
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Stratifications on moduli spaces of abelian varieties and Deligne-Lusztig
varieties

Hoeve, M.C.

Publication date
2010

Link to publication

Citation for published version (APA):
Hoeve, M. C. (2010). Stratifications on moduli spaces of abelian varieties and Deligne-Lusztig
varieties. [Thesis, fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/stratifications-on-moduli-spaces-of-abelian-varieties-and-delignelusztig-varieties(632abcfb-32f8-414e-bb04-b62bfb6663a1).html


CHAPTER 12

Forgetful morphisms

In this chapter we prove the three main theorems on forgetful morphisms stated in section

4.2: theorem 4.2.3 in section 12.2, theorem 4.2.2 in section 12.3 and theorem 4.2.1 in section

12.4. Our strategy in all three cases is to reduce the problem to a problem on Fp-valued points

and then use the results in chapter 8 (see section 12.1).

These theorems allow us to derive the basic properties of the Ekedahl-Oort stratification

in section 12.6.

Theorem 12.0.1. The Ekedahl-Oort stratification has the following basic properties:

1. The stratum AI{w} is smooth of dimension l(w).

2. The closure of AI{w} is the union of the AI{w′} for which there is a u ∈ W̃I with

uw′σ(u−1)≤ w in the Bruhat order.

Oort first calculated the dimension of Ekedahl-Oort strata in the moduli space of princi-

pally polarized abelian varieties in [61] theorem 1.2. The formulation in terms of lengths can

be found in [16] corollary 8.4 or [51], which builds on work by Wedhorn in [72]. The second

point in theorem 12.0.1 generalizes Wedhorn’s description of the closures of Ekedahl-Oort

strata in [71].

12.1. Description on Fp-valued points

Let us explain how we can use the results on the forgetful maps for Z̃I in chapter 8 to

understand the fibers of the forgetful morphisms for AI .

Let k be an algebraic closure of Fp. Let be O the Witt vectors of k and L the field of

fractions of O . Fix a 2g-dimensional vector space V over L with a symplectic form 〈,〉.
These data give the group G = GSp(V) and the set Z̃I defined in 7.1.1.

Given a k-valued point x = (AΛ) of AI , we choose a trivialization L⊗O M(AΛ[p∞])
∼→ V

of the isocrystal of x such that the pull-back of 〈,〉 is a multiple of the symplectic form given

by the polarization. Then the construction in section 7.2.1 gives a point z = (C ,D ,b) in Z̃I .

Here C = (M(AΛ[p∞])) is the chain of Dieudonné lattices of (AΛ) in V, D is the image of C

under the Frobenius F and b in G(L) is such that F = bσ .
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We construct a map

α
−1
J,I (x)(k)→ αJ,I(z)∩ Z̃J(Adm(µ)). (12.1.1)

as follows. Suppose that αJ,I maps x′ = (A′
Λ′) in AJ to x. As the isocrystal of x′ is isomorphic

to x, it is automatically trivialized. So we get a point z′ of Z̃J with αJ,I(z′) = z. The above

map is a bijection, because an element of αJ,I(z)∩ Z̃J(Adm(µ)) gives a chain of p-divisible

groups refining the chain (AΛ[p∞]), which together with x = (Aλ ) gives a point in α
−1
J,I (x)(k).

The bijection (12.1.1) commutes with the forgetful maps on both sides: for J′ ⊂ J ⊂ I

there is a commutative diagram

α
−1
J′,I(x)(k)

∼ //

αJ′,J
��

αJ′,I(z)∩ Z̃J(Adm(µ))

αJ′,J

��

α
−1
J,I (x)(k)

∼ // αJ,I(z)∩ Z̃J(Adm(µ)).

It also commutes with the refinement maps rw,J , and it respects the stratifications in the sense

that it induces bijections

(α−1
J,I (x)∩AI(w))(k)

∼→ αJ,I(z)∩ Z̃I(w) and

(α−1
J,I (x)∩AI{w′})(k)

∼→ αJ,I(z)∩ Z̃I{w′}

(see lemma 11.3.3 and corollary 11.5.2). In this way the bijection (12.1.1) allows us to

transfer to AI everything we proved for Z̃I in chapter 8. In particular, we see that (at least on

k-valued points) the fibers of αJ,I are constant over Ekedahl-Oort strata (see section 9.2).

