
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Stratifications on moduli spaces of abelian varieties and Deligne-Lusztig
varieties

Hoeve, M.C.

Publication date
2010

Link to publication

Citation for published version (APA):
Hoeve, M. C. (2010). Stratifications on moduli spaces of abelian varieties and Deligne-Lusztig
varieties. [Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/stratifications-on-moduli-spaces-of-abelian-varieties-and-delignelusztig-varieties(632abcfb-32f8-414e-bb04-b62bfb6663a1).html


CHAPTER 8

Forgetful maps for the model Z̃I

In chapter 7 we saw that we could classify chains of p-divisible groups by a subset of the

set Z̃I = {(x,y,b) ∈ XI ×Xσ(I)×G(L) |y = bσ(x)} for G = GL(V). In this way Z̃I acts as a

model for the moduli space of abelian varieties AI . For any I ⊂ J we have a forgetful map

αI,J : Z̃I → Z̃J , (x,y,b) 7→ (αI,J(x),ασ(I),σ(J)(y),b),

which acts as a model for the the forgetful morphism αI,J : AI→AJ . In this chapter we study

these forgetful maps.

We will follow the strategy for AI outlined in section 4.2. The role of the Kottwitz-

Rapoport stratification is played by the decomposition in subsets Z̃I(w) we defined in section

7.1.1. The role of the Ekedahl-Oort stratification is played by a finer decomposition in sub-

sets Z̃I{w}, which we will construct in section 8.2.1. Using lemma 4.2.4 and the algorithm

explained there we can decompose the restriction α /0,I : Z̃ /0(w′)∩α
−1
/0,I (Z̃I{w})→ Z̃I{w} into

three special types of maps:

1. Forgetful maps from stable Z̃I(w).

2. Forgetful maps to stable Z̃I(w).

3. Shuffling maps.

In this chapter we will determine the image and fibers of these special types of maps. In

section 8.2 we show that forgetful maps from stable Z̃I(w) are isomorphisms with inverses

given by refinement maps. In section section 8.3 we show that forgetful maps to stable Z̃I(w)

are surjective and their fibers are (fine) Deligne-Lusztig varieties. Finally, in section 8.4 we

will define shuffling maps and determine their fibers.

This chapter and the next are based Lusztig’s paper [49] (also see [35]), but with two

variations: we replace conjugation by σ -conjugation and we replace parabolic subgroups by

parahoric subgroups. These variations are not new; the first is already in the paper [52] of

Moonen and Wedhorn and the second is in the paper [70] of Viehmann. What is new here, is

the focus on the forgetful maps and the results in section 8.3 and 8.4.
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8.1. The fibers of αJ,I

In this chapter we will forget the relation to p-divisible groups, and work with a general

reductive group. So fix an algebraically closed field k of characteristic p and let σ be the

Frobenius. Let O be the Witt vectors of k and L its field of fractions. Suppose that G is a

reductive group over L defined over Qp.

We define XI as in chapter 5 and Z̃I as in section 7.1.1. The group G(L) acts on XI . For a

point x in XI we write Kx ⊂G(L) for its stabilizer (a parahoric subgroup), Ux for its unipotent

radical (see section 5.2.3) and Gx for the reductive group over k whose k-valued points are

Kx/Ux. (More precisely, to Kx we can attach a group scheme G over O such that Kx = G (O)

and the generic fiber of G is G (see [12] 5.2.6). Then Gx is the maximal reductive quotient of

the special fiber of G ). Fix a point z = (x,y,b) in Z̃I and let Gz = Gx.

It is easy to determine the fibers of the forgetful map αJ,I : Z̃J → Z̃I . For any point z′ =

(x′,y′,b) in Z̃J that lies above z, the group Kx′/Ux is a parabolic subgroup of type J in Kx/Ux =

Gz(k). If X z,J is the variety of such subgroups (see section 2.1), then we get a map

ηz : α
−1
J,I (z)→ X z,J(k). (8.1.1)

The group Kx acts transitively on the left and right and ηx is Kx-equivariant. The stabilizer of

z′ is Kx′ , which is also the stabilizer of ηz(z′) = Kx′/Ux. So ηz is a bijection.

