieties with parahoric level structure. From the perspective of Shimura

varieties these spaces are related to the group GSp2g of symplectic similitudes. We can iden-

tify the set of simple reflections in its affine Weyl group with I = {0, . . . ,g}. The type of a

parahoric subgroup is then given by a subset J = { j0 < j1 < · · ·< jr} ⊂ I. The moduli space

AJ over k with parahoric level structure of type J at p parametrizes chains of g-dimensional

polarized abelian varieties

(A j0
α→ A j1

α→ ·· · α→ A jr ,η)

where

1. A jν = (A jν ,λ jν ) with A jν a g-dimensional abelian variety and λ jν a polarization of

degree p2(g− jν ) whose kernel is contained in A jν [p],

2. α is an isogeny that pulls back λ jν+1 to λ jν ,

3. η is a symplectic level N-structure for N ≥ 3 coprime to p, with respect to a fixed

primitive N-th root of unity.

When j0 = 0, we have ker(λ0) = A0[p]. So p−1λ0 is a principal polarization. We restrict to

the special type of level structure η in (3), because this makes the moduli space connected.

Otherwise the statements about certain strata being connected become more technical.
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The relative position of the chain of Hodge filtrations to the first de Rham cohomology is

given by an element in the extended affine Weyl group, see [24] section 2.4. Let us describe

this group for GSp2g. The finite Weyl group Wg of GSp2g can be realized as the group of

permutations w of {1, . . . ,2g} satisfying w(2g+1− i) = 2g+1−w(i) for all i. It is generated

by the simple reflections

sg = (g,g+1) and si = (i, i+1)(2g− i,2g+1− i) for i = 1, . . . ,g−1.

The cocharacter group of GSp2g is

X∗ = {(u1, . . . ,u2g ∈ Z2g |u1 +u2g = u2 +u2g−1 = · · ·= ug +ug+1}.

The Weyl group Wg acts on it by permuting the coordinates, and we can realize the extended

affine Weyl group W̃ as the semi-direct product X∗oWg. The affine Weyl group W a
g is the

subgroup of W̃ generated by s0 = ((−1,0, . . . ,0,1),(1,2g)) ∈ X∗oWg and the simple reflec-

tions s1, . . . ,sg above. Note that i 7→ si does indeed give a bijection from I to the set of simple

affine reflections as mentioned above. For J ⊂ I we let WJ be the subgroup of W a
g generated

by all si with i not in J. This differs from convention; usually one defines WJ as the subgroup

generated by s j for j ∈ J.

Let µ be the dominant minuscule coweight (1(g),0(g)) in X∗ ⊂ W̃ . The admissible set

Adm(µ) consists of all elements in W̃ less than some element in the W -orbit of tµ in the

Bruhat order. Let AdmJ(µ) be the image of Adm under W̃ →WJ\W̃/WJ . For x ∈ Adm(µ),

we denote by x its image in AdmJ(µ). The relative position of the Hodge flag in the first de

Rham cohomology of a point of AJ is given by an element in AdmJ(µ). Grouping points by

this relative position we get the Kottwitz-Rapoport stratification of AJ :

AJ =
⊔

x∈AdmJ(µ)

AJ(x).

This stratification was first considered by Genestier and Ngô [21], see also [24].

We have the natural projection αJ,I : AI →AJ , and for each x ∈ Adm(µ),

α
−1
J,I (AJ(x)) =

⊔
v∈WJxWJ∩Adm(µ)

AI(v). (3.1.1)

The space Ag = A{0} is just the moduli space of principally polarized abelian varieties. We

write α for the projection AI →Ag.
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3.1.2. The Ekedahl-Oort stratification. On Ag the Kottwitz-Rapoport stratification

has only one stratum. We get more information from another stratification, the Ekedahl-Oort

stratification, which looks at the isomorphism class of the p-kernel, see [61] and [16].

