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CHAPTER 5

Relative position and refinement

Fix a complete discrete valuation ring O , with field of fractions L and algebraically closed

residue field k, and a reductive group G over L. In this chapter we define refinement on the

affine partial flag varieties1 XI = G(L)/KI , with KI a parahoric subgroup of type I.

The formula RefQ(P) = (P∩Q)UP that we used to define refinement in section 2.1.2

generalizes easily to parahoric subgroups. But it is not sufficient to define refinement for

elements of XI , as XI is generally not a set of parahoric subgroups (see section 5.1.8). Instead

we use the characterization in lemma 2.1.4 to define the refinement.

First we construct a relative position map

inv(−,−) : XI×XJ → IW̃ J . (5.0.1)

whose fibers are the G(L)-orbits of in XI×XJ . Here IW̃ J is the set of (I,J)-reduced elements

in the affine Weyl group W̃ . Then we prove the following theorem.

Theorem 5.0.2. For x in XI and y in XJ with inv(x,y) = w there is a unique element Refy(x)

in XI∩wJ such that

1. Refy(x) maps to x under the natural map XI∩wJ → XI and

2. inv(Refy(x),y) = inv(x,y).

Definition 5.0.3. We call Refy(x) the refinement of x by y.

Note that if I∩wJ = I, then Refy(x) = x, because the map in 1 is the identity. The reader

may like to read this chapter, containing the theory, and the next chapter, containing examples,

in parallel.

5.1. Relative position

In this section we construct the relative position map in (5.0.1). But first we review the

theory of parahoric subgroups and the extended affine Weyl group.

1XI is not really a variety, see remark 5.1.9.
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5.1.1. Parahoric subgroups. We follow the conventions in [27]. Let B be the Bruhat-

Tits building of the adjoint group of G over L. The group G(L) acts on B. Given a subset

F of B we write Fix(F) for the subgroup of G(L) that fixes F pointwise. Let κG : G(L)→
X∗(Ẑ(G)I) be the Kottwitz homomorphism (see [45], here I is the inertia subgroup).

Definition 5.1.1. A parahoric subgroup is a subgroup of the form

KF = Fix(F)∩ker(κG)

for any facet F in B. An Iwahori subgroup is the parahoric subgroup attached to an alcove.

5.1.2. Weyl groups. We now attach to G three canonical objects: the Weyl group W ,

the extended Weyl group W̃ , and a set of simple reflections ∆̃⊂ W̃ .

Let S be the set of pairs (T,F) with T a maximal split torus and F an alcove in the

apartment of T . Let IF be the Iwahori subgroup attached to F . If N(T ) = {g ∈ G |gT g−1 =

T} is the normalizer of T , then the Weyl group and extended Weyl group of a pair (T,F) are

respectively

W (T,F) = N(T )(L)/T (L) and W̃ (T,F) = N(T )(L)/(T (L)∩IF).

The extended Weyl group acts on the apartment of T . The reflections in the walls of the

alcove F give a set of simple reflections ∆̃(T,F)⊂ W̃ (T,F), which we can identify with the

vertex set of the extended Dynkin diagram of G (see [69] 1.8). To show that these three

objects are independent of the choice of (T,F), we use the following lemma.

Lemma 5.1.2. The kernel G(L)1 of the Kottwitz homomorphism acts transitively on S and

the stabilizer of (T,F) in G(L)1 is T (L)∩IF .

Proof. Let G′→ G be the universal cover of the derived group. Then the set S is the same

for G′. But G′(L)1 = G′(L) acts transitively on S . Because the Kottwitz homomorphism

is functorial with respect to group homomorphisms (see [45]), we have a homomorphism

G′(L)1→G(L)1. So G(L)1 also acts transitively on S . The stabilizer of (T,F) is N(T )(L)∩
IF . But by [27] lemma 5 and 6 we have N(T )(L)∩IF = T (L)∩IF .