It is more difficult to describe the restriction of αJ,I to the subsets Z̃J(w′). We know the

inverse image of a set Z̃I(w) in Z̃I :

α
−1
J,I (Z̃I(w)) = Z̃J(W̃IwW̃σ(I)) (8.1.2)

by the basic properties of the relative position map (equation 5.1.12). But what is the image

of a subset Z̃J(w′) in Z̃J? And given a z in this image what does the fiber of Z̃J(w′) over z

look like (as a subset of X z,J(k) using ηz)? The rest of the chapter is devoted to solving these

problems.

8.2. Refinement maps

Recall that in section 7.1.1 we defined subsets Z̃I(w) = {(x,y,b) ∈ Z̃I | inv(x,y) = w for w

in IW̃ σ(I), and that for any A⊂ W̃ we write Z̃I(A) for the union of all Z̃I(w) for which w is in

A. We will now study the following section of the forgetful map αI∩wσ(I),I .

Definition 8.2.1. The refinement map rw,I : Z̃I(w)→ Z̃I∩wσ(I) is the map that sends a triple

(x,y,b) to (Refy(x),bσ(Refy(x)),b).
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Lemma 8.2.2. For any w in IW̃ σ(I) the forgetful map αI∩wσ(I),I induces a bijection

Z̃I∩wσ(I)(wW̃σ(I))
∼→ Z̃I(w)

with inverse rw,I .

Proof. Write J = I∩wσ(I). As the refinement map rw,I is a section of αJ,I , it suffices to show

that its image is Z̃J(wW̃σ(I)). If (x,y,b) is in Z̃I(w) and (x′,y′,b) = rw,I(x,y,b), then

inv(x′,y′) ∈ inv(x′,y)W̃σ(I) = inv(x,y)W̃σ(I) = wW̃σ(I),

as x′ = Refy(x). So rw,I maps Z̃I(w) to Z̃J(wW̃I).

Conversely, if (x′,y′,b) is in Z̃J(wW̃σ(I)) and (x,y,b) = αJ,I(x′,y′,b), then we claim that

rw,I(x,y,b) = (x′,y′,b). To show that x′ is equal to Refy(x), we must show that it satisfies both

properties in theorem 5.0.2. The first property is trivial. For the second note that

inv(x′,y) ∈ inv(x′,y′)W̃σ(I) = wW̃σ(I),

as y′ refines y. So inv(x′,y) and w are in the same double coset in W̃J\W̃/W̃σ(I). Because w is

(I,σ(I))-reduced, it is also (J,σ(I)) reduced, and inv(x′,y) = w.

8.2.1. A finer decomposition. Via 8.2.2 we can decompose a subset Z̃I(w) as

Z̃I(w) =
⊔

w1∈wW̃σ(I)∩I1W̃ I1

r−1
w,I (Z̃I1(w1))

with I1 = I∩wσ(I). But we can decompose each Z̃I1(w1) in the same way:

Z̃I1(w1) =
⊔

w2∈w1W̃σ(I1)
∩I2W̃ I2

r−1
w1,I1(Z̃I2(w2))

with I2 = I1 ∩ wσ(I1). We can continue decomposing the Z̃I2(w2) and so on. We will now

formalize this procedure.

To keep track of this recursion we use the following combinatorial device (see [49] or [1]).

Definition 8.2.3. For a type I ⊂ ∆̃ let T (I) be the set of sequences w = (In,wn)n≥0 with

1. I0 = I and In+1 = In∩wσ(In)⊂ ∆̃,

2. wn ∈ InW̃ σ(In) and
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3. wn+1 ∈ wnW̃σ(In).