To calculate this isomorphism class for an abelian variety A over k, one first constructs

the canonical filtration in A[p], the smallest chain of subgroups that is stable under taking

images by the Frobenius F and inverse images by the Verschiebung V . Measuring the relative

position of the canonical filtration to the kernel of F gives an element, called the final type,

in the set of final elements Wg,final ⊂Wg, the minimal length representatives for the cosets in

Wg/Sg with Sg the subgroup of Wg generated by s1, . . . ,sg−1. (The polarization of A[p] plays

no role here; whether you the relative position in the symplectic or general linear group, you

get the same result.) This construction gives a bijection from the set of isomorphism classes

of p-kernels to Wg,final.

Let Ag{w} be the locally closed subset of Ag consisting of all abelian varieties with final

type w. Then we get the Ekedahl-Oort stratification

Ag =
⊔

w∈Wg,final

Ag{w}.

3.1.3. Ekedahl-Oort strata as parahoric Kottwitz-Rapoport strata. If J ⊂ I contains

0, then we can see AJ as the moduli space of principally polarized abelian schemes A = A0

with an isotropic flag F• = (ker(A0→ A•)) of finite flat subgroup schemes in A[p]. The ranks

of the F• are determined by J. From the flag F• we can make a conjugate flag F c
• by

F c
g+i =V−1(F

(p)
i ) and F c

g−i = (F c
g−i)

⊥ (i = 1, . . . ,g).

The Kottwitz-Rapoport stratum AJ(wτ) consists of all points (A,(F j) j∈J) such that F• and

F c
• (or rather their Dieudonné modules) are in relative position w. This description is conve-

nient to compare the stratum with Ekedahl-Oort strata.

Fix a final element w in Wg,final. Let J ⊆ I be the type of the corresponding canonical

filtration. We have 0 ∈ J, since we start with a principally polarized abelian variety, and

g ∈ J, since the canonical filtration always contains a maximal totally isotropic subspace.

Theorem 3.1.2. The natural map αJ : AJ → Ag restricts to an isomorphism AJ(wτ) →
Ag{w}. Its inverse maps a point A ∈ Ag{w} to (A,F can

• ⊂ A[p]), where F can
• denotes the

canonical filtration of A[p].

Proof. Because over Ag{w} the canonical filtration can be constructed globally (see [61],
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Prop. (3.2)) we have a section s : Ag{w}→AJ of αJ . By definition its image is in AJ(wτ).

To finish the proof, we show that for each point (A,(F j) j∈J) in AJ(wτ)(k), (F j) is the

canonical filtration of A[p]. Let ν be the final type of w. We know that for all points in the

image of s we have V (F j) = Fν( j). But then this must hold for all points in AJ(wτ)(k),

since the relative position of V (F•) and F• is constant on AJ(wτ)(k). This implies that F•

is the canonical filtration.

Example 3.1.3. On the Ekedahl-Oort stratum of abelian varieties with a-number 1 and p-

rank f , the type of the canonical filtration is {0, f , f +1, . . . ,2g− f −1,2g− f ,2g}, see [16]

example 3.4. On the stratum of abelian varieties with a-number a and p-rank g− a the

canonical type is {0,g−a,g,g+a,2g}.

Example 3.1.4. In the case g = 2, we have four final elements, corresponding to the super-

special locus (id), the supersingular locus without the superspecial points (s2), the p-rank 1

locus (s1s2) and the p-rank 2 locus (s2s1s2). The corresponding canonical filtrations have

types {0,2}, {0,1,2}, {0,1,2}, and {0,2} respectively.

There is a commutative diagram

AI(wτ)
αJ,I

//

α
$$IIIIIIIII

AJ(wτ)

∼=
zzttttttttt

Ag{w}

(3.1.5)

So for w final and J as above the horizontal map is surjective. Since all Kottwitz-Rapoport

strata in α
−1
J,I (AJ(wτ)) map (necessarily surjectively) to Ag{w}, wτ is the unique element of

minimal length in WJwτWJ . So we are in a very special situation.

3.2. Supersingular strata

We say that a Kottwitz-Rapoport or Ekedahl-Oort stratum is supersingular if it is com-

pletely contained in the supersingular locus. Both supersingular Kottwitz-Rapoport strata

(see [25]) and supersingular Ekedahl-Oort strata (see [37]) can be described using Deligne-

Lusztig varieties. We now compare these two descriptions.