So given two couples (T,F) and (T ′,F ′) in S there is an element g of G(L)1 that maps

the first to the second. Conjugation by g gives an isomorphism W̃ (T,F)
∼→ W̃ (T ′,F ′), which

by the lemma is independent of the choice of g. Indeed, if g′ also maps (T,F) to (T ′,F ′),

then g−1g′ stabilizes (T,F) and so is in T (L)∩IF . So conjugation by g−1g′ is the identity
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on W̃ (T,F). Hence, we get a canonical isomorphism W̃ (T,F)→ W̃ (T ′,F ′). Together with

these canonical isomorphisms the W̃ (T,F) form a projective system. Similarly, we can define

canonical isomorphisms W (T,F)
∼→W (T ′,F ′) and ∆̃(T,F)

∼→ ∆̃(T ′,F ′).

Definition 5.1.3. The extended affine Weyl group W̃ is the projective limit of the W̃ (T,F)

(for the above isomorphisms). The Weyl group W is the projective limit of the W (T,F). The

set of simple reflections ∆̃ is the projective limit of the ∆̃(T,F).

The extended Weyl group comes with two exact sequences. First, the natural surjection

W̃ (T,F)→W (T,F) has kernel T (L)/(T (L)∩IF). This kernel is isomorphic to X∗(T ) via

the pairing T (L)×X∗(T )→ Z that sends (t,χ) to ord(χ(t)). So we get an exact sequence

0→ X∗→ W̃ →W → 1. (5.1.4)

where X∗ is the projective limit of the X∗(T ) over S . (A special vertex gives a splitting of

this sequence, see [27] proposition 13).

Second, look at the affine Weyl group, the subgroup W̃
∆̃

of W̃ generated by ∆̃. It is normal

in W̃ . The quotient W̃/W̃
∆̃

is isomorphic to the I-coinvariants of the algebraic fundamental

group π1(G), the quotient of X∗ by the co-root lattice. So we get an exact sequence

1→ W̃
∆̃
→ W̃ π→ π1(G)I→ 1. (5.1.5)

Let Ω ⊂ W̃ be the projective limit of the Ω(T,F) = {ω ∈ W̃ (T,F) |ω(F) = F}. Then

π : W̃ → π1(G) induces an isomorphism Ω
∼→ π1(G). So the second sequence (5.1.5) splits

canonically: W̃ = W̃
∆̃
oΩ. Elements of Ω(T,F) permute the walls of F and hence the reflec-

tions ∆̃(T,F) in those walls. In the limit Ω acts on W̃
∆̃

by permuting its generators ∆̃.

5.1.3. The length function and the Bruhat order. The pair (W̃ , ∆̃) is not in general a

Coxeter system, but the pair (W̃
∆̃
, ∆̃) is. We use the decomposition W̃ = W̃

∆̃
oΩ to make W̃

behave like a Coxeter group. For instance, we extend the length function on W̃
∆̃

to W̃ by

l(wω) = l(w) for w ∈ W̃
∆̃

and ω ∈Ω.

By definition Ω becomes the set of length 0 elements.

Lemma 5.1.6. Fix an alcove F. For any w in W̃ the length l(w) is equal to the number of

walls between F and w(F).
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Proof. The first statement holds for elements in the affine Weyl group by proposition 4.4(c)

in [39]. Because Ω fixes F , it holds for all elements of W̃ .

A reduced expression for an element w in W̃ is a sequence s1, . . . ,sr in ∆̃ and an ω in Ω

such that w = s1 . . .srω and l(w) = r. We extend the Bruhat order to W̃ = W̃
∆̃
oΩ by

uω ≤ u′ω ′ ⇔ u≤ u′ and ω = ω
′,

for u,u′ in W̃
∆̃

and ω,ω ′ in Ω. If w = s1, . . . ,srω is a reduced expression for w in ∆̃, then

w′ ≤ w if and only if w′ = si1 . . .simω for some 1≤ i1 < · · ·< im ≤ r (see [39] 5.10).