Recall that we see ∆̃ as a subset of W̃ and that for any J ⊂ ∆̃ we write wJ = wJw−1 (a

subset of W̃ , but not necessarily of ∆̃). Because the sets In are finite and In+1 is contained in

In, there is an N such that IN = IN+1 = IN+2 = . . . . Properties 2 and 3 together then imply that

wN = wN+1 = wN+2 = . . . . We write I∞ = IN and w∞ = wN and say that (In,wn)n≥0 stabilizes

to (I∞,w∞).

Some Z̃I(w) do not decompose further under the above procedure. We call these stable.

Definition 8.2.4. A type I ⊂ ∆̃ is w-stable if I = wσ(I). A subset Z̃I(w) is stable if I is

w-stable.

For any sequence w = (In,wn)n≥0 we write w←m = (In+m,wn+m)n≥0 for the sequence

shifted m places to the left. We recursively define a finer decomposition as follows (the

recursion stops, because w stabilizes).

Definition 8.2.5. For any w in T (I) define Z̃I{w} by

Z̃I{w}=

Z̃I(w0) if Z̃I(w0) is stable,

r−1
w,I (Z̃I1{w←1}) otherwise.

The following lemma, due to Lusztig, allows us to control the set T (I).

Lemma 8.2.6. The map that sends w = (In,wn)n≥0 to w∞ is a bijection from T (I) to IW̃ .

Proof. Let us explain how this lemma follows from the results in [49]. Because Lusztig

works with Coxeter group, we use the decomposition W̃ = W̃
∆̃
oΩ (see section 5.1.2) to get

a sequence in the affine Weyl group. Let (In,wn) be in T (I) and write wn = unωn with un in

W̃
∆̃

and ωn in Ω. By property 2 in definition 8.2.3 the sequence (ωn) is constant, say ωn = ω

for all n.

Define an automorphism ε of W̃
∆̃

by requiring that ε−1 maps u to ω σ(u). Then one im-

mediately checks (using equation (5.1.14)) that the sequence (In,ε(un)) is in the set T (I,ε)

defined in [49] 2.2. So by propositions 2.4 and 2.5 in [49] the sequence (ε(un)) stabilizes to

an element ε(u∞) in ε(I)W̃
∆̃

and the map (In,ε(un)) 7→ ε(u∞) is a bijection T (I,ε) ∼→ ε(I)W̃
∆̃

.

Using the decomposition W̃ = W̃
∆̃
oΩ the lemma follows.

From now on, when the bijection in lemma 8.2.6 sends w to w∞, we will write Z̃I{w∞}
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for Z̃I{w}. So we have a decomposition

Z̃I =
⊔

w∈IW̃

Z̃I{w}.

For A⊂ W̃ we write Z̃I{A} for the union of all Z̃I{w} for which w is in A. The decomposition

in Z̃I{w} refines the decomposition in Z̃I(w) as Z̃I(w) = Z̃I{wW̃σ(I)}.
To calculate in which subset Z̃I{w} a point (x,y,b) is, define a sequence (xn) by

x0 = x and xn+1 = Refbσ(xn)(xn).

Because the type of xn keeps getting smaller, the sequence stabilizes to a point x∞.

Lemma 8.2.7. The point (x,y,b) is in Z̃I{inv(x∞,bσ(x∞))}.

Proof. Define yn = bσ(xn), wn = inv(xn,yn) and let In be the type of xn (for n = 0,1, . . . ,∞).

Then we get a sequence of triples (xn,yn,b) in Z̃In(wn), which stabilizes to (x∞,y∞,b) in

Z̃I∞(w∞) with w∞ = inv(x∞,bσ(x∞)). Because rwn,In(xn,yn,b) = (xn+1,yn+1,b), the triple

(xn,yn,b) is in Z̃In{w} if and only if (xn+1,yn+1,b) is in Z̃In+1{w}. As Z̃I∞(w∞) is stable, it is

equal to Z̃I∞{w∞}. So (x∞,y∞,b) is in Z̃I∞{w∞} and (x,y,b) is in Z̃I{w∞}.

