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CHAPTER 7

Chains of p-divisible groups

This chapter links the reductive groups in chapters 5 and 6 to the moduli spaces of abelian

varieties in chapters 11 and 12. We first define a category pDivI,d of chains of p-divisible

groups of type I. Then we classify its objects over an algebraically closed field k (of positive

characteristic p) using Dieudonné modules.

Let O be the ring of Witt-vectors of k and L the field of fractions of O . Fix an L-vector

space V. Let G = GL(V) and let XI be the partial flag varieties defined in chapter 5. Then we

can classify chains of Dieudonné modules embedded in V using the set

Z̃I = {(x,y,b) ∈ XI×Xσ(I)×G(L) |y = bσ(x)}

The idea is that b gives the Frobenius on V by F = bσ (and hence the Verschiebung by

V = pF−1), x gives a chain of Dieudonné lattices by section 6.1.2, and y is the image of x

under F . A point (x,y,b) in Z̃I is not always a chain of Dieudonné modules. It only is if the

relative position of x and y satisfy a certain condition. This condition gives a subset of Z̃I that

classifies chains of Dieudonné modules embedded in V. To forget the embedding we divide

out the natural action of GL(V) on Z̃I (see lemma 7.1.6).

In the second part we classify chains of polarized p-divisible groups. The method is the

same. We only replace the general linear group by a symplectic group.

7.1. Chains of p-divisible groups

Let ∆̃ =Z/nZ be the simple reflections of GLn (see section 6.1.1). Let LI be the standard

lattice chain of type I ⊂ ∆̃ (see section 6.1.2).

Definition 7.1.1. A chain of p-divisible groups of type I ⊂ ∆̃ over a scheme S consists of

a p-divisible group YΛ over S for every Λ in LI and an isogeny ρΛ,Λ′ : YΛ → YΛ′ for every

Λ′ ⊂ Λ such that

1. ρΛ,Λ′ ◦ρΛ′,Λ′′ = ρΛ,Λ′′ for Λ′′ ⊂ Λ′ ⊂ Λ,

2. ker(ρΛ,Λ′) has degree plength(Λ/Λ′) over S,
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3. YpΛ = YΛ and ρΛ,pΛ is multiplication by p.

We usually leave the isogenies out of the notation and write (YΛ)Λ∈LI for the chain.

Because all the p-divisible groups in a chain are isogenous, they have the same dimension.

For any scheme S over Fp let pDivI,d(S) be the category whose objects are chains of d-

dimensional p-divisible groups of type I over S and whose morphisms are isomorphisms

YΛ

∼→ Y ′
Λ

commuting with the isogenies in the chain.

7.1.1. The set Z̃I . Fix an algebraically closed field k of characteristic p > 0. We spe-

cialize the notation from chapter 5 to the case that O is the ring of Witt vectors of k. We also

assume that G is defined over Qp. Then its Frobenius σ acts on all the objects defined in

chapter 5: it gives automorphisms of ∆̃ and W̃ and a morphism σ : XI → Xσ(I).

Definition 7.1.2. For any type I put

Z̃I = {(x,y,b) ∈ XI×Xσ(I)×G(L) |y = bσ(x)},

and define a G(L)-action on Z̃I by g∗ (x,y,b) = (gx,gy,gbσ(g−1).

We can identify Z̃I with XI ×G(L) by leaving out the superfluous element y. But we

include y = bσ(x) to stress its importance.

We can decompose Z̃I by the relative position of x and y. For w in IW̃ σ(I) we put

Z̃I(w) = {(x,y,b) ∈ Z̃I | inv(x,y) = w}.

These subsets are stable under the action of G(L). The set Z̃I is the disjoint union of the Z̃I(w)

for w in IW̃ σ(I). For any subset A of W̃ we write Z̃I(A) for the union of the Z̃I(w) for which

w is in A∩ IW̃ σ(I).

7.1.2. Classification over an algebraically closed field. When G is the general linear

group, we can use Z̃I to classify chains of p-divisible groups. Let k and O be as before. Recall

from chapter 5 that L is the field of fractions of O . Let V = Ln. If we take the product of

the Frobenius σ of L, we get a map σ : V→ V. If (x,y,b) is in Z̃I , then x and y correspond

to marked lattice chains (CΛ)Λ∈I and (DΛ)Λ∈Lσ(I)
in V respectively. The element b defines

a Frobenius Fb = bσ and a Verschiebung Vb = pF−1
b = pσ−1b−1 on V. The condition y =

bσ(x) means that DΛ = Fb(CΛ).

