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CHAPTER 9

Orbits in ZI

Consider the same situation as in chapter 8. So k is an algebraically closed field of charac-

teristic p. We write σ for its Frobenius, O for the Witt vectors of k and L for the field of

fractions of O . We fix a reductive group G is a reductive group over L defined over Qp, and

look at the set Z̃I = {(x,y,b) ∈ XI×Xσ(I)×G(L) |y = bσ(x)}.
Define an equivalence relation on Z̃I as follows. The stabilizer Kx ⊂ G(L) of x in XI is a

parahoric subgroup. Write Ux for its unipotent radical as defined in section 5.2.3. Then we

set

(x,y,b)∼ (x,y,vbσ(u)) for all u ∈Ux and v ∈Uy.

Because y = bσ(x), we have Uy = bσ(Ux)b−1. So by taking v to the other side of b, we may

assume that v = 1. In other words (x,y,b)∼ (x,y,b′) if and only if b′ = bσ(u) for some u in

Ux. Similarly, (x,y,b)∼ (x,y,b′) if and only if b′ = vb for some v in Uy.

Let ZI be the set of equivalence classes. We write (x,y, [b]I) for the class of (x,y,b) ∈ Z̃I .

The subset Z̃I(w) of Z̃I descends to a subset ZI(w) of ZI , while Z̃I{v} descends to a subset

ZI{v} (see section 9.1.1). These sets give decompositions

ZI =
⊔

w∈IW̃ σ(I)

ZI(w) =
⊔

v∈IW̃

Z̃I{v},

with the second decomposition refining the first. The action of G(L) on Z̃I also descends

to ZI and the subsets ZI(w) and ZI{w} are all G(L)-invariant. In this chapter we prove the

following.

Theorem 9.0.1. The G(L)-orbits in ZI are the ZI{w} for w ∈ IW̃ .

In particular, we get a bijection G(L)\ZI ∼= IW̃ . This theorem has three consequences:

1. The fiber of αI,J over a point in Z̃J depends only on its image in G(L)\ZI . So the fibers

are constant over Z̃I{w}. See section 9.2.

2. The reductive group G0,z over Fp that we attached in section 8.3.1 to a point z in

a stable ZI(w), depends up to isomorphism only on the image of z in G(L)\ZI . As
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ZI(w) = ZI{w} consists of only one G(L)-orbit, two points in Z̃I(w) give isomorphic

groups, which we can explicitly describe. See section 9.3.

3. If G is the general linear group and I is a special type, then G(L)\Z̃I(Adm(d)) clas-

sifies certain group schemes and we get back the classification of p-kernels of abelian

varieties in section 1.3. See section 10.2 in the next chapter.

9.1. Classification of orbits

We classify the G(L)-orbits in ZI in two steps. First we use repeated refinement (as in

section 8.2.1) to reduce the problem to classifying orbits in stable strata. Then we show that

G(L) acts transitively on such a stratum.

9.1.1. Refinement maps for ZI . Unlike for Z̃I , there is no forgetful map ZI → ZJ for

I ⊂ J, because the unipotent radicals reverse the inclusions of the parahorics: if x′ refines x,

then Kx′ ⊂ Kx but Ux′ ⊃Ux. However, we can define refinement maps for ZI .

The subset Z̃I(w) depends only on properties of x and y, not on b. So we can descend it to

a subset ZI(w) = {(x,y, [b]I) ∈ ZI | inv(x,y) = w} of ZI . On the one hand ZI(w) is the image

of Z̃I(w) under the quotient map Z̃I → ZI . On the other hand Z̃I(w) is the pull-back of ZI(w)

by the same map. In particular, the sets ZI(w) give a decomposition of ZI .

Recall from section 8.2 that the refinement map rw,I : Z̃I(w)→ Z̃I∩wσ(I)(wW̃σ(I)) sends

(x,y,b) to (x′,bσ(x′),b) with x′ = Refy(x). Because Ux ⊂ Kx′ ⊂ Kx, we have bσ(u)σ(x′) =

bσ(x′) for all u in Ux. So rw,I descends to a refinement map rw,I : Z̃I(w)→ Z̃I∩wσ(I)(wW̃σ(I)),

which makes the following diagram commute:

Z̃I(w) //

rw,I

��

ZI(w)

rw,I

��

Z̃I∩wσ(I)(wW̃σ(I)) // ZI∩wσ(I)(wW̃σ(I)).

(9.1.1)

The refinement maps are G(L)-equivariant, but they are not injective.

Lemma 9.1.2. If rw,I maps z = (x,y, [b]I) to z′ = (x′,y′, [b]I∩wσ(I)), then we can identify its

fiber over z′ with (Kx∩Uy)/(Ux∩Uy) via u 7→ (x,y, [bσ(u)]I).

Proof. In the above diagram the left map is a bijection. We can identify the fiber over z of

the top map with Ux via u 7→ (x,y,bσ(u)). Similarly, we can identify the fiber over z′ of the

bottom map with Ux′ . So the map u 7→ (x,y, [bσ(u)]I) identifies the fiber over z′ of the right

map with Ux′/Ux.

