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CHAPTER 11

The Kottwitz-Rapoport stratification and the Ekedahl-Oort
stratification

In this chapter we define two stratifications on AI : the Kottwitz-Rapoport stratification and

the Ekedahl-Oort stratification. The second stratification is a refinement of the first. To give

an idea how they work, let us describe here when a point x of AI over an algebraically closed

field k is in a stratum. By sending such a point first to its chain of quasi-polarized p-divisible

groups and then to the corresponding chain of Dieudonné modules we get a map

AI(k)→ QPpDivI,m(k)→ G(L)\Z̃I(Adm(µ)), (11.0.1)

see section 7.2.1. Then:

• A point of AI(k) is in the Kottwitz-Rapoport stratum AI(w) if and only if (11.0.1)

maps it to G(L)\Z̃I(w). Concretely this means that its chain of Dieudonné modules is

in relative position w to its image under the Frobenius (in the isocrystal).

• A point of AI(k) is in the Ekedahl-Oort stratum AI{w} if and only if (11.0.1) maps it

to G(L)\Z̃I{w}. This means that its chain of p-divisible groups has Ekedahl-Oort type

w (see chapter 10). Consequently the fibers of the forgetful morphism αJ,I are constant

over AI{w}. We will this fact use when we study these morphisms in chapter 12.

We could use the above description to define the strata as locally closed subsets of AI .

However, we choose to first define them using local models and then show that on k-valued

points they behave as described above. This has the advantage that we get the strata as

schemes and that we immediately find the basic properties of the Kottwitz-Rapoport stratifi-

cation (we prove those of the Ekedahl-Oort stratification in chapter 12).

Theorem 11.0.2. The Kottwitz-Rapoport stratification has the following basic properties:

1. The stratum AI(w) is smooth of dimension l(w)+ l(W̃I)− l(W̃I∩wσ(I)).

2. The closure of AI(w) is the union of all AI(w′) for which w′ ≤ w in the Bruhat order.
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The construction of the Kottwitz-Rapoport stratification and theorem 11.0.2 are not new.

We just repeat them here for completeness. The local model for AI was first constructed by

de Jong in [42] (section 3 and 4), and later used extensively by Rapoport and Zink in [64]

(definition 3.27). Ngô and Genestier first used the local model to define the stratification

in AI(w) and derive its properties (see [21] section 3 and 4). They named it the Kottwitz-

Rapoport stratification because of their construction builds on [44].

The construction of the Ekedahl-Oort stratification on AI is new, but it generalizes the

construction of Ekedahl and Oort in [61].

11.1. Moduli spaces with parahoric level structure

We now return to moduli spaces of abelian varieties with parahoric level structures. To

be precise, we look at the following moduli spaces.

Definition 11.1.1. Fix a dimension g and a prime p. For I ( {0, . . . ,g} the moduli space of

abelian varieties with parahoric level structure AI over Fp is the moduli space for chains of

polarized abelian varieties

((A2g−ir ,λ2g−ir)
φ← (A2g−ir−1 ,λ2g−ir−1)

φ← ··· φ← (A2g−i0 ,λ2g−i0),η),

where {i0 < · · ·< ir}= {1, . . . ,g}\I (we explain this peculiar indexation below) and

1. A2g−i j is a g-dimensional abelian variety,

2. λ2g−i j is a polarization of degree p2(g−i j) whose kernel is contained in A2g−i j [p],

3. φ : A2g−i j → A2g−i j+1 is an isogeny such that φ ∗λ2g−i j+1 = λ2g−i j ,

4. η is a level N-structure for N ≥ 3 and coprime to p.

For J ⊃ I the forgetful morphism αI,J : AI →AJ forgets the Ag−im for im in J\I.

