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CHAPTER 6

Examples of refinement

In this chapter we illustrate the theory in chapter 5 for two concrete groups: the general linear

group and the group of symplectic similitudes.

6.1. The general linear group

We first consider the general linear group. Let O be a complete discrete valuation ring

and let L be its field of fractions. Let V be the vector space Ln with standard basis e1, . . . ,en.

We look at the group G = GL(V).

6.1.1. Weyl groups. It is well known that the we can identify the Weyl group W of G

with the symmetric group Sn. We can identify its extended Weyl group W̃ with the group

of permutations w : Z→ Z that satisfy w(i+ n) = w(i)+ n for all i (see [6] section 8.3) as

follows. Extend the standard basis e1, . . . ,en to a set {ei}i∈Z in V by requiring that ei+n =

π−1ei for all i, where π is a uniformizer of O . An element w of W̃ gives a permutation

of the ei by w(ei) = ew(i), which extends uniquely to an L-linear automorphism of V (since

w(πei) = ew(i−n) = ew(i)−n = πei). In this way we get an embedding ι : W̃ → G(L). The

image of ι is contained in the normalizer of the standard diagonal torus, and ι identifies W̃

with the extended affine Weyl group attached to this torus.

The extended Dynkin diagram of G is Ãn−1. Its vertex set is ∆̃ = Z/nZ = {0, . . . ,n−1}
with edges only between i and i+1. The simple reflection si attached to i in ∆̃ switches j and

j+1 whenever j ≡ i(mod n) and fixes all other elements.

In the exact sequence (5.1.4) the homomorphism W̃ →W sends a permutation in W̃ to the

induced permutation of Z/nZ. The homomorphism Zn = X∗→ W̃ sends (m1, . . . ,mn) to the

permutation i 7→ i+nmi(mod n). In the exact sequence (5.1.5) the algebraic fundamental group

is Z, and π : W̃ → π1(G) sends w to (∑n
i=1 w(i)−∑

n
i=1 i)/n. By [66] chapter 4 the kernel of

π is indeed the affine Weyl group. The subgroup Ω ∼= Z in W̃ consists of the translations

τk : i 7→ i+ k for k ∈ Z.

By [5], proposition 4.1 (ii) the length of a permutation w in W̃ is

l(w) = #{(i, j) |0≤ i < n, j > i and w( j)< w(i)}. (6.1.1)
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6.1.2. Parahorics and partial flag varieties. For the general linear group the affine

partial flag varieties XI parametrize marked lattice chains in V. A lattice chain is a set C of

O-lattices in V that is totally ordered by inclusion (that is, for every C,C′ ∈ C either C ⊆C′

or C′ ⊆C) and closed under multiplication by L∗ (that is, if C is in C , then so is λC for all

λ ∈ L∗). If π is a uniformizer of O , then C is closed under multiplication by L∗ if and only if

π±1C is in C for all C in C .

As in section 6.1.1 extend the basis to a set {ei}i∈Z. Let Λi be the lattice generated by em

for m≤ i. The standard lattice chain LI of type I ( ∆ is the set of all Λi such that i(modn) is

not in I. For C in a lattice chain C we write n(C) for the next lattice in the chain, the unique

lattice n(C) ⊂C such that there are no lattices in between, and we put grC =C/n(C). Since

n(C) contains πC, the O-module grC is a finite dimensional k-vector space. A marked lattice

chain of type I is a lattice chain C with an order-preserving bijection LI → C : Λ 7→CΛ, the

marking, such that grΛ has the same dimension as grCΛ
. We denote it by (CΛ)Λ∈LI .

The group G(L) acts transitively on the set of lattice chains of type I by g(CΛ)Λ∈LI =

(g(CΛ))Λ∈LI . The stabilizer of a marked lattice chain is a parahoric subgroup. The stabilizer

KI of LI has type I. So by sending gKI to g(LI), we we can identify XI ∼= G(L)/KI with the

set of marked lattice chains of type I.

6.1.3. Relative position and reduced representatives. Equation (6.1.1) implies that

l(siw)> l(w) if and only if w−1(i)< w−1(i+1) (compare with [66] lemma 4.2.3). So

IW̃ J = {w ∈ W̃ |w−1(i)< w−1(i+1) for all i in I and w( j)< w( j+1) for all j in J}.