5.1.4. Affine partial flag varieties. We now define affine partial flag varieties, the main

objects in this chapter.

Definition 5.1.7. We write W̃I for the subgroup generated by I ⊂ ∆̃. A type is a subset I of ∆̃

such that W̃I is finite.

Fix (T,F) ∈S as in section 5.1.2. Then I becomes a set of reflections in the walls of F

under the canonical isomorphism ∆̃∼= ∆̃(T,F). Let FI be the maximal facet of F fixed by all

elements in I. We say that a parahoric subgroup is of type I if it is of the form KFI for some

F . When (T,F) is fixed, we usually write KI for KFI .

Note that K/0 is the Iwahori subgroup attached to F . For any I we have KI =K/0W̃I(T,F)K/0.

In particular, KI contains K/0. The map that sends I to KI is a bijection from the set of types

to the set of parahoric subgroups containing K/0.

Let XI(T,F) be the quotient G(L)/KFI . If (T ′,F ′) is another couple, then a g in G(L)1

that maps (T,F) to (T ′,F ′), defines a bijection

XI(T,F)
∼→ XI(T ′,F ′), hKFI 7→ hg−1KF ′I

,

and by lemma 5.1.2 this bijection is independent of the choice g. So the XI(T,F) form a

projective system.

For I ⊂ J the inclusion KFI ⊂KFJ gives a surjective map αI,J(T,F) : XI(T,F)→ XJ(T,F),

which commutes with the isomorphisms in the projective system.

Definition 5.1.8. The affine partial flag variety XI is the projective limit of the XI(T,F). The

forgetful map αI,J : XI → XJ is the projective limit of the αI,J(T,F).
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Remark 5.1.9. Affine partial flag varieties are not really varieties, but simply sets. They can

be made into ind-varieties if O is the ring of powers series k[[t]]. In that case the name ‘affine

flag varieties’ is common. So we also use it here.

Because the left G(L)-action on each XI(T,F) commutes with the isomorphisms in the

projective system, we get a left G(L)-action on XI . The stabilizer in G(L) of a point is a

parahoric subgroup. However, it is not necessarily of type I. For instance, fix (T,F) in S

and let ω̇ be a lift of ω ∈ Ω to N(T )(L). Then the stabilizer of ω̇KI is ω̇KIω̇
−1 = Kω(I),

which is of type ω(I). Also, the map from XI to the set of parahoric subgroups, which sends

a point to its stabilizer, is generally not injective, see corollary 5.1.21 below.

We say that x′ in XJ refines x in XI if αJ,I(x′) = x. (In chapter 6 we will see that for

classical groups we can interpret x′ and x as lattice chains and then ‘refines’ means what you

expect.)

5.1.5. Relative position. The group G(L) acts diagonally on XI × XJ . Let us deter-

mine the orbits of this action. First we get a bijection from G(L)\(XI(T,F)× XJ(T,F))

to KFI\G(L)/KFJ by sending (gKFI ,hKFJ ) to KFI g
−1hKFJ . Then we get a bijection from

W̃I\W̃ (T,F)/W̃J to KFI\G(L)/KFJ by sending W̃IwW̃J to KFI ẇKFJ for any lift ẇ of w to N(T )

by [27] proposition 8. Combining these two bijections and taking the the projective limit we

get a natural bijection G(L)\(XI×XJ)∼= W̃I\W̃/W̃J .

Definition 5.1.10. The relative position map is the quotient map

inv(−,−) : XI×XJ → W̃I\W̃/W̃J .

We call inv(x,y)∈ W̃I\W̃/W̃J the relative position of x and y, or say that x has relative position

inv(x,y) to y.

An important property of the relative position map is the following.

Lemma 5.1.11. Suppose that x,y and z are all in X/0, and write u = inv(x,y) ∈ W̃ and v =

inv(y,z) ∈ W̃ . If l(uv) = l(u)+ l(v), then inv(x,z) = inv(x,y)inv(y,z).