It is convenient for us to index the chains of abelian varieties in AI by the standard lat-

tice chain LI′ (see section 6.2.2). W start by extending the chain in definition 11.1.1 to

an infinite chain in a few steps. First, we let Ai j be the dual of A2g−i j and let the isogeny

Ai j+1 → Ai j be the dual of the isogeny A2g−i j → A2g−i j+1 . We link this second chain to

the first chain by the polarization λ2g−ir : A2g−ir → Air = At
2g−ir . Then we replicate this

piece of chain 2g-periodically be setting Ai j+2gm = Ai j and A2g−i j+2gm = A2g−i j for all m

in Z and keeping the isogenies the same. Finally we patch these pieces together by let-

ting φ : Ai0+2gm = Ai0 = A∨2g−i0 → A2g−i0 = A2g−i0+2g(m−1) be the unique isogeny such that
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φ ◦ λ2g−i0 : A2g−i0 → A∨2g−i0 → A2g−i0 is multiplication by p (such an isogeny exists, be-

cause the kernel of λ2g−i0 is contained in A2g−i0 [p]). The polarizations λ2g−i j give a quasi-

polarization λi on each abelian variety Ai in the chain.

Note that we do not get an Ai for all integers i, but only for those for which ±i is in not

I modulo 2g. These are exactly the i for which Λi is in LI′ . So it makes sense to define

AΛi = Ai and λΛi = λi for all Λi in LI′ . We usually leave out η and the λi from the notation

and write (AΛ)Λ∈LI′
for the above chain. Like the chains of p-divisible groups in chapter 7,

the isogeny AΛ→ AΛ′ has degree plength(Λ/Λ′) and the isogeny AΛ→ ApΛ is multiplication by

p. In particular, (AΛ[p∞],λΛ[p∞])Λ∈LI is a chain of quasi-polarized p-divisible groups in the

sense of definition 7.2.3.

11.2. The local model

We now review the local model Mloc
I for the singularities of AI introduced by de Jong

in [42]. He defined it over Zp. However, since we are only interested in its special fiber, we

restrict our attention to characteristic p.

Let ∆̃ = {0, . . . ,g} be the vertex set of the extended Dynkin diagram of GSp2g. For any

type I ⊂ ∆̃ let LI′ be the standard self-dual lattice chain of type I over Zp (see section 6.2.2;

in that chapter we assumed that the residue field of O was algebraically closed, but this is of

course not necessary for the construction of LI′ ).

Definition 11.2.1. The local model is the scheme Mloc
I over Fp whose S-valued points are

collections (FΛ ⊂ OS⊗Zp Λ)Λ∈LI′
of locally free direct summands of rank g such that

1. for any Λ ⊂ Λ′ the homomorphism OS⊗Zp Λ→ OS⊗Zp Λ′ induced by the inclusion

maps FΛ to FΛ′ and

2. the composition FΛ→ (OS⊗Zp Λ)∼= (OS⊗Zp Λ∨)∨→F∨
Λ∨ is zero.

The local model can be represented by a locally closed subscheme of a product of Grass-

manians. Let G I be the group scheme over Fp whose S-valued points are the automorphism

of the chain (OS⊗Zp Λ)Λ∈Q∗p\LI′
preserving the symplectic form. It acts naturally on Mloc

I

and we want to determine its orbits.

Let us first classify the orbits on k-valued points for an algebraically closed field k. Let O

be the Witt-vectors of k, let L be the field of fractions of O and let XI be the affine partial flag

variety of type I for GSp2g over O (see section 6.2.2). We can construct an injective map

ι : Mloc
I (k) ↪→ XI
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by sending (FΛ) to the unique marked lattice chain (CΛ) in XI with p(O ⊗Zp Λ) ⊂ CΛ ⊂
O⊗Zp Λ and k⊗O CΛ = FΛ in k⊗Zp Λ.

Let KI ⊂G(L) be the standard parahoric subgroup of type I, the stabilizer of the standard

lattice chain LI′ . We can attach to KI a group scheme over O (see [12] 5.2.6), and its special

fiber is G I,k. In particular, we have a map g 7→ g from KI to G I(k). The map ι commutes with

the actions of G I(k) on Mloc
I and of KI on XI in the sense that ι(gm) = gι(m). So the

mathcalGI-orbits in Mloc
I (k) map to KI-orbits in XI .

But the KI-orbits in XI are just the Schubert (or Bruhat) cells

SI(w) = KIw(LI) = {C ∈ XI | inv(LI ,C ) = w}

for w in IW̃ I . By definition of the admissible set (see 7.1.3), the image of ι consists exactly of

those SI(w) for which w is in Adm(µ). Let Mloc
I (w)⊂Mloc

I be the pull-back of SI(w). More

precisely, Mloc
I (w) is the unique reduced subscheme in Mloc

I such that ι(Mloc
I (w)(k))=SI(w).