12.2. Morphisms from stable strata

To prove theorem 4.2.3 on morphisms from stable strata, we first prove the following

analogue of lemma 8.2.2.

Proposition 12.2.1. The forgetful morphisms αI∩wσ(I),I induces an isomorphism

AI∩wσ(I)(wW̃σ(I))
∼→AI(w)

with inverse the refinement morphism rw,I (see section 11.4).

Proof. Write J = I ∩ wσ(I). First note that rI,w(AI(w)) is contained in AJ(wW̃σ(I)) and
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that αJ,I(AJ(wW̃σ(I))) is contained in AI(w). Indeed, as the Kottwitz-Rapoport strata are

reduced, we only need to check this on k-valued points. Then it follows from lemma 8.2.2

via the construction in section 12.1.

Similarly the composition rw,I ◦αJ,I is the identity by lemma 8.2.2. As rw,I is a section of

αJ,I by construction, the proposition follows.

We proceed in the same way as in section 8.2.2.

Corollary 12.2.2. If w is in IW̃ and w′ is the (I,σ(I))-reduced representative W̃IwW̃σ(I), then

the forgetful morphism AI∩w′σ(I) → AI induces an isomorphism AI∩w′ I{w} → AI{w}. Its

inverse is rw′,I .

Proof. By the definition of the Ekedahl-Oort strata in 11.5.1 the refinement morphism rw′,I

maps AI{w} to AI∩wσ(I){w}. By proposition 12.2.1 it is an isomorphism with inverse given

by the forgetful morphism.

Suppose we have sequence (In,wn) in T (I) (see definition 8.2.3) with w∞ = w. By corol-

lary 12.2.2 the refinement morphisms give isomorphisms

AI{w}
∼→AI1{w}

∼→AI2{w}
∼→ ··· ∼→AI∞{w∞}= AI∞{w}.

with inverses give by the forgetful morphisms. Because I∞ is w-stable, we have AI∞{w} =
AI∞(w). So the forgetful morphism gives an isomorphism AI∞(w)

∼→ AI{w}. But I∞ is the

largest subset of I satisfying I∞ = wσ(I∞). In other words it is the w-stable type of I. Thus we

have proved theorem 4.2.3.

12.3. Morphisms to stable strata

Remember that I is w-stable if I = wσ(I), and that a stratum AI(w) is stable if I is w-

stable. In this section we study morphisms to stable strata and prove theorem 4.2.2.

12.3.1. A group scheme over stable strata. Suppose that I is w-stable. Let x be a k-

valued point of AI(w). The map AI(w)(k)→ G(L)\Z̃I(Adm(µ)) in (11.0.1) sends x to a

point z in G(L)\Z̃I(w) (see lemma 11.3.3). The construction in section 8.3.1 attaches to z a

reductive group G0,x = G0,z over Fp. We will now glue together these groups for different x

to a group scheme G over AI(w) with an isogeny Fr : G→ G.

Let (YΛ)Λ∈LI be the universal chain of p-divisible groups over AI(w) and let gr(YΛ) be

the kernel of ρΛ,n(Λ) : YΛ→ Yn(Λ) (as in section 10.1.1). Let Filσ(Λ′)(gr(YΛ)) be the filtration

of gr(YΛ) defined in section 11.4.

131



Lemma 12.3.1. The finite group scheme gr(YΛ) is killed by F or V .

Proof. Because I is w-stable, the refinement rw,I(YΛ) is equal to the original chain (YΛ). To

make rw,I(YΛ) we add (amongst others) YΛ/Filσ(Λ)(gr(YΛ)) to the chain between YΛ and Yn(Λ).