Remember that in 6.1.1 we constructed an embedding W̃ → G(L). The marked lattice

chains LI and w(LJ) are in relative position w in IW̃ J . So for any C in XI and D in XJ , we

have inv(C ,D) = w if and only if (C ,D) is in the same G(L)-orbit as (LI ,w(LJ)), that is if

and only if if there is a g in G(L) with C = g(LI) and D = g(w(LJ)). If C and D are both

in X/0, then inv(C ,D) = w if and only if grDi
(grCw(i)

) 6= 0 (compare with [13] 2.1 (d)).

6.1.4. Refinement. Given marked lattice chains C in XI and D in XJ define a filtration

FilD(grC) = (C∩D)/n(C)⊂C/n(C) = grC

for C ∈ C and D ∈ D . If we pull this filtration back via C → grC, we get a lattice chain

RefD (C ) refining C . Concretely, RefD (C ) consists of (C ∩D) + n(C) for all C ∈ C and

D ∈D . The marking of C extends uniquely to a marking of RefD (C ).
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Lemma 6.1.2. The marked lattice chain RefD (C ) is the refinement of C by D , that is

RefD (C ) is in XI∩wJ , it refines C and inv(RefD (C ),D) = inv(C ,D).

Proof. Let us first show that for w in IW̃ J we have Refw(LJ)(LI) = LI∩wJ . Fix Λi in LI and

Λ j in LJ . To avoid confusion, let us write grLI
i for the graded module grΛi

and Filw(LJ)
j (grLI

i )

for FilΛ j(grΛi
). Then grLI

i is generated by the images of en(i)+1,en(i)+2, . . . ,ei with n(i) the

largest integer smaller than i that is not in I modulo n. Because w(Λ j) is generated by

w(em′) = ew(m′) for m′ ≤ j, we see that em is in w(Λ j) if and only if w−1(m) ≤ j. The

permutation w−1 is increasing on {n(i)+ 1, . . . , i}, because w is in IW̃ (see section 6.1.3).

So, if m is the largest element of {n(i)+ 1, . . . , i} with w−1(m) ≤ j, then Filw(LJ)
j (grLI

i ) is

generated by en(i)+1, . . . ,em. So it is equal to Λm/Λn(i), and Refw(LJ)(LI) = LI′ for some I′.

To show that I′ = I∩wJ we need to prove that Λm is not in Refw(LJ)(LI) if and only if m

is in I∩wJ. Now it becomes important to see ∆̃ = Z/nZ as a subset of W̃ and identify m with

the simple reflection sm. Suppose sm is in I ∩ wJ. Then w−1smw is in J. Because w−1smw

switches the elements w−1(m) < w−1(m+ 1), we have w−1smw = sw−1(m) with w−1(m) in

J (modulo n). So w−1(m) ≤ j implies that w−1(m+ 1) ≤ j for any j not in J (modulo n),

and Λm is not in Refw(LJ)(LI). Conversely, suppose that Λm does not occur. Then all j

with w−1(m)≤ j < w−1(m+1) are in J. In particular w−1(m) is in J. The permutation w is

increasing on {w−1(m), . . . ,w−1(m+1)}, because w is in W̃ J . It sends the endpoints of this

interval to m and m+1. So w−1(m+1) = w−1(m)+1, and w−1smw = sw−1(m) in J.

Now look at any C in XI and D in XJ with inv(C ,D) = w. Then there is a g in G(L)

with C = g(LI) and D = g(w(LI)). One easily checks that RefD (C ) = gRefw(LJ)(LI) =

g(LI∩wJ). So RefD (C ) has type I∩wJ, it refines C by construction, and inv(RefD (C ),D) =

w (see section 6.1.3).