Lemma 11.2.2. The G I-action on Mloc
I satisfies the following properties:

1. The orbits are the Mloc
I (w) for w in Adm(µ)∩ IW̃ I .

2. The orbit Mloc
I (w) has dimension l(w)+ l(W̃I)− l(W̃I∩wI).

3. The closure of Mloc
I (w) is the union of the Mloc

I (w′) for which w′ ≤ w in the Bruhat

order.

Here we write l(A) = max{l(w) |w ∈ A} for any finite set A ⊂ W̃ . Note that l(W̃I)−
l(W̃I∩wI) is the dimension of the projective variety whose set of k-valued points is KI/KI∩wI .

Proof. For point 1 note that the set of G I-orbits in Mloc
I is in bijection with the Gal(k/Fp)-

equivalence classes of G I(k)-orbits in Mloc
I (k). By the above description the orbits in Mloc

I (k)

are the Mloc
I (w)(k). They are all invariant under the Galois group. So the orbits in Mloc

I are

the Mloc
I (w).

For point 2 first note that, like the Schubert cell S /0(w), the orbit Mloc
/0 (w) is an affine space

of dimension l(w). For any I there is a forgetful morphism βI : Mloc
/0 →Mloc

I that forgets the

FΛ for Λ /∈ LI . The fibers of this map are flag varieties of dimension l(W̃I). The inverse

image β
−1
I (Mloc

I (w) is the union of Mloc
/0 (w′) for w′ in the double coset W̃IwW̃I . So we have

dim(Mloc
I (w))+ l(W̃I) = dim(β−1

I (Mloc
I (w))) = l(W̃IwW̃I).

By corollary 5.1.19 we can write every w′ in W̃IwW̃I uniquely as w′ = uwv with u ∈ W̃I and
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v ∈ w−1
I∩IW̃I . It follows that

l(W̃IwW̃I) = l(W̃I)+ l(w)+ l(
w−1

I∩IW̃I)

= l(W̃I)+ l(w)+ l(W̃I)− l(W̃I∩wI).

Combining the two equations above we get the dimension of Mloc
I (w).

The proof of point 3 is the same as the proof that the closure relations of Schubert cells

are given by the Bruhat order.

11.3. The Kottwitz-Rapoport stratification

Again following [42] section 3 and 4 we construct a correspondence

˜AI

����������

  BBBBBBBB

AI Mloc
I

(11.3.1)

called the local model diagram, which allows us to compare AI with Mloc
I .

Definition 11.3.2. Let ˜AI be the scheme over k for which an S-valued points is given by

1. An S-valued point (AΛ,λ ,θ) of AI .

2. Trivializations ψΛ : H1
dR(AΛ/S) ∼→ OS⊗Λ for all Λ compatible with the polarization.

The left morphism in diagram (11.3.1) simply forgets the trivializations ψΛ. It makes
˜AI into a G I-torsor over AI , where G I acts by changing the ψΛ. The right morphism is

constructed as follows. Given an S-valued point x̃ = (AΛ,λ ,θ ,ψΛ) of ˜AI , we can transfer the

Hodge filtration EΛ ⊂ H1
dR(AΛ/S) to a locally free direct summand FΛ = ψΛ(EΛ) in OS⊗Zp

Λ. Then the right morphism sends x̃ to (FΛ)Λ∈LI in the local model Mloc
I . This morphism is

smooth (see [42] proposition 4.5 or [64] 3.29) and surjective (see [20] proposition 1.3.2).

Following [21] section 3 and 4 we use diagram (11.3.1) to transfer the G I-orbits in the

local model to AI , where they give Kottwitz-Rapoport strata. To be precise, if we pull back

an orbit Mloc
I (w) (see lemma 11.2.2), then we get a G I-equivariant subvariety of ˜AI . Because

˜AI is a G I-torsor over AI we can descend this subvariety to AI . In this way we get the

Kottwitz-Rapoport stratum AI(τ2gw−1), where τ2g is the permutation i 7→ i−2g (see section

6.2.1). Note that we change the indexation when we go from orbits to Kottwitz-Rapoport

strata: Mloc
I (w) becomes AI(τ2gw−1). We will explain why in lemma 11.3.3 and its proof.
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For any subset A of W̃ we write

AI(A) =
⊔

w∈A∩IW̃ σ(I)∩Adm(µ)

AI(w).

