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CHAPTER 10

The Ekedahl-Oort type

Recall that in chapter 7 we related chains of p-divisible groups to the set Z̃I for G = GL(V)
by constructing bijection

mI : (pDivI,d(k)/∼=)
∼→ G(L)\Z̃I(Adm(d)). (10.0.1)

On the right hand side of (10.0.1) we have two decompositions: one in subsets Z̃I(w) and the

other in subsets Z̃I{w}. We would like to understand what these subsets mean on the left in

terms of p-divisible groups.

If w is in the admissible set, then Z̃I(w) consists of all chains of Dieudonné modules C ,

for which C and F(C ) are in relative position w. So from our description of the Kottwitz-

Rapoport stratification in section 1.5.3 it is clear that Z̃I(w) gives a kind of Kottwitz-Rapoport

stratum in pDivI,d(k) (see also lemma 11.3.3).

The decomposition in Z̃I{w} is harder to understand. One way to look at it is to use the

classification of G(L)-orbits in ZI (theorem 9.0.1) to get a map

EO: (pDivI,d(k)/∼=)
∼→ G(L)\Z̃I(Adm(d))→ G(L)\ZI(Adm(d))→ IW̃ .

Call the image of a chain under this map its Ekedahl-Oort type. Then y in pDivI,d(k) has

Ekedahl-Oort type w if and only if mI(y) is in G(L)\Z̃I{w}. Of course this just postpones the

problem of understanding Z̃I{w}, because now we need to understand the equally abstract

Ekedahl-Oort type. But in this chapter we will try to make this type more concrete in two

ways. First, we show how to calculate it and show that for I = ∆̃\{0} it is simply the final

type of the p-kernel of a p-divisible group in the chain (up to a constant factor). Second,

we use the Ekedahl-Oort type to recover the classification of p-kernels of abelian varieties

in section 1.3. The results of this chapter are not essential to what follows, but we hope that

they help to understand stratification in AI{w} in chapter 11.
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10.1. Calculating the Ekedahl-Oort type

Let us unfold the definition of the Ekedahl-Oort type. Let (YΛ) be a chain of p-divisible

groups (YΛ) with chain of Dieudonné modules C = (CΛ) (so CΛ = M(YΛ)), and let FC =

(FCΛ) be the image of C under the Frobenius. If we pick a trivialization φ : L⊗O M(YΛ)
∼→

V of the isocrystal, then the map in (7.1.5) gives a point z = (φ(C ),φ(FC ),b) in Z̃I . By

definition the Ekedahl-Oort type of (YΛ) is w if and only if z is in Z̃I{w}.
By lemma 8.2.7 we can calculate the Ekedahl-Oort type as follows. Recursively define a

sequence (Cn) of marked lattice chains in the isocrystal L⊗O M(YΛ) by

C0 = C and Cn+1 = RefFCn(Cn).

Because the type of Cn keeps getting smaller, the sequence must stabilize, say to C∞. Then

the Ekedahl-Oort type of (YΛ) is inv(C∞,FC∞).

10.1.1. Refinement for chains of p-divisible groups. The following lemma shows that

all lattices in the chains Cn are Dieudonné modules.

Lemma 10.1.1. If the marked lattice C in XI is a chain of Dieudonné modules for the Frobe-

nius F = bσ , then so is C ′ = RefFC (C ).

Proof. Recall from section 6.1.4 that C ′ consists of the lattices (CΛ∩FCΛ′)+Cn(Λ) for all Λ

and Λ′ in LI . These are all Dieudonné lattices, as the sum and intersection of two Dieudonné

lattices is again a Dieudonné lattice.

Corollary 10.1.2. The Ekedahl-Oort type of a chain in pDivI,d(k) is in IW̃ ∩Adm(d).

Proof. Lemma 10.1.1 implies that the chains Cn in section 10.1 are all chains of Dieudonné

modules. In particular, C∞ is a chain of Dieudonné modules and the Ekedahl-Oort type

inv(C∞,FC∞) is in the admissible set.