3.2.1. Deligne-Lusztig varieties. Let G be a connected reductive group over k, defined

over a finite field Fq of characteristic p. Let σ : G→ G be its q-power Frobenius and W its

Weyl group.
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We denote with XG
/0 the variety of Borel subgroups in G. For any w in W we have a

Deligne-Lusztig variety (see [13])

XG
/0 (w,σ)(k) = {B ∈ XG

/0 (k) | inv(B,σB) = w}.

Here inv: XG
/0 ×XG

/0 →W is the relative position map. If we fix a Borel subgroup B, then

XG
/0
∼= G/B, and inv sends (g1B,g2B) ∈ G/B×G/B to the unique w ∈W such that g−1

1 g2 ∈
BwB. We include both the group and the Frobenius in the notation XG

/0 (w,σ), because we

will compare Deligne-Lusztig varieties for different groups and for Frobenii coming from

different forms of the same groups.

For parabolic subgroups we can define Deligne-Lusztig varieties in the same way. But

in our situation it is more interesting to use refinement of parabolic subgroups to define fine

Deligne-Lusztig varieties (first studied by Lusztig in [49], see also section 2.1). Let S be

the set of simple reflection in W . For I ⊂ S let X I be the variety of parabolic subgroups of

type I. Given a P in X I(k), define a sequence of parabolic subgroups (Pn) by P0 := P and

Pn = (Pn−1 ∩σ(Pn−1))UPn−1 with UPn−1 the unipotent radical. This sequence stabilizes to a

parabolic subgroup P∞. The fine Deligne-Lusztig variety XG
I {w,σ} consists of all P with

inv(P∞,σ(P∞)) = w. By a combinatorial argument these strata are indexed by the set IW of

minimal length representatives of the cosets WI\W .

3.2.2. Supersingular Kottwitz-Rapoport strata. We summarize the description of su-

persingular Kottwitz-Rapoport strata in [24] and [25]. Let τ be the unique element of length

0 in the admissible set Adm(µ), see [24] section 3.

Lemma 3.2.1. The stratum A{c,g−c}(τ) consists of all chains (Ac → Ag−c,η) such that Ac

and Ag−c are superspecial and the isogeny Ac→ A∨g−c is the Frobenius of Ac.

Proof. The projection AI → A{c,g−c} gives a surjective morphism AI(τ)→ A{c,g−c}(τ) by

[24] corollary 6.5. So the lemma follows from remark 3.6 in [24].

Corollary 3.2.2. For a Kottwitz-Rapoport stratum AI(x) the following are equivalent:

1. The natural morphism α{c,g−c} maps AI(x) to A{c,g−c}(τ).

2. For each chain (Ai,η) in AI(x) the abelian varieties Ac and Ag−c are superspecial and

the isogeny Ac→ A∨g−c is the Frobenius of Ac.

3. The element x is in W{c,g−c}τ .
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Proof. Point 1 and 2 are equivalent by the lemma and the definition of α{c,g−c}. Point 1 and

3 are equivalent by (3.1.1), since W{c,g−c}τW{c,g−c} =W{c,g−c}τ as τsi = sg−iτ for all simple

roots si.

Definition 3.2.3. A Kottwitz-Rapoport stratum is c-superspecial if it satisfies the conditions

in the corollary. It is superspecial if it is c-superspecial for some c in I.

Theorem 3.2.4. A Kottwitz-Rapoport stratum is supersingular if and only if it is superspecial.

Proof. This is theorem 1.3 in [25].

Suppose that w is in W{c,g−c}, so that AI(wτ) is c-superspecial. Let c be in {1, . . . , [g/2]},
and let J = {c,g− c}. Then corollary 3.2.2 gives a morphism AI(wτ)→AJ(τ). We can de-

scribe its fibers as Deligne-Lusztig varieties as follows. Write G′ for the inner form (over Qp)

of the derived group Sp2g of GSp2g that arises as the automorphism group of a superspecial

abelian variety (together with a principal polarization), see [24], Section 6.1. Then J gives

a parahoric subgroup P′J of G′. We denote the maximal reductive quotient of P′J by G′c (see

loc. cit., where this group is denoted by G′{c,g−c}). This quotient is an algebraic group over

Fp, split over Fp2 . Its Dynkin diagram is obtained from the extended Dynkin diagram of Sp2g

by removing the vertices c, g− c, and the Frobenius acts it by i 7→ g− i. Denote by σ ′ the

Frobenius on G′c,k of the non-split form G′c.