Proof. Let us fix (T,F) ∈S and write K/0 for the Iwahori subgroup attached to F . Then we

can identify X/0 with G(L)/K/0 and write x = gK/0 and y = hK/0. Now inv(x,y) = u if and only

if g−1h is in K/0u̇K/0 (with u̇ any lift of u to N(T )).

So we need to show that K/0u̇K/0v̇K/0 = K/0u̇v̇K/0 if l(uv) = l(u)+ l(v). If u and v are in

the affine Weyl group this follows from [10] chapter IV, paragraph 2.4, corollary 1. Because

ω̇K/0 = K/0ω̇ for ω ∈Ω, the general case follows from the decomposition W̃ = W̃
∆̃
oΩ.
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The relative position map behaves naturally with respect to the forgetful maps: for any

I′ ⊂ I and J′ ⊂ J the diagram

XI′ ×XJ′
inv //

αI′,I×αJ′,J

��

W̃I′\W̃/W̃J′

��

XI×XJ
inv // W̃I\W̃/W̃J

(5.1.12)

commutes, where the right-hand vertical map simply sends W̃I′wW̃J′ to W̃IwW̃J .

5.1.6. Reduced representatives of double cosets. Instead of giving the relative po-

sition as a double coset, we usually give a special representative of the coset: the unique

element of minimal length. Such representatives are called reduced.

Definition 5.1.13. An element w in W̃ is (I,J)-reduced if l(sw) > l(w) for all s ∈ I and

l(wt) > l(w) for all t ∈ J. We denote the set of (I,J)-reduced elements with IW̃ J and write
IW̃ = IW̃ /0 and W̃ J = /0W̃ J .

Note that IW̃ J = IW̃ ∩W̃ J and that w 7→w−1 gives a bijection from IW̃ to W̃ I . Also, under

the decomposition W̃ = W̃
∆̃
oΩ we have

IW̃ J = {(w,ω) ∈ W̃
∆̃
oΩ |w is (I,ω J)-reduced}, (5.1.14)

since l(wωt) = l(w(ω t)ω) = l(w(ω t)) for w ∈ W̃
∆̃

and ω ∈Ω

Lemma 5.1.15. Each element w ∈ IW̃ J is the unique element of minimal length in its double

coset W̃IwW̃J . In particular, the map IW̃ J → W̃I\W̃/W̃J that sends w to W̃IwW̃J is a bijection.

Proof. Let us write w = w′ω with ω in Ω and w′ and (I,ω J)-reduced element in the affine

Weyl group. Then W̃IwW̃J = W̃Iw′W̃ω(J)ω and w′ is the unique element of minimal length in

W̃Iw′W̃ω(J) by [10] paragraph 1 exercise 3.

We can interpret IW̃ geometrically using the Bruhat-Tits building. Fix (T,F) ∈S (see

section 5.1.2). Let A be the apartment of T and Φaf the set of affine roots. For α in Φaf let sα

be the corresponding reflection, Hα the hyperplane where α is 0, and Aα the half-apartment

where α is ≥ 0. We identify ∆̃ with the basis of Φaf associated with F (see [69], 1.6 to 1.8),

so that F is the intersection of Aα for α ∈ ∆̃ and FI = F ∩ (
⋂

α∈I Hα).

Lemma 5.1.16. An element w ∈ W̃ is in IW̃ if and only if w(F) is in Aα for all α ∈ I.
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Proof. An element w in W̃
∆̃

is in IW̃ if and only if l(sα w)> l(w) for all α in I. This holds if

and only if Hα does not separate F and w(F) by [39] proposition 4.4(c), that is, if and only if

w(F) is in Aα . So we see that the lemma holds for w ∈ W̃
∆̃

. Since Ω fixes F , it holds for all

elements of W̃ = W̃
∆̃
oΩ.

From now on we always give the relative position as and (I,J)-reduced element. Then

lemma 5.1.11 generalizes from X/0 to any XI as follows.