Because the right map in (11.3.1) is smooth and surjective, the Kottwitz-Rapoport stra-

tum AI(w) is smooth, and has the same dimension as the orbit Mloc
I (w−1τ−2g). So AI(w)

has dimension l(w−1τ−2g)+ l(W̃I)− l(W̃
I∩w−1τ−2g I

) = l(w)+ l(W̃I)− l(W̃I∩wσ(I)) by lemma

11.2.2. Similarly, the closure of AI(w) is the union of all AI(w′) with w′ ≤ w in the Bruhat

order. So we have proved theorem 11.0.2.

11.3.1. The stratification on k-valued points. We will now show that the above defi-

nition of AI(w) coincides with the definition for points over an algebraically closed field k

given in the introduction of this chapter.

Lemma 11.3.3. For a k-valued point x = (AΛ)Λ∈LI of AI the following are equivalent:

1. The point x is in AI(w).

2. The map in (11.0.1) sends x to G(L)\Z̃I(w).

3. The chain of Dieudonné modules CΛ = M(AΛ[p∞]) has relative position w to its image

(FCΛ) under the Frobenius (inside the isocrystal of x).

Proof. The equivalence of 2 and 3 is clear from the definition of Z̃I(w) (see section 7.1.1)

and the construction of the map (11.0.1) in section 7.2.1.

So let us prove that 1 and 3 are equivalent. Pick a trivialization of the (polarized) isocrystal

(L⊗M(A[p∞]),M(λΛ[p∞]))∼= (V,〈,〉) such that the chain (FCΛ) maps to the standard lattice

chain Lσ(I). The comparison theorem in appendix A.0.5 gives isomorphisms

ψΛ : H1
dR(AΛ)

∼ // (k⊗O CΛ)
(p) ∼

F
// k⊗O (FCΛ) = k⊗Λ,

respecting the polarizations. So we get a lift x̃ of x to ˜AI .

The isomorphisms ψΛ maps the Hodge filtration H0(A,ΩA) first to the kernel of F , that is

to (F−1 pCΛ)/pC(p)
Λ

in (k⊗O CΛ)
(p), and then to (pCΛ)/(pFC(p)

Λ
) in k⊗O (FCΛ). So, if we

map x̃ first to Mloc
I by the morphism in (11.3.1) and then to XI by the map ι : Mloc

I (k)→ XI

from section 11.2, then we get the chain (pCΛ)Λ∈LI .

Note that x is in AI(w) if and only if (pCΛ)Λ∈LI is in the Schubert cell SI(w−1τ−2g). But

inv(Lσ(I),(pCΛ)) = inv((FCΛ),(CΛ)) inv(CΛ, pCΛ) = inv((CΛ),(FCΛ))
−1

τ−2g
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as τ−2g has length 0 and gives the relative position of a chain to p times that chain (see

lemma 5.1.11). So we see that indeed x is in AI(w) if and only if (CΛ) has relative position

w to (FCΛ).

The third description in the lemma seems to me the most intuitive and is the reason that I

index the Kottwitz-Rapoport strata in this way.

11.4. Refinement morphisms

To define the Ekedahl-Oort stratification, we first construct refinement morphisms

rw,I : AI(w)→AI∩wσ(I).

They are the analogues of the refinement maps for Z̃I defined in section 8.2). (See section

12.2 for more on rw,I).

Remember that in section 10.1.1 we constructed the refinement rw,I(YΛ) of a chain of

p-divisible groups over an algebraically closed field. With a bit of work we can also make

this construction work for a chain (YΛ) over a reduced scheme S, assuming that the map

in lemma 7.1.6 maps the fiber (YΛ(s)) over any geometric point s to G(L)\Z̃I(w). Define

Filσ(Λ′)(gr(YΛ)) by equation (10.1.5).