Remark 10.1.3. Lemma 10.1.1 has an interesting consequence for the admissible set, namely

that if w is in Adm(d)∩ IW̃ σ(I), then

wW̃σ(I)∩ I∩wσ(I)W̃ σ(I∩wσ(I)) ⊂ Adm(d). (10.1.4)

Indeed, the refinement map rw,I gives a bijection Z̃I(w)
∼→ Z̃I∩wσ(I)(wW̃σ(I)) by proposition

8.2.2. By lemma 10.1.1 all points in the image are chains of Dieudonné lattices. So the image

is contained in Z̃I∩wσ(I)(Adm(d)). One can probably give a purely combinatorial proof of

(10.1.4), but I have not tried to do this.
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Let us describe the chain of p-divisible groups corresponding to C ′ = RefFC (C ). Sup-

pose that C corresponds to a chain of p-divisible group (YΛ). Recall that C ′ is the subchain

of C defined by the filtrations

Filσ(Λ′)(grΛ(C )) = (CΛ∩FCΛ′)/n(CΛ), Λ
′ ∈LI

of grΛ(C ) = CΛ/n(CΛ) for all Λ ∈ LI (see section 6.1.4). All the Filσ(Λ′)(grΛ(C )) are

Dieudonné modules. Let us determine for which groups using the exactness of the Dieudonné

functor. Note that grΛ(C ) is the Dieudonné module of gr(YΛ) = ker(YΛ → Yn(Λ)). We can

realize Filσ(Λ′)(grΛ(C )) as the kernel of grΛ(C )→CΛ′/(Cn(Λ)+FCΛ′). There are two cases:

1. If Λ′ ⊂ Λ, then FCΛ′ ⊂ CΛ′ ⊂ CΛ and CΛ/FCΛ′ is the Dieudonné module of the ker-

nel of F ◦ ρΛ,Λ′ : YΛ → Y (p)
Λ′ . So CΛ′/(Cn(Λ) + FCΛ′) is the Dieudonné module of

gr(YΛ)/(gr(YΛ)∩ker(F ◦ρΛ,Λ′)).

2. If Λ⊂ Λ′, then CΛ′/(Cn(Λ)+FCΛ′) is the Dieudonné module of ker(F : YΛ′ → Y (p)
Λ′ )∩

ker(YΛ′ → Yn(Λ)).

Because we like to work with subgroups of gr(YΛ) instead of quotients, we define

Filσ(Λ′)(gr(YΛ)) =

ker(ρΛ,Λ′ ◦F : YΛ→ Y (p)
Λ′ )∩gr(YΛ) if Λ′ ⊆ Λ,

ρΛ′,Λ(ker(F : YΛ′ → Y (p)
Λ′ ))∩gr(YΛ) if Λ⊆ Λ′,

(10.1.5)

so that Filσ(Λ′)(grΛ(C )) is the Dieudonné module of gr(YΛ)/Filσ(Λ′)(gr(YΛ)).

The FilΛ′ give a filtration of gr(YΛ), which is descending in the sense that FilΛ′′ ⊇ FilΛ′

when Λ′′ ⊆ Λ′. The filtration contains only finitely many different subgroups, say 0 ( H1 (
H1 ( · · ·( Hr = gr(YΛ). They give a chain of isogenies

YΛ→ YΛ/H1→ YΛ/H2 · · · → YΛ/Hr = Yn(Λ).

Then you get the chain of p-divisible groups corresponding to C ′ by inserting the above chain

into the chain (YΛ) between YΛ and Yn(Λ) for all Λ.

If w = inv(C ,FC ), then we write rw,I(YΛ) for the chain of p-divisible groups of type I∩
wσ(I) attached to C ′ that we constructed above. By construction mI(rw,I(YΛ))= rw,I(mI(YΛ)).

10.1.2. The Ekedahl-Oort type and the final type. Look at the type I = ∆̃\{0}. In a

chain (YΛ) of type I all the p-divisible groups are the same and all the isogenies are powers

of p. So we can identify the chain (YΛ) with the single p-divisible group Y = YΛ0 and see
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pDivI,d(k) as the category of d-dimensional p-divisible groups (with isomorphisms).