So, Filσ(Λ)(gr(YΛ)) is either gr(YΛ) or 0. But by definition Filσ(Λ)(gr(YΛ)) is the kernel of F

on gr(YΛ) (see equation (10.1.5)). Hence, F is either 0 or an isomorphism. In the last case V

is 0, as FV = p = 0 on gr(YΛ).

The lemma implies that we can define the Dieudonné module M(gr(YΛ)) as in appendix

A.0.4. Let G be the closed subgroup of ∏Λ∈LI/pZ GL(M(grΛ(y))) of elements that respect

the polarization. This is a reductive group scheme over AI(w).

To define the isogeny Fr we need another property of FilΛ′ on stable strata.

Lemma 12.3.2. For every Λ in LI there is a unique π(Λ) in Lσ(I) with Filπ(Λ)(gr(YΛ)) = 0

and Filn(π(Λ))(gr(YΛ)) = gr(YΛ). The map π is a bijection, and there is an isomorphism

εΛ : gr(YΛ)
∼→ gr(Yπ(Λ))

(p).

Proof. Because I is w-stable, we have rw,I(YΛ) = (YΛ). So each of the FilΛ′(gr(YΛ)) is either

0 or the whole group gr(YΛ). As the filtration is descending, there is a unique π(Λ) with the

above property.

Let us study the fiber (YΛ(x)) of (YΛ) over a point x in AI(w)(k) using its chain of

Dieudonné modules (CΛ). We see (CΛ) as a chain of O-lattices in the isocrystal L⊗O CΛ. Be-

cause x is in AI(w), the chain (CΛ) is in relative position w to the chain of Frobenius images

(FCΛ). Because I is w-stable, (CΛ) and (FCΛ) are in good position (see 5.2.4). It follows

from section 6.1.5 that π is a bijection and that the natural maps

grCΛ

∼←
CΛ∩F(Cπ(Λ))

CΛ∩n(F(Cπ(Λ)))+n(CΛ)∩F(Cπ(Λ))

∼→ grF(Cπ(Λ))
(12.3.3)

are isomorphisms. As grCΛ
is the Dieudonné module of gr(YΛ(x)), and grFCπ(Λ)

is that of

gr(Yπ(Λ)(x)), we get an isomorphism:

εΛ(x) : gr(YΛ)(x)
∼→ gr(Yπ(Λ))

(p)(x).

We want to show that this isomorphism comes from a global isomorphism over AI(w).

Pick any Λ′ that contains both Λ and Λ′. If we let H = ker(ρΛ′,Λ)+ker(F ◦ρΛ′,π(Λ)), then

H is locally free by the argument in lemma 11.4.1. So we can define Z = YΛ′/H. We have
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morphisms

gr(YΛ)→ YΛ→ Z← Y (p)
π(Λ)
← gr(Y (p)

π(Λ)
).

The Dieudonné module of the fiber of Z over x is CΛ∩F(Cπ(Λ)). If we restrict the morphisms

to the fibers over x and apply the Dieudonné functor, we get morphisms

grCΛ
←CΛ←CΛ∩F(Cπ(Λ))→ F(Cπ(Λ))→ grF(Cπ(Λ))

.

Because AI(w) is reduced, the isomorphisms in (12.3.3) imply that the morphisms from

gr(YΛ) and gr(Y (p)
π(Λ)

) to Z are both injective and have the same image. So they give the

isomorphism εΛ.

Via Dieudonné theory εΛ gives an isomorphism M(εΛ) : M(gr(Yπ(Λ)))
(p) ∼→ M(gr(YΛ))

and hence an isogeny

FrΛ : GL(M(gr(Yπ(Λ))))→ GL(M(gr(YΛ)))

g 7→M(εΛ)◦g(p) ◦M(εΛ)
−1,

where g(p) is the image of g under the relative Frobenius. We let Fr : G→ G be the product

of the isogenies FrΛ. Because π is a bijection, Fr is an isogeny.

If x is a k-valued point of AI(w), then the fiber of G over x is isomorphic to the base

change Gz of G0,z to k (with z as above), and the restriction of Fr is equal to the Frobenius of

G0,z. In particular the Dynkin diagram of the fiber with its Frobenius action is described by

corollary 9.3.2.