Note that this description of Z̃I{w} is similar to the definition of fine Deligne-Lusztig

varieties in chapter 2.1.2.

8.2.2. Maps from stable strata. Let us now use refinement to describe maps from sta-

ble strata.

Corollary 8.2.8. If w is in IW̃ and w′ is the (I,σ(I))-reduced representative W̃IwW̃σ(I), then

the forgetful map Z̃I∩w′σ(I)→ Z̃I induces a bijection Z̃I∩w′σ(I){w}→ Z̃I{w} with inverse rw′,I .

Proof. By definition 8.2.5 the refinement map rw′,I maps Z̃I{w} to Z̃I∩w′σ(I){w}. By lemma

8.2.2 it is a bijection with inverse given by the forgetful map.

So for a sequence (In,wn) in T (I) with w∞ =w, the refinement maps give G(L)-equivariant

bijections

Z̃I{w}
∼→ Z̃I1{w}

∼→ Z̃I2{w}
∼→ ··· ∼→ Z̃I∞{w∞}= Z̃I∞{w}.

with inverses give by the forgetful maps. Because I∞ is w-stable, we have Z̃I∞{w}= Z̃I∞(w).

Note that I∞ is the largest subset of I satisfying I∞ = wσ(I∞). In section 4.2 we called this the

w-stable type of I. So we get the following corollary.
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Corollary 8.2.9. If I∞ is the w-stable type of I, then the forgetful map αI∞,I induces a G(L)-

equivariant bijection Z̃I∞(w) = Z̃I∞{w}
∼→ Z̃I{w}.

8.3. Stable strata

Suppose that I is w-stable (i.e. I = wσ(I)) and z = (x,y,b) is in Z̃I(w). In this section we

descend the reductive group Gz defined in section 8.1 to a group G0,z over Fp and describe

the fibers over z in terms of Deligne-Lusztig varieties for this group.

8.3.1. The group G0,z. Because I is w-stable, the points x and y are in good position

(see section 5.2.4). So lemma 5.2.7 gives isomorphisms

Kx/Ux
∼← (Kx∩Ky)/UKx∩Ky

∼→ Ky/Uy, (8.3.1)

which give an isomorphism Gz = Gx ∼= Gy. Because y = bσ(x), we have Ky = bσ(Kx)b−1

and the map g 7→ bσ(g)b−1 induces an isomorphism G(p)
x
∼= Gy. Combined with (8.3.1), we

get θz : Gz
∼→ G(p)

z .

When k = Fp, the isomorphism θz gives a descent datum for Gz to a reductive group G0,z

over Fp. We will precisely describe G0,z in section 9.3. For now we just give its Frobenius.

Write Frz : Gz→ Gz for the composition of the relative Frobenius with θ−1
z . We can identify

Gz with Gx or with Gy (using (8.3.1)). Both identifications give a factorization of Frz:

Gx
σ //

Frz

��

Gσ(x)

b∼
��

Gy
(8.3.1)
∼
//

Frz

��

Gx

σ

��

Gx Gy∼
(8.3.1)
oo Gy Gσ(x).∼

boo

(8.3.2)

Here σ stands for the map induced by the Frobenius of G(L), b stands for conjugation by b

and (8.3.1) stands for the isomorphism induced by that equation.

8.3.2. Maps to stable strata. Assume again that I is w-stable. We now determine which

subsets Z̃J(w′) occur over a Z̃I(w). Because I = wσ(I), we have W̃IwW̃σ(I) = W̃Iw . By the

Mackey decomposition (5.1.18) an element uw with u in W̃I is in JW̃ σ(J) if and only if u is in
JW̃

wσ(J)
I . So by equation (8.1.2) α

−1
I,J (Z̃I(w)) is the union of all Z̃J(uw) for u in JW̃

wσ(J)
I .