Let us see what the sequence Cn looks like. If C is the Dieudonné module of Y , then C0

is the chain (piC)i∈Z (with marking Λni 7→ piC). Let C = k⊗O C be the Dieudonné module

of the p-kernel Y [p]. Let F be the Frobenius of C and V the Verschiebung. Because lattices

between C and pC correspond to linear subspaces in C, we can represent each Cn as a flag of

subspaces in C. For instance, C1 corresponds to F(C)⊂C. To make C2 we need to add to C1

the lattices

(C∩ p jF2(C))+ pC =



C for j <−1,

(C∩V−1F(C))+ pC for j =−1,

(C∩F2(C))+ pC for j = 0,

pC for j > 0,

where V = p−1F−1 is the Verschiebung. So C2 corresponds to the flag F2
(C) ⊂ F(C) ⊂

V−1F(C) ⊂ C in C .To construct the flag C n+1 corresponding to Cn+1 from that of Cn, we

need to add F(C′) and V−1
(C′) to C n for all C′ in C n. This is exactly how we constructed

the canonical filtration in section 1.3.2. So C∞ corresponds to the canonical filtration in C.

We can now relate the Ekedahl-Oort type of Y to the final type of its p-kernel. Recall

that the final type FT(Y [p]) of Y [p] is the relative position of ker(F) to the canonical flag in

C(p) (see section 1.3.2). For I = ∆̃\{0} the intersection Adm(d)∩ IW̃ σ(I) consists of only one

element: the translation τd : i 7→ i−d in Ω (see section 6.1.1). If J = I∩ τd σ(I) = ∆̃\{0,d},
then the final type is in JW̃I .

Lemma 10.1.6. For any Y in pDivI,d(k) we have EO(Y ) = τd FT(Y [p]).

Proof. Recall that the Ekedahl-Oort type of Y is equal to inv(C∞,FC∞). Because the relative

position is in IW̃ , we have inv(C∞,FC∞) = inv(C0,FC∞) and by proposition 5.2.3

inv(C0,FC∞) = inv(C0,FC0)inv(RefC0(FC0),FC∞)

= τd inv(RefC0(FC0),FC∞)

As explained in section 10.1.2 the lattices between pC and C in C∞ give the canonical fil-

tration C ∞ of C. So we can see FC∞ as C
(p)
∞ in C(p)

= k⊗O F(C). The chain RefC0(FC0)

consists of (the multiples of) D ⊂ F(C), where D is defined by the properties that pF(C) ⊂
D ⊂ F(C) and D/pF(C) = ker(F) in C(p). So inv(RefC0(FC0),FC∞) is the final type of

Y [p].
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Again this lemma has a combinatorial consequence. On the one hand the Ekedahl-Oort

type is in IW̃ ∩Adm(d) by lemma 10.1.1. Every type in this intersection can occur (indeed,

if we define a Frobenius on the standard lattice Λ0 by F(ei) = ew(i) and a Verschiebung by

V = pF−1, then the corresponding p-divisible group has type w). On the other hand the

Ekedahl-Oort type is in τd
JW̃I by lemma 10.1.6. Again every type in τd

JW̃I can occur (see

for instance [50] 4.9). It follows that

IW̃ ∩Adm(d) = τd
JW̃I .

One can prove this combinatorially using (10.1.4) and the Mackey decomposition.

10.2. Classification of BT1 ’s

Suppose again that I = ∆̃\{0} as in section 10.1.2. Then G(L)\Z̃I(Adm(d)) parametrizes

isomorphism classes of d-dimensional p-divisible groups over k by lemma 7.1.6. We will

now show that G(L)\ZI parametrizes the p-kernels of such groups.

A finite commutative group scheme over k is the p-kernel of a p-divisible group if and

only if the kernel of its Verschiebung equals the image of its Frobenius (see [40] prop. 1.7).

Such group schemes are called truncated Barsotti-Tate groups of level 1, or BT1 ’s for short.