12.3.2. Fibers and Deligne-Lusztig varieties. Let XJ be the scheme over AI(w) that

parametrizes parabolic subgroups of type J ⊂ I in G. We construct a morphism

η : α
−1
J,I (AI(w))→ XJ (12.3.4)

over AI(w) as follows. Let (Y ′
Λ′)Λ′∈LJ be the universal chain of p-divisible groups over

α
−1
J,I (AI(w)). As LJ refines LI , there is for every Λ′ in LJ not in LI a unique Λ ∈LI with

Λ⊃ Λ′ ⊃ n(Λ). We get subgroup schemes

HΛ′ = ker(α−1
J,I YΛ→ Y ′

Λ′)⊂ α
−1
J,I (ker(YΛ→ Yn(Λ))) = α

−1
J,I (gr(YΛ)).
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Applying the Dieudonné functor we get a surjective morphism of Dieudonné modules

M(α−1
J,I (gr(YΛ))) = α

∗
J,I(M(gr(YΛ)))→M(HΛ′). (12.3.5)

If we take the kernels of these morphisms for all Λ′ in LI′ , we get a flag of submodules in

∏α∗J,I(M(grΛ(y))). By construction G acts on ∏M(grΛ(y)) and the stabilizer of this flag

in α
−1
I,J (G) is a family of parabolic subgroups of type J over α

−1
I,J (AI(w)). We let η be the

morphism given by this family.

Corollary 12.3.6. The morphism η in (12.3.4) is an immersion.

Proof. The image of η determines the morphisms in (12.3.5). By lemma 12.3.1 the group

gr(YΛ) is annihilated by F or by V . The Dieudonné functor M(−) is an equivalence on the

category of group schemes with this property (see appendix A.0.4). So (12.3.5) determines

the subgroups HΛ′ ⊂ α
−1
J,I (grΛ(y)). These subgroups determine the universal chain of p-

divisible groups over α
−1
J,I (AI(w)). So the inclusion of α

−1
J,I (AI(w)) in AJ factors through η ,

which must therefore be an immersion.

The morphism is not always an isomorphism, because not all submodules of M(gr(YΛ))

are Dieudonné submodules.

Suppose that x is a k-valued point of AI(w) and let z be the image of x under the map

AI(k)→ G(L)\Z̃I(Adm(µ)) in (11.0.1). Because the fiber of G over x is isomorphic to Gz,

the fiber of XJ over x is isomorphic to the variety X z,J of parabolic subgroups of type J in Gz.

We have a commutative diagram

α
−1
J,I (x)(k)

∼ //

η
%%JJJJJJJJJ

αJ,I(z)∩ Z̃J(Adm(µ))

ηz
wwnnnnnnnnnnnn

X z,J(k)

(12.3.7)

where the top arrow is the bijection from (12.1.1), and ηz is constructed in section 8.1.

We can determine the images of Kottwitz-Rapoport and Ekedahl-Oort strata under η

in terms of Deligne-Lusztig varieties. Define the Deligne-Lusztig varieties XJ(w′) as the

intersection of the graph of Fr with the G-orbit OI,σ(I)(w′) in XJ×XFr(J) attached to w′ and

define fine Deligne-Lusztig varieties XJ{w′} by the same procedure as in section 2.1.2. Then

theorem 4.2.2 follows from the following proposition.
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Theorem 12.3.8. Suppose that AI(w) is stable. For any J ⊂ I the morphism η in (12.3.4)

gives isomorphisms

AJ(uw)∼= XJ(u) and AJ{vw} ∼= XJ{v}.

of schemes over AI(w) for any u in JW̃
wσ(J)
I and v in JW̃I .

Proof. Let us first look at AJ(uw). As it is contained in α
−1
J,I (AI(w)) = AJ(W̃IwW̃σ(I)), the

restriction of η gives an immersion AJ(uw)→ XJ . We just need to show that the image of

this immersion is XJ(u). Because both AJ(uw) and XJ(u) are reduced and of finite type over

Fp, we can check this on k-valued points.