Corollary 5.1.17. Suppose that x is in XI , y in XJ , and z in XK . Write u = inv(x,y)∈ IW̃ J and

v = inv(y,z) ∈ JW̃ K . If l(uv) = l(u)+ l(v) and uv is in IW̃ K , then inv(x,z) = inv(x,y)inv(y,z).

Proof. It follows from lemma 5.1.11 that inv(x,z) is in the double coset W̃IuvW̃K (just pick

lifts to X/0). Since uv is in IW̃ K , it is the unique reduced representative of this coset.

5.1.7. The Mackey decomposition. In view of corollary 5.1.17 it is important to know

when a product uv is in IW̃ K . For this purpose the following proposition is very helpful.

Proposition 5.1.18 (Mackey decomposition). Suppose that J′ ⊂ J. For every (I,J)-reduced

element w of W̃ and (w−1
I∩ J,J′)-reduced element u of W̃J the product wu is in IW̃ J′ . Every

element in IW̃ J′ can be uniquely written as such a product.

In a formula we have
IW̃ J′ =

⊔
w∈IW̃ J

w (w−1
I∩J)W̃ J′

J .

The proof of this proposition is the same as that of lemma 2.1.9 in [18] (using as before the

decomposition W̃ = W̃
∆̃
oΩ to compensate that W̃ is not a Coxeter group).

Because IW̃ J is a set of representatives of the double cosets W̃I\W̃/W̃J , we can write any

element w as w = uyv for y in IW̃ J , u in W̃I and v in W̃J . The element y is unique, but u and

v are usually not. But by the Mackey decomposition, they become unique if we put an extra

condition on v.

Corollary 5.1.19. Every w in W̃ has a unique expression w = uyv with y in IW̃ J , u in W̃I and

v in (w−1
I∩J)W̃J .

Proof. First w has a unique expression w = ux with u in W̃I and x in IW̃ . Second, by propo-

sition 5.1.18 x has a unique expression x = yv with y in IW̃ J and v in Adw−1I∩JW̃J .
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5.1.8. Partial flags varieties and parahoric subgroups. Using relative positions, we

can clarify the relation between points of XI and their stabilizers. Recall that Ω acts on ∆̃ (see

the explanation below equation (5.1.5)). Write Ω(J, I) = {ω ∈Ω |ω(J) = I}. Then Ω(I, I) is

the stabilizer of I in Ω.

Lemma 5.1.20. Two points x ∈ XI and y ∈ XJ have the same stabilizer in G(L) if and only if

inv(x,y) is in Ω(J, I).

Proof. Let us write inv(x,y) = wω for ω ∈Ω and w in IW ω(J)
∆̃

. We may fix (T,F) ∈S and

assume that x = KI (in XI(T,F) = G(L)/KI) and y = ẇω̇KJ , where ẇ and ω̇ are lifts of w and

ω to N(T ). The stabilizer of x is KI and the stabilizer of y is

ẇω̇KJω̇
−1ẇ−1 = ẇKω(J)ẇ

−1.

Also w gives the relative position of the stabilizers. So the stabilizers are equal if and only if

ω(J) = I and w = 1.

Corollary 5.1.21. The fibers of the map π : XI →{parahoric subgroups}, sending a point to

its stabilizer in G(L), are torsors under the group Ω(I, I).

Proof. If inv(x,y) and inv(y,z) are both in Ω, then inv(x,z) = inv(x,y)inv(y,z) by corollary

5.1.17, since elements in Ω have length 0. So if inv(x,y) = inv(x,y′), then inv(y,y′) = 1 and

y= y′. Hence, for all ω in Ω and x in XI , there is a unique element ω(x) with inv(x,ω(x))=ω .

In this way Ω acts freely and (by lemma 5.1.20) transitively on the fibers of π .

5.2. Refinement

In the second part of this chapter we prove theorem 5.0.2 and look at its consequences.