108



Because Kx′ = RefKy(Kx) = (Kx∩Ky)Ux, we have Ux′ = (Kx∩Uy)Ux. So we can identify

Ux′/Ux with (Uy∩Kx)/(Ux∩Uy).

Corollary 9.1.3. The refinement morphism rw,I induces a bijection from the G(L)-orbits in

ZI(w) to those in ZI∩wσ(I)(wW̃σ(I)).

Proof. We must show that if the images z1 and z2 under rw,I are in the same G(L)-orbit, then

so are the points themselves. Because rw,I is G(L)-equivariant, we may suppose that the two

points have the same image.

By the lemma we then can write z1 = (x,y, [b]I) and z2 = (x,y, [bσ(v)]I) for some v in

Kx∩Uy. If we act with v on z2 we get

v∗ z2 = (vx,vy, [v(bσ(v))σ(v)−1]I) = (x,y, [vb]I) = (x,y, [b]I) = z1

as Kx stabilizes x and Uy stabilizes y. So z1 and z2 are in the same G(L)-orbit.

Using the refinement map, we can define subset ZI{w} in the same way as in section

8.2.1. Because diagram (9.1.1) commutes, ZI{w} is actually the image of Z̃I{w} under the

quotient map Z̃I → ZI , while Z̃I{w} is the pull-back of ZI{w}. So again the ZI{w} give a

decomposition of ZI .

9.1.2. Orbits in stable ZI . As in section 8.2.1 we have G(L)-equivariant refinement

maps

ZI{w}→ ZI1{w}→ ZI2{w}→ ·· · → ZI∞{w}. (9.1.4)

By lemma 9.1.2 these maps are not isomorphisms, but they do induce a bijection between

the G(L)-orbits in ZI{w} and ZI∞{w} by corollary 9.1.3. Because I∞ is w-stable, we have

ZI∞{w}= ZI∞(w). So all that is left is to classify the orbits in the stable subset ZI∞(w).

Lemma 9.1.5. If I is w-stable, then G(L) acts transitively on ZI(w).

Proof. We will show that any two points z1 and z2 in ZI(w) are in the same G(L)-orbit. The

projection ZI → XI ×Xσ(I) is G(L)-equivariant and maps z1 and z2 to the same G(L)-orbit

OI,σ(I)(w). So after replacing z1 by some translate under G(L) we may suppose that the

projection maps z1 and z2 to the same point (x,y) in XI ×Xσ(I), that is z1 = (x,y,b1) and

z2 = (x,y,b2) for some b1 and b2 in G(L). The condition y = b1σ(x) = b2σ(x) then implies

that b1 = ub2 for some u ∈ Ky.
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If we act on z1 with any v ∈ Kx∩Ky, then the first two factors (x,y) the same:

v∗ z1 = (x,y, [vb1σ(v)−1]I) = (x,y, [
(
vu(b2σ(v−1)b−1

2 )
)

b2]I).

Now the image of vu(b2σ(v−1)b−1
2 ) in Gy(k) = Ky/Uy is equal to vuFrz2(v)

−1 by diagram

(8.3.2), where v and u are the images of v and u in Gy(k). By Lang’s theorem (see [47]), there

is a g in Gy(k) such that guFrz2(g)
−1 = 1. By (8.3.1) this g lifts to Kx ∩Ky, that is there is a

v in Kx ∩Ky with v = g. Then for this v we know that vu(b2σ(v−1)b−1
2 ) is in Uy. But then

v∗ z1 = z2, and z1 and z2 are in the same G(L)-orbit.

It follows that in (9.1.4) G(L) acts transitively on Z̃I∞{w} and hence on Z̃I{w}. Thus we

have proved theorem 9.0.1.

9.2. Consequences for the fibers of the forgetful maps

The fiber of the forgetful map αI,J : Z̃I → Z̃J over a point of Z̃J depends only on its im-

age in G(L)\ZJ . For suppose that z1 = (x1,y1,b1) and z2 = (x2,y2,b2) map to the same

point in G(L)\ZI . Pick a g in G(L) that sends (x1,y1, [b1]J) to (x2,y2, [b2]J), so that b2 =

gb1σ(g)−1σ(u) for some u in Ux2 . Then we can define a bijection

γI : α
−1
I,J (z1)

∼→ α
−1
I,J (z2) by (x′1,y

′
1,b1) 7→ (gx′1,gy′1,b2).

This map is well-defined, because b2σ(gx′1) = gb1σ(g)−1σ(u)σ(gx′1) = gbσ(x′1) = gy′1.

Here we use that u is in Ux2 , which is contained in Kgx′1
as gx′1 refines gx1 = x2.

Because γI preserves the relative position of x′1 and y′1 and commutes with the refinement

maps, it respects the decompositions in ZI(w) and ZI{w′} in the sense that

γI(ZI(w)∩α
−1
I,J (z1)) = ZI(w)∩α

−1
I,J (z2) and

γI(ZI{w′}∩α
−1
I,J (z1)) = ZI{w′}∩α

−1
I,J (z2).