Pick any x in AI(w) and look at diagram (12.3.7). The top map gives a bijection from

(α−1
J,I (x)∩AI(uw))(k) to αJ,I(z)∩ Z̃I(uw) (see section 12.1) and ηz gives a bijection from

αJ,I(z)∩ Z̃I(uw) to Xx,J(u) (see proposition 8.3.3). So in the fiber over x the morphism η

maps AJ(uw)(k) onto XJ(u)(k). As this holds for any x in AI(w) the image of AJ(uw) under

η is indeed XJ(u).

Similarly it follows from corollary 8.3.5 that η gives an immersion from AJ{vw} to XJ

with image XJ{v}.

Corollary 12.3.9. For all I ⊂ J and w in Adm(µ)∩ JW̃ the forgetful morphism αI,J induces

a finite étale morphism AI{w}→AJ{w}.

Proof. Because α /0,J = αI,J ◦α /0,J , we only need to show that α /0,J induces a finite étale mor-

phism A /0{w} →AJ{w} for all J. If J∞ is the w-stable type of J, then the restriction α /0,J to

A /0{w} factors as

A /0{w}= A /0(w)→AJ∞
(w) = AJ∞

{w}→AJ{w}.

The second morphism is an isomorphism by theorem 4.2.3. Because J∞ is w-stable, A /0(w) is

isomorphic to X /0(1) over AJ∞
(w) by theorem 12.3.8.

Let G be the group scheme over AJ∞
(w) defined above and let GFr be the set of fixed

points of Fr in G. This is a finite étale group scheme over AJ(w). So, if we pick a k-valued

point x in AJ(w), there is a finite étale morphism S→AJ(w) such that the pull-back of GFr

is isomorphic to S×GFr
x . Because the pull-back of X /0(1) is isomorphic to Xx, /0(1)× S, it

follows that X /0(1) is finite étale over AJ∞
(w).
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12.4. Shuffling

In this section we prove theorem 4.2.1. The construction of the shuffling morphisms is

essentially the same as for Z̃I (see section 8.4).

Fix a w in {s}W̃ {σ(s)} and assume that sw 6= wσ(s). Then the double coset W̃IwW̃σ(I) con-

sists of 4 elements: w, wσ(s), sw and swσ(s). These are not necessarily all in the admissible

set. However, we do have the following.

Lemma 12.4.1. If sw is in the admissible set, then so is wσ(s). If swσ(s) is in the admissible

set, then w, sw and wσ(s) are all in the admissible set.

Proof. Suppose that sw is in the admissible set, so sw ≤ tu(µ) = v for some u in W . All σ -

conjugates of v have the same length (see [63] lemma 3.6), in particular l(svσ(s)) = l(v). So

there are two possibilities (see figure 8.4.1):

1. If l(sv) < l(v), then v has a reduced expression of the form v = st1 . . . trω with ti
in ∆̃ and ω in Ω. Since w ≤ sw ≤ v, we can write w = ti1 . . . tir ω . Then wσ(s) =

ti1 . . . tir
ω σ(s)ω ≤ t1 . . . trω σ(s)ω = svσ(s).

2. If l(sv) > l(v), then l(vσ(s)) < l(v) and v has a reduced expression of the form v =

t1 . . . trω σ(s)ω . Again we can write w = ti1 . . . tir ω . Now wσ(s) = ti1 . . . tir
ω σ(s)ω ≤ v.

In both cases wσ(s) is in the admissible set.

Now suppose that swσ(s) is in the admissible set. Because w, sw and wσ(s) are all

smaller than swσ(s) in the Bruhat order, they are also in the admissible set.

Consider the composition

A /0(W̃{s}wW̃{σ(s)})
α /0,{s}

// A{s}(w)
rw,{s}
∼
// A /0(wW̃{σ(s)}). (12.4.2)

Lemma 12.4.3. If sw is in the admissible set, the composition (12.4.2) induces a morphism

ssw,s : A /0(sw)→A /0(wσ(s))

that gives a bijection on k-valued points.

Proof. This follows from lemma 8.4.2 using the construction in section 12.1.