Lemma 11.4.1. The group scheme Filσ(Λ′)(gr(YΛ)) is locally free over S.

Proof. Because S is reduced, it is sufficient to show that function that attaches to a geometric

point s the rank of the fiber Filσ(Λ′)(gr(YΛ))(s) is constant (see [33] chapter II exercise 5.8(c)).

We claim that this rank is determined by w. Indeed, the rank of the fiber is p to the power of

the length of its Dieudonné module (see section A.0.3). If CΛ be the Dieudonné module of

YΛ(s), then the Dieudonné module of FilΛ′(gr(YΛ))(s) is

grCΛ
/FilF(CΛ) =CΛ/(CΛ∩F(CΛ)+Cn(Λ))∼= Λ/(Λ∩w(σ(Λ′))+n(Λ))

as the chain (CΛ) is in relative position w to the chain of images (F(CΛ)) under the Frobenius.

So the rank of FilΛ′(gr(YΛ))(s) does not depend on s.

The lemma allows us to take the quotient of YΛ by FilΛ′(gr(YΛ)) and define rw,I(YΛ) as

in section 10.1.1. Because the fiber of rw,I(YΛ) over any geometric point has type I∩wσ(I),

so does the whole chain. The refinement of a chain of quasi-polarized p-divisible groups is

again quasi-polarized.
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We apply this construction to the the universal chain of abelian varieties (AΛ) over AI(w).

Let YΛ = AΛ[p∞] be its chain of p-divisible groups. By lemma 11.3.3 the chains of Dieudonné

modules of all geometric points are in G(L)\Z̃I(w). So we get a quasi-polarized chain of p-

divisible groups rw,I(YΛ) = (Y ′
Λ′) of type I∩wσ(I) over AI(w). Together with (AΛ) this chain

defines the morphism rw,I : AI(w)→AI∩wσ(I). Indeed, if Λ′ is in LI∩wσ(I), then n(Λ)⊂Λ′ ⊂
Λ for some Λ in LI and we can see the kernel of YΛ =Y ′

Λ
→Y ′

Λ′ as a subgroup scheme of AΛ.

Define A′
Λ′ as the quotient of AΛ by this kernel. Then (A′

Λ′) is a chain of abelian varieties of

type I∩wσ(I) over AI(w). It gives the morphism rw,I by the universal property of AI∩wσ(I).

11.5. The Ekedahl-Oort stratification

We define the Ekedahl-Oort stratum AI{w} in the same way as we defined the subset

Z̃I{w} in section 8.2.1. Recall that AI(w) is stable if I = wσ(I).

Definition 11.5.1. For any w in T (I) define the Ekedahl-Oort stratum AI{w} by

AI{w}=

AI(w0) if AI(w0) is stable,

AI1{w←1} otherwise.

The map that sends (u0,u1, . . .) to u∞ gives a bijection T (I)→ IW̃ by lemma 8.2.6. We

usually write AI{u∞} for AI{u}. If A is a subset of W̃ , then we again write AI{A} for

the union of the strata AI{w} with w in A∩ IW̃ ∩Adm(µ). The Ekedahl-Oort stratification

refines the Kottwitz-Rapoport stratification as AI(w) = AI{wW̃σ(I)}. Over an algebraically

closed field k definition 11.5.1 is equivalent to the definition we gave in the introduction to

this chapter by the following corollary.

Corollary 11.5.2. For a k-valued point x of AI the following are equivalent:

1. The point x is in AI{w}.
2. The map in (11.0.1) sends x to Z̃I{w}.
3. The chain of p-divisible groups of x has Ekedahl-Oort type w (see chapter 10)

Proof. Points 1 and 2 are equivalent by lemma 11.3.3, as AI{w} and Z̃I{w} are defined by the

same formula. Points 2 and 3 are equivalent by the definition of the Ekedahl-Oort type.

Together with lemma 10.1.6 this corollary implies that for I = ∆̃\{g} the stratum AI{τw}
consists of all principally polarized abelian varieties whose p-kernel has final type w. So on

the moduli space of principally polarized abelian varieties definition 11.5.1 gives the stratifi-

cation defined by Ekedahl and Oort in [61] and described in section 1.3.

128