Note that AJ(τ) is 0-dimensional. Fix a k-valued point y0 = (A′c → A′g−c,η) in this

stratum. Suppose that S is a scheme over k and y = (Ai,η) is an S-valued point of AI(wτ)

such that αc,g−c(y) = y0. Then we get trivializations Ac = S×k A′c and Ag−c = S×k A′g−c. Let

ωi ⊂ H1
DR(Ai) be the Hodge filtration of Ai and ω ′i that of A′i. We get flags

0 ( α(ω j1−1)( α(ω j1−2)( · · ·( α(ω j0+1)( ω j0/ω j1 = OS⊗ (ω ′j0/ω
′
j1)

where ( j0, j1) is equal to (−c,c),(c,g− c) or (g− c,g+ c), and we abusively write α for all

maps induced by Ai→ A j0 . The stabilizer of these flags is an S-valued point φ(y) of XG′c
/0 .

Theorem 3.2.5. For w in W{c,g−c} the morphism α{c,g−c},I×φ is an isomorphism

AI(wτ)
∼→A{c,g−c}(τ)×XG′c

/0 (w−1,σ ′).

Proof. This follows from proposition 6.1 and corollary 6.5 in [24].

Since A{c,g−c}(τ) is a finite set of points, AI(wτ) is a finite disjoint union of Deligne-

Lusztig varieties.
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3.2.3. Supersingular Ekedahl-Oort strata. We now summarize the description of su-

persingular Ekedahl-Oort strata in [37]. In the case g = 1, which is more or less trivial from

this point of view, one has to make some obvious modifications, so we exclude it from the

discussion.

For c≤ g we see Wc as a subgroup of Wg via the inclusion of Dynkin diagrams. Explicitly

we map sc+1−i in Wc to sg+1−i in Wg for i= 1, . . . ,c. This inclusion maps Wc,final to Wg,final. An

Ekedahl-Oort stratum Ag{w} is supersingular if and only if w is in Wc,final for some c≤ g/2.

Suppose that Ag{w} is supersingular, and x = (A,λ ) is an S-valued point of Ag{w} for

some connected k-scheme S. Fix a supersingular elliptic curve E. Then there is a unique

isogeny

ρ : S×Eg→ A

such that the kernel in each geometric point is αc
p ( [37] theorem 1.2). The pull-back of λ

gives a polarization µ , and the pull-back of η gives a level N-structure η ′ on Eg. Let Λg,c, the

set of isomorphism classes of superspecial abelian varieties with a polarization with kernel

α2c
p and a level N-structure, so that the triple (Eg,µ,η ′) is in Λg,c.

Let ω(−) denote the Hodge filtration of an abelian variety. Via ρ we get a subbundle

α(ω(A))( OS⊗ (ω(Eg)/µ(ω((Eg)∨))).

In fact this is a bundle of c-dimensional isotropic subspaces in a 2c-dimensional symplectic

vector space. Let ψ(x) be its stabilizer in Sp2c×S, an S-valued point in the variety XSp2c
J of

parabolic subgroups of type J = {1,2, . . . ,c−1} in Sp2c.

Theorem 3.2.6. Suppose that w is in Wc,final for some c ≤ g/2 and w /∈Wc−1. Then the

morphism x 7→ ((Eg,µ),ψ(x)) is an isomorphism

Ag{w}
∼→ Λg,c×XSp2c

J {w−1,σ2}.

Proof. This is theorem 1.2 in [37], except for the following differences.

First of all in [37] lemma 3.1 the isomorphism is constructed with Dieudonné theory. If

M(A[p]) is the Dieudonné module of A[p], then there is a natural isomorphism M(A[p])(p) ∼=
H1

dR(A). The Verschiebung gives an isomorphism

ω(Eg)/µ(ω((Eg)∨))
∼←M(Eg[p])/µ((Eg)∨[p]) = M(ker(µ)).

Under this isomorphism the image ω(A) corresponds to the image of M(A[p]), to which x is
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sent in [37]. So the two constructions are equivalent.