Remark 12.4.4. Looking at examples one immediately sees that ssw,s is not an isomorphism,

but that it is purely inseparable. In fact, if w = s1 . . .sr is a reduced expression, then the
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composition

A /0(w)
sw,s1→ A /0(s2 . . .srσ(s1))

s−,s2→ A /0(s3 . . .srσ(s1)σ(sr))
s−,s3→ . . .

s−,sr→ A /0(σ(s1) . . .σ(sr)) = A /0(σ(w))

is the Frobenius.

Now assume that swσ(s) is in the admissible set. Because now all four elements of

W̃IwW̃σ(I) are admissible, the fibers of A /0(W̃IwW̃σ(I))→ A{s}(w) are all isomorphic to P1.

We already know the fibers of three strata: of A /0(w) and A /0(wσ(s)) by theorem 4.2.3, and of

A /0(sw) by lemma 12.4.3. So what remains must come from the fourth stratum A /0(swσ(s)).

With the same reasoning as in corollary 8.4.4 we get the following.

Corollary 12.4.5. The composition (12.4.2) induces a surjective morphism

sswσ(s),s : A /0(swσ(s))→A /0(w)∪A /0(wσ(s)),

whose fiber over a k-valued point x is isomorphic to A1
k if x is in A /0(w) and to A1

k\{0} if x is

in A /0(wσ(s)).

Theorem 4.2.1 now follows from lemma 12.4.3 and corollary 12.4.5 in the same way as

corollary 8.4.6 follows from lemma 8.4.2 and corollary 8.4.4.

12.5. Putting it all together

As we explained in section 4.2, the three special cases above suffice to determine the

image and fibers of forgetful morphisms. The key is lemma 4.2.4, which we will now prove.

For convenience we repeat its statement. Remember that the w-stable type of I is the largest

J ⊆ I with J = wσ(J).

Lemma 12.5.1. For every w in W̃ there is a sequence

w = w0
s0 w1

s1 w2
s2 . . .

sr−1 wr with si ∈ I and wi ∈ W̃

such that l(w0) = l(w1) = · · ·= l(wr−1) and wr satisfies one of the following:

1. there is a y in IW̃ and a u in W̃J , with J the y-stable type of I, such that wr = uy, or

2. l(wr)< l(w).
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Proof. Define auxiliary sequences xn, In,yn,un and vn, as follows. Set x0 = w and I0 = I. By

corollary 5.1.19 we can write xn uniquely as

xn = unynvn with yn ∈ InW̃ σ(In), un ∈ W̃ In∩wσ(In)
In and vn ∈ W̃σ(In)

Then we recursively define

xn+1 = u−1
n xnσ(un) = ynvnσ(un), In+1 = In∩ ynσ(In).

One easily checks that the sequence (In,yn)n≥0 is in the set T (I) defined in 8.2.3. So by

lemma 8.2.6 it stabilizes to (I∞,y∞), where y∞ is in IW̃ and I∞ is the y∞-stable type of I. Pick

N large enough so that yn = y∞ for n ≥ N. Because I∞ = wσ(I∞), the element un = 1 for

n ≥ N. So xn+1 = xn and the sequences (xn) and (vn) also stabilize, say to x∞ and v∞. Note

that x∞ = y∞v∞.

By picking reduced expressions un = sinsin+1 . . .sin+1−1 we get a sequence of simple re-

flections s0, . . . ,sM in I (with i0 = 0 and in = M for n large enough). Define the sequence

w0,w1, . . . ,wN in W̃ by wi+1 = siwiσ(si). Note that win = xn and wM = y∞v∞. We assume

that wi+1 6= wi. Otherwise we shorten the sequences by taking out si and wi+1.

Let m be the largest number in {0, . . . ,M} such that l(w) = l(w0) = l(w1) = · · ·= l(wm).