Because we descended Gz to Fp in 8.3.1, we can speak of Deligne-Lusztig varieties

X z,J(u) in X z,J . We can use these to describe the fibers of Z̃J(uw)→ Z̃J(w).
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Proposition 8.3.3. Suppose that I is w-stable. For any u in JW̃
wσ(J)
I and z in Z̃I(w) the

bijection ηz in (8.1.1) induces a bijection

Z̃J(uw)∩α
−1
J,I (z)∼= X z,J(u)(k).

Proof. We just need to show that ηz maps Z̃J(uw)∩α
−1
J,I (z) surjectively to XJ(u). Suppose

that z′ = (x′,y′,b) in ZJ lies above z. If we apply proposition 5.2.3 twice we get

inv(x′,y′) = inv(x′,Refy′(x)) inv(x,y′)

= inv(x′,Refy′(x)) inv(x,y) inv(Refx(y),y′)

Consider the three factors in this product separately. For the first factor note that by dia-

gram (8.3.2) Frz maps ηz(z′) = Kx′/Ux to ((bσ(Kx′)∩Kx)Ux)/Ux = RefKy′ (Kx)/Ux, i.e. to

ηz(Refy′(x)). Because ηz preserves relative positions, inv(x′,Refy′(x)) is u if and only if

ηz(z′) is in XJ(u). The second factor inv(x,y) is equal to w, as (x,y,b) is in ZI(w). Finally,

because x and y are in good position we have Refx(y) = y. As y′ refines y the third factor is

equal to 1. We conclude that inv(x′,y′) = uw if and only if ηz(z′) is in XJ(u).

Corollary 8.3.4. For w ∈ IW̃ the map α /0,I restricts to a surjective map α /0,I : Z̃ /0(w)→ Z̃I{w}
with finite fibers.

Proof. If I∞ is the w-stable type of I, then the restriction of α /0,I to Z̃ /0(w) factors as

Z̃ /0(w)
α /0,I∞ // Z̃I∞(w)

αI∞,I
// Z̃I{w}.

The second map is a bijection by corollary 8.2.9. By proposition 8.3.3 the fiber of the first

map over z ∈ Z̃I∞(w) is X z, /0(1)(k) = X z, /0(Fp), which is finite and is non-empty by Lang’s

theorem (see [47]).

Let us now look at the Z̃J{w′} that map to a stable Z̃I(w). We can describe them in terms

of fine Deligne-Lusztig varieties X z,J{u} in X z,J .

Corollary 8.3.5. Suppose that I is w-stable. For any u in JW̃I and z in Z̃I(w) the bijection ηz

induces a bijection

Z̃J{uw}∩α
−1
J,I (z)∼= X z,J{u}(k).

Proof. Again we only have to show that ηz maps Z̃J{uw}∩α
−1
J,I (z) surjectively to XJ{u}.
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There is a commutative diagram

Z̃ /0(uw)∩α
−1
J,I (z)

ηz
//

α /0,I

��

X z, /0(u)(k)

��

Z̃J{uw}∩α
−1
J,I (z)

ηz
// X z,J(k).

The left vertical arrow is a surjective by corollary 8.3.4. The top arrow is a bijection. So the

image of Z̃J{uw}∩α
−1
J,I (z) in XJ(k) is equal to the image of X z, /0(u)(k) in X z,J(k), which is

XJ{u}(k) by theorem 2.1.7.

The corollary implies that for each u in JW̃I the forgetful map αJ,I restricts to a surjective

map Z̃J{uw}→ Z̃I(w). Because X z,J is the union of the fine Deligne-Lusztig varieties X z,J{u}
for u in JW̃I , any Z̃J{w′} that lies over Z̃I(w) is of the form Z̃J{uw} in the lemma.

8.4. Shuffling

Finally let us look at shuffling morphisms.