We can see the partial flag variety XI as the set of lattices in V by sending the chain

(CΛ)Λ∈I to C =CΛn (see section 6.1.2). The stabilizer KC of C in XI is simply GLO(C) and

the unipotent radical UC it the kernel of the reduction map GLO(C)→ GLk(k⊗O C).

The set Z̃I consists of triples (C,D,b), where b is in G(L) and C and D are lattices in

V with D = bσ(C). If the triple (C,D,b) is in Z̃I(Adm(d)), then C is a d-dimensional

Dieudonné module with Frobenius F = bσ and Verschiebung V = pσ−1b−1. Let (C,F ,V )

be the reduction modulo p of (C,F,V ), that is C = k⊗O C. This is the Dieudonné module of

a BT1 of dimension d. Note that F and V do not change if we change b to bσ(u) for some u

in UC and that two points in the same G(L)-orbit in Z̃I(Adm(d)) give isomorphic Dieudonné

modules. So we get a map

G(L)\ZI(τd)→ (BT1(d)(k)/∼=), (10.2.1)

where BT1(d)(k) is the category of d-dimensional BT1 ’s over k. (Recall that Adm(d)∩
IW̃ σ(I) consists of only the translation τd : i 7→ i−d).

Lemma 10.2.2. The map in (10.2.1) is a bijection.
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Proof. Because it is hard to write down an inverse of (10.2.1) directly, we go through an

intermediate. By corollary 9.1.3 refinement gives an isomorphism

rw,I : G(L)\ZI(τd)
∼→ G(L)\ZJ(τdW̃σ(I)),

where J = I∩ τd σ(I) = ∆̃\{0,d}. We construct a map l : (BT1(d)(k)/∼=)→ Z̃J(τdW̃σ(I)) that

is the inverse of (10.2.1).

Suppose that (C,F ,V ) is the Dieudonné module of a BT1 . Pick a lattice C in V and

identify C with k⊗C. There is a unique lattice D with pC ⊂ D ⊂ C such that D/pC =

ker(V ) = im(F) in C. Now pick a b in G(L) with bσ(C) = D such that

• the map C(p)
= σ(C)/pσ(C)→ D/pC = im(F) given by b is equal to F and

• the map C/ker(V ) =C/D→ σ(C)/pσ(C) =C(p) given by pb−1 is equal to V .

These conditions determine b up to an element of the unipotent radical UD⊂C of the stabi-

lizer of the chain C ⊂ D. Altogether we get a point (D⊂C,bσ(D)⊂C, [b]J) in Z̃J(τdW̃σ(I)).

The G(L)-orbit of this point does not depend on the choices we made. So we have con-

structed l : (BT1(d)(k)/∼=)→ Z̃J(τdW̃σ(I)). If we apply the map (10.2.1) to r−1
w,I (l(C,F ,V ))=

(C,D, [b]I), then it is clear from the conditions on b that we get back (C,F ,V ).

Conversely, when (C,F ,V ) comes form a point (C,D,b) in Z̃I(τd) by the map (10.2.1),

one checks immediately that rw,I(C,D,b) satisfies all the conditions above. So l(C,F ,V ) =

rw,I(C,D,b).

Remark 10.2.3. The intermediate G(L)\ZJ(τdW̃σ(I)) in the proof is really the set of isomor-

phism classes of F-zips of a certain type (see [52]).

If we combine the bijection in(10.2.1) with the classification of the G(L)-orbits in theorem

9.0.1 we get a commutative diagram

(pDivI,d(k)/∼=)
mI
∼

//

[p]

��

G(L)\Z̃I(Adm(d))

**UUUUUUUUUUUUU

��

IW̃

(BT1(d)(k)/∼=)
(10.2.1)
∼

// G(L)\ZI(Adm(d))

44iiiiiiiiiiiii

where the map on the left sends a p-divisible group to its p-kernel. Denote the composition

of the maps on the bottom row with EO: (BT1(d)(k)/ ∼=)→ IW̃ . We call the image of a

BT1 under this map its Ekedahl-Oort type .
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Corollary 10.2.4. The Ekedahl-Oort type gives a bijection

EO: (BT1(d)(k)/∼=)
∼→ Adm(d)∩ IW̃ = τd

JW̃I .

such that EO(N) = τd FT(N) (with FT(N) the final type of N).