For j ≤ m with in ≤ j < in+1, we have

w j = s j . . .sin+1−1ynvnσ(sin) . . .σ(s j−1)

The lengths of the elements on the right add up to l(un)+ l(yn)+ l(vn) = l(xn). But xn = win

and in ≤ j ≤ m, so l(xn) = l(w) = l(w j). It follows that w j has a reduced expression starting

with s j and l(s jw j) < l(w j). Looking at figure 8.4.1, we see that l(s jw j+1) > l(w j+1). We

conclude that that w0
s0 w1

s1 . . .
sm−1 wm.

Now there are two possibilities: either m < M or m = M. In the first case, we must have

l(wm+1)< l(wm) as l(smwm)< l(wm) by the above calculation. So we set r = m+1 and we

are in case 1. In the second case, we have wm = y∞v∞. Then we put r = m, y = y∞, J = I∞

and u = y∞u∞y−1
∞ in W̃yσ(I∞) = W̃I∞ , and we are in case 2.

Note that the proof works for the extended affine Weyl group of any reductive group, not

just for GSp2g.

12.5.1. Images of strata. Using lemma 12.5.1 we now give an algorithm to determine

the images of Ekedahl-Oort and Kottwitz-Rapoport strata under the forgetful morphisms.
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Such an image is a union of Ekedahl-Oort strata by sections 9.2 and 12.1.

Each Kottwitz-Rapoport stratum is a union of Ekedahl-Oort strata: AI(w) =AI{wW̃σ(I)}.
Also, AI{w} is the image of A /0(w) by corollary 12.3.9. So, if we can determine the image

of A /0(w) under α /0,I for all admissible w and all types I, then we can determine the image of

any Kottwitz-Rapoport or Ekedahl-Oort stratum.

To find out which Ekedahl-Oort strata are in the image of A /0(w), we use lemma 4.2.4.

If wi and si are as in that lemma, then by combining theorems 4.2.3, 4.2.2 and 4.2.1 (as

explained in section 4.2) we have

α /0,I(A /0(w)) =

AI(y) in case 1 of lemma 12.5.1,

α /0,I(A /0(wr))∪α /0,I(A /0(wrσ(sr))) in case 2.
(12.5.2)

Note that in case 2 wr and wrσ(sr) both have strictly smaller length than w. So we get a finite

algorithm to determine the image of A /0(w). We can even keep track of what the fibers look

like over any Ekedahl-Oort stratum in the image.

However, the results of this algorithm are subtle, as its working depends not only on the

Bruhat order and σ -conjugation, but also on the construction of the sequence wi in lemma

4.2.4. I have no simple description of the set of strata that occur in the image of A /0(w). But

I can give an upper bound on this set for the following relation.

Definition 12.5.3. Write w′ �I w if there is a u in W̃I such that uw′σ(u) ≤ w in the Bruhat

order.

Note that this relation also determines which strata occur in the closure of an Ekedahl-

Oort stratum (see theorem 12.0.1). If w′ �I w and w≤ w′′, then w�I w′′.

Lemma 12.5.4. If AI(w′) is contained in α /0,I(A /0(w)), then w′ �I w.

Proof. Use induction on the length of w. If w has length 0, then it is in IW̃ . So by lemma

12.3.9 its image consists only of AI{w} and the lemma holds.

Now suppose that l(w)> 0 and we know that the lemma holds for all elements of smaller

length. We determine α /0,I(A /0(w)) using lemma 12.5.1 and equation (12.5.2) above. Suppose

that α /0,I(A /0(w)) contains AI{w′}.
We first show that if w′ �I wi, then also w′ �I wi−1. Pick a reduced expression wi−1 =

st1 . . . trω with ti in ∆̃ and ω in Ω. Then wi has a reduced expression of the form wi =

t1 . . . trω σ(s)ω . Let u in W̃I be such that uw′σ(u)−1 ≤ wi. Then uw′σ(u)−1 is equal to a

subexpression of the reduced expression of wi. There are two possibilities:
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1. If uw′σ(u)−1 = ti1 . . . timω for i1 < · · ·< im, then uw′σ(u)−1 ≤ wi−1.

2. If uw′σ(u)−1 = ti1 . . . tim
ω σ(s)ω for i1 < · · ·< im, then suw′σ(u)−1σ(s)≤ wi−1.

In both cases w′ �I wi−1.