8.4.1. The simplest forgetful maps. The simplest type of forgetful maps are those of

the type α /0,{s} : Z̃ /0 → Z̃{s}, where s is simple reflection. For any z in Z̃{s} the group Gz has

semi-simple rank 1. So the map ηz in 8.1.1 identifies the fiber over z with X z, /0(k) = P1(k)

(see [38] theorem 25.3).

Fix a w in {s}W̃ {σ(s)} and look at the subsets Z̃ /0(w′) over Z̃{s}(w). There are two possibil-

ities for the double coset W̃{s}wW̃{σ(s)} in (8.1.2) (see figure 8.4.1):

A. If sw = wσ(s), then W̃{s}wW̃{σ(s)} = {w,wσ(s)}. The type {s} is w-stable. So we can

use proposition 8.3.3 to study the restriction of α /0,{s} to Z̃ /0(w) and Z̃ /0(wσ(s)).

B. If sw 6= wσ(s), then W̃{s}wW̃{σ(s)} = {w,wσ(s),sw,swσ(s)}. By lemma 1.6.4 in [13]

we have l(swσ(s)) = l(w)+2 in this case.

Because we already fully understand case A, we will focus on case B.

Our main tool is the composition of the forgetful map with the refinement map:

Z̃ /0(W̃{s}wW̃{σ(s)})
α /0,{s}

// Z̃{s}(w)
rw,{s}
∼
// Z̃ /0(wW̃{σ(s)}). (8.4.1)

Note that Z̃{s}(w) decomposes as Z̃{s}{w}∪ Z̃{s}{wσ(s)}. By corollary 8.2.9 the forgetful

map α /0,{s} induces bijections Z̃ /0(w)
∼→ Z̃{s}{w} and Z̃ /0(wσ(s)) ∼→ Z̃{s}{wσ(s)} with inverse

102



rw,I . So the map in (8.4.1) is the identity on Z̃ /0(w) and Z̃ /0(wσ(s)). Let us see how it behaves

on Z̃ /0(sw).

Lemma 8.4.2. The composition (8.4.1) induces a bijection

ssw,s : Z̃ /0(sw)→ Z̃ /0(wσ(s)).

Proof. Pick a point (x,y,b) in Z̃ /0(sw). We put (x′,y′,b) = α /0,{s}(x,y,b) and (x′′,y′′,b) =

rw,{s}(x′,y′,b). Let us first show that (x′′,y′′,b) is in Z̃ /0(wσ(s)), i.e. that inv(x′′,y′′) = wσ(s).

We have

inv(x′′,y′′) = inv(x′,y′′) = inv(x′,y′) inv(Refx′(y
′),y′′)

= w inv(Refx′(y
′),y′′),

where we first use that inv(x′′,y′′) is in {w,wσ(s)} ⊂ {s}W̃ and then use proposition 5.2.3.

Furthermore, Refx′(y′) = y, as y refines y′ and inv(x′,y) is in W̃{s}sw∩ {s}W̃ = {w}.
So we need to show that inv(y,y′′) = σ(s). This follows from the fact that y and y′′ both

map to y′ ∈ X{σ(s)}, but they are not equal. Otherwise we would have (x,y,b) = (x′′,y′′,b).

This is impossible as the first point is in Z̃ /0(sw), while the second is in Z̃ /0(wW̃{σ(s)}).

We have seen that y = Refx′(y′). Since x = σ−1(b−1y), we can recover (x,y,b) from

(x′,y′,b) = α /0,{s}(x′′,y′′,b) and construct an inverse to ssw,s. So this map is a bijection.

Remark 8.4.3. In the proof of lemma 8.4.2 we construct the inverse of ssw,s using the inverse

of the Frobenius σ . This is the reason that for A /0 the shuffling maps in lemma 12.4.3 are not

isomorphisms, but are purely inseparable.