Secondly, we get w−1 instead of w, because we use a different indexation. See [25] section

2.4 for the different indexations for the Ekedahl-Oort stratifications. In [37] the indexation of

Moonen and Wedhorn is used, while in [24] the indexation of van der Geer is used.

Thirdly, here we don’t need to divide out the action of an automorphism group, as it is

trivial because of the level structures.

3.2.4. Comparing supersingular Ekedahl-Oort and Kottwitz-Rapoport strata. By

[16] and [25] section 9 the projection α : AI → Ag restricts to a finite étale surjective map

AI(wτ)→Ag{w} for w ∈Wg,final. In this section we show how this map relates to the above

descriptions of supersingular Kottwitz-Rapoport and Ekedahl-Oort strata.

The following lemma relates the index sets for w in theorems 3.2.5 and 3.2.6.

Lemma 3.2.7. We have:

Wg,final∩W{c,g−c} =Wc,final.

Proof. Since Wc ⊂W{c,g−c}, the right hand side is included in the left hand side.

For the other inclusion, suppose that w is in Wg,final ∩W{c,g−c}. The set of simple reflec-

tions in a reduced expression of w is equal to {si,si+1, . . . ,sg−1,sg} for some i (see the proof

of lemma 7.1 in [37]). Since sg−c is not in W{c,g−c}, we must have i > g−c. Because Wc ⊂Wg

is generated by all s j with j > g− c, it contains w.

By lemma 3.2.1 the map βc that sends (Ac → Ag−c,η) to (Ac,η) is a bijection from

A{c,g−c}(τ) to Λg,c. So in theorems 3.2.5 and 3.2.6 the first factor in the product is the same.

Now look at the Deligne-Lusztig varieties in the second factor. The group G′c splits over

k (in fact already over Fp2 ) as

G′c ∼= Sp2c×SLg−2c×Sp2c.

as can be seen from the Dynkin diagram of G′c. Anything related to G′c splits similarly. For

instance, its absolute Weyl group splits as

W{c,g−c} =Wc×Sg−2c×Wc, (3.2.8)

where Sg−2c is the symmetric group, which is the Weyl group of SLg−2c. The inclusion

Wc ⊂Wg we are using, is the inclusion of Wc in W{c,g−c} ⊂Wg as the last factor above. By the

description of σ ′ in [24] we have σ ′(g1,g2,g3) = (σ(g3), σ̃(g2),σ(g1)), in this decomposi-

tion, where σ is the Frobenius of Sp2c and σ̃ is the Frobenius of a SUg−2c.

53



Proposition 3.2.9. For w in Wc ⊂Wg, the projection

XG′c
/0 = XSp2c

/0 ×X
SLg−2c
/0 ×XSp2c

/0 → X
SLg−2c
/0 ×XSp2c

/0

to the final two factors induces an isomorphism

XG′c
/0 (w,σ ′)∼= X

SLg−2c
/0 (1, σ̃)×XSp2c

/0 (w,σ2).

Proof. The Deligne-Lusztig variety XG′c
/0 (w,σ ′) consists of all triples (g1,g2,g3) such that

inv(g1,σ(g3)) = 1, inv(g2, σ̃(g2)) = 1, and inv(g3,σ(g1)) = w′. The first and last condition

are equivalent to g1 = σ(g3) and inv(g3,σ
2(g3)) = w′, the condition for XSp2c

/0 (w,σ2).

The proposition gives a morphism f : XG′c
/0 (w,σ ′)→ XSp2c

/0 (w,σ2)→ XSp2c
I {w,σ2}.

Theorem 3.2.10. For w in Wc,final there is a commutative diagram

AI(wτ)
∼ //

α

��

A{c,g−c}(τ)×XG′c
/0 (w−1,σ ′)

βc× f
��

Ag{w} ∼ //
Λg,c×XSp2c

I {w−1,σ2}

where the horizontal maps are the isomorphisms from 3.2.5 and 3.2.6.