The dimension of a Dieudonné module M is the dimension of the corresponding p-

divisible group. It equals the dimension of the vector space M/FM (see section A.0.3).
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We want to know when (CΛ) is a chain of d-dimensional Dieudonné modules, that is, when

pCΛ ⊂ DΛ = Fb(CΛ)⊂CΛ and dim(CΛ/DΛ) = d.

This is a condition on the relative position of x and y, namely that it is d-permissible:

Definition 7.1.3. Let W̃ act on V by permuting the extended basis (ei)i∈Z (see section 6.1.1).

An element w in W̃ is d-permissible if

pΛ⊂ w(Λ)⊂ Λ and dim(Λ/w(Λ)) = d for all Λ ∈L /0. (7.1.4)

We write Perm(d) for the set of d-permissible elements in W̃ .

Then Z̃I(Perm(d)) consists of the triples ((CΛ),(DΛ),b) for which each lattice CΛ is a d-

dimensional Dieudonné module for the Frobenius Fb = bσ and Verschiebung Vb = pσ−1b−1.

Suppose that y = (YΛ) is in pDivI,d(k). For any Λ′ ⊂ Λ in LI the inclusion M(YΛ′) ⊂
M(YΛ) induces an isomorphism L⊗M(YΛ′) ∼= L⊗M(YΛ). These isomorphisms form a pro-

jective system. The isocrystal Vy of y is the projective limit of this system.

The set Z̃I(Perm(d)) parametrizes chains of p-divisible groups with a trivialization of

their isocrystal: we have a bijection({
(y,φ) y = (YΛ) ∈ pDivI,d(k) and

φ : Vy
∼→ V

}
/∼=

)
∼→ Z̃I(Perm(d)). (7.1.5)

by sending (y,φ) to its chain of Dieudonné modules in V. To be precise, we send it to

((CΛ),(DΛ),b) with CΛ = φ(M(YΛ)), DΛ = φ(F(M(YΛ))) and b the unique element in G(L)

with φF = bσφ .

Lemma 7.1.6. For G = GL(V) the map in 7.1.5 gives a bijection

mI : (pDivI,d(k)/∼=)
∼→ G(L)\Z̃I(Perm(d))

commuting with the forgetful maps αI,J on both sides.

Proof. The group G(L) =GLL(V) acts on the source of (7.1.5) by changing the trivialization.

The orbits are the isomorphism classes of pDivI,d(k). As (7.1.5) is G(L) equivariant, it gives

the bijection mI .
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7.1.3. The admissible set. We can also define the permissible set using the Bruhat or-

der. Suppose that G is a split reductive group over L. A cocharacter µ in X∗ gives an element

tµ in W̃ by the map in (5.1.4). The finite Weyl group W acts on X∗ in the standard way.

Definition 7.1.7. The µ-admissible set is

Adm(µ) = {w ∈ W̃ |w≤ tu(µ) for some u in W},

where ≤ denotes the Bruhat order (see section 5.1.3).

The admissible set was introduced by Kottwitz and Rapoport in [44]. It plays an important

role in the study of the reduction modulo p of Shimura varieties. In particular, we will use it

to index the stratifications on AI in chapter 11. With a bit more care one can also define it for

non-split groups. See [63], section 3.

Now return to the case that G = GL(V) as in section 7.1.2. Then the cocharacter group

X∗ is equal to Zn. Let µd be the cocharacter (1, . . . ,1,0, . . . ,0) with d ones and n−d zeroes.

In [44] theorem 3.5(3) Kottwitz and Rapoport proved the following.

Lemma 7.1.8. We have Perm(d) = Adm(µd).

Also see [28] for a generalization and [63] section 3 for an overview of the relation be-

tween the admissible and permissible set.

7.2. Chains of quasi-polarized p-divisible groups

A polarization λ of an abelian variety A, gives a homomorphism λ [p∞] : A[p∞]→ A[p∞]t ,

where A[p∞]t is the Serre dual of A[p∞]. But while λ is symmetric (that is λ t = λ ), the

homomorphisms λ [p∞] is skew-symmetric (that is λ [p∞]t = −λ [p∞]), see [57] proposition

1.12.

Definition 7.2.1. A quasi-polarization of a p-divisible group Y is a skew-symmetric quasi-

isogeny Y 99K Y t .

A quasi-polarization q of Y gives a symplectic form M(q) on the isocrystal L⊗O M(Y ) of

Y satisfying

M(q)(Fv,Fv′) = pσ(M(q)(v,v′)) for all v,v′ ∈ L⊗M(Y ). (7.2.2)

So like unpolarized chains are related to the general linear group, quasi-polarized chains are

related to the group of symplectic similitudes.
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Let ∆̃= {0, . . . ,g} be the simple reflections of GSp2g (see section 6.2.1). Every type I ⊂ ∆̃

gives a standard self-dual lattice chain LI′ (see section 6.2.2).