Let us explain the meaning of lemma 5.2.5 in this situation. Let K1 be the stabilizer of C

in XI and and K2 the stabilizer of D in XJ . Multiplication by λ in L∗ induces an isomorphism

grΛ

∼→ grλΛ. So essentially there are only finitely many graded modules grC, indexed by the

quotient L∗\C . The quotient K1/UK1 is the automorphism group ∏C∈L∗\C GLk(grC) of these

graded modules. Like in the lemma 5.2.5 put K′1 = RefK2(K1) and K′2 = RefK1(K2), so that K′1
is the automorphism group of the grD(grC) = (FilD/Filn(D))(grC) and K′2 that of the grc(grD).

By the Zassenhaus butterfly lemma the natural maps

grD(grC)
∼← C∩D

C∩n(D)+n(C)∩D
∼→ grC(grD). (6.1.3)

are isomorphisms. These isomorphisms give the isomorphism K1 ∼= K2 in lemma 5.2.5.
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6.1.5. Good position. Suppose C is in XI , and D is in XJ . In the construction in section

6.1.4 we have RefD (C ) = C if and only if for every C in C there is a (unique) π(C) in D

such that Filπ(C)(grC) = grC and Filn(π(C))(grC) = 0 (in other words grπ(C)(grC) = grC and

grD(grC) = 0 for all D 6= π(C)). So C and D are in good position if and only if for each C

there is a unique π(C) in D with grπ(C)(grC) 6= 0 and for each D ∈D there is a unique π ′(D)

in C with grπ ′(D)(grD) 6= 0. But (6.1.3) gives us an isomorphism

grC = grπ(C)(grC)
∼= grC(grπ(C)).

As grC 6= 0, we have π ′(π(C)) = C. So π ′ is the inverse of π and we get an isomorphism

grC
∼= grπ(C). If K is the stabilizer of C and K′ that of D , then these isomorphisms give the

isomorphism K/UK = ∏C∈C /L∗GL(grC)
∼= ∏D∈D/L∗GL(grD) = K′/UK′ from lemma 5.2.7

6.2. The group of symplectic similitudes

Now we look at the group of symplectic similitudes. Let O and L be as before. Let V
be a 2g-dimensional vector space over L with basis e1, . . . ,e2g and define a symplectic form

on V by 〈ei,e2g+1− j〉 = δi j for 1 ≤ i ≤ g and 1 ≤ j ≤ 2g. Let G = GSp(V) be the group of

symplectic similitudes, the subgroup of GL(V) of linear transformations that preserve 〈,〉 up

to a constant. So for every L-algebra R, we have

G(R) =

{
g ∈ GLR(R⊗L V) there is a c(g) ∈ R∗ with

〈gv,gw〉= c(g)〈v,w〉 for all v,w ∈ V

}
.

6.2.1. Weyl groups. Let T ′ be the standard diagonal maximal torus in GL(V). Then

T = G∩T ′ is a maximal torus of G. The inclusion T ⊂ T ′ induces injective maps from the

Weyl group and cocharacter group of G to those of GL(V). Relative to the combinatorial

descriptions in section 6.1.1 we have

W = {w ∈ S2g |w(2g+1− i) = 2g+1−w(i)},

X∗ = {(mi) ∈ Z2g |m1 +m2g = m2 +m2g−1 = · · ·= mg +mg+1}.

The inclusion T ⊂ T ′ also embeds the extended affine Weyl group W̃ of G in that of

GL(V). In this way we can identify W̃ with the set of permutations w of Z such that w(i+

2g) = w(i)+2g and there is a c(w) ∈ Z with w(2g+1− i) = 2g+1−w(i)+2gc(w) for all i

in Z (see [6] section 8.4).
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Let us explain this second condition. If we extend the basis e1, . . . ,e2g to a set {ei}i∈Z

by demanding that ei−2g = πei with π (as in section 6.1.1), then a w satisfying w(i+ 2g) =

w(i)+2g defines a linear map by ei 7→ ±ew(i) (for some consistent choice of signs). The sec-

ond condition ensures that this map respects the symplectic form up to the constant ±πc(w).