Proof. Suppose (Ai)i∈I is an S-valued point in AI(wτ). Since the morphism ρ : S×Eg→ A0

from theorem 3.2.6 is unique, it must be equal to A−c→ A0. (Here we extend the chain (Ai)i

to a chain indexed by Z by duality and periodicity, see section 11.1.) The top horizontal

map sends (Ai)i to the flags of the images of the Hodge filtrations ω(Ai) in ω(Ac)/ω(A−c),

ω(Ag−c)/ω(Ac), and ω(Ag+c)/ω(Ag−c). Because the stratum is c-superspecial, these quo-

tients can actually be identified with quotients of the de Rham cohomology, or in other words

of lattices in the standard lattice chain, however with a shift of the indices by g. See the

proof of proposition 6.1 in [24]. So when we identify the Weyl group of G′c with W{c,g−c}

and decompose it as in (3.2.8), then the subgroup generated by s0, . . . ,sc−1 corresponds to the

flags in ω(Ag+c)/ω(Ag−c), the subgroup generated by sc+1, . . . ,sg−c−1 corresponds to the

flags in ω(Ag−c)/ω(Ac), and the subgroups generated by sg−c+1, . . . ,sg corresponds to flags

in ω(Ac)/ω(A−c). The morphism f sends the flag (ω(Ai))i to ω(A0), the maximal totally

isotropic member of the flag in the third factor. Since α on the left maps our chain (Ai)i to

A0, and the lower horizontal isomorphism maps A0 to ω(A0), the diagram commutes.
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Remark 3.2.11. For supersingular strata the isomorphism in diagram (3.1.5) corresponds

to the identification of fine Deligne-Lusztig varieties with Deligne-Lusztig varieties for a

different parabolic subgroup, see the isomorphism after theorem 2.1.7. From [24] theorem

6.3 we know that the fibers of α and of the horizontal map in (3.1.5) are Deligne-Lusztig

varieties.

3.3. Supersingular Kottwitz-Rapoport strata in the parahoric case

We want to describe supersingular Kottwitz-Rapoport strata in AJ for a type J ⊆ I. As

one would hope, there is a description completely analogous to the one in [24]. We can easily

derive it from the Iwahori version. First let us generalize the definition of superspecial strata

in definition 3.2.3 to the parahoric case.

Definition 3.3.1. Let J⊆ I, and let c be in I. A stratum AJ(x) is c-superspecial if α
−1
J,I (AJ(x))

is a union of c-superspecial Kottwitz-Rapoport strata in AI , that is, if

WJxWJ ∩Adm(µ)⊆W{c,g−c}τ.

A stratum AJ(x) is superspecial if it is c-superspecial for some c ∈ I.

Clearly every superspecial stratum is supersingular.

Lemma 3.3.2. There exists a c-superspecial stratum in AJ if and only if c and g−c are in J.

Proof. If c and g− c are in J, then WJτWJ ⊆Wc,g−cτ . So the minimal Kottwitz-Rapoport

stratum AJ(τ) is c-superspecial. Conversely, assume that c 6∈ J or g− c 6∈ J. In both cases

scτ = τsg−c is in WJτWJ . It is easy to see that scτ is µ-permissible (see [24] definition 2.4)

and hence µ-admissible. Because the union of all c-superspecial strata is closed, it suffices

to show that the minimal stratum in AJ is not c-superspecial, i. e., that

WJτWJ ∩Adm(µ) 6⊆W{c,g−c}τ.

But scτ is not in W{c,g−c}τ , as W{c,g−c} is generated by si for i /∈ {c,g− c}.

When c and g− c are in J, a stratum is c-superspecial if and only if it satisfies condition

1 or 2 in corollary 3.2.2 (with I replaced by J). When for instance c is not in J, the lemma

lemma and equation (3.1.1) tell us that for any x ∈ Adm(µ) and c 6∈ J, we can find a point

(A j) j∈J ∈AJ(x) which can be extended to a chain (A j) j∈I for which is not Ag−c superspecial

or Ac→ A∨g−c is not the Frobenius.
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We now describe c-superspecial Kottwitz-Rapoport strata in terms of Deligne-Lusztig

varieties. Suppose that J is a subset of I with c,g−c ∈ J (so that c-superspecial strata exist in

AJ). Let X
G′c,k
σ ′(J) be the variety of parabolic subgroups of type I\σ ′(J) in G′c,k. Note that it is

not defined over Fp if J is not Frobenius invariant. There are coarse Deligne-Lusztig varieties

X
G′c,k
σ ′(J)(w,σ

′) = {P ∈ Xσ ′(J)(G
′
c,k) | inv(P,σ ′(P)) = w}

for all double cosets w ∈Wσ ′(J)\W{c,g−c}/WJ .