Definition 7.2.3. A chain of quasi-polarized p-divisible groups of type I ⊂ ∆̃ over a scheme

S consists of a chain of p-divisible groups (YΛ) of type I′ over S and a quasi-polarization qΛ

of YΛ for each Λ such that the diagram

YΛ′
ρ

Λ′,Λ
//

q
Λ′
��
�
�
� YΛ

qΛ

��
�
�
�

Y t
Λ′ Y t

Λ

ρt
Λ′,Λ
oo

commutes for all Λ′ ⊂ Λ, and for each Λ there is a Λ′ such that YΛ′ 99K YΛ 99K Y t
Λ

is an

isomorphism.

Any single quasi-polarization qΛ determines all the others, as by the diagram qΛ′ = ρ t
Λ′,Λ◦

qΛ ◦ρΛ,′Λ if Λ′ ⊂ Λ, and qΛ′ = (ρ t
Λ′,Λ)

−1 ◦qΛ ◦ρ
−1
Λ,′Λ if Λ⊂ Λ′.

Let QPpDivI,2g(S) be the category with objects the chains of quasi-polarized p-divisible

groups of type I and height 2g over S, and with the morphisms collections of isomorphisms

γΛ : YΛ

∼→ Y ′
Λ

commuting with the ρΛ,Λ′ and with γ∗
Λ

q′
Λ
= uγΛ for some u ∈ Z∗p.

7.2.1. Classification over an algebraically closed field. Now look at the case that S is

the spectrum of an algebraically closed field k. Fix a 2g-dimensional vector space V over Qp

with a symplectic form 〈,〉, and let G = GSp(V). Let µ be the minuscule co-weight of G.

An element w in W̃ is µ-permissible if it satisfies

pΛ⊂ w(Λ)⊂ Λ and dim(Λ/w(Λ)) = g for all Λ ∈L /0. (7.2.4)

As for the general linear group, the set Perm(µ) of µ-permissible elements is equal to the set

of µ-admissible elements Adm(µ) (see [44] theorem 4.5(3)).

Suppose that y = (YΛ,qΛ) is in QPpDivI,2g(k). We write Vy for the isocrystal of (YΛ). The

quasi-polarizations qΛ give a symplectic form ψy on Vy. The same construction as in (7.1.5)

gives a map{
(y,φ) y = (YΛ,qΛ) ∈ QPpDivI,2g(k)/∼= and

φ : (Vy,ψy)
∼→ (V,〈,〉)

}
→ Z̃I(Adm(µ)). (7.2.5)

Here φ is an isomorphism of vector spaces Vy → V such that there is a u in O∗ with

93



〈φ(x),φ(y)〉 = uψy(x,y) for all x and y. The condition that YΛ′ 99K YΛ 99K Y t
Λ

is an iso-

morphism means that CΛ = φ(M(YΛ)) satisfies C∨
Λ
= CΛ′ . So the chains (CΛ) and (DΛ) are

indeed self-dual (see section 6.2.2).

To construct an inverse to (7.2.5) suppose that ((CΛ),(DΛ),b) is in Z̃I(Adm(µ)). Again b

gives a Frobenius Fb = bσ and a Verschiebung Vb = pF−1
b and (CΛ) is a chain of Dieudonné

modules. So we get a chain of p-divisible group (YΛ) with M(YΛ) =CΛ. However, we cannot

simply define qΛ by letting M(qΛ) be equal to 〈,〉, because 〈,〉 does not necessarily satisfy

(7.2.2). Instead, we have

〈Fbv,Fbv′〉= 〈bσ(v),bσ(v′)〉= c(b)σ(〈v,v′〉)

for some c(b) ∈ L∗. To fix this, we let M(qΛ) be a multiple 〈,〉 by any element u in O∗

satisfying c(b)uσ(u−1) = p. Such a u exists, because c(b) has order 1 as inv((CΛ),(bσ(CΛ)))

is in Adm(µ). It is unique up to an element of Z∗p and gives a unique isomorphism class in

QPpDivI,2g(k). So (7.2.5) is a bijection and we get the following analogue of lemma 7.1.6.

Lemma 7.2.6. For G = GSp(V) the map in (7.2.5) gives a bijection

mI : (QPpDivI,2g(k)/∼=)
∼→ G(L)\Z̃I(Adm(µ))

commuting with the forgetful maps αI,J on both sides.
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