5.2.1. Construction of the refinement. For w∈ IW̃ J let OI,J(w)⊂ XI×XJ be the set of

all pairs (x,y) with inv(x,y) = w. By the construction of the relative position map in section

5.1.5 OI,J(w) is a G(L)-orbit.

For w in W̃ and J ⊂ ∆̃ we write wJ = wJw−1 (a subset of W̃ , but not necessarily of ∆̃).

Theorem 5.0.2 follows immediately from the following proposition.

Proposition 5.2.1. For w in IW̃ J the forgetful map

αI∩wJ,I× Id : XI∩wJ×XJ → XI×XJ

induces an bijection OI∩wJ,J(w)
∼→OI,J(w).
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Proof. Fix (T,F) in S . We need to work in the Bruhat-Tits building of G. We use the

notation before lemma 5.1.16. Lift w to an element ẇ in the normalizer of T . To prove the

proposition, it suffices to show that

αI∩wJ,I× Id : XI∩wJ(T,F)×XJ(T,F)→ XI(T,F)×XJ(T,F)

gives a bijection from the G(L)-orbit of (KI∩wJ , ẇKJ) to that of (KI , ẇKJ).

Because this map is G(L)-equivariant, it suffices to show that both points have the same

stabilizer. The stabilizer of (KI∩wJ , ẇKJ) is KI∩wJ∩ ẇKJ and that of (KI , ẇKJ) is KI∩ ẇKJ with
ẇKJ = ẇKJẇ−1. So it suffices to show that KI ∩ ẇKJ ⊆ KI∩ẇJ .

The hull of a subset S of A is the intersection of Aα for all α that are ≥ 0 on S. This is a

convex union of facets. The subgroup that fixes a set point-wise is equal to the subgroup that

fixes its hull pointwise by [69] 3.1.1. To prove that KI ∩ ẇKJ ⊂ KI∩wJ it suffices to show that

FI∩wJ is in the hull of FI and ẇ(FJ). So the proposition follows from the following lemma.

Lemma 5.2.2. FI∩wJ is a facet of maximal dimension in the hull of FI and ẇFJ .

Proof. We need to show that any affine root α that is ≥ 0 on FI and ẇ(FJ), is also ≥ 0 on

FI∩wJ . There are three possibilities for the vector part v(α) of α:

1. There is no β ∈ I with v(α) = ±v(β ). Then in the direction of v(α) the facets FI and

FI∩wJ look the same and α is ≥ 0 on FI if and only if it is ≥ 0 on FI∩wJ .

2. There is a β ∈ I ∩ wJ with v(α) = ±v(β ). Then again the facets look the same in the

v(α)-direction.

3. There is a β ∈ I with v(α) = ±v(β ), but β is not in wJ. Now we have β (FI) = {0}
while β (FI∩wJ) is the interval [0,1]. If v(α) = v(β ) we again see that α is ≥ 0 in FI if

and only if it is ≥ 0 on FI∩wJ . If v(α) =−v(β ), we claim that ẇ(FJ) contains a point x

with β (x)> 0, i.e. a point in Aβ that is not in Hβ . Since β is in I we know that ẇ(FJ)

is contained in Aβ (see lemma 5.1.16). Suppose it is fully contained in Hβ . Then FJ is

contained in w−1(β ). So w−1(β ) is in J and β is in wJ, which is a contradiction to our

assumptions. Since α is ≥ 0 on ẇ(FJ), the half-apartment Aα contains x and hence it

must contain FI∩wJ , otherwise Hα would intersect the interior of this facet.

This proves that FI∩wJ is a facet of the hull of FI and ẇ(FJ). It has maximal dimension,

because the hull is contained in the intersection of the Hα for α in I∩wJ. Indeed, clearly FI

is in this intersection. If α is in wJ, then w−1(α) is in J, so FJ is in Hw−1(α) and ẇ(FJ) is in

Hα . So ẇ(FJ) is also in the intersection.
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5.2.2. Refinement and the Mackey decomposition. Refinement can be useful to mea-

sure relative positions.