So it suffices to show that w′ �I wr−1 or w′ �I wr. In the first case of (12.5.2) α /0,I(A /0(w))

is equal to AI{y} and w′ = y. As y ≤ wr in the Bruhat order, we certainly have y �I wr. In

the second case of (12.5.2), when the image of A /0(w) is the union of α /0,I(AI(wr)) and

α /0,I(AI(wrσ(sr))), we know by induction that w′ �I wr or w′ �I wrσ(sr). Because wr and

wrσ(sr) are both smaller than wr−1 in the Bruhat order, we have w′ �I wr−1.

12.5.2. The image of the closure. As explained above, I cannot directly characterize

the Ekedahl-Oort strata occurring in the image of a given stratum. But I can characterize the

strata occurring in the image of its closure using the upper bound in lemma 12.5.4.

Lemma 12.5.5. For any w in IW̃ the morphism αI,J maps the closure of AI{w} to the union

of all AJ{w′} for which w′ �J w.

Proof. We first reduce to the case that I = /0. The image of the closure of A /0(w) under α /0,I is

closed and contains AI{w} as an open subset, as α /0,I gives a finite étale map A /0(w)→AI{w}
(corollary 12.3.9). So this image is equal to the closure of AI{w}. But then the image of the

closure of AI{w} under αI,J is equal to the image of the closure of A /0(w) under α /0,J , and it

suffices to show that this last image consists of all AJ{w′} with w′ �J w.

By theorem 11.0.2 the closure of A /0(w) is the union of all A /0(v) for which v ≤ w. If

AJ{w′} is in the image of A /0(v), then w′ �I v by lemma 12.5.4 and so w′ �I w.

Conversely, suppose that w′�I w, i.e. that uw′σ(u)−1≤w for some u∈ W̃J . We will show

that AJ{w′} is in the image of A /0(uw′σ(u)−1), which is in the closure of A /0(w). By the

construction in section 12.1 it suffices to show that Z̃J{w′} is in the image of Z̃ /0(uw′σ(u)−1).

As this image is a union of strata Z̃J{−} we just need to find one point in Z̃ /0(uw′σ(u)−1)

whose image is in Z̃J{w′}.
Let L /0 be the standard full lattice chain. We embed W̃ in G(L) by permuting the extended

basis (ei)i∈Z (see section 6.2.1). Look at the point z = (L /0,uw′σ(u)−1L /0,uw′σ(u)−1),

which is in Z̃ /0(uw′σ(u)−1). Because u is in W̃I , we have u−1LI = LI . Similarly, σ(u)−1

fixes the chain Lσ(I). So

u−1 ∗α /0,I(z) = u−1 ∗ (LI ,uwσ(u)−1Lσ(I),uwσ(u)−1)

= (LI ,wLI ,w) = α /0,I(L /0,wL /0,w).
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Since (L /0,wL /0,w) is in Z̃ /0(w), the point u−1 ∗α /0,I(z) is in Z̃I{w} (see lemma 8.3.4). But

Z̃I{w} is invariant under G(L). So α /0,I(z) is also in Z̃I{w}.

12.6. Properties of the Ekedahl-Oort stratification

With everything we now know about morphisms, it is easy to establish the basic properties

of the Ekedahl-Oort stratification and prove theorem 12.0.1.

If I∞ is the w-stable type of I, then the forgetful morphism induces an isomorphism

AI{w}
∼←AI∞(w) by theorem 4.2.3. So by theorem 11.0.2 AI{w} is smooth of dimension

dim(AI{w}) = dim(AI∞(w)) = l(w)+ l(W̃I∞)− l(W̃I∞∩wσ(I∞)) = l(w),

where we use that I∞ = wσ(I∞). This proves point 1 in theorem 12.0.1.

As we saw in the proof of lemma 12.5.5 the closure of AI{w} is the image under α /0,I

of the closure of A /0(w). By lemma 12.5.5 this image is the union of all AI{w′} for which

w′ �I w. This proves point 2.
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