Remember that the fibers of α /0,{s} are all projective lines. We now know the intersection

of each fiber with three subsets: Z̃ /0(w), Z̃ /0(wσ(s)) and Z̃ /0(sw). What remains must come

from the fourth subset Z̃ /0(swσ(s)).

Corollary 8.4.4. The composition (8.4.1) induces a surjective map

sswσ(s),s : Z̃ /0(swσ(s))→ Z̃ /0(w)∪ Z̃ /0(wσ(s)).

The map ηz in (8.1.1) identifies its fibers over a point z in Z̃ /0(w) with P1(k) minus one point

and over a point z in Z̃ /0(wσ(s)) with P1(k) minus two points.
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Figure 8.1: The two possible configurations of elements in W̃{s}wW̃{σ(s)}. The straight arrows
give the Bruhat order and the dashed arrows give the relation in definition 8.4.5.

Proof. Over a point of Z̃ /0(w) there is one point from Z̃ /0(w) and there are no points from

Z̃ /0(wσ(s)) and Z̃ /0(sw). Over a point of Z̃ /0(wσ(s)) there is one point from Z̃ /0(wσ(s)), one

from point from Z̃ /0(sw) and there are no points from Z̃ /0(w).

8.4.2. Shuffling maps. We call the maps sw,s shuffling maps. They allow us to compare

the image and fibers of Z̃ /0(w) under α /0,{s} to those of Z̃ /0(swσ(s)). But in this comparison, w

and its σ -conjugate w′ = swσ(s) are not interchangeable. They are ordered by the following

relation.

Definition 8.4.5. Let s ∈ ∆̃ be a simple reflection. We write w s
 w′ if w′ = swσ(s), and

moreover l(sw′)> l(w′).

It follows from case B in figure 8.4.1, that if w′ = swσ(s) and w 6= w, then either w s
 w′

or w′ s
 w.

Using the shuffling maps we can control what happens with the image and fibers of Z̃ /0(w)

under α /0,I when we σ -conjugate w by elements of I. We summarize the results of section

8.4.1.

Corollary 8.4.6. Suppose w s
 w′ for some s ∈ I and w 6= w′.

1. If l(w) = l(w′), then we get a commutative diagram

Z̃ /0(w)
sw,s

//

α /0,I ""DDDDDD
Z̃ /0(w′)

α /0,I||yyyyyy

Z̃I
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and the shuffling map is a bijection. In particular α /0,I(Z̃ /0(w)) = α /0,I(Z̃ /0(w′)).

2. If l(w)> l(w′), then we get a commutative diagram

Z̃ /0(w)
sw,s

//

α /0,I ""DDDDDD
Z̃ /0(w′)∪ Z̃ /0(w′σ(s))

α /0,I
vvnnnnnnnnn

Z̃I

The map ηz in (8.1.1) identifies the fibers of sw,s over a point z in Z̃ /0(w) with P1(k)

minus one point and over a point z in Z̃ /0(wσ(s)) with P1(k) minus two points. In

particular sw,s is surjective and α /0,I(Z̃ /0(w)) = α /0,I(Z̃ /0(w′))∪α /0,I(Z̃ /0(w′σ(s))).

Proof. In the first case w′ is in {s}W̃ , but not in {s}W̃ {σ(s)}. So there is a w′′ in {s}W̃ {σ(s)} such

that w′ = w′′σ(s). Then w = sw′σ(s) = sw′′. Now we are in the situation of lemma 8.4.2.

In the second case, l(w) = l(sw′σ(s)) = l(w′)+ 2 and so l(w′σ(s)) > l(w′). Then w′ is

in {s}W̃ {σ(s)} and we are in the situation of corollary 8.4.4.

Both diagrams commute, since α /0,I ◦ ss,w = α{s},I ◦ α /0,{s} ◦ ru,{s} ◦ α /0,{s} = α /0,I (with

u = w′′ in the first case and u = w′ in the second), as rw,{s} is a section of α /0,{s}.
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