Proposition 5.2.3. If J′ ⊂ J and y′ in XJ′ refines y in XJ , then for any x ∈ XI

inv(x,y′) = inv(x,y) inv(Refx(y),y′).

Proof. Put u = inv(x,Refx(y)) = inv(x,y) in IW̃ J and v = inv(Refx(y),y′). Because Refx(y)

and y′ both refine y, the element v is in W̃J . So l(uv) = l(u)+ l(v). Because Refx(y) has

type J′′ = u−1
I∩ J, the element v is in J′′W̃ J′ and uv is in IW̃ J′ by the Mackey decomposition

(proposition 5.1.18). So

inv(x,y′) = inv(x,Refx(y)) inv(Refx(y),y′) = inv(x,y) inv(Refx(y),y′)

by corollary 5.1.17 and the definition of the refinement.

By the symmetry inv(x,y) = inv(y,x)−1 we also get inv(x′,y) = inv(x′,Refy(x))inv(x,y)

for any x′ refining x.

5.2.3. Refinement of parahoric subgroups. To generalize the definition of refinement

from parabolic to parahoric subgroups, we need the analogue of the unipotent radical. A para-

horic subgroup K gives a natural group scheme G over O with generic fiber G and G (O) = K

(see [69] 3.4.1). The homomorphism K = G (O)→ G (k) allows us to pull back the unipotent

radical of the special fiber G (k) to K. We call this pull-back the unipotent radical of K and

denote it with UK . Define the refinement of a parahoric K by K′ as

RefK′(K) = (K∩K′)UK ⊂ K.

The following lemma shows this definition is compatible with definition 5.0.3 and really gives

a parahoric subgroup.

Lemma 5.2.4. If K and K′ are the stabilizers of x in XI and x′ in XI′ respectively, and w =

inv(x,x′), then RefK′(K) is the stabilizer of Refx′(x) in XI∩wI′ .

Proof. Fix (T,F) in S and identify XI with G(L)/KI . Lift w to an element ẇ in the normal-

izer of T . Because RefgK′(
gK) = gRefK′(K) and Refgy(gx) = gRefy(x), it suffices to consider

the case that x = KI and x′ = ẇKJ . Then we need to show that RefẇKI
(KJ) = (KI ∩ ẇKJ)UKI

is equal to KI∩wJ . Because KI∩wJ contains UKI , it suffices to show that the image of KI ∩ ẇKJ

modulo UKI is equal to KI∩wJ/UKI .
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The quotient KI∩wJ/UKI is the standard parabolic subgroup of KI/UKI of type I∩wJ con-

taining the Borel subgroup K/0/UKI . We can write it as a product of the standard Levi L of

type I ∩ wJ (containing the reduction the torus T ) and its unipotent radical N. First look at

the Levi L. By lemma 5.2.2 FI is a facet of maximal dimension in the hull of FI and w(FJ).

The group KI ∩ ẇKJ is the intersection of ker(κG) with the group that fixes this hull pointwise

(see definition 5.1.1). So by [69] 3.5 the inclusion KI ∩ ẇKJ→KI∩wJ induces an isomorphism

between the Levi’s of the special fibers of the corresponding groups schemes. In particular, L

is in the image of KI ∩ ẇKJ .

Now look at the unipotent radical N. It is generated by unipotent subgroups Ua corre-

sponding to a in a subset of the set of positive roots Φ
+
I of KI/UKI (for the maximal torus and

Borel subgroup above). Take a in Φ
+
I and let α be the unique affine root with vector part a

that is 0 on FI . Then Ua is the image of the subgroup Xα of G(L), see [69] 3.5.1. Since Xα

fixes the half-apartment Aα , which contains FI and w(FJ), it is contained in KI ∩ ẇKJ . So Ua

is in the image of KI ∩ ẇKJ .

Lemma 5.2.5. Suppose K1 and K2 are parahoric subgroups. If K′1 = RefK2(K1) and K′2 =

RefK1(K2), then the natural maps

K′1/UK′1
← (K1∩K2)/(UK1∩K2)→ K′2/UK′2

. (5.2.6)

are isomorphisms.