Theorem 3.3.3. Let AJ(x) be a c-superspecial stratum inside AJ . Write x = wτ with w ∈
W{c,g−c}. There is an isomorphism

AJ(x)∼= α{c,g−c},I(AI(τ))×X
G′c,k
σ ′(J)(w

−1,σ ′).

Proof. Taking into account the remarks above, the proof is the same as in the Iwahori case,

see [24], section 6.

It is evident that every superspecial stratum is supersingular. We will show below that

the converse is true, as well. We first prove a connectedness result in the parahoric case,

analogous to [25], Thm. 7.3.

Proposition 3.3.4. If a Kottwitz-Rapoport stratum is not superspecial, then it is irreducible.

The converse holds if the level structure is large enough by theorem 3.3.3 (because then

#(α{c,g−c},I(AI(τ)))> 1; cf. Cor. 6.6 in [24]).

Proof. Let x be in Adm(µ) and suppose AJ(x) is not superspecial, that is

WJxWJ ∩Adm(µ) 6⊆W{c,g−c}τ, for all c ∈ {0, . . . , [g/2]}.

Then there exists for each c ∈ {0, . . . , [g/2]} an element in WJxWJ ∩Adm(µ) larger than scτ

or than sg−cτ .

So by [25] Thm. 7.2 the closure of the union of all 1-dimensional strata in α
−1
J,I (AJ(x)),

⋃
v∈WJxWJ∩Adm(µ)

⋃
s≤v

`(s)=1

AI(x)
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is connected. Now every connected component of

α
−1
J,I (AJ(x)) =

⋃
v∈WJxWJ∩Adm(µ)

AI(v),

meets the previous set (because every connected component of a Kottwitz-Rapoport stratum

in AI has a point of the minimal stratum in its closure, [25], Thm. 6.2). So α
−1
J,I (AJ(x)) is

connected. But then its image AJ(x) is connected, too. This closure is normal, so connected-

ness implies irreducibility, and the proposition follows.

Theorem 3.3.5. A Kottwitz-Rapoport stratum is supersingular if and only if it is superspecial.

Proof. We know that each superspecial stratum is supersingular. Conversely, suppose that

AJ(x) is supersingular. Its image in Ag is a union of supersingular Ekedahl-Oort strata.

We may assume that the level structure outside p is large enough, so that this union, and

hence AJ(x), is reducible (cf. Prop. 2.5 (2) in [25]). So by the previous proposition AJ(x) is

superspecial.

Remark 3.3.6. Let us discuss the combinatorial meaning of the theorem. Start with x ∈
Adm(µ), such that AJ(x) is contained in th supersingular locus. The latter condition is

equivalent to α
−1
J,I (AJ(x)) being contained in the supersingular locus, or in other words to

WJxWJ ∩Adm(µ)⊆
[g/2]⋃
c=0

W{c,g−c}τ,

since we know that in the Iwahori case supersingular is the same as superspecial. Then the

theorem says that there exists c ∈ J such that WJxWJ ∩Adm(µ) is contained in W{c,g−c}τ . It

seems hard to prove this statement combinatorially, because it is difficult to understand the

intersections of double cosets WJxWJ with the admissible set.

3.4. An open question

It is an open question, what the dimension of the supersingular locus in moduli spaces

with a parahoric level structure is. For general g we only know this for J = {0}, or = {g}, by

the work of Li and Oort [48], or as a consequence of the purity of the Newton stratification

shown by de Jong and Oort. For J = I and g even we know it by by [25] (there also bounds are

given for odd g). We expect that for J 6= {0},{g} the supersingular locus is usually not equi-

dimensional. The lower bound on the dimension obtained from Kottwitz-Rapoport strata in

the supersingular locus cannot be sharp in the general parahoric case.
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