Proof. The map EO is injective by lemma 10.2.2. Because the map on the left is surjective

by [40] proposition 1.7, the image of EO is the same as the image of (pDivI,d(k)/∼=) in IW̃ .

We saw in section 10.1.2 that this image is IW̃ ∩Adm(d) = τd
JW̃I . The relation with the final

type follows from lemma 10.1.6.

10.3. The Ekedahl-Oort type for quasi-polarized chains

Let us explain how to modify the results from the previous sections to quasi-polarized

chains. Let V be a 2g-dimensional vector space over Qp with symplectic form 〈,〉 and let

G = GSp(V). Remember that by lemma 7.2.6 we have a bijection

mI : (QPpDivI,2g(k)/∼=)
∼→ G(L)\Z̃I(Adm(µ)).

Combining this bijection with the natural map Z̃I → ZI and the classification of G(L)-orbits

in theorem 9.0.1 we get a map

EO: (QPpDivI,2g(k)/∼=)→ G(L)\ZI(Adm(µ))→ IW̃ .

We call the image of a quasi-polarized chain under this map its Ekedahl-Oort type. It is

calculated in the same way as in section 10.1. By lemma 10.1.1 it is in Adm(µ)∩ IW̃ .

Now look a the type I = ∆̃\{g}. Then G(L)\ZI(Adm(µ)) classifies polarized BT1 ’s.

Definition 10.3.1. A polarized BT1 is a BT1 N with a symplectic form (,) on its Dieudonné

module satisfying

(Fm,m′) = (m,V (m′))p for all m ∈M(N)(p) and m′ ∈M(N).

We use polarizations on the Dieudonné module and not on N itself to avoid problems in

characteristic 2, see [61] section 9. Let PBT1(d)(k) be the category of polarized BT1 ’s of

dimension d over k.

The set Z̃I is the same as in section 10.2, except that we have as extra condition that C⊥ =

pC. So to every triple (C,D,b) in Z̃I(Adm(d)) we can attach the Dieudonné module (C,F ,V )
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of a BT1 . The construction in section 7.2.1 gives a symplectic form (,) (a multiple of 〈,〉) on

C satisfying (Fm,Fm′) = pσ((m,m′)). Because C⊥ = pC, this form gives a polarization of

(C,F ,V ). So we have constructed a map

G(L)\ZI(Adm(µ))→ (PBT1(2g)(k)/∼=),

Like in lemma 10.2.2 this map is a bijection. Combining this bijection with the classification

of orbits in ZI (theorem 9.0.1) we get a bijection

EO: PBT1(m)
∼→ Adm(m)∩ IW̃ = τ

JW̃I ,

which classifies the polarized BT1 ’s over k. Here τ : i 7→ i−g (see section 6.2.1) is the unique

element of Adm(µ)∩ IW̃ σ(I) and J = I∩ τ σ(I) = ∆̃\{0,g}. Again the Ekedahl-Oort type is

related to the final type by EO(N) = FT(N)τ .

Remark 10.3.2. We can calculate the Ekedahl-Oort type of a polarized BT1 in two ways. If

we calculate it as in this section, we get an element in the extended affine Weyl group W̃ of

GSp2g. If we forget the polarization and calculate it as in section 10.2, we get an element in

the extended affine Weyl group W̃ ′ of GL2g. Both calculations give the same element under

the inclusion W̃ ⊂ W̃ ′. Indeed, by lemma (5.2) in [61] the canonical filtration is the same for

polarized and unpolarized BT1 ’s, and by the diagram in section 6.2.3 the relative position is

the same whether we take it for GSp2g or GL2g.

However, for a type other than ∆̃\{g} the Ekedahl-Oort type of a chain of quasi-polarized

p-divisible groups will usually depend on whether you take the polarization into account.
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