Here we define UK′1∩K′2
in the same way as UK (although K′1∩K′2 is usually not parahoric).

Proof. We may assume that K1 is the stabilizer of an x in XI and that K2 is the stabilizer of an

y in XJ . Put w = inv(x,y). Pick a pair (T,F) in S and lift w to ẇ in the normalizer of T .

We first look at the case that K1 = KI and K2 =
ẇKJ . Then K′1 = KI∩wJ is the parahoric

subgroup attached to the facet FI∩wJ (see definition 5.1.1), which by lemma 5.2.2 is a facet

of maximal dimension in the hull of FI and ẇ(FJ). The intersection of the group that fixes

this hull with ker(κG) is KI ∩ ẇKJ . So by [69] 3.5, the inclusion KI ∩ ẇKJ → K′1 induces an

isomorphism on Levi subgroups of the reduction mod p. Hence, KI∩ ẇKJ/UKI∩ẇKJ
→K′1/UK′1

is an isomorphism.

Generally we can write K1 =
gKI and K2 =

gẇKJ for some g in G(L). It follows that the

map (K′1 ∩K′2)/(UK′1∩K′2
)→ K′1/UK′1

is an isomorphism, since this is the conjugate by g of

the corresponding map for KI . The map to K′2/UK′2
is also an isomorphism, because we can

switch K1 and K2.
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5.2.4. Good position. In some cases refinement does not change an element.

Lemma 5.2.7. Suppose x is in XI and y is in XJ . Let K be the stabilizer of x and K′ the

stabilizer of y and put w = inv(x,y). Then the following are equivalent:

1. Refy(x) = x and Refx(y) = y.

2. RefK′(K) = K and RefK(K′) = K′.

3. I = wJ.

4. The natural maps K/UK ← (K∩K′)/(UK∩K′)→ K′/UK′ are isomorphisms.

Proof. By lemma 5.2.4 property 1 implies property 2. Conversely, if RefK′(K) = K, then

Refy(x) has the same stabilizer as x. Because it refines x, we must have Refy(x) = x. So

property 2 also implies property 1.

From theorem 5.0.2 it is clear that Refy(x) = x if and only if I∩wJ = I, that is if and only

if I ⊂ wJ. Similarly, y = Refx(y) if and only if J ⊂ w−1
I. So 1 and 3 are equivalent.

Finally let us show that 2 and 4 are equivalent. If 2 holds then, then maps in 4 are

isomorphisms by lemma 5.2.5. Conversely, if the maps in 4 are isomorphisms, then they

certainly are surjective. So the image (K∩K′)UK/UK of the map for K is equal to K/UK , and

RefK′(K) = (K∩K′)UK = K. The same holds for K′. So 2 holds.

Definition 5.2.8. Two points x and y are in good position if they satisfy the conditions in

lemma 5.2.7.

Two parabolic subgroups are in good position P and Q when they contain a common

Levi subgroup (see [52] 2.8). This is equivalent to RefQ(P) = P and RefP(Q) = Q, so our

notion of ‘good position’ is a natural generalization. When two parabolic subgroups are in

good position, their maximal reductive quotients are both isomorphic to the common Levi

subgroup and hence to each other. This generalizes to parahoric subgroups by property 4.

Corollary 5.2.9. If K and K′ are in good position, then the map K′′ 7→ RefK′′(K′) gives a

bijection between the sets of parahoric subgroups contained in K and in K′.

Proof. The map that sends K′′ ⊂ K to K′′/UK , is a bijection from parahoric subgroups in

K to parabolic subgroups in K/UK . The isomorphism in lemma 5.2.7 gives a bijection from

parabolics in K/UK to parabolics in K′/UK′ . It sends K′′ to (K′′∩K′)/UK′ , which corresponds

to the parahoric RefK′′(K′) = (K′′∩K′)UK′ in K′.
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