Indeed,

〈ew(i),ew(2g+1− j)〉= 〈ew(i),e2g+1−w( j)+2gc(w)〉= π
c(w)〈ew(i),e2g+1−w( j)〉,

and we claim that 〈ew(i),e2g+1−w( j)〉=±〈ei,e2g+1− j〉. On the one hand 〈ei,e2g+1− j〉 is equal

to ±π(i− j)/(2g) if i≡ j (mod2g) and to 0 otherwise. On the other hand, if i≡ j (modn), then

w(i)−w( j) = i− j so that 〈ew(i),e2g+1−w( j)〉 is also equal to ±π(i− j)/(2g). If i 6≡ j (modn),

then w(i) 6≡ w( j)(modn) so that 〈ew(i),e2g+1−w( j)〉= 0.

The vertex set ∆̃ of extended Dynkin diagram of G is not a subset of the vertex set ∆̃′ =

Z/2gZ of GL(V), but it is the quotient by the action of {±1} by multiplication. We identify

∆̃ with {0, . . . ,g}. Let s′i be the simple reflections of GL(V) (see section 6.1.1). For j in

{1, . . . ,g−1} we have j 6≡ − j (mod2g) and the simple reflection attached to j is s j = s′js
′
− j.

For 0 and g the simple reflections are s0 = s′0 and sg = s′g.

The exact sequence (5.1.4) is simply the restriction of the sequence for GL(V) to the

Weyl groups and cocharacter group of G. In the sequence (5.1.5) π1(G) = Z and the map

W̃ → π1(G) sends w to c(w). The subgroup Ω consists of the translations τ jg : i 7→ i+ jg

for j ∈ Z (note that c(τ jg) = j). The generator τ = τ−g of Ω will play an important role in

indexing the Ekedahl-Oort stratification. (We will see that it is the superspecial Ekedahl-Oort

type.)

6.2.2. Parahorics and partial flag varieties. The dual of an O-lattice C in V is

C∨ = {v ∈ V | 〈v,c〉 ∈ O for all c ∈C}.

The symplectic form gives an isomorphism C∨ ∼→ HomO(C,O) by sending v to the homo-

morphism c 7→ 〈v,c〉. A lattice chain C is self-dual if C∨ is in C for all C ∈ C .

If we pull-back a type I for G by the quotient map ∆̃′→ ∆̃′/{±1}= ∆̃, then we get a type

I′ for GL(V). Because Λ∨i = Λ2g−i, the standard lattice chain LJ is self-dual if and only if

J = I′ for some type I ⊂ ∆̃. So every type I ⊂ ∆̃ gives a standard self-dual lattice chain LI′ .

The group G(L) acts transitively on the set of self-dual marked lattice chains of type I

by g(CΛ)Λ∈LI = (g(CΛ))Λ∈LI . The stabilizer of a chain is a parahoric subgroup, and the

stabilizer KI of LI′ has type I. So the map gKI 7→ g(LI′) identifies XI ∼= G(L)/KI with the set
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of self-dual marked lattice chains. Note that XI is naturally a subset of the partial flag variety

X ′I′ for GL(V).

6.2.3. Relative position and reduced representatives. The relative position map of G

is simply the restriction of that of GL(V). To be precise, the diagram

XI×XJ
inv //

��

W̃

��

X ′I′ ×X ′J′
inv // W̃ ′

commutes. So we can compute the relation position of two marked lattice chains in the same

way as in section 6.1.3.

6.2.4. Refinement. Suppose that C in XI and D in XJ are two self-dual marked lattice

chains in relative position w. If we forget that the chains are self-dual and see C as a chain in

X ′I′ and D as a chain in X ′J′ , then we get the refinement RefD (C ) in X ′I′∩wJ′ by the construction

in section 6.1.4. We claim that RefD (C ) is in XI∩wJ , i.e. that it is self-dual. Indeed, RefD (C )

consists of the lattices (C∩D)+n(C) for all C in C and D in D . But

((C∩D)+n(C))∨ = (C∩D)∨∩n(C)∨

= (C∨+D∨)∩n(C)∨

=C∨+(D∨∩n(C)∨),

where in the last line we use that C∨ ⊂ n(C)∨. As C and D are self-dual, this lattice is in

RefD (C ). Because the relative position map for GSp(V) is the restriction of that of GL(V),
the chain RefD (C ) is the refinement of C by D by lemma 6.1.2.
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