As the G(L)-orbits in ZJ are the ZJ{w} and the pull-back of ZJ{w} in Z̃J is Z̃J{w}, the

above construction gives a bijection between the fibers over any two points in Z̃J{w} preserv-

ing the decomposition of the fibers in Z̃I(w′) and Z̃I{w′′}. In particular, if one point of Z̃J{w}
occurs in the image of Z̃I(w′) then the whole subset Z̃J{w} is in the image of Z̃I(w′). The

same holds for Z̃I{w′′}. So we have proved the following.

Corollary 9.2.1. The image of any Z̃I(w′) or Z̃I{w′′} under αI,J is a union of Z̃J{w}.
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9.3. Structure of the group G0,z

For two of the three special types of maps in chapter 8 it is clear that the fibers over any

two points of Z̃I{w} are the same, namely for maps from stable strata and for shuffling maps.

But for maps to stable strata this is not evident, as our description of the fibers depends on the

reductive group G0,z over Fp constructed in section 8.3.1. Using that G(L) acts transitively on

ZI(w), we now show that the groups G0,z attached to any two points in Z̃I{w} are isomorphic

and explicitly describe these groups. We work over k = Fp.

Lemma 9.3.1. For any z and z′ in Z̃I(w) the groups G0,z and G0,z′ are isomorphic over Fp.

Proof. Because G(L) acts transitively on ZI{w} (lemma 9.1.5), it suffices to show that if z and

z′ map to the same point of G(L)\ZI , then G0,z ∼= G0,z′ . It is easy to show that G0,g∗z ∼= G0,z

for any g in G(L). So we may assume that z and z′ have the same image in ZI .

Write z= (x,y,b) and z′ = (x,y,bσ(u)) for u in Ux. Recall that the isomorphism θz : Gz
∼→

G(p)
z that we used to descend Gz to Fp, is the composition of two isomorphisms:

• The isomorphism Gx
∼→ Gy coming from the fact that x and y are in good position (see

(8.3.1)). This isomorphism depends only on x and y and hence is the same for z and z′.

• The isomorphism G(p)
x

∼→ Gy induced by g 7→ bσ(g)b−1. This isomorphism does not

change if we change b to bσ(u) as u maps to the identity in Gx(k) = Kx/Ux.

We conclude that ηz = ηz′ , so that G0,z ∼= G0,z′ over Fp.

Corollary 9.3.2. For any z in Z̃I{w} the (absolute) Dynkin diagram of G0,z is the subdiagram

of the extended Dynkin diagram ∆̃ of G spanned by I. The Frobenius acts on it as i 7→ wσ(i).

Note that this action is well-defined, because I is w-stable.

Proof. By lemma 9.3.1 it is sufficient to prove this for one point. So we pick a point that is

easy to handle. Pick a facet F in the building with σ(F) = F (such a facet exists, because

G is defined over Qp and so the residue field is finite, see [69] 1.10.3). Write KI = KFI and

identify XI with G(L)/KI . Then we pick the point z = (KI , ẇKσ(I), ẇ), where ẇ is a lift of w

to the normalizer of a torus whose apartment contains F .

It is easy to check that z is in Z̃I{w}. The group Gz =Gx is the maximal reductive quotient

of the special fiber of the group scheme over O attached to FI . So by proposition 12 in [27] its

Dynkin diagram is the subdiagram of ∆̃ spanned by I. Using the description of the Frobenius

in (8.3.2) it is easy to see that Frz acts on the Dynkin diagram as i 7→ wσ(i).
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The Dynkin diagram with the Frobenius action determines the adjoint group of G0,z as

follows. The absolute Dynkin diagram gives a unique semi-simple adjoint group H split

over Fp. The adjoint group of G0,z is a form of H. Such forms are classified by the Galois

cohomology H1(Fp,Autk(H)). Because H is adjoint, there is an exact sequence

1→ H(k)→ Autk(H))→ Outk(H)→ 1.

Here the first morphism sends an element in H(k) to conjugation by that element and the

group of outer automorphisms Outk(H) is by definition just the quotient of Autk(H) by H(k).

We get an exact sequence in Galois cohomology

H1(Fp,H(k))→ H1(Fp,Autk(H))→ H1(Fp,Outk(H)).

By Lang’s theorem H1(Fp,H(k)) is trivial (see [47]). Because the Galois group acts triv-

ially on Outk(H), the set H1(Fp,Outk(H)) is the set of group homomorphisms Gal(k/Fp)→
Outk(H). Finally, the group Outk(H) embeds into the group of graph automorphisms of

the Dynkin diagram (see [38], theorem 27.4). So as form of H the adjoint group of G0,z is

determined by the action of Frobenius on the Dynkin diagram, as described in the corollary.

The Weyl groups of G0,x and its adjoint group are the same. The same holds for the

varieties X I over parabolic subgroups, as any parabolic subgroup contains the center (the

center is certainly contained in the normalizer of a parabolic subgroup, which is equal to the

parabolic itself). So the Deligne-Lusztig varieties X I(w) and fine Deligne-Lusztig varieties

X I{w} are the same for G0,x and its adjoint and corollary 9.3.2 gives enough information to

determine